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TESTING FUNCTION TECHNIQUES TN SYSTEM IDENTIFICATION

ABSTRACT

The following gencral problem was in?estigated;' identifyA
a lipnear time-invariant differential system from observaclicns
of'iant and output slgnals, over which the observer is
assured to have no control. The dbservatibns of either the
input or the output signals, but not both, may be corrupted
by addifive Zero mean noise.

Moments of thé'observed signals with derivatives of func-
tions called "testing fﬁnctions" are taken to obtain linear |
algebraic equations in the unknown differential equation coef-
ficients. These moments are calculated simply by multiplying
the observed signal times a derivative of a testing function
and intégrating'the product; thus the,calgulation is very
stable numerically._ If the observations are noise~free, the
algebraic equations are solved in a straight-forward manner.
If;nﬁt, an estimation'procedure called the instfuméntal vari-
able method is used to thain an estimate of the system coef-
ficients which is asymptotically uﬁbiased as the observat%on E
’inter§al gets large. The question of what constitutes a good

testing function is investigated.



| This method may be épplied to systems of the HammerStein
férm,,i.e., a memd;yless nonlinearity'fdlloved by a linear
‘plant. 'Ib.this ca§e the nonlinéarity is repreéen;ed as a
linear combinétion of knqwn functions, ana the~cdefficients
of this combination as wéll as the coefficients of the linear

plant are identified,.

vi



- TABLE OF CONTENTS

CHAPTER 1 - INTRODUCTION

1.0 Intfoduction

1.1 Statement of the Identification Problem
1.2 Outline of Thesis

1.3 Notation

1.4 Two Identification Algorithms - Preliminaries
1.5 Error Decompostion Method

1.6 The Instrumental Variable Method

1.7 Comparison of Algorithms

CHAPTER 2 - APPLICATIONS TO NONLINEAR SYSTEMS
2.0 Introduction

2.1 Observation Configuration

2.2 Nonlinear Systems I

2.3 Nonlinear Systems II

2.4 Summary

CHAPTER 3 - PROPERTIES OF TESTING FUNCTIONS
3.0 Introduction

CHAPTER 4 - GENERAL FORM AND CHOICE OF TESTING
FUNCTIONS

4.0 Introduction
4.1 M-differentiable Testing Functions

4.2 Infinitely Differentiable Testing Functions

vii

12

39

41

41

42

44

78

80

82

98

98

106



4.3 Choice of a Specific Polynomial Testing Function
4,4 Identification in the Absence of Noise

4.5 Approximate Testing Functions

APPENDIX I
APPENDIX II
APPENDIX III
References
Figures
Figure 1
Figure 2
Figure 3
Figure 4
Figure 5
Figure 6

Figure 7

viii

107
116
119
A-1
A-6

A-9

17
19
43
73

108

109



CHAPTER 1

INTRODUCTION

1.0 Introduction

The identification problem may be described informally
as follows:1
Given a system A and a class of systems C, to

which A is known to belong. Find a syétem in C

which is equivalent (or approximately equivalent)

to A.

Usually this is assumed to be accomplished through obser-
vation, often in the presence of noise, of the response of A
to "probe functions'", i.e., inputs which may be specified at
will according to the particuiar representation of the class
of systems to which A belongs. For example, the desired repre-
sentation of A may be .an impulse response or a transfer func-
’tion, in which cases the probe functions are a delta function,
and a set of sinusoids of different frequencies, respectively.

There are, however, many practical situations in which
we wish to model a system A, but have no control over the

nature of the input furction. In this case the identification

i
algorithm which is applied must be such that whatever input
that is available can be used. We will refer to such a situ-

ation as "in-service" identification.

In recent years a great deal of attention has been



2
devoted to the development of identification algorithms for
various classes of systems. The class of linear differential
systems is of particular interest for two important reasons:

1. There is a large class of systems such that the
behavior of each member of this class may be well
approximated by the behavior of a linear differ-
ential system for a sufficiently small range of
dynamic behavior and a sufficiently small time
interval;

2; General solutions to the problems of optimal state
estimation and optimal control of linear differ-
ential systems are well known,

We are concerned here with a particular linear differ-
ential system in-service identification algorithm which we
shall call "the method of testing functions', developed in the
noise free case by Loeb and Cahen.2 In particular we obtain
a general algorithm for in-service system identification, with
observations taken in the presence of noise, and show how
testing functions may be used in this algorithm to identify
linear iime invariant differential systems and some common
tfpes of nonlinear systems. We examine the properties of
testing functions and show how to choose a '"good" testing
function. Finally, we develop a multiple input, multiple

output model for linear time-invariant system identification.



Advantage of the Method of Testing
Functions Over Other Known Methods

The method of testing functions will be shown to be supé-
rior to other known in-service linear differential systems
identification algorithms for several reasons. First, other
methods (the so-called error decomposition method3 (Section
1.5) and the instrumental variable method using a sampled
linear filter sequence.generat(or4 {(Section 1.6)) both require
the introduction of linear filters with which to process the
observations of the system input and output. It is possible
that these filters might cancel or nearly cancel a pole or
zero of the unknown systen, tHus yielding an incomplete or
inaccurate model of the system. Such filtering is not neces-
sary with the method of testiﬁg functions.

Second, if the algorithm is implemented by digital com-
puter, the introduction of these filters adds to the computa-
tional requirements either the numerical solution of a set of
linear differential equations or the repeated evaluation of
convolution integrals (an operation which is either i1l posed
or very time consuming) while the method of testing functions
requires only evaluations of Qell posed integrals, which may
be interpreted as linear filtering of the observations but can
not be characterized byﬁ finite dimensional differential
systems.

Third, the methods which use filters to process the data
ignore transient response in the unknown system (which approxi-

mation, however, does not introduce much error) whereas no
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such approximation is made in the method of testing functions.
1.1 Statement of thé Identification Problem

The following is a statement of the identification prob-
lem considered in this thesis:

Given

1. a system A;

2. observations of input and output functions of A

(over which the observer has no control) pos-
sibly in the presence of noise, over an arbi-
trarily long time interval;

3. a class C of systems to which A belongs; find

a member of C which is equivalent to A.

We will consider two differential systems to be equival-
ent if they can both be represented by the same differential
equation.

Comment

We will assume A to be a single input, single output

system. The multiple input, multiple output case is treated
in Appendix III.
1.2 Outline of Thesis

By way of intfbduction we first discuss two linear time-
invariant differential system in-service identification algo-
rithms. One of these uses testing functions. In Chapter 2
we discuss the classes of systems and conditions on the noise

processes for which we can devise identification algorithms which
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use testing functions. In Chapter 3 we discuss some of the
properties of testing functions. In Chapter 4 we give
examples of various types of testing functions, derive the gen-
eral form of polynomial testing functions, and give a poly-
nominal testing function which is well suited to the algorithms

presented in the first two chapters.
1.3 Notation

The following notation will be used throughout the thesis.

Additional notation will be introduced where needed.
é means "is defined to be"
Unless otherwise indicated, all functions will be of the form

f:R»R

where R is the real 1line.

A function will be denoted by a single letter (possibly sub-
scripted). e.g., f,g,y,u,w,v, or with a generalized argument,
e.g., x(*). Open, semi-open, and closed intervals will be

denoted as follows:

>

[a,b] £ {x]|a < x < b}

I/\

{x]é < x <b}

>

(a,b]

>

[a,b) = {x]a < x < b}

(a,b) {x]a < x < b}



P é the differential operator d/dt

pk 2 the differential operator dk/dtk

. A L4 . . - "
y(l)(a) 2 ply(t) s Y 1s 1 times differentiable
t=a

>

E(x) expected value of the random variable x

The value of a random process x will be denoted by x(w,t), where
wef, the probability space of the random variable x(+,t), and

teR

Rx 4 the autocorrelation function of the wide sense stationary

random process x, where

E[(x(-,t)-m)(x(-,t+T)-m)]

R, (T)

where m = Ef[x(-,8&)]

N

E: X;Ys where x = (xl,...,xN) and y = (yl,...,yN)
i=1 t

(x,y)

{xi} 2 is the class of all x;, the range of the index i

to be taken from context.

{xi}m oF {xi}i=m = the set X ,x 100X 0%y
A -

§(*) = delta function

5(k)(') £ kth derivative of §, 6(0) A 5

5 (K

is called a delta function of order k.



A -1 if x < 0
sign (x) = 0 if x = ¢
1 if x>0
1(i—x0)’é 0 if x < x
1 if x > Xq

Definition-bounded function - A function f is said to be

bounded if

sup |f(x)] < =
XeR

1.4 Two Identification Algorithms -<Preliminaries

In this section we give a description of the system and
some notation that will be used in discussing both algorithms.
The configuration of the system under‘consideration is shown
in Figure 1.

Notation

& input function to A

[+
i

4 output function of A due to excitation by

~
i

u and to the initial state

N. and N, are zero mean, wide sense stationary, second

1 2

order random processes.statistically independent of u and y.
Comment |
Throughout this thesis we will be dealing with only

additive noise. Thus the assumption that a noise process is

of zero mean is equivalent to the assumption that the mean is



Unknown System A

FIGURE 1
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known, since the mean may be subtracted from the observations,
yielding observations of signal plus zero mean noise.

v and w are the observed functions from which we will
identify A. The functions u‘and y are assumed to satisfy the

differential equation’

L(p)y = M(plu (1)

where

L(p) (2)

#
™=
]
H.
o
=

M(p) (3)

u
M=
o
Sade
i
R

Wé will assume that the system A is bounded-input,
bounded-output stable and that the input is bounded in magni-
tude uniformly for all time.

Comment

In this case the identification problem is one of esti-

M and {b.}g

mating the coefficients {ai}1=0 iti=0"

1.5 Error Decomposition Method5

In this algorithm, estimation of the unknown coefficient
is accomplished by minimization of an "error function'" which

is in some sense a measure of the discrepancy between the
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"model and thé unknown system. The "error function"'is_decom-
posed into a sum of three functions, two of which depend upon
the sample functions of N1 and Ny» and one of which depends
upon the input and output functions u and y. We give a brief
summary of this algorithm in order to indicate its computational
éspects.

We assume the following:

1. the noise processes N1 and N2 are uncorrelated, i.e.,

E(Nl(t)Nz(t+TD = 0 for all t and T

2. Rn_ and R are known (Recall that R (T)‘was defined
1 Ny X
in Section 1.3 as Rx(T)=E[(x(°,t)—E(xG,t)))(x(°,t+T)-E(x(-,t)))])

3. b0 =1

The error function is (E(E ))2, where

>
>.

€ =

[ )

g v (4)

o >
Lo LamnY
2]

o

and
L(p)y = M(p)u. (5)

is the differential equation for best estimate of the unknown

system, where

M M
L) = ). b My = ) By P (6)
‘ i=0 j=0 '

where {ai} and {%j} are the best estimates of {ai} and {bj}
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respecti&ely, and Q(p) is a polynomial in p of degree M or

~greater which has roots only in the open half complex plane

and which has no roots in common with L(p) or M(p).

Let

o = (ao,...,aM, bl,...,bM) (7)

o is any 2M+1 vector (8)

P . 2 ) A o s 11 1"

g = (ao,...,aM, bl?"'?bﬁ)’ @ is the '"current (9)

estimate of a
Then
2

(E(E))® = ml(a) + mz_:(u) + m‘s(a) (10)

where

’mi(a) is a function of a, N R

>
My

m,(a) is a function of a, N,, R (11)
2 , 2 N2

ms(a). is a function of o, y, u and E(&) = m g (o)

Under mild restrictions on u and y, it can be shown that
m.(®) is positive definite in u and y for any a,a # @, and

unimodal in (a+a) for any u and y, with
mg(a) = 0 (12)

- Thus we may find a by minimizing ms(a) with respect to a. The

gradient of ms(a) with respect to o cannot be obtained
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exactly; however, -

2(t,3) = grad E(E%) - grad m, (%) - grad m,(a) (13)
may be calculated from &’,RN and Ry . Further
B 2
E(z(t,a)) = grad m (), (14)

Thus a stochastic approximation procedure may be used to solve
grad ms(a) = 0 (15)

for a.

Comment

We may calculate grad E(Efz), grad ml(a), and grad mz(a)
uging only the operations of filtering of observed signals
through known linear filters E/Q(p) and ﬁ/Q(p) , multiplica-
tion, and addition.. Thus the algorithm may be implemented as

a hybrid (analog-digital) computation, with

40l - x(t)z(r,a08)) k(8 £ (16)
or as a digital computation with

" _ oA 1

8,1 ° &n - k(n) z(t,an),k(n)a = (17)

: 6
1.6 The Instrumental Variable Method

Suppose that the unknown system is characterized by a
vector x of N parameters. Further suppose that from noise-

corrupted observations of the system input and output we are
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able to obtain some data which we arrange.in a kNxN matrix S,
which depends in part on the noise in the Qbservations, and a
kNx1 vector D, wﬁich does not depend upon the noise in the
observations (we shall see that the eﬁtries in § and D are in
Afactwsfgpiyﬁﬁqﬁegrals‘of the products of testing functions and

their«derivafivés‘with'obgprved signals). Suppose further that

LR A
Be

x satisfies the following! equation:

E(S)x =D

where the expectation is takeﬁ'oyer the sample space of the

observation noise process. Let

ne>

E(S)

ne>

S-E(S8).

Let Skbe the NxN matrix ﬁhose first row is 1/k (sum of the
first_k rows of S), whose secondvrow is 1/k (sum of the second

k rows of S), etc. Let_ﬁé B, and n be similarly defined. Then
‘if the noiséﬂprocess is reasonably well behaved, we can expect
=‘by“the_centra1 limit theorem that for largevk, ﬁkwill converge
in probability to the NxN zero matrix, and s-1 Dkwill'converge
to q:l Dk whiéh equaléﬂx, if the inverses exist. This proced;re
of "adding together data to average out the noise'" is the basic
idea behind the instrumental variable method. We call the
algorithm‘which generates S and D a "sequence generator". In

"essence, given a linear differential system with the differential
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equation

M M

2 N
Z%P’"ijp“ u
8=0 j=1

a sequence generator produces a sequence of random vectors

s, & (S: ».++28: ), i =1,2,... and a sequence of determinis-
i i i,m . e S
tic scalars di’ i=1,2,... such that when s replaces ply,

S5 replaces pJu and di replaces u in the differential
M+j
equation, we have

M M
azE(sil) - E: ~bjE(siM+;) = di’ i=1,2,...
2=0 j=1 ol
then
r- -
s - s
1 1om
_ s . . S
5= Z, 2oM
and

_ T
D - (dl,dz’..‘.)

In this case the vector of parameters X is (ao,...,aM,bl,...,bM)T;
In the actual instrumental variable algorithm the rows of S and

D a;é not simply added together but are first wéighted in a
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certain fashion. The matrix by which S.and D are premulti-
"plied to give this weiéhted sum is called the instrumental
variable matrix.
- There are two main parts to the instrumental variable
method:
| 1. generate a sequence offscalérs'{di} and a sequence
of vectors {si} from observations of v and w such
that (E(si),x) =_di for all i, where x is a vector
of'parameters whiéh specify the unknown system (in
this case simply\the coefficients of the differ-
ential equation);

2. estimate x from these sequences.

Both of these may be carried out on line.7 The instrumental
variable algorithms’for linear and nonlinear systems differ
only in the way in which the sequences are generated.

We present this algorithm in a framework more general
than necessary for linear differential system identification.
This will enable us to use the samé a;gorithm with only
slight modificatiop for the identification of nonlinear sysfems
as discussed in the néxt chapter.

We first give a_general,déscription of the properties
that the sequence genérator (1) must have in order that a
vvélid_estimate of x may be obtained. We then give a theorem
which shows how the system parameters may be estimated from
the generated seéuences. Finally, we discuss the structure

of the sequence generator in the case of linear differential
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system identification.
‘Notation
xvé Nx1 vector of parameters which uniquely specify
the unknown system
{Bi}’ {di} are sequencés of real scalars

{ai},'{si} are sequences of real Nxl vectors, where

ne>

.

i {ail"°"aiN)

>

Sy '(sil""’siN)

Sequence Generators-General Description

SG is an operator defined as follows: (See Figure 2)
SG operating on u and y,gives’{ai}?=_w,'{ﬁi}?

i i=-o’

SG operating on v and w Or equivalently, on

u+N1 and y+N2 yields‘{di}? {Si}?

j=-c0? i=-00"

We require SG to be such that these sequences have the
following properties:

1. { a;,x } = {Bi}’ i.e., <ai,x = Bi)~ for all of i

2. E( ) = for all of i

j=1,...,N where the expectation is taken over the

S. . o. .
1) 1]

sample spaces of the noise processes;

3. 'aij” j=1,...,N, and ]Bil are uniformly bounded (3)

with probability one for all ij
4. {si-ai} is:a Sample function of a discrete, zero
mean wide sense stationary random process; and

lin‘|i-j|E[(si-ai)(sj-aj)] =03

:j+w
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a) No Noise Present

Unknown System
u Characterized Y
by the N-Vector x

SEQUENCE GENERATOR

§G
{Bi} i-:l.z,o’o ) {ai-}
B. is a scalar o é (a Qe )
i : i ‘i1 **7iN

<ai,X> = Bi

b) Noise Present

Unknown SyStem w] y N2+ w
u - Characterized S Gﬁ —>
by the N-Vector xJ
N2 V'
SEQUENCE GENERATOR
. SN -1 —
{d} i=1,2 '{s* }
. i y B¢ JE_3F BX 2R AR 4 i

R A
di is a scalar s; ¢ (511""’51N)
E (si)s al

di = 81

<k [s)x> = g
Either Nl or N2 is zevro,

FIGURE 2
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5. '{si} and {d;} must be computablg from available )
information. h |
_ Without loss of generality, we let the estimation of

x begin at i=1. We define- an "array assembler" (Figure 3)

with the sequences di' and s, as inputs and the arrays

Sk and Dk as outputs, where ,
’Sk is a kNxN matrix with ith TOW s,
th (6)
Dk is a kNx1 vector with i TOW d.l
With these definitions, we have
E(S;)x = D (7)

Estimation of x from Generated Sequences

The second major part of the algorithm, the estimation
of x from the generated sequences, is based upon the follow-
ing theorem:

Theorem 8 (8)

Let TACYERR be a sequence of vectors {vi}, where

T S .
‘fViN) s 'Vijl bounded uniformly for all i,

Let Vk = (Vl: :vk).
Let lim 1/k Vksk be nonsingular,
koo

lim 1/k Vka # 0.

k2o
A -1
Let X, = (Vksk) Vka.
Then Xy is a consistent (and therefore asymptotically

unbiased) estimate of x, i.e., Xy converges to X in probability



'{di} 1{51}

! 4

ARRAY ASSEMBLER

AA(K)
dk Sk
A T
- (dl.v ’dJ) Sk
kN (ES,) x = D

FIGURE 3

19
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- as k-,

Comment

The sequence of matrices‘{vk} is called an instrumental
variable Sedﬁence.

‘Thus, given SG, if’we can find a sequence {Vi} such that
the hypotheses of Theorem (8) are satisfied, we can obtain,
in the limit, an unbiased estimate of x.

Existence and Realizability of an Instrumental Variable Sequence

It is easily verified.that such a sequence does exist.
In fact the sequence {ESk} Sat?sfies the requisite conditions
if the input u is "sufficiently random". 1In practice, {ESk}
cannot be obtained directly, but may be estimated recursively
by using u and the best estimates of x and y available.7
(See Appendix I). Unfortunately, there is no known method
for estimating an instrumental variable sequence when both
input and output noise are present. Thus we shall assume in
the sequel that either Ny =0 or N, = 0. Note that {Esk} cannot

be an instrumental variable sequence if (3) is not satisfied.

\

Existence of Sequence Generator

We show in the next chapter that for certain types of non-
linear systems and certain noise processes that sequence genera-
tors exist. :In somé&cases we may require knowledge of moments
of the noise processes in order to implement SG, but this is
not always necessary, as we demonstrate vith several examples
in the next chapter.

Sequence generators exist for linear time invariant
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differential systems, and we present two of these below.

Two Sequence Generators

In this section we present two sequence generators for
lineér‘time invariant differential systems..

We use the following notation in discussing the sequence
generators .

Notation

As specified in Section 1.4, the differential equation

of the unknown system is

L(p)y = M(plu

We set b0‘= 1 (This based upon the assumption that b0 # 0. If

bO = 0, we may set any non-zero coefficient bj to 1 and pro-

ceed as indicated below.) Then
PO
M M ‘
i i, 2
Zaivy-ijPu u (9)
j=0 j=1

Let x = (ao,...,aM,bl,..;,bM)T, where x is (2M+1)x1, i.e.,

=z
U}

2M+1.

Without loss of generality, we begin estimation of x gt
i=1,t=0.

Commenf

We will assume that N1 = 0. If Nz-ﬁ 0, then the:roles

of y and u in the sequence generators are reversed, and what-

ever conditions were put on N1 must be assumed to hold for N2.
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Sampled Linear Filter Sequence Generator9

To motivate the specification of this sequence generator,
we show how linear differential filters can be used to obtain
linear algebraic equations in the coefficients of the differ-
ential equation of the unknown systemn.

Let Q(p) be a polynomial in p of degree M or greater such

that.

a) the roots of Q(p) lie in the open left half

half complex plane, (10)

b) Q(p) has no roots in common with L(p) or M(p).
Then

L(p) _ M(p)

T IRARETC (1)
and

o S

- = l
LO % Q) Y Zl ; gy ¥t QY ¢ (12)
i= J=

Thus we see thatvlihéar_filters with transfer functions
pi/Q(p), i =0,...,M may be used to obtain linear equations in
the unknown coefficients.

Notation
h, 8 zero state impulse response of the system with trans-

i
fer function pllQ(P)-
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Specification of the Sequence Generator
"“The sequence generator SG is given by the following

relations:

Let AT > 0, i, is "large".

0

. AT(i+iO)
hj_l(t-T)y(T)dT j=l,...,M+1
0
o, . =9 (13)
1] AT (i+i)
j[ hj_(M+1)(t-T)u(T)dT j=M+2,...,2M+1
\ 0
AT(i+iO)
Bi =J[- ho(t-T)u(T)dT (14)
0
g AT(i;io)
J( hj_l(t-r)w(r)dr j=1,...,M+1
0
Sijzﬁ (15)
AT(i+io)
;[- hj_(M+1)(t-t)v(T)dT j=M+2,...,2M+1
\JQo
AT (i+i,)
d; =J[ hoct-r)v(r)dr = B, (16)
0

since N1 is assumed to be zero.
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Verification of‘l through 5

We noﬁ.verify that conditions 1 through 5 are satisfied
- by the above specification.
We first note that for the system described by the dif-

ferential equation

j
r = P
Y= am ¢ (17)

if the state at t = 0 is zero, then

R t
J -
(6%57 u) (t) =J[ h; (t-T)u(r)dr (18)
0

and if the state is not zero at t = 0, then (18) is approxi-
mately true for large t since pJ/Q(p) is stable by (10a).
Thus 1 is satisfied to an arbitrary degree of accuracy for

large i

o+ We may write hj(t) as

hy(t) = C;8(t) + hi(t) (19)

where C; = 0 if j # M + 1, and ‘hj(t)| is uniformly bounded

for all t by (10a). Thus

o
(Gy W (8 = C5(t) + [ hi(t-Du(n)de (20)
0

With this relation it is clear that 2 is satisfied. Also,
from (19) and (10a) (stability of the unknown system) we see

that having u uniformly bounded with probability one ensures
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that 3 is satisfied.

To examine 4 we invoke the following well-known theorem.

Theorem 19 : (21)

Let x be a zero mean wide sense stationary random

process; let h be absolutely'iptegrablé on the positive real

[

line; then
t
z(*,t) = h(t-t)x(~,1)dt
0

is a zero mean wide sense stationary random process and

o
zz

|u|%e
xx

where

ne>

27 the Fourier transform of Rz

ne>

the Fourier transform of Rx

XX X

>

the Fourier transform of h.

Thus we may guarantee that 4 is satisfied if, for example,

® , the spectrum N is a proper ratio of polynomials, in

H
N2 2

which cgse E[(sij—aij) (skj'a%j)] goes to zero as exp(—a]i-k])

for some a > 0. ]

5 is clearly satisfied.

1
I

Thus conditions 1 through 5 are all satisfied, so that

the relations (13) through (16) define a sequence generator.
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Realizability of Sampled Linear Filter Sequence Generator

The sampledvlinear filter sequence generator may be
realized either as a passive networgj‘(with an appropriate gain
factor applied to the intggrals] or by analog or digital
computer.

Ih fact this sequence generator is essentially a collec-
tion of filters with transfer functions pk/Q(p), k =0,...,M
where Q(p) is any M degree polynomial in p such ;hat its
roots have negative real parts and do not coincide with any of
the poles or zeros of the unknown system.

Testing Functions--Definition and Elementary Property 12

In order to present the second sequence generator, we
first define testing functions and give an elementary
property that makes them useful in system identification,

Definition - M-differentiable testing function (21)

Let ¢ satisfy the folloﬁing conditions:
1. let T > 0, then ¢(k), k = 0,...,M exists in the
ordinary sense on [0,T];
2. ¢ty =0 fort <0, t>T, k=0,...,M
Then ¢ 4 M-differentiable testing function on [0,T].

Definition - Infinitely differentiable

testing function (22)

Let ¢ be an M-differentiable testing function for all
integers M > 0. Then
] a infinitely differentiable testing function on

[o,T].
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Notation

In the sequel, unless otherwise specified, ¢ wili denote
an M-differentiable testing f@nction on [0,T].

An infinitely differentiable testing function is a testing
function as defined in tﬂe théory of generalized functions.
M-differentiable testing funcﬁions share some properties with
these, as seen below. |

Remark (23)

Let &(t) = ¢(T-t). Then $ is an M-differentiable testing
function on [0,T].

Remark | (24)

The union of the set of all M-differentiable (or infi-
nitely differentiable) testing functions with the zero function
is a linear vector space.

Remark (25)

¢(k) is an M-k differentiable testing function on {0,T].
Remark (26)
Let f be M times differedtiable on [0,T]. Then £f¢

(i.e., £(*)$(*)) is an M-differentiable testing function on

[0,71.
Property (27)
Let y be M times differéﬂtiable on [0,T}]. Then for all
k <M
T ' AT

!

o)y M yae = -nF 6™y

0
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proof (induction)

Let k = 1

T' T T
fcb(t)y‘”’(t)dt - ¢(t)y(t)}0 f oM (tyy(trat
0 : 0

and ¢(0) = ¢(T) = 0. Thus the property holds for k = 1.

Inductive hypothesis: the property holds for k = n, n < M.

Then
T T
frb(t)}'(n)_(t)dt - (-1)“f (™ (t)y (e)dt
0 0
and
T T T
f¢(t)y(“*”(t)dt - ¢(t)y(“’(t)]0 -—qu(”(t)y(“’ (t)dt
0 0

but by remark (25), ¢(1)(t) is an M-1 differentiable testing

function, so by inductive hypothesis

T T
-O{’¢(1)(t)ycn)(t)dt'= -(-l)nc/‘¢(n+1)(t>Y(t)dt
-

0
end proof
Corollary (28)

Let L(p) be a polynomial in p of degree < M. Then



29

T T
f«»(t)L(p)y(t)dt’ =j y (t)L(-p)é(t)dt
0 0
Definitidn (29)

A bounded function f is said to be finitely differentiéble
in the‘distributioﬁ sense if it is piecewise continuous and has
piecewise continﬁdus derivatives of all finite orders on every
finite interval.

Corollary (30)

,Lef y be bounded and finitely differentiable in the
distribution sense. Then Property (27) holds.

Note

When a delta function of any order appears in the inte-
grand of an integral with upper and lower limits a and b
respectively, we will interpret those limits as a* and b~.

proof

We can write y

(k)

as

(k) _ Yék) (k)

Yy *Ys

where yék) is a bounded piecewise continuous function and

yék) is a sum of delta functions of order at most k-1. Then

t t

k-1
| K ‘
Y= YpteYy = ¥y (0) +f f y{) (t)at, .. atg
| R Y A



T Tk»l
ys(t) ;j j yék)(tk)dtk..\.‘dtl
0 0
Then
T T T
df sty ) (1) ar =gfq pt)y ) (ryae +°f,¢(t>y§k)(t)dt
0 0 0
By Property (27),
T T
df¢(t)ygk’(t)dc - (-1)kur 3 (tyy, (1) ar
“0 0

From the sifting theorem, we have

T ; T
Jf ¢(t)6(3)(t-t0)dt (—l)if‘¢(33(t)6(t—to)dt
0 0

]

k]

3403
-7 (e

Suppose that

y& ) = s (e-epd, jo<x
then
(t-to)k'l'jl(t-to)
Ye(t) = GRS N N

and by Property (27),

30
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(—def;“”ct)yaumu
0

T

(-l)ff ¢(k"(k"1'j)) (t) 1(t-t )dt
0

L}

1]

G0l -0 01 = 0P e
Thus

T T

j o(£)8 ) (yae (-1)‘?[ o (080K gyar
0 0

which implies that

T T
uf oty ) (erde (-1)2[ 8% (tyy (trae
0 0

H

end Broof‘

With these definitions and properties, we can now discuss

the second sequence generator.

Testing Function Sequence Generator

#

To motivate the specification of this sequence

we first show how we can use testing functions to obtain a
linear equation in the coefficients of the differential

equation of the unknown system.
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We repéat the system differential equations as given by

(9).
M . M .
E: a;py(t) - zz;’bjp’u(t) = u(t) (31)
j=

i=0

Multiplying (31) on both sides by ¢(t-nT), where ¢ is an M-
differentiable testing function on [0,T], and integrating from

nT to (n+1)T, we have

M (n+1)T ]
}: aiuf' $(t-nT)ply(t)dt
i=0 nT

M (n+1)T
- E: bjkj\ $(t-nT)u(t)dt (32)
i=1 nT

(n+1)T
¢(t-nT)u(t)dt

i

nT
which by Property (27) becomes

M (n+1)T

Z aic—l)if o) (tonTyy (1) at

. i=0 nT - (33) .
t

(n+1)T (n+1)T

M
y E: bj(-l)jdf 6UXt-nTyuct)ar = J{ (t-nT)u(t)
j=1 nT

nT
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Thus, with knowledge of the testing function and its deriva--

tives, u, and y, we can obtain a linear algebraic equation in

the unknown coefficients.

Specification of the Sequence Generator

i

With this introduction weispecify the sequence generator

as follows:

(i+1)T ’
/(-1)5‘10f, sU D (climyy(e)de o= 1,... M1 )
O
aij =< .
f : (i+1)T
(-1)j’Mgf oM 1)) (o imyuceyat b (34)
\ iT e
j = M+2,...,2M+1
(i+1)T
B, = gf $(t-iT)u(t)dt
1T ’ /

. (i+1)T h
(-1)3-1 63D elimywetydt 5 = 1,...,Me1
( J |

si; 7y, (+1T
c-1>"Mf o D) (e smy yeeyae

Yr >(35)

\ jo= M+2,...,2M+1

(i+1)T
d. = Qf ¢(t-iT)vkt)dt = B, since N, is assumed
|

1
T
1 to be zero }
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"-Verification of 1 through 5

We now need.to verify that conditions 1 through 5 are
satisfied by the hypothesized sequence generator.

From (33), (34), and (35), i are and 2 are clearly
satisfied. From (35) it is clear that 3 is satisfied since
fu] is bounded and the system is b.i.b.o. stable.

5 is clearly satisfied.

To verify that 4 is satisfied, we put the following

restriction on the noise process NZ' Let
lim TRN (t) = 0 (36).
T->% 2

Then, the following theorem'guargntees that 4 is satisfied
by the testing function seqﬁencelgenerator.

Theorém (37)

Let g be a continuous function.

Let x be a wide sense stationary second order random
process such that

1. E(x(*,t)) =0,

2. x(*,t) is bounded with probability one uniformly

for all t.

Let y be the random process defined by

tO+A
y(e,ty) & J Cg(t-t)x(-,t)dt, A >0
0
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Let
lim TR_(T) = Q.
T>0 X
Then
1. E(y(-,to))= 0 for all tO’
2. y is wide sense stationary,
3. 1im TR _(T) = 0
T >0 y
proof
1. Is clearly true,.
2.
to+d ty*ta+s
= / ¢(t't0)¢(5’t0+5)Rx(t-S)dtds
% tg*s
let z =1t - to W = 5 - tO + 8
Then

ArS+A
I1(68) =J[J[ ¢(z)¢(w~z)Rx(w-z)dzdw
0-/8

is clearly a function of § only for A fixed, which together

with (1) implies that y is wide sense stationary.

3. Let
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M_ = max lge) |
g tefty,t,+4]

let § > 0, since Ry(-T) = Ry(T) for all .

Note that I = Ry(ﬁ), so that

lim {6I(8)|

§>co

A rp+§
M2 lim R_(w-z)dwd:z
Eee fods T

M? A% 1im max |sr (1)
g 8§+ Te[6-A,8+A]

lim (6Ry(6)(

& >00

A

A

2

(A

,MzA lim [[tR (1) + |K(TIR (T)]]

T >0

where |K(t)] <A

end proof
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Realizability of Testing Function Sequence Generator

Given a testing function and its derivatives, the test-
ing function sequence generator may be realized by é digital
computer. If the testing function is a polynomial, then the
testing function sequence generator may be realized by an
analog computer.

Comparison of Sequence Generators

We have seen that both of the,sequeﬁce‘generators dis-
cussed above have essentially the same mathematical represen-
tation, namely that of a set of integral operators (linear
filters). The testing function sequence generator has several
advantages over the sampled linear filter sequence generator.
First, the polynomial Q(p) need not be used in the former,
thus eliminating the undesirable possibility of cancellation
or'near-canéellation by Q(p) of roots of L(p) and M(p).
Second, if the sequence generator is implemented on a digital
computer, the testing function sequence generator requires
only repeated integrations over an interval of fixed length,
while the sampled linear filter generator requires either
integrations of the form

(i+1)T

2 (1+1)T e *Tu(r)dr a>o0

AT

or of the form
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iT
ea(t-T)u(T)dT

0
or the solution of a iinear differential equation by some
integrationVSCheme such as Runge-Kutta or Adams method. In
the first case we have to multiply the integral by e?t, a
numerical operation which becomes rapidly unstable as t grows
large. 1In the second case the integration time for eéch
integral is proportional to the sample number i, so the total
integration time grows as iz. In,thevthird case we have
again a numerical operation which is relatively unstable
compared to the integration used in the testing function
sequence .generator,

Comment

There are some extremely accurate numerical methods for
solving differential equations. However, these methods use
a variable integration step size in order to maintain consis-
tently high accuracy and can at times be quite,sl&w. As we
shall see, we may actually '"tailor" the testing function that
we use in the testing function sequence generator so that we
may u§e a reasonably large uniform integration step size in
the testing function sequence generator and still maintain a
high degreg}of accuracy.

In other words, the sampled linear filter sequence
generator either takes more time or is less stable numerically

than the testing function when digital computer impleméntation

is used.
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1.7 Comparison of Algorithms

The important points:of comparison among the'algorithms"i
presented above are: method of implementation, computational
complexity, and amount of information needed to implement
the algorithm.

If analog implementation is used, the error decomposition
method is the least computationally complex of the abbve algo-
rithms. The instrumental variable algorithm must be at least
partially implemented by digital computer. If the error
decomposition method is implemented 5y digital éomputei, then
the instrumental variable method using a testingrfunction
sequence generator is the least computationally complex and
the most numerically stable of the above methods.

The error decomposition method can be appliedrﬁhen both
g%put and output observations are corrupted by observation
noise while implementation of the instrumental variable method
depends upon the availability of noise free observations of
either the input or output signals. However, knowledge of
the autocorrelations of the noise processes is necessary in
qrder to implement the error decomposition method. Further,
the instrumental variable method can be modifiedAso that it is
applicable when both input and output observations are éorrupfed
by noise requiring the added knowledge of the autocorrela-

tibns of the noise processes, Smith and Ornstein13 have

:given an error decomposition algorithm (upon which that in
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Section 1.5 is based) for the case when the input or output
can be observed in the absence of noise and for which no
knowledge of second order noise statistics is required. Al-
though convexgencéyfpg this method has not been proven, it
has been found to work very well in practice.

The instrumental variable method has a similar short-
coming‘in that the practical pfocedureffor estimation of an
ihstrumental variable matrix given in Appendix I (and its
more sophisticated version given by Wong and~Polaﬁﬁ') has not
been proven to converge, but works very well in practice.

The essential problem with these methods is that bias in
the estimétes or error functions cannot be rémoved (except
perhaps asymptotically) without some knowledge of the second

order statistics of the observation noise processes.
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CHAPTER 2

APPLICATIONS TO NONLINEAR SYSTEMS
2.0 Introduction

In this chapter we discuss the types of systems to which
the instrumental variable identification algorithm (See
Section 1.6) is applicable. 1In other words, we give some
systems for which we can find realizable sequence generators.
Recall that the object of the instrumental method is to
obtain many linear algebraic equations in the system parameters,
the coefficients in these equations being obtained from the
sequence generator, and then to add these equétions together
to "average out the noise". We discuss only sequence gener-
ators which use testing functions. However, for most of the
systems discussed here, we can also find a sampled linear
filter type of sequence generator. Further, some of these
systems have discrete time counterparts for which a tapped
delay line (multiple time sampler) is a sequence generator.

In devising sequence generators for linear systems, we
used some information about the noise processes; namely the
mean of the noise procéss, and the rate of convergence>to
zero of the autocorrelations function of the noise process.

To devise sequence generators for nonlinear sytems, we must
use additional information about the noise and signal processes.

The amount and nature of such information depends upon the
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class of systems to which the unknown system is assumed to
belong.

In developing sequence generators for nonlinear systems,
we will use the following three step procedure:

1. Choose a representation of the class of systems

to which the unknown system belongs such that
the system differential equation is linear in a
set of constants thét completely speéifies,the
system, |

2. Specify a hypothetical sequenee generator for the

unknown system,

3. Find sufficient conditions on any of all of the

input, output, noise processes, and the system

. representation, such that the hypothesized
sequence generator satisfies the conditions 1
through 5 (Section 1.6).

We discuss two classes of. nonlinear systems and give a
number of examples for which the knowledgevpf the noise and
signal statistics necessary to implement the identification
algorithm is minimal and fqr which the conditions 3. are

.reasonably weak and realistic.

"2.1 Observation Configuration

The observation configuration is asSﬁmed to be the same
as that for the linear system, namely that shown in Figure 1.
As before, the noise processes are assumed to be second order

wide sense stationary random processes. However, we do not

1
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assume that the means of the noise processes are known.
We have said (Section 1.6, (8)) that either N1 or N2 must

be zero. In this chapter, we usually assume that N1 is zero.
If N2 is zero and N1 is not zero, then N1 must satisfy what-

ever conditions that we may have put on N Further, di in

2
the sequénce‘generator (9) and (10) must then be an integral
involving the output y, thus we must interchange di with one

of the sij which depends on y. The required modification will

become clear in the course of the following discussion.
2.2 Nonlinear Systems I

In this section we discuss the class of nonlinear systems
with the representation shown in Figure 4, i.e., a memoryless
nonlinearity, followed by a linear differential plant (stable
b.i.b.o.), foliowed by known invertible memoryless nonlinear-
ity. Formally,

u is the system input function

y is the system output function
u is assumed to be an M times quadratic mean differentiable
sample function of a second order wide sense stationary random

process bounded with probability one.

x = f(u) (1)
y = g(z) (2)
L(p)z = M(p)x (3)

where
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L(p) (4)

It
™=
M
e}
H

M(p) (5)

"
M=
o
Cde
o
.

and M(p)/L(p) is proper and the roots of L(p) all lie in the

open left half complex plane.

f is finitely differentiable in the distribtuion

: (6)
sense (See Definition (24), Section 1.6)
g is known and invertible, amd_g-1 is finitely
' (7)
differentiable in the distribution sense.
Let vy é_g'l. Then we have the following system differential
equation:
L(p)y(y) = M(p)£f(u) (8)

et

We assume that the autocorrelations of the noise processes

satisfy
lim TRy (1) = 0, lim TRN (1) = 0 (9)
o0 1 " I ) 2

System Differential Equation Expressed as a Linear Combination
of Constant Coefficients :

In order to put the system differential equation into

the desired form, we make the following assumption about the
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form of f;
K
) = ) d b () (10)
k=0

K- . ' s s :
where {wk}o must satisfy the same conditions as f and must be
a linearly independent set on R. Substituting this relation

into the system differential equation (3), we have

K
LEIYO) = M) D dyby () (11)
‘ k=0
or
M M K
Y aptvon = )Y b (12)
i=0 j=0 k=0 |
Comment

With this representation of f, the system is completely

specified by the sets of coefficients

M M

{a.}0 s {bj}o

: M
; . {4}y (13)

This equation is clearly not linear in the system coef-
ficients. However it is linear in the pairwise products

coefficients
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and the coefficients (14

Motivation for Specification of Sequence Generator

Assume that a_. and b0 are not zero. This it is clear

0
that without loss of generality we may arbitrarily fix a, and
bO’ We set
a, = 1{ by = 1 (15)

Now suppose we could find a sequence generator and instrumental
variable sequence for the unknown system such that we could
estimate the constants (14). Then knowledge of b0 is sufficient
to find bl""’bm and do,...,dK from the pairwise products bjdk
(if at least one of dk’ k = 0,...,K is not zero, i.e., if f is
not identically zero).

Let us multiply both sides of (12) by ¢(t-iT), where ¢ is an
M-differentiable testing function on [0,T], and integrate the

resulting equation from iT to (i+1)T. Then we get an algebraic

equation which is linear in the constants (14), namely,

(i+1)T

M .
> amf, $(t-iT)p™y (¥ ()

m=0 iT

M (i+1)T . |
= E: E: bjdk df ¢(t—iT)prk(u(t))dt

j=0 k=0 AT

(16)
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where
pjwk(u) =wk(j)(u)d(5) 3 =0,...,M; k=20,...,6 (17

are well defined in the distribution sense since u is bounded
and M-times differentiable. Thus, Corollary (30) (Section 1.6)

is applicable and we have

M (i+1)T
a (-1)"

m=1 iT

oM (t-iT)y (y (1)) dt

L\

(i+1)T

M K
S 1ﬂjdk(-1)i/, 6 (t-imyy (e de (18
j=o k=0 iT

(i+1)T

= - o(t-iT)y(y (t))dt
iT

Clearly the integrals in (18) are computable from knowledge
of the testing function and its derivatives and from (observa-
tions of) the input and output signals. This is exactly the
procedure that we followed in the case of a linear differential
equation. The only difference here is that we are dealing with
known functions of the input and output rather than with the
input and output themselves,.

Comment

In the absence of noise, we can readily identify any systemnm

of the form described above. We need only observe u and y on
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M + (M+1)(K+1) different time intervals, apply (18) and solve

the resulting 11near equations for

» M
fag3g » b a3 0, k=0, K

then using the fact that b0 = 1, find

’{bj}¥ ,‘{dk}§ (See Section 4.4)

Comment

For the rest of this section we shall assume that
f(u) = u

Since the generalization to the case where f is a nonlinear
function is clear from the above discussion, and requires only
an obvious modification of the sequence generator (See Figure
5).

Specification of the Sequence Generator

With this'introductioh, we specify the sequence generator

as follows:

, ] (i+1)T )
(-111{’ 0 (e-imyy(y(e))dt, 3 = 0,...,M
iT
o, . = %
ij
% (i+1)T
-1+ o) (t-iTyuct)de, e = 1,...,M
. iT

where j = M + £ + 1,

(i+1)T
B. = - af $(t-iT)u(t)dt

iT
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) (i+1)T )
"(-1)’} 04 (-1 [y W () ) +ECY (¥ (£)) -y (W (£))) ] dt
iT
j = 0’ ,M
*15 7
(i+1)T
L(»l)’“lj o) (t-iTyu(t)de
iT 2 =1,...,M
where j = M + & + 1
(i+1)T
di = —uf p(t-iT)u(t)dt = Bi
iT (since N, is assumed

1

to be zero).

where the expectation is to be taken over the sample space

of the noise processes.

Verification of Conditions 1 through 5 (Section 1.6)

We will show that we can verify that all conditions

except 4 and 5 are always satisfied by the hypothesized

sequence generator.

Since these two conditions must be satis-

fied in order to implement the sequence generator, we there-

fore cannot identify

every system of the form given above.

However, there are a number of cases, which we discuss below,

in which 4 and 5 may be verified.

(Theorems (23), (24) 

In particular we show

and Corollaries (25), (26), Section 1.6)

that for a large class of observation noise processes 4 is

satisfied.

Verificétion of Conditions 1 through 3 (Section 1.6)
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We have shown that condition 1 holds in (18).

Condition 2 holds, since N1 = 0 implies

E[v(t)] = u(t); (21)

also

ELy(w(t)) + [y () -y ()]} = y(y(t)) (22)

Condition 3 holds because f anc\l}g"1 are finite for finite
arguments, and u and y are bounded.

Having demonstrated that these conditions are satisfied,
in eaéh ofrthe examples'given'below we need only show that
‘conditions 4 and 5 are satisfied.

We now give two theorems which will enable us to verify
that condition 4 is satisfied in each example below for
certain types of ﬁoise.

The following theorem gives a bound on the'autocorrelation
function of a nonlinear time-varying zéro mean function g(-,t) of a
gaussian process x. Note that this g is nét the system |
nonlinearity. |

Theorem. (23)

Lé? x be a zéro mean wide sense stationary gaussian
random process. )

Let p(1) & R _(T)/R_(0).

Let 1lim Tp(Tt) = 0.

T

e

Let @:R2+R be a time-varying mapping with g(t) g(x(*,t),t),
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such that E(g(t)) = 0.

Let there exist € > 0 such that
[Elg(t)g(t+T)]]
IE[g(t)x(°,t)g(t+T)x(-,t+T)]]
|E[g(t)x®(,t)g(t+T)]] |

exist and are bounded by K1 > 0 for all t and for all T such

that [p(t)| < €. Then

~1im TR _(t) = 0.

T>00

Comment

As we shall see in the next theorem and in Section 2.28

and 2.29, the function g in which we are interested is
A
gN,(,t),t) = y(y(t)+N,(+,t)) - E[y(y(t)+N,(-,t))].

The time dependence clearly arises from y(t). We must verify

that Condition 4 is satisfied when this function appears in

the sequence generator.

Notation

We will use x(t) as shorthand notation for x(-,t).

Proof

‘Let

o2 & gx%

o(t) Y E [x(t)x(t+r)]

02,

p(x(t),x(t+1)) 4 joint probability density function

x(t) and x(t+1),
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2 2
. _ 1 -(x"-2pxy+y”)
p(x,y) = ——5——— exp
2102 /1p2 [ 262(1-02)

and we have

o (t,T) 2 Eleg(t)g(t+)]

pg(ET) = E[g(t)] Elg(t+T)] = 0

p=0

Now

0
"é_‘; pg(t:T)

= L[‘a[‘ g(t)g(t+)p(x(t),x(t+1))

QB T .0

1, 1 e x() Zex ey Z-20x (£) x (£+1))
(1-0%)  (1-p%)o” - a-ed)

+ x(t) x(t+r)]} dx(t)dx(t+T1)

ky

(1-p2)

! 2
20(r) + 20(0)*20 @)+l

< for |p(T)]| < €

" Let
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Then

0
Er) pg(t,r) < kz
for |p(1)] sufficiently small, i.e., for |t| sufficiently

large. Now let To toAsufficiently large that

e <e, [t] > 14

Then for all t 3 |t| > 7, and for all t e R

oo,
log (e, )| i°£‘ Iap(r) pg(t’T)lp(r)=€d£+lpg(t’T)’P(T)=°

< k,le(0)|

Thus

1im 1p _(t,T) = lim 1p(T) = 0
) T+

end Eroof

Comment

We next present Theorem (24), Corollaries (25) and (26).
In Theorem (24) we show that given a bounded wide sense
stationary process ; such that the probability density function
of z(*,t) is continuous, there exists a wide sense stationary
gaussian random process X and a function glsuch that the

random process g(x) has the same autocorrelation function as z
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and such that.g(x(~;£)) andiz('}t)shave”the same probability
_density functions. | | |

In Corollary (25), using Theorems (23) and (24), we show
that when the observation noise is of the exact form g(x),
where x is a gaussian process as described above, then con-
dition 4 (Section 1.6) is satisfied.

In Cdrollary (25) and the'succeédihg discussion, we add
some weak hypotheses ((*) and (**))‘concerning the asymptotic
distribution of fhe noise proces§,‘to the‘hypotheses on the
process z in Theorem (24) andushow,that if'this new set of
hypotheses is satisfied by the observation noise then condi-
tion 4 is satisfied. A summafy of these results follows the
presentation. |

Theorem (24)

Approximate Modelling of Bounded Nsise Proéesses
| Let x be a wide*senSe stationary gaussian random process.
Let F be the probability distribution function of x(-,t).
Let
E(x(*,t)) = 0
E(x(*,t)%) = o2
p() = Rx(T)/czf
Let z be a wide sense stationary random process such
:that E(x(*,t)) = 0 and Mz <z < Ml; M2 < Ml'
| Let H be the probability distribution function of z(-,t).

Let H1) exist and 0 < (B ()| <=, m, < &< M.
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Then there exists a continuous monotone increasing
mapping g such that

1. G(o) Q P(g(x(',t))gg), G(a) = H(a) for all a in

[ M,,M, 1.
2. If
i. g(-&) = g(E) or
1. R (T) > E[g(-x(+,))8(x(*,t)]
Then

a, We can choose R, such that for

ne>

Rg(r) E[g(x(*,t))g(x(,t+1))]

Rg(r) RZ(T) forrall T

b, lim TR _(T) = 0 = lim TRX(T) = 0

T->00 T-+00

for such a choice of Rx

3. For To sufficiently large, there exists a chogée of
R, such that 2a and 2 b hold for all T such that |
It] > Ty
Proof
Notation
We will use x as ;horthand notation for x(°,t)
1. Let g(*) = H’l(F('))
(F is invertible since it is the (bounded)

integral of a strictly positive function) .

Thgn
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G(a) = P(g(x)%0) = P(H ' (F(x))<a)

P (x<F T (H(2)))

FOF™ (H(0))) = H(a)

Thus g is in fact the mapping that satisfies (1).
Lemna |
Let p(°*,*) be the density function of the jointly

and x,.

gaussian random Variables,x1 2

X 2. 2pX. X, +X

1 172772
1 2 2
P(x;,x,) = ———77:::; e 206°(1-p%)
2o V¥Y1-p

where

E(x,%) = E(xzz)

02 a E(xzz)

X, X
o

(We note that El(x,)g(x,)]exists Vpe[-1,1], since g is bounded.)

Then
i. Sign (p(xl,xz) - p(—xl,xz)) = sign p‘v'xl,x2 > 0

ii. If g is odd,

00

He (xJg(x,)] = ZUf u/’_g(xl)g(xz)[p(xl,xz)-pf—xl,xz)] dx dx
0 "0
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E(g(xl)g(xz)) is a continuous function 0.

Let sign [g(x)-g(0)] = (sign x or 0), then

q%(-X)g(Xﬂ <o.

Let E(xg(x)) # OAthen E[g(xl)g(xz)] takes on

all values & such that

2 R
E[g(-x)g(x)] £ & < E[g"(x)]
as p varies over [-1,1] and there exists a
function f such that

£BE (x,)g(x,0] = o7 Voer-1,1]

(Note that E(x = ozp).

1%2)

and such that for € sufficiently small,

Bkl,kz > 03

o%k ol < [Ele(x)e(x)1] < k0[]

Proof of Lemma

YV el <«
P(xlyxz) - P('Xl,xz)
B S
1 %, XXy “Px X,
2 2 2 2 2 2
1 e 207 (1-p7) | 07 (1-p7) _ 0 (1-p7)

Zﬂcz/l—pz

for x, > 0 and x, > 0.

1

2
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0X. X, -+  -pX X,
1 > 0 1%2 1%2
pPZ2Ys =3 7. = 7 2
o”(1-p7) o (1-p7)

and p(xl,xz) - p(—xl,xz) >0

e )

If p >0, _
o2 (1-p%) T o%(1-0%)

and p(xl,xz) - p(-xl,xz) < 0.
ii.

o o0

ttl

Elg(x)glx,)] _g(xl)g(xz)p{xl,xz)dxldxz

-00"" 00

o0 0o

if,of g(x1)g(x,)p(xy,x,)dx dx,.

0 70

0 e

+ ZCIiof g(x)eglx,)p(x;,x,)dx,dx,

0

since g is odd and p(—xlﬂxz)‘= p(xl,xz). Finally,

0 o k A
zufwuf*g(xl)g(xz)dx1dxz = '20/‘uf g(x;)g(x,)p(-x;,x,)dx, dx,
/0 0 0 0
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iii. 1let X,»X, be jointly gaussian, let

ST LY
2, = g(x;)
where
g(+) = HHERC)
Let

2/ (a,8) & P(z,%0,2,<8) =»P(x1§g'1(a);x25g'1(3))

N2
(xz—pxl)

pfg (a) —(x /20 ) ( )e‘ggizIfgiy
‘ dx.,dx
1942
O

Jona? Jono2

-0 270

1
(B)-px
1 -x 2/202

-1 2 2 :
(a’) "(x’l /20) " 2 2
- JZwoz -0 Znaz

-1 2,,:2
R 1(8)-0x,

o g :

_ e. - ,
”df — /-p? F 1-p2 dx, (%)
- OO 2no° ) .

where F is the distribution function of a zero mean gaussian

random variable with variance 02. "Now
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E(lez) =°j, zzE(zl/zz)dz2
_ MZ

where
E(z,/2,) = ' z éjg ( z,)dz
2y l2y) = 2 3z, ZypaZp)ezy
M,

Then it is sufficient to show that

¥ (2,2,

le

is continuous in p ‘V'zl,z2

e [ MZ’MI]’ for 'then we have

Ve >0 38 >0 3V|p1-pzl < 6

kE(zllzz)p=p0 - E(ZI/ZZ)p=p2| < E

and"

M

1
;ZE(zl/zz)p=pldz2 —Of’ ZzE(Zl/ZZ)p=pde.
2 | M

1

M

< 2[1M1'+IM2']€
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i.e., E(zlzz) is ‘a continuous function of p ., Thus we show



lthat 5(21/22) is a ccntinnous function of p, 1/z |
¥ z E[Mzau ] Vpe[ 1, 1] v From (') we have o

Yan?/20? [ —s T, 0wl
Tﬂ' (u g) = ,. v . [l-p [g (8) pg (9))] 1(00]
. 4211'02' . | o o o 1- p SR '

*:f..h:jsc».f;;,,cia;.z;;\,u;ousym pya,8 Yo, Be[M,,M1] V‘ps[-‘x'.u”if

~s-1(1)‘ };?rz"xa))z/zoz
a) g (&) ————————
_ ‘is»bohﬁQ§§ fof allfa;ftnd'
s ‘z ""'1(6;)-9- 'li(d)‘
b) (l—p )_F»._& = £ ()|
el -t

. ‘-

- is continuous in p, a and B

Yoel-1,11 Ya,8e(My,M;]

(1)
e

:_70 Préve a), we f;rsf coupute g
':’z(xl - Hf‘(F(;)J
e |

” -:sz(xJ *.r'?(a(x§) '

208 O

d/ax gt <x) =gl (x)=F" cucx>,u‘1’cx)
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(1)

Now H(x) and H (x) are found by hypothesis and we may find

1)
F (x) by differentiating

FOE L (x)) = x

then
o _1€1)
FOD L) Pt T =1
and

(1)
-1(1) 1
F ) X)-‘-‘-’ g -
P 271 x))

$0 that

-

1) mle 32/, 2 (1
F*"7(F " (H(x))

]

1
FD ) |,
1
P e
which is clearly bounded for all x. Thus a) is true.
[To prove b), we note that F ancl_g'1 are continuous

functions, thus b) is certainly satisfied for a;Be[Mz,Mlj,

pe(-1,1). Further

' -1 -1 ,
lim 1-p p(g (B)' % (a)
p>-1 (1-p%)

-1 -1
= 1im /1-p° F(g (B)- g (“))= 0

2 : :
o4 t-p Va,Be(M,,M,]
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thus: %ii (a,8) is continuous at p = % 1 Va Be[Mz,Ml]wand

therefore is continuous in o,8,p vq,Be[Mz,MI] V’pe[-i,l].
iv. Eg(x) =

Thus
E[g(-x)g(x)] jfg( x) g (x)p (x) dx

-0 -

=bf‘LjnI&(—X):g(OJ)LgXx)rg(Ojlﬁg%CO)]P(X)dx

Further, g is monotone increasing, so

(g(-x)-g(0)) (g(x)-g(0)) <0

and is zero only for x = 0, thus E[(g(-x)g(x)] < 0 since

p(x) > 0 for all x.

v. The bounds are attained for p = %1
(by definition of p) vénd from iii. we
have E[g(xl)g(xz)] is a continuous

function of p ~ Now

%— E%(xl)g(xzD!p =0 0fjeog(xl)g(xz)p(xl,xz)x x,dx,dx,

-0 .00

= (Ekg(x)])?

by hypothesis.  Tﬁus Je >0, ¢ sufficiently small, such that



V]e| <€, 3£, £is 1:1 such that

f(gg(xl)g(xz)» = E(xlxz) .

Let
£le) =€, £l =
then let
o? max {p[E(5(x8(xp) = €} gy, 2,
£(8) =

f(E) otherwise

Clearly f exists for all £ such that

E[g(-x)g(x)] < £ < E[g?(x)]

and for
|Eg(x)g(x,) | < min (le |,]e,]),  3Fky,k,>0
kylE(x x| < [E[8(x)8(x,)]] < k |E(x x,)]

2a) from (v) of the lemm?,'we can choose Rx SO that
Rg (1) = R, (1)

if

E[g(-x)g(x)] < R_(1) < E[g?(x)]

64

™
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{Note that Rg(O) = E[gz(x)] =AE[z2])

Now RZ(T) can take on any value & such that
E[-2%] < £ < E[2°]

We also have

dF(-x) _ - dF(x)
dx dx
Thus
E[g(-x)] = E[g°(x)] (**)
In order thatlwe may choose Rx so that Rg(T) = RZ(T), it is

sufficient that
1. E[R (1)) > E[g(-x)g(x)]
or
2. E[g(-x)g(x)] < -E[g°(x)]
Note that 2. = 1. but 1. # 2.
We show that 2. holds iff g(-x) = g(x) for all x & R.

We have from (*) and (**)

A
[=]

5. E[g(-x)g(x)] + E[gZ(x)] <

A
=]

4. E[g(-x)g(x)] + E[gzﬁx)] <

Adding 3. and 4., we get
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E[(g(-x)+g(x))?] < 0

which is true iff_g(-k) = g(x) for all x £ R. Further, from

v. of the Lemma, there exists a function f such that
£(R_(1)) = R_(7) = 0p (1)
g X
where

A E[x(t)x(t+T)]
g

o (1)
which complets the proof.
2b. Fronm 2a.3kﬂ% >0 Ja function f such that
£(R, (1)) = R, (T)
and

ky LER )| < R (1) |2 Ky [£(R (1) ]

for ]Ré(r)l sufficiently small, i.e., for |T| sufficiently

large. But ]Rg(T)I + 0 as Tr o

C & lim [TR_(1)] < lim % [tR_(T)| = 0
T->00 X ' —-‘['—)00 .kl I g( )‘
39
lim |R_(t = 0
T >0 l Z( )l

Thus
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Ve >0 31, such that [tf > T,

]RZ(T)| < g

Let

e = E[g(-x)g(x)]

then 2.ii of the theorem is satisfied for all T such that
It] > T

Corollary (25)

Let x be a zero mean wide sense stationary gaussian
random prchss. Le;:g:[-w,m]+[M2,M1] be a bounded invertible
function such that

a. g is differentiable with bounded non-zero

derivative.

b. E(g(x)) =0

Let

2(,t) & g(x(e,t))

Let h:R+R be a bounded‘time variable function of z(-,t).

Let

h(t) £ h(g(x(+,t),t) = h(z(+,t),t)
such that:

ECh(t)) = 0 for all t
Let

lim TR_(T1) = O,
X
T >0
then
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lim TtE(h(t)h(t+1)) = 0

T->00

Proof
Follows immediately from Theorems (23) and (24).
Comment
Let
h(g(x(‘,t),t)) = ¢k(u(t)+N1(‘,t)) - B[y, (u(t)+N, (1)) ]

Then this corollary shows that 1.6.4 is satisfied when N. is of the form

1
'g(x) were x is a gaussian process.
Corollary (26)

Let z be a zero mean wide sense stationary random process

) 5 < 0 <M. Let the probability

distribution function of z (+,t) be monotone increasing on

such that M, < z < Ml’ where M

[M7,M1] and differentiable everywhere. Let f(+¢) = probability
density function of’z(~,t). Let £(°,*) = joint probability density
function of z(+,t) and z(*,t+T). (*) Let z(°,t) and

z(*,t+1) be statistically independent in the limit as T,

and (**) T[£[z(+,t),2(*,t+1)] - £[z(*,t)1E[z(>,t+ )| > O
uniformly for all z,t as T%W. Let h(-,t) be a bounded time 
varying function such that E[h(z(*,t),f)]>= 0. Then

lim TE[h(z(*,t),t)h(z(*,t),t+T)] = O

T

Proof

From Corollarym(ZS), for z a wide sense stationary zero
mean gaussian random process, there exists a monotone increas-
ing function g and an autocorrelation R such that the random
variable g(x(*,t)) has the saome probability density as z(-,t)

and the random process g(x) has the same autocorrelation
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function as z. Let M = max (|M1j,]M2|). Then

l TE[h(z(*,t),t)h(z(*,t+T),t+1)]
T->00

1]

lim Tuf cfuh[z(- t),t]lh[z(-,t+T), t+r]f[z(v t),z(*,t+1]
T->0
M"-M dz(+,t)dz (-, t+T)

11m TU[ Uth(Zl’t)hCZZ’t+T)[(f(zl)fczz))
M¥Y-M

S (E(222,)-£(2,) £(2,))]
1 2 1 2

dz dz

lim be'o[Mh(zl,t)h(zz,t+T)f(zl)f(z2)dz dz

<

+

lim Tuy ufh(zl,t)h(zz,t-l-'r)[;'(zl,zz)-f(zl)f(zz)]dzldz2

T->00

The first term is zero by Corollary (25). The second term is
boundéd by

L. 2 2

lim 1 4M max (h(z, t)) lf(zl,zz) f(zl)f(zz)l

T teR
ze[M2 11

= 0 by hypothesis
end proof

Comment

The hypotheses in Corollary (26) that do not appear in
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Corollary (25), (*) and (**), may be expected to hold in many
realistic situations. Thus we may assume that in many appli-
cations, that when the hypotheses on z of Corollary (25) are
satisfied by the observation noise, then (4) (Section 1.6) is
satisfied even though the conditions (*) and (**) are not
directly verifiable.

Verification of (4) (Section 1.6)

We now verify that for the noise processes treated in

the above theorems, the sequence generator (13) through (16)

satisfies condition (4). Recall that we have
lim T Ry (T) = 0 (27)
T>® 2

N2 is a Wide Sense Stationary Gaussian Random Process

Let N, be a zero mean wide sense stationary gaussian

2

random process. Let us define (See Theorem (23))

g(t) & YIy(£)+N, (-, )] ~ E[y[y () +N,(+,0)]] (28a)
Then' clearly

E(g(t)) = 0 for all t (28b)

Let us assume as is the case in each example below, that

lg(t)| is bounded by a polynomial in‘]NZ‘ with coefficients
depending upon y(t). Since y is assumed bounded with probability
one, the polynomial coefficients are bounded. Now all con-

ditional finite moments of jointly gaussian random variables,
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conditioned by restricting the random variables to positive
values, exist. Thus, the polynomial bound on Jg] together
with (27) ensures that all the hypotheses of Theorem (23)
are satisfied, so that
lim TE[g(t)g(t+T)] = O (28c)
T+
Then condition 4 (Section 1.6) is satisfied.

Nlﬁis a Bounded Transformation of a Zero Mean Wide Sense

Stationary Bounded Gaussian Random Process

Let N, satisfy the hypotheses on z in Corollary (26).

1
Let

h(t) & vy (e)+N,(+,0)] - E[yly (£)+N,(+,t)1] (29)

Then by Corollary (26) (Section 1.6) is clearly satisfied.

Summary of Conditions Under Which Condition 4 (Section 1.6) ..
is-Satisfied. ‘ :

We have shown that the above defined sequence generator
satisifes Condition 4 if
a) Nz-is a wide sense stationary zero mean (30)

gaussian random process such that

lim TRy (T) = 0, and [Y(E)| is bounded
2

T
b - :
by a + |£|" for some a, b
or
b) N2 is a zero mean wide sense stationary random

process bounded with probability one and

satisfies the hypotheses on z and on the
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joint probability density of z(-,t) (30)

and z(°,t+t) in Corollary (26).
EXAMPLES

In all the examples given below we will assume that the
observation noise is one of the above two t&pes of noise
processes. With this assumption, we need only verify that
Condition 5 (Section 1.6) is satisfied for each example
given below. We recall that in order to verify Condition 5,

we must show that we can compute

E[y(y)-v(y+N,)1]

Recall that we are assuming the differential equation of

the unknown system to be of the form

Le toy) = M) Ew)

where
f(u) = u
y & ¢t
(See Figure 5). Each example is concerned with a different

type of nonlinearit§ for y. If f(u) # u then if N1 is zero
we simply add more terms to the sequence generator. If we
assume f{u) % u, N1 # 0, N2 = 0, then the algorithm is clearly

applicable, with the obvious modifications in the sequence



M(p)

L) | z;'l(y)]Eﬂ Y

FIGURE 5
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~generator, if f is of the form of one of the nonlinearities
discussed in the examples below.

Example (31)

N, is zero (and N

is zero
2 ero)

1

Verification of Condition 5 (Section 1.6)

Condition 5 is trivially satisfied in this case since
E[y(y)-v(y+N,)] = v(¥) - v(y) =0 (32)

Comment

This is the case of identification in the absence of
noise, which we have said may be.accomplished simply by
observing as many samples from the sequence generator as
there are unknown coefficients and solving the resulting
linear algebraic equations. The instrumental variable
sequence in this case is simply one identity matrix. (See
Section 4.4)

Example (33)

Y is "smooth", N, is zero mean and |N,|

is bounded by a "small" number.

Let,!Nzl <€ with probability one for some € > 0. We
assume that y is sufficiently smooth and € is sufficiently

small that for some‘a(yl £ 0,

Y(y+N,) = v(y) + a(y)N, (34)

Verification of Condition 5 (Section 1.6)
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~

E[y(y)-v(y+N,)1 = E[v(y)-v(y)-a(y)N,] = 0O

Example (36)

Y is a polynomial, noise moments of order

< degree Yy are known

We let v be a polynomial of degree k, and we assume that
all noise moments
E[Nk], k =0,...,K (37)

are known. Specifically

K
YO) = ) 4y Y] (38)
j=0

Modification of Sequence Generator

Suppose we have a random variable &, where £ is a func-

tion of v and E[Nk], k=20,...,K and

E[E] = El(Y(y)-v(w)] (39)

Then if WQ usé E instead of E[Y(yj-y(w)] in the sequence
~generator, it is clear that conditions 1-4 (Section 1.6) are satis-
fied,_with the possible exception of 4. However, we shall

see that such a random variable & exists when Yy is a polynomial
an§ that £& - y(u) + y(w) is a.zero mean polynomial in N, with

2

coefficients depending upon y and moments of N2; so that

condition 4 is indeed satisfied (See (29)).

Existence and Specification of £, and Vérifiéation of Condition 5

Clearly, E(y(y)-v(w)) is a sum of terms of the form
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yj'E(wj) j'=0v,...,K‘
Now
M
EW™ = Bl = Y (D B,y ¥ (40)
T=0
and
m-l [] 3 » .
EG™ -y = ) (1) B, -EW ) HE(W)) (41)
i=0
Let
m.- » ‘ -
g, & E: (DEN, " (-g,+vh), g, =0 (42)
i=0
Assertion (43)

E(-£,) = EQW™) - y"  i.e., E(E) =y" - E(™

Proof (induction)

Let m = 1, then

E() -y = EON;) and £ = () (E(N,))(0+) = B(N,)
.Now assume that

E(-£;) = Bl - yE,  i=1,...,m-1

Then
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m-1 ‘ ,
EG-E) = ) (MEN ™ E@™ -y™EwD] = Ee™) "

i=0

end Eroof.

Thus we may use § 4 £ in place of ym - E(wm) in the sequence

m
generator. We obtain & from (42). Thus condition 5 (Section 1.6) is
satisfied, since & is clearly computable from observed signals

and noise moments which are assumed to be known.

N2 is a Gaussian Process

Suppose N2 is a wide sense stationary gaussian random
process. Then all moments are polynomials in the mean and
the variance. Thus, to use the above sequence generator when
N2 is gaussian, we need only estimate the mean and variance
of N2.

N2 is a Zero Mean Wide Sense Stationary Random Process with

an Even Probability Density Function

Let p(*) be the probability density of N2(~,t). Let

p(-x) = p(x) (44)
Then if all higher order moments exist, the odd moments are
all zero, i.e.,

2k+1

E(N2 )

=0, .k>1 (45)

so that in order to implement the sequence generator, we need

only estimate the even moments of N2.



2.3 Nonlinear Systems II

In this section, we consider syStems described by dif-

ferential equations of the form
Lp)y + £y ¢ goy) = M@u + hewuBx + wewy D

We shall discuss only the elements of the sequence generator

(1)

involving the terms f(y)y and g(y), since we treat

h(u)ucl) and w(u) the same as these, and all other terms

have been treated in the linear system case. We note that

T T
J[ s (Y E(y (£))y (P ey ae ij[ oM (yF(y () dt (2)
0 0
where
F(y(t)) & //;(E)di (t) (3)

is the indefinite integral of f. The elements of the sequence

generator involving F and g are defined to be

T ;
—J/ ¢(1)(t)[FCWCt)) + E(F(y(t)-F(w(t)))]dt 4)
0

and

T
J[ ¢(t) [g(w(t))+E(g(y (L)) -g(w(t)))]dt (5)
Jo ,
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respectively. Other components of the sequence generator are
as those given for the linear differential system (35) (Section
1.6). We not need only note that these integrals are of the
same form as the elements (20) (Section 2.2) of the sequence
generator discussed in the last section and thus satisfy
conditions 1 through 5 under the same conditions that the
integrals (20) satisfy conditions 1 through 5 (Section 1.6).

Example (6)

Van der Pol equation, noise-free observations

Let the unknown system differential equation be a Van
der Pol equation, i.e.,

(2) (1)

X + al(l-xz)x +# a.x =0 (7)

0

or

al(l-xz)x(l) + a,Xx = -x(z) (8)

0
where x is observed on some time interval. Then, multiplying

by a testing function and integrating, we get

T T
ay | - () [x-x*/37at aof 6 (£)x(t)dt
0

Jo
T
- .[ 62 (tyx(t)dt (9)
0 ?

J/;l-xz)dx = x-x3/3 + (constant) (10)‘

since



80

Then, assuming that the observation noise N is zero, we need
only obtain two such equations (See Section 4.4) and solve

and a,.

for ay 0

2.4 Summary

We have shown that for nonlinear systems with the follow-
ing types of differential equations, with certain restrictions
on knowledge of the noise statistics, (See Section 2.3 (SOa),:
(30b), and Examples (31), (33) and (36)) we can devise identi-

fication algorithms. Let

M
L) = ) a;pt
i=0
M
M) = ) bp
J
=

1. L()g t(y) = M(p)£(u) (See Figure 4)

I
f(u) = §: diwi(u), {wi}rare known and .
i=0

linearly independent (See Examples (31),

(33) and (36))

2. L)y + £,y +£,00 = M@)u + £i@u) £, w)



Iy J
_ i
fi(x) = }E; dji wji(x)"{wj%} 5=0 are known
J:.‘

and linearly independent for each i, i = 1,.

(See Section 2.3).

.

.4

81
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CHAPTER 3

PROPERTIES OF TESTING FUNCTIONS
3.0 Introduction

Notation

As before, unless otherwise noted, ¢ will denote an M-
differentiable testing function on [0,T].

In this chapter we give several properties of testing
functions. These properties give bounds on the number of
zeros, number of sign changes, and rate of growth of the
magnitude of the extrema of ¢(k) as k increases. These
properties will be used in the next chapter in discussing
the choice of a testing function to be used in the sequence
generators given in the first two chapters.

Lemma (1) (1)

‘Lower bound on the absolute value of the derivative of

function on a closed interval. Let

F = {f|f:R*R, f is differentiable on [a,b],

£(a) = A, £(b) = B}
1. Let D = inf max lfcl)(g)[ then D = lgfﬁ
feF tela,b] a
2. Let F = {£|feF, £ (a) = £(1)(b) = 0} then
for all f in E, max ]f(l)(t)l > lg%%

tefa,b]
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Proof of Lemma

We assume B > A since
£ ey ] = J-£(e0) P

Proof of 1.

By the mean value theorem, for all f in F J t,s ty e [a,b]

such that

! w
>
u>

D

o

a

e e = |

thus D > D.

Further, there exists some f, £ € F such that

max [£fr(t)]| = lg&% = D
tel[a,b]
namely
£(t) = A + 5:2 (t-a)

thus D > D >D or D = D.

Proof of 2.

Suppose 2. is not true, then for some f ¢ F J t, such that

b > to > a such that

max (£ (e)] = [P e)] <
tel[a,b]

Now
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WPURY B-A -a)

“else by the mean value theorem there exists t; e (0,t))

such that

A ]%5% l(tqva)-A

(1) | B-Al
EARECIS TR — e * 1553 »
which cannot be if 2. is false. Then
f(b) = f(to) + £(b) - f(to)
B-A- ]
< A+ Ty (to-a) + £(b) - f(to)
B-A B-A

A

A+ E:; (to'a) + B - (A + b-a (to'a))

or £f(b) < B, a contradiction.

end proof Lemma 1

Property (2) (2)
(Lower bound on number of distinct zeros of ¢(k).) There

. k . k k k _ k _
exist zg, 1 = 0,...,k+1, z; < Zi+1’ k0 = 0, zk+1 = T for

k h M, such that

1@ 6h = o,

2. ¢(k)(t) is not identically zero for all t such that

K oo <,k
1 5% % Ea

Proof (induction)
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$(0) = ¢(T) = 0, ¢(t) is not identically zero, .. by
0 < t

Rolles theorem, there exists t < T, such that

0’ 0
1. ¢(l)(t0) - 0, and
2. ¢(t) is not identically zero for all t ¢ (O,to)
or for all t ¢ (tO,T)
{If 2. were not true, then ¢(t) would be identically
zero). Thus the property holds for k = 1.
Inductive hypothesis: Pfoperty (2) holds for

k=2, 2 < M

thus letting z§+1 = 0, ziié = T, and applying Rolle's theorem
to every two adjacent zeros z% and z§+1, i=20,...,2, of ¢(£)
between which ¢(£) is not identically zero, we get: there
exists iz+1
i+l
such that
zz z!6+1 < L

i i+l i+l ° i=0,...,0+1

¢(2+1)(22+1 = 0

i+1)
and by the mean value theorem

s D £ 0

¢(2)(t) =0, z% <t < z% 1). Thus Property (2) holds for

k = 2+1.

end Eroof



86

Property (3) (3)

(Lower bound on number of zeros of ¢(k+1)_given the

number of zeros of ¢(k).)

Let £ < M, r L+2

Let ¢(2) have r distinct zeros z?, j=1,...,r in [0,T],

L

with Zj < Z§+l such that ¢(2) is not identically zero between

any adjacent pair of these. Then ¢(2+1) has at least r+1
distinct zeros in [0,T] between adjacent pairs of which
¢(£+1) is not identically zero.

Applying Rolle's theorem to each adjacent pair of the

Zeros z?,zl , we find that ¢(2+1) has at least one zero

j+1

z§+1 between these such that ¢(m)(z§+1) # 0 (else by the
mean value theorem ¢(2)(t)'5 0, z? <tX< z§+1). Then also by the

mean value theorem there exists

R
J J - 31 =3
such that

6 eky # 0.

Now, there are at least r-1 adjacent pairs of zeros(z?,

z§+1)yie1ding r-1 zeros z§+1, j=1,..., r-1, such that
0 < z?*l < T

and ¢(2+1) is not identically zero between any adjacent
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pair of these. Further
60y = ¢ (my = o

and ¢(2+1) is not identically zero for

t e (0,zlz+1)

or

2+1

t e (Zr—l’

T)

or else by the mean value theorem,

6 G = st =0

which was not allowed. Thus there are at least r + 1 zeros of
¢(2+1) between adjacent pairs of which ¢(£+1) is not

identically zero.

end proof
Property (4) (4)
(Lower bound on the number of sign changes of ¢(k) in
[O,T]) There exist ti’ i=1,...,k+1, 0 < ti < ti+1 < T,
. k . k . k
such that s;gn(¢( )(tiﬂ = - 51gn(¢( )(ti+1» i.e., ¢( ) has

at least k sign changes in [0,T].

Proof

Let {z;} be the zeros defined in Property (2).

Let 1 < k < M, Choose tj’ j=1,...,k, such that

< t. < Zk-l

k-1
1. AN . .
j-1 j j
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2. ¢(k°1)(tj) # 0 (we can do this by property (2))

Then by the mean value theorem, there exists T1Ty

[

P ot

such that

(k-1) (k-1) . k-1
¢ (t;) - ¢ (z;_7)

— = M) ()
t, - zZ.
3 j-1
and
(k-1) k-1, _ 4 (k-1)
¢ (z; ") - ¢ (t.)
L 1= = 6™y ()
Z . - t.
J J
but

(k-1) , k-1, _ . (k-1), k-1, _
¢ (z;2p) = o (z37) =0

and both denominators are positive. Thus,

sign (409 (c )] = sien [0 M (e

= sign -6 D 0] = - sign 0 (g,

end proof
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Property (5) (5)
(Linear independence of ¢ and its derivatives on (0,T).)

The set
¢ = {¢’¢(1):- -~’¢(M)}

is a linearly independent set on (0,T).
Proof

Suppose ® is not a linearly independent set on (0,T).

Then there exist ao,al,...,aM, not all zero, such that
M
2: ai¢(1)(t) =0 for all t € [0,T] (*)
i=0

but 6(0) = 61 c0) = ... = ™ (0) which implies that the
solution to(ﬂ is

0%V (t) =0, k= Min {i|a #0}

i

If k = 0, we have ¢(t)‘5 0 which contradicts the definition
of testing function. If k > 0, then ¢(k'l)(t) = (constant)
for all t > 0 which also contradicts the definition of~
testing function.

end proof

Property (6) (6)
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T = 0 if i-k is odd ]h
. . ,_k)/2|
f¢(1)(t)¢(k)(t)dt # 0 and has sign (-1) !
0

if i~k is even

for 0 < i,k < M.

Proof

Let M > i > k > 0

—

Let i - k be odd

. A i-k-1, _ i+k+1
Let j = - ( > ). = 7
Then
_ i=k-1, _ k+i-1
i-l=k o+ () = 2
and

AT' k (é—i(;—l—)T' j-1
Iip =J/-¢(1)(tg¢( Yyae = (-1 2 _][ 80 (2360 D (eyae
0
0

Let x(t) = ¢(j)(t), then x(0) = x(T) = 0 and

0
Iik =j[ xdx = 0
0 -

Now let i > k

Let i-k be even

A

Let j £ i_(l%k) = L1k

2
Then
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T T
j¢(i)[t)¢(k)(t)dt - (-1)(1"‘)’2[ 1687 (£)7%4ax # o
0 0

which has sign (-1)!@—9/2'.

Property (7)

Let

. T '
ol ’5\/%[ 0% () dt
0

Then

1o $0) > (lﬁ%ﬂ) ey

Proof (induction)

T
ot} < %—f (6{ (£))%ae -
0 N

= 02,0 1<16¢?

end Eroof
(7)
T
-%—f (3 (t)9(t)at
0
ol (1)

by the Schwarz inequality, where strict inequality follows

from the linear independence of ¢(2) and ¢ (Property (5)).
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Thus the property holds for j = 2.

Inductive hypothesis: assume Property (7) holds for

j=n, n<M, i.e., assume
(1)y\n-1
o™ > (Jl?ml) o €1 (2)

n+1l

Now since ¢ is an n-differentiable testing function, we

apply (2) to it, and get

: (2)y\n
N (}Hﬁn—l‘}) e t2)) (3)

and substituting (1) into (3) yields

(W2 \® 1, (1)y2
o (¥ 1)y ( ol ) ﬂﬁ I
" : Lol o<y ¢

or

(1) n+l
oy (lh-ﬂ) ot1))

end proof
Property (8) (8)

(Lower bound on the rate of growth of absolute value of
extrema of ¢(J) as j increases, given that ¢(£+1) has a

zero in [0,1) or (T-1,T] and j>2.) Let there exist t t

0° 70
in [0,1) or (T-1,T], such that for & + 1 < M, ¢(2)(to) #0



and ¢(2+1)(t0) = 0. Then there exist tj’ j=0,...,M-4-1

in (0,1) with tj >t such that for j = 1,...,M-2-1

j+1

: j
sup oI ey > |2 16 e i tpefo,1)

te(0,T]

;—t— |¢(£)(t )| if t 0€(T-1,T]
0

Proof

Let t0 [0,1). By the mean value theorem and Lemma (1)

there exists t tle(O,tO), such that

1,
1. ¢ ey =0

2
168 (¢ )]

2. |¢(2+1) (tl)l > to >0

Inductive hypothesis: Property (8) holds for j = n,

n < M-%-1, i.e., there exists,tn, tne(O,l) such that
g™ D ey =0, o™y £ 0

and

v

sup (™) (¢ )]

1.0y, (2)
(=6 (e |
te(0,1) to 0

then, by Lemma (1)

l¢(2+n+l)(t)[ > I¢(2+n+1)(tn)| N t1 (2+n%

Sup (t )

te(0,1) 0

n+1
>(;§) 1604 () ]
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which completes the proof for toe[o,l). Now 1let toe(T—l,T).

Let ¢(t) = ¢(T-t). Then ¢ clearly satisfies the hypothesis

of Property (8), so that

\%

A “ k A
sup 6ty I;E%Tt |$(T-2) |

te[0,T]
but

ts?g?T]lg(k)(t)l - ti?g,T]|¢(k)(t)|
and

$(T-tg) = 6(ty)
thus

sup o) ()]

\

ItOfT]k l6(ty)

te[0,T]
end proof
Corollary (9)

Let T < 2,then

v

j
max ¢ (0] Max l%l [6CE) ], 3 = 1,...,Me1
te[0,T] te[0,T]

Property (10) (10)

(Lower bound on the maximum absolute value of ¢(k) when
¢ is an infinitly differentiable testing function.) Let ¢ be an

infinitely differentiable testing function on [0,T]. Then for
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any § > 1, there exist A(S) and N(8§), both positive, such

that for all n such that n > N(3§)

max [ (t) | > Aa(8)sP NS
te[0,T]

Prodf

Lemma

There exist t?, i=1,...,k k=20,...,M; with

such that

1. ¢(k+l)(t§+1) is a local maximum or minimum value

of ¢(K+1)

2. ¢(k+1)(t§+l)‘is of the opposite sign of

¢(k+1)(t¥+i)

1+

5. LoD ey o el - ot s [pU) ok

s 1o ek

1

k k+1 k
ooty St ta

Praof of Lemma

1., 2. and 4. foldow immediately from properties (2),
(3) and (4). 3. follows from Lemma (1), 1. and 2.

end proof of lemma
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Let &§ > 1.

Let w = greatest integer in T/§ . Then there exist at
most w intervals of length greater than or equa1t§ 1/6 in [0,T]
which do not intersect pairwise at more than one point.

Let I? = [t?_l, t?], i=1,...,k+1. There are k+1 such
intervals.

Let k be sufficiently large that

k +1>wa+ 1.
Then at most w of the intervals {Ii} are of length greater
than or equal to 1/6, and at least k + 1 - w of them are of
length less that 1/8, and

1/6 > 1.
Now starting at zero, we divide [0,T] into w adjacent intervals

at length 1/6, and one interval of length T-w/§; namely

[o,1/8]), [1/8, 2/6}, ..., [w/§,T]

and label these L L respectively. Since k+1 > w+l,

1’L2"'°’ Wl

. . k
at least one interval Lj contains at least one interval I..

Now as j increases, one of the following'holds

1. There exists N1 < o such that for all j > Nl-k,

k+j
t1 € Lz.

Broperty (7) with N(8) = Ny, A(8) = [N (&)1

In this case the proof is complete by

2. There exists N1 < ® such that for all j > N,-k,

1
k+j_ o | . .
tl £ Lj for some iq such that 2 < i; 2 w+l
i ,
In this case it is clear that there exists Ni <
k+j

such that for all j > N, - k, t, € Lj for i = 1,...,k+1
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with 2 < i; 2 325 s o ns iJw+2 < w+l with ii = 3541 for
at least one value of i, i =1,...,k+1. Let NI = max Ni
: i
i=1,...,k+1, then there exists n,%, 2 < n,jg < w+l such that
I§I+M € Lj for all m, and the proof is complete by Property
L

(7) with

N(S) = NI

N N N N
aesy = [¢MND e |+ [N (o] |
end proof
Corollary (11)

For every infinite differentiable testing function ¢

and every & > 1 there exists A($,8) > 0 such that

sup oM ()| > A(9,8) 8™
te[0,T]
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CHAPTER 4

GENERAL FORM AND CHOICE OF TESTING FUNCTIONS
4.0 Introduction

In this chapter, we first give the general form of poly-
nomial testing functions, some examples of other types of M-
differentiable testing functions, and some examples of infi-
nitely differentiable testing functions. We then give a pro-
cedure for choosing a specific polynomial testing function

which was found to work well in practice.
4.1 M-differentiable Testing Functions

General Form of Polynomial Testing Functions

Theorem (D

Let ¢ be an M-differentiable testing function on [0,T].
p(t), 0 <t < T

Let ¢(t) =

0 elsewhere

Then if ¢ is a polynomial,

I
o(t) = tece-mM! Zcitl
i=0

where 0 < 1 and at least one of €€y is not zero.
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Proof

Let

where we let L > 2M+2 so that we may choose tha a, to satisfy

L

the 2M+2 boundary conditions at t = 0 and t = T, namely

6oy = M1y =0, k=0,...,n
Then
L .
8™ty = “z(zf;iz
2=k
We require that
30y =0, k=0,...,M
but
6 0) = a
Thus
a, =0, k=0,...,M

and
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~ L ,&
L=M+1

Then there exist finite constants bl’ 1=20,...,L-(M+1), not

all zero, such that

K-M-1
b1 = Yy ). by & 1)t
2=0

Lemma

By definition bj =0, j =0,...,M

~ (k)
¢ (T) =0, k =0,...,M
and
~ k) M+1 k+1 M- (t T)
¢-77(T) = z & (M+1 [T Z G- 1)' t=T
1'70 =.

k M+1 k
Z()—H——————-—”k)

i

Let k = 0, then

¢(T) = 0 iff by = 0

Inductive hypothesis; assume bi =0, i=0,...,J, J XM,

Then
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| K .
A (k) o k. Tl
2™ (my = Z G) DT

i=J+1

and

ST (M+1-J-1)1 T+l

Since
i+ 1 <M,

Then we require

30Dy <o,

which: is true iff b. , = 0
: J+1

end proof of lemma

Thus there exist finite constants cs i=0,...,1,

I = L-2M-2,not all zero, such that

I
oce) = (e(e-M YT et
i=0

end proof of theorem

Definition (2)

Symmetric Testing Function

A testing function on [0,T] is said to be symmetric if

it is even about T/2, i.e., if
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6(t-T/2) = ¢ (t+T/2)

Corollary (3)

General Form of Symmetric Polynomial Testing Function

Let ¢ be a M-differentiable polynomial testing function

on [0,T]. If ¢ is symmetric,

I
o = (t(e-T)HM! E: ¢, (t-1/2)%

i=0

where at least one of Co>C ,C, 1s not zero.

1°°°2%1

Proof

First, note that

oM o e2oem™ T o ((eo1/2) 212 4y MHL

is clearly even about T/2. Further, the part of the summa-

tion
I
E: c.t1
i
i=0

‘that is even about T/2 can clearly be written as

J -
E: aj(t-T/Z)ZJ

j=o

where J is the biggest even integex in I/2 for some set of

J
J

coefficients‘{aj} -g» Mot all zero.

end Eroof
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Corollary (4

Let

sct) = (t(e-1)HM?

Then
1. @Ck) has exactly k+2 distinct zeros in [0,T],
k < M.
2. 0 and T are roots of ¢(k) of multiplicity M+1-k
and all other roots of ¢fk) are real and simple
and lie in (0,T).
Proof

~

¢(t) 0 <t <T
1. Let ¢(t) =
0 elsewhere

Then by the theorem, ¢ is an M differentiable testing func-
tion. Therefore, by Property (2) ¢(k) has at least k+2
distinct zeros in [0,T]. We show that ¢(k) has at most k+2

distinct zeros in [0,T]. Now

k
¢(k)(t) i} E: ( : Mr1-i (t_T)M+1—k+1
(M+1)! (M+1 i)! (M+1-k+i)!
1=0 (*)
k-i i
_ M+1-k M+1-k k., t (t-T)
=t (t-T) G) ETTOT k-7

Now tk(t-T)k is clearly not zero except at t = 0 and t = T.
Further, the summation is a polynomial of degree k and thus

has at most k real zeros. Therefore
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: @(k)
2

((M+1) 1)
(and consequently ¢(k)) has at most k+2 real distinct zeros in
(0,T).

2. PFrom (*) it is clear that 0 and T are roots of
¢(k) of multiplicity M+1-k. Now ¢(k) has k+2 distinct roots
in [0,T}, two of which are 0 and T. Further, ¢(k) is a poly-
nomial of degree 2(M+1)-k = 2M+2-k and thus has 2M+2-k roots.
Then ¢(k) has (2M+2-k) - (2(M+1-k) = k roots which are not 0
or T, but ¢(k) has k distinct real roots in (0,T) which are

not 0 or T. Thus the distinct roots are all simple roots,

and all roots of ¢(k) are real and lie in [0,T].
end proof

M-differentiable Testing Functions which are not Polynomials

7

The following theorem gives a method for constructing
M-differentiable testing functions which are not necessarily
polynomials and are not necessarily infinitely differentiable
testing functions.

Theorem (5)

N, 0 < e <t
Let ¢(t) =
0 elsewhere

where
£(0) - f(T) = 0

and f is M+1 times differentiable on [0,T]. Then ¢ is an M-
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differentiable testing function on [0,T].
Proof
We need only verify tha; ¢(i)(0) = ¢(i)(T] = 0, i=1,...,M.
Lemma |
61y = fM‘i+1(t);gi(t), i=0,...,M-1, where g, is
an M-i+1 differentiable function on [0,T].
Proof por i = 1, ¢ty = MM ¢ty £ (¢). Thus the lemma
holds for i = 1. Now assume that the 1emma holds for i = k,

k < M. Then

¢(k+l)(t) M-k+1

1 ey g (1)« M g Moy

170y (g () g, D (0))

end proof of lemma

Thus ¢(k) is zero at t = 0 and at t = T if k < M, sincevgk

is differentiable (and thereforé bounded) on [0,T] for k < M,

Example (6)

Let f(t) = sin(wt/T). The testing function constructed
frdm this function by application of the above theorem is
neither an infinitely differentiable testing function nor a
pblynomial testihg fuﬁction.
| Commeﬁt

We note that both polynomial testing functions and
infinitely differentiable testing functionsfmay be of the
above form. 1In fact, if f is a polynomial or an infinitely
differentiable testing ftnction, then the testing fucntion

constructed from f by application of the above theorem is a
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polynomial testing function or infinitely differentiable

testing function, respectively.
4.2 Infinitely Differentiable Testing Functions

We give some examples of infinitely differentiable

testing functions on [0,T].

exp(-1/p(t)) 0 <t < T
1. ¢(t) =

0 elsewhere
Where p(t) is a polynomial which is a positive on (0,T)
and has zeros at t = 0 and at t = T.

Examgle

p(t) = t2 - tT

2. Let f be infinitely differentiable on [0,T].

Let ¢ be an infinitely differentiable testing function
on (0,T). Then ¢(t)f(t) is an infinitely differentiable
testing function on [0,T].

3. The union of the set of all infinitely differentiable
testing functions on [0,T] with the zero function is a linear
vector space over the field of real numbers. Thus, let ¢1
and ¢2 belong to this space. Let a and b be real scalars.

Let

¢35 = 3¢y + bé,

Then if ¢3 is not zero, ¢3 is an infinitely differentiable

testing function.
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Comment

The first three derivatives of the testing function
given in Example (1) are plotted in Figure 6 for T = 1.
Such a testing function is undesirable because integrals
involving the secondvand third derivatives will tend to
emphasize the part of the éignals near the ends of the inte-
gration interval rather than giving a nearly uniform emphasis
over the entire interval as does the“polynomial testing
function shown in Figure 7. We will restrict further inves-

tigation to the class of.polynomial testing functions.
4.3 Choice of a Specific Polynomial Testing Function

We base the choice of a testing function primarily upon
the criterion that the numerical computations in the sequence
generator must be well posed. First, each integrand in the
sequence generator must be '"well behaved". Thus we must
choose a testing function such that the testing function
and its derivatives are "well behaved", i.e., they are
"smooth" and the maximum magnitudes of their slopes (normalized
to their maximum magnitudes) are as small as possible.
Second, the integrands in the sequence generator should all
vary over approximately“the same range of values, else the
resulting numerical integrations could be very ill posed.

We will consider polynomial testing functions of the

~general symmetric form
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FIGURE 6

¢ and the first three derivatives of ¢ on [0,2], ¢ = (t(2-t))°

max [¢] =1

max |¢(})| = 2.06
max !¢(2)I = 12.0
max |63 = 57.1
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» (1) ¢
S A

(3)
¢
FIGURE 7 L
¢ and the first three derivatives of ¢ on [-1,1], ¢ = e 1-t2
max |¢| = .368
max |¢ | = .798
max |¢ | = 7.69

max |¢ | = 164.8
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1
(t) = (ee-m™ Y e ey (1)
3=0

We use the symmetric testing function because it has the
simplest form of all polynomial testing functions and
because we evidently gain nothing by allowing asymmetry.
Let us norméiize ¢ so that

max |o(t)]| = 1 (2)
¢ ,

Then the simplest choice of such a testing function is

o (t) =‘k(t(t-T))M*1 (3)

This testing function clearly assumes its maximum at T/2;

thus
k= (4/m)"1 4)

In practice, the only problem encountered in using this test-

o (M)

ing f function was that was found to have a very steep
slope near 0 and T, thus necessitating the use of an inte-
gration step size near 0 and T which was much smaller than
that required over the rest of the interval [Q,T]. Since
data is usually sampled unifdrmly in time, either more.data
samples are required for each integration than might other-

wise be needed if the slope of(ﬁM) were better behaved, or

else the data must be interpolated.
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;‘¢(M) has a steep slope near 0 and T because]itskdexiva—
tive is not constrained to be zero at 0 and T, whereas the
slopes of all derivatives of ¢ which are of order less than
M are constrained to be zero at 0 and T. Thus ¢(M) is the
only one of the first M derivatives of ¢ such that its slope
near 0 and T is Qignificantiy steeper than its maXimum'slope
over‘the rest of the interval [0,T].

We may eliminate this problem by using'
M+2 M+2 '
¢(t) = (4/T) (t(t-T)) (5)

Then the first M derivatives of ¢ all have zero slopes at 0
and‘T.

We can show that the first M derivatives of this test-
ing function are "well-behaved". In fact by Property-(2) and
(4) (See Section 3.2) and Corollary (4) (Section 4.1), the
derivatives of this teéting functions each have the least
possible number of zeros and sign changes on [0,T], i.e.,
¢(k) has k+2 zeros and k sign changes on [0,T]. Further-
more, by Corollary (4) all roots of ¢(k) are regl‘and occur
on [0,T}]. O and T.are‘roots of multiplicity M+2-k, and all
other roots are ;imple. Because ¢(k) has no complex roots,
it has no "wiggles" beftween its zeros. Thus ¢ and its
derivatives are smooth functions well suited to numerical
integration.

To make the integrands in the sequence generator all

vary over approximately the same range, we first normalize
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the data (and the functions ¢k in the nonlinear case) (See
Figure 1) by choosing k so that

max |w(t)/k| = max |v(t)| and setting @ = % (6)

t t

where w and v are noise-corrupted observations of the system
output and input respectively (See Figure 1). We use W and
v in the identification algorithm and then divide the
estimated differential equation coefficients of y and its
derivatives by k.

We then choose T so that ¢ and its derivatives all have

as nearly as possible the same maximum magnitudes. Let

;(t) = ¢(Tt), t € [0,1]. Then

k

a¥/atk @Gy = (e 1y 7

and ¢ is a testing function on [0,1]. Let

~ k ~
max [0 6y | = M (8)
NS
max |7 (t)] = My (9)
t
Then we wish to choose T so that max |M -M.| is minimized.
j k<M k3 n
From Corollary (9) (See Section 3. ) we know that Mk is mono-

tone increasing with k. From (7), (8), and (9), Mk/Tk = M

k
and we have chosen MO = M0 = 1, Thus we wish to choose T so
that

max ]Mk/Tk - Mj/TJI » Mg =1 j,k <M (10)

is minimized.
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For the testing function given in Equation‘(S), the
maximum absolute values of ¢ and its first M derivatives were

cafculated for M = 1,...,4, and were found to satisfy the

relation

k/M .
M, < (M), i =0, M (11)

For these testing functions, the following assertion gives

the value of T that mimimizes max le/Tk-Mj/qu » s, k < M.

ik
Assertion (12)
Suppose that
iMoo 5 - 0,. ..M

Mi _<_ (MM) > =

Then
BN
max = - X
K, j ™ 7

is minimized by T = (MM)l/M

Proof
Let T be the value of T that minimizes

A I/M. Let Mi < (MM)I/M. Then



M., X M. M
max -4 . x| = max -3 - min X
k,j |19 T j T kK T
For T = TO’
M
max —% = 1
k T
Thus
Mk M.
min max 5 - Ll = min {1 - min
T>T, k,j |T I T>T, j
= 1 - max min
>
T>T, Kk
M
= 1 - min —%
k TO
Thus
<
T <T,

Clearly, T > 1, since for T < 1,

>

=

M
min max -% - =

T j.k |T

7L+4
]
jﬂg
|v
£§>
I
ok

Thus

L

l =z

w3
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Now for 1 < T <T

and j < M,

115

" M
a (M I T
dT - TM M
(TO/T)MTJ > 1
T
Thus MM/TM decreases faster than Mj/TJ,aS T increases
for T < TO’ j < M. Further,
Kk 1K Tg
T<T,
Thus
. My My
min max —-7(— —M'
T<T, k T T

and for any k < M

Moo M
TM Tk

is a monotone decreasing as

min max
T<T j,k

i}

"3|
o ==

~

IM_ - min M
M j _%_
TM T
min M.
R
TJ
0

T increases, for T < TO' Thus

end Eroof



116

Summary (13)

We have shown that a '"good" M-differentiable polynomial

testing function to use in the sequence generators is

-t 2amM? o< <

¢ (t)

0 elsewhere

and for M < 4, we set

-~ (m) (t)!l/M

T = max }¢
te[0,1]
where
pct) = (ee-1)M 2™ - g0

T=1

4.4 Identification in the Absence of Noise

We discuss only systems with the differential equation

L(p)y =u (1)
where
M )
L(p) = §: aip1 (2)

i=0
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since the treatment of all other cases is analogous.

When the system input and output are observed in the
absence of noise, we need oﬁly obtain a set of as many
linear "algebraic equations in the unknown constants as there
are unknow constants, then solve these equations. To obtain
these equations, we multiply (2) by a testing function ¢ and

integrate the resulting equations, yielding

M T+t0 ) T+t0
Z aif o t-t)y P (e =f $(t-tdu(t)dt  (3)
i=0 tO tO

which by Corollary (30) (Section 1.6) becomes

M ) T+tO ) T+t0
}: ai(-l)lof‘ ¢(1)ft-to)y(t)dt =jp ¢(t—t0)u(t)dt (4)
i=0 t0 to

which gives us one algebraic equation in the unknown constants.
To getM+lequations, we may use eitherM+llinearly independent
samples of y and u orM+llinearly independent testing functions.
In the first case we are simply using the firstM+loutputs of
the sequence generator. In the second case, we need a set
of M+llinearly independent testiné functions.
Assertion (3)
Let ¢ be a (2M-1)-differentiable testing function; Then
'{¢,¢(1),...,¢(M—1]} is a set of M M-differentiable linearly

independent testing functions,
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Proof :

Ciearly ¢,¢(1);..;,¢(M—l)lare all M-differentiable
testing'functions. Further; by Property (5) (Section 3.0),
'{¢,¢(1),.;.,¢(2M‘1)} is a linearly independeht set on [0,T].

end proof

Assertion (5) guarantees that any (2M)-differentiable
testing function will suffice in the secénd case.

Finally, we note that if the set of testing functions
~given in Assertion (5) ié used, we save considerable compu-
tation over the method of using one testing function and M
samples of input and output since in the first case we need

compute only 3M+2 integrals.

T

f¢(k)ct)y(t)dt, K =0,...,2M
0

and
T
f¢“‘)(t)u(t)dt, K = 0,....M
0

whereas in the second case we need to compute (M+1)2 integrals.
(M+1 integrals for each sample of y and one integral for each

sample of u, with M samples required).
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4.5 Approximate Testing Functions

In a recent paper, Takayal has proposed the following

testing function.

Suppose that we have an M times differentiable function

such that
o0y = 0 (1)
61y = o0 i=0,...,M (2)
Then from the proof of Property (27), it is clear that
T T
cfﬂt)y(i)ct)dt 2 c-l)i{’¢(i)ct)y(t)dt (3)
0 0

and if the approximations (1) and (2) are good enough, an

identification using ¢ as an "approximate' testing function

will be reasonably accurate. The function
g(t) = exp(-t7/2)H,(t)/2 (4)
where
M) = Cnexp-tPam ()2 (5)
H (t) = (-1)%exp(-t%/2)a%exp (-t7/2) /at" (6)

(Hermite function)

on [-r,r], for r sufficiently large, has been proposed by

Takaya for such a testing function because for any given
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M for r sufficiently large, H0 is an approximate M-differ-
entiable testing function and thus may be used for identifica-
tion in the absence of noise as well as when noise is present.

Takaya carried out noise-free identification using HO
which resulted in errors on the order of one or two percent.
For a comparable system, errors in results obtained by using
the polynomial testing function given in 4.3.13 resulted in
errors on the order of less than .01 percent (the actual
error is unknown since the results were printed out to only
four decimal places and were all exactly correct as printed).
Thus there appears to be no advantage in using this approxi-
mate testing function since it is both more difficult to

evaluate and yields less accurate results than the polynomial

testing function given in 4.3.13.



APPENDIX I

GENERATION OF AN INSTRUMENTAL
VARIABLE SEQUENCE 1

We have said that'{E(Sk)} is a satisfactory instru-
mental variable sequence. Clearly'{E(Sk)} cannot be com-
puted directly when noise is present. However, the follow-
ing procedure has been found in practice to give a sequence
‘{gk} which converges to'{E(Sk)} which simultaneously yield-
ing a sequence of estimates of x.

1. Use any sequence'{@k} to get an initial estimate
§1 of x. A sequence which is particularly convenient to use

is given by

<>

P = (Igteeain)), (1)

i.e., k adjoined NxN identity matrices, since using this

sequence is equivalent to computing the matrix with ith row

k

E: s s. 1is the iﬁl row of S (2)
k (i-1)+j° i ‘ k

i=1

i.e., using this instrumental variable sequence is equivalent
to adding together rows of Sk to get an NxN matrix.
2. Using %1, we define the estimates U and y of u and

y respectively, which are uncorrelated with the observation



noise as follows.

a. If the input observation noise N, is zero, let

1

=u (3)
.~ Mp(p)
§= x—u (4)
L, (p)
b. If the input observation noise Ni is not zero and

the output observation noise N, is zero, let

2

¥ =y (5)
.~ L
U = x——y (6)
M; (p)
where
L(p)y = M(plu (7

is the differential equation of the system with coefficient

%
3. Let'{gk} be the sequence obtained by computing'{gk}

using 4 and ? as though they were thg observatiqns v and w

respectively. Then the forms of the components of gk are

as follows.

In the sampled linear filter case we have

a.

iAT
U( hj(iAT—t)u(t)dt (8)
0



and

Q{QAT ﬁlcp)
h. (IAT-t) =x u(t)dt (9)
b’ L (p)

if N, = 0 and N2 # 0.

1
b.
iAT
f hj(iAT-T)Y(t)d'C (10)
0
and
iAT
j hj(iAT-T)u(t)dt (11)
0
where
k5
~ (r "L,(p))
—3 _1 o 1
hy = X e ket

If the testing function sequence generator is used, we have

a.

(i+1)T
cfﬁ o 8 (e-imu(t)de (12)
iT

and



(i+1)T $
- M..(p)
f o) (e-imy) AT w(tyae (13)

if N1 = 0 and N2 # 0, and

b.
(i+1)T
f s (t)y (1) at (14)
iT
and
(i+1)T E ()
f 6 ) (toim) < y(t)dt (15)
iT Ml(P)

if N1 # 0 and N, = 0.

Let degree (El) - degree (ﬁl) = m (16)
Then clearly for the sampled linear filter sequence generator
we must have

degree (Q) - M > m (17)
else we cannot calculate the integral (13) without knowledge
of derivatives of u because ﬁj will contain delta functions
for some j. For the same reason it is clear that for the test-
ing function sequence generator ¢ must be an (M+ﬁ)—differenti-
able testing function.

4. Having completed the first three steps, we now use

{SkT} as an instrumental variable sequence to get a new esti-

mate %2 of x. We then repeat steps 2 and 3 using %2 in place
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of Xy and so on.

In this manner we continue to obtain alternately new
e;timates of k and'{Sk}. This method has been found to work
rather well in practice. Wong and Polak give a method for
improving the estimation of x by incorporating into the
algorithm estimation of some noise stétistiqs which are then

used to get an asymptotically optimal instrumental variable

sequence.



APPENDIX II
Time Scaling of Data
Time scaling is an important factor in the numerical
stability of the ‘computations in the identifications ‘algorithms
given in the first two chapters. We will discuss time!scal-
ing of data. Suppose that we have a system with the differ-

ential equation

M M
i . j
i=0 j=0

Now suppose that we apply the indentification algorithm to

the time scaled data
y (ot) and u (ot) (2)

By this we mean that wherever y(t) and u(t) appear in the
identification algorithm, we use y(ot) and u(dt) respectively.

Next, we note that for any scalar a,

. : i
y ety & S | (3)
ag E=at
and
i o L1 _ s s
S y )| =o'y (M (at) (4)
dt E=t



Then y and u satisfy the differential equation

M M
0 ay P ety = ) bu () (5)
=0 j=0

pete

or for a # 0

M i M j
1 d - 1 d -
Z ai ;T =t y(ot) = Z bj ~— — u(ot) (6)

=0 dt j=0

e

Let us assume that y(at) and u(oat) satisfy the differential

equation

M .
I N ,
j=

al
dt

M

). ¢
a,
i

i=0

Then the coefficients estimated by using the time scaled data

are a, and b. then
i i

~ 1
a; = 8; -7 (8)
o
N 1 .
b1 = bi Y i=20,, M (9)
o
and
a, = a, gt
i - %40
(10)
" .
1
b1 = bia

We further note that if, in the system differential equation
we have '(f(y(t))(l) in place of y(l)(t), then the above

result holds without modification,
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In order that the identification algorithm be as numeric-

ally stable as possible, we should choose a time scaling

A
factor so that the estimated coefficients a; and bi are as

nearly equal in magnitude as possible. Let do be the scale

factor. Let agseeesps bo,...,bm be the best a priori esti-

mate or guess of the system coefficients. Then we choose

ao so that

mgx[iai/aoll,lbi/aoll], the best a priori estimate
: .

(11)

A

g A
of mgx[]ail,]bil],
i
is minimized.
When applying the instrumental variable method, succes-

sive estimates of the system coefficients may be used to get

successive estimates of the best scale factor.



APPENDIX III

IDENTIFICATION OF MULTIPLE INPUT,
MULTIPLE OUTPUT SYSTEMS

Consider a linear time invariant differential system

S characterized by (y,u,{y,u}), where
Yyseoo¥g and Ujseeeslyg
are the outputs and inputs respectively,

T
Yy = (¥yseeesYy)d

f
i}

T
(ul,...,uJ)

and {y,u} is the set of all input-output pairs of S. Let
L(p) be a KxK matrix differential operator with generic
element ij(p) a polynomial in p of order N, where N is the

assumed maximum possible degree of Rjk(p), i.e.,

N

_ i
i=0

Let M(p) be a KxJ matrix differential operator with generic

element mkj(p) a polynomial in p of order N, i.e.,



N
_ b i
mkj (p) = Z kjip
i=0

Definition

A vector differential equation

L(p)y = M(plu

will be called canonical if L is square and has been reduced
to triangular form by the sFandard elimipnation algorithm.1
Theorem

Given S characterized by (y,u,{y,u}), there is exactly

one canonical differential equation

L(p)y = M(plu (*}
such that

1. all pairs (y,u) which satisfy (*) lie in {y,u}
and |
2. all pairs (y,u) in {y,u} satisfy (*) for some
set of initial conditions.

Proof

Assume there zre at least two such equations,

a. L;(ply = M;(plu

b. Ly(ply = My(p)u



Ly = Ly

Consider the homogeneous equations

il
o

L,y
(**)

]
o

Lzy

Clearly by proper choice of initial conditions, i.e.,
Yoo oVg and their derivatives are zero, successively for
k = 2,...,K, we can show that the diagonal elements of L1

and L2 are equal. Further, any solution to (**) is also a

solution to
L(p)y = (L;-L,)y =0

but the diagonal elements of T are zero and by proper choice
of initial conditions (i.e., the same as above) it is clear
that the superdiagonal elements of L are zero. We repeat

the argument for each parallel diagonal of L. Thus L = 0,

i.e., L1 = L2'
M1 = Mz;

Since Lly = Lzy for all y in {y,u}, it must be true

that

M.u = M,u vVu € {y,u} (%% %)

(1) (M}

Then it is clear that we can pick u,u s el sufficiently

varied such that (***) can be satisfied if and only if



1 -2 . .
"e;"groof
Corollarz

There are at most (K!)(J!) canonical differential
equations for S.

Proof

Each such equation corresponds to a different ordering
of inputs and/or outputs in the input and output vectors.
Comments

1. Given a canonical differential equation which
describes S, there is a well known algorithm2 for construct-
ing a state equation for S with a minimal state (i.e., the
state vector is of the least possible dimension of all state
vectors of S).

2. By the theorem, the identification problem is now
reduced to that of finding a canonical differential equation
describes S.

We now give an algorithm which gives a canonical dif-

ferential equation which describes S.

Assumptions
1. None of the outputs satisfies an equation of the form
L =
(Ply, =0

where %(p) is a polynomial in p.

2. The constant term in lkk(p) is nonzero (i.e., is 1),



Algorithm
1. Using the error decomposition identification algorithm?
find the bottom row of L and M, i.e., find 2KK(p) and ij(p),

j=1,...,J such that

J
e (@Iyg = ) mp; (P)u
j=1
2. Again using the error decomposition algorithm, find
the K-1 row of L and M. If the inputs are observed noise

free, we can find Y using the K row equation so that we may
use y, as another noise free input while finding the K-1
row, thus getting faster convergence than if noisy observa-
tions of Yy were used.

3. We continue in this fashion with the K-2, K-2,...,1
rows, thus identifying the entire system, using noise free
estimates of the outputs as in 2., whenever possible, to
speed convergence.

Comments

3. Having found g we may assume that the degree of

kk’
zjk, j < k, is at most (degree zkk)—l_since the differential
equation is assumed to be estimated. In particular, if zjk
is a constant (including zero) then xjk =0, j < k.

4. Assumptibn 1. is not necessary if the error decon-

position algorithm is used, but is necessary if the instru-

mental variable algorithm is used.
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5. If we use the instrumental variable met}iod4 in place
of the error decomposition algorithm, we must assume that in
each row some specific constant in M or in an off-diagonal
element of L is not zero. If in fact the assumption we make
is wrong, then our estimates will not converge. In particu-
lar, a row equation may be homogeneous, i.e., a row of M may
be zero, in which case we must assume thét some specific con-
stant in one of the off-diagonal elements of that row of L
is not zero. Thus if we do not use the error decomposition
algorithm we must institute a system of checks to determine
whether a row equations is homogeneous and to find an appro-
priate nonzero constant in L or M, whichever is needed.

This system of checks is the price we pay for lack of know-
ledge of observation noise statistics, knowledge of which
enables us to use the error decomposition algorithm.

6. If we use the error decomposition algorithm, we
implicitly assume that we know some observation noise statis-
tics. If we assume that none of the noise processes associated
with the inputs and outputs are correlated with one another,
then knowledge of the autocorrelations of each such process
is sufficient to implement the algorithm. 1If any two processes
are correlated, we must know their cross-correlation function
in order to implement the algorithm;

7. If is clear that results eiactly analogous to the
above results hold for systems described by finite difference
equations, if we let p be the differencing operator, i.e.,

p(y(k)) = y(k+1) - y(k)
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