NATIONAL AERONAUTICS AND :~SI5ACE ADMINISTRATION

Technical Report 32-1402

Optimum Structural Design Based on
Reliability and Proof-Load Testing

M. Shinozuka
J. N. Yang

JET PROPULSION LABORATORY
CALIFORNIA INSTITUTE OF TECHNOLOGY
PASADENA, CALIFORNIA
June 15, 1969



NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

Technical Report 32-1402

Optimum Structural Design Based on
Reliability and Proof-Load Testing

M. Shinozuka
J. N. Yang

JET PROPULSION LABORATORY
CALIFORNIA INSTITUTE OF TECHNOLOGY

PASADENA, CALIFORNIA
June 15, 1969



Prepared Under Contract No. NAS 7-100
National Aeronautics & Space Administration



Preface

The study effort described in this report was performed by the Engineering
Mechanics Division of Jet Propulsion Laboratory. This study was partially sup-
ported by NASA National Research Council, under whose sponsorship Dr. J. N.
Yang holds Resident Research Associateship at Jet Propulsion Laboratory.
Dr. M. Shinozuka, consultant to Jet Propulsion Laboratory, is associate professor
of civil engineering and engineering mechanics, Columbia University, New York,
New York.

JPL TECHNICAL REPORT 32-1402



Acknowledgment

The authors are most grateful to Dr. E. Heer of JPL for his support of this
study as well as for his valuable comments in the course of the investigation.

Also, acknowledgment is due Professor F. Moses of Case Western Reserve
University, who generously provided the authors with a computer program for
finding usable feasible directions—this played an important role in the compu-
tational work carried out in the numerical examples.

JPL TECHNICAL REPORT 32-1402



Contents
i. Introduction
Il. Expected Cost of Failure and Optimum Design
ill. Optimum Design of Statically Deferminate Structures
IV. Optimum Design of Statically Indeterminate Structures

V. Numerical Examples
A. Ten-Member Structure .
B. Three-Member Truss
C. Constant-Thickness Spherical Shell
D. Variable-Thickness Spherical Shell

V1. Discussion .

VIil. Conclusion.

Appendix. Proof of Equations 28 and 29 .
Nomenclature

References .

Tables

1. Ten-member structure .
2. Three-member truss
3. Spherical shell with constant thickness

4. Spherical shell with variable thickness

Figures

1. Relative expected component cost EC; as a function of
proof stress level e;

2. Relative expected component cost EC; as a function of
optimum proof stress level e .

. Three-member truss
. Spherical shell of constant thickness

. Spherical shell of variable thickness

> g AW

. Optimum thickness h, and h, of spherical shell of variable thickness
as a function of relative expected cost constraint EC, .

7. Optimum weight W of spherical shell of variable thickness as a
function of relative expected cost constraint EC, .

JPL TECHNICAL REPORT 32-1402

11
11
12

13
17
18
19

20

10
11
12
13

1
12
12



vi

Abstract

An approach in structural optimization based on reliability analysis is pre-
sented, emphasizing the use of proof-load tests. Methods are described of
optimizing structural weight, subject to a constraint on the expected cost, which
is an extended version of the constraint on the probability of failure. Methods of
optimizing both statically determinate and indeterminate structures are described.

Numerical examples indicate that the expense of performing the proof-load
test is always well compensated by the improvement of structural reliability

"resulting from such a test. In fact, under the constraint of the same expected

cost, significant weight savings can be expected of structures with proof-load-
tested components compared with structures having components that are not
proof-load tested.

It is shown that proof-load testing significantly improves statistical confidence
in reliability estimates, The question of how to deal with the statistical confidence
of the load distribution is also discussed at length.
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Optimum Structural Design Based on

Reliability and Proof-Load Testing

l. Introduction

Thermomechanical properties of materials used for
the structure of a space vehicle, such as fracture strength,
elasticity modulus, deformation capacity, linear thermal
coefficient of expansion, etc.—particularly those of com-
posite materials—exhibit considerable statistical varia-
tions. Furthermore, aerospace environments and loading
conditions involve a number of uncertainties as to tem-
peratures generated by aerodynamic friction, dynamic
pressures, axial accelerations, acoustic and vibration
loads, ete.

This indicates that both strengths of a structure and
loads acting on the structure should be treated as random
variables and that the concept of structural reliability
should be incorporated into the analysis of the structure
and its optimum design. Some optimum design work has
been done in this direction (Refs. 1-6) at different levels
of sophistication of reliability analysis. It should be
observed, however, that major structural components
of a space vehicle are usually tested individually, or
otherwise under simulated environmental and loading
conditions before the vehicle is deployed. Since such
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simulated tests or proof-load tests are indispensable
parts of the engineering task within a space program, it
is extremely important that the effect of such tests be
taken into account in the estimation of structural reli-
ability and in the structural design. The present study
presents, for a given expected cost constraint, quantita-
tive results of considerable weight saving and increased
reliability by taking into consideration the proof-load test.

From the viewpoint of reliability analysis, the ad-
vantage of performing the proof-load test can be sum-
marized as follows. The test can improve not only the
reliability value itself but the statistical confidence in
such a reliability estimate. This is because the proof-load
test eliminates structures with strength less than the
proof load. In other words, the structure passing the proof-
load test belongs to a subset of the original population,
which possesses a strength higher than the proof load.
Therefore, it is obvious that the reliability of a structure
chosen from this subset is higher than that of a structure
chosen from the original population. Further, the proof-
load test truncates the distribution function of strength
at the proof load, thereby alleviating the analytical
difficulty of verifying the validity of a fitted distribution



function at the lower tail portion where data are usually
nonexistent, Evidently, the difficulty still remains in the
selection of a distribution function for the load. How-
ever, the statistical confidence in the reliability estima-
tion now depends mainly on the accuracy of the load
prediction. The question of how to deal with the sta-
tistical confidence of the load distribution is discussed
in Section VI (in which the Bayesian approach is
suggested).

This report develops an approach for optimizing a
structural design (for either minimum weight or mini-
mum expected cost) by introducing the proof load as an
additional design parameter, and shows the practical
advantage of the use of proof loads in terms of weight
saving.

The importance of the proposed method in struc-
tural design is emphasized because it represents a truly
rational approach in an area clouded by uncertainties.
Moreover, it establishes a definite design procedure
applicable to most aerospace structures.

Although the present study places its emphasis on the
problem of optimization of aerospace structures, the prin-
ciple involved can be applied to optimization problems
in other engineering disciplines (such as design of civil
engineering structures, naval structures, ground vehicles,
material-handling equipment, and electronic systems). In
particular, the optimization can be highly significant for
electronic systems consisting of thousands of compo-
nents when the cost of each component is so small
in comparison with the total cost of the system that a
relatively high level of proof load can be applied.

Civil engineering structures—gantry towers at launch-
ing sites, buildings, bridges, etc.—gain increasing sig-
nificance for space technology application. Because of
their characteristic construction processes, it is recognized
that these structures usually undergo a tacit process of
proof-load testing during construction. If the structure
does not fail during and upon completion of construc-
tion, it implies that all of its structural components and
therefore the structure itself have sufficient strength to
withstand at least the dead load. This is the information
that must be taken into consideration as the lower
bound of the strength distribution for the reliability
estimation of an existing structure. In this respect, it
would be advisable to devise an inexpensive method
of more explicit proof-load test which can establish
such a bound.

If a structure under construction survives a live load
due to severe wind or earthquake acceleration, the
combined action of such a live load and of the dead
load (existing at the time of cccurrence of the live load)
can be interpreted as a proof-load test. The fact that
the partially completed structure has survived such a
proof-load test should be taken into consideration in the
reliability analysis since this fact usually makes it pos-
sible to establish a better lower bound of the strength
of each of the structural components (existing in the par-
tially completed structure).

An important implication of the above argument is
that separate considerations are given to the safety of a
structure during and after completion of its construction.
This seems reasonable since the cost of detection and
the cost of failed-part replacement may be absorbed as
the construction cost, whereas any failure after the
structure is placed in service would produce much
more serious contractual and socio-economic problems—
possibly involving human lives.

Il. Expected Cost of Failure and Optimum
Design

Consider the following form of expected cost EC* of
the structure, taking only the cost of failure and of proof-
load test into account (although more elaborate forms
are obviously possible and may be desirable, depending
on the specific problem at hand):

L 4 p,cy (1)

l—poi
1

EC* =
where

n = number of major structural components
constituting the overall structure

Po; = probability of failure of a candidate for the
ith component under the stress S,; due to
proof load

p; = probability of failure of the entire structure
C; = cost of failure (including all aspects)

C,i = cost of proof-load test for ith component
(including cost of loss of candidate com-
ponents that failed to pass test)

1—f°—if = expected number of candidates for the ith

Poi component that failed under S,; before the

one that can sustain S,; is obtained
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These quantities (and, hence, EC*¥) are functions of
design parameters. Furthermore, the weight W of the
structure is also a function of the same parameters.
Therefore, the optimization of W (or EC*) under a con-
straint on EC* (or W) can be performed with respect to
these parameters.

The absolute value of C; will have no effect in the
following optimization process. If the proof-load test is
not performed, po; = 0 in Eq. (1) and the formulation
reduces to the minimum weight design under the con-
straint of probability of failure (Refs. 1-6).

Under the further simplifying assumptions, as used in
Refs. 1-6, that the resisting strengths R; (in terms of
stress such as yield stress) of individual components
(i=1,2, -, n) are independent of each other as well as
of the load S, the probability of failure p; of the structure
can be shown (Ref. 7) to be

Ps =Lw {1 - inIl [1— Fg, (Qix)]}fs (x) dx

~ 2 [ Fes ot )

where
Fy, (x) = distribution function of R;
S = load applied to the structure
S; = stress acting on the ith component
fs;(x) = density function of S;

¢; = constant associated with ith component

With the aid of the theoretical and experimental
structural analysis, the stress S; acting on the ith com-
ponent when the load S is applied to the structure is
given by

CiS

5 = gi(As) ®)

in which A; is a design parameter representing the size
of the ith component so that its weight W; can be given
as W; = b;Ay; ¢; is a constant if the structure is statically
determinate, whereas it is a function of A,, A, ---, A, if
the structure is statically indeterminate; and g;(A;) is a
function of A;, the form of which depends on the nature
of the ith component [for example, g;(A;) = A; = cross-
sectional area for truss-like structures].
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Any method of structural analysis can be employed to
obtain Eq. (3), including the finite-element method used
extensively in the stress analysis of aerospace structures.

The S; density function fs,(x) can be obtained from the
S density function fs(x) through the transformation indi-
cated in Eq. (3), and can be shown to be

fsi(x) = fs [&L@_x]

C;

&ilA) l (4)

Ci

The following points (Ref. 7) are to be noted in the
derivation of Eq. (2):

(1) The definition of structural failure is in accordance
with the weakest link hypothesis; that is, the failure
will take place if at least one of the components
fails,

(2) The assumption that the component resisting
strengths R; are independent from each other is a
conservative one.

(8) The approximation indicated in Eq. (2) is also of
a conservative nature.

(4) The applied load S can be interpreted as reference
value of a system of proportional loading acting
on the structure.

(5) If p; in Eq. (2) is to represent the probability of
failure of a structure subject to a sequence of N
statistical loads, fs(x) should be replaced by the
density function fs,, (x) of the maximum load S, in
such a sequence; for a sequence of N “independent”
loads, each distributed as S, the density function

fs,, (%) is

= N[Fs(x)]* fs(x) (5)

d[F«(x)]¥
fu(a) = SESEL

where Fy(x) is the distribution function of S.

The previous studies (see Refs. 1-8) were all based on
the weakest link hypothesis and on the assumption that
the values of R; are independent from each other. The
approximation indicated in Eq. (2) was also employed
in these studies, with the exception of the work by
Moses and Kinser (cited in Ref. 6), where the integral
expression—the second member of Eq. (2), together with
Eq. (5)—was used in a different analytical approach.
The weakest link hypothesis, which is probably adequate
to describe the failure condition for a statically deter-
minate structure, is also adopted in the present study for

3



analytical simplicity. However, some evidence exists as

to its wvalidity for statically indeterminate structures
(Ref. 8) as well.

Of considerable practical importance is the case where
the structure is subjected to a number of mutually
exclusive and independent proportional loading systems
(e.g., unusually severe wind and extremely strong earth-
quake motion) with §*®  §*@ ... §*® denoting the
maximum reference values of these loading systems
within a specified period of time. The probability of
failure of the structure is then given by the sum
k .

p(])

27
where p{# is the probability of failure of the structure
under S*@ only.

Employing in Eq. (1) the approximation indicated in
Eq' (2)7

EC* = 3 EC* (6)
izl
with EC¥ being the expected cost of the ith component;

, i Cos
EC* = Poi Loi priCr = (viq: + p;;)Cy (7)

1-— Poi
where
= Poi 8
qi 1= po; (8)
with
_ Co
Y= «1

This ratio indicates relative importance of the ith com-
ponent with respect to the cost of structural failure.

The probability of failure of the ith component is
p = [ e g ) d ©

The quantities EC* and EC} can be expressed in
terms of the cost of failure C; by dividing both sides of
Egs. (6) and (7) by C;

EC = 3 EC; (10)
i=1
EC; = yviq; + ppi (11)

where
_ EC*
EC = C,
and
ES
C;

Equations (10) and (11) indicate an important conclu-
sion that the absolute value of the cost of failure has no
effect on the optimization process. In this optimization
formulation, it is only necessary to know or to estimate
the ratio y, of the component cost Cy; to the cost of
failure C;.

If the proof-load test is not performed (if g; = 0), then
EC; is a value representative of the probability of failure
of the ith component, and EC reflects the probability of
failure of the entire structure.

To perform the reliability-based optimum design, it is
necessary to know the distribution function Fg,(x) of the
resisting strength R; of the candidate for the ith com-
ponent (henceforth referred to as the parent strength
distribution of the ith component). It is assumed that,
before the proof-load test, this distribution (and there-
fore its mean value and standard deviation) is known
with sufficient statistical confidence on the basis of
material tests, experience, etc. The question as to what
is considered to be a sufficient confidence is crucial and
is discussed in detail in Subsection VI.

Let e; denote a design parameter indicating the stress
level S,; of proof load to be applied to the candidate for
the ith component in terms of R¥;

Soi = e;R¥ (12)

and the central safety factor v; be defined as
v = — (18)

where R} and S¥ are the measures of location (such as
the mean value R; and S;) of the distribution of R; and
S:, respectively.

Once the factor of safety v; is specified, the candidate
for the ith component should be so designed that the
measure of location S¥ of the stress S; acting on the ith
component is equal to S¥= R} /v;. This is accomplished
by choosing A; that satisfies
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iS*
gt(Al) = CRa‘s Ui (14)

=i

Equation (14) is obtained from the following relation-
ship by replacing S% by R%/vi,

§# = — (15)

which is in turn obtained from Eq. (3), where S¥ and
S* should be the measures of location of the same kind
such as the mean value.

It is interesting to note that upon substituting Eq. (14)
into Eq. (4) the S; density function fs; becomes

and it is free from c¢;.

(16)

The probability of failure po; of a candidate for the
ith member, under the proof stress Sy, is given by

Poi = Fﬁi (Sos) = F_Ri (e‘ﬁj‘) (17)

and the probability element fz (x)dx of the resisting
strengths R; of the proof-load-tested ith component is
given by

fry(x)dx = P(x <R; <x +dx | RBi > Soi)

Px < Ri <x+dx,Ri > S,)

P(R; > Sui)
_ H(x_soi)fﬁi(x) dx (18)
- l - F&i(SOZ')
from which it follows that
H(x — Soi F : — Fg, Soi
Fr, () = (x ) [ r; (%) g ( )] (19)

1 — Fg,(Soi)

where
P(E) = probability of event E
P(E, | E,) = conditional probability of E; given E.

P(E,, E,) = probability of simultaneous occurrence
of E, and E.

H(x) = Heaviside unit step function
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When Eq. (12) is combined into Egs. (18) and (19),

H(x ~ ei RY) fa, (
R - FR- iR<
FRi (T) = H(x - ezRq) —ll(x_) FR- _e:(B%")—L)
(21)

The Heaviside unit step function in Egs. (20) and (21)
truncates the original strength distribution at the stress
level of the proof load. It is for this reason that the
distribution of R; is referred to as the truncated strength
distribution in the following.

Since it follows from Eqs. (8) and (17) that q; = q.(e;)
and from Egs. (9), (16), and (21) that p; = pyi(e:, vi),
Eq. (11) can be written as

EC; = viqi(e:) + prilei, ) (22)

The optimization problem considered in the present
study is either to minimize the structural weight subject
to the constraint on the relative expected cost, or to
minimize the relative expected cost subject to the con-
straint on the structural weight, both with respect to e;
and v;. Since the analytical technique employed here
can be applied to either case, only the first is discussed.
Furthermore, because the optimization analysis for
statically determinate structures can be simplified con-
siderably, discussions for statically determinate and
indeterminate structures are given separately.

The technique for statically indeterminate structures
is a general one that can also be applied to the optimum
design of statically determinate structures. In fact, the
optimum values in a later example for a statically deter-
minate structure are all checked by the technique used
for the statically indeterminate structure.

lll. Optimum Design of Statically Determinate
Structures

The optimization problem in this case can be stated
as follows:

Minimize the weight of the form

W= W, =2 biA; (23)
i=1 i=1



subject to

EC = 3 EC; < EC, (24)
i=1
with
EC: = yiqi(e:) + pri(es, vi) (25)

In Eq. (28), W; is the weight of the ith component
and b; is a known constant; for example, if a truss-like
structure is considered, A; is the cross-sectional area and
b; = Lip; with £; and p; being the specified length
and density of the same component, respectively.

Rewriting Eq. (14), one obtains

_ Rig(A)

Vi :
H ciS*

(26)

which indicates that v; is a function of A; (and A; only)
since ¢; is a constant for statically determinate structures.
Hence, equivalent to Eq. (25),

EC; = viqi (e:) + pri (€1, Ad) 27
where psi(e,A;) is used for pyi[e;,vi(A:)] for simplicity.

The problem is now to minimize W in Eq. (23), subject
to the constraint of Eq. (24), with EC; given by either
Eq. (25) or (27).

Since Eq. (23) is linear and there is only one constraint
equation, Eq. (24) is always active; i.e., the equality sign
of Eq. (24) holds at optimum.

The present problem can now be easily formulated
with the aid of the variational principle. Although the
method does not generate the solution explicitly, it indi-
cates that, for a minimum weight design, the following
relationships must be satisfied, under the assumption
that EC, is small compared with unity, so that at opti-
mum the variation of W;/W is small in comparison with
that of EC, (see appendix).

9EC; .

Ser 0 (t=1,2+,n) (28)
EC; Wi ,

ECa :—W— (Z:]., 2,"',11) (29)

Equation (28) shows that, for an optimum structural
weight, the stress level of the proof load to be applied to
individual components should also be optimum in the sense
that the relative expected cost of an individual component
EC, is minimized at that stress level. As an example, under
the assumption that R; and S are normally distributed
with coefficients of variation of 20% for S and 5% for R;,
the dependence EC; on e; using a specific value of
v; (= 1.6) is plotted in Fig. 1 with'y; as a parameter. The
locus of those points at which EC; assumes minimum
values (curve 1) plays an important role in the following
optimization process. Those values of the proof load e;
that produce minimum EC; associated with given v; and
v are denoted by e¢¥. This implies that curve 1 indicates
the relationship between EC; and ¢}, given v; and y;.

A minimum weight is realized when the total weight is
allocated to individual components in proportion to their
expected costs, as shown by Eq. (29). This fact was shown
to be valid also for optimization without proof-load test
(see Ref. 3), in which case the total weight was to be
allocated proportionately to the probabilities of failure
rather than to the expected costs.

Usefulness of Egs. (28) and (29) lies in the fact that
these can be used to develop an iterative procedure con-
sisting of the following steps in arriving at a minimum
weight design:

(1) Construct a diagram in which the EC; ~ e} rela-
tionship is given for various values of v; and y;
(Fig. 2). This is an extended version of Fig. 1.

(2) Try EC; = EC,./n as a first estimate of EC;.

(3) Read, from Fig. 2, e¥ and v, corresponding to the
latest estimate of EC; and to the specified value of
y;- Then calculate A; from Eq. (14).

(4) Compute EC; from Eq. (29) using those values of
A; just obtained in step (3).

(5) Go to step (8) with the value of EC; estimated in
step (4) and repeat the procedure.

The rate at which this process converges to stable values
of W; and e; is extremely rapid since the component
weight W; is insensitive to the variation of EC;. In fact,
experience shows that two cycles of iteration are sufficient
to obtain the optimum design.

It is to be noted that in a numerical example given
later, the information contained in Fig. 2 is stored in the
computer memory and the third step of the procedure is
accomplished by means of an interpolation subroutine.
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IV. Optimum Design of Statically Indeterminate
Structures

For statically indeterminate structures, the central
safety factor v;(i = 1, 2, ---, n) cannot be chosen arbi-
trarily since it should satisfy continuity equations. This
situation can be readily demonstrated by a statically
indeterminate truss subjected to a system of proportional
loading with a reference value of load S. The applied load
stress S; (and S¥) acting on individual members can be
determined only after the cross-sectional area A; of the
members has been specified. This implies that the v;
values are functions of A,, A, -+, A, In fact, ¢, values in
Eq. (26) are, in general, functions of A,, A,, ---, A,. Hence,

'Ui:'Ui(Al,Az,"',An) ,i=1,2,---,n
(30)

It is important to note that the inverse of Eq. (30) does
not exist. In other words, one cannot express A; as a
function of vy, v, -, vy therefore, v; (i=1, 2, -*+, n)
cannot be used as independent design variables as in the
preceding section. The optimization problem should
therefore be stated as follows:

Minimize
W =3 b, (31)
subject to
EC EC, <EC (32)
=1
with
EC; = viqile:) + priles, vi) (33)
or

EC; = yiqi(es) + pri(ei, Ay, Ay, -+, Ay) (34)

The basic difference between the present case and that
of statically determinate structures is quite clear; the prob-
ability of failure p;; now depends not only on A; and ¢;
but on A, A, +-+, Aiy, Aiyy, -0, Ay Unfortunately, this
fact makes it impossible to solve the present optimization
problem in a simple iterative approach (such as that
efficiently employed for statically determinate structures

in the preceding section). Such a difference between stati-
cally determinate and indeterminate structures hardly
makes it necessary to treat these structures differently
in the reliability analysis, where the essential problem
is to estimate the probability of failure of designed struc-
tures as long as the weakest link hypothesis is assumed
regardless of structural determinancy.

Nevertheless, the variational principle as described in
the appendix for statically determinate structures can be
applied to the problem of indeterminate structures to
obtain the following conditions for an optimum:

o0EC;
Bei

=0 (=12, n) (35)

Hence, the problem is now to minimize W in Eq. (31)
by a proper choice of A; and ¢; subject to a constraint on
the expected cost [Eq. (34) and satisfying Eq. (35)].

It is believed that the optimization technique most
appropriate to the present problem is a gradient-move
method as briefly described below.

In this method, a design point B, is first chosen arbitra-
rily in the acceptable domain defined by EC < EC, of
the n-dimensional design space of A,, A,, -+, A,.

Note that once B, is chosen, A,, A,, -+, A, are given
and v; can be computed from Eq. (26). With these values
of v; and the specified values of y;, EC; and e¥ can be
read from Fig. 2. This makes it possible to check if B,
is in the acceptable domain.

The design is then modified by moving normal to the
weight contour by a specified step from point B, to a new
design point B, with a lighter weight. This process is
repeated until the constraint EC = EC, is reached at
point B,.

Let U and V be respectively the gradients of the rela-
tive expected cost EC-—with e; replaced by optimum
values e?, satisfying Eq. (35)—and the weight W at point
B, (and hence normal to the constraint EC = EC, and
the weight contour);

_ W 9EC |
U—VEC—E———aAk i

k=1

oEC; 81)1 ;
= Z Z e i (36)

i=1 k=1
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(oW :

k=1 k=1

with i, being the unit base vector in the positive direction
of Ay axis.

Let Q be a vector such that
(U+Q) 4 p, <0 (38)

(V+Q) 4B, <O (39)

The direction of Q defines the so-called usable feasible
direction-(Ref. 9). A systematic scheme for finding Q, pro-
posed by Zoudendijk (Ref. 9), is used in the present study.

Since EC; are now functions of e} and v;, the partial
derivatives

oEC;

E'U.i

(1=1,2,n)

at B,

can be obtained from Fig. 2 by interpolation, whereas
the partial derivatives

vi

e (=12 -, mk=12"", n

at B,

from Eq. (26) with the aid of the finite-difference
technique.

The design point is now moved from B, along Q in a
specified step away from the constraint EC = EC, into
the acceptable domain with a reduction in the weight.
The modification of the design proceeds along Q until the
design point reaches the constraint again. Then, another
usable feasible direction is found and the process is
repeated until the design point B* is reached on the
constraint at which the Kuhn-Tucker optimal condition
(see Ref. 9) is satisfied. [The vector Q cannot be found at
B* s0 as to satisfy Egs. (38) and (39) simultaneously, with
at least one of them being purely an inequality.] This
point B* is an optimum design point corresponding to a
local minimum for the weight W. The global minimum
can usually be found as the least of the local minima
obtained by beginning with a number of starting design
points.

Disregarding Eq. (35), a straightforward application of
the gradient-move technique can be made by taking
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e; (i =1,2, -, n)as independent design variables in the
design space. Hence, a design point B, is first chosen
arbitrarily in the acceptable domain defined by EC < EC,
of the 2n-dimensional design space of A;, A,, -, A,
€, €s, **, e,. Then, the procedure just described can be
employed to obtain a local minimum. It is believed that
the computational ‘work involved in such an approach
will be much more complex than the approach taking
advantage of Eq. (35). It is emphasized that Eq. (35)
provides not only the computational advantage but also
a physical significance of the optimum test level of
components, as discussed in Section III.

V. Numerical Examples

A. Ten-Member Sirddure

For the purpose of comparison, the numerical example
of Ref. 6 is considered, in which the minimum weight
design is performed for a statically determinate, truss-
like structure consisting of 10 members (components)
subjected to a system of proportional loading. Since the
failure condition is assumed to be that of yielding, the
resisting strength R; = ¢, = yield stress. The assumption
of y; being a constant for all components is used for
simplicity without loss of generality.

A constraint imposed on EC* in this example is

EC* <10*Cy or EC €108 (40)

Note that without the proof-load test, this formulation
reduces to the minimum weight design under the con-
straint of probability of failure p; < 10-%, as discussed in
Ref. 6.

The weight W can be written in the form of Eq. (23)
with n = 10 and

W'i, = pﬂiAq; = p!l@cigg (41)
Oy

where

p = density of material = 0.283 Ib/in.?

£; = length of the ith component = 60 in.

S = mean value of S = 60 X 10° Ib

&, = mean value of yield stress o, = 40 X 10° psi

6 =01Xi@E=12:--,10)



It is assumed that the distribution functions of S and ¢,
are both normal with the coefficient of variation 0.2 and
0.05, respectively. Then, a choice of a set of values for v;
and S,; determines the distribution function of R;—that
is, the truncated distribution of o,. This in turn makes it
possible to evaluate py; (Eq. 9). Therefore, in this example,
the independent design parameters are v; and e;, or
Soi = eiB_,' = €ioy.

The minimum weight design subject to the constraint
of Eq. (24) can now easily be achieved by the iterative
method described in Section 111

The result is shown in Table 1, where the constraint of
pr<10-%is used for both conventional design and standard
optimum design (without proof-load test). Since all these
designs are associated with the expected cost of 102 C,,
Table 1 indicates that by performing the proof-load test,
not only the reliability of the structure increases, but
considerable weight saving is achieved.

It is further observed from Table 1 that the extent of
increase in weight saving and reliability depends essen-
tially on the value of v;, which is the ratio of the cost of

the ith component with respect to the cost of failure.
For smaller values of y;, larger proof loads can be applied
with the same constraint of the expected cost, thus
yielding lighter structural weight (this can easily be
realized from Fig. 2) and smaller probability of failure.
For example, the structural weight W and the probability
of failure p; associated with the optimum structural
design without proof-load test are 253.2 1b and 10-3, re-
spectively, while those associated with the optimum
structural design with proof-load test are 221 b and
0.613 X 10-® for y; = 10-%, and 243.91b and 0.625 X 10
fOI‘ Yi = 10-+.

Therefore, as a result of the proof-load test, higher
benefit can be obtained for smaller values of y; in the
optimum design. Because of this conclusion, the opti-
mum design with proof-load test can be highly significant
for electronic systems consisting of thousands of com-
ponents, when the cost of each component is very small
compared to the total cost of the system.

The study in Ref. 6 showed that more weight saving
can be expected if the more accurate expression rather
than the approximation is used for evaluating the prob-
ability of failure, although Eq. (29) will no longer be

Table 1. Ten-member structure (EC, = 10-9)

Conventional Standard Current optimum design (with proof-load test)
Mean design {equal optimum
Member i load, safety factor) design v; =107 vy =107 v; = 107 v = 10°°
5 A, A, Ai, % A, * Ai, % Ay %
in.? in? in.? i int i in? € in.? €
1 0.1 0.274 0.287 0.257 1.064 0.271 0.998 0.283 0.920 0.287 0.84
2 0.2 0.547 0.562 0.498 1.079 0.524 1.019 0.550 0.941 0.561 0.86
3 0.3 0.817 0.833 0.734 1.079 0.771 1.031 0.812 0.954 0.831 0.87
4 0.4 1.09 1.101 0.966 1.087 1.013 1.039 1.068 0.963 1.097 0.88
5 0.5 1.37 1.367 1.196 1.096 1.252 1.044 1.322 0.971 1.361 0.88
6 0.6 1.64 1.630 1.424 1.100 1.490 1.049 1.573 0.977 1.622 0.89
7 0.7 1.92 1.893 1.65 1.103 1.725 1.053 1.821 0.982 1.882 0.89
8 0.8 2.19 2.153 1.875 1.105 1.959 1.056 2.068 0.986 2.140 0.90
9 0.9 2.46 2.413 2.098 1.107 2.192 1.058 2.313 0.990 2.397 0.90
10 1.0 2.74 2.672 2.320 1.109 2.423 1.061 2.556 0.993 2.653 0.91
Structural
weight — 255.6 253.2 221.0 231.3 243.9 251.8
W, ib
Probability
of failure —_ 1.0 X 107 1.0 X 107 0.613 X 107 0.6158 X 107 0.625 X 107 0.839 X 107
P

10
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valid; hence, a more elaborate computational scheme
must be applied.

B. Three-Member Truss

A statically indeterminate three-member truss is de-
signed for a minimum weight to resist a set of proportional
loading, as shown in Fig. 3. The mean value of yield
stress for each member is 40 X 103 psi and that of S is
100 X 10% Ib. The constraint on the expected cost EC* is
5 X 10-* C;. Both ¢, and S are normal with coefficients of
variation 0.05 and 0.2, respectively.

The weight function is

STE@RATA @A @)
where W = total weight, p = density of material, £ =
length of member 2, and A; = area of the ith member.

The gradient-move method described in the preceding
section is employed to find an optimum design. Under
the loading condition described in Fig. 3, the minimum-
weight design is the one for which the area of member 1
is zero; in other words, in this particular case, it is a
statically determinate structure. For the purpose of com-
parison, the result is listed in Table 2 for different values
of y; as well as for zero proof load (standard optimum
design); y; is assumed to be equal for i = 1,2 3. Again,
a considerable amount of weight saving is accomplished
for smaller values of ;.

Although the possibility of buckling is not considered
here, it can be treated without any difficulty (for example,
see Ref. 7).

720 7 L

45 deg

1558

Fig. 3. Three-member truss
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C. Constant-Thickness Spherica! Shell

A spherical shell of constant thickness h, fixed around
its edge and subjected to a uniformly distributed load S,
is to be designed for a minimum weight (Fig. 4). The
mean values of the yield stress o, and the applied load S
are respectively o, = 45 X 10® psi (for both tension and
compression) and S = 0.6 X 10° psi. The constraint on
the expected cost EC* is EC* = 10-5 C;. Both ¢y and § are
normally distributed with coefficient of variation 0.05 and
0.2, respectively. The maximum stress oua, due to load S
is the meridional stress at the fixed edge and approxi-
mately equal to (Ref. 10)

omaz = —Sf(a,0,h) (43a)

with
fa,uh) = -“S—;l‘li)z [0.75 — 0.038 (is—i,;ﬂ—ysmz a] :
“—Si,—lrfz—g— <3 (43b)

and
flaah) =12%,  3< -‘f-s-‘hf-l-ﬁ <12 (43¢)

where a is the shell radius.

Table 2. Three-member truss
(EC, = 5.0 X 10™)

Design Design Member w | Probability
conditions variable ! ) A p—l of f;:l;‘;e_fﬂ
Current optimum design

Ay, int® 0 3.940 ] 1.370
v;= 10" 5.880| 3.0
ef 0 1.119 | 1.107
Ai,in? 0 4,102 | 1.433
¥; =107 6.129 2.8
e} ¢ | 1.075] 1.059
A4, in? [} 4.320 | 1.512
;=107 6.459 3.2
e 0 1.011 | 0.991
A, in? 0 4.515] 1.568
v =107 —| 6732 3.8
e 0 0.930 | 0.907
Standard optimum design
Ai,in? ] 4.568 | 1.579
_— 6.802 5.0
eF 0 ] 0
11



|

Fig. 4. Spherical shell of coﬁstunt thickness

With the aid of Eq. (43), the mean applied stress maz
can be defined as the maximum stress produced by the
mean applied load S; e = —Sf(a,0,h). The central
safety factor v is then v = 5,/5,., and the stress level S,
due to proof load is S, = ey,

Since this is a one-component structure, the optimum
design can be achieved without using the gradient-move
method. The procedure is as follows:

(1) Construct a diagram where the EC; ~ e¥ ~ v; re-
lationship is given for various values of y; (Fig. 2).

(2) Read e* and v from Fig. 2 for specified constraint
EC, and given value of y.

(3) With the safety factor v just evaluated, the thick-
ness h of the shell is computed using the following
expression obtained from Eq. (43):

f(a,0h) = — ;’g (44)

The results are listed in Table 8 for various values of
v, including the case of standard optimum design (e* = 0)
for the purpose of comparison.

D. Variable-Thickness Spherical Shell

A spherical shell with variable thickness, subjected to
a uniformly distributed load S, is designed for a minimum
weight (Fig. 5). The thickness is h, at the top of the
shell and h, at the clamped edge. The thickness varies
linearly with respect to the angle o. No attempt is made
here to determine the optimum shape of the shell (for
this aspect, see Ref. 11). The following values are used
for numerical computation: § = 380 psi, 5, = 40 X 10° psi,

12

Table 3. Spherical shell with constant thickness
(EC, = 1.0 X 1079)

Design Thickness h, | Proof stress Central Probability
ies . % safety of failure
conditions in. level, e s
factor, v pr 10”
Current optimum design
v =107 0.280 1.050 1.750 0.59
vy =107 0.297 0.983 1.854 0.56
vy =107 0.310 0.895 1.941 0.67
v =10"° 0.314 0.824 1.964 0.72
Standard optimum design
— 0.315 0 1.971 1.0
S

Fig. 5. Spherical shell of variable thickness

E = Young’s modulus of elasticity (30 X 10% psi),
G = 12 X 10° psi, p = 0.238 1b/in.* Both ¢, and S are
assumed to be normally distributed with coefficient of
variation 0.05 and 0.2, respectively.

The weight function is

W = 2za’p {[1 - ;(—g)az:]hq + [Tg)—v; - —(2—1)7,2—] hz}

where ¢ is the shell radius. (45)
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The finite-element method is employed for stress
analysis of the shell while the gradient-move method is
used to find the optimum design. The maximum stress
occurs either at the clamped edge (meridional stress) or
at the top of the shell (tangential stress) depending on
the magnitude of A, and h..

A number of starting design points were tried, and
all resulted in the same optimum design. The results
are listed in Table 4 for different values of y; and EC,.
For an easy reference, optimum values of thickness
(h, and h,) and the weight W are plotted as functions
of EC, in Figs. 6 and 7, respectively.

V1. Discussion

The result of the preceding examples indicates that
the level of proof load to be applied to individual com-
ponents is lower for the more important components
(with a larger value of y;) and higher for less important
components (with a smaller value of v;), reflecting simply

that the more expensive the component is, the less one
can afford to lose it in proof-load testing.

For instance, in the truss considered in Subsection V-B,
under the same constraint of EC, = 5 X 10, the opti-
mum levels of proof load to be applied to member 3 are
e¥ =0.907 for y =10 and ef = 1.107 for y = 10
Similarly, the optimum values of e; are 0.824 for y = 10-®
and 1.05 for y = 10-¢ in the spherical shell of Sub-
section V-C.

The proof-load test can improve the statistical con-
fidence in the reliability estimate because the test trun-
cates the distribution function of the strength, hence
alleviating—if not completely removing—the difficulty
of justifying the use-of a fitted distribution function at
the lower tail portion where data are usually nonexistent.

The validity of this statement evidently rests on
whether the truncated strength distribution can really
be established with a significantly improved confidence
on a sample of practical size. In general, this can be

Table 4. Spherical shell with variable thickness

-
Design ex R:::e;vjosf Thickness Thickness Central safety Proof stress Weight W, Probability of

conditions P ) hy, in, h,, in. factor v level e* b failure py

constraint EC,
Current optimum design
3 X 107 0.7550 1.694 1.678 1.073 5798 1.706 X 107°
= 10+ 3 X 10 0.6980 1.532 1.511 1.112 5266 2,22 X 107
v = 3X 107 0.6260 1.372 1.349 1.149 4716 1.62 X 107°
3 X 107 0.5470 1.187 1.171 1.174 4078 2.64 X 107
3 X107 0.8040 1.791 1.768 1.011 6139 1.59 X 10°°
v =10 3 X 10 0.7136 1.596 1.573 1.072 5465 1.76 X 107
3 X107 0.6470 1.415 1.392 1.111 4867 2.26 X 107
3 X 107 0.5610 1.221 1.203 1.145 4205 2.46 X 107
3 X 107 0.8500 1.880 1.855 0.932 6451 1.99 X 107°
o 3 X 10% 0.7520 1.672 1.657 1.009 5732 1.67 X 107
Y=10 3 X107 0.6650 1.474 1.450 1.068 5058 1.96 X 107°
3 X 107 0.5810 1.264 1.242 1.108 4351 2.38 X 107
3 X 107 0.8590 1,912 1.885 0.857 6554 2,76 X 10°F
s 3% 10" 0.7960 1.753 1.730 0.927 6021 2.23 X 107
=10 3% 107 0.7000 1.548 1.527 1.003 5314 1.90 X 107
3X 107 0.6030 1.316 1.296 1.061 4529 2.19 X 107
Standard optimum design

3 X 10°° 0.8600 1.916 1.888 0 6566 3 X 107
3 X 10 0.8000 1.771 1.749 0 6078 3 X 10"
- 3 X107 0.7280 1.616 1.592 0 5541 3 X107
3 X 10 0.6500 1.421 1.399 0 4886 3 X 10
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Fig. 6. Optimum thickness h, and h, of spherical shell of
variable thickness as a function of relative expected
cost constraint EC,

achieved if the magnitude of the proof load is reason-
able in the sense that it is equal to a strength value
within a central portion of the parent strength distribu-
tion. This is because the significant part of the truncated
distribution, in connection with the evaluation of prob-
ability of failure (strength values larger than but close
to the point of truncation or the proof load), involves
neither the extreme lower nor extreme upper tail of the
parent strength distribution.

This is equivalent to a statement that p,; should not
be too small compared with or too close to unity. For
example, considering the fact that the coefficient of
variation of parent strength distribution is 0.05, values
of e* in the =20 range (between 1.0 — 2 X 0.05 = 0.9 and
1.0 + 2 X 0.05 = 1.10) may be regarded as reasonable.
Hence, the optimum levels of proof-load test obtained
for member 3 in Subsection V-B are reasonable. How-
ever, the optimum level for y = 10-* in Subsection V-C
is not reasonable, because the proof load is so small
that a sample of unreasonably large size would still be
required to establish the strength distribution, even
though truncated by the proof load. A similar situation
exists when the level of proof load is unreasonably high.

This observation makes it necessary to emphasize the
tacit assumption employed in the preceding examples,

14

OPTIMUM WEIGHT W, Ibx 10°

4 ! ] ]
1.0 2.0 3.0 4.0 5.0
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Fig. 7. Optimum weight W of spherical shell of variable
thickness as a function of relative expected cost
constraint EC,

that the cost C¢; of the test for establishing the truncated
strength distribution of the ith component (this test
should not be confused with the proof-load test) is
independent of the point of truncation (e; or S,;) yet
to be determined. Such an assumption, employed in the
present study for first approximation, is believed to be
valid when the statistical properties of the strength of
the material used are well known on the accumulated
data or when the optimum levels of the proof load are
found to be within the +2¢ range of the parent strength
distribution as a result of the analysis.

Evidently, the cost C.;(e;) of the test for establishing
the truncated strength distribution with a reasonable
statistical confidence is expected to increase rapidly as
the optimum location of the truncation increases or
decreases beyond the +2¢ range, particularly when the
material to be used is new to the engineers.

It is strongly emphasized that the assumption of C;
being independent of e; is not essential in the present
formulation and analysis. In fact, the effect of the cost
C.; can easily be included in the formulation by modi-
fying Eq. (1) into the form

EC* = 2 {1”°—C°-— + Ce;(ei)} + pCy (46)
i=1 - pOi

provided, of course, that the functional form of C.;(e;)
is reasonably well known.
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The formulation based on Eq. (46) is much more likely
to produce optimum values for ¢; within a central por-
tion of the parent strength distribution because other
values of e; lead to extremely large costs in Cg(e;).
This fact is of utmost importance. Indeed, it is because
of this that the optimum design based on reliability
and proof-load test is expected to be insensitive to the
tail portions of the parent strength distribution,

Even in the formulation not involving the cost C.,
most of the cases demonstrated in Subsections V-A
through V-D produced reasonably optimum levels of
proof load, implying that most of these optimum solu-
tions were insensitive to the analytical form of the
parent strength distribution,

This is the main reason why the normal distribution
was assumed for the parent strength distribution without
apparent justification at the outset. Another reason is
that all of the previous work also assumed the normal
distribution for the parent strength distribution; there-
fore, the same had to be assumed in the present study
for possible comparison.

It is recommended, however, that the Pearson dis-
tribution family (BRef. 12) be wused if the first four
moments of the distribution are known to a reasonable
degree of confidence.

In the present approach, the strength within an indi-
vidual member is assumed to be invariant (though
statistical) for simplicity. Such an assumption is, how-
ever, subject to a critical observation that in reality
the strength usually varies statistically from point to
point even within the same member. It should be
recognized, therefore, that the failure of the member
actually occurs once the resisting strength at any loca-
tion within the member is exceeded by the load acting
at that point (in terms of stress, strain, or displacement,
depending on the definition of failure). For example,
when the load is uniformly distributed, as in a truss
member, the resisting strength R; of the ith member can
be defined as the strength of the weakest cross section
of the member. It may therefore be distributed accord-
ing to one of the asymptotic distribution functions of
the smallest values. This implies a possible necessity of
taking the statistical size effect into consideration for a
more rigorous analysis.

A similar but possibly more complicated situation
arises if, for example, elasticity moduli of the material
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are more realistically treated as statistical functions of
spatial coordinates. In such cases, the coefficients of the
constitutive equations become statistical functions of
spatial coordinates, hence making the stress analysis
intractable even under the assumption that the sta-
tistical functions are homogeneous.

The normal distribution is used for the load as an
example simply because it was so used in previous work.
The use of the normal distribution is not essential for
the development of the present analysis, however. For
this reason, other distribution functions should be used
if there is any reason to believe empirically or theo-
retically that they represent the statistical load better
than the normal distribution. The following discussion
thus proceeds under the assumption that the load is
normally distributed; however, the discussion applies in
principle to the case where the load is distributed
otherwise.

It is only on rare oceasions that a reasonable amount
of data exist for the environmental condition of a spe-
cific space mission. For the prediction of the load,
engineers usually must depend on incomplete knowledge
and limited experience if such has been accumulated
on similar missions. Under these circumstances, the relia-
bility of the two parameters of the normal distribution
(the mean value us and the standard deviation os) as-
sumed for the load suffers from a considerable lack of
statistical confidence.

One possible way to cope with this kind of situation
seems to be a sensible use of the Bayesian approach, in
which these parameters are treated as if they were
random variables with a joint density function ¢ (xy),
using x for ps and y for o5, The function is constructed
so as to reflect both the experience and the accuracy
of the load prediction. If a set of observed data directly
related to the load is somehow available, such informa-
tion should be used to modify the density function
¢(x,y), following the Bayes theorem, by multiplying it
by the likelihood of the observed data.

It is now clear that the minimum weight W* com-
puted in the preceding section is a conditional one under
a given set of us and oy; W*=W¥ (ug05). In other
words, depending on the values of the parameters pg
and og, the minimum weight assumes different values. It
is important to realize that W*(ug,0s) can be interpreted
as the best design if the mean and the standard devia-
tion of the load distribution are truly us and os.
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A question immediately arises, then, as to which de-
sign should be chosen in the face of the uncertainty
involved in the mean value and the standard deviation.
Here is a possible answer to this question: First, con-
struct a loss function that represents, in some general
sense, the loss L caused by the choice of a specific
minimum weight design W in place of W*(us,05) that
should be chosen if the mean and standard deviation
were known to be pg and o, respectively.

The analytical form of the loss function would prob-
ably depend on the managerial as well as engineering
judgment except for the fact that it is a function of
W3 = Wius) .

Once the form of the loss function is constructed,
then a best design W% in the face of uncertainty of the
mean and the standard deviation is chosen as the design
that minimizes the expected loss EL or the expected
value of L with respect to us and os. In other words, W#
satisfies

9EL _
oWE

0 (47)
where
EL=E {L[|W}— W*usos) | ]}
= ﬁ /cﬁ(x,y)LHW?‘; — W*(x,y)| | dxdy
(48)

with D being the two-dimensional domain in which x and
y are defined.

For example, if a simple quadratic loss is assumed for
L as a first approximation,

L= [W;“ — W#(us, 05) (49)

without discriminating between an underweight design
and an overweight design, it follows that

Wi = E[W*(us, o5)] (50)

To compute the expected value in Eq. (50), the mini-
mum weight W* (us,05) must be evaluated at a reason-
able number of sets of values of us and o This implies
that the optimization procedures described in the pre-
ceding sections must be repeated the same number of
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times. The cost of performing such computation, how-
ever, may or may not be justified. For practical purposes,
W* (jis, 55) may be a good approximation for E{W* (us, o5)].

In this context, the result of the preceding numerical
examples can be considered as W*(is,os) is the nu-
merical values used for the mean and the standard
deviation of the.load distribution are interpreted as the
best estimate jis (denoted by § in the preceding sections)
and & of us and oy, respectively,

Such an approximation is, in general, reasonable in
view of the fact that the analytical form of the loss
function itself is a product of subjectively inclined engi-
neering, economical, and managerial judgment.

An alternative approach to choosing a design is that
of the Bayesian confidence as described below.

Consider, for example, a set of parameter values pgp
and ogg such that

Plus < pspyos < osp] =B (51)

Furthermore, consider a design with the minimum weight
W#(usp,058), assuming that psg and oes are the mean
value and the standard deviation of the load distribution.
The probability that the best minimum weight
W*(ug,05) associated with unknown true parameter
values pus, o5 will be less than W* (usg,osp) is then g. It is
assumed in the above statement that the smaller the
mean value and the standard deviation are, the smaller
the resulting minimum weight is. A design associated
with uss and ogg can be considered reasonable if the
confidence coefficient 38 is small. It is to be noted that in
this approach, the design becomes more conservative as
a smaller value of 8 is specified.

At the last stage of this investigation, a paper by
Barnett and Hermann (Ref. 13) came to the attention of
the authors. It is acknowledged that the paper recog-
nizes the practical significance and importance of proof
testing from the viewpoint of reliability analysis and
suggests a method of component optimization on the
basis of the Weibull strength distribution as previously
discussed.

This report, however, explicitly describes methods of
reliability-based optimum design of structures (consisting
of a number of components) subjected to a statistical
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load. It also explicitly formulates the problem of opti-
mization within the framework of a general cost-
effectiveness approach. Furthermore, the present
discussion of the statistical confidence of strength as
well as load distribution is more complete.

Obviously, the present analysis is valid only for those
cases where the quasi-static structural analysis can rea-
sonably well replace the dynamic analysis, as exempli-
fied by the structural response analysis of a spacecraft
to the dynamic pressure which builds up as a function
of time in such a way that it will produce no significant
dynamic effect.

Also, in the present report, it is assumed that the
structural analysis accurately describes the stress or
strain within the structure. The consideration for the
error in the structural analysis is beyond the scope of
this report.

VIil. Conclusion

The formulation of optimization problems using the
constraint on the expected cost as defined in the present
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study is more general than using the constraint on the
probability of failure as employed in the existing
literature—in the sense that the former reduces to the
latter if no proof-load test is performed. Numerical
examples, with a particular but reasonable expression for
the expected cost, indicate that the expense of performing
the proof-load test is always well compensated by the
improvement of structural reliability resulting from such
a test. ) ’

Under the constraint of the same expected cost, sig-
nificant weight savings can be expected of a structure
with proof-load-tested components, compared with the
optimum weight of the structure consisting of compo-
nents that are not proof-load-tested. The extent to which
such an extra weight saving can be achieved depends
on a parameter pertaining to the importance of indi-
vidual components relative to the cost of failure.

As long as optimum levels of proof loads turn out to
be within a central portion of the strength distribution,
the proof-load test improves confidence of the estimated
reliability value of the structure, since the confidence
in the reliability estimation depends mainly on the
accuracy of the load prediction.
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Appendix
Proof of Equations 28 and 29

Since at optimum, 8W =0, whereas 8EC =0 by
constraint,

i - (A-1)
aEc ZaECi =0 (A
Hence,
Z\:A agecii de; + (b + A a§§i>3Ai]=o

from which it follows that

?EC,

=0 fori=1,2,-,n
aei
(A-3)
oEC; .
b, + A 3A, =0 fori=1,2, ,n
(A-4)
where A is the Lagrange multiplier.
Equation (A-4) reduces to
0EC, _BEC, _ . _PEC (%)
ow., oW, ow
and hence
AEC 5 AW, .
iEC, ~aw =L un (A

Furthermore, it is observed from Fig. 2—the rela-
tionship of EC;, e¥, and v; for a given value of y; in
Eq. (1), for which Eq. (A-3) is satisfied—that a small
change in v; (which is proportional to W;) results in a
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significant change in EC; and, similarly, a small change
of EC; results in a negligible change in v;. Therefore, it
is reasonable to assume that the variation of W;/2W;
due to that of EC, is approximately zero (the smaller the
value of EC,, the better this approximation will be);

that is,
Wi\
5 (—“7) ~0 (A-T)
Therefore .
W, + AW, _W;
W+aAW ~ W
Hence
AW, W .
W W (4-5)

A sufficient condition for Eq. (A-4) or (A-6) to be
satisfied, given by Eq. (A-7) or (A-8), is

EC; _ W,
EC, - W (4-9)

This statement can be verified as follows. If Eq. (A-9)
is valid,

EC\ _ 4 (W
s (B2) =5 (%) a0
Hence, according to Eq. (A-7),
EC:\ _
] (EC) =0
Therefore,
AEC; _ EC;
AEC,  EC, (A-11)

Equation (A-6) is automatically satisfied because of Egs.
(A-8), (A-9), and (A-11).
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EC*

Nomenclature

design parameter representing size of ith
component

shell radius

design point (identified by subscript)
weight coeflicient

cost of failure

cost of proof-load test of ith component
(sub-subscript identifies component)

cost of test for establishing truncated
strength distribution of ith component

constant associated with ith component
two-dimensional domain

Young’s modulus of elasticity

expectation

relative expected cost

relative expected cost constraint

relative expected cost of ith component
expected cost of failure of entire structure
expected loss

proof stress level of the ith component
optimum proof stress level of ith component

distribution function (subscript identifies
random variable)

density function (subscript identifies ran-
dom variable)

Heaviside unit step function

thickness of shell
thickness, top of shell

thickness, clamped edge of shell

unit base vector in the positive direction of
Ay axis

loss function

length

JPL TECHNICAL REPORT 32-1402

N
n

P[]
P(E,.E,)

P(E, [ E.)
Ps

Pri

pf(i)

Poi

o

0 o o I

© ¥

§#(H

<

Yi

Oy

g

number of statistical independent loads

number of major structural components
constituting the structure

prevability

probability of simultaneous occurrence of
E,and E,

conditional probability of E,, given E,
probability of failure of the structure
probability of failure of ith component
probability of failure of structure under §*

probability of failure of ith component
under proof-load test

usable feasible direction

resisting strength of ith component
parent resisting strength of ith component
load applied to structure

mean value of S

stress acting on ith component

measure of location (such as mean value)
of §; distribution

maximum reference values of jth loading
system

gradient of relative expected cost EC at
point B,

gradient of weight W at point B,
weight of the structure

relative importance of ith component with
respect to cost of failure

Lagrange multiplier
material density

yield stress

standard deviation of S
mean value of yield stress
central safety factor
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