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Chapter T

Introduction.

I. Background and Introductioﬁ

To say that a random variable X is'continuous means that the
values {x} which X can achieve can be measured to a countable infin-
ity of decimal places. In practice, one never deals with coﬁtinuous
observations, but rather with a discrete variable Y, measured to some
finite number of decimals, (the number of places being specified
either by chqice or the experimenter’s limited measuring ability).
Geﬁerally, one assumes that X and Y are equivalent.

It is this assumption which this paper will explore in part,
i.e;, we shall try to quantify the error due to Y being only approx-
imately equal to X. There afe‘several ways of "rounding off" in
measurement problems, (e.g., rounding to the nearest iﬁteger or
nearest .1 6f'an integer, etc.}. We shall consider here. the case
where the‘value of ¥ is truncated to the right, as explained speci—_
fically below. We shall fdrthermore confine ourselves to errors
érising in parameter estimation, i.e., suppose that X is a function
of a parameter 8, (8 may be vec?or valued), then we shall ask,'how
are the samp}ing_propgrties of 8*, an estimate of 6, affected by
using Y instead of X? These problems will be cons}dered in some
detail for the normal distribution and'in somewhat less detail for

the Exponential, T, Chi-square and F~distributions.

II. Preliminaries
Before discussing the above-mentioned problem for particular

density functions we include the following necessary preiiminary



information. Random variables will always be denoted by capital
Roman letters while vélues of such variables will be represented by-
lower case letters. Thus X will denote a random variable while x
denotes a value of X, Ifuthe ranée of X is any non-negative reai

value, then for some set of as

where

a; € {N|N is an integer and 0 '< N < 9}.

As mentioned previously observed values of X will be truncated
to the right, i.e. if y is an observed value or observable value of

X then y is of the form

Each observed value of a set of values of a random wvariable

X will be truncated in the gsame manner. If h = lOc, c=+0,

+ 1, + 2,..., the set of observable values of the random variable
X will be
kh when kh < x <kh +h, k =0,1,2,...
Vi | Y = (1)

kh + h when kh < x < kh.+ h, k

“‘]—"—2’-.-

This therefore defines a discrete random variable Y whose values
are defined by {1). Clearly the probability density function,
gY(pdf) for ¥ is defined by

gy ly ) = [ fp(x)ax, (2)

By



[kh,kh+h) , y > 0, k =

1
et
-
s8]
-
N
.

where fx is the pdf for X and Ak = (~h,h) , Y = 0

(kh-p,khl, vy« 0,k = =1,-2,...

If X has a pdf fX or ‘simply £ we will often say X = fX or

The notatien "~" should be read "is distributed as".



Chapter II

The Normal Distribution

I. Introduction

Throughqut'this chapter we will assume X =~ N(p,cz) and con-
sider the effects of truncation on the estimator X and its asso-
ciated confidence intervals. In order to. accomplish this we shall
first considér a sequence of preliminary theorems. The following

forms of E[X"] and E[Y"] will be useful.

1 [ x- 2
= khth .n - (#&)
X
PRl o ax

Fx™) = V. e 2 V0
k=0 kh 21 o
2
o "kh n "%—- (X—u)
+ 7 X e o dx (2.1)
k=0 -kh-h /27 o
2
n ® gonp KBYR _% (x—u)
B(YY) = k*h™ / e ¢ dx
k=0 kh 27 o
S )
n 1 2 G A
+ ) {-kn)" e ax (2.2)
k=0 ~kh-h V271 o

Theorem 2.1. If X ~ N(O,oz) and Y is distributed as the trunca-
tion of X, then

= 0 if n is odd
E (YY)

> 0 if n is even .



Proof.

Consider n to be odd first.

2
v n, n kh+h 1 d%:(g)
E(Y™) = § ¥ [ ——e ax -
k=0 kh VIw o
2
° n kb 1 —% (%)
Y ox'h" f _=_'e ax
k=0 ~kh-h V37 o
2
© _ _khth | - (?)
.7 k™™ L e ? dx
k=0 kn Y3t o

2
w3 ()
I | e dx

k=0 kh V21 G
= 0
2
. S .onon D g —% (é) -
if the series )| k h [ — e dx converges.
k=0 kh Y27 o
Since
2 2
1l fx 1l {kh
kh+h i (_) -= (ww)
UKL _E e 2 \O ax __knhn+l 1 e 2 \©
kh 2% o - V27 o
. 1 (151:1_) ?
and z knhp+l _r e 2 \o converges by the integral test,
k=0 Vit o

then the desired series converges.



Now consider n to be even. It is easily seen that

2
nn kh+h 1 _% (%)
. e @ ax

E(Y") = 2 _ ——
0 kh V2n o

i~ 82

and this series is a cenvergent positive term series. Thus

E(YI?) > 0

Corollary 2.1. If X ~ N(O,oz) then ¥ is an unbiased estimator for

0, i.e., E{Y] =g¢.

Theorem 2.2. Let X «~ N(u,az) and Y is distributed as the trunca-

tion of X. If u > 0, then E(Y™) > 0.

Proof.

Consider n to be odd first.

. kh+h-yu JL2
E(XT) = 7 kx"n" [ oo L o2 at
=0 Xh-u s
o]
- kh+h+yp 1 t2
_ z knhn I g 1 e ‘dt
k=0 kh+p Y2n
g
" kh+h-u ‘L2
= 7 x"n" J o L 2 at
k=0 Kby V2%
[¢)
kh+h-y -2 t*
- I o I ¢ dt
kh+qp 2w




since the first two series converge. Examining the limits on each
integral for each value of k, it is seen that the guantity inside
the braces is positive for each value of k. Thus 2(y") > 0 when

n is odd.

Now consider n to be even.

0 Vo

Each of the above series are convergent positive term series. Thus

E(Yn) > 0 when n is even.

Theorem 2.3. If X » N(p,&); Y is distributed as the truncation of

X, and y > 0, then E(X) » E(Y™M).

Proof.

Consider n to be odd first.

1
T~]
.—
||«

o

[N

Q

B

E(XD) - B(YD)

@ ‘—kh ‘n m%

k=0 -kh~h 2% o



- ] ¥'m" —
=0 kh V27 o

knhn f 1 e 2

0 ~kh-h V2% ©

1 2
o kh+h n .,.n.n -x (——ﬂ)
x =k"h 2 G dx

= f — &
=0. kh 1J2w g

1
—kh o n PRt enf (
0 -kh~-h Y27 o

+
Ht~18

asince all four series converge. Ubserve tnau

Thus

E(x™) - E(YD)

il

- _L x~u)
kh+h xn_knhn > (

k£0 kh V2n o

: 2, 2
@ khth n L (E_iﬁﬂ

B 3
k=0 kh /27 o

e
e~ 8
]
I
=y
t
l
P
"
ajt

X-—
kh+h 1 “E (___




Since the integrand is nonnegative for each value of k, then
E(x™) - E(¥?) > 0 or EE®) > E(YM)

when n is odd.

Now consider n to .be even.

1 {x-u) 2
khth n_ nn =3 (X “)
X =k'h 2
e a

E(Xn) _ E(Yn) ~ z k o %
k=0 kh V21 o
2
w - _i E:E)
. F kh xn_knhn N 5 ( = i
k=0 -kh-h V27 ¢
o _E E:H)
_ X ?h+h Xn_knhn . 5 ( =
k=0 kh V27 o
1 (x+u) ?
+ e 2 o dx .

Since the integrand is nonnegative for each walue of k, then
E(x?) - B(¥™) > 0 or E(xM) > 2(¥™)

when .n 1s even.

Theorem 2.4. If X » N(u,éﬁ, Y is distributed as the truncation
of X, and if u < 0, then E(Yn) < 0 when n is odd and E(Yn) > 0

when n is even.
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Proof.

Consider n to be odd first.

, kh+h+ 1,2
n v .n.n G 1 37t
E(¥") = -4 ) kh J = e dt
k=0 Eéig_ V2w
o
kh+h-u 2
T n,_n o 1 St
- ZI{h f te dt .
k=0 Kh-y /2n

The quantity inside the braces is E(Y'?) where ¥' is distributed
as the truncation of X' and X' ~ N{-u,0). By Theorem 3.2, E(Y‘n} >
0.

Thus'E(Yn) < 0 when n is odd.
Now consider n to be even.
- kh+h-y,
E(Yn) - z R G 1

k=0 Y

kh-u
g

B
El

- kh+h-+u
) kht ¢ 1

=0 .-- Kheys Y2u

]

The right side is E(Y'?) where Y' is distributed as above. Thus
E(Y") > 0 when n is even .

Theorem 2.5. If X ~ N{p,od, ¥ is distributed as the truncation of



X, and p < 0, then

> 0 1f n is even
E(X") - E(Y™) -

< 0 if n is odd

Proof.

Let X' v N(-p,0? and ¥' is diétributed as the truncation of X'.

Consider n to be odd first. It is well-known that

XY = -E(x'™™) if n is odd.

By the proof of Theorem 2.4,

B (v) —E(Y'™Yy .
Thus

B(X™) - B(Y?) = {8 - 2(x'™) .

Since -4 * 0, then E(X'n) ~2ﬂY‘n) > 0 by Theorem 2.3. Thus
E(x®) - E(¥") <0 or E(X") < E(Y"

when n is odd.

Now consider n to be even. It is also well-known that



1z

E(x™) = B(x'™™) if n is even.

By the proof of Theorem 2.4,

(™) = B(r'™.
Thus
E(x™) - E(¥") =Ex'™) - B(X'M.
Now E(XM) - E(Yﬁ) > 0 since E(X'?) - E(¥'™) > 0 by Theorem 2.3.

Hence ®(%7) > E(Y™) when n is even.

ébrdllar& 2.2. If X N(u,dz), u # 0 then ¥ is a biased estimator
for u.

From the above theorems it is clear that X and Y do not in
general enjoy the same statistical proper£ies. Moreover, since
all estimates for p are based on Y it seems logical to investigate

its properties as an estimator

I7. Truncated Estimators

We now prove the following important result.

Theorem 2.6. Let Yi' i=13,2,...m be independent truncated
normal random variables with distinct means By Then
the maximum likelihood estimates of Uy, i=1,...,n based on =z

sample of size one from esach population are given by

0 ,‘ifyi=0
pn, = { y, + b if y, > 0 (2.3)
i i 2 7 i :
h .
Yi ~ 7 s if ¥y < 0 .
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Proof: Let f(xi;ui,oi), i=1,2,...,n be density functions corxe-
sponding to distinct. normal populations. Let a sample of size one
be taken from each population and for convenierice let yl,...,yp,
yp+l""lyrlyr+lfo--:yn‘be the zero, positive, and negative obser-
vations, respectively. The joint likelihood function for the above

observations is

L(Yl;---rYn;Ulr--orun:Ul:---rU )

n
P ? r fyj+h
= 1 fix.;p.,o.)dx. )i S f(xLjuL,0.)dx.
5=1 -h J 173 j=p+1 yj 33 3 3
n yj
il f fF(xX.;u.,o.1dx%..
j=r+l y.-h L

Now let

L*(yl,.--Iyn;ul}'o-o,unpcl,--.,O‘n) = log L(Yl."."yn;pl’...'unlol’...'cn).

Thus

.h
L*(yl,...,yn;ul,...,uﬁ,cl,...,Un) ’§_ log ih f(ui;ui,cl)duij

i=1
Eo ) P

+ log f{u,;u,,0.)du, + log flu,;u.,0.)du..

iZp+l ¥y i77i771 R =) yi_h itT171 1
But if 1 < i <p , then

Io(u, - u)?

sTE 1 h 204 11
e - [ o=t ey e au

Wi mi{u.) ~h /21 o



1 2 1 _ 2
~— (=h-u,) 7 (h - u.)
2. 20.
1 i i
= — 3 e - a
m(ui)/ZH oy
h
where m(ui) = { f(ui;ui,ci)dui.
. LAL* .
Setting Py veuli 0 we obtain
i A2 a2
(-h - ui) = (h - ui)
or
uy = 0.
Now if p + 1 < i < r , then
1 .
y;+h _2 7 (v
aL* - _ 1 i 1 . - u) e 4
au‘i m(ui) Y I 0.3 1 i
i i
2
1 YiTHy hly;-u,) n?
2 G T 2 - o 2
= a + 1 -e 1 o
where Yi+h
m(ui) = f f(uiFui:Ui)dUi-
¥y
Setting
*
i _h(yi"l-li) _ h2
o,2 5 2
we obtain 1 - e 1 % = 0
s = h
or My T Yyt 3

similarly it can be shown that if r+1 < i < n, then

14
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* .
Since o L = 0 is also sufficient in this case the theorem is

v

proved.

Corollary 2.3. Let Y be a truncated normal random variable with
mean p and Yl""’gm be a corresponding random sample. Then the

maximum likelihood estimate of u is

=
I
o |
[~
= %

where thé ﬁi's are given by (2.3)..

Note that 3 is dgiven by

~ = t - 8
n=y + ( >a ) h

where t is the number of positive observations and s is the number

of negative observations in the sample.
A method for defining the random variable Z has been established

by theorem 2.6. That is, let =z denote values of %, then '

v + % h if vy > 0

_ 1 .
z = Y- 5 h if y <0
0 if y = 0,

Properties of this new random variable Z will now be investigated.
in particular, sampling properties will be investigated, i.e. if
a random sample of size n‘is takeﬂ from a normal population and
the samples are truncated (as déscribed previously), will the
truncated values give more accurate results than the éssociated-
values of the random variable %47 -In opder to perform such an

investigation, normal random variables must be generated.
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In the following discussion X will be a normal
random variable generated to 16 decimal placés of accuracy. Since
values of Y approach values of X and h +» 0 this degree of gccufacy'
will be assumed sufficient to consider values of these 16 place
random variables as values of a continuous random variable X. For
clarity, we now reformulate the problem. Suppose X A N(u,cz). Then
£he maximum likelihood estimator p for the mean p and the unbiased

. 2 \ .
estimator ¢° for the wvariance 02 is

1 g -
i =H z X. = X {(2.4)

and

n
60 = =2 )k, - D% =gl (2.5)

In any physical problem values of the quantities (2.4) and
(2.5) cannot be used. Instead one uses the corresponding truncated

random variables Y and their corresponding estimators, i.e.

- 1 2 —
Uy = o z X.‘L =Y (2.6)
i=]1
~ 2 1 n 2 o2
O'Y v Z (.Yi Y) = 8. (2.7)
i=1 Y

However theorem 2.6 suggests that some of the error in using (2.6)
and (2.7) rather than (2.4) and (2.5) mMay be compensated for by

use of the random variable %. Thus we define
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- 1 B _
w, = = E Z. = % (2.8)

(2.9)

‘Table 1 gives values of the estimators ﬁx’ ﬁz generated by

Ry
the IBM 360/50 for different walues of n, h and u/o. Similarly,

Table 2 gives values of estimators éxz, SYE, SZZ.

the estimates have been rounded to four decimal places. The quan-

In both tables

tity Z is, of course, the maximum likelihood estimate for y esta-

blished in theorem 2.6. Table 1 shows that |u, - #gl<|d, - iy| in
almost all cases. Table 2 shows that in most cases l&xz - &Zz|i
|&X2 - ;Y2 . In the case of the variance the difference between
the estimators is apparently of less significance than in the case
of the mean. In fact, in Table 2, if % > 2.4 we have 322 = SYZ.
This latter observation is expected if one recalls that if Z; =

1 - 1 . ~ 2 _ o~ 2
Yi + fh or Zi = Yi ?h for.every i then 0,7 = 0y -



S T TS TS T N S T 5, B S B B

NI S IR T e i il il el e e L = = = = = =
GGl ;i il 1 BTl U1l @ © 0 © o 0O OO

MAXIMUM LIKELIHOOD ESTIMATES FOR E[X]

w/a

[=]

[T e N o i o
[ ] [ ]
W= oo N O

* * -

OONmOmNC\OrhOONmOOD[\)O\O'JE-CONG\OOONO\D

-

. (] . . . . L] -

i—'l-'OO»hrhwwMHHOD_db-:hwwMP!—'OOdhtb?J:»

Table I
1GX
1.4660
L6115
1.3894
1.5840
2.2831
3.5106
2.,9853
3.9782
4.9379
-.01l62
.6596
1.2340
1.8355
2.5124

3.3555

3.8254
4.5703
4,8492
-.6337

.3256
1.5785
1.5877
2.3390
3.0308
3.3319
4,.5010
4,9872
-.0764
1.3227
1.2671
1.6569

A

Hy
1.0000
.2000

- 1.00060

1.0000
2.0000
3.0000
2.4000
3.6000
4.4000
-.1000

L4000

.9000
1.4000
2.0000
2.8000
3.2000
4.2000
4.5000
~.4000

.2667
1.2667
1.1333
1.8667
2.4667
2.8000
3.9333
4,4667
-.0400

.8800

. 8800
1.1200

Vg

1.5000

.7000
1.3000
1.3000
2.5000
3.5000
2.9000
4.1000
4.9000
~.1000
-.7000
1.3000
1.8000
2.5000
3.3000
3.7000

4.7000"

5.0000
-.6333
~.3667
1.7000
1.6333

18

2.3667 -

2.9667
3.3000

4.4333

4,9667
~.1000
1.26060
1.2200
1.6200



N NN
[SRIR O3 B 6 B 51 SR

(S0 O S S LR ¥ I 5 €2 R ¥ B & 1 I 1

NN N e e R R e b e el fed e et pd et
L% 2 BN 2 S ¥ 1 R O 7 R 2 S O 1 R & 5 SN 2 I % B 2 T ¥ B oo B oo B o R - Y o T o SR o Y o B o

Mx
2.3928
3.3946
3.6589
4.6561
5.0107
-.1187

©1.1194

. 7236
2.1749
1.5941
2.9730
3.1898
3.9630
4,8721
-.0295

.5333
1.5307
2.4269
2.0422

2.8020

3.7158
3.4514
5.4254
-.2928

L7276

.9755
2.0947
2.1571
2.9307
3.4697
4.3364
4.9480

-.2530 ~

4131
1.2729

Hy
1.8000
2.9600
3.0800
4.1200

4.5600

-.1200
1.0800

L6600
2.1000
1:5400
2.9000
3.1600
3.9000
4.8400
~.0200

.4900
1.4800
2.3800
1.8800
2.7500
3.6600
3.4000
5.3800
-.2867

.6867

.9333

2.0467 -

3.1133
2.8867
3.4200
4.2867
4.9000
-.2360

/3880
1.2400

A

Yy

2.3000
3.4600
3.5800
4.6200
5.0600
-.1300
1.1300

.6900
2.1500
1.5900
2.9500
3.2100
3.9500
4.8900
-.0300

.5300
1.5300
2.4300
2.0300
2,8000

3.7100-
©3.4500

5.4300
-.3033

. 7300

.9833
2,0967
2.1633
2.9367
3.4700
4.3367
4.9500
-.2460

.4140
1.2740

19



25
25
25
25
25
25

b Ut i, Ut

10
10
10
10
10
15
15
15
15
15
25
25
25
25
25

0.1
0.1

0.1

0.1

0.1

0.1

0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01

u/a

iy
1.6631
2.9079
3.0240
3.7020
4.1684
4.6623

.4135
1.0885
3.3280
3.1048
5.2367

. 3544
1.1704
2.2828
3.0954
4.9910
-.0264
1.0635
1.9583
3.2765
4.5027
-.2450
1.4557
2.5060
3.4165
4.7123

by
1.6000
2.8600
2.9760
3.6480
4.1160
4.6120

.4120

'1.0800
©3.3240

3.0980
5.2320

. 3520
1.1660
2.2780
3.0900
4.9850
-.0273
1.0600
1.9540

3.2707

4,4987
~.2396
1.4504
2.5C16
3.4116

4.7072

ﬁZ
1.6500
2.91C0
3.0260
3.6980
4.1660
4.6620
4150
1.0850
3.329%0
3.1030
5.2370
. 3540
1.1620
2.2830
3.0950
4.9900
-.0270
1.0637
1.9590
3.2757
4.5037
-.2406
1.4550
2.5066
3.4166
4.7122

20
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MAXIMUM LIKELIHOOD ESTIMATES FOR ©

w /o
0.0
0.6
1.2
1.8
2.4
3.0
3.6
4,2
4.8
0.0
0.6
1.2
1.8

2.4

3.0
3.6
4.2
4.8
0.0
0.6
1.2
‘1.8
2.4
3.0
3.6
4,2
4.8
0.0
0.6
1.2
1.8

Table II

. 8442
1.8945
.2746
1.1376
. 7501
.5452
1.5254
.5864
. 7484
.9964
2.1678
L4334
1.8417
.6291
1.3802
L6630
L7931
.6231
1.9020
1.1923

©1.0113

1.2595
.8299
.8482

1.6305
.9593

1.2041
.9973
L9711

52
Y
2.0000
.2000
.5000
1.0000
.5000
1.5000
1.3000
. 8000
1.3000
.1000
.2667
.9889
1.8222
L6667
1.7333
.8444
1.0667
.7222
.5429
.2095

1.6381

1.2667
.9810
1.4096
1.0286
1.2095
1.8381
L4587
1.0267
.7767
.8600

2

2
2

2.0000
.2000
1.2000
1.7000
.5000
1.5000
1.3000
.8000
1.3000
.4889
.6222
1.2889
2.2333
.6667
1.7333
.8444
1.0667
L7222
1.1238
.6952
2.0286

6

1.2667

.9810
1.4096
1.0286
1.2095
1.8381
1.0833
1.3467
1.2100

. 8600
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X
.8442
1.4118
L9172
1.0527
6279

.3205

.5773
L4264
1.8729
.5257
1.0717
2.0959
3.0849
.8228
.3239
1.3361
.9031
1.0725
.9318
.8588
L7137
1.1942
1.0557
1.4357
.4298
.3695
1.0058
1.1309
.9529
.3931

82

Y
.9167
1.5400
.9100
1.2767
. 8400
.2770
.5920
. 3880
1.8250
.5130
1.0600
2.0800
3.0650
.8480
.2929
1.1433
.8618
1.0484
.9129
.8494
.6238
1.1978
1.0796

1.3399
.4298.
. .3638

.9998
1.,1184
L9541
. 3886

22

-2
7
.9167
1.5400
.9100
1.2767
.8400
.3320
.5920
.4330
1.8250
.5130
1.0600
2.0800
3.0650
.8480
.3373
1.2622
.8618
1.0484
.9129
.8494
.6938
1.1978
1.0796
1.4427
.4445
©.3638
.9998
1.1184

.9541

. 3886



23

ITI. Confidence Intervals

As was seen in the g)revious section the quantity Y has sig-
nificantly different péogerties than X and Z. -Moreover, in most
cases we found the values of Z to be closer to those -of X than were
the wvalues of ¥. This immediately leads us to cqnsider these ef-
fecté on well known éonfidence intervals which depend on X. To
accomplish this, values of the random variable X were generated -
under "the same conditions and assumptions as the previous section.
The confidénce intervals studied were 90% éonfidence intervals.

associated with the mean of a normal distribution, i.e.,

(i) (X - 1.645¢/Vn, ¥ + 1.6450//1)

(ii) (Y - 1.6456/Yn, ¥ + 1.6450/vn) (3.1)

Ll

(iii) (% - 1.6456/¥n, % + 1.6450/V/n)-

and

i
!

(1)

a//z (%, ~X)//d;(n—l , X+ Z (X; mX),/é;(n 1)

i=1
o oo /T, oo /Lol |
(ii) ¥ - Z (¥ D2 Mn-1), T+ a Z ¥y “¥) 4 Mm-1) (3.2)
(iii) Z - //z (2. -Z)//dl(n* R + aﬁ/z (3, —Z)//di(n 1)

i=1

|

where -a is a constant such that

ff(tjn-l)dt = .05
2 :
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and f is pdf of a random variable with a t-distribution. Tables

3 and 4 give the results of this study. Each line in these tables
represent 100 diffefent random samples of size n from a N(u,cz)
population. The columns X, ¥ and % give the number of times that

the mean is in the corresponding confidence interval. Column M gives
the number of times out of 100 that the confidence interval.uéing

% approximated the confidence interval using X better than the con-

fidence interval using Y d4id. In almost all cases the Z confidence

interval is a better representation of the X confidence interval.
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88
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92
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Summary: if a random sample of éize n is taken from a normal
population and each sample value is truncated as described in this
report, then the associated random variable Z will yield better
résults than the truncateé values. In particular confidence
intervals for the mean are more accurate if the values of the
random variable Z are used. The sample mean obtained by using %
variables are better estimates of the mean. The sample variance

is better or at least as good if the Z variables are used.



Chapter III

LINEAR MODEL

I. Introduction

In the preceding chapter the effect of truncation on estimators
for the mean ahd variance in a normal distribution was considered.
In this'chapter those same effects will be investigated with regard
to the so called BLUE estimator in a linear model. To be more

specific let X be an "observable" random variabie and assume
X =Hg + e , (3.1)

where X is a n x 1 ‘“observation" vector.l His an n x p non
random matrix, B is a p x 1 parameter vector and e is an n x 1
vector of random errors.

Then, as is well known, if E[e] = 0, E[eeTj = 021, and H is

of rank p the BLUE .estimator for B is given by

~

3 = (uTm L

HTX , (3.2)

where T denotes transpose. The question we shall now consider is

the effect of truncation on the estimator B8 given by (3.2).

II. BLUE Estimators When Observations are Truncated
We shall use the same notation as in the previous chapters.

That is Y will denote the truncation of X and the extent of this

&

truncation is given by h = 10" , ¢ = 0, +1, +2,... Since in

1 We include the quotations on the words observable and observa-
tions to recall to the reader's mind that in reality it is trun-~
cated values of these random variables that are observed and not
true values. :

33
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reality the estimator (3.2) takes the form

s = (5% " uty (3.3)

the following theorem is significant.

Theorem 3.1. If 8 # 0 then é = (HTH)“lHTY is a biased estimator
for gB.
Proof: Let H = (hi)' B = Tﬁi) where h, is a 1 xp vector and
B, is a scaler. Then
B[R] = (H'H) lHTE[Y] ,

and by theorems 2.3 and 2.5 E[Yi] > E[Xi] if hiB > 0 and
E[Yi] < E[Xi] if hiB < 0. Since E[X] = HR the result is estab-
lished. Since 13.3) is a biased estimator for B we will now

determine an estimator which essentially compensates for this bias.

Theorem 3.2. If Z = (Zi) is the random vector defined by

v, + % if y; > 0
z, = {y. - b s y. < 0 (3.4)
i i 2 Tl

0 | if v, = 0

X A N(O,GZI) and Y is distributed as the truncation of X, then the

maximum likelihood estimator for B is given by

8 = (5H) tuTz (3.5)

where H is of full column rank.

Proof: For convenience let Yyre-«r¥ be

p'yﬁ+1""’yr'yr+1""’yn

zaro, positive and negative observations, respectively. Then the



. , . . . 35
likelihood functions for the n observations are

L(leY2f"—- rYnFul.-uzr---:un)

{3.6)
P h r Y +h n ¥
= T [ £lu,su.)du, . & f £lu,;p,)du, 1 [ flu, e )du,
i=1 - o b oi=ptl Y e toi=r+l y;~h ot *
where
2 i i .
. - 25 v =
f(ui,ui) = e » and My, = h,B .
V2l o *
Now let
% . = .
L (Ylfi"’yn’Pl""’“n) log L(yl,...,yn,ul,...,un).
Then
* -
L (yl,:..,yn,yl,..ﬂ,un)
I 1eg /" i i
= log F(u,7u,)du, + log £lu,;u,)du,
i=1 ‘h i’vi i i=p+l vy 1774 i
n ¥i )
+ Z log f f(ui;ﬁi)dui 3.1
i=r+l v -1 -

. - (u, - w2
BL* 1 1 2¢° 3 J
o T om (L) f — 3 (u, p.) e du,
i 3/ <h Y3 o J J
s I T U S
= l + =] 20- 3 ‘__ e 20' 3
-ﬁ(uj)¢2ﬂ o
h

where m(n,) = £(u,;:u.)du. .
‘ 3) fh(JuJ)J
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Setting gﬁ = 0 we hawv
J

or

1
- (u,
* v.+h 2 ]
e i I —— (- wy) e 2O du 4
3 Ty 21 o J J
Y. — 2 h(y - W)
S e R § i __h
- e .i_ 1 - e 02 2ag
m{u.)¥20 o
J
yj+h
where m(uj) = | f(u.;uj)du..
Y3
*
Setting gi = 0 we get
3 -
1L —-e e 20 = 0
- h
or L= YL ot ow .
Py T ¥ T2
Similarly if r+l < j < n we obtain
A _h
Uj = Y:] 2
e . . dL* ~
By trivial considerations of the slopes ETTa = 1,...,n,
J
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(3.8)

(3.9)

(3.10)

easy to see that (3.8), (3.9) ahd (3.10) maximize the corresponding
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term in the sums of (3.7). Hence if hjé = ﬁj’ B maximizes (3.7)

and the theorem is established. To show that hjﬁ = ﬁj' where B

is given by (3.3), note that ﬁj = hjs implieg % = (ﬁj) is in the
ranée of H. Hence
B = (aTH) tHTZ
implies
HHE = HYZ
HE = HH'Z = 7,

where H' i$ the Penrose pseudoinverse of H.

Theorem 3.2 establishes (3.5) as a maximum likelihood estimator
for 8. We conjecture that 8 given by (3.5) is also unbiased. This
has been shown if hiB is divisible by the truncation factor h.

In the next section we apply the résults.of theorem 3.2 to
& physical problem with good results. These results also tend to

support the conjecture that £ is unbiased.

IiT. Application

In order to show the significance of the preceding results we
will riow consider an application to one of the common problems in
the field of electronic warfare. The problem is as follows: During
flight an aircraft obtains bearing readings on an unfriendly
electromagnetic transmitter. The problem is to estimate the
latitude and longitude of this transmitter from the bearing data.

The following figure shows a two dimensional version of the data.


http:results.of
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/

Transmitter

Flight Path
Aircraft Receiving Passive Bearing Data
' Fig. 3.1.
By assuming the earth is a sphere one can obtain the following

mathematical model for the geometry of Figure 3.1.

¢e ” ¢i
cos (B, +H,) = - (3.11)
ol p) 2 2
/(¢e PR (g - Ai) cos“¢,
where
B, = relative bearing to the transmitter on the i-th observa-
tion
Hi = heading of the aircraft at the i-th observation
¢e = latitude of the +transmitter
Ae = longitude of the. transmitter
¢; = latitude of the aircraft at the i-th observation
A, = longitude of the aircraft at the i-th observation
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Now let
éi = B, + B, &i = ¢, + A,
H, = ¥, + 8H, "oe =g+ A
i1 = Ayt Ay $oe T be T A0,

where ~ denotes observed, A denotes random error and ioe and $oe

denote initial estimates for Ag and - Then we can write from

(3.11)

1 bog = ¢5 — b3

+ .
oe 1 A¢l

B, - . =-~. . B e
i ABl H1+AH1+Cos

1
.~ 2 A ~ 2 " foud
E(¢e~¢i—a¢e+a¢i) +(le—Ale-li+Ali) Cos(¢iwa¢i)]2

riil¢irHirAkeyﬂ¢eféli,ﬁ¢i,AHi)

~

= F(AO . $

e ‘oe

Now by expanding F about the zero error vector and ignoring higher

order terms one obtains the linear model

B=HM + U , (3.12)

where

B = (ABi) and ABi = Bi - F(Aoe,¢Oe,ki,¢i,Hi,0,0,0,0,0)
N AF 5F
H= (h,) and h., = | ——— AT
1 hi
- ()
AAe

and ¥ = Random errors such that E[U] = 0 and E[3 UT] = 021
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Clearly estimating M is equivalent to estimating 9o and i if
an initial estimate is known. However, there are, from our previous

work, three estimators associated with (3.12), the theoretical one

# = (u'm) tuTs , (3.13)

the truncated one

-~

M

(HTH)"lﬁTBT , (3.14)

where BT denotes -the observation vector resulting from bearing and
héading‘readings read to a finite number of places, and the esti-

mator based on the vector BT’ i.e.

M= (atE) tuTz ' (3.15)

where in Z,%, —% or 0 is added to bearing and heading readings
depending on whether they are positive, negative or zero. To
evaluate the estimators (3.13), (3.14) and (3.15) the problem’
was simulated on the IBM 360/50. A straight flight path was
assumed on a sphere and all noise was normal. The standard
deviation of bearing and heading was 1/2° while aircraft latitude
and longitude had a standard deviation of .01°. fThe flight path
was at a distance of approximately 100 miles frem the transmitter
at boresight (or norﬁal distance) and was 150 miles long. Tables
3.1 and 3.2 below show typicai results. In all simulations the
estimates given by (3.15) were closer to the estimate given by (3.13)

than was the estimate given by (3.14).



Table 3.1.

Bearings Read to Nearest Degree

Error in Error in Error in
(571 " yTs (HTH)"IHTBT (57H) "tgTy
.1132 1.1152 .1046
.0561 .9376 .0572
.0931 1.0345 .0893
.1765 1.2189 .1675
.1378 1.1157 ~.1401
.2026 1.3268 .1928
.0743 .8573 .0788
.1322 .9901 L1411
.1647. 1.1043 .1523
.2039 1.2365 .1987
L1114 .9875 .1175
.1050 1.0001 .1123
.0635 .9005 .0715
L2111 1.2377 .2005
.1763 1.1211 .1832

Location Errors in Miles
Using Three Different Estimators



Table 3.2

Bearings Read to Nearest .1 Degree

Brror in Error in Error in
(27 " tuTB (57m) HH B, (u1Tm) etz
L1132 .1563 .1091
.0561 1032 .0577
L0931 .1247 .0999
.1765 .1966 . .1788
.1378 .1888 .1421
.2026 .2431 .1998
.0743 .1011 .0695
.1322 L1537 .1300
.1647 .1892 .1713
.2039 .2333 .2108
.1114 .1431 .1097.
.1050 .1287 .1055
.0635 .0890 .0682
.2111 .2400 .2245
.1763 .2036 .1834

Location Errors in Miles

Using Three Different Estimators



Chapter IV

The Exponential Frequency Function

Suppose X is distributed exponentially and Y is distributed
as the truncation of X. This chapter shall investigate the rela-
tionship between the random variables X and Y.

The frequency fupnction of the random variable X is given by

0 x < 0

fix) =

@
N

e . x > 0.

It is well-known that the mean and variance of the randam variable
X are gy = & and g§ = 82, respectively. It is also well-known that

the moment generating function (m.g.f.) of the random variable X

is given by

i

1A(1~8) .

M (t)

Theorem 4.1. If X is distributed exponentially and Y is distri-

buted as the truncation of X, then the m.g.f. of Y is given by

M, () = (e/0-1)/(eP/0-eNty,

The mean and variance of Y are given by

by = h/(eh/e-l) and 0% = hzeh/a/(eh/e-l)z,
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respectively. Moreover, Ry, 7 Py and.@% T Og as h * 0.

Pproof.

The frequency function of the random variable Y is given by

kh+h X
gly,) = T e %ax k=0,1,2,...
kh
_kh
—e @ h/®, x =0,1,2,
yk.
= (1 b/®, K = 0,1,2-n-

The m.g.f. of ¥ is given by

M6 = ] Jkht_-kh/o o _ -h/8

k=0

-1 - e /8 § .~ (/6 - ht)k

=0
_ - e Y - e B0 - B,
(@D °_1) /(DY 0-eBE)

(&) = Reht (B 01) /(P 0BTy 2,
W () = h2eht(eh/6_l)(e2ht+eh/Geht)/(eh/e_eht)B_

Hy = Mé(O)
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= ny (-1,
oy = Mp(0) - ug
- hz(eh/6+l)/(eh/e—1)2 - hz/(eh/e—l)z

_ hzeh/ﬂ/(eh/enl)Z‘

‘lim py, = lim b/ (e?/%-1)
h+0 h+0

= lim 1/ ﬂreh/e

h+0

by L'Hospital's rule

Thus ny * as h » 0.

lim 0; = lim h 2 RV
h-»>0 h~»>0

°/te h7e_1y-

, = lim (2+2h/e)/(2eh/eeez) by L'Hospital's rule

Hence, lim 0% = Og-
h~0 .

It is well-known that the maximum likelihood estimator for

6 is given by
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Theorem 4.2, If X is distributed exponentially and Y is distribu-
ted as the truncation of X, then the maximum likelihood estimator

for 6 is given by

§ = hilog (T(Y-h))] t.

Purthermore B + 8 as h » 0.

Proof.

The likelihood function is giwven by

-y, /0
_ n p
L=(1-e )2 7 o .
p=1
n
Hence log L = n log (l—e_h/e) - 1 v /e,
p=1 ¥
n
And 9 log L = -hn/(@z(l“e—h/e)) + Z Yy /82-
26 — P
p=1
Setting
3 - .
53-1og L =0 yields
n
hn/ (l-e h/e) = 1 v
p=1 P
or
h/(1-e /%) = 7.
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Hence
0 - g/ (%-n)
or
h/8 = log (¥/(¥-h)).
Thus
§ = h/log (¥/(¥-h)),
and lim § = lim h/log (¥/(¥-h))
h+0 h-0

= lim (¥-h) by L'Hospital's rule
h-+0

since ¥ + X as h = 0.

Theorem 4.3. If X is distributed exponentially and Y is distri-

buted as the truncation of X, then E(Y™) < E(Xn)f

Proof.

@ . kh+h
E(x™)-E(Y") = J %" % 2%/ Oy - R f %-e'x/adx
k=0
0 kh
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kh+h
= 7 f (=" - k"™ % N Ar™
k=0 ./~ )
kh
> 0
since the integmand is nonnegative for each value of k. Thus

BNy > B(Y™.

If X is distributed exponentially and a random sample of size
n is taken from this population, then ¥ is the maximum likelihood
estimate of the parameter ¢. If the sample values are truncated

as described in this paper, then Y is used instead of X to deter-=

mine +hie actimata Cinrma

E{Y) = E(¥) and E(X) = E(X),
then

E(X) - E(Y) = E(X) - E(Y)

by Theorem 4.3. Thus Y is a biased estimate of 6. The next theo-

rem is concerned with the bias due to the truncated sample mean Y.

Theorem 4.4. If X is distributed exponentiallf and Y is distri-

buted as the truncation of X, then

2 4
E(X) ~ E(Y) = % - ?29 +__% Y




Proof.

E(X)

- E(Y)

=y

Y
h/(eh/e—l)
o - B4 h?  p3

A v
A
T ...
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Chdpter V

The Chi-Sgquare Fregquency Function

Let X have the chi-square distribution and Y be distributed
as the truncation of X. This chapter will be concerned with vari-
ous properties of the random variable Y and its frequency function.

Several lemmas are necessary in orxder to pursue this subject.

Lemma 5.1. If p is a nonnegative integer, then

e~

_ay3fm) ip o
0 (1) (j) J

Lemma 5.2. If p is a nonnegative integer, then

K+l K+l p o< kil
] (-1 ( ;) k=3 =
3=0 ’ -
(k+1) ! p = k+l.
Proof.
k+1 k+l)
(-1 . J(k-7)F
=0 ]

50
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0 p < k+1

¥ e R ey p = k+l

by Lemma 5.1.

Since (-i)’kﬂ‘(—l)k+l = 1, the proof is complete.
Lemma 5.3. Let
k+1 . fk+1 .
s - 1 0 | ) (h/2)e,
3=0 ’
“n" h*  .n
Then BaY +0as h >0 if k+1l < n and g7 * 2 as h + 0 if k+1l = n,
Proof.
Suppose k+1 < h., Applying L'Hospital's rule p = ktl times vields
n 1im (n) (n=1)... {(n-p+1)h""P
. - h+0 .
L1ID =
b (h) K+1 , —\P .
s 0 Lim (_l)j(k-l.-l)(kzj) (oh/2,k3
. h+0 §=0 J

- 0
T k+1 . .
1, e ()
320 3Rz
= étf—jl——- by lemma 5.2.
2P (k1) b

Now suppose k+1 = n. Applying L'Hospital's rule p = k+l times



vields

a lim n!
éi? D?h) ) kil z:i k-9YP, h/2 k-3
lim (—1)3( )Cjﬁj (eh/2)k"3
h>0 =0 j
= . nl!
TN ] .
27" ¥ (-1)3(1"?1) (k-9)"
j=0 ]
1
= by lemma 5.2
2 "ml
= of
Lemma 5.4.
Kk
Z kPx* E (-1)% ——————1;f Z (-1) ( ) aP,
k=0 (1-x) a=1

Proof.
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k k .
k X afk jo)
= (-1 -1 ( ) a¥ . *
21 (1-x)%% aZ1 a
Lemma 5.5. Let n > 1. Then
21 B R a1 —hk/2
. ]k e -2 as h =+ 0
(n-1)1 £
k=0
Proof.
By the preceding lemma,
a{n,h) = 2 7" E K1 hk/2
’ = =
{(n=-1) 1 k20
_ 2:]."I'lhl’]. nil (_1)1( (e—'h/z)k ]S (_1)a(k) a-1
=007 | Ly (1-e B/Z)K+1 1 a
ol-nyn n-l (~l)k 1 % ( l)a(k) -1
- 1 —_ ' *
n-1;1 k=1 (eh/z-l)k(l—e h/2) aml a
Observe
_ K : i _
(&P/2.1)% (1-e72/2) = (-1)3<E) (/2 ki o e7h/2
3=0 ]
k+1 . . .
+ -
] SRR
=0 .
* I.J. Schwatt - An Introduction to the Operations with Series,

Univ. of Penn. Press, p. 93.
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Thus
_ gt ngd (-1)*p" ¥ o afx) n-1
aln,h) = 757y k+1 L1 a :
D k=1 YT l)](k+i)(eh/2)k—j a=1
j=0
By lemma 5.3
1-n n-1 n-1
lim a(n,h) = TéZITT Io-1%R Y (-n? (ngl) a1
h+0 * k=n-1 a=1

pim n-1l.n n-1
= ey GO D w1

by lemmzs 5.1.

Thus lim ai{n,h) = 2.
h-+0

If X m.K2(2n), then the frequency function of X can be inte-—
grated. Because of this, this chapter will only be concerned with

a chi-square variable X with an even number of degrees of freedom.

Theorem 5.6. Let X ruxz(Zn) and Y be distributed as the truncation
of X. Then the frequency function of ¥ is given by
n-1

gly,) = 1
KT L

,p+l-n 1. -hk/2

(n-1-p)! (hk)n—l-p

-1
B - (hk+h) /2

m {hk+h) n-1-p

p=0
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where Yy = kh, ¥k =0,1,2,... .

Proof.

The frequency function of X is given by

-n
£{x) = nEl 3 X Le X2
Thus
kh+h —n
kh

The results are immediate after applying Theorem 1A of the appen-—

dix.

Theorem 5.7. Let X »~ 12(2n) and Y be distributed as the truncation

of X. The moment generating function of ¥ is given by

n-1 .
N +1l-n 1 n-1- n-l-p - (h(1-2t)k)/2
M (£) = ] 2P =TT P Py k" Pe
=0 k=0
n-1 w
_ Z 2p+l---n 1 e—h/2hn—l—p z (k+l)n—l—pe—(h(l—2t)k)/2‘
=0 (n=1-p)! k=0
Proof.
¥ _kht
Mg (t) = E e g ly,)
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o n-1 )
_ kht +1-n 1 ~hk/2 n-1l-
- kzO © ZO e m-1-p)1 © (kh) ™77
— p:
nd pt+l-n 1 ~ (hk+h) /2 n-1- L
- 2P W a (hk'i'h) P
={ *

The result is immediate if the order of summation is interchanged.

If X w x2(2n) and ¥ is distributed as the truncation of X,
let ME‘{(O)n denote the evaluation of the first derivative of the

moment generating function of ¥ at t=0. Similarly for M%(O)n.

Theorem 5.8. Let n » 1. Then

1-n.n o
-2 "h n-1_-hk/2
Mg (0) | = =Ty kz@ k™ ~e + Mg (0) 4
and
1-n _n+l o
ax it o 2 h n —hk 2 n'—l "hk 2
o), = T 42 xR ] il
k=0 k=0 .
* M§(0)n—l
Proof.
By Theorem 5.7
nzl 1 -1-p § ,_n-1-p_, -hk/2
mr(oy = ) 2PHI™ __ 1 ___"7iTP 7 kP i Prke
Y n p=0 {(n-1-p)! k=0
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n-1 o
p=0 ' ‘ k=0 :
2t oyn L ~hk/2
in—}i! %=0
i R Yo n-1_-hk/2
-7 © /2§ (k+1)Mte
=0
nol p+l-n 1 n-l-p - n-1-p ~hk/2
p= . k=0 .
on + _ _ _ - o0 _ _ _
) 5P*t1l-n (nﬁi_p)! e h/2hn 1-p Z (k+1) 2 1 Phke hk/2
p=1 ) k=0
21“nhn‘?'§‘ 1K= (k1) P lge /24 omhk/2
@=IT k=9
Bzl g-2-n 1 n-2-g n-2-qg ~hk/2
g=0 k=0
N2 442-n 1 ~h/2.n-2- —2-q, . ~hk/2
Z Zq Tﬁ“_"-i-:—-j—-]— = hn d z (k'l'l)n qhke /
=0 L k=0
21 Dyl T Koy Pl /2 g hK/2 Ly
m-1)1 L2, ) ¥ 'n-1
o 1-nyn n-1_—hk/2
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The second eqgquality fellows in a similar manner.

) 2
Corollary 5.9. Let X ~ X“(2) and Y be distributed as the trun-

cation of X. - The mean and variance of Y are given by -

Hy = he_h/z/(l—e"h/z)
65 _ h2eB/2, 1 o "B/2,2
Proof.
ny = Mg (0)
= Z hke ~hk/2 _ e”h/z Z hke -hk/2
k=0 k=0
- h(1-e™P/2) | i hK/2
k=0
= h(l-e B/2yo70/2 (1 _~h/2)2 by lemma 5.4
- he P2, (1 a2,
MH(0) = § (nk)ZePR/Z o oTR/Z Y (g 2o RE/2
k=0 k=0

- h2(1-e™D/2) 7 R2,7hK/2

k=0

- n2(1-e /2y g7h/2 () Th/2) 0 ~h/2)3
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by lemma 5.4. Thus

2 . 2
y = Mg (0) My

ot
I

= h2e—h/2(l+e—h/2)/(l_e~h/2)2 _ h2e—h e—h/2)2

/(1-

- n2e7h/2, 1 _,h/2,2

These results could have been obtained by observing that a chi-~
square variable with 2 degrees of freedom is also an exponential
variable where the parameter 6 = 2. Theorem 4.1 would have yield-
ed the results. If p, and 62 are the mean and variance of the

X X

random variable X, respectively, then Theorem 4.1 also yields

as h + 0.

L )

Theorem 5.10. If X.nfxz(zn) and ¥ is distributed as the trunca-

tion of X, then

2 2
By * by and Oy > Oy as h =+ 0.
Proof.
By Theorem 5.8
(2n) = 2. b7 o lomhR/2 L o0 o)
Pyt T TmEDT L L by :
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Applying Theorem 5.8 repeatedly yields

n-2 ,l-n+j _n-j = a1 _
ug(2n) = 7§ 2(ﬁ_j_§), ;ookRTITeTRE/2 L, (2.
3= P k=0

0 Y

Applying lemma 5.5 yields

n-2 ,l-n+j, n-j o a1
lim u, (2n) = lim 2y 1 VIR 2 iy ()
h--0 h+0 §=0 A = h-0
= 2(n-1) + 2
= 2n =

In ordexr to show that 02 - 02

v < in the form

as h + 0, consider c%

2 — 1 | 2
°y T Myn(o) - Mg (o) 17
Thus

lim c§ = lim MJ(0) - an?.
h+0 h-+0

Since U; = 4n, it must be shown that

2

lim,Mg(O)n = 4n” + 4n.

h=0
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By Theorem 5.8, applied n-1 times

n-2 ,2-n+j,n-j+l

1 2 n"’j _hk/2
MU(O)Y = ) — k e
Y0 42, (n-j=~1)! k=0
n-2 ,1-n+j. n-j v
- h z(n_._?), R M3 (0), .
3=0 ITH k=0

Applying lemma 5.4 to the first term on the right yields

22—n+jhn—-j+l
(n-3-1)!

] xPIehk/2
k=0

_ p2nddn-gHl noi gk mh/2yk ? (_l)a(k> n—j
(n—j-1)1 x=1 (l_e)—h/Z)k+l a=1. \a
_ 22-—n+j nij (_l)khnnj+l k (_1)a($) n-3
T {n—-3-1)! L k+1 . R L a
k=1 777 ((g)F kil (eb/2)k-3  a=1
j=0 ]
= b(n,h).

By lemma 5.3

. 3 kn—-j+1 a(k) n-3j
= § - 2 ? -1
lim b(n,h) E=3=177T ‘ (-1) (-1} 5] @



Thus

lim M (0)
heo < B

Thus 0% - c§

Theorem 5.11.

of X, then

Proof.

62

2-n+j s -
= —(‘“I%:?l—)—-r (-l)n jzn J+l(_l)n j(n""j)l

il

8(n-3) by lemma 5.1.

)} 8(n-j) - lim h(2n-2) + lim M§(0)2
=0 h-0 h+0

as h - 0.

If X ~ 12{2n) and Y is distributed as the truncation

Ex™ > B(YY).
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E(x™) - B(Y") = ! X" TE%ITT P le ™%/ 2 gy
kh+h
-7 (kn)® J 2 n-1 -%/2;.
k=0 . (n-1)!
kh
kh-+h n
- Z (xP kPR 2 n—le--x/2dX
k=0 {(n-1)1
kh
> 0

since the integrand is nonegative on [kh,kh+h] for all values of

X. Thus E(x™) > @Y.

Using Theorem 5.8, Tables VIT, VIII, IX andX were evaluated.
In examining the tables, it #s seen that the mean of Y is approxi:
mately % h units less than the mean for X. The variance of Y is
very close to the variance of X except when h = 1.0. It is con-

sistently .08 larger than the variance of X then.



MEAN AND VARTIANCE WHEN h IS 1.000

AND W DEGREES (QF FREEDOM

N MEAN VARIANCE
2 0.1541454D 01 0.3917698D
4 0.3500343D 01 0.8078564D
6 0.5499832D 01 0.1208528D
8 0.7499996D 01 0.1608342D
10 0.9500001D 01 0.2008332D
12 0.1150000D 01 0.2408333D
14  0.1350000D 02 0.2808333D
16 0.1550000D 02 0.3208333D
18  0.1750000D 02 0.3608333D
20 0.1950000D 02 0.4008333D
22 0.2150000D 02 0.£408333D
24 0.2350000D 02 0.4808333D
26  0.2550000D 02 0.5208333D
28 0.2750000D G2 0.5608333D
30 0.2950000D 02 0.6008333D

TABLE VII

Gl
01
02
02
02
02
02
02
02
062
02
02
a2
02
02



MEAN AND VARIANCE WHEN h IS 0.100

2

oL N

10
12
14
16
18
20
22
24
26
28
30

AND N DEGREES OF FREEDOM

'MEAN

0.1950417D
0.3950000D
0.5950000D
0.7950000D
0.9950000D
0.1195000D
0.1395000D
0.1595000D
0.1795000D
0.1995000D
0.2195000D
0.2395000D
0.2595000D
0.2795000D
0.2995000D

TABLE VIIXI

01
01
01
01
01l
02
02
02
02
02
02
02
02
02
02

VARIANCE

0.3999167D
0.8000833D
0.1200083D
0.1600083D
0.2000083D
0.2400083D
0.2800083D
0.3200083D
0.3600083D
0.4000083D
0.4400083D
0.4800083D
0.5200083D
0.5600083D
0.6000083D

01
01
02
62
20
02
02
02
02
02
02
02
02
02
02



MEAN AND VARIANCE WHEN h IS 0.010

2

[eo BN <) B SN A

10
12
14
16
18
20
22
24
26
28
30

AND N DEGREES OF FREEDOM

MEAN

0.1995004D
0.3995000D
0.5995000D
0.7995000D
0.9950000D
0.1199500D
0.1399500D
0.1599500D
0.1799500D
0.1999500D
0.2199500D
0.2399500D
0.2599500D
0.2799500D
0.2999500D

TABLE IX

01
01
01
01
01
02
02
02
02
62
02
02
02
02
02

VARIANCE

0.3999992D
0.8000008D
0.1200001D
0.1600001D
0.2000001D
0.2400001D
0.2800001D
0.3200001D
0.3600001D
0.4000001D
0.44006001D
0.4800001D
0.5200001D
0.5600001D
0.6000001D

01
01
02
02
02
02
02
02
02
02
02
02
02
02
02



MEAN AND VARIANCE WHEN h IS 0.001

=4

oo O e N

10
iz
14
16
18
20
22
24
26
28
30

AND N DEGREES OF FREEDOM

MEAN

0.1599500D
0.3999500D
0.5999500D
0.7999500D
0.9999500D
0.1195950D
0.13%9950D
0.1599950D
0.1799850D
0.1999950D
0.2199850D
0.23%99950D
0.2599950D
0.2799850D
0.2999950D

TABLE X

01

01

01
01
02
02
02
02
02
02
02
02
02
02
02

VARIANCE

0.4000000D
0.8000000D
0.1200000D
0.1600000D
0.2000000D
0.2400000D
0.2800000D
(0.3200000D
0.3600000D
0.4000000D
0.4400000D
0.4800000D
0.5200000D
0.5600000D
0.6000000D

01
0l
02

02

02
02
02
02
02
02
02
02
02
02
02



Chapter VI

THE t FREQUENCY FUNCTION

Let X have the t distribution and Y be distributed as the trun-
cation of X. As in Chapter V, properties of the random variable Y

and its frequency function will be studied.

Theorem 6.1. Let ¥ ~ t(p) and Y be distributed as the truncation
of ¥. Then g(yk) = g(y_k), k=1,2,3,..., where g is the frequency

function of Y.

Proof. By Theorem 1C of the appendix,

kh+h o+l

[(p-1)/2]1 (1ex2/p1 2 ax

pr [(p-2)/21t

~kh-h _ptl
_ [{(p-1)/2]! J [l+u2/p] 2 (~du)
‘/ﬁ—“— {(P‘Z)/Z]l “kh

~kn _prl
- —Le-l)/2]) 10?/p1 2 au

/BT [(p=2)/211 Loy

=g (¥_y3) -

In the next theorem, the following identity will be used

68
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Theorem 6.2. ILet X v t(p) and Y be distributed as the truncation

of X. Ifp=2n+l, n=0,1,2,..., then the density of ¥ is given

by
g0y - 1 "t ey h _
JIZAFIYr 120 [(2n-2i-1)/21! [1+h%/(2n+1)]P71
+ 2 tan * h
w 2n+1
1 -1 hvZn+l
3lyy) = 7 tan T oS TR
n—1 .
o (n-i-1)} G(h) k=1,2,3,...
2/ RF1V s i=0 [(2n~21i-1)/211
where
G(h) = (k;l)h — - gh — .
[1+(kh+h)“/ (2n+1) 17 ' [1+(xn)“/(2n+1) 1771

ifp=2n,n=1,2,3,..., then the density of Y is given by

(o) = 1 Bl [ (2n-2i-3) /211 1
L i 2n—-2i-1
vVZnn  1i=0 {n—-i-1)! {l+h2/2n]_—_§—__
vy = 1 n-l o on-2i-3) /271
I = H(h) k = 1,2,3,...

2v2Znw i=0 (n-i-1)!
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-1 b 4
/2n+1
} h
0
h

where
(k+1)h xh
H(h) = . 5n=2i-T 5 P TE ]
[1+(kh+h)%/2n]" 2 [1+(kxh)%/2n]” 2
Proof.
Considexr p = 2n+tl, n = 0,1,2,...
h
g(0) = = - 2 == n+1l
/Cn+1)n [(2n-1)/21¢ _}  [1+x7/(2n+1) ]
h
_ 2n! { dx
/ERFw [(2n-1)/210 § [14+x°/ (2n+1) 1771
— 2n! [(2n-1)/2}1t/2n+l
/IZ5% 1) 7 [(2n-1)/2]! /T ot
L L Pt [@en-1)/211 (mi-1) x _
20 SZ5 [(2n-2i-1)/27% (n=-1)! [1+x?/(2n+1)]n'%
2 -1 h 1 n-1 (n—i-1) 1t
= = tan +
T o+l YOn+idx i=0 [(2n-2i-1)/2]1
kh+h
gly.) = nlt f dx
k /Za+Is [(2n-1)/2]! [1+x2/ (2n+1) 1°FE

kh

[1+h%/ (2n+1) 1271
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_ ni [ (2n-1}/211V2n+1 can~l X
Y{2n+1)n [(2n-1)/2]11 v¥r nl {2n+l.
kh+h
v L ngl_[(Zn—l)/zjz(n—i—l)z % .
2n 320 [(2n-21-1)/2]1 (n-1)! {1+x2/(2n+1)]n‘l

kh

The result is immediate if the previously mentioned identity is

applied after evaluating at the upper and lower. limits.

Ifp=2n, n=1,2,3,..., the result follows in a similar manner.

) - -1 h _om _ -3 . _

Corollary 6.3. ). tan 5 = 5 where h = 10 -, j.= 0,
k=0 1+h"k (k+1) - ’

Proof.

Suppose X »» £{1). If ¥ is dstributed as the truncation of X, then

the density of Y is given in Theorem 6.2 to be

g(0}) = 2 tan_lh
-!- -
gly,) = gly_,) = = tan ~ s k=1,2,3,...
k ok i 1+h%k (k+1)
Since g is a density, then

g(0) + J gly) + ¥ gly,) =1.
k=1 k k=1 k
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But
g + § gly) + § gly,) = § Zeant B
k=1 X k2 kD yZp T 1+h%k (k+1)
Thus
¥ tan T 2h = %
k=0 1+h "k (k+1)

When h=1 in the preceding corollary, the sum of the series is giv-
en by Konrad Knopp in his book “"Theory and Application of Infinite

Series", page 267, problem 102b.

Suppose X v t{p). Then it can easily be seen that E(X) = 0 if

P > 2 and E(Xz) = p/(p-2) if p > 3. When p = 1, the t density
doeg not possess a mean or variance. When p = 2, the t density
does not possess a variance. The following theorem considers the
same problem for the random variable Y where Y is distributed as

the truncation of X.

Theorem 6.4. If X ~ t{p) and Y is distributed as the truncation

of X, then E(Y) does not exist for p = 1 and E(Yz) does not exist

for P = 112'
Proof.
Consider p = 1,
_T 2, -1 h -y 2 tanl z
E(Y) = kgo kh — tan T+kh (kh+h) kio kh o tan 1+kh (kh+h)
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It appears that E(Y) should be 0 when p = 1, but the series above
turns out to be divergent. Thus it will be necessary to show that
the series deoes indeed diverge. Since the series is positive, a

Ccmparison test will be used. It is well-known that

tan#l X > 2X for every x > 0.
®T+1
Thus
tan—l ) 5 N g{l+kh(kh+h)] 5
1+kh (khth) ho+ [1+kh (kh+h) ]
and
2
Kh tan_l h N kg [1+kh(kh+h)]2
1+kh (kh+h) h™+ [1+kh (kh+h) ]
2,2
_ 1 j k“h° [1+kh (kh+h) ]
k L_h2+{1+kh(kh+h)]2
1
"k Pk
k?h? [1+kh (kh+h) ]
where b, =

K pn24[1+kh (kh+h)]?

Observe lim bk = 1.
Koo

Al

Thus

e~ 8

bk diverges sincs Z % diverges. Since the given series
k=1



is term by term larger than Z %—bk, then the given series diverges
k=1
2, P 2 2 ~1 h
E(Y") = 2 é (kh)© & tan” " gorer
k=0
2 ®
4h 2 -1 h
= 7 k° tan .
b K21 1+kh (kh+h)
But
2
w2 tan~1 h N hg {1+kh(kh+h)]2
) 1+kh (khr+h) h®+ [1+kh (kh+h) I7

I o - bk” [1+kh (kh+h) ]

] 5 then lim Cp = % # 0.
h“+ [1+kh (kh+h) ] Ko co-

-1 n

Thus ) ¢, diverges, and so does | x? tan
k=1

k=1 1+kh (kh+h)

Thus when p = 1, E(Y) and E(Yz) do not exist.

Consider p = 2.

2 1 5 2 - (k+1)h kh
E(Y?) = (kh)? V7 -

Yors kio ) [1eknem) 272172 g1+ xn) 22112

_n? o2 [+l [1+ (k) 272112 < k(e (kneny 27212 )
VT k=l [1+ (kh+h)2/211/2 14 (kn) 2721172 J

3 ©

h

= — Z a, b
/I k=1 * K

74
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where a, = k2 /4 [1+ (kh+h) 2721 2 (14 (xh) 2721123
b, = [k+1] [1+(kh) 2/211/2 _ k[1+ (kheh) 2/2117/2,
Now lim a, = —% # 0. Z b, diverges since 'E b, can be written
Kom h k=1 k=1

J by =27 [1+&n)?/21Y/? which diverges. Thus E(Y”) is repre-
k=1 k=1

sented by a divergent series, i.e., E(Yz) does not exist when p = 2.

Theorem 6.3. Let X ~ t(p) and Y be distributed as the truncation
of X. If p > 2, themn E(Y) = 0. If p > 3, then E(Y’) exists, and

E(x%) » E{(¥?).

Proof.

[ee]

I khogly) + § (-kh) gly_y)
k=0 k=0

E(Y)

i

kh gy, ) - kh g(y.)
WLy Fretnd k

o

Thus E(Y) = 0 if ) kh gly}) is a convergent series.

k=1
3} ; Kh+h
I xngly) = ) kb —tEzbl/2l dx —y
k=1 CORSL BT Lem2) /210 4y (1aad/plte
= c ) a,
P x2p X
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h[{p-1)/2]!

Yypr [(p-2)/21!

where c_ =
P

kh+h
d=
and a, = k J
k 5 ptli
kh [1+x"/p] 2
hk
Observe ay < BIT
[14+(kh)2/p] 2
ak
) S prl
[ (kh)“/pl1 2
p+1
D 2
= h ot kP
h
= thk
ptl
2. 2
where h., = hip/h”]
1
and b, = — .
ko P

LeN]

Since p » 2, then J -b, converges. Thus h_ |} by converges, and
- ksl < Py=p K

this then implies that E a, converges. Thus E(Y¥) = 0 if p > 2.
k=1

Now consider E(Y2) when p > 3.

o

) (kh) glyy ) + ) (~kh) 2 g{y_y)
=0 k=0 :

E(Y%)

k

=2 ] m?gly).
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Thus E(YE) will exasts if the above series converges.

w ) - kh+h
] w2 gty = ] a2 —Le=b/2 dx -
k=1 k=1 /pw [{p-2})/2]1 kh [l+x2/p] 5
= gq ¥
P yly
2
where g = o l{p-1)/2]!
P /T [ (p-2)/2]!
xh+h
! = 12 dx
ana a, =k - 5T
kh [1+x“/pT+ 2

2
k h
Observe a < » )
- [1+(kh)“/pl 2~
kzh
5 PFl
[{kh)“/pl 2
r ptl
= .h P 2 . kp_l
i
= hpbk
- pt+l
where h = h P 2
® —3
. h
and b = _l__.. .
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ur

converges, and this implies h. } b
P x=1

¥

Since p > 3, then K

il o~ 2

'_l

k

a, converges. Thus E(Yz) exists if p > 3.

converges. Thus .

| o~ 8

~
-

The lemma will be proved if it can be shown that E(Xz) > E(YZ)

when p > 3.

- T 2
£ (x2) 2[(p=1)/2] ! ! X dxp+l
Ypu [(p-2)/2]! 0 [l+X2/P]—§—
w Khth 2
_ _20(p-1)/2]} ) x_ dx
— B L pt+l
vVpr [{p-2)}/2]1! k=0 kh {1+x2/p}_§—
- £h+h
E(y?) = 2leb/2lt I xm? = pFI
/BT [(p-2)/2]1 k=0 . kh o [1+x®/pl 2
++ p - 3, both of the above series converge. Thus
. - kh+h
B(x%) - E(v?) = -2Lpl)/211 ) f S — ptl
/Bn L(p-2)/211 k=0 [, (1+x2/p] 2

since the integrand is- positive on (kh,kh+h}).

Thus E(X?) > E(Y?) when p > 3.
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Theorem 6.6. Let X o N{(0,1) and Y be distributed as the truncation

of X. Let X' . t{p) and ¥' i1s distributed as the truncation of X'.
The distribution of Y' approaches the distribution of ¥ as the num-

ber of degrees of freedom becomes infinite.

Proof,

Let g and g! be the desnities of ¥ and ¥', respectively. Then

kh+h 1l .2
_ ~ ( 1 7 X B
g(yk) = gly,) = | ~— e dx k= 1,2,3,... ,
kh vom
kh+h
g' (v ) = g' vy ) = [ /_E(p_l)/Z}! dx Sir K= L2030
kh pr [{p-2)/2]! [l+x2/p}_§~
h 21,2
g{0) = i_ e 2 ax, and
1. V2=
h
g'(0) = j -[(p—l)/2]! ax —
kh+h
lim g' (y,) = lim f [(p-l) /2]t o
kh+h
-— ]
= [ lim [(p-1)/2]! L ST dx

fn Pre BT [-2)/210 (1,2 0055

kh+h 1 2

= J e dx = g(yk).
kh

Y
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The last equality is obtained since the distribution of X' approach-
es the distribution of X as the number of degrees of freedom becomes
infinite. Taking the limit inside the infegral is permissible
since the integraﬁd is a continuous function of the variables x and
p, i.e., the integral is a continuous function of p, and the integral

is bounded as a function of p.

Theorem 6.7. Let X ~ t(p) and Y be distributed as the truncation

of ¥X. If p > 3, then o§-+ c§ as h =~ 0.

Proof.
2 2 2 2
By Theorem 6.5, E(X“) > E(Y") or E(X") - E{¥") =z O.

Since E{XZ) and E(Yzj are represented by convergent series if

p > 3, then E(Xz) - E(Y2) is a convergent series, too.
- - kh+h 5 2.2
o2y 2, _ 20 {p-1) /21! { . x“-k*h
E(X™) E{(Y") = - BFL dx

k=0 Vpr [(p-2)/21! {4 (14x%/p1 2

vhere a = _L-1)/21!
P ypr [(p-2)/21!

kh+h
2322

|
and bk = J 1 dx.

kh [lfxz/P] 2

Now



gl

kh+h
X dx
bk = ! (x~kh) (x+tkh)} —= . )
kh [1+x°/p] 2~
kh+h .
2x dx
hl h i ptli
h [1+x? /pl 2
kh+h
_ 2hp 1
- =1 -1
{l+x /p} 2 kh
_ 2hp 1 _ 1
T p-1 -1 -1
[1+tkh)2/p] 2 [1+ (kh+h) 2 /p] 2

The nth partial sum of the series I Cy is

ll— L L
|

l
[1+ (nh+h) /p] J

w
Il
IS
l':
kel

ol
i
!_._I

and lim S = 2hp since p > 3.
p-1 -
n-+g
Thus ) bk s E%E , and
k=0 P
0 < E(x%) - (%) < 2BB 4

—p~l p



Thus E(X°) - E(¥°
2 2

_ o P [ (p=1) /211
=l oy [(p-2)/211

) ~0-as §h >~ 0, or E(Yz) - E(Xz} as h - 0, or

0, * 0, as h » 0, since E(X) = E(Y) = 0 if p > 3.

Y X
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Chapter VII

THE F FREQUENCY FUNCTION

Let X have the F distribution and Y be distributed as the
truncation of X. As in the preceding two cha@ters, properties of

the random variable Y and its frequency function will be .studied.

Theorem 7.1, ILet X ~ F(2m,2n) and ¥ be distributed as the trunca-

tion of X. Then the density of Y is given by

~m-n+p

gly) = l(g%m*p (m+n_(;Ei§! (kn)™P (1 4+ Tkb,

n {m-pj! n

Ho— 8

-m-n+p

m m—p _
m {m+n-p-1) 1! m-p m(k+1l)h
"o (_) mp) T @-DT Chth) =)

where v = kh, k = 0,1,2,...

Droof.

Since ¥ = kh when kh < X < kh+h, then by Theorem 1D of the appendix

P[Y = kh] = P[kh < X < kh+h]

kh+h
[ (m+n-1) ¢ (m) n gt aF

(m-1) ! (n=1)1 \n (l @E)m+n—p
kh n

kh+h
o m_)m'P (m+1l-p-1) ! PP
pzl(ﬁf {(m-p) ! (n-1)! (l N @E)m+n—p
n kh

83
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2 (m) P (mtn-1-p)! (k)™ P
T 4L\n (m-p) I'(n-1)1 wn-p
p=1 (1 + Egh)
- ? (ﬁ) TP (min-p-1)1 (kh+h) ™"P
p=1 \B m-p) I (n-1)71 {} . m(k+l)h:}m+nhP
n

Theorem 7.2. Let X ~ F(2m,2n) and Y be distributed as the trunca-

tion of X. Then the moment generating function of ¥ is given by

m m-p —rym - o ~ -m-n+p
M (t) = ¥ (E) (min-p-1)1  _ ,-ht, 7 ekht“dﬂn1;>@+g§§)

p=1\" {m—p) T (n-1}1 s
Proof,
My (t) = E(e™)
T _kht.
=L ® gy,
-7 JSht) § E) P (min-p-1)1! (kh) ™ P l+mkh ~mTRAp
- kzo © 21 n m—p) ! (n~1)¢!

TN

T TP (mtn-p-1) ! - (k+l)h) ~l-n+p
-1 (%) e (kh+h)™ P (1+E__H___

(m-p)! (n-1)!

_ —m-n+p
ekht (kh}m P (l+mih)

{
218

{(m+n-p-1) 1 E

(m-p) ! (n-1)1 X=0
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- -m-ntp
B (kntn) TP (1+E££%£L§) }

k=0
m m-p )
c  (m {(mtn-p-1)! _ _~ht kht m-p
p£1 (H) (m~-p) ! (n-1)1! (1 -e™7) kzo e " (kh)
mkh “m-n+p
(1”"51“ )

Theoxrem 7.3. Let X ~ F(2m,2n) and Y be distributed as the trunca-

tion of X. Then

’ 7 5 —m-n+p
1 = E hl_n (m+n~p-l) 1 . n-p ( n—)
M (Q) Qn) le {m-p)} I (n-1)! Wiq k \k+mh
and
, n - m B . { -
¢ (0) = 2'2\ p2m (min-p-1) ! P k+aﬁ) g
- bn} pEI (m-p) I (n—-1)1 k£1 k ==
R “pro) - -m-n+p
- (%) pén ) (£T+?‘$n}iif j kPP (k+%§)
- p=1 P/ Pyl
Proof.
m P [ e 1 _—
= LR Ty m-p+1 ( EEE)
MY(O) p£1 (n) {r-p) ! (n-1)! ‘ kéo (kh) 14+2
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i

i
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)

o - \ —m-n+p \
¥ kh(kh+h)™ P (;+ELE§£15 i

0 J

m m-p Y . oot [ e ) SR
) (E) (éTg?I%n%i;z {.kgo (kn) ™ P¥ (1+—;ﬂ)

—m-n+pL
{

_ m-p ggg)
Y (kxh-h) (kh) (1+ k |

T\ ™P  (mtn-p-1)! v n-p mkh P
Zl (H) (m-p) ! {(n-1)1 hlkgl (kh) (1+ n )

) ~m-n+p

m -n _1l-n- (min-p-1)! ¢ ,m-p n_
) (g) h P T 7 L, & (k+mh
=1

i 3 @ -m-n+p
o 1-n {(min-p-1)! TP (k+£_)
( ) h ézl (m-p} ! {n-1}! k£1 )

? (E) P (m+n-p-1)! «
p=1\" - {m-p) ! (n-1)1 W

o

—=m—n+p
J (kh)? (kpen)™P (1+f.ﬂ£i%llﬂ) }
k=0

T (m mop (m+n-p-1)! ﬁ (kh)m’p+2 1+mkh =m-n+p
! & m-p) I (n~1) 1 =
=1 k=0

v ‘ - \ ~W-n+p
) (kh~h) % (kh) 7P (1+E§Ej

k=1
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m m-p e e —-mn-n+p
SRR~ = T A AR S L e
p=1 I i k=1
—_ 1 _m““n-i-P
-n% § (xn)™P (1+I‘“‘Th)
k=1
n _ m o o _ -m-n+p
-2 (&) L e L ()
p=1 pl * k=1
_ m e o _ -m-n+p
@) Ly (L (k)
p=1 ple T k=1
If X ~ F(nl,nz), it is well-known that E(X) = n2/(n2~2) where n, > 2,
and ol = 205 (nl+n2—2)/(nl)(n2~2)2(n2~4) where n, > 4. The following

theorem considers the existence of E(Y) .and o% where Y is distributed

as the truncation of ¥, and X has an F distribution.

Theorem 7.4. Let X ~ F{2m,2n) and Y be distributed as the truncation

of ¥. Then E(Y¥) exists when n > 1, and 02 exists when n > 2.

Y
Proof.
By Theoxem 7.3,
M%(O) = E(Y)
n _ m e © _ -m—n+p
()7 E et L (o)
p=1 : T k=1

Thus E{(Y) will exists if the séries

Yy kT (k+3—

) -m—n+p
k=1 mh



B8

converges for all values of p. The series may be written in the

form

C..a
k=1 %k
where
kTP
€ T m—
(k+n/mh) ™ P
and
a, = 1 — -
(k+n/mh}
Now

lim ¢ = 1, and the series

a
ks k=1 k

converges for n y 1. Thus E(Y) exists for n > 1. In order to show
that 02

Y
n > 2. By Theorem 7.3,

exists when n » 2, it must be shown that M;(O) exists for

n T m oo -m-1n+p
" 2-n (m+n-p=-1) ! m-p+l n
MY (0) = 2 (3) h ) 2 = Yok -k
Y m o=l Tm=-p) ! (n-1)! k=1 mh
n 1] o w _ ~—m-n+p
- (B)7 0P ) R L T =
m p=1 m-p) I (n Pely

M;(O) will exist if the two infinite series converge. The second
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infinite series converges for n > 1 as previously shown. Now

zl P+l (k+%ﬁ> -m-n+p _ zl -
where
o P+l / (k"'rr;_h ) m-p+1
and

Since lim cp = 1, and )

a, converges for n > 2, then Mg(o) exists
korw k=1

_for n > 2. Since M&(O) and M%(O) exists when n > 2, then oi will

exist when n > 2.

Lemma 7.5. If x > 0, then

1
—
B8
e
——
o
’_J.
[—‘n
+(H
»
1]
|
|...l
~
S
»
o
=
~——

where n is any positive integer.

Proof.

The proof will be by induction on n. Let n = 1. Then

1/1'()i 1 1 1
) \i)‘“l =1 T & T =T



I
x({x+1)

X-l/'(xil)

Assume the equation is true for n = j, i.e.,

i=0
Now
iko Py
= L4 1 +1 1
X Z [( i \l:Jl( 1t art - 1) XT35T

[
{
et
™~
—
"
+
{4
S
L]
-+
I_I
-]
~
T
»
-+
]
==
A
S

30
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- jix! 1 (x+1}!
T ox(xF T (x+1) (x+¥I+3)1!

_ 3ix! (x+l+j-x)
X (x+I+3)1

- L (3+1)1ix!
X

(x+1+571

- L1 x+l+j)
x ~/ ( 5417/ -

Since the equation is true for n = j+1 when it is true for n = i,
then the equation is true for all natural numbers n by mathemati-

cal induction,
The following lemma will be needed for the theorem following it.
Lemmar7.6. If p > 1, then

L .y 1
(p—l)(n+l}P"l k=1 kP k

I S
(p-1)nPt

(e b=

<

3
1 kP

Proof.

The inequality follows immediately from the inequality

lQJ
TN

f dx T 1 J
—_— < Z —_— <

% 7T k=n+1 k¥ T x
n+l n

Theorem 7.7. Let X ~ F(2m,2n)} and Y be distributed as the truncation
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of X. If n = jm where j is a positive integer, then Py ™ My (for

n, 1) and 0§-+ g; (for n > 2) as h-»> 0.

P?oof.

The restriction n = jm is necessary in order to use lemma 7.6.
It will be shown that M&(O) > Uy as h + 0.

By Theorem 7.3

n m o
. - [n l-n (m+n-p~1)! m-p n
My (0) = (m) h ) ! k£1 k (k-;-_

) ~m-n+p
p=1 (m-p} ! (n-1)

Observe
KPR o (k+£1m_f1" ) ?[TH) m-p
(s T ()
Thus
kil P (-k+§_ )-m—n+p _ kjl { m- (mlp)( ~%H) i Kk+ﬁﬁ) nt+i

i e n
= fgp (mjp>(.“§5) {kz i+i - imh ‘i+i



Since n >

Thus

(n+i-1)7t (m—h +l

93

l, Lemma 7.6 can be used on the terms within the braces.

n

K

) -n-i+i

n) ® . 1-n ¥ (min-p-1)t TP (m—p)( n) i _1(n ) ~n-i+l
= h ! : n .
(m) le (m-p)T{n-1)! i£0 i oh (n+i-1) 1
< Mg (0) <

{n n l—-n I%}' (m_l_n__p__l)[ m—p m_P ( n ) l ___1 n ) “n“i+l
e h 3 I : n_ . n |

m) pél (m-p) ! (n-1)! igo ( i ) mp (n+i-1) (mh

or

=g )=

T mip ] n+i-1
(m+n—P"'l) ! (m—-p) R 8 . -1 (Il_) (n
pzl (m-p)!(n-1)1 iEO i (-1)" (n+i-1) o o+l

< MP(0) =
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2§ e " () gt (5) T )
or

a(m,n) < My(0) < b(m,n)
where

4

m e m-p _ . "
a(mmn) = 2 ) Smnp-Di (mip) (1)L (n+i-1) l(@9+1
120

-n-3i+1
p=1 m-p) T (n-1I71 n )

A

n m-p .
b N - D (m+n-p~1}1 m-p _qy 1 .1y L
Ohserve

lim a{(m,n) .= b(m,n

h~+0 -

Thus M%(O) - b{m,n) as h »- 0.

Thus it must be shown that b{m,n) = My s that is

blam) =iy = g
n (m+n-p-1)1 T5P ’m~u) N TS |
b(mmn) = - p£1 p) T m-DT L | 1) (BT A1)



mn

=2 3 (m+n-p~1) 1 1 (m-p) i (n-1}1
"m t, mp)T(n-1)! n-1 (m-p+n-1}¢
p=1
by Lemma 7.5
_ n
m{n-1) Z

Lemma 7.5 can be applied since n > 1 in this case.

In order to show that 0% - oi(for n > 2) as h =+ 0, it will be

shown that

M0y - y(0)1% + o2 as h - 0.
If it can be shown that M“(b) + n2(m+l) as h » 0, then the
Y m(n-1) (n=2) !
proof will be .complete since
p?el) . n?  _ n® T(wl) (n-l) %J
m(n-1) (n-2) (n_l)z (n_l)z m(n-2)
n2 n+m-1

m-1)2 m@n-2)

T n2 {n+m-1)
m(n-2) (n-1) 2

.2
—-OX.
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By Theorem 7.3

where

It is
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n _ m e .= _ . ~m-n+p
-2 (3) 0 L R L e (o)
p=1 WP/ nTLs g
_ (3_-1) n hz—n z (m+n-p~1) ! of P (k+3_.) -m-n+p
m p=1 (m-p) ! (n-1)! k=1 b
= - / ~n~n+p
= 2A(m,n) § xOPH Kk+;—h—)
k=1
§ m-p n ~m-n+p
- A{m,n) fd (k+~———)
Tkl mh
n m
- _ [n 2~n {(m+n-p~1)!
Alm,n) = (m) h E o-p) T (=TT
p=1
easily seen that
N ) mgp (m—p)( n ) i( )—l(n )—n-—i+l
m,n . - n+i-1 = +1
120 i mh mh
@ - n -m-n+p
< A{m,n) z kP (k+ﬁﬁ <
k=1
m=p /NI _ ~n-i+1
A(m,n) ) (mip)k_ g-ﬁ) (n+i-1) l(;%ﬁ)
i=0



or

nh ? {(m+n-p-1)!
m Ly (m-p)}! (n-1)!
nh ? {(m+n-p-1) !
m p=1 (m-p)! (n-1}!
Thus

Afm,n) ) x™P (
k=1

)

1

m=p
i=0

< A{m,n) Z km-p (k+ﬁ§

m-p
i=0

(m;p)(—l)i(n+i—l)_l(ﬁ%)

(

n
Y

m-p
i

) —m-n-+p

) (-1 mei-1)”

- 0 as

1

= 41

n+i—l(
mh

) ~m-n+p

h -+~ 20

57

)—n—i+1

since .the first and third parts of the ineguality approach 0 as

h - 0.

In a similar manner

m-p+l
2A (m,n) E (
i=0

m—p+

L

g (.

l A

2A(m,n)

n

mh

[£s]

k=1

X _
__) (n+i-2) "% (

Y Pt (k-i-EH

_a
Th

-n-i+2
+1

n) ~m-n+p

<
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moptl / - ~n-i+2
e " E ) (- gp) T ()
i=0
or
Z m m—p+1 ) Ntio 42
ey (mtn-p-1) ¢ m—p+l) i _ 1 11) n ) ‘
2 (m) pil {m=-p) T (n-I)1 i£0 ( i (1) (n+i-2)" | = Dy
—m-n+p
Atmal § R (een) TP
k=1 =
2 T, 3 m-pt+l .
2 E) (m+n-p-1) ! (m_9+1) i -1
(m le (m-p) T (n=1}1 i£0 H (-1} {n+i~-2)
Thus

- —m-n+p
i 3, ¥ (o) T
k=1

2 m m-p+1 _
n - {(min-p-1)1 (m—p+l) i a1
Z(m) pzl (m-p) ! (n-1}1 iEo ] (-1) " (n+i-2)

as h + 0 since the first and third parts of the inequality approach
the above value as h -+ 0.

By Lemma 7.5

(n 2 m (m+n-p-1)1 ™ +1 (m~p+1) i R
’ \m p£1 (m—p) ! (n-1)! iio i (-1) " (n+i~-2)



_ 2({1_)2 Izn (min-p-1l)1! 1 {(m-p+l)!(n-2)!

p=1 (m~p} !l (n-1)! n-2 (n+m—-p-1) !

2 m .
_ n m-p+1l
=2 (‘) L mn e

2 m
= 7 (m+l-p)
m” (n-1) (n-2) p=1

2 (
= — 2n m(m+l) - m(§+l) L
m” (n~-1) (n—2) L J
_ n? (1)
T mlfn~-1) (n=2)
n? (m+1)
Thus M%(O) + TCERECES as h » 0 which is what was desired.
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Chapter VIII

SUMMARY

In this report we established that theoretical best estimators
are in reality not best estimators. In chapters two and ‘three,
which are proﬂably thg most important chapters, a simple method
was developed which essentially compensates for this discrepancy
between practical and theoretical results in the case of normal
random variables. The useful effects of this correction factor
are demonstrated on point and interval estimators.

In chapter 4 éimiiar results were established for the expo-
nential distribution. Chapters 5,6, and 7 establish the necessary
ground work for investigation of the distributional relationships
between the truncated Chi-Square, T, and F-distributions.

In conclusion the authors would like to‘make the comment that
in their opinion the results of this study are of some practical
importance. Moreover, it is our feeling that a question has been
raised which appears to be of sufficient importance to stimulate

many people in the area of mathematical statistics to make some

additional and worthwhile contribution in this area.
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APPENDIX
Theorem 1A:
n-1_-x/2 nol o4l (n-1)! -x/2 n-1-
( X e dx = - ) 2 — e pls P
} =0 (n-1-p)!

Proof.

An induction proof easily establishes the results.

Theorem 1R:

Ifn=2k, k=1,2,3,..., then

k-1

(n~1) (n=3) ... (n=-2i+1) Cosn-?i~iXJ

n, - _ sin x n-1
J cos % dx = T [COS x 7 (m-2) (@-4) ... (@-21) -

i=]

{in-1) (n-3)...5.3.1 -
n{n-2)...6.4.2

-+

If n = 2k-1, k = 1,2,3,..., then

. k-1 . .
n _ s8in x n-1 (n-1) (n-3) ... (n-2i+1) n~21~1.]
cos x dx = Z== [}os X + 'zl o g (AT ©oS X].

Proof.

The integrals can be obtained by applying the eguation
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n 1 . ' n-2
J cos x dx = o cos lx sin x + - J cos x dx.

Theorem 1C.

Ifp=2n+l, n=1,2,3,..., then

_pt+l -
J[l + ax?] 2 ax = J[l + axc]”m¥l) 4.

_ 1 nil [ (2n-1)/2]1 (n-i-1)1 x
Z2n ik [ (Zn-2i-1)/2]1(n*1)! (l+ax2)n_l
+ [(22:1)/2J! tan"t x/a
Yar nl!
Ifp=2n, n 1,2,3,..., then
_pFl _2n+1
J[l + ax?] % ax = [[1 +ax?] % ax
n-1 o : _2n-2i-1
_ 1 (n=1)![{2n-1i-3}/21]! 2 2
=T L) oitDIlEm-3/2rT < ax)
Proof.
Letting ,tan 8 = x/a, the results can be obtained from Theorem 1B.
Theorem 1D:
' u P ~m-n+p
_ i s s SN n (m~-1) ! {(mtn-p=-1)! _m-p mE
J Pl o+ B ar = pél(m) @p) ! mtn-1y 1 F L+ gl
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where m and n are positive integers.

Proof.

Integrating by parts m-1 times will yield the desired result.



