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FINAL TECHNICAL REPORT
DESIGN CRITERIA FOR RADAR TRACKING SYSTEMS

By Howard C. Salwen and David M. Warren

ADCOM, A Teledyne Company’
Cambridge, Massachusetts

SUMMARY

This report reviews the theoretical aspects of the
radar tracking problem. Derivations are given to show
the importance of matched filters, ambiguity diagrams
and maximum likelihood detectors to radar system design.

The practical aspects of radar system design are
discussed. In particular, the precision obtainable from
phase-locked loops, split gate trackers, leading edge
trackers and harmonic range tone trackers are derived
in terms of their design parameters and performance
requirements.



GENERAL INTRODUCTION

This document constitutes the Final Technical Report prepared by
ADCOM, a Teledyne Company, for NASA Electronic Research Center,
Cambridge, Massachusetts under Purchase Order No. ER-13, 784.

The object of the study program is to outline several important
results of radar theory and to relate these results io practical tracking
implementations. In particular, the accuracy limitation of several
accepted tracking techniques are derived and discussed in terms of their

application to laser altimetry and range finding.

‘I"he contents of the‘ report are as follows: An extensive review of
the theoretical aspects of the radar tracking problem is presented. This
review treats the utility of matched filter detection, the importance of
_ ambiguity functions to radar signal design, and shows theoretical accu-
racies achievable with maximum likelihood detection. The theoretical
discussion is followed by a presentation of the performances practically
achievable with phase-locked loops, split gate and leading edge range
tracking systems, and harmonic range tone systems. Three appendices
are included which contain detailed derivations of several theoretical
r“esults, and detailed derivations of the noise and dynamic performances

of the four practical techniques mentioned above.



SUMMARY OF DESIGN CRITERIA FOR
RADAR TRACKING SYSTEMS

Intréduction

This section presents background summary material on the opera-
tion of radar tracking systems. There are a variety of such systems and
a number are available commercially. Each has distinguishing features
of operation which recommend its use for specific situations. An analy-
sis of these systems is desirable to serve as a guide in the selection of
the appropriate system for a given tracking situation. Fortunately,- the
variety of systems can be chafacterized in terms of a few sirr.lple models
who;e operation is governéd by the same theoretical considerations. It.
is, 'therefore, possible to compare these systems in terms of the same
theory of operation so that the features of each syétem are readily dis~

cerned.

Types of Systems Considered

Four basic types of tracking systems are considered here. They
are:
1) Phase-Locked Loop
2) Split Gate Range Tracker
3} Leading Edge Range Tracker

4) Harmonic Tone Ranging System

The phase-locked loop is used to track a sinusoidal signal wave-
form such as the carriér of a radar signal. In general, it is used with a
CW signal rather than a pulsed signal so that ‘its primary use is found with
CW radar and telemetry where the carrier and possibly a number of sub-
carriers are always present. In its operation it is able to sense the phase
of the input signal and provide an output sinusoid whose ph;se ig an accu-

rate duplicate of the input phase. When the input signal is composed of a



number of subcarriers, or is modulated with a set of ranging tones, the
phase-locked loop is used as a coherent demodulator to extract the

desired subcarriers oxr range tones.

The split gate range tracker is use'd to track a pulse radar signal.
It tracks a periodic pulse signal and is designed to operate with a specific '
signal pulsewidth. It may be usSed in an altimeter, though it must be
borne in mind that.in a practical situation , such asg altimetiry, ‘there may
be a number of echos received almost simultaneously from terrairl of
similar altitudes. In praétice, these echo pulses may overlap each other
resulting in an altitude error since the split gate tracker characteris-
tically tracks the center of gravity of the returned pulses. The split gate
range tracker also functions as a filter to smooth out or r_'educe the effecis
of noise on the input signal. Thu;s its output signal is, ideally, a smooth
périodic pulse train, synchronized with the input, yet unperturbed by the

input noise.

The leading edge range tracker is similar to the split gate ran-ge
tracker. The basic difference is in the method of sensing the time of
occurrence of the input pulse., While the split gate range tracker senses
the center of gravity of the pulse, the leading edge range tracker senses
a point on the leading edge of the pulse. Otherwise, the two systems are
the same. The major advantage of the leading edge tracker is found in
_ the situation where a number of echo pulses arrive at approximately the
same time with possible overlapping of the‘pulses. The leading edge of
the first pulse of the group of pulses is the range which is measured.
The remaining pulses have little or no effect on the range measurement.
This is a distinct improvement over the performance of the s;ﬁlit gate

tracker described above in the altimetry application.



The harmonic tone ranging s'ysteni oﬁerates with a specially gen-
erated signal composed of several ranging tones modulated onto a carrier.

In radar ranging applications, this signal may be reflected off the target.

or retransmitted via a transponder. An important advantage of this sys-
tem is found in those situations where a transponder is required since the
sinusoidal type of signal can be reproduced by a transponder to a much
higher degree of precision than a pulse type signal. Also, this system
can handle higher data rates in those :sitﬁations where a pulse system
would be limited by the pulse repetition frequency. This system also
enjoys the advantage of a signal design which most closely- approximates
the theoretical limit of precision, that is, a signal whose important spec-
tral lines are placed at the outer edges of the allowable signal bandwidtih.
The system measures range by comparing the phases of the received
ranging tones against a set of reference tones. This form of measure-
ment has inherent range ambiguities which can be resolved by arithmetic

operations on the phase measurements of the various tones.

In practice the phase-locked loop is frequently included as one of
thé components of a harmonic tone range tracker. A set of these are
well suited for extracting the ranging tones and, in addition, it is possible
to utilize the data provided by the carrier tracking loop to derive increased
precision from the tone tracking loops. In this respect the phase-locked
loop is not regarded as a competitor of the harmonic tone range tracker

but as an integral part of that technique.

The question of which system to use in a given apblication dependé
on a number of factors which include the available power, the type of
signal source, i.e., pulse or CW, and the nature of the signal transmis-
sion channel. A discussion of all these factors is beyond the scope of
this repo‘rt, but it should be mentioned that the latter factor includes such

considerations as the nature of the terrain which is particularly important



in alimetry. Its importance is due to the presence of multiple echos which
aré found particularly in mountainous regions. The performance of each
of the systems ‘considered is affected by the presence ?f multiply reflected
signals, so that this represents an important consideration in the final

selection of the system.

Fundamental Theory

The underlying theory which defines and limits the range measure-
ments is common to all of the systems, The reason for this becomes

_ apparent when certain aspects of the measurement procedure are examined.

In each case a measurement-is made of the signal in the presence
.of some hoise background. Noise is always' present whether it is gen-
erated in the receiver itself or comes from outer space. Irrespective of
the type of measurement which is made or of the particular system con-
;sidered, the theory relating to the measurement of signal in the presence

of noise is controlling,

In each case the input to the tracking device is a signal of limited
. bandwidth, The limitation is imposed by either the transmitier or the
receiver.characteristics. In any event, the important point here is that
filtered signals are being processed so that filter theory applies to each
Sy'stem. The same. applies also to the signal processing techniques since
each system can be characterized by a filter with respect to both the

dynamic and noise responses.

The question may be raised as to whether the fact that one system
utilizes pulses while the other is CW results in a significant difference in
their measurement capability. The answer is given by the well-known
sampling theory which shows that the measurement is equally good whether

the input data is observed contiﬁuously or whether it is observed in the



form of pulses so 1éng as the pulse repetition frequency is above the
required output data rate. The only difference between the two basic
techniques is related to the degree of complexity required to achieve the

theoretically predicted perfofmance in each case,

" The theory is basic to radar ranging techniques in which the time
of signal propagation over the unknown distance is measured. The results
of the theory are equally applicable to signals transmitted at the low and
high frequency portions of the electromagnetic spectrum because the si‘.g-,
nals are described in terms of their baseband representations. The
results are directly applicable to laser ranging devices under conditions
of gaussian noise. The theoretical aspects of the radar problem are pre-

sented in detail in Appendix A,

The classical radar problem is concerned with the task of obtain-
ing the best ranging accuracy for a given signal waveform in the presence
.of gaussian noise. The optimum accuracy is obtained when the receiver
filtering has the correct relationship to the signal spectrum. More spe-
cifically, the task is to determine the specific form of the receiver filter
weighting function h(t) which maximizes the signal-to-noise ratio at the

output of the filters at a given sampling time t = T.

The solution to this optimization problem for the case of additive
white gaussian noise is well known. The optimum linear system, H(s),
is a matched filter, sometimes called a correlation detector, This solu-
tion has wide application since, in.most cases, receiver input noise can
be reasonably described as white gaussian. * Simply stated, the impulse
response of the optimum linear system is the mirror image of the input

waveform, shifted by the time duration T of the signal, that is,

*Note that given enough smoothing, poisson noise takes on a gaussian
characteristic.



B(T - 1) = s,(t) where 5,(t) is the input signal. The output signal of the

filter is given by
- - T i
5,(T) = Of 5,(t) h(T - t) dt (1)

for any h(t) and yields the highest SNR when h(7 ~ t) = Si(’c)._

The presence or absence of a target-returned signal is determined
by subsequent operations on the filter output y(t) = so(t) + no(t) whilch is-
the sum of the output signal so(t) and the output noise no(t). If y(t) is
above a threshold Yo it is decided that a target is present, below Yo it
is decided that there is no target. The exact level of the threshold is
fixed by trading off the probability. of detection of a.target in a noisy
environment against the probability of false alarm. As the threshold is
raised it becomes less likely that the noise alone will exceed the thresh-

“old and cause a false alarm. At the same time, it becomes less likely
that the signal and noise will exceed the threshold when a target is pres-
ent, Graphs of probability of detection versus probability of false alarm
show that the probability of detection is high and. that of false alarm is
low with good signal-to-noise ratios. Less favorable results are obtained
with poor signél—to—noise ratios or with a fluctuating signal amplitude

such as a Rayleigh distributed signal amplitude.

Anothe;r' useful concept in signal analysis is the-ambiguity diagram
which is a three-dimensio’nal plot of the signalt's ambiguity function. This
function is the magnitude of correlation of the complex envelope ,u(vt) of
the input signal, si(t), with the doppler shifted complex envelope. That
is,

X(7, w) = [f (t) p ‘1) e at dt |

=00

(2)

A convement representation in two dimensions is the 3 dB contour of the

ambiguity functlon



" This diagram pro—vides a great deal of inforrmation about the utility
of a specific signal design. For example, in the case of a periodic pulse
train consisting of several pulses, the two-dimensional diagram takes the

form of a set of ellipses in both the time and frequency dimensions.

By way of contrast, if 2 single signal pulse is transmitfed, the diagram
consgists of only one ellipse at the origin of the coordinates. The reason
for the name is now apparent for, in the case of a periodic pulse signal,
the spacing of ellipses along the time axis represents the ""once around
again' range ambiguities, while the spacing along the frequency axis
represents the doppler ambiguities caused by the line spectrum cof the
signal., In prac’ciée, doppler ambiguities may be noticed with narrow
bandwidth carrier tracking filters which might track some other spectral

line instead of the carrier,

Other data is also provided. The width of the ellipse along the
line w = 0 is the time resolution capability of tl;le signal while the width
along the line T = 0 is the doppler resolution capability, Furthermore,
the three-dimensional representation indicates the signal energy which

is shown by the height of the peaks.

Range and velocity accuracy may be predicted from an analysis
of the probability of detecting a signal in the presence of noise. Thus
in the case of white gaussian noise of power N, the probability of observ-
ing y which represents the input signals in the presence of the noise,

given s, is given by

y-5)°/2N.

ply/s) =k e (3)

where k is a normalizing constant. This expression may be expanded
and expressed in terms of functions of both time and frequéncy which

lead to an expression involving the ambiguity function in the form of



. 2/N_ x(ar, Af)
plAT, Af) =ke © (4)

where NO is the single-side noise power speciral density. Further
manipulations using power series expansions provides the valuable

result that the variance of the time measurement is given by

A'rz = 1 {5)

P ()

o]

where E is the energy of a signal pulse and B is a mathematical expres-
sion analogous to the "moment of inertia™ and serves to describe that

quality of the signal spectrum. The "rms bandwidth" B is given by

2 _ [ |swn]? az
[ Iso)? at

B {6)

where S(f) is the lowpass equivalent filter function of the signal spec-

trum. Similarly the variance in the doppler measurement is given by

Aff = —1 )

tz(zﬁ_)
o\ N
o

where 1:0, the "rms time duration" of the signal, is given by

s [ 2ty [it) 2 at
t =

[ uw|? at

(8)

and p(t) is defined above.
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In the case of the rectangular pulse a somewhat different analysis

is required which gives the results

1.414 71
AT(rms) = ———-t— (9)

&

Af(rms) = 1 (10)
nsr f2E
87, ’\[*'N

It will be seen that these theoretical predictions closely approxi-

mate the results obiained with practical systems.

Performance of Practical Systems

This section presents mathematical models of the four basic
systems and shows briefly how these models are analyzed to obtain pre-

dictions of their performance.

As a first step a brief description of each system is given. Then
~ a linear model applicable to all the systems is presented. The noise
response of the gating units is then described for the cases of the split
gate tracker and the leading edgfe tracker. Finally the effect of the lcop

filtering is given for both the noise and dynamic tracking errors,

It should be noted that a complete tracking system contains a sig-
nal generator, transmitter, timing reference or oscillator, as well as
the receiver, tracking filter, phasemeters, counters, etc. The discus-
sion presented here is limited to the performance of t‘he tracking filter

and the effect of the IF filtering on this performance.

11



Models of the four systems ". -~Phase-locked loops: In practice

the phase-locked loop may be constructed in the simple form of Figure 1
or'it may be more complex, having I¥ arr.lplifiers and mixing stages.
And, in certain high dynamic situations two or more loops may be used
in combination with one loop providing a rate aiding signal to the second
loop.- For the purposes of this description it suffices to consider the

simple or standard form of 1£he loop.

v

Filter
Input ——¥ DP[:Gste —>] Typicclly) Amplifier —# VCO > Qutput
erector .I\lLead-lLag

L3

R-4787

Figure 1 Phase~IL.ocked Loop

The simple loop contains a phase detector, Vol‘tag‘e.controlled
oscillatér (VCO) and some form of amplification and filtering {o develop
a suitablg VCO control signal from the phase detector ouiput. The filter
and amplifier are usually designed as a single unii, an operational ampli~
fier.with an RC feedback network. The filter is designed to optimize
some characteristic of the loop performance for thé situation in which
the loop is to be used. For example, the filtering is frequently designed

to minimize the sum of the dynamic and noise induced errors.

Split gate range tracker: This unit has the same general configu-
ration of the phase-locked loop, but some components have been repléced
"with the corresponding ones for pulse operation. Thus the VCO is replaced

with a variable speed clock and gate generator and the phase detector is

replaced by a gating unit.

i2



A simple split~gate tracking loop is shown in Figure 2,

’ Variable : ’
."'ﬂ'“‘ﬂ“‘“‘—"’ Gating ¥ Filter Pl Speed. [ > A
Input Pulse Clock Output Pulse -
Train ° ry - Train
Split Gate |,
Generator
R- 4788

Figure 2 Simple Split-Gate Tracking Loop

The loop accepts the input pulse train and produces an ouiput pulse train
which is locked to the input. The loop acts as a smoothing filter which
substantially reduces the noise content of the pulse train by reducing the

noise bandwidth of the sysiem.

Leading edge range tracker: A simple leading edge tracker is
.shown in Figure 3. Tt has the same form as the preceding figure but
the gating ‘unit functions differently. This loop responds in the same

fashion as that of the split-gate tracker.

13



I .

J:—L’ ﬂ Variobfe
- - —— —] Ggling P Filier L Speed
Input Pulse Clock
* Train C
leading
Edge Gate [¢
Generator
R-J.;'QO

Figure 3 -Leading Edge Range Tracker

QOutput Pulse
Train

Harmonic tone ranging system: This system differs from the

preceding three systems in that typically a few signals are tracked. simul-

taneously. Thus a system utilizing four ranging tones modulated on to a

carrier requires four tracking filters in the receiver. Since each ranging

tone is a sinusoid, the phase—locked loop is employed as the tracking fil-

ter. A simple system is shown in Figure 4,

Carriar
with Tones

R-4791

IF
Filtering

> Demodulation

Figure 4

Tones

. Phase
- Measure

!

Ref

Tones

Harmonic Tone Ranging System

14



In a more complex system, the carrier is also tracked in order to provide
highly precise rate aiding signals to each of the phase-locked loops. In

such a system the dynamic and noise induced errors are substantially

reduced.

Generalized models: The operation of the phase-locked loop, split-

gate tracker, and leading edge tracker are very much alike. Thus the
function of the phase detector is to provide an error signal which repre-
sents jt]ne difference in phase between the input and outl.aut signals, -And
similarly the gating unit provides an error signal representing the timing
difference between the input and output. Both units function as multipliers

and may be represented in linearized models as summing points.

The operation of the VCO or variable speed clock is characterized
as an integrator, Its frequency is set at some nominal value for the case
of zero error signal, A change in frequency in 'reSponse to a nonzero
error signal is proportional to the error signal. The output phaske or
time period is rélated to the integral of the fre:quency, or equivalently,
the integral of the filtered error signal. The effect of the error signal

is to drive the loop ‘to null out the input-outpui error.

The filter is usually a lead 1a;g filter though it is possible to imprové
the loop performance by including an additional ideal intégrator such as
may be synthsized digitally. The filter also serves as the connecting link
between the split~gate tracker and the phase-locked loop.. It provides for
" the same type operation in both loops even though one loop accepts a pulse
input signal while the other accepts a continuous wave. The filter ‘can
effect the similarity in operation when its bandwidth is very much smaller
than the pulse repetition frequency (PRF). Under this condition the con-
tributions of the pulses in the input pulse frain aré effectively summed

together to form a continuous output from the filter. The continuous gjutput

15



of the filter in the case of the split-gate tracker is virtually indistinguish-
able from that of the phase-locked loop. Note further that poisson noise
spikes at the input to the filter will result in approximately gaussian noise

. at the output of the filter.

A single linearized model is applicable to the phase-locked loop,
and the split-gate and leading edge trackers. Their configurations may
now-be recast to show the Laplace transform representation shown in
Figure 5 _where Ti( s) and TO( s) refer to the time signals of the split-
gate and leading edge signals while zbi(s) and 11)0(5) refer to the phase
signals of the phase-locked loop. Thus the loops perform in a similar
manner within their linear regions. However, it should be noted that-
they differ in their acquisition performance since the split-gate and lead-
ing edge tracker require a strobing action to locate the input pulse.

In Figure 5, the VCO is shown by the usual representation as
an integrator. The constant k includes all gains that may be present
such as those of the operational amplifier {(not shown) used to drive the
VCO, the VCO gain itself, and the gain of the split-gate detector or the

phase detector,

Ti(s)— O = A%
or y; (s) - - or yr,, s)

R-47879

Figure 5 Transform Representation of Tracking Loop

16



The opén loop transfer function for the case where a lead lag filter
is employed is given by (k/s) (Tls + 1) (’7‘25 + 1)-1'. Increased perfor-
mance can be obtained by using a lead filter-followed by an additional inte-
grator. Such anA integrator can be built by digital techniques. The result~

ing open loop transfer function is then given by (k/ 52) (Tls + 1).

For purposes of analysis the tracking loop is generallsf treated
as a filter with input Ti(s) or z,bi(s) and output To(s) or zbo(’s). The
transfer function of this filier is simply the closed loop transfer function
of the loop. In the case of the lead lag filter and single integration, it is

given by

T s+1 .
2
H(s) =0 1 1)
n

s + 2Lw S+m2
n n

where mi = k/T2 and 2¢ =-mn(‘F1 + kﬂl). In the case of the lead filter and

double integration, it is given by Eq. (11} with wfl =k and 2L =wnﬂ"1
The exact form of the closed loop response of the tracker determines its
dynamic performance and is an important factor in determining its noise
performance. These details are discussed in Appendix B for the case of
a phase-locked loop and in Appendix C for the split-gate, leading edge

and harmonic range tone trackers.

" Method for deriving noise and dynamic performance, -~~The noise

and dynamic performance of the phase-locked loop is calculated from

Eq, (11} by treating v'Ji(s) as the noise or as a power series represen-
tation of the input phase (or range) perturbation. The dynamic. response
of the split-gate and leading edge trackers is found in a similar way.
However, the no;lse response of the split-gate and leading edge trackers
requires calculations of the effect of the gate on the noise, This, in turn,
depends on the IF filtering. Thus the response of the split-gate and lead-
.ing edge trackers to noise is dependent on the gate, the IF filtering, and

the loop filtering.
17



As a first step the effect of the gate on the noise induced error is
investigated. Then the effect of the loop filtering on the noise induced
error may be found for all the systems. And finally the dynamic perfor-

mance of the systems is found as a function of the loop filtering.

The error resulting from the noise is a function of both the average
noise power and average signal power or simply the signal-to-noise ratio
(SNR). ‘Both the gate tracking error signal and the noise disturbance on
this signail_are functions of the gate width. It is therefore necessary to

determine the gate width which minimizes the noise induced error,

The IF filtering similarly plays a role in the gate tracking error
and the noise disturbance. The bandpass characteristic of the filter
affects the pulse shape and thus the required gate width, as well as the
spectral distribution of the noise power. 1t is therefore convenient to
adopt a simple representation for the filtering so thét the noise error at

the gate may be expressed in terms of a filter parameter.

The instantaneous valueé of the voltage appearing in the gate are
summed together or integrated by the loop filter following the gate so
that the only meaningful expression of the gate signal is in the form of an
integral. Thus the expression for the noise signal e is given by

[ve)

e L m(t) g(t) dt (12)
where m(t) is the instantaneous value of the n;:)ise and g(t) the gate func-
tion for the split gate and leading edge gate, respectively, is shown in
Figures 6 and 8, This expression may be expanded in terms of-the
autocorrelation function of t'he noise Rm('i’) and the gate Rg(’r) to give

9 Lo
e = [ R_(T) R (7) dt (13)

-0
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which is a.convenient expression since Rm(’f‘) is readily expressed in
terms of the IF bandpass characteristic and Rg('r) is given by Figures

7 and 9, For these purposes the IF bandpass characteristic may be
expressed in terms of the equivalént single-sided l;aseband representation
which, for demonstration p{lrposes, may be presumed to have a double RC
rolloff, a2 /(s + a)z, where a = 1/RC. The single~sided bandwidth is
equal to 0. 65a. Then Rm(’f') is found by the usual procedure of evaluat-
ing the inverse transform of the noise power spectral density function

(the squared magnitude' of the filter function) for positive values of s = juw.
The result is that e can be expressed in terms of the parameters a
which is the filter corner frequency, ”Fg which is the gate width and NO,

the noise power spectral density. Thus,
e = en( a, ‘i’g, NO? (14)

The next step in the analysis to to calculate the response of the
filter a2/ {(a+ 5)2 to a pulse., For convenience, let the pulse ampliiude
be given by VO and the width by ‘f’p. The signal pulse, P(t), may be
expressed as a positive going step plus a negative going step which has

been delayed by Tp seconds., Thus,
. P(t) =V [u_l(t) ~u_(t- rp)] (15)
The response of the filter to the pulse is given by

at

_ - ’-at
fpl(t) = Vo[(i - e - ate ) u_l(t)

- (l - e"a(t—’rp) - alt -~ ’f‘p) eha(t*fp)') u_,

tu
( 'rp)

(18)
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To facilitate the calculations, the waveform of Eq. (16) is
approximated by

_ wa
fp(t) = 0.4‘VO(1 + cos 35 t} (17)

for the case of the split-gate tracker with 'rp = 3/a;, and by
. 2
fp(t) = sin” (#at/8) (18)

which approximates the leading edge of the pulse for Tp z §fa in the
case of the leading edge tracker. ’I‘I'%e value Tp = 3/a is chosen to
provide a fairly symmetrical pulse to the split-gate. The symmetry
is desirable from the point of view that the ideal filter (the matched
filter) produces a symmetrical triangular pulse. The value.’l'p = 6/a
is chosen since the rise time and the form of the leading edge is

essentially unchanged for longer pulse widths or wider filter bandwidths,

The gate error signal, in the absence of noise, is zero when the
gate is correctly positioned in time with respect to the signal pulse.
When the gate is displaced felative to the pulse by a displacement
At, a nonzero error signal is developed. By analogy with Eq. (12)
the error signal ee is also expressed by an integral expression ipvolv—
ing the gate minus the integral of a reference signal. In the case of
the split-gate, the reference is taken as zero. In the case of the leading
edge gate, the reference is taken as equal to the gate voltage for At = 0.

Thus the gate error signal is given by

At AthT g/ 2
e .= - £ (t)dt - [ £ (t) dt
e p p
-t _[2+At At
g . : _
=e (V ,a, T ,At) (19)
es’ o g
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for the split gate with fp(t) given by Eq. (17) and by

T +T [2+At TO+'r /2
e = [ ° & f(pdt- [ © £ (1) at
© g -t fo+at P T -T /2
o g c g
= eeﬂ(vo’ a, 'fg, At) (20)

for the leading edge gate with fp(t) given by Eq. (18) and where T o
represents the time of occurrence of the center of the gate when the

gate is correcily positioned relative to the signal pulse.

The final step in evaluating the effect of the gate on the noise
induced error is to determine how much exrror signal e, is required

to balance out en. Therefore set
At) = 7
ee‘S(VO, a, T'g, t)=e (3 g No)

. > {21)
eeﬂ(vo’ a, Tg’ At) = en'ﬂ(a, ‘Fg, NO)

P

where the subscripts s and £ stand for split-gate and leading edge gate.
The term At may be factored out. Then replacing At with the rms

timing error O, and solving for Ut gives

f
min mo
for the split-gate and
Ut - 8.1 (23)
min aJE/NO
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for the leading edge gate. The subscript min indicates that the expres-
sions of Eq. (21) have been evaluated for the value of a’f‘g which mini-
mizes the expression for ct. The minimum value of ct is obtained for
a‘rg ~ 4,5 for the split-gate, and a‘rg ~ 1 for the leading edge gate.
The symbol E represents the energy in the signal pulse before the IF
filter. In the case of the leading edge gate, £ represents the energy

in a pulse of duration ’rp = 6/a.

So far, the effect of the gate in the split~gate tracker and the
. leading edge tracker has been considered. Now the effect of the loop

filtering can be considered for the cases of all four systems.

The noise response of the phase~locked loop may be evaluated
directly by treating it as a filter whose transfer function is given by
Eqg, (11). Thus the noise voltage at the filter output is given in trans-

form notation by

zben(S) = TI(s) abn(S) (24)

- where :,bn(s) represents the phase noise input. The input phase noise,
¥, may be related to the additive white noise density, @ = No, through
an analysis of the operation of the input mixer. This analysis is per-
formed in Appendix B where it is shown that

v = (25)

o=

where S is the average power of the input sinusoid. In terms of the

loop noise bandwidth Bn the error may be expressed as

-1/2

_ §, (eme) = (v B )12 - (%S-) (26)

B
n

where the SNR is measured in the loop bandwidth.



A similar result is obtained for each tone of a harmonic tone
ranger. However, the precision of the measurement based on all the
tones is increased when the signal spectrum has been designed so that
the spectral lines fall near the outer edge of the spectrum. For such
a system ‘the error is decreased by a factor of JH where n is the

number of tones.

Expression for the noise and dynamic errors. ~~For a phase-

locked loop the noise error in the range measurement is given by

o s (3)7 en
R 4xf \ N )
. B .
n
where ¢ is the speed of light and { is the frequency of the tone or of
the carrie;r, whichever is the input -sinusoid. The factor of 4 is present
. with a two-way range measurement. A factor of 2 is present with a

one~-way range measurement.

For an n-tone harmonic ranging system (the simple form without

rate aiding signals from the carrier) the range error is given by

-.& (288
°R'47rf(N) (28)

‘ In the case of sample data systems, such as the split-gate range
tracker and the leading edge range tracker, the loop filtering provides
an improvement in the precision of the measurement by a factor equal
to the square root of the number of input data pulses for each sample
of the output. The output data sample rate is limited by the loop band-

width in accordance with the sampling theory. The optimized range
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error is given by

. L.56¢ (i)_ (29)
a A N.B . .

for the split ga;ce range tracker where the term fr is the pulse repeti-

tion frequency and Bn is the single-sided noise bandwidth., Similarly,

~1/2
_3.1c (5
COp =T (N)B . (30)

n

for the leading edge range tracker,

The dynamic tracking errors are determined by the loop band-~
pass characteristic since the IF filtering is sufficiently wideband to
have no more than a'negligible effect. Thus the expressions for the
dynamic tracking errors are the same for each system. In accordance
with the representation of Figure 5 , the dynamic tracking error Te(t)

is given by

T (1) = T,{t) - Toft) =["{Ti(si[1 -H ] ‘ (31)

|

where HL(S) is given by Eq. (11). Let the input be represented by

a power series
3

\Ti(t) = Ti(o) + ot + 6(3;) + y(%‘) - (32)



For a loop containing a lead lag filter and a single integration, the track-

ing error in response to the input power series is given by

kT +2) 2
e, B 1 B ¥ |, (2) ([t -
Te(t) =% + 5 5 + k-i- 2 t+(k) ( 5 )+ transients
W ko W
n n n

) (33)
in which a small approximation has been made on the assumption that
7‘2' >> F 1’ and k >> 1, The transients die out within a short time inverval
on the order of the reciprocal of the loop bandwidth. In most applications,

they can usually be neglected.

For a tracking loop containing a lead filter and a double integra-
tion, the steady state tracking error in response to the input power

series is given by
-
4!

1B ALy
Te(t)"[k"k +kt {34)

which shows that a double integration reduces the.powers of t in the

expression for the dynamic error.

These dynamic tracking expressions have been written in terms
of the parameter Ti(t) the input time modulation. They may be con-

verted to range by multiplication by the factor, c, the speed of light.
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Appendix A

FUNDAMENTAL THEORY

This section presents the theoretical aspects of range measure-
ment. The theory is basic to radar ranging technigues in which the
time of signal propagation over the unknown distance is measured. The
resulis of the theory are equally applicable to signals transmitted at the
low and high frequency portions of the electromagnetic spectrum because
the derivations are, for the most part, only concerned with baseband
signal representations, The resulis are direcily applicable io laser
ranging devices except in some cases where the character of the noise
of the optical detection process must be considered.

The discussion below treats the classical radar problem of obtain-
ing the best ranging accuracy for a given signal waveform in the presence
of Gaussian neise, The relationship between the signal spectrum, the
receiver filtering and the ranging accuracy is developed so that both the
signal waveform and the receiver can be designed for best accuracy.

The results of the theoretical analysis are compared in Appendix C,
with the performance obtained from practical range tracking systems

where it is shown that near optimum performance is obtained with these
systems.

The discussion beging with signal reception and detection by
matched filters., This is followed by a discussion of ambiguity functions,
and the attainable accuracy of range and velocity measurements. Parti-~
cular reference is given to the special case of rectangular pulse signal,

Matched Filters

A generalized receiver is shown in Figure A-1,

R R RIS PPN

Radar Receiver

sift)+ng (t) ———— H{s) & v [t} = 5o (t) + nplt)

Impulse Response h(t)
Z-rye e -

Figure A-1 A Model of a Radar Receiver
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For simplicity the mixing operations, input filtering, etc., are not shown.
In this simplified representation it is assumed that the receiver subjects
the incoming signal s.(t) plus noise n;(t) to a linear filtering process
represented by H(s) or h(t). The problem is to determine the specific
form of h{t) which maximizes the SNR at the output of the filter at a

given sampling time t = T, :

The solution to this optimization problem for the case when n; (t)
is additive white gaussian noise is well known. The optimum linear
system, H(s), is a matched filter, sometimes called a correlation detec-
tor. WNote that this soluiion has wide application since, in most cases,
receiver input noise can be reasonably described as additive white gaus-
sian noise.” The derivation of the optimum filter for this case is included
here because of its almost universal applicability.

With reference to Figure A-1, it is desired to maximize the ratio
“Of the square of the value of the signal component at t = T,

20 = [ [ s h(r - 1) at]’
so.‘i"—[f s,(t) - t) dt]”,

L Masle

SR

to the expected value of the noise power, E[n (t)].”" Let this ratio be
denoted by R ; then

[ f s,(t) h(T - 1) at]?
R=—20 - - (A-1)
B[ [ nn(r-t) at]?
A :

It is assumed in Eq. (A-1) that the noise is wide-sense stationary with
zero mean. Since the noise is white, its autocorrelation is an impulse

e
Note that given enough smoothing Poisson noise takes on gaussian
characteristics.

**E[f(t)] is read as "the expected value of f(t)."
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functiori so that

E[ni('r)] ni(tl)ni(tz) h(T —tl) h(T —t2) dtl dt2

i
Ok__’-‘
C)L_ﬁ

1 : N
J 5N 8t ~t,) h(T-t) KT ~t)) dt, dt
0

=/
0
N

T

= 70 fhz('f'—t‘)-dt ‘ (A-2)
0

N, is the power spectral density of the input noise. Substituting
Eq. (A- 2) in Eq. (A-1) and dividing both sides by the input 81gna1 energy,

E = f S, (t) dt, Eq (A-1) becomes,

o
0
T 2
NO-R [ Of s,(t) h(r ~1) dt]
PG . T, (A-3)
o [siwa [ur-n at

0 0

At this point the Schwartz Inequality is invoked which ééys that for any
two functions a(t), b(t},

( [ a(t) b(t) dt)z < [a’( at [p7(1) at (A-4)

" The equality holds when a(t) = kb(t), where k is a constant., With refer-
ence to Eq. (A-~3), this means that the maximum signal-to-noise at the
output of the receiver is obtained (at time t = 7) when h(T ~t) = s;(t) to.
within an unimportant nonzero scale factor, k. Simply stated, the impulse
response of the optimum linear system is the mirror image of the input
waveform, shifted to the right by the time duration, T, of the signal.

sk
Single-side spectra are assumed throughout this report.-
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The filter frequency function is, then, the complex conjugate of the signal
spectrum, with an additional linear phase shift w7. The receiver output
at t =7 is expressed as :

’ T
s, () = f si(t) si(t) di (A-5)
0

and the output of the detector at some intermediate time, t, 0t =T,
is )

s (1) = [ s0) s (t+0) do (A-6)

hence the name correlation detection.

The presence or absence of a target-refurned signal is deter-
mined by subsequent operations on y(t) .= s (t) +n (t). If y(t) is above
a threshold y it is decided that a target is present below y . itis
decided that tBere is no target. The exact level of the threshold is fixed
by trading off the probability of detection of a target in a noisy environ-
. ment against the probability of false alarm. As the threshold is raised
it becomes less likely that the noise alone will exceed the threshold and
cause a false alarm. At the same time, it becomes less likely that the
signal and noise will exceed the threshold when a farget is present.
Curves of probability of detection versus probability of false alarm with
signal-to-noise ratio as a parameter are available in the literature
(Ref., 1, 2). One such set of curves is reproduced in Figure A-2. These
curves represent an upper bound. Resulis obtained with a less than
optimum receiver lie below and to the right of these curves. The
parameter R in this set of curves is equal to the ratio of the target echo
signal energy to the effective input noise power/Hz. The solid lines
represent the results obtained with a target echo of constant amplitude.
The dotted lines represent the resulis obtained with a {luctuating target
amplitude which varies in accordance with a Rayleigh distribution. In
this case the parameter R is given by AZ/N where A is the most
probable amplitude. °
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Figure A-2 Receiver Detection Characteristics

Ambiguity Diagrams

So far, it has been shown that a receiver that is matched to the
transmitted signal waveform is optimum because it maximizes the signal-
to-noise ratio of its output at t = 7. However, no restrictions were
placed on waveform design. This points up a very imporiant generalization.
When'the receiver is matched to the signal input, the detectability of
that signal is a function only of the signal energy received, E_, and the
noise figure of the receiver as expressed by, N, the noise power spectral
density. Signal design is important to the frajectory parameter measure-

.ment process, namely the measurement of the range and velocity of the
target. One indicator of the utility of a particular signal design is its
ambiguity diagram. (Ref. 3) An ambiguity function represents the envelope
of the response of a correlation receiver to inputs that are mismatched due
to doppler shifts. The ambiguity function is just the magnitude of correla-
tion of the complex envelope (Ref. 4) p(t) of the input signal, s{i), with
the doppler shifted complex envelope. That is,

o0

X{T,w) = | f p(t) M*(t-i-?’) It | (A-T)
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An ambiguity diagram is the 3 dB contour of the ambiguity function. The
width of the diagram along the line w = 0 is the time resolution capability
of the signal. Similarly, the width along the 7=0 line is the deppler
resolvability of the signal. Examples of ambiguily functions and diagrams
are numerous in the literature (Refs. 1,3). The ambiguity diagrams for
a signal consisting of one pulse of RF and a signal consisting of several

pulses are shown in Figure A-3.
tu
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(a) Single Pulse (b) Several Pulses
" Figure A-3 Some Ambiguity Diagrams

For one pulse of duration Tpsec, the width along w=0 is T_ and the width
along T=0 is 1/T_~ Bandwidih. Examination of the diagram for several
pulses explains the source of the term, ambiguity. In this case, the
ambiguity function which contained a single peak breaks up into many
peaks. The ambiguity diagram thus displays the "once around again”
range ambiguities in the 7T direction, and the doppler ambiguities caused
by the line ‘spectrum of the signal in the w direction.

In addition to containing the resolvability and ambiguity properties
of a particular signal, the ambiguity diagram also indirectly contains
information about the attainable accuracies in range and doppler for a
given waveform. This is a result of the faci that the optimum accuracies
are a function of the input signal-to-noise ratio and the signal's resolution
capabilities which are displayed in the ambiguity diagram.

Range and Velocity Accuracy

The estimation of range and velocity of a radar target involves the
evaluation of the probability of receiving a particular radar return in a
noise environment. Let p(s) be the probability density of a particular
signal and p(y) be the probability of receiving a particular signal, s, in
the presence of the noise, n. The joint probability density of signal and
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noise plus signal is \expresSed in terms of.conditional probabilities.

p(s.y) = p(s) ply/s) = py) p(s/y) . (A-8)

where p(y/s) is read as "the probability of event y given s'', Since y is a
given event, i.e., the received data, let p(y) = constant = 1/k. Equation
{A-8) reduces to

p(s/y) = kp(s) p(y/s) (A-9)

This equation describes the operation of an ideal observer {(Refs. 3J 9)
who determines that a particular signal (with particular time delay and
doppler shift) was received given the actual signal and noise, y, at the
receiver output. When n is gaussian noise, the probability of observing
v .given s is

9
-{y-s)"/2N (A-10)

p{yls) = ke
where c is a nori’nalizing constant and N is the noise power output of the
receiver. The ideal observer observes y and computes the probabilities

2.
-(y- 2N
p(sn/y) =kp(sn)e v Sn) / (n=1,2,...) {A-11)
where the s, represent the various undisturbed signals, one of which is
likely to be present in y(t) The ideal observer then simply chooses the
most likely " $; given v'' and decides that y = s;+n. When ¥,n, and s are

functions of tlme, Eq. (A-11) becomes -

f (y-S)Zdt

kp(s) e

A y di+ sdtZysdt
kp(s)e No [I f f (L 12)

where N is again the single-sided noise power spectral density. When

the 51gna1 is properly acquired by the receiver, the integrals of y2 and s2
over time are independent of particular time delays and doppler shifts,

the parameters of interest. It is possible, then, to absorb the contributions
of these terms into the normalizing constant, k. If is also reasonable to
assume that the probability of receiving a signal with a particular time
delay and doppler shifi is constant in the range of time delays and doppler
shifts under consideration here; i.e., the regions over which all time .
delays and doppler shifts are considered equally likely is much wider than

p(s/y)



the range of time delay and doppler measurement accuracies. Equation
(A-12) reduces to

_ +§— [st) y() dt
p(s/y) =ke O {A-13)
Again, Eq. (A-13) shows that the ideal observer performs a correlation
of the received waveform y({t) with the expected waveform s(t). But, this
result is stronger. Whereas the previous argument showed that the
matched filier was the best linear system for the detection of signal in
white gaussian noise, the argument leading to Eq. (A-13) applies to all
systems, linear and nonlinear, and shows that the best system is the
linear one defined by the matched filter.

Now, s(t) is the expected radar return., Therefore, it is a function
of some time delay T1 and some doppler shift f;. To include this informa-
tion, let s(t) = s(t, Ty, f1). Similarly, y(t) is the actual return with time
delay T9 and doppler shiit fg, with noise added. Therefore, let y(t) =
s(t, To,fg) + n{t). At this point, it is assumed that the signal-io-noise
ratio is large and consequently n(t) is neglected, y{(t) ~ s(t, T2, £9). This
is a rather confusing point. If the noise term is neglected, why is there
any error in parameter measurement?, What happens here is this;
Although the noise term itself is neglected, the presence of noise is siill
manifested in the form of the operation performed by the ideal observer,
i.e., Eq.(A-13). As Woodward (Ref. 3) describes it;''We have placed
ourselves in the position of an ideal observer who expects noise, but,
without realizing it, fails to get any.'' Thus, Eq.(A-13) reduces to

4
+ N Jsttr ) st T, f)dt
p(r . £ 1 75.1,) = ke ) _

—sre Yo (A-14)

where §(77, {1, Tg, f9) = fs(t, T1,1)s(t, T9, £5) dt. When s{t) is a narrowband
function, Eq. (A-14) can be written in terms of At = 7y-7T5 and Af= {;-{5.

+ﬁ4-“—<!> (AT, Af)
p(AT, Af) = ke © (A-15)

After some manipulation, and an integration over the ''fine structure' of
s(t) (Ref. 8) it is found that

2
+ﬁ‘; X (AT, Af)

plAT, Af) = ke .(A-IB)
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_where x(AT‘, Af) is the ambiguity function of the signai s(t), Eq. (A-T).

Now, X(AT, af)= 2|$_ (aT, Af)| can be expanded using the following
formula (Ref. 6)

_ af(O) of(0) of#(0)
1] = f(0)+Reiz 3x, 3 Be E (f(O) o,
°10), . |
——= ) dx, dx, +.... (A-1T7)
ax ox 3 i
After some algebra, it is found that
2
ﬁf X (AT, Af) [4; (0,0 - % = A (AT) —2 A, (49)
ke © = ke
-A,, ATAL +] (A-18)
where
2 2 Eg*
A, = f(27rf) | 8tf|” af = —/—, 5(f) = Lowpass equivalent
1 2 . :
filter function
and f
2
(27f) IS(U af_ B = 2 [[s] as (A-19)
ﬂS(f)l ar
Similarly
- Et
2 2
fem® | un | a= 5=
where u(t) is defired above, and
2 2
o - Jem)?| uo | et
to = 9 (A"ZUEL)
S e
and
A, = Re [ut) wx(®) (2xj1) at. (A-20b)
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By integrating the expanded form of p(AT, Af) over Af, the variance in
time measurement is found to be

2.0 . I A =0 (A=21a)"

’ 2 (o} 1 .
Af = = A =0 (A—zlb)
4A22 2 ( 2E) 12

O

The, A12 term contains information about the dependence of time errors on
doppler errors, In most cases, the two {ypes of errors are independent,
Aq9 = 0, and all higher~order terms are negligible. Under these conditions

2
N MATAD L la an-2a,
p(arT, Af) =ke ’ = koe -P (AT)P (Af)
' (A-22)
In some importnat instances (such as '"chirp' type signals or 'linear FM"
waveforms) Ay is large. In such cases, it is true that a time error
could be mistaken for a frequency error, and the results expressed in

Eq. (A-21) are incomplete,

Accuracy Obtained With Rectangular Pulse

In one important case~~that of a rectangular pulse--ihe results
derived above do not work even though the delay and doppler errors are
independent and A9 = 0. If the spectrum of a rectangular pulse is inserted
in Eq. (A-19), it is found that B2 is infinite, which would mean that the
variance of range.measurement goes to zero in accordance with Eq. (A-21).
This fallacy results from the fact that the ekxpansion of X(AT, Af), Eq.(A~1T),
-actually breaks down for a rectangular pulse. Mannassa (Ref..6) has
resolved this difficulty by using a different expansion of X(AT, Af) which
is valid for a rectangular pulse s(t). The results he obtains are as before
for the doppler error, i.e, .
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1 ) 1

Af{rms) = 5 - 510
- ‘to /N— 1. BTP /'ﬁ—
. o - [e}

where T, is the pulse duration. However, in place of zero for the error
in time measurement, he obtains

(A-23)

1.414r

2E
{ ﬁ—)
o

AT(rms) = (A-24)
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Appendix B
THE PHASED-LOCKED LOOP

Introduction

The phase-lock loop (PLL) is a tracking filter. It produces a
constant amplitude output waveform which contains a filtered replica of
the phase of the input signal. The phased-locked loop finds important
applications in the situations where the input signal is obscured by noise
and it is desired to obtain a precise duplicate of the phase information
carried by the signal Typically, the input noise spectrum is very much
wider than the loop noise bandwidth so that the loop is able to filter out
a major portion of the noise. This filtering action provides for a precise
retrieval of the phase information in the presence of noise, On the other
hand, too much filtering will cause a loss of precision because the loop
will smooth out fast fluctuations in the irput phase information. Thus,
the loop bandwidth is usually selected on the basis of a trade off of noise
and dynamic error requirements. The relationship between noise and
dynamic errors and acquisition performance are derived and discussed
below.

In practice the phase-locked loop may be constructed in the simple
form of Figure B-1, or it may be more complex having IF amplifiers and
mixing stages. And in certain high dynamic situations two oxr more loops
may be used in combination with one loop providing a rate aiding signal
to the second loop. For the purpose of this description it suffices to
consider the simple or standard form of the loop.

Input ——— DPlt'ias?e b Tprlilcr:irll-y) b Amplifier > VCO > Output
etector lead-log

1

R-4787

Figure B-1 Phase-Locked Loop
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The simple loop contains a phase defector, voltage controlled

oscillator (VCO) and some form of amplification and filtering to develop

a suitable VCO control signal from the phase detector output. The filter
and amplifier are usually designedas a single unit, e, g. » anoperational ampli-
fier with an RC feedback network. The filter is designed to optimize some
characteristic of the loop performance for the situation in which.the loop

is to be used. For example, the filtering is frequently designed to mini-
mize the sum of the dynamic and noise induced errors, as noted above.

The function of the phase detector is to provide an error signal

- which represents the difference in phase between the input and output
signals For purposes of analysis it may be regarded as a multiplier, which
in a linearized model is represented as a phase Summmg point. This
representation is derived below.

The VCO functions as a phasé integrator. Iis frequency is set at
some nominal value for the case of zero error signal. A change in its -
frequency in response to a non-zero error.signal is proporticnal to the
error Signal. The ouiput phase is related to the integral of the frequency
or equivalenily the integral of the filtered error signal.

Development of a Phage Transfer Model

Consider a CW signal and noise as additive, uncorrelated, inputs
to a phase-locked loop, The noise is assumed to be a sample function of
a narrow-band zero~mean, Gaussian random process. For convenience,
the noise'is decomposed inic cophasal and quadrature components with
the signal phase as reference. Thus, the composite input to the loop is
given by

e, (t) = B_sin[wt+ d)s(t)]-PXC(t) sin[wst+{)s(t)]+xq(t)cos[wst+cbs(t)]

(B~1)

where x.(t) and x (t) are low-pass narrow-band Gaussian processes while
the VCO output signal is represented by

= -+ ~2
e B = cos[ut 4)0(’5}] (B-2)
The operation of the phase detector in the loop can be represented

as multiplying the input ap.d VCO signals, High frequency components
will not be considered since they are filtered within the loop. The phase
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detector output is then

-

% (1) x_(t)
]sm[{) (£~ (t)]+——q—cos[4) (t)~ c{) 1}
(B-3)

and under small locking error conditions this equation may be linearized
to

eV = B_{[1+

xc(t) x {t)
e ) ~E{[1+=] [¢S(§)—¢O(t)]+—é— I (B-4)

so that the phase transfer behavior for the phase detector may be char-
acterized by Figure B-2, provided that [ ({t) - ¢,(t)] is sufficiently
small, Furthermore, if the S/N ratio is assumed large enough then the
cophasal component of the noise x(t) will have a secondary effect and )
may be neglected., Thus, under high S/N and small phase-error condltlons
the phase detector output may be wiitien as

x (1)
e ) ~ B ) - @) +7Wj:— } . (B-5)

and the incremental phase-transfer behavior of the loop can be charac-
terized by the linear model of Figure B-3. Note that the incremental
output phase of the VCO is obtained by integrating (and scaling) its input
excitation. The following notation is used in Figure B-3, referring to
the frequency domain;

\%n(s) = S(s) + ¥ (s) represenis the composite phase input to
the loop, where v 5(s) corresponds to the signal term d(t) and
%(s) to the noise term x (1) ,

hi
S

Wc;(s) réepresents the VCO phase output,

We(s) = ¥ (s) - ‘i'o(s) represents the signal locking error in the
loop, which must be kept small for the
model 1o be valid,

F(s) represents the low~pass loop filter, and

K represents the open-loop gain in the model, and is propor-

tional to the signal level E_, and the gains of the phase detector,

loop operational amplifier and VCO,
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Figure B-3 Linear Phase Transfer Model of a
PLL (Small Error, High SNR
Conditions)
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Phase-Error Analysis

The derivation of the linear model of Figure B—-3 required a small
signal locking error. If H(s) represents the closed-loop transfer func-
tion in the model; i, e.,

¥ (s)
H(s) = (B-6)
P, (8)
then the expreséion for this error is given by
b (s) = [1-T(s)] ¥ (e) - E(s) §_(s) (B-T)

The first term represent the loop locking error in attempting to repro-
duce the signal phase dynamics in the absence of noise, and is referred
to as dynamic tracking error. The second term represent the additional
signal locking error contributed by the additive baseband noise.

The closed loop transfer function H(s) is readily expressed in
terms of the loop parameters. Thus if the filter is of the lead lag form
(T1s +1) (Tos + 1)~ 1 the open loop transfer function is simply (K/s) X
(Tys +1) (rgs + 1)"1 where K represents the product of the gains of each
component of the loop. The closed loop transfer function H(s) is then
given by

Tl s+l
H(S) = (B—S)
Ty o 1 '
& 8 t(f + s+l

The damping factor of the poles of H(s) is given by

(1+K 7’1)

R D
€77 JTK

(B-9)

The dynamic tracking error is obtained by evaluating the inverse
transform of the first term in Eq, (B-7). Let the input $(t) = r[;"l i,bin(s)
be given by a power

bty =(0)+ at + B2/ 2) + ¥(t5/6) (B-10)
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then _

' - | (KT, +2)
-1 I I A B _ v
b0 = T r-ae g ) - [K "o ? o ? *]+ K 2]t
- . ) n n n
A -t2
+ (“IZ() (—2) + transients - (B-11)

where wn2 =K /79 and a small approximation has been made on the
assumption that 79 >>7T; and thatK >>1. The transients die out within

a short time interval on the order of the reciprocal of the loop bandwidth,
In most applications the transients may usually be neglected.

The noise induced error is cbtained by operating with the second
term in Eq. (B-7). The rms value is given by

w x (@) - 1/2

.‘bn(rms) = [ f J;B_—— + H{jw) ]2 dw radians (B--12)
. =0 S -

which for the case of a flat spectrum for the noise process having
density, @ is simplified to

op 112 -1/2
({)n(rms) = ( g) = (%HB 'radians (B~13)

"B
S

LY

11

where S = ESZ/2 is-the signal power, the N = ®B, is the noise power
within the loop bandwidth and By,; defined below, is the noise bandwidth
of the loop.

In the literature By is defined alfernatively by either the single or
double sided noise bandwidth. Thus in formulations involving the noise
bandwidth, a factor of two is present when the single sided noise band-
width is used. The single sided noise bandwidth B, is given by

o0
1 ) 2 )
2By =5~ _fw IH(ZJmH dew
& (1+K’i‘1 /72) o
2 1 +K1‘1
%'1" (1— +Kr ./'r ) Hz for K7 >>1 (B~14)
2 ’1“2 1 2 1 ;
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The remainder of Appendix B is devoted to general considerations
relevant to the design of phase-locked loops. Some of the topics considered
here are optimization, signal-to-noise level, oscillator instabilify, and
the damping factor.

General Considerations

In the steady state condition the phase-locked loop is in essence
a tracking filter, i.e,, a narrowband filter with a tunable center frequency.
For small phase perturbations the system behaves quite linearly, and the
analysis of such a system is relatively straightiorward, However, the
. reponse of the system to large transienis and severe dynamics in the
input frequency and phase is not at all straightforward, and may, indeed,
be nonlinear,

A complete set of solutions to the problem involves the generation
of a set of output curves corresponding to a large set of dynamic input
conditions; this is complicated by the fact that the PLL contains a filter
whose parameters determine the acquisition and tracking performance,
The problem of designing a PLL is then to specify a set of allowable
input conditions, for which some sort of "optimum" filter can be deter-
mined, "Optimum' means that some property of the error,” such as the
error ''power”, is minimized. The "optimum'" filter may or may not be
physically realizable. As a compromise, an approximate filter is built
and the response of the system with this filter is determined for the
given set of input conditions.

In general, a single integration filter (resulting in a second-order
loop) allows the loop to lock on to a frequency step with zero ultimate
phase error, whereas a double integration filter (resulting in a third-
order loop), allows tracking of a frequency ramp with zero phase error.
Since perfect integrators do not exist in practice, except for those which
can be constructed digitally, other filter which are good approximations
are utilized, For example, one such filter that has received wide atten-
tion ig the filter of Mallinckrodi, first reported in (Ref.7). The
Mallinckrodt filter is an approximation to the optimum Wiener filter., It
appears that the optimum Wiener filter has complex poles and is only
conditionally stable, The Mallinckrodt filter, having only real poles, is
a more highly damped system and consequently a more stable one. The
damped loop allows a possible gain variation of 13:1 while still remaining
stable, Nevertheless an AGC is required to keep the loop gain within

the allowable limits for stability. Since the loop gain is proportional to
the input signal amplitude, Eg.
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The problem of acquisition is one of correctly identifying a
changing frequency in the presence of noise as quickly as possible and
within certain small allowable error limits. The purpose of an acquisi-
tion-aiding scheme is to aid the PLL in acquiring the signal faster than
it could acquire it by itself, For this reason the allowable error of the
acquisition scheme depends upon the maximum pull-in range of the PLL.,

Using the conventional filter (1 +7q s)/ ({1 +T9s), the acquisition
time for a frequency coffset can be found (Ref.8). This acquisition time
is considered to have two parts, the phase acquisition time t} and the
frequency acquisition time t;. The time t) is of the same order of
magnl’cude of the response time of a single pole filter of bandwidth B
which has an equivalent time constant of 2/ By. Thus, considering 5 tlme
constants to be sufficient,

t, S B.15
; | . (B.15)

The frequency acquisition time is then the time it takes for the frequency
error to reduce from the initial frequency step Af to Bn/; this has been
found to be
2 .
tf ~ 33, 5 ﬁ—g sec (B.16)
(ZBn)

for a loop damping of 0,707, As the damping increases t; increases. For
a damping of 2. 8 the constant in the above expression nearly doubles.

The above approximation is true only if Af is well within the pull-in

range of the loop. The pull-in range for a second-order PLL has been

" found to be

1 21-2 1/2
Aw = — K(—= - 1) (B.17)
p T, T4 .

In Figure B~4 we have plotted the frequency acquisition time of a
second-order PLL versus initial frequency offset. The expression of
BEq. (B.16) holds for all values of Af if the loop filter has an ideal integra-
tion, because then the pull-in range of the PLL is infinite.

The value of the acquisition time (tf + t)) is in general too large
for most applications, and thus various acquisition aiding schemes are
used. Such schemes generally provide ameansby which the VCO is brought

to the vicinily of the input frequency. Then whenthe loopis lockedornearly
locked, the acquisition circuitry is disabled,
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CGain Stabilization Considerations

It will be recalled that the open loop gain K is directly proportional
to the input signal level. Therefore, if the input signal varies over a
wide range, then B, and { also vary drastically, This variation can be
reduced by the use of automatic gain control (AGC) loop. However, this
results in large noise error in the loop at low signal-to-noise ratios
(SNR). If variation in signal and noise levels were small, AGC would
be satisfactory.

In a second-order PLL the use of an ideal limiter preceding the
phase detector results in an optimum loop over a wide range of input
signal and noise levels. The reason for this-is that the limiter com-
presses the variation of the signal level into the loop, Thus at the lowest
SNR the limiter suppresses the signal, and the loop noise bandwidth and
damping are minimum (Ref.8). As the signal power increases B, and
increase to a constant value at strong signal levels., This Saturation of
Bn and £ at strong levels occurs because the signal power at the output
of the limiter saturates with increasing SNR into the limiter. Hence
the loop design holds for a larger range of signal and noise levels.

Obviously one disadvantage is limiter suppression of the gsignal at low
S\TR' .

Degign Approach

The design of the loop for tracking proceeds by noting thai the
minimum damping { of a second-order factor should not be less than
one half, and the "optimum" value of £ from several considerations (Ref.
10) should be in the vicinity of 0.707. Since € increases with SNR, the
minimum £ is at minimum specified SNR. Normally the loop characteris-
tics € and B, are determined at this minimum SNR. The linearized
assumption of the phase transfer model breaks down for low SNR's, and
experimental results show that for SNR's below 3. 2 dB (corresponding
to an rms noise ervor in the linearized loop of about 28°) the probability
of the loop staying locked is small. Thus, specifying £ and By, at a
0 dB SNR in the loop has been found quite meaningful. These are called
the threshold values E and Bn’? Since the critical region of operation
is at threshold, the ”opt:lmum damping §; = 1/4/2 is selécted rather
than the value of 1/2. Some designs may, however, use a damping of
1/2 at threshold.
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The noise error of Eq. (B.13) did not include the effect of VCO
noise. The VCO noise §;p;(t) is significant only when the loop bandwidth,
is narrowest. If this interval jitter can be modeled as shown in Figure
B-5 when the VCO is operating in the closed loop, then the amount of
phase instability produced at the VCO output is

b (s) = {1-E(s)} b, 4 (8)

Thus the PLL acts as a high-pass filter for the VCO phase instabilities,
Hence the narrower the bandwidth of H{s) the more contribution is made
by VCO noise. The magnitude of {1-H(jw)} is sketched iA.Figure B-6

to show its high-pass behavior, The power in P;,1(s) can be kept small
by keeping the dc gain of the loop high. Little information is available on
the exact spectrum of Pini(s). However, it is well esiablished that it
represents no more than a small disturbance and is a function of the
required VCO deviation such that the larger the deviation, the larger is
Pint(s).

The above relations have shown that the noise and dynamic errors
are worst at threshold. Therefore, the design approach is to satisfy the
loop specifications on these errors at threshold, their satisfaction at
the higher SNR's being automatically guaranteed. To determine the
performance of the loop at the higher SNR's the relationship of By, and £
versus input SNR is obtained using the limiter curve of Davenport (Ref. 9 ).
Assuming that the threshold damping is {t = 0. 707, the filter time
constants 7; and T3 can be expressed in terms of the specified threshold
noise- bandwidth Bpi and the open loop gain at threshold (K;) as

.
1”1 1B (B~18)
nt
K
_9 _t -~
‘1’2 = 1o 5 (B-19)
B
nt

+ 1) (B--20)
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where K ig determined from Davenport's curve. Similarly the variation

in damping is )
[ . [E peer - L -
L =~ tt K, = 2K, since tt = T (B-21)

In the usual case where the threshold corresponds to the weak
signal 1limit of Davenport's limiter curve, the strong signal noise band-
width has been found from Eq. (B. 20) to be

+1) (R-22)

Thus the loop noise bandwidth varies with.input SNR from Bnt to an.
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Appendix C

DESIGN AND PERFORMANCE OF PRACTICAL SYSTEMS

The discussion of Appendix A has given the derivation and mean-
ing of many of the resulis used in classical radar design, This section
presents analyses of commonly used ranging tracker techniques. - The
noise and dynamic performance obtainable from these practical techniques
are determined and compared to those obtainable from optimum imple-
mentations.

Split Gate Tracker

The split gate tracker is well known for its use in range tracking
equipment. It obtains near optimum ranging accuracy from the input
pulse train signal. It is readily analyzed in terms of a linear model
which is similar to that of the phase-locked loop. The linearized model
is developed below and performance analyses based on this model are
given,

System configuration and linearized model. -- A simple split-
gate tracking loop is shown in Figure C-1.

.| - Verioble | A

Gatin Filter Speed
input Pulse 9 Clock Qutput Pulse

Train _ Troin

v

Sphit Gate |,
Generator

R-4799

Figure C-1 Simple Split Gate Tracking Loop

The loop accepts the input pulse irain and produces an output pulse train
which is locked to the input. The loop acts as a smoothing filter which
substantially reduces the noise content of the pulse train by reducing ihe
noise bandwidth of the system.
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The output pulse train is locked t0 the input in the following way.
Each output pulse triggers the generator to produce a split gate. The
split gate 'combines with the input pulse in the gating unit to produce an
error signal which indicates whether the output is leading or lagging
the input. The error signal is also in the form of a pulse train, It is
smoothed in the filter and then used to control the clock speed to bring
the output info coincidence with the input. :

The error signal is obtamed as follows. The split gate contains

both a p051t1ve and a negative region. These are sometimes called the

"early" and "late' gates. The gating unit functions as a multiplier which
multiplies the positive input pulse by the split gate waveform. Thus the
output of the gating unit is a pulse waveform containing both positive and
negative regions which are equal only when the loop output is in coinci-
dence with the loop inpui. The difference between the positive and
negative regions is the value of the error signal.

The filter acts as an integrator which combines the positive and
negative regions of the error waveform to give a voltage level which is
equal to the difference between the positive and negative areas. This
voltage level serves as the control signal for the variable speed clock.

A simple range tracker employing a split gate tracking loop is
shown in Figure C-2. The figure represents one of a number of possible
configurations for a tracking filier. . The variable speed clock is shown
in greater detail; it consistis of a voliage controlled oscillator (VCO), a
cycle counter and a comparator. KEach time the counter reaches a '
preset number, N, the comparator generates a pulse to irigger the split
gate generator. A similar arrangement is employed to generate the
"Main Bang'' trigger which initiates the transmission of the signal to the
target, The difference betweenthe contents of the counters results from the
delay in propagation of the signal to the target and back to the receiver,
Thus, the difference, with a suitable scale factor, represents the range.

The linearized model is developed with aid of Figure C-3. Here
the split gate tracker has been redrawn so that the VCO appears separately
from the counter and split gate generator which have been combined in a
- gingle unit. Also the gating unit is shown as a multiplier. The input
and output {split gate) waveforms are shown respectively by £(t -+ t{) and
g(t +ty). The argument of the input time function is t +ti rather than
simply t in order.to point out later the similarity between the split
gate tracker and the phase-locked loop. The term t; may be thought of
as a time delay modulation in the signal propagation time such as would
be experienced by an altimeter when the altifude is not constant .

02



Main

R-4800

N > Comparator |+ Bang
Trigger
5 & A A
Ref |  Reference
Osc . Counter
4 4 ? ¢/ ¥
Subtract —e Range
& & L 4
Pulses ) Veo
I = Equalizer & VCO o
; Counter
an
[
. 1
Sephit Trigger
Cate  fo Comparator {f*—— N
Gen
K-rq9 .
Figure C-2 An All Electronic Range Tracker
JL A fitter | kIR 2]
F{r+t;) \ h{t)
/
alis vCo
9(""10}
Counter & .
Selit Gate p4———
Generator

Figure C-3 Time Signals In Split Gate Loop



" Similarly to may be regarded as the time delay rodulation at the loop
output. ‘ o

The output of the filter in Figure C-3 is shown as kl h(t) (t -t )
where k, is a constant defined below and h(t) is the impulsé response of
the filter. The output is related to the input as follows. The input to the
filter is of short duration compared to h(t) and may therefore be regarded
as an imnpulse whose value is equal to the area of the positive portion
minus the area of the negative portion without affecting the validity of
the expression for the filter output. The value of the impulse is a fune-
tion of (tj - t;) as is shown in Figure C-4. For small values of (tj~ty)
the value of the impulse varies linearly with the slope of the curve
given by kl'. Thus the filter output is given by

h(t) ® [k, ") U] = kbt (- 1)

The filter also serves as the connecting link between the split
gate tracker and the phase-locked loop. It provides for the same type of
operation in both loops even-though one loop accepts a continuous wave,
The filter can effect the similariiy in operation when its bandwidth is
very much smaller than the pulse repetition frequency (PRY)., Under
this condition the contributions of the pulses in the input pulse train are
effectively summed together to form a continuous output from the filter,
The continuous output of the filter in the case of the split gate tracker is
virtually indistinguishable from that of the phase-locked loop. Note
further, that poisson noise spikes at the input to the filter will result in

approximately Gaussian noise at the output of the filter,
Value of
[mpulse
4
) Slope k;
Product . N,

of Gate < > = (1 -1 ]
ond Pulse. N

Signal Pulse: r_] —t-

Sphit Ga.te. l . t
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Figure C-4 Impulse Representation of Filter Input
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A further simplification can now be made in the riotation. Since
the loop response is.a function only of (t; - t,), the term t may be dropped
from the expressions for the input and output waveforms. This is
equivalent to viewing these signals in a moving coordinate systerm, t
merely defines an arbitrary reference phase for the system.

The configuration of Figure C-3 may now be recast to show the
Laplace transform representation shown in Figure C-5, The purpose
of this representation is to predict the time lag between the loop input
and output. The time lag may be related to the phase of the PRF, thus,
this representation is often referred to as a phase model. The functions
I and g may therefore be dropped and the inpui and output signals are
represented as the Laplace transforms of the input and output time
modulations. The counter and splii gate generator have been deleted
since they are of much wider bandwidth than the loop bandwidth and may
therefore be regarded as frequency independent, The VCO is shown
by the usual representation as an integrator since its output phase is the
integral of its frequency which is, in turn, proportional to the control
voltage provided by the filier. This representation of the VCO is valid
for the split gate fracking loop since the phase of the VCO output is
linearly related to the time lag between the loop inpui and loop output.
. The constant K includes ky as well as all other gains that may be present
such as these of the operatioﬁal amplifier (not shown) used to drive thé
VCO, the VCO gain itself, and the attenuation (phase division) of the
counter,

The representation of Figure C-5 is identical to that of a phase-
locked loop. All analyses applicable to phase-locked loops are thus
applicable to the split gate tracking loop within the linear regions of both
loops. The two loops differ in their acquisition performance since the
split gate fracker requires a strobing action to located the input pulse.

In addition, the noise transfer characteristic through the split gate requires
a more complicated analysis than that used for the PLL input mixer,

T; {s) H{s) = K/s Tols)

£-4802

Figure C-5 Transform Representation of Split Gate Loop
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The open loop transfer function for the case where a lead lag
filter is employed is given by (K/s) (T1s +1) (Tgs + 1) . Increased
performance can be-obtained by using a lead fllter followed by an additional
integrator. Such an integrator can be built by digital 'techmques The
resulting open loop transfer function is then given by (K/s2)(Tys + 1),

For purposes of analysis the split gate tracking loop is generally
treated as a filter with input T;(s) and output To(s). - The transfer function
of this filter is simply the closed loop transfer function of the split gate
loop.) In the case of the lead lag filter and single mtegra.tlon it is glven
by Eq. (B-8) which is recase for convenience as

T.s+t1
I—IL(S) = wnz 1 3 (C-1)
st 28w s+ w ‘
“n n

where wn2 = K/’r‘2 amd 2¢ = wn('r‘i +K"1). TIn the case of the lead filter
and double integration it is given by Eq. (C-1) with wnz =K and 2{ = w Ty
The exact form of the closed loop response of the tracker determines its
dynamic performance and is an important factor in determining its
noise performance. These details are discussed below,

One further comment is in order, namely, the reason for select~
ing a split gate rather than some other form of gate, The optimum form
of gate is give by the derivative of the signal waveform (Ref.11). Ina .
practical range tracker, the tracking loop is preceded by an [F amplifier
and filter which distorts a square pulse so that it acquires a irapezoidal
or triangular envelope. Near optimum IF filtering is fairly narrow fo
exclude as much noise as possible without seriously affecting the pulse.
The output pulse envelope for such filtering resenbles the matched filter
ouiput, i.e., a triangle. The derivative of a triangle is the split gate
waveform, By way of comparison with the phase-locked loop the same
relationship exists, e. g. , the gating waveform, a cosinusoid, isthe derivative
of the input signal waveform, a sinusoid. In the following section the
optimum relationship between IF filier bandwidth and gate width is developed
for a specific pulse width,

Noise error .- This section treats a practical system containing
the split gate tracking loop precéded by an IF amplifier and a detection
circuit which demodulates the IF carrier to give the pulse envelope
waveform. The input signal to the IF amplifier is accompanied by noise,
some of which passes thrdugh the amplifier to induce a noise error at
the output of the split gate tracking loop. The noise error manifests
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itself in the form of a jitter on the output pulse train, In this section the
magnitude of the noise error is investigated and the noise {ransfer charac-
teristic of the split gate is derived,

The following parameters play a key role in the evaluatlon of the
.noise error, namely, the bandpass characteristic of the IF amplifier,
the average power and duty factor of the input pulse train, the width of
the split gate, and the noise bandwidth of the split gate loop where the
loop is treated as a filter. It is shown below that for a given pulse width,
‘there is a relationship between the IF filiering and the width of the split
gate which maximizes the effective SNR presented to the split gate
tracker. The amount of noise passed by the split gate is further
reduced by the noise bandwidth of the loop. And finally, the noise is
also reauced by the gating action itself since the split gate gates out all
noise except that which is present at the instant when a pulse is received,

The analysis proceeds as follows. First the noise voltage and
the signal pulse waveform outputs of the IF filter are calculated for a
simple filter shape. Then the error voliage generated by multiplying
the resuliing pulse waveform with the split gate waveform is obtained as
a function of timing error. This is equated with the noise voltage to
determine the split gate timing error associated with a given signal and
noise level, The timing error is then minimized by determining the best
relationship between the IF filier parameter and the widih of the split
gate for a given pulse width.

At this point all parameters of the system have been specified
except for the gain and bandpass characteristics of the split gate tracking
filter. A typical tracking filter is assumed for the remaining calculations
which give the noise error at the output of the split gate tracker.

To begin the calculations, an IF filter is selected whose bandpass
characteristic is equivalent to a double RC rolloff at baseband. For the
purposes of this analysis it suffices to consider only the baseband
representation, The lowpass filter transfer function is given by

2
=— )
s+ a

p(s) = ( - (C-2)
where 1/a = RC, the time constant. This filter and the split gate are
shown in Figure C-6.

The noise admitted by the split gate is found as follows. The
input and output noise voltage waveforms of the lowpass filter are repre-
sented by n(t) and m(t) respectively. The split gate voltage waveform is
represented by g(t). Tg is the gate width and the two sections of the
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gate have equal durations of To/2. g(t) is given by

- 0; - t2 47 -
) ;T <L TgIZ, g/2
glt) =4 +1; —fg)‘z <1< 0 ‘ (C-3)
-1. 0S -
| -1; t<T oy

-

In a practical system g{t) occurs periodically but for the purposes of this
part of the analysis it is assumed that g(t) occurs only once. The inte-
gral of the noise voltage passed by the split gate is given by

o0
e, = _fw m(t) g(t) dt (C-4)
The mean square value is given by

o sa] .
e’ = _fd3 fm m(t ) m(t,) gt,) glt,) dt, dt, | (C-5)

where the bar indicates an average value.

The mean square value is readily expressed in terms of the auto-
correlation functions of the noise and gate waveforms, namely, Rp(7)
and Rg(T). Since the noise is wide sense stationary,

R (-t

g = mit)mi) (C-6)
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Substituting Eq. (C-6) into Eq. (C-5) gives

—_— 00 [va]
2 . -
e’ = [ [ Rt -t el elty) db di,. (C-1)

n Joo &

With a change of variables,. tl - t2 = 7, thig becomes

—_— 0 00 . )
e = [ J R (1) g(r +1,) glt,) dt, d (C-8)

n ool -c0
Integration with respect to tz gives
_ 0

e = [ RyMEM ar R (C-9)

which is the desired e::cpression for the mean square value of the noise
voltage in terms of the aulocorrelation functions, Rm(F) and Rg(f).

Rg(‘i’) is readily found by inspection; it is shown in Figure C--7.

| - + Tg/2 _

rr
a1 ?

—

I T +_!2 ’

A Rg {z}
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9 / \T%/ 2 > T
© R-d804 NS N\

I’g f2

Figure C-T7T Split Gate Correlation Function

R,,(7} is found by taking the inverse transform of the power
spectral density function of the noise, Sy (w), by evaluating residues for
poles in the left half plane only, and then applying the fact that Ry, (T)-
is symmetric inT. Sp(w) is given by

2 a2 ’ ‘
Sm(w) = NOIHLP(M)I = NO'(—g"——z) (C-10}
. w-+a
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where N is the noise power spectral density. The inverse transform is

given by n

ctjo : _ m-1
R (M=t [ 5 (eTas ™ & —2rt T (s-6)™s ()6
m. 2w . I 4=1 (m~1) m-1 i Tm _
c~j® ds s=5,
(C-11)
-2

where m is the order of a pole s;. Factoring Sp(«} gives Noa4{jw+a.)
' (jm-*a)-g. To take the inverse transform of Sy, (w), substitute s for jo,
Then Eq. (€-11) may be solved for residues in the left half plane giving

-aT
== °© (1+aF)

R (T [ =

2 4
14 (s+a) N a ST N a
>0 1! ds <

(s+a)2(s —a)z =~z

. (C-12)
The value of the noise voltage given by Eq. (C-9) may now be
expressed direcily in terms of the system parameters for Rg(‘f) as given
by Figure C-7 and Ry, (T) as given by Eq. (C-12). Thus

N af Fl2 _ T - ~
enz = —-92——& [ g —;’_3—?) (1+aTm)e E"Td‘r-fg(l -,Fi)(l +aT)e Tar
0 g Tsl2 B (C=13)

Evaluating the integrals gives

— N T
2° "og -aT /2, 12 -af /2 9  -af__3 -aT _
e = — [2+Ze g -i—-—~——-‘rﬂg e g —afg e afg e g } (C-14)

= (NO‘I’g / 2) fl(a'rg)

where the function f, (aTg) has been introduced to simplify the notation,
Figure C~8 shows a'plot of f; (aTg) as a function of aTg,

Are——rr—

In summary enz is the mean square response of ithe loxvpaés filter
plus the gate to white noise of density No'

The next step in the anaiysis is to calculate the response of the

lowpass filter Hy p(s) = a2/(a+s)2 to a pulse. For convenience, let
the pulse amplitude be given by V,, and the width, Tp, by 3/a. The pulse
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P(t), may be expressed as a positive going step plus a negative going
step which has been delayed by Tp = 3/a seconds. Thus

P = V, [u_l(t) - u_l(t-‘r‘p)] | (C-15)

The response of the lowpass filter to the pulse is given by

- _~at_ ~at _ _ ~a(t-T)
fpl(t) = VO (1-e ate )u_l(t) ((1 e P

"a.(t"' Tp) e"a(t-fp) ) u_l(t"TP) } (C" 1 6)

The pulse response for ’fpz 3/a is plotted in Figure C~9.. In order to
facilitate calculations, the actual pulse is approximated by a raised
cosine fp(t) which is also plotted in Figure C-9 for purposes of compari-
son. It is assumed, for convenience of analysis that

fp(t) ¥ 0.4V (1 + Cos ﬁt) (C-17)

At this point the response of the gate to the filtered pulse, f (1),
is found for the case when the gate is slightly offset from the center
of the pulse, This situation is illusirated in Figure C-10. The response
is obtained by multiplying the pulse waveform by the gate and integrating
the product over the width of the gate. This gives the error voltage eg,

ot 5 At+Tg/2
e = 0.4V, f (1+cos 3 5 B dt- z{ : (1 +cos§—5t) dt (C-18)
—7‘g/2+m i

Evaluating the integrals gives

rafT
e =0,4V [l sin malt 2 sin2 _g_] (C~19)
e ol wa 3.9 14
For small error in time, At, this can be approximated by
7 7a 9 waT
= 9, — == At - in® —& 1.6V Atf -20
€, 04V0 o 5.8 t « 2 sin 2 1.6V 2(aTg) (C-20)
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where the notation has been simplified by the introdaction of fy(aTg).
For convenience fg(a‘i"g} is plotted with £ (a’l"g) in Figure C-8.

In the derivation above it was assumed that the gate was displaced
causing an output error voltage ec. However, the reverse can also happen.
That is, a perturbing voltage ep = ee will cause the gate to be displacéed by
an amount At. Thus, the relationship between rms noise and rms time

error is established by equating the expression for eg Bq. (C-20) with
en, Bg.(C-14). Also At is replaced by the rms timing error ¢ giving

- e
4/ n
c =

(C-21)
t 1.6 Vofz(aTg) )

Substituting for en2 , from Eq. (C-14), gives

, 1/2f 1/2(3.1’ )
t (1,414)(106)(V0/JNO)£2(afg)

(C"-'22)

The rms timing error, Uis can be expressed in terms of the funda-
mental quantities E,, the pulsé energy and No. The rf pulse energy is
given by

) 2 _ 2
E_=(V, /2)'?13 = (V_"/2) (3/a) (C-23)
Recasting gives .
2an . . )
vo == ‘ _ ‘ (C-24)

Finally, 0, can be expressed in terms of R the ratio of signal energy to
noise power per cps by substituting Eq. (C. 24) into Eq.(C. 22) giving

o, - L (C-25)

.fz(a,‘T)
(1.31)aJ§[ 8 1/2]
(a..'i"gf1 (aTg))

where R is the signal energy~to-noise power per Hz, ZE/NOt
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Figure C-11 shows a graph of the ratio fz(at)/(aTgfl(aT ))1/2
The optimum value occurs at aTg * 4, 5. The minimum trackmg

aTg-
error obtained with this system is
% * GesaE (=20
min :

The above result can be compared with the optimum range detecti-

bility of Woodward (Ref. 3) which is

— 1 —
0{t = mﬁﬁ (C-27)

The rms bandwidth, 8, of a rectangular pulse is infinite,
the condition that (receiver bandwidth) x (pulse duration) is greater than

unity, the rms bandwidth is approximated by (Ref.12)

However, under

BE .J— (C-28)

T
P

The lowpass filter considered here has single-'sided bandwidth = 0, 65a.

The rms bandwidth is

gE ./ 13'/3:‘ = 0.658a (C-29)

The range accuracy of the optimum receiver is then,

L : (C-30)

9 T 0.658a /R

opi

2BW (BW) (’rpi =1

-

The best range accuracy obtainable from the receiver under consideration
is less than optimum by a factor of (0. 658/0.64)~ 1. 02 or about 2%, This
result agrees with the ‘obtained by Barton (Ref.13 for the split gate tracker,

which is
-
o, = 2_%,{_ (C-31)
. opt
or, for T = 3/a
p R I S (C-32)
Topt 0.67a :\/_R—

65


http:65810.64

05
S o4 ™~
;:." Ko \\‘P\
—_ @ -7 ~
°l & 03
o=
ad )
5,02
0.1
G P

0 1 2 3 4 5 & 7 8 @ 10

2- 4808 Fo[omg H]72

Figure C-11 Plot of Ratio, a Function of fl and f2

66



Effect of the split gate loop,.~- So far, the analysis of the noise
error has considered only the equivalent lowpass filter representation of
the IF filter and the split gate. At this point the complete split gate
tracking loop is considered. Since it acts as a filter, it can further reduce
the noise error if the loop neise bandwidth is less than the bandwidth of
the noise at the split gate, or equivalently,if the loop noise bandwidth is
less than that of the lowpass filter. This condition is fulfilled in practical
systems, so that there is a substantial reduction in the noise induced
errox. .

The effect of the split gate loop may be analyzed by comparing the
IF spectrum with the baseband spectirum following the procedure of
Barton (Refi3). The input signal at IF is a periodic pulse signal with
a line spectrum. The spectral line separation equals f;,, the pulse
repetition frequency. The total noise N passed by the IF bandwidth, Bjr
is N = Ny Bjy where Npis the average value of the noise spectral density
at IF. At baseband this spectrum is folded over and filteréd by the
split gate loop. The action of this filtering on the noise is readily seen
by superimposing the loop noise bandwidth, B, (single sided) on the IF
spectrum. The only noise contribuiing to the noise error is that contaired
within regions of 2B, centered at each spectral line., Since there are
(Bis/ fy) spectral lines, the total noise is given by N} (2Bp)(Bif/f,) =
N(2Bp/fr). Thus the effect of the loop filtering is to reduce the average
noise power by a factor of (2Bn/{,).

This result may be applied to the noise induced error ot given
by Eq. (C-26).  First it is noted that R = 2E/ Ny is proportional to the
SNR, the ratio of the average signal power within the split gate to the
average noise power within the gate. Therefore the improvement factor,
(2BL/f,), may be applied directly giving

. 1 . B 1
% * 7.64a S TeE) / 5 (C-33)
- _ TR 9,64

ave
N B
on

where Sgye = E ¢ {,. is the average signal power. In this expression
B, is given by
00

_ _]_-__ 2 . | . -t
2B = 5n —fw |5, (s)] " ds o (C-34)

where Hy (s), the split gate loop transfer function, is.given by Eq.(C-1).
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The improvement in the precision as shown by ¥Xq. (C-33) is to
be expected. The loop acting as a filter, sums the results from a large
number of pulses to produce each output data sample. The oulput data
rate is given approximately by 2B, as is indicated by the sampling
theorem, 2TW =1, where T is the sample time and W is the filter band-
width. Since fr >> 2By, it is clear that each ouiput sample is the average
of a large number of input data pulses.

Dynamlc error . -- The dynamic tracking error is a function of
both the IF filtering and the split gate tracking loop bandpass characteristic.
In a typical system the IF bandwidth is very much wider than the tracking
"loop bandwidth and therefore has a negligibly small effect on the system
dynamic performance. Under this condition the-dynamic performance
is determined by the tracking loop bandpass characteristics.

The dynamic response is based on the representation of Figure .
C-5 in order to permit the well known formulations of the phase-locked
loop to be applied directly to the split gate tracker loop., The dynamic
tracking error T.(t) is given by

T = T - T . T,(6) [1-8 (5] (C-25)

where Hj (s) is given by Eq. (C-1). Let the input be represented by a
power series of the same form as that given in Eq, (B-10),

_ 2 3
. Ti(’c) = Ti(o) +.at + 5(—5) + ’)’(—6) (C-38)

For a split gate loop containing a lead lag filter and a single integration,
the tracking error in response to the input power series is the same as
that given in Appendix B; it is repeated for convénience.

. VKT, +4) 2 Lo
Te(t) =12 4 B_. 1 ]+[ B + w}jz]t +(1)(:-£2-—)+ transients

K 2 2 K K
ke n (C-37)

n n
in which a small approximation has been made on the assumption that

Tg >>T1, and K>>1., The transients die out within a short time interval
on the order of the reciprocal of the loop bandwidih, In most applications
they can usually be neglected,
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For a split gate tracking loop containing a lead filter and a double
mtegratlon the steady state tracking error in response to the input
power series is given by

B "1, 7 ]
Tl =[E -]k (-39
which shows that a double integration reduces the powers of t in the
expression for the dynamic error.

These results might indicated that a system employing a third
ideal integrator would provide improved performance, * Each integration
simply removes the effect of.one more term in the power series repre-
sentation ¢f the input signal. But the terms with the higher powers of t

are usually less significant and the point of diminishing returns is reached
with the second integration.

Furthermore, third order systems are typically less stable. The
significance of each term in both acquisition and dynamic tracking capa=-
bilities is readily appreciated by considering the analogous situation with
the phase-locked loop. Thus T;(0) corresponds to an initial phase offset
which is readily acquired, «t corresponds to a phase rate of change or
frequency offset, A small frequency offset is readily acquired, but for
large offsets the acquisition time grows exponentially until a point is
reached where acquisition is no longer possible, The.term B(t2/2)
represents a rate of change of frequency. This term by itself presents
no acquisition problem, but if the term &t is also present, then this
term aids or hinders acquisition depending on whether l‘i: acts to decrease
or increase the frequency offset., (Ref.14) The term ¥(t 3/8) is frequenily
an impulse in practical situations where it drops to zero before there
has been any significant phase change on the input signal. B and v result
in significant dynamic tracking errors only afier they have been non zero
for a substantial period of time. As a practical matter this situation is,
in general, fairly easy to cope with, especially with ¥. In those situations

where p(t2/2) becomes excessive, a double integration is required. It
should also be noted that the acquisition procedure with a split gate
tracker is more complex than that of the phase-locked loop because of
the necessity to search for the incoming pulse. In this respect cand g
represent even stronger constraints on the acquisition capability.
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Comparison With Other Systems

In this section the split gate tracker is compared.with two other
range meé.surem«_ant systems, the leading edge tracker, and the harmonic
ranger,

Leading error detection -- The leading edge tracker differs from
the split gate tracker in that its gate is designed to detect and follow
the leading edge of the signal pulse rather than the center of gravity.
Since this type of system -utilizes a relatively small portion of the signal
energy, ahigher signal-to-noise ratio is required, The advantage of the
leading edge tracker is its specialized range resolution capability. Thus, in
a situation with many closely spaced echos, it is able to track the earllest
echo even if there is a substantial overlappmg among the echos.

The analysis of the leading edge tracker follows that of the split
gate tracker. Both systems function as tracking filitersand have the
same type of dynamic response. The IF amplifier preceding the leading
edge tracking loop is much wider than that counsidered earlier for the
split gate loop in order to retain the fast rise time of the signal pulse.
However the same baseband representation of the IF amplifier, a double
RC rolloff may be employed.

A picture of the gate and its relationship to the leading edge is
shown in Figure C-=12. The filiering preceding the loop is the same as
that of Figure C-6 with the understanding that the corner frﬁqgencyg
has been increased. The transform representationis the same as that
shown in Figure C-5. The amplitude of the signal pulse applied to the
lowpass signal is given, as before, by V. The filtered pulse of Figure
C-12 reaches this value after the transient has died out.

The first step in‘the analysis is to compute the mean square value
of the noise voltage in terms of the autocorrelation functions as is indi-
cated by Eq. (C-9). Rp(T) is given, as before, by Eq. (C-12). Rg(‘ﬂ
may be found by inspection with the aid of Figure C-13 in which the pate
has unily amplifude and a widih To,. The value of the noise voltage given
by Eq. (C-9) may now be expressed directly in terms of the system
parameters for B (7) and Rg(’r). Thus,

— Na) T

enz = (2) ( . J £ +a1")e"a7(—'r+'rg} ar (C-39)
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Evaluating the integral gives

2 N0 [ 3 3 -aT -afT Nng
e =5 2Tg-g tae grTge g]: 5 fg(a*?‘g) (C-40)

where the function f3(a11’ ), plotted in Flgure C-14, has been introduced
to smlpllfy the notation.

The next step is to compute the error voltage produced by the
gate as a function of its position relative to the leading edge of the pulse.
This requires a description of the leading edge in terms of the pulse
parameters and the filtering which shape the leading edge.

" It is clear that the shape of the pulse depends on its duration and
on the bandpass characteristic of the filter. Thus if the input to the filter
is a rectangular pulse of long duration, the output of the filter is a pulse
of the same amplitude V, and has leading and trailing edges described
by the expression of Eq, (C-16). If the input pulse is of short duration,
the output pulse fails to reach the amplitude V5 as was seen in the
earlier example depicted in Figure C-9. A more general description of
the leading edge is presented in Figure C-15 which contains a plot of
Eq. (C-16) for several values of the parameter aTp.
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The peak value of the pulse varies rapidly for small values of
aTp and asymptotically reaches the maximum value as a'rp' becomes
large. The major concern here is the form of the leading edge and its
dependence on aT_. In a typical leading edge tracking system the IF
bandwidth is large enough to preserve a fast rise time. This is equivalent
to a large value of aTp. It is apparent from the figure that aTp =~ 6 is a
sufficiently large value such that further increases in the pulse duration
de not have more than a negligible effect on the leading edge.

The value aT,. ~ 6 may be determined more precisely by plotting
the pulse rise time f%r each of the pulses shown in Figure C-15. The
rise time Ty is defined as the time required for the pulse amplitude to
rise from 10% to 90% of its peak value. A plot of (T,/at) versus aTy,
is shown in Figure C-16. The breakpoint at aT,, =~ 6 is indicated by the
A ; p
intersection of the asymptotes to the curve. .

The error voltage produced by the gate depends on the gate width
and the location of the center of the gate relative to the leading edge. In
view of the lack of symmetry in the leading edge it is clear that the
optimum value of the gate width T, depends on the location of the center
of the gate. To simplify the situation, the leading edge curve for aTp>6 -
is approximated by sin?(rat/8). This approximation provides symmetry
about the midpoint of the leading edge and is independent of Tp for all
ar, >6.

P

"The error voltage ee is given by the area under the curve of the

leading edge falling within the gate, minus a reference voltage. Thus

T +T /2-{-th 5 . T +T /
° & v sin*(rat/B)at - [ °
TO-T:g/ 2+At TO-Tg/ 2

e =

2v sinz('frat/ 8)dt (C-41}
e O

where the second integral is the reference voltage and Tp + &t is the
location of the center of the gate. The term At is the timing error in the
gaie position. . . :

Evaluating the integrals gives

e, ¥ V_At sin (ra 'rg/S) sin (waTo/é) (c—42).

where the small angle approximation sin (ra&t/4) =~ rawt/4 has been
made. ’
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The gate width which results in a minimum value of &t due to
noise perturbations is found by equating e given by Bq. (C-42) with ey
given by Eq. (C-40). The equation is then solved for at giving an
expression which has a minimum value for the appropriate selection of
the parameter a‘rg. Equating e, with e, gives

Voz.\t Sin(ﬂ'aTg/ 8) sin(:rra'ro/ez) = fNOIZ) 'f‘gfs(a‘rg) (c—-4_:3)

At this point TO may be set for the midpoint of the leading edge, that is
for (7r_a TOIB) = 7/4 radians, so that aT_= 2. The timing error 4t is
replaced by ¢; to indicate the rms value. Then solving for g; gives

-aT -aT 1/2
No [2a’fg-3(1-e g) + a’rge g]
% = 2 sin(wat /8) (C-dd)
--2aVO g

The function of aT_ enclosed by the brackets has a minimum value of
1,79 at aTg = 1 as E‘%]OWII by the graph of this function in Figure C-17.
The value of a7, is not critical as may be seen from the relatively flat
curve in the vicinity of the minimum. Substituting the minimum value
gives T )
g, =1.26 ©

tmin aV 2
0

(C-45)

The rms tlmmg error J; can be expressed in terms of the pulse
energy By = (Vg 21 2) T by substituting for V. Thus

o =1,26 ) —F (C-46)

The derivation of ¢ has assumed any value of ™o for af, = 6. Asa
practical matter it is desireable to conserve signal energy by avoiding
the use of a pulse width of unnecessarily long duration. Hence, set

T, = 6/a. Substituting this value for Tp into Eq. (C-46) gives

b AR (C-47)

where R = EEO/NO.
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It is interesting to compare the minimum values of ¢; for the
split gate and leading edge trackers as given by equations (C-26) and
(C-47). On an energy basis, the split gate tracker is superior.

i The effect of the tracking filter following the gate is identical to
that of the split gate tracking loop so that 0t for the complete system is
given by

3.1 )
ctmin - a/\/—s—a—v_—e (0"48)
N B
o n
Harmonic tone .raliging gysiems, . —~ Tone ranging systems extract

range data from the phase differences between a continuing form of the
transmitted pure tone and the received tone that has been delayed by the
two-way transmission over the channel between the target and the
ground station. 7 ‘

A series of tones of ascending frequency are generally employed
to resolve the ambiguity inherent in the modulo 27 phase of a pure sinu-
soid. This gives rise to the name "harmonic tone ranging systems.',
although the relationship of the tone frequencies is not required to be
precisely harmonic. '

The 27 ambiguity of the highest, or finest, tone is resclved by
the phase shift measured on the next lowest tone, whose ambiguity is
in turn resolved by the phase of the next lowest tone and so on. The
effect of this is to establish a non-modulo 27 phase detection system, i. e,
a detector that responds linearly to phase shifts exceeding 27 radians
with no discontinuities or bounds in its characteristic. Usually the
lower tones are synthesized coherently from the directly generated
highest range tone so that the errors in the extiraction of phase informa-
tion from the highest tone set the limitations on the fundamental accuracy.
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Ambiguity resolution. -- Ambiguity resolution can be accomplished
when a number of tones are transmitted, one of which is used for ranging
and the rest for ambiguity resolution. In principle, once the target is
acquired, there is no further need to transmit the ambiguity resolving
tones. Thus, the accuracy can be increased by diverting signal power
to the retained tone. Of course, such accuracy improvement is obtained
by trading off all of the system's ambiguity resolving capability.

As an example, consider a system in which the power in the
ambiguity resolving side tones is reduced relative to the power in the
ranging tone. The ranging accuracy is enhanced while ambiguity pérfor—
mance is reduced somewhat, but not below the point where the ambiguity
resolving system is effective. If the system under consideration has
four ranging tones with frequencies related in a 16:1 ratio, the accuracy,
in phase, required in each of the ambiguity resolving tones is roughly
360/32 = 11.1 degrees for marginal ambiguify resolution performance.
On the other hand, the accuracy, in phase, required for the highest 4
ranging tone is usually a fraction of & degree (consider, for example,
the case where the highest ranging tone is 1lmc and the range accuracy
required is 1 ft). With the help of Eq. (B-13) it can be seen that the
power in each of the ambiguity resolving tones can be reduced considera-
bly relative to the ‘power in the highest ranging tone. The Goddard Range
and Range Rate system is a harmonic ranging system design which is
based on this technique.

Another practical technique that yields similar results {(namely,
increased accuracy at the expense of reduced ambiguity resolution per-
formance) is designed into the WSMR DME system. In this system, the
four tones VF (very fine), F (fine), C (coarse) and VC (very coarse)
are combined to form a new set of tones closely spaced about the highest
ranging tocne, VF. The new frequencies are VF-F, VF-(C+VC)}, VF,
and VF + C." Each of these fones is treated as if it were the highest
ranging tone. The range measurements derived from the four tones
are averaged, hence the over-all rms accuracy is doubled. However,
since recovery of the phases of the original ambiguity resolving tones
involves linear combining of at least two of the new tones, the errors
in each of the reconstituied ambiguity resolving tones is increased by at
least a factor of /2. Note that in the arrangement indicated above
recovery of two of the ambiguity resolving tones is possible by operations
on two tones at a time. Thus, the increase in error is just./2. In any
case, the error in a rederived ambiguity resolving tone is proportional

to the square root of the number of received tones used to derive it and
since the accuracy requirement on fine range iones is high, reliable

ambiguity resolution is assured,
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In summary, there are several techniques that can be used to
improve the accuracy obtainable with the range tone system. The
techniques involve careful modification of the ambiguity resolving tones
and result in improved accuracy with some allowable degradation in
ambiguity resolution performance,

Fundamiental .detectiion systems.-- There are two basic approaches
to the extraction of range information in tone ranging systems, which
differ in the manner of realization of the non-modulo 27 detector. These
are phase detection and time measurement detection.

The ideal channel (including the target) over which the range
fones are transmitted can be characterized as a pure delay by

Cls) =. e '5 : (C-49)

where T is the two-way transit time. The effect of this channel upon a
pure sinusoid is to introduce a phase delay-linearly related to 7. Two
detection schemes are thus indicated; in one the actual phase difference
between transmitted and received highest range tone is measured and then
converted to range, in the other the actual time delay T is measured and
then converied to range.

" Phase measurement. -~ A basic model of a phase measuring
system is shown in Figure C-18. Let

vr(t) = ar(t)'cos Gr(t) ' (C-50)

Then - .
Vr(t -T) = ar('i: -'T) cos Br(t - T) (C-51)

-3

——— e

Channel v (t-7)
4
- Non -modulo
R?ZE‘Z' L& o 2w ® () | Ronge e R{x)
Cscilloror \"_r“) Phase Coleulator
Detector
aP-.?J? -

Figure C-18 Phase Measuring System
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The phase detector forms

0(1). = er(t) - er(t—*r) . {(C-52)
Equation (C-52) can be written as
] t L ‘
o(ry = [ 8 (W du (C-53)
-7 : :

For a perfectly stable and undisturbed ranging tone
er(t) = 21rfrt, ) ) (C-54)

where f, is the frequency of the tone in Hz.. Substitution in-Eq.(C-52)
yields

B(r) = 2wfr’:= ’ {C=55)

Now the range of the target, defined as r(f), is related to T by

r(r) = -CZ:T . (C-56)

where ¢ is the propagation velocity in the intermediate channel. Thus

= £ . -
r(j’) = nf_ 8(7). ‘ (C=57)

Time measurement. -- A basic model of a time measuring sysiem
is shown in Figure C-19.

A ]
e-'rs
v (t-7} !
Chonnel *+Zero
. - Crossing
Detector
Range *Zero 22
Tone b= ] Crossing
Synthesizer velt). De!:;:ror J
off Enable Lowaer Ronge Tone
i : Moosurements
on
1 7 . -
Mostar ) Counter | N Range
MO ilat —————a Gate & ) {TJ . ¥ _‘__Q,R(,d
scillator vy (1) Register Calculator

R252 —

Figure C-19 Time Measurement System
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Figure C-20 shows the operation of the system indetail. The counter

is gated on at time t_ by a positive-going zero crossing of v o(t), as
sensed by zero crossmg detector No.1. Detector No, 2 Sends gate-off
pulses at every positive-going zero-crossing of V. (t-1). The phase or
time information obtained from the lower range- tones determines how
many of these off pulses should be blocked to remove the cycle ambiguity
in vy(t-T). Thus the proper pulse is passed; terminating the master
oscillator signal input to the counter accumulating register. The counter
reads N(T) where N is the total number of periods of the master oscillator

signal that have occurred during the time 7. Let the master oscillator
signal be

vm(t) =a  eos em(t) . (C-58)
For a perfect oscillator of frequency fm Hz,
= -59
| em(t) 27rfmt . (C-59)
The value of f, is chosen very large with respect to f,. so that errors in

counting f , amounting to less than one whole cycle would be negligible.
Thus, for computation of range, N(T) is related to T by

= - -60
N(T) = 1T . (C-60)
so that
c .
r{T) = Erall N(T) (C~61)
m
Target dynamic accuracy _limitations. -- Let us consider how

doppler shift and doppler rate influence the range error as a function of
fm ahd f..  Differentiating Eq. (C-57) and Eq. (C-61) twice with respect
to time, we obtain

* c . ) - _ )
r{T) = 5 (M (C-62)
r
ve - cC " . -
r(T) = It e(T) AC-63)
r
* c . -
r(T) = 57— N(T) (C-64)
m
()= 5 N('r) (C-65) -
m .
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Equations (C-62) through (C-65) are linear relationships. Thus for a
given post-detection filtering characteristic in both systems, the error
in the detected quantity, either 8(7T) or N{7), varies linearly with f};,, or fr,
for a given range rate and acceleration. However, the conversion of the
detected quantity to range information inverts the linear relationships,

so that the range error caused by post-detection filtering in the presence
of target dynamics is independent of fy, and fy.

The same argument may be offered for predetection filtering with
the exception that such filters may be required to track doppler-shifted
signals, and thus have limited phase (or frequency) error dynamic ranges,
before unlocking or else excessive attenuation results. Hence the actual
phase error must be considered at some point to ensure that IF filters
and/or phase-locked loops will be operated within their appropriate offset
limits. The amount of 8(7) or 8(T) cérresponding to a given #{T) or r(T)
is, of course, directly proportional to f,. as shown by Egs. (C-57),(C-62), and
(C-63).. Thus there may be some upper lmut on f.. set bytracking Mmita-
tions of PLL or Bandwidth limitations of IF fllters

When a PLL is utilized as’the tracking filter the dynamic iracking
errors are the same as those given for the PLL of Appendix B, In more
complex systems where a carrier derived rate aiding signal is provided
the dynamic error may be substantially reduced without any increase in
the PLL bandwidth, However in such a system the PLL bandwidth would
be reduced somewhat to provide an improvement in both the dynamic and
the noise errors,

Noise limifations.-- Consider the phase detecting system in which
the detector is followed by a filter whose noise bandwidth is B, Hz, where
B,, is defined by Eq.(B-14) above. Now

2 1 P
°n 2(ST ' (C-66)

n

2 . .
where 8, is the mean square detected and filtered output caused by addi-
tive noise in the received signal, and (S/N}BIl is the ratio of signal power
to noise power passed by the filter. By Eq. (C-57)),

Ar(rms) = —— L (C-67)

At NEISET

. n .
where ar{rms) is an rms range error caused by noise.
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In the case of the time rneasurement system, the error in time T
is related to the phase error by Eq. (C-55). Consequently,

1
AT(rms) = W (C-68)
*n
.where we have assumed that the output N(T) is operated upon by a filter
with noise bandwidth Bp. The resulting rms error in range measurement
is )
c 1
Ar{rms) = At . (C-69)
v 28N,

n

which is seen to be identical to Eq. {C-67).

If the ranging measurement is based on two range tones which are
combined in the signal spectrum so that both lines fall near the edge of
the signal bandwidth, then the range error given by Eq. (C-69) is reduced
by a factor of /2. Similarly, if three such tones are utilized the range
error is reduced by /3.

The preceding formulations are based on the power of the ranging
tone. These formulations may.also be expressed in terms of the total
transmitted signal power Sq. Thus, for example, if the transmitted signal
e(t) is in the form of a PM/ PM waveform, namely

k .

e(t) = A cos [m t+ 0 sinfw t+5. 0 .sinw_ 1) (C-70)

c scC s¢c’ =1 ssj s5j

Where the subscript sc designates a subcarrier and the subscript ss
designates a sub-sub-carriér. The summation indicates that there may
be a number of sub-sub-carriers, i.e., k sub-sub-carriers. The ampli-
tudes of the various carriers are proportional to the modulation indexes,
and their powers are proportional to the squares of the modulation.indexes
for 6<<i. The expression for the phase error of Eq. {C~66) may be expres-
sed in terms of the total signal power St E)y

-1/2
1 S'I‘ X
R | =71
z_\(i)sc(rms) 5 ( N )I (C-T1)
sc Bn
for a measurement of the subcarrier and by g _1/2
1 T
Ai)ssj(rms) ¥ 0 . (-ZN )]
sc s3] B,
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for a measurement of jth sub-sub-carrier. Note that the factors of 2
appearing in these expressions arisc because the average power in a
sinusoid of amplitude § is equal to 52/2, ‘The result is easily derived
when it is recognized that demodulation of the PM subcarrier (or sub-
sub-carriers) results in coherent addition of its upper and lower sideband
while the noise components in the vicinity of the sidebands are added
incoherently.
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