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ON THE CONSTRUCTION OF SOLUTIONS OF LINEAR DIFFERENTIAL
EQUATIONS WITH QUASIPERIODICAL COEFFICIENTS USING
THE METHOD OF ACCELERATED CONVERGENCE

b{ Ukrainskiy Matematicheskiy Zhurnal by Yu. A. Mitropol'skiy
Ve Yo~ 17, No.6, 42 ~ 59, & A. M. Samoylenko
B, 1965
SUMMARY

This paper constitutes very cumbersome computations with
the view of construction of solutions of linear differential
equations with quasiperiodical coefficients using the method
of the so called "accelerated convergence'. This work is based
on a large number of Russian and Ukrainian works on various
problems of quasiperiodical solutions of differential equations.

*
* *

l. Let us consider a system of differential equations

dx

== = [A -
where A is a constant, P(wt) are quasiperiodical n-dimensional matrices,
W= (W,, Wy, «es, Wy) is the basis of matrix P(wt), x = (X,,..., Xn) is n-dimen-
sonal vector, t is the time. Moreover, we shall assume that matrix P(wt)
is small.

As is well known, the question of construction of solutions and reduci-
bility of equations of form (1.1), and also of more general form was consi-
dered in the works by Artem'yev [1], Yerugin [9], Shtokalo [12], Kolmogorov
[10], Belagi [5], Gel'man [7 - 8], Adrianova [3], Mitropol'skiy [11], Blinova
[6] and others. It amounts to the reduction of system (l.l1l) to a system of
differential equations with constant coefficients. As to the latter, so far
it constitutes an unresolved problem in all its entirety.

We shall consider in the present work the question of seeking a solution
to system (1l.1) by way of constructing the reducing matrix., whereupon for ts
construction we shall utilize the method of Newton-type accelerated convergence
well developed and very successfully applied in the works by Kolmogorov ([10],
Arnol'd [2] and Bogolyubov [4].
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As is done in work [11], it is appropriate to introduce into the system
of Eqs.(l.l) the corrections § == Eij (i, j =1, 2, ..., n), and consider ..
its place the following system of differential equat ions:

9 = Ax+ (P01, B 4 B, (1.2)

where A + £ == B, A is the matrix of the system of linear differential equations
with constant coefficients, which we shall obtain after transformation of the
system of Eqs.(l.1), P(¢, &) is a matrix, periodical with respect to ¢ = (¢,,..
«+y ¢p) with period 27, and analytical relative to complex arguments ¢, &

region

|lm‘&‘l<@. I§l<ao

n (1.3)
8= ¥ 151
=3

Let us set ourselves the following problem: to find such an analytical
transiormation with respect to

x = &(d)y, (¢ =wt), (1.4)

where $(¢) is a matrix, geriodical with respect to ¢ with period 2m, and such
13 m=€( ) that at £ ==E(m system (1.2) be reduced to a linear one with the
constant coefficients

dy = Ay (1.5)

Then, integrating system (1.5), we shall obtain the general solution of system
(1.2) in the form

x=(D((Dl)L’Mx°. (1.6)

The solution of this problem constitutes the corollary of the results ob-
tained in the work [11l]; however, in our opinion, it is of interest to conduct
a more detailed operation in the considered case of Eq.(1.2) also; this being
in connection with the special actuality of the problem on reducibility of equa-
tions with quasipericdical coefficients. At the same time, by the course of
the solution of the problem, we shall resolve not only the question of reducibi-
lity of system (1.2), but also ascertain the form of this system's solution
and obtain a methcd of construction of the reducing matrix ¢(wt).

2. Before we pass to the demonstration of the basic theorems for the sys-
tem (1.2), let us pause at deduction of certain estimates, required in the fol-
lowing.

We shall denote by 2,,...

» An the eigenvalues of matrix A and assume that
for certain constants € > 0, d >

0, the following inequalities:

vol e



(2.1)

are fulfilled for any integral values of vectors k = (k;, .... , ky), where
(kw) ~ kyw, + ..o+ ky wy, |k| = X [kjl, i = = 1.

We shall show that at fulfillment of condition (2,1), the equation

i(ko)Yy =AY, —Y, A+ P, (2.2)
where
i 2n 2
Pr=—o—0 ... | P(p)e~"*® -
(2n)MJ 5" (q?)e de, k] >0, (2.3)
is resolvable relative to Yy for Ikl > 0 aud the estimate

in
is

in

Yol Scol k™| Pal, (2.4)

which ¢,, d; (d;, > d) are certain positive constants, independent of k,
valid for Y.

In order to obtain the estimates of (2.4), we shall represent the matrix A
the form

A= UJU"}, (2.5)

where J is the matrix in the Jordanian form:

T= {31 Ay eevy Jg, (M)} (2.6)
where
f%, is a @ ~dimensional unitary matrix, Z is a Q}~dimensiona1 matrix, whose

subdiagonal consists of unities, while tlie other elements are zero:

or

D = &) 0, (l:Fﬁ, 2
Lo = b4y —{l. a= @f=1,...,¢x (2.8)
z ::6‘/) . 0, Q—l#-:ﬁ (a.ﬁ::l'.“.qj).
% o= Ty, B=a—]1 2
' (@=2,...,0) (2.9)

Substituting according to (2.5) the value of A into Eq.(2.2), we obtain:
((RQO)Y, = UJUTY,, — Y UIU™ 4. P,
i(k)UT'Y U+ UTYUJ=J.UT'Y U +UPU. (2.10)



Let us denote
UlryU=X, U'PU=Q (2.11)
then Iiq.(2.10) will be written in the form

(k) X + XJ =JX +-Q. (2.12)
Let us now break down matrices X and Q in sets:
x = {Xo,o"o Q = {Qolo”' (2.13)
where xm’. Qo;o, (jor=1,. ,))are matrices having Q lines and @, columns.
Equation (2.12) disintegrates into a system of independent equationé
i (ko) Xop, + Xoo o, () =Jo () XKoo + e, Gor=1..c00D. (2.14)
Let us now denote by xi, g (@=1,...,¢) the vectors

MO = e D =@ g, (2.15)

which are a-th lines of matrices.wa.C%‘f

Then, taking into account the denotation (2.7), system (2.14) may be re-
presented in the form

B, (b, =+ ko) = 542, + g, (2.16)

where x{)/')=0,'a=l.....el. hr=1,...,1L

According to condition (2.1), it is obvious that system (2.16) is resol-
vable, whereupon this solution has the form

A = (x4 gl I, — 2+ i (ke (2.17)

where : ‘ I ( Z,,

T, e =y + i (k) = gy B — N T g T
ZOI_'
: -l Q
et (=) ' = }

+ +( ) (&,—N-{-l(km»o’ ) (2.18)

Now we shall find the estimate for expressions (2.17).

According to (2.18) and (2.9), we have
i) ur){ " + 5 dal A+:”+' -

L] [y v T Py v e Ay — A5 + 10k X



or, taking into account condition (2.1)

|A“”|~§|q.’"|(o""|/ R T Sl (R D I T B a A ¥ Lo )

el (2.19)
‘3(/’)‘ <" ‘l “ I (o(/'

where c, is a constant independent of k and €.

Taking into account the inequality (2.19), we find from expression @2.17)
for a = 2, 3, ..., Qj:
| %™

k
|0 | <l g |- 10 et g | (2.20)

After that, taking into account (2.13), we obtain for X the following
estimate:

d|

X <e =5l
(2.21)

d, = max g, max e,-d,
where roiel! \<re

c, being a positive constant, independent of bothk and €.

Returning from X and Q respectively to Yy and Py, according to formulas
(2.11), we obtaln the inequality

- k| 2.22
Vil <WUEIU Fe il 2l (2.22)
Denoting in (2.22) —
IU' IU I d,/d.
(2.23)
we obtain the inequality (2.4) sought for.
From the solutions of Eqs.(2.2) let us now compose the series
W o\ i(kp)
F@y= 3 Y,em" (2.24)

jtt#0

Differentiating it, we become convinced that Y(¢) is a formal solution of
the equation
oy

b6m-l_yA=/ay'+P(tp)—-P(«P)- (2.25)

ST e 6




6

where

1 2::0 2
Py =Py = e \ ..\ Pl
P(‘Q PO (2“)01 68 S‘ (‘[)d‘{) (2.26)
V)

3. When constructing the reducing matrix ¢(¢), which, on the strength of
transformation (l.4) transfers the system of Eqs.(l.2) to the iptegrable system
(1.5), we shall make use of the iteration process with accelerated convergence.
Let us describe here the s—~th step of this process (s > 1). To that effect we
shall denote by M .,, 0,1, Q~—1 the constants, with the help of which we shall
characterize the (s — 1)-th iteration, and by A&l o, Q@ the constants with the
aid of which we shall characterize the s—-th iteration.

The transition from the (s — 1)-th to the s-th iteration may be characteri-
zed by the following assertion.

THEOREM 1, Assume that for the system of equations

dy By it

;IE' == AN ’]" “) (q'l ‘3) i “.J S
(3.1)
.;‘0.[. 2o () (([) 4] (wl. ce e ‘011:))

A, & are n-dimensional matrices, P(¢, &) is the n-dimensional matrix, periodical
with respect to ¢ == (¢;,... , ¢y) with period 27, analytical by complex argu-
ments ¢, £ in the region

ele.,  151< ., (3.2)

ans satisfying the inequality
|P L] < My (3.3)

Besides, eigenvalues of matrix A satisfy the inequality (Z2.1).

Then, for a sufficiently small M, and any s > 1, there exists the transfor-
mation

x4 Y (@ B A
g o E:_., (&l)v (3 . 4)

periodical with respect to ¢ with period 27 and analytical with respect to
¢, £ in the region

Img| <o, !E, | < M, (3.5)
bringing the system of equations (3.1) to the form

dx, v 1, &

—emz AN -1 [Pl (', E1) i Saf Xy,

di o (3.6)

Jo 2w
Lo AR

g



where £; 1s a constant, and P)(¢,,&,) is periodical with respect to ¢ with
period 2m of the matrix, analytical with respect to ¢, £ in the region (3.5),
and such that inequalities

“,l('ﬁ EXH S (3.7)
[4 ' - M ‘.:i:j!:, % F—— K f
‘) (‘pt t“) l =~ 41 ‘b (”I) §| ' e A’l-—l * (3 ) 8)
are valid in the region (3.5).
At the same time, constants Ag,&“ ¢, are linked with constants
M, w0, 0., by means of relations
:‘v:‘ S j”:’:'-l' 6’ a3 Y“‘S‘ 1 o - Qgy ™° 26)—4 '(S e ‘), (3'9)
where
Cy . . { =
<n<th ¥y Smh o ere Mymo o (3410

DEMONSTRATION. First of all let us bring system (3.1) to the form (3.6).
To that effect let us choose the coordinate transformation in the form

xo= (B AV (g 8y, (3.11)
where Y(¢, &) is the solution of Eq.(2.25).

Substituting (3.11) into Eq.(3.1) and taking (2.25) into account, we
obtain the following system of equations:

,:" . i . L g & e T

P ey P D) + 54 P Bk
5{(!-’ w3 (), (3 ) 12)
d

where the following denotation has been used
PO (@, §) e (A YY1 Y =Y (P 3), (3.13)
Let us define the transformation § = §(§,) as the solution of the equation
s P = (3.14)

Then, the substitution of variables (3.11), (3.14) will bring the initial
equation (3.1) to the form required by us:

dy .
L Y (DR ) K R ST
dt

dmﬂmw

di '

where
. 4} - gt N\ (3.15)
Py(py ) = 17 (0 SGy)




LLet us examine, first of all, Eq.(3.14). According to theorem condition
matrix P(¢, £) is an analytical function E m=(EB), (¢, B=1, ... , n), and
satisfies in the region (3.2) the inequality

PG <AL, (3.16)

According to properties of analytdical functions, it follows from (3.2) and
(3.16) that in the region

Mg
L= g (3.17).
the inequality

QAI e T |
I»- LI S Qll 1\4$ ) 85 2‘» (3-18)

(18 I‘

" P
W l el i)
Lud Ugu%
afi-

is valid, whence it follows that Eq.(3.15) is resolvable and £ = £(§,) is an
analytical function of &, in the region

g s My,

whereupon according to (3.15) and (3.16) we have in ihis region the inequality

A

_ —2
HOATR T

ve

[EE)— 8] < M,

Let us derive still one more estimate of §. Differentiating the identity

)+ P(0n EE) = Bu

we have
(') ' 3.
By NV S B % () k=i, g,
v 4!) =ar T . :
PR = U%u 05, Ui, 10, ko q + |

whence, taking into account (3.18), we find

las,u

e
o]

-
S

atl)
)
W L
I

! %
“vlha

‘ -2 M lx'ﬂ """’l“'

ey

/
i)
U\.,l

or, summing up with repsect to i, j. we obtain

ﬂ ]

D oeen Q070

B l\

max \.‘

. by qre-l ’
- S 14 4n ""1;.-'2 <2,
hq A-J

»(U ‘ =

(3.19)
¢y ‘

Let us now pause at the estimate of matrix Y(¢, £), entering in the for-
mula for variable substitution (3,11).

R T AT e e e

Pitiotges wsthaseigs



According to the estimate (2.4) and denotations (2.24), we have the fol-
lowing Inequality

IV (0 B es STV l]e™0 ] oy NN R0 () fothe i
v 'y ‘ (3.20)

for all ¢, & from the region (3.5). But function P(¢, &) is analytical and
bounded in the region (3.2); this is why for its Fourier coefficients Pk(E)
the estimate

”);,- (£)] = Ms--l‘}‘ (‘Sv;]“"

is valid; taking it into account, we obtain for [Y(¢, E)l the inequality

¥ (0, )] <opM,_, 0 [ lfhetim st=es=fl (3.21)
ikt 0

For |Im| < pg, from (3,21) it follows

[ PN di\? | 4-¢ m
Y@l s, N (ke g, (—;‘«) Lk
iy #0 !
dl th m ?-:Iu =l AI:‘:;‘ /”;‘:ll
== Cy (?) (l o L’) F&Tm;ﬁhwl < 8 < i (3.22)

provided only M, is sufficiently small. Thus, all estimates (3.8) have been
demonstrated.

The analyticity of function Y(¢, & (£,)) with respect to £, in the regilon
[£,]-2My follows from analyticity of function P($, £(£,)) on the strength
of representation (2.24); the analyticity with respect » ¢ in the region

ll"“P]<3Qs follows from the estimate

oy (¢, & % U aQsl4] e AT TR T L
|.....3§)._.l DMALCAEIVIN W T

th 0 I #0

\ dyd %
(Il “f- ' ‘st,g . worl
< <“ ¢ ) (1 -- )™ AT Se M

Let us now pass to the estimate of expression (3,15). We have

lPl (‘P, E’l)l == ' P{”((p. ;(Eq)) l < l (E ~he Y (.',p, ':.j»"" ' Y

(PG, &) 4 EE Y @ D1 +1Y @ DR (3.23)
Therefore, taking into account the inequalities (3.3), (3.18') and (3.22), we find
[4¥]
- ’1” ’, ‘;I.cml
5t t v o~ NI .- iy | I
LUASIED WE Vot <,

Lty ‘
which precisely concludes the demonstration of theorem 1.
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4, ILet us now apply the preceding theorem for the construction of iteration
process with accelerated convergence for system (l.2), which would subsequently
increase the smallness of function P(¢, &) and yield an explicit expression for
the reducing matrix 9(¢).

We shall assume in sequence:

weel B4 U (i )12,
4.1
& e B M), (4.1)

3>

where U(l)(¢, £) = Y(b, &) is determined from Eq.(2.25) and satisfies the ine-
qualities (3.8) at s = 1.

In this case x(l), ¢ will satisfy the equations

(
X v " !
i-~=uﬂﬁ”ﬁ4PmmuéW’bJWx”-
dat
4.
([(p v ( 2)
ar =’
To Eqs.(4.2) we shall again apply the transformation corresponding to this
new systen according to theorem L. As a result, we shall obtain

i el 2 « 2
x“i {,: o U( )(‘P» S(l))} .\.‘( )‘
] (1) se(?
E()“‘s()(ﬁ ﬁ‘ (4.3)

where U(Z) (9, E(l)) are solutions of type-(2.5) equation, respectively composed
for the system (4.2) and x(2), ¢ are the solutions of the system of equations:

{2) o
l%_t__ — Ax('.’) - IP(Q) ((Pv ;,:’(.'-’}) -}= g(-)l x(g) ,
dip (&.4)
—r—e T 0)
df '

Pursuing the indicated process, we shall have on the s-th step:

(s—l o (5—
270 = [E - U (p, £ 1,

— 1 {5— I% (4'5)
g(s ) = s(s l)(sm).

where x<s), ¢ satisfy the equations

fo_ o (4.6)

The durability of the iteration process for all s » 1 is assured by the
ct .ice of parameters (3.9) and assertions of theorem 1. This is why we shall
utilize the estimates of theorem 1 for the demonstration of the convergence of
this process.
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First of all, we shall express x, § by x(s> and E(S). According to for-
mulas of variable substitution (4.1), (4.3) and (4.5), we have

=B+ UV, SN (E - 09 (g, g8 gty pto

E=5E0 @Y, “n

whence, taking into a count the t ﬂ”(‘/'”) B @EN (20, we find the expres-
sion for x and £ by x(5) and £(8

[R—

X = ﬁ (£ - u (@, g(/—-l)(_ .. (gfs))))] x(s)’
I==1

SN (“-8)

whereupon in (4.8) the product of matrices ought to be taken in the order defined
by formula (4.7).

Let us consider in thn first place the sequence

BHEN =5 @ @) o L2, (4.9)

Since M (/*+™ ,for 0 € j € s — 1, is the solution of the equation

5 (g(/-‘, 1'>) - P (@, £V (7)) = LU+, (4.10)

in which IP”Ww.Sn)I<uWP by taking into account the estimate (3.19), we may
write for ]gt/-{-n‘ QM/

—~ | gzth )
> 3(~T/+l) <! .;-/4”1”7:2[
of Sufy (4 | ll)
folloye | oaualley *éhw 6“”};| , and by virtue of estimates (3,18'), it
M
(""“) ;( ) - s_‘n
IR GUTES I R =
M
|é‘/) EPYLLE) ) < 2M, < ""é:l-

whence we conclude that for |€<S>[ < Mg-1, the inequality (4.1ll) remains in’
force for . .

This is why, differentiating (4.9), we obtain the estimate
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DFTIEN ‘ Y - e
E {:".{ -((\) <5 (1 o 41” )\l e ‘“2';1‘ —‘) Ce s (l a1 in’ u}} 4.') <2] I U .- 4”?/"1;‘ ‘) S0 (4.12)
b ”‘u" Iho ’

after which we may write

|5 1 (0) = B () e+ | B G0 (O) - B O)] € (ET O < ey (4.13)
¥
Taking advantage of (4.13), we find the estimate
Y ,

. (/s i h (Q) -- ¥is ) < ¢ \) Ms'i-/-'! < C?Mfwl ' (4.14)
% D ¢

according to which the uniform convergence of matrices B(S) (0) is evident:

(4.15)

BY0) - £ ag s-r 00
whereupon (©) - as '

|50 e 159 (O e A, 5 A (4.16)

Let us now pass to the demonstration of uniform convergence of the sequence

G (p, 8 o= TT1E A+ U g SV E (4.17)

jeed

" oo (5 S QP
We shall show, first of all, that sequences ﬂ”(.. o )(0»)(I"O-lv--"5 )
converge yniformly as s * «. By definition ¢ ("“5 is a solution of the equation

4

zEA‘(/.]R):,. »(/) l lj”"(l‘ ZT,‘,‘) ((0) "S‘u\).

and this is why

--m

f ., 2
;;UI‘) &(/) ("(/i‘)) 'i' j,)(/,! (//( l

is identical, whence we obtain

Cteml) i oy B wl/) - .(.s--.)
Eu-i‘l) (’ .. &(\'-‘)(U)) ron | (/)( Uk l‘ (1” Oy )\) ‘ , u)(l el U))) (4 . 18)
Since by virtue of (4.15) &(3”.‘,(3””’«0) - ™ by passing to limit in (4.18)
we fing pehE

B mire et e v 40 e @

1 " o {Qeem : P (-] "I vl
z“) !”” “i( (9 e (’,‘('\ 1) (0))) - b“ ).}_ I) )((i’g(‘“))' |

§uptan
B T T T P S R L S (4-19)
AR o (51 Uy o T
Eg4x) 1”, un )(J“' ¥) "<;u )(0)));; {o A P, g,
(9 It ’ . e

At the same time, the inequalities

V| e A ae )
E‘Q ‘-Q /.VII X 2 ([4-20)
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are preserved for 553), and identities
z‘_‘(/) (;_;(l th (0)) - ‘z:')/)‘ (4. 21)
do take place. '

Assuming in (4.17) €(?) m=5§5), and taking into account (4.21), we find

’ 220
@, £ < T U2 (4.22)

i 2t
Paying attention to the fact that

(/i 'YERE | ‘41:5:'
0% g, o) < (4.23)

“an
we obtain

pletb ettty MO ! 45 “—
,!r,r) . i'i; )) .- (/)(s) (@, ‘:,'\f) ))l < l(l)ts (7, If-:f') :: L )(,’,‘ s i I)H <

oh

$ PP

b M A R T Yk

Do T o I g el e g
1 | (L " n l) dn” N } I (I } ”'Ju‘)l”*” S gt (4.24)
!

el Iezl

where 1 is the matrix, of which all elements equal the unity.
bMaking use of (4.24), we find the estimate

'}

P

nisA) o el A 05) 0, wis) R N S v . $am]
[ (4, &)~ (‘,,;u)}‘g\,z.‘,{_,_J nﬁ%h_,<.qA{:4, (4.25)
i-:4 .

according to which the uniform convergence of ¢(S)(¢, E§S>) is obvious:

Py, BN - dy) s S e . (4.26)

whereupon
[P 1Y) - | < AT (4.27)

Functions ¢<s)(¢, £§S> are analytical function of ¢ for |Ingl< ¢, and

consequently, ¢(¢) is an analytical function of ¢ for
[==]

aE (“)"
[Img [Zo,--2 Z O, = o
s 0

We shall show that the matrix ®(¢) is nondegenerate. According to estinates
(4.22), (4.23), the following inequality takes place:

Ao

[N
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199, wish a1 - . -
,(l, ((l" Yo/ I ' $om I l (1 o}~ Um((“‘-' (;:,’ "’)) — ) &

150 B
1(1]"““ L A,’V -l)l (A:;a—) »‘”-:‘-’! Al/n.[ 113(..,’
dqn ' 'l” '{ dn ' .4/}" nl '{. (L "'"l;z” Mhadd "1”"" lo)/ :"
el 7o T, . 1
L = WO N VA |
i Tl [T{- .-;""‘) =1/ ]<e<l,
~ . \
from which it follows that
1P @)= Elg e <. (4.28)

-

At fulfillment of (4.28), the series 2:(E;~lw(q»' converges and defines
the matrix, reciprocal (inverse) to ¢(¢): s-0 ‘ '

2 (F by .-~u = (E = D)™ e (4.29)

=2y

the latter precisely meaning that ¢(¢) is nondegenerate matrix.

Drawing the balance sheet of the above obtained results, we arrive at the
following theorem,

THEOREM 2. Let the matrix P(¢, &) be periodical with respect to

¢ = (Py, vev 5 )

with period 27, and analytical with respect to ¢, §;={§Mg(u,ﬁ=;1. in the
region

Lt

Pl << oy, RIS }:l

€@,

ol ' (4.30)

Besides, Al, «e+ » A, are eigenvalues of matrix A.

Assume that for certain € > 0, d > 0 the inequality

'K/ “--?/ l(/u))x ,.Ll/‘ (4.3])

5

is 'fulfilled for all ¢nteg1al values of vectors k = (k,, ... , kp), where
. "
L=t . 0000 (k@) == Lo -t ‘ k0 inCor lh_l = },,,, LAt
fes)

Then we may p01nt to such a sufflclently small positive constant M, = M, (e,d)
and such matrix g, [bl ’QAIV”' (] <% < 2). that for

[P 8 <M, | C (4.32)

the system of equations

ool

N
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&L o A P, D) 4 L)
dt e ' 2) =i Y R
dp (4.33)
di
by way of substitution of variables
x = 0(d)y (4.34)

by matrix $(¢), periodical with respect to ¢, of period 27, analyiical and
analytically convergent in the region

gl < S (4.35)
is brought to the form
dy_._ dop )
i = = (4.36)

At the same time, matrix ®(¢) is representable in the form of the product
|

3
) == [0 (), (4.37)
finid
where o
U(/)((p) soe E Y,‘-.”e“"'”.
itly.0 (4.38)
Yéj)is a solution of the equation

(ko) VI == AV — A - PO, (4.39)
in which

on

: m '
Pl =™ (... [ PP@e g, ... do,
0 0

are Fourier coefficients of function P(J)(¢), determined by relations

PO o (E U p=hgh U“"‘—’T’:"L

0 .
2n B4

PRecP@ g bt 0= @ (L[ 00 dg, o dy,, (4.40)
' ¢ ¢
and which satisfies the inequality
) , ) ' .
D)= TTLE -+ UP (g | g 2§t (4.41)

/:..' ]

. para 5.



5. Let us- turn back to the inequality
pu/ -y o (/"(l))l e l 14 }"d. :
Following is the relscion required for its fulfillment:

[Ef“»l »ele

(5.1)

(5.2)

For matrices A with real eigenvalues, condition (5.2) is insufficient.

For systems with such matrices the result of theorem 2 may be amplified.

Namely, the following theorem takes place.

THEOREM 3. Let P(¢) be a matrix, periodical with respect to ¢ = (¢ soo Om)

with period 21, and analytical in the 1eg10n
[Ime| <o,

Assume that, besides, eigenvalues of matrix A are real and different.

We shall postulate that for certain € > 0, d > 0 the inequality

',(/.vén)l :: u! l’.' I- wd

is fulfilled for ail integral values of vectors k = (ki, ... , kpy).

We then may indicate such a sufficiently small positive constant M,

1] < A,
the system of equations

. 1y
f < Ax - Pg) x
do
di
by substitution of variables
X D7)

(5.3)

(5.4)

that for

(5.5)

(5.6)

(5.7)

with period with respect to ¢ of period 2ﬂ, analytical and analytically rever-

51b1e matrix ¢(¢) in the region

0
lhncp]a;E}
is brought to the form

(‘.l/ ([‘('l
= A% =iz,
d! . dt

Moreover, matrices ¢(¢) and AY are representable in the form

(5.8)

SN

S
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b T+ 00,

1=

(5.10)

[44]
o

A""\ }n~|u .A.

,:.xl

where '
) Yoyl
UMy e N, Vi (5.11)

IUU

Yéj)is a solution of the equation

i

‘ T J=3 e
i (ko) Y - [A ), PG

Gs=0

P

'.:0

) ) /\”‘ y "u) -l /- 1
Vil ¥ A Y OHJ ST (5,12)

in which

n 21
P ws o o (PP ey, L, By e 1
0 o

are Tourier coefficients of function P(J)(¢), determined by the relations

P (/2 -)- L/(I))'~| ll,li- bt o »:)J'

PP s p(q);
at the same time (%) rp(q)'_‘r](u F(jm(q>4 \.QAf’ PR
J==1
Y PR < ity (5.14)
Jus

DEMONSTRATION. First of all let us establish one property of matrices
with real and different eigenvalues. 1In connection with this we shall demon-
strate the following lenme.

LIMMA ., Let e.genvalues Ay, ... ,An of matrix A be real and different.
We shall denote by A, the multitude of matrices A satisfying the inequality

n
‘A.——.—Al:'f }: la,/"“‘”[,!".’;: r (5.15)

i
We then may show such an r = ry(A;, ... , Ap) > 0 that all matrices A from

have real and different eigenvalues.

Indeed, let us include Al, .+« » An into non-intersecting segments I,,.., Iy
with centers located respectively at points A,, ... , Ap.



18

Functlon £(A) - det |A — AE| continually reflects each of the segments Ij
into the segment f(Ij) (m , mj), where mj = min f(A), my = max £(A); at the

same tlme, since Ay - A, at j . r, we have

m; < 0, Eﬁ >0 (5.16)

d

Let us examine the function
fr(A) = det |A + rA; — AL (5.17)

where A, is any matrix, for which [A | < L.
Function fy(A) continually reflects each of the segments I4 in the segment
fr(Ij) [mj(r), mj(r)], where
mi(r) = min £(A), Eﬁ(r) = max fy(A).

Moreover, function fy.(A) is a continuous function of r. and this is why for
\ € {j relation

limfr (A) = £(QA),

r -

(5.18)

takes place uniformly with respect to A, from which, taking into account (5.16)

follows the existence of such r, > 0 that for r < r,

mj(r) <0, my(x) >0 (5.19)

Tnequalities (5.19) signify that over segments I,, ... I, there will found
points

X=X @), 15 £=75(r),..., Ap = Ap(r)

such that

fr(A,) =0 for j=1, ... , n (5.20)

The numbers Aj, j=1, ... , n are real and different and, besides, they con-
stitute eigenvalues of matrix

which is arbitrary matrix from 9,. The lasf"éiugggstance demonstrates the lemma.

Let us note also that, for any matrix A from ?ﬁ?bﬂe\may always choose a
matrix U, leading A to Jordanian form J: : S~

- “--‘-.«. , V-
Ase UIG \(9\'31)

i

so that the inequality C '\\\\\

oA (5.22)

in which ¢ 1is a constant, common for all matrices from 9, be fulfilled.
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Let us consider now the equation
s{/ ’ - "
{ (o) yit gyl - A YW P i 0), (5.23)

where Ay~ is an arbitrary matrix from Y.

On the strength of assertions of section 2, Eq.(5.23) alwavs has a solu-
tion, whereupon it is such that

- i ~-=‘!:
VY g M, (5.24)

" » - » " d'i
where ¢,-~."r"" ' ., d, are constants determined according to (2.23).

l.et us assume that matrix P(J)(¢) is periodical with resvect to ¢ with
period 27, and analytical in the region

“”]ql 'f:‘:QI(j:‘:‘ O' l.a-u) (5.25)
satisfying the inequality

2@y ] < my, (5.26)
where g, Al, are constants, linked with relations (3.9). Taking into account

the inequality (5.24), wemay then write that
N,

| / — , .
. ]yiqgg(b}ﬂqgfpﬂdnguﬁu:' (5.27)

provided only that

‘e
L}

DU (g ) et L dg

W™

Wiwel} oes g0 et
/gfl h * (‘O"l) "‘S 2 22

T P

fon®
Y
From (5.27) it follows that matrix
\‘
L ((?)} Lo Aad ”’:{’\J';l".] (5 . 28>
LA
is analytical in the region
[l < ¢ (5.29)
by the solution of the equation
o’ T} I Nj— V) . (5 1]
[ S ) e Hpex
-—*DII-)-—* W -}- U /1,-_'1- : .11-__",(./ hot. pu FaY ’. (5-30)
satisfying the inequality
(e

- _‘_",.,..._, 5031
W @) < i ( )
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Let us now pass to the direet demonstration of Theovem 3. To that effect
we shall make In swstem (5.6) the substitution of variables

x — [E + U(l)(¢)]x(l), (5.32)
having postulated in (5,23) Jj = 1, Ay = A, p(0) .~ p,

The substitution (5,32) brings the system (5.6) to the form

(1“(“ iy ! d‘:&
- u" . ,‘b" H w! II ;(‘i)'\“"’ - (‘,'[ te ), (5033)
where the following denotation is made:
Ay A .;_.’/f"(;,;), Pili (B e )=V PUh—{0]], (5.34)
Matrix P(A)(¢) is analytical in the region
gl <o,
and satisfics the inequality
§\ |
SNy, e .
[P0 g ); - Z (“ ““:;‘.""" ) LMy /:j]';;-"- < M = M, (5.35)
Jo- 1)
Let us take M, so small that
\?.)
p "y ks [’O; ~
7.0 (5.36)

where r, is determined by the lemma, At fulfillment of (5.36), matrix A, lLelongs
to the multitude 9, since

A, —A| = [P(@)] < My < 1. (5.37)
For that reason we may effect in system (5,33) the substitution of variables
x(D=i + u(2) ()] x(2) (5.38)
and arrive at the system

when the following denotation is made:

Ayee Ay -tV o A G TR @Y |
+ ' (6) 14 (5.40)
DO () == (F o Y8yt (JA0g e iy



whereupon P . (¢) i an analytical funetion of ¢ In the reglon
] 7 o, (5.41)
satisfylng the Inequallty
EP(?)(¢)§ “ My, (5.42)

A, Is the matrix from ?2.
[]

/

Pursuing further the indicated proccss, we shall arrive at the assertion
that the substitution of varlables

H
xoea [T U6 ()] als e g () yio

(5.43)
resnlts in initial system of equations (5.6) taking the form
“ W) e i) (), iy 544
. e “ e o # *4
g A P () o R ( )
where -
> /,'J\.f i"")
o

o} o7y ] ("‘, T T
I)(s) £ (E - U(S)) (llls- JU( D {J i ‘,':"

at the same time W(S)and P(S) are analytical functions of ¢ in the region
‘h““”l ',: L.; (5-46)
satlsfying the inequalities
$
N N S i T L M
] !1 Ty A ] L == ) (5.47)
It 1 '

and Ag is the matrix from 9.

Tt follows from (5.47) that

084y » 0(¢), as s > (5.48)

uniformly with respect to  from the region

0,
Hovg | ed -y - (5.49)



This is why the substitution

=Dy =[T(E+ %)y (5.50)

/51

leads the initial system of equations (5.6) to the form

dy dp
-—-‘-IE-- == Aoy. -.u(—?t—-m @, (5 .51)
where
A= A4 Y P ), (5.52)
1)

Estimates (5.14) easilvy follow from (5.47), which completes the demonst.a-
tion of the theorem.

In conclusion, let us note, that for the case of periodical systems ( -sca-
lar), theorem 3 remains in force, provided the condition of reality and dis-
tinctions in eigenvalues of matrix A is replaced by the condition

where j, (=1, 2, ... ,n; k=1,2, ....
%% T H E END x&x

CONTRACT No.NAS-5-~12487 Translated by ANDRE L. BRICHANT

Vnlt Information Sciences, Inc.,
1145 ~ 19th St.NW

WASHINGTON D.C. 20036,

Telephone: (202)- 223-6700 (X-36)

on 10 - 15 June 1969
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