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INTRODUCTION

The research on algebraic methods for analysis and design of
control systems for the past two years, April, 1967 - April, 1969, can
be conveniently divided into three major areas:

1. Linear System Design

2. Absolute Stability Analysis of Nonlinear Systems

3. Approximate Nonlinear Analysis
In this final report, the obtained results will be outlined for each area
separately. Since most of the research was publishable, only a brief
summary for each topic is given and the list of the references is included.
For convenience, pertinent papers are added at the end of the report.
The references that are not included in the report can be obtained on

request from the investigators.
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1. LINEAR SYSTEM DESIGN

1.1. Multiparameter Analysis and Design.

The Parameter Method was basically a two parameter method, with
some possible extensions to three parameter cases. Many problems are
multiparameter problems for which analysis and design techniques‘are
lacking. Investigations leading to multiparameter techniques have
been initiated, starting with three dimensional studies as a first
step. Worthwhile results have been obtained (1). Further exteﬁsions
are concerned with geometric approach to the multiparameter design.

A paper on basic geometric relationships (2) has been accepted for
presentation at the Eighth International Symposium on Space Technology
and Science in Tokyo. The geometric approach led to some algebraic
techniques which appear to be useful for three, four and five parameter

problems. A paper (3) presenting these results is under preparation.

1.2. Development of General Purpose Computer Programs.

The well known relationships between the coefficients of a polynomial
and its roots can be written down inhmafrix form, and the coefficients
are functions of the System parameters. This matrix'relationship defines
an N-dimensional paraﬁeter space, which appears to be worth studying in
the future. Manipulaiion of the matrices permits reduction of the
N-dimensional space to a two-parameter space. The resulting matrix
equations are readily programmed using existing matrix subroutines, which

are normally available in any computation center.*

* A specific program has been developed for use with the NAVAL POSTGRADUATE
SCHDOL IBM/360 System.



The program computes the parameter plane curves for cases in which
the parameters are related 11near1y in the coefficients, and also for
cases in which the parameters appear as a product. In addition, the
program provides values of all roots of the polynomial at preselected
points., AFurther, it can compute the sensitivities of the roots to
parameter variations whenever desired.

The theoretical results have been presented in a short paper at
Princeton University (4) and a full length paper is to be presenfed at
the Eighth International Symposium on Space Technology and Science (5) in
Tokyo and will be published in the proceedings of that Symposium. 3

A second general program** has been developed for the computation of -
Frequency Response as a function of parameters. The original development
of the theory (6) has been extended considerably and future publications
are expected as discussed in a later section.

The frequency response program computes certain characteristics of
the frequency respons¢ as a function of one or two parameters. In all
seven different kinds;of functional relationships may be obtained (one of
which is the well known Bode diagram). For example the program computes
‘all parameter pairs that will guarantee a given magnitude ratio at a
designated frequency; a special case of this would be a constant bandwidth
curve, i.e., a locus of all points on the parameter plane which provide
a magnitude ratio of -3db at any specified frequency. Details of the

program are not given here but are available. from the authors.

%% This program also was developed for use with the NAVAL POSTGRADUATE
SCHOOL IBM/360 System. (4) -



1.3.' Linear Time-Varying Systems.

It has Been shown (7) that the parameter method along with the Krylov-
Bogoliubov method can be used to predict transient responses of linear
systems where parameters vary in time. Moreover, a time-varying parameter 
can be deliberately introduced into the system to improve its transient
behavior. Computer simulation results are given to indicate the accuracy -

of the presented technique and its value as a design aid.

1.4. Squared-Error Minimization with Stability Constraints.

It is a well known fact that a minimization of the mean-squared error
in linear closed-loop control systems may result in a poorly damped system
response to deterministic inputs. To improve the results, it is suggestéd (8)
to minimize the same performance index with a relative stability constraint
so that all the ¢haracteristic roots have the relative damping coefficient
greater or at least equal to a prescribed value. A solution of the
constrained optimizétion was given in the parameter plane. Future work
will be devoted to ex%ension of this approach to multi-variable systems
where it can lead to %undamental results in squared-error optimization of

dynamic systems.

1.5. Frequency Response on the Parameter Plane.

The development of a program providing parameter plane studies of
frequency response has provided the capability for investigating a number of
interesting situations. A number of linear systems have been studied both
in the anaiysis sense and with attention to design. It has also been
determined that the curve families can be used to analyze and design
nonlinear open loop systems and nonlinear closed loop systems. Papers
presenting details are in preparation, but are not sufficiently advanced to

permit inclusion with this report.



1.6. Analytic Design of Compensation.

It has been shown (9) that the basic Mitrovié relationships can be
combined with equations expressing performance specifications and the set '
of simultaneous equations thus obtained can be solved to deﬁermine a set
of parameter values that provide the desired conditions. The original
work was carried out with longhand solution of the simultaneous nonlinear
algebraic equations on low order problems. A computer approach has been
desired for higher order systems. Work is continuing with graduél

improvement and it is hoped that a useful program will result within a year.

1.7. Specific Design Problenms.

The Frequency Response Parameter Plane has been applied tb a number of
problems in the desigﬁ of active and passive circuits. Most of these
applications (10-13) ﬂave been too specialized for publication. One
investigation (14) "Aﬁalysis and Design of Oscillators with Parameter Plane
Methods'' has been presented at the 1969 Princeton Conference on Information
Sciences and Systems, and will be published in the Proceedings of that
conference.

We have also applied the basic Parameter Plane to the study of Phase
- Locked Oscillators (15). A paper has been prepared énd submitted to the

IEEE Transactions on Commmnications Technology.



2. ABSOLUTE STABILITY ANALYSIS OF NONLINEAR SYSTEMS

2.1. Parameter Analysis.

In the absolute stability analysis of nonlinear systems (1), the
nonlinear is not completely specified and it should only belong to a
certain class of functions. On the other hand, the parameters of the
linear part are specified numerically, which appears to be a quite
unrealistic assumption. Therefore, a modification of the absolute
stability definition was introduced (16) which relaxes the conditions
on the linear part and allows system parémeters to deviate from their
nominal values. Both the analytical (16) and the graphical (17, 18)
procedures were proposed to determine the absolute stability regions
in the parameter space. In particular, a simple analytic test for
absolute stability was derived which is based upon the Routh test (18-20).

The test can be used to test positive realness (20).

2.2, Regions of Absolute Stability.

In posing the absolute stability problem, unrealistic assumptions are
-made regarding the structure of the differential equations in order to
achieve the ahalytical simplicity of global stability. It is clear that
physical systems éreAnot globally stable, nor is there any practical
reason to make them so: it is desirable only to make the region of
asymptotic stability sufficiently large. Consequently, a modification
of the absolute stability problem was proposed (21) to include cases
with finite regions of asymptotic stability. In addition, exponential

estimates are given, thus providing additional information about how fast



the solutions approach the equilibrium position. Future work should be

to extend the results to multiple nonlinearities.

2.3. Regions of Exponential Boundedness.

In the context of absolute stability, .forced nonlinear systems were
»Eonsidered in which the nonlinear characteristic violates the sector
condition in the neighborhood of the origin. It is shown (22) that the
satisfaction of the Popov frequency condition and the boundedness of the
forcing function and the nonlinearity (where the sector condition is

violated) imply the exponential boundedness of the system motion.

Quadratic Liapunov functions are used to obtain estimates of the region which - .

system motions enter sooner than an exponential, Future research should be

devoted to multiple nonlinearities.

2.4. Discrete-Time Systems.

By using the bilinear transformation, the absolute stability test of
(18-20) was extended to discrete-time nonlinear systems (23). The research
currently under way is devoted to conditions under which a discrete-time
system is exponentially absolutely stable. It seems that the analytical

“test can be extended to verify these conditions.



3. APPROXIMATE NONLINEAR ANALYSIS

3.1. Nonlinear Transients.

Previous investigations (24, 25) have provided methods for calculating
transients using the parameter plane and describing functions. It has been
shown that reasonably accurate results obtain for systems with oﬁe or two
nonlinearities when only one pair of complex roots neéd be considered.
Extensions have been made to cases with real roots, and with combinations
of complex roots and real roots. Under this grant these methods have been
applied to cases in which two pairs of complex roots contribute significantly

to the transients. No final conclusions are available, but the accuracy of

the results does not seem commensurate with the labor required for computation.

3.2. Singular Lines and Self Adaptive Systems.

The theory of singular lines (1) has been developed in some detail, and
methods have been developed for designing compensation that produces
singular conditions in the system (26-28). Some of these results are being
.expanded for publication. It has been shown that the singular line condition,
when it exists in a system, may be used for self-adaptive purposes. A paper-
presenting these results has Eeen presented (29) at the IFAC Symposium on
Sensitivity and Self Adaptivity in Dubrovnik, Yugoslavia, and was published
_in the proceedings of that meeting. . |

Recent developments (28) in the technique of designing systems to have

singular lines have led to a need for continued studies in this area.
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CHARACTERISTICS OF THREE PARAMETER SPACE WITH
APPLICATIONS TO SYSTEM SYNTHESIS*

Jorge E. CADENA**

George J..THALER***

Abstract

Classical methods for analysis and design of
systems normally restrict consideration to one
(at most two) variable parameters, but most prac-
tical problems require consideration of three or
more parameters. For the case of linear systems
in which the coefficients of the characteristic
equation are linear functions of three parameters
(commonly encountered practically) a rectangular
coordinate system may be used to define a three
dimensional parameter space. Simple geometric
correlations exist between specified roots and
the sets of parameter values required to obtain
them. A real root (one point on the s-plane)
maps into a plane in parameter space. A pair of
complex conjugate roots map into a straight line
in parameter space.

Methods are developed which permit guantita-
tive analysis and design of such systems using
graphical techniques in two dimensions. These
lead to an algebraic approach which permits de-
sign to obtain specified roots exactly, but with
a capability for adjusting the locations of non-
-specified roots. Numerical illustrations are
provided which demonstrate the procedure in
detail.

l. Introduction

The design of dynamic systems requires that numerical values be
chosen for many parameters. Classical design methods (frequency
response and root locus) consider the effects of only one adjustable
parameter, thus all other parameters are usually determined by trial
and error methods which rely heavily on experience. Mitrovic's
(Ref.2) introduction of a method for considering itwo coefficients of
the characteristic polynomial provided means for rigorous study of
some classes of two parameter problems, and extensions by Silijak et.al
(Ref.4,5,6,7) greatly broadened the scope of coefficient plane -~ para-
meter plane methods, but still restricted them to two parameter pro-
blems.

The use of multi-parameter spaces for analysis and design is not
"easily justified because in general, we do not know how to process
the data to obtain the kind of results needed for engineering work.

i
!
)
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‘el glils paper extends the two parameter plane to a three dimensional =~

parameter space by showing the existence of certain types of geomet-
ric properties for some of the surfaces in three parameter space,

- and by applying these results to the analysis and design of broad
classes of feedback control systems.

2. Mathematical Bases
' Given a characteristic polynomial (linear)
_ N |
_ k
F(s) = a s’ = 0 ; (1)
' k=0

and expressing s in polar coordinates
s = fw +3J w Jl—Cz = W (cos B+j sin 6) = w eJe (2)
n n n n
‘where 0 = cos—l(—C), then

k _ ,k k8

A = a)k(cos k6+3 sin k8) (3)

By definition Chebyshev functions of the first and second kind are:

cos (k cos L ¢) A
1 £) (4)

Tk(C) = cos k6

- e ) hand
U (8) = z;g % _ sin(k cos

sin(cos'—l &)
from which

= o * [ (-DFr @) + 3120 v ) ] (5)

Substituting in Eq.(l)and requiring that reals and 1mag1nar1es become
zero independently provides:

%mc%FhquJC)=o
k=0 (6)

n v
Do e f R g @ = o
k=0

bat 7,_(8) = ¢ (v @ | - (5, ] (7)
which permits Feduction of Eg.(6) to
n .
Do @ (-1 U (@) =0
. (8)

n
Ekk wnk(—l)k Uk(C) =‘O
k=0




Now the coefficients are defined to be linear functions® of three
parameters ‘ '

a = b o + ckﬁ +ay + £ ' (9)

Considering ¢, B, ¥ to be the independent variables, Egs. (8) may
be rewritten as T

By & + clB + DY + F

1 =0
(10)
B, + CZB.+ D,y + F, = 0
where
n , n
By = Ek’l)kbk“hk U1 (8) B, = §k~1)kbkuhk U, (£)
k=0 k=0
n ’ n
€ = )1 e qf Uy (8 C, = Ek—l)kcku%g U, (8)
o k=0 (11)
h n
D, = Zk—l)kdka%k U, _1 (D) D, = 53-1)kdkuhk U, (2)
k=0 k=0 |
n n
P -0 R Up 1 (8) F, = Z(-l)kfkwnk U, (2)
k=0 : k=0

Equations(l)and(10)define the characteristies of the @, B, v
parameter space, and may be used to determine surfaces with known
geometric properties.

3. Real Root Surfaces

For o, B, v independent variables, Eq. (1) may be rewritten as
oB(s) + BC(s) + ¥yD(s) + F(s) = 0 (12)

The locus of all points in ¢, B, ¥ space for which (12) has a real
root at s = - oy is given by . :

aBp + ﬁcR + yDp + Fp =0 (13)

where BR' CR' DR and F_ are the constant numbers obtained by substitu-
“tion of -07 for's in (fz). But Eg. (13) is the eguation of a plane
in o, B, ¥ space; i.e., for a polynomial to have a specified real

root, the parameters 0, B, ¥ must be chosen such that the point thus

defined lies on a particular plane in &, B, ¥ space.

* Nonlinear fupctions also occur in practice., These have been
- investigated for the two parameter case, but are beyond the
scope of this paper.

¥




The intercepts of the real root

‘are given by

plane with the «, B, and Y axes

@ - axis intercept at @ = - F/B £
B - axis intercept at B = - F/C & ¢ (14)
¥ - axis intercept at y = - F/D £y

Usiﬁg these intercepts the plane can be defined graphically in a

three dimensional drawing by its three traces in the coordinate planes
as shown in Fig. 1. To obtain a useful geometric construction which
provides two dimensional representation of lines in the root plane,
note that generation of an auxiliary plane parallel to the ¢ f coor-
dinate plane and at coordinate ¥y = 71 defines a trace MN in this new

. plane such that the trace MN is parallel to the trace ac in the o B
coordinate plane. Rotation of the axis into the of plane such that

v and B are collinear but in opposite directions (i.e., + ¥ =
vides a two dimensional representation of the root plane as in Fig.2.

B

A
-F/C
{C
S = -0} Plane
|,
/7 .
/ -5
4 B
7/ Nl
M v > a
: ] / a
) i
1P /
—
Y N
b . e
- F/D j Fig. L. Definition of a
S real-roaof plane.
» -y
4 RO.TATIONJ [

Note that on Fig. 1 the trace of the construction plane at y = 71
intersects the root plane trace at point N in the @y plane, and note
particularly that the trace of the construction plane in the oy plane
is the line PN, which is parallel to the ¢ - axis. Thus, on Fig. 2,
locate the value of v (say Y1 ) at which a line in the root plane is
desired and construct a llne through this point-but parallel' to, the
0-axis, -

-B) pro-,

i

theh” thé’ construction liné intersects the ab trace at point N.

A second construction line through N but parallel to the veaxis locares |



which is the equation of the real root plane for s = -5. The gra-
phical portrayal of the traces is shown on Fig. 3. Choice of para-
meter values is virtually unlimited, since the only constraint is a
root at s = -5, and three parameters are adjustable. Assume that the
range of adjustment for @ and £ is limited, and it is decided to try
o= 0.5, B=0.5. A construction line is drawn through the desired
point parallel to the of trace, locating point ¢, this is projected
parallel to the ¥ axis to intersect the Oy trace, thence projected

to the Yy axis to determine the required value of 7.

aB (=)

-~ - @
2.0 ’

50 1

__.__o'=-5'y=0
1.0 T
1.5 +

Y
2.0 +

y=2.3
4—

25 71

7

Fig. 3. Geometric construction to define parameter
values for a real root.

freer




. point N' on the 0-axis, and a line parallel to the trace ac, and

. passing through N' gives the line M' N' which is the projection of

' the trace MN (Fig.l) on the af plane. The 0-B coordinates of any

i point on M' N' may be read from the coordinate scales on Fig. 2, and
¢ if these values are used together with Y = 71, the characteristic
equation must have a root at s = -0;. This construction permits pro-
jection on the of plane of a real root line (for s = ~0y) at any
chosen value of Y. However, repeated use of the construction is not
necessary since the relationships are linear and therefore proportion-
al, after construction of only two lines as ac at ¥ = 0 and M' N' at
y = 3, all other lines representing this root are parallel to the
constructed lines and with spacings proportional to the selected
values of v. A

Va

-

Fig. 2. Two Dimensional representation of
the real root plant.
This éonstruction method can be used to determine values of ¢, "

B, v which will provide a desired real root for a control system.
Consider a regulator with characteristic equation:

s¥+(2 x 10%. .+ 1350)s3+(3 x 105k, .+ 4 x 10%k. . +3.85 x 10°)s2+
10 | 10 6 .10 10
10 + . =
( Kigt 2 x 10 'K11+36 x 10 )S’f 2 x 10 KaKp+2.l x 10 0
L "
Let K;, = @, Ky £ B, KaKp £ 9y and rearrange to
6 3 . ' »
(2 x 107s7+3 x 10882+10105)a +(4 x 108s%+ 2 x lOlOs)ﬁ +.
L , (16)
2 x 10%0y+(s%413505343.85 x 10552436 x 10%s+2.1 x 10%0) = 0
Next choose the desired real root value; let s = -5. Then (16)

becomes

-42750 - 90008 + 2000y + 2.082.95 = 0O (17)




If it is desired to specify two real roots, then each root value
is substituted into the characteristic equation resulting in an equa-
tion of a plane. The intersection of these two planes is a straight
line, thus the only values of &, B, ¥ which provide both real roots
are the coordinates of points on this line. The projection of the
desired real root line onto the ¢f plane may be determined by graphic-:
! al projection or by simultéaneous equation solution. Proceeding gra-
phically, find the point H at which the line pierces the ¢f plane by
setting ¥ = 0 in both of the plane equations, and solve the resulting -
two equations in ¢ and B for the coordinates of the pierce point. In
like manner find the pierce point G in the Oy plane by setting B = 0
in the two equations and solving. Project this latter point onto the.
0-axis to obtain point F. The line FH is the desired projection of
the line along which the real root planes intersect. The 0f coordi-
nates of any point on this line define two of the three reqguired para-
meter values. ' The value of 'y is determined by linear interpolation
(or extrapolation) since a ¥ scale is readily established along the
line, i.e., at point H it is known that ¥ = 0, and at point F the
value of 7y is the same as the ¥ coordinate of point G. .

Alternately the @B pierce point is found as previously indicated
by setting Y = 0 and solving the resulting eguations for & and B.
A second point on the desired intersection line is found by choosing
another value for ¥ and again solving for « and 8. A straight line
on the &f plane which passes through these points is the desired pro-
jection.

If three real roots are specified each root defines an equation
such as (13). Thus there are three equations in three parameters and
an algebraic solution provides unique values of @, B, 7. )

In general these methods guarantee that roots will be obtained
at the specified locations. They do not guarantee that such roots
will be dominant. Neither do they give any information as to the
location of any unspecified roots. These factors must be considered
when the methods are used for system synthesis.

é

¢ -

4. Complex Roots

For a pair of complex roots at s = —Ca>v$’ja)dl~52, application
of equations (8) provide a pair of linear e&uatioﬁs (10). Each of
these equations defines a plane, and the intersection of these planes
is a straight line., Therefore a pair of complex conjugate points in
the s-plane map into a straight line in the ¢, B, Y parameter space. |-,
- This straight line can be projected onto the af plane, with y scale
for the line, by exactly the same procedure as used.to project the
intersection of two real root planes. Thus the values of parameters
o, B, ¥ required to obtain a specified pair of complex roots can be
read from a two dimensional plot. ’ ' .

If a third root (real root) is also specified, then it defines
"a third equation. Simultaneous solution of the three equations gives
a unique result for o, B, 7.

.
¥

5. TIllustrative Design, Complex Roots

For the system of Fig. 4a the characteristic equation is

4 3

s* +916.55% + (0473)s% + (B+82.5)s + (y425) = 0 (18)

2

where & = KK_, B = KKy, 7 = KKy. For a desired }Qot at £ = 0.5 and
W, = 2.0, the equations of the two planes become

400 - y + 135

-0

0 |
(19)

40, -28 + 110 = 0




K
(s+0.5) (s+1) (s+5) (s+10)

QO

Fig. 4a. Block diog'rom of a three parameter system.

The equation 40~2B+110=0 defines a plane parallel to the y-axis,
and is also the equation of its intersection with the @-f plane. Be-
cause this plane contains the desired line, the projection of this line
on the of plane is given by the same equation, and the ¥ scale on this
line is defined by the eguation of the other plane,i.e., 40-y+135=0.
The desired line on the o0-B plane is given on Fig.4b.

In terms of design if it is desired that all gains be positive,
then a point must be chosen on that portion of the line which lies 1n{
the first gqguadrant on Fig.4b. However, it mlght be desirable to permltl

positive acceleration feedback (K, negative), in which case the Oper—-
ating point could be chosen in the second quadrant. Any choice along

i this line defines values for ¢,B and ¥ which guarantee roots at C——OS
and w,=2.0. Values of the two unspecified roots are not indicated,and
nust be checked because their locations change with values of @, B and :
Y, and some choices of these parameters could provide unspe01f1ed
roots with unsuitable values.

N

6. An Algebraic-Graphic Extension of the Design Procedure

A system with three independent parameters, @, f,7, has three de--i
grees of freedom. When specifications require that a certain pair Ofi
roots are to be obtained, two degrees of freedom must be used to guar-
antee this. The third degree of freedom may then be used to adjust
the locations of all other roots. Because of this it is possible to
define a functional relationship between all unspecified roots and ,
any one of the parameters. The procedure is as follows: E

a. Write the characteristic equation of the system and also the .

quadratic defined by the specified roots.

b. Divide the gquadratic into the characteristic equation obtaln
ing a quotient and two remainder terms.

c¢. In order for the specified roots.to be roots of the charac-
teristic equation the remainder terms must be identically
zero for any s. Therefore the two remainder terms may each |
be set to zero, and together with the guotient they form ‘
three equations in three parameters.

d. Substitution of the remainder terms into the quotient reduce
the quotient to a polynomial in s with one parameter. Then

VVVVVVV o the quotient may be used to define a root locus which shows

the locations of the unspecified roots as functions of one
parameter.

e. The value of the third parameter 1s then chosen from inspec-

tion of the root locus.
Applying this procedure to the illustration of the precedlng sec-—
tlon, the characterlstlc equatlon is (18) and for roots at £ = 0.5 f




and w, = 2.0 the gquadratic is

s 4+ 25 +4 =0

Dividing (20) into (18) the quotient is

s® + 14.55 + @ + 40 = 0

and the remainder equations are
~4¢ + ¥ - 135 = 0

-200 + B - 55.5= 0

Fig. 4b
Projection of
complex root line
on the a B plane.

(20)

- (21)

(22)

a=Kka

50




Since. Eqg. (21) happens to be a function of one variable only, no

manipulation is needed To get Eg. (21) in root locus form, rearrange
to

o
5 = - 1 (23)
s” + 14.5s + 40

Factoring the denominator (23) becomes

o
(s + 10.995) (s + 3.705) .~ ~ % (24)

The root locus for (24) is shown on Fig. 5, on which are also marked
the specified roots. The unspecified roots may be forced to a non-
dominant location such as s = ~7.35 + j 3.37 by choosing « = 24, Then
substitution into Eg. (22) provides B = 103.5 and y =231.

A po

Root Locus 110

T 5 Specified Roots

-.+a=24

1 y,
O-L.
!
o -
:
®“’\

}
R

"
Y
£

- -10
Fig. 5. Root Locus for
- unspecified roots.

7. Conclusions

Extension of parameter plane equations to define a three para-
meter space provides useful information for analysis and design. When
the functional relationship between coefficient and parameters is
linear, geometric interpretations are possible. A real root of the
characteristic equation defines a plane in three space, and two real
roots define a etraight line which is the intersection of two planeq
In like manner a pair of complex roots define a straight line in three
parameter space,

Methods have been presented for obtaining pro]ectlon of such
lines on a plane and for using such projections in analysis and design.
An algebraic procedure has been evolved from the graphical procedures
which promises to be even more valuable in the design of multivariable

systems.
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SYNTHESIS OF SYSTEMS WITH
DOMINANT COMPLEX ROOTS
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ABSTRACT: Systems with three (or more) free parameters are
considered. Predetermined locations are assigned to one pair
of complex roots, and their existence is guaranteed by assign-
ing two degrees of freedom (two parameters) to constrain them
to the desired location. The constraints are used to con-
struct a reduced characteristic equation from which the as-
signed parameters have been eliminated. The polynomial thus
obtained defines the locations of all roots except the speci-
fied complex pair, and (for the case of three parameters) a
root locus study permits choice of a value of the third para-
meter such that the root pattern is compatible with a domi-

nance requirement for the specified complex pair.
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INTRODUCTION

Classical methods for the design of feedback control sys-
tems normally strive to achieve dominance of a pair of complex
roots. These rodts may be designated indirectly (in terms of
phase margin and gain margih) when using frequency response
methods, or directly (in terms of { and w, or ¢ and w) when
using s-plane methods. When an error coefficient is specified
solution of the design problém becomes difficult. If fre-
quency response methods are used cascade compensators may be
designed but trial and error is required and tﬁe answer is
apéroximate, while the design of feedback compensation is still
more difficult. Using Root Locus methods several techniques
(2,3,4,5,6,10) have been developed which permit design of
cascaded compensators to achieve a desired location of complex
roots together with the specified error coefficient, These
methods can give precise answers withoﬁt excessive labor, but
do not provide guidance to alternate solutions when the origi-
nal solution is mathematically correct but practically unde-
sirable,

In like manner the problem (of designing cascade compen-
sation to achieve roots at designated locations while satis-
fying an error coefficient requirement) can be solved alge-
braically (2). Use of the Mitrovic's rélationships provides
two simultaneous equations which may be solved to determine

the required locations of the pole and zero of the compensator.



All of these s-plane methods provide roots at the speci-
fied locations, and also»provide the specified error coeffi-
cient, butkthey do not guarantee stability and they do not
guarantee that the specified roots will be dominant. These
reguirements must be verified after the design has been
carried out.

In general the methods developed thus far establish re-
lationships between two parameters which must be satisfied in
order to force two roots to desired locations.

- Because there are only two degrees of freedom the solu-
tion is unique, and may be unacceptable if there ﬁas been an
unfortunate choice of other parameters. In this paper a new
concept is combined with well known techniques to guarantee
the desired root locations and at the same time permit adjust-

ments for stability and for dominance of the desired roots.,

THEORY

The characteristic eguation of a dynamic system may be
developed from the system transfer functions (or other mathe-
matical model) with coefficients expressed as functions of the
system parameters. This characteristic equation may be

expressed as

n
E:aksk = 0 (1)
k=0



If m desired root locations are chosen (m < n), they define

an mth order polynomial

m

k1
E:akls =0 (2)
k1=0

Formal division of (2) into (1) provides a guotient and a

remainder

I n m -
| k| . z k1| _
\ Z as | - a1® =
k=0 k1=0
n-m n-m-1
&, _mS -+ a, .18 ess F a, + REMAINDER (3)

The system is guaranteed to have the m degired roots if the
Remainder is identically zero.

There is nothihg really new in relationships 1,2;3, but
proper interpretation provides a new and useful technique for
analysis and design. The new concept is to use the Remainder

and the quotient to study the non-specified roots and place

them in locations which guarantee gstability of the system and
dominance of some specified roots. Note that if the Remainder
is zero, then the quotient is a polynomial the roots of which

are the non-specified roots of the characteristic eguation.

The Remainder contains m terms, each of which must be zero

for all values of s, and thus the Remainder defines m-~equations

in p-parameters., The quotient, when set to zero, provides one

additional equatibn in p-parameters (or less‘than~p).

4



If the system (i.e., the polynomial of Eqg.(l)) contains
exactly the same number of parameters as there are specifica-~
tions, i.e., if p= m, then the remainder defines m-eguations
in m-parameters which may be solved simultaneously for unique
numerical values of these parameters. The coefficients of the
guotient are thus defined numerically and no adjustments are
possible. This situation is éxactly the problem of Ref., 1-6,
and the solution is also the same (i.e., the same values are
obtained for the parameters). This method has some advantage
in that it may be used for m = p = 2,3,4 etc., while the root
locus methods are normally restricted tom = p = 2,

When p > m, then the m-equations from the remainder may
be solved for m of the parameters, each of these solutions
being in terms of the remaining p-m parameters. Substitution
of these results into Eqg. (3) provides a polynomial with coef-
ficients expressed in terms of p-m parameters. Equation (3)

becomes

DASA+ DA._lSA_l 4+ ees D =0 (4‘)

where A £ n-m; D = D(p-m)

Equation 4 defines the non-specified roots of the system

in terms of p-m parameters. By studying the locations of the
roots of (4) as functions of the p-m parameters, a choice can
be made for the values of these parameters. If there exists

--.a range of parameter values such that all roots of (4) are in

J



the left half of the s-plane, then a choice of parameter values
within this range guarantees stability of the system. If,
also, there is a sub-set within this range for which a pair
bf the specified rooté are dominant, then the éhoice of the
parameter values within this sub-set guarantees both stabili-
ty and dominance. In either case the chosen p-m parameter
values are then substituted into the solution of the remainder
equations to determine the remaining m-parameter values. It
- is important to note that for any choice of the p-m parameters
the specified roots are obtained exactly, in addition the non-
specified roots are exactly those used in selecting the p-m
parameter values.
For many practical cases study of the roots of Eg.(4) may

be accomplished by well known methods. When p-m = 1, Edq.

(4) provides a conventional root locus. When p-m = 2 algebraic
manipulation removes all but two paraméters from Eg. (4) which

may then be studied by parameter plane methods. If p~-m > 2

the particular methods used depend on the specific problem.

ILLUSTRATIONS

The manipulations involved in applying the method are
very simple. They work surprisingly well on some rather dif-
ficult problems. The algebraic equations involved are non-
linear, though, and thus the method does not always work
(easily, The best way to show this seems to be by specific

illustrations:



CASE I. Type Zero System with three free parameters (Fig.l).

Dominant complex roots desired with £ = 0.5 and

ah = 2,0. Evaluate p, ka and kto

Solution: The system characteristic eqguation is

s5+(p+50)s4+(875+50p)s3+(6250+875p+100kan§+(15000+6250p+uxkt)s

+ 15000p+lo_0 = 0 (5)
The specified roots define the quadratic sz+25+4 =0 (6)
Dividing (6) into (5) the quotient is
‘s3+(48+p)32+(77l+48p)s+46l6+775p+100ka (7)
with reméinder:
(450p—200ka+100kt+2684)s+ll900p-400ka~18364 (8)

Each of these remainder coefficients must be zero, thus:

4508p - 200k_ + 100k, + 2684 = 0 (9)
11900p - 400k, - 18364 = 0 (10)
From (10) 100k = 2975p - 4591 (11)
Substituting (11) in (7)
s3 & (p+48)s® + (48p+771)s + 3750p + 25 = 0 (12)
2
partitioning (12) p(s” + 48s + 3750)

3 2

= -1 (13)
s> + 48s° + 771ls + 25 :

The root locus for (13) is shown on Fig.2. Note that this

locus defines the values of the three unspecified roots as



functions of p only. The specified complex roots have been
superimposed on Fig.2 for convenience. p is chosen to in-
sure dominance of the specified roots. For example, choosing
a real root at s = -30 gives p = 2.15; substitution in
(11) gives k, = 18.09, and further substitution in (9) gives
kt = -87.66.

CASE II. Type I system with four free parameters (Fig.3).

Dominant complex roots desired at s = - 1 F j3.
Error coefficient to be Ky © 1.0. Evaluate Kl' Kye
Ko b.
Solution: The characteristic eqguation of the system is:
s +(3+p)s +(2+3p+K )s +(2p4Kl+I\. )S+Klp+KlK2 + 0 (14)
Note that the parameters appear in product combinations.
The required roots define the polynomial
s + 28 + 10 = 0 (15)
Dividing (15) into (14) the guotient is:
sz + (l4p)s + (—lO+p+Klkt) (16)
and the remainder terms define
10 - 10p + Klkt(p—Z) =0 (17)
100 -~ 10p - 10Klkt + Klp + K1K2 = 0 (18)
The K, specification defines
-~ KK, - 2p - 2Klktp f Kip = 0 (19)



Solving (17), (18), (19) gives a uniqgue result for p (this
means that the four free parameters constitute only three

independent parameters) :
p = -1.5F 452.25 = 5,7287 or -8.7287

Choosing the positive value provides:

p = 5.7287; K

1 2

= 10, kt = 1.268, R, = 2,67

and the two remaining roots are s = -3,36 F jl.7. Note that
in this case there were no "excess" free parameters which
could be adjusted to obtain acceptable values for the unspe-

cified roots; the solution obtained is unique, and the result

may or may not be acceptable.

CASE III. Type 1 system with four free parameters (Fig.4).
Evaluate K, z, p, kt for roots specified at
-5 F 510. |
For this system the characteristic equation is

s* + (1oap)sd 4 (25+100kt+10p)52 +

(25p+100p k +100K)s + 100K = 0 (20)

The specified roots define the polynomial

s? + 10s + 125 (21)

Dividing (21) into (20) the quotient is

s? + ps + 100k, - 100 (22)



and the remainder terms are

100p k, - 100p + 100K - 100k, + 1000 = 0 (23)

1100 K, - 12500k, + 12500 = 0 (24)
Since only two roots have been specified (23) and (24) define
the relationships among the four parameters, but two such .
egquations are not enough to permit elimination of one vari~
able from (22). Thus it is.easier to proceed by étudying
(22) on the parameter plane (7, 8, 9) of Fig.5. Note that
any choice of p and kt on Fig. 5 defines the locations of the
third and fourth roots of (14) since the primary roots have
already been constrained to s = -5 ¥ j10. The rémaining para-
meters, K and z, may be determined by substitution of p and
kt in the remainder constraints of (23) and (24).

in érder to obtain acceptable values for the parameters
with minimum trial and error, (23) and (24) may be plotted
as shown on Fig.6. Inspection of Fig.6 shows that p and kt
cannot be chosen arbitrarily if K and z are to be positive
numbers. It appears that the choice is restricted to
kt > 1.0; p < 10. An intelligent choice can be made by
inspection, and a number of alternate possibilities can be
explored rapidly.

Since the system has four free parameters and only two
are required to constrain the dominant roots, additional con-

straints can be applied. For example, if it is desired to

10



constrain the error coefficient the constraint equation is

K Lim sG(s) 100Ky (25)
A = 1im =
v om0 p(25+100kt)
from which
(2‘5p+100pkt)1<v = 100 K, (25a)
but from (24) 100K, = 12500 (k1) (26)

Substituting (26) into (25a) and manipulating

pK,, + 500
“¢ T T ZpK_- 500 (27)

Eg. (27) may be plotted as a single curve on normalized coor-
dinates as in Fig.7a, or as a family of curves on‘parameter
plane coordinates as in Fig.7b. Then, using the curves of
Figs.5, 6, and 7, any choice of an operating point defines
values for p, kt’ K, z, and Kv’ while restricting the speci-

fied roots to s = -5 F j10,

CONCLUSIONS

A simple algebraic method has been presented which per-
mits study and design of multiple parameter systems with pre
specified locations for some of the characteristic roots.
Determination of a suitable set of parameter values may be
carried out in an entirely algebraic fashion, or with the
assistance of graphical tools such as the root locus and the

parameter plane.
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A MATRIX APPROACH TO
PARAMETER ANALYSIS OF DYNAMICAL SYSTEMS®

Jay@ant KARMARKAR**

George J. THALER***

Abstract

The response of a dynamic system to a command
or a disturbance depends on the values of the para-
meters which comprise that system. Analysis of
system performance in terms of the relationships
between parameters and roots of the characteristic
equation is therefore a very desirable procedure,
and leads to an intelligent choice of parameters for
a final design.

There has been considerable study of parameter
analysis (Ref. 1,2,3,4,5,...) methods in recent years,
the most effective of which have been the parameter
plane (Ref. 1,2,3,...) methods which permit display
of the parameter vs. root correlations with a two
dimensional family of curves. Parameter plane tech-
niques treat the problem as a two parameter problem.
The resulting equations can be “programmed and the
curve families plotted, but special programs must be
written. This paper approaches the problem from the
viewpoint of an n-dimensional parameter space, (Ref.6)
and formulates the problem in matrix form. The pro-
blem is then reduced to a two parameter problem in
order to obtain the advantages of graphical presenta-
tion, but the matrix formulation permits direct solu-
tion using standard matrix subroutines so that the
programming effort is minimal, Slight additional
modifications permit simultaneous studies of sensi-
tivity, stability and other features of interest.

1. Matrix Formulation of the Parameter Space

The dynamics of linear systems are defined by the roots of the ;
characteristic equation. The characteristic polynomial may be defined
as

N

% .
E;ks = O.v (1)
k=0

where the coefficients, ap, are functions of the parameters. Many
functional relationships are possible, and each must be considered
separately in a matrix formulation. In many physical systems the
coefficients are linear functions of the parameters

— a, = bka+ckﬁfdk7+ek5 +ooee + kg (2)

* This research was supported by NASA GRANT NGR 05-017-010

2% A891stant Department of Electrical Engineering, University
of Santa Clara, Santa Clara, California

*%% Pprofessor, Department of Electrical Englneerlng, Naval Post-
graduate School, Monterey, California. S
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The functional relationships between the coefficients and roots
of a polynomial are well known and are the basis for the matrix for-

mulation of the problem. When a_ = 1.0, the following relationships
. N
obtain
AyN-1 bPyer Cm-1 -1 Sy-1 ot Kyer o Nry
b

AN-2 N-2  Cn-2  Iy-2  Sy-2. - Kyoof A R,

A3 | T ) ) ) ; ; LY [N
. 3

aN.—4 £ d o > L ] o 6 *

aO bo Sy . do eq ko | 1. NRN

N N
NRl = Ejri NR2 = E:rirj (3)
i#j

which may be rewritten

SEBIBES

In normal problems the A matrix and the R matrix are not known
(i.e., numerical values are not known). The C matrix is completely
known, and the P matrix, by definition, contains the variables to be

l

studied. These relationships, then, define a N-~dimensional parameter .

space. Specific solutions are not available, however, unless more

information is available, i.e., unless specific constraints are
placed on the roots,

To reduce the problem to a two dimensional space so that para-

meter plane curves can be obtained, two roots are specified as a com-

plex conjugate pair, (which permits use of two parameters, say & and
B). 1In addition, then, specific numerical values must be assigned
for all additional parameters, v, 0, etc. The matrices then become

. = B
be1 Sy-1 Yy-1 v Kye1 .
Py-2 Cn-2 . A

] ) : 4
b, cq % || r
= e O -
N"le 1 0 1
R N-2 N~2 1 20
R, Ry
N-2 N--2 N-2 2
R3 R2 Rl _? + QEJ

S T T €




“where all parameters except & and B are now known numerically, and :
- the right hand side is obtained by removing the specific complex pair
. of roots* from the R matrix. The only unknown quantities are_the two
. parameters ¢ and B, and the root combinations N_ley N“2R2... - Ry_p°

Fach row of the matrix is rearranged, putting unknowns on the LHS and
. known numerical values on the RHS, yielding

bN—l CN-]_ "l 0 - o‘Q o o0 0 a
bN—Z Cn-2 20 . O 0 B
2 N-2
b3 Cy3 ~(0 oy -1 0 R,
hd - . - N"'z —
: : : -20 : Ry | ©
b2 C2 0 E f-l s
by 1 0 : -2 : |
. 2 N-2 :
b c 0 : ~(o%+uf) ;
0 0 - i
hocs .J e RN %-i :
— . — — |
20 dN—l -1 °°° kN~l Y .1 i
2 i
0% +of Ao ©yo2 koo 0 |
O e - - : %
. : : . 5 i
0 . . . . (5) i
. . . . |
. . : : : |
: 9 : k1 :
0 a : k 1.
i —J e o ° O ol ba —J .‘:
After rearrangement of the RHS of Eg.(5), the result is 2
N-1 Cn-1 -1 0 ... o 20'-kN__l i
° 2 - 5
by, Gy, .20 -1 . B (0% +f) F |
| o | w2 = = (6)
. 'Y . bd Rl kN—3 . H
e Y . R : : {
. . ) o N-2._ ] |
b . !
|’ 9% 3L Rl L Koo | |
’ i

 From this form solution for @ and B is obtained using standard matrix
subroutines.

* Eq:(4) specifies complex roots (in rectangular coordinates) at

s = -0 F jw. If polar coordinates are desired s = ~Cuh F ja%{ﬁ;t%andi
the corresponding matrix is 1 3
, 2lw %

n |

o |

n



2. Obtaining the Parameter Plane Curves ‘ " %ff

Parameter plane curves are simply mappings of s-plane contours
in the @ - B plane. Thus one chooses a constant o-line (oxr constant ;
C-line) substitutes the numerical value of ¢ into Eq.(6) and incre~ g
ments w, solving (6) for & and B at each w. This is repeated for as

. many lines as may be desired. Constant w-lines are obtained in like
manner, ‘

3. Information about Other Roots

In addition_to solutions for & and B, Eq.(6) also can provide
solutions for N“le, N"ZRZ co. N- Ry.+ These numbers are the coef-

ficients of the reduced polynomial

N-2 N-2 N-3
2 lss

+ .o + N"‘ZRN_Z =0 (7)

i The roots of (7) are precisely the remaining N-2 roots of Eqg.(1l).

Having obtained the coefficients of (7) by solution of (6), (7) may be
solved by any root-finding subroutine, thus evaluating all of the ;
other roots of the polynomial for each chosen location of the speci-

fied roots. It is not convenient to plot these additional roots, but
it is often convenient to have their values available. '

Eg.(6) is formulated for a specified pair of complex roots. For
some studies real roots are of importance and parameter plane curves
for real roots are desirable. To determine real root lines, substi-

tute s = -r (r = a specified real root) into Eqg.(l) obtaining

DY e e e e 20 s a0 (8)

. Assuming that the a's are linear functions of only 2 parameters, & and
B, (8) may be rearranged: i

[b.~b,r+b Fe s +(—1)N~lb R T

071 2 N-1

[co~clr+c2r2 oo +(-1)N"lc

N_er-l]B + (9)

ko—klr+r2r2 vee #(-)N L Nl )y NN L

N-~1

which is the equation of a straight line. Eg.(9) reguires its own
simple program. /

For specific values of ¢ and w the determinant of the system
matrix (LHS of Eg.(6)) may become zero., If this occurs the defining
equations are no longer independent, and it is possible to have sin- |
gular lines. The basic matrix solution of Edg.(6) cannot evaluate and
plot these singular lines, but it can be made to print out a warning
that a singular line may exist for a specific ¢, Wpair.

4., Evaluation of Sensitivity g
For many problems it is valuable to know the sensitivity of roots
to variations in parameters. This information can be used to estab-
lish tolerance, to assist in self-adaptive schemes, etc. Several k%néa
of sensitivity have been defined. Root sensitivity is compatible w1th%
the matrix approach and is defined by

H

cap do
Sp T 0 dp 1 i
g®el dw
p w dp



. tion of Eq. (6).

i

The parameters of interest here are @& and B.

with respect to & and note that:

38 _ se .
Sa "0 Fg Tl

2, 2
3 (07 +w?) o0 dw

RY, 20 rY R 2w Sa
%b, dc, %k

L = L = = 0 i

on ou oo,

Eqg. (12) may be sglved for the
sensitivities 29 and $% using the
same procedure as for Ed.(6). Note
that the first two columns of Eq.
(12) may be obtained from the solu-
To obtain the
sensitivities with _respect to B,
the column vector [b;] is replaced
with the column vector [c;] and the
variable notation is changed from

@ to B.

¥

&= O'l'..

E 0
2(0 %)) 2w
Z(GN“2R1+N”2R2) 2@#’2Rl
20" %R, ?R,) 20""?R,
2™ PRy g PRy ) 20 PR
20V R, 26" ?R

9060 006086060000

a2

e

baoowar

. (N-1)

1

20

02+w2

o

o Ry

)

0

i

20

o2+

b

b

_Differentlate‘Eq.(6)

; After rearranging the terms, the resulting matrix equation is

(11)
0
0
0
0
20
o +w2
el
(12)

‘e e dat et PN b

| il

0

e

5e Matrix Forxmulation for Nonlinear Parameter Relationships

The functional relationship between coefficients and parameters
is not always linear. This complicates the solution, of course, but
a matrix approach is usually possible, if combined with a few addi-
tional simple steps. One such case arises when the coefficient-para-

meter relationship is of the form

a, = b o+ ckB + pkaﬁ + k

k

(13)



!, Proceeding as

j obtained
Py-1 - “n-1
; Py- CN—Z
| BN
| Po o

has (N+2) columns and N rows.

[

L3

Eq. (14) is written for a specified o,

. ations provides a matrix equation of the form

'; 1 0 0

1o 1 0
0 0 1
0

From the first two rows of (15)} Eg. (16) provide a quadratic in

1

in the linear case, the following matrix équation is

i 0 which can be solved for two values of @ and the corresponding two
‘ solutions may then be used in Eqg. (15) to evaluate

values of g These
2
Ry-2-

% N- R]_...

of + cyq

Brey

o+ c

o+ c

Note that the only change in the sensitivity egqua-

tion (corresponding to Eg.(12)) is an additional column vector on
the RHS.(see Eq.(17)).

12

22

(16)

T

!

g

Py-1

. (17)

o

|
i
i
!
i

0 -1 Kne1 of
0 N-2  Fy-2 R
© - N"‘2
0 ) ) Ry
: ) ; 2, =0 (a4
-1 . .
- - N-2
-20 1 ky Ry-2
o
— (g% +u?) o X, 1
P hicoy .-J
w pair, and the matrix
Using a computer program for row oper—"
< i -B}
€11 Ci2 op
B
° N—z
. Ry
. . 0 (15)
C C
CN, N+1 N, N+2 1




case. In this case the parameter vector (see Eqg. (14)

be

which contains N+4. terms.

i
{

Another case in which the parameters appear nonlinearly provideé

+ rkﬁz + kk

Matrix ﬁanipulations follow the same scheme as for the preceding

a, = bka + ckB + pka@ + q o

Con-

tinuing with the procedures used
for Eg.(15) results in a bigquad-
ratic equation in & (comparable
The sensitivity
equation now has two additional
terms on the RHS:(see Eg. (20)).

to Eq.(16)).

6'

Illustration

A program has been developed which calculates and plots the ¢
vs. B curves using the matrix techniques.

Fig.l for which

c _ B(s+25) (21)
R 4 3 2 . i
s +{(204+A)s7+(1700+20A)s"+(1700+B) s+25B .o
The denominator of Eg.(21) is the characteristic equation. ILet a=A2 i
and B = B. Then the coefficients are linear in ¢ and B, i.e. o
a =b o+ c B+ d (22)

It is readily seen

-20

2

b, = 0,
by =0,
b, =20,
b, =1,

that
c = 25,
e}
cl = 1,
02 = 0,
c, = 0,

= 1700
= 1700

= 20

~and (15)) would

Consider the system of

(18)

(19)

(20)



Using the program provides the parameter plane curves of Fig.2.

10,

11,

12.

13.

14,

115.

16.
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from a real line into a closed curve! in the

4 complex plane {3

Stability analysis using this synchronous
‘lscribing function is valid only for the
Jecific synchronous inputs considered.

ConcrLusions

The circle of the circle criterion is deter-
mined by worst-case output distortion com-
ponents and must be avoided. On the other
hand, in describing function analysis, a
closed region which must be avoided appears
only in synchronous cases.

It seems that the conservative stability

estimates of the circle criterion in the case
of a general time-varying operator N=N(x,
t) are perhaps due to the possibility of syn-
chronism connected with periodicities in N.
Consideration of synchronous effects may
lead to better stability conditions. It appears
that intersection of the linear part H(jw)
with the stability circle may be permitted if
synchronism cannot occur.
: Z. BONENN

Scientific Dept.
Mxmstry of Defense
Israel
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i Incidentally, this closed curveis a circle in linear
cases (e.g., when N is purely time varying), but takes
a more oomplu form for nonlinear elements {3},

/ On a Class of Time-Varying Systems

Abstract——A class of time-varying sys~
tems whose matrices satisfy a certain ma-
trix Riccati equation is discussed. For this
class, the state transition matrix can be
found in closed form.

INTRODUCTION

Consider the homogeneous linear time-
varying system
X=A40X® X0 =X )
where X is an n vector and 4A(f) is an nXn
matrix that is nonsingular and whose ele-
ments are continuous and continuously dif-
ferentiable functions of time. Closed-form
solutions of (1) are discussed here for the
class of A(f) that satisfies the followmg
matrix Riccati equation:

A() + 4%) = BOA®

Manuscript received May 8, 1968, This research
was supported by Ohio State Univemty. College of
Eagineering, under Grant E

@

where B(f) belongs to certain classes of
matrices to be discussed below, If (2) is
satisfied, it can be shown that
X = B@X.

For simplicity, the discussion that foliows
is limited to matrices B(f) with real eigen-
values and one-dimensional invariant sub-
spaces (distinct eigenvalues). The same ap-
proach can be extended to multiple eigen-
value cases and complex eigenvalues.

Crosep-ForM SOLUTION

1) Matrix B is constant. If Bisconstant,
X is an exponential function of B and

X() = [+ B - DAOX©@- @

As an extension of this case, suppose B(¢)
is a function of time that satisfies the follow-
ing Riccati equation:

B() + BXt) = CB() ®

where Cis a constant matrix; then the solu-
tion of (1) is given by

X = [t4(0) + C3Ce5t — D A(0)

-+ A%0) + 1]X(0). (6)

If C in itself is a function of time, but it .

satisfies a different equation .of type (5),
again solution of (1) exists in closed form,
This procedure holds for a sequence of such
Riccati equations of any length,

2) Matrix B{¢) has constant eigenvec-
tors. The matrix B(f) in this case is decom-
posable as

B() = MM

where M is a constant #X»n matrix whose
columns are the eigenvectors of B(¢) and I'(¢)
is a diagonal matrix with elements v1(¢), = « -
a(£). One can show that

X0 = M exp [ f o‘r(t)d:] MA0)X(0)
’ 4
X() = f X()dt + X(0)

XQ) = [M f O‘exp [ f o“r(:,)dz,]

LM A0) + 1] X(0).

The extension of the former case, namely,

"for a sequence of Riccati equations, in gen-

eral applies here, except that the integration
of the scalar exponentials appearing in (9)
may not be very easy.

Note that condition (7) is equivalent to

B)B(t:) = B(t)B(t)

for all &

3) Matrix B() has constant eigen-
values. The discussion here will be limited to
matrices B(¢) of the form

B(f) = eD'Te Dt (10)

where D is a constant matrix, and T' is dia-

- gonal with constant elements. For this case.

an
X0) = [(eFee-D% = YA +1)X©O) (12)

X (@) = eDlett~PMX (0)

@

-

@®

O

,mpported by

589
where F is a constant matrix equal to

Fe=- f Poer-Dede.  (13)
']

Again the extension to a sequence is valid,
namely, solution of (1) can be found in
closed form if B({£) does not satisfy (10), but
it satisfies a matrix Riccati equation such as
(5) where C satisfies an equation of form
{10) and so forth,

CORCLUSION
To two known classes of matrices A ()

-that render closed-form solutions for time-

varying systems (matrices with constant .
eigenvectors or constant eigenvalues), a third
class is added here—matrices that satisfy a
certain Riccati equation.

The .discussion concerning constant
eigenvalue matrices was limited to a very
special class (10), More research is necessary
for extension of the present results to more
general constant eigenvalue systems.

More research is desirable in analysis of
structure of time-varying matrices with

- - closed-form solutions in order to unify the

preaent scattered results in this area.
H. HEMaMI
Dept. of Elec. Engrg.
Ohio State University
Columbus, Ohio

Squared-Error Minimization with
Stability Coanstraints -

Abstract—Minimization of the mean-
squared error in linear closed-loop control
systems may result in a poorly damped sys-
tem response-te deterministic inputs. To im=
prove the results, it is suggested to minimize .
the same performance index with a relative
stability constraint so that all the character-
istic roots have the relative damping coeffi-
cient greater or at least equal to a pre-
scribed value.

It is a well-known fact [1] that a mini-
mization of the mean-squared error in linear
closed-loop control systems may result in a
poorly damped system response to deter-
ministic inputs. To improve this situation, it
is suggested that the same performance in-
dex be minimized with a relative stability
constraint so that all the roots of the cor-
responding characteristic equation have the

-relative damping coefficient greater or at

least equal to a prescribed value. The idea
of constrained minimization is now illus~
trated in the parameter plane [2], [3].

Consider a control system, shown in the
upper right corner of Fig. 1, with the speci~
fications

Manuscnpt received April 17, 1968, This work was
NASA Gnnt NGR 05-017~010.
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(1)
——

§

Gy(s) = !

5(0.001s? 4 0.025s 4~ 0.25)
K(s + )
s+8 7
u() = unit step function;
ox(s) = yw/x.

It is required to determine the param-
eters K, ), and 5 of the integral compensator
Ge(s) so0 as to increase the system velocity
constant and minimize the mean-squared
error while maintaining the overshoot of the
unit-step function response below 30 percent

of its steady-state value. At first, the noise
component is not considered.

Gs) =

2

Fig. 1,

bs(s) = ,—:’—:1 o)

0.0258% — 0.375a88 — 1.558 -+ 1074« — 0.65-1072

one can plot the {=constant curves on the
parameter off plane in the usual fashion {2},
[3] as shown in Fig. 1. These curves deter-
mine in the «f plane the relative damping
regions R{r>to} which correspond to a
given value of the relative damping coeffi-
cient {,. Thus, for {=04, the relative

- damping region R {{>0.4} is determined by

curve =0.4 and is shown shaded on Fig. 1.

For the values of a and 8 which lie inside

R{¢>0.4}, all the characterstic roots have
204, -
By using the substitution (3) and apply-
ing the well-known procedure [1], we can
evaluate the mean-squared error I from (2)
as function of « and §:

e, B) =

@

0.6258% + a’8 — 6.25a8

As known, the choice of the parameter

8(«K1)is notcritical and the value 0.04 may -

‘be :fccepted. Then, if the numerical value of
vs is 2w, the power density of error ¢r(s)

which corresponds to the signal s{¢) given as -

For different values of I, a family of the
curves determined by (4) is plotted on Fig.
1. The minimum of I is found at the point
M, which lies outside the damping region
R{r>0.4} and thus is unsatisfactory. The

0.0025* + 0.05s* + 0.55 + 0.02

Px(s) =

The denominator of .¢g(s) is the char-
acteristic polynomial of the system under
investigation. By substituting in the char-
acteristic polynomial

K 4001 = o

0.04K\ = g, @

0.0015* 4 0.0255* + 0.255% 4 (K <+ 0.01)s 4 0.04K\ )

solution of the formulated control problem
is at the point M, which corresponds to the
constrained minimum of I on R. In addition,
the diagram of Fig. 1 can be used to deter-
mine readily the characteristic roots related
to M; [2], [3]. From the curve ;=04 and

_tangents to curve =1, the roots are

Squared-error minimization in the parameter plane,

@) .

§3 == 0.864,
®

Sne = — 41 £ 79.39,
$s = — 16.4.

The smaller real root and the zero of the cor-
responding closed-loop transfer function
form a dipole whose effect may be neglected.
The other real root is relatively large and
its effect can be also neglected. The unit-step
function response will be governed only by
the pair of complex roots s1.2 whose value
of damping coefficient (¢ =0.4) ensures that
the overshoot is less than 30 percent.

From the coordinates of ‘the point
Mi{a=1.89; 8=1.52) and substitution (3),
the values of the compensator parameters
are K=188 and Z=20.2. The velocity
constant of the compensated system is 38
times greater than that of the uncompen-
sated system. The constrained minimum at
M, is I=0.307. The unconstrained mini-
mum at M, is I=0.187 and corresponds to
£=0.198. .

In a similar manner, the component of
the mean-squared error related to the noise
can also be expressed as a function of a and
8 which for vy=2r has the following form:

a3 — 25at — 6.258
a? — 6.25« 4+ 0.6258

I, B) = ©)

The same reasoning outlined above may now

" be applied to the noise case.

D. D. 8mwyax
University of Santa Clara
Santa Clara, Calif.
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ANALYSIS AND DESIGN OF OSCILLATORS
WITH PARAMETER PLANE METHODS

G. V. Zorbas G. 'J. Thaler

INTRODUCTION

' The ability of a circu%t.to oscillate depends on the
‘values of its parameters, and the threshold of oscillation
can be established for most circuits by linear analysis.
The differential equations of the oscillator circuit are
studied for small signai‘opération, which provides linear
diffeiential equations and'thus'a‘Chagacteriséic polynomial
for the oscillato;. The limit of stability for the‘éharac-
teristic polynomial is also the threshold of oécillation-
for the oscillator. Use of_paraﬁeter plane methods permité
study of the effects of parameter values on this stability
limit and on the frequency of oscillation. -These methods
also give insight into the limits of adjustment of a given
circuit, the effect of pafamefer valueé on the amplitude of
oscillation, the effects of parameter variations on circuit
performance (sensitivity), and the‘effects of parameter

‘tolerance on operating conditions.



CHARACTERISTIC POLYNOMIAL OF A PHASE SHIFT OSCILLATOR

Fig. 1l(a) shows a schematic diagram for a phase shift
oscillator. Substituting the equivalent circuit for the
'trahsistor provides Fig. 1(b) and applying Thevenin's theo-
rém'provides Fig. 1(c). We choose to consider C. and R
as parameters (adjustable variables), all other‘elementé

have fixed numerical values. The loop equations are

<

;l(Rl + R + jX) - I,R = E , (1)
~I;R + I, (2R + jX) - I;R =0 (2)
IR + 13(R + Rv + 3xv) = Q (3)

By appropriate manipulation the charadteristic polynomial

is obtained and is:

2

z(c R, (aR% + R® + 2RR, ) +'cVR2R1] s34

2 2 2 2'] 2
[vav(3Rc + RlC) + (2R7C + RRlC) + (R°CT+ 2RR1C )is

+ [vav + CvR + 3RC + Rlc] s +1=0 (4)

- ANALYSIS OF THE OSCILLATOR

To find the stability limit for this polynomial we must
find all_Rv,_cv pairs which provide a pair Qf conjugate-ima_
ginary £oots, i.e., two of the three roots on the imaginary
axis of the s-plane. _Sincé this polynomial is~pnly of
éﬁird,order,‘several techniques are available fof finding
the desired relatiogship. The curves in this paper were



2-12. Transistor phase shift oscillator.

.The same problem can'be handled with transistors instead of tubes,

with,minor differences.

\
o

0
<

.

s
|
ol

RL R JR R
. <, - Rv~7£{ e
B* ' 1
.- Transistor phase shift osecillator
- ;‘  _ o . Figure 2-43
‘The equivalent circuit of Figure 2-43 is:
. . ' = . .
{
i B — | il
I I
, |
h i ' TR R - R <R =R
FE™D |
Y n
]
&
')

Transistor phase shift‘equivalent.circuit

Figure 2-44 . -

‘Using Thevenin equivalent to the left of points x-x we get:

Ry c c C, -
A—— - -

2
1 "‘?—R <R <R,

Transistor phase shift equivalent circuit

. - ' Figure 2-45
where
R _Bofn R_“= output resistance
- ~ = output resistance
1 Ry + Ry o

RL = load resistance



:obtalned us1ng the parameter plane method (1-5) thch is
summarlzed 1n Appendlx I. o v |

Let c, 2 a and R S ﬂ, then the appllcable equatlons
are those in the appendlx for the case where

.ak bkoz+c5+hkozﬁ+cik

- Thus we can map the imaginary axis of the s—plane onto the
0-f parameter ﬁiane through equations'A.Bi A computer pro-
gram (6) is available fér this and the results are shown on
Fig. 2 for three different values of amplifieffgain, A,
Constant W contours have been added.

Interpretation of these curves is as follows: each
€ = 0 curve divides the parameter plane into two areas, for
C‘< 0 and £ > 0 (corresponding to the right half of the
s-plane and the left half of the s-plane). Stability cri-
teria defining these areas are in the literature (2, 3, 5)
and are not répeatedbﬁere.' Choice of a point on the para-
meter plane (as an operating point) defines vaiues for C
and R, as the coordinates of this point. 1If the Choseni
point lies on the { = 0 curve, then the circuit is just at
the stability limit, i.e., the circuit is just able to
oscillate. If the chosen point lies in the ¢ > 0 area the
circuit'caﬁnot_oscillate, wheréas if the chésen point is in
Ehe.C < 0 area the circuit oscillates with.growingAémplitude
until the amplifier safufafes‘and reduces its equivalént
gain to an equilibrium value. For example, if the chosen

6

'operating point (on Fig. 2) is at R, = 2.7 x 10 and

-9

= 1.15 x 10 °, then this poinf lies on the A = 30 curve
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at w= 261.6. Assume, however, that the actual amplifier
.~gain is‘A = 40; then the éhosen point is in the <‘O area,
the circuit will oscillate at aJ=’261.6, and the oscilla-~-"
;tions wili increase in}amplitude, saturating the amplifier
aﬂd réducing the_equivaient gain from A = 40 to A = 30.

The curves of Fig. 2 also indicate that for a consider-
able range of values for R, and Cy the circuit will not
osciliate. If‘A = 40, for ekample, the maximum useable

value of Cv ié about 2.65 x 159

Rv is about 35 x 106.

, and the minimum value for

Note that the curves of Fig. 2 actually involve gggg
parameters - the coordinates R, and Cv’ the running para-
meter, «, and the curve index, A. 1In using the parameter
plane equations it is necessary that ¢y be retained as the
’sunning parameter, but any two of parameters Rv, Cv, A may
be used as coordinates (¢, B) with the third as inéex.
Furthermore, the data can'be crossplotted thus obtaining w

as one of the coordinates if this is advantageous.

SENSITIVITY CONSiDERATIONS (7, 8, 9)

In the design of‘an oscillator one is ¢Oncerned with
- the sensitivity of the circuit to adjustment, and to toler-
ances. If, for examélg, c,» R, and A are close so that the
'oécillatpr operates with the amplifier satufated, then the
freguenéy of 6scillatibn—is not sensitive to gain variations,
but will be sensitive to variations in Cy and Rv'

The incremental change in « due to an incrémeﬁtal

_ , ‘
change in either c, or RV can be determined by inspection



.

of Fig. 2. Thus folerance liﬁits can be established for
C, and(‘RV in terms of permissible frequency deviation.
Cbnversely, if desirable tolerancés are known for Cv and
'Rv inspection of Fig. 2 permiﬁé choice of an operating
point which provides thé desired frequency of oscillationi
with minimumn frequeﬁcy sensitivity for the specified toler-
“ances on C, and R_. |

On the other hand,lif it is desired to operate with
minimal amplifier saturation then Sensitivity considerations
are muéh more important. By inspection of Fig. 2 operation
atw‘= 417 provides a system which:isAvery sensitive to
changes in A and ih R+ in the sense that slightﬁchangeé
in either of these'parameters may move the operating point
across Ehe C_= 0 line with the result that the system would
not be able to oscillate. It may also be seen that opera-
tion at w = 214 provides an Qsciliator with minimum sensi-
tivity tb al1 three pérameters; For required operation at
@ = 417 an obvious conclusion is that the designer»éhould
alter some of the other R or C values in ;he phase shift
c&rcuit to prqvide'improved seﬁsitivity conditions at w=417.

In many cases the designer may be concerned wiﬁh the
sensitivity of the ci?cuit to parameters which are not con-
'sidered controllable or design parameters. For example the
parameters of the actiVe.element such as R, may be subject
to éubstantial variations.’ Sénsitivity’relationship may be
established in the usual_way; but it is more invormative and

more useful to simply obtain,anbther set of parameter plane



curves with the Quantity of interest as a new parameter;
sensitivity with respect to the new parameter is then direct-
ly observable. Fig. 3 shows such a set of curves for para-

Ineters R.l and Cv; constant w lines have»been added and the

—

sensitivity of the oscillating frequency to variations in

’Rl is readily observable.
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OTHER EXAMPLES
This technique can be applied to many oscillaﬁor cir-
cuits. Fig. 4a shows the well known Colpitts circuit for

which the characteristic,equation is

-

~

c.C.L rc,c . o.+ C .
s3 1 2, + 52 (ClL + 1 2>+ s (Clr + -1——-~—2->+ (A+1>=0
O yO yO, -

y

vhere Y, = <?P f RL:>/rpRL. “Fig. 4b pregents a parameter

plane plot showing stability limits with C, and L as para-

1

‘meters; Fig. 4c presents a similar plot with C, and L as

2
parameters.
In like manner Fig. 5a shows the tuned plate oscilla-

tor circuit, for which the characteristic equation is
szg—li+s<AM+L+—C-£>+<r+—l—>.=0

where Yo = (rP + RL)/rpRL; Fig. 5b shows the pgraﬁeter
plane relationships. .
A very interesting case is the Hartley circuit, shown

in Fig. 6a, for which the characteristic equation is

3 2 2
s (ACL;L, - ACM + CLyIy - CM ) +
) CL, + CL, + 2CM .
. s (ACLl;Z + ACL,r, + CLyT, + CL,R; + o )+
Crl + Crz\

. 1
s,(?Crirz - AM + Cryry 4 Ly + /)+ r, + Y. =0

Yo

ﬁﬁere’yo = (rp + Rt)/rpRL‘ Fig. 6b shqys typical parameter
, .



'b'plahe curves for parametersC and L,. For parameters C and
L2, however, the £ = 0 curve has two branches as shown on
Fig. 7. Between tﬁese branches is an area marked "Deéd
Zone", This is a misnomer, of course, because the curvés
are éctually continuous acrgss this zone. it may be observ-
~ed from the.figureAﬁhat the "Dead Zone" occurs Eetween ﬁﬁe
yilow frequency'ﬁerminations of the two'branches of each
curve..‘This is simply an indication that there is a mini-
. N S .
mum frequency below which the circuit willvno? oscillate.
The frequency at the curve termination is jﬁst slightly
above this minimum frequency, and the computer program
"{which increments « and computes_values for C and Lz)

chooses too low a value for « and computes complex values

for C and LZ’

VERIFICATION OF THEORY

All circuits discussed were simulated using the CDC 1604
computer or a DONNER ANALOG COMPUTER. The theéretical pre-
dictions were verified in all cases, including studies of

the "dead zone" phenomenon for the Hartley circuit.



4. Colpitt's Oscillator

L-1. Derivation of characteristic equation.

R
RF Choke -
. B+
That 11.52

ez " .+ .. A Isolating
Capacitor

EY S, T

L T

Figure 4-1. Colpitt's oscillator
) .

Characteristic equation:
VeZe * Vo2 +1 =0

Yg ¢ g

m
Zf = ... 1 = - 1
w’CiCyz  826,Cyz )
Zﬁ‘é[zl +j(r)'L]
_ 1 1 L.r ., L ]_..1 l+scrs s2c,L
z SZCICZ SC, Cq yA : SZCICZ
Z=1r + SL + - + ' + _
SCl SC2 323102
- 8%CiCyL + 8§ £C1Cy + Cp + Cp s
© T G109 .

"Plug into the characteristic equation:

- - . . ) ’ A./ 2
: 1 / 1 (1 + SCir + 8°C1L) _
: _gm ] + YQ 7 2 +1=0 i
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7. Tube Tuned Plate Oscillator

7-1. Derivation of the characteristic equation.

It has been found [2] that:

Zom ol —jto= o 1 w1 jetting S = juw

~~~~~ - s " . M .
% ° <z
Z = rL+:éLa+;Ri A “;« SCr + SZLC‘+:in”

™

(B

‘ﬂAzn'

Figure 7-1. Tuned plate oscillator

and equivalently:

{
V!
Q

=Ry,

- Figure 7-2. Tuned plate equivaient circuit
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5. Hartley Oscillator.

5-1. Derivation of characteristic equation. 4

<, RL
B-«-
1
[§}
C
Figure 5-1. Hartley Oscillator
Characteristic equation: | |
"y'fzf + ¥ Z; * 1=0 Ve =A€m
Yo © "'""‘""“1 = r'p - RL
T/ /Ry, TRy
1 " -
Zf = -—Z-——[ 2 - -—- - W L1L2 + wMz] —-%——(Llrz + Lzrl)
_ 1 2 2.2 B |
= T[rer =5 + 8 L1L2 - S°M° + SL]_r2 + SLer
B | Ly 2 2.2 L)
B =1y +T,y+ SL; + SLy + 28M + 5

-

Plug into the characteristic equation:

L I I N S ST 3 S
e gm[—,z-(rlrz “5—4--8: L1L2 S°M +, SL1r2 + SLzrl)]

L
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CONCLUSIONS: -

The choice of parameter values fbr desigh or oscilla-
tors is expedited by the use of tﬁe parametexr plane. |
Ranges of values of the parameters suitable for operation
at a'given frequency are easgiy obtained. The sensitivity
of the oscillating frequency to parameter variations is

available from the plots,. As a result optimization of the

design is simplified.
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. APPENDIX I
i Derlvatlon of Parameter Plane Relatlonshlps-

Con51der ‘the polynomlal

% k=0

- N

where ak'Q b o + éks +d ;_t;3,i";q¢.]7'(A.la)

-_’bk, Sy dk are ﬂumbers,i

o, ﬁ are parameters

llb

& Jke‘

(cos 8 + jSln 9) = e
where 6 = cos—l(—C)
X ‘kjke’

Then s = (cos ke + 3 sin kB}

II

k[( 0¥ o () + nJlt (- ) g (c] (a.2)

where T (C) and U (C) are Chebysher functlons and are

-

-

cos kO = cos(k cosf1{2~

fle-
i

Tk(C)

_ - ~lpy
¢ " 4 sin kB _ sin(k cos "¥T)
UR(C) sin 0

e

sin(cos_1C)
Ihserting"A;Z in A.1 and requiring that the reals and
-imaginaries go to zero' independently prowvides:

Z a_kwnk(—l)k T].{‘(‘C) =0
k=o | :
. k..o G e Y e N

i1

laree i e



;3;€;¢bgg ’Tk(C) ¢ [U (C)] k l(c) »V,hpa,jf;hf?gahffiii‘A’4)»»?y
Substltutlng A. 4 1nto A. 3 prov1des_

Z( D¥a 0k G 1(?:) -0
k=0 S ‘

: ﬁ“;‘fﬁéﬁ[_;;fifjff"l; L (AB)
k—o T e BT
*Insertlng\A.la and collecting_térms

’,.aB1_+ ﬁcl +D; =0

T SR (2.6)
0B, + ﬁgz + D, = 0
- -where : Ll
_ , X — |
B, = Z( DX b ¥ T @ B, = YD* B X T @
; k= 0 ' . k=0
. n I - "'n :
_ k k = L z
c; = J-1¥ G e = - 1k T (0
A k=0 ' . k=0
S i -
b, = }:( ¥ qe* T @ b, = JenF a0 T, (©)
- k=0 © k=0
: - Equation A.6 may be solved for @ and B (using Cramer's
. rule) - B
L L . { . : :
Ly o C1D2 - C2Dl 8 - Ble --aD:",Bl @7
T By Ba@gi Py T By
For any chosen p01nt on the s—plane (not on the real ax1s) ¢
(o, and w are deflned, BB, 1'c2'Dl'D2 are the- numbers, so @

,;M5W;S” andfﬁ are determlned numerlcally. Thus any 11ne on the s-plane
: J

may be mapped ont:fhe a—ﬂ parameter plane through Eq. A e jo

12



Equatlons A 7 obtaln when the coeff1c1ents, 2., are

'"? 11near in o and B. COmparable results can be obtalned when

I:'the ak are not llnear 1n o and ﬁ A case of 1nterest here ﬁ

i}ls the case when V ‘ ; or) AR ey .
bka + e ﬁ + hkaﬁ * dk | .;fﬁfff»f?flihfib)

'for Ehls case a solutlon is

1,2 _ 2a

i}

: TR e -_ (A.8) ,,‘,
P e W e RO W i X
L2 % ot Hydy, 2%Cy ..

where Blf?l'Dl’BZ'CZ'D2 areas preV}ously defined and

- R )
B o= ) -DFheXT @) B = N -DFheXT ()
1%/ o, Ty 1{ 2 = by Uy

- k=0 | 0 k=0
a = ByH) - BjH, e =¢yb, - CyDy

| b = C2Hl - C1H2 d o= Blnz - Ble

e = CzBl - B2Cl + HlDz - H,D £

HyPy CaBy1= BpCy* H Dy HyDy

13



DESIGN OF PHASE LOCKED LOOPS ON THE PARAMETER PLANE®

J.. S. Karmarkar™* G. J. Thaler***

ABSTRACT: Phase locked loops are considered from a "nonlinear
systems" viewpoint, utilizing parameter plane and describing
function techniques. Pertinent specification curves together-
with the region of stability are displayed in the plane of the
parameters, Procedures are presented for predicting transient
reSponse in the absence of noise, for estimating statistical
parameters in the presence of noise, for predicting limit
cycles, and for studying root sensitivity to parameter varia-
tion. The design problem is, in the main, reduced to one of

inspection of the pertinent parameter plane curves,

Second and third order systems are analyzed to illustrate

the technigue, although the procedure is directly applicable to
systems of highexr order.

* The regearch reported herein was supported by NASA GRANT
NGR 05-017-010

** Assistant, Department of Electrical Engineering, University
of Santa Clara, Santa Clara, California

*kk PrbfeSsor, Department of Electrical Engineering, Naval Post-
graduate School, Monterey, California.



INTRODUCTION: Phase locked loops, of the type widely used in
communicatzon systems, may be represented by the block diagram
of Fig.la. For this representation the input signal and output
signal are

INPUT SIGNAL V2 Asin(t)

i

, (1)
OUTPUT SIGNAL = /2 K cos6'(t)

Thé multiplication of signals in Fig.la can be replaced by
a summation and a nonlinear element as shown in Fig.lb, and the
signals subtracted at the summer are the phases of the input and
output waves, In Fig.lb:

Gl(t) = 0B(t) - W,k

b,(t) = ' (t) - w t (2)
o) = 8,(t) - 6,(t)

w, = quiescent oscillator frequency.

Nn'(t) = noise, if any is to be considered.

Note that 6(t) and 0'(t) are defined in Eg. (1) .

If a describing function can be derived for the nonlinear
block of Fig.lb, and if transfer functions are known for the
linear parts of the loop, then analysis and design on the para-

meter plane may be accomplished.

DERIVATION OF DESCRIBING FUNCTION

The nonlinear block operates on its input signal and produces

~an output which is A times the sin of the input signal.

The input signal is () = ¢msin wt ‘(3)
Then the output is E(t) = Asin[¢msin(ut] (4)

= A%k2 ZJ2n+l (¢m) sin(2n+l1)wt
n=0

= 2al3 (¢ )sinwt+T, (¢ )sin3west -..]

where the J's are Bessel functions.

.,



Truncating® the series the ratio of output over input is
the describing function

2a J, (9 )sin wt 2n J4(9)

N = ¢ sin wt B ”“"E;:””"" o (5)

Table 1 gives the values of ¢m’ Jl(¢m) and N for A = 1,

-~ * We note that '2Jl(¢m) = ,881; 2J3(¢m) = ,06; 2J5(¢m) =.,0005
so we may reasonably neglect J3 and JS. :



TABLE T (8)

DESCRIBING FUNCTION OF THE NONLINEAR BLOCK

¢m ‘ Jl(¢m) N
0 0 1.0
.1 .05 1.0
.2 .0995 .995
.3 .148 .987
.4 .196 .98
.5 .242 .968
.6 .287 .957
.7 .329 .940
.8 .369 .922
.9 .406 .902
1.0 .440 .88
1.1 471 .855
1.2 .498 .832
1.3 .522 .804
1.4 .542 .775
1.5 .558 .745
1.6 .570 .714
1.7 .577 .68
1.8 581 .636
1.9 .581 .612
2.0 .576 .576



FORMULATICGN OF THE PARAMETER PLANE CURVES (3)

The parameter plane method is basically a linear
systems method, but can be used in conjunction with describing
The

method portrays the s-plane location of the roots of the charac-

teristic equation as controlled by two parameters ¢« and f. If

functions to analyze and design many nonlinear systems.

transfer functions are used the characteristic equation of a

phase locked loop is readily obtained and may be expressed as

E:é?sk =0 (6)

k=0
where a, = bka + ckﬁ + d

b

1! dk are constants

o, B are parameters

Using the root-coefficient relationships
aN-1 Py-1 -1 Iy-1 | ¢ MR,
oN-2 by-2 n-2 -2 Al "R,
: : 1
— . . bes wd = : 7
ON-3 : : : (7)
3 : 3 :
: N
20 g o %o | B
where N N
. N . = E#i ; E: r.r etec.
i=1 r ] l
#J
To specify the relationship between a pair of compléx roots and

the parameters @ and ﬁ,vdefine the coordinétes of the complex



pair by (0,w) and rearrange the right hand side of Eqg. (7) :

b N--2
N-1  Sg-1  9Y-1 o Ry 1 0 1
- I N-2, N-2
by o Cx-2 de o B R, Ry 1 20
. . . 1 N"2R3 l\T”ZRZ anR1 o2+ w?
* * ‘ B B - ' - . - - (8)
RO AR

by, Cgq -1 0 ... O o 20-d 4
2

be o Sy “20 -1 ... 0 A (o +wz)--dN_2

: . 2 : N-2 _ _

) ) -(o 'f-w) —?c N Ry = dN—B (9)

: - - ~20 | i .

2 N-2

b c 0 0 —(o+f) -a
0 0 L Ree2) | o

For chosen values of ¢ and ¢y Eg.(9) may be processed by standard
computer subroutines to evaluate ® and B (and also N-—2Rl, ete. if
desired). Thus constant O-lines may be chosen on the s-plane and
mapped onto the « -~ B parémeter plane, as may constant @ lines.

A basic use of this mapping is that one may locate a desired point .
(Ol, wl) on the ¢ - B plane, and the coordinates of the point spe-
cify the values of & and B which must be used if the characteristic
equation is to have roots with the desired oy and W,

Using the transformations

o = Cwn
W = wnA/l-'ij

We can aiso obtain constant  and u% lines if needed, and matrix

equations for evaluating root sensitivities are also available.
-6~
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PHASE LOCKED LOOP ANALYSIS

Fig. 2 gives a modified form of the block diagram of Fig. 1b.
The characteristic polynomial is readily obtained when F(s) is
specified. For example let F(sg) = (s+a)/(s+0®) and 1et N' = B.
Then the characteristic equation of the loop is

s? 4 (0+B)ys + af = 0

The real root line (3) for s = 0 is f = 0 and the parameter plane
curves are calculated using Eq. (9) and éppeér oanig;B. By
inspedtibn a'pair of complex roots can be chosen (to éétiéfy loop
criteria for stability and démping) from which ® and B are determined.

‘ Selection of the operating point on Fig.-3 requires considera-
tion of all of the performance specifications. Many of these can
be described by algebraic functions of & and B, and thus can be
plotted on Fig. 2 to act as guides in the design. These relation-~
ships are not derived here because they are well known (Ref.l and 7)
but the results are tabulated in Table II using the notation of
Fig. 2. Curves for each of these performance relationships have
been added to Fig. 3. It is emphasized that these relations are

derived for the linear model.

In addition to these factors the nonlinear nature of the loop
must be considered. For the system of Fig.3 a numerical value for
"a" must be chosen before analysis can proceed. "For this paper
a = 5.0 was chosen. (If results are not acceptable analysis can
be repeated with another value of "a".) Since the ordinate of
the plot on Fig. 3 is B = N', the value of B varies with the
signal into the nonlinear element, but the value of ¢ does not .“
change; therefore the motion of the roots due to the nonlinearity
can be described on the parameter plane by the line N! A scale
may be added to this line using Eg.(5), and this scale may be
adijusted by altering AK.

Choosing ¢ = 2.5, the nonlinear operating line has been drawn
on Fig. 3A and Fig. 3B for A =1 and K = 1. From Table I, N' =1
. when ¢ = 1.5. The other lines may be.similarly scaled for K = 2
(see Fig. 3A) and K = 10 Rsee Fig. 3B). For any selected €@, A and

K analysis consists of reading the root values and other performance



characteristics from the parameter plane. A basic design method is
to try various combinations of ¢, A and K until an acceptable set

of performance characteristics is obtained.

PERFORMANCE OPTIMIZATION

When noise is present system performance deteriorates and it
is desired to choose an operating point which in some way optimizes

the performance. In steady state the phase error variance due to
noise is given by

2 NoBL
N = 5 (for a linear model)

A

0}

Since the phase error due to noise ig independent of that due to
modulation, thus

U¢ = G¢N +MSE

but the phase error due to noise is proportional to the loop
bandwidth

2 ol
Oon B,

It is convenient to choose a performance criterion, Q, such that

Q= B + A (MSE)

where X is a weighting factor. Then the performance is said to
be optimized when Q is a minimum.

Examination of Fig. 3A shows that for K = 2, MSE is less than
0.3, while for K = 1, MSE is less than 0.5. On the other hand,
for K = 2, By £ 0.75 while for K = 1, B, is less than 0.5. Thus
for different values of the weighting factor, A, different
operating points are required to minimize the performance criterion.
Furthermore, the transient characteristics of the system may be

estimated; for K = 2 the roots range from = 0.73 to £ = 0.71,



while for € = 1 they range from £ = 0.85 to £ = 0.79. (It is of
interest to note the « = 2.5 was chosen for this example because
the system is underdamped for lower values of @ and overdamped
for largef values of &j. Stability need not be considered

because the loop is only of second order.

It is not intended that the’performance criterion, Q, be
used to determine an absolute optimum operating point but rather
it is intended to serve as a guideline for choice of an operating
point; eg., for A = 3 it may be shown that K = 2 is slightly
better than K = 1.

For cases where transient response is important, it should
be noted that parameter plane methods can be used to calculate
the step response of the nonlinear system with good accuracy.

Details are given in Ref. 4.

A THIRD ORDER SYSTEM

Consider athird order loop for which

a b
F(s) l+g+?

>
>

Define BEN £NAK

Then the characteristic equation is

s> 4 Bs® + Bs + =0
- The real root line (3) for s =0 is O <= O, Fig. 4 shows
the parameter plane for this system. The performance

curves for constant MSE and constant BL are shown separately on
Fig. 5. The optimization procedure is carried out as in the case
of the second order loop, so details are not presented here. For
the third order loop, however, it is possible that instability

may occur, so operating conditions must be chosen to avoid this

possibility.

-10-



Consider the conditions if the operating point is chosen at
o= f =125, so that b = 1.0. If the loop were linear the para-
meter plane predicts that it should be stable. When the nonlinear
operating line is constructed it is seen that this line crosses
the stability boundary (¢ = 0 curve), so that for sufficiently
large initial condition the gystem is unstable and will not lock.
The value of ¢ for which the limit of stability is achieved is
‘predicted to be ¢ = 1.31, which should prdvide an unstable limit
cycle (see Ref. 5). Simulation on the digital computer provides
the results of Fig. 6a,b,c, which verify the existence of the
unstable limit cycle, but define the required value of ¢ as
¢ = 1.545, This discrepancy between the predicted and actual
values of ¢ is due to the inaccuracies and approximations inherent
in the describing function method. Techniques for improving the

accuracy are available (Ref.5) if needed.

PERFORMANCE SPECIFICATIONS

Besides the specifications of MSE and B. used in the preceding

examples, numerous other criteria, some empi?icél and some exact,
are available in the literature. These include relationships for
acquisition, tracking limits, tracking error, etc. For example
constant error coefficient curves may be readily superimposed on
the parameter plane plot (Ref.7), and these permit definition of

a hold-in range (empirical, see Ref.2, p.l1l68):

.
AWH = Ky rad/sec.

CONCLUSION:

Methods for the analysis and design of phase locked loops
using the parameter plane have been presented., This technigue
permiﬁs the designer to consider several design constraints
simultaneously. Suitable system parameters are picked by inspec-

-tion of the pertinent curves so that "optimum" performance is obtained-

B It is of interest to note that guasi-static estimates of
statistical parameters are also placed in evidence. In addition
stability analysis is readily performed when needed, as for third

and higher order systems where phase plane techniques are not

icable.
applicable 11
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Fig. ,!‘. Block diagram of a phase locked loop.
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F (s)=Transfer function of Linear-Filter

‘Fig. 2. Modified block diagram of Phase Locked Loop.
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! Absolute stability and parameter sensitivity

D. SILJAK

University of Santa Clara, Santa Clara, California

[Received 1 March 1968]

This paper extends the notion of absolute stability to include the parameter variations
of the linear part of the system. A simple analytic procedure is proposed to calculate
the regions of absolute stability in the parameter space. Then, & parallelepiped of
maximum volume is embedded in the region to interpret its boundaries and obtain
readily the information about parameter variations which do not affect the system
stability. )

1. Introduction

Stability and sensitivity are two essential properties of dynamic control
systems. While stability assures a proper functioning of the system, the
sensitivity indicates the ability of the system to retain required performance
characteristics despite changes in the operating conditions. These changes may
occur due to the fact that the parameters of physical systems deviate from their
nominal values either because of inaccuracies in the system components (time-
invariant case), or because the system parameters vary in time (time-varying
case). Therefore, a simultaneous consideration of stability and parameter
sensitivity in system analysis is desired.

The Lur’e (1957) absolute stability concept and the related criterion of Popov
(1963) are significant contributions to stability analysis of dynamic systems.
This is mostly because the absolute stability concept is meaningful in a large
class of closed-loop control systems, and the Popov criterion provides a simple
procedure to conclude that kind of stability.

In the absolute stability analysis, the non-linear characteristic is not com-
pletely specified and it should only belong to a certain defined class of functions.
On the other hand, the parameters of the linear part are specified numerically.
This paper proposes an absolute stability definition which will relax the con-
ditions on the linear part and allow system parameters to deviate from their
nominal values. Then, a simple analytical procedure based upon the Popov
criterion is presented to determine in the parameter space the region of parameter
deviations which do not violate the absolute stability.

A graphical procedure for evaluation of the absolute stability regions in the
parameter plane was given in Siljak (1967). Under certain conditions that
technique which is based upon the envelope criterion can also be extended to
considerations in the parameter space.

T Communicated by the Author. The research reported herein was supported by
the National Aeronautics and Space Administration under the grant No. NGR
05-017-010. .
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2. Absolute stability in the parameter space
The problem of Lur’e (1957) is formulated for a class of closed-loop control
systems described by the equations:

Z=Px+qp(o), o=rTx, (D
where z, ¢, r are real n vectors, P is areal n X n matrix, the pair (P, ¢) is completely
controllable, and ¢(c) is a real continuous scalar function of the real scalar o
such that it belongs to the class 4,:4(0)=0, 0 <od(c) <xo® One asks: Is the
equilibrium state x=0 of the system (1) asymptotically stable in the large for any
d(o)ed,, i.e. is the system absolutely stable?

The most important solution of the problem of Lur’e was given by Popov
(1963) in terms of the frequency characteristic:

XQ)=r(P —Al)7g, @)
which is the transfer function of the linear part of the system (1) from the input ¢
to the output (— o), and A=8+jw is the complex variable. Yakobovich (1964)
generalized the results of Popov and proved that if ¢(c)e.4, and all the roots of
| P — Al | =0 are in the half-plane Re A < § <0, and if there is a real number v such
that a Popov type inequality :

1
(8, w) =- +Re (1 +jwv) (8 +jw)>0, Vw0, (3)

is satisfied, then there exist positive constants p and e such that, for any solution
x(t) of (1) and any ¢ >, one has [x(f)] < pla(t,)| exp [(8 — €)(t—15)].
Yakubovich (1964) also treated the forced system:

&= P qplo)+f(1), o=rte, (4)

where ¢(a)e 4, : $(0)=0, 0 < o¢(0) < ko?, 0< ad'(c) < xa?, f(L) is a bounded % vector
function on the interval (— oo, + ), and showed that a modification of (3):

1
(8, w)= p +Rex(8+jw)>0, Vw=0, (3)

assures that there is a unique bounded solution xy(t) of (1) on (— o, + ) and
that for any «(f) and ¢ > £, one has [2(f) — z(t)] < ple(ts) — 2o(to)| €Xp [(8 — €)(E—1p) 1.
In the same paper, Yakubovich (1964) treated the discontinuous functions ¢(o)
and showed that the absolute stability is based upon the same inequalities (3)
or (5). ‘

In application of the system (1), the linear part of the system contains para-
meters which may deviate from their nominal values. Then, it is necessary to
relax the conditions on the linear part of the system and allow these parameters
to vary in some neighbourhood of their nominal values while preserving the
absolute stability of the system.

Let us assume that the transfer function y(A, 9y, 2y, ..., ;) is a function
of A and [ parameters (p;, p,, . . . , p), and let us suppose that the solution
x(t, py, Bys - - ., ;) of (1) is well-defined (Petrovski 1966) in the I-dimensional
euclidian space (p;, Ps,...,%,). Then, the definition of absolute stability for
system (1) can be reformulated to include the parameter variations.

The equilibrium state x =0 of the system (1) is said to be absolutely stable if it is
asymptotically stable in the large for any $(c)e A, and any set (py, Dy, . . . , P)ER.
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When the system (1) is specified, one is interested to find: («) the greatest
value of x and the largest region R ; (b) a value of « is given and the largest region
R is to be determined. A graphical solution of these problems was given in
Siljak (1967) where the region R was determined by the envelope criterion as the
largest set {(py, 0y, ..., P)ER7T>0,Vw > 0}.

In this paper, a simple analytical solution is presented which first yields the
region R in terms of a set of algebraic inequalities involving parameters. Then,
a rectangular parallelepiped of maximum volume is embedded in the region to
yield a convenient interpretation of the absolute stability region in the parameter
space (this interpretation technique was proposed by George (1966, 1967) for
approximation of finite regions of asymptotic stability and linear system analysis).

Assume the transfer function of the linear part to be a rational function of
the complex variable A:

o
H m

. Z Cr A¥
xA, 21, Doy L, 2 = 'l%'-——— , n>m, (6)
' > biAk
&=0
in which the coefficients b, and ¢, are real functions of the parameters p;
(#=1,2,...,1). Then, let us express:

M= X, +5Y (1)
where A=38+jw, and

e d k k-;Z 2v
}Lk= Z (—1)”(2]})8 Yw*c?,
()

&

k
— 2 — y=1 k~2v+41 2v—1_

v=1

Functions X, and Y, can be easily calculated using the recurrence formulas:
Xy —2X0 X+ (X2 4+ T A)X =0,V — 2K, Y, + (X2 + V) Y =0, X =1,
X,=8,Y,=0,Y,=0w.
When 8is specified in an absolute stability problem, and (7), (8) are substituted
in (3)or (5), one obtains:
2

ﬁ(w’php?.:"'a:pl)’:" Z akwk>0’ VwZO! (9)
k=0

where the coefficients a;,=a,(py, s, - - ., p;) are real functions of the parameters.
For convenience, in (9), 1/« and v of (3) are considered as parameters. Note
that v is not a physical parameter and only its existence is required such that
7>0, Ywz=0.

From (9), one can readily conclude that the system (1), or (3), is absolutely
stable if the corresponding polynomial # has no positive real roots. For this to
take place, it is sufficient that the following set of algebraic inequalities :

. ay>0, 0,20, (k=2,4,...,2n) (10)
is satisfied.
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For example, if the transfer function:

: A2+ pyd+ g
A; » Pas = = > 1

k=1, and § =0 (A=jw) are specified, one obtains (9) as:

7w, Pys Pos P3) = D108+ (149, — Dy + 6)w® + (49p, + 11p, — 6p; — 6)w? + 36p; + 6p;.
(12)

Inequalities (10) are:
6p;+p3>0,

49p; + 11p, — 6p; — 6= 0,
1 2 3 (13)
14p, —p,+ 620,

2,20,

which determine the boundaries of E.

Inequalities (10) specify a region B(E < R) of absolute stability.in the para-
meter space which may appear to be an overly strict region since {10) are only
sufficient conditions for 7 >0, Vw > 0.  Conditions (10), however, lead to a con-
venient interpretation of the stability regions.

3. Interpretation procedure .

After the inequalities (10) are specified, the problem of using them in practical
problems is essentially one of interpretation. Since the practical problems may
involve more than two parameters, an interpretation procedure for multi-
parameter analysis is desired.

In general, to interpret the absolute stability region, let us imbed a parallele-
piped II into the convex region R determined by inequalities (10) which has
sides perpendicular to the coordinate axes of the parameter space (py, P, - - . , 2;)
and centre at the known stable point #(%,, By, - - ., §,). Let the volume v of IT be °
defined as:

v=2(p;~ Do) (B2 — D) - - - (11— F)- . (14)

Now, the function v should be maximized with respect to each inequality (10)
separately considered as a constraint. Thus, a constraint:

ak(ﬁl, Doy - P)=0, (15)
may be represented as: :
P1=11(D2: D5 -+ -, D)- (16)

Substituting (16) into (14) and extremizing, a necessary condition for
(90, 25°, . . ., pP) to oceur at a maximum of v is that it be a solution to :

=0, (i=2,3,...,]). (17)

- Standard sufficient conditions for this solution to be maximal are given in
(Goffman 1965).
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Let the solutions (p,%, 2.°, ..., 2% (=0, 2, ..., 2n) occur at maximum value
of v subject to constraints (10), then the desired parallelepiped II is given as:

={(P1,Pz,-'-»Pz)ER |p,— % | <min|p,—20 (6=1,2,..., l)} . (18)
: P

Since each vertex point of IT is loéated in B containing the point M(f,, By, - - - , 7)),
it follows that the parallelepiped Il is completely embedded in B, i.e. [Ic R

In case of the above specific example, let us choose the stable point
J(0-2;0;0). The volume to be maximized is:

v=8(p,—0-2)p,p;. (19)
Maximization of v with respect to the constraint:
499, + 11p,— 6p;—6=0 (20)

yields: p,9=0-178, p,0= —0-123, p;0=0-226. According to these values of
parameters, the parallelepiped II is determined by :

|p,—0-2] <0022, |p,|<0-123, | p,| < 0-226. (21)

One can readily check that all the vertex points of II satisfy the rest of the
constraints of (13). Therefore, (21) is the solution of the interpretation problem
under consideration.

It should be noted that some of the constraint in (10) may not contain all the
parameters, as it is clear from inequalities (13). Then, some of the parametersin
incomplete inequalities are arbitrary and to make the maximization of v meaning-
ful, one should consider the arbitrary parameters as constants.

For example, the optimization of » in (19) with respect to the constraint
1ip, — p,+ 6= 0 of (13) should be performed with py=c (¢ #0). Then, the maxi-
mization of v = 8¢(p, — 0-2)p, gives p,°= —0-122, p,°=4-292. In applying eqn.
\18) to determine the paralleleplped IT, these values are discarded and II is
given by (21).

In case of time-varying parameters by the arguments of Yakubovich (1964)
one can use the inequality (5) and prove the stability of either system (1) or (3).
Then, as long as the parameters are varied inside the determined region B (or IT)
the system is absolutely stable.
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PARAMETER ANALYSIS OF ABSOLUTE STABILITY*

D. Siljakes

A reformulation of absolute stability is used which includes
variations of the system parameters. The envelope method is developed
to determine the stability regions in the parameter space. In addition,

a simple analytic test for absolute stability ishpresented.

INTRODUCTION

Absolute stability has the useful property that a considerable
freedom is left to the form of the system nonlinear characteristic. It
is required that the characteristic belongs to a class of functions
limited only by a certain sector condition. On the other hand, the
parameters in the linear part of the system are specified numerically,
which is quite an unrealistic constraint. The parameters always deviate
from their nominal values and stability of the system may be destroyed.

This paper uses the reformulation of absolute stability [1,2] which
relaxes the conditions on the linear part of the system and allows

parameter variations. Then, the envelope method is developed which can

be used either to determine graphically the region of parameter variations

where the stability behavior is preserved, or to calculate the parameter

*The research reported herein was supported by the National Aeronautics
and Space Administration under the grant NGR 05-017-010. The paper was
presented at the Second Symposium on System Sensitivity and Adaptivity,
Dubrovnik, Yugoslavia, September, 1968.

v
**%D, Siljak is with the Ele€trical Engineering Department, University
of Santa Clara, Santa Clara, California.



values which yield the largest sector of nonlinear characteristics.

In addition, analytic test of absolute stability is presented which

is based upon the Routh criterion. The test requires no graphical

construction and is convenient for computer applications.

ABSOLUTE STABILITY IN THE PARAMETER SPACE

Free dynamic systems of the Lur'e class are described by equations
= Px+qs(e), o=rx, @

where X, q, T are real vectors, P is a real n x n matrix, and ¢(c) is a
real-valued, continuous function of a real scalar ¢ which belongs to the
class ¢ ${0) =0, 0 < 0¢(0) < KOZ. Lur'e introduced the definition of

absolute stability:

System (1) is said to be absolutely stable if the equili-

brium x = 0 of (1) is globally asymptotically stable for any ¢€e .

Then, he formulated the problem to find conditions on P, g, r, and x for
absolute stability of (1). [1]

A useful solution of the Lur'e problem was given by Popov in terms
of the frequency characteristic

T -1
x(x) = (P - AI) q 2)

which is the transfer function of the linear part of (1) from the input ¢
to the output =g , and A = § + jw. is the complex variable. Assume that
P is Hurwitz, that is, all zeros of A(A) = det(P - AI) are in the left

half plane Re X < 0 and x is nondegenerate. Then:

System (1) is absolutely stable if the Popov inequality

T(w) = <L s Re(1l + jwvu)x(w) > 0 for all real w > 0 (3)

holds for some real number v . [1]



In application of the system (1), the linear part of the system contains
parameters which may deviate from their nominal values. Then, it is
necessary to relax the conditions on the linear part of the system and allow
these parameters to vary in some neighborhood of their nominal values while
preserving the absolute stability of the system.

Let us assume that the transfer function x(i, p) is a function of A
and parameter & vector p , and let us suppose that the solution x(t, p)

.of (1) is well-defined for parameter vaiues in a certain region R of the
2-dimensional euclidian space {p}. Then, the definition of absolute
stability for system fl) can be reformulated to include the parameter
variations:

System (1) is said to be absolutely stable if the

equilibrium x =0 of (1) is globally asymptotically stable for any

$ €0 and any p€ R .

When the system (1) is specified, one is interested to find:
(a) The greatest value of « and the largest region R ; (b) A value
of « is given and the largest region R is to be determined.
Inequality (3) can be rewritten as
M) = |6Gu) |20 + Re(@ + jundx(Gu) 3> 0,
where @I 1is an even polynomial in o . Therefore, the Popov inequality

(3) is equivalent to -

... 2k
MN(w) =2 By > 0 for all real w > 0, 4) .

where the coefficients ag = aZka), (=20, 1,-++, n) of the polyhomial

I , are real functions of the parameter vector p .  For convenience,
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1/k and v of (3) aie considered as parameters. Note that v 1is not
a physical parameters#and only its existence is required for = > 0 .
From (4), we immediately conclude:

Popov inequality (3) is satisfied if

a,> 0,3, 20, (k=1,2, ..., n). (5)

Inequalities (5) lead to a convenient interpretation of the absolute
stability region R = {p: 7 > 0, Vu >v0} in the parameter space. However,
the inequaiities provide only sufficient conditions for = > 0, VY > 0,
and quite conservative estimates of R may be obtained.[2]"

Since the same inequality (4) appears in the analysis of exponential
absolute stability [1-3], the results obtained here can be used to

investigate exponentiél stability regions in the parameter space.

ENVELOPE METHOD
To describe the envelope method, let us take équality in (4) so that

N, p) = 0. ©)
Equation (6) may represent a one-parameter family of hypersurfaces in the
2-dimensional parameter space, w being the parameter of the family. For
a fixed value of w , the corresponding surface S determined by (6)
divides the parameter space into regions with I >0 and T <0 . Now,
let us assume that the surface S intersects every surface corresponding
to a value w + Aw (| Aw | sufficiently small). This intersection C can
be represented by

I(w, p) = 0, T(w + dw, p) =0 . N
Since -C lies also on the surface I(w + Aw, p) - N(w, p) = 0, we may

replace second equation of (7) by

%;—{H(m + Aw, p) - T(w, p)3=0.



As the increment Aw tends to zero, we assume that the intersection C

tends to a limiting position determined by equation

: om _
Mw, p) =0, 35~ 0 - (8)

This limiting intersection represents the so-called characteristic curve C
of the family of hypeysurfaces (6). Geometrically, it is the curve on |
the hypersurface whicb contains every point of the set to which the points
of intersection givenaby (7) tend when Aw + 0 . However, C will contain,
in general, also othef points. It may even be that neighboring surfaces
of the family do not intérsect at all but nevertheless determines a
characteristic on each of the surfaces.

If the characteristics of the family (6) exist and if their totality
obtained by letting w assume all possible values generates a surface
ECp) = 0 , then that surface represents the envelope E of the family.
It should be noted, howevér, that equations (8) may yield also singular.
loci such as node-loci, cusp-loci, etc. [4]

If the envelope E exists and is plotted for all positive values
of w , then it is clear from above that the envelope E will "envelope"
the convex absolute sfability region R={p:7>0,Vow> 0} (if such a
region exists.)

To illustrate the énvelope method, let us consider inequality-(3) where

- 2
x(2, pz) = » TP s
+10+2)Q +3)

P, is an adjustable parameter, p; = 1/k, and v =0 .
The polynomial is

n(w, pl’ pz) ='plw6 + (14131 + 6)‘”4 + (49P1 = 6p2 - 6)‘92 + 36p1 * 6P2 (10)
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By using this II(w) and equations (8), we obtain the envelope shown in
Figure 1. For w = 0 , the second equation (8) vanishes identically and
the corresponding part of the envelope is a locus of singular points
which is the straight line w =0 . As w increases, the envelope E
is represented by the curves AB and CD . Since P; and p, enter
linearily in (10), 1(w, P1» pz) = 0 represents in the parameter
P1P, plane a family of straight lines tangent to the envelope E.. All
the tangents to the part (D of. E are situated between the dashed lines
on Figure 1 and do not enter the shaded convex region R. Therefore,
R={(pp,) :m>0,Vu >0} is the desired region of absolute
stability in the parameter plane.

It should be noted that the introduction of an adjustable parameter
P, in the linear part of’the systems makes it possible to assure absolute
stability for « = = T A considerably smaller value of « 1is obtained

if p, =0 which is far from the optimal value P, = 0.84.

ABSOLUTE STABILITY TEST
Let us find the necessary and sufficient conditions on the coefficients
as for the reformulated Popov inequality (4) to be satisfied. From (4),
we have obviously:

Popov inequality (3) is satisfied if, and only if, the pélynomial I

has no real zeros and a, > 0.

Since 1 1is an even polynomial, its zeros are distributed symmetrically
with respect to both the real and the imaginary axis of the w plane.
By rotating the zeros ninety degrees around the origih, the nonexistence of
real (positive) zeros of T 1is equivalent to the condition that the
polynomial

n
. + 2 K 2k
NGw) =2 (1) a, w
%=0 2k
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has n zeros with positive real parts. The Routh algorithm can be used
immediately. |

Note that I(jw) 1is also even and second row of the Routh array is
treated in the usual way by forming the second row from the derivative of

the polynomial n(jw) . Thus, the Routh array is

Zn n n-1 :
w -1 a5 (-1 a9 Ceee A, a,
. - Ry -1, ) o
wzn 1 - Zna2n 1" "(2n 2)a2n_2 ces Zaz
wO ag

and the following is relevant:

Popov inequality (3) is satisfied if, and only if, the polynomial I

produces a Routh sequence

n n
(-1)-a2n, (-1) ZnaZn, cee 5 3y

with exactly n signfchanges and ay > 0.

Note that this result is useful when « and v in (3) are specified,
which is inherent in the Routh test. However, the test requires no

graphical construction and is convenient for computer application.

CONCLUSION
The proposed envelope method applies to the extended version of
absolute stability, which permits the parameter variations. Therefore,
the method has obvious édvantage over the conventional frequency technique.
The envelope method, however, is convenient to use in easily visualized

two-parameter problems. In case of several variable parameters, the



interpretation procedure of reference 2 can be more useful.

The absolute stability test is convenient when the parameters are

specified. However, no graphical construction is necessary and the computer

application is straightforward. It can be extended to test positive

realness [5].

REFERENCES

éiljak, D., "Nonlinear Systems: The Parameter Analysis and Design,"

_ Wiley, New York, 1969.

élljak D., "Absolute Stability and Parameter Sensitivity," Int. J.
Control, Vbl 8, No. 3, September, 1968, pp. 279-282.

Slljak D., "Analytic Test for Absolute Stability,' Electronic Letters,
Vol. 4, No. 17, August, 1968, pp. 358-359.

Forsyth, A. R., "Theory of Differential Equations," Vol. 5, Dover,
New York, 1959. ‘

SllJak D., "Analytic Test for Absolute Stability and Positive Realness,"
Second Asilomar Conference on Circuits and Systems, Asilomar, Callfornla,
October, 1968.







Conference’ Record of Second Asilomar Conference on CerultS and Systems,

‘Pacific Grove, Callfbrnla, October, -1968.

k]

AN ANALYTIC TEST FOR ABSOLUTE STABILITY AND POSITIVE REALNESS#

D. Siljak
Electrical Engineering Department

University of
Santa Clara,

Abstract: A simple numerical procedure based on
the Routh algorithm is proposed for testing abso~
lute stability and positive realness,

l., Free dynemic system of the Lur'e type
are described by equations

x (1)

vhere x, q, r are real n-veétors, P is a real

~ n x n metrix, and ¢(¢) is a real-valued, contin-
uwous function of a real scaler ¢ which belongs to

the class ¢ : $(0) = 0, 0 < o¢(0) :_Kcz.[l,z] g

We ask: Is the system (1) sbsolutely stable,
{.e., is the equilibrium of (1) globally asymp- :
totically steble for any ¢(o)€ ¢ . e

Px + q¢lo), o= rTx,

2, Transfer function x{A) of the linear
pert in (1) is defined as

(P - A1) (2)
vhere A = § + jw is the complex variable, Assume
that X is nondegenerate and P is Hurwitz, that is,
all zeros of A(A) = det(P - AI) are in the left
half pleane Re A < 0., Then:

System (1) is sbsolutely stable if the Popov
inequality

7(w)

x(A)

-1
= K

+ Re(1 + Juu)x(Juw) > 0 (3)

for .all real w > 0

holds for some real number v.[l, 2]

W

3. Inequality (3) can be rewritten ds

M) = PlI0)] 2l + Re(1 + Jwudx(gol] > O

. where Il is an even polynomial in w, Therefore,
"the Popov inequality (3) is equivelent to

n
L a8 w2k >0

Mw) =
Y ke

(1)

~ for all resl w >0,

* # The research reported herein wes supported by -
the National Aeronautics and Space Administration
under the grant RGR 05—017-010.
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and we conclude:

Popov inequality (3) is satisfied if, and
only if, 1 has no resl zeros and ay > 0.

This result was used in the envelqpe criterion
[2,3] which provides a graphical technique for ab-
solute stability analysis in the parameter space.

4, Since Il is an even polynomial, 1ts zeros
are distributed symmetrically with respect to both
the real and the imaginary exis of the w-plene. 3By
rotating the zeros ninety degrees around the origin,
the nonexistence of real {positive) zeros of I is
equivalent to the condition that the polynomisl

o n
H{jw) = I (-1)k 8o wzk

k=0

has n zeros with positive real perts, The Routh

\‘yialgorithm can be used immedietely,

Note that NI(Jw) is also even and the second
row of the Routh arrey is identically zero., This
is a special case in the Routh algorithm and is

‘treated in the usual weay by forming the second row

from the derivative of the polynomial H{Jjw)}. Thus,
. the Routh arrsy is

2n n n-l

R I T

2Nl n T gyn=l

w (-1)72na,, (1) (20-2)ay 5 oo =22,
"0 e

0

" and the following is relevant:

Popov inequality (3) is satisfied ir, and only

:1f, the polynomial Il produces & Routh sequence

(=1)7%, , (<1)72n8, s ces 4 7y

'with exactly n sign changes and a, > 0.

Note that this result is useful when x and v
in (3) are specified, vhich is inherent in the

‘ Routh test.

5, In view of (), the following simple pro-

" position can be used to test absolute stability:

Popov inequality (3) is satisfied if



a8 >0,& >o (k:l’ 2. oo gn)a (5)

0 2K -

Inequalities (5) lead to & convenient inter=
pretation of absolute stability regions in the
parameter space[l]. :

6. Exponential sbsolute stabil}ﬁy[a} re~
quires thet an extended version of Popov's in-
equality

w(w) =k~
for all real w > 0
.be satisfied for a given § and some v,

Inequality (6) can be transformed into in-
eq\:&lxty (&), Express ‘

() = IO m

A(X)
where I' and 4 are real polynomials

. .
rs oz b, A= I ook (8)
k=0 X k=0 :

and m < n. By substituting A =8+ Juin (8}, we
_obtain

r= 1‘1 + *_jrel

where e
b
: pisd . n e
I'.= I b s 4, % I ¢ )

RN e S

m n
' & bY¥, 4, I Y,
2 k=0 X'k 2 %=0 k'k

. Functions Yk(s,u) and Y (é,m)',are defined .[2]' as

’&‘ z (,)1 {21} 21 il

.k
Y, = T (—1)1"1(21 1] seBity = v
s B4 R

1

1. Re{l + Juwu)x(d +ju) >0 ‘(5) |

A=A1+3A2 (9) -

~veriry (11).
. 811 real w" is equivalent to "for all real w > 0",

2. 8iljek, D.D.:

and can be obtained by recurrence formulas

K = ke * (20 Dn ) =0

Yk+l-2xlx +(x Yl)kl = 0
‘wherexonl X =6 Youo Yl

By uaing (7) and {9) 4n (6), we derive

Ma) = (8,2 # 0,506+ (a0 - 8 T u +

2 12

12 21

When x, v, § are specxﬁed numerically, we
can apply the Routh test of part 4 to prove ex-
ponentiel stebility. Note that ‘the introduction
of xk and Y functions makes the proposed test

easy. for computer application.

+ AT A1 {10)

7. Note that & is Hurvitz and x(X) is osie
tive real if

x(Ju) > 0 for all reel w. (11)-
From (10), -
Iil(w) 2T, + ATy, (12) -«

and we can apply the proposed test to £12) anad
Since I is even, the statement "for
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Regions of exponential stability for the problem of Lur'e*)

Bereiche der exponentiellen Stabilitéit heim Problem von Lurje

By D. SILJAK**) and S. WEISSENBERGER, Santa Clara, California (USA)

This paper proposes a method for computing finite regions of
t exponential stability from solutions of the absolute stability
problem. A best quadratic estimate of the regions is found for
a class ofwnonlinear characteristics which belong to a modified
Lure sector. For a class of nonautonomous differential
equations, a bound on the forcing function is found which
guarantees that all the corresponding solutions remain inside
the computed region.

Es wird ein Verfahren vorgeschlagen, mit dem endliche Bereiche
der exponentiellen Stabilitit aus der Lésung des Problems der
absoluten Stabilitit berechnet werden kénnen. Fiir eine Klasse

, von nichtlinearen Kennlinien, die zu einem modifizierten Lurje-
Sektor gehdren, wird die beste quadratische Schétzung der -
Bereiche bestimmt. Bei einer Klasse von nichtautonomen
Differentialgleichungen wird eine Beschrinkung der Eingangs-
grofe berechnet, die sicherstellt, daf alle zugehirigen Losungen
in dem ausgerechneten Bereich bleiben.

1. Introduction

je Lur’e problem [1], {2] consists in finding a class of non-
| limear characteristics for which the equilibrium point of
otherwise linear differential equations is globally asymp-
totically stable. In posing this problem, however, often un-
realistic assumptions are made regarding the structure of the
differential equations in order to achieve the analytical
simplicity of global stability. It is clear that physical networks
and systems are not globally stable, nor is there any practical
reason to make them so: it is desirable only to make the region
¢ of asymptotic stability sufficiently large. Consequently, a
modification of the Lur’e problem was proposed [31, [4] to
include cases with finite regions of asymptotic stability.
This paper proposes an extension of results obtained in [2]
* to [4] to estimate finite regions of exponential stability, thus
providing additional information about how fast the solutions
approach the equilibrium point. Computational aspects -of
| constructing appropriate Liapunov functions are also
discussed. Furthermore, the property of exponential stability
makes it possible to consider a class of nonautonomous
1 differential equations and detérmine a bound on the forcing
i function which guarantees that all the solutions remain

bounded inside the computed region. :

2. Basic equations

Let us consider the Lur’e class of differential equations [1]

(1)***)

| "‘) The research reported herein was supported in part by the National
" ""wonautics and Space Administration under the Grant' No. NGR
017-010.

**) D. Siljak and S. Weissenberger are with the Umversny of Santa
Clara, Santa Clara, California. it

*#*) Capital Roman letters will dengte matrices, lower case Roman
letters will denote vectors, capital Greek letters will denote sets, and
lower casc Greek letters will denote scalars. The letter ¢ will be used-
only for the time, and the letter V only for a Liapunov function. Vectors
will be considered as column matrices, and the superscript T'will denote
the transpose. The notation H > 0 will mean that H is a posmve deﬁmte
real symmetric matrix. I is the identity matrix.

%=Px+qp(06),6=r"x

where x, g, r are real »-vectors, P is a real ¥ X » matrix, the
pair (P, q) is completely controllable, (+7, P) is completely
observable, and ¢ (o) is a real continuous scalar function of
the real scalar o such that the sector conditions

0<00(0)<xo?,0+0
(0)=0
are satisfied. Functions ¢ (o) with propertles (2) are said to

belong to the class D,

On the basis of Popov’s results {1], )"akubovich 2] showed
that if % + oo, :

2

n(w)=_}1‘_+Rex(_a+5w)>o,szo ©)

where
x)=r"(P—AD"'4q, %

A= -0 4 jo, and the roots of |P — AI| = 0 are all in the
halfplane Rel < — 6 < 0, then there exist two positive
constants o and & such that for any solution x (¢) of (1) and
any f > f,, we have

Ix(Dl<elx(o)lexp[~(6+e)(t—1t0)];  (5)
that is, the equilibrium point x == 0 of (1) is globally expo-

_nentially stable with degree of stability J for all ¢ € D,.

If % = o, condition (3) should be supplemented by
lim w2Rey (—d+ jw)>0. '

W=

(6)

According to the Yakubovich-Kalman lemma [1], conditions
(3) and (6) are necessary and sufficient for the existence of a
Liapunov function

V(x)=xTHx 7
having the derivative along solutions of (1) as
—V=[xTGox+2xTgo+x"1¢*]
‘ +(o—ox No+26V (8)
‘where ' '
—Go=HPy+PJH, ~g=Hq+—=r Q)

2

“and Py = P + 0l is Hurwitz [2]. The matrix H > 0 satisfies

the following matrix inequalities:

Go—xgg" >0, for k%00, (10)
Gy>0,g=0, forx=o0.

3. Regions of stability

As noted above, the satisfaction of condition (3) implies that
the equilibrium point of (1) is globally exponentially stable
for ¢ € D, 1f, however, the nonlinearity leaves the sector (2)
for|o] = «, that is, ¢ € @, , where the class D,,, , is defined by

O<a¢(a)<kaz, lol<a, 040, {an

(=0
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then the property of exponential stability will be of finite
extent in the state space. A region 2; of exponential stability
is defined as the set of all points x, = x (¢y) for which solu-
tions of (1) starting at x, are exponentially stable with the
degree 6.

‘We assume that (3) is satisfied for some 6 and #, and that
¢ €D, , for some a. Then one is interested to find the largest

region 0, (2, © £,) defined by

0,={x|lol<a; V(x)<B} (12)
where the constant f is determined from.
Y B=minV(x). (13)

la(x)|=a

Since 6 = rTx and V (x) = xT Hx, it can be shown from (13)
that

B=a?(rTH 'r)~*. (19
Therefore, with (14), (13) reduces to
Q;={x|x"Hx<p}. (15)

Now the problem 1is to find the matrix H > 0in ( 15).

A search for an appropriate matrix H can proceed in two
different directions based upon the results obtamed in [3]
and [4]. A specific matrix H can be found from

.‘(16)

HP,+ P} = —uu”

if 7 (w) of (3) is rewritten as
__ 0(j®)8(—jw)

MO 1P= joll1Py+ jol] un

and u is chosen such that
- 0(4) -
T(p _ 1, U\A -2
u' (Py—4il) g Py Al| (18)

as suggested in [3].

Another approach is to generate a set of appropriate H .

matrices directly from the matrix inequalities (10) [4]. By

applying the Sylvester inequalities, we reduce (10) to a system -

of algebraic inequalities involving the elements of H. This
approach allows a certain freedom in choosing the corre-

sponding Liapunov function (7). In general, each Liapunov ~

function produces a different region £; with respect to extent
and orientation, and it is desirable to select one w_hich pro-
duces in some sense the best estimate of the region ;. A way

to find a “best” estimate £, is to maximize the volume of {;

(a simple matter for quadratic regions) on the set of generated

H matrices as suggested in [5].

"To illustrate the analysis of the second approach, consnder
the equation

IR | .

The Popov condition (3) is satisfied for x = wand0 < 6 < 1.
From (10), g = 0, g ‘

(19)

{
g B 12 : } o
" “[1/2 1/2} 4 @
and the region &, is
2h X3 42%x,%, +x2<0?

(21
forall p e D, 5 ;

The condition Gy > 0 in (10), yields the Sylvester inequalities -

hy <2/5,
|y — (=21 <[(6~2)* —52+45+4]‘/2 (22)

The area of {2; is wa? (2 Ay, — 1)~ and the maximum-area
region is produced by the least 4, satisfying (22). Apparently,

the extent of the region Q, is a function of 6. For instance, the

4 area of .Qo is more than three times the area of .Q

4. Boundedness
Consider now the equation

%=Px+qo(0)+f(t), o=r"x 23)

with the forcing function f(¢). In [2], it is shown that if
condition (3) holds, then for every f(t) bounded on (— w

+ o) and ¢ € D,, there exists a bounded region /7 such that
the solutions x (¢) of (23) which start in IT remain there for
all future time. In addition, there exists on (— o, + ) a

unique solution x° () € II which is exponentially stable in the -
" region IT with the degree 4, that is, there are two positive

constants ¢ and & such that for any ¢ > 7, and any solution
x (Hell, we have ‘

Ix(5)=x°(®)| 4)
<elx(te)—x" (to) exp [~ (9+8) (t~10)].

We now proceed to compute a particular bound on f (¥) which
will guarantee that IT < Q; forallp € (D,,,,

We seek a bound £ on (1),
If (D] <é, te(— o0, +0) (25)

which guarantees that no solution of (23) leaves the region

. ;. This property of solutions is assured by requiring that the

derivative of V along the solutions of (23), which is denoted
by V(g3 be negative on ¥ = . According to (23)

Van=Vu,+2x"Hf (26)
where V{y is given in (8). For x€ @, and p €D, ,,

17(1)<——25V. @n
Therefore, from (26) and (27), we get '
. Vizay<—20V+2x"Hf . (28)
Also, ., »

V=xTHx<n|x? (29)
and xTHf < &n|x| where ‘

(30)

n=max {4, (H)}

where Z (» =1, 2, ..., ) are the eigenvalues of the matrix H.
Combmmg (28) and (29), we conclude that Vg < 0 for all
|x| > &/6 and x € ;. Consequently, if the sphere |x| = &/6
is contained inside Q;, then all solutions which start inside Q;
remain there for all future time. The largest value of & which
assures this property of {3, is given by

E=o(Bim'. Gn .

It is of interest to note that the bound & on the forcing func-
~tion £(#) in (31) depends directly on the degree 6 of exponen-

tial stability.
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“?5 Conclusion

" Is has been shown how finite regions of exponential stability
can be estimated for a Lur’e class of differential equations.
Two methods of computing the corresponding Liapunov
functions were indicated. When the differential equations
contain a forcing term, the Liapunov function can be used to
give information about the boundedness of solutions.

A significant extension of the proposed method would be to’

consider Liapunov functions of the complete Lur’e type, that
is, “a quadratic form plus an integral of the nonlinearity”.
The additional term in the Liapunov function will allow
improvement of the estimates of the stability regions. Future

work should also be devoted 10 the computational aspect of-

the problem.

The presented results can be extended to cases when the

differential equations have discontinuous nonlinear charac-
_ teristics. Moreover, forcing terms which depend on both the

states and time can be considered.
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Mitteilungen

IFAC-Sympasium ,,Technical and Biological Problems
of Control"

Von H. M. LIPP, Karlsruhe

Vom 24. bis 28. September 1968 wurde in Yerevan/Armenien
(UdSSR) ein von der International Federation of Automatic
Control (IFAC) veranstaltetes Symposium {iiber ,,Technical
and Biological Problems of Control** durchgefiihrt. Diese
vom sowjetischen nationalen Komitee fiir Regelungs-
technik organisierte Tagung ist mit dem Ziel veranstaltet
worden, durch die Begrenzung auf einen relativ kleinen Be-
reich des Regelungs- und Steuerungsgebietes einen moglichst

intensiven Informationsaustausch zwischen den Teilnehmern

zu erreichen. Von den etwa 300 Teilnehmern dieses Sympo-
siums{(darunter 130 aus anderen Lédndern als der Sowjetunion)
waren 126 Vortrige eingereicht worden, die acht Themen-
~bereiche ergaben:
J 1. General Problems of Physiological Mechanisms;

1I.  Models of Neuronal Structures;

I1I. Movements Control; ‘

1V. Bioelectric Control and Artificial Organs;

V. Computer Use for Biological Information Processing;

VI. Man-Machine Interaction in Control Systems;’

VII. Pattern Recognition; '

VI1I. Adaptive Systems.

Im Rahmen dieser Zeitschrift sind vor allem die Themen-
gruppen VI bis VIII von Interesse. Die hier gegebene Uber-

“sicht beschrinkt sich daher auf diese Bereiche.

Probleme des Zusammenwirkens von Mensch und Maschine
in Regelsystemen wurden in drei Vortrigen behandelt., Zwei
der Referate untersuchten technisch-physiologische bzw.
-psychologische Aspekte, im dritten versuchten die Autoren
die Hauptrichtungen dieses Forschungsgebietes systematisch
darzustellen. Drei Punkte sind dabei wesentlich:

1. Optimale Verteilung von Funktionen zwischen Maschine
und menschlichem Operator; 2. Optimale Koordinierung von
Operator und den die Information prisentierenden Einhei-
ten. 3. Auswahl und Schulung des Operators.

Die Gruppe Zeichenerkennung war mit zwolf Beitridgen am
umfangreichsten, wobei die Vortrige thematisch sehr ver-
schieden waren. Einer der Vortragenden berichtete iiber die
Zeichenerkennungsféhigkeit bestimmter nichtlinearer Filte-
rungen in Form sogenannter ,,polynomial machines®. Weitere
Arbeiten mathematischer Natur behandelten die Bestim-
mung von Wahrscheinlichkeiten bei Musterfolgen und Pro-
bleme bei der linearen Separierung von Mustern. Zwei der
Referate befaBten sich mit der Generalisierung von Mustern
und den entsprechenden Prozessen.

Die Klassifizierung optisch vorliegender Zeichen wurde in
nur einem Vortrag untersucht. Zwei Arbeiten zeigten Pro-
bleme auf, die bei der Verarbeitung und Erkennung muiti-
dimensionaler Informationen, vor allem bei experimentellen
Daten aus Biologie und Medizin, entstehen.

Adaptive Systeme waren Gegenstand von drei Vortridgen.
Eines der adaptiven Modelle zur Beschreibung von Regel-
systemen fiir zeitoptimale Regelung schien gute Ergebnisse
bei der praktischen Anwendung zu zeigen. Die Approxima-
tion der optimalen Steuerfunktion konnte dabei erfolgen
wahlweise iiber

a) stiickweise lineare Darstellung mit konstanter Intervall-
lange und adaptiver Verdnderung der Steigung des Segments,
b) stiickweise lineare Darstellung mit variabler Intervall-
linge und fester Steigung des Segments und :

¢) nichtlineare Beschreibung.

Ein weiterer Beitrag dieser Gruppe behandelte die optimale
Bestimmung von Systemzustinden durch Messungen mit
minimalen Kosten.

~Obwohl die relativ kleine Zahl von Teilnehmern und Vor-

tragenden einen intensiven personlichen Kontakt ermog-
lichte, wird der Nutzen der Vortriage selbst vom Rezensenten
nicht zu hoch eingeschitzt. Die fiir jeden Vortragenden vor-
gesehene Zeit von 20 Minuten wurde durch die (ohnehin
problematische) Satz-fiir-Satz-Ubersetzung erheblich redu-
ziert, so daB kaum die Moglichkeit bestand, tiefergehende

‘Betrachtungen wiederzugeben. Da die Verdffentlichung der

vollstindigen Beitrdge erst nach der Tagung erfolgen wird,
konnten die Teilnehmer nur iiber persOnlichen Kontakt
Niheres zu den einzelnen Arbeiten erfahren.

Heinrich Toeller, Ehrensenator der Technischen Hochschule
Darmstadt :

Dr.-Ing. Heinrich Toeller wurde am 29. November 1968 zum
Ehrensenator der Technischen Hochschule Darmstadt er-
nannt. Damit wird eine Personlichkeit geehrt, deren Weit-
blick und Uneigenniitzigkeit wir in der wissenschaftlich-

" technischen Gemeinschaftsarbeit auf unserem Fachgebiet

entscheidendes verdanken. So hat sich H. Toeller personlich
und mit Nachdruck in der Arbeit der Ingenieur-Verbinde
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REGIONS OF EXPONENTIAL BOUNDEDNESS .
FOR THE PROBLEM OF LUR'E

D. $iljak

S.

Weissenberger

University of Santa Clara
Santa Clara, California

Abstract

This paper considers forced systems
of the Lur'e type in which the nonlinear-
ity violates the sector condition in the
neighborhood of the origin. It is shown
that the satisfaction of a Popov condition
and the boundedness of the forcing func-
tion and the nonlinearity (where the sec-

tor condition is violated) imply the expo= '

" nential boundedness of the system motion.

- Quadratic Liapunov functions are used to.

obtain estimates of the region which sys- -

tem motions enter sooner than an exponen=
tial.

Introduction

The classical Lur'e problem con-
sists of finding conditions under which

“the equilibrium of a system with a single

. systems is further broadened to include a

-~ the nonlinearity is outside the sector in
- the neighborhood of the origin but ul- '

-there.

nonlinearity, restricted to lie in a
specified sector, is globally asymptoti-
cally stable. By modifying the Popoy

.solution of this problem, Yakubovichl

svtated the conditions under which the

-8tabllity is exponential, thus adding .
* ~information about how fast the equilib-

rium is approached. Later, the class of

-Lur'e systems was enlarged by allowing

the nonlinearity to ultimately leave the

- sector, at the expense of limiting exgo-
nential stability to a finite region.

In this paper, the class of Lur'e
number of practical situations in which
enters the sector and remains

Furthermore, bounded perturba-
A

timate}y

tions of the system are considered.
Popov condition is used to guarantee

saxponential boundedness, and estimates of

the region which system motions ultimate-

Exggnential'Boundedneas

Let us consider a forced a%stem ,
of the Lur'e type described by the nth-
order equation

x = Px + gp(0) + £(x,t), 0 = r?x | (1)
where the function m(o)'aatiafies:the‘ ”
conditions -

loto)] <8, |o]< @
0<ogplo) <xo?, |o]> a
‘and x>0, «, 8> 0. el

For |o} > a, o is assumed to be contin-

' uous, thle for Jol< @, o is allowed to

‘be discontinuous and multivalued.
function f(x,t) is bounded

"The

f(x,t)] < ¥ (3). Ax
where y > O.

Under the stated conditions, the

. system (1) may not be stable in the sense

of Liapunov, but its motions can exhibit -
boundedness properties., Of particular

. interest are systems whose motions,

besldes being bounded, all enter at some
time a certain bounded region 0 and stay:

. there for all future time~--the motions

are ultimately bounded. Moreover, one

‘would like to have a quantitative estie e
‘mate of the rate at which the motions - .

approach this region 1. A common -

"comparison function is the exponential o

and we arrive at the following:

ly enter are provided by means of quadra-f.

tic Liapunov functions.

The research reported herein was
supported in part by the National o
Aeronautics and Space Administration

~ under the grant NGR-03-017-010. " -

s

o
Lower case Roman letters denote
vectors, capital Roman letters denote

. matrices, lower case Greek letters denote

ment of Q.

51

scalars, and capital Greek letters denote.
sets., Vectors will be considered as
column matrices, and superscript T denotes
the transpose. The notation H > O will
mean that B is a positive definite real
symmetric matrix, I is the identity
matrix. The letter t is used for the
time, and the letter V for a Liapunov
function.  The region Q€ is the compli~

ot

(20) <



" wWhere

| Definitioﬁﬁi Solutions x(t,xo.té) of the. - the matrix P, ia'aaaumed to be Hurwitz

: equaﬁion . . TR » Wf’;gggqﬁagggggx H > 0 exists such that the ;y"”
| x = p(x,t) S Q=G-ngel >0, xpo ma).
:rgogggg%gﬁgé%%%lﬁé§%¥ﬂﬁﬁ with reapéct to“,é, Q=050, gm0, xme, ()

: a) there exists a ty > t such - are satisfied. '

‘ zﬁﬁt x(01%g,%) © 0 for’ali ’t 2 % According to the lemma, the function -

.. Vin {7) satisfies the .condition (5a,b)
b B E S EEL Cpmsiting sinct-
ORGSR Ft M R
Clearly, this definition implies ;- V - 267 2 x"Qx - Agylx- wlol<a (12a) *

:'ultimate boundedness, I ﬁ - 26V 2 x?Qx'- XHv(xL-. ‘“‘Z a (12b) ;1

By using well-~known resultsk we

can providi gufficégnt conditions for .. ~ Where .
‘exponential boundedness of solutions of .- . - ‘ .
quation (B)r o wo=l(a + u"tp) 8, (13)
, ... and Ay 18 the largest eigenvalue of H. ,
.?:?05?2 <L3t 2he:: a :ogpasz Teiion v From Vlz), we conclude that there exists a 3
scalar %unctlon with continuous fgrgt - reglon a, (and thus 0)outside which the
partial derivatives, and . condition (5¢) is satisfied. Thus, when- . ..
_ ! v : . _ever the Popov condition (8) is satisfied,
V>0 , xe¢qt - ' (5g) the motion of the system (1)-(3) is expo-.,
: - v o , nentially bounded. .
Vo X|= o -
. o I (5b)' To determine a region Ny in (6), it
_‘- V-20V> 0, x¢ n° . (5c).'.is necessary to compute vV from

' = v S
~vhere V = dv/dt = (VV)TP and 6 > 0. Then ﬁv ‘ nax .(x) ()
the solutions of equation (4) are expo- ‘ xeh

tially bounded with : . .
nentlatly hounde respect to - where A 1s the boundary,of any compact

aQ = {x: V < v+ ; o “region outside which - V ~ 28V > 0 every-
. v {x (X) v el . ' ‘6)' " where. .Standard techniques of nonlinear - °
where €> 0 is arbitrary. ) ' programming can be used to compute v. .
B To guarantee exponential boundedneas‘: The least conservative v is L
. for equation (1), let us use the function  ',obtained by choosing A = A1UA2U"3 where
V = x'Hx. ‘ (7) - Ay = {x: x Qx - xHylxI= My I Tx|< o3 (153)
- . By the Yakubovich-Kalman lemma® - Ay = {x: |rTx|= o, 0 < xQx - Agvlxl
| the satisfaction of the Popov condition b :
: N (o6 + 1u) T ( ) S < u}! (15b)
%> + Re ¥{=6 + jw) > O for all- . (8) - oI
= {x: - A =0, > @} (15¢
.real w > 0 where y(A) = fT(P - XI) . A3 {x: xQx HYix‘ ir xl2 } (15 )
i results in o ‘Computation can be facilitated by

: - . accepting more conservative estimates of “.”
fv - 26V = x(C - ngg ) x + % 1(“83<* ¢)? " v, For example, we may take as the -

- . : traint £ imizati £V in
#o - “-%¢)¢'f 2 xT HE, % f = (9a) fiﬁ? raint for maximization of V(x)

L ‘ T ' ‘ T 44 o S .

-7V‘- 26V = x'Gx +‘a¢ -2 gf, g,-if (?b)_:A A= [x: XQ!xl - XHYIXI = u) (16)
. _ N k e f'which represents a spherical surfa;e en-
LG Ty " ' closing the sets Ay, A,, and Ay. In con=-
v =G = HPy + Py » - & -»Hq * 7 r’u'ﬂ~ SR strucging As we made use of tha -Anequality
Eae P, - P + 6I S e a0y Ix} Qx where \q 18 the smallest ,;
b o .”v’*w;gv »_'eggenvéiue of Q. From (16), the radius 9_14
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is given by

| 1/2
. AuY [ Agy. R .
H H . .
p o=+ | (=) + *‘—-] ' (17)
- and (14) gives
Vo= Ay 92 (18)

Expression (18) allows a solution of - -

the inverse problem in which v and 6 are
specified and a set of corresponding num-
“bers %, 8, ¥y should be determined. Note

. also that conditions (10) and (11) allow
some freedom in the choice of H, thus
permitting improvements in the sharpness
of results. In fact, the elements of H
could be chosen to minimize the volume of

n,, subject to constraints (10) and (11),..
4in the same way as volume is maximized in -

the problem of estimating finite regions
of stability.? .

Conclusions

problem has produced systems with expo-

.: apply directly to systems with discontin-
- uous nonlinearities when motions are

;;2._

{230f

1.

A useful modification of the Lurfe ' |

nentially bounded motions which wltimate=: ..

ly enter a compact region. ' Estimates of
the region were given using a quadratic
Liapunov function.

Improved results could be obtained
by including an integral of the non~
linearity in the Liapunov function.
ever, stronger restrictions on the non-
‘linearity would be necessary to guarantge.
“the exponential property of the motion.Y

.Finally, note that the prgined.resulta~-"
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5,

Howh"~fii,.
T 6.
‘-“['W§ley,‘Nequork, 1969. .

. "Stability by Liapunov's Direct
_New York, 19€l.

_supplemented with the sliding regime.t
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ABSOLUTE STABILITY TEST FOR DISCRETE SYSTEMS*

A numerical absolute stability test for nonlinear discrete
system is proposed. .The test is derived from the similar test for
continuous systems [1] by the use of the bilinear transformation.

A free discrete system of the Lur'e type is described by the

difference equations
X4 =Px_+ qe(c,) 6. = rix ¢))
t+1 t - 39 t t

where x , q , r are real vectors, P is a real n x n matrix,

and. ¢(0) 1is a continuous real scalar function of the real variable

¢ which belongs to the class ¢K :9(0)=0,0 5_a¢(o) :_KUZ , K < + ®
Denote by G(z) = rT(P-zI)'lq , where z 1is the complex variable,

the transfer function of the linear part of (1). Let P be Hurwitz,

that is, all zeros of A(z) = det(P-zI) are inside the unit circle

|z] =1 . Then (Tsypkin [2]):

Theorem 1: System (1) is absolutely stable if

<1+ Re G(z) >0, Vz:lz| =1. 2
Instead of verifyiﬁg (2) by the usual graphical construction, the
system stability can be determined analytically by a simple transformation

convenient for computer calculations.

*This work was supported by NASA Grant NGR 05-017-010.



Let
m. .
r b.z?
i=0 * ,
G(z) = = -, Nn>m. 3)
i ,
: z C.z
i=0 *
then, by using the bilinear transformation
- 4
(2) can be rewritten as
«l+ReG (V) >0 , Vrealvz0 (5)
where
n
) z Bk wk
6,0 = gt - k=0 - ©)
k=0
and w = jv .  Coefficients in (6) are
B = I : (-pItk (n:’.‘) (?)bi
k i=0  j= VY
. (7N
n . N (s
C= = r (-pi*k (n'%) (1) .
k7o 5E0 T Bes) U



Inequality (5) is’equivaleht to

"

n(v)

i

»lg(jv)]z[x'l +Re Gy(jv)] >0 , Vrealv>0
7 : (8)

b
where I(v) is an even polynomial

n(v) =
k

M

ag VO . (9

From (8) and (9) we conclude:

Theorem 2: Inequality (2) is satisfied if and only if n(v)

has no real zeros and a; > 0.

To verify conditions in Theorem 2, we can use the Routh test as

proposed in reference [1]:

Theorem 3: Inequality (2) is satisfied if and only if the

polynomial N produces a Routh sequence

(-l)naZn ,’(-l)nZnaZn‘, cer 5 3y

with exactly n sign changes and a, >0 .

Note that this result is useful when « 1is specified. Then the
coefficients 3 of T in (9) are given numerically. Coefficients

aze can be calculated from Bk and C, by a recursive élgorithm

_ k
outlined in reference [1].

An immediatgAresult of the above is:



Theorem 4: Inequality (2) is satisfied

a) if ab >0, aZk-i-O » k=1,2,..., n ; and

b) only if the number of sign changes in the coefficients

aZk 15 even,

This result can be used as a simple test to conclude absolute stability..
The proposed absolute stability criterion can be extended directly

to systems with multiple nonlinearities. It is only necessary to note

that the test should be applied as many times as there are principal

minors to be checked for positive definiteness of a given matrix [3].

C. K. Sun
v. -
D. Siljak
University of Santa Clara

-Santa Clara, California
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Adaptation Us 1ng ulngular Lines on *ne Parameter Dlanc.
R. A. DESROSIERS T G. J. TnAL"R
Nava] Postgraduate School Mon'erey, Californla 93940

Introduction. The coefr1c1enL plane and pPraweter plane as de-
- veloped by LJCIOVlcl Siljak=“: 3% and others?:5: portrays the
relationships batween the roots of the characteristic equatlon
and the parameters of the system. Its basis, therefore, is in
.linear theory. It has also been shown that when the parameters
of the system vary the operation of such nonlinear systems may
be represented on the parameter plane by letting the operating
point (M-point) move, This technique sugcessfully predicts
limit cycles3 and the transient response-*’ of the nonlinear
system, and seems to be applicable under the same conditions
that constrain the use of describing functions. When the con-
ditions that exist in a control application reguire adaptation
of the feedback loop some method must be devised for identify-
-ing the change within the system. and a means of adjustment
must be provided which is Cdpaole of counteracting the effects
of the parameter varlatlon.

« This paper is concerhed with a method for providing the
needed adjustment. If the system can be designed so that its
parameter plane equations provide "singular lines" at suitable
root values, then an adjustment is obtained which permits the
system to counteract a parameter variation and return its ba-
sic mode of operation to exactly the original dominant root
condition,

Parameter Plane Theory - Singular Lines

Given a pqunomialk

F(s) = 2y s = 0 ‘ (1)

‘ : & ‘ :

" where the a, may have any of the following forms.4
Case I a_ =Db o+ ckﬁ + A

k k
Case II a = bka + oo B + hkaﬁ + @k
i _ 2,
Case III a, = b 07+ by a+1rkcxﬁ + cklﬁ +ck2f3 +ay
A l(z).
- - n.—l e o @
case IV a =Db ot Py (pony® hk(n__l)an’ B
.. -1 n
| %, ck(n—l)Bn +«cknﬂ + dk
g = (- A R Lo el g 30
LeF s @ ( ¢ + j”l~62' uh(gos O + 4 sin 0) e (3)

/

* The regearch reported herein was supported in part by the
National Zeronautics and Space Administration under the grant
No. NGR 05-C17-010. '



'r,Then' oK ::ukejk = f (cos k8 + sin k)
L . T (= -{) ="cos k0

[ ¥ B
2 N —

( Z) = gin ke/oln 8

where T ( C) and U ( -f) are the well kﬁown Chebyshev functions,
~ :IL can be shown Lhat

.Lf'ik‘(#:) = "'(J) 7, @) - N O]
Bh = e u () o

Substituting in Eq. (l) and requ1rlng summatlon reals and st~
. mation imaginaries to become zero independently results in

n
) ek enk a0

= 0
k=0 I (8)
) e en ¥ E @ = o
' k=0 | S .
which leads\to _ :
§k“l)k ?k“%k B£~1(C)
Z( D e 5 (9)

k=0

For a, of the forms defined as Case I and Case II in Eq. {9)
rearrange to ' ’

= 104
Case I @By + Bcl + Dy =0 (10:x)
0B, + ﬁcz + D, = 0
| - - 105)
Case II OB, + ﬁcl + aBHl + D) =0 (
4 OB, + Bcz +>QBH2 + D, = 0
wvhere '
A . : n X
Y k k — _ Vi Wk o
= DT e B () By = )17 bt U ()
‘ -0 ,
, B k=0 | (113
. n o % : ,
s k k= - 2SI E L e T
Cl - Lﬁnl) “h U l(C) C2 - L‘ 1) Ckbh N

k=0 - i : k=0



Z,-) . ) B N v, . . . s ) .4
S e T @ m =D Wk T
my = DT et Uy (B = ) 0T g B @)
k=0 ' o : P ck=0 T
S e T a
Di b= /_/;(H]) dk“’n Uk___l(C) . D2 ” Z:(Ml) Qk("’n, Uk(t)
Ye:0) . ‘ v-‘_ thj~   ;k:O' S

ohe parameter plane equations provide singular lines .on
thie parameter plane if Eqg. (10) are linearly dependent; i.e.,
if certain Cs’u%s pairs provide L . -

Y

BT
R , |
e o LT o (12)
Hy = LH, Cn E {
D, = LD

L 2

vhere L is a constant, then there exists on the 0, B plane a
locus of points defining f, «,5. Thus for the singular case
there are an infinite number of (&,f) pairs which provide the
same pair of complex roots. If the singular case exists, and
if the available root pairs Cs'“ﬁs are suitable for dominant
root design, then the singular lines are added to the usual
paramater plane plot and by inspection of the plot a segment
of the singular line is located such that the desired domi-
nance condition exists. (Note that in specific cases domi-
nance may not obtain).

Some Svstems Exhibiting Singular Lines

The usual, simple, feedback control loop does not provide
singular line characteristics as functions of normally adjust-
able parameters. From Eq. 10, 11, 12, it is seen that a mini-
munt of three simultaneous equations must be satisfied after
parameters & and P have been chosen, thus a system must con-
tain a minimum of five parameters to make the singular case
possible. Experience suggests that more than five parameters
are desirable, that a judicious selection of & and B is necocs~
sary, and that the existence of suitable singular lines may

depend on the numerical value of any non-adjustable plant pa-
rameters.

The signal flow diagram of Fig. 1 represents an inercvial-
ly stabilized space vehicle, and for certain combinations of

transfer functions this system exhibits singular lines. The
characteristic equation is obtained from
T bsl+2a, 6 e+ (2,2 - a6, &% =0 (13

11 "¢ 11

.



 gular lines.

T g e ‘ o _
~and for G, = G, = G = =5 3 G . =G . =G =K Tst] )

A s ol . ‘>cy2 o c l('yls_, 1
211 T 220 P12 _azl :
D ﬂ; : g

the parameter plane dlagfam is shown on FlU. 2t including sin-

For.ycl = GZV#”G = - K . and all oLhnr cuantities
' : 4+ 28 + 2 , e
as prev1ously deftned‘ Lhe parameter plane dlagram is qhown on

- Fig. 3, 1nclud1ng 51ngular 11nes

’Bdolc Concopt of Self~AdapLdblon Us1nc Slhqular Llnco.~

Consider Fig. 4, which shows one 51ngular line for [ = C
and «, = G4 on- the G—ﬁ parameter plane. £ is the varying
plant parameter and ¢ is an adjusLable parameter in the con-
troller.Initial operation is on the singular line at point M
so that {_, ¢ define dominant roots. When B varies an amolnt
AB this cnange in the parameter must be identified using any
suitable scheme. The adju°1able parameter, ¢, is changed an
amount A, returning the system to operation on the singular
line at point MZ The system again has root at C<,uhc. The

other characLerlstlc roots are chanced but for reasonable

ranges of &« and B dominance is retained by the roots at Cé:“%q-

s

A Specific Case of Self-Adaptation.

Fig. 5a shows a first order plan with variable pole. It
is desired to incorporate this planL in a closed loop systemn
~and dominant roots at £ = 0.5, w, = 4 are specified. Since the
plant pole is variable, self adaptation is planned and two sec-
tions of compensation are inserted to provide suitable parane-
ters for obtaining 51ngular lines, and one of the zeros is de-
- signated as ., :

The characteristic equation is

s-H(pl 02+KK1)+B]s +[plp2+(pl+p2)3 KK O+KK z]s+[plp2ﬂ4KK z00]=0

(14)
applying Egq. (12) for L =‘l.0,
,KKlz+KKl W cos 6 = KK; sin 6
plp24(plp2)u3(cos 6 - sin 9) = Z(Sip 2 9 - cos 26) (15)

(DlpleK z) (cos G - sin 9)4(D}p7TLK )(cos 26 ~~3inv29) =
J : ,
| (51n 38 - cos 28)



"Substituting W, = 4 and 6 = 120? (for £ = %) we obtain three
equations in Ikl, Ppr PyZ- Choosing py = 2.0 and solving:

'pl = 2.0; Py = -1.465; KKl = 3.47;‘ z = 5,464

The equation of the singular line becomes

¢ - B =0 (16f

From Equation 16 the singular 1ine requires pole-zero can-
cellation, which is a trivial case.’ To show that the system -
does self-adapt the scheme of Fig. 5a was used. (Note: The
identification method was developeg by S. R. Parker and R.
Desrosiers, and is to be published’) Fig. 5b shows the effect-
iveness of the self adaptation.

The system of Fig. 5 is Type Zero. A slight modification

in design permits conversion to Type 1. Plant block diagram and
responses are shown in Fig. 6.

Fig. 8 shows adaptive compensation for a variable pole
using velocity feedback. This works for either dominant complex
roots or a dominant real root as shown on Fig. 8.

Conclusions: A new concept in self-adaptive adjustment has been
presented -- use of singular lines on the parameter plane to
provide a convenient adjustable variable. An example has shown
that the design ideas are feasible and simulation demonstrates
that the method works.
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. APPENDIX I. PARAMETLR PLANE FD PTATICN FOR OVERDAMPED
- SYSTEMS, ‘ :

In many applications, particularly in process control sys-
‘tems, an overdamped response is reguired, i.e., it 1is desired
that a real root be dominant. On the parameter plane, for a
systen specified by Eq. (1) and Case I of Eg.(2), a real rootl is
defined by a straight line. (Note that substitution of s=-0:j0
into Eqg. (1) when the a, are '

Case I leads to :
o By + fCp + Dy =0 (19)
n

. n !
_ N ke Lk B E x Xk N, ok
where BR = 2} 1) bko CR = 1(-1) € 0 DR = Z} 1) dku
. k= K k=0
and Eq.(19) is the equation of a Straight line on the &—3gdau.)

k

Since every real root for such a sysLen is descritoed by a
straight line on the parsmeter plane, the M-point may be lo:a—
ted on the line defining a dominant real root. The eguation
of that line is then determined and inserted in the adaptiwe
computer, and adaptation is effected exactly as explained
singular lines. Fig. 7a shows the block diagram of a typo
system with variable plant parameger & and adjus‘aolo pazn"~
ter f. A dominant real root is 6e51red at 0 = -2, for which
the paramyter line is

S0OX

r-"‘x

B = 0.40 + 0.8« 7

The M-point is chosen at o = 4.0, B, ='3.6, at L = q-l

.sec., O is changed to @ = 3.5. The identification procass aw:
termined the value of o to be 3.49597, and sdiustiad - S

ingly. Fig. 7b shows the transient rasponse oi i
system and compares it with tnat of Lr» unadapted s¥s
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