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TESTING F U N C T I O N  T E C H N I Q U F S  In SYSYEN l9ENTIFlCATlON 

ABS TKACT 

Tho f o l - l  owii ig  g e n c r a l .  problem was i a v o s t i g a t e d :  i d e n t i f y  

a 1 i n  c D r t. i i n e  -- 1. nv a r i. an t d i f [.'e r e  LI c 1 a 1 s y s t: c ni f r om ob s 4:: r viz L io 11 5 

of I n p u t  ai24 output  s i g n a l . s ,  o v e r  whicli t h e  o b s e r v e r  js 

a s s u r e d  t o  h a v e  n o  c o n t r o l ,  T h e  o b s e r v a t i o n s  of  either the  

i n p u t  o r  t h e  o u t p u t  s i g n a l s ,  but n o t  b o t h ,  may b e  c o r r u p t e d  

by a d d i r i v e  z e r o  mean noise. 

Moments o f  t h e  o b s e r v e d  s i g n a l s  w i t h  d e r i v a t i v e s  of  f u n c -  

t i o n s  c a l l e d  " t e s t i n g  f u n c t i o n s "  a r e  t a k e n  t o  o b t a i n  l i n e a r  

a l g e b r a i c  e q u a t i o n s  i n  t h e  unknown d i f f e r e n t i a l  e q u a t i o n  c o e f -  

f i c i e n t s .  These moments a r e  c a l c u l a t e d  s i m p l y  by m u l t i p l y i n g  

t h e  o b s e r v e d  s i g n a l  t i m e 8  a d e r i v a t i v e  o f  a t e s t i n g  f u n c t i o n  

and  i n t e g r a t i n g  the p r o d u c t ;  t h u s  t h e  c a l c u l a t i o n  i s  v e r y  

s t a b l e  n u m e r i c a l l y .  I f  t h e  o b s e r v a t i o n s  a r e  n o i s e - f r e e ,  t h e  

a l g e b r a i c  e q u a t i o n s  a r e  s o l v e d  i n  a s t r a i g h t - f o r w a r d  manner .  

I f t n o t ,  a n  e s t i m a t i o n  p r o c e d u r e  c a l l e d  t h e  i n s t r u m e n t a l  v a r i -  

a b l e  method i s  used t o  o b t a i n  a n  e s t i m a t e  o f  t h e  s y s t e m  c o e f -  

f i c i e n t s  wh ich  is a s y m p t o t i c a l l y  u n b i a s e d  as t h e  o b s e r v a t i o n  

i n t e r v a l  g e t s  l a r g e .  The q u e s t i o n  o f  w h a t  c o n s t i t u t e s  a good 

t e s t i n g  f u n c t i o n  i s  i n v e s t i g a t e d .  
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This method  niay b e  s p p l . i c d  to systems of the Hammerstein 

form, i . e . ,  a memoryless nonlinearity followed b y  a linear 

p l a n t .  In this case the n o n l i n e a r i t y  i s  represented as a 

l i n e a r  combination of known functions, and t h e  c o e f f i c i e n t s  

of this combination as well the coefficionts of  the linear 

planl:  are identified, 
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CHAPTER 1 

I N T R O D U C T I O N  

1 .0  I n t r o d u c t i o n  

The i d e n t i f i c a t i o n  p rob lem may b e  d e s c r i b e d  i n f o r m a l l y  

1 a s  f o l l o w s :  

Given a s y s t e m  A and a c l a s s  o f  s y s t e m s  C ,  t o  

which  A i s  known t o  b e l o n g .  F i n d  a s y s t e m  i n  C 

which  i s  e q u i v a l e n t  ( o r  a p p r o x i m a t e l y  e q u i v a l e n t )  

t o  A .  

U s u a l l y  t h i s  i s  assumed t o  b e  a c c o m p l i s h e d  t h r o u g h  o b s e r -  

v a t i o n ,  o f t e n  i n  t h e  p r e s e n c e  o f  n o i s e ,  o f  t h e  r e s p o n s e  o f  A 

t o  "p robe  f u n c t i o n s " ,  i . e . ,  i n p u t s  which may be  s p e c i f i e d  a t  

w i l l  a c c o r d i n g  t o  t h e  p a r t i c u l a r  r e p r e s e n t a t i o n  o f  t h e  c l a s s  

o f  s y s t e m s  t o  which A b e l o n g s .  For example ,  t h e  d e s i r e d  r e p r e -  

s e n t a t i o n  o f  A may b e - a n  i m p u l s e  r e s p o n s e  o r  a t r a n s f e r  f u n c -  

' t i o n ,  i n  which  c a s e s  t h e  p r o b e  f u n c t i o n s  a r e  a d e l t a  f u n c t i o n ,  

and a s e t  o f  s i n u s o i d s  o f  d i f f e r e n t  f r e q u e n c i e s ,  r e s p e c t i v e l y .  

T h e r e  a r e ,  however ,  many p r a c t i c a l  s i t u a t i o n s  i n  which 

w e  w i sh  t o  model a s y s t e m  A ,  b u t  have  no c o n t r o l ' o v e r  t h e  

n a t u r e  o f  t h e  i n p u t  f u n c t i o n . '  I n  t h i s  c a s e  t h e  i d e n t i f i c a t i o n  

a l g o r i t h m  which i s  a p p l i e d  must b e  s u c h  t h a t  w h a t e v e r  i n p u t  

t h a t  i s  a v a i l a b l e  can  b e  u s e d .  W e  w i l l  r e f e r  t o  s u c h  a s i t u -  

I 

I 

a t i o n  a s  " i n - s e r v i c e "  i d e n t i f i c a t i o n .  

I n  r e c e n t  y e a r s  a g r e a t  d e a l  o f  a t t e n t i o n  h a s  b e e n  
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d e v o t e d  t o  t h e  deve lopment  o f  i d e n t i f i c a t i o n  a l g o r i t h m s  f o r  

v a r i o u s  classes o f  s y s t e m s .  The c l a s s  o f  l i n e a r  d i f f e r e n t i a l  

s y s t e m s  i s  o f  p a r t i c u l a r  i n t e r e s t  f o r  two i m p o r t a n t  r e a s o n s :  

1. T h e r e  i s  a l a r g e  c l a s s  o f  s y s t e m s  s u c h  t h a t  t h e  

b e h a v i o r  o f  e a c h  member of t h i s  c l a s s  may b e  w e l l  

a p p r o x i m a t e d  by t h e  b e h a v i o r  o f  a l i n e a r  d i f f e r -  

e n t i a l  s y s t e m  f o r  a s u f f i c i e n t l y  small  r a n g e  of  

dynamic b e h a v i o r  and  a s u f f i c i e n t l y  small t i m e  

i n t e r v a l  ; 

2 .  G e n e r a l  s o l u t i o n s  t o  t h e  p rob lems  o f  o p t i m a l  s t a t e  

e s t i m a t i o n  and o p t i m a l  c o n t r o l  o f  l i n e a r  d i f f e r -  

e n t i a l  s y s t e m s  a re  w e l l  known. 

We a r e  c o n c e r n e d  h e r e  w i t h  a p a r t i c u l a r  l i n e a r  d i f f e r -  

e n t i a l  s y s t e m  i n - s e r v i c e  i d e n t i f i c a t i o n  a l g o r i t h m  which we 

s h a l l  c a l l  " t h e  method o f  t e s t i n g  f u n c t i o n s " ,  d e v e l o p e d  i n  t h e  

n o i s e  f r e e  case by Loeb and Cahen.2  

a g e n e r a l  a l g o r i t h m  f o r  i n - s e r v i c e  s y s t e m  i d e n t i f i c a t i o n ,  w i t h  

o b s e r v a t i o n s  t a k e n  i n  t h e  p r e s e n c e  o f  n o i s e ,  and show how 

t e s t i n g  f u n c t i o n s  may b e  u s e d  i n  t h i s  a l g o r i t h m  t o  i d e n t i f y  

l i n e a r  t ime i n v a r i a n t  d i f f e r e n t i a l  s y s t e m s  and some common 

I n  p a r t i c u l a r  we o b t a i n  

t y p e s  o f  n o n l i n e a r  s y s t e m s .  We examine t h e  p r o p e r t i e s  o f  

t e s t i n g  f u n c t i o n s  and show how t o  choose  a "good" t e s t i n g  

f u n c t i o n .  F i n a l l y ,  we d e v e l o p  a m u l t i p l e  i n p u t ,  m u l t i p l e  

o u t p u t  model f o r  l i n e a r  t i m e - i n v a r i a n t  s y s t e m  i d e n t i f i c a t i o n .  
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Advantage  o f  t h e  Method o f  T e s t i n g  
F u n c t i o n s  Over O t h e r  Known Methods 

The method o f  t e s t i n g  f u n c t i o n s  w i l l  b e  shown t o  b e  s u p e -  

r i o r  t o  o t h e r  known i n - s e r v i c e  l i n e a r  d i f f e r e n t i a l  s y s t e m s  

i d e n t i f i c a t i o n  a l g o r i t h m s  f o r  s e v e r a l  r e a s o n s .  F i r s t ,  o t h e r  

methods ( t h e  s o - c a l l e d  e r r o r  d e c o m p o s i t i o n  method3 ( S e c t i o n  

1 . 5 )  and t h e  i n s t r u m e n t a l  v a r i a b l e  method u s i n g  a sampled  

l i n e a r  f i l t e r  s e q u e n c e  g e n e r a t , o r 4  ( S e c t i o n  1 . 6 ) )  b o t h  r e q u i r e  

t h e  i n t r o d u c t i o n  o f  l i n e a r  f i l t e r s  w i t h  which t o  p r o c e s s  t h e  

o b s e r v a t i o n s  o f  t h e  s y s t e m  i n p u t  and o u t p u t .  I t  i s  p o s s i b l e  

t h a t  t h e s e  f i l t e r s  might  cancejl o r  n e a r l y  c a n c e l  a p o l e  o r  

z e r o  o f  t h e  unknown s y s t e m ,  tHus y i e l d i n g  an i n c o m p l e t e  o r  

i n a c c u r a t e  model o f  t h e  s y s t e m .  Such f i l t e r i n g  i s  n o t  n e c e s -  

s a r y  w i t h  t h e  method o f  t e s t i n g  f u n c t i o n s .  

Second,  i f  t h e '  a l g o r i t h m  i s  implemented  by  d i g i t a l  com- 

p u t e r ,  t h e  i n t r o d u c t i o n  o f  t h e s e  f i l t e r s  adds  t o  t h e  computa- 

t i o n a l  r e q u i r e m e n t s  e i t h e r  t h e  n u m e r i c a l  s o l u t i o n  o f  a s e t  o f  

l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  o r  t h e  r e p e a t e d  e v a l u a t i o n  o f  

c o n v o l u t i o n  i n t e g r a l s  ( a n  o p e r a t i o n  which i s  e i t h e r  i l l  posed  

o r  v e r y  time consuming) w h i l e ' t h e  method o f  t e s t i n g  f u n c t i o n s  

r e q u i r e s  o n l y  e v a l u a t i o n s  o f  w e l l  p o s e d  i n t e g r a l s ,  which may 

b e  i n t e r p r e t e d  as l i n e a r  f i l t e r i n g  o f  t h e  o b s e r v a t i o n s  b u t  can  

n o t  b e  c h a r a c t e r i z e d  by f i n j t e  d i m e n s i o n a l  d i f f e r e n t i a l  

s y s t e m s .  

T h i r d ,  t h e  methods which u s e  f i l t e r s  t o  p r o c e s s  t h e  d a t a  

i g n o r e  t r a n s i e n t  r e s p o n s e  i n  t h e  unknown s y s t e m  (which a p p r o x i -  

m a t i o n ,  however ,  does  n o t  i n t r o d u c e  much e r r o r )  whereas no 
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s u c h  a p p r o x i m a t i o n  i s  made i n  t h e  method o f  t e s t i n g  f u n c t i o n s .  

1.1 S t a t e m e n t  o f  t h e  I d e n t i f i c a t i o n  Problem 

The f o l l o w i n g  i s  a s t a t e m e n t  o f  t h e  i d e n t i f i c a t i o n  p r o b -  

l e m  c o n s i d e r e d  i n  t h i s  t h e s i s :  

Given 

1. a s y s t e m  A ;  

2 .  o b s e r v a t i o n s  o f  i n p u t  and o u t p u t  f u n c t i o n s  o f  A 

( o v e r  which t h e  o b s e r v e r  h a s  no c o n t r o l )  p o s -  

s i b l y  i n  t h e  p r e s e n c e  o f  n o i s e ,  o v e r  an a r b i -  

t r a r i l y  l o n g  t i m e  i n t e r v a l ;  

3 .  a c l a s s  C o f  s y s t e m s  t o  which A b e l o n g s ;  f i n d  

a member o f  C which i s  e q u i v a l e n t  t o  A .  

We w i l l  c o n s i d e r  two d i f f e r e n t i a l  s y s t e m s  t o  b e  e q u i v a l -  

e n t  i f  t h e y  can  b o t h  b e  r e p r e s e n t e d  by t h e  same d i f f e r e n t i a l  

e q u a t i o n .  

Comment 

We w i l l  assume A t o  b e  a s i n g l e  i n p u t ,  s i n g l e  o u t p u t  

s y s t e m .  The m u l t i p l e  i n p u t ,  m u l t i p l e  o u t p u t  case i s  t r e a t e d  
i n  Appendix 111. 

1 . 2  O u t l i n e  o f  T h e s i s  

By May o f  i n t r o d u c t i o n  w e  f i r s t  d i s c u s s  two l i n e a r  t ime-  

i n v a r i a n t  d i f f e r e n t i a l  s y s t e m  i n - s e r v i c e  i d e n t i f i c a t i o n  a l g o -  

r i t h m s .  One o f  t h e s e  u s e s  t e s t i n g  f u n c t i o n s .  I n  C h a p t e r  2 

w e  d i s c u s s  t h e  c lasses  o f  s y s t e m s  and c o n d i t i o n s  on t h e  n o i s e  

p r o c e s s e s  f o r  which we can  d e v i s e  i d e n t i f i c a t i o n  a l g o r i t h m s  which 
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use  t e s t i n g  f u n c t i o n s .  I n  C h a p t e r  3 w e  d i s c u s s  some o f  t h e  

p r o p e r t i e s  o f  t e s t i n g  f u n c t i o n s .  I n  C h a p t e r  4 we g i v e  

examples  o f  v a r i o u s  t y p e s  o f  t e s t i n g  f u n c t i o n s ,  d e r i v e  t h e  gen- 

e r a l  form of p o l y n o m i a l  t e s t i n g  f u n c t i o n s ,  and g i v e  a p o l y -  

nominal  t e s t i n g  f u n c t i o n  which i s  wel l  s u i t e d  t o  t h e  a l g o r i t h m s  

p r e s e n t e d  i n  t h e  f i r s t  two c h a p t e r s .  

1 . 3  N o t a t i o n  

The f o l l o w i n g  n o t a t i o n  w i l l  b e  u s e d  t h r o u g h o u t  t h e  t h e s i s .  

A d d i t i o n a l  n o t a t i o n  w i l l  b e  i n t r o d u c e d  where needed .  

b means " is  d e f i n e d  t o  be" 

U n l e s s  o t h e r w i s e  i n d i c a t e d ,  a l l  f u n c t i o n s  w i l l  b e  o f  t h e  form 

f : R+R 

where R i s  t h e  r e a l  l i n e .  

A f u n c t i o n  w i l l  b e  d e n o t e d  by a s i n g l e  l e t t e r  ( p o s s i b l y  s u b -  

s c r i p t e d ) .  e . g . ,  f , g , y , u , w , v ,  o r  w i t h  a g e n e r a l i z e d  a rgumen t ,  

e . g . ,  x ( * ) .  Open, s emi -open ,  and c l o s e d  i n t e r v a l s  w i l l  b e  

d e n o t e d  as f o l l o w s :  
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a p = t h e  d i f f e r e n t i a l  o p e r a t o r  d / d t  

k k  pk  4 t h e  d i f f e r e n t i a l  o p e r a t o r  d / d t  

, y i s  i times d i f f e r e n t i a b l e  
t = a  

E(x )  2 e x p e c t e d  v a l u e  o f  t h e  random v a r i a b l e  x 

The v a l u e  o f  a random p r o c e s s  x w i l l  b e  d e n o t e d  by  x ( w , ~ ) ,  where  

W E Q ,  t h e  p r o b a b i l i t y  s p a c e  o f  t h e  random v a r i a b l e  x ( - , t ) ,  and 

t & R  

R x  4 t h e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  t h e  wide  s e n s e  s t a t i o n a r y  

random p r o c e s s  x ,  where  

R x ( ~ )  = E [ ( x ( -  , t > - m ) ( x ( * , t + T ) - m ) ]  

where  m = E [ x ( * , E ) ]  

xiyi  where x = (x , ,  . . . , x N )  and  y = ( y l , .  . . ,y,) 

i= l  I 

A { x . )  = i s  t h e  c l a s s  of  a l l  x i ,  t h e  r a n g e  o f  t h e  in 'dex i 
1 

t o  h e  t a k e n  f rom c o n t e x t .  

n A  = t h e  s e t  ~ ~ , x ~ + ~ , . . . , x ~ - ~ , x ~  ~ x . 1 ~  i m  o r  { x ~ ) ~ = ~  

6(-) 4 d e l t a  f u n c t i o n  

p) 1.) 0 p d e r i v a t i v e  o f  6 ,  6") 4 6 

i s  c a l l e d  a d e l t a  f u n c t i o n  o f  o r d e r  k .  ~ 3 ' ~ )  
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i f  x < 0 
s i g n  (x) = O i f x = O  

l i f x > O  

0 i f  x - < xo 
1 i f  x > xo 

l ( x - x o )  = 

D e f i n i t i o n - b o u n d e d  f u n c t i o n  - A f u n c t i o n  f i s  s a i d  t o  b e  

bounded i f  

1 . 4  Two I d e n t i f i c a t i o n  A l g o r i t h m s  - *  P r e l i m i n a r i e s  

I n  t h i s  s e c t i o n  we g i v e  a d e s c r i p t i o n  o f  t h e  s y s t e m  and 

some n o t a t i o n  t h a t  w i l l  b e  used  i n  d i s c u s s i n g  b o t h  a l g o r i t h m s .  

The c o n f i g u r a t i o n  o f  t h e  s y s t e m  u n d e r  c o n s i d e r a t i o n  is shown 

i n  F i g u r e  1. 

Not a t  i o n  

u = i n p u t  f u n c t i o n  t o  A A 

y 6 o u t p u t  f u n c t i o n  o f  A due  t o  e x c i t a t i o n  by  

u and t o  t h e  i n i t i a l  s t a t e  

N1 and  N 2  a re  z e r o  mean, wide  s e n s e  s t a t i o n a r y ,  s e c o n d  

o r d e r  random p r o c e s s e s  s t a t i s t i c a l l y  i n d e p e n d e n t  o f  u and y. 

i 
Comment 

Throughou t  t h i s  t h e s i s  we w i l l  b e  d e a l i n g  w i t h  o n l y  

a d d i t i v e  n o i s e .  Thus t h e  a s s u m p t i o n  t h a t  a n o i s e  p r o c e s s  i s  

o f  z e r o  mean i s  e q u i v a l e n t  t o ' t h e  a s s u m p t i o n  t h a t  t h e  mean i s  
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known, s i n c e  t h e  mean may b e  s u b t r a c t e d  f rom t h e  o b s e r v a t i o n s ,  

y i e l d i n g  o b s e r v a t i o n s  o f  s i g n a l  p l u s  z e r o  mean n o i s e .  

v and w are  t h e  observed f u n c t i o n s  f rom which w e  w i l l  

i d e n t i f y  A .  The f u n c t i o n s  u and y a re  assumed t o  s a t i s f y  t h e  

d i f f e r e n t i a l  e q u a t i o n '  

where 

We w i l l  assume t h a t  t h e  s y s t e m  A i s  b o u n d e d - i n p u t ,  

b o u n d e d - o u t p u t  s t a b l e  and t h a t  t h e  i n p u t  i s  bounded i n  magni- 

t u d e  u n i f o r m l y  f o r  a l l  t ime.  

Comment 

I n  t h i s  case t h e  i d e n t i f i c a t i o n  p rob lem i s  one  o f  e s t i -  
M and {bi l i=Oa m a t i n g  t h e  c o e f f i c i e n t s  {ai)i=O M 

5 1 . 5  E r r o r  Decompos i t ion  Method 

I n  t h i s  a l g o r i t h m ,  e s t i m a t i o n  of t h e  unknown c o e f f i c i e n t  

i s  a c c o m p l i s h e d  by m i n i m i z a t i o n  of an " e r r o r  f u n c t i o n "  which 

i s  i n  some s e n s e  a measure  o f  t h e  d i s c r e p a n c y  be tween  t h e  
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model and  t h e  unknown s y s t e m .  The " e r r o r  f u n c t i o n "  i s  decom- 

p o s e d  i n t o  a sum o f  t h r e e  f u n o t i o n s ,  two of  which depend upon 

t h e  s a m p l e  f u n c t i o n s  o f  N1 and  N 2 ,  and  

upon t h e  i n p u t  and  o u t p u t  f u n c t i o n s  u and  y .  We g i v e  a b r i e f  

summary of t h i s  a l g o r i t h m  i n  o r d e r  t o  i n d i c a t e  i t s  c o m p u t a t i o n a l  

a s p e c t s .  

n e  o f  wh,ich depends  

1 

We assume t h e  f o l l o w i n g :  

1. t h e  n o i s e  p r o c e s s e s  N1 and N 2  a re  u n c o r r e l a t e d ,  i . e . ,  

E (Nl ( t )Np( t+T) )  = 0 f o r  a l l  t and T 

and RN a r e  known ( R e c a l l  t h a t  R x ( ~ )  was d e f i n e d  
RN1 2 

3. bo  = 1 

The e r r o r  f u n c t i o n  i s  ( E ( E  I) ' ,  where  

and 

i s  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  b e s t  es t imate  of t h e  unknown 

s y s  tem, where  

M 

i = O  

where  {"ai) and {t.i) are t h e  b e s t  es t imates  o f  {ai l  and  { b . )  
J 3 
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r e s p e c t i v e l y ,  and  Q ( p )  i s  a p o l y n o m i a l  i n  p o f  d e g r e e  M o r  

g r e a t e r  which  h a s  r o o t s  o n l y  i n  t h e  open  h a l f  complex p l a n e  

and  which h a s  no  r o o t s  i n  cornyon w i t h  L(p) o r  M(p). 

Let 

a = (ao,  ..., aM, b l '  ,bM) ( 7 )  

( 8 )  
- a i s  any 2M+1 v e c t o r  

A h 

b l ,  . . . , b d  , 6 i s  t h e  " c u r r e n t "  

es t imate  o f  a 

(9 1 A 6 = ( S o , .  . , , aM,  

Then 

m , ( a )  i s  a f u n c t i o n  o f  a, N1' RN,, 

m 2 ( a )  i s  a f u n c t i o n  o f  a, N 2 ,  

m,(a) i s  a f u n c t i o n  o f  a, y ,  u 

R N 2  

and  E(E)  = m , ( a )  

Under m i l d  r e s t r i c t i o n s  on u and  y ,  i t  can  b e  shown t h a t  
- -  

m,(&) i s  p o s i t i v e  d e f i n i t e  i n  u and  y f o r  any a,a # a, and 

un imoda l  i n  (G+a) f o r  any u and  y ,  w i t h  

m , ( a )  = 0 ( 1 2 )  

Thus w e  may f i n d  a by m i n i m i z i n g  m3(z) w i t h  r e s p e c t  t o  a. The 

g r a d i e n t  o f  m,(a)  w i t h  r e s p e c t  t o  c a n n o t  b e  o b t a i n e d  



1 2  

e x a c t l y ;  however ,  . 

z ( t , z )  = ' g r a d  E(€ 2 ) - g r a d  m,(G) - g r a d  m2(z) 

may b e  c a l c u l a t e d  from &,RN and RN . F u r t h e r  
1 2 

E ( z ( t , a ) )  = g r a d  mg($, 

Thus a s t o c h a s t i c  a p p r o x i m a t i o n  p r o c e d u r e  may b e  u s e d  t o  s o l v e  

g r a d  m,(z) = 0 (15)  

for a. 

Comment 

We may c a l c u l a t e  g r a d  E (  1 ) ,  g r a d  m l  (a), and g r a d  m,(a) 2 

u s i n g  o n l y  t h e  o p e r a t i o n s  o f  f i l t e r i n g  o f  o b s e r v e d  s i g n a l s  

t h r o u g h  known l i n e a r  f i l t e r s  L/Q(p) and M/Q(p) , m u l t i p l i c a -  
h A 

t i o n ,  and a d d i t i o n .  Thus t h e  a l g o r i t h m  may b e  implemented  a s  

a h y b r i d  ( a n a l o g - d i g i t a l )  c o m p u t a t i o n ,  w i t h  

d'(t) = 7 k ( t ) z ( t , & ( t ) )  , k ( t ) a  I 
d t  

o r  as a d i g i t a l  c o m p u t a t i o n  w i t h  

6 
1 . 6  The I n s t r u m e n t a l  V a r i a b l e  Method 

Suppose t h a t  t h e  unknown s y s t e m  i s  c h a r a c t e r i z e d  by a 

v e c t o r  x o f  N p a r a m e t e r s .  F u r t h e r  s u p p o s e  t h a t  f rom n o i s e -  

c o r r u p t e d  o b s e r v a t i o n s  o f  t h e  s y s t e m  i n p u t  and o u t p u t  w e  a r e  
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a b l e  t o  o b t a i n  some d a t a  which we a r r a n g e  i n  a kNxN m a t r i x  S, 

which depends  i n  p a r t  on t h e  n o i s e  izl t h e  o b s e r v a t i o n s ,  and a 

kNxl v e c t o s  D ,  which d o e s  n o t  depend upon t h e  n o i s e  i n  t h e  

a t i o n s  ( w e  s h a l l  s ee  t h a t  t h e  e n t r i e s  i n  S and D a r e  i n  

f a c t  s?qp-Lp i n  g r a l s  o f  t h e  p r o d u c t s  o f  t e s t i n g  f u n c t i o n s  and 

t h e i r  d e r i v a t i v e s ' w i t h ,  o r v e d  s i g n a l s ) .  Suppose f u r t h e r  t h a t  

x s a t i s f i e s  t h e  f o l l o w i  

. .  

r -  . 
\?: . 

E ( S ) x  = D 

where t h e  e x p e c t a t i o n  i s  t a k e n  o y e r  t h e  sample  s p a c e  o f  t h e  

o b s e r v a t i o n  n o i s e  p r o c e s s .  Let  

B 9 E(S) 

II 11 = S - E ( S ) ,  

Let S k b e  t h e  NxN m a t r i x  whose f i r s t  row i s  l / k  (sum o f  t h e  

f i r s t  k rows o f  S ) ,  whose s e c o n d  row i s  l / k  (sum' o f  t h e  s e c o n d  

k rows o f  S), e t c .  Let 4fi % a d  $ b e  s i m i l a r l y  d e f i n e d .  Then 

i f  t h e  n o i s e  p r o c e s s  i s  r e a s o n a b l y  w e l l  behaved ,  we c a n  e x p e c t  

by t h e  c e n t r a l  l i m i t  t heo rem t h a t  f o r  l a r g e  k, % w i l l  c o n v e r g e  

i n  p r o b a b i l i t y  t o  t h e  NxN z e r o  m a t r i x ,  and S - l  % w i l l  c o n v e r g e  

t o  

o f  " a d d i n g  t o g e t h e r  d a t a  t o  a v e r a g e  o u t  t h e  n o i s e v 1  i s  t h e  b a s i c  

42 which e q u a l s  x ,  i f  t h e  i n v e r s e s  e x i s t .  T h i s  p r o c e d u r e  

i d e a  b e h i n d  t h e  i n s t r u m e n t a l  v a r i a b l e  method. We c a l l  t h e  

a l g o r i t h m  which g e n e r a t e s  S and D a " sequence  g e n e r a t o r ' ! .  I n  

e s sence ,  g i v e n  u l i n e a r  d i f f e r e n t i a l  s y s t e m  w i t h  t h e  d i f f e r e n t i a l  
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7 

. s  
’2M 

2 2 M  
. s  

T‘ 

e q u a t i o n  

f aRpRy - f b . p j u  3 = u 
R=O j-1 

a s v q u e n c e  g e n e r a t o r  p r o d u c e s  a s e q u e n c e  of random v e c t o r s  

s (si , . . . ,s  ), i = 1 , 2 , .  . and a sequen’ce o f  d e t e r m i n i s -  
1 i2M i t i c  s c a l a r s  d i ,  i = 1 , 2  ,... s u c h  t h a t  when si  

i 
r e p l a c e s  p y, 

S r e p l a c e s  p j u and di r e p l a c e s  u i n  t h e  d i f f e r e n t i a l  
i M + j  

e q u a t i o n ,  we have  

M M 

aRE(si ) - b . E ( s  ) = d i ,  i = 1 , 2 , .  .. 
R j = 1  i M + j  R=O 

t h e n  

s =  

and 

T D = ( d l , d 2 ,  ...) 
T I n  this case t h e  v e c t o r  of p a r a m e t e r s  x is (ao ,..., aM,bl ,..., b,) , 

I n  t h e  a c t u a l  i n s t r u m e n t a l  v a r i a b l e  a l g o r i t h m  t h e  rows o f  S and 

D a re  n o t  s i m p l y  added  t o g e t h e r  b u t  a r e  f i r s t  w e i g h t e d  i n  a 
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c e r t a i n  f a s h i o n .  The m a t r i x  by which S and D a r e  p r e m u l t i -  

p l i e d  t o  g i v e  t h i s  w e i g h t e d  sum i s  c a l l e d  t h e  i n s t r u m e n t a l  

v a r i a b l e  m a t r i x .  

T h e r e  are two main p a r t s  t o  t h e  i n s t r u m e n t a l  v a r i a b l e  

method: 

1,  g e n e r a t e  a s e q u e n c e  o f  s ca l a r s  {d .  1 and a s e q u e n c e  
1 

o f  v e c t o r s  { s i }  from o b s e r v a t i o n s  o f  v and w s u c h  

t h a t  (E i ( s i ) , x )  = di f o r  a l l  i, where x is a v e c t o r  

of p a r a m e t e r s  which s p e c i f y  t h e  unknown s y s t e m  ( i n  

t h i s  case s i m p l y  t h e  c o e f f i c i e n t s  o f  t h e  d i f f e r -  

e n t i a l  e q u a t i o n )  ; 

2 .  es t ima te  x f rom t h e s e  s e q u e n c e s .  
7 Both o f  t h e s e  may b e  c a r r i e d  o u t  on l i n e .  The i n s t r u m e n t a l  

v a r i a b l e  a l g o r i t h m s  f o r  l i n e a r  and  n o n l i n e a r  s y s t e m s  d i f f e r  

o n l y  i n  t h e  way i n  which t h e  s e q u e n c e s  a r e  g e n e r a t e d .  

We p r e s e n t  t h i s  a l g o r i t h m  i n  a framework more g e n e r a l  

t h a n  n e c e s s a r y  f o r  l i n e a r  d i f f e r e n t i a l  s y s t e m  i d e n t i f i c a t i o n .  

T h i s  w i l l  e n a b l e  us t o  u s e  t h e  same a l g o r i t h m  w i t h  o n l y  

s l i g h t  m o d i f i c a t i o n  f b r  t h e  i d e n t i f i c a t i o n  o f  n o n l i n e a r  s y s t e m s  

as d i s c u s s e d  i n  t h e  n e x t  c h a p t e r .  

We f i r s t  g i v e  a g e n e r a l  d e s c r i p t i o n  of t h e  p r o p e r t i e s  
I 

t h a t  t h e  s e q u e n c e  g e n e r a t o r  (1) must have  i n  o r d e r  t h a t  a 

v a l i d  es t imate  o f  x may b e  o b t a i n e d .  We t h e n  g i v e  a theo rem 

which  shows how t h e  s y s t e m  p a r a m e t e r s  may b e  e s t i m a t e d  from 

t h e  g e n e r a t e d  s e q u e n c e s .  F i n a l l y ,  we d i s c u s s  t h e  s t r u c t u r e  

o f  t h e  s e q u e n c e  g e n e r a t o r  i n  t h e  case o f  l i n e a r  d i f f e r e n t i a l  
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s y s  tem i d e n t i f i c a t i o n  . 
N o t a t i o n  

x 4 Nxl v e c t o r  o f  p a r a m e t e r s  which u n i q u e l y  s p e c i f y  

t h e  unknown s y s t e m  

€f3 i ) ,  { d i )  a r e  s e q u e n c e s  o f  r e a l  s c a l a r s  

{a i ) ,  { s .  1 a r e  s e q u e n c e s  o f  r ea l  Nxl v e c t o r s ,  where 
1 

A = (a i l ,  ... 'a  ) 

A 
ai i N  

i N  s i  = ( S i l ,  ".,S ) 

Sequence  G e n e r a t o r s - G e n e r a l  D e s c r i p t i o n  

SG i s  an o p e r a t o r  d e f i n e d  as f o l l o w s :  (See  F i g u r e  2)  

- .  SG o p e r a t i n g  on u and  y, g i v e s  €"i)iLs-Q),  {f3i}i=-00, 
00 

SG o p e r a t i n g  on v and w o r  e q u i v a l e n t l y ,  on 

u+N1 and  y*N2 y i e l d s  {d i I i=- - ,  {si)i=-OO. 
00 00 

We r e q u i r e  SG t o  b e  s u c h  t h a t  t h e s e  s e q u e n c e s  h a v e  t h e  

f o l l o w i n g  p r o p e r t i e s  : 

1 .  € a i , x  1 = {e i ) ,  i . e . ,  <a i ,x  = pi> f o r  a l l  o f  i (1) 

"i j 2 .  E ( s . . )  = 
1 3  

f o r  a l l  o f  i 

j = 1, ..., N where  t h e  e x p e c t a t i o n  i s  t a k e n  o v e r  t h e  

sample  s p a c e s  of  t h e  n o i s e  p r o c e s s e s ;  

l u i j l ,  j = 1 ,..., N ,  and IS,] a re  u n i f o r m l y  bounded 

w i t h  p r o b a b i l i t y  one  f o r  a l l  i ;  

3. ( 3 )  

4 .  {si-". 1 1 i s  . a  sample  f u n c t i o n  of  a d i s c r e t e ,  z e r o  ( 4 )  

mean wide  s e n s e  s t a t i o n a r y  random p r o c e s s ;  and 

lis l i - j  IE[ (si-cti) (s  -uj)] =. 0 ;  
j 

j +m 
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a) No Noise Present 

U Characterize Y 

SEQUENCE GENERATOR 
SG 

b 
i=1,2,. * f a i  3 

+ 
CBi3 

Bi is a scalar 

<airX> -- Bi 

b )  Naise Present 

E (si) = ai 

di - 6i 
LE (si),x) = di 

Either N1 or N2 i s  Z ~ ~ F O ,  

FIGURE 2 



1 8  

5. { s . }  and {di3 must  b e  computab le  f rom a v a i l a b l e  
( 5  1 1 

i n f o r m a t i o n .  , 

Withou t  l o s s  o f  g e n e r a l i t y ,  we l e t  t h e  e s t i m a t i o n  o f  

x b e g i n  a t ,  i= l .  We d e f i n e  an " a r r a y  a s s e m b l e r "  ( F i g u r e  3)  

w i t h  t h e  s e q u e n c e s  di and  si  as i n p u t s  and  t h e  a r r a y s  

k Sk and D 

'k 

Dk 

a s  o u t p u t s ,  where  

i s  

i s  

a 

a 

kNxN m a t r i x  

k N x l  v e c t o r  

w i t h  

w i t h  

t h  i 

t h  i 

row 

row 

i 

di 

S 

With t h e s e  d e f i n i t i o n s ,  we have  

E ( S k ) x  = Dk 
E s t i m a t i o n  o f  x f rom G e n e r a t e d  Sequences  

The s e c o n d  m a j o r  p a r t  o f  t h e  a l g o r i t h m ,  t h e  e s t i m a t i o n  

o f  x f rom t h e  g e n e r a t e d  s e q u e n c e s ,  i s  b a s e d  upon t h e  f o l l o w -  

. .  i n g  theo rem:  

Theorem ( 8 )  

Let v1 ,v2 ,  . . .  b e  a s e q u e n c e  o f  v e c t o r s  *{Vi], where 

v 4 ( v i l , .  . . ,viN) , [ v . .  I bounded u n i f o r m l y  f o r  a l l  i ,  

j = 1, ..., N .  

T 
i 1 3  

L e t  Vk = ( v l i  . . * !Vk).  

Le t  l i m  l / k  VkSk b e  n o n s i n g u l a r ,  
k-- 

l i m  l / k  V k D k  # 0 .  
k+.o 

L e t  x 4 (vksk) - 1  v ~ D ~ .  k 

Then xk i s  a c o n s i s t e n t  ( and  t h e r e f o r e  a s y m p t o t i c a l l y  

u n b i a s e d )  e s t ima te  o f  x ,  i . e . ,  xk c o n v e r g e s  t o  x i n  p r o b a b i l i t y  
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i d i }  
4 

FIGURE 3 
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Comment 

The s e q u e n c e  o f  matrices {vk)  i s  c a l l e d  a n  i n s t r u m e n t a l  

v a r i a b l e  s e q u e n c e .  

Thus ,  g i v e n  SG, i f  w e  can  f i n d  a s e q u e n c e  {v i )  s u c h  t h a t  

t h e  h y p o t h e s e s  o f  Theorem (8)  a r e  s a t i s f i e d ,  w e  can  o b t a i n ,  

i n  t h e  l i m i t ,  a n  u n b i a s e d  e s t i m a t e  o f  x .  

E x i s t e n c e  and R e a l i z a b i l i t y  o f  an I n s t r u m e n t a l  V a r i a b l e  Sequence  

I t  i s  e a s i l y  v e r i f i e d  t h a t  s u c h  a s e q u e n c e  d o e s  e x i s t .  

I n  f a c t  t h e  s e q u e n c e ,  

i f  t h e  i n p u t  u i s  " s u f f i c i e n t l y  random". I n  p r a c t i c e ,  {ESk) 

{ESk} s a t i s f i e s  t h e  r e q u i s i t e  c o n d i t i o n s  

c a n n o t  b e  o b t a i n e d  d i r e c t l y ,  b u t  may b e  e s t i m a t e d  r e c u r s i v e l y  

b y  u s i n g  u and t h e  b e s t  e s t ima tes  o f  x and y a v a i l a b l e .  7 

(See  Appendix I ) .  U n f o r t u n a t e l y ,  t h e r e  i s  no  known method 

f o r  e s t i m a t i n g  an  i n s t r u m e n t a l  v a r i a b l e  s e q u e n c e  when b o t h  

i n p u t  and  o u t p u t  n o i s e  a r e  p r e s e n t .  Thus we s h a l l  assume i n  

t h e  s e q u e l  t h a t  e i t h e r  N1 = 0 o r  N 2  = 0 .  Note t h a t  {ESk} c a n n o t  

b e  an i n s t r u m e n t a l  v a r i a b l e  s e q u e n c e  i f  ( 3 )  i s  n o t  s a t i s f i e d .  
\ 

E x i s t e n c e  o f  Sequence  G e n e r a t o r  

We show i n  t h e  n e x t  c h a p t e r  t h a t  f o r  c e r t a i n  t y p e s  o f  non-  

l i n e a r  s y s t e m s  and  c e r t a i n  n o i s e  p r o c e s s e s  t h a t  s e q u e n c e  g e n e r a -  

t o r s  e x i s t .  I n  some cases we may r e q u i r e  knowledge o f  moments 

o f  t h e  n o i s e  p r o c e s s e s  i n  o r d e r  t o  implement  S G ,  b u t  t h i s  i s  

n o t  a lways  n e c e s s a r y ,  as w e  d e m o n s t r a t e  w i t h  s e v e r a l  examples  

i n  t h e  n e x t  c h a p t e r .  

Sequence  g e n e r a t o r s  e x i s t  f o r  l i n e a r  t i m e  i n v a r i a n t  
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d i f f e r e n t i a l  s y s t e m s ,  and w e  p r e s e n t  two of these!  be lqw.  

I n  t h i s  s e c t i o n  w e  p r e s e n t  two s e q u e n c e  g e n e r a t o r s  f o r  

l i n e a r  time i n v a r i a n t  d i f f e r e n t i a l  s y s t e m s ,  

We u s e  t h e  f o l l o w i n g  n o t a t i o n  i n  d i s c u s s i n g  t h e  s e q u e n c e  
i 

g e n e r a t o r s .  

Not a t  i o n  

As s p e c i f i e d  i n  S e c t i o n  1 . 4 ,  t h e  d i f f e r e n t i a l  e q u a t i o n  

o f  t h e  unknown s y s t e m  i s  

We s e t  bo = 1 ( T h i s  b a s e d  upon t h e  a s s u m p t i o n  t h a t  b o  # 0 .  

bo = 0 ,  we may s e t  any n o n - z e r o  c o e f f i c i e n t  b 

c e e d  as i n d i c a t e d  b e l o w . )  Then 

I f  

t o  1 and p r o -  
j 

P * 

M 
b . p  j u = u 

i j=1 f J  
j = O  

Let x = (ao , . .  . ,aM,bl  ,..., b M ) T ,  where x i s  ( 2 M + l ) x l ,  i . e . ,  

N = 2 M + l .  

Wi thout  l o s s  of g e n e r a l i t y ,  we b e g i n  e s t i m a t i o n  o f  x a t  

i =  1, t = 0 .  

Comment 

We w i l l  assume t h a t  N1 = 0 .  I f  N 2 - =  0 ,  t h e n  t i h e t r Q l e s  

o f  y and u i n  t h e  s e q u e n c e  g e n e r a t o r s  a r e  r e v e r s e d ,  and  what-  

e v e r  c o n d i t i o n s  were p u t  on N1 must b e  assumed t o  h o l d  f o r  N 2 .  
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9 Sampled L i n e a r  F i l t e r  Sequence  G e n e r a t o r  

To m o t i v a t e  t h e  s p e c i f i c a t i o n  o f  t h i s  s e q u e n c e  g e n e r a t o r ,  

we show how l i n e a r  d i f f e r e n t i a l  f i l t e r s  c a n  b e  u s e d  t o  o b t a i n  

l i n e a r  a l g e b r a i c  e q u a t i o n s  i n  t h e  c o e f f i c i e n t s  o f  t h e  d i f f e r -  

e n t i a l  e q u a t i o n  o f  t h e  unknown s y s t e m .  

L e t  Q(p) b e  a p o l y n o m i a l  i n  p o f  d e g r e e  M o r  g r e a t e r  such  

t h a t  

a )  t h e  r o o t s  o f  Q(p) l i e  i n  t h e  open l e f t  h a l f  

h a l f  complex p l a n e ,  

b )  Q(p) h a s  no roots i n  common w i t h  L(p) o r  M(p).  

Then 

and 

M M 

i = O  j = l  

Thus w e  see t h a t  l i n e a r  f i l t e r s  w i t h  t r a n s f e r  f u n c t i o n s  
i p / Q ( p ) ,  i = O,,..,M may b e . u s e d  t o  o b t a i n  l i n e a r  e q u a t i o n s  i n  

t h e  unknown c o e f f i c i e n t s .  

Not a t  i o n  

A hi  = z e r o  s t a t e  i m p u l s e  r e s p o n s e  o f  t h e  s y s t e m  w i t h  t r a n s -  

f e r  f u n c t i o n  p i / ~ ( p ) .  
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S p e c i f i c a t i o n  o f  t h e  Sequence  G e n e r a t o r  

The s e q u e n c e  g e n e r a t o r  SG is g i v e n  by t h e  f o l l o w i n g  

r e l a t i o n s  : 

Let  AT > 0 ,  io i s  " l a r g e " .  

AT ( i+io) 

h ( t - T ) y ( T ) d T  j=1 , .  . . , M + 1  j - 1  

(13 )  

j=M+2 , . . , 2 M + 1  

A T ( i + i O )  

( t  - T ) u (  T) dT h j  - (M+l) 

AT ( i + i o )  

ho ( t - T ) u ( T ) d T  (14)  

h ( t - r ) w ( r ) d T  j = l ,  ..., M + l  j - 1  

(15)  
i j  

( t - T )  v ( T )  dT j=M+2 , . . . , 2 M + 1  j - ( M + 1 )  h 

A T ( i + i O )  
h o ( t - T ) v ( r ) d r  = Bi 

s i n c e  N1 is assumed t o  b e  zero. 
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V e r i f i c a t i o n  o f  1 t h r o u g h  5 

We now v e r i f y  t h a t  c o n d i t i o n s  1 t h r o u g h  5 are  s a t i s f i e d  

by t h e  above s p e c i f i c a t i o n .  

We f i r s t  n o t e  t h a t  f o r  t he  s y s t e m  d e s c r i b e d  b y  t h e  d i f -  

f e r e n t i a l  e q u a t i o n  

i f  t h e  s t a t e  a t  t = 0 i s  z e r o ,  t h e n  

and i f  t h e  s t a t e  i s  n o t  z e r o  a t  t = 0 ,  t h e n  ( 1 8 )  i s  a p p r o x i -  

m a t e l y  t r u e  f o r  l a r g e  t s i n c e  p j / Q ( p )  i s  s t a b l e  by ( l o a ) .  

Thus 1 i s  s a t i s f i e d  t o  an  a r b i t r a r y  d e g r e e  o f  a c c u r a c y  f o r  

l a r g e  i We may w r i t e  h . ( t )  as 
0‘ I 

h j ( t )  = C,&[t )  + h ! ( t )  (19) 3 

where C1 = 0 i f  j # M + 1, and’ I h ! [ t ) l  i s  u n i f o r m l y  bounded 

f o r  a l l  t by ( l o a ) .  Thus 
~1 

(L j U ) ( t )  = C p ( t )  +I h; ( t - T ) u ( T ) d T  
Q(P)  

With t h i s  r e l a t i o n  i t  i s  c l ea r  t h a t  2 i s  s a t i s f i e d .  A l s o ,  

from ( 1 9 )  and ( l o a )  ( s t a b i l i t y  of t h e  unknown system) w e  s ee  

t h a t  h a v i n g  u u n i f o r m l y  bounded w i t h  p r o b a b i l i t y  one  e n s u r e s  
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t h a t  3 i s  s a t i s f i e d .  

To examine 4 we i n v o k e  t h e  f o l l o w i n g  wel l -known t h e o r e m .  
I 

Theorem lo (21)  

Le t  x b e  a z e r o  mean w i d e , s e n s e  s t a t i o n a r y  random 

p r o c e s s ;  l e t  h b e  a b s o l u t e l y  i n t e g r a b l e  on t h e  p o s i t i v e  r e a l  

l i n e ;  t h e n  
I 

i s  a z e r o  mean wide  s e n s e  s t a t i o n a r y  random p r o c e s s  and 

2 
@ z z  = IHI Q X X  

where 

4 t h e  F o u r i e r  t r a n s f o r m  o f  RZ 

4 t h e  F o u r i e r  t r a n s f o r m  o f  R 

@ZZ 

@xx X X  

A H = t h e  F o u r i e r  t r a n s f o r m  o f  h .  

Thus we may g u a r a n t e e  t h a t  4 i s  s a t i s f i e d  i f ,  f o r  example ,  

, t h e  s p e c t r u m  N2, i s  a p r d p e r  r a t i o  o f  p o l y n o m i a l s ,  i n  

which case E[(sij-a ) (skj-a ) ]  goes  t o  z e r o  as e x p ( - a ) i - k ) )  

602 some a > 0. 
i j  k j  

I 

5 i s  c l e a r l y  s a t i s f i e d .  , 

Thus c o n d i t i o n s  1 t h r o u g h  5 a r e  a l l  s a t i s f i e d ,  s o  t h a t  
I 

t h e  r e l a t i o n s  (13)  t h r o u g h  (16)  d e f i n e  a s e q u e n c e  g e n e r a t o r .  
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R e a l i z a b i l i t y  o f  Sampled Linear  F i l t e r  Sequence  G e n e r a t o r  

The sampled  l i n e a r  f i l t e r  s e q u e n c e  g e n e r a t o r  may b e  
11 

r e a l i z e d  e i t h e r  as a p a s s i v e  ne twork  ( w i t h  an a p p r o p r i a t e  g a i n  

f a c t o r  a p p l i e d  t o  t h e  i n t e g r a l s )  o r  by a n a l o g  o r  d i g i t a l  

computer .  

I n  f ac t  t h i s  s e q u e n c e  g e n e r a t o r  i s  e s s e n t i a l l y  a c o l l e c -  
k t i o n  of  f i l t e r s  w i t h  t r a n s f e r  f u n c t i o n s  p / Q ( p ) ,  k = 0 , .  . . ,M 

where Q(p)  i s  any M d e g r e e  p o l y n o m i a l  i n  p s u c h  t h a t  i t s  

r o o t s  have  n e g a t i v e  r e a l  p a r t s  and do n o t  c o i n c i d e  w i t h  any o f  

t h e  p o l e s  o r  z e r o s  o f  t h e  unknown s y s t e m .  

T e s t i n g  F u n c t i o n s - - D e f i n i t i o n  and E lemen ta ry  P r o p e r t y  12 

I n  o r d e r  t o  p r e s e n t  t h e  s e c o n d  s e q u e n c e  g e n e r a t o r ,  w e  

f i r s t  d e f i n e  t e s t i n g  f u n c t i o n s  and g i v e  an e l e m e n t a r y  

p r o p e r t y  t h a t  makes  them u s e f u l  i n  s y s t e m  i d e n t i f i c a t i o n .  

D e f i n i t i o n  - M - d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  

Le t  $I s a t i s f y  t h e  f o l l o w i n g  c o n d i t i o n ’ s :  

1. l e t  T > 0 ,  t h e n  $ ( k ) ,  k = 0 ,..., M e x i s t s  i n  t h e  

o r d i n a r y  s e n s e  on [O ,T]  j 

d , ( k ) ( t )  = 0 f o r  t < 0 ,  t - 3 T ,  k = 0 ,..., M. 2 .  - 
Then $I 4 M - d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  on [ O , T ] .  

D e f i n i t i o n  - I n  f i n i t e l y  d i f f e r e n t i a b l e  
t e s t i n g  f u n c t i o n  

Let $I b e  an  M - d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  f o r  a l l  

i n t e g e r s  M > 0 ,  Then 

A d, = i n f i n i t e l y  d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  on 

[ Q , T I .  
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N o t a t i o n  

I n  t h e  s e q u e l ,  u n l e s s  o t h e r w i s e  s p e c i f i e d ,  $ w i l l  d e n o t e  

an M - d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  on [ O , T ] .  

An i n f i n i t e l y  d i f f e r e n t i d b l e  t e s t i n g  f u n c t i o n  i s  a t e s t i n g  

f u n c t i o n  as d e f i n e d  i n  t h e  t h e o r y  o f  g e n e r a l i z e d  f u n c t i o n s .  

M - d i f f e r e n t i a b l e  t e s t i n g  f u n c t , i o n s  s h a r e  some p r o p e r t i e s  w i t h  

t h e s e ,  a s  s e e n  be low.  

Remark ( 2 3 )  
h A 

Let  $ ( t )  = $ ( T - t ) .  Then $ i s  an M - d i f f e r e n t i a b l e  t e s t i n g  

f u n c t i o n  on [O,T] .  

Remark ( 2 4 )  

The u n i o n  o f  t h e  s e t  o f  a l l  M - d i f f e r e n t i a b l e  ( o r  i n f i -  

n i t e l y  d i f f e r e n t i a b l e )  t e s t i n g  f u n c t i o n s  w i t h  t h e  z e r o  f u n c t i o n  

i s  a l i n e a r  v e c t o r  s p a c e .  

Remark (25) 

$ l k )  i s  an M-k d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  on [ O , T ] .  

Remark (26) 

L e t  f b e  M t i m e s  d i f f e r e n t i a b l e  on [ O , T ] .  Then f $  

( i . e , ,  f ( - ) $ ( * ) )  i s  an M - d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  on 

W , T I  

P r o p e r t y  ( 2  7 )  

Let  y b e  M times d i f f e r e i t i a b l e  on [O,T].  Then f o r  a l l  

k X M  - 

k ‘(T $ ( t ) y ( k ) ( t ) d t  = ( - 1 )  , $ ‘ k ) ( t ) y ( t ) d t  
l o  J O  
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p r o o f  ( i n d u c t i o n )  

Let k = 1 

and $(O) = $(T) = 0 .  Thus t h e  p r o p e r t y  h o l d s  for k = 1. 

I n d u c t i v e  h y p o t h e s i s :  t h e  p r o p e r t y  h o l d s  f o r  k = n ,  n < M .  

Then 

? $ ( t ) y ( ” )  ( t ) d t  = ( - l ) n  r‘ $ln) ( t ) y ( t ) d t  
JO 

and 

T T 
+ ( t ) y ( * + l ) ( t ) d t  = $ ( t ) y ( n ) ( t )  l o  -s $ ( l ) ( t ) y ( n ) ( t ] d t  

0 

b u t  by remark (ZS), + ( l ) ( t )  i s  an M - 1  d i f f e r e n t i a b l e  t e s t i n g  

f u n c t i o n ,  s o  by  i n d u c t i v e  h y p o t h e s i s  

-[$(’) ( t ) y ( n )  ( t ) d t r  = - (-1) n[$(n+l) ( t ) y ( t ) d t  

C o r o l l a r y  

end p r o o f  

( 2 8 1  

Let L(p] be a p o l y n o m i a l  i n  p o f  d e g r e e  - < M .  Then 
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D e f i n i t i o n  (29) 

A bounded f u n c t i o n  f i s  s a i d  t o  b e  f i n i t e l y  d i f f e r e n t i a b l e  

i n  t h e  d i s t r i b u t i o h  s e n s e  if it i s  p i e c e w i s e  c o n t i n u o u s  and  h a s  

p i e c e w i s e  c o n t i n u o u s  d e r i v a t i v e s  o f  a l l  f i n i t e  o r d e r s  on e v e r y  

f i n i t e  i n t e r v a l .  

C o r o l l a r y  (301 

Let y b e  bounded and  f i n i t e l y  d i f f e r e n t i a b l e  i n  t h e  

d i s t r i b u t i o n  s e n s e .  Then P r o p e r t y  ( 2 7 )  h o l d s .  

Note  

When a d e l t a  f u n c t i o n  o f  any  o r d e r  a p p e a r s  i n  t h e  i n t e -  

- 

g r a n d  o f  an  i n t e g r a l  w i t h  u p p e r  and  l o w e r  l i m i t s  a and  b 

r e s p e c t i v e l y ,  w e  w i l l  i n t e r p r e t  t h o s e  l i m i t s  as a+ a n d  b - .  

p r o o f  

We c a n  w r i t e  y I k )  as 

where  y i k )  i s  a bounded p i e c e w i s e  c o n t i n u o u s  f u n c t i o n  and 

(k’ i s  a sum o f  d e l t a  f u n c t i o n s  o f  o r d e r  a t  most  k - 1 .  Then Y6 



30 

Then 

By Property  (27), 

From t h e  s i f t i n g  thegrem, we have 

Suppo5e that: 

Yik) [ t )  = d j )  ( t - to) , 

then . 

and by Property ( Z 7 ) ,  
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s 

Thus 

which i m p l i e s  t h a t  

end  p r o o f  

With t h e s e  d e f i n i t i o n s  and p r o p e r t i e s ,  w e  can now d i s c u s s  

t h e  s e c o n d  s e q u e n c e  g e n e r a t o r .  
m *- $&, e 

T e s t i n g  F u n c t i o n  Sequence  G e n e r a t o r  

To m o t i v a t e  t h e  s p e c i f i c a t i o n  o f  t h i s  s e q u e n c e  e r a t o r ,  

w e  f i r s t  show how w e  c a n  u s e  t e s t i n g  f u n c t i Q n s  t o  o b t a i n  a 

l i n e a r  e q u a t i o n  i n  t h e  c o e f f i c i e n t s  o f  t h e  d i f f e r e n t i a l  

e q u a t i o n  o f  t h e  unknown s y s t e m .  
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We r e p e a t  t h e  s y s t e m  d i f f e r e n t i a l  e q u a t i o n s  as g i v e n  by 

M u l t i p l y i n g  (31)  a n  b o t h  s i d e s  by  $ ( t - q T ) ,  where 4 i s  an  M- 

d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  on [ O , T ] ,  and i n t e g r a t i n g  from 

nT t o  ( n + l ) T ,  we h a v e  

which b 

- f b j S ( n * l ) T $ ( t - n T ) u ( t ) d t  

j - 1  nT 

P r o p e r t j  

PI 

$ ( t - n T )  u ( t )  d t  

(27 )  becomes 

( n * l ) T  

a .  1 (-l) iJ  4 ( i ) ( t - n T ) y ( t ) d t  

i = O  nT ( 3 3 )  

M ( n * l ) T  (n+ 1) T 

- 1 b j ( - l ) j J  $ ( j k t - n T ) u ( t ) d t  

j = l  nT 
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Thus,  w i t h  knowledge o f  t h e  t e s t i n g  f u n c t i o n  and i t s  d e r i v a -  

t i v e s ,  u ,  and y, we can o b t a i n  a l i n e a r  a l g e b r a i c  e q u a t i o n  i n  

IT 

( i + l ) T  
( j - ( M + W  

i j  S 

t h e  unknown c o e f f i c i e n t s .  

S p e c i f i c a t i o n  o f  t h e  Sequence  G e n e r a t o r  

I T  j = M+2, ..., 2M+l 

( i + l ) T  

$ ( t - i T ) v l ( t ) d t  = f3- 1 s i n c e  N1 i s  assumed 
di = $  IT 1 

t o  be  z e r o  

With t h i s  i n t r o d u c t i o n  we) s p e c i f y  t h e  s e q u e n c e  g e n e r a t o r  

as f o l l o w s :  

r” 
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V e r i f i c a t i ~ n  o f  1 th rough  5 

We now n e e d  t o  v e r i f y  t h a t  c o n d i t i o n s  1 t h r o u g h  5 a re  

s a t i s f i e d  by  t h e  h y p o t h e s i z e d  s e q u e n c e  g e n e r a t o r .  

From (333, (34), and  ( 3 f ) ,  1 are  and  2 a re  c l e a r l y  

s a t i s f i e d .  From (35) i t  i s  c l e a r  t h a t  3 i s  s a t i s f i e d  s i n c e  

[ u i  i s  bounded and  t h e  s y s t e m  i s  b . i . b . 0 .  s t a b l e .  

5 i s  c l e a r l y  s a t i s f i e d .  

To v e r i f y  t h a t  4 is s a t i s f i e d ,  we p u t  t h e  f o l l o w i n g  

Let 2 '  r e s t r i c t i o n  on t h e  n o i s e  p r o c e s s  N 

l i m  T R ~  (T) = 0 
r- 2 

136)- 

Then,  t h e  f o l l o w i n g  theo rem g u a r a n t e e s  t h a t  4 i s  s a t i s f i e d  

by t h e  t e s t i n g  f u n c t i o n  s e q u e n c e  g e n e r a t o r .  

Theorem (37) 

L e t  g b e  a c o n t i n u o u s  f u n c t i o n .  

L e t  x be a wide  s e n s e  s t a t i o n a r y  s e c o n d  o r d e r  random 

p r o c e s s  s u c h  t h a t  

1. E ( x ( * , t ) )  = 0, 

2 .  x ( * , t )  is bounded w i t h  p r o b a b i l i t y  one  u n i f o r m l y  

f o r  a l l  t .  

Let y b e  t h e  random p r o c e s s  d e f i n e d  by 



35 
Let 

l i m  r R X ( T )  = 0 .  
r-+m 

Then 

1 .  

2 .  y i s  wide s e n s e  s t a t i o n a r y ,  

E ( y ( * , t O ) ) =  0 f o r  a l l  t o ,  

3 .  l i m  TR (T) = 0 
Y T-tW 

p r o o f  

1 .  Is  c l e a r l y  t r u e .  

2 .  

W = s - t 0 + 6  0 l e t  z =  t - t 

Then 

I ( 6 )  9 ( Z) 4 ( W -  Z) Rx (W - Z) d zdw 
0 8  

i s  c l e a r l y  a f u n c t i o n  of 6 o n l y  for A f i x e d ,  which t o g e t h e r  

wi th  (1 )  i m p l i e s  t h a t  y i s  wide s e n s e  s t a t i o n a r y .  

3 .  Let 
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M =  max , M I  I 
t ~ [ t ~ , t ~ + A ]  

l e t  6 > 0 ,  s i n c e  R (-T) = Ry(") for a l l  T. 
Y 

Note t h a t  I = R , ( 6 ) ,  s o  t h a t  

= o  

end p r o o f  
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Given a t e s t i n g  f u n c t i o n  and i t s  d e r i v a t i v e s ,  t h e  t e s t -  

i n g  f u n c t i o n  s e q u e n c e  g e n e r a t o r  may b e  r e a l i z e d  by a d i g i t a l  

compute r .  If t h e  t e s t i n g  f u n c t i o n  i s  a p o l y n o m i a l ,  t h e n  t h e  

t e s t i n g  f u n c t i o n  s e q u e n c e  g e n e r a t o r  may b e  r e a l i z e d  by an  

a n a l o g  computer .  

Comparison o f  Sequence  G e n e r a t o r s  

We h a v e  s e e n  t h a t  b o t h  o f  t h e  s e q u e n c e  g e n e r a t o r s  d i s -  

c u s s e d  above  have  e s s e n t i a l l y  t h e  same m a t h e m a t i c a l  r e p r e s e n -  

t a t i o n ,  namely t h a t  o f  a s e t  o f  i n t e g r a l  O p e r a t o r s  ( l i n e a r  

f i l t e r s ) .  The t e s t i n g  f u n c t i o n  s e q u e n c e  g e n e r a t o r  h a s  s e v e r a l  

a d v a n t a g e s  o v e r  t h e  sampled  l i n e a r  f i l t e r  s e q u e n c e  g e n e r a t o r .  

F i r s t ,  t h e  p o l y n o m i a l  Q(p)  need  n o t  b e  u s e d  i n  t h e  f o r m e r ,  

t h u s  e l i m i n a t i n g  t h e  u n d e s i r a b l e  p o s s i b i l i t y  o f  c a n c e l l a t i o n  

o r  n e a r - c a n c e l l a t i o n  by Q(p)  o f  r o o t s  o f  L(p)  and M(p) .  

Second,  i f  t h e  s e q u e n c e  g e n e r a t o r  i s  implemented  on a d i g i t a l  

compute r ,  t h e  t e s t i n g  f u n c t i o n  s e q u e n c e  g e n e r a t o r  r e q u i r e s  

o n l y  r e p e a t e d  i n t e g r a t i o n s  o v e r  an  i n t e r v a l  o f  f i x e d  l e n g t h ,  

w h i l e  t h e  sampled  l i n e a r  f i l t e r  g e n e r a t o r  r e q u i r e s  e i t h e r  

i n t e g r a t i o n s  o f  t h e  form 

'i T 

o r  o f  t h e  form 
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u(T)dT a ( t - . r )  

o r  t h e  s o l u t i o n  o f  a l i n e a r  d i f f e r e n t i a l  e q u a t i o n  by some 

i n t e g r a t i o n  scheme s u c h  as Runge-Kut ta  o r  Adams method.  I n  

t h e  f i r s t  case we h a v e  t o  m u l t i p l y  t h e  i n t e g r a l  by  e , a a t  

n u m e r i c a l  o p e r a t i o n  which  becomes r a p i d l y  u n s t a b l e  a s  t grows 

l a r g e .  I n  t h e  s e c o n d  case t h e  i n t e g r a t i o n  t i m e  f o r  e a c h  

i n t e g r a l  i s  p r o p o r t i o n a l  t o  t h e  sample  number i ,  s o  t h e  t o t a l  

2 i n t e g r a t i o n  time grows as i . I n  t h e  t h i r d  case we h a v e  

a g a i n  a n u m e r i c a l  o p e r a t i o n  which i s  r e l a t i v e l y  u n s t a b l e  

compared t o  t h e  i n t e g r a t i o n  u s e d  i n  t h e  t e s t i n g  f u n c t i o n  

s e q u e n c e  . g e n e r a t o r ,  

Comment 

T h e r e  a r e  some e x t r e m e l y  a c c u r a t e  n u m e r i c a l  methods f o r  

s o l v i n g  d i f f e r e n t i a l  e q u a t i o n s .  However, t h e s e  methods u s e  

a v a r i a b l e  i n t e g r a t i o n  s t e p  s i z e  i n  o r d e r  t o  m a i n t a i n  c o n s i s -  

t e n t l y  h i g h  a c c u r a c y  and c a n  a t  t imes  b e  q u i t e  s l o w .  As we 

s h a l l  s e e ,  w e  may a c t u a l l y  " t a i l o r "  t h e  t e s t i n g  f u n c t i o n  t h a t  

w e  u s e - i n  t h e  t e s t i n g  f u n c t i o n  s e q u e n c e  g e n e r a t o r  s o  t h a t  w e  

may u s e  a r e a s o n a b l y  l a r g e  u n i f o r m  i n t e g r a t i o n  s t e p  s i z e  i n  

t h e  t e s t i n g  f u n c t i o n  s e q u e n c e  g e n e r a t o r  and s t i l l  m a i n t a i n  a 

h i g h  d e g r e e  o f  a c c u r a c y .  

I n  o t h e r  w o r d s ,  t h e  sampled  l i n e a r  f i l t e r  s e q u e n c e  

g e n e r a t o r  e i t h e r  t a k e s  more t ime o r  i s  less  s t a b l e  n u m e r i c a l l y  

t h a n  t h e  t e s t i n g  f u n c t i o n  when d i g ' i t a l  computer  i m p l e m e n t a t i o n  

i s  u s e d .  
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1 . 7  Comparison o f  A l g o r i t h m s  

T h e  i m p o r t a n t  p o i n t s  :of compar i son  among t h e  a l g o r i t h m s  

p r e s e n t e d  above  a r e :  method o f  i m p l e m e n t a t i o n ,  c o m p u t a t i o n a l  

c o m p l e x i t y ,  and  amount of  i n f o r m a t i o n  n e e d e d  t o  implement  

t h e  a l g o r i t h m .  

I f  a n a l o g  i m p l e m e n t a t i o n  is  u s e d ,  t h e  e r r o r  d e c o m p o s i t i o n  

method i s  t h e  l e a s t  c o m p u t a t i o n a l l y  complex o f  t h e  above  a l g o -  

r i t h m s .  The i n s t r u m e n t a l  v a r i a b l e  a l g o r i t h m  must b e  a t  l e a s t  

p a r t i a l l y  imp lemen ted  by d i g i t a l  compute r .  I f  t h e  e r r o r  

d e c o m p o s i t i o n  method i s  implemented  by d i g i t a l  c o m p u t e r ,  t h e n  

t h e  i n s t r u m e n t a l  v a r i a b l e  method u s i n g  a t e s t i n g  f u n c t i o n  

s e q u e n c e  g e n e r a t o r  i s  t h e  l e a s t  c o m p u t a t i o n a l l y  complex and 

t h e  most n u m e r i c a l l y  s t a b l e  of  t h e  above  me thods .  

The e r r o r  d e c o m p o s i t i o n  method c a n  b e  a p p l i e d  when b o t h  

i h p u t  and  o u t p u t  o b s e r v a t i o n s  a r e  c o r r u p t e d  by o b s e r v a t i o n  

n o i s e  w h i l e  i m p l e m e n t a t i o n  of  t h e  i n s t r u m e n t a l  v a r i a b l e  method 

depends  upon t h e  a v a i l a b i l i t y  o f  n o i s e  f r e e  o b s e r v a t i o n s  o f  

e i t h e r  t h e  i n p u t  o r  o u t p u t  s i g n a l s .  However,  knowledge  o f  

t h e  a u t o c o r r e l a t i o n s  o f  t h e  n o i s e  p r o c e s s e s  i s  n e c e s s a r y  i n  

o r d e r  t o  implement  t h e  e r r o r  d e c o m p o s i t i o n  method.  F u r t h e r ,  

t h e  i n s t r u m e n t a l  v a r i a b l e  method c a n  b e  m o d i f i e d  s o  t h a t  i t  i s  

a p p l i c a b l e  when b o t h  i n p u t  and  o u t p u t  o b s e r v a t i o n s  a r e  c o r r u p t e d  

by n o i s e  r e q u i r i n g  t h e  added  knowledge o f  f h e  a u t o c o r r e l a -  

t i o n s  of t h e  n o i s e  p r o c e s s e s .  S m i t h  and  O r n s t e i n 1 3  h a v e  

g i v e n  a n  e r r o r  d e c o m p o s i t i o n  a l g o r i t h m  (upon which  t h a t  i n  
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S e c t i o n  1 . 5  i s  based) f o r  t h e  case when t h e  i n p u t  o r  o u t p u t  

can  b e  o b s e r v e d  i n  t h e  a b s e n c e  of  n o i s e  and  f o r  which  no 

knowledge o f  s e c o n d  d e r  n o i s e  s t a t i s t i c s  i s  r e q u i r e d .  A l -  

t hough  conve rgence  t h i s  method h a s  n o t  b e e n  p r o v e n ,  i t  

h a s  b e e n  found t o  work v e r y  w e l l  i n  p r a c t i c e .  

The i n s t r u m e n t a l  v a r i a b l e  method has a s i m i l a r  s h o r t -  

coming i n  t h a t  t h e  p r a c t i c a l  p r o c e d u r e  f o r  e s t i m a t i o n  of an 

i n s t r u m e n t a l  v a r i a b l e  m a t r i x  g i v e n  i n  Appendix I (and  i t s  

more s o p h i s t i c a t e d  v e r s i o n  g i v e n  by Wong and  P o l a G  

b e e n  p r o v e n  t o  c o n v e r g e ,  b u t  works v e r y  w e l l  i n  p r a c t i c e .  

4 ) has n o t  

The e s s e n t i a l  p rob lem w i t h  these  methods is t h a t  b i a s  i n  

t h e  es t imates  o r  e r r o r  f u n c t i o n s  c a n n o t  b e  removed ( e x c e p t  

haps a s y m p t o t i c a l l y )  w i t h o u t  some knowledge o f  t h e  second  

o r d e r  s t a t i s t i c s  o f  t h e  o b s e r v a t i o n  n o i s e  p r o c e s s e s .  
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CHAPTER 2 

APPLICATIONS TO N O N L I N E A R  SYSTEMS 

2 .O I n t r o d u c t i o n  

I n  t h i s  c h a p t e r  w e  d i s c u s s  t h e  t y p e s  o f  s y s t e m s  t o  which 

t h e  i n s t r u m e n t a l  v a r i a b l e  i d e n t i f i c a t i o n  a l g o r i t h m  (See  

S e c t i o n  1 . 6 )  i s  a p p l i c a b l e .  I n  o t h e r  words ,  w e  g i v e  some 

s y s t e m s  f o r  which w e  can f i n d  r e a l i z a b l e  s e q u e n c e  g e n e r a t o r s .  

Recal l  t h a t  t h e  o b j e c t  o f  t h e  i n s t r u m e n t a l  method i s  t o  

o b t a i n  many l i n e a r  a l g e b r a i c  e q u a t i o n s  i n  t h e  s y s t e m  p a r a m e t e r s ,  

t h e  c o e f f i c i e n t s  i n  t h e s e  e q u a t i o n s  b e i n g  o b t a i n e d  from t h e  

s e q u e n c e  g e n e r a t o r ,  and t h e n  t o  add t h e s e  e q u a t i o n s  t o g e t h e r  

t o  " a v e r a g e  o u t  t h e  n o i s e " .  We d i s c u s s  o n l y  s e q u e n c e  g e n e r -  

a t o r s  which u s e  t e s t i n g  f u n c t i o n s .  However, f o r  most o f  t h e  

s y s t e m s  d i s c u s s e d  h e r e ,  we c a n  a l s o  f i n d  a sampled  l i n e a r  

f i l t e r  t y p e  o f  s e q u e n c e  g e n e r a t o r .  F u r t h e r ,  some of  t h e s e  

s y s t e m s  have  d i s c r e t e  t ime  c o u n t e r p a r t s  f o r  which a t a p p e d  

d e l a y  l i n e  ( m u l t i p l e  t ime  s a m p l e r )  i s  a s e q u e n c e  g e n e r a t o r .  

I n  d e v i s i n g  s e q u e n c e  g e n e r a t o r s  f o r  l i n e a r  s y s t e m s ,  we 

u s e d  some i n f o r m a t i o n  a b o u t  t h e  n o i s e  p r o c e s s e s ;  namely t h e  

mean o f  t h e  n o i s e  p r o c e s s ,  and t h e  r a t e  o f  conve rgence  t o  

z e r o  o f  t h e  a u t o c o r r e l a t i o n s  f u n c t i o n  o f  t h e  n o i s e  p r o c e s s .  

To d e v i s e  s e q u e n c e  g e n e r a t o r s  f o r  n o n l i n e a r  s y t e m s ,  w e  must 

u s e  a d d i t i o n a l  i n f o r m a t i o n  a b o u t  t h e  n o i s e  and s i g n a l  p r o c e s s e s .  

The amount and n a t u r e  o f  s u c h  i n f o r m a t i o n  depends upon t h e  
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class  o f  s y s t e m s  t o  which  t h e  unknown sys m i s  ,assumed t o  

be long .  

o n l i n e a r  s y s t e m s ,  

we w i l l  w e  t h e  f o l l o w i n g  t h r e e  s t e p  p r o c e d u r e :  

1. Choose a r e p r e s e n t a t i o n  o f  t h e  c l  f s y s t e m s  

t o  which  t h e  unknown s y s t e m  b e l o n g s  s u c h  t h a t  

t h e  s y s t e m  d i f f e r e n t i a l  e q u a t i o n  i s  l i n e a r  i n  a 

s e t  of c o n s t a n t s  t h a t  c o m p l e t e l y  s p e c i f i e s  t h e  

s y s t e m ,  

2 .  S p e c i f y  a h y p o t h e t i c a l  s e q u e n e e  g e n e r a t o r  f o r  t h e  

unknown s y s t e m ,  

3.  F i n d  s u f f i c i e n t  c o n d i t i o n s  on any o f  a l l  o f  t h e  

i n p u t ,  o u t p u t ,  n o i s e  p r o c e s s e s ,  and ' the s y s t e m  

r e p r e s e n t a t i o n ,  s u c h  t h a t  t h e  h y p o t h e s i z e d  

s e q u e n c e  g e n e r a t o r  s a t i s f i e s  t h e  c o n d i t i o n s  1 

t h r o u g h  5 [ S e c t i o n  1 . 6 ) .  

We d i s c u s s  two c l a s s e s  o f . n o n l i n e a r  s y s t e m s  and g i v e  a 

number o f  examples  f o r  which t h e  knowledge o f  t h e  n o i s e  and 

s i g n a l  s t a t i s t i c s  n e c e s s a r y  t o  implement  t h e  i d  

y t h a t  shown i n  F i g u r e  1. 

I 
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NONLINEAR SYSTEM I 

Figure 4 
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assume t h a t  t h e  means o f  t h e  n o i s e  p r o c e s s e s  a r e  known. 

We h a v e  s a i d  ( S e c t i o n  1 . 6 ,  ( 8 ) )  t h a t  e i t h e r  N1 or N must 2 

b e  z e r o .  I n  t h i s ? c h a p t e r ,  we u s u a l l y  assume t h a t  N1 i s  z e r o .  

I f  N 2  i s  z e r o  and  N1 i s  n o t  z e r o ,  t h e n  N1 must  s a t i s f y  what -  

e v e r  c o n d i t i o n s  t h a t  w e  may have  p u t  on N 

t h e  s e q u e n c e  g e n e r a t o r  (9)  and  (10)  must  t h e n  b e  an i n t e g r a l  

F u r t h e r ,  d .  i n  2 '  1 

i n v o l v i n g  t h e  o u t p u t  y ,  t h u s  w e  must  i n t e r c h a n g e  di w i t h  one  

which depends  on y .  The r e q u i r e d  m o d i f i c a t i o n  w i l l  
O f  t he  ' i j  
become c l e a r  i n  t h e  c o u r s e  o f  t h e  f o l l o w i n g  d i s c u s s i o n .  

2 . 2  N o n l i n e a r  Sys tems I 

I n  t h i s  s e c t i o n  we d i s c u s s  t h e  c l a s s  o f  n o n l i n e a r  s y s t e m s  

w i t h  t h e  r e p r e s e n t a t i o n  shown i n  F i g u r e  4 ,  i . e . ,  a memoryless  

n o n l i n e a r i t y ,  f o l l o w e d  by  a l i n e a r  d i f f e r e n t i a l  p l a n t  ( s t a b l e  

b . i . b . o . ) ,  f o l l o w e d  by known i n v e r t i b l e  memoryless  n o n l i n e a r -  

i t y .  F o r m a l l y ,  

u i s  t h e  s y s t e m  i n p u t  f u n c t i o n  

y i s  t h e  s y s t e m  o u t p u t  f u n c t i o n  

u i s  assumed t o  b e  an M times q u a d r a t i c  mean d i f f e r e n t i a b l e  

sample  f u n c t i o n  o f  a s e c o n d  o r d e r  wide  s e n s e  s t a t i o n a r y  random 

p r o c e s s  bounded w i t h  p r o b a b i l i t y  o n e .  

x = f ( u )  

Y = g ( z 3  
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( 4 )  

M 

j= 0 

and M(p) /L(p)  i s  p r o p e r  and  t h e  r o o t s  o f  L(p)  a l l  l i e  i n  t h e  

open l e f t  h a l f  complex p l a n e .  

f i s  f i n i t e l y  d i f f e r e n t i a b l e  i n  t h e  d i s t r i b t u i o n  

s e n s e  (See  D e f i n i t i o n  ( 2 4 ) ,  S e c t i o n  1 . 6 )  
(6)  

g i s  known and  i n v e r t i b l e ,  and  g - l  i s  f i n i t e l y  

d i f f e r e n t i a b l e  i n  t h e  d i s t r i b u t i o n  s e n s e .  
( 7 )  

Let y 4 g-'. Then we h a v e  t h e  f o l l o w i n g  s y s t e m  d i f f e r e n t i a l  

e q u a t i o n :  

We assume t h a t  t h e  a u t o c o r r e l a t i o n s  o f  t h e  n o i s e  p r o c e s s e s  

s a t i s f y  

l i m  T R  (T) = 0, 
t- N1 

l i m  TR ( T )  = 0 
T+W N 2  

System D i f f e r e n t i a l  E q u a t i o n  E x p r e s s e d  as a L i n e a r  Combina t ion  
o f  C o n s t a n t  C o e f f i c i e n t s  

I n  o r d e r  t o  p u t  t h e  s y s t e m  d i f f e r e n t i a l  e q u a t i o n  i n t o  

t h e  d e s i r e d  form,  w e  make t h e  f o l l o w i n g  a s s u m p t i o n  a b o u t  t h e  
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form o f  f ;  

where {qk}; must s a t i s f y  t h e  same c o n d i t i o n s  as f and  must  b e  

a l i n e a r l y  i n d e p e n d e n t  s e t  on R .  S u b s t i t u t i n g  t h i s  r e l a t i o n  

i n t o  t h e  s y s t e m  d i f f e r e n t i a l  e q u a t i o n  ( 3 ) ,  we h a v e  

o r  

Comment 

With t h i s  r e p r e s e n t a t i o n  o f  f ,  t h e  s y s t e m  i s  c o m p l e t e l y  

s p e c i f i e d  by t h e  s e t s  o f  c o e f f i c i e n t s  

T h i s  e q u a t i o n  i s  c l e a r l y  n o t  l i n e a r  i n  t h e  s y s t e m  c o e f -  

f i c i e n t s .  However i t  i s  l i n e a r  i n  t h e  p a i r w i s e  p r o d u c t s  

c o e f f i c i e n t s  



47 

b j d k ,  j = 0 ,  ..., M ;  k = 0 ,  ..., K 

and  t h e  c o e f f i c i e n t s  

a i = 0, ..., M i ’  

M o t i v a t i o n  f o r  S p e c i f i c a t i o n  o f  Sequence  G e n e r a t o r  

Assume t h a t  a. and  bo a r e  n o t  z e r o .  T h i s  i t  i s  c l e a r  

t h a t  w i t h o u t  l o s s  o f  g e n e r a l i t y  w e  may a r b i t r a r i l y  f i x  a. and  

b o .  We s e t  

a = 1, bo  = 1 0 

Now s u p p o s e  we c o u l d  f i n d  a s e q u e n c e  g e n e r a t o r  and  i n s t r u m e n t a l  

v a r i a b l e  s e q u e n c e  f o r  t h e  unknown s y s t e m  s u c h  t h a t  w e  c o u l d  

e s t i m a t e  t h e  c o n s t a n t s  ( 1 4 ) .  Then knowledge o f  bo  i s  s u f f i c i e n t  

t o  f i n d  b13  ..., b f rom t h e  p a i r w i s e  p r o d u c t s  b d 

( i f  a t  l e a s t  one  o f  d k ,  k = 0,  ..., K i s  n o t  z e r o ,  i . e . ,  i f  f i s  

n o t  i d e n t i c a l l y  z e r o ) .  

and  d o , , . . , d  
m K j k  

Let  u s  m u l t i p l y  b o t h  s i d e s  o f  (12)  by $ ( t - i T ) ,  where $ i s  an  

M - d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  on [ O , T ]  and  i n t e g r a t e  t h e  

r e s u l t i n g  e q u a t i o n  f rom i T  t o  ( i + l ) T .  Then w e  g e t  an  a l g e b r a i c  

e q u a t i o n  which  i s  l i n e a r  i n  t h e  c o n s t a n t s  ( 1 4 ) ,  name ly ,  
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where 

pj$,(u)  = $ k ( j ) ( u ) u ( j )  j = 0 ,..., M; k = 0 ,..., K (17 )  

a r e  w e l l  d e f i n e d  i n  t h e  d i s t r i b u t i o n  s e n s e  s i n c e  u i s  bounded 

and  M-times d i f f e r e n t i a b l e .  Thus ,  C o r o l l a r y  (30)  ( S e c t i o n  1 . 6 )  

i s  a p p l i c a b l e  and w e  ha.ve 

m =  1 "i T 

M K  ( i + l )  T 

- 1 b - d  J k  ( - l ) f T  4 ( j )  ( t  - i T )  $k ( u  ( t )  ) d t  (1 8)  
j = o  k=O 

C l e a r l y  t h e  i n t e g r a l s  i n  (18)  a r e  computab le  f rom knowledge 

o f  t h e  t e s t i n g  f u n c t i o n  and i t s  d e r i v a t i v e s  and from ( o b s e r v a -  

t i o n s  o f )  t h e  i n p u t  and o u t p u t  s i g n a l s .  T h i s  i s  e x a c t l y  t h e  

p r o c e d u r e  t h a t  w e  f o l l o w e d  i n  t h e  c a s e  o f  a l i n e a r  d i f f e r e n t i a l  

e q u a t i o n .  The o n l y  d i f f e r e n c e  h e r e  i s  t h a t  w e  a r e  d e a l i n g  w i t h  

known f u n c t i o n s  o f  t h e  i n p u t  and o u t p u t  r a t h e r  t h a n  w i t h  t h e  

i n p u t  and  o u t p u t  t h e m 3 e l v e s .  

Comment 

I n  t h e  a b s e n c e  of n o i s e ,  w e  c a n  r e a d i l y  i d e n t i f y  any s y s t e m  

o f  t h e  form d e s c r i b e d  above .  We n e e d  o n l y  o b s e r v e  u and y o n  
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M + (M+l ) (K+l )  d i f f e r e n t  t i m e  i n t e r v a l s ,  a p p l y  (18)  and  s o l v e  

t h e  r e s u l t i n g  l i n e a r  e q u a t i o n s  f o r  

t h e n  u s i n g  t h e  f a c t  t h a t  bo = 1, f i n d  

(See S e c t i o n  4 . 4 )  M K 
Cbj I l  , CdkI1 

Comment 

For t h e  r e s t  o f  t h i s  s e c t i o n  we s h a l l  assume t h a t  

f ( u )  = u 

S i n c e  t h e  g e n e r a l i z a t i o n  t o  t h e  c a s e  where f i s  a n o n l i n e a r  

f u n c t i o n  i s  c l e a r  f rom t h e  above d i s c u s s i o n ,  and r e q u i r e s  o n l y  

an o b v i o u s  m o d i f i c a t i o n  o f  t h e  s e q u e n c e  g e n e r a t o r  (See  F i g u r e  

5) * 

S p e c i f i c a t i o n  o f  t h e  Sequence  G e n e r a t o r  

With t h i s  i n t r o d u c t i o n ,  w e  s p e c i f y  t h e  s e q u e n c e  g e n e r a t o r  

as f o l l o w s :  

@ ( j ) ( t - i T ) y ( y ( t ) ) d t ,  j = 0 , .  . . ,M 

( i + l ) T  @"' ( t - i T ) u ( t ) d t , R  = 1, .  . . ,M = I  
where j = M + R + 1. 

j 

( i + l ) T  
- - - j 

i T  

$I ( t - i T )  u ( t )  d t  
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U 
R = 1, ..., M i T  

where j = M + R + 1 
( i + l ) T  

$ ( t - i T ) u ( t ) d t  = Bi di 
( s i n c e  N i s  assumed 1 
t o  b e  z e r o ) .  

where t h e  e x p e c t a t i o n  i s  t o  b e  t a k e n  o v e r  t h e  sample  s p a c e  

o f  t h e  n o i s e  p r o c e s s e s .  

V e r i f i c a t i o n  o f  C o n d i t i o n s  1 t h r o u g h  5 ( S e c t i o n  1 . 6 )  

We w i l l  show t h a t  w e  can v e r i f y  t h a t  a l l  c o n d i t i o n s  

e x c e p t  4 and 5 a r e  a lways  s a t i s f i e d  by t h e  h y p o t h e s i z e d  

s e q u e n c e  g e n e r a t o r .  S i n c e  t h e s e  two c o n d i t i o n s  must b e  s a t i s -  

f i e d  i n  o r d e r  t o  implement  t h e  s e q u e n c e  g e n e r a t o r ,  w e  t h e r e -  

f o r e  c a n n o t  i d e n t i f y  e v e r y  s y s t e m  o f  t h e  form g i v e n  above .  

However, t h e r e  a r e  a number o f  cases ,  which w e  d i s c u s s  be low,  

i n  which 4 and 5 may b e  v e r i f i e d .  In  p a r t i c u l a r  we show 

(Theorems (23), ( 2 4 )  and C o r o l l a r i e s  (ZS), ( 2 6 ) ,  S e c t i o n  1 . 6 )  

t h a t  f o r  a l a r g e  class o f  o b s e r v a t i o n  n o i s e  p r o c e s s e s  4 i s  

s a t i s f i e d .  

V e r i f i c a t i o n  o f  C o n d i t i o n s  1 t h r o u g h  3 ( S e c t i o n  1 .6)  
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We h a v e  shown t h a t  c o n d i t i o n  1 h o l d s  i n  ( 1 8 ) .  

C o n d i t i o n  2 h o l d s ,  s i n c e  N1 = 0 i m p l i e s  

a l s o  

C o n d i t i o n  3 h o l d s  b e c a u s e  f and g-' a r e  f i n i t e  f o r  f i n i t e  

a r g u m e n t s ,  and u and y a r e  bounded.  

Having d e m o n s t r a t e d  t h a t  t h e s e  c o n d i t i o n s  a r e  s a t i s f i e d ,  

i n  e a c h  o f  t h e  examples  g i v e n  below we need  o n l y  show t h a t  

c o n d i t i o n s  4 and 5 a r e  s a t i s f i e d .  

We now g i v e  two theorems which w i l l  e n a b l e  us  t o  v e r i f y  

t h a t  c o n d i t i o n  4 i s  s a t i s f i e d  i n  e a c h  example below f o r  

c e r t a i n  t y p e s  o f  n o i s e .  

The f o l l o w i n g  theo rem g i v e s  a bound on t h e  a u t o c o r r e l a t i o n  

f u n c t i o n  of a n o n l i n e a r  t i m e - v a r y i n g  z e r o  mean f u n c t i o n  g ( * , t )  o f  a 

g a u s s i a n  p r o c e s s  x .  Note t h a t  t h i s  g i s  n o t  t h e  s y s t e m  

n o n l i n e a r i t y .  

Theorem (23)  

Le t  x b e  a z e r o  mean wide  s ense  s t a t i o n a r y  g a u s s i a n  

random p r o c e s s .  

Let l i m  T ~ ( T )  = 0 .  

Let g : R 2 + R  b e  a t i m e - v a r y i n g  mapping w i t h  g ( t )  = g ( x ( - , t ) , t ) ,  

T- 

A 
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s u c h  t h a t  E ( g ( t ) )  = 0 .  

Let t h e r e  e x i s t  E > 0 s u c h  t h a t  

l E [ g ( t I g ( t + . o l  I 
I E wt) X (  , t i  g ( t + o x ( * ,  t + ~ )  I I 
I E E g ( t ) x 2  ( 0  , t )  8 ( t+*c)  1 I 

e x i s t  and a r e  bounded by  K1 > 0 f o r  a l l  t and f o r  a l l  T s u c h  

t h a t  [P(T) I C E .  Then 

f i m  TR (r) = 0. 
T+W g 

Comment 

As w e  s h a l l  s e e  i n  t h e  n e x t  t heo rem and i n  Sec t i . on  2 .28  

and 2 . 2 9 ,  t h e  f u n c t i o n  g i n  which we a r e  i n t e r e s t e d  i s  

The t ime dependence  c l e a r l y  a r i s e s  f rom y ( t ) .  We rnust v e r i f y  

t h a t  C o n d i t i o n  4 i s  s a t i s f i e d  when t h i s  f u n c t i o n  a p p e a r s  i n  

t h e  s e q u e n c e  g e n e r a t o r .  

N o t a t i o n  

We w i l l  u s e  x ( t )  a s  s h o r t h a n d  n o t a t i o n  f o r  x ( - , t ) .  

P r o o f  

Let 

211 2 
0 = E ( x  ) 

A p ( x ( t )  , x ( t + ~ ) )  = j o i n t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  

x ( t )  and x ( t + T ) ,  
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and w e  have 

2 - p  (x  ( t )  2 + x (  t+T) -2px ( t )  x ( t+T)  ) [ ' +  ( 1 - P 2 )  ( 1 - P  )a  -[ ( 1 - P 2 )  

1 
2 2  

+ x ( t ) x ( t + T )  d x ( t ) d x ( t + T )  I1 
Let 
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Then 

f o r  IP(T) 1 s u f f i c i e n t l y  s m a l l ,  i . e . ,  f o r  ] ~ j  s u f f i c i e n t l y  

l a r g e .  Now l e t  -r0 t o  s u f f i c i e n t l y  l a r g e  t h a t  

Then f o r  a l l  T 3  IT^ > 'c0 and f o r  a l l  t E R 

Thus 

l i m  ~p ( t , ' t )  = l i m  T ~ ( T )  = 0 
T-tW g T+W 

end p r o o f  

Comment 

We n e x t  p r e s e n t  Theorem ( 2 4 ) ,  C o r o l l a r i e s  (25)  and ( 2 6 ) .  

I n  Theorem (24)  w e  show t h a t  g i v e n  a bounded wide  s e n s e  

s t a t i o n a r y  p r o c e s s  z s u c h  t h a t  t h e  p r o b a b i l i t y  d e n s i t y  func t l fon  

o f  z ( * , t )  i s  c o n t i n u o u s ,  t h e r e  e x i s t s  a wide  s e n s e  s t a t i o n a r y  

g a u s s i a n  random p r o c e s s  x and a f u n c t i o n  g s u c h  t h a t  t h e  

random p r o c e s s  g ( x )  h a s  t h e  same a u t o c o r r e l a t i o n  f u n c t i o n  as  z 
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and s u c h  t h a t .  g ( x ( * , t ) )  and z [ . , t )  have '  t h e  same p r o b a b i l i t y  

d e n s i t y  f u n c t i o n s .  

I n  C o r o l l a r y  (25), u s i n g  Theorems (23) and ( 2 4 ) ,  we show 

t h a t  when t h e  o b s e r v a t i o n  n o i s e  i s  o f  t h e  e x a c t  form g ( x ) ,  

where x i s  a g a u s s i a n  p r o c e s s  as d e s c r i b e d  above ,  t h e n  con-  

d i t i o n  4 ( S e c t i o n  1.6) i s  s a t i s f i e d .  

I n  C o r o l l a r y  (26)  and  t h e  s u c c e e d i n g  d i s c u s s i o n ,  we add 

some w e a k  h y p o t h e s e s  ( (*)  and (**)) c o n c e r n i n g  t h e  a s y m p t o t i c  

d i s t r i b u t i o n  o f  t h e  n o i s e  p r o c e s s ,  t o  t h e  h y p o t h e s e s  on t h e  

p r o c e s s  z i n  Theorem ( 2 4 )  and show t h a t  i f  t h i s  new s e t  o f  

h y p o t h e s e s ' i s  s a t i s f i e d  by t h e  o b s e r v a t i o n  n o i s e  t h e n  c o n d i -  

t i o n  4 i s  s a t i s f i e d .  A summary o f  t h e s e  r e s u l t s  f o l l o w s  t h e  

p r e s e n t a t i o n .  

Theorem ( 2 4 1  

Approximate  M o d e l l i n g  o f  Bounded N o i s e  Processes 

Let x b e  a wide  s e n s e  s t a t i o n a r y  g a u s s i a n  random p r o c e s s .  

Let F b e  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  of  x ( * , t ) .  

Let 

E ( x ( * , t ) )  = 0 

E ( x ( . , t )  ) = 0 2 2 

2 ~ ( 9  = R X O ) / o  

Let z b e  a wide  serise s t a t i o n a r y  random p r o c e s s  s u c h  
2 

1' t h a t  E ( x ( . , t ) )  = 0 and M2 < z 2 M l ,  M < M 2 - 
Let H b e  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  o f  z ( , t)  . 
Let H ( l )  e x i s t  and 0 < l H ( l l ( E )  I 00, M2 < 5. .< M 1' 
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Then t h e r e  e x i s t s  a c o n t i n u o u s  monotone i n c r e a s i n g  

mapping.  g s v o h  t h a t  

1. G(a) = A P l ( g ( x ( = , t ) ) ~ c c ) ,  G(a)  = H(a) f o r  a l l  cc i n  

I M 2 4 1 *  

2 .  I f  

b, l i m  TR ( r )  = 0 3 l i m  rRx(r) = 0 

f o r  such a c h o i c e  of Rx 

T+u, 8 T+@ 

3. F o r  'to s u f f i c i e n t l y  l a r g e ,  t h e r e  e x i s $ s  a c h o i c e  of 

R x  such t h a t  2a and  2 b h o l d  for a l l  T s u c h  t h a t  

Not a t  i o n  

W e  w i l l  u s e  x as s h o r t h a n d  n o t a t i o n  f o r  x ( = , t )  

1. Let, g ( = )  = I ~ - ' ( F ( * ) )  

(F i s  i n v e r t i b l e  s i n c e  i t  i s  t h e  (bounded)  

i n t e g r a l  o f  a s t r i c t l y  p o s i t i v e  f u n c t i o n )  

Then 
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L e m m a  

Let p ( * , = )  b e  t h e  d e n s i t y  f u n c t i o n  o f  t h e  j o i n t l y  

g a u s s i a n  random v a r i a b l e s .  x and x 2 .  1 

2 x 2 -  2px x + x  1 1 2  2 

P ( X 1 J 2 )  = 1 e 2 a 2 ( 1 - p 2 )  
2Tfo2f i2 

where  

2 a  2 
0 = E(x2  ) 

(We n o t e  t h a t  E@xl)g(xZ)J e x i s t s  b ' p & [ - l , l ]  , s i n c e  g i s  bounded. )  

Then 

> o  2 
P X 2  S i g n  (p (x , , x  ) - p ( - x 1 , x 2 ) )  = s i g n  p y x  i. 

ii .  I f  g is odd,  
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iii. E ( g ( x  ) g ( x , ) )  i s  a c o n t i n u o u s  f u n c t i o n  p,  1 

i v .  Le t  s i g n  J g ( x ) - g ( 0 ) J  = ( s i g n  x o r  0 ) ,  t h e n  

V .  Le t  E ( x g ( x ) )  # 0 t h e n  E [ g ( x l ) g ( x 2 ) ]  t a k e s  on 

a l l  v a l u e s  5 s u c h  t h a t  

as p v a r i e s  o v e r  [-1,1], and t h e r e  e x i s t s  a 

f u n c t i o n  f s u c h  t h a t  

2 (Note  t h a t  E(x1x2) = (I p )  . 

and s u c h  that f o r  E s u f f i c i e n t l y  smal l ,  

3 k l ~ k 2  > 03 

P r o o f  o f  Lemma 

f o r  x1 > 0 and x2 > 0. 



PXlX2 -px x 1 2  
If P 0, 2 - 

cs (1-p2) 02(1-p2) 

+ 2 Jsp (x1)gcx21P (xl ,x2)dxldx 2 
-a 0 

s i n c e  g is odd and p(-X1,-,xz) = p(x1,x2). Finally, 



6 0  

i i i .  l e t  x1,x2 be j o i n t l y  g a u s s i a n ,  l e t  

where 

Le t 

m dxldx2 

where F i s  t h e  d i s t r i b u t i o n  f u n c t i o n  o f  a zero  mean g a u s s i a n  

random v a r i a b l e  w i t h  v a r i a n c e  d . Now 2 
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where 

Then i t  i s  s u f f i c i e n t  t o  show t h a t  

and 

d z 2  -JM1 

M2 

< 2 [ 1 ~ 1 1 + 1 M 2 1 1 ~  

i . e . ,  E ( z  z ) i s  a cont inuous  f u n c t i o n  o f  p . Thus w e  show 1 2  
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2 . I .  

i s  bounded for a l l  a ,  and 

0 

i s  continuous i n  p ,  u end 6 

F 

To prove a), we 
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(1) 

Now HCx] and  H (x) are  f o u n d  by h y p o t h e s i s  and  we may f i n d  

F - l .  (1) 
( 8 )  by  d i f f e r e n t i a t i n g  

t h e n  

so that 
I 

which i s  c l e a r l y  bounded f o r  a l l  x .  Thus a )  is t r u e .  

To prove b ) ,  we n o t e  t h a t  F a n d ,  g - l  are  c o n t i n u o u s  

f u n c t i o n s ,  thus b) i s  c e r t a i n l y  s a t i q f i e d  f o r  U,BE [ M 2  ,M1], 

pe ( -  1, l )  . F u r t h e r  



i v .  Eg[x) = 0 

Thus 

F u r t h e r ,  g is monotone i n c r e a s i n g ,  s o  

v .  The bounds  a r e  a t t a i n e d  f o r  p = 5 1 

(by d e f i n i t i o n  o f  p)  and f rom iii. we 

h a v e  E [ g ( x l ) g ( x 2 ) ]  i s  a c o n t i n u o u s  

f u n c t i o n  of p .  Now 

by h y p o t h e s i s .  Thus 3 ~ :  0 ,  E s u f f i c i e n t l y  small ,  s u c h  t h a t  
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A A  

V I P 1  < E ,  3 f ,  f i s  1 : 1  such t h a t  

Let 

t h e n  l e2  

i- f ( 6 )  o t h e r w i s e  

f f E ; )  = 

C l e a r l y  f e x i s t s  f o r  a l l  c s u c h  t h a t  

and for 

29) from ( v )  of t h e  lemma, we can choose  R s o  t h a t  
X 

Rg{T)  7 R p )  
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2 (Note t h a t  R ( 0 )  = E,[g ( x ) ]  = E[z2])  

g 
N o w  R Z ( ~ )  can take  on any va lue  5 s u c h  t h a t  

2 2 E [ - z  ] < 5 - < E [ z  J - 

We a l s o  have 

d F ( - X )  - dF(X) - -  
dx dx 

Thus 

In o r d e r  t h a t  we may choose  R x  s o  t h a t  R ( T )  = R Z ( ' r ) ,  i t  is 

s u f f i c i e n t  t h a t  
g 

or 

Note t h a t  2 .  + 1 .  b u t  1 .  2 .  

We show t h a t  2 .  h o l d s  i f f  g ( - x )  = g ( x )  f o r  a l l  x E R .  

Adding 3 .  and 4 . ,  w e  g e t  
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which i s  t r u e  i f f  g ( - x )  = g(x )  f o r  a l l  x E R .  F u r t h e r ,  from 

v. o f  t h e  L e m m a ,  t h e r e  e x i s t s  a f u n c t i o n  f s u c h  t h a t  

where 

4 E [ x ( t ) x ( t + ' r ) ]  

cr 2 P ( T )  - 

which c o m p l e t s  t h e  p r o o f .  

2b. F r o m  2a .  3kI,k2 > 0 3 a f u n c t i o n  f s u c h  t h a t  

and 

f o r  ] R ~ ( T )  I s u f f i c i e n t l y  small ,  i . e . ,  f o r  I T ]  s u f f i c i e n t l y  

l a r g e .  But I R g ( - r )  I -f 0 as T+W 

3 ,  

Thus 
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L e t  

t h e n  2 . i i  o f  t h e  theo rem i s  s a t i s f i e d  € o r  a l l  ‘c such t h a t  

Id > =(j* 

C o r o l l a r y  ~ 2 5 )  

L e t  x be  a z e r o  mean wide  sense s t a t i o n a r y  g a u s s i a n  

random process. 

f u n c t i o n  s u c h  t h a t  

Let g :  [ -m,- ]+[M2,Ml]  b e  a bounded i n v e r t i b l e  

a .  g i s  d i f f e r e n t i a b l e  w i t h  bounded’ n o n - z e r o  

d e r i v a t i v e .  

b .  E ( g ( x ) )  = 0 

L e t  
A 

z ( * , t )  = g ( x ( * , t ) >  

L e t  h:R-+R be a bounded time v a r i a b l e  f u n c t i o n  o f  z ( * , t ) .  

s u c h  t h a t !  
h 

E ( h ( t ) )  = 0 for a l l  t 

L e t  

l i m  r R x ( r )  =. 0 ,  
T+W 

t h e n  



h A 

l i m  + r E ( h ( t ) h ( t + T ) )  = 0 
T'3.W 

P r o o f  - 

6 8  

Fol lows  i m m e d i a t e l y  from Theorems ( 2 3 )  and  ( 2 4 ) .  

Comment 

L e t  

h ( g ( x ( * , t ) , t ) )  = $ k C U C t ) + N l ( * , t ) )  - E r $ k ( U ( t ) + N l ( t ) ) l  

Then t h i s  corol lary shows t h a t  1.6.4 is s a t i s f i e d  when N1 i s  of t he  form 

g(x) were x is  a gaussian process. 

C o r o l l a r y  

Let z b e  a z e r o  mean wide s e n s e  s t a t i o n a r y  random p r o c e s s  

Le t  t h e  p r o b a b i l i t y  s u c h  t h a t  M 2  - < z - < M1, where M 2  < 0 < M1. 

d i s t r i b u t i o n  f u n c t i o n  o f  z ( * , t )  b e  monotone i n c r e a s i n g  on 

[M,,M,] and d i f f e r e n t i a b l e  e v e r y w h e r e .  Le t  f(*) = p r o b a b i l i t y  

densi ty  function of z ( * , t ) .  

f u n c t i o n  o f  z ( * , t )  and z ( * , t + ~ ) .  ( * )  Let  z ( * , t )  and  

Let f(*,*) - j o i n t  probabi l i ty  density 

z ( * , t + ~ )  b e  s t a t i s t i c a l l y  i n d e p e n d e n t  i n  t h e  l i m i t  as T+C=J, 

and ( * * )  T l f [ z ( * , t ) , z ( * , t + T ) ]  - f [ z ( * , t ) ] f [ z ( * , t +  ) ] I  * 0 

u n i f o r m l y  f o r  a l l  z , t  as T*W, Let h ( * , t )  b e  a bounded t i m e  

h 

v a r y i n g  f u n c t i o n  s u c h  t h a t  E [ h ( z ( * , t ) , t ) ]  = 0 ,  Then 

l i m  -cE[h(z(*,t),t)h(z(*,t),t+T)] = 0 
T'W 

P r o o f  

F r o m  C o r o l l a r y  ( 2 5 ) ,  f o r  z a wide  s e n s e  s t a t i o n a r y  z e r o  

mean g a u s s i a n  random p r o c e s s ,  t h e r e  e x i s t s  a monotone i n c r e a s -  

i n g  f u n c t i o n  g and  a n  a u t o c o r r e l a t i o n  Rx s u c h  t h a t  t h e  random 

v a r i a b l e  g ( x ( * , t ) )  h a s  t h e  saome p r o b a b i l i t y  d e n s i t y  as z ( * , t )  

and t h e  random p r o c o s s  g ( x )  h a s  t h e  same a u t o c o r r e l a t i o n  
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f u n c t i o n  as z .  Let M = max ( I M 1 ] ,  1 M 2 1 ) .  Then 

I d z l d z 2  

- < 1: ~ f f h ( z ~  -M - M  , t ) h ( z 2 , t + T )  f (2 , )  f ( z 2 ) d z l d z 2  I 

The f i r s t  t e r m  i s  z e r o  by C o r o l l a r y  ( 2 5 ) .  The s e c o n d  t e r m  i s  

bounded by  

l i m  T 4M21 max ( h ( z , t ) ) l  2 A  I f ( z l , z 2 ) - f ( z l ) f ( z 2 )  I 
r- t E R  

ZE IM2 + I  

= 0 by h y p o t h e s i s  

end  p r o o f  

Comment 

The h y p o t h e s e s  i n  C o r o l l a r y  ( 2 6 )  t h a t  do n o t  a p p e a r  i n  
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C o r o l l a r y  (25), ( * )  and ( ** ) ,  may b e  e x p e c t e d  t o  h o l d  i n  many 

r e a l i s t i c  s i t u a t i o n s .  Thus we may assume t h a t  i n  many a p p l i -  

c a t i o n s ,  t h a t  when t h e  h y p o t h e s e s  on z o f  C o r o l l a r y  ( 2 5 )  a r e  

s a t i s f i e d  by t h e  o b s e r v a t i o n  n o i s e ,  t h e n  ( 4 )  ( S e c t i o n  1 . 6 )  i s  

s a t i s f i e d  even  though  t h e  c o n d i t i o n s  (*) and ( * * )  a r e  n o t  

d i r e c t l y  v e r i f i a b l e .  

V e r i f i c a t i o n  o f  ( 4 )  ( S e c t i o n  1 . 6 )  

We now v e r i f y  t h a t  f o r  t h e  n o i s e  p r o c e s s e s  t r e a t e d  i n  

t h e  above  t h e o r e m s ,  t h e  s e q u e n c e  g e n e r a t o r  (13 )  t h r o u g h  ( 1 6 )  

s a t i s f i e s  c o n d i t i o n  ( 4 ) .  R e c a l l  t h a t  w e  h a v e  

l i m  T R N  (T) = 0 
T-tW 2 

N, i s  a Wide S e n s e  S t a t i o n a r y  G a u s s i a n  Random P r o c e s s  

L e t  N b e  a z e r o  mean wide  s e n s e  s t a t i o n a r y  g a u s s i a n  2 
random p r o c e s s .  L e t  us d e f i n e  (See  Theorem ( 2 3 ) )  

Let u s  assume as  i s  t h e  c a s e  i n  e a c h  example  b e l o w ,  t h a t  

f g ( t ) l  i s  bounded by  a p o l y n o m i a l  i n  IN2/ w i t h  c o e f f i c i e n t s  

d e p e n d i n g  upon y ( t ) .  S i n c e  y i s  assumed bounded w i t h  p r o b a b i l i t y  

o n e ,  t h e  p o l y n o m i a l  c o e f f i c i e n t s  a r e  bounded.  Now a l l  con-  

d i t i o n a l  f i n i t e  moments o f  j o i n t l y  g a u s s i a n  random v a r i a b l e s ,  
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c o n d i t i o n e d  by r e s t r i c t i n g  t h e  random v a r i a b l e s  t o  p o s i t i v e  

v a l u e s ,  e x i s t .  Thus ,  t h e  p o l y n o m i a l  bound on 181 t o g e t h e r  

w i t h  (27)  e n s u r e s  t h a t  a l l  t h e  h y p o t h e s e s  o f  Theorem ( 2 3 )  

are  s a t i s f i e d ,  s o  t h a t  

l i m  ~ E [ g ( t ) g ( t + ~ ) ]  = 0 
-r+- 

Then c o n d i t i o n  4 ( S e c t i o n  1 . 6 )  i s  s a t i s f i e d .  

N1 i s  a Bounded T r a n s f o r m a t i o n  o f  a Zero  Mean Wide S e n s e  

S t a t i o n a r y  Bounded G a u s s i a n  Random P r o c e s s  

Le t  N 1  s a t i s f y  t h e  h y p o t h e s e s  on  z i n  C o r o l l a r y  ( 2 6 ) .  

Let 

Then by C o r o l l a r y  (26) ( S e c t i o n  1 . 6 )  i s  c l e a r l y  s a t i s f i e d .  

Summary o f  C o n d i t i o n s  Under Which C o n d i t i o n  4 ( S e c t i o n  1 . 6 )  e-. 

i s  S a t i s f i e d .  

We have  shown t h a t  t h e  above d e f i n e d  s e q u e n c e  g e n e r a t o r  

s a t i s i f e s  C o n d i t i o n  4 i f  

a )  N i s  a wide  s e n s e  s t a t i o n a r y  z e r o  mean (30)  2 
g a u s s i a n  random p r o c e s s  s u c h  t h a t  

l i m  T R ~  ( T )  = 0 ,  and  I y ( c ) l  i s  bounded 
T+-J 2 

by  a + I c lb  f o r  som-e a ,  b 

or 

b )  N 2  i s  a z e r o  mean wide  s e n s e  s t a t i o n a r y  random 

p r o c e s s  bounded w i t h  p r o b a b i l i t y  one  and 

s a t i s f i e s  t h e  h y p o t h e s e s  on z and on t h e  



j o i n t  p r o b a b i l i t y  d e n s i t y  o f  z ( * , t )  

and  z ( * , t + - r )  i n  C o r o l l a r y  ( 2 6 ) .  

7 2  

1301 

EXAMPLES 

I n  a l l  t h e  examples  g i v e n  below w e  w i l l  assume t h a t  t h e  

o b s e r v a t i o n  n o i s e  i s  one  o f  t h e  above t w o  t y p e s  o f  n o i s e  

p r o c e s s e s ,  With t h i s  a s s u m p t i o n ,  w e  n e e d  o n l y  v e r i f y  t h a t  

C o n d i t i o n  5 ( S e c t i o n  1 . 6 )  i s  s a t i s f i e d  f o r  e a c h  example 

g i v e n  be low.  We r e c a l l  t h a t  i n  o r d e r  t o  v e r i f y  C o n d i t i o n  5 ,  

we must show t h a t  w e  can  compute 

Recal l  t h a t  w e  a r e  a s suming  t h e  d i f f e r e n t i a l  e q u a t i o n  o f  

t h e  unknown s y s t e m  t o  b e  o f  t h e  form 

where  

f ( u )  = u 

a -1 
Y = g  

(See  F i g u r e  5 ) .  Each example i s  c o n c e r n e d  w i t h  a d i f f e r e n t  

t y p e  o f  n o n l i n e a r i t y  f o r  y .  I f  f l u )  f u t h e n  i f  N 1  i s  z e r o  

w e  s i m p l y  add  more terms t o  t h e  s e q u e n c e  g e n e r a t o r .  I f  w e  

assume f ( u )  Z u ,  N1 # 0 ,  N 2  I 0 ,  t h e n  t h e  a l g o r i t h m  i s  c l e a r l y  

a p p l i c a b l e ,  w i t h  t h e  o b v i o u s  m o d i f i c a t i o n s  i n  t h e  s e q u e n c e  
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FIGURE 5 
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g e n e r a t o r ,  i f  f i s  o f  t h e  form o f  one  o f  t h e  n o n l i n e a r i t i e s  

d i s c u s s e d  i n  t h e  examples  be low.  

Example 

N 2  i s  z e r o  ( a n d  N1 i s  z e r o )  

V e r i f i c a t i o n  o f  C o n d i t i o n  5 ( S e c t i o n  1 . 6 )  

C o n d i t i o n  5 i s  t r i v i a l l y  s a t i s f i e d  i n  t h i s  c a s e  s i n c e  

Comment 

T h i s  i s  t h e  c a s e  o f  i d e n t i f i c a t i o n  i n  t h e  a b s e n c e  o f  

n o i s e ,  which we h a v e  s a i d  may b e - a c c o m p l i s h e d  s i m p l y  by 

o b s e r v i n g  as many s a m p l e s  f rom t h e  s e q u e n c e  g e n e r a t o r  as 

t h e r e  a r e  unknown c o e f f i c i e n t s  and s o l v i n g  t h e  r e s u l t i n g  

l i n e a r  a l g e b r a i c  e q u a t i o n s .  The i n s t r u m e n t a l  v a r i a b l e  

s e q u e n c e  i n  t h i s  case i s  s i m p l y  one  i d e n t i t y  m a t r i x .  (See  

S e c t i o n  4 . 4 )  

Example 

y i s  l l smooth l l ,  N, i s  z e r o  mean and  IN,] 

( 3 3 )  

i s  bounded by a vlsmall l t  number.  

L e t  I N 2 ]  - <E: w i t h  p r o b a b i l i t y  one  f o r  some E > 0 .  

assume t h a t  y i s  s u f f i c i e n t l y  smooth and  E i s  s u f f i c i e n t l y  

small t h a t  f o r  some a ( y )  # 0 ,  

We 

V e r i f i c a t i o n  o f  C o n d i t i o n  5 ( S e c t i o n  1 . 6 )  
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Example 

~ y i s  a p o l y n o m i a l ,  n o i s e  moments o f  o r d e r  

- < d e g r e e  y are  known 

We l e t  y b e  a p o l y n o m i a l  o f  d e g r e e  k, and we assume t h a t  

a l l  n o i s e  moments 

E [ N k ] ,  k = 0, ..., K ( 3 7 )  

are  known. S p e c i f i c a l l y  

M d d i f i c a t i o n  o f  Sequence  G e n e r a t o r  

Suppose  we have  a random v a r i a b l e  5 ,  where 5 i s  a f u n c -  
k t i o n  o f  v and E [ N  I ,  k = 0, ..., K and 

Then i f  w e  u s e  5 i n s t e a d  o f  E [ y ( y ) - y ( w ) ]  i n  t h e  s e q u e n c e  

g e n e r a t o r ,  i t  i s  c l e a r  t h a t  c o n d i t i o n s  1 - 4  ( S e c t i o n  1 . 6 )  a r e  s a t i s -  

f i e d ,  w i t h  t h e  p o s s i b l e  e x c e p t i o n  o f  4 .  However, we s h a l l  

see  t h a t  such  a random v a r i a b l e  5 e x i s t s  when y i s  a po lynomia l  

and t h a t  6 - y(u) + y(w) i s  a . z e r o  mean p o l y n o m i a l  i n  N2 w i t h  

c o e f f i c i e n t s  d e p e n d i n g  upon y and moments o f  N2; s o  t h a t  

c o n d i t i o n  4 i s  i n d e e d  s a t i s f i e d  (See  ( 2 9 ) ) .  

E x i s t e n c e  and  S p e c i f i c a t i o n  o f  4 ,  and V e r i f i c a t i o n  o f  C o n d i t i o n  5 

C l e a r l y ,  E(y(y) -y(w))  i s  a sum o f  terms o f  t h e  form 
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y j  - E(wj)  j = 0 ,  ..., K 
Now 

M 

1 Y i  E(wm) = E[(y+N,)m] = (r) E ( N ,  m - i  
T=O 

and 

m- 1 

Let 

Assert ion (43) 

m -  
E(-Sm) = E(wm) - y m i . e . ,  ~ ( 5 , )  = y - E ( W ~ >  

Proof ( i n d u c t i o n )  

Let m = 1, t h e n  

Now assume t h a t  

Then 
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m- 1 
m - i  ) [E  (wm) -ym+E (wi) ] = E (w m m  ) - y  E(-Sm) = ( y ) E ( N 1  

i = O  

end  p r o o f .  

Thus w e  may u s e  5 * = 5, i n  p l a c e  o f  ym - E ( w m )  i n  t h e  s e q u e n c e  

g e n e r a t o r .  We o b t a i n  5 from ( 4 2 ) .  Thus c o n d i t i o n  5 ( S e c t i o n  1 . 6 )  i s  

s a t i s f i e d ,  s i n c e  5 i s  c l e a r l y  computable  f rom o b s e r v e d  s i g n a l s  

and n o i s e  moments which a re  assumed t o  b e  known. 

N, i s  a G a u s s i a n  P r o c e s s  

Suppose  N 2  i s  a wide  s e n s e  s t a t i o n a r y  g a u s s i a n  random 

p r o c e s s .  Then a l l  moments a r e  p o l y n o m i a l s  i n  t h e  mean and 

t h e  v a r i a n c e ,  Thus ,  t o  u s e  t h e  above s e q u e n c e  g e n e r a t o r  when 

N i s  g a u s s i a n ,  w e  need  o n l y  e s t i m a t e  t h e  mean and v a r i a n c e  

o f  N 2 .  

N, i s  a Zero  Mean Wide S e n s e  S t a t i o n a r y  Random P r o c e s s  w i t h  

2 

a n  Even P r o b a b i l i t y  D e n s i t y  F u n c t i o n  

Let  p ( - )  b e  t h e  p r o b a b i l i t y  d e n s i t y  o f  N 2 ( * , t ) .  Let  

Then i f  a l l  h i g h e r  o r d e r  moments e x i s t ,  t h e  odd moments a r e  

a l l  z e r o ,  i . e . ,  

E ( N 2  ) = O ,  k > l  - (45)  
2 k + l  

so  t h a t  i n  o r d e r  t o  implement  t h e  s e q u e n c e  g e n e r a t o r ,  we n e e d  

o n l y  es t imate  t h e  even  moments o f  N 2 .  
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2.3 N o n l i n e a r  Sys tems I 1  

I n  t h i s  s e c t i o n ,  w e  c o n s i d e r  s y s t e m s  d e s c r i b e d  by d i f -  

f e r e n t i a l  e q u a t i o n s  o f  t h e  form 

L ( p ) y  + f ( y ) y ( ' )  + g ( y )  = M(p)u + h ( u ) u c l ) x  + w(u) ( 1 )  

We s h a l l  d i s c u s s  o n l y  t h e  e l e m e n t s  o f  t h e  s e q u e n c e  g e n e r a t o r  

i n v o l v i n g  t h e  terms f ( y ) y  and g ( y ) ,  s i n c e  we t r e a t  

h ( u ) u ( ' )  and  w(u)  t h e  same as t h e s e ,  and a l l  o t h e r  terms 

h a v e  b e e n  t r e a t e d  i n  t h e  l i n e a r  s y s t e m  case .  We n o t e  t h a t  

where 

i s  t h e  i n d e f i n i t e  i n t e g r a l  o f  f .  The e l e m e n t s  o f  t h e  s e q u e n c e  

g e n e r a t o r  i n v o l v i n g  F and g a re  d e f i n e d  t o  b e  

and  
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r e s p e c t i v e l y .  O t h e r  components  of  t h e  s e q u e n c e  g e n e r a t o r  a r e  

as t h o s e  g i v e n  f o r  t h e  l i n e a r  d i f f e r e n t i a l  s y s t e m  (35) ( S e c t i o n  

1 . 6 ) .  We n o t  n e e d  o n l y  n o t e  t h a t  t h e s e  i n t e g r a l s  a re  of t h e  

same form as t h e  e l e m e n t s  (20) ( S e c t i o n  2 . 2 )  o f  t h e  s e q u e n c e  

g e n e r a t o r  d i s c u s s e d  i n  t h e  l a s t  s e c t i o n  and t h u s  s a t i s f y  

c o n d i t i o n s  1 t h r o u g h  5 u n d e r  t h e  same c o n d i t i o n s  t h a t  t h e  

i n t e g r a l s  (20) s a t i s f y  c o n d i t i o n s  1 t h r o u g h  5 ( S e c t i o n  1 . 6 ) .  

Ex amp 1 e ( 6 )  

Van d e r  Bo1 e q u a t i o n ,  n o i s e - f r e e  o b s e r v a t i o n s  

Let t h e  unknown s y s t e m  d i f f e r e n t i a l  e q u a t i o n  b e  a Van 

d e r  P o l  e q u a t i o n ,  i . e . ,  

2 ( l ) + a x = O  
0 X ( 2 )  + a l ( l - x  ) x  (7) 

o r  

where x i s  o b s e r v e d  on some t ime i n t e r v a l .  Then, m u l t i p l y i n g  

by  a t e s t i n g  f u n c t i o n  and i n t e g r a t i n g ,  we g e t  

-$(13 (t)  [x-x  3 / 3 ] d t  + a. 

= iT(.b(21 ( t ) x ( t ) d t  

s i n c e  
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Then,  a s s u m i n g  t h a t  t h e  o b s e r v a t i o n  n o i s e  N is z e r o ,  w e  n e e d  

o n l y  o b t a i n  two s u c h  e q u a t i o n s  (See  S e c t i o n  4 . 4 )  and s o l v e  

f o r  a l  and  ao .  

2 . 4  Summary 

We h a v e  shown t h a t  f o r  n o n l i n e a r  s y s t e m s  w i t h  t h e  f o l l o w -  

i n g  t y p e s  o f  d i f f e r e n t i a l  e q u a t i o n s ,  w i t h  c e r t a i n  r e s t r i c t i o n s  

on knowledge  of t h e  n o i s e  s t a t i s t i c s ,  (See  S e c t i o n  2 . 3  ( 3 0 a ) ,  

( 3 0 b ) ,  and  Examples  ( 3 1 ) ,  ( 3 3 )  and  ( 3 6 ) )  we c a n  d e v i s e  i d e n t i -  

f i c a t i o n  a l g o r i t h m s .  Let 

1. L ( p ) g - l ( y )  = M ( p ) f ( u )  *(See F i g u r e  4 )  

f ( u )  = f d i J l i ( u ) ,  {qi)  a re  known a n d  

i=O 

l i n e a r l y  i n d e p e n d e n t  (See  Examples ( 3 1 ) ,  

(33) and  ( 3 6 ) )  
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f i ( X )  = are  known 

and l i n e a r l y  independent for each i ,  i = 1,. . . , 4  

(See  S 'ect ion 2 . 3 ) .  
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C H A P T E R  3 

PROPERTIES OF TESTING FUNCTIONS 

3 . 0  I n t r o d u c t i o n  

Not a t  i o n  

A s  b e f o r e ,  u n l e s s  o t h e r w i s e  n o t e d ,  + w i l l  d e n o t e  an  M- 

d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  on [O,T]  . 
I n  t h i s  c h a p t e r  we g i v e  s e v e r a l  p r o p e r t i e s  o f  t e s t i n g  

f u n c t i o n s .  These  p r o p e r t i e s  g i v e  bounds on t h e  number o f  

z e r o s ,  number o f  s i g n  c h a n g e s ,  and r a t e  o f  growth  o f  t h e  

magn i tude  o f  t h e  ex t r ema  o f  $ ( k )  as k i n c r e a s e s .  

p r o p e r t i e s  w i l l  b e  u s e d  i n  t h e  n e x t  c h a p t e r  i n  d i s c u s s i n g  

t h e  c h o i c e  o f  a t e s t i n g  f u n c t i o n  t o  b e  u s e d  i n  t h e  s e q u e n c e  

g e n e r a t o r s  g i v e n  i n  t h e  f i r s t  two c h a p t e r s .  

These  

L e m m a  (1) (1) 

Lower bound on t h e  a b s o l u t e  v a l u e  o f  t h e  d e r i v a t i v e  o f  

f u n c t i o n  on a c l o s e d  i n t e r v a l .  Let  

F = ( f l f : R + R ,  f i s  d i f f e r e n t i a b l e  on [ a , b ] ,  

f ( a )  = A ,  f ( b )  = B) . 
1. Let D = i n f  max I f ( l ) ( t ) l  t h e n  D = IEI 

f & F  t c [ a , b ]  

h 

2. Let  F = C f l f e F ,  f ( ' ) ( a )  = f ( l ) ( b )  = 0) t h e n  
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P r o o f  o f  L e m m a  

We assume B > A s i n c e  - 

P r o o f  of 1. 

By t h e  mean v a l u e  theo rem,  f o r  a l l  f i n  F 3 to,  to E [ a , b ]  

s u c h  t h a t  

n 

t h u s  D > D .  - 
F u r t h e r ,  t h e r e  e x i s t s  some E ,  f c F s u c h  t h a t  

namely 

A n A 

t h u s  D > D > D o r  D = D .  - - 

P r o o f  o f  2 .  
A 

Suppose  2 .  is n o t  t r u e ,  t h e n  f o r  some f E F 3 to  s u c h  t h a t  

b > to > a s u c h  t h a t  

Now 



e l s e  by t h e  m sts tl E ( 0 , e , )  

such t h a t  

which cannot b e  i f  2 .  i s  f a l s e .  Then 

f(b) E fit,) + f ( b )  - f ( t , )  

Qr P(b) < B ,  a c o n t r a d i c t i o n .  

( 2 )  

There nd on number of d i s t i n c t  zeros  o f  (p(k).) 

k 4: M ,  such t h a t  
113* 

n t i c a l l y  ze  f o r  a l l  t such t h a t  
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$(O) = $ ( T )  = 0 ,  $ ( t )  i s  n o t  i d e n t i c a l l y  z e r o ,  .'. by 

Rolle 's  t heo rem,  t h e r e  e x i s t s  to ,  0 < to  < T ,  s u c h  t h a t  

1. $ ( ' ) ( t o )  = 0, and 

2 .  $ ( t )  i s  n o t  i d e n t i c a l l y  z e r o  f o r  a l l  t E ( 0 , t  ) 0 

o r  f o r  a l l  t E ( t O , T )  

[If 2 .  were n o t  t r u e ,  t h e n  + ( t>  would b e  i d e n t i c a l l y  

z e r o ) .  Thus t h e  p r o p e r t y  h o l d s  f o r  k = 1. 

I n d u c t i v e  h y p o t h e s i s :  P r o p e r t y  ( 2 )  h o l d s  f o r  

k = R , R <  M 

'+' = T ,  and  a p p l y i n g  R o l l e ' s  t heo rem t h u s  l e t t i n g  z o  

t o  e v e r y  two a d j a c e n t  z e r o s  z i  and z ~ + ~ ,  i = 0 ,..., R ,  o f  4 

between which 4 i s  n o t  i d e n t i c a l l y  z e r o ,  we g e t :  t h e r e  

R + 1  - - Z R + 2  
R R (1 1 

e x i s t s  . R + 1  
i + l  Z 

s u c h  t h a t  

R + 1  R 
< 'i+l 9 i+ l  i = 0, ..., R + 1  2 < z i 

(R+1) R + 1  cp I z i + l )  = 0 

and by t h e  mean v a l u e  t h e o r e m  

$ ( ' ) ( t )  Z 0 ,  z: < t < z i  l ) .  

k = R + 1 .  

Thus P r o p e r t y  ( 2 )  h o l d s  for - 

end  p r o o f  
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P r o p e r t y  ( 3 )  ( 3 )  

(Lower bound on number o f  z e r o s  o f  4, ( k + l )  g i v e n  t h e  

number o f  z e r o s  o f  $ ( k ) . )  

a L e t  R < N, r = R + 2  

L e t  4'') h a v e  r d i s t i n c t  z e r o s  z R j = 1 ,..., r i n  [ O , T ] ,  

s u c h  t h a t  4 i s  n o t  i d e n t i c a l l y  z e r o  be tween  
j '  

R 
with j < ' j + l  
any a d j a c e n t  p a i r  o f  t h e s e .  Then Cp ('+') h a s  a t  l e a s t  r+l  

d i s t i n c t  z e r o s  i n  [ O , T ]  be tween  a d j a c e n t  p a i r s  o f  which 

p + l )  i s  n o t  i d e n t i c a l l y  z e r o .  

P r o o f  

App ly ing  R o l l e ' s  t heo rem t o  e a c h  a d j a c e n t  p a i r  o f  t h e  

z e r o s  Z ~ , Z ~ + ~ ,  ' w e  f i n d  t h a t  4 ('+') h a s  a t  l e a s t  one  z e r o  

( ' ) ( z ~ + ~ )  # 0 ( e l s e  by t h e  be tween  t h e s e  s u c h  t h a t  $ 
j 

j -  

R+ 1 
j 

Z 

mean v a l u e  theo rem 4,( ' ) ( t )  I 0 ,  zR < t < z R ' l ) .  

mean v a l u e  theo rem t h e r e  e x i s t s  

Then a l s o  by t h e  
j - 

R +  1 
j j '  j j -  

tR  Z R  < tR  < z 

s u c h  t h a t  

Now, t h e r e  a r e  a t  l e a s t  r-1 a d j a c e n t  p a i r s  o f  z e r o s  

j 
 yielding r-1 z e r o s  z R+1 , j = 1 ,..., r-1, s u c h  t h a t  

and 4 ('+l) i s  n o t  i d e n t i c a l l y  z e r o  be tween  any a d j a c e n t  
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p a i r  o f  t h e s e .  F u r t h e r  

(#)(R+1) (0 )  = (9 ( & + I )  (T) = 0 

and (9 (JJ+1) i s  n o t  i d e n t i c a l l y  z e r o  f o r  

or 

t E 

o r  e l s e  by  t h e  mean v a l u e  theo rem,  

which was n o t  a l l o w e d .  Thus t h e r e  a r e  a t  l e a s t  r + 1 z e r o s  o f  

i s  n o t  '( R* 1 )  p + u  between a d j a c e n t  p a i r s  o f  which (9 

i d e n t i c a l l y  z e r o .  

end p r o o f  

P r o p e r t y  ( 4 )  ( 4 )  

( k )  in (Lower bound on t h e  number o f  s i g n  changes  of @I 

[O,T].) The re  e x i s t  t i ,  i = l , , . , , k + l ,  0 < ti  < t i+l  T ,  

s u c h  t h a t  s i g n ( ( 9 ( k ) ( t i ) )  = - s i g n ( @  ( k )  ( t i+l  1) i . e . ,  ( 9 ( k )  h a s  

a t  l e a s t  k s i g n  changes  i n  [ O , T ] .  

P r o o f  

L e t  {zf, b e  t h e  z e r o s  d e f i n e d  i n  P r o p e r t y  ( 2 ) .  

Let 1 < k < M. Choose t j = 1 9 . . . , k ,  s u c h  t h a t  
J 

j '  - - 

k - l < t  < z  k-1 
j - 1  j j 

1. z 
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2 .  ( a ( k - l ) ( t - )  # 0 (we c a n  do t h i s  by  p r o p e r t y  ( 2 ) )  3 

Then b y  t h e  mean v a l u e  t h e o r e m ,  t h e r e  e x i s t s  r1,r2 

k - 1  
j 

< T~ < t < r2  < z k - 1  
j - 1  j 

Z 

s u c h  t h a t  

1 j - 1  
( k - 1 )  ( Z k - l  

k - 1  
j j - 1  t - 2  

and 

J J 

z 
j 

- t  k - 1  
j 

b u t  

and  b o t h  d e n o m i n a t o r s  a r e  p o s i t i v e .  Thus ,  

j = 1, ..., k 
end p r o o f  
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P r o p e r t y  (5 )  (5) 

( L i n e a r  i n d e p e n d e n c e  o f  $ and i t s  d e r i v a t i v e s  on (O,T). )  

The s e t  

i s  a l i n e a r l y  i n d e p e n d e n t  s e t  on ( 0 , T ) .  

P r o o f  

Suppose  @ i s  n o t  a l i n e a r l y  i n d e p e n d e n t  s e t  on ( 0 , T ) .  

Then t h e r e  e x i s t  a o , a l ,  ..., aM,  n o t  a l l  z e r o ,  s u c h  t h a t  

M 

a i $ ( i ) ( t )  5 0 f o r  a l l  t E f O , T ]  

i = O  

b u t  $(O) = $( ' ) (O)  = ... = ~ $ ( ~ ) ( 0 )  which  i m p l i e s  t h a t  t h e  

s o l u t i o n  t o  (*) i s  

~ $ ( ~ ) ( t )  5 0 ,  k = Min { i l a i # O }  
i 

I f  k = 0 ,  w e  h a v e  $(t) Z 0 which  c o n t r a d i c t s  t h e  d e f i n i t i o n  

o f  t e s t i n g  f u n c t i o n .  I f  k > 0 ,  t h e n  $ (k - l )  ( t )  = ( c o n s t a n t )  

f o r  a l l  t > 0 which  a l s o  c o n t r a d i c t s  t h e  d e f i n i t i o n  of. - 
t e s t i n g  f u n c t i o n .  

end  p r o o f  

P r o p e r t y  ( 6 )  ( 6 )  
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= 0 i f  i - k  i s  odd 

# 0 a n d  has s i g n  (-1) 
-u/2 i r@(i) ( t )  $ ( k )  ( t )  d t  

i f  i - k  i s  even JO 

for 0 < i , k  - < M .  

Proof 

- 

L e t M > i > k  > O  

Let  i - k b e  odd 

- 

( i - k - 1  i + k + l  1 = ‘ 2  2 Let  j 4 i - 

Then 

i - k - 1  k + i - 1  
j - l = k + (  2 I =  

a n d  

Let  x ( t )  = @ ( j ) ( t ) ,  t h e n  x ( 0 )  = x(T) = 0 and 

0 

xdx = 0 ‘ ik  

Now l e t  i > k - 
Let i - k  b e  e v e n  

Then 
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i - k )  - i + k  k + ( -  2 - -  2 = j  

s o  t h a t  

which  h a s  s i g n  (-1) l ( i - i ) / Z l  

end  p r o o f  

P r o p e r t y  ( 7 )  (7) 

L e t  

Then 

Proof ( i n d u c t i o n )  

by  t h e  Schwarz i n e q u a l i t y ,  where  s t r i c t  i n e q u a l i t y  f o l l o w s  

from t h e  l i n e a r  i n d e p e n d e n c e  o f  @ and $ ( P r o p e r t y  ( 5 ) ) .  
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Thus t h e  p r o p e r t y  h o l d s  f o r  j = 2 .  

I n d u c t i v e  h y p o t h e s i s :  assume P r o p e r t y  ( 7 )  h o l d s  f o r  

j = n ,  n <, M ,  i . e . ,  assume 

Now s i n c e  4 n+l is an  n - d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n ,  w e  

a p p l y  ( 2 )  t o  i t ,  and  g e t  

and  s u b s t i t u t i n g  (1) i n t o  (3) y i e l d s  

o r  

end  p r o o f  

P r o p e r t y  (8)  (8) 

(Lower bound on t h e  r a t e  o f  growth  o f  a b s o l u t e  v a l u e  o f  

e x t r e m a  o f  9 ( j )  as j i n c r e a s e s ,  g i v e n  t h a t  (9 (‘+l) h a s  a 

z e r o  i n  [0,1) o r  (T-1,T] and j > R . )  

i n  [ 0 , 1 )  o r  (T-1,T] ,  s u c h  t h a t  f o r  R + 1 < M, +(‘)(to) # 0 

Let t h e r e  e x i s t  t o ,  to 
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and 9 (R+1) (to) = 0 .  

i n  ( 0 , l )  w i t h  t 

Then t h e r e  e x i s t  t , j = 0 ,..., M-k-1 
j 

> t j + l  s u c h  t h a t  f o r  j = 1, ..., M-2-1 
j 

P r o o f  

Let to [ O , l ) .  By t h e  mean v a l u e  t h e o r e m  and L e m m a  (1) 

t h e r e  e x i s t s  t l ,  t l € ( O , t O ) ,  s u c h  t h a t  

I n d u c t i v e  h y p o t h e s i s :  P r o p e r t y  (8) h o l d s  f o r  j = n ,  

n < M-2-1, i . e . ,  t h e r e  e x i s t s  t n ,  t n E ( O , l )  s u c h  t h a t  

(R+n+ 1 )  0 , )  = 0, O("'")(t,) # 0 

and  

t h e n ,  b y  L e m m a  (1)  
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which  c o m p l e t e s  t h e  p r o o f  f o r  t o & [ O , l ) .  

Let 4 ( t )  = @ I T - t ) .  Then 4 c l e a r l y  s a t i s f i e s  t h e  h y p o t h e s i s  

Now l e t  t O E ( T - l , T ) .  
h A 

o f  P r o p e r t y  (8), s o  t h a t  

b u t  

and  

t h u s  

C o r o l l a r y  

L e t  T < 2 , t h e n  

end p r o o f  

(9) 

P r o p e r t y  (10)  (10) 

(Lower bound on t h e  maximum a b s o l u t e  v a l u e  o f  Ep ( k )  when 

4 i s  a n  i n f i n i t l y  d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n . )  Let 4 b e  an  

i n f i n i t e l y  d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  on [ O , T ] .  Then f o r  
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any 6 > 1, t h e r e  e x i s t  A ( 6 )  and N ( 6 ) ,  both p o s i t i v e ,  s u c h  

t h a t  f o r  a l l  n s u c h  t h a t  n > N ( 6 )  
a 

l + ( n ) ( t )  ] > A ( & ) &  n-N(6) . 

Lemma 

k T h e r e  e x i s t  t i ,  i = 1, ..., k k = O , . .  .,M; w i t h  

s u c h  t h a t  

1. i s  a l o c a l  maximum o r  minimum v a l u e  

of p + u  

2 .  4 ( t i  i s  of t h e  o p p o s i t e  sign of ( k + l )  k +  1 )  

( k + l )  k + l )  
4 (ti+l 

3 .  14 1 

+ ( t i - 1 )  I 

k k+l k 
ti < t i+l  < ti+l 4 .  

Proof o f  L e m m a  

1. 2. and 4. folaow i m m e d i a t e l y  f rom p r o p e r t i e s  ( 2 ) ,  

(3) and (4). 3. follows f rom Lemma (l), 1. and 2 .  

end p r o o f  of lemma 
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Let 6 > 1. 

Let w 5 g r e a t e s t  i n t e g e r  i n  T/6 . Then t h e r e  e x i s t  a t  

most w i n t e r v a l s  o f  l e n g t h  g r e a t e r  t h a n  o r  e q u a l  t o  l / S  i n  [ O , T ]  

which  do n o t  i n t e r s e c t  p a i r w i s e  a t  more t h a n  one  p o i n t .  

k k k L e t  I i  = [timl, t i ] ,  i = 1, ..., k + l .  T h e r e  a r e  k + l  such  

i n t e r v a l s .  

Le t  k b e  s u f f i c i e n t l y  l a r g e  t h a t  

k + 1 > w + 1. 

k Then a t  most w o f  t h e  i n t e r v a l s  {Ii} a r e  o f  l e n g t h  g r e a t e r  

t h a n  o r  e q u a l  t o  l / 6 ,  and a t  l e a s t  k + 1 - w o f  them are  o f  

l e n g t h  l ess  t h a t  1 / 6 ,  and 

1 / 6  > 1. 

N o w  s t a r t i n g  a t  z e r o ,  we d i v i d e  [O,T]  i n t o  w a d j a c e n t  i n t e r v a l s  

a t  l e n g t h  1 / 6 ,  and one  i n t e r v a l  o f  l e n g t h  T-w/6; namely 

and l a b e l  t h e s e  L 1 , L 2 , .  . . ,Lw+l  r e s p e c t i v e l y .  S i n c e  k + l  > w + 1 ,  

k a t  l e a s t  one i n t e r v a l  L c o n t a i n s  a t  l e a s t  one i n t e r v a l  I i .  
j 

N o w  as j i n c r e a s e s ,  one o f  t h e  f o l l o w i n g  h o l d s  

1. T h e r e  e x i s t s  N1 < 03 s u c h  t h a t  f o r  a l l  j > N1-k, 

t l  E L 2 .  I n  t h i s  c a s e  t h e  p r o o f  i s  c o m p l e t e  by 

P r o p e r t y  ( 7 )  w i t h  N(6) = Nl, A ( 6 )  = I $ ( N 1 ) ( t y l ) l  

T h e r e  e x i s t s  N1 < 03 s u c h  t h a t  f o r  a l l  j > N1-k, 

t i+ j s  L 

k +  j 

2 .  

f o r  some j s u c h  t h a t  2 - < j ,  5 w + l  ji 1 

I n  t h i s  c a s e  i t  i s  c l ea r  t h a t  t h e r e  e x i s t s  N i  < 00 

s u c h  t h a t  f o r  a l l  j > N i  - k , t t * j  E L f o r  i = 1, ..., k + l  
j i  
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w i t h  2 - < 

a t  l e a s t  one  v a l u e  o f  i ,  i = 1, .  . . , k + l .  

i = 1 ,  ..., k+l, t h e n  t h e r e  e x i s t s  n ,R ,  2 

j ,  5 j,c ,..., Ljw+, - < w + l  w i t h  j i  = j i + l  for 

Let  N I  = max Ni  
i 

n , j R  L w+l s u c h  t h a t  

f o r  a l l  m ,  and t h e  p r o o f  i s  c o m p l e t e  by  P r o p e r t y  
j, 

INI+M E L n 
XI 

( 7 )  w i t h  

N(6) = N I  

C o r o l l a r v  

end p r o o f  

( 1 1 )  

F o r  e v e r y  i n f i n i t e  d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  6 

and e v e r y  6 > 1 t h e r e  e x i s t s  A ( $ , 6 )  > 0 s u c h  t h a t  
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CHAPTER 4 

GENERAL FORM A N D  C H O I C E  OF TESTING FUNCTIONS 

4 .0  I n t r o d u c t i o n  

I n  t h i s  c h a p t e r ,  w e  f i r s t  g i v e  t h e  g e n e r a l  form o f  p o l y -  

n o m i a l  t e s t i n g  f u n c t i o n s ,  some examples  o f  o t h e r  t y p e s  o f  M-  

d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n s ,  and some examples  of i n f i -  

n i t e l y  d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n s .  We t h e n  g i v e  a p r o -  

c e d u r e  f o r  c h o o s i n g  a s p e c i f i c  p o l y n o m i a l  t e s t i n g  f u n c t i o n  

which was f a u n d  t o  work w e l l  i n  p r a c t i c e .  

4 . 1  M - d i f f e r e n t i a b l e  T e s t i n g  F u n c t i o n s  

G e n e r a l  Form o f  Po lynomia l  T e s t i n g  F u n c t i o n s  

Theorem ( 1 )  

L e t  $ b e  an M - d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  o n  [ O , T J .  

h 

$(t), 0 5 t - < T 
Let $ ( t )  = 

0 e l s e w h e r e  

Then i f  $ i s  a p o l y n o m i a l ,  

I 
A 

@(t)  = < t ( t - T ) ) M + l  c ; t i  

where 0 < 1 and a t  l e a s t  one o f  co ,c l ,  ..., c '  i s  n o t  zero. I - 
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Proof 

Let 

where we l e t  L - > 2M+2 so t h a t  we may choose  tha  a R  t o  s a t i s f y  

t h e  2M+2 boundary c o n d i t i o n s  a t  t = 0 and t = T ,  namely 

$ ( k l  (0 )  = $(k) (T)  = 0 ,  k = 0 , .  . . , m  

Then 

We require t h a t  

i ( k ) ( 0 )  = 0 ,  k = 0 , .  ..,M 

but 

Thus 

ak = 0 ,  k = O , . .  .,M 

and 
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Then t h e r e  e x i s t  f i n i t e  c o n s t a n t s  b 1 = 0, ..., L-(M+l), n o t  

all zero, such  t h a t  
1'  

A t M + l  K-M-1 

4 ( t )  = ( M + f )  
R=Q 

L e m m a  

By d e f i n i t i o n  b = 0 ,  j = O , . .  .,M 
j 

A (k) 
4 (T) = 0, k = 0, ..., M 

and 

Let k = 0 ,  t h e q  

h 

@(T) = 0 iff bo = 0 

I n d u c t i v e  h y p o e h e s i s ;  

Then 

assume bi  = 0 ,  i = 0,. . . , J ,  J C M .  
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i=J+1 

and 

T M + 1 - J - 1  
(T) = 

(M+1-J-1) ! b j + l  9 

S i n c e  

j + l < M ,  

Then we r e q u i r e  

w h i c h  i s  t r u e  i f f  b j + l  = o  
end Droof o f  lemma 

Thus t h e r e  e x i s t  f i n i t e  c o n s t a n t s  c i ,  i = O , . .  . , I ,  

I = L-2M-2,not a l l  z e r o ,  such  t h a t  

I 
i A 

9 ( t )  ( t ( t - T ) ) M + l  c . t  1 

i = O  

end p r o o f  o f  theorem 

D e f i n i t i o n  

Symmetr ic  T e s t i n g  F u n c t i o n  

A t e s t i n g  f u n c t i o n  on [O,T]  i s  s a i d  t o  be symmetr ic  i f  

i t  i s  even abou t  T / 2 ,  i . e . ,  i f  
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C o r o l  l a r v  ( 3 )  

G e n e r a l  Form o f  Symmetr ic  Po lynomia l  T e s t i n g  F u n c t i o n  

L e t  4 b e  a M - d i f f e r e n t i a b l e  p o l y n o m i a l  t e s t i n g  f u n c t i o n  

on [ O , T ] .  I f  4 i s  symmet r i c ,  

i = O  

where a t  l e a s t  one o f  co , c I ,  ..., cI i s  n o t  z e r o .  

P roof  
7-3.R- 

F i r s t ,  n o t e  t h a t  

2 2 M + l  = ( ( t - T / 2 )  -T 1 4 )  2 M+ 1 ( t  ( t - T )  1 M +  1 = ( t  - t T )  

i s  c l e a r l y  even  a b o u t  T/2 .  F u r t h e r ,  t h e  p a r t  o f  t h e  summa- 

t i o n  

f c . t  i 

i = O  
1 

. t h a t  i s  even  a b o u t  T/2 can  c l e a r l y  be w r i t t e n  as 

J 
a .  ( t - T / 2 ) * ’  

J 
j = o  

where J i s  t h e  b i g g e s t  even  i n t e g e r  i n  I / 2  f a r  some s e t  o f  

n o t  a l l  z e r o .  c o e f f i c i e n t s  Ca.1 j = o ,  J 
J 

end  p r o o f  



Then 

1. 

2 .  

P r o o f  

1. 

Then by  

1 0 3  

( 4 )  

$ ( k )  h a s  e x a c t l y  k+2  d i s t i n c t  z e r o s  i n  [ O , T ] ,  

k < M .  

0 and T a r e  r o o t s  o f  4 ( k )  o f  m u l t i p l i c i t y  M+1-k 

and a l l  o t h e r  r o o t s  o f  (6. fk) a r e  r e a l  and s i m p l e  

- 

and l i e  i n  ( 0 , T ) .  

h 

@ ( t )  0 - < t - < T i 0 e l s e w h e r e  

Let  $ ( t )  = 

t h e  t h e o r e m ,  (6 i s  an M d i f f e r e n t i a  l e  t e s t i n g  f u n c -  

t i o n .  

d i s t i n c t  z e r o s  i n  [ O , T ] .  

T h e r e f o r e ,  by P r o p e r t y  ( 2 )  (6 A ( k )  h a s  a t  l e a s t  k + 2  

We show t h a t  4 A ( k )  h a s  a t  most k + 2  

d i s t i n c t  z e r o s  i n  [ O , T ] .  Now 

k 

( t - T )  M+ f - k + i  
t M + l - i  

= 1 ( i )  ( M + l - i ) !  (M+1-k+ i ) !  
p k )  ( t )  
(M+l) ! 

i = O  

M+1-k [ t - T) M +  - k  , k - i  ( t - T ) i  
( i )  ( M + l - i )  ! (M+l -k - i )  ! = t  

k Now t ( t - T ) k  i s  c l e a r l y  n o t  z e r o  e x c e p t  a t  t = 0 and t = T .  

F u r t h e r ,  t h e  summation i s  a p o l y n o m i a l  o f  d e g r e e  k and t h u s  

h a s  a t  most k r e a l  z e r o s .  T h e r e f o r e  
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( and  c o n s e q u e n t l y  C p ( k ) )  h a s  a t  most  k + 2  r e a l  d i s t i n c t  z e r o s  i n  

( 0  , T I .  

2 .  From ( * )  i t  i s  c l e a r  t h a t  0 and  T a r e  r o o t s  o f  

G ( k )  o f  m u l t i p l i c i t y  M+1-k. 

i n  [ O , T ] ,  two o f  which a r e  0 and  T .  F u r t h e r ,  i(k) i s  a p o l y -  

n o m i a l  o f  d e g r e e  2 ( M + l ) - k  = 2M+2-k and  t h u s  h a s  2M+2-k r o o t s .  

Then 4 A ( k )  h a s  (2M+2-k) - (Z(M+l-k)  = k r o o t s  which a r e  n o t  0 

o r  T ,  b u t  4 A ( k )  h a s  k d i s t i n c t  r e a l  r o o t s  i n  (0 ,T)  which are 

n o t  0 o r  T .  Thus t h e  d i s t i n c t  r o o t s  a r e  a l l  s i m p l e  r o o t s ,  

Now Cp A ( k )  h a s  k + 2  d i s t i n c t  r o o t s  

and a l l  r o o t s  o f  Cp a r e  r e a l  and  l i e  i n  [ O , T ] .  

end  p r o o f  

M - d i f f e r e n t i a b l e  T e s t i n g  F u n c t i o n s  which a r e  n o t  P o l y n o m i a l s  

The f o l l o w i n g  t h e o r e m  g i v e s  a method f o r  c o n s t r u c t i n g  

M - d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n s  which  a re  n o t  n e c e s s a r i l y  

p o l y n o m i a l s  and a r e  n o t  n e c e s s a r i l y  i n f i n i t e l y  d i f f e r e n t i a b l e  

t e s t i n g  f u n c t i o n s .  

Theorem 

e l s e w h e r e  
L e t  Cp(t) = 

where 

f ( 0 )  - f ( T )  = 0 

and f i s  M + l  t imes d i f f e r e n t i a b l e  on [ O , T ] .  Then Cp i s  an M- 
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d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  on [ O  , T I .  

P r o o f  

We n e e d  o n l y  v e r i f y  t h a t  Cp(i)(0) = Cp(i)(T) = 0 ,  i=1, ..., M .  

L e m m a  

Cp(i) (t') = f M - i + l  ( t )  g i l t ) ,  i = 0 , .  . . , M - 1 ,  where  gi i s  

an M - i + l  d i f f e r e n t i a b l e  f u n c t i o n  on [ O , T ] .  

' roof  For  i = 1, Cp(')(t) = MfM-'( t )  f ( ' ) ( t ) .  Thus t h e  lemma 

h o l d s  f o r  i = 1. Now assume t h a t  t h e  l e m m a  h o l d s  f o r  i = k ,  

k Q M .  Then 

- - fM-k( t )  ( g k ( t ) + f ( t ) g k  (l) ( t >  1 

end  p r o o f  o f  lemma 

k Thus Cp I k )  i s  z e r o  a t  t = 0 and  a t  t = T i f  k I < M ,  s i Q c e  g 

i s  d i f f e r e n t i a b l e  (and  t h e r e f o r e  bounded)  on [ O , T ]  f o r  k - < M .  

Example ( 6 )  

Let  f ( t )  = s i n ( . r r t / T ) .  The t e s t i n g  f u n c t i o n  c o n s t r u c t e d  

from t h i s  f u n c t i o n  by a p p l i c a t i o n  o f  t h e  above  t h e o r e m  i s  

n e i t h e r  a n  i n f i n i t e l y  d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  n o r  a 

p o l y n o m i a l  t e s t i n g  f u n c t i o n .  

Comment 

We n o t e  t h a t  b o t h  p o l y n o m i a l  t e s t i n g  f u n c t i o n s  and  

i n f i n i t e l y  d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n s .  may b e  o f  t h e  

above  form. I n  f a c t ,  i f  f i s  a p o l y n o m i a l  o r  an i n f i n i t e l y  

d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n ,  t h e n  t h e  t e s t i n g  f u c n t i o n  

c o n s t r u c t e d  f rom f by a p p l i c a t i o n  o f  t h e  above  theo rem i s  a 
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p o l y n o m i a l  t e s t i n g  f u n c t i o n  o r  i n f i n i t e l y  d i f f e r e n t i a b l e  

t e s t i n g  f u n c t i o n ,  r e s p e c t i v e l y .  

4 . 2  I n f i n i t e l y  D i f f e r e n t i a b l e  T e s t i n g  F u n c t i o n s  

We g i v e  some examples  o f  i n f i n i t e l y  d i f f e r e n t i a b l e  

t e s t i n g  f u n c t i o n s  on [ O , T ] .  

e x p ( - l / p ( t ) )  0 - e t - e T 

0 e l s e w h e r e  
1. $ ( t )  = 

Where p ( t )  i s  a p o l y n o m i a l  which  i s  a p o s i t i v e  on ( 0 , T )  

and  h a s  z e r o s  a t  t = 0 and  a t  t = T .  

Example 

p ( t )  = t 2  - t T  

2 .  L e t  f b e  i n f i n i t e l y  d i f f e r e n t i a b l e  on [ O , T ] .  

L e t  $ b e  an  i n f i n i t e l y  d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n  

on ( 0 , T ) .  Then $ ( t ) f ( t )  i s  an  i n f i n i t e l y  d i f f e r e n t i a b l e  

t e s t i n g  f u n c t i o n  on [ O , T ] .  

3. The u n i o n  o f  t h e  s e t  o f  a l l  i n f i n i t e l y  d i f f e r e n t i a b l e  

t e s t i n g  f u n c t i o n s  on [O ,T]  w i t h  t h e  z e r o  f u n c t i o n  i s  a l i n e a r  

v e c t o r  s p a c e  o v e r  t h e  f i e l d  o f  r ea l  numbers .  

and  9, b e l o n g  t o  t h i s  s p a c e .  

Let 

Thus ,  l e t  $1 

Let a and  b b e  r ea l  s c a l a r s .  

Then i f  $ 3  i s  n o t  z e r o ,  9, i s  an i n f i n i t e l y  d i f f e r e n t i a b l e  

t e s t i n g  f u n c t i o n .  
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Comment 

The f i r s t  t h r e e  d e r i v a t i v e s  o f  t h e  t e s t i n g  f u n c t i o n  

g i v e n  i n  Example (1) a re  p l o t t e d  i n  F i g u r e  6 f o r  T = 1 .  

Such a t e s t i n g  f u n c t i o n  i s  u n d e s i r a b l e  b e c a u s e  i n t e g r a l s  

i n v o l v i n g  t h e  s e c o n d  and t h i r d  d e r i v a t i v e s  w i l l  t e n d  t o  

emphas ize  t h e  p a r t  o f  t h e  s i g n a l s  n e a r  t h e  e n d s  o f  t h e  i n t e -  

g r a t i o n  i n t e r v a l  r a t h e r  t h a n  g i v i n g  a n e a r l y  u n i f o r m  emphas i s  

o v e r  t h e  e n t i r e  i n t e r v a l  as d o e s  t h e  p o l y n o m i a l  t e s t i n g  

f u n c t i o n  shown i n  F i g u r e  7. We w i l l  r e s t r i c t  f u r t h e r  i n v e s -  

t i g a t i o n  t o  t h e  c lass  o f , p o l y n o m i a l  t e s t i n g  f u n c t i o n s .  

4.3 Choice  o f  a S p e c i f i c  Po lynomia l  T e s t i n g  F u n c t i o n  

We b a s e  t h e  c h o i c e  o f  a t e s t i n g  f u n c t i o n  p r i m a r i l y  upon 

t h e  c r i t e r i o n  t h a t  t h e  n u m e r i c a l  c o m p u t a t i o n s  i n  t h e  s e q u e n c e  

g e n e r a t o r  must b e  w e l l  p o s e d .  F i r s t ,  e a c h  i n t e g r a n d  i n  t h e  

s e q u e n c e  g e n e r a t o r  must b e  " w e l l  behaved".  Thus w e  must 

c h o o s e  a t e s t i n g  f u n c t i o n  s u c h  t h a t  t h e  t e s t i n g  f u n c t i o n  

and i t s  d e r i v a t i v e s  a r e  l lwe l l  behaved" ,  i . e . ,  t h e y  a r e  

"smooth" and  t h e  maximum magn i tudes  of t h e i r  s l o p e s  ( n o r m a l i z e d  

t o  t h e i r  maximum m a g n i t u d e s )  a r e  as small as p o s s i b l e .  

Second,  t h e  i n t e g r a n d s  i n  t h e  s e q u e n c e  g e n e r a t o r  s h o u l d  a l l  

v a r y  o v e r  a p p r o x i m a t e l y  t h e  same r a n g e  o f  v a l u e s ,  e l s e  t h e  

r e s u l t i n g  n u m e r i c a l  i n t e g r a t i o n s  c o u l d  b e  v e r y  i l l  p o s e d .  

We w i l l  c o n s i d e r  p o l y n o m i a l  t e s t i n g  f u n c t i o n s  o f  t h e  

g e n e r a l  s y m m e t r i c  form 
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FIGURE 6 

Cp and t h e  first: t h r e e  d e r i v a t i v e s  o f  4 on [ 0 , 2 ] ,  4 = (t(2-t)) 5 

max 141 = 1  

max I 4  ( l ) ]  = 2.06 

max I4 ( 2 ) ]  = 12.0 

max 1 4 ( 3 ) ]  = 57.1 

I 
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1 FIGURE 7 
-- 
1-t2 4 and t h e  f i r s t  t h r e e  d e r i v a t i v e s  o f  $I on [ - 1 , 1 ] ,  $I = e 



I 

j = O  

We u s e  t h e  s y m m e t r i c  t e s t i n g  f u n c t i o n  b e c a u s e  i t  h a s  t h e  

s i m p l e s t  form o f  a l l  p o l y n o m i a l  t e s t i n g  f u n c t i o n s  and 

b e c a u s e  we e v i d e n t l y  g a i n  n o t h i n g  by a l l o w i n g  asymmetry .  

Let u s  n o r m a l i z e  9 s o  t h a t  

110 

( 1 )  

Then t h e  s i m p l e s t  c h o i c e  o f  s u c h  a t e s t i n g  f u n c t i o n  i s  

T h i s  t e s t i n g  f u n c t i o n  c l e a r l y  assumes i t s  maximum a t  T / 2 ;  

t h u s  

( 4 )  
M +  1 k = ( 4 / T )  

I n  p r a c t i c e ,  t h e  o n l y  p rob lem e n c o u n t e r e d  i n  u s i n g  t h i s  t e s t -  

i n g  f f u n c t i o n  was t h a t  4 was found  t o  h a v e  a v e r y  s t e e p  

s l o p e  n e a r  0 and T ,  t h u s  n e c e s s i t a t i n g  t h e  u s e  o f  an i n t e -  

g r a t i o n  s t e p  s i z e  n e a r  0 and  T which  was much smaller  t h a n  

t h a t  r e q u i r e d  o v e r  t h e  r e s t  of  t h e  i n t e r v a l  [O ,T] .  S i n c e  

d a t a  i s  u s u a l l y  sampled  u n i f o r m l y  i n  t i m e ,  e i t h e r  m o r e . d a t a  

s a m p l e s  are r e q u i r e d  f o r  e a c h  i n t e g r a t i o n  t h a n  migh t  o t h e r -  

wise b e  needed  i f  t h e  s l o p e  o f @ ( M )  were b e t t e r  b e h a v e d ,  o r  

e l s e  t h e  d a t a  must b e  i n t e r p o l a t e d .  
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h a s  va-  

t i v e  i s  n o t  co  e 

s l o p e s  o f  a l l  d e r i v a t i v e s  o f  Cp which a re  o f  o r d e r  l e s s  t h a n  

M a re  c o n s t r a i  d t o  b e  z e r o  a t  0 d T .  Thus @ i s  t h e  

o n l y  one  o f  t h e  f i r s t  M d e r i v a t i v e s  o f  C#I s u c h  t h a t  i t s  s l o p e  

near 0 and T i s  s i g n i f i c a n t l y  s t e  s l o p e  e r  t h a n  i t s  

o v e r  t h e  r e s t  o f  t h e  i n t e r v a l  [O,T]  . 
We may e l i m i n a t e  t h i s  p rob lem by u s i n g  

Then t h e  f i r s t  M d e r i v a t i v e s  o f  Cp a l l  have  z e r o  s l o p e s  a t  0 

and T .  

We can  show t h a t  t h e  f i r s t  M d e r i v a t i v e s  o f  t h i s  t e s t -  

i n g  f u n c t i o n  a r e  f fwe l l -behaved" .  I n  f a c t  b y  P r o p e r t y .  ( 2 )  and 

( 4 )  (See  S e c t i o n  3.2) and C o r o l l a r y  (4) ( S e c t i o n  4 . 1 ) ,  t h e  

d e r i v a t i v e s  o f  t h i s  t e s t i n g  f u n c t i o n s  e a c h  have  t h e  l e a s t  

p o s s i b l e  number o f  z e r o s  and s i g n  changes  on [ O , T ] ,  i . e . ,  

$(k) 

more, by  C o r o l l a r y  (4 )  a l l  r o o t s  o f  Cp Ik) are  r e a l  and o c c u r  

on [O ,T] .  0 and  T a re  r o o t s  o f  m u l t i p l i c i t y  M+Z-k, and a l l  

o t h e r  r o o t s  a re  s i m p l e .  B (k) h a s  no complex r o o t s ,  

h a s  k+2 z e r o s  and k s i g n  changes  on [ O , T ] .  F u r t h e r -  

S tween i t s  z e r o s  

d e r i v a t i v e s  a r e  smooth f u n c t i o n s  w e l l  s u i t e d  t o  n u m e r i c a l  

i n t e g r a t i o n .  

To make t h e  t e g r a n d s  i n  t h e  s e q u e n c e  t o r  a l l  

v a r y  o v e r  a p p r o x i m a t e l y  t h e  same r a n g e ,  w e  f 



1 1 2  

(See  t h e  d a t a  ( and  t h e  f u n c t i o n s  Q,, i n  t h e  n o n l i n e a r  c a s e )  

F i g u r e  1 )  by c h o o s i n g  k s o  t h a t  

W 
max ( w ( t ) / k l  = max 1 v ( t ) f  and  s e t t i n g  D = E- t t 

where w and  v a r e  n o i s e - c o r r u p t e d  o b s e r v a t i o n s  o f  t h e  s y s t e m  

o u t p u t  and i n p u t  r e s p e c t i v e l y  (See  F i g u r e  1 ) .  We u s e  $ and 

v i n  t h e  i d e n t i f i c a t i o n  a l g o r i t h m  and  t h e n  d i v i d e  t h e  

e s t i m a t e d  d i f f e r e n t i a l  e q u a t i o n  c o e f f i c i e n t s  o f  y and i t s  

d e r i v a t i v e s  by k .  

We t h e n  choose  T s o  t h a t  c$ and i t s  d e r i v a t i v e s  a l l  h a v e  

as n e a r l y  a s  p o s s i b l e  t h e  same maximum m a g n i t u d e s .  L e t  
n 

$ ( t )  = $ ( T t ) ,  t E [ 0 , 1 ] .  Then 

d k / d t k  ($ ( t ) )  = (Tk)Q,(k3 ( T t )  ( 7 )  

and Q, i s  a t e s t i n g  f u n c t i o n  on [ 0 , 1 ] .  L e t  

Then we w i s h  t o  choose  T s o  t h a t  max IM -M I i s  min imized .  

From C o r o l l a r y  (9 )  (See  S e c t i o n  3 .  )-we know t h a t  Mk i s  mono- 

t o n e  i n c r e a s i n g  w i t h  k .  

and we h a v e  chosen  Mo = Mo = 1 .  

t h a t  

h 
j ,k<M k j  

n 

From (7), ( S ) ,  and ( 9 ) ,  Mk/Tk = Mk 
n 

Thus we wish  t o  choose  T s o  

i s  min imized .  
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F o r  t h e  t e s t i n g  f u n c t i o n  g i v e n  i n  E q u a t i o n  ( S ) ,  t h e  

maximum a b s o l u t e  v a l u e s  o f  4 and i t s  f i r s t  M d e r i v a t i v e s  were 

c a l c u l a t e d  f o r  M = 1 , . , . , 4 ,  and were f o u n d  t o  s a t i s f y  t h e  

r e  l a t i o n  

F o r  t h e s e  t e s t i n g  f u n c t i o n s ,  t h e  f o l l o w i n g  a s s e r t i o n  g i v e s  

t h e  v a l u e  o f  T t h a t  m i m i m i z e s  max l M k / T k - M . / T j (  , j ,  k - < M .  
J j , k  

A s s e r t  i o n  

Suppose  t h a t  

i = 0, ..., M A i / M  A 

Mi (MM) 9 

Then 

A A 

1 / M  i s  min imized  by T = (MM) 

P r o o f  
A 

Let  T b e  t h e  v a l u e  o f  T t h a t  m i n i m i z e s  

A h 

h h A 

Let  To 4 (MM)IIM. Let  Mi - < (MM)’lM. Then 
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max 
k , j  

A A h A 

!Y- Mk j Mk = max w - min - 
T j  Tk j T J  k Tk 

M 

min max 

T O  F o r  T = 

M Mk - - -2- 

= 1  Mk max - 
k Tk 

T h u s  

h A I A 

M 
1 - min 1 

j ~j 

A 

= 1 - max min - Mk 
T>TO k Tk - 

A 

Mk 
k p  0 

= 1 - min 

T h u s  

C l e a r l y ,  ? - > 1, s i n c e  f o r  T < 1, 

A 

T j , k  T 

T h u s  



Now for 1 < T < To and j < M ,  - - 

min max 
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h h h A 

I4 - min M k  
- Mk - -i- = min ~ j 7' 

h A 

T h u s  MM/TM d e c r e a s e s  f a s t e r  t h a n  M . / T j  as T i n c r e a s e s  
3 

f o r  T - < T o ,  j < M .  F u r t h e r ,  

Mk M M  max - = - 
k Tk 

T<TO - 

T h u s  
A A 

Mk - M M  min max - - - 
T<TO - k T k  TM 

and  for any k < M 

A h 

MM Mk 

TM Tk 
- - -  

i s  a monotone d e c r e a s i n g  as T i n c r e a s e s ,  f o r  T - < T o .  T h u s  

end  p r o o f  
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Summary (13)  

We have  shown t h a t  a "good" M - d i f f e r e n t i a b l e  p o l y n o m i a l  

t e s t i n g  f u n c t i o n  t o  u s e  i n  t h e  s e q u e n c e  g e n e r a t o r s  i s  

[ ( t ( t - T ) )  M+ 2 (4/T)'+2 0 < t < T - - 

e l s e w h e r e  

@ ( t )  = 

and f o r  M < 4, we s e t  - 

where 

4.4 I d e n t i f i c a t i o n  i n  t h e  Absence o f  N o i s e  

We d i s c u s s  o n l y  s y s t e m s  w i t h  t h e  d i f f e r e n t i a l  e q u a t i o n  

where 

M 

i = O  
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s i n c e  t h e  t r e a t m e n t  o f  a l l  o t h e r  cases i s  a n a l o g o u s .  

When t h e  s y s t e m  i n p u t  and  o u t p u t  a r e  o b s e r v e d  i n  t h e  

a b s e n c e  o f  n o i s e ,  w e  n e e d  o n l y  o b t a i n  a s e t  o f  as many 

l i n e a r  a l g e b r a i c  e q u a t i o n s  i n  t h e  unknown c o n s t a n t s  a s  t h e r e  

a r e  unknow c o n s t a n t s ,  t h e n  s o l v e  t h e s e  e q u a t i o n s .  To o b t a i n  

t h e s e  e q u a t i o n s ,  w e  m u l t i p l y  (2 )  by  a t e s t i n g  f u n c t i o n  Cp and 

i n t e g r a t e  t h e  r e s u l t i n g  e q u a t i o n s ,  y i e l d i n g  

M c 
i = O  

a i 

which by  C o r o l l a r y  ( 3 0 )  ( S e c t i o n  1 . 6 )  becomes 

( 3 )  

which g i v e s  u s  one  a l g e b r a i c  e q u a t i o n  i n  t h e  unknown c o n s t a n t s .  

To g e t M + l e q u a t i o n s ,  we may u s e  e i t h e r M + l l i n e a r l y  i n d e p e n d e n t  

s a m p l e s  o f  y and u o r M + l l i n e a r l y  i n d e p e n d e n t  t e s t i n g  f u n c t i o n s .  

I n  t h e  f i r s t  case w e  a r e  s i m p l y  u s i n g  t h e  f i r s t M + l o u t p u t s  of  

t h e  s e q u e n c e  g e n e r a t o r .  I n  t h e  s e c o n d  case ,  w e  n e e d  a s e t  

of  M + l l i n e a r l y  i n d e p e n d e n t  t e s t i n g  f u n c t i o n s .  

A s s e r t i o n  (5) 

Let  Cp b e  a ( 2 M - 1 ) - d i f f e r e n t i a b l e  t e s t i n g  f u n c t i o n .  Then 

Q,P 9 * 0 .  ,Cp (M-l)} i s  a s e t  o f  M 

i n d e p e n d e n t  t e s t i n g  f u n c t i o n s .  

M - d i f f e r e n t i a b l e  l i n e a r l y  
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t e s t i n g  f u n c t i o n  w i l l  s u f f i c e  i n  t h e  s e c o n d  cas 

F i n a l l y ,  w e  n o t e  t h a t  i f  t h e  s e t  o f  t e s t i n g  f u n c t i o n s  

g i v e n  i n  A s s e r t i o n  ( 5 )  i s  u s e d ,  we s a v e  c o n s i d e r a b l e  compu- 

t a t i o n  o v e r  t h e  method o f  u s i n g  one  t e s t i n g  f u n c t i o n  and M 

s a m p l e s  o f  i n p u t  and  o u t p u t  s i n c e  i n  t h e  f i r s t  case we need  

compute o n l y  3M+2 i n t e g r a l s .  

and 

[@(k) ( t ) u ( t ) d t ,  k = 0, ..., M 
0 
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4 . 5  Approximate  T e s t i n g  F u n c t i o n s  

I n  a r e c e n t  p a p e r ,  Takaya '  h a s  p r o p o s e d  t h e  f o l l o w i n g  

t e s t i n g  f u n c t i o n .  

Suppose  t h a t  w e  h a v e  an M t imes d i f f e r e n t i a b l e  f u n c t i o n  

s u c h  t h a t  

$ ( i ) ( T )  0 i = 0,  ..., M 

Then f rom t h e  p r o o f  o f  P r o p e r t y  ( 2 7 ) ,  i t .  i s  c l e a r  t h a t  

( 3 )  0 ( t ) y C i )  ( t ) d t  P ( -1)  f$ ( i )  ( t ) y ( t ) d t  s 0 

and i f  t h e  a p p r o x i m a t i o n s  (1) and (2 )  a r e  good enough,  an  

i d e n t i f i c a t i o n  u s i n g  I$ as an "approx ima te"  t e s t i n g  f u n c t i o n  

w i l l  b e  r e a s o n a b l y  a c c u r a t e .  The f u n c t i o n  

( 4 )  
2 

gCt )  = e x p ( - t  / 2 ) H O ( t ) / 2  

where  

(5 1 2 g ( k )  ( t)  = ( - l ) e x p ( - t  / 2 ) H k ( t ) / 2  

(6) 
2 k 2 k 

H k ( t )  = ( - l ) k e x p ( - t  / 2 ) d  e x p ( - t  / 2 ) / d t  

(Hermite f u n c t i o n )  

on [ - r , r ] ,  f o r  r s u f f i c i e n t l y  l a r g e ,  h a s  b e e n  p r o p o s e d  b y  

Takaya  f o r  s u c h  a t e s t i n g  f u n c t i o n  b e c a u s e  f o r  any  g i v e n  
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M f o r  r s u f f i c i e n t l y  l a r g e ,  Ho i s  an a p p r o x i m a t e  M - d i f f e r -  

e n t i a b l e  t e s t i n g  f u n c t i o n  and t h u s  may b e  u s e d  f o r  i d e n t i f i c a -  

t i o n  i n  t h e  a b s e n c e  o f  n o i s e  as we l l  as when n o i s e  i s  p r e s e n t .  

Takaya  c a r r i e d  o u t  n o i s e - f r e e  i d e n t i f i c a t i o n  u s i n g  Ho 

which r e s u l t e d  i n  e r r o r s  on t h e  o r d e r  o f  one  o r  two p e r c e n t .  

Fo r  a comparab le  s y s t e m ,  e r r o r s  i n  r e s u l t s  o b t a i n e d  by  u s i n g  

t h e  p o l y n o m i a l  t e s t i n g  f u n c t i o n  g i v e n  i n  4 . 3 . 1 3  r e s u l t e d  i n  

e r r o r s  on t h e  o r d e r  o f  l e s s  t h a n  .01  p e r c e n t  ( t h e  a c t u a l  

e r r o r  i s  unknown s i n c e  t h e  r e s u l t s  were p r i n t e d  o u t  t o  o n l y  

f o u r  d e c i m a l  p l a c e s  and were a l l  e x a c t l y  c o r r e c t  as p r i n t e d ) .  

Thus t h e r e  a p p e a r s  t o  b e  no a d v a n t a g e  i n  u s i n g  t h i s  a p p r o x i -  

mate t e s t i n g  f u n c t i o n  s i n c e  i t  i s  b o t h  more d i f f i c u l t  t o  

e v a l u a t e  and y i e l d s  l e s s  a c c u r a t e  r e s u l t s  t h a n  t h e  p o l y n o m i a l  

t e s t i n g  f u n c t i o n  g i v e n  i n  4 .3 .13 .  
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A P P E N D I X  I 

G E N E R A T I O N  OF AN INSTRUMENTAL 

V A R I A B L E  SEQUENCE 

We have  s a i d  t h a t  {E(Sk)}  i s  a s a t i s f a c t o r y  i n s t r u -  

menta l  v a r i a b l e  s e q u e n c e .  

p u t e d  d i r e c t l y  when n o i s e  i s  p r e s e n t .  However, t h e  f o l l o w -  

C l e a r l y  {E(S,)} c a n n o t  b e  com- 

i n g  p r o c e d u r e  h a s  b e e n  found  i n  p r a c t i c e  t o  g i v e  a s e q u e n c e  
A 

{ S , }  which c o n v e r g e s  t o  {E(S,)} which s i m u l t a n e o u s l y  y i e l d -  

i n g  a s e q u e n c e  o f  es t imates  o f  x .  
A 

1. Use any s e q u e n c e  {V,} t o  g e t  an  i n i t i a l  e s t i m a t e  
h 

x 1  o f  x .  

i s  g i v e n  by 

A s e q u e n c e  which i s  p a r t i c u l a r l y  c o n v e n i e n t  t o  u s e  

A 

V k  = 
I 

i . e . ,  k a d j o i n e d  N x N  i d e n t i t y  m a t r i c e s ,  s i n c e  u s i n g  t h i s  

s e q u e n c e  i s  e q u i v a l e n t  t o  comput ing  t h e  m a t r i x  w i t h  ith row 

k 

'k ( i - l ) + j '  'i i s  t h e  ith row o f  Sk ( 2 )  
i= l  

i.e., u s i n g  t h i s  i n s t r u m e n t a l  v a r i a b l e  s e q u e n c e  i s  e q u i v a l e n t  

to a d d i n g  t o g e t h e r  rows o f  Sk t o  g e t  an  NxN m a t r i x .  
h 

2 .  Using  x l ,  w e  d e f i n e  t h e  e s t ima tes  ^u and 7 o f  u and 

y r e s p e c t i v e l y ,  which a re  u n c o r r e l a t e d  w i t h  t h e  o b s e r v a t i o n  
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n o i s e  as follows. 

a .  If t h e  i n p u t  o b s e r v a t i o n  n o i s e  N1 i s  z e r o ,  l e t  

A 

u = u  
A 

(PI 
p = x - - - . u  

L 1  (PI 

b .  I f  t h e  i n p u t  o b s e r v a t i o n  n o i s e  N1 i s  n o t  z e r o  and 

t h e  o u t p u t  o b s e r v a t i o n  n o i s e  N is z e r o ,  l e t  2 

G = Y  
A 

n L 1  (PI  
u = -y 

(P I  

where 

i s  t h e  d i f f e r e n t i a l  e q u a t i o n  o f  t h e  s y s t e m  w i t h  c o e f f i c i e n t  

1 '  X 

h A 

3 .  

u s i n g  6 and 

r e s p e c t i v e l y .  

as f o l l o w s .  

Le t  IS,)  b e  t h e  s e q u e n c e  o b t a i n e d  by comput ing  {S,) 

a s  though  t h e y  were  t h e  o b s e r v a t i o n s  v and w 

Then t h e  forms of t h e  components  o f  Sk a r e  
A 

I n  t he  sampled  l i n e a r  f i l t e r  case we have  

a. 

lAT h .  3 ( i A T - t ) u ( t ) d t  



and 

i f  N 1  = 0 and N2 # 0 .  

b .  

and 

i .  ( i A T - T ) u ( t ) d t  J J  0 
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where 

I f  t h e  t e s t i n g  f u n c t i o n  sequence g e n e r a t o r  is u s e d ,  we have 

a .  

and 



n 

’ MICPl 
@ ( k ) ( t - i T )  - u ( t ) d t  

Ji T 

if N1 = 0 and N2 # 0 ,  and 

b .  

and 

A - 4  

(13)  

if N1 # 0 and N 2  = 0 .  

Le t  d e g r e e  (L1) - d e g r e e  (M1) = m (16)  

Then c l e a r l y  f o r  t h e  sampled  l i n e a r  f i l t e r  s e q u e n c e  g e n e r a t o r  

we must have  

d e g r e e  (Q) - M > m (17)  

e l s e  we c a n n o t  c a l c u l a t e  t h e  i n t e g r a l  (13)  w i t h o u t  knowledge 

o f  d e r i v a t i v e s  o f  u b e c a u s e  h w i l l  c o n t a i n  d e l t a  f u n c t i o n s  

f o r  some j .  For  t h e  same r e a s o n  i t  is c l e a r  t h a t  f o r  t h e  t e s t -  

n 

j 

i n g  f u n c t i o n  s e q u e n c e  g e n e r a t o r  @ must be an (M+m) - d i f f e r e n t i -  

a b l e  t e s t i n g  f u n c t i o n .  

4 .  Having comple t ed  t h e  f i r s t  t h r e e  s t e p s ,  we now u s e  
h 

a s  an i n s t r u m e n t a l  v a r i a b l e  s e q u e n c e  t o  g e t  a new e s t i -  
h 

mate x2  o f  x.  We t h e n  r e p e a t  s t e p s  2 and 3 u s i n g  ^xz i n  p l a c e  



I 
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h 

of  x l ,  and  s o  on.  

I n  t h i s  manner w e  c o n t i n u e  t o  o b t a i n  a l t e r n a t e l y  new 

e s t i m a t e s  o f  x a n d  {Ski. T h i s  method h a s  b e e n  f o u n d  t o  work 

r a t h e r  wel l  i n  p r a c t i c e .  Wong and P o l a k  g i v e  a method f o r  

i m p r o v i n g  t h e  e s t i m a t i o n  o f  x b y  i n c o r p o r a t i n g  i n t o  t h e  

a l g o r i t h m  e s t i v a t i o n  oE some n o i s e  S t a t i s t i c s  which a re  t h e n  

u s e d  t o  g e t  an  a s y m p t o t i c a l l y  o p t i m a l  i n s t r u m e n t a l  v a r i a b l e  

s e q u e n c e .  
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T i m e  S c a l i n g  o f  Data 

T i m e  s c a l i n g  i s  an  i m p o r t a n t  f a c t o r  i n  t h e  n u m e r i c a l  

s t a b i l i t y  of  t h e  ' computa t ions  i n  t h e  i d e n t i f i c a t l o ' n s  a l g o r i t h m s  

g i v e n  i n  t h e <  f i r s t  two c h a p t e r s .  We w i l l  d i s c u s s  t i m e  s c a l -  

i n g  o f  d a t a .  Suppose t h a t  w e  have  a s y s t e m  w i t h  t he  d i f f e r -  

e n t i a l  e q u a t i o n  

M M 
aipiy = b j p  j u 

i = O  j -0 

Now s u p p o s e  t h a t  we a p p l y  t h e  i n d e n t i f i c a t i o n  a l g o r i t h m  t o  

t h e  time s c a l e d  d a t a  

y ( a t )  and  u ( a t )  ( 2 )  

By t h i s  w e  mean t h a t  w h e r e v e r  y ( t )  and u ( t )  a p p e a r  i n  t h e  

i d e n t i f i c a t i o n  a l g o r i t h m ,  w e  u s e  y ( a t )  and  u ( a t )  r e s p e c t i v e l y ,  

Next ,  we n o t e  t h a t  f o r  any s c a l a r  a, 

and 

i (i) 
=e y (a t )  

d t '  g= t 
( 4 )  



Then y a n d  u s a t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n  

M M 

i = O  j = O  

o r  f o r  c1 # 0 

A- 7 

L e t  u s  assume t h a t  y ( a t )  and  u ( a t )  s a t i s f y  t h e  d i f f e r e n t i a l  

e q u a t i o n  

M M 

i = O  j =O 
( 7 )  

Then t h e  c o e f f i c i e n t s  e s t i m a t e d  by  u s i n g  t h e  t ime s c a l e d  d a t a  

a r e  a and  b i  t h e n  
h A 

i 
1 a = a  - i i i 

1 
i 

n. 

a 
6 - b i  = bi  

a 

and  

" i  b i  = b i a  

i = 0 , .  ..,M (9) 

We f u r t h e r  n o t e  t h a t  i f ,  i n  t h e  s y s t e m  d i f f e r e n t i a l  e q u a t i o n  

w e  h a v e  

r e s u l t  h o l d s  w i t h o u t  m o d i f i c a t i o n .  

- ( f ( y ( t ) )  ( i )  i n  p l a c e  o f  ~ ( ~ ) ( t ) ,  t h e n  t h e  above  
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In  o r d e r  t h a t  t h e  i d e n t i f i c a t i o n  a l g o r i t h m  b e  as n u m e r i c -  

a l l y  s t a b l e  as p o s s i b l e ,  w e  s h o u l d  c h o o s e  a time s c a l i n g  

f a c t o r  s o  t h a t  t h e  e s t i m a t e d  c o e f f i c i e n t s  ai  and b i  a r e  as 

n e a r l y  e q u a l  i n  m a g n i t u d e  as p o s s i b l e .  

f a c t o r .  

mate o r  g u e s s  o f  t h e  s y s t e m  c o e f f i c i e n t s .  Then w e  choose  

n n 

Let a. b e  t h e  s c a l e  

Let  a. ,..., am, bo  ,..., b b e  t h e  b e s t  a p r i o r i  e s t i -  m 

01 s o  t h a t  0 

i i m a x [ [ a i / a o  I , l b i / a o  I ] ,  t h e  b e s t  a p r i o r i  e s t i m a t e  
i 

i s  min imized .  

When a p p l y i n g  t h e  i n s t r u m e n t a l  v a r i a b l e  method,  s u c c e s -  

s i v e  e s t i m a t e s  o f  t h e  s y s t e m  c o e f f i c i e n t s  may b e  u s e d  t o  g e t  

s u c c e s s i v e  e s t i m a t e s  o f  t h e  best sca l e  f a c t o r .  
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I D E N T I F I C A T I O N  OF M U L T I P L E  I N P U T ,  

M U L T I P L E  OUTPUT SYSTEMS 

C o n s i d e r  a l i n e a r  time i n v a r i a n t  d i f f e r e n t i a l  s y s t e m  

S c h a r a c t e r i z e d  by  ( y , u , { y , u } ) ,  where 

a r e  t h e  o u t p u t s  and i n p u t s  r e s p e c t i v e l y ,  

and { y , u }  i s  t h e  s e t  o f  a l l  i n p u t - o u t p u t  p a i r s  o f  S .  Let 

L(p) b e  a KxK m a t r i x  d i f f e r e n t i a l  o p e r a t o r  w i t h  g e n e r i c  

e l e m e n t  % (p)  a p o l y n o m i a l  i n  p o f  o r d e r  N ,  where N i s  t h e  

assumed maximum p o s s i b l e  d e g r e e  o f  R ( p ) ,  i . e . ,  
j k  

jk 

N 

Let  M(p) b e  a KxJ m a t r i x  d i f f e r e n t i a l  o p e r a t o r  w i t h  g e n e r i c  

e l e m e n t  m (p )  a p o l y n o m i a l  i n  p o f  o r d e r  N ,  i . e . ,  
. 

kj 
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N 
m (PI = bkj iP  k j  

i = O  

A v e c t o r  d i f f e  

w i l l  b e  c a l l e d  c a n o n i c a l  if L i s  s q u a r e  and  h a s  b e e n  r e d u c e d  

t o  t r i a n g u l a r  form by t h e  s t a n d a r d  e l i m i n a t i o n  a l g o r i t h m .  1 

Theorem 

Given S c h a r a c t e r i z e d  by ( y , u , { y , u ) ) ,  t h e r e  i s  e x a c t l y  

one c a n o n i c a l  d i f f e r e n t i a l  e q u a t i o n  

s u c h  t h a t  

1. a l l  p a i r s  ( y , u )  which s a t i s f y  ( * )  l i e  i n  { y , u )  

and  

2 .  a l l  p a i r s  ( y , u )  i n  { y , u )  s a t i s f y  (*)  for some 

s e t  o f  i n i t i a l  c o n d i t i o n s .  

P r o o f  

Assume t h e r e  zre a t  l e a s t  two s u c h  e q u a t i o n s ,  
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L1 = L 2 ;  

C o n s i d e r  t h e  homogeneous e q u a t i o n s  

~ 

L1y = 0 

L2y = 0 

C l e a r l y  by  p r o p e r  c h o i c e  o f  i n i t i a l  c o n d i t i o n s ,  i . e . ,  

Yk 9 ’ 

k = 2 ,  ..., K, w e  can  show t h a t  t h e  d i a g o n a l  e l e m e n t s  o f  L1 

and L 2  a r e  e q u a l .  F u r t h e r ,  any s o l u t i o n  t o  ( * * )  i s  a l s o  a 

s o l u t i o n  t o  

* JyK and  t h e i r  d e r i v a t i v e s  a r e  z e r o ,  s u c c e s s i v e l y  f o r  

n 
L ( p ) y  = ( L 1 - L 2 ) Y  - 0  - 

A 
b u t  t h e  d i a g o n a l  e l e m e n t s  o f  L a r e  z e r o  and by p r o p e r  c h o i c e  

o f  i n i t i a l  c o n d i t i o n s  ( i . e . ,  t h e  same a s  above )  it i s  c l e a r  
A 

t h a t  t h e  s u p e r d i a g o n a l  e l e m e n t s  o f  L a r e  z e r o .  We r e p e a t  

t h e  a rgument  f o r  e a c h  p a r a l l e l  d i a g o n a l  o f  L .  Thus L = 0 ,  
A FI 

i . e . ,  L1 = L 2 .  

M1 = M 2 ;  

S i n c e  L1y = L y f o r  a l l  y i n  { y , u ) ,  i t  must b e  t r u e  2 

t h a t  

M u = M u  v u  E {ybu} (***I 1 2 

Then i t  i s  c l e a r  t h a t  w e  can p i c k  u , u  (1 )  ,..., u 

v a r i e d  s u c h  t h a t  ( *** )  c a n  b e  s a t i s f i e d  i f  and o n l y  i f  

s u f f i c i e n t l y  
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M1 = M 2 .  

end  proof  

C o r o l l a r y  

T h e r e  a re  a t  most ( K ! )  (J!) c a n o n i c a l  d i f f e r e n t i a l  

e q u a t i o n s  f o r  S .  

P r o o f  

Each s u c h  e q u a t i o n  c o r r e s p o n d s  t o  a d i f f e r e n t  o r d e r i n g  

o f  i n p u t s  a n d / o r  o u t p u t s  i n  t h e  i n p u t  and  o u t p u t  v e c t o r s .  

C ommen t s 

1. Given a c a n o n i c a l  d i f f e r e n t i a l  e q u a t i o n  which  

d e s c r i b e s  S ,  t h e r e  i s  a w e l l  known a l g o r i t h m *  f o r  c o n s t r u c t -  

i n g  a s t a t e  e q u a t i o n  for S w i t h  a minimal  s t a t e  ( i , e . ,  t h e  

s t a t e  v e c t o r  i s  o f  t h e  l e a s t  p o s s i b l e  d i m e n s i o n  o f  a l l  s t a t e  

v e c t o r s  o f  S ) .  

2 .  By t h e  t h e o r e m ,  t h e  i d e n t i f i c a t i o n  p rob lem i s  now 

r e d u c e d  t o  t h a t  of f i n d i n g  a c a n o n i c a l  d i f f e r e n t i a l  e q u a t i o n  

d e s c r i b e s  S .  

We now g i v e  an a l g o r i t h m  which  g i v e s  a c a n o n i c a l  d i f -  

f e r e n t i a l  e q u a t i o n  which  d e s c r i b e s  S. 

Assumpt ions  

1. None o f  t h e  o u t p u t s  s a t i s f i e s  an e q u a t i o n  o f  t h e  form 

where  & ( p )  i s  a p o l y n o m i a l  i n  p .  

2 .  

k = 1, ..., K .  

The c o n s t a n t  t e rm i n  RkL(p) i s  n o n z e r o  ( i . e . ,  i s  l ) ,  
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A 1 go r i t’h m 

3 1. Us ing  t h e  e r r o r  d e c o m p o s i t i o n  i d e n t i f i c a t i o n  a l g o r i t h m ,  

f i n d  t h e  b o t t o m  row o f  L and  M ,  i . e . ,  f i n d  RKK(p) and m K j ( p ) ,  

j = 1, ..., J s u c h  t h a t  

J 

j = l  

2 .  Again u s i n g  t h e  e r r o r  d e c o m p o s i t i o n  a l g o r i t h m ,  f i n d  

t h e  K - l  row o f  L and M .  I f  t h e  i n p u t s  a r e  o b s e r v e d  n o i s e  

f r e e ,  w e  can  f i n d  y K  u s i n g  t h e  IC row e q u a t i o n  s o  t h a t  we may 

u s e  y as a n o t h e r  n o i s e  f r e e  i n p u t  w h i l e  f i n d i n g  t h e  K - 1  

row, t h u s  g e t t i n g  f a s t e r  c o n v e r g e n c e  t h a n  i f  n o i s y  o b s e r v a -  

t i o n s  o f  y K  were  u s e d .  

K 

3 .  We c o n t i n u e  i n  t h i s  f a s h i o n  w i t h  t h e  K - 2 ,  K - 2 ,  ..., 1 

rows ,  t h u s  i d e n t i f y i n g  t h e  e n t i r e  s y s t e m ,  u s i n g  n o i s e  f r ee  

e s t ima tes  o f  t h e  o u t p u t s  as i n  2 . ,  whenever  p o s s i b l e ,  t o  

s p e e d  c o n v e r g e n c e .  

C o m m e  n t s 

3 .  

j < k ,  i s  a t  most  ( d e g r e e  !?, k k ) - l  s i n c e  t h e  d i f f e r e n t i a l  

Having  found  R k k ,  w e  may assume t h a t  t h e  d e g r e e  o f  

‘jk’ 

e q u a t i o n  i s  assumed t o  b e  e s t i m a t e d .  I n  p a r t i c u l a r ,  i f  2 

i s  a c o n s t a n t  ( i n c l u d i n g  z e r o )  t h e n  f, 3 0 ,  j < k .  
j k  

j k  
4 .  Assumpt ion  1. i s  n o t  n e c e s s a r y  i f  t h e  e r r o r  decom- 

p o s i t i o n  a l g o r i t h m  i s  u s e d ,  b u t  i s  n e c e s s a r y  if t h e  i n s t r u -  

m e n t a l  v a r i a b l e  a l g o r i t h m  i s  u s e d .  
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5. If we u s e  t h e  i n s t r u m e n t a l  v a r i a b l e  me 

of  t h e  e r r o r  d e c o m p o s i t  

e a c h  row some s p e c i f i c  c o n s t a n t  i n  M o r  i 

e l e m e n t  o f  L i s  n o t  z e r o .  If i n  f a c t  t h e  a s s u m p t i o n  w e  make 

i s  wrong,  t h e n  o u r  e s t i m a t e s  w i l l  n o t  c o n v e r g e .  I n  p a r t i c u -  

l a r ,  a row e q u a t i o n  may b e  homogeneous,  i . e . ,  a row o f  M may 

be  z e r o ,  i n  which  c a s e  w e  must assume t h a t  some s p e c i f i c  con- 

s t a n t  i n  one o f  t h e  o f f - d i a g o n a l  e l e m e n t s  o f  t h a t  row o f  L 

i s  n o t  z e r o .  Thus i f  we do n o t  u s e  t h e  e r r o r  d e c o m p o s i t i o n  

a l g o r i t h m  w e  must  i n s t i t u t e  a s y s t e m  o f  c h e c k s  t o  d e t e r m i n e  

w h e t h e r  a row e q u a t i o n s  i s  homogeneous and t o  f i n d  an a p p r o -  

p r i a t e  n o n z e r o  c o n s t a n t  i n  L o r  M ,  w h i c h e v e r  i s  n e e d e d .  

T h i s  s y s t e m  o f  c h e c k s  i s  t h e  p r i c e  w e  pay  f o r  l a c k  o f  know- 

l e d g e  o f  o b s e r v a t i o n  n o i s e  s t a t i s t i c s ,  knowledge o f  which  

e n a b l e s  u s  t o  u s e  t h e  e r r o r  d e c o m p o s i t i o n  a l g o r i t h m .  

6 .  I f  w e  u s e  t h e  e r r o r  d e c o m p o s i t i o n  a l g o r i t h m ,  w e  

i m p l i c i t l y  assume t h a t  we know some o b s e r v a t i o n  n o i s e  s t a t i s -  

t i c s .  I f  w e  assume t h a t  none o f  t h e  n o i s e  p r o c e s s e s  a s s o c i a t e d  

w i t h  t h e  i n p u t s  and o u t p u t s  a re  c o r r e l a t e d  w i t h  one  a n o t h e r ,  

t h e n  knowledge  o f  t h e  a u t o c o r r e l a t i o n s  o f  e a c h  s u c h  p r o c e s s  

i s  s u f f i c i e n t  t o  implement  t h e  a l g o r i t h m .  I f  any two p r o c e s s e s  

a r e  c o r r e l a t e d ,  we must  know t h e i r  c r o s s - c o r r e l a t i o n  f u n c t i o n  

i n  o r d e r  t o  implement  t h e  a l g o r i t h m .  

7 .  I t  i s  c l ea r  t h a t  r e s u l t s  e x a c t l y  l o g o u s  t o  t h e  

above  r e s u l t s  h o l d  f o  terns d e s  i n i t e  d i f f e r e n c e  

e q u a t i o n s ,  i f  w e  l e t  p b e  t h e  d i f f e r e n c i n g  o p e r a t o r ,  i . e . ,  

P ( Y ( k l 1  = Y ( k + l l  - Y(k1 
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