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ABSTRACT 

Measurements of spectral radiances and absorptances in the 2-3- pm region 

are presented for severai samples of H 0, CO , and HF, and a mixture of HZO, 
C02, and N in a 60-cm cell heated in a furnace such that various temperature pro- 
files could be imposed along the optical path. The spectral data were converted into 

apparent temperatures corresponding to the ratio of spectral radiance to absorptance 
as a function of frequency. Temperature profiles in the sample gases were deduced 

from the variation of apparent temperature with absorptance, using molecular band- 

model calculations and assuming knowledge of the profile shape. The deduced tem- 

perature profiles are shown to agree quite well with direct measurements by thermo- 
couples attached to the cell. 
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MEASUREMENT OF TEMPERATURE PROFILES IN HOT GASES BY 

Final Report 
EMISSION-ABSORPTION SPECTROSCOPY 

SUMMARY 

This study was undertaken to explore the application of infrared emission- 
absorption spectroscopy as a means of determining temperature profiles in nonuni- 
form hot gases such a s  the exhaust jets of advanced air-breathing engines. Experi- 

mental measurements were made using a double-beam ratio-recording spectrometer 

which could accommodate long sample cells heated in a segmented furnace so that 
various temperature profiles could be maintained in the gas sample. Spectral radi- 
ances and absorptances in the 2 - 3 - ~ m  region were obtained for various pressures 
and temperature profiles in H 2 0  vapor, C02, HF, and a mixture of C02, H 2 0 ,  and 

N in a 60-cm cell. The spectral data were reduced to apparent temperatures, 

which are defined a s  those temperatures the Planck functions of which are the ob- 

served ratios of spectral radiance to absorptance, a s  a function of frequency 

throughout the various vibration-rotation bands. 

2 

A general computer program was  written for the calculation of molecular radia- 

tive transfer. For the case of polyatomic molecules, the calculation was based on a 
band model consisting of a random array of lines of nearly equal intensity; for dia- 

tomic molecules exhibiting nonoverlapping lines, the calculation was based on expres- 

sions for the total radiances and equivalent widths of Lorentz lines for nonisothermal 
paths. Calculations based on the temperature profile in the cell measured by thermo- 
couples were shown to agree well with the observed spectra. 

The inversion of the observed radiance and absorptance measurements proceeded 
in the following manner. The general shape of the temperature profile in the sample 

was assumed to be known, and was approximated in terms of simple geometric forms 

SO that the profile could be characterized in t e rms  of a few parameters. These 
parameters were then adjusted in straightforward calculations using the appropriate 

radiative-transfer expression until a best fit was obtained with the observed spectra. 
It was found to be most convenient and reliable to fit the band-model calculations to 
plots of apparent temperature vs. absorptance, and the isolated-line calculations to 

plots of apparent temperature vs. a generalized rotational quantum number. The re- 
sultant temperature profiles so deduced showed satisfactory agreement with the 

thermocouple measurements in a l l  cases except those in which an inappropriate pro- 

file shape was assumed. 

1 



It was therefore concluded that infrared emission-absorption spectroscopy ap- 

plied in this manner shows excellent promise as a fairly simple and reliable means 
of determining temperature profiles in hot gas streams such a s  the exhausts of jet 

o r  rocket engines for  which a priori knowledge of the general shape of the tempera- 
ture profile i s  available. However, some further development of the method would 

be requisite; in  particular, it would be most appropriate to carry out an investigation 

exploring combustion products in a laboratory apparatus before proceeding to appli- 

cations involving full-size jet o r  rocket engines. 

2 



1 
INTRODUCTION 

Since the turn of the century, spectroscopy has seen wide use as the means for determin- 

ing temperatures in hot gaseous sources ranging from stellar atmospheres to the flame of a 

bunsen burner. 

been employed are well documented in the literature, and have been reviewed in a number of 
textbooks [1-31 and in the proceedings of periodic symposia on temperature measurements 

[4 ] .  However, most of this work has been based on the simplifying assumption that the gas is 
a completely equilibrated isothermal source, and much of it on the further assumption that 
the gas is optically thin. For the latter case, measurements of the spectral distribution of 

emission (or absorption) alone is sufficient, in principle, for the determination of temperature. 
However, when appreciable self-absorption of emitted radiation must be accounted for,  then 

measurements of both emission and absorption are required; hence the t e rm emission- 

absorption pyrometry. 

The basic principles involved and the many experimental techniques that have 

For nonisothermal gases in local thermodynamic equilibrium, the application of either 
spectral distribution o r  absorption-emission techniques to determine a single "effective tem- 

perature" can be shown to produce a result with little meaning: the value of the resultant 
"temperature" would be wavelength dependent, hence not a parameter useful for characteriz- 

ing the physical state of the gas. 

For the case in which thermal equilibrium does not prevail even locally, there a r e  diffi- 

culties in even defining temperature; hence, measurements in either optically thin o r  dense 

gases lack meaning in correspondence with the extent of the disequilibrium. 

The present study has been restricted to gases of appreciable optical depths in local 

thermodynamic equilibrium, and is concerned with the measurement of temperature profiles 

using infrared emission-absorption spectroscopy. The specific objective of the work is to 

explore the utility of this experimental technique as a possible diagnostic tool for the perfor- 
mance evaluation of advanced air-breathing engines. 

Previous studies at The University of Michigan were concerned with the problem of cal- 

culating infrared radiation from highly nonuniform hot gaseous sources. In the course of that 
work, expressioqs were derived for the integrated radiances and equivalent widths of isolated 
spectral lines [5-71, and applied in band-model expressions for the more general case [8]. Cal- 

culated values of the net spectral radiances from hot sources, in which the temperature profiles 

were known, were then shown to compare well with direct observations [9]. 

In this work, the inverse problem is considered: given the observed emission and absorp- 
tion spectra, how well can the temperature profile within a nonisothermal source be deduced? 

3 



2 
THEORETICALBACKGROUND 

2.1.  DEFINITIONS AND BASIC RELATIONS 

Throughout this report, the radiometric symbols and nomenclature a r e  those approved by 
the Commission on Symbols, Units, and Nomenclature of the International Union of Pure and 

Applied Physics. All symbols are defined in appendixE. 

The governing equation for emission-absorption pyrometry derives from Kirchhoff's law 

of radiation, and is given by 

where L is the observed spectral radiance (specific intensity) at a frequency v along a par- 
ticular line of sight through the gas and a(v) is the corresponding spectral absorptance; their 

ratio, L*, is designated as the Planck function of an apparent temperature, T*. For uniform 
isothermal systems, T* can be identified as the true thermodynamic temperature, T, and 

equation (1) can be directly applied. For all  other cases,  T* is an apparent temperature 
which is nothing but a convenient alternative expression of an effective blackbody spectral 

radiance. 

V 

V 

A distinction should be noted between T* and a quantity often referred to as an "apparent 

temperature," Tbr, which is more appropriately termed the "brightness temperature," and is 

defined by 

Thus Tbr is seen to be an alternative expression of spectral radiance; i.e., it is that temper- 
ature at which the Planck function gives the observed radiance. Correspondingly, T* is an 

alternative expression of the ratio of spectral radiance to spectral absorptance; both are  

therefore functions of wavelength in general. It might be noted that spectral radiance can also 

be expressed in terms of a spectral emissivity, E ( v ) ,  defined by 

The quantity E ( V )  is equal to the spectral absorptance in an isothermal gas,  by virtue of 

Kirchhoff's law, but of course loses its meaning in a nonisothermal gas. 

The spectral radiance and absorptance in equation 1, in the strictest sense, refer to r a -  
diation in a spectral interval between v and v + dv; actually, of course, measurements a r e  
always made of the average radiant power in a finite interval bv. For isothermal gases, it is 

easy to prove that the ratio of observed radiance to absorptance is independent of the spectral 

4 



interval 6 v ,  represented by the response function of the measuring instrument, provided only 

that it remain the same fo r  both the emission and the absorption measurement [IO], hence 
justifying the identification of T* as T in equation 1. For the nonisothermal case,  this is not 

generally so, and equation 1 in i ts  simple form is of little use; more of the details of the origin 

of the radiation a r e  required, a s  outlined in the sections to follow. 

2.2. NONISOTHERMAL GROWTH 

Consider an isolated spectral line of a gas in local thermodynamic equilibrium, as ob- 
served with an instrument of moderate resolution, having a slit function g(v) whose effective 

width 6 v  is much greater than the line width. The indication of a well-behaved instrument, 

linear in response, would be proportional to the total radiance, L, of the spectral line: 

L J, g(u)Lvdv (4) 

Infrared lines at ordinary pressures and temperatures exhibit contours well described by the 

Lorentz dispersion formula, giving for the spectral absorption coefficient, k( v ,  T), 

where S(T) is the line strength, vo is the line center frequency, and Y[= y(P, T)] is the pressure- 
and temperature-dependent half-width. 

If equation 5 is substituted into the equation of radiative transfer in integral form, an 

appropriate transformation introduced, and integration made over frequency, the resultant r e -  

lation is [5] 

L = 2ny e[rL)L;(f) df 

where y is an effective (mass-weighted) average line width, and f [= f(x)] is the Ladenburg- e 
Reiche function 

f(x) = xe-XIJo(ix) - iJl(ix)] (7) 

Jo and J1 being Bessel functions of the first kind with the argument, the dimensionless optical 
depth x, defined by 

rX 

in which X is the ordinary optical depth (cm-atm), s(X) is the temperature-dependent line 

strength, and F(X) = 1 or  y(X)/ye, respectively, fo r  nearly weak or  nearly strong lines. Use 

of a function F(X) = [y(X)/ye] ', where 0 < 77 < 1 is an empirical factor, provides a 

5 



convenient means of interpolation between the two [ 51, The prime in equation 8 simply indicates 
the quantity as a variable of integration; the quantity x in equation 6 is the value of x for the 
entire path through the nonisothermal gas.  

L 

In this case,  the integrated absorptance, usually termed the equivalent width, W, is given 

by 

w = 2ay f(x ) e L  

(The corresponding relations for Doppler lines a r e  given in reference 6.) 

Although collision theory can in some cases provide Lorentz half -widths, values a r e  more 

generally taken from semi-empirical expressions such as 

in which y o )  the line width at  reference pressure P and reference temperature To) and the 

exponent n a r e  experimentally determined. Acceptance of a value n = 1/2,  which follows from 
simple kinetic theory, and neglect of the dependence of half-width on rotational quantum num- 

ber ,  a r e  usually considered justifiable for engineering purposes. 

0 

2.3. BAND-MODEL FORMULATIONS 

Equation 6 can easily be extended to a molecular band consisting of nonoverlapping spec- 
t r a l  lines. In this case, the quantities of interest a r e  the average spectral radiance and ab- 

sorptance in the interval b u ,  which a r e  given by 

in which p is the effective value of a factor characterizing the extent of line overlapping: 
e 

0 = 21~7/d ( 1 2 4  

where 7 i s  the average line half-width and d i s  the average spacing between lines. In this 

case,  y =  f($, in which the dimensionless optical depth x is defined by 

where 
- 
k = S/d 

6 



is the average spectral absorption coefficient, the ratio of average line strength to average 

spacing, and F(X) = (/3/pe)q in analogy to the single-line case. 

Equation 11 can be further extended to handle molecular bands in which line overlapping 
is appreciable [8] ; the resultant expressions for average spectral radiance and absorptance 

are:  

If an average transmittance, ?, is defined by 

7 = 1 - 01 = exp [-pef(X)] - - 

equation 14 can be rewritten simply as 

r l  - 
L = J L;(T)d? 

TL 
v -  

Equation 17 is in form the radiative-transfer expression used in 
Warner and Swasey [ll] , General Dynamics [12], and in calculations 

experimental studies at 

carried out at NASA 

MSFC [13]; equation 14 is the form used in previous studies at this laboratory [14]. The 
derivation of a comparable expression in a slightly different form, and examples of its use in 

some hypothetical flames in which neither line strengths nor widths varied with temperature, 

have also recently been reported [15]. 

Equations 11, 12, 14, and 15 reduce to more familiar forms for the strong- and weak-line 

limits [9] ; however, there is little advantage in using such approximations for nonisothermal 
calculations. A machine calculation would be used in any event, and the above equations a r e  

about a s  easy to program. There is some advantage, however, in using a simple analytical 
approximation to the Ladenburg-Reiche function [16]; this wil l  be discussed in more detail in 

section 2.4. 

Equation 17 can also be extended to handle mixtures of gases. Since the spectral line posi- 
tions in the vibration-rotation bands of different gases would be uncorrelated, the incremental 

transmittances would be multiplicative. In this case, 7 would represent the product incre- 

mental transmittance, which would be used in the summation to yield the observed radiance. 

2.4. EVALUATION OF BAND-MODEL PARAMETERS 
In principle, there a r e  two methods by which the band-model parameters, equations 12a 

and 13a (or any other pair formed from the three basic variables: the line strengths, widths, 

7 



and positions) can be evaluated. Detailed information on these line parameters can be appro- 

priately averaged, o r  the lumped quantities can be determined directly by experiment. The 
former approach has been applied in calculations of atmospheric transmission in the infrared 

[17]; however, for hot gases, the population of higher rotational and vibrational states results 

in an increase in the numbers of lines and in the appearance of hot bands of uncertain strengths. 

Hence, for  polyatomic molecules with their various degrees of freedom, such an approach is 

not practical a t  the present time for most engineering purposes. (A line-by-line calculation 
of the opacity of hot water vapor in cool s t a r s  has been made recently [18]; a total of 2.3 mil- 

lion lines were included in the calculation, which required 40 hours of IBM 7094 computer 

time.) On the other hand, for some diatomic molecules, e.g., H F ,  there is sufficient and reli- 

able information on strengths and widths with which one could proceed in such a manner. How- 
ever,  the need for a band-model diminishes and line-by-line calculations become more feasible 

as the number of lines requiring consideration becomes smaller.  

The alternative method fo r  evaluating band-model parameters is by direct experimental 

observations using isothermal samples of the emitting-absorbing gas. The average spectral 
absorption coefficient, equation 13a, is obtained from observations for path lengths and pres- 
sures  low enough that the gas is optically thin; i.e., all lines a r e  weak and hence their growth 

is linear. This condition is specified by x - 0, for which equation 12 reduces to 
- 
k ( v ,  T)  = $ v ,  T ) / X ,  dv, T)  << 1 (18) 

where XL is the optical depth in cm-atm and Z(v,  T) is the observed average spectral absorp- 

tance in the interval 6v. Note that the necessary condition is that a(v ,  T) << 1, not &, T) << 1. 

The latter condition can and very often does only signify that the resolution of the observing 

instrument is low (i.e., the slit function is much greater than line widths); this situation could 
therefore be encountered with the lines themselves being strong. Accordingly, in practice, 

observations using a number of path lengths a r e  required to establish that the growth is linear. 

Note also that reduction in pressure alone is not sufficient; although the optical depth X = PL 

will decrease, since the line width varies directly with pressure (cf. eq. l o ) ,  the absorptance 

will not decrease at the line center as rapidly a s  elsewhere, so  that the required condition of 

linear growth cannot be readily observed for arbitrary values of path length. 

Evaluation of the other band-model parameter requires measurements in which all lines 
a r e  strong; i.e., the growth varies a s  the square root of the optical depth. These conditions 

permit the evaluation of the quantity 

from which the line overlap factor (eq. 12a) can be extracted. This evaluation is more difficult 

than the other for several  reasons. The long path lengths required fo r  most of the lines in the 

b v  to become strong, especially in the wings and troughs of bands, create experimental diffi- 
culties; for the large amounts of absorber required, line overlapping cannot be completely 
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eliminated; and the unavoidable presence of some weak lines compromises to some extent the 
validity of the results. 

Again, variation of pressure alone is not sufficient; increasing concentrations of absorbers 

for a given path length do increase the optical depth, but the concomitant broadening of the lines 

tends to  lower absorptances at the line center, thus obviating square-root growth. 

In practice, both band-model parameters a r e  evaluated by experiments in which a suffi- 

cient range of path lengths can be achieved so that the variation from linear to square-root 

growth can be observed. The extent to which this can be accomplished i s  the principal factor 
limiting the accurate evaluation of band-model parameters and hence the utility of band models 
for radiating gases. 

An important and often overlooked fact is that band models, although based on theoretical 

principles, in effect a r e  empirical formulations requiring as input experimentally determined 
parameters. Hence, it is not imperative that the parameters E and 0 truly represent the ratios 

of mean line strength to spacing and mean line width to spacing; there is an arbitrary charac- 

te r  to these quantities in the first place, since one must prescribe a lower limit to the strengths 

of lines to be considered in a detailed analysis. Therefore, the question of how realistically a 
particular band model represents an actual molecule is not of prime importance. The signifi- 
cant question is how well it functions in its capacity as an interpolation device to utilize iso- 

thermal laboratory measurements for calculations of radiative transfer in inhomogeneous gases. 
In this light, the use of more complex band models based on more realistic assumptions re -  

garding properties of the lines in a molecular band i s  not necessarily desirable. In fact, as 
illustrated below, the advantage can be largely illusory. 

Equations 11, 12,  14, and 15 were derived for a molecular band consisting of Lorentz lines 

of nearly equal strengths randomly positioned. In order to illustrate the fact that more realis- 

tic line-intensity distributions do not necessarily improve the model, consider equation 12 for 

the case of identical nonoverlapping Lorentz lines in an isothermal gas. In the interval 6 v  

where 0 is defined by equation 12a and x = SX/27ry. Consider now an ar ray  of nonoverlapping 
Lorentz lines with a probability distribution of strength p(S) = s-' exp [ -SEI  where p(S) is the 

probability of finding a line of strength S in the interval S, S + dS and s is the mean line strength 

in the interval bv. It is easy to show that in this case [19] 

- 
where x = S X / 2 n 7 .  The subscript p in this case denotes a probability strength distribution. 

P 
These nonoverlapping models a re  the special cases of the two corresponding general 

models, which a r e  appropriate to the evaluation of the two band-model parameters. In the 
weak-line limit, equations 20 and 2 1  reduce to 
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x - 0, E - 27~(7/d)x 

and in the strong-line limit to: 
- 

(24) 

(25) 

x - Q), a - 2 ( 7 / d ) G  
- 

x P - a, (Y P - r ( T / d p s  

Since the values of 3 and d will depend on an arbitrary lower limit of intensity below 
P 

which one could identify large numbers of very low intensity lines not worthy of considering 

in a particular problem, these quantities a r e  not precisely defined, and may be chosen to suit 

convenience. Consider the consequences of equating (22) with (23), and (24) with (25): 
- 
S/d = g/d (26) P 
- 
r/dp = (4/17)(7/d) (27) 

and 

x = (d4)X (28) P 

Substituting (27) and (28) into (21): 

- 2a(7/d)x a =  
P i  l+ox 

in which the quantity x/v1 + (a/2)x is the approximation to the Ladenburg-Reiche function 

xe [Jo(ix) -iJl(ix)] that has been recently proposed [16]. Hence, the two band models yield 
essentially the same results, and by virtue of (26) and (27), band-model parameters obtained 

through the use of one model may be used with the other. The above result illustrates the 
more general fact that calculations with band models a r e  not particularly sensitive to the line 

strength distribution function that is assumed in the formulation. This fact is best illustrated 
in figure 3 of reference 19, in which the experimental data of several  investigators a r e  fitted 

equally well by the Ladenburg-Reiche curve of growth, representing the band-model formula- 
tion used in the present study, as by one based on a more realistic distribution of line strengths. 
An analysis of errors  to be expected in the application of various band-model approximations 

to inhomogeneous gases is given in reference 20.  

-X 

2.5.  EMISSION-ABSORPTION PYROMETRY 
Consider now the application of emission-absorption spectroscopy to the case of an inhomo- 

geneous nonisothermal gas in local thermodynamic equilibrium. For this case,  the ratio of 

observed spectral radiance to spectral absorptance will vary with optical depth,hence in gen- 
eral  with wavelength. At a particular wavelength, the value of the spectral absorptance will 
depend primarily on the absorber concentration profile; the value of spectral radiance depends 
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on both the concentration and the temperature profiles. For  observations at  moderate resolu- 

tion, at a particular wavelength the indicated values of both quantities will depend on the in- 

strument slit opening, but their ratio will not. Therefore, while in principle spectral radiance 

and absorptance distributions could be analyzed to determine temperature and concentration 

profiles, the analysis of the emission-absorption ratio offers the considerable advantage of 

eliminating the uncertainties introduced by inexact knowledge of the shape and width of the in- 

strument slit function. 

Consider first the case of isolated Lorentz spectral lines treated individually. Upon sub- 

stitution of equations 6 and 9, equation 1 becomes [5] 

where f(x) and x are defined by equations 7 and 8. Equation 30 indicates the manner in which 
the blackbody radiance of the local temperature within the nonisothermal body of gas is aver- 

aged along the line of sight; in essence it represents the appropriate weighting of the blackbody 
radiance function of the local temperatures by concentration and line-strength variations. 

Equation 30 also represents the emission-absorption expression for the case of a molecu- 

lar band consisting of nonoverlapping Lorentz lines, if x is replaced with x a s  defined by 
equation 13. 

For the case of a molecular band with some line overlapping, substitution of equations 16 

and 17 into equation 1 yields 

There a re  basically two approaches through which temperature profiles can be deduced 
from a set of measurements of spectral radiances and absorptances at various wavelengths. 

Given a set of T*, the values of T can in principle be obtained by an appropriate inverse trans- 
formation, Le., a mathematical inversion of (30) o r  (31). This inversion could in principle be 

accomplished analytically as, for example, in the case of the Abel transform applied to the 

expression for  the observed transverse radiance of an optically thin axisymmetric source. In 

practice, such inversions must generally be handled numerically. The problem in essence is 
the solution of a set of n radiance equations to obtain a temperature profile approximated by n 
isothermal zones. The n equations must represent n substantially different optical depths; 

this can be achieved either by n observations at a particular frequency but different path lengths 

(as in the transverse scan of an axisymmetric source) o r  by observations at n frequencies for 
the same path. The latter case is more generally applicable, but also more difficult in that the 

n equations must be solved simultaneously rather than sequentially. Generally, moderate- 
resolution molecular-band radiation i s  utilized in such studies; however the same principle 
applies to high-resolution observations of the contour of an isolated spectral line. 
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This method appears to be straightforward: spectral data are obtained at n frequencies 
and used to solve n simultaneous radiance equations for  n unknown local temperatures along 

the line of sight. However, the problem is not so simple because of the nonlinearity of the 
Planck function and the factors governing the growth of spectral lines, in particular the strongly 

nonlinear variation of line strengths with temperature. The main difficulties encountered a r e  

the mathematical instabilities and nonuniqueness of solutions which result primarily from the 

imprecision of the input data. Further discussions of these problems a re  to be found in the 

recent literature, much of which is concerned with the deduction of atmospheric temperature 

profiles from satellite observations [21-261. 

The alternative approach, and the one employed in this investigation, in essence consists 

of a set  of straightforward calculations using equations 30 o r  31 and a model by which the tem- 
perature profile within the nonuniform body of gas is characterized by a very few parameters 
which a r e  adjusted until the best agreement is obtained between calculated and observed values 

of T*. This approach, which can also be characterized as an inversion in the broadest sense, 
does, of course, presume some prior knowledge of the shape of the temperature profile. How- 

ever,  this requirement is not much of a constraint for many engineering applications in which 
the general pattern of a high-temperature flow field can easily be specified. Likewise the ar- 

gument that, mathematically, the minimization of differences between observed and calculated 

T* does not necessarily imply a corresponding minimum between actual and calculated T [27] 
need not be a deterrent to this approach. Under the imposed constraint of a known shape to 

the temperature profile, it i s  difficult to see how large e r ro r s  could be engendered by this 
approach. On this pragmatic basis,  then, the present investigation was carried out, the objec- 

tive being to determine how well temperature profiles could be so deduced, and thereby to 

assess  the utility of emission-absorption spectroscopy so applied. 
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3 
EXPERIMENTAL PROGRAM 

3.1. APPARATUS AND PROCEDURES 

The apparatus used in this investigation i s  shown in figure 1. In essence, it consists of a 

segmented combustion-tube furnace, housing a sample cell 60 cm in length, and positioned in 

one beam of a double-beam ratio-recording spectrometer which had been designed specifically 

for the study of emission and absorption i n  nonisothermal gases [28]. 

Figure 2 is a schematic of the optical arrangement. Light from a graphite-tube blackbody 

source [29] is split into two beams by a pair of diagonals and redirected into a pair of spherical 

mirrors .  One beam passes through the  sample cell in the furnace; the two beams a r e  collected 

by another pair of spherical mi r ro r s  which reimage the blackbody aperture onto the slit of the 

monochromator. Iris diaphragms at  each of the second pair of spheres serve to limit the angu- 

lar field and to balance the beams. 

Each chopper is made with two rows of holes differing in number so  that the two beams 

are chopped at  different frequencies, 420 and 780 Hz, which were chosen to facilitate signal 

separation. For absorption measurements, the chopper next to the blackbody is used; thus 

emission from the hot gas is not sensed. For emission measurements, the chopper next to the 

monochromator is used with the upstream shutter in the sample beam closed after the beams 

are balanced; thus the ratio of emission from the furnace to that of the blackbody is obtained. 

The monochromator is equipped with a 300 lines/mm grating blazed at 3 pm. A germanium 

filter in front of the entrance slit cuts off the radiation below 1.8 pm to eliminate second-order 

light. An elliptical mirror images the exit slit onto a Phs detector, a 0.25 X 2.0-mm Type P 

Kodak EMron cell installed in a Dewar and cooled with liquid nitrogen. 

The entire optical path outside the sample cell i s  thoroughly flushed by dry nitrogen in 

order to minimize absorption due to H 0 and C02  present in the atmosphere. 2 

The electronic circuit is illustrated in figure 3. The signal from the detector is amplified, 

separated into two components by a filter network, and synchronously rectified by a demodulation 

circuit which is controlled by the signals of two photodiodes facing a pair of small lamps across 

the chopper. The intermodulation between beams was determined to be less  than 1%, and 

through the use of a set of sectored discs rotated at high speed in the sample beam, the linearity 

of the entire system was established to be within 1%. 
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The output signals were displayed on a recording potentiometer. The reference beam sig- 

nal was placed across  the slide wire and the sample signal across  the slider, SO that the ratio 
of radiances in the two beams was indicated. A multiple-turn potentiometer connected to the 

shaft of the slider provided a signal which was passed through an analog-to-digital converter 

and recorded on punched cards;  the readout command signal for the card punch was provided 

by a photodiode facing a lamp across  a slotted disc on the monochromator wavelength drive. 

Two types of sample cells were used in the present study; both were 60 cm in length and 

approximately 25 mm in diameter. The data for H 2 0  and Cog were obtained using a cell fabri- 

cated from fused silica; for the  HF measurements, a Monel cell with bonded sapphire windows 

was fabricated. Carbon dioxide and hydrogen fluoride samples were admitted to the evacuated 

cell from supply cylinders through appropriate plumbing; the amount was monitored and mea- 

sured with a bonded strain-gage absolute-pressure transducer. A liquid-nitrogen cold-trap 

and a mechanical pump comprised the vacuum system for disposing of the samples. Water va- 

por samples were introduced and measured by the arrangement shown in figure 4. The cell 

was evacuated and maintained at  a uniform temperature. Distilled water was heated in a flask 

to a temperature at which the vapor pressure had the desired value. Since the sample cell and 

connecting tubes were maintained at a higher temperature than that of the  flask,  no condensation 

could occur during loading. Hence, the optical depth of the sample could be specified by the 

temperature of the cell and the vapor pressure in the flask. The C02 was of a purity commer- 

cially available. However, in order to eliminate H20 from the H F  samples, additional purifica- 

tion was carried out by the procedure described in reference 30. 

Charges of H 2 0  and C02 could be contained in the quartz sample cell indefinitely with no 

long-term change in partial pressure detectable either by direct measurement or by observa- 

tion of absorption. However, in spite of thorough presoaking, charges of H F  would gradually 

diminish, presumably as the consequence of adsorption on the Monel cell walls. During the 

course of a run involving emission and absorption scans, decreases on the order of several 

percent were encountered. Therefore, data were collected in the following sequence: absorp- 

tion, emission, absorption; the two absorption scans were then averaged prior to combination 

with the emission data for the evaluation of apparent temperatures. The partial pressures in- 

dicated in table I for these runs accordingly represent the average of the initial and final values. 

The temperature distribution in the sample cell was measured by 10 chromel-alumel ther- 

mocouples equally spaced with one at the plane of each window. For the H 2 0  and C02 measure- 

ments, the thermocouples were welded to a thin stainless-steel sleeve which fitted closely over 

the quartz sample cell; for the H F  measurements, the thermocouples were welded directly to 

the Monel cell. In an earlier study [31], in  order to ascertain whether the temperature profile 

in the gas sample within the cell could be reliably assumed to be that measured along the out- 

side wall of the cell, a test was made as illustrated in figure 5. The sample cell was simulated 
17 
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by a fused silica tube 1 ft long and 1 in. in diameter, mounted in the furnace between two re -  

fractory discs. The outside temperature was measured with chronel-alumel thermocouples 

looped about the tube; the air  temperature within the tube was measured by a small-gauge 

platinum-platinum 10% rhodium thermocouple. Negligible differences were observed between 

the outside and inside temperatures at any station; hence it was concluded that the radial grad- 

ient would be insignificant at any plane for a sample gas whose thermal conductivity was com- 

parable to that of air at  a pressure of 1 atm. 

The wavelength calibration of the spectrometer followed from the observed spectrum of 

H F .  The line positions for H F  a re  very well known, so that t h i s  gas represents perhaps the 

best available calibration source for infrared spectrometers operating in the region 2.3 to 3.5 

pm. The slit function of the spectrometer was deduced from the observations of the weaker 

lines in the H F  bands; its shape was very nearly triangular, and the half-width was approximately 

constant with wavelength, hence varied with frequency. Most of the data were obtained at a slit 

opening such that the effective slit width varied from about 2.5 cm-' at  3000 cm-l to 5.0 c m - l  

at 4000 cm-l. 

The intensity calibration of the spectrometer could be made in one of two fashions. With a 

mirror  on the back side of one of the downstream shutters, the temperature of the blackbody 

could be observed using an optical pyrometer. However, this procedure required a correction 

for the fact that the mirror  reflectances and window transmittances varied from 0.65 pm, where 

the optical pyrometer bandpass was centered, to 2.5 pm, where the measurements were made; 

and the magnitudes of these corrections were difficult to accurately evaluate in situ. Therefore, 

an alternative calibration procedure was adopted: a blackbody source whose emission in the 

2.7- p m  region could be accurately evaluated was positioned in the sample beam. The most con- 

venient source for this  method was a 2-atm charge of C02 in the sample cell itself, which was 

then maintained at  a temperature a s  close as possible to isothermal. The center of the 2.7-pm 

C02 band was black under these conditions; hence its emission could be obtained from the 

Planck function of the measured cell temperature. Under the above isothermal conditions with 

an optically dense charge in the cell, the emission from the cell window, being at  the same 

temperature as the gas in the cell, did not influence the observed radiation. However, in gen- 

eral, a correction for window emission was required; the manner in which this was incorporated 

into the data reduction procedure is detailed in appendix A. 

The raw data recorded on punched cards were processed using the University's IBM 360 

computer; the reduced data were provided on punched cards from which an automatic curve 

plotter could in convenient format produce the spectra in terms of spectral radiance or absorp- 

tance, plotted against wavelength or frequency as desired. 

21 



3.2. PRESENTATION OF SPECTRA 

Spectral radiances and absorptances in the 2.7-pm region were measured for a number of 

temperature profiles using pure samples of H 2 0  vapor and C02. Measurements were also ob- 

tained for two of the profiles using a mixture of these gases with nitrogen in a proportion sim- 

ulating the products of combustion of CH4 with air  at  a fuel/air weight ratio of 0.02 (except that 

the surplus oxygen was replaced with nitrogen). Finally, a number of observations were made 

of the 2.3-pm overtone band of CO and the 2.5-pm fundamental band of HF. Table 1 summarizes 

the data collected and t h e  conditions of the measurements. 

A complete set of radiance and absorptance spectra are presented in appendix B. The data 

for Cog,  H 2 0 ,  and CO were collected using the automatic card-punching output of the spectrom- 

eter ;  hence, the reduced data axe displayed. The resultant spectra for the Cog and H 2 0  runs 

a r e  quite faithful to the original chart recordings that were also obtained. On the other hand, 

the strength of the 2.3-pm overtone band of CO is so weak that, even with the high cell loadings, 

the reduced spectra were considerably altered in appearance because of the uncertainties in 

the very low values of the observed absorptances. The data for H F  were collected only by 

chart recording, since punched-card recording of the widely separated intense lines with fidelity 

would have required very long scan times which were not desirable for several reasons. Ac- 

cordingly, the radiance and absorptance spectra for HF are reproductions of the original r e -  

cordings; the full-scale lines for emission were traced in by superimposing the appropriate 

prerun or postrun scans with the cell evacuated. 

3.3. COMPARISONS WITH PREDICTED SPECTRA 

The deduction of temperature profiles from observed spectra i s  a much more uncertain 

process than the calculation of nonisothermal spectra given the temperature profile. Accord- 

ingly, it is in order to examine first how well nonisothermal spectra can be calculated using a 

band-model expression. Therefore, a number of the spectra obtained in this study were com- 

pared with radiances and absorptances predicted a s  follows. 

Equations 16 and 17, a s  combined in equation 31, were programmed, using a trapezoidal 

approximation, in Fortran IV language fo r  computation by University's IBM 360 computer. 

Equation 31 not only encompasses the nonoverlapping band-model approximation but also the 

isolated line expression as given by equation 30. The General Dynamics tabulations of band- 

model parameters for H 2 0  and C 0 2  were used in the present investigation [12, 32) : a sample 
calculation i s  shown in appendix C. Figures 6 through 9 are typical of the observed values 

of spectral radiance, absorptance, and apparent temperatures for H 2 0  and C 0 2  in comparison 
with the predicted values. In general, the agreement i s  satsifactory. 

For HF ,  computed values of line strengths and widths [33, 341 were used in equation 30. 

Since the large charges of H F  in the 60-cm cell produced considerable overlapping in the  wings 
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of the lines, total radiances and equivalent widths could not be readily evaluated from the ob- 

served spectra. Hence, comparisons were made only of the apparent temperatures, represent- 

ing the ratio of observed peak radiances and absorptances, thus obviating the need for measur- 

ing areas under lines and estimating corrections for overlapping. Typical results a r e  shown 

in figure 10, in which apparent temperatures a r e  plotted against a generalized rotational quantum 

number for the v = 0 
state. 

1 and v = 1 = 2 bands of H F ,  where the number designates vibrational 

Figures 6 through 10 a r e  indicative of the accuracy to which spectra can be calculated 

using the currently available knowledge of molecular band-model parameters (or in the case 

of HF the knowledge of the line strengths and widths). There a r e  a number of anomalies in the 

band-model calculations which must be attributed to e r r o r s  in the tabulations of the parameters. 

The most obvious of these is the glaring feature near 3660 cm-l  in the isothermal C02 spectra 

(fig. 6); it is not quite so  evident but also present in the nonisothermal C02 spectra (fig. 8). It 

would, of course, be a simple matter to insert an appropriate false value into the tabulations 

in lieu of a reevaluation using original absorptance spectra. However, for the present study, 

no particular purpose would have been served by correcting these e r r o r s ,  which were simply 

ignored in the following analyses. 

3.4. TEMPERATURE PROFILE DETERMINATIONS 

In this investigation it was found to be more convenient to work with plots of apparent tem- 

perature vs. absorptance rather than vs. wavelength for successive comparisons of band-model 

predictions based on temperature-profile models. This result  was consistent with the con- 

clusion reached in an earlier study of H2-F2 flames [34], in which the final comparisons of 

theory and experiment were made in terms of apparent temperature vs. rotational quantum 

number. The convenience obtains from the rather simple shape of such plots, which were all 

quite similar. Physically, this similarity is easy to understand. At lower values of absorptance 

(or higher rotational quantum numbers for the case of HF) ,  the hot gas is much more trans- 

parent, and the apparent temperature will approach a constant value corresponding to the op- 

tically thin gas and representing the average radiance along the entire optical paths. Con- 

versely, as the absorptance approaches unity, the apparent temperature should approach the 

value corresponding to radiances at the near boundary, and in the limit would reach the actual 

temperature at that location. Thus, regardless of the shape of the actual profile, one would 

expect all the curves of apparent temperature vs. absorptance to be much alike and that, for 

a particular profile, the value of T* should be a function mainly of absorptance and not very 

dependent on wavelength. 

Using these curves of apparent temperatures vs. absorptance, temperature profiles were 

determined for the H 2 0  and C 0 2  runs by successive calculations with the band-model program. 
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FIGURE 10. COMPARISON OF NONBOTHERMAL HF SPECTRUM WITH ISOLATED- 
LINE CALCULATIONS (RUN 12056804). R and P a r e  branch designations. 
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Since this was an exploratory study, the parameters characterizing the temperature profiles 

were adjusted in simple sequences until a best fit between calculations and observations was 

obtained. This procedure is illustrated in complete detail in appendix D. The results of these 

inversions are  shown in figures 11 through 17, in which the inferred temperature profiles a r e  

compared with the values measured directly by the thermocouples, as indicated by the crosses. 

A variety of options were exercised in regard to the specification of the number of param- 

eters characterizing the temperature profile. For example, linear and symmetrical triangular 

profiles can always be characterized by two parameters, the maximum and minimum tempera- 

tures.  However, if one has the further constraint that the lower temperature is known, then 

these profiles can be characterized by only one parameter. Similarly, the number of param- 

eters  for the other profiles can vary; in the case of the truncated triangle, the  width of the iso- 

thermal region at  the higher temperature can be included a s  a parameter, or taken to be a 

known fixed value implicit in the a priori knowledge of the shape of the profile. Such specifica- 

tions a r e  not as arbitrary as they might seem at f irst  glance. In many practical applications 

involving propulsion devices, the geometry of the system will clearly indicate the location and 

extent of temperature maxima and minima, and the lower temperature at the boundary of the 

gas stream can be related to a value easily measured on a duct or exhaust nozzle wall. 

The corresponding comparisons of deduced and observed temperature profiles for the HF 

runs are shown in figures 18 through 22. For these comparisons, the profile models were again 

taken to consist of linear segments. However, in these runs, the shapes of actual profiles im- 

posed on the sample were not s o  well approximated by linear segments a s  they would have been 

by curves consisting of parabolic segments. Figure 23 shows the results for a single maximum 

profile approximated with a parabola specified by one or two parameters. 
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4 
DISCUSSION OF RESULTS 

The results of this investigation, as presented in the comparisons of the temperature pro- 

files deduced from the emission and absorption spectra with the directly measured profiles 

(figs. 13  through 23), clearly validate the present approach in the application of infrared emis- 

sion-absorption spectroscopy to temperature-profile determination. In all cases the agree- 

ment between the inferred and the directly measured temperature profiles was satisfactory in 

view of the quality and quantity of the information available on the spectral properties of the 

emitting and absorbing gases, the experimental e r r o r s  in the measurements of temperatures 

and radiances, and the representation of the temperature profiles by linear segments. The 

principal conclusion to be drawn from this work, therefore, is that infrared emission-absorption 

spectroscopy offers considerable promise as a means for determining temperature profiles in 

nonisothermal radiating gases. However, further development of this approach would be re- 
quisite to the successful extension of the method from the controlled conditions in the furnace- 

heated cell in the present study to those encountered in the testing of full-size engines. Along 

these lines, it would be especially appropriate to apply it to an intermediate case of a noniso- 

thermal source created in an appropriate combustion apparatus in the laboratory, in which the 

temperature profiles could be independently determined. 

Further analyses of the mathematical methods for inversion of spectra might also be in 

order. In this regard it could be expected that the problem of nonuniqueness of the solutions 

could largely be avoided in an approach which could be characterized as intermediate between 

the method of the present study based on successive calculations using a profile model, and 

t rue inversion calculations which assume no knowledge whatsoever of the profile. One approach 

would be an inversion calculation involving a trial solution based on a priori knowledge of the 

shape of the profile, with numerical values obtained by the present method. Another approach, 

applicable to axisymmetric flow fields, would be to deduce the general shape of the temperature 

profiles from transverse spatial scans at  particular frequencies, thus providing the initial 

guesses for the inversion. In order to assess the advantages of one approach over another 

thoroughly, or the possible combination of the two, more complete experimental data represent- 

ing a greater variety of temperature profiles would be required. 

In considering the application of infrared spectroscopy to propulsion studies, it should be 

kept in mind that, for most combustion systems, the principal products which radiate in the 

infrared are C02 and H 0, which a r e  also present in the atmosphere. In the present experiment, 2 
5 1  



the optical path outside of the sample cell was thoroughly flushed with dry nitrogen to eliminate 

the atmospheric absorption. However, it is not a l m y s  possible to do this with an instrument 

viewing a jet o r  rocket engine; an unflushed path of even a few centimeters will result in ap- 
preciable absorption which must be taken into account. The method for  doing this is straight- 

forward; the radiative-transfer calculation is simply set  up for the entire optical path, not just 

that through the hot gas stream. 

The ultimate accuracy of the temperature profiles deduced by emission-absorption spec- 

troscopy is difficult to establish from the present results alone. Obviously, e r r o r s  in the ra- 

diance and absorptance measurements could be further reduced by more meticulous attention 

to the calibration method. Using an optically dense charge of gas with a uniform temperature 

appears to be a preferable means of calibration rather than using a blackbody and evaluating 

corrections for mirror reflectance changes with wavelength. However, considerable improve- 

ment would result in the use of a windowless absorption cell to eliminate corrections for emis- 

sion, absorption, and reflection by the window materials, the properties of which vary both 

with temperature and wavelength. Further accuracy could be gained through the use of a pre- 

cision temperature controller to  better equalize the temperatures along the length of the sam- 

ple cell. 

The use of a two-sided instrument is recommended; that is, the reference source for ab- 

sorption should be located on the opposite side of the hot gas from the detector. One-sided 

systems utilizing a passive element on the far side of the hot gas, e.g., a flat or  spherical mir- 

r o r  or  a corner-cube reflector, offer some advantages: convenience in packaging an instrument 

for installation in a test cell, and, in the case of a corner-cube, resisting the effects of high- 

level acoustic environment. However, for the most precise measurements, this convenience 

would be outweighed by the difficulties accounting for the reflectance losses of the mirror ,  and 

in treating the more complex profile represented by the apparent doubling of the source. 

Finally, the reliability of the inferred temperature profiles could be enhanced by the use 

of an appropriate calculation, programmed for a computer, for fitting the band-model pre- 

dictions to the observed variation of apparent temperatures with absorptance. 
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5 
SUMMARY OF RESULTS 

Emission-absorption spectroscopy has been shown to  provide a means for determining 

temperature profiles within bodies of hot gases which are nonuniform and optically dense in 

regions of molecular-band radiation. In review, the approach explored in the present study is 

based on the following premises. 

1. 

2. 

Local thermodynamic equilibrium prevails throughout the gas. 

The general character of the temperature and density profiles are known so that their 

shapes can be specified in terms of a very few parameters. 

The spectral properties of the emitting-absorbing species are known. For polyatomic 

molecules, the required properties are two band-model parameters characterizing 

the positions, strengths, and spacings of the lines, as functions of frequency and tem- 

perature. For diatomic molecules exhibiting nonoverlapping lines, the alternative 

requirement is knowledge of line positions, and strengths and widths a s  functions of 

temperature. 

3. 

The recommended procedure for deducing temperature profiles from emission and ab- 

sorption spectra consists of: 

1. Quantitative measurements of emission and absorption to yield values of spectral ra- 

diances and absorptances throughout a molecular band. 

Evaluation of apparent temperature as a function of frequency from the ratio of the 

spectral radiances and absorptances. 

Deduction of the temperature profile from the observed variation of apparent temper- 

ature, with absorptance (or rotational quantum number) by means of a best fit of band- 

model calculations (or isolated- line calculations) obtained by appropriately adjusting 

the profile-shape parameters. 

2. 

3. 

This procedure has been shown to yield satisfactory agreement with direct measurements 

of temperature profiles of various shapes in water vapor, carbon dioxide, hydrogen fluoride, 

and a mixture of water vapor, carbon dioxide, and nitrogen. 
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Appendix A 
DATA REDUCTION PROCEDURE 

The raw data on the emission and absorption were processed by a digital computer to yield 

spectral radiances, absorptances, and apparent temperatures. In accordance with the require- 

ments outlined in section 3 (Apparatus and Procedures), the computer program was  set up to 

utilize emission-absorption measurements in an isothermal charge of C 0 2  as the fundamental 
calibration source. Since the output of the instrument, as deflections on the chart recorder or 
voltages recorded on punched cards,  was proportional to the radiance of the blackbody built into 

the spectrometer, it was necessary to deduce from the observed output of the isothermal C 0 2  

charge the effective radiation temperature of the blackbody. Furthermore, in order to account 
for the emission from the cell windows, an in situ measurement of the absorptance spectrum of 

the window at the operating temperature was a required part of the data collection. 

Spectral data were gathered in an appropriate sequence. 

1. 

2. 
3 .  

4. 

5 .  

6. 
7. 

Absorption, background (cell empty) 

Absorption, isothermal (C02) 
Absorption, nonisothermal (gas sample) 
Emission, beam balance (cell empty) 

Emission, window (cell empty) 
Emission, isothermal (COz) 

Emission, nonisothermal (gas sample) 

In addition, zero energy levels were checked during each scan. Note that, in the absorp- 

tion mode, the zero energy level represented full scale, whereas the zero absorptance was 

given by scan 1, the background scan with the cell empty. On the other hand, in the emission 

mode, zero energy level corresponded to zero radiance, whereas full scale corresponded to 

the effective radiance of the blackbody as given by scan 4. The two modes of operation a re  

illustrated in figure Al ,  a schematic representation of the various scans. 

The calculations proceeded stepwise as indicated below; the quantity D refers  to the signal 

voltage i.e., the deflection on the chart recorder. 

I. Isothermal Absorption 

Input : 

a,O 
1. Absorption, zero, D 

2. Absorption, background Da,bk 
3 .  Absorption, C02 sample, D 

a,s 
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Output: 

1. Absorptance, cyis0(v) 

Equations used: 

is0 a,iso (Y ( v ) = ~ - R  

Da,s - Da, o 
Ra,iso - D ~ , ~ ~  - D 

a90 

11. Isothermal Emission 

Input : 

1. 

2. 
3. 
4. 

5. 
6. 

output: 

Emission, cell windows, D 

Emission, beam balance, D 
Emission, C 0 2  sample, D 

e,s 
Temperature, average of thermocouple indications, Ttec 

Window reflectance, pw VS. v 
Isothermal absorptance, olis0(v) 

e ,w 
e,b 

1. Effective blackbody temperature Tbb(v) 
2. Radiance, Lu,iso 

3. Apparent temperature, TGo 

4. Average effective blackbody temperature, Tbb 
Equations used: 

De,s - De,w 
e,b e,w Re,iso - D - D 

2 * -  
Lv,iso = Re,iso(l - pw) Lv(Tbb) 

2 /  { 1 3  I + 1 )  T~~~ * = c v I n  c v olis0(v) LV,iso 
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In. Window 2 Absorptance at Temperature Tw2 

Input: 

1. Emission, zero, D 

2. Emission, beam balance, D 

3.  Emission, cell window, D 

4 .  Temperature of window 2 ,  Tw2 

5. Average effective blackbody temperature, Tbb 

e 90 
e ,b 

e ,w 

- 

Output: 

1. Window 2 absorptance, a2(v ,  T) 
Equations used: 

-1 

IV. Nonisothermal Absorption 

Input: 

1. Absorption, zero, D a,o 

2. Absorption, background, Da,bk 

3. Absorption, sample gas, D a,s 

output: 

1. Spectral absorptance, sample gas, a(v)  

Equations used: 

@(v) = 1 - Ra 

Da,s - Da,o 

Da,bk - Da,o 
Ra = 

V. Nonisothermal Emission 

Input : 

e ,w 
e,b 

1. Emission, cell windows, D 

2. Emission, beam balance, D 

3. Emission, sample gas, D e , s  
4. Blackbody temperature, Tbb 

- 
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5. Window reflectance, p, 

6. Window 2 absorptance, a2(v,  T) 
7 .  Window 2 temperature, Tw2 

8. Spectral absorptance, sample gas, ab) 

Output: 

1. Spectral radiance, sample gas, L 

2. Apparent temperature, sample gas, T*(v) 
V 

Equations used: 

R =  D e , s  - De,w 

e,b De,w e D  - 
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Appendix B 
EMISSION AND ABSORPTION SPECTRA 
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Appendix C 
SAMPLE BAND MODEL 

RADIATION CALCULATION 

The programming of equations 16, 17, and 31 for the computation of spectral transmittances, 

radiances, and apparent temperatures was done in Fortran IV language for The University of 

Michigan's IBM 360/67 computer. The equations a r e  collected, and steps in the procedure a r e  

presented below, along with the printout of a sample calculation a t  v = 3500 cm 

10246808. 

-1 for run 

The spectral radiance at the boundary, Tu ,  is calculated by equations 1 7 ,  approximated 

using the trapezoidal rule: 

n 

i= 1 

- 
L v =c L*,(yi) (AT)i 

- 
in which the spectral transmittance difference (A?). = 7. - T.  is obtained from equation 15: 

1  1 - 1  1  

- 
T~ = exp [-flefGi)] 

T 
0 

For a mixture of m absorbing gases: 

The function f(x) is the Ladenburg-Reiche expression: 

f(x) = xe-XIJo(ix) - iJl(ix)] 

The argument? is the dimensionless optical depth defined by equation 13: 

j= 1 

in which k(T.) is the local value of the first band-model parameter, the average absorption 

coefficient, corresponding to the average line strength to spacing ratio: 
J 
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- 
k(T) = S(T)/d 

P(T.) i s  the local value of the second band-model parameter, the line-overlap factor, corres- 

ponding to the average line width to spacing ratio: 
J 

P(T) = 2nG(T)/d 

The optical depth increment is given by 

(AX)i = Pi(AL)i 

where Pi is the local value of the partial pressure of the radiating species, and (AL). i s  the 

geometrical path increment. The exponent 77 is an empirically derived factor given by [5] : 
1 

. 

where the total dimensionless optical depth 5 
line approximations. 

is the mean between the strong- and weak- 
L e  

The band-model parameters were extracted from the General Dynamics tabulations 
- 

[12, 321 and entered into the program as two-dimensional tables: k vs. v, T and p vs. v, T 0 0 
with appropriate interpolation subroutines. The tabulated values, ko, represented the normal- 

ization of the experimentally derived values to standard conditions of pressure and temperature 

to account for the dependency on gas density; accordingly, denormalization consisted of: 
- 
k(v, T) = E0(v, T ) d m  

The pressure dependency is accounted for in the optical depth definition. The tabulated values 

of the line-overlap factor, Po,  a r e  normalized to a unit effective broadening pressure, defined 

by 
m 

k= 1 

where P 

foreign broadening gases (other species which may or may not be radiating at  frequency v); 
(Y E 1, and CY 

studies. The values of (Y used in this investigation were extracted from data in the literature 

[ 351 : 

i s  the value P. in the optical depth definition; Pk, a r e  the partial pressures of the k= 1 1 

a r e  the broadening coefficients derived from experimental line-broadening k= 1 k> 1 

= 0.20, N2 broadening H20 

= 0.77, N2 broadening Co2 
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Thus 

P ( V ,  T) = P,(v ,  T)Pe 

The effective value, /3 , was taken to be the mass-weighted average along the entire path: e 
n 

The computation proceeded according to the following steps: 

1. Read in: 

(a) Names and number (m) of component gases. 

(b) Frequencies v P ,  P = 1 . . . q (or vinitiaI, Av, and number 4). 

(c )  Incremental lengths (AL)i, i = 1 . . . n (or total length L and number n). 

(d) Partial pressures, Pi,k, i = 1 . . . n, k = 1 . . . m. 

(e) Broadening coefficients, Qk, k = 1 . . . m. 

(f) Temperature profile, T., i = 1 . . . n. 
1 

2. For absorbing gas k = 1: 

(a) Store Program Table I: ko(u, T) vs. v, T; and Program Table 11: P,(V,  T) vs. v ,  T. 

(b) For frequency v 1: 
(1) Calculate Pe,i 

(2) Calculate Pp - 
(3) Calculate XL,w (XL for  T I =  0) 

(4) Calculate X (G for 17 = 1) L,s L 
(5) Calculate = ~ [ ( x ~ , ~  + xL s)/2],  using function subprogram in which Program 

9 

Table 111, f(x) vs. x, is stored. 

(6) Calculate Fi, k = 1, P = 1 using Program Tables I, 11, and Subprogram Table 111, 
- 

and store T~ 1, i = 1 . . . n 
9 9  

(c)  Repeat 2(b) for all other v p ,  P = 1 . . . q 

3. Repeat 2 for next absorbing gas, etc. 

4. For v : 1 
m 

(a) Calculate = 1 yi,k,P, P = I 
k= 1 
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(b) Calculate and store < 
(c) Calculate and store (1 - 7, * \  

1 

L , l  
(d) Calculate Iv *(T*) 

I I 

(e) Calculate and store T* using Planck function. 1 
5 .  Repeat 4 for all v p ,  P = 2 . . . q. 

- 
6. Print out Lv , (1 - 7L,P),  T f ,  vP. 

7. Go back to 1 and repeat calculation for other conditions: Pi, Ti, etc. 

The following printout for the sample calculation contains, in addition to the normally 

P 

- 
requested quantities, Lv, 1 - FL, T*, andv,for v P ,  P = 1 . . . q,  the intermediate quantities, 

P(Ti), k(Ti), xi, Ti, f(xi) and 7. for i = 1 . . . 100. 
1 

PLEASE FNTER NAWELIST IN. 

&IN GAS* *CO2 
106 1 l 1 1 53 r LINIlTH- 60 b l IN-- 10, NU13 500. l WdNm 1 OD DAYlQ4r Y EAR-68. 
RUN98 l ALPHA- 1 D PTAh 1 NG- 1 s EXPO*- 5 l I TYPE- 1 NFREQ- 1 a N DI V I -  1 00 l 

* DNT- lO~TPIP1390*~464. D 537.r641 l 71 5.,824- ~914. ~994- D 

TODAY- * 061 !Xi/ 69 ' &END 

> INTERWLATED VALUES OF TEMPERATURE 
> 393.33 399099 406.65 413.31 419.97 
> 446.61 453027 459093 966.55 073.12 
* 499.40 505097 519*54 519.11 SB5.68 
> 558-3B 561.68 577.04 S66.40 595.76 

> 688.73 695.39 702.05 708.71 713.59 
754.76 764.59 774.40 764.81 794.0e 

> 831.65 839.75 847085 855.95 864.05 

> 955.99 963.19 970.39 977.59 984.79 
* 1010.41 1016044 1028-47 1028.50 1034053 

' * 1058.65 1066.05 1074033 1082.61 1090.89 
> 1124.01 1138.29 1140.57 1198.85 

> PATHLMGTH INCRENMT 9 0.60 CM. 

> 633.ao 64a.11 648.77 655.43 662.09 

3 ~ 9 6 . 4 5  904.55 9ia.65 9 ~ 0 . 0 0  927.20 

486.63 
479.69 
532.25 
605. 18 
668.75 
785.35 
603 63 
878. 15 
934.40 
991.99 
1040.56 
1099. 17 

433.29 
486026 
539 60 
614048 
675.41 
735.16 
813.64 
880.25 
941.60 
998.35 
1046.9 
1107*45 

> 06/25+69 PAOE 1 

> NONI SOTHEIFIAL BAND MODEL C U C U L A T I W S  
> < OVERLAPPINO LINES) 

> RCH 8e.N 10/89/68~ L- 60.00 CMD 'TMP(1)m 393.3 
> DCQ KITMPC 100)- 1146.9 DEG KD PCCOB >* 1.000 ATn 

TR&QUENCY RADIANCE T STAR AIS@RP. 
a Cl/CN) CYCCN*b'TR)) <DL6 K) 
> 
> 3500.0 1.4Q05E104 9.0339E OI 0.73046 
I 

439.95 
492.83 
508.96 
603 84 
68a.07 
744.97 
823.45 
888.35 
948.79 
1004-36 
3052.62 
1115.73 
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> EFFECTIVE TDIPERATURE 697.87 DEO KO 
* EFFECTIVE PRESSURE 9 1.00 ATM* 

> EFFECTIVE BETA = OolO6lE 020 

BETA/ElrFECTIVE BETA ABSORPTION COEFFICIENT 
0.2780E 00 0. 389QE-08 > 

> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
W 

> 
> 
w 
* 
w 
W 
> 
> 
> 

> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
W 

> 
> 
> 
W 

> 
> 
> 
> 
W 

0.8891E 00 
003003E 00 
0.3114t 0 0  
0.32253 00 
0.33373 00 
0.3446E 00 
0.3MOL 00 
0.3671E 0 0  
0.37823 00 
0.3894E 00 

004114E 00 
0*4824E 00  
0.4334E 00 
0.44449 00  
004554E 00 
0*4663E 00 
04773E 00 
0*4863E 00 
0.4993E 00 
O-Sl03E 00 
0.5886E 00 
0.5388E 00 
0.55393 00 
0.56953 00  
0.5852E 00  
0*6008E 00 
0.61643 00 
0.6434E 00 
006796E 00 
0.71566 00 
0.75803 00 
0.786St 00 
0.8183E 00 
0.83813 00 
0.8638E 00 
0e8896E 00 
0-91S4E QO 
009412E 00 
009669E 00 
0e9987E 00 
0.1018E 01 
0.10443 01 
0.1071E 01 
0.1 109E 01 
0. 1147t 01 
0.118SE 01 
O.lea3E 01 

o.4004~ 00 

0 . 1 ~ 6 1 ~  01 

0. 4 100E-08 
0 43 0 1 E002 
00 449 bE-08 

004866E-08 
0.5043E-02 

0.3381E-02 
0.5548E-02 
0. M99E-OP 
0. SdSlE-02 
0.59973-02 
0.6 139E-02 
006277E-08 
0.641 1E-08 

0.6670E-02 

0.69 l6E-08 
007034E-08 
0.7149E-08 
0 72 74C- 02 
0. 7489E-08 
Q* 7579E-0% 
0.77843-@ 

0*80003-08 
0.8 1 38E- 08 
0 8 76 7 E- 02 
0.9 796E- Oe 
001079E-01 
0*1176E-Ol 
0. 1266E-01 
0*1331E-01 
0. 1395E-01 
0.1458E-01 
0*1520E-O1 
0*1580E-01 
0.1639E-01 
001697E-01 
0*1754E-01 
0.181OE-01 
0*1664E*Ol 
0*192OE-O1 
0. 1997E-01 

0. Q 145E-01 
0. 22 17E-01 
0.28163-01 

0. 4 6 ~ 4 ~ - 0 8  

0. s a i 4 ~ - o a  

0.6542~- 08 

0.6794~-0a 

oO7e64~-oa 

o 80 7a E- 0 1 
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> 

> 
> 
> 
> 
> 
> 

> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 

> 
> 
> 
> 
W 

> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 

0.1899E 01 
0.1336E 01 
0.1374E 01 
0.1412E 01 
0.1950E 01 
0.1488E 01 
0.1580E 01 
O*lSSlE 01 
0.1583E 01 
001614E 01 
0.16451 01 
0.36779 01 
0.1708E 01 
0.1739E 01 
001771E 01 
001802E 01 
0.1834E 01 
0.1862E 01 
Oo189OE 01 
0.1918E 01 
001946E 01 
0-1973E 01 
002001E 01 
0.2029E 01 
0.2057E 01 
002085E 01 
0m2113E 01 
Oo2141E 01 
002165E 01 
0.2189E 01 
002212E 01 
0.22353 01 
11-'!259E 01 
0.2282F 01 
Oe2305E 01 
0.2329E 01 
(102352E 01 
fl.2375E 01 
0.2399E 01 
0024276 01 
0.2459E 01 
0.2491F 01 
0.2523f 01 
0.2555E 01 
0.2587E 01 
Os2620E 01 
002652E 01 
0-26843 01 
082716E 01 
002748E 01 

0.83 54E-0 1 
0.84803-03 
0.%964E-O1 
0.a547E-01 
0.86O)E-01 
0.8 6 69 E- 0 f 
0 27 1 8 0 1  E- 
0.276 SE- 0 1 
0 26 1 1 E-0 1 
0. 88 57E-01 
0 89 OeE- 01 
0 8) 46E- 0 1 

0.303 1E-01 
0.3073E-01 
0.31 l4E-01 
0 3 1 54E-0 1 
0. 3 1 *Of-0 1 
0.3224E-01 
0 32 5 8 0 1  E- 
Om3298E-01 
Oa3325E-01 
0 33 5 7 0 1  E- 
0.3389t-01 
0 342 1 0 1  E- 
0.34 58 E- 0 1 
0a3462E-03 
0 3 5 1 2E-0 1 
0 3 539 E- 01 
0.3 563E-01 
0 e 3 588 Eo0 1 
0 3 6 12E- 0 1 
0.3635E-01 
0 36 59 E-0 1 
003682E-01 
0 3 7 0 5E- 0 1 
0.3 7273-0 1 
0 3 7 5 0 0 1  E- 
003772E-01 
0.3799E-01 
003828E-01 
0.3857E-01 
0.3866E-01 
0 0  39 14E-0 1 
0.3942E-01 
0.3970E-01 
0.399 7E- 01 
0.4023)~-0 1 
0 0  4049E-0 1 
0.40 75E-0 1 

0. a9139 E- o 1 

> EFFECTIVE MODIFIED OPTICAL DEPTH XE 0*8699F-02* 

> L-R PWCTION OF XE = 008654E-020 

> ETA 0*1163E 000 

c 
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> 
> 
> 
> 
> 
>. 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 
> 

' 0.1897E-03 
0.3904E-03 
00  6019E-03 
008239E-03  
001056E-02  
0- 12911E-02 
0.1550E-02 
0 0 1 8 1 2 f - 0 2  
0 2 083 E-02 
002363E-02 
0.2658S-02 
002949E-02  
0 325 5E-02 
0 3 569 E-02 
0.389 1E-02 
004221E-08  
0 4 5 59 E-02 
004904E-08  
005257E-02  
0 56 1 6E-02 
005983E-02 
0.63579-02 
0 67 39E-02 
0.7 130E-02 
0.7 530E-02 
007939E-02 
0 6 3 573-02 
0 8 7 6 3  E-02 
0 9 2 18 E-02 
0.9689E-02 
0. 1022E-0% 
0*1061E-01 
0 0  1145E-01 
0.  121 SE-01 
0 0  1288E-01 
0*1365E-01 
001446E-01 
0*1531E-01 
001620E-01 
0.1712E-01 
0-  1807E-01 
0.1906E-01 
0 2009 E- 0 1 
0.21 15E-01 
0. %?B4E-0 1 
0. 2339E-0 1 
0.24583-01 
002582F.-03 
0 2 7 1 OE- 0 1 
0.811143E-01 

0*1695E-03 
0.3900E-03 
0- 601 1 E-03 
0 82 28 E- 03 
0.1055E-02 
0 -1296E-02  
0.15411E-02 
Om 1809E-02 
0 2079E- 02 
0 23 58 E- 02 
0.2645E-02 
Om2942E-02 
003246E-02  
0 3 559 E- 02 
0 3 88 OE-02 

0*4544E-02  
Ot4887E-02 
0- 5238E-02 
0.5595E-02 
0 0  5960E-02 
0 -63313-02  
0 -  67 1 OE-02 
0 7 096E-02 
0 7 49 5E-02 
0.7900E-02 
00831  5E-02 
0.87373-02  
O e Y 1 6 7 9 - 0 2  
0-96343-02 
0.1016E-Ql 
001074E-01  
0- 1137E-01 
0. lB06E-01 
0.1279E-01 
0 0  1355E-01 
0*1435E3-01 
0.1518E-01 
0.1605E-01 
001696E-01  
001790E-01  
001887E-01  
0.1967E-01 
0.209 1H-01 
0*2196E-01 
002310E-01 
0.2426E-01 
0 2 547 f-0 1 
002672E-01  
0021101E-01 

0.42011~- 02 

0.996OE 00 
009959E 00 
0.3936E 00 
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Appendix D 
ILLUSTRATION OF METHOD FOR 

TEMPERATURE PROFILE DETERMINATION 

A typical calculation for the extraction of a temperature profile from observed spectra 

using a band-model radiative-transfer expression proceeded a s  follows. From the radiance 

and absorptance spectra, such a s  figures B7 and B8 for this example, the apparent temperatures 

T* were extracted and plotted a s  a function of absorptances, a s  in figure D1. The resultant 

curves of T* vs. ff were all quite similar (a fact which itself suggests the need for  a priori in- 

formation on the profile shape for reliable analysis) and at f i rs t  glance simple in shape, ap- 

proaching asymptotically a constant value for the bptically thin extreme, and rapidly decreasing 

towards a value representing the boundary temperature in the optically dense extreme. How- 

ever,  the shape of the T* vs. ff curves show two salient features: a complex pattern of behavior, 

quite repeatable, at  absorptances between 0.9 and 1.0, and an apparent "hysteresis" in the low- 

absorptance data between values obtained for the short- and long-wavelength wings of the band. 

Both of these features a r e  explicable. The f i rs t  can be accounted for by the fact that apparent 

temperatures a re  not functions only of absorptance; at  substantial optical depths, the variation 

of the Planck function and the temperature dependence of the band-model parameters with wave- 

length appreciably influence the values of the observed radiances, hence apparent temperatures. 

The low-absorptance discrepancy, on the other hand, is attributable to an imperfection in 

the apparatus: the presence of a small amount of light scattered from the grating onto the exit 

slit of the monochromator. This scattered light appeared only when the continuous blackbody 

radiance passed through the sample cell during the absorption scans or the beam-balance scans 

for setting the emission scale. Since this scattered light became completely negligible at fre- 

quencies greater than 4000 cm-', the shorter wavelength data, (the lower sequence of points on 

the T* vs. a plots) were therefore weighted more heavily in the fitting of the band-model calcu- 

lations. 

The deduction of the temperature profile was then a simple and straightforward matter. 

An initial temperature profile was assumed, based on the a priori knowledge of the profile 

shape. The simplest shape, linear with temperature and increasing along the line of sight from 

the monochromator, was selected for this illustration. A reasonable initial set  of values could 

be obtained by inspection of the T' vs. ff plot: the initial minimum temperature could be based 

on the extrapolation to (Y = 1, and an initial maximum temperature taken a s  the intercept a t  

ff = 0. The former could be a very realistic estimate; the latter,  however, i s  bound to be 
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considerably lower than the actual maximum temperature, but provided a convenient starting 

point. Using the band-model expression given by equation (31) in the main text, values of T* 

were calculated throughout the band and plotted against absorptance. The assumed temperature 

profile was then adjusted and the calculation repeated until an optimum fit with the observed 
data was obtained. In this example, a one-parameter fit was chosen for purposes of illustration; 

with the minimum temperature taken to  be known, the three profiles could be specified by three 

maximum temperatures. These profiles, shown in figure D3, provided the three curves of cal- 

culated T* vs. Q shown in figure C1. (The actual graphical fitting was done on larger scale plots 

in which the band-model calculations also showed nonuniform variations in the 0.9 < Q < 1.0 

region; for purposes of this illustration only the mean curves a r e  shown.) Clearly, the inter- 

mediate curve represents the best f i t  in figure C1; this profile also showed the best agreement 

with the observed temperatures, as shown in figure C2. For the purposes of this study, such 

fits were made by inspection; obviously, future analyses programmed for routine applications 

should include an appropriate mathematical fitting procedure. 

For the fits involving adjustments of two or more parameters, many more calculations 

were required, but the basic approach was the same. The example above illustrated the de- 

duction of a temperature profile in a sample of C02. For the case of water vapor, the very 

same procedure was used. There was, however, an appreciable difference in the appearance 

of the T* vs. Q plots, namely, a great deal more scatter in the data. This was attributed to the 

fact that the H 0 line overlapping was not as  great as for C02. Hence the spectra showed 

much more rotational line detail; this structure appeared also in the T* vs. v plots (cf. figure 

7c), as the consequence of an imperfect register of the L v  vs. v and Q(V) vs. v data in the calcu- 

lation of L*y = L@(v) and hence T*. This scatter, however, did not introduce any particular 

difficulty in the judgment of the best fit. 

2 

For the case of the isolated line spectra of HF ,  an exactly analogous procedure was used. 

In this case, apparent temperatures were calculated using equation 30 and plotted against the 

generalized rotational quantum number. Again the assumed profiles were adjusted until a best 

fit was determined by inspection. 
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Appendix E 
SYMBOLS 

average line spacing 

= ( y / y  )' or ( P / P  )', function characterizing variation of line half-width with tem- e e 
perature and pressure 

= f (x), Ladenburg-Reiche function for line growth 

slit function of spectrometer 

spectral absorption coefficient (cm-l-atm-') 

spectral radiance (W/cm2-sr-cm-l) 

ratio of L v  to a(v)  (Planck function of T*) 

generalized rotational quantum number (-J for P-branch, J + 1 for R-branch 

transitions) 

pressure (atm) 

line strength (cm-'-atrn-l) 

temperature (OK) 

apparent temperature (OK) [inverse Planck function of Lv/a( u)] 

equivalent width of spectral line (cm-l) 

optical depth (cm-atm) 

dimensionless optical depth 

spectral absorptance 

= 27rT/d, line overlap factor 

half-width of Lorentz spectral line (cm-l) 

spectral interval (cm-l) 

spectral emissivity 
-1 frequency (cm ) 

reflectance 

spectral transmittance 

integrated line radiance (W/cm 2 -sr) 

Subscripts 

e 
L 
0 reference value 

P 
0 line center 

effective value (mass-weight average along line of sight) 

value appropriate for entire path along line of sight 

value for probability line strength distribution 

Superscripts 
1 variable of integration 

average over spectral interval 6 v  - 

* reference to Planck function 

77 empirically determined parameter, 0 < 77 < 1 
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