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Parametric Mode-Mode Coupling Between Drift Waves in Plasmas

Francis liai and Alfred Y. Wong

Department of Physics, University of California, Los Angeles, California

ABSTRACT

The nonlinear phenomenon of parametric GXCgtation of stable resonant
Adrift modes through mode-mode coupling is examined in the potassium plasma
of a Q device. The scheme investigated extensively ‘is the degenerate case
of three-mode parametric coupling in which the stable resonant mode (m=1)
at is excited by the externally driven pump mode (m=2) at wy = Zwl .
The usuallfrequency and wave number matching conditions are satisfied,
The additional, new aspects examined are the enhancement of thermal
fluctuations, the threshold for excitation, and the power balance between
the coupled modes and the external source. The main results obtained are
the measurement of the coupling coefficient and the determination of the
functional behavior of the modes. General agreement between the
experimental results and theory derived from the expansion of the
governing fluid equations to second order is attained. To describe the
steady state amplitudes observed experimentally, nonlinear saturation
phenomena are included. Nondegenerate and higher order coupling schemes
are bfiefly considered. Parametric coupling as a mechanism limiting the
amplitude of an unstable mode and leading to a turbulent plasma is

presented and discussed.

* This research was supported by the National Aeronautics and Space
Adninistration Grant No. NGRO5-007-066 and is part of a dissertation
submitted by F. Hai in partial fulfillment of the requirements for the

degree of Doctor of Philosophy in Physics at .the University of California,

Los Angeles.
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I. INTRODUCTION

Waves.in the nonlinear regime can couple in a number of ways among
which the most efficient is the regenerative coupling involving resonant
modes. A ful}y-ionized plasma is a particularly attractive medium for
the investigation of such a coupling process'because only two components
are involved--ions and electrons; the accessibility to internal probing
makes it possible to measure thermal fluctuations and local parameters,
permitting a quantitative functional identification of the parametric
coupling process. Recent interest stems not only from the need for a
basic understanding of this process but also from its possible role in
limiting the amplitude of an unstable mode as well as establishing a
turbulent plasma. |

Parametric coupling as examined in this paper involves the inter-
action be;geen a "pump'" drift mode of finite amplitude at frequency 9
and fluctuating drift modes at frequencies W and 'wz present in the
thermal noise spectrum. This nonlinear interaction under the optimum

frequency matching condition w, = w, + w, enhances the fluctuations

0 1 2

about wl and w The enhanced fluctuations in turn interact with

2"
the pump, and this regenerative process continﬁes, eventually yielding
coherent, steady state, and finite amplitude drift modes at these two
frequencies. Two main results emerge from our experimental and theoreti-

~cal investigation--a quantitative description of the parametric process
stafting from the thermal fluctuating level and a measurement for the

first time of the parametric mode-mode coupling coefficient in plasma.

Numerous experimental studies of parametric interaction in plasmas




involving electron plasma and ion acoustic waves, lower hybrid oscilla-
tions and the upper hybrid resonance, and others have been reported.(l)
Although most of these studies satisfied the necessary condition for
parametric coupling, that of frequency matching, i.e., W = w& * W,
(however not a sufficient one because a simple beéting process also
satisfies this condition), and measured a definite threshold for excita-
tion, positive identification of parametric coupling has not been
possible because the measured threshold values do not agree with those
predicted theoretically. In this paper we report additional, new
aspects, besides the threshold value, which serve to identify the para-
metric mode-mode coupling procéSs. Among these are (1) the enhancement
of thermal fluctuations about the parametricallylexcited mode, (2) the
variation of the threshold with the frequency of the pump, (3) the phase
between the pump and fhe excited mode which togéther with the threshold
determines completely the coubling coefficient, (4) the conservation of
pover in the parametrié process, and (5) the steady state behavior of
both £ﬁe pump and the excited mode above threshold. Agreement between
the experimental results and theory is attained for many of these
aspects.

- The parametric process described extensively in this paper is
examined in a stable plasma in which the pump mode is externally excited.
However, we have also observed in an unstable plasma in the absence of
external excitation what appears to be parametric coupling to a lower
mode by an unstable mode. This process which limits the amplitude of
the unstable mode exhibits many of the characteristics of the stable

regime such as frequency matching, enhancement from fluctuations, and




phase variation between the pump and the excited mode. By successive

‘mode coupling, a single unstable mode can evolve inte a multi-mode or a

turbulent spectrum.

Recent theoretical interest in parametric coupling was initiated
by Silin(z) and by DuBois and Goldman.(s) Using the fluid equations
for a COlé plasma, Silin demonstfatcd the possibility of exciting
electron plasma waves by an external oscillating electric field. DuBois

(3)

and Goldman, and subsequently others, considered coupling between the
electron plasma mode and the highly damped ion acoustic mode by either
ah éxterhal transverse electromagnetic wave or a longitudinal wave. A
particularly important aspect of the work by DuBois and Goldman is their
treatment of the thermal noise spectrum in the parametric process, a
method we have followed in our explanation of the enhancement of the
drift wave fluctuation spectrum. Parametric eicitation involving trans-
’versc electromagnetic waves, ion plasma cscillations, and other types
of"plasma waves have been investigated theoretically.(4) Since the
report of experimental observation of parametric coﬁpling between drift
waves,(s) dgtailed theory describing this latter procesg has been given

() (7

by Weyl and Goldman and Stix.
- All previous experimental studies of parametric‘intéraction‘in
plasma hévé been conducted in discharge type plasmas. The experiment
described here involving density gradient driven drift waves is per-
formed in the highly iohized plasma of a Q device.(s) The drift wave

is an electrostatic mode occurring in a plasma possessing inhomogeneity

in density. This instability is observed as a low-frequency density

and potential perturbation propagating in the region of maximum density




gradient of the plasma in a magnetic field. In the cylindrical plasma
of a Q device drift waves arec essentially ion acoustic waves propagating
azimuthally, élmost perpenaicular to the axial magnetic field

(k¢ >> kz) . The periodicity of the wave in the azimuthal direction
gives rise to resonant modes with integral relationship k¢ = m/rd
where m is the integral azimuthal mode number’and T, is the radius
at which the que is observed. The regenerative nature of parametric
coupling between these modes is depicted in Fig. 1. An external signal
excites a drift mode at frequency w, in a stable plasma. This pump
rode interacts with fluctuating drift modes at frequencies Wy and w,
in the thermal spectrum. When the frequency matching condition is
satisfied, w, = W

0 1

and enhances their fluctuating spectrum through feedback action occur-

o, , the pump mode couples the two thermal modes

ring at , - o and W, = w, . The coupling scheme most easily
observed experimentally and investigated in this paper is that in which
the m =1 drift mode at Wy is parametrically excited by an external-
ly excited m = 2 mode at 0y This coupling scheme is also described
by the diagram in Fig. 1, being andegenerate case of three-mode coupling
in which W = W,y .
Drift waves are ideal for the study.of parametric mode-mode coup-
ling in plasmas because (1) the "pump" mechanism is aﬁother drift méde
whose amplitude and frequency may be contrblled;externally,(9)‘(2) the
damping associated with a drift mode may be varied arbitrarily close to
marginal stability by varying a parameter,of the system such as thé

magnetic field, (3) the damping of the excited mode which is related

to the threshold for parametric excitation may be experimentally




determined,(g) and (4) drift waves satisfy approximately the lincar
dispersion relation w =k Yy and therefore meet the matching condi-

tions for propagating waves in parametric coupling
= = K + K
Wy = W +w, k0 Yl kz

(for the degenerate case W k, =k, ). These attributes of

17 %0
drift waves have made.poésible the detailed study of the parametric
process.,

This paper restricts itself mainly to three-mode parametric coup-
ling of drift waves. For quantitative comparison, the theoretical

results are evaluated for the degenerate case for which extensive exper-

’ imental data are available. However, a brief experimental examination
of nondegenerate three-mode coupling and four-mode coupling is included.
The theory of parametric coupling presented follows. closely that given

) (10)

in an earlier paper and that reported by Weyl and Goldman.(6) Some

of the experimental results given here have been published earlier.(lo)
In Sec. I1, the theory describing parametric coupling between
drift waves is reviewed. Section III describes the experimental arrange-

ment used in this study. In Sec. IV, a comparison between the experi-

mental data and the theory developed in Sec., II is given and discussed.

Section V contains the conclusions.




II. THEORY

The theor& of péramétric mode-mode coupling of drift waves is
reviewed in this section. First, the basic theory from a fluid descrip-
tion of the plasma is briefly outlined in Sec. IIA. A nonlinear
dispersion relation describing the excited mode is obtained. To extract
useful analytical expressions for comparison with experimentally
measured quantities, a resonance approximation is assumed in Sec. IIB
for the linear dielectric function contained in the nonlinear dispersion
relation.

Following the development of the parametric process as observed
experimentally, we examine first the coupling of the pump and the
excited mode below threshold in Sec. IIC. In order to describe the
process in this reéime, thermal fluctuations are included in the theory.
The spectral power density, the peak power density, and the total
integrated power describing the regenerative enhancement of fluctuations
are derived with this consideration. In addition, the balance of power
between the coupled modes and the external source is examined. Some of

(10) and

the results given in this section have been reported earlier
obtained by Weyl and Goldman.(ﬁ) Extending the theory into the regime
at and above threshold, we have obtained additional results.

In the regime beyond the threshold, we simplify our consideration
of the mode coupling process in Sec., IID with the neglect of thermal
fluctuations, an apgroximation justified by the now enhanced amplitude

and coherent phase of the excited mode. This regime is deséribed by

the nonlinear dispersion relation derived in Sec. IIA. The solution of




this relation yields the frequency and the growth rate, the threshold,
and the coupling coefficient. In addition, the phase between the pump
and the excited mode is derived in this section.

Above the threshold and under steady state conditions, the ampli-
tude of the excited mode saturates at a finite value. This saturation
results from finite power input and changes in zero order conditions
occurring with finite amplitude drift modes. In Sec. IIE, we assume
that the mechanisms leading to the observed steady state amplitude of
the excited mode is the change in the density gradient and incoherent

(11)

wave-particle scattering associated with drift wave induced

diffusion.

A.  The Basic Theory

A description of the coupling process is derived from the monlinear
“Poisson's equation which determines the fluctuating plasma potentials
and which is developed with a fluid model of the plasma. The basic
equations governing density gradient drift waves are the electron and

ion equations of motion, the continuity equation, and Poisson's

equation:
e v X B 1 nze2 ;

0= - = E + = . ~! - — P - ——ny_ = 0 (1)

e \ e e

v X B

d 1 2 2 e ~ o~ 1
TV - TP Y VoYt E;' E+—¢ - nm, vp (2)
on _ '
-:c--l-V' (nv) + on =0 (3)
Y . § = 47 e(ni-ne) . 4)




The notation used is the usuval one and is defined below. For mathemati-
cal simplicity the fluid model assumed is solved in rectangular coordi-
nates.(lz) The following are assumed for the model described by the
equations above: (a) the plasma is in a uniform magnectic field § in
the Z direction; (b) the variation of the zero order density is exponen-
tial in the X direction, - %-%%~= K = constant, as observed over the
region where the wave exists; (c) the waves are electrostatic, E = -Y¢ ,
with ky >> kz,;}(d) elecﬁron inertia is neglectéd; (e) the basic
mechanisms governing the drift instability-- ion iﬁertia, finite Larmor
radius pi (0 < kypi << 1)1, and electron resistivity n, along B
--are included; (f) ion viscosity in the form %-piz Vis Vz vy is
assumed(ls); (g) ion motion along B is neglected since
Ve >> w/kz >> Vi where Ve and Vi are the thermal vélocities of the
electrons and the ions, respectiveiy, and w/kZ is the phase velocity
" of the wave along § ; (h) the wave frequency is much less than the ion
cyélotron frequency, w << Wi 3 (i) the quantity ‘0 is included to
account for phenomenological losses, e.g., losses at the boundary, the
end plates of the Q device; and (j) varying quantities have the function-
al form exp[i(kyy + kzz - wt)] and are independent of x .

Expansion of Eqs. (1) through (3) to sécond order in the excited
field e¢/KT , where K is Boltzmann's constant and T 1is the tempera-

ture of both the electrons and the ions, shous that the coupling of the

drift modes arises from electron mobility parallel to B ,

Lo 2 . .1 ‘ 1 2 2

(nze /mé) nv, the ion mobility transverse to B, TP Vi v Vo
and the pressure of the particles, (l/men) YP , (1/min) vp

(P = nKT) .(14) This mode-mode coupling process alters the linear




stability conditicns(ls) for drift modes and could cause a mode to go
unstable. This new stability condition which includes the parametric
coupling is described by the nonlinear dispersion relation derived below.

Poisson's equation including mode-mode coupling takes the following
form(6’10)

L . , | . N '
Lk, x 8. (k,-k o M
€ (~1-~0 :wl'wo) 1 (~1"~0 ,wl"(ﬂo) b 0 M (:')1 (15'1 ,0)1) = 0 (6)

where sL(El,wl) is the linear dielectric function for the excited
‘mode, @O = e¢0/KT the dimensionless amplitude Qf the pump wave
potential, @1 = e¢1/KT the excited wave potential, and M, a
dimensionless matrix element, represents the coupling between the pump
mode and the excited mode. The effects of parametric coupling appearing
,explicitly in our discussion of enhancement of fluctuations and
threshold for excitation are embodied in the nonlinear dielectric func-
tion eNL(El,wl,QO) which is obtained by eliminating @1(51~§0,w1-w0)

from Eqs. (5) and (6), yielding

NL . _
€ (k507,200 (kyhwy) = 0

N =0 . 7N
e (ky-Kgowy-ug)

Equation (7), the nonlinear dispersion relation, is quite general and
is descriptive of any case of electrostatic three-mode coupling. We now

proceed to find an explicit expression of ENL

for drift waves.




B. The Resonance Approximations

; The linear dispersion relation describing the excited mode in the
" absence of coupling (M =0 of @b = 0) is
ek, ,0) = 0 (8)
~1’71 '

Equation (8) derived from the linear expansion of Eqs. (1) through (4)

. . . . 3 . .
is a quadratic equation 1n .(1 ) For the conditions occurring

experimentally, the drift mode of interest given by the solution of

Eq. (8) for w =@« il 55 (18)
Q= kva {1-cyl o)
e Fg(z ") (10)
;‘ . where . (kyVD)z (kypi)z |

g kv iy,
Z e el

Vp is the electron diamagnetic drift velocity defined by

2 .
14 = 7 - -4 . -
| ‘D (\i /wci) K 3 CQ and CF are the correction factors for the
frequency and the damping, respectively. Both are primarily dependent
on the effects of finite Larmor radius (k.ypi)2 , ion diffusion trans-

o . . . . 1. 4
verse to B resulting from ion-ion collisions Vi oo [Z{Lypi) vii] ,

and electron diffusion along B associated with electron-ion collisions
v.., (k 2V 2/v .} . T is the usual growth factor computed from the
ei z e’ ’ei g ‘
linear theory of density gradient drift waves.

Equations (8) and (10) describe a drift mode propagating in the

electron diamagnetic drift direction with velocity somewhat less than

VD . Application of Eq. (9) tb the cylindrical plasma of the Q device

)

»




(ky = m/ro) reveals discrete drift modes which are integrally related
if the correction factor ° CQ is negligible. Under this condition the
frequency and wave number matéhing required for parametric coupling is

-iot
» Eq. (10)

easily satisfied. For the temporal variation assumed, e
states that the mode is stable (I' < 0) for sufficiently large values
of Larmor radius Py » ion-ion collisions Vii o and/or end-plate losses
0 . This is the regime in which most of the experiments described in
this paper are performed.

The complexity of this linear dielectric function eL(El,wl)
makes the nonlinear dispersion relation, Eq. (7), particularly difficult
to solve. However, because parametric coupling observed experimentally
is mainly between resonant modes, SL(El’wl) ‘may be replaced by its
resonance approxima%ion which simplifies considerably the analysis and
understanding of the nonlinear dielectric function. With the assumption

that each mode of interest is near a zero of the linear dispersion

relation, expansion of EL about this zero yields

[, - (2 + iD)] [&l - @+ in]?
+ 0

L
€ (k,,w) = (11)
where
L
-1 ot (kl,ml)
§ " =Q 5 o
9 w =Q¥il
and
L . |
€ (kl’ Q+1il') = 0 T e

Evaluation of Eq. (11) gives




Pribinsad fme - %

Poaw .

ek, ,0,) = -2 - ap

=1’V 7

k Q
1
. 2 .

L kD (wl—wo) - (2 + i)
e (k) Kooy -wy) = (13)

T (x -~k Q

1 0 :

where § and T are defined by Eqs. (9) and (10), respectively. We
L _ L, * o _ _
observe that ¢ (El-BO’wl-wO) = € (bl,wl) foi EO -_251 and Wy = 2w1,
the case of experimental concern.
The nonlinear dispersion relation is simplified further by the

fact that the coupling factor M 1is not a sensitive function of fre-

quency and can be approximated by its value at the resonance £ .,

M ({obtained with the derivation of Eq. (5)] is(6)

( h

2 32
: k (k. V.)(k p.)
R CLICW R LISy a0 2 eh B (14)
k : k "V “/v . .
1 ) z e el
\ : /

The terms in M 1involving Vi have been omitted, being negligibly
small for the regime investigated experimentally.
Substitution of Eqs. (12), (13), and (14) into the nonlinear dis-

persion relation in Eq. (7) gives

(0 -2-1T) (-0 #2-iT) @Oz(klz/sz)z 22 |u]%2 = o (15)

- where Q(kl-ko) = —Q(kl) as implied by Eq. (9) has been used. The

solution of Eq. (15) for W, = Wy + iy is

op = 9p/2 o (16)

R




K 22 w
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where Wo is half the pump frequency as expected and Y 1s the growth
rate of the parametrically excited mode; I' is the linear damping rate
of the mode in the absence of parametric coupling. Equation (17) shows
that the threshold for parametric excitation (Y = 0) is dependent not
only on the pump amplitude but also on the pump frequency. For a stable
plasma (I < 0), the minimum threshold occurs when the frequéncy of the
pump W, is twice the resonant frequency of the excited mode & and

is given by

by = - T . T (18)

With this derivation of the minimum threshold, we are now ready to
examine parametric excitation starting from the thermal fluctuating

level.

C. The Fluctuation Spectrum

In this experiment where parametric excitation occurs with the

“introduction of only one‘ coherent signal, the pump, the process must be

initiated by the coupling of this pump with thermal fluctuations. These
fluctuations are included as additional source terms in the Poisson's

equations (5) and (6):

L = 1, ' _ _ 4mue )
€ (E,w) QI(E,w) + @0 M QI(E'EO’M wo) = ————-pf1(k,m) (19)

KT k°

~




o, (k
b q)l (~,U)) =

L., . L )
&7 (k-kq,w-wg) &) (k-kq.uw-wp) + 9

4ne '
= e 0 (k-k, ,0-00) (20)

where (k,w) is the thermal fluctuating charge density and is

Pe1'd
related to eL(k,w) -through the fluctuation-dissipation theorem. For
" a stable system in a nonequilibrium steady state (e.g., a plasma with a

density gradient), with mode coupling ignored, a formal extension of

this theorenm gives(lé)
2 2 . L
<|pp (k,w)| 5> k° KT f(k,w) Im e (k,w)
lim £l - = = = (21)
V1 27w

e s

V, T

where V is the volume of the system, T is time, and f(E,w) is a
form factor arising from the condition of nonequilibrium. For a
*system in equilibrium, f = 1. With Eqs. (19), (20), and (21), expres-
sions for several quantities measured experimentally in this regime

below threshold may be derived.

(1) The spectral power density.

The quantity of interest in the measurement of fluctuations is the
spectral power density S(E,w) which describes a distribution in both
frequency and wave'nﬁmber. The wave numbers are restricted to nearly
diécrete values (k = m/ro) ’because of the cylindrical geometry of the
plasma and are spatially analyzed by the method involving several probes
diéplaced azimuthally as described in Sec. III. The spectral power

density S(w) obtained by integration over k in the neighborhood of




a discrecte wave nunbery k becomes

1
) 3 AZ"‘1
. S(w) = J &k S(k,w) = —% S(k,,uw)
1T . k - (2w)
1
A3k1 <|®(§1,m)1 >
= lim .
V, 13 (Zﬂ) VTt

To evaluate S(w) an expression for &(k,w) is obtained from Eqs. (19)

and (20).

L
PN C (kl—gg,w-wo) p(kl,w) - M 9y plk;-

KT k € (k1 ko,w wo) e (k

0)

With the definitions above, the spectral power density associated with

the excited mode is obtained:

A% g @ T2 . (2, /@M ))
[+ T2(1 + (8/80) 1 1(w-7 +T%(1-(8,/2,)) ]
\ (22)

We note that f(kl,w) , the form factor, may cause an asymmetry in the

observed frequency spectrum S(w) . ¢M is the minimum threshold pump

amplitude defined explicitly in Eq. (18). S(w) given above describes
the enhanced spectrum near the resonant frequency § . The spectrunm
narrows and increases in amplitudé as the pump amplitude ®O approaches

the threshold @M » a consequence of the feedback process described in

| Fig. 1.




(ii) The peak power density.

<

The enhanced spectrum peaks at the resonant frequency § and can
be expressed in a particularly simple form. This peak amplitude is
easily obtained from Eq. (22) and related to the value without mode

coupling (M = 0):

2 2
[+ (2,°/2,0))

S() =S (23)

M=0 2 2,.2
where
3
< _ A k1 2 £
M=0 (2103 n T

The peak power rises rapidly as the pump amplitude approaches the

v | threshold @M .

(iii) The_total, integrated power.

The total power associated with the enhanced spectrum around @

obtained from Eq. (22) is.

2 2
1+ (2,°/%,7)1]
I%%S(w) = e | Z7 o (@) (24
where
3
St Ay 2 1
M=0 (2w)3 n (w—Q)z R F2

Comparisonub% Eqs. (23) and (24) shows that the normalized peak power
density rises more rapidly than the normalized integrated power spectrum.

As a consequence of our perturbative procedure the expressions derived

above are valid only for ¢0 < @M . Near @M higher order effects




must be considered.
. - A more general criterion for parametric enhancement which must be
; ) satisfied in both the linear and nonlinear regime is the conservation
| of power. In fact, the enhanced fluctuation spectrum cannot be arbi-
trarily large precisely because of the limited power available. A
computation of the power dissipated by the coupled modes with second

order terms can be obtained.

(iv) The balance of power.

The total power per unit volume expended by the external driving

source 15(6)
p o
e EX _ 1 .
VT VI dr. <J-E>
2 2 2 . «n)? [ dw
=2k " T o+ 2k T X [‘2‘7? [S(W - Sy (@] . (25)

-

The first term on the right hand side represents the dissipation of the
pump mode while the second term represents that of the fluctuation
spectrum enhanced over and above the thermal fluctuations. A diagram

schematically répresenting Eq. (25) is given in Fig. 2. The power dis-

v‘ §; . sipated in the plasma by each mode is proportional to its damping

| factor I' . Initially, the input power is totally dissipated by the
pump mode. However, as the fluctuation spectrum around the excited
mode frequency is enhanced, the pump amplitude must decrease in order
to conserve energy. As the amplitudes of the modes increase iﬁto the
nonlinear regime, appropriate nonlinear damping rates T  and PO

‘must be used. These rates have been calculated in a separate paper
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where single nonlinear modes are con51dcrcd.( ) A check of the power
balance is a necessary procedure in order to ensure that energy is not

channeled into modes other than those considered.

D. The Threshold and the Coupling Coefficient

The description of the parametric process derived in the preceding
section is valid only below threshold, @0 < @M . However, as @O
approaches @M the amplitude of the excited mode greatly exceeds the
thermal fluctuating level and the phase becomes coherent with respect
to that of the pump. In this regime near threshold, the thermal fluctu-
ating charge densities in Eqs. (19) and (20) may be neglected. The
coupling is now described by the solution of the nonlinear dispersion

relation given by Egqs. (16) and (17). Several important aspects of

parametric coupling are given by this solution.

-

(1) The frequency and growth rate of the excited mode.

Equation (16) states that the exéited mode frequency is exactly
half the pump frequency, wp = w0/2 . Equation (17) describes the
stability of the excited mode. This mode was assumed to be normally
damped, Y < 0 . However, this mode becomes excited and grows if
either @0 the pump amplitude or M the coupling factor is sufficient-
ly large as to overcome the linear damping T . As expected intuitively,

the growth rate is a maximum when the frequency of the excited mode

(w0/2) coincides with a natural resonance of the system (R} .

(ii) The threshold.

With the pump applied at a frequency Wy > the parametric_threshold




is defined as the minimum amplitude of the pump at which the excited
mode becomes marginally stable (y = 0). From‘Eq. (17) this occurs at

1/2
ré . [(wO/Z)-Q]2

¢. = . (26).

C (klz/k[)z)z QZ IMIZ

This expressicn indicates that the threshold for excitation @C

increases as the excited mode frequency shifts from resonance (achieved
experimentally by varying the pump frequency Wy ). Conversely, the
frequency zone of excitation Wy - 2 (see Fig. 3) increases as @C is

increased above the minimum value given by Eq. (18). This latter

variation is described by

2)2 g2 112 . 12 J1/2

(wg-2) = | @Cz(kiz/kn 32 @ (27)

(iii) The mode-mode coupling coefficient.

The mode coupling coefficient relates the normalized damping rate
of the excited mode (I'/R?) to the pump mode amplitude necessary for
coupling. A knowledge of such coefficients between various modes in
the plasma may indicate how a multi-mode spectrum can develop. The
coupling coefficient is in general complex, M = M.+ i Mi , and requires
two separate experimental measurements for its complete determination.
IM| the absolute magnitude is measured from the variation of the
minimum threshold @M with the damped state of the.excited mode T/9 ;
Mi/Mr the "argument' is dete?mined by observing the phase a between

the pump mode and the excited mode.

First, the magnitude of the coupling coefficient is obtained from




Eq. (18),

ky r/Q
— Ml = - 5= . (28)
kp M

I/ , the ratio of the damping to the resonance frequency, and @M ,
the minimum threshold amplitude, may be measured experimentally. Therc-
fore, the magnitude of the coupling coefficient determined by the
equation above may be compared to that evaluated for the parameters of
the system by Eq. (14).

Secondly, the "argument'" of the coupling coefficient is determined
from the phase between the excited mode and the pump which may be
(5).(18)

Assuming ¢, is real and @, = |®1| et?

in this equation, we solve for the phase angle o between the two

derived from Eq.

modes, obtaining

. L oy | GL/MO(wy/2) - @) + T

o = '2— tan - -
M) T - (/) - 9]

(29)

The variation of @ with the frequency of the pump w, is determined

0
by Mi/Mr for experimentally measurable values of T ap.d . A
typical variation of o for Mi/Mr computed from Eq. (14) for experi-
mental parameters is given in Fig. 14. Thus a unique verification of
the theoretical coupling coefficient M is possible with two complcmen-
tary measurements. |

¢o in the expressions above is the amplitude of the pump mode

externally excited in the stable plasma of the Q device. The temporal

response of this plasma to external excitation of drift waves is quite

similar to that associated with a harmonic oscillator subjected to an




external driver ii both linear and nonlinear sspects.(17) Analogous to
that of an oscillator, the steady state amplitwle of a driven drifi mods
is dependent not only on the amplitude gf the externaivdri§er but 2lso
on the frequency of excitation and on the damped state of the plasnma.
The steady state amplitude peaks approximately at the resonant frequency
given by Eq. (9) and is inversely proportional to the damped state
described by LEq. (10) for a given external excitation amplitude.

With this resonance variation of the externally excited pump mode,
a comprehensive sumary of the aspects of parametric coupling described
above 1s schematically reprosentea in Fig. 3. The lower abscissa gives
the frequency of the pump mode; the upper abscissa gives that of the
excited mode in accordance with Eq. (16). The ordinate specifies the
amplitude of the pump @, . The inverse resonance curve bordering the
shaded area representing Eq. (26) is the curve for the threshold as a
-function of wd/Z - @, the deviation from the optimum frequency. The
vertical position of this curve depends on the demping of the excited
mode T . Parametric excitation occurs with the intersection of the
two curves (the enhancement of thermal fluctuations being ignored).
Excitation cannot occur if the pump amplitude is too small or the damp-
ing of the excited mode is too high. As the pump amplitude is increascd,
coupling first occurs when the two curves intersect at one point (@M,Q}
corresponding to the minimum threshold. As the pump amplitude is
increascd further, the two curves intersect at two points and the zone
of excitaticn correspondingly increases. Parametric action is most
intense near the center of the zone.

In the absence of dispersive corrections [C

1

in Ea. (9)}&§he

£




resonance of the pump mode is exactly twice that of the excited mode
(a). With dispersion the two modes are displaced. Howéver, parametric
excitation can still occur if the two curves overiap (b). For highly
dispersive modes, excitation is not possible (c).

Aﬂove the minimum threshold parametric excitation is possible over
a range of frequencies, Eq. (27). As the pump frequency is swept
through this range, the phase between the two modes changes. As the
pump frequency is increased, the excited mode initially leads and then
lags behind the pump as described by Eq. (29) for experimental values

of the parameters.

E. Saturation of the Excited Mode

In our steady state experiments, modes of finite amplitude are
observed. Although growth rates resulting from the application of the
pump have been calculated, we must in the final analysis include the
amplitude limiting ﬁechanisms which produce the observed steady state
behavior. These mechanisms may be described in terms of a nonlinear

damping factor FNL which is related to the linear damping by

™o ora e R@lz) . (30)

&, is the amplitude of the excited mode. R 1is a proportionality fac-

1
tor discussed below. For simplicity, we have neglected the effect of
the pump amplitude. We observe that this nonlinear damping of a stable
mode FNL is dependent on mode amplitude, damping increasing as the
amplitude increases. This variation has been observed experimentally

(17)

for externally driven stable drift modes.




Physically, this variation of the damping rate with mode amplitude
(i + R@lz) arises from several mechanisms. One possible mechanism is
Fo the depression of the density gradient proddced by drift wave indﬁced
diffusion.(s) This change is described by the decrease in « which

U7 e, e - ae(e %),

varies as the square of the wave amplitude,
Examination of Eq. (10) written in the form below shows that this

decrease in K vresults in an increase of the damping rate for a stable

: plasma,

i 2 NL,2 2

- k (V. /w J)x 7]" (k. p.) . ‘

3 NL [ y i ci y i " 2 NL, .NL 3
. ' = 30 - dNL [2 - IO(kypi) - 8(di /de )] =
€ \
' -2 gk

i

Another ﬁechanism whichtcan lead to nonlinear damping is wave-
particle scattering suggested by Dupree.(ll) From a kinetic analysis,
*Dupree finds that the basic effects o% incoherent wave-particle scatter-
ing is the increase of the particle diffusion described in Sec.‘IIB.
Specifically, electron diffusion is increased above that along B i
associated with electron-ion collisions, dzL = (kzzvez/vei) + dew(®12),

and ion diffusion transverse to B is increased beyond that resulting

. . . - NL
from ion-ion collisions, di

=1 %-(kypi)4 vi;1 diw(@lz) . Both
additionél diffusion fluxes vary as the square of the wave amplitude.
These changes resulting from the increase in wave amplitude lead again
to an increase of the damping rate, as observed in the equation above.
With the assumption that the nonlinear modifications from the two

mechanisms described are small compared to the original linear terms,

the nonlinear damping rate above takes the form given in Eq. (30).




R in this equation has been computed and found to be dependent primarily

on the change in K .(17)‘
. \S T

The relation of the nonlinear damping TKL to the steady state

. amplitude of the excited mode is observed by the substitution of Eq.

(30) into Eq. (17), yielding

WEara s re®y + el - [wy/2) - 017

which describes the nonlinear growth rate for the excited mode above
threshold. Saturation in amplitude of this mode is related to the

vanishing of YNL . For saturation at resonance (mO/Z = ) we find

2 a
le = (I/R) {(®0/@M) - 1} (31)
which shows that, above the minimum threshold @M s @is varies
linearly with the pump amplitude @0 . R of Eq. (30) is obtained

.from the reciprocal of the slope of this curve for an approximated

value of ®M as shown in Sec. IVD,




ITI. EXPERIMENTAL ARRANGEMENT

The experiment was conducted in a highly ionized potassium plasma
of a Q device,(g) Fig. 4. The plasma approximately 5.8 cm in diameter
is generated by surface ionization of atomic beams on tungsten plates
heated to above 2200°K by electron bombardment and by thermal emission
of electrons from these plates. The atomic beam at each end of a 70 cnm
long column is collimated so that the density gradient maximum occurs
inside the plasma, separating it from the t=mperature and potential
gradient maxima occurring at the edge of the cylindrical plasma which
coincides with the edges of the plates. Our investigation of parametric
coupling is concerned mainly ﬁith drift waves occurring at the density
gradient maximum although similar parametric processes also take place
for waves occurring at the edge of the plasma.

The plasma and the plasma source are housed in an evacuated stain-
less steel cylinder 6 in. in diameter. The system is maintained at
10'6 Torr during operations. The plasma is collimated by a uniform
axial magnetic field (0 to 4.5 kG) produced by a water-cooled solenoid.
Probes measuring various plasma parameters are inserted through any of
12 ports along the cylindrical shell. Axial variations are measured by
probes entering through the end flange on which the plésma source 1is
mo;nted. Radial density and potential measurements are facilitated by
the use.of mechanized probes coupled to a X-Y recorder.

Density gradient drift waves are detected by shielded Langmuir

- probes, biased negatively to measure density fluctuations or floated to

measure potential fluctuations, as shown in Fig. 5. Fluctuations are




»

identified as density gradient driven drift waves by the following
criteria: (1) The oscillations are detected at the density gradient
maximum inside the plasma rather than at the edge where the potential
and temperature gradients achieve their maxima. (2) The direction of
propagation of the waves is in the electron diamagnetic direction. In
addition to the direction of propagation, the mode numbers of the waves
are determined by noting the phase relation between signals received by
3 probes displaced azimuthally by 90 degrees from one another. For an
externally driven mode, a signal with the gated waveform shown in Fig.
6 may be used for positive determination of the direction and mode of
azimuthal propagation. (3) Drift waves are low frequency waves, 1 to
10 kHz, for the Q device described. The wéﬁggjéﬁow the proper frequency

(15 e

and damping variations with magnetic field and density. waves

exhibit a mode structure described by the linear dispersion
relation.(ls)’(ls)

Drift waves in a stable plasma are excited by modulating the poten-
tial of a tungsten grid,(g) 1 cm square with mesh 50 lines/in. The grid,

mounted on a radial probe and placed at the density gradient maximum,

has its plane parallel to the axis of the plasma, Fig. 5. Drift waves

can be excited with either a floating grid or a grid biased at or below

the plasma potential. However, to minimize the extraneous efforts of

d-c currents, the excitation signal is usually capacitatively coupled

to the plasma.

To excite a specific mode and to couple most effectively to the
plasma, the external oscillator is tuned to the peak resonance of the

mode. At resonance, the amplitude of the excited wave increases as the




amplitude of the driving signal is increased until saturation occurs.

Temporal damping associated with a particular drift modé in a
stable plasma may be directly measured because of the periodicity of
the~mode in the azimuthal direction. An external signal at the resonant
frequency is applied to the excitation grid through a gated tone burst
generator, Fig. 5. The latter device modulates the signal in the manner
shown in the top tface of Fig. 6. 'The behavior of the drift wave
excited in the plasma as detected by a Langmuir probe is shown in the
lower trace. The wave observed grows, reaches steady state, and then
decays. Measurement of the decaying portion of the wave gives the
damping rate of the mode being excited.

Drift wave characteristics (e.g., frequency and damping) are
dependent on the parameters of the system such as density, density
gradient, potential, magnetic field, and plasma temperatﬁre. The densi-

.ty, the density gradient and the plasma potential are determined easily
with shielded Langmuir probes. The magnetic field is measured with a
gaussmeter (Bell-Model 240) capable of better than 3% accuracy. The
temperature of the ionizing plates which is assumed for that of the
electrons and the ions is measured with an optical pyrometer (Pyro-No.
95). Drift wave frequencies, spectra, and amplitudes are accurately
detérmined'by either a spectrum analyzer (Singer-metrics-Model SPA3) or
a wave analyzer (Genefal Radio-Type 1900A). The temporal and phase
characteristics of drift waves are investigated easily with a dual beam

oscilloscope (Tektronix-Type 555).




IV. EXPERIMENTAL RESULTS

The experimental results given in this section describe principally
the degenerate case of three-mode paiametric coupling in which the two
excited modes are identical. To effect parametric excitation of a
stable drift mode near the m = 1 vresonant frequency { , a pump mode
is externally excited at the frequency Wy = 20 , corresponding to the
m= 2 mode., Various aspects of this process are examined in Secs. IVA-
IVD.

A brief examination of nondegenerate and higher mode coupling
schemes observed experimentally is given in Sec. IVE. Although these
more complex schemes may be observed with d?ﬂ§ity gradient driftfwaves,
they are more feadily observabie with temperature gradient drift waves
occurring near the edge of the cylindrical plasma. In Sec. IVF, obser-
vation of degenerate three-mode parametric coupling in the unstable

-

regime is presented and discussed.

A. Observation of Parametric Coupling

For degenerate three-mode parametric coupling of drift modes in a
stable plasma, four primary conditions must be met. First, the external
signal must couple effectively to the plasma so as to be able to drive
the pump mode to sufficiently large amplitudes. Therefore, the pump
mode is driven near the m = 2 resonance Wy = f :(m = 2) with the
damping associated with this mode being rélatively smali. Secondly, the
damping associated with the excited mode I' must also be small so as

to allow a small threshold amplitude @C » Eq. (26). Next, wave numbers
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must be conserved, ko = 2k1 (k = m/ro) , which is not a problem
because of m being an integer and T, being approximately the same
for both modes. Finally, frequencies must be matched, Q(m=2) = 2Q(m=1).
Parametric coupling is not possible with highly dispersive modes as
discussed in Sec. IID. Experimental data supporting these asserfions
are given and discussed below.

The radial positions of both the pump and the excited mode together
with the radial profiles of the density and the plasma potential are
given in Fig. 7. The density profile shows that at the localized radial
positions of the waves, the assumption - %-%%-= constant in Sec. IIA
is a valid approximation. The potential profile shows the presence of
a radial electric field which would contribute to the frequency
observed 'in the laboratory frame.

Parametric coupling occurs for a range of experimental conditions.
~The local density at the wave maximum (1.5 cm < T

0
9 em3 to 5 x 101% en”®. The normalized density gradient

< 2.0 cm) ranges
from 7 x 10
varies from .7 to 1.0. The radial electric field varies from .1 V/cm
to .25 V/cm. The range of the magnetic field is .6 kG to 1.0 kG. For
these ranges of experimental paraméters, the observed frequency of the
parametrically cxcited mode ranges from v 2 kHz to v 6'kHz. Under these
conditions, the approximations assumed in Sec. IIA, w/wci = .1 << 1,
kyﬁi = 2 << 1, are still valid..

Examination of Fig. 7 shows that the positions of the peaks of the
two coupled modes are close together (< 5 mm). The profiles show that |

the excited mode is more localized than the pump mode. The dispersal

of the pump mode is caused probably by the relatively large size of the
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exitation grid and the finite ektent'of the exciting field. The para-

metrically excited mode is concentrated radially because its amplitude,
like that of an unstable mode, depends primarily on the spatial distri-
bution of the growth parameters, e.g., the density gradient.

The direction of propagation and the mode number of the excited
mode and those of the pump mode are determined in the manner described
in Sec. ITI with the appropriate band-pass filtering. The pump mode at
freguencyA Wy is identified as 2 m = 2 mode propagating in the elec-
tron diamagnetic drift direction. The excited mode is identified as a
m = 1 mode propagating also in this direction, in agreement with theory.

The frequency of the excited mode is half that of the pump mode to
within 10 Hz (measured with the wave analyzer), in agreement with Eq.

(16) which predicts = w0/2 . This ratio of frequencies has occurred

“R
for all the cases of degenerate mode coupling investigated. The fre-
quency of the excited mode and that of the pump mode agree with the
frequency of the m = 1 resonance and that of the m = 2 resonance,
respectively, to within 10%. The frequency and damping of both resonant
drift modes have been measured and are in agreement with the predictions
of linear theory.(ls)
The spectrum of the pafametrically excited mode is easily observed
with either the spectruﬁ analyzer or the wave analyzer. However, for a
continuous measurement of the variation of the peak amplitudes of the
twvo coupled modes with the amplitude of the external excitation; the
wave analyzer and an oscilla?or are applied iﬁ the following manhero

The pump mode is excited by the oscillator whose output amplitude is

placed on the X axis of a recorder. The excited modes detected by a




Langmuir probe are fed into the wave analyzer locked, first, to the
pump frequency and then to the excited mode frequency. This input to
the analyzer is recorded on the Y axis. Thus, the wave amplitudes of
both modes as continuous functions of the external oscillator strength
are recorded. Finally, a calibration of voltage output vefsus power
delivered by the oscillator is obtained to examine the distribution of
power between the two coupled modes.

The steady state data obtained by this method reveal that as the
amplitude of the external signal at wy is increased, the amplitude of
the pump mode first emerges above the thermal noise level. Accompanying
this increase in amplitude of this mode is the enhancement of the
thermal fluctuation épectrum near w0/2 . Then as the pump mode rethes
the threshold for coupling, the excited mode at w0/2 increases rapidly
and becomes coherent. Above threshold, the amplitudes of both modes

~increase further and eventually saturate with increase of the external
signal,

Following the procedure used in Sec. II, for analysis we divide
this experimental process into three regimes--below threshold, at
threshold, and above threshold--which are individually examined in the

following sections.

B. Behavior of the Fluctuation Spectrum

To observe the enhancement of the fluctuation sPeCtrum’below
threshold, a description of the excited mode at wp = w0/2 is obtained
with the wave analyzer. Representative power spectra (power is assumed

to be proportional to @12

) derived from these analyzer data for the




excited mode are given in Fig. 8. The line shape observed for several
values of pump amplitude is compared with that predicted by Eq. (22)

for an equilibrium situation (f = 1) . The asymmetry observed in the
data may be due to the nonequilibrium condition (the deﬁsity gradient)

occurring experimentally. The values of T/w the ratio of damping

R ?
to freguency, and ¢O/®M , the ratio of pump awplitude to minimum
threshold amplitude, used in Eq. (22) are those measured experimentally
for this set of data. @M is determined by the method described in the
next section.

The variation of the normalized peak spectral density S(si) below
threshold as a function of the pump amplitude normalized to the threshold
is given in Fig. 9. The results showing the rise of the excited mode
with the pump are well described theoretically by Eq. (23) where
¢M‘= .04 is assumed for the experimental normalization factor. Near

. threshold where the spectrum of the excited mode can be measured
accurately, we have observed a similar, though less rapid, rise in the
integrated spectrum according to the description of Eq. (24).

The balance of power between the external source and the two
coupled modes is examined in Fig. 10. The self-consistent pump power
Py (proportional to @OZ ) and the peak fluctuating excited mode power
P1 A(proportional to @12‘) are plotted as functions of the power input
PEX in Fig. 10, We observe that PO departs from a linear variation

just as P1 begins to rise, a change predicted by Eq. (25). The sum

of the power dissipated by the fwo modes, taking into account the total

integrated power about w, (obtained from spectra such as those shown

R
in Fig. 8) and the relative damping of the two modes, T and Ty
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(measured directly), varies linearly with pEX in agreement with that
described by Eq. (25). This variation is represented by the I line in

Fig. 10.

€. Determination of the Threshold and the Coupling Coefficient

Theoretically, the threshold may be defined as the pump amplitude
at which the rate of increase of the peak power density is a maximum,
by Eq. (23) and Fig. 9. Correspondingly, the experimental threshold is
defined as the minimum value of the pump amplitude at which the
excited mode is observed to rise most rapidly. This threshold usually
corresponds to the instance at which the excited mode is first distinct-
ly and stecadily observed above the thermal noise as the pump amplitude
is increased. Therefore, this threshold is determined either visually
by a sequence of spectra cbtained with a 5pectrﬁm analyzer or with a
‘wave analyzer plot described in Sec. IVA,

Threshold for excitation is observed to vary with change in the
parameters of the system and to be related particularly to thé damping
of the excited mode. Tigure 11 gives experimental data relating the
minimum threshold and the damping; The threshold is measured in terms
of either the fluctuating potential or the fluctuating density
(@O = nllno) . The damping is determined by the method described in
Sec. III. The results show approximately a linear variation and agree
with Eq. (18) which states that the threshold must increase with
increase of the damping rate of the excited‘hode. The magnitude of the
coupling coefficient klz/kD2 [M| obtained from the inverse slope is

0.7 £ .2 . The theoretical value based on the experimental parameters




and calculated from Eq. (14) is ~v .25 . This agreement between the two
valﬁes is acceptable considering the approximations used in deriving
the theoretical value. The spread in the experimental data may be
related to the change in the coupling coefficient as T 1is varied.

The threshold as defined above and as observed experimentally is
consistent with that used to obtain the best fit of the enhancement of.
the fluctuation spectrum S(wl), the peak of the spectrum S(f2) , and
the integrated spectrum [ S(wl) dw1 .

Threshold at'minimum pump amplitude is possible af only one value
of frequency. However, if the pump amplitude is increased, parametric
excitation can occur over a band of frequencies in agreement with the
predictions of Eq. (27). The width of the band increases with increase
in pump amplitude. Experimental data showing this variation are given
in Fig. 12. The results follow closely thqse predicted by Eq. (27) for

~the experimentally observed parameters.

Below threshold, the phase of the excited mode relative to that of
fhe pump mode cannot be determined. Above threshold the waves become
coherent. A scope trace of the two waves occurring simultaneously above
threshold is shown in Fig, 13. Through Fourier analysis or direct
simulation, the relative phase between the two modes may be deduced.
Simulation of the waveform in Fig. 13 is easily achieved by superposi-
tion of a wave at wp and a wave at Wy = ZwR by means of a frequency
doubler circuit with a variable phase delay. Caiibration of the delay
yields the relative phase immediately. Decomposition of the waveform
in Fig. 13 as the sum.of I@OI cos (ZQRt) and I@ll'cos (wpt + @) ,

where l@ol' and |9® are the amplitudes, gives o =0 .

I




Above the minimum threshold, excitation ot'curs over a range of
frequencies. As the frequency of the pump is swept through this range,
the relative phase between the pump and the excited mode changes. A
typical phase variation observed experimentally is shown in Fig. 14.

As the frequency is increased, the excited mode leads the pump at onset
of parametric coupling but lags at the cutoff. This variation agrees
with that predicted by Eq. (29) evaluated with the observed paramcters
of the system. Although Eq. (29) was derived essentially from a linear
theory and the phase observed is associated with steady state, finite
amplitude drift modes (a nonlinear aspect), the agreement between the
two is significant.

With the magnitude determined by the threshold measurement shown
in Fig. 11 and the argument determined by the phase measurement shown
in Fig. 14, the complex coupling coefficient is experimentally resolved

.and agrees qualitatively with that obtained theoretically, Eq. (14).

D. Steady State Amplitude of the Coupled Modes

Above threshold;}the steady state, saturated amplitude of both
modes increases with increase in external excitation. Both mode ampli-
tudes are limited at large external signals. First, variation.of the
pumb anplitude is considered. In the linear regime below threshold,
the pump amplitude is determined by the amplitude of the steady state
external signal and by the damped state of the s&stem; the pump frequen-
cy is assumed to be near the m = 2 resonance. As the external

excitation is increased, the pump mode increases in amplitude, excites

the mode near the m = 1 resonance, and eventually reaches a limited




value. Limitation of this pump mode occurs for the following reasons:
(1) Coupling of large cxcitation signals to the plasma by a metallic
grid is ineffective because of sheath effects. (2) The nonlinear mechan-
isms of change in the density gradient and wave-particle scattering
produce an increased damped state of the system. (3) Energy is trans-
ferred from the pump mode to the excited mode in the parametric excita-
tion process. |

Limitation in the amplifude of the excited mode occurs in two ways:
(1) At a particulér value of‘pump amplitude corresponding to a definite
value of external excitation, the steady state, saturated amplitude of
this mode is observed. This saturation we have assumed results from
the nonlinear mechanisms of chaﬁge in the density gradient and wave
particle scattering as discussed in Sec. IIE., (2) This saturated ampli-
tude of the excited mode is limited with respect to increase in external
'signal. This latter restriction results from limited amplitude of the
pump mode and from the nonlinear mechanisms mentioned above.

An examination of the steady state amplitude of the excited mode
as a function of the pump amplitude obtained from a wave analyzer plot
is given in Fig. 15. Neglecting the region of enhanced thermal fluctua-

tions in the data, we observe that @2

1S varies linearly with pump

amplitude @0 in agreement with the variation predicted by Eq. (31).
Extrapolation of the data above threshold yields @M = 3.5 X 10-2 .

With this approximation for @M . R, a measure of the strength of the
nonlinear damping mechanisms discussed in Sec. IlE, in Eq. (31) obtained
from Fig. 15 is ~ 17. The theoretical value for R based on the

(17}

expression used in the study of nonlinear damping of a single mode

£¢




and comnuted for the experimsntal conditions encountered in paremeiric
. counling is v 40, The discrepancy between the experinental and the
- ~ theoretical values moy be purtially dus to the neglect of the pusp node

in the descripticn of nonlinear damping.

E. Nondegenerate and Higher Mode Coupling Schemes

Parvametric coupling of the m =1 and the m = 2 mode by a m= 3
pump node has been observed for density gradient drift waves under the
conditions of a welatively high thermal fluctuation spectrum and of very
brozad resonances for the modes involved. Coupling of all three lower
modes by a m = 4 purp mode has also been observed under these particu-
lar conditions.

These complex coupling schemes may be observed under less stringent

y conditions with temperaturc gradient drift waves occurring at the edge
.0of the plasma. Here, the temperature gradient as well as the potential
gradient reach their maxima, Fig. 7. Drift waves obsexved in this
region usually exhibit higher frequencies than those occurring inside
the plasma.

Spectra describing nondegenerate parametric coupling with tempera-

ture gradient drift waves are given in Fig. 16. The thermal fluctuation

spectrum in this region shows that all the modes involved are lightly
damped which facilitates the driving of the pump mode above threshold
and the parametric excitation of the ceupled modes. In addition, the
fluctuating mode frequencies are near multiples 6f the fundamgntal

which satisfies the frequency matching conditions required for coupling.

Although these coupling processes may be easily observed, they may be

iy e R
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difficult to describe theorctically, being at the edge of the plasma
where large, sheared electric fields must be considered in addition to
the large temperature gradient. Except for a qualitative examination,
we have not investigated parametric coupling with this set of drift

waves.

F.  Parametric Coupling in an Unstable Plasma

In the preceding sections, we have examined parametric coupling
only in a stable plasma in which the pump que was externally excited.
In this section, we relate observations which suggest parametric coupling
in the unstable regime in the absence of external excitation. The case
observed is the degenerate three-mode coupling shown in Fig. 17, As
the magnetic field is increased from 1.95 kG to 2.35 kG (the top three
traces) the m =4 drift mode first goes unstable, and as its amplitude
-increases it excites the m = 2 mode at}frequency w, = w0/2 , exactly
half the ffequency of the m =4 mode. With further increase in the
magnetic field, both modes increase and then decrease in amplitude.
Beyond this range of magnetic field, other modes appear, due to the
change in the mode stability condition with field (the bottem trace).
Obsexvation of the two coupled modes, Wy and w; , on the oscilloscope
reveals a phase variation similar to th;t described inySec. IVC in which
the excited mode leads and then lags'behind the pump mode as the latter
mode increases in frequency. ‘ |

This variation of the two coupled modes in Fig. 17 describes a

naturally occurring parametric coupling process and not just the simul-

taneous occurrence of the m= 2 and m= 4 modes because the




frequencies of the two modes are integrally related (wb = Zwl)

through the entire range of coupling. This relationship does not occur
for unstable drift modes described by linear theory because of correc-
tions arising from finite Larmor radius and other effects, Eq. (9),
which results in wo(m=4) # 2w1(m=2) . The assertion aboﬁe is further
justified by the similarity of the phase variation observed between the
two modes in Fig. 17 to that observed in the case of parametric coupling
in a stable plasma.

From the sequence of 5pectré shown in Fig. 17, it appears that
céupling could serve as an amplitude limiting mechanism for the unstable
(pump) mode because the energy available is now distributed over two or
more modes. Furthermore, parametric coupling could be the mechanism
producing a multi-mode spectrum in which the high frequency mode first
appears and then the low frequency modes, all modes satisfying the

~frequency and wave number matching conditions.




V. CONCLUSION

Parametric coupling between resonant drift modes in the collisional
plasma of a Q device has becn clearly identified through examination of
the various aspects described in this paper. More specifically, the
functional behavior of the degenerate case of three-mode parametricA
coupling has been investigated extensively and found to vary in the
manner described by theory. Below threshold, the thermal fluctuation
spectrum is enhanced by the coupling process. At threshold, parémetric
excitation is dependent not only on the damping associated with the
excited mode and on the pump amplitude but also on the frequency of the
pump. The experimental and theoretical thresholds obtained agree to
within the approximations assumed.

Enhanced diffusion of the plasma which manifests itself in the
-decrease of the density gradient has been shown to occur with drift

waves(ls)’(17)

and to lead to nonlinear damping associated with a drift
mode.(17) Therefore the assumption of this phenomenon as one of the
primary mechanisms limiting the amplitude of the excited mode is valid
and yields a model describing the observed variation.

Externally initiated nondegenerate and higher order mode coupling
schémes have been observed and could have been investigated by the
methods used in this paper. Moreover, these methods may be applicable
to other parametric schemes in plasmas or to parametric processes in

other types of systems. Of particular significance, parametric coupling

- in an unstable plasma has been identified through comparison of the

behavior of the modes with that observed in the case of externally




induced parametric coupling in a stable plasma.
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Figure

1.

Schematic of three-mode parametric coupling. The solid
arrows represent interacting modes, the pump at wy and the
fluctuating modes at 0y and Wy which satisfy the fre-
quency matching condition. The dashed arrows indicate feed-
. } _ _ _ .

back at (wo mz) Wy and (wo wl) 0, stemming from

mode-mode coupling which leads to the enhancement of the

fluctuating modes at Wy and Wy respectively.

Flow of energy in the parametric process. In the nonlinear
regime, the damping associated with each of the two modes

(F,FO) depends also on the mode amplitudes (@1,©0).

Schematic of the conditions required for degenerate three-
mode parametric coupling. The upper and lower abscissas_
follow the frequency relation given by Eq. (16)}. The ordi-
nate indicates the amplitude of the‘pump. @C represents the
threshold for coupling, Curves a, b, and ¢ represent pump
amplitudes associated with constant external excitation
levels as the pump frequency is varied. Curve a -- the pump
resonance 1s exa&tly twice the‘excited mcde resonance,
QO(m=2) = ZQ(m:l); Curve b -- although QO # 200 because
of dispersive effects, coupling is still possible.

Curve ¢ -- the resonant frequencies are so mismatched that

coupling cannot occur.




Figure

Schematic of the Q device producing a highly ionized plasma.
(A) plasma; (B) tungsten plate; (C) filaments; (D) oven;
(E) solenoid; (F) pump; (G) axial probe; (H) radial excita-

tion probe; (I) radial Langmuir probe.

Schematic for excitation and detection of drift waves. The
signal from the tone burst generator is gated for damping
measuréments and direct for steady state excitation. The
signal picked up by the detection probe is direct for poten-

tial measurements and biased for density measurements.

A typical oscillogram observed in the determination of the
damping rate. Top trace -- signal on the excitation grid
(5 V/cm); lower trace -- amplified signal from a Langmuir

probe (5 mV/cm); time (1 ms/cm).

Radial profiles. The data are for a potassium plasma.
B =770 G, T = 2200 K, and axial column length - 70 cm. The
frequencieé of the excited mode and the pump are 5.16 kHz

and 10.32 kHz,thEﬁétzivgly.'

Representative péwer spectra illustrating the enhancement of
the fluctuation spectrum about 5.42 kHz as the pump power at
10.84 kHz is increased. The theoretical curves are obtained
from Eq. (22) with the experimentally observed values of

| -2
9,/8, and T/Q= 2.9 x 1077 .




Figure

10.

11.

12,

Peak spectral density S() below threshold normalized to
the spectral density without coupling SM=O(Q) as a func-

tion of the normalized pump mode amplitude @0/®M . The

theoretical curve is obtained from Eq. (23). The data are

for. ny = 1.5 x 10'% en™®, T = 2200 K, B = 660 G, and

aﬁaluﬂmm]mgﬂ1=70cm

Peak spectral density P1 at  wy and the self-consistent
pump power PO at w, as functions of the oscillator

pbwer PE I represents the total power dissipated at w

X ° 1
and W ‘obtained by computing the r.h.s. of Eq. (25),

taking into account the total enhanced spectrum about Wy

The magnitude of the coupling coefficient determined by the
normalized pump threshold @M as a function of the damping
rate of the excited mode. The different symbols represent
different runs. The coupling coefficient klz/knz'!M{ is
given by the inverse slope of the line best fitted to the
data. The ranges of the experimental parameters are

7% 107 en™> <ny <2x10"0 en™® and 650 G < B < 800 G .

The theoretical line is from Eq. (14) for mean values of the

parameters in this range.

The threshold dependence on the pump frequency. The theoret-
ical curve is from Eq. (27) with the experimentally measured

values of the damping rate and the coupling coefficient.




Figure

13.

15.

16.

17.

Oscillogram of the parametric process above threshold. Top
trace -- signal on the excitation grid (2 V/cm); lower trace
-- amplified signal from a Langmuir probe (5 mV/cm); time

(.1 ms/cm).

Variation of the phase between the pump and the excited mode
as the pump frequency is varied. The theoretical curve is
obtained from Eq. (29) with M, and Mr computed from

Eq. (14) and TI'/Q measured experimentally. -

Peak spectral density @12 above threshold as a function of
the pump amplitude @0 . The theoretical line obtained from
Eq. (31)‘and fitted to the data above threshold gives

R = 17.

Spectra showing nondegenerate parametric coupling with
temperature gradient drift waves. The externally excited
mode at Wy is the pump and those at Wys Wy, and Wy

are the excited modes.

Spectra showing the occurrence of degenerate three-mode
parametric coupling in an unstable plasma as the magnetic

field is increased. The density gradient drift mode at Wy

is the self-excited pump and that at w; 1is the parametri-

cally excited mode. The peak at the extreme left is the

zero frequency marker.
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