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I 

ON THE PROBABILITY OF EXTENDING AN OBSERVATION 

SUMMARY 

Procedures and related computational aids are developed for simplifying 

the calculation of conditional probabilities for both continuous and discrete 

random variables involved in decisions concerning space vehicle launch schedules. 

Tables of conditional probabilities in the normal and in the Pearson Type I11 

distribution are included in an appendix. 

1. INTRODUCTION 

After a random variable has attained a value say x it sometimes becomes 
0' 

necessary to determine the conditional probability that an observation in 

progress will utimately extend to some stipulated value x, where of course 

x > x This situation arises frequently in stress-strain analyses and in 

investigations where the random variable of interest is a time span. 

particular, it occurs in life testing and in meteorological investigations. 

concerning the duration o f  various types of atmospheric phenomena. 

latter situations are of concern to aerospace scientists responsible for 

decisions relating to space vehicle launch schedules. 

0' 

In 

The 

11. CONTINUOUS DISTRIBUTIONS 

Let f(x) denote the density function of a continuous one-dimensional 

random variable and let F(x) = Pr { X - < x 1 ,  denote the corresponding 

distribution function. 

conditional density function becomes 

Now impose the condition x > x and the resulting 
0 



Correspondingly, the conditional distribution function becomes 

where X denotes the random variable and x is any value which this vari- 

able may assume. 

From a point of view that differs only slightly from that adopted in 

this paper, equations (1) and (2) may be considered as applying to a con- 

tinuous distribution that is singly truncated on the left at x . Accordingly 

many of the results previously obtained by the writer [l, 2, 3 , ] ,  by Hald [ 4 ] ,  

and by various other writers in connection with truncated distributions are 

applicable to the problems which concern us here. 

0 

It follows from ( 2 )  that 

or in standard units 

2 



where 

t = (x - v)/u and 5 = (xo - v ) / u  , 

in which 1.1 and u designate the mean and standard deviation of X. 

When X is normally distributed with mean v and standard deviation u ,  

then T is normally distributed with mean zero and standard deviation unity. 

Accordingly when a = 0, the probabilities in (4) can be readily evaluated 

from an ordinary table of normal curve areas. 

the appendix, list these probabilities to five decimals for values of 5 from 

-3  to +4 at intervals of 0.5 with t ranging from -3  to 7.8 at intervals of 

0.2. 

using Salvosa's Tables of the Pearson Type I11 Curves [6] or directly from 

suitable tables of the Incomplete Gama Function. 

include entries to five decimals for a3 ranging from - 6 . 0  to 6.0 at intervals 

of 0.2. 

3 

Tables which are included in 

For values of a3 other than zero, these probabilities can be evaluated 

The appended tables 

111. DISCRETE DISTRIBUTIONS 

In the case of a discrete distribution, the conditional density function 

corresponding to (1) of the continuous case, may be written as 

C 
P(xlx > c) = p(x)/[l - c p(x)]; x = c+1, c+2, .. . (6) 

x=o 

where c is the value already attained by x, and p(x) is the probability 

function of the unrestricted random variable X .  

distribution function in this case becomes 

The corresponding conditional 

3 



X 
F(xlx > c) = Pr (X - < X~(X > c)) = C p(y)/[l-F(c)] 

y=c+ 1 

where 

The conditional probability of (7) can be readily evaluated using tables 

of the appropriate discrete probability function. For example, if p(x) is 

the Poisson probability function the necessary values for F(x) and F(c) can 

be found in Molina's Tables [ S I .  

IV. AN ILLUSTRATIVE EXAMPLE 

To illustrate how the foregoing results might be employed in making 

launch decisions, consider the following situation. Let us suppose that 

during the months of June and July, past weather records at launch site 

indicate that periods of unfavorable launching conditions (winds above 50 

m/sec) are normally distributed with a mean duration of 72 hours and a 

standard deviation of 10 hours. 

in June 196X, the winds are above 50 m/sec and have been in this unfavorable 

zone for the past 48 hours. 

currently existing period of unfavorable weather will persist beyond the 

scheduled launch time, 20 hours hence. In the notation of this paper, the 

required probability can be expressed as 

Twenty hours prior to a launch scheduled 

We wish to know the probability that the 

4 



P { X  > 68148) = P {T > -0.41-2.4). 

With a3 = 0, t h i s  p robab i l i t y  can be read using l i n e a r  i n t e r p o l a t i o n  from 

t a b l e  1 with 5 = -2.4 and t = -0.4 as 

P = 0.66. 

With such a high p robab i l i t y  of having t h e  unfavorable weather continue 

beyond t h e  scheduled launch, a delay is  almost mandatory. 

We now consider t h e  quest ion of t he  extent  of t h e  postponement i n  order  

t h a t  t h e  p robab i l i t y  of a f u r t h e r  delay due t o  continuing unfavorable weather 

w i l l  be say l e s s  than o r  a t  most equal t o  0.05. 

Again reading from Table 1, we f i n d  

P ET > 1.81-2.4) = 0.04. 

Since 

t = 1.8 = (X - 72)/10, 

it follows t h a t  

x = 18 + 72 = 90 h r s .  (measured from t h  beginning of t h  

cu r ren t  per iod of unfavorable launch condition which has  a l ready pe r s i s t ed  

f o r  48 hours).  Accordingly, t he  e a r l i e s t  permissible  launch time becomes 

90 - 48 = 52 hours hence. 

Since t h e  o r i g i n a l  launch time i s  20 hours from now, t h e  delay is thus 

estimated as 

52 - 20 = 32 hours. 

5 



It must be pointed out that the above calculations are made in accordance 

with the assumption that no information is available concerning any possible 

concomitant variables which could affect the random variable of interest here. 

V. ESTIMATION OF PARAMETERS 

The results presented in the preceding sections € thi P per relate t o  

the calcualtion nf p n b a b i l i t i e s  us lng  kiiown density functions. 

of the type envisioned here, estimates of distribution parameters would be 

available from previous records. Should it be necessary to estimate these 

parameters from truncated o r  from censored samples, procedures presented in 

references [l, 2, 3 ,  41 might be employed. 

In applications 

6 



APPENDIX 

TABLES OF CONDITIONAL PROBABILITIES IN THE PEARSON TYPE I11 DISTRIBUTION 

Pr{T > tl(t > 5)). 

7 
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