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ABSTRACT

The stochastic optimal control problem considered in this report
is characterized by a dynamic system which is linear in the state and
control vectors, and which is disturbed by additive Gaussian white
noise, Incomplete, noisy observations of the state vector are available,
- and the control is required to be a linear feedback function of the
'ostiuated state vector, The components of the state vector and control
vector which are of interest are lumped together in a response vector,
and the performance index to be mininizéd is then a function of the
statistics of the response vector. It is shown that a well<known
stochastic control problem, whose performance index is the expected
value of a quadratic form on the state and control, is a special case
of the more general problem described above,

The general problem is then reformulated as a problem of minimizing
2 nonlinear functional on a set in a Hilbert space, In this formulation,
the well-known “quadratic" problem becomes one of minimizing a linear
functional on the same set in the space, Conditions are derived under
which the two problems are “equivalent"; that is, the linear and non-
linear functionals which specify the problems take on their minimum
value at the same point in the space,

A function space algorithm of Dem'yanov is then applied to the




ix

solution of the general problem. This algorithm makes use of the known
formal solution to the “guadratic" problem in the iteration procedurc,
In function space terms, the algorithm iteratively solves the problenm
of minimizing the nonlinear functional by solving a sequence of linesr
functional minimization problems,

The above approach is illustrated by two example problems, In the
first example, the objective is to find a “minimum variance" control
for a third-order dynamie system, In the second example, the objective
is to find a control which minimizes wind-gust effects on a large,
flexible launch booster, The booster dynamics and wind-gust effects
are modeled by a tenth-order time-varying linear differential system,
The function space approach and the algorithms developed were found to
be useful in obtaining good controls for both examples,
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CHAPTER 1

INTRODUCTION

1.1 Optimal Control of Stochastic Systems

As long as control systems have been built and studied, control
engineers have had to cope with the presence of noise in these systems.
For example, fire control systems in naval vessels are disturbed by
thermal noise in the radar subsystem and by the random pitching and
rolling motion of the vessel's hull in the sea. A current problem is
minimizing the effect of wind-gusts on the trajectories and bending
characteristics of large launch boosters, Usually, the practical
approach to such problems has been to design the systems conservatively,
so that the effects of disturbance noise or sensor noise could be ignored,
It is only recently that an organized attack on the problem of noise in
control systems has been undertaken, in the form of studies in stochas~
tic stability and stochastic optimal control., As yet, these studies
are still in their infaney, and unified results are not plentiful,

The stochastic control theory that has been devsloped relies
heavily on the state variable-differential equation model of dynamic
systems, This model can be extended toc the case in which random varia-
bles are present in the dynamic equations, if the state variables of
the system are chosen such that they can be described by a multivariate
Markov process (see Wonham, reference [2.7]). Then the stochastic
system is described by the joint probability distribution of the state

vector components, This distribution can be found by solving a



. Florentin [1,1], Orford [1.2], Kounias [1.3], and many others,

Kolmogorov partial differential equation, as was done in [2,7]., If

the performance index to bs minimized is the expected value of a function

of the state and control, the imbedding procedure of dynamic programming

can be used to derive a type of Hamilton-Jacobi partial differential
equation., An expression for the optimal control is found from a mini-

mization operation in the above equation, and this expression is a

function of the solution to that partial differential equation, So the
optimal control problem is solved if a solution to the Hamilton-Jacobi
equation can be found,

The above dynamic'puogramming approach has been the most popular
one in stochastic optimal control studies, and has been used by

Survey
papers on this and other approaches, such as the application of stoch-
astic stability theory and the stochastic maximum principle, have been
written by Wonham [2.7], Kushner [1.4,1.5], Paiewonsky [1.6], and

Mayne [1.7],

1.2 Motivation of Research

A well-known problem which has been solved by the above dynamic
programming approach is one in which the system equations are linear
and the performance index is quadratic in the control and state vectors,

The plant is disturbed by additive Gaussian white noise, and incomplete,

noisy observations are available to the controller, The formal solu-
tion to the problem of minimizing the above performance index is known,
and is to chooss a control which is a linear feedback function of the
Kalman filter state ostimate (ses, ©.8., Wonham ({2,7]).

In a study of the design of controllers to alleviate wind-gust




effects on launch boosters [2,4], Skelton formilated a stochastic
control problem similar to the one above, but which had a nonquadratic

performance index, This index was a very useful one in practical

applications, because it gave an upper bound on the probability that an

event of "mission failure" (such as excessive vehicle bending) would

occur during the launch, He showed that there were certain similarities

between his index and the quadratic one, and conjectured that the two

problems could be made to be “equivalent" (i,e., have the same solution)

if certain conditions relating the two performance indices were met,

He derived necessary conditions for "equivalence" to ccecur, and also
proposed an algorithm for finding the quadratic performance index that
was equivalent to his nonquadratic one. Once this index waé found, the
known solution to the "quadratic" problem was also the solution to his
problem,

This concept of "equivalence" of stochastic control problems was
an interesting one, but Skelton left many questions unanswered., For
example, he gave no conditions that guaranteed the existence of a
"quadratic" problem that was equivalent to a nonquadratic one, Also,
Skelton's algorithm was not an automatic one, but involved some engin-
eering judgement in the iteration loop, and no proof of convergence of
the algorithm was available, Skelton's method was successfully used to
obtain good controls in the gust-alleviation problem, however, so it
seemed that his approach had much practical merit,

To investigate some of the above concepts in a more rigorous theo=-
retical framework, the problems described above were reformulated as
ones of minimizing functionals on a Hilbert space, This formulation

turned out to be a ruitful one, because a rmumber of the theoretical




results and computational techniques in functional analysis could then
be applied to solving Skelton's problem, In particular, a geometric
interpretation of Skelton's "equivalence” concept was developed, and
conditions which guaranteed the existence of an equivalent "quadratic"
problem were derived, Also,a function Space algorithm of Dem'yanov's
was applied to Skelton's problem, and the algorithm was shown to
converge, To illustrate the results obtained, two example problems
were solved., In the second example, e suboptimal approach was developed

to solve Skelton's booster control problem, which originally motivated

the research,

1.3 Organization of the Theggg

The thesis is divided into seven chapters, In Chapter 2, the
clas; of control problems to be considered in the thesis is defined,
The formulation is similar to Skelton's in [2.4], The well-known
stochastic control problem mentioned above is shown to be a member of
the class, and the formal solution to this problem is given, Chapter 3
reformulates the above problems in a function space, and a geometrical
interpretation of Skelton's equivalence concept is given, This chapter
also presents a motivation for the equivalence theorem and the algorithm
to be developed in later chapters, The main topic of discussion in
Chapter 4 is the derivation of a set of conditions which guarantee
equivalence between a "quadratic® problem and the more gensral problem
defined in Chapter 2, Chapter 5 gives a function space interpretation
of Skelton's algorithm, and introduces the perturbed gradient algorithm,
A proof of convergence of the latter algorithm is also given., The

computational results of two example problems are given in Chapter 6,




to illustrate the usefulness of the methods developed, Conclusions

and recommendations for future study are presented in Chapter 7.




CHAPTER 2
A STOCHASTIC OPTIMAL CONTROL PROBLEM

2.1 Introduction

In this chapter, a problem of finding an optimal controller for
& linear plant subject to disturbance noise is presented, It is assumed

that the plant can be described by & finite mmber of linear differential

equations, and that the (white Gaussian) noise enters additively into

the plant equations, It is also assumed that incomplete, noisy observa-

tions of the state vector are made, and that the control is a feedback

'om using ythau observations, Thess assumptions are discussed, and =
general performance index to be minimized is given,

A special case of this general problem, in which the performance
index is a quadratic form in the state and control vectors,
and the well-known formal solution is given,

is discussed

2.2 Sta nt of the General Problem

The dynamic mtu-odnltobooomidoredisalimrplmtdu-

cribed by a differential system and perturbed by an additive white
Gaussian disturbence noise:

%ﬁ.t.l = A(t)x(t) + Bt + v(t) , (2-1)
with x(t ) =0, (2-2)
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and x(t) = (n x 1) state vector
u = (mx 1) control vecter

v(t) = (n x 1) noise vector.

This particulsr model is chosen bscause it can be used to represent
many linear physicsl systems, and can be used as an approximation to
certain nonlinear systems about & nominal operating point or trejectory,
The assumption of an additive Gaussian noise input to # linear system
is a useful one becsuse it guarantees that x(t) is alse Gausaian (see
Kalman [2,1), Theorem 5), In addition, noise in physiecsl systems can
often be approxinmsted by a Ganssian mrocese, The assumption of white
noise is mot an unduly restrictive one, because "colored noise" can often

~ be represented as the cutpat of 2 linear filter whose imput is white

noise., The linear filter equations can then be adjoined to the original
system equations, producing & linear system with white additive noise,
as originally assuwsd,

Since not all components of x and u are of interest in the evalus-
tion of performance, an f-dimensional respense vector r(t) is defined:

r(t) = C(t)x(t) + D(th (2-3)

It is assumed tuat incomplote, noisy messurements of the state
vector are available:

2(t) = BE(t)x(t) + w(t) , (2-4)

vhere 2(t) = (k x 1) measuremert wector,

w(t) = (k x 1) noise vector,
Again, the moise w(t) is assumed to be additive, white, and Gaussian
for simplicity, The case in which w(t) is "colored" or some of the
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componente of s(t) contain -no noise is discussed by Bryson and
Johansen [2,2],

The noise vectors v(t) and w(t) are completely deseribed by

Elv(t)] = E(w(t)] =0 , (2-5)
Elv(t)v’(7)] = N (t) 8(tr) (2-6)
B{w(t ) (1)] = B, (t) 6 (tor) i)
Ev(th’(r)] = 0 ,  (2-8)

. where E[+] denotes the expectation opsrator, the prime denotes trans-
- pose, and §(t-r) denotes the Dirac delta function at t = 7,

- The following comments should be mades

1) It s assumed that the system operates for a fixed time, %[’to,r].
where t, and T are given,

2) The matrices A(t), B(t), C(t), D(t), H(t), N, (t), and N_(t) are
all assumed to be known and to have proper dimensions; their

elemsnts are assumed to bs eontimuous for telty 7],

3) N, (t) is assumed to be positive definite for all te[t,,T]. This
asgomption is the same as that of no "perfect measurements” mene
tioned previocusly,

The set of admiassible controls to be considered is:
B R o LR DT T B0 L (o)
where K(t) = (m x n) feedbeck coefficient matwix
2(t|t) = (n x 1) Falman filter estimate of x(t) given observations
z(r), v€lt,,t). :




The theory of the Kalman filter is well-established (see, N
(2.1] and [2.3]), and is especially useful in the above problem, since
x(t) is a Gaussien process, The Kalman filter estimate is then the best
estimate, not only in the minimmm mean=square error sense, but with
respect to other error criteria as well [2,3]. A linear feedback 1aw
is assumad in order to guarantee that the control vector is Gaussiang
that this is true can bs verified by examining the Kalmen filter equa-
tions, In addition, the linear feedback law is easy to implement in
prectice, and is therefore useful in applications, The assumption also
"decouples" the control problem from the estimation problem, which is
now assuped to be solved,

For the above ense, the Kalman filter equations are:

Q‘%Ltl = [A(t) = B(t)K(£)I2(t|t)

(2-10)

+ BU(O)R' (1)1, (0){a(t) - B(LIR(ER] ,
with i(t°|t°) =0, (2-11)
and where B (t) = E[X(t[£F/([t)] , (2-12)
and x(t]t) = x(t) - 2(t|t) (2-13)

eryor vechtor,

The matrix E, (t) is not a function of the observations z(t), and
is the solution of the error cowariance equation:

(t) ‘ “
di}: = A(R)E, (t) + B (£)A’(t) - B (£)B’ (LN, l(t)H(t)Ek(t)
(2-14)
+ N?(t) ’
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with B(t) =0 (2-15)

The other quantities in (2-10) to (2-14) sre previously given, so
the Kalman filter is completely specified once the coefficient matrix
K(t) 1s given, And so the control u is specified when K(t) is given.

The performance index to bs minimized is of the general form:

T -
P nlsml+ [ slswe (2-16)
. ,
uhoro 8(t) = E[r(t)r’'(t)] (2-17)

= covariance matrix of the response vector r(t),
Note that S(t) is indeed a covariance matrix, because
E{r(t)] =0, (2-18)

which can be sasily shown,

Note also that r(t) is a Geaussian process, since all the equations
defining r(t) are linear and contain additive Gaussian noise, Since
r(t) is a zero-mean process, it is completely described by the covari-
ance matrix S(t). Thus it is not unreasonable to choose a performance
index of the above form, Because the charecteristics of the process at
the terminal time may be of special interest, a separate temm involving
S(T) is included in the performance indsx, The process characteristics
to be controlled during the time period [to,'r) are weighted in the
integral term,

Using the above definitions, we have the following statement:

Genera] Problem Statement: Choose the control u € U to minimige
the wom index J, subject to the system side-conditions (2-1)



i1

to (2-8) and the Kalman filter side-conditions (2-10) to (2-15),

This problem, using the general performance index in (2-16), has
not been solved., A special ecase of the above problem has been solved,
however, and will be discussed in the mext section, Skelton in [2.4)
also considered a special case; his approach will be discussed in
Chapter 3. '

2,3 A _Special CasejQnadratic Performence Index

Florentin [2,5]), Ton [2,6], Wonham [2,7, 2,8], and others have
discussed the above problem for the case in which the performance index
is the expescted value of a quadratic form in the system state and control
vectors, In the notation of the general problem, the quadratic perfor-

. mance index is:

JQ = B {r’(T)QF(T)r(T) + _[I r’(t)Q(t)r(t)dt} . (2-19)

%

where Qp(T) = (4x 1) symmetric positive semidefinite matrix with
bounded elements,

and Q(t) = (£x £) symmetric positive semidefinite matrix whose
elements are contimous on [to.‘l‘].

Note: The matrix D’/(£)Q(t)D(t) is required to be positive definite for

all t€(t ,7] to insure the existence of a solution to the quadratic

problem (D(t) is defined in (2-3)),

The performance index JQ can be rewritten in the general form:

T
Jg= T [Q(TS()] + ft T [Q(t)S(t)]dt , (2-20)
o
where Tr demotes the trece operator (takes the sum of the diagonal

elements of & matrix),
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The solutien to the problem with quadratic performance index
(the "quadratic problem") has bsen found by using the “certainty
equivalence principle® as in [2,5] and by the stochastic Hamilton-Jacobi
equation of dynmuio programming, a2 in [2,7]. In any case, the optimal
controller for the quadratic problem using the notation of the general
problem is as follows:

u* = K*(t)2(t]t) , (2-21)

whore 2(t|t) is the Kalman filter estimste of x(t) given observations
2(r), T€[t,,t), end is dafined by (2-10) to (2-15) using K*(t) for
K(t). The optimal feedback cosfficient is given by

K*(¢) = [D/(£)Q(t)D(£)T™ILBY (£)P,(8) + D/ (£)Q(L)C(s)]

(2-22)
ard va(t) i3 the solution of the Ricoati equation
de(t) ¢ ’
o = =AY ()P () - P_(£)A(L) - C’(t)a(t)e(t)
(2-23)
+ K+/(£)D/ (£)Q(+)D()K*(t),
with the boundary condition
P(T) = C/(T)Qu(T)C(T) (2-24)

It must be nc'cd thet the form of the optimal control in (2-21)
would be the same if w were only required to be a function of past
cbservations z(r), vt ,t)e That is, the fact that u* is & linear
feedback law on the Kalmen filter state estimate is intrinsic to the
quadratic problem, and is not morely a consequence of the requirement
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that u € U,

The above solution to the problem of minimiging JQ is generally
accepted to be correct, although no completely rigorvus proof of the
results has been published to date (as far as is known). Since the
above results will be used extensively in the following chapters, it is
convenient to summarisze the soclution in the following assertion:

Assertion 2,1 (Solution of "Quadretic Problem"), . Suppose we are
given:

1) the desoription of the dynamic system, response vector, and

measurement vector in equations (2«1) to (2-4) defined on [t,,T]s
2) the equations (2-5) to (2-8) deseribing the white Gaussian noise

vectors v(t) and w(t); |
3) the s;t of admissible controls given in (2-9);

4) the paremeter matrices A, B, C, D, H, N_, and K, with known
elements contimous in t on [to,‘r];

5) K, (t) positive definite for all t€[t,,T];

6) the performance index Jq defined in (2-19), with the associated
conditions on Qp(T), Q(t), and D’(£)Q(t)D(t),

Than the problem of selecting the u € U such that JQisnd.n‘.Lliud,
under the above conditions, has a unique solution, given by (2-21).
The optimal feedback coefficient K*(t) is defined by (2-22) to (2-24),
and the Kalman filter state estimate 2(t|t) is defined by (2-10) to

(2-15).




14

CHAPTER 3
- FORMULATION OF THE PROELEM IN ‘FUNCTION SPACE -

3.1 Introdnction
.+ In a study of the design of controllers to a‘llevi'ate wind-gust
effects on launch boosters [2,4], Skelton introduced the notion of
"quadratic equivalence™ into the. study of stochastic problems, He
formmlated the wind-gust problem in the form of the general problem
posed in Section 2.2, using a specific form of perfommance index J,

. Using an analytic method, he developed necessary oond:l.tioné that a

quadratic problem, as definod in Seetion 2,3, have the same solution

as the more génoral problam of minimizing J, He assumed that such a
quadratic problem exists and that the solution to the general problem
exists, The two problems are then said to be "equivalent", since
knowing the solution to one implies knowing the solution to the other,
A further discussion of the derived necessary conditions is given in
Appendix A, and Skelten's algorithm for finding the equivalent quadratic
problem is discussed in Section 5.2,

The motion of the “eguivalence" of stochastic problems is an
interesting one, but Skelton doss mdt give any conditions that guarantee
the existence of an equivalent problem, Also, the amalytical method
he uses does not yleld much insight into the meaning of equivalence of
control problems, To overcoms these difficmlties, a geometric inter-
pretation of the problemz posed in Chapter 2 was developed, using the
theory of minimigation of functionals on a Hilbert space, This
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formulation yields a clear interpretation of equivalence, and suggests
conditions on the general problem which guarantee the existence of an
equivalent quadratic problem, In addition, algorithms for finding the
equivalent problem can be easily visuslized using the function space
approach,
In this chapter, the stochastic problem is first transformed into

& nonlinsar deterministic one, so that the equations r§1ating the
covariance matrix S(t) to the feedback coefficient K(t) are expressed
in a deterministic form, Then the function space o is defined and its
properties derived, The stochastic problems defined in Chapter 2 are
then interpreted geometrically in o, end the notion of equivalence is

explained in terms of two functionals taking on their minima at the

same point,

3.2 The Stochastic Problem in Deterministic Form

In Chapter 2, the equations which describe the behavior of the
system are stochastic in nature, Given a feedback gain coefficient K(t)
and the processes v(t) and w(t), the process x(t) is then determined,

as is the covariance matrix S(t).
In Appendix B, it is shown that the following set of deterministic

equations also determine S(t):

S(t) = [C(t) - D(L)K(t)IC (t)[Cc’(t) - K(£)D’(¢)]
+ D(L)K(LIE (t)C'(¢) + C(£)B (£)K’(£)D () (3~1)
- D(£)K(t)E, ()X’ (£)D'(t),

where  C (t) = E[x(t)x'(¢)] , (3-2)

and 1s the solution ofs
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dc_(¢) 9
—at— = [At) - BOL)E(£)IC,(2) + C (£)[A(t) ~ K'(¢)B’(¢)]
(3-3)
+ BLIR(L)E(t) + B (£)K'(£)B(t) + N_(¢) ,

with initial conditions

Feaim cx(to) =0, ; | (3_;‘,)

The grior covariance matrix Ek(t)‘m defined in equation (2-12), and
uti..tﬁea.(z-lll») and (2-15). ' The paremeters 4, B, C, D, K, and N_ hﬁe
also been dsfined in Chapter 2, So, by the above equations, S(t) is
determined once K(t) and the noise Ms Ny(t) and N _(t) ave A
specified, ' |

Since S(t) describes the system behavior completely (with respect
to the performance index), and is determined once K(t) is given, th.
equations (3-1) to (3-4) and (2-1%) to (2-15) can be regarded as a set
of deterministic system equations, Then S(t) is identified as a new
"state matrix” of the system, and K(t) as the "control matrix", This -
method of trensforming a stochastic problem into a deterministic one
has been used hy Jagwinsii [3,1], who also derives “state equations”
involving the covariance matrix of the original state vector, and using
the feedback ccefficient matrix as the new control., Also, Kushner
[3.2], Mortensen [3.3], and others have converted the limsar stochastic
system equation into a nonlinear deterministic partial differential
equation in the probability demsity of the state vector,

The admissible eontrol set inl this fornmlation is then:

= { K(t)s the elements of K(t) are
U { contimous on [to,TJ s (3-5)
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This set is, of course, simply a modification of the set U defined in
(2-9). '

Then we oan state the following:

Generel Doterministic Control Problem: Mind the K(t) € UK that
minimizes the performance index J, subject to the system equations (3-1)
to (3-4) and (2-1%) to (2-15).

This problem is the same as that posed in Soction. 2.2, but now
the relationship between K(t) and S(t) is brought out more clearly.

3.3 The Funotion Space o
In this section, an abstract function spece ¢ will be defined and
its properties stated, The interpretation of the control problem in o

" will be studied in Section 3.h.

The basic element in o has the following form:
8 = [op, o(t)] , (3-6)
where ep = ( k x 1) real vector
o(t) = (k x 1) real measurable vector function of t on [to.‘r].

let 8 = Cops e(t)] and & = [gp, g(t)] be two elements in o, Then the
following operations are defined:

s) addition:
84+ 2= [oy + gp o(t) + g(t)] (37)
b) mmltiplication by a scalar As

A8 2 Diep, Ae(t)] . (3-8)
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The pull elemont is defined as:
3’e=[°p OJ . (}‘9)
For any two vectors 8, € o, an inner product is defineds

oS T - '
(8, 8) =6, * gp+ jt o(t) * g(t)at,  (310)

(o]
where the dots indicate the Euclidean scalar product., Define the norm

of & to be:

l8llo .. (8, G)* ' wf 2 (3-11)
whem the positi;‘e aqune roét is cho#en.
" And let the metric in o be:

o8, 2) 4 118 - gl (3-12)

Thén the definition of o follows:

Definition 3,1, The space o is the collection of all elements & -
of the fom g.van in (3-6), such that H8llo < = and the operations (3-7)
to (3-12) are defined, Two elenents of o, say 8 and £, which have the
property that ep = gp and e(t) = g(t) almost everywhere, are identified
as the same element; that is, § = § if p(8, 8)= O,

In Appendix C it is shown that ¢ is the “direct sum" of a k-dimen-
sional Euclidean space and k Lz-spaoes. and is thus a Hilbert space
(by Lemma 19, Dunford and Schwarz [3.4], p. 257). The second part of
Definition 3.1 is necessary to satisfy the metric space axiom that
p(8, ) =0 if and only if 8 = . Thus ¢ is really a space of "eq;xivn-
lence classes” of functions (for a disecussion, see Rudin [3,5], pp.65-66),
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3.4 The Stochastic Problem Interpreted in c-space
In Section 3,2, it was shown that the response covariance matrix

S(t) oould be regarded as a "state™ of the deterministic system, For
notational convenience, this state matrix will be converted tc a state
vector s(t) by "stacking” the columns of S(t). That is, if

rsn(t) 312(t)oooonocsn(t)

g s?l(t) 322(1;)_

(3-13)

s‘l(t) to.o.'ooca: 3“(1")

; J

then rs ('l'.).T
s _(t)

ceeoedoo

OaOB ﬁ

s(t) = (s _(t) (3-14)
s (t)

S

i

is said to be the (!'2 x 1) covarisnce state vector,
Now, form the element 8;

8 = [s(T), s(t)] (3-15)

The element § is now shown to be a member of the space ¢. Consider the
equations (3-1) to (3-4) and (2-14), (2-15), which define S(t), and
thus also define 8, The matrices C(t) and D(t) are defined to be
contimouss K(t) is contimious by (3-5); Cx(t) and Ek(t) are solutions
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of differential equations and are therefore eontimious, So the elements

of 3(t) are contimouns, and therefore measurable and also in Lz. It
the dimension of the vectors s(T) and s(t) are identified as k = £2, to
conform with the notation in Section 343y it follows that 8 € o,

The defimition below will be needed in the following discussion:

Definition 3:2¢ The set of atuimggtx @ C o is defined as

follows:

(oud & 1 3(t) is the solution of the determimistic syatem}
equations, given a K(t) ¢ Ugs for te[t,,T]

It should be moted that this set differs from the usual set of attaine
ability in that it considers the system response to admissible controis
-over the whole time interval of interest, not just at some particular
terminal time, It can be interpreted as the mapping of UK into ¢ by
means of the deterministic system equations,
The performance index J of the general problem posed in Chapter 2
can now be interpreted as a ronlinear functional (in general)on 8 € o

K
J = J(8) = £;[s(1)] + jt £,[s(t)dt . (3-16)
(4]

To express the quadratic functional JQ in similer form, first form the
vectors qp and q(t) from the quadretic coefficient matrices Qp(T) and
Q(t), respectively, using the “"stacking” procedurs outlined above,

Then, referring to equation (2-20), it can be seen that Jq can be
written as:

T
Ju= 9g(®) = ap * (1) + jt a(t) * s(t)at . (3-17)

(<]

Tus Jg 1s & linear functional ono.
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Using the above notions, we have the following:

General Problem in g-space: Find the point 3 € o (and the corres-
ponding K(t)) such that the functional J(3) is minimized on &,

This problem can be visualized geometrically if the following space
F i1s defined:

F = product space of ¢ and RV, i (3-18)

vwhers Rl is the reel line. Since the values of the functional J are in
nl. the problem of minimizing J(2) on o can be represented figuratively
as shown in Figure 3,1, The set & € ¢ is shown, aleng with an arbitrery
point 8 € o, The functional J(8) can be viewed as a hypersurface in F,

and JQ(B) a8 a hyperplane, The point 8* is the point in @ for which

J(8) is a minimum, The matrix K*(t) which corresponds to 8§* is then
the optimal feedback coefficient, and is the solution to the stochastic
control problem, The sot LN in o will be defined in Section 3.5.

Other quantities of interest in the discussion to follow are the
first and second differentials of the function J (see, e.g., Vainberg
[3.6] for definition and discussion), and the gradient vector of J,

The explicit expressions for these quantities are given in the theorem
below, which is proved in Appendix C,

Theorem 3,1
Assume the following:
1) J(8) is defined for ry 8 € a3
3, ar, a°f 3%t
2) fHelgs o35 332 and;gzeadst and are finite for all
te(to.TJ, and have elements contirmous in s for every & € ¢ (see

(3-26) and (3-27) for definitions),
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o

s(T)

Figure 3.1 The Mimimization Problem in Fespace
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And et 8 = [eg, o(t)] and fl = [N, T(t)] be arbitrary elements in oy
then (see Appendix D for background materials):

1) J bas a Catesux (wsak) differentisl (see Defimition D.1) definsd
at each & € ¢, for every element 3 in o, and it is givoh by

Va(s, 3) o (DJ(&), 8) ’ (3'19)
3f, af |
vhere DJ(8) = [51;’*. 3;2- (t)_”a (3-20)

is the gradient wector of J, and is an element of o}
2) J has a second Gateaux differential (see Definition D.2) at
8 €0, for a1l &, f € 0, given bys

V232, 8,7) = (023(8, s), m,  (3-21)

where nz.r(a, 8) = [a: eF. = ]l (3-22)

is an element in o,
3) Fuarther, if DJ(&) and D?'J(a, 8) are contimous in 8 (in the nomm
of the g-space), then VJ and V%aro also contimous in 3,

A corollary of i’c above theorem follows immediately from the

definition of J Q

Corollary 3.1
If Jg is defived as in (3=17), then

Vig(8, 8) = (DJy(3), &) , (3=23)

where  DJo(8) = [q;, q(t)], (3-24)

e VZJQ(& e, (3-25)
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The gredient vector defined in the above theorem gives the

"direction” in which the functionsl J rises most rapidly., Since J. is

Q
a8 linear functional, DJQ is a constant vector and does not depend on &,

The following notatlion for the partial derivative vectors and

matrices was used abovel

Pafi -azfi 3%, 3%,
3-8- 3-8; ' o8 2 fi .o : '
: T
Bfi 2° “ 2
Xi 3 r- 3 £y
bas ! wt dsk 81‘.......... -a—s-k?__
. -
(3-26)
for 1 = 1,2, where
F81
S
2
8= % (3-27)
%y
=3 4
and k = Ec

As mentioned above, the gradient vector DJQ(Q) does not vary with
8, Thus, another interpretation of the problem of minimizing Jqon e
is: find the 8 € @ (and the corresponding K(t)) such that (DJy, 8) is
minimiged, The resulting optimal point, 8*, is the point in a which
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is the "farthest” in the direction of the negative gradient vector,
Such an optimal point can bs shown to exist, if Assertion 2,1 is
assumed valid, The assertion guarantees that a2 unique solution to the
Jq-problal exists, in the form of an optimal feedback coefficient,
K*(t)., Using E¥*(t) in the deterministic system equations ylelds 8*,
Since K*(t) is eontirmous in t, so is s*(1), defined by
B* = [s*(T), s*(t)]; and s*(T) is defined, So 8* is an element of «,
and is the required optimal point,

The above ramarks on minimizing JdeJlbousodintha following
chapters, and can be summariged by the following theorem:

Theorem 3.2

The stochastic control problem of finding a u € U to minimize g
outlined in Section 2.3, can be interpreted as finding a point 8% in o
at which the functional Jq(a) takes on its minimm value, Also, such
a point 8* exists and is unique if the matrices Qp(T) and Q(t), which
define the functional Jo, satisfy the conditions in (2-19). Further,
8* is found by using the optimal feedback coefficient K*(t), defined in
(2-22) to (2-28), in the deterministic system equations (3~1) to (3-4).

3.5 The Fquivalence of Stochastic Problems
The method t0 be used in minimizing the functionsl J(8) on &

depends on the location of the minimum point 8%, If §* is known to be
in the interior of «, stsopest-descent or gradient methods in function
space can be used to find 8%, This problem is essentially that of
finding the minimum of a functional on the whole space, and can be
attacked in a veriety of ways (see, e.g., Kantorovich [3,7], Goldstein
(3.8]). The main difficulty is in finding the optimal feedback
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coefficient K*(t), given the mimimun point 8*, This is not a triviel
problem, due to the nonlinearities in the deterministic system equations
(3-1) to (3-4),

The interesting case is that in which 8* is known to 1ie on the
boundary of o (assuming that ¢ has & beundary), HNote that the point
which minimizes Jg» if such & point exists, must 1ie on the boundary
(to be proved), Also, the method of finding the mimlmm point is known,
since the solution te the "quadratic problem” is knowm, So, it is
conceivable that, under the proper conditicns on J, there exists a
fanctional JQ vhogse minimizing point 8* € o is aleo the point which
minimizes the functionsl J, Then the problem of minimizing JQ is seid
to be squivalent to that of minimisirg J, So if ihe equivalent problem
" can be found, its kmown solution can be used to fnd the solution to
the more generel problem posed in Chapter 2,

The conditions on J which will insare the existence of an eguivalent
problem, and sufficlient conditions for two problems to be equivalent
are discussed in Chepter &, In this section, the notion of equivalence
is introduced and cortain related definitions are meds,

For convenieunce, the problem of finding the point 8* € @ at which
the functional J(&) tekes on its minimum will be called the "“J-problem”
(and similarly for JQ). Now, by definition of the J, functional in
(3-17), the Jgeproblem is defined when the quedratic coefficients
QF(T) and Q(t) are given, Tho followinz dofinitions will bes used in
Chapter 4

Defimition 3.3 4 Jy-prollem ie said to bo sdnissible if the
quadratic coefficients Qu(T) and Q(t), which define Jqr satisfy the
conditions in (2-19).
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Definition 3,41 A point 3* € @ is said to be a minimum point of
a J=problem if J(&*) € J(8) for all & € w.

Defirdtion 3,5: The set Ao is the set of miniwum points of
ai‘l admissible Jq-problm.

The set %q is depicted in Figure 3.1, It was previocusly suggested
that the minimum point(s) of a Jq-problem 1lie on the boundary of a, so
o is shown on the boundary, Note that «
Theorem 3,2,

Definition 3,6: Two pro'blc-.s are said to be eguivalent if they
have a common minimum point.,

a iz well=defined due to

It can be seen that, if a miniem point of J lies inaq. then an
equivalent Jq-preblen exists, The conditions on J to insure this will

" be discussed in the next chapter, Some methods of actually finding this

JQ-problm -are presented in Chapter 5.

The above discussion of equivalence is not intended to be a rige
orous one, bat iz meant to motivate the theoreme which will be developed
in Chapter 4 and the algorithms to be discussed in Chapter 5, The results
in thosechapters are a conssquence of the function zpace interpretation
of the stochastic problem, and mske use of the available theory of the

constrained min.t-iutiqn of a fanctional.
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CHAPTER &4
SOLUTION OF THE PROBLEM IN FURCTION SPACE

4,1 Introduction
In Chapter 2, the stochastic problem to bs solved was defined.

In Chapter 3 it was interpreted as a problem of minmimizing a functional
on the o-space, and the existence of equivalent stochastic problems was
conjectured, In this chapter, Theorem 4,1, which fives necesaafy and
sufficient conditions for the equivalense of J- and JQ-pmblens, is
proved, This is preceded by a preliminary lemma, which guarantees that
" the functional J (defined in (3-16)) can be expanded in a Taylor series
in function space., Then, assuming that @ is convex and that the mini- '
mm point of J is known, it is shown that an equivalent JQ-problm
exists, and is defimed by the gradient vector of J at the minimum point,
Conversely, it is also shown that if & JQ-pmblen and its solution sat-
isfy certain conditions involving the gradient vector ofJ , then the
solution defines a minimum point of J, The proof of Theorem k.1 has
certain parallels with the proof of Dem®yanov's Theorem 1 in [&4.1]. A
second theorem, which gives a imnbor of properties of the sets a and
aq (defined in Chapter 3), is also proved in this chapter, As yst, a
general convexity theorem for o is mot svailable, The nonlinearities
in the deterministic system equations (see Section 3,2) mske it very
difficult to derive such & general theorem, Howsver, a method for
proving convexity is outlined in Section 4.4, and sufficient conditions
for convexity are derived for s simple scalar system, In general, the
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convexity of o must be assumed or proved in each particular case if
Theorem 4.1 is to be applied to & specific problem, Aside from con=-
vexity, however, lheorsus 4.1 and 4.2 give a complete set of conditions
for solution of the J-problem snd for use of the algorithms to be dis-
cussed in Chapter 5,

4,2 Egquivalence Conditions
In this chaptor, it is assumed that a specifie J-problem has been

posed and must be solved. It was conjectursd in Section 3.5 that, if
the J-problem met certain conditions, then an equivalent JQ-problem
exists, Then, since the solution to the latter problem is lmown, so

is the solution ts the Jeproblem, The required conditions on J are given

. in Theorem 4,1,

A pa-o].:mlnary Lemma concerning the Taylor series expansion of J
will first be proved:

lemng 4,1
Assume the following:
1) J(8) is defined for every & € o;
ar, af, ap v
2) B30 L0 370 Sa 0 352 » and 7=~ exist and are finite for all
te[t,,T], and ho.va, olements continuous in s for every 8 € ¢ (see
(3-26) and (3-27) for definitions);
3) DJ(&) and D%J(3, 8) are contirmous in 8 in the norm of the o=space
(see (3-20) and (3-22) for defimitionms),
Then, given £, & € o, the functional J can be expanded in the
following ways:
Fimte Incremzent Formulas
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I(B+ y(8 - 8)) = J(8) +y(DI(8), 3 -8) +0(y) (41)
Lagrange Formmlas
J(& + y(8 - 8)) = J(8) + ¥(DI(8 + B(8 - 8)), & - 3)(4=2)
Taylor Series:

I(B +y(@ - 8)) = J(B) + y(DI(B), & - 8)

(4-3)
- 'éz- (DZJ(E +p(8 ~-8),8=-8), 8 «8),

where L oo, (tett)

T
and y and B are real constenis,

y €[o, 1], # €fo, 7]' (4=5)

Proof
Choose &, ﬁ € 0, and form the function g(y):

g(y) = J(&8 + ¥ 1), ¥ €lo, 2], (4=6)
Using (4-6), the derivative of g is defined as:

d‘(y)n 1im 3(3*7ﬂ+56ﬂ)~3(3+7ﬂ) : (“_7)

§=0
By Definition D.1 (in Appendix D), the above expression is simply the
Gateaux differentisl of J at the point (8 4+ ¥ 1), in the directien fi
Since the hypothesos of the Lemma are the same as those of Theorem 3,1,
the theorem i3 applicable, Tims it is guaranteed that the differential
exists, Use (3-19) 4n (47)




A

B avi@ ey i, 1) = 038 4y ), B, (4-8)
- Similarly, the sesond derivative of g is defined as:

C80) . 1y VB ey ie s fy ) - Vi eyd, )
dyﬁ"’ 8 %0 & '

(4=9)

By Definition Di2, (4-9) is ths secord Gatesux differential of J, And

go by (3-21)s

X _
J 8(‘28 VzJ(a Yy ﬁo ﬁl ﬁ)
dy (4-10)
= (0%3(8 + ¥ 5, ), 1))

- whore D%J(8 4 y 1, 7) 1a defined in (3-22). Now, hypothesis 3) of the

Lemma gunarentees that the third eonclusion of Theorem 3.1 applies; that
is, that the differentials VJ and V2J are contimous in 8, By inspoc-
tien of (4=2) and (4=70), 1%t follows that g’(y) and g"(y) are comtimwocus
in y. 8o g(y) can be erpanded in the following ways, all of which are
special cages of ths Payler formala (ses, ®.g., Kaplan [4,2], Pe 3570

gly) = g(0) + ¥g'(0) + ofy), (4=17)

ely) = g(0) + v2'(B), (b4=12)
2

gly) = g(0) + yg‘(0) + 3- g (8), (4-13)

hore lin ff.;’l = 0, and ¥ €[0, 1], ¢ €[0, 7], |
b ’

Then the Lewms follows by substituting (4=6), (4-8), and (B=10) into
(8=11) to (4-13), anc lotting 1| = & - 8, Q.E.D,
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The following equivalonce theorem oan then be proved using the

resulis of thoe abeove Lomma,

1)
2)
3)

k)

- 1)

Theorem 4.1
Asguma:
the set @ is comvax;
a minimm point 8° of t.go J-pm:%. existss
Af 8 € @, the matrices sy and sx° (t) are positive semidefinite,
and D’(t) ;-;3 (£)D(t) is positive dsfinite for all t€[ty,I], when
all the matrices are evalumated at 8 (D(t) is defined in (2-3));
the hypotheses of Theorems 3.1 and 3.2 are satisfied,
Then the following resulis hold:

An equivalent Jq-vpro'olea exisis, and is specified by:

4 = DJ(8%) (4=14)

that is, Jo(3°) < J(8) and J(23°) < J(8) for 211 $€x, where
3,(8) = @I, B).

2)

Azsumo, in addition, that:
a) J(8) is & convex functionals
b) A point 8% € ¢ is found such that it is a minimum point of the

Jg-protlem defined Ly § = DJ(8%); 1.e.,Qcan be computed from DJ(8¥).

Then 8% 48 also o miniwwm peint of the J=problem (and so by con-

clusion 1) above, the J-problem and the Jq-problem which satisfies the
relation G=DJ(&*) are equivalent),

1) By hypothesis, a mirdwum point of J exists, Let 8° be such a point;

Proof

that is,
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J(P)< I8 vhea. (4=15)

Now, consider the Jy-problem defined by § = DJ(8°)., Using Definmition
3.3, this JQ-problem is admissible by hypothesis 3, Therefore, by
Theorem 3.2, a minimm point of Jq exists, Let 8* be such a point;
that is,

B8 viea. (4-16)

Following an argument of Dem‘'yesnov and Rubinov in [4,1], it will be
shown that :

‘Hypothesis 4) indicates that the assumptions of Theorem 3.1 are satise

fied; these cssumptions are ths same as the hypotheses of Lemma 4,1; so
the Lemma is valid, Using the finite increment formuls in this Lemms,

it follows that:

J(8% + y(8* - 89)) ~ J(8°) = ¥(DJ(8°), 8* - 8°) + o(y) ,
(4-18)

whinh L isn B8 . o,
e d S

The convexity assumption on @ insures that 5° + y(8* - 89) is in
. Then, since J is minimiged at 8%, the left side of (4=18) is non-
negative for all y €(0, 1]. When y is small, the sign of the right
side of (4=18) is determined by the first term; so

(DJ(8°), 8* - 8°) >0, (4-19)

or (DJ(e°), 3+) > (DJ(8°), 8°) . (4=20)
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Using the definition of Jq to rewrite (4~20), we have:
Jo(8%) > Jo(8°) . (4-21)

Combining (4~21) with (4=16) yields (4-17).
By Theorem 3.2, tho point 8* which mimimizes Jq is unique; so
8* = 8°, From (4=15),

J(#*)<J8) Vviea. o (4-22)

Thus 8* 1s & minimum point of J, and the Jq-problem specified by

§ = DJ(8*) = DJ(8°) is equivalent to the J-problem by Definition 3,6

The proof of part 1) of the theorem is thus complete.
2) By the additionsl given assumptions of part 2), a point 8* € «a
exists mc}i thats

IE) = (@), §) < @IEY), 8) = 5 (8) (4=23)

for all 8 € @, Part 2 of the theorem will be proved by contradiction,
following an argument of Dem®yanov and Rubinov in [4,1],

Suppose that 8% is not a minimum point of J, That is, a point
8 €a oﬁ:iatu such that

J(8) < J(8*) , (4=24)

Using the Lagrange formmla in Lemma 4,1 with ¥ = 1 and 8 = &%, we havei

J@) - I = DI + 85 - BN, B - ), (425
with B €[0, 1], Form the function g(B):

g(8) = J(&* + (8 - 8*)) . . , - (4=26)
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Then, by equation (4=8) in the proof of Lemma 4,1, the derivative g (B)=

%Q exists and is given by the right side of (4-25). Bat g(B) is a

convex function of B, since J was assumed to be 2 convex fanctional,

So g’(B) is monotons nondscreasing in B, and
g’(8) 2 g’(0) . (4-27)
Using (4=27) in (4=25) results ins
J(@) - 3(&%) > (Dy(8*), & - 8*) , (4=28)
Combining (4=24) with (4-28) yiol;is
(DJ(a*), 8 - 3) <0, - (4=29)
or (D3(8%), 8) < (Di(a*), 8*) . (4-30)

Bat this is a contradiction of (4=23), and so 3* must be a minimum point

of J. This proves the second part of the theorem, and the proof of

Theorem 4,1 is complete, Q.E,D,

Theorem 4,1 is useful in that it gives conditions on a Jeproblem
that insure the axistence of an equivalent Jq-problem, If these condi-
tions are satisfied, the algoritims deseribed in Chapter 5 for asctunally
finding the equivalent problem can be applied, Then, if a point
8% € o 1s found using the above computational methods, and satisfies

the conditions in Part 2) of the theoram, it is the desired solution to
the J-problem,
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4.3 Proverties of @ and ¥q

- In this section, csrtain properties of the sets & and @q (da‘ﬁnod“
in Chapter 3) are derived, These properties sre useful in determining
whether & particular Jeproblem sstisfies the hypotheses of Theorem 4,1,
and also yield additionsl insight into the nature of the J=- and JQ-
problems, The results are summarised in the following' theoren:

Theorem 4,2
If ¢ and @q ere as dofined in Chapter 3, and if, for every
K(t) € Uy, the response vector r(t) is a random process vith finite and
nongero variance, then: | |
1) the mll element 6 ¢ oy

"2) 4if 8 € @, the corresponding covsriance matrix S is positive semi-
definite;

3) & is contained in a half spsce in oj
4) at every point &+ €.aqs a supporting hyperplane to o exists;
5) ¥q 18 on the boundary of a. '

Proof

1) The only way that the mill element 6 could be in & is if an element -

By = [85(T), 55(t)] € @ wonld exist, such that s,(T) = 0 and sy(t) = 0
for all t€[t,,T]. But this is impossible, sinecs it was assumed that

the random vector r(t) is a process with zero mean and a nongero variance
for every K(t) € Ug. S0 ® ¢ @, as was to be proven, This result simply
means that a triviael response vector (identicelly zero) is excluded from
consideration,

2) This statement follows from the well-known fact that any covariance
matrix is positive semidefinite (see, e.g., Gnedenko [4.3], p. 200),
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3), 4), 5) The last three results follow directly from the imterpreta-
tion of the JQ-problem given in Theorem 3,2, Pick a point 8* ¢ g

and consider the Jq-problan which yields that 2%, and is defined by

4 = [gp, a(t)]. That is,

Jq(a‘) 3@: 3") 5 (8“ 3) = JQ(Q) Vﬁea. (4-31)

The following two definitions are needed to contime tﬁe proof,
Consider the representation of the JQ-problm shown in Figure 4,1,
Define the hyperplane L(§) in ths following way:
Definition 4,1: A point & is in L(§) if and only if (§, 8 - %)= 0,
Then L(§) divides ¢ into two half-spaces, o* and o=, defined as

follows:

Doﬁnition 4,2: A point & is in o* if and only if (§, & - &*) > 0,
and & is in o™ if and only if (§, & - 8*) < 0,

Bat now by (4=31), 4f & € &, then (§, 8 - 8*) > 0; 20 8 € 0%, Thms
a < o%, and part 3) of the theorem is proved, Also, L(§) is a suppor-
ting hyperplane to o at 8*, since 8* is clearly in L(§) and @ < o+, So
part 4) of the thecrem is proved,

To show that o is on the boundary of @, it must be shown that,
given a point 8 ¢ wqe every neighborhood of 8 contains a i:oint not in
@. Consider the point B* mentioned before, and define the following
B-neighborhocd of &%

NB(Q“) = {818 € 0, and [[8 ~ 8%c < B} (4-32)

Choose a B > 0, and consider the point ay (where it is assumed that

[ldle > 0)1




Figurs 4,1 Properties of o and @,
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ny.at-"-&’g.rorye(o. B) . (4=-33)
Then i.yea. and
gl o by o 3
, "‘, 3‘"0 —"-a";- t 4B | (4=34)
8o 37 € lla(ﬂ‘). Bat
3 i - . |
@8, - =@ -2
(4-35)

e

by the definition of the norm in (3-11). Since ¥ > 0 and [|§]jo > O,
a, 8 - 8*) is negative, and so 8, is in ¢” by Definition 4,2, Since

- aco*, it follows that “y ¢ o. The above construction can be carried

out for all § > O, and so 8* 1s on the boundary of ¢, This completes
the proof of part 5) of the Theorea and tims of the complete Theorem
4.2. QOEQDO

4.4 Convexity of o
An approach to detemmining the convexity of o is discussed in this
section, In this discussion, let & be defined as follows:

8:3(t) is the solution of the dsterministic
a = {;{nﬁm (3<1) to (3-4), given a X(t) ¢ UK’ for "
[t5sT]e
(4=36)
which is similar to the definition of @ in sectien 3.4, except that the
set of admissible feedback coefficients is now:

= [K(t)ithe elements of K(t) have contimmous)
U™ tarat derivatives on [tysT]e e e
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Consider the special case in which the A, B, C, and D matrices in
(3-1) to (3-4) are constent, and the measurements of the state vector

are exact, so that E (t) = 0 for all t, Then the system covariance
equations become:

8(¢) = [C - DR(t)IC (¢)C’ - K‘(t)D’] ,  (4=38)

where cz(t) is the zolution of:

dc,(t) - -' '
= [A = BR(£)IC () + Cp(t)[a’ = K'(£)B‘] + N (t) ,
(4=39)
with initial conditions
Sy e (4=h0)

(Bote that here x(to) = X 1s a Geussian random vector with gzero mean
and covariance matrix C_, which is assumed to be nonsingular).

To show that o is oonio;. first choose arbitrary elements 31 and
'z from @, and form the element &l.

B=Q-08+a8,, Ac(o1),
From the defimition of § in Section 3.4, it follows that the covarisnce
utr!x corresponding to 31 is given by

sk(t) = (1. o l) sl(t) A ‘Sz(t) 9 (Ml)

whore Sl(t) and Sz(t) correspond to 31 and 32. For convexity, it mst
then be shown that 8, is ino. From the correspondence between 8, and
8,(t), this is true if and only if there exists a feedback coefficient
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K (t) € T;, such that K, (t) produces S, (t) when used in equations
(8=38) to (4=40).

The proof of the existence of such a K, (t) is momtrivial, because

oquations (4-38) to (4-40) are nonlinear in K, One method of proof
begins by constructing a differemtisl equation for S(t). This can be
done by diffomthtinc (4=38) and substituting (4=40) and (4=39) in
the result (assmming that [C - DK(t)] is square and mmuuln). yield-
ing:

B o sxe’ - kw7 R e’
- DR(£)[C - DR(t)])™L 5(t)
+ [C - DK(t)I[A ~ BK(£)ILC - DR(£)]™L s(¢) (@z)
+ S(£)C’- K’ (£)D')7M A~ K/ (£)B’I[C’- K’ (£)D"]
+ [C - DEC)IRG(£)C' K (£)0°] ,

where S(t,) = [C - DR(t,)]C,[C’~ K’(t,)D']. (4t3)

Assume that 8, and 2, have been chosen from a. Then the properties of

t)
§,(t) anmd f—s%%-— ares well-defined through equation (4=41), Suppose
now that equation (4=42) can be solved for i(t) to form the following
differential. equation:

":,:") FLK(t), S(t), s(t)J (talit).
with K(t,) = K (4=45)

defined by (4-43), Then, if a K (t) exists which produces § (t), it
will be defined by (A-44) when S, and §, are substituted:
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dk, (t)
""""“" = FTE’A(‘E). sl(t)v sl(t)J ] (w)
with Kl =K . - (47)

The proof of convexity of @ then reduces to the problem of showing
that a solution to (4-48) exists and is inlk,gim the properties of
S, and s‘ The following scalar exauple gives sufficient conditions
flutthoil definsd by (Lbl) is an elesent of o, given two points in
@, & and 32. which satisfy given conditions,

Example of Convexity Proof
Consider the scalar dynsmic system with state x and control u:

d"“) = x(t) 4 ult) , A (4=48)
vith  x(t) =x, , | (4-9)
SOl - MR =0 rors! (150)

The response is
r(t) = u(z) , ‘ (h-51)
and let the moise voriance (1-.) =1,

Under the above assumptions, the system A, B, and D matrices reduce to
unity, and C = 0 (refer to the general system equations in Section
2,2). Therefore, (4-738) to (4=40) becomes

s(t) = k%(t) o (t) (tm52)

8p(t) = 2[1 = k(t)]o (t) +1, - (4-53)
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with o (t,)) = S = E[zozl . (l=54)

Following the method outlined above, a differemtial equation for
. 8(t) given k(t) will be constructed, First, differentiate (4=52)3

B) = K5 (6) + Z(LE(Le(b) (4-55)
Then mltiply both sides of (4=55) by k(t) and substitute (4=52) and
(4=53) to eliminate o_s

ds(t)

() S22 = ofk(t) - K2(8) + R(2)Ia(t) + KO8),  (hs6)

with (e, = k%(t,) op . (4-57)

' Hote that if k(t) = O for same t, s(t) is not defined by (8565 but

then 3(t) = 0 by (4-52), .
Now, ehoose 8 end 8, from a; then the corresponding time functions
are s, (t) and s,(t), Form s (t)s

'1“?’_ =@ -0 1)+ s(t), 2€0,1). (458

mu.&m&mh exists, it mst be defined by the
following differential equation:

da (t) B ace 3 il
i (8) —g— = 20 (6, 2(0 )0, ()] (8 (), (hes9)
wth  a )=k ) oy . (4=60)

(t
The functions 'l(t) and d—:‘d-t-- are woll defined by (4=58) once
A 1s chosen, So (4=59) can be rewritten to define k, more explicitly:

dis, (t) e 3
e a(t)kl(t) +k°(t) + y(t)lrl t) , (b=61)
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vhere K (t,) = [:‘c-;:&.] =k, (=62)

8 (t) - 28 (t) - 1
~and p(t).lTﬂTé—sY(t)-- m . (4=63)

The hypothesis of Theorem 4,2 is assumed; namely, that the response
r(t) has a nonsero variance for all te[t,,T]. Thus 'x(") > 0, and
B(t) and y(t) in (4=63) exist.

To find the conditions under which a solution to (A=61) exists on
[to.‘l‘J. the Cauchy-Peano existence theorem will be used (see, e,g.,
Coddington and Levinsen [4.4], p, 6)s

Theorem (Cauchy-Peano)
Considér the differential squation:

dx
Pe—— ] f(t' x) "
& -
} i (E)
where x(to) =x .

Iffiacoutimmsintandxonﬂnmhnglbli(doﬁmdby
It =yl S &y |x = x| <D, with a, b> 0), then there exists s solution

P€Clof (B) on |t = t,| < I, for which 9(t,) = x, (I = minfa, b/N],
where M = max|f(¢, x)| on R),

Applying the above theorem to (4~6l), we see that £ is contimious

intandlg for |t - t,] < T, lkl-kMISb. for a1 b> 0, For a
| given b, we have from (4-61):

20tk )] = [BCEYK, (e 2t oyt )i 3t
(4m62)
< Bylig (®) ]k (0%, i, (8],
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where p_ = ) , ! I
b = e 1P e (e5)

and - T R P lnied

_ Y te[::f'r] lr(e)] | (4=66)

Note that B, and 7, exist, because &, (t) and & (t) are given tine
functions contimous on [t ,T]. Also, since |k = kol < b, and
K, >0 1tfol].mn that | b+ k,. So (4=6k) becomes:
2t )] S By +19) + b+ 1 )2 4y b4 )
- (4=67)
= M(b) ,

where M(b) is now the upper bound mentioned in the above Theorem (given

a particular b), Now, form

g(b) .1-;‘(“35 : . (4-68)

Then, by the theorem, if a "h" exists such that g(b) > T, the solution
of (4=61) exists over (tgeT]e To find such a "b", assume that s, and
3 are such that f, =y, =k =1, Differentiate (4-68) and set the
result equal to szero to find b > 0 such that g(b) is a maximums

M(b) - tM’(b) = 0 , (4=-69)
Rewriting (4=69) and using the given mmbers results ing

which has a real roet of b = 0,740 (the other two roots are imaginary),
For this value of b, g(b) = 0,0739. Therefors, by the Cauchy-Peano
Theorem, & solution k) (t) to (4-61) exists for all t€[t ,t, + 0.0739).,
So if T £ ty + 0,0739, the solution exists over the whole interval of
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interest, Furthermore, then k) (t) has a contimons first derivative,
#nd 80 it 1s & wember of Uy by (4=37). Tims the 3, which results from
uj.ng kz in the system equations is a member of «,

It should be noted that the result holds for all 8, such that
B‘-‘y-ﬁkh’ﬂl. That is, 11'31. 32€¢.'ly.1,oldmsA with the above
properties, the "line" joining il and 82 is also in @, So the above
example demonstrates the method of proving convexity oﬁtlinod previously,

and shows convexity for the portion of o satisfying the above conditions
on 31 and '2‘
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CHAPTER §5-
COMPUTATIONAL ALGORITHEMS

5.1 Introduction

In Chapters 3 and 4 it was shown that the pnblon of minimiging -
the performance index J(8), 8 ¢ o, conld be vimd as a problem of
linhisim a nonlinear mmtioml on a "set of attainability” o in the
Kilbort space o (m the statement of the General Problem in Section 3.4).
Itnaahoshownthatais not the whole space v, and that a linear
functional J(3) "equiv&lent" to J(2) existed under certain conditions
‘enJ. In this chapter, two 2lgoritims, the perturbed gradient method
(raM), aad thn diroct gradient iteration method (DGIM), for ninimizing
the Jq-ﬁmtioul will be despribed,

The problen of miniwizing a functional on a constraint set in
fnnouon space lna been discussed by other authors, Blum, for example,
considers in [5.1] the -iniuution of a functional subject to equality
constraints, Balakrishnan [5,2] considers a special type of mintmum-
norm probln. under a eontrol energy constraint, using a steepest-descent
nthod. In both of the above problems, it is assumed that an explicit
upuamn for the constraint equation is known,

The algorithms discussed in this chapter differ from the above
methods .1n two ways, First, mo euzplicit expression for the constraint
ntainuqnirodintha mmtnd!’@(algoriths Second, the objective
of the iteration nothoda is to find the equivalent J_-problem, This

Q
problem then defines the minimum point of J, Another feature of the
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algoritlms discussed is that they make use of the known solution of
the problem of minimiging the linear functional J Q*

In the following discussion, it is assumed that the hypotheses of
Theorems 3,1, 3.2, and 4,1 are satisfied, Additional hypotheses will
be required to show convergence of the PGM algorithm, and these are

listed in Theorem 5,1,

5.2 Direct Gradient Iteration Method gmm;

The direct gradient iteration methed of mindmizing J(8) was
devised by Skelton in [2.4]. The method was mot viewsd by Skelton as
one in function space, but this Interpretation is useful to relate DGIM
to the other algorithm to be discussed in Section De3s

A block diagram deseribing DGIM is shown in Figure 5.1, The
notation is the same as that in Chapter 3: the vector §; € o defines
a Jq-problc-; the solution to this problem is knowvn, and is the optimal
feedback coefficient matrix K *(t). This coefficient, used in the dy-
namic system equations, defines an optimal covariance matrix and thus
defines 8,*. In Figure 5.1, DJ(Q,_*) is the gradient wvector of the
functional J at the point 31* € a,

The theoretical motivation bshind this algorithm is the require-
ment that the necessary conditions for equivalence, given in (A-ll), be
satisfied, The algorithm tries to bring this condition about by "brute
forece®, by letting §1+1 = (1~y)<‘;i + yDJ(?:i*), where v€[0,1] is
chosen during each iteration on the basis of engineering Jjudgement,

A sketch of DGIM as interpreted in o-space is given in Figure 5,2. The

iteration sequence begins with an srbitrary vector, 3,0+ and contimes
as discussed previously,




Let t’io = DJ,

'

Solve 61 Problem,

yielding Ki"(t) 0
bt

Find 31‘ resulting
from Ki*(t)

?

<

§1+1 = (1-')')31 * YDJ(éi*)

} Yes
( srgp )

Figare 5.1 Direct Gredient Iteration Msthed
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The essential feature of the method is that gradient vectors are
the quantities iterated, instead of successive points in o, as is the
usual case, So a proof of convergence of the algorithm must show that
the sequence of vectors 4y "approaches" (in some sense) the gradient of
J at its minimum point, assuming such a point exists, No such conver-
gence property has been proved to date, However, Skelton has used DGIM
snccusmuy on a mmbor of practical problems, in t.he sense that it led
to "good* feedback coefficients K(t) (see [2.4]). Also, the algorithm
Was clearly shown to converge in the first example described in Chapter
6., These results indicate that the algorithm is a useful one in certain
cases, It is a simple one, and is écnputatiomuy rapid compared to
. the perturbed gradient method discussed in Section 5:3. However, it

seems to require great care in its use due to :lts 1nherent nnpredicta-
bility, | | "

5¢3 Perturbed Gradient Method (PGM)

- 543.1 Deseription of the Method

The porturb§d gradient method described in this section is an
application of an algorithm developed in a paper by Dem'yanov and
Rubinov [4,1], In this papei-. the authors consider the problem of
minimizing a convex, differentiable functional on a convex set in a
Banach space, The intrinsic feature of the Dem® yanov algorithm is that
it uses the (kmown) solution to the problem of minimizing a linear fanc-
tional on the constraint set to minimize the (in general) nonlinear
functional, This feature mekez the method immediately applicable to

the problem of minimizing J(8) on the constraint set @, since the solution
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to ”._" probleu of minimizing JQ on @ is known,

The nams "perturbed gradient method" was taken from an earlier
paper by Dem®yanov [5,3], in which PGM and other algorithms wers des-
cribed in Euclidean space, These other algorithms could conceivably
be applisd to ths more general case, but since they are mch mors com-
plicated than PGM, their usefulness in practice may be restricted,

The PGM algorithm is general snough to include the case in whieh
the minimum of the functional occurs in the interior of the constraint
set; however, in the discussion below, it is assumed that the mindrmum
occurs in &, (as mentioned in the Introduction to this chapter), The
complete set of assumptions under which this algorithm is to be used

will be listed in the convergence theorem, Theorem 5.1, Those assumptions

will be dis;msaed when PGM is applied to the examples in Chapter 6,

A bleck diagram describing PGM is given in Figure 5.3. The notation
used is the ssme as that in Section 5,2, As can be seen, the stopping
condition is the same as that used in DGIM; namely, that the gradient
vector of J at the ith solution point be equal to the vector defining
the ith Jo-problem. That is, the equivalence theorem (Theorem 4.1) is
again invoked, In practice, of course, it is difficult to make the two
vectors equaly however, the norm of the distance betwsen the two can be
made as small as desired, within the limits of computational accuracy,
This problem of the stopping condition will be discussed more fully in
Chapter 6,

The PGM differs from DGIM in that points in the constraint set &
are the quantities iterated, instead of gradient vectors, The geometri-

oal significance of the algorithm can be seen from Figure 5.4, An
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1
Choose 3060

Let &‘, = DJ(&O)

Solve ii Problen,

yielding Ki_‘(t) o

Q= DIGy,)

Si40 = ()8, + 73t |

3

Find ¥ to minimige
I[(1-y)3,+ y8,;*]

y
Find 31‘ resulting
from Kl‘(t)
4
< qi = DJ(ai‘") ? >L
,I.c

)

Figure 5,3 Perturbed Gradienmt Method
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arb*j.rqu point in & is selected as the starting point, This point, 30,
can be chosen by selecting an arbitrary admissible fesdback cosfficient,
Ko(t). Then §, is defined by the responss covariance matrix which results
when xo(t) is used, The gradient vector at 8 then defines a “quadratic"
problem qo. which is solved using the known formules to yield K *(t).
This feedback coefficient K *(t), when used in the system equations,
results in the point ﬂo* € o, Geometrically, solving tho Qo problem
for 8 * corresponds to finding the point in o which is the "farthest®
one in the direction of the negative gradient wector, This operation
is shown in Figure 5.4 by the orthogonal dotted limes, A “straight
1line” in ¢ is then drawn connsoting 3°and3°*; the naxt step in the
o iteration is finding the point on this line at which J(8) is a i,
Co-putct:lm;t]]:. this is accomplished by “walking" along the lims and
sampling values of J(3) along the way. The assumed convexity of J(3)
assures that the minimum point is umique; so this point can be determined
a8 accurately as required by taking smaller incremented steps along the
line, The existence of such a minimum point other than ﬁo itself will
be discussed in Section 5.3.2. Once the point iz determined, it bscomes
the next iteration point 31. and the iteration is contimed by repsating
the sbove procedure, In general, if the ith iteration point is 31. the
next iteration point is defined by:

J(’iﬂ)’x 6.[%? 13-‘1[ (1 =2)8, +1 &%, (5-1)
where 8,* is the minimum point of the ith Jy-~problem, which is given
by &i = DJ (Ei). Note that equation (5-1) specifies the new iteration

point si

Y automatically.,
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AN 5.3:2 Comvergence of the Method

The use of the perturbed gradient methed (PGH) desaribed in Ssetion
5¢3.1 results in a sequence of points {81}, 1=0,1,2,00s tna, In
this subsection it will Lo shown that the sequence {J(ﬁi)}. T -
converges to J(8°), the minimom velue of J on @, The proof of corwver-
gence 1s based in part on & theorem of Dem’yanov and Rabinov in [4.1],
Rote that the convergense discussed here is convergence in the performmance
index J, and mot in the sequence of feedback coeffisients {K;(£)} or the
sequence of points [31}. i=0,1,2y00s s The results are summariged in
Theorem 5.1, which uses the following definition:

Defimition 5,1, Let 8 éabothgatarbingpointofthem

. algomithm, and @q Do dofined as in Section 3,5, Then define;

una.conmm,lofaquso

{318- Q -1)31-0'1 52. for 31 and 8

2L
inag U 8,, and A €[0, 1] ' }

The theorem then can be stated;

Theorem 5,1
Assums
1) the hypotheses of Theorem 4,1 hold;
2) J is a convex functional;
3) @q is bounded;
4) DP3(8, 8) (defined in equstion (3-22)) is bounded for a1l 3 € ay
ard all @ € o with boundad norm;
5) the perturbed gradient method is defined as in Section 5.3,1, and
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generates a sequence of pointe in a, {§i}, o e S
Thens

1) the sequence of values {3(8;)}, 1 = 0,1,2,..., corresponding to
the above {31} sequence, is monotone decreasing;

2) Lm (G, 8,2 - 3) = 0,

3)  lim J(8;) = J(8°); that is, the PGM algorithm converges to a
gm point 8° of J, |

Proof
1) Tt must be shown that J(8;,,) < J(3,) for an arbitrary 5, To
prove this, choose 8, and let t‘ii = DJ(8;) define the ith quadratic
problem, Assuming that J(8,) # J(8°), this quadratic problem can be
- solved, yielding 3;* # 8,. Let

"~ = ~ 2 % e ”~ L
8, =8 4 ‘y(si si), v €00, 1) - (5-2)

It will be shown that a y exists such that J(§iy) < J(gi). Hypothesis
1) indicates that the assumptions of Theorem 4,1 are satisfied, Since
these assumptions include those of Theorem 3.1, the hypotheses of Lemma
k.1 hold, and the Lemma is valid, Using the finite increment formula
in the Lemma, it follows that:

I8y + ¥(3,* - 8)] = JB,) = ¥(DI(8,), 8,* - 8) + oy .
(5-3)

Since 31* is 2 minimom point of the §;~problem, it follows that

(DI(3,)s 83%) < (DI(3,), 8) (5-4)
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for all 8 € @, In particular, (5-4) holds for & = 850 So
(DJ(§1). - §i) =M< 0, (5=5)

whers M is some positive real mmber, Note that the strict inequality
bolds in (5=5); if it did not, then we would have

(DJ(gi)v gi*) = (DJ(Bi). gi) ¢ : (5‘6)

“hat is, Qi would be a solution of the §;~problem defined by §4= DJ (85,

But then by part 2 of Theorem lb.J.. §i would be a miniemm point of the

J-problem, and J(Qi) = J(8%), Since it was assumed earlier that

J(8,) # J(8%), it follows that the strict inequality holds in (5=5).
Using (5=5) in (5-3) results ins '

I8, + y(8;* - 80 = d(3y)=-My+o(y), (5=7)

It can be seen that a Yy €(0, 1) can be found such that the right side

of (5-7) becomes negative, For this Yy (5-7) implies (using (5-2))
that:

J(3171)= J[s; + ‘Yl(gi" - 31)] < J(§i) . (5-8)
Using the definition of .3.14_1 in (5-1), equation (5-8) becomes

J(B,) o e?’é?l) I(8y) € J(aiyl) < J(8,) , (5-9)

and part 1) of the Theorem is proved,
2) Since J is bounded below on @ (by the assumption in Theorem 4.1
that a minimm of J on & exists), and since the sequence {J(Bi)} is

monotone decreasing by part 1) of the Theorem, the limit
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1“9 e

exists,

Equation (5-1) defining PGM can be written

from which the following inequality holds for v €(0,1):
J(§i+1) < J[ﬁi* > y(ai - §i*)]
= J[31 + (1 -y)(3* - §i)3
Using equation (4-3) from Lemma 4,1, (5-12) becomes:

I(Byy)) < IE) + (A = 9DIE,), 8% - 3,)

(5-10)

(5-11)

(5-12)

(5-13)

2 2 - o »~ a -~ A
+ 3 - )" (D I8+ B(8;*- 8.),8, *- 2,08, 8,) ,

where 8 €[0, (1 - y)],

By the Schwarz inequality,

(0%3(8; + 8(8;% - 8,), 8,% = 8,), 8, - &)

< [[0%3(8,+ B (8, * 8,0:8,%- 8. )lo « [|8;*~ 8,]lo ,

where || ¢ |lo is defined in (3-11).

(5-14)

Tt will now be shown that the right side of (5-14) is bounded for

all i, The point 31 + 3(31"‘ - §i) is in oy by definition 51 and the

construction of 31 using the PGM algorithm, So, using hypothesis 4),

the right side of (5-14) is bounded if "31* - 8;llo is bounded, We have;
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18,* - 3llo < [I3,%llo + [13,[lo (5-15)

Since 31* and §i are both in oy for all i, it is then sufficient to

show that @, is bounded, If 8§ € ¥y then (using Definition 5,1 and
the triangle inequality):

I8lle < I5,lo + yllo , A (5-16)

vhere 31 and 32 are in ﬁo Uage Bat ‘éo is a single point and ¥ is bounde
(by hypothesis 3); so @y is bounded, and (5-1%) can then be rewritten:

(D% (854 B(8y*= 3,),8,* 8,08,%-3)cN<e  (517)
for some positive real N, Then (5-13) can be rewritten:

I(8,1) < I8+ (1 - Y)(DJ(3),8;%- 3,) + Q1 - e .

(5-18)
= J(8;) + (1 - Y)I(DI(3,),8,%- 8,) + 31 - y)],

for vy €[0,1).

Note that, by definition of the element Si*, we haves
(DJ(§1), §i$ - gi) _<_ o. 1= 1,29.0. . (5“19)

Suppose now that part 2) of the Theorem were false, Then a sequence

31k and a p > 0 can bs found, such that
(DJ(ﬁi)? gi* - 31) S_ - p < 0, k = 1'2’000 ® (5"20)

In this case, (5-18) becomes:

(3B )< J(%ik) + (1 =-9-p+3Q -y)1], (5-21)
lekl



60
Passing to the limit as k % o, we have;
LSL+ (1 =y)~p+ 401~y (5-22)
or, since (1 ~ y) > 0,
-p+31-y)Nz0, (5-23)

But (5-23) does not hold if ¥ is chosen such that (1 - y) < 2 /8, So
& contradiction results, and the second part of the Theorem is provi’

3) By equation (4=3) of Leuma 4,1, for any & € a we can write:

I(8) - (5;) = (DI(3,), & - 8,)
- (5-2t)
+yﬁu%+s@-ag.a-§u(a-q).
Since J is convex, the second term on the right side of (5-24) is

nomnegative; so
J(B) - 3(8;) = (M(B), 8 -38,) ., (5-25)

Taking the minimum (in &) of both sides of (5-25) on &, and remembering

that J is minimized at £, we have

J(5°) - 38

Y
iV

min (I}J(§i), § - 8y)

e (5-26)
o (& i e
11 '\D‘I\si)’ :“» ‘i) L
So
T » s EYN. rra 53 a0 ~
(DI(55), B3 ~ 3,7 2 J(8,) - J(8°) 2 0. (5-27)

From part 2) of tLe Theorem, the left side of (5-27) goes to zero ac
1*e, So part 3) follows from (5-27). Q.E.D.
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The above Theorem is useful in that it guarantees convergence of

the PGM algorithm if the hypotheses are satisfied, As mentioned before,

no such theorem is presently available for the DGIM algorithm, In that

algorithm, the sequence {J(éi)], i=10,1,.ss is not even momotone de-

creasing (in general). The computer results described in Chapter 6
verify the monotonicity of the J(Qi) ssquence when PG is used, while
the DGIM results are more erratie,

Theorem 5,1 is an additional demonstration that the function spaco
formalation is a useful one, The formulation led to the development
of the PGM, and alsc allows the funstion space results of Dem®
[4.1] to be applied to the above convergence proof,

yanov in

5:3.3 Comments on the Method

The PGM algorithm has cortain points of similarity with the iters-
tive procedure of Gilbert [5,4], In the case in whish J(2) 45 a quad-
ratic form in s(T) and s(t), the two methods are identical (excopt thet
Gilbert's method is formmlated in Euclidean space instead of Hilbert
space), Neither method requiros an explicit expression for the con-
straint set; all thst is required is the availability of a method for
solving "linear programs" (Gilbert’s term) on the constraint set, This
solution of a linesr program is Gilbert's "contact funetion", and corres-
pords to solving the JQ-problem in POM,

Computationally, the main problom in PGM is finding the minimum
point along the "line" connecting ?si and 31*. The repeated evaluation
of J(8) involves computation of an integral (see equation (3-16)), and
may be time-consuming, Some methods for decreasing the time and storage
required to evaluste J(8) are dsseribsd in Appendix G, The resuits in
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Chaptor € show that PGM takes at least twice the couputer time of LGIM
per iteration, However, PGM is more dependable, since the successive
values of tae perfoma;nce index are slways decressirg, This makes PGH
mere efficiont in terms of speed of performance index minimigation.
4dlso, PGM is cars io converze if the conditions of Theorem 5,1 are met;

no sguch ascurance Ls aveilabls for DGIM,

Note thst the quantity of interest in the solution of the Jeprobien

is the optimsl fesdiack cesfficiont K*(t), Both the PGM and DGIM

algorithms give 2 nomoptimal feedback eosfficient K (t) at esch iteratic:

step, This festurs is important in emgineering applications, since o
truly optimal coefficient may not be of interest, In this case, the

iteration will only bo contimed until K, (t) gives "acceptable” systew

perfornance vhen usad in the system &mtions.

e e il g g N g el -
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CHAPTER 6

COMPUTATIONAL RESULTS

6.1 Introduction

The PGM and DGIM algorithms discussed in Chapter 5 were applied to
two stochastic control problems, and the results are summarized in
this chapter., The first problem considered is that of controlling a
pure inertia, which is disturbed by filtered white noise, The perfor-
mance index in this example is the square of the norm of 5€o, where §

(defined in (3-15)) represents the system response covariances, The

" second problem considersd is that of reducing wind-gust effects on a

large missile during the boost phase of flight, The performance index
used in this example is one derived by Skelton in [6,1], and is an
upper bound on the probability that certain system responses will
exceed their given bounds., Because of computational difficulties with
Skelton's performance index, a new performance index that “matches"
Skelton's in a certain cense is introduced, The PGMY algorithm is then
applied to the problem of minimizing this index to get good load-relief
controllers for the launch booster,

The algorithms were programmed in Fortran IV to run on the IBM

7094 (first example) and the CDC 6500 (second example) computing systems,

A description of the programs used and some computational techniques
are given in Appendix G.
The computaticral results indicate that PGM is a more dependable

algorithm than DGIM, since the sequence of values of the performance
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index that it generates is monotone decreasing, In the first exampls,
however, PG takes about twice as much computer time to rn (per itera-
tion) as does DGIM, In the second example, the two algorithms take
about the same amount of time, The successful use of PGM in the second
example shows that it is applicable to high-order systems in practical
problems, The second example also displays a "suboptimal" approach to
Skelton's load~-relief problem, and indicates that useful controls can

be generated by PGM and the supporting function-space theory.

6.2 A Minimum Norm Problem

6.2.1 Problem Statement
The stochastic system to be considered in this section is essenti-
ally a pure inertia (or double integrator) disturbed by filtered white
noise, A block diagram of the system is shown in Figure 6,1, The filter
input, nl, and the measurement noise, wi and w_, are white Gaussian

2
noise, The system output, €, can be considered an angular displacement,
é angular rate, and I the moment of inertia,
To put the system equations in the form given in Chapter 2, identify

the vectors x, v, and r as follows (the subscripts indicate vector

components ):
x = e vl = 0 rj = xl
x, = e v, = 0 r, =X, (6~1)
X.=n vy.=n r.=u

The measurement vector z is given by:

zl:xl-t'wl

Z, =X%_+ W
e 2

(6=2)
2
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The noise vector w has componsnts Wy and Wy 88 shown in Figure 6,1,

Using the above identifications, the dymamic system equations are;

xl = xz (=3}
;‘2 = (x3 +w)/i (64)
g 2L = + . . ‘;‘5
x3 13 v3 (6-5]

Note that the control u is a scalar, and the state X3 is the
output of the noise filter, For definitencss, the following paramsters

will be used:

gy
{ ¢

I =100
. ,
EEVB(t)J = 0,01

Hwi(t)] = 0,1, i=1,2,3,

Using these mumbars, the parameter matrices are as follows:

P i E
s . B 0 & |00
0 0 =1 0 c 0 O

L)
#
HOO
-
ul
5
. R
O
O
o0
)
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The performance index to be minimized is the square of the
the element $ in the space o, That is,

norn of

: (6-6)
= $s(T)*s(T) + % jL s(t)s(t)dt .

t

1]

Minimizing this index can be interpreted as reducing the effect of the

disturbance noise on 6 and é. while putting a penalty on the control u,

The problem to be solved is then the general problem discussed in

Section 2.2, using the parameter matrices given above and the rerfor-

nance index in (6~6), It is to find the u € U (defined in (2-9)). such

that J(8) in (6~6) is minimized, subject to the system equations (2-1)

to (2-8), In geometrical terms in function space, the problem is simply

to find the feadback coefficient K¥(t) that produces §*, the element

>f minimum norm in o (tne set of attainability),

Since the PGM algorithm will be applied to the azbove eXample, =

(<8

few comments will be made concerning the hypotheses in the theorems

lerived in Chapters 3,4, and 5. Theorem 3.1 requires that J(8) be defined

for every § in o; this is certainly the case for the J in (6=6). Compsar-

ing the definition of J(§) in (3=16) with the specific J in (6=6) yields
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the following expressions for £y and £

flES(T)] = $8(T)es(T), Tls(t)] = da(t)es(t) .  (6-7)

M 2%
Using the definitions of —= and —wt in (3-26) results im
s s

3t (1) ' 31, (t)

oz, (6-9)
=2 I ® 5. £ 1’2’

2 y

where I is the (£x ) identity matrix,

By (6-7), (6-8), and (6-9) it is seen that hypethesis 2) of Theorem

3.1 4s satisfied, From (3-20) and (3-22), we haves

DI(8) = & , (6=10)

D233, 8) = & . (6-11)

The quantities in (6-10) and (6-11) are certainly contirmous in 8 in

the norm of the gw-spzcsa; 3o the bwpothesis in Part 2 of Theorem 3,1
is also satisfied, and therefore the theorem can be applied to ths
minjmum norm example, Theorem 3.2 has no hypothesss under question,
since it is merely on asssrtion concerning the solution of the JQ-

problem, Lemma 4,1 has the same hypotheses as Theorem 3.1, s0 it is

applicable to the example,

In the hypotheses of Theorem 4,1, the convexity of & and the
existence of & mirirmm point of the J-problem canmot be verified at
present, By (6-8) and the “stacking" procedure used to form 3, the

S SRR SO SSRGS . <P S5y IO YRR N See R G L o S N Y N Y
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af, a1,
matrices ya— and yg—(t) ars:
ary af,
55 = S(T), g==(t) = 8(t)y (6-12)

The matrices 2(T) and S(i) aro covarianco metrices and thus ars always
positive semidefinite (see purt 2 of Theorem 4,2); this proves the
first part of hypothesis 3) in Theorem 4,1, The second part cannot be
presently verified, but the fourth hypothesis is valid from proviocus
discussion, The assumption in part 2) of Theorem 4.1‘oomorns the
oconvexity of J; since the J in the minimum noym problem is quadratic

in the norm of &, it can be easily shown that it is a convex functions).

In Theorem 5,1, hypotheses 1) and 2) have been discussed previously,
and 4) fellows ensily from equatien (6<11). The boundedness of @y
cannot be precently verificd, however,

In general, the minimm norm example satisfies most of the hypo=
theses in the theorems derived, The most serious exceptions are, of
course, the asswuptiocns concarning ths cénventy of @ and the existence
of a solution to ths J-problem, The success obtained in using the PGM
and DGIM alge—itlms euggents, howsver, that the above theorems are

valid for this exampie,

6.2.2 Roonlts and Discussion
The above protlen was sslved ueing both the DGIM and the PGM
algorithms deseribsd in Chapter 5. As mentioned in that chapter, the
goal of the algorithms was to find & JQ-problem that was equivalent to
the above J-problem, In thls section, DGIM and FGM are compared, and
the results of the compumtational solutions are given and discussed,
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Some of the compuler techniques used and a description of the
prograns which implement the algorithms are given in Appendix G,

Two variallies which were not defined in Chapter 5 will bs used in
the evaluetion of the computational results; These variables will now
be defined, Uring tke notaticn of Chapter 5, lst
§  DI(3;*)

g

“ = Tl ” Toite; e |, °

L = I§ (6-13)
i

To gel a geometric interpretstion of Ay in o-space, refer to Figure ", =
or 5.4, Since A 4 is the norm of the difference of two umit vectors,
it is & measure of the "asngle" between these two vectors, Thus 4, is
a measure of how well the necessary coenditions for equivalemce, .given

. in part 1) of Theorem 4,1, sre being satisfied at the ith itar&tiona
Suppose also that an ﬁi * 18 fourd such that 4 = 0 for that i1, Then,
by (6-13), #;* is the solution of the JQ-probiem defined by

qi = DJ(Qi*). This mears that 8, * satisfies the conditions in part 2)

of Theorem 4.1, ard is thuz a miniwum point of the J-problem (ths desired

solution point)., From the sbove reasoning, the sise of Ai is a good
measure of how well -«?si* setiofies the equivalence conditions, Thus
Ai < § for somc small real § was chosen as a stopping condition for both
the PGM and the DGIM algowithas, Also, the §i* vhich rasulted when the
stopping condition was met w15 regarded as satisfying the conditions of
Part 2) in Theoram 4,1 "approximately™. This point was then considered
an "spproximate” minimum point of J.

Suppese now tlat the sbove stopping condition has been satisfied,

and let 3° be the point in @ at which ths sufficlent conditions for

equivalence in Part 2) of Theorem 4,1 havs been satisfied “approximately”,

Then the following quantity is defined:
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DI(8) ” g (6-14)
g

4

o

T R ek
If J(8) has several minimum points in a, Ai° may not converge to zero
ag i * e, If it does, howsver, it can be used as another measure (in
addition to Ai) of the quality of convergence of the algoritim consider-
ed,

The specific DGIM algoritim which was used to solve the minimmm .
norm problem is given in Figure 6,2, In the description of DGIM in
Chapter 5, the coefficient ¥ was left to be an arbitrary mmber between
0and 1, In the sctual algorith- used, ¥ was initielly 0,9; that is,
since the initial guess of ﬂo was probably & poor one, the gradient

- vector of J at 31* was weighted heavily in the expression for ﬁi +1°

Ir A, started to increase (the algorithm began to diverge), y was
reduced by 0,1 to stabilize the iteration procedure, It will be seen
that this method of choosing ¥ worked well for the problem considered,
As mentioned before, the stopping condition for DGIM was linked to Ai’
the iteration was terminated when 4, became less than 0,01, The rmmber
0.01 was chosen arbitrarily; howsver, its use resulted in & good com~
promise between the requirement that the nscessary conditions be satis-
fied and the requirement that computer time and accuracy not be excessive,
The PGM algorithm used is given in Figure 6.3, The initial guess
of ﬁo was made by choosing an arbitrary fesdback coefficient, Ko(t.),
computing the resulting point §°€ @, and letting &O equal the gradient
vector of J at Eo. Tho same stopping condition as deseribed above was

2lso used in the PGM algordithm,
The eomputational results using the two algorithms are shown in
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Solve c’ii Problen,

!

Find 31* resulting
from Ky*(t)

l

) o
Compute bys b, J(si*)

Virite 1, Ay, A7, J(3;*), ¥,

Gl

p g

= (1w,

1410+ Y3 DI(E, %)

Yos

T xo

T

Yes
<71+1 Al

Yiny ™%

3471001

No
<Ai < 0,01 ?—>

Yes

£ oo R
Writes "y = 0"

Figure 6.2 DGIM Algorithm - Minimum Norm Problem




Solve "11 Problem,
yielding K3*(t)
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Find ai* resulting
from K *(t)

L

o
Compute Ai' 4y

:

Write 4, 4,, A:

l

G349 = DI(Byyy)

4

Write J(Siﬂ_), Yy

?

Byg1 = (17,08, + 7,30

|

Find 7, to minimize
< 8, <0.01 7>__L_. = 7’1)‘ m =
Q-y;)3; + y,3]

Figure 6,3 PGM Algorithm = Minimum Norm Problem
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Figures 6.4, 6,5, and 6,6, The results are plotted as a function of

computer time, so that the methods ean be compared on the same basis,
The PGM methed took about twice as long to run, per iteration, as did
DGIM; so a comparison of convergence on the basis of mmber of itera-
tions would not be meaningful. (Each point on the graphs represents

an iteration),

It can be sesn from the figures that both algorithms achieved the
stopping condition (44 € 0.01), but thst the nature of convergence is
different for each method. (Note that a few iterations were made after
the stopping condition was satisfied), The suecessive values of J(§i)
are monotonicelly decreasing for PGM, as would be expected from the
nature of the algorithm (see Theorem 5,1), Also, Ai° decreased mono-

5 tonically, This makes senss, by the following reasoning, For this
problem, DJ(8) = 8, Then, by definition, when J('éi) ! J(Qo) (converges
by monotonieally decreasing to J(3,)), we have that 185 = 8 Jlo = o
and so [[DJ(8,) - DJ(8 )ljc # 0, By (6-14) and the fact that g = vJ(s,),
it follows that Aio + Qas 1% e, It should be noted that the 8° used
to compute 4,° wes the point obtained computationally by PGM and DGIM
when the stopping condition was satisfied. So this 5° did mot satisfy
the equivalence conditions exsotly, but only within the tolerance speci-
fied by the stopping condition, The behavior of Ai for PG, as showm
in Figure 6.5, is considerably more erratic than that of J(3,) and & "
This behavior is possible because PGM chooses values of §i to decrease
J(ﬁi); it does nmot matter what the gradient vector of J at thess points
happens to be, So in the example considered, the point chosen at (com=
pater time) 7.5 mimutes resulted in a decreass in J, but the gradient

vector at this point, DJ(Gi). did not compare very well with the gradient
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vector at the resulilig solution poiut, DJ(%i* )e The ‘behavior of PGM
as discussed atove is consistent with the irkerent naturs of the
algorithm,

The nature o PGIM is also reflected in the results shown in
Figares 6.4, 6,5, end 0.6, Lemember that the choice of Y3 was mads by
checking the corvergsnco of ths method as reflected by'Ai. 5% g Ai began
to increase, ¥4 Was roduced by 0.1, which would hopefully stabilize th:
algoritﬁm and cause A, to decfeaaa again, As shown in Figure 6,5, this
is what actually comrred, Thus the stopping condition was eventually
achieved using the cbove method, The interesting result is that, by
"foreing” A, to become suell, the algorithm also causes J(8;*) to be-

.come ggll, as chown in Figure 6.4, In a way, this is an experimental
verification of th_g sulficiency of the equivelence condition in Part 2)
of Theorem 4,1 fox; the example considered, Similarly, the reduction
of A, by rsducing J (Eizi ) in the PGl algorithm cen he viewsd as vorlifying
the necessity of the equivalsnce condition,

In goneral, POM scems to .bs 2 more depsndcuie algoriilm than DGIM,
because J (Ei) decrsases womotonleally, Also, a coenvergence theorem
(Theorem 5.1) exists for ”Q{. while no such theorem exists for LGINM,

In a prastiecsl application, PCM probebly would have bsen stopped after
five iterations, becavse ilie inerease ia cystsm performance, as reflected
in the value ol J, wes rolatively small after that, The same can be
said if the stoppirg condition vas chosen to be 4, < 0,02 instead of

8, < 0,01, |

The initial conditions for the results described above were found
by using Koit) = [1 1 1] as the initial feedback coefficient, This
coefficient was the initial cordition for FGM, When K (t) was used in
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the system equations, it resulted in the point §o. Then &o = DJ(§°)
vas used as the initia) condition for IGIN, thus assuring that the two
algorithms were started on an equal basis, The components of the feed-
back coefficient X°(t), which was computed when the stopping condition
Ai = 0,01 was satisfiec, are plotted in Figure 6,7, This feedback
coefficient defines the optimal control for the minimum norm problen
(by (2-9)), within %the accuracy of the stopping conditién. The diagonal
elements of the response covariance matrix So(t), which resulted when
Ko(t) was used in the system equations, are plotted in Figure 6,8 as
a function of time,
It should bs mentioned that a2 set of comparison runé using an
 initial feedback cosfficient K (t) = [10 10 10] was also made, and
that both the PGM and NGIM algorithms converged to the seme solution
(8°%) as found above, The mature of the_convergence was similar to
that shown in Figures 6.4, 6.5, ard 6,6, =o those results are not

given here,

6.3 Skoltou's Laurch Eooster Gust Alloviation Problem

6¢3,1 Problem Stuters:t
The problem considerad in this cection concerns the alleviation
of wind-gust effscts on lzanch booctiers, and was formulated and
studied by Skeltor in [6.1], As was stated in Chapter 1, this wind-
gust problem motivated iha resesrch recorded in this thesis; therefore,
1t is natural to use the results of the research to attack the original
problem, The equations which mudel the boosterrpitch;axis dynamics

and the filter describing the ireident winds were derived in detail in
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[6.1]s A brief outline of the derivation is given in Appendix E,
along with mmerical values of the coefficients in the equations, The
booster equations have been linearized about some nominal (no-wind)
trajectory, Other assumptions are that the vehicle is a rigid body,
and that fuel-slosh and engine-inertisz effects can be ignored,

The vehicle sgquations involving drift and piteh from the nominal

trajectory are of the form (with the"time dependence suppressed):

Y = cli - c2¢“+ cBa + c\p

(6<15)
+ Osnl + 36n2
.¢'= c.?ir + cgf + 995 * oy
(6=16)
+ cn'nl + t:12 2

where y is vehicle drift from the mmiﬂnl trajectory, ¢ is pitch angle
from nominal, B is the engine gimbal angle, the °i's are giveh time-
varying coefficiente, and the dots indicate differentiation with
respect to time, The time interval considered is from launch at £ =0
.aeeonds to booster burnout at T = 150 seconds, The initial conditions

on the above equations are:
7(0) = 7(0) = §(0) = $(0)= 0 , (6-17)

since the initial perturbations from nominal are zero,
The variables Jll and T(Z in (6~15) and (6-16) represent wind
loadings on the vehicle, and are found by solving the following "wind-

loading" equations:
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o= o + opm (6-18)
ﬁz = 315‘02 + 316113 ¥ °17"ﬁ (6"19)
f‘B = Cygllp + cygm (6-20)

where the ci's are again time-varying coefficients, The ml term is

the output of a filter which models the incident winds, and which is
described by:

@ = o, +oum _ (6-21)
®, = o m + Coqty ¥ Cpyn (6=22)

"he filter equations above are driven by n(t), a white Gaussian noise
input which has zerc mean and variance given by:

E[ n(t)n(r)] = 8(¢t) , : (6-23)

where 6(_1'.-1‘) denotes the Dirac delta function at t =T,

In this booster model, the control u is a scalar which drives the

gimballed engines, Tho squation describing the gimbel actuator
dynamics is assumed to bes

é = - c?qﬁ il e (6-24)

-~

The initizl values of !‘51. T!?, 7?3. Wy o @y, and B in the above equations

are all assumed to be zero,
Now define a 10-dimensional state vector x=[y y ¢ & 8 "i‘”z"l"zna] :
and split the se:ond-order equations (6-15) and (6-16) into two first-

order ones, Then it can bs seen that equations (6~15), (6-16), (6-18)
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to (6-20), (6-21). (6-22), and (6-24) can be put into the form of
equation (2-1), with the dimensions n = 10 and m = 1, and with x(0) = 0,
The responsea;td be controlled are chosen to be:

r=y (6~25)
r, = 5 (6-26)
r3=g = 026§+¢+ 627(01, (6-27) |
Ty B (6-28)

By Ib = czeir 4 329¢ + cBOé + 0313
(6«29)
+ 032'(]1 + c33'l]2 .

The drift y, the drift rate y, and the angle-of-attack £ are of interest
because they are moasures: of the error in the booster trajectory at
burnout, The gimbal angle B is constrained by physical limitations to
be less than five degrees during the flight, The response Ib is the
bending-moment on the vehicle at a chosen point along the booster.
This bending moment must be constrained so that vehicle strength
limits will not be exceeded during the flight, The first three responses
are actually of interest only at the end of the flight, while Ty, = 8
and rg = Ib must be controlled throughout the flight,

It will be shown in the discussion on the performance index that the
derivatives of the latter two responses are also of interest, So define

two more responses:

r6 = B. = - 0253 + 02511 (6"30)
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r7 = ib = c%& + c35¢ + 0366 e c378 G c38w1
(6-31)

+ 0397]1 & cuo‘nz + 041’13 4 cuzu S

More detailed expressions for all the above responses are given in
Appendix E, In light of the definition of the state vector x and the
control u, it can be seen that equations (6-25) to (6=31) can be
written in the form of (2-3), with the dimension £ = 7.

For this problem, it is assumed that perfect measurements of the

state vector x are available. So the measurement vector z is

g(t) = x(t), (6-32)

. and there is no estimation problem, The control u will then be of the

form

e ROEROL). | (6-33)

where K satisfies the properties in (2-9),

The performance index to be minimized is Skelton's "upper bound on
the probability of mission failure" mentioned in Chapter 1 and derived
in [6.1]. An outline of the derivation is given in Appendix F, The
index 1s formed by first assigning an "error bound" Yy to each response,
T Then the event of "mission failure" is defined to occur when any
one of the responses exceeds its bound, An upper bound to the proba-
bility of "mission failure" is derived in terms of the response covari-

ances, and becomes the performance index J gt

T
Jg = gy [S(D)] + thz[S(t)Jdt, (6-34)
[+]
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where S is defined in (2«17), For this example

3
1 = (o Ve
[(5(T)] = 28, (= =) |
f 1%?1 v v siim)

5
gfs(t)}= ) 2B (V)

smlp
ke L - J‘: T2 g
P,(t) = ‘”‘7’["’1 /3511] Uim{-pi /2.0 }
ii
- 91[14 - 6N(%)J} ;
5 BT % ooy =[5y - S;i: —]1/2.

for j = i+2, By referring to the derivation of Js in Appendix F, it can

(6-35)

(6-36)

(6-37)

(6-38)

(6=39)

be seen that the response vector r defined in (6-25) to (6-31) is in

the proper form for use in Js. That is, the terminal responses are formed

first, with the "in-flight" responses following. As is alsc mentioned

in Appendix F, the rosponses r =é and r —i are not bounded, but are
6 v dia

used in the evaluation of how often r,=? and 'rfIB exceed their bounds,
It cen be seen that the J_ performance index is a special case of
the general performance index J in (2-16)., The problem to be solved is

then the same as the gsneral problem discussed in Section 2.2, using

the above system, response, ar performance index equations,

It is to
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find the u€U (defined in (2~9)) such that J  in (6-34) is minimized,

subject to the system equations defined above,

6.3.,2 4 Suboptimal Problem
The originzl intention in this example was to apply both the PGM
and DGIM algorithms directly to the problem of minimizing Js. When
the PGM algorithm was applied, however, the following difficulty arose,
As shown in Figure 5,3, the second step in PGM (after choosing an
initial 8 €v) is to compute the gradient vector DJ,(GO) and use it to
specify the first Jg-problem, The gradient vector DJ s(ﬁ o) is found

(see (3-20)) in this example by first computing the partial derivative
g og
1 2

matrices 33~ and 'a-rs-(t). For the several initial points §° tried, it

; dg
was found that the elements of the matrix ~—2—(t) were smaller than

as
10"100 for t€[145,150], and for most of the 50 tried were less than
10-50 for t€[130,150]. Now, the next step in PGM is that of setting
QF(T) = -:-?'- and Q(t) = 'a“gg'(t), and using the Q's in the backward Riceati
equation (2+23) {2 get Ko*(t) by (2-22), To solve ths Riceati equation,
the inverse of the matrix D’(t)Q(t)D(t) must be computed for values of
t in the entire time interval [0,150], But this computation eould not

be performed, dnc to the extremoly small size of the elements of

og
Qt) = sgg(t), as cescribed gbove, An attempt was made to approximate
3 dg
S-:-z-(t) by a matrix function é-é-g-(t) whose corresponding elements were

somewhat largor (greater than 39748
do

)+ Several approximations were tried,
but when Q(t) = ;—g—g—(t) was used in the Riccati equation, the rumerical
integration went unstable for every approximation,

In light of thess difficulties, the attempt to use PGM to minimize

Js directly was ahandoned. Instead, another performance index, 'JN' was
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formed, and the PCM algorithm was used to minimize it. The JN index
was chosen heuristically such that it "matched" the properties of J8
in some sense, and such that the above difficulties with its gradient

DJN(ﬁ ) would not be encountered. It was noticed that the dominant

S
terms in the Js index varied as '}%. Therefore, JN was chosen to be;
Yy
T
p=r 8] + [ nlse)at (640
tO
3 8, (1)42
here  h[s(1)] =4 ) [2] (6-1)
< )
i S.ft) >
Bise)] =4 ) [R_] . (6-42)
i=h  6,°
i

The bi's are given real positive mmbers which weight the various
covariances, and tend *o equalize the discrepancy in magnituds between,
say, the gimbal angle and bonding moment covariances,

The JN-proble'.n iz then to find the u€U that minimiszes JN' subject
to the system equations definad in section 6,3.,1, Since the PGM
algorithm will be applied to this problem, it is useful to check
whether JN satis’iss the hypotheses in the theoroms derived in Chapters
3.4, and 5, To do this, note that Jy is a mom-iype of performance
index, and is very similar in form to the performance index used in
the first example (see section 6,2, equation (6-6))., Thus the comments
made in that section concerning the hypothesss of the theorems are also
applicable to JN' In particular, Jy is well-dofined and convex, and
its partial derivaiives satisfy the hypotheses of Theorems 3,1 and 4,1.

The question of existence of a solution to the JN-problem is still
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unresolved, however,

It was found that the computational difficulties which were

encountered when PGM was applied to J g did not occur when PGM was

applied to Jye Using the 6 's given in section 6,3,3, it was found

2}
that the elements of . 35 (t) were large enough so that the problems

mentioned above were avoided,

There are two objectives in using the PGM algorithm to minimize
JN. The first is to see if PGM can be applied to a problem with a
high-order, time-varying set of system equations. These equations,
together with the admissible control set U, define a "set of attaina-
bility" o that is considerably more complex than the one in Example 1.,
Thus a successful application of PGM would indicate that it can be used
to solve practical problems, which usually have complex dynamical models,
The second objective is to use PGM on JN to obtain “good" controls for
Skelton's gust-alleviation problem. The quality of the controls will
be measured by Js' Skelton's "upper-bound" performance index, If the
controls are of good quality, the example would demonstrate the use-

fulness of PGM (and the supporting function-space theory) in a specific
practical application,

6+3.3 Results and Discussion
The PGM and DGIM algorithms described in Chapter 5 were applied
to the load-relief problem in the following way, PGM was applied to
the problem of minimizing Jy# the resulting sequence of points {8;} in
the "set of attainability" « were stored, and later were evaluated
using the J!s performance index, The DGIM algorithm was applied

directly to the problem of Js. and the results obtained using this
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iterative method were compared to those obtained by using PGM, Some
of the computer techniques and descriptions of the programs which
implement the algorithms are given in Appendix G,

The specific PGH algorithm applied in minimizing JN is shown in
Figure 6.9, and the DGIM algorithm used to minimize Js is shown in
Figure 6,10, These algorithms are similar to those used in the first
example in Seotion 6.2, with the following exceptions:

1) The initial feedback coefficient K (t) was found by choosing
an initial quadratic problem specified by qIC’ and then solving the

Riccati equation in (2-23) for K (). This initial feedback coefficient,

when used in the system equations, then defined the starting po:.nt.

- s 6& for the iterations,

2) The weighting factor A in the DGIM algorithm was selected
beforehand, and kept constant throughout the iteration sequence,

3) No stopping condition was invoked, as was done in the first
example, due to the high cost in computational time of each iteration,
Instead, the algorithms were allowed to run until "good" controls
resulted, or until a clear pattern of the sequence of iterations
emerged,

4) As mentioned above, the PGM algorithm was applied to the Iy
performance index, and the DGIM algorithm to JS. It was only afterward
that the two sequences of points {Ei} (in PGM)and {§i*} (in DGIM) were
compared on the common basis of Skelton's Js performance index, This
contrasts with the first example in this Chapter, in which both algorie-
thms were used to minimize the same performance index,

Two separate iteration sequences were run for the load-rslief
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( START )

Choose aIC

]
Solve ch Problem,

yielding K (t)

1
Compute
resulting 30

Let §, = DJy(8,)

Solve &1 Problem,

yielding Ky*(t)

Find 31* resulting
from Ki*(t)

| 4

1

G343 = DIy(85,7)

Write JN(si+l),Ai

Compute Ai'
Write i, Ai

~

Sipp = (-A4)8; +A,8,>

g g B

Find Ai to minimize
JN[(].-Ai)si + Aisi*]

! Yes

(s )

Figure 6,9 PGM Algorithm, lLoad - Relief Problem
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( START >

~

Choose 9 = 95¢

Solve 6_1 Problem,

yielding K, *(t)

4
Find §i* resulting
from Ky*(t)

:
Compute s Js('éi*)

4

Write i, Ay, J (8,*)

d44 = (1A)g; + ADI(3,%)
4

T i

! Yes

( stgp )

Figure 6,10 DGIM Algorithm, Load - Relief Problem
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example, The differences between the two sequences were in a ) the

initial feedback coefficient, K,(t); b) the "error bounds" Y; in J;

¢) the valuee of & A in Jy; and d) the value of the weighting factor
A used in the DGIM algorithm, The results of the two iteration sequanees

are presented as follows:

Iteration Sequence 1
In this sequence, the values of ¥; used in Js and of 61 used in

JN are as follows:

‘yz =3 40 62 = O.q'
¥y = 8.73 x 1072 65=1.0x 207

: -2

¥s = 2,25 x 10°

-l
64 =1,0x 10

65=5.0x109

1%
66== 2.0 230

S0
6?::1.0)(10

Remember that the responses rs and r, are not bounded, but are used in
determining how often T, and rg exceed their bounds, The error bounds
% chosen are similar to those used by Skelton in [6,1], and are moti-
vated by practical considsrations, Several values of the 6 i's were

tried; the ones listed above gave reasonable results, The value of A
used in DGIM was A = 0,01, Larger values of A were tried (0.9, 0.8, 0.1),

but when used in IGIM they produced &i's that caused the backward
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mmerical integration of the Riccati equation to go unstable in the
first iteration,

The initial condition on the iteration sequence was the aIC'
problem, which when solved by means of the Riccati equation in (2-23)
yielded the initial feedback coefficient, Ko(t). This §yp-problem is

specified by the (7 x 7) quadratic coefficient matrices QF(T) and Q(t),
tE[to.T]. The terminal time coefficient matrix used wass

& it

1,1481x10 e | i 0 0 0 0 0

0 5.,8500x10 0 , 0000

0 0 2,1288x10° 0 0 0 ©

QF(T)= 0 0 0 0 0 0 0

0 0 0 0 000

0 0 0 0 000 0

by i 0 0 0 0 0 0 0O

(6-43)
The matrix function of time Q(t) which was used is specified by;

[ o T e s AR SR LT TR
gedn <9 .0 0w D
Oy ~@ o 0 .0 .0
Qt) = | 0 o o Qi o i (6-44)
k0. "o 8 Qs 0 0
or.0 -0 00 0RO
] T L R O T Q??J

where the values of Qii‘ i=4,5,6,7, at 5-second intervals of time

are given in Table 6,1. The values of the Qii between the points given

were found by linear interpolation, The above values of QF(T) and Q(t)

were chosen rather arbitrarily; it was found that the resulting fesdback
coefficient Ko(t) was nol an especially "good" one as measured by the

Jg-performance index, and thus it was felt that the QF(T) and Q(t)
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- Initial Values of Q for Iteration Sequence 1

Qs

~2v5000E901

16901 7E 0]
341138E400

~Teh8TIEw(l

~945223L 40} -

2e4017E400
5521088400

1o 1802E 407 -

le4041lE+0]
2¢7390E4+0)

9245 7kv 01

1le]1998E+02
141028Le02

Ge963The 01

23853E401]
344025E40)

Te(4T0E«y]
44265584 0]

2009138401
3.8330E40)

}711838&00&‘
T B,8582E40]

48690401

~FvISTEES (0~ ~

1¢5176k4+01
1e7215E« 0}

“Bel663E40}

144034L40p
2eT420E+03

BeTO0IEEsP -

95

Table 6.1

Qs

7132?25“15?

Ye43n4E~15
Te8T3PE=16

~1e8p3E=15

9.6928E~15
2.2607E~]la
106734E~14
5¢9144E"14
Se4B12E~14

1 FO3IGE=13-

240463E~13
342521613

4e22R0E~13

4s896pE=13
4¢5760E~17

e TR0B=13

1+7850t=13
6e5432E~16

2e649pb=14

3+9351E~1s
2.00485'1“

Be080RE=15 "

6!7960&'15
le8488E~14

2ebT48E=16-

360730R"14
8,40285'15

Qa90nBE~18

1e7084E=173

2elblpE=12
Te3eaRE=1T

s

4,3023F+04-

2,4365F+02
1,8596F402

‘1,1141€+02

3,1181F+01
1,0846F+02

2 ,9907F+02

5,6583F+02
6,4067F+02
2028&16‘0?
5,35878F+02
2,8091F+03

2,9924E+03 -

2.6012€+03
1,691R8F+03
1,7380F+03
1,2672F+03
1,0198F+023

4, B433E+02

3,2536F+02

 2,1248F+02
1,0425E+02 -

1,4293E+02
T.2T74F %02

ko 22 T2€+03

T.3T91F%02
1.5854F+0p
4,49%4F+07
1, 7120F+04
1,5748F+06
1,2861F+00

Q77

1e9702E~13
lelb64E=iD
leOT28E=1D
3091956'l§
2eU6BBYE~1S
' Te7383E=~1%
162043E=13

1e8278E~13

6e0625E=13
Ceb193E~ L2
3:3948E=172
49]1985E~12
¢0366UE‘12
¢03048E‘12
2.85005‘12
1e9522E~12
2e5013E~12
3e4095E=12
Ye£904E~13
le8183E~13
1,2071E=13
3,14Q7F=14
3e2265E~16
4e2230E=]14
6.5868E=14
Le90RbBE~]4
2e7523E~1%
Bo8748ﬁ‘14
1e7169E=13
1eH08%E~|2
6¢3228E~15
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matrices chosen were realistic initial guesses,

The results of applying PGM to the problem of minimizing Jy are
shown in Figure 6,11, The values of Jy are plotted with respect to
computer time on a CDC 6500 computing system, using Fortran IV, The
computing time for each iteration of PGM was about 13,2 mimutes, This
time included the rmumerical integration of the Riccati equation in
(2~23) and the response covariance equations in (3-1) aﬁd (3-3), as
well as the process of finding A, to minimize Jy shown in Figue 6.9,
Bach point in Figure 6,11 represents an iteration, It can be seen
that the successive values of JN decrease monotonically, which is to
be expected from the nature of the PGM algorithm,

The sequence of points {Si}. i=0,1,...5, which resulfed from the
above application of PGM, were then evaluated in Skelton's Js perfor-
mance index, aé shovn in Figure 6,12, (See Appendix G for details on
how this evaluation was carried out,) In addition, the results of
applying the DGIM algorithm to minimizing Js are also shown in Figure
6.12, In this figure, the values of Jg produced by PGM do not decrease
monotonically for the last two iterations., This is due, in part, to
the "mismatch" between the performance indices JN and Js. Apparently,
however, there is significant correspondence between JN and Js, because
the last three iteration points produce values of Jg on the order of
5 x 10-6. As an upper bound to the probability of mission failure,
this figure shows that the system performance is quite good for these
points, This is especially true when the Js values are compared to the
initial Js value of 0,0302, The DGIM algorithm also shows a decrease
in Js. but this decrease is not as substantial, It should be noted that

one iteration using the DGIM algorithm on J_, took about 14,7 mimtes of
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Figure 6,11 JN in Load ~ Relief Problem, Sequence 1
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Figure 6,12 J g in Load - Relief Problem, Sequence 1
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computer time, This is longer than the PGM iteration time mentioned
above, but this is due only to the fact that it took more time to
bvaluate the J ¢ performance index than it did to evaluate JN. The
process of choosing &iﬁ in DGIM actually took less time & 10 seec.)

than did the process of choosing § in PGM (~ 30 seec.),

i+l

By referring to the definition of PGM in Figure 6,9, it can be
seen that there is a practical difficulty in making use. of the results
plotted in Figure 6,11, This difficulty is that the controls which
produce the sequence {‘éi}, i=1,2,.4.5 are not known, However, there
is a known sequence of feedback coefficients produced by PGM; namely,
the sequence [Ki*(t)}. i =1,2,...5. This sequence results from solving
‘the associated §,-problems in the algorithm, Since these coefficients
define the practical controls of interest, it is useful to evaluate the
sequence of points {31"] » 1 =1,2,...5 (produced by the coefficients
{Ki*(t)}) using the J, performance index., Note that the 8,* are points
on the boundary of o, The results of this evaluation are shown in
Figure 6,13, This figure shows that the last three feedback coefficients
in the sequence define very good controllers, because they produce a
probability of mission failure that is less than 107, In fact, using
KB*(?.) in the load-relief controller produces a probability of mission
failure less than 10'8. So Figure 6,13 shows that using the PGM
algoritlm on JN to produce load-relief controllers is very useful from
a practical point of view,

The rmmerical values of the last computed feedback coefficient,
Ks*(t), are given at 5-second intervals in Table 6,2, The superscripts

for the K's denote vector components, and the intermediate values not in
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60
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75
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95
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110
115
120
125
130
135
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!1

-1,967161r=09
~6,828551Fr~-09
-9.633210r=-09
-4 ,243314F-08
-8,329531F-~08
-1,151047F=-07
~1,875442F~07
~2,501043F=07
=1,370570c=07
-4 ,420061F~-08
~2,267410FE=08
~1,328083F=-08
~1,036223F~08
~1,171283F=~08
-2,7771984F=-08
~-9,133763F~08
~1,342217c~07
-9,738237F-08
~Te503625F~07
-6,013327Fr~07
-6,819860F-07
~2,348645F=06
—-3,210469F~06
-2,386842Fr~-06
~1,1594n4F=-06
-1,238613Fr-06
-~1,352620F-06
-6,813620F-07
-1,817919r~0Q7
~2.,821534F-09
0

Table 6.2-

Values of Ka(t) in Iteration Sequence 1

KZ

=1,577n56¢c~n5
-1,n59880F~n4
~24,298986c-04
=-5,161796Fr-04
=5,209792F=04
~3,662190F-04
-3,342301lr~-04
=2,4175459c-n4
-4 ,926201lc-05%
2,107988F~-n5
5,726257r-n5
7,8687905-05
6,873967~05

4,372994F~05.

1,632863c~n5
-5,698385F~05
-5.511327c=-05
~2.,7321841r-0n5
~9,730465F~05
-6,n67767F-05
-5,763611c-05
~-1,n99180ec=-04
=-1,231351r=-04
-8,362025r-0n5
~-3,249426c~05
~-3,981824F-n5
~T74624554F -5
-9,366808e-~05
~4,112413r~04
~1.,04991%F~n4

2.6715‘:7: g 3

X’
-4 ,775135¢~0n3
~2,7753n8F~n2
-3,878352r=02
=G e 644LOTIF~-N2
-8 ,464142F=02
=5,867649F~-02
=5,569143F-02
-4.70(\341‘——-02
-1,806784c-02
-6,814281F=-n3
-9,808739¢=-03
~1,447105F~-02
=1,501017F=02
=6,276819r~-03
2,690068F~02
2,398689c~02
1,163417r=02
3.706178F=~n2
2,251845F=-02
2.,090442c-02
1,08757nF=n2
-2,126152F-03

-1,369859F-03

-6 .,80n029F=N3

=1,214634r-02

=~3,057597F=-02

=3,429415c~n2

~1,907707c=01

-2 6335287 r~-02
O

K“

-4,365209F =02
-2,2n8662F-n1
=2.557005F=-01
=5,1n8776F-p1
~4,054240r~01
=2.675463F-01
=2.595005F-01
=2 459524 ~01
=-1,657271s-pn1
~1,nnn516F-n1
=1,115150F~01
-1,270963F-01
-1,343835e-01
=-1.,407995F-01

, Tl 702765c=01

=Ie 73155 —n1
-8,024009c-n2
-2,187948F-n2
=2,183641F~n1
-1,486264F-p1
=14260969c=01
=32 33167 6r—n]
=3,352417Fr-01
-1.,831933r=-p1
-8,2691nTF-n2
=1,053441r-n1

' -1,783781r-n1

-1,382658rF~01
-8,993201r-01

-6, 2:4 \ 4 3 7 f-—ﬁ 2
3¢120476c-04

K5

-9,375968F-n1
~-T7,784554F~-n1 ,

-5.,765095F~-n1

-6 ,177454F-n1

-6,922881fF-n1
-8,201857F-n1
-8,191881lF-n1
~7¢364882Fr-n1
-8,356232F~-n1
-8,86655nF=-n1
~8,835587F=-n1
~8,770844F~-n1
~8,6B88651F~n1
=8,597094F-n1
=8,270475F*-n1
—-7.56564T7F-01
-8,321232F~-n1
=9,162273F-n1
~6.,061720F-n1
-6,952174F-01
~6,686777FE~-0n1
-3.44845aF -1
~3,194828F~01
-4,8619n9F-n1
~7.868615F~-n1
-7,419552Fr-n1
-6,5331nlF~-0l
~=7,367429¢-01
-2,3971n3e-0n1
~1.893030F=n1
=-9.978748E~01

Tt
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% (sec)

10
1%
20
25
50
5%
40
45
50

=
516

65
70
5
80
85
Q0
95
100
105
110
115
120
125
130
135
140
45

1%0

x6

T=5,411534F-05.

-4,021550F~04

2,614783F~05

1,176048F~03
1,662556F~03
1.,384723F~03
1,193956F-03
9,738169F~05
-1,409071F~03

Sl 80T Tn2E=03

~-2,458313F-03
~3,003534F~03
~3,264426F~03
-3,3326059F~03
-3,572511F~03
-2,846389F~03
-5,700135F~04
3,653568F~04
~1,963663F~0N4
1,533592F=~04
2,609344r-04
=~2,456260E-05
6,910143F-05
2,377986F=-04
2,286267F-04
1,8199n6F~0n4
1,219577F~04
7.483371F-05

T 7.650577E=06"

1,635726F=05
?a?B()v’.r\f1 Faez20

Table 6.2 (cont'd.)

1,491794p-01
1,128458F4+00
2.181520r 00
6.839948¢r 100
8,01683 1800
6,905946c400
T.412749c 000
6,609259F+0N

.310289c4+0n

~1,118772c+00

14603106400
~1.919681r400
~2,191683c400
-2.650484e400
-2 4 328257 4000
-8,523870r-01
~2,387017F~-01
~B,714215¢-01
-4, 74730801
-2,958598r~01
-5,885368r-01

e

-

T -4 ,623230F-01

~-1.690771p~001

-3,938015¢~02
- =2,897360F~-n2
-1,755641r~n2
~1.361762c-n3

T -1,412853c-01"
1

2931127-03

1
~3.,5%90090Fr -1
1

KB

~34,224725F=04"

‘20015605F'03
-1,7800627F=03
-4 4569403F=03
~3,43916%9F=03
-~ 443621F=-03

~6,295983F=03

~-14108961F=02
«2,088991F=02

~3,750610F=02"

=-24750837c=0n2
~84233633F=-n2
~1.,122072F=01
~le56nl66F~0pl
-2,0293288F-01
-2 ,466055F-01
-24,616047=-01
-2,573681lF=-01
~1,785398F~01
~1.,959048F=01
-1,897462Fr~-01
-1 .511500c=01

-1l e412471F-01"

~1,276884F-01
~9.694E66F=02

-2.109777F~n2 "

-8 ,n54399¢~0n2
-6,887186r=n2

=5 00247 4F =02
=4 4021600F=02

=2 7470165=02

o

1,156453¢-03
2,418299F~03

T 3,226925F-037"

3,168694r-03
-1,n15586F=-03

~9.310522F-n3
=2,228024F~-n2

=4,085537r~pn2 ~

-5,.,9636n00F-02
~8,096545p~n2

~1.047462c-n1""

~1,380571F~-01
=1,699649r~01

=1,965240F-01

-1,98213pnc-01
~1,846398F=p1
~1,212809r~01
~1,263109c-n1
=1 edB213TE~01

=82 79225 Tc~02_
~T4784697F <02

~6,667158F~02
~44776391F~-02

=4 ,253463c-02

~3,558458c~02
~-2,88163nF-n2
~1,9210455~-02
~1¢509546F-02

' 767462F~03

202F~04

~3,567425¢-03 "

KIO

‘:7:255457é#64i

=5,9846nTE~03
-8,240015F-n3

-1,7603n00F~02"

-1,834149F-n2

~1,918594F-n2

-2,582695F~n2
=4 ,2T77537E~-n2
~6,n066281lF-n2
~8,344293c-n2
-1,157881F-01
~1,529093F-n1

=1,94201nF=-n1"

-2,510521F-n1
~3.134977c~01
~3,784778F~-n1
~3,423705F~0n1 .
~2,938858F~-01
~24,442611F-n1

~2,2849528-01

~2,NT4761F~-n1
~1,8 S5E-01.
-1253&3%15-8%
=1,220637¢g-01
~T¢T736455F~-n2
~6,950297F-n2
~5,981488F-n2

=4 ,696574F =2
~4,090615F-02

~2,3943n3c-n2

e o o
~1Le465025F=0n2

20T
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the table were found by linear interpolation. The feedback coefficiert

Ks* (t) was found by Ssolving the J Qr-problem defined by the quadratic

coefficient matrices Q.”(T) and Q°(t), 1€[0,150]. The terminal time
;

coefficient matrix was;

aminio® oo ol
0 5.2420x10 0 i Wl S ot
5 3 Jebe 0 3.6642x10° 0 0 o 0 |
QF‘ (1) = 0 0 0 e il SR s T
2 0 0 T R ST
0 0 0 D -0 0

0 0 0 0. ¢ 0 o

(t) was of the same form as the
Q-matrix in (6-44),

"given in Table 6.3 at 5-secend intervals of time, Again, the inter-

mediate values of the olemenis wers found by linear interpolation,

The standard deviations of the "in-flight" rasponses, ry =8 and

rg = L» which recvlted when KS*(t) was used in the covarianece squations

are plotted in Figure 6,14 as a function of time, (Remember that the

responses are zerc-wn:an Grussian randem variables; thus the reésponse

statiat:\.cs are completely specified by the standard dw\rlations. ;) From

the figure, the peak stendapd dsviation of B is about 5,0 x lO 5, and

that of Ib is abont 3,1 x 105. Since the correspoonding "error bourds®

v w2 6
on B and I ere y, = £,73 x 107“ and }'j = 2,25 x 10

that the probability that the responses exceed their error bounds at

» it can be s9en

any given time is very smzll (certeinly less than 19" ). So K *(t)

produces "good" in~fiight responses, The standard deviations of tha

responses of interest at the terminal time were:

The values of the diagonal elements of interest sre




105
110
115
120
125
120
125
140
145
150

Values of Qs(t) in Iteration Sequence 1

<
Quy

1.006GaF+37
1,13 71ar¢02
2e21721F+12
leOVORC D2
T.,603nF+10]
7.60“?F’Q1
2e62 33402

1.,6091F402

leDO)nsF+02
6.5517F+02
Iol‘lf()! + 02
6.,561nF+02
Se4lynir+ny?
f005nqr*02
1.897nF«02
leldnrr«ns
1eSuhnr+n3
d.O-j.)'Lr’U."a
2e9374F+03
2.?5\]5“;"()3
1.922?:’* s
1e5727F+03
leU3ARE+)3
Q4,434 402
10#445?*72

Cledlangen]

S349554F 401
6e7305F 01
D23l ag+d]
4.H6854F+173
GeHITTE+2
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Table 6.3

%5

Te3212E~11
{e9636E~11
l.lOOdE“]O
Se3040FE=11
8,9346E-11
l.0d74E-10
2e3307E~10
4, T609E=10
BeSla4HE=10
le30A)E=DY
Le7570E=09
2,4032E~-09
3016596-09
3034295“”9
3.,7522E~09
3«5391E~nY
1e6630E~nY

9‘3219E‘10'

509g77E-10
T 6H45E=10
Bel642E=-10
449296E-10
4 9U8BSE~10
5.5454E~\0
3¢7722E=10
el l7sE=10
2+4003E-10
204253E’]0
1e2816E=-10
1.0277€~=09

9

s

Zal4S55F+0p
1,3343E+91
fe)Z2H4E+UQ
Los3ROEDE+UY
3,UD07FE+00
Ziatb LT VE 1))
dol?bdF*Ul
1,7141Fa401
J.ﬁ’ggE‘Jl
GeolleaF+0]
felysiFeu]
l,1989F+02
1-4612{*02
l.ljqu*UZ
€4 1YBUE+U2
3. 2926F+y?
3e26499F+0)2
Ce4220E+02
Y4 397E+0}
e TTHSE+0]
la1453E+0]
el T7TYE+0(
SenRTHBE+ULO
JeHI2OE+0Q
3e2TUDE+Y]
Latif43F«01}
3¢e4461Feud
le2958F«00n

Hel279F+ U0

{e3361F+02
e 3{)4‘?;_:_"'01

S
Q??

le4989E=10
JeHG4D3E )2
G4e6953E=~]12
2elRviE~1l2
6.4338E12
3.1328E=11
6e2430E-11
Fhibot~11
2eBAIIE=1U
1.0095E'U9
163309k~
1,7103E-u93
l1e7397(E=0
le6NUIF=UY
YVe33l7E=~10
345197E~10
3t%?9(E‘lU
Be3dlbUE=1LU
a-UqO4E'11
44645458 =11
4,021UE=11
5.75536-13
Se451/7c-12
1.1330E=11
4eb3unE-]1
2eS5lbE=~L])
1,159 /7c=-11
ZelH8d0b=11
l1e45572b~11
lelbH2E=U7
SeHB4U0E-14
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Gy(lﬁO) = 147

® O:O.
oy(lS ) 998
04(150)= 0.0197,

So the probability that these responses were outside their respective

bounds of Y = 3000, Yy = 40, and y3 = 0,0873 at the terminal time

is also very small, Thus Kg*(t) was also a "good" one in producing
small terminal responses., The above results give another indication
that using PGM to minimize JN is a useful technique for obtaining good
load~-relief controllers,

In Figure 6.15, the values of Ai computed in the PGM and DGTI
iterations are plotted, Remember that a, (defined in (6-13)) is a
measure of how well the necessary conditions for equivalence, given in
part 1) of Theorem 4,1, are being satisfied at the ith iteration, 1In
interpreting Figure 6,15, it should be noted that the 4; computed for
the PGM sequence is with respect to Jys and the Ai computed for the
DGIM sequence is with respect to Js. It was found that Ai for the
DGIM sequence changed very little, and thus little pProgress was made
towards satisfying the equivalence conditions, For the PGM sequence,
however, Ai did decrease rapidly, A stopping condition which would
guarantee "approximate equivalence” (such as requiring 4,< 0,01 in
the first example in this chapter) was not used in this example, Instead,

the iterations were continued until "good" controls (as measured by Js)

resulted,

Iteration Sequence 2

In this sequence, the values of y; used in Jg and of Gi used in JN
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are as follows:
y, = 3000 & = 3,0 x 10°
Al o L

‘yz=40 62=0.1+

¥y = 594 x " 85=1.0x 1074

2

= -y
74 = 8,73 x 10 64 = 1,0 x 10

6
¥5=2.25x10° 8. =1.0x 101°

. -5
66- 1.0:x 10

67 = 1.0 x 1011

The y; are similar to those in the first sequence, as are the & The

50
value of A used in DGIM was A = 0,9, The values of the QF(T) and Q(t)
quadratic coefficient matrices which were used to start the iteration
sequence were suggested by Skelton in private correspondence, The form
of the matrices is the same as that for the initial coefficient matrices
in the first iteration sequence (see equations (6-43) and (6-44)), The

nonzero elements of the initial QF(T) matrix are:

-2
QF:u(T) = 1,1111 x 10
(T) = 2,00 x 107>
22
QF (T) = 1.2 x 107 .
33

The form of the initial Q(t) was also the same as that in the first

sequence, except that the wvalues of Qii' i=4,56,7, were constant
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over the whole time interval, and were given by,

Q, = 7.8799 % 10°

~10
055 = 1-2% x 10

o 5
Q66 = 7.8799 x 10

Q, = 7.716 x 102 ,

The results of applying PGM to the problem of minimizing J in
this sequence are shown in Figure 6,16, Again, the sequence of values

is momotonically decreasing, but the percentage of change in Jy from

the initial value is not very great, The svaluation of the {3

1} sequence
- obtained by PGM is showm in Figure 6,17,

In this case, the sequence

{ J,(Si )} is &lso monotone decreasing, As in the first seéuence, the

DGIM algorithm was applied to minimizing J g* and the result is also
shown in Figure 6,17,

The decrease in the Jg performance index achieved by both algorithms

is not very substantial, as can be seen in the figure, This was partially

due to the fact that the initial value of Js = 3,755 x 10.8 was very

small as an upper bound to a probability, Thus, the initisl feedback

Was a very good one, and perhaps not much improve-
ment could be expectad,

coeﬁ‘icient. K, (t),

Another reason could bs that the A used in DGIM

and the 8i's chosen for Jy may have been poorly selected, The problem

of choosing A in DGIM is one of theintrinsic defects in that algorithmg

Skelton does not give detailed instructions as to the best way of making

that choice, The choice of the éi's to bs used in JN is also a matter

of judgement and trisl~and-error, in trying to "mateh" the performance
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indices JN and J, in some sense, Once the éi‘s are chosen, however,
the PGM algorithm can be applied to minimizing JN automatically; no
engineering judgement or guesswork is necessary,

Let us now consider the overall results obtained in the two
iteration sequences, It was shown that the PGM algorithm could be
successfully applicd to the problem of minimizing JN' subject to side-
conditions in the form of high-order differential equaﬁions. It was
also verified that the DGIM algorithm could be successfully applied to
the problem of minimizing Skelton's upper-bound performance index,
subject to the same differgntial side-con&itions. Skslton had, of
course, demonstrated this earlier in [2.4] and [6,1], 4 practical

.result was that, if the é's in JN wars chosen judiciously, the controls
generated by using PGM to minimize JN were useful ones in Skelton's
load-relief problem., The advantage of using this second, suboptimal
method in a practical problem was that the PGM alporithm was an automatic
one, and was known to converge if the hypotheses of Theorem 5.1 wers
satisfied,
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

7.1 Discussion of Research
The research discussed in the previous chapters wﬁs directed
toward the sclution of a type of stochastic optimal control problem
(the "“J~problem”) posed in section 2.2, Skelton in [2.4] studied a
specific case of the J-problem, in which the performance index was the
probability-upper~bound one discussed in section 6,3,1 and Appendix F,

He recognized that a well-known “quadratic" control problem (the “JQ-

problem” stated in section 2.3) had preperties similar to his specific
J-problem, and that the kmown solution to the Jy-problem could be used
in solving his problem, The main contribution of the ressarch discuesed
here is the formulatlon of the J-problem as one of minimizing a non-
linear functional on a set in = Hilbert spauce. In this formulation,
the JQ-problsm takss on a special significance, that of minimizing a
linear functional on the same set in the space, Conditions.ware de~-
rived in Thecre: 4,1, under which the nonlinear and linear functionals
took on their minimum values at the same point in the set, When this
occurred, the problems of minimizing the two functionals were said te
be "equivalent.” fkelton introduced this concept of equivalence of
stochastic control proklems in [2,4); however, the funetion space
approach discussed here gives a clearer, geometric interprstation of
this concept.

A function spaco algorithm of Dem®yariov was applied to solving the
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general class of problems, and conditions under which the algorithm
converged wers derived in Theorem 5,1. This algorithm (the perturbed
gradient method) involved solving a sequence of linear functional
minimization problems to find the minismum of a nonlinear functional
iteratively. Ths P@! algorithm, as well as Skelton's DGIM algorithm,
was applied to the solution of two example problems, Both algorithms
attained a given stopping condition in the first example (see section
6.2), which meant that numerical convergence was achieved, This alsc
meant that the equivalence conditions in Theorem 4,1 were achieved
mumerically (i.9,, within the desired comﬁutational sccuracy), This
was a significant step in the research, for the following reason,
Skelton had used his DGIM in [2.4] and [6,1] to obtain "gooci" lead-
relief controllers, as measured by his probability-upper-bound perfor-
mance index (sée section 6,3,1), However, due to snormous consumption
of computer time, he did not make any attempt to contime the operation
of DGIM until the equivalence conditions were met (even rumerically).
Thus, the success obtained in achieving the stopping condition and
minimizing the performance index in the first example showed that an
equivalent Jq-problem could be found and that the sguivalence concept
was & valid one, In the second example, the PGM algoriihm was used in
a suboptimal appreach to solving a losd-relief problem similar to the
one studied by Skelton in [6,1], This approach led to good controls,
as measured by Skelton's “probability upper bound" performance index,
Thus PGM and the supporting function-space apprcach wers shown to be

useful in solving a practical problem involving 2 high-order dynamic

system model,
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7.2 Suggestions for Future Investigation

The function-space formulation of the type cof stochastic control
problem discussed above provided a useful theoretical framework for
the research recorded in this thesis, Within this framework, a number
of important thecretical questions have not been answered and remain
for future investigation, Some of these problems are as follows:

1) General conditions on the admissible control set and the
dynamic equations, which would guarentee the convexity of the set o
(see Definition 3,2), have not yst been fourd. An approach to deter-
mining these conditions was outlined in section 4.4 for a special case,
tut a general convexity proof is not yot available, Convexity of «

.is. of course, required in the derivation of eguivalence cohditions
in Theorem 4,1, and is also required so that ths PGM algorithm can be
applied to the J-problem,

2) The question of the existence of & solution to the Jeproblem
(i.e., whether 2 minimum value of the functional J on & exists) has
not been answered, In the function space formulation, such an exis-
tence proof would require some type of contimity requirement on the
J-functional, plus some type of compactness requirement on the set &,
For example, if J is a contimous functional, defined on a set & which
is compact in itself (i.e., every infinite subset of & contains a
sequence which converges to a limit peint in @), then 2 minimum point
of J on & exists (ses, e.g., [C.1], p. 35}, Conditions on the J-problem
which would guarantee that these requirements are met have not yet
been found,

- 3) Assertion 2,1, concerning the known formsl solution to the

"quadratic” problem, has not yet been preven rigorously, as far as is
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known, The solution to the "quadratic® problem is a key elament in
the equivalence cbncept and in the computational methods discussed in
Chapter 5. Thus, Assertion 2,1 should be given further study, as new
results in stochastic control theory become available,

4) The hypotheses in theorems 4,1 and 5.1 are very strong ones;
perhaps the proofs of the theorems could be refined so that weaker
hypotheses could be invoked. For example, local convexity and com-
pactness conditions on @, plus other side conditions on J y might re-
place the first two hypotheses in Theorem 4,1,

In addition to the theoretical quesf;ions discussed above, a mumber
of computational problems are still open to investigation:

5) The convergence properties of the DGIM algorithm ('int.x'-oduced
by Skelton and discussed in ssction 5,2) have not been given sufficient
study, The algorithm did satisfy the stopping condition when used in
the first example in Chapter 6, and has been used by Skelton to obtain
good controls, Thus, it seems possible that properties of J and «
which would guarantee convergence of DGIM could be found,

6) More sophisticated procedures for finding the minimum of J
on the "straight 1ins" between 31 and 8;* (in the PGM algorithm) could
be investigated. The "walking" procedure used in the examples and
described in Appendix G was relatively crude, but effective, Further
studies of this "one-dimensional" minimization problem in function space
should be performed, especially concerning the trade-offs to be made
between computational complexity and speed of convergence of the PGM
algorithm,

7) A mmber of algorithms for minimizing a functi\bn on a set in
Euclidean space were described by Dem'yanov in [5,3], The possibility
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that some of these algorithms could be adapted to the function space
and used in solving the J-problem should be investigated.

8) As discussed in section 6,3.2, the PGM algorithm could not be
directly applied to the problem of minimizing Js (the load-relief
problem), due to difficulties in the computation of a solution to ths
Riccati equation (2-23), These difficulties should be investigated
further, In particular, a good interpretation of a “quadratic" pro-
blem in which the coefficient Q(t) is identically (or nearly) zero over
a finite time period is needed. A solution to this type of problem
must be found if the PGM algorithm is to}be applied directly to the
load-relief problem,

The research described in this thesis raises a few other questions:;

9) The disturbance noise and measursment noise in the stochastic
problems considered were all assumed to be zero-mean, That is, the
problems considered wers all "perturbation" ones, in which deviations
from some nominal trajsctory were to be minimized, Thus, the investi-
gation of a more general stochastic problem which involves non-zerc=-
mean noise and non-zero initial conditions is a possible topic for
future research., Alsc, the cases of "colored" disturbance and measure-
ment noise, and of measuiements which contain no noise (i.e., Nw(t)
is allowed to be singular) should be investigated,

10) In secticn 3.2, it was shown that the stochastic control
problems defined in Chapter 2 could be reformulated as deterministic
ones, Using this fermulation, it is possible that some of the results
in deterministic control theory (such as the maximum principle or

dynamic programming) could be brought to bear on the J-problem, This
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approach would not require a function space formulation, and would not
make use of the known formal solution to the "quadratic" problem, It
is a valid approach, however, and could be investigated further,

11) The idea of using the known solution to a particular problenm
in solving a more general class of problems was found to be a powarful
one in the research described above, It led to the concept of
"equivalence" of stochastic problems, and to a rumber of algorithms in
which the known solution was a vital part of the iteration procedure,
The application of this idea to other classes of control problems may

be a fruitful approach, and should be investigated,
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APPENDIX A
ANALYTIC APPROACH TO EQUIVALENCE (SKELTON)

In his paper on wind-gust effects on launch boosters [2.4], Skelton
derived necessary conditions for two stochastic problems to be equiva~
lent, in the sense deseribed in Section 3.5. The derivation is repro-
duced here to show the anslytic method used and to complete the discuss—
ion of equivalence,

In this spproach, the J-problem and Jg=problem are defined as in

: Chapter 3, except that the set of admissible controls is;

uit is & linear function of the
UL & {neuurementa z{r), 7 e[to.t) ' (4-1)

and J is the upper bound index given by (6-~34) through (6~39),
For notational convenience, an admissible control u will be written

in the following form:

us=L(t, 2(1), E[to.t)) = L(t, 8) . (a=2)

Now, assume that a sclution to the Jeprotlem exists, and is given
by

¥ = Lcﬁe'c. 5) ® (A-3)

That 1s, J is minirized over gll sdwissible controls by Lgye

Now, consider » perturbation on Lyt

L{t, z) = Lo(t. z) + ¢ Ll(t, z) , (A=)
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where ¢ is 2 “small™ real mumber, and!iisalimarnmtionoftund
g, Then L(t, z) is an admissible control in UL' Then it can be shewm
that the response covariance metrix S(t) (defined in (2-17)) can be
written as a polynenial in ¢
S(t) = 5,(t) + ¢ 8)(t) + ¢ Sz(t) Fooet €3 a(ts €) o
(A=5)

As mentioned by Skeltem in [2.,4], 5,(t) is the response covariance matrix
which resulis if u = Lo(t, z); the matrices 31. 82""3::-1 are dependent
eonLoandIibu‘tmindapondentofc. Thehstmtrixsniadapondant.
on ¢, however,

Now, conzider the dotorministic form of the performance indexes J

© and Jqs @8 defined in (3-16) and (3-17), respectively., Each index is

a function of S(t)., Tims, if the appropriste derivatives ef f]_[S(T)]
and fz[S(t.)] in J exist and axe contimuous, J and JQ can be written as

polynomials in ¢3

¥ AR

J=d® +eJ1+¢J+c (e) (A~6)

. 2
Jq = Jg Baars ¢ Jg + ¢3 Jg (e) , (4=7)
where J° end Jg are the vulues of J and J,, respectively, using

a= Lo(t. z). Then, as deseribed by Skelton, Jl. Jz. Q’ and Jg are

functions of I‘o and I‘.I.' tut 2re indepandent of ¢, The "third variations"
J3 and Jg are depsndent on Lo. 11. and €,

Now, assume that a JQ-pmbMan that i3 equivalent to the given J-
problem exists and is speeified by the coefficient matrices QF(‘I') and

Q(t)s That is, L (t, ) minimizes both J and Jo, Then it is clear that
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Jl = J?j = 0 ’ (A=8)

' since a mecessary condition for minimization of J and Iy is that the
"first varistion® of each equals uerc, The equality of J* and J% is
then the required necescary condition for the equivelence of the Je and

ch-problm.. Thase “Tirst wvariations™ can be wriiten in the fomm

at T 3 |
e { [fé‘.s’}‘lso(r):} Aishe .ft [w%iﬂso(t)] 5,(6) at
(+]

| (2-9)
?
gy = 1r {ap(®) 5,() + jt a(e) &, (£) at} . (4-10)
(4]
Ql.tlr]]. Jl = qu if
> ' 3f, 3, '
' QF(T) = -é;-,so(r) and Q(t) o= mlso(t) ° (A-ll)

. These cre the necess.ry conditions for ths equivalence of the J~
and Jq-problul. These same conditions aro derived using the geome®ris
approach in Chapter 4; additional eonditions are placed on J to insure

“that these conditionsz are 2iso sufficient,
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APPENDIX B
DERIVATION OF RESPONSE COVARIANCE MATRIX

Onee K(t) is spacified, the response covariance matrix S(t) is
completely defined by the stochastic system equations (2<1) to (2-4),
the Kalman filter equations (2-10) to (2-13), and the error covarisnce
equations (2-14) and (2-15), For convenience, howsver, an explieit
expression for S(t) in terms of the noise parsmeters and K(t) is derdived

in this appendix, The Kaluan filter terminology and results are assumed

" in this derivation,

8(t) = E[x(t)r’(t)] . (B=1)
If we dofine
F(t) = C(t) = D(t)X(¢) , (B=2)

and use (2-13), (2-9), and (B=2) in (2=3) we have

r() = F(t)x(t) + DLK(LIx(t|t) , (B=3)
where X(t|t) is defined in (2-13),

So

8(t) = E{[F(t)x(t) i D(t)K(tJx(t|t)]

A (B-ls)
[x(e)F2 () + X/ (4)L)K’(£)D/(¢)]} &
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Now, define

C (t) = Hx(b)x'(£)] & S (Bes)
Also,

EEE ) (4)] = Hx B ()] = B () , (B-6)

sinco £ (the Kaimon filter stato estimate) and X are independent (see
EKalman [B.1], po 32), The matrix B, (t) is defined in (2-12),
Then (B-%) can bs written

8() = [C(t) = DILIK(E)IC(RIC (+) = K’ (£)D(¢)]
+ D()K(E)B (£)C () + C(L)B (L)' (£)D'(¢) ~ (B-7)
= D(LIR{E)B (L)X (20D (L)

which is the desired exprossion for S(t), Now, the differertisl equation
which C_(t) eatlsfics will be derived,

In this derivation, the finite-~differencs represeontation of the
syston equations will bo ussd instead of the representation in (2-1):

ax(t) = z(t + At) - x(t)
= A(t)x(t)At + B(t)u At + Av, ,  (B-8)

where 4vg = v(t + 4L) - v(L), and v(t) is a Wiener process with inde-
pondent increments such that
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..nd HA & ] {0 ifka 1.2,0..
YV, 47, =
% + 1t N(tlt if k=0,

for all At > 0, t€[t,,T), (t + lAt) €[t,,17,

(B-10)

The representation in (B-8) to (B=10) then becomes completely equivalent
to the representation in (2-1) to (2-8) as At # 0 (see, e.g. Kushner
[B.2], [B:3], [3.2]).

Using (2-9) 4in (B-8), we have

x(t + 48) = x(t) + At)x(t)at

(B-11)
= B(t)K(t)R(t|t)at + av,
. Now, form
Ce(t + at) = Elx(t + At)x’ (¢ + at)] , (B-12)
Using (B-11) and (B-9) in (B=12), and noﬁ-ng thet
E{x(t)avy] = 0 = E[%(t)avy] (B-13)
wo have
Colt # at) = C(t) = C (£)A’(t)at + A(t)C (t)at
- Elx(£)2/(t]t)IK’(£)B’ (¢ )at
(B-1%)
- B(£)E(t)E[2(¢]|t)x! (t)]at
+ N (t)at + o(at) ,
where - 1am 20%) . v )
_ At =+ 0 At ‘
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Now, notes that

E[x(£)2'(t]t)] = B(R(t]|t)x (t)] = Cx(t) = By (t), (B-16)

Using (B-16) in (B~14), dividing both sides of (B-14) by At, and
taking the limit as At = 0, we have:

ac,(t)
g = [A() = BOIK(E)ICL(8) + C(E)A’ () = K’ (£)B’ (8)]

, (B=17)
+ B(E)R(L)E, (t) + B (£)K'(£)B'(t) + N () ,

vhere  C.(t )= 0% | ) (B-18)

LU

Equations (B~7),(B~17), and (B<18) thus define S(t),




" Hilbert spases X', X2,,.,X" 1s the linear space

APPENDIX C
CONSTRUCTION OF THE HILBERT SPACE o

In this Appendix it is shown that the space o, defined in Section
3.3, 18 a Hilbert space, Cartain results from Dunford and Schwarts:
[3.4] will bo used, 6y

In [3.4], p. 255, the follming definition is givens

Defimition C.1. The direct smm

t=x'p @01 | (c-1)

of the nmr'spaeas'xl, xz...,. 5 is definsd to be the product space
of the 21 '8y in wiich addition and sealar mmltiplication are defined by:

x-l-y-[xl xz sos x‘]*[yl yz soe yn]
(C=2)

= [(Ildl-yl) (xz-!- %) ese (xn"’yn)] 7

qz-q[r]' xz see xn]
' (c-3)

= [erxl uz P axn]

wharox. yex;z.y‘ex" 1= 1,2,,00m and @ i3 & re8l scalar,

If the X>'s are Hilbert spaces, the following holds ([3.%4], p.256):
boﬁ:iigon C.20 For each i = 1,2,,..n, lot X* bo a Hilbert space
in which the inmer product (..); 48 defined, The direct sum of the
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r=xlgrfe.0,
in which the inmer product is defineds
@) = [ oo P 7.l 7D

n
= j;;l(,x"‘. yi)i

vwhere Xy ¥ € x‘ zig yi € xin i= 1.2,...1!.
The main result to be M is ([3.4], p. 257N

(C-)

Lemna C,1
1t {x'}, 1 = 1,2,,..n 45 & family of Hilbert spaces, their direst
sum 1s a Hilbert speace,
To show that o 4s a Hilbert space, let X' in the above Lemma be an
Lz-lpl“. whose elements are of the form ol(t). te[t,,T], where o, is a
measurshle real scalar function on its domain, The inmer produet in X-

is defined as:

T
(0,(8), 5y(2)); = ft oy (1) 5 (t)at, (c-5)

(-]
where o, (t) and 5, (t) are both in X', Similarly, let X%,,..X" also be

Lz-apaou. with elements of the form e,(t), e5(t),...0, (L), real scalsr
fanctions defined on [to.l‘]. Also, let the immer preducts in

£ L 00" M0 Metined an 35 (5-5), (91me6 an Lo-apewe 16 & Eiibart
space (seo [C.1], p. 74), each X, 4 = 1,2,...k is a Hilbert space, Let
X“l be Rk. k-dimensional Euclidean space, on which the usmsl scalar
product is defined, Then X1 44 also a Hilbert space (see, e.g,.,

V\llﬂ.ﬂl [0.2]. B 155)-
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Now, identify e,(t), e,(t),...e (t) as the k components of the
vector o(t) in (3-6); and let ep be the typical element in X*l, Then,
by definitions C,1 and C,2, and by Defimition 3,1 of o, it can be shown
that ¢ is precisely the direct sum of the X', i = 1,2,...k¢l. So by
Lemma C,1, 0 is a Hilbert space,
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APPENDIX D
DIFFERENTTALS AND GRADIENT VECTOR OF J(8)

In this Appendix, Theorem 3.1, which gives explicit expressions

for the first and second Gateaux differentials and the gradient vector

of J(8), is proved., The following definitions will be used in the

proof:
Definition D,) (from [3.6], p.35): If, at 3 € o, and for all

560.

.])Z,i:_ J(8 + y;) - J(8) = VI3, 8 (0-1)

exists, then VJ(8, &) is called the Gateaux differential (or weak
differential) of the functional J at the point &, in the direction &,
Further, from [C,1], p.184, an equivalent definition is:

VI(3, &) = g-y- J(& + v8) . (D-2)
y =

Definition D,2 (from [D,1], p.675)t If, at 8 € o, and for all
30 ﬁ € o,

exists, then V2J(3, 8, 1) is called the second Gateaux differemtisl of

- J at the point §, for increments & and fi. From [C.1], \'p.189, an
equivalent definmition iss :




133

2 ~ -~
VI, 8, 1) = g5 VG + 98, ) : (D-4)
The soveral paris of Theorem 3.1 are then proved as follows:
1) Using the dafinition of J in (3~16), and remembering that
§ = [‘(T)v s(t)ll € = [9]‘0 e(t)]a we haves

T
I8 + 78] = £,(8(T) + yeg] + ft £,[s(t) + ya(t)lat .
e

(D-5)
Use (D=5) in (D-2) of Definition D,1:
Y, 5 & £,08(0) + yop] ke
+ & (D-6)
+| 5 1.0s(t) (t) at
Jto dy ToLe(t) + 7o ]!yﬂ 8
Bat now
4 oy i (y)
ay flta(T) - ”F]l‘)' ok 4 0 (&1 _&;—-"y ey s
(D=7)
where  §(y) = 8(T) + vo; , (D-8)

and the dot indicatos the Duciidsan imrer product, Carrying the indi-

cated operutions in (-7 thivugh, we haves '
d ofy
a flts(T) g 791;3 s = 'a";‘ [S(T)J @ 9F s (D-9)
; Y =

ar
where g-;]-' is defined in (3-26).

Similerly,




134

3
S £,0s() + yo(t)] T L et)  (0-20)
7 =

af
for evory te[t .17, and whers 3-53- is also defined in (3-26), Note

that the above partial derivative vectors exist by hypothesis,
Now, define the vector:

af afz :
DI(E) =[5, 52 (t)] (D-11)

1‘0 show that DJ(8) € o for every § € 0, first mote that a contimous
i“':"rvﬁnotion of a measurable function is measurable (see [D,2], p.233),
af

If 3 € o, s(t) is Lebeszue measurable; since b7 is eontimuous in s,
of.

as
af. afz

' 332 is measursble and [|DJ(8)]joc is well defined, Since —= and 55— are

ds
assumed to be finite for every 3 € o, [[DJ(8)lv is finite. Thus

DJ(8) € o by Definition 3.1,
of

Since s—a iz weesnrable, the integral in (D=6) is defined, Using
(D-9) and (D=10) in (D=6), we haves

af [S(T)] . af2[8(+)]
VI(§, &) = ~ Y ~ QF s TR T e(t)dt ,(D-12)
tc

Then, by (D=11) aid the imner product definition (3-10),
vi(8, &) = (DJ(3), 8) , (D-13)
which proves part 1 of the Theorem,

2) Using fi = [Tp, 1(£)] in (D-12) resuits ins

3t
Vi(e + ?’5r ﬂ) = g:;’i [s(T) + 'YeF] s 'ﬂF \
T o, \ (D-1%)
+ j o 2 [s(t) + yo(t)] . 'n(t.)dtu
t
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Then, by (D-4) in Defimition D,.2,

' a ¥
Vad, 8, 1) = S 55k [s(2) + yog) L
« (D-15)
+ fr o 2-1:3 [s(t) + ye(t)] . (t) dt
t dy 3s l-y =0 i
[ +]
Let
il P,y
Fl TlF
1
2, s
3—;— = : ’ ‘nF = “?2 A (D"lé)
F @
k
e ¥ an .

Then the first term on the right side of (D=15) becomes:

TR L = T gt [s(T) 4 ye ] . nl,ly:o
k aF,[8(7) + yor] (D-17)
) & Mg l
121 ily =0
As was done in (D=7), we can write
aF
1 & (y)
TERM 1 =_5;-'[§(7)].—a;— 7'0. (D-18)
3F, 2f
where §(y) 18 defined in (D-8), and 5== is defined as was 5=2, Carrying

the operations in (D-18) through results in

F, '
TERM 1 = 5;—-[:(1:)] . o (D-19)
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Then, letting °F be the jth component of ep» &nd using the

éF‘i
dofinition of 3o Ve have:
aF ka2
- SRR o
=1 177 J

Combine (D-17), (D-=19), and (D=20);

k k azfl
TERM 1 = Te O o (D-21.)
.’2:1 :;14331 "j Fi Fj
2%t
Using the definition of = in (3-26), (D-21) bocomes:
af 3 f [s(1)]
g&-; Fs.;" [S(T) & 791;-] ® 'nF, o —'}‘T"- Q . TIF
y =
(D-22)
Similarly, it csn be shown that
4 % a%¢ ,Ls(t)]
5 g [s(t) + yo(£)] . (%) 9N -——T—- e(t) . n(t)
(D-23)
for every te[t .T].
Define the vector:
e | e
D J(soﬁ) = L""‘z’" Gpe "T 9<t)] (D-24)
T
It can be showr thet —-“2- o(t) is measurable by the same argument used

éf us
in the case of --—-(-L) in the first pert of the proof, So D J(ﬁ,e) €o

by Defimition 3.1. Using the immer product definition (3-10) in con-
Jumction with (D=15) and (D-22) to (D-2h), it follows that
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i, &, A) = 0%, 8), 1) , (D=25)

azﬂparb:oftharheomisprwad.

3) By assumption, DJ(8) is conmtimous in 8 in the g-norm, That

is, I}m(al) - DI(B)lo < 0 as 18, < 8pflo = 0, To show that VI(8, &)
is contimous in &, use ths Schwarg inequality:

m(al.a) - VI(8,,8)| = l(m(sl) - DJ(8,), 8)| (D-26)
< 0308, = DI, )o 8o .

Then, by the assumed sontimity of DJ(3) in 8, it can be seen that

‘V’J(Gi,‘) - VJ(QZ,S)I goes to zero as "ﬁl - B)jlc # 0, (By definition,

428 € g, [|8flo is finite). So VJ As coptimons in 8, The contimity

of V‘ZJ(!. 8, i) in & ecan be shown in exactly the ssme way, and so the

proof of Theorem 3,1 is cemplete, Q.E,D,
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APPENDIX E
LAUNCH BOOSTER EQUATIONS

An outline of the derivation of the launch boostez; equations and
wind filter equations used in Section 6,3 is given in this Appendix,
The derivation follows that iﬁ [6.1]. The vehicle equations model one
axis of the booster, and have been linearized about a nominal trajec-
tory., It is assumed that the wehicle is =2 rigid body, and that fuel-

. slosh and engine-inortia effacts can be ignored,

The configuration of the vehicle and the relevant coordinates are

shown in Figure E.l. Drift iz measured along the y~-axis from the nominal

trajectory, and the pitch angle @ is measured from s reference directic

along the trajectory,

The linearized drift equation is as follows (with B8, #, and o

assumed small):

=
L
]
~

2 dF
M g;} = (Fg= Do) + F B + fz = adt, (&

where M = wehicle mass (kg-—soczlm),
¥y = drift from nominal trajectory (m),
Fg= total thrust of engines (kg),
D= vehicle drag (kg),

F~ gimballed thrust (kg),

g&: side force on missile per unit length per uhit angle-of-
attack (kg/m),
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vehicle e.g.

reference
direction

Figure E,1, Boostor Model Configuration
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@(Z,t) = angle of attack at a distance £ from the tail of vehicle

(rad),
L = vehicle length (m),
4 = distance from tail of vehicle (m),

¢ = pitch angle deviation from reference direction along
trajectory (rad),

B = engine gimbal angle (rad),
~ The angle-of-attack is given by:

v (4,t) = 3(t) - [4=2_ (£)]d(t)
(4,8) = f(t) + - o m <A

where
Vy(Lst) = wind velocity component orthogonal to vehicle at a
distance 4 from the vehicle tail (m/sec),
4og = distance from tail to vehicle center of gravit& (m),
V(t) = nominal vehicle velocity (m/sec),
The pitch angle equation is given by:
I ﬁg--m +jL§E3(z-z ) wdl (2-3)
pac? =~ ged T Tar (nteg) dt, i
where IP = pitch moment of inertia of wvehicle (kg-m-secz).

Define the following terms:

L dFs
FA = 3 _ de (B-4)
= aerodynamic side force due to a unit angle-of-attack
(kz),
L dFs
Fbop = Jo - (8-t )at (E=5)
= aerodynamic pitching moment due to a unit angle-of-
attack (kg-mg,
where L, = aerodynamic moment avm (m),

cp
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dF
Iy = Jt S (4t ) al (E-6)

= aerodynamic pitching moment due to a unit pitch rate for
unit vehicle velocity (kg-m<),

definitions, we have (with the dots indicating time derivatives):

|
|
|
Then, substituting (E-;Z) into (E-1) and (B=-3), and using the above }

“w (B ~D +F) F F 3
y = —= ;,; : ¢+ﬁﬂﬁ-ﬁmy(t)
B v,(4st) dF,
s M#Ztg ple) + 5 fL T(E) _du (2-7)
S ) F 4 F 4
¢ -%-22¢--§—°58-ﬁ%¥7— y(t)
P p P
. ¢ 9 : v(z,t) dF
'T%(Up ¢+ i—;J -WT— —a(z-l. )d!' (E-8)

|
\
|
The structural bending moment (in kg-m) at a distance % from the \
tail is given by: \
£
Ip(t,) = 18 + fi ~2 [4,,) Gy + G,
(8-9) l
# (Bt (s ~£)] ot

where

My = F L2, + G, - Gy2,.]  (kg-n),

o Jot HolUocy = Lo )Uhoep = 4o)
3" I *
P
G e O( ocg -LO)
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1if 0< 8 < £,
u(to-t) =={
0if 2 > Lo s
M, = mass of section of wehicle from the tail to L, (kg),

zocg = ce?tgr of gravity of section of wehicle from tail to
£ (m),
o

I, = pitch moment of inertia of vehicle section from tail to
Lo about Loeg (kg-m-sec?),

Define the following terms:

f) S,
My=J e [(=2,,) 6 + Gy + (4-tu(45-2)lat  (E-10)

= structural bending moment at Ly due to a unit anglo-of-
attack (kg-m)

= stmc%uml bending moment at L, due to a unit pitch rate
(kg-a“)

Then, substituting (E-2) into (E-9), and using the above dofini-
tions yields:

M

S -
Ip(ty) = M0 + M8 - gy ¥ = gy

v(z t) dF_
+f V(t) da[(,eﬁ )Gl+62 (B-12)

+ (L~ )u(2,~4)]aL,

The integrals in equaticns (E=-7), (E-8), and (E-12) must be evalusted,

‘ This was done in [6,1] by assuming that the incident wind loading could
} be represented by the output of a filter driven by v w(L.t"‘). Define the
[ ‘.
| \
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load filter state varisables to be Mys Ty and 1}3(dimensionlass). The
the load filter eﬁuations arei

" v (L,t)
fo= - ) N, 4+ -2 (E-13)
T (ERE a1 |

® " (43 1 s el

n2= e %ﬂ nz £ %ﬂ.tl 173 5 —@-H-—-— : (3'1"“1
«.2 2

. V t v”(th)

n3= "é‘lz n, - "*n';— ’ (E-15)

lﬁnn Eland Hz are given constants (units of metsrs), Thus the irio-
grals mentioned ure approximatzd by

J.L ‘vm(.ﬂ,ﬁ) dF_ :
. 3 R il = F A[alnl % aZT'ZJ (B-16)
J.x, v (2.¥) dF, ' ;

o VYT T (log)dl = Fplaghy - a0, . (B-17)

(4,£) ar
IL o) 3 )
o Ve & [(-feg)oy + Gy 404y - Ldu(l, = £)]as

= ‘1“535}.‘1 * 367]2} 9

where the ai’s are glven ooofficients (al, Ags 25, and ag are dimension.
less; 8, end a), have dimensions of meters),
In [6.1], it was fourd that the incident wind, v, (Lst), could be

represented by the output of another set of filter equations whoss

states are @y and @,
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where &1 = th3m2 + cl»/vg n(t) : (E-20)
, = - thsml - thuwz + czlvh n(t), (B-21)

and n(t) = white noise input with unit variance and zerc mean
Vh = vertical component of wvehicle velocity

s Cos c3. e 05 = given coefficients,

In this booster model, the control u is a scalar which drives the
gimballed engines, The equation describing the gimbal actuator dynmanmies
. is assumed to be: '

B = - 14,68 + 14,6u, . (B-22)

The bending-moment rate will be of interest when the response

vector is formed,

Differentiate (E-12):

I(8,) =¥ 8 + M8 + Mp + up
& @) Ry -E (D
(8-23)

- -%34- I’Ia[a5‘f|1 e a6'n2] + Maa5‘!.)1




Then, essuming that {'(t), ;5. and :'6 are negligible, and substituting
(E~7)s (E-8), (E-13), (E~14), and (B~16) to (B~22) into (E-23) reculis

ine

where
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L) = Rej 4 Byf + Ryg + Bp + Ry 01

& Rnl nl 3 annz 4 Rn3"3 + 14,6 Mﬂu'

M ;
y V' w1
P

o Yy (Fa" D+ FA) Fale
- W‘

ry =y -
5 M Fats _Eé.'_ 95
e S v ;f;g

¢ MF MY ¢
£ "R e at ¢ g ce
ity el g iV

_Medy Mo
: |

e Ty i,

R

MF M4F .2 M. Va
o Al T¢at3 NVas
“nl,-%ag'“‘ﬁv"- N e

-
&

MFa 2F.a Va
. @ A2 A%Y "Ma &
anﬂMaaé--w—--f I -—-ﬁ-;u“

(B=24)

(B-25)

(E-26)

(B~27)

(E-28)

(E-29)

(E-30)

(B-31)

(E-32)



the vehicle equations, wind loading equations, and wind filter equation
in the form of & sui of

These equations can then be easily transformed to 2 state equation in

‘”19
W Rl. nz. and n3. The vehicle drift and pitch angle equations were

Vector-matrix for Ly letting the system states be vy, v, &, é. B,
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It is convenient to summarize the above discussion by rewriting

first order linear differential equations,

found by substituting (5-16), (E-17), and (E-18) in (BE-7) and (E-8),

unch Booster State tions

F=3

¥y (F- D+ F,)  F,4
ey e g e
F_& Fa n FAaZ )
= 2

% V(L) E I Vit)
? p
ol F.a F.a
-BSEg+ Adp _ A4,
I 1 1 I
p P o

%’ =]l 68 + 1k, 6u

%—mwﬂé- cl/'v;; n(t)

Gw
-———~=—E’

dt h 7

c‘ml - ”;*:5"2 + c,f‘:f’h n(t}

(E-33)

(B=34)

(B=35)

(E-36)

(E-37)

(E-38)

(E-39)
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By

o 'é{lnl*ﬂl"’l

b TR (ORI (OFE-
dt H, T2 A 1-12“’1
di o

i ..(_.l y

ét = K H"l

(E-40)

(B-41)

(E-k2)

The system responses considered in the example in Section 6.3 are

¥ ¥ S B, L g, and I,» Using the above derivations, the equations

for these responses arei

Launch Booster Response Equations

n=y

=7

rm g 1l e Oy

gl &g Sh ol
Ma L] L ]

1'5=Ib=-m7y-*ﬁa¢-gm ¢+MBB
4 Maas'ﬂl + Ha'.‘énz

1‘6=5=-1'+.6ﬂ+14.6u

r7=Ib=Ri,y+R¢¢+Ra¢+Raa+lewl
4 M. + N, + N,y 4+ 14,6 u,
Wt A

(E=-43)
(B~4t)
(E-45)

(E-L6)

(B-47)

(8-48)

where the R-coefficients in (E-48) are given in (E-25) \to (E=32).
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The rumerical values of the coefficients used in the example in
Section 6,3 were obtained from reference [6,1] and a NASA document,
"Model Vehicle #2 For Advanced Control Studies," The latter document
is a data packags supplied by Marshall Space Flight Center, containing
information on one modal of a large flexible booster., The values of

the constants used in the system and response equations are:

H = 26,67, H, = 100, a, = a, = 1/2,

e =138 x107, o, = = 9,633 x 1077, c5= 1.0, (E-49)

-l} -
oy =19 %207, o5 = 143 x 107,
The values of the scalars ag and ag are given by

a5(t) = 1/3+ 2/3 (tk)

" (E~50)
9.6(’6) = 2/3 -1/3 (B-é-)
The scalars 9.3 and a) are defined by:
a3(t) - a,(t) = ch(t)
(EB-51)

P(t
a3(t) - 0.3, (1) = 'f::(%) ’

where ch and F, are as definad above and P(t) is a given time function,

The values of the other coefficients in the system and response
equations are defined by Table E.l. This table gives the numerical
values as a function of time of the quantities CF,, CFZ,... CFZZ'
which are defined as:




S S DI TR RO SE DL M DR S

QP DAL NN 3

10

Ve OBFNN- 9

t (soc) )

Table E1

launch Booster Cosfficienie

18 30 45 60 73
Ce00E 00 ~“1+67E~03 ~R8e¢33E~-03 “2+00E~-02 0«00E QO =64 00F~p2
R eNOE=AN ~3,44F~n5 ~Te 19F~nE =14nBF=n4 NeANE~AN “1.25F-n&
3¢450F-n1 3.,67c=n1 3,83r-01 & ,N0F=-n1 bglér-nl 4,6TF=nl
N DOF~00 2.33F=-n3 5,67F~03 9.,83F-n3 1,45F=-n2 1,17F=n2
5.94F =00 6455F~n0n 7.5nF~00 8413F-an 9 e N6FE~Np 1,n3F nl
1.21F 01 1.33F 01 1,47F 01 1,63 0l 1,83F 01 2,05F 0Ol
44.28F 07 4be22F OT Le31F 07 4,37F n? 4e34F 07 44.31F o7
DODF 00 540NF N5 2.,67F 06 T+83F né 1,33 07 1,73F a7
QuD0F 00 1.16F na ‘2453F 04 4421F n& 4492F 04 3,42F n4
ND0F a0 T20F N4 2,16F 05 4,32F 08 5.81lF n% ~4 ,48F nS
N AOFE Ny NaNNF NO 1433F n% =4ehlF N4 ~2421F n4 N OOF NN
0.00F 00 6.67F 04 1,63r 0% B3<21F 05 5eN8F 05 6433F nb
2.00F~01 96¢33F=02 4e92F <02 3425%E-n2 3e20F=-02 34N8BE~n2
0,00F~00 3.75F 01 ls02F 02 1.74F n2 2463F 02 3.56F 062
4,24F 05 3,94F 05 3.65F 05 3435E 05 3.05F 05 2476F 05
“~“2619F~07 “3-28;“07 ~5¢93F~07 =1416E—-n6 =2 N6F~N6 ~1le10F=n7
N.ONE AD ~3,91F=n% “6,87F=N5G ~1,25F=n4 ~T750F~08 1e36F-n&
N,00F on 1.25€6=N2 2456F=-02 Uo22F~02 A e56F=n2 Lo NEF—N2
0,00F 00 4,61F 01 1,07F 02 1.90F n2 2483F 02 4 ,46F n2
0.,00F 00O 8,33F-02 He01F~-01 1,21F no 2e77F 0o 3,85F no
000F 0O 3.80F N6 B,9nF €& 1.68F n7 2,75F n7 44,65F 07
2.85F 08 2.,79F 08 2.75F 08 2,69F 08 2.63F 08 2+,53F n8
t (sec) 90 108 120 135 1%
=R NNF~02 “4eNPFE-N2 ~1eRAF~02 =B NNE~N3 A ONE~-ND
=1e09F~n4 ~4 o NEF ~015 ~1s25F=08 BaO0E=00 NeNNE=O0
S5el17F~031 5eB3F=n1 TeO0E-D] 9,17F=~nl l.58F~-nn
T NOF-N3 2e83F~-n3 1eNOF=-02 1e33F=-n4 N NOF=AN
1.21F 0} 1.38F 01 1.53¢ 01 1,94F 01 2.38F 01
2,33r 01 2 10F 01 31 Tra il 3.77F 0l 4e63F 01
4e59F 07 4481F 07 boGlF O7 44728 n7 7e28F 07
Beb67F 06 5. 17F 06 1.67F 06 8.,33F ns 3.33F 05
1.21F 04 £+33F 03 1,05 03 5¢25E 02 0s00F 00
~1¢28F 05 ~3s44F NK *9.59F 04 . =4.RNE N4 NeNOF OO
3,23F 05 n,N0F 00 -8,91F 04 4o 44FE NS 2459F 06
1.17F 05 3,36F 04 Bs36F 03 5.00F 02 DeNHE HO
1e33F-02 6o HTF-N3 Ho6TF~013 ZaBNF=-n2 Ne ANF=NnN
44%586F 02 BebbfF 02 6. 42F 07 Te34F 02 ReS56F 02
2etbF 05 24156F 05 1,87¢F 05 157 85 1.28F 05
7«8B0F~-08 Teb1E=07 4 10F-0R 0.NOE 0N N« OOF 00
20 34F ~n% ~6¢25F~06 Ne OINF (N 0«NNE NN NeOOF OO
2.16F~012 Bel17F~-013 2¢B5NF~03 6e7BE~N4 NeNOF 0D
6e46F 02 9,27F 02 1,287 03 1:712F 03 2.34F 03
4418F 00 7<68F NO l1e43F 00 5400F=~n1 1eB85F=n1
3,95F 07 2494% 07 2.32F 07 1,85F n7 1.45F 07
2¢2BF 08 2.06F 08 l.74F n8 1le¢22F 08

2e44F OB
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FALO FALO F £c
CF]. = I CF2 = —---BI 5 CF = -E—EI
P P 4
¥ F FeD
A £ SO
CFI;, = CF'5 = CF6 . om
M
CF7=MB CFB-HQ CF9=-7
° g
CF._ =X CF,. = GF, . ety (E-52)
10 o 8 i 4 MB 12 V
Iy
CF = === CF Vv =
- R W h N T
| H .n T.
CF L = -é C = -Q ¢ _.Q..
WY 19 =7 18 = Ly
F
> A
CF19 =V Con & M CF21 = P
CF = I s
| R

The values of the CFi for intermediate points in time were deter-

mined by linear interpolation, using the given values in Table E.1,




for the problenm,

APPENDIX F
A "BOUNDED-RESPONSE" STOCHASTIC CONTROL PROBLEM

This Appendix outlines what can be called the "bounded-response"

stochastic control problem, which was discussed by Skelton in [6, 3

The performance index derived here wes used in the second mnpla
Chapter 6 to evaluate the performanse of the launch booster oontrola.
An L-dimensional response vector r was defined in (2-3), In this
 problem, it is desirable that the magnitude of the ith componenmt of r
.be bounded by a given velue, say Yyo

Since r(t) is a Gaussian random

varigble with a nonzero variance, it is not meaningful to place a hard

So the constraint on r must be & probabilistic one,
To formulate the bounded-

following events;

constraint on r,

response stochastic problem, first define the

a; = {event that 'ri(l‘)[ < 71} o w250k (F-1)

b, (J) = {event that ,ri(t)] =y, and

£ Iz, (t)] > 0 exactdy j times in (F-2)
[to.T)} » 1=k + lpoooz ]

where the Y, are positive real rmmbers, and T is the given terminal time

Note that the first k responses are to\.be bounded at
the terminal time only, and the other responses are to be“‘\bounded during
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the time interval of interest., A probabilistie performance index for
this problem is then defined as

: -J-z 1l = Pr{&ly azaucoako %1(0)1-tcbz(o)} (F"B)

= probaebility that at least one terminal response

falls outside its bound or at least one of the

last (£-k) responses falls outside its bound at

least once for t€[t,,T). '
Then the bounded-response problem is that of finding the u€U (defined
in (2-9)) such that J is minimized, subject to the system side~condi-
tions (2-1) to (2-8) and the Kalman filter side-conditions (2-10) to
(2-15).

The problem as stated above is a difficult one, and has mf been
solved to date, However, it is possible to find an upper bound to the
performance index in (F-3), and the problem of minimizing this upper
bound is a simpler one, Let

mumber of times |ry(t)| > 71'}, (F-4)

M= ltelt 1), 1= ke, ..

Then we can define a new performance index
k £ P
Jg = 121 Pr (a,;) +i'-=':§+1 E[Ni] ’ (F=5)
where 2, is defined in (F-1), :'"-f,. is the event that a, does mot occur,
and Pr ( ) is the probability operator, It can then be shown (see
[6.1]) that for a general stochastic process, J s 15 an upper bound for

Ja

7 (F-6)
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The advantage of minimizing J, instead of J is that an explicit
expression for Js can be written in terms of the response covariance
matrix S (defined in (2-17)), Also, it can be sesn from (F-5) that
Jé is it‘self a meaningful performance index; so we can have some
assurance that minimizing J s Will result in reasonable system perfor-
mance, Of course, the optimsl Js mst be small for it to be a mean=-
ingful upper bound to the probability of the event in (F=3),

'.l'_o‘ express Js in the simplest' form, we require that the response
“‘"61‘!«1 in the following manner: '

re Er '“rkrk-l'l'"rllrtl"’l"'rlj’ ’ : (F-?)

~_!here(£1«k) = (z-zl). and

Py eT5se0eT = responses which are to be controlled at
the terminal time,

P41 Tipor 0097y = responses which are to be controlled
KATZTh  for time telt,,1),

2 s °
r£1+1 !r“l.‘_z'o oorz o= rk*f'k+2'|o -l'z

= uncontroll?d responses which give
values of ri(t). e 1 RN
The first 4, responses are the only ones of actual interest. The last
(l.l-k)_responses are uncontrolled, which is equivalent to setting s
arbitrarily large for i = £1+1....l. Thus

E[Nij = 0. i= zl“'l.ooc‘ . (F‘a)

"So (F=5) can be rowritten
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k A |
JS = iEl Pr (ai) +1=§+1 E[Ni] s (F"‘g)

which indicates that the last (tl-k) responses are not directly consid-
ered in the performance index. The reason for including them in the

response vector is that both r,(t) and }i(t), 1=k, ..l , mst be

1°

checked to see if the event bi(j) occurs as defined in (F=2), Specifi-

eally, E[NiJ for i = ktlysssd, is & function of the quantities

B2 (t)], Hx, (), (£)], and E+2(t)], where & +] denotes expectation,
The complete expression for Jg can be derived (as in [6.1]) by

extending the Rice zero-crossing formmla for stationary Gaussian pro=

cesses given in [F,1]. The resulting expression is:

T : -
Jg = gy[S(1)] + jt g,[S(t)lat, (F-10)
" .
where s(t) = E[»(t)r'(t)], (F-11)
£ Y
T 3
(8(1)] = 28~ (F-12)
% 1%-.‘1 i J‘s;i'mﬂ)
£
g, [8(t)] = ) 2P @), (F-13)
i=lotd
5 2
N i 3
ON(x) - T J: ) dy, (F=14)

e M - %
and P, (t) = ;_"‘%%%?2“1___1} {a im;{,:l dd 8 1[“:«(%).]} ;

(F=15)

y. M M, 1/2
by, g aln, -2, (F-16)
g 13




- SO
Mli E[Pi(t)J s

M, = Er, (), (£)] = Lxy (g 40, (F-17)

«2 2
M N B E[I‘i(t)] s E[ri-&-:ll-k(t” .

So Js is 2 function of the covariance matrix S, and is a special

case of the performance index J in (2-16). Therefore, the problem of

minimizging J N is a :pecial case of the gensral problem stated in Section

2.2,

3¢,
Expressions for the partisl derivative matrices ---('l‘) and -—-(t)

will be given below, These expressions are neaded to form the gradient

A,of Jg (from the definition in (3-20)),

) = [2km), -a-?-(w]

L

which is used in the computational algorithms in Section 6,3, The
3g, 3g,

vectors -—-(T) and 'a——(t ) are formed from the corresponding matrices

by the “stacking" procedure outlined in saction 3.,4. We have;

s e"p("izf 25,,)

ifi=jandi<k
v f"‘"’“\ 5. ’ -
agl A.i 31
R S (F=18)
asi
R " 0 ] Other i.j.
°g,
The matrix —= is oxpressed in the following way, The on]y nonzero
as
Bgz agz agz og
elemonts in ths matrix are

%, .

. ’ s and s~ , where
38, ' 95 °s

m es lc+1.le+2,...£1. and n = w2 «k,. The above elements are;



2
ag S S
mn _ ‘mTmn
ot =ph1+h2[—-—z—ms byl SR by ]
m mn M
agz 8 Y
__gnhiamn N me R
TR
332 bgz
3, 35,
g h, h
-—2-—8—&2'
asm 2o,

2 °XP<'7::2/ zsm)
o R = J

exp(-pmzl 23,2)
h =
3 V3

¥

hu =] = iN(pm/O'm) .

(F-19)

(F-20)

(F-21)

(F-22)

(F-23)

(F-24)

(F25)

(F=26)

The quantities ¥, pye 80d o are defined in (F-14) and (F-16).

As an example of the above procedure, suppose r is formed such

that k = 3, Al = 5, and £ = 7, Then the partial derivative matrices

have the form:
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AL A IR
o O b ~S O win
e I 0 <] < {0
O Win O W jnn O
0 o © 0
n W
N N O~
O 0 0 {0

o O O O o

[~ B o> I - MBS - PR < )

(- TR ~ BB~~~ SR

and the elements are computed as indicated above,
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APPENDIX G
COMPUTATIONAL TECHNIQUES

The programuing methods and computational techniques deseribed in
this Appendix were used in the two example problems diséussed in
Chapter 6, The phiiosophy used in writing the programs was to keep the
computational work as simple &s possible, subject to the accuracy re-
quirenents’ of the examples and the considerations of computational time,
The good results obtained in the examples in Chapter 6 indicate that

. the techniques used were quite adequate for the purpose of illuétrating
.t.ho PGM and DGIM algorithms,

Progremming was done using the FORTRAN IV langnuage, and the programs
were run on the IR 7094 (for example 1) and CDC 6500 (for example 2)
computing. systens,

G.1 Solution of Differsntisl Equations

The implemcntation of ths PGM and [GITM algorithms inciuded the
task of solving seversl nonlinear matrix differential equations, These
equations are as follows;

a) the matrix Riccati equation, which is given by equations
(2-23), (2-24), and the definition of K*(t) in (2-22)., Given the
parameter matrices A,B,C, and D, and the quadratic coefficient matrices
Q(t) and QF(T). the Riccati matrix P, (t) and the optimal feedback
coefficient K*(t) had to be computed, In the description of the algor-
ithms in Figures 5.1 and 5.3, this procedure was called ".'Sglvu the &i
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problem, yielding K, *(t)." The fanction space element § = [qF.q(t)]
defines the matrices Q(T) and Q(t), as is moted in Section 3.4, and
Ki*(t) is defined in (2-22). The subseript i refers to the ith stage
of the iteration process,

b) the error covariance equation given in (2-14). This equation
‘head 10 be solved for h‘lc(t)’ wideh 15 a matrix function needed in the
state covariance equation (3-3) and the response covariance equation
(3—1).

" _c) tha state-covariance equation given by equation (3-3). This

mtion was used in the procedure in the algorithms entitled, "Find
31* resulting from K;*(t)" Tirst, K,*(t) was used in (3-3) (in place
of K(t)) fo obtain C,(t). The mstrix 5 (t) in (3-3) was found in part
o) above, Then. 5 (t) and X l"(‘.:) were both used in equation (3-1) along
with Ek(+) to obtain the response covarience matrix S *(t), which was
then converted 1o s i* by the “stacking” procedure deseribed in section
3.4, The "*" in the above discussion refers e iths solution of a

JQ-problm. ard tne subseript i refers to the ith stage of the itera-

tion process,

In both eramples, the above equations were solved by using digital
mmerical integretion tochnigues, In the first exampls, a fourth-
order Range-Xutta method with 2 fixed suep size of 0,02 seconds was
used (the totsl time interval was 10 secconds), This method resulted
in a computer time-pur-iteration of 75 sec, for PGH and 40 see, for
DGIM on the IEM 7094, These iteration times include the mmeriesl
intogntion of the above equaiions and the computation of the new Q(t)

and QF.matrices. The iteration times were acceptabls, ;h_ was the
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accuracy of the integration technique (as measured by halving the step
size, rerunning « few iterations, amd comparing the resuits). So no
further refinement of techwique was attempted,

. The task of solving the differential equations in the second
exsmple was a much wore difficulit one, because the high order of the
system and the time-varying natv-s of the coefficients resulted in
extremely long integraticn tiues, even on the CDC 6500, The integration
metlod finally desided upon after mnch experimentation was the sinple
Buler method (iinesr extrapolation of the deriva»iva). with a ﬁxed
atop slze of 0,0L seconds, The total problem %ims was 150 seconc’as.
Other integration metheds, such as Fange-Kutta and Hamming predictor-

- eorrector were tried, but they took two to four times as much conputse

tional time as ths Bulsr methed, using the same basic step size. (The
computational tima ncedad to integrate the various differential equations
is discussed belew.) It was found that the results of the numerical
integrations using the three methods mentioned sbove were quite compara-~
ble when the basic stap sze of 0,01 seconds was used in each, There-~
fore, the Euler meihsod was chosen becsuse of its speed and simpliecity,
Skelton urad a madified version of the Euler mothod on the same problem
in [6.1], and also fourd that it wes an adequate integration technique,

Several technisic= for M*ﬁng ccaputer time were used in the
integration routines;

a) The metrix equations to be integrated wore the state covariance
equation (3-3) and the Aicestl equation (2-23), (In the second example,
the Kalmen filter equations were not required; so the err?r covariance
matrix Ek(t) did not have to be compated, and the terms if‘z‘\\(j-l) and

e ol et e e L PR R RS el i i s
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o (3-3) inveliviug B, were sut %o zere.) The solution matrices (éx(t) and
' P(t)) of thuse equations are Loth sysmetyie, 30 only the upper half
and the disgensl perts of the matrices were computed., Since both P
and c were 10 by 10 matrices, this mesnt that 55 simultanecus equations
(irstead of 100) were integraiod in each case,

b) A2 can be zesn (rom (2-23) ard (3-3), the computatibn of the
_derivative matricas P (1.) and (t) luvolved a pumber of multiplications
of high-ordsr matrices, These multiplications were the operationrs in
the integration rowtine which took the mst computer time, 'l‘hereforo,
.lpeci:l routines wiich eliinated many r re-multiplications were written
and used, instead of siandard matrix wnltiplication subroutines,

6) It cun be sean fy = thc svotem equa‘ions as written in

Appendix E (W"f“’ans (E~33) ¢ (B-42)), that the parameter matrices

L,B.C. and D must be recozated every O, Ol geconds during the integra~
tion proeoss, usivg ths givua (or ianterpol.oted) values of ;.ha CF, ~
eoofficienbs. To gave on scaputser time, the valueﬂ of the A,B C and

D mtr:loes at five~goccnd iatorvals were instead oonrputad be*‘orehand,

" Then their givcsz: er linseriy internslated values wore used directly in

the inte"mtion routingz end in the computation of S(t),

Using the aboyr techy iues s the E\xlér integration method rosulted
in reﬁsomble conpute » Liwss (-untral proces sor exscution time on the
cbc 6<OO) m th sseaird oXauspls, The integratipnv cf the Riccati equa~
tion in (2-23) tm‘ 7.0 sosonds; the integration of the covariance

"(oqut:\.on in (3-3‘ i seather 'ﬂi‘i.h tas computation of S by (3—1)' took 445

uoonda. It chould be vn‘“mn tlat the parfomanco indicas J in

(6-34) and JN in (u»la p 1m*mv*ad irtog*a.ls of functions of S(‘b)g and

\
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were therefore computed along with C_(t) and S(t). The computation of
Jy-took about 10-;qconas. and that of J_ took about 115 seconds (due to
the complexity eof J 8). It was this difference in time required to com~
pute Jy and Jg that was the main reason for the difference in computer
times for the PGM and DGIM algorithms, as mentioned in Section 6.3,

It is possible that a hybrid computer facility would have been
the most efficient computing tool for the implementation of the PGM
and DGIM algorithms, The grest bulk of the digital computer time was
used to integrate the Riccati and covariance eguations, MNuch time
could have been saved if the equations were integrated on an anslog
computer, The computation of the mew quadratic coofficiantg would have

.been performed digitally. Sincs no hybrid facility was available,

however, it was mot possible to try this computational method,

Ge2 Storspe and Handling of Time Funetions

When implementing the PGM and DGIM algoritims, it was often

necessary to store, punch out, or manipulate certain matrix time functions

defined on the entire problem time inmterval., For exsmple, a feedback
coefficient matrix K(t), t€[t ,T], which was computed by integrating the
Riccati equation (2-23), had to bs stored on punch cards so that it
could be used later in computing C_(t) from equation (3-3)., The method
used was to store the values of the matrices at given squidistant time
instants, and use these values in manipulations or to produce punch card
output, Then the resulting matrix time function was recovered (approxi-~
mately) by interpolating the given values. Linear interpolation was

generslly used, because higher~order interpolation methods could not be

Justified unless extensive knowledge of the time functions involved was
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availsble, This knowledgo was rot available beforehand, in gensral,

so the lipear interpolation metheod was used, In the first example, the
nlm of the functions were stored st l-socond intervals (over a 10-
second problem tims) and in the second exsmple, at 5~second intervals
(over a 150-sccond problem ¢imo). The sbove intervals were chosen
experimentally, and were found to be sdoquete,

G.3 One-dimonsional Minimization in PGM

: . The cmial step in the PGM algorithm, as described in Figure 5,3,

. 1: th- dntemimtion of tha 9€[0,1] at which J[ (13, + ys *] iz a
ﬁm. given two points 31’ si*&. This can be viewed as a “one-

dimensional® mirimization problem, in which the functional J is to be

‘minimized on the "giraight 1ino" connecting 's‘ and si « The tochnique

used in performing this tesk was based on the fact that the functionals
to be minimiged in hoth exemvlos were convex, As dsseribed in Chapter
6, the PGM algoriths was applied %o J in (6-6) in the first example,
and to Jy in (6-40) in the cscond exumple, PFeczuse of this convexity
property, a local winiwmm point along the "straight line” is also the
absolute minlmum poliat, Therefore, the minimization technique was
simply to “walk" frem 8 to Qi*. sampling the functional J along the
way, until a locsl minimm of J was fourd,

To implement this technique, a metlod of taking appropriate “steps"
along the line was developed, as was a method for evaluating J at each
step, These two methnds will be deseribed ssparately:

1) "Walking™ Technique
At the ith stage of the PGY slgoritlm, the points ‘§i and 31* are

aveilable, A methed of “walking” on 2 straight line Irem &, to 3,*
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to find an approximste local minimm of J on this 1ine is defined in
Fig'nre G.1. The fellowing notation will be used:
I, = "streight 1ino" fm\'ﬁii"'bo o0

{ﬁsﬁ (lufy)s 4 Y":i.
for all )é[O,lJ

Y = fraetional distance elong L, from s to si + a8 in the

above definition of L, i

m bagic idea.in the ’»mlking technicme is to store the valus of

""ff.-a :t ths beginmirg of the lins, at 844 Then a “step" along L, is

takan. and the valne of J is sampled at this new point, If the latter
value of J is less than that at 8§,, then the new point is stored and

‘*.he "walk" is contimmed as long as the sempled values of J contimie to
decrease, If the sampled velis of J at & new point is greater than at

the previous point, the previcus poinut is taken to be an approximste

local minimm point of J on Li'

During the process o7 the welk, let

8 8;m = the point on L; at which J has taken on its smallest value
80 far,

Yp = the value of y whica corresponds to 2

im’
ai.c = the naxt point on Ly at which the value of J is to be
sampled and compered with J(8,,),

Ye = the value of y which eox: ragponds to si.

Ay = the size of ths "step” to ba taken from sm to si
measured as a freeticn of the length of Li'

Using the above nolation, ths procedurs in Figure G,1 can be described
by the following sequence of stopas \

a) The welk begins at §,, S0 8, will be set equal to 3,, and

84
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START

-0
4y = 0,1

:

Yo = Vg + by

!

v

fin = (1'."’"!)?1 L
%40 = (l"yo )'1 ¢ 7cai*

!
!L< Hay) € 3Gy) @
Yos

7*%+w
Yo ? Yo + &y

Ay"o.lxb‘y

7‘ e d )'l - 0.1

Ay = 0,01

Figure G,1 One-Dimensionsl Minimization Technique
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‘ y -'o imtially, The imitial step size is Ay = 0,1; that is, the

longth of the first step is ons~tenth the distance from é to 3 *,
b) The point s is computed using the given vaiue of Y* The

 point si ¢t 8b which J will be evaiuated and compared to J(an). is

also computed, using Yo = ¥y + &Y. (At the beginming of the walk,
Yy = 0 and ¥o.= 0.1; m0 fs'm = 31 and §. = 0,9 §i .2 0.1,31".) _

me computation of s_j and 31 is carried out as follows, The
pointa 3:!. and a * are delined by the corresponding matrix fuanctions
at-' time si(t) and 5*%(¢) by the "stacking" procedure described in
Mion 3.# (whore the superseript i corresponds to the subseript i in
31)..-_ In the actual computation process, S (t) and s* *t) are available
An the form of valuss of the watrices at equidistant time instants in
the interval [t ,T], say at ¢ = t,, k = 0,1,2,,,.K, where t-=T, and
tk-r],'tk'i’ con;tant. The intemediate values of the matrices are then
approximated by livsar interpolation (this method of storing and
handling matrix timo functions is described in section G.2), Let the
points 3:\1& and 8, be dofined by the corresponding matrix time functions
'Sm(t) and Sic(t). The values of *hwse matrices at t--'tk, 1=0,1,250 ..k
were computed by:

sm(tk) = (1.-/m)si(~zk) - ymsi"(tk) (G=1)
si°(tk) = (1-yc)si(tk) + 7331 "(tk> (G-2)
f@l‘k ‘-2 0,1:,'2” ® b::'zn

The intermediste valuss of S () and 5:°(t) in the interval [t 7] are
then defined by linear interpolation of the valnes of the Qatrieoe at
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~ the diserete times, By the above procedure, the entire time functions
8™(t) and 5'°(t) are defined, and therefore so ave 8, and 3, . Te
diserete time instants used in each example were discussed in section
@24
¢) The walues of Jat 8, and Eic are compared; if J(Qic) < J(‘ém),
then % is set equal to 2 ami the walk contimies, The procedure
nﬁm to b), with updated ¥, and ¥_. If the above inequality holds
for'y = 1,0, thisumthattho“walk" fms toﬁ*hasboonocu-
Wandthatﬁ*istheapmﬁnteminimmpomtotJonL So

.
Y :lsaetequltcl. iaseteqmltosi y and the minimization

procedure is terminated, :
d) If the inequality J(3; ) > J(8, ) holds instead of the reverse
1mqndity in c). then 3 is an epproximate local minimum point along

: "1' within the sccuracy of the step siszs Ay = 0.1,

e) If the inequality in d) ocours on the first "step" (i,e.,

'whtnri-()cndyceo.l). it means that the minimum point a:;fJonLi

~must oceur for ¥5(0,0,1), Therefore, the “step size" Ay is reduced by

& factor of 10, and the "walk" is restarted at 8, (with y, =0)., This
reduction of step size and restarting of the walk is repoated until an
spproximate minimm point is found in (0,0,1), A minimum point is

guaranteed to exist Ly conclusion 1) of Theorem 5.1, 8o an approximsate

‘mindmem point can bo found,

f) At this stage in the procedure, an approximate minimum point

~of J has been found by the steps outlined above, This point is one of
- three types: 1) it is tho end point of the line; i.e., : 1 and
"ﬁh = 31.*; ii) 1t is s poixﬁt in (0,0,1), and has been dote:mimd with




168

an aceuracy corresponding to the value of Ay when the approximate local
minimum is found (remember that 4y is divided by 10 until such a mini-

mom is found); iii) otherwise, it is a point 8, defined by V=01 x N,

im
where N is some integer from 1 through 9, and has been found within the
accuracy of the step size 4y = 0,1, In this last case, a better
approximation is then cemputed by letting : L 0.1 (i.e., by taking
& "step backward"), reducing the step size to Ay = 0,01, and restarting
the "walk® from the point § which corresponds to the new ¥ . A new
l.ppnmhato minimum point is then determined with an accuracy corres-
pending to a step size of Ay = 0,01, -
The procedurs described above was the one used in the first

example in Chapter £, In the second example, the re@ctioz; of-step
size to Ay = 0,01 and the subsequent refinement of the approximate
minismm point .(described above in f)) was not performed, This simplifi-
cation was made because it was found (in the first exsmple) that the
refinement procedurs did not speed up the convergence process to any
great extent, The results deascribed in Section 6.3 using the simplified
minimigation procedure were quite satisfactory, so no further adjust-
ments in the procedurs were made,
2) Bvaluation of J

‘ One of the steps in the minimization procadure described above
. roquirés that J(?sm) and J(‘éic) be evaluated, given the points ain
g a.'u:'
matrix time functions, S°°(t) and 8:°(t), as described in step b) of

The points Sm and 31@ are defined by the corresponding

the above mimimization procedurs, In the following discussion, it is
- assumed that the values of Sm(t) and Sic(t) at discret'e,\ instants of
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time have Leen computed, using equations (G-l) and (G=2), The values
'of the matrices at intermediate points in time are found by linear
Anterpolation, as mentionsd previcusly,

The method used to evaluate J(ﬁm). given Sm(t) in the above form,
will now be deseribed (J(Sic) was found in a similar way), The general.
forn of J used in the evaluation procedure is given in (2-16). Since
81'(1‘) was given by (Ge1), the first term in (2-1) was computed :
directly, The sscond tern was svalusted by first defiming s new
mﬂ .

t
pm(t) = ft fztsm(-r)]dr . (G=3)
o

" .where £, is the same as in (2-16), A corresponding differential

‘equation for pm(t) iss

dPn(t)

= £,[s(1)] , (G=4)

with Py, (t) =0, (G=~5)

The above differentis] equation was then integrated rmmerically, and
the value of the second term in (2-21) was set equal to pm(T) to
complete the computation of J(8;,).

' The mmericel integration methods used in the evaluation of J
were the same as used to integrate the Riccati and covariance matrix
equations (see section G,1)., A Punge~Kutta method was used in the first
example in Chapter 6, and the simple Euler method was used in the second

example, The values of Sj‘m(t) used in computing the right side of (Gwi)

at each integration step were obtained by linear interpo].“;ion of the
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given valuos of Sm at diserels time instants,
.~ The specific performance indices evalusted by the above method

# . were the norm index in (£-8) (in the first example), and the Jy index

in (6-40) (in the second sxample), The successful use of the PG
algorithnm in the twc examples in Chapter 6 indicate that the above
method is a satisfsctory ome,

G.4 Evaluation of PG Results using dg

In the example discussed in saetidn 6.3, the PGM algoritim was

tpplied to the problem of minimizing the J'I performance index, The

tomlt of this application was 2 sequence of points {8;} ina, It was

of iubereat to compate the value of the Jg performance index (Skelton's

probability uppsr bound) for each of thess si's. This problem of

evaluating Jg (3— ) given ths peint s:l is very similar to the ewsluation
problen discussed in part b) of the above gection G,3, The point 31
is defined by its corresponding matrix time funetion S (t). Just as
ih was defined by Bm(t). Alss, Si(t) was available (computationally)
i:i the form of its values at discrete instants of time over the time
interval [tc',T}, The intermsdiste values of Si(t) were approximated
by linesr interpolation, DBecsuss of these similarities, the same

evaluation methed as discussed in zection G,.3 was used to compute Js.

which is dofined in (6-34).

The abave avaluation mothod was used in computing the values of
Jg shown in Figures 6,12 and 6,17, In these figures, the results of
applying the PGM slporithm to the JH-problem and of applying the DGIM
ylanrithn to the Jsupmblam are compared, The values of \‘{s shown are

only approximate oncs, bocusse the 1inser interpolation apﬁgmdmtion
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.pf.si'(,t), betwesn ihe given time instants introduces errors into the

ot computation of dge Howsver, the DGIY results and the PGM results wers

‘both evaluated using the same approximate method, so the comparison of
the results is & fair one,’

G.5 Computation of Ay and A]

~ In the example problems discussed in Chapter 6, it was required
thaf. the quantities A, (defined in (6-13)) and 4 (defined in (6-14))
hu impntod. Aa explaimd in section 642,2, these mmbers were

oi‘ ﬂm "gnzle® oet;wean two veetors in the spawe o (0 is

#ied in Dofinition 3 of Chapter 3), By the definitions in Chapter
6. wo haves

I
-

R B B e (6-6)
1 gl v *)llo Jlo

o B e

4 = | IETe ~ Tooaoils |, (6-7)

The “vectors"® z‘ii. 1?.3‘{&1*), and DI(8%) are all given elements in the
space 0, and the nom ||<[jv is defined 1n equation (3-11). The compu-
tation of the nom of an clement in o is the essential problem in the
determination of 4 ; ard Ag.

To describe the method used to compute the norm of an element in

.Gy Wo considsr a typical given element & = [eF.e(t)]&o. The wectors

o and e are tz-cﬁmensioml. and o(t) is defined on the time interval

. [‘»b,.!']. The norm of & is dofined to be:

- 7 1/2 Wy
lelo = fop « op + ft_ o(t) » e(t)it} (G-8)

L+
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‘\lhare the dots Miclta the Enclidean inmer product, As discussed in
vuemn 3;4. the veacter e(t) is fommed by "stacking" the columns of
the oommzding £ by £ matwix fanetion of time, B(t), and op is

~ formed by “stacking” the columns of an £ by £ matrix Ege So (G-8) can
be rewritten in terns of By and B(t)s

£
- qalape

nanu{z B ]k

B e ;
B j(t)dt} . (G=9)
is5=1 ij o iu’?"l

m tho\nbecripts indicats matyix a%mem.

"' 48'was discussed in sections G.2, G.3, and G.b, a matrix time
tnmtion such as E(t) is specified computationally by its values at
discrete equidistant instants of time in [t ¢Tls Let these time
instants be {tk}. k= 0,1;.0.k, whore tp =T, and let tepy~t= ¢ for
k= 0.1....k-1. For the purposes of computing the norm of o, the time
interval [t .'rJ wae divided 4o (k-1) subintervals [t .tkﬂ), where
t, < ) Seeetp = T, Then E(t) was approvimated on these subintervals
by

E(t) = E(t)) when €[yt . ), (G=10)
for k= O,i,;..?-l.

Using the above approximeiion for E(t), equation (G-9) ecan be approxi-
mated bys
ka1

&
lee={ ) = Z Z “‘k)} (6-11)

1,01 ij

Sescing
The above appreximation to the norm was used in emigzting 84. For

\
notational conveniense, let 5 = DJ(8,%) and § = §,, By definition of
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Q= Lagaaltdl; (6-12)

Pp= [Ppﬁp(t)l ’ (G-13)

where ps Qs Ppo and p are lz-d:bxensionll vectors, and p(t) and q(t)

are defined on [t ,T]." Let the £ by £ matrices Qs Qt), Pp, and P(t)

correspond to the vectors g a(t), Pps and p(t), respectively, That

1.' _ 48 mh, "mo)ting.. the ool% of Qp, ete, Then, by using

M}.utonw ows that

/2

4

: -
8; = [TERM 1 + TERM 2]

£
where  TERK 1 = )

9 Pp
my =] [Rﬁf ¢ WJZ :

$ el
) B )2
mmz-e y Y [ -TmtE

mnel k=0 - lldlio fiBlle
and whers [[fllc and ||Bllc are also approximated using equation (G-11),
The quantity ¢ is the interval of time between the time instants at
which the values of Q(t) and P(1) are specified computationslly,

mqgautitya‘i’m computed in & similar manner, The above

method of computing 4, and Ag was used in the results shown in Figures
645, 6,6, and 6,15, In the first example, ¢ = 1 sec,; in the second
example, ¢ = 5 sec, (as mentioned in section Ge2),
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The stochestic optimal control problem considered in this report is characterized
by & dynemic system waich i: liseer in the state and con®rol vectors, end which
is disturbed by additive Gavssisn white no.aeﬁ-'sncﬂnrlete. noisy otservaticns
of the state vacteor ara aveilaohd e, -and the control is required to be a linesr
feedback function of the escimated state vector. The components of the state
vector and coutrel vector vwhich are of interest are lumped together in a response
vector, and the performence index to be'minimized ie then a function of the
statistics of the response vector, It is shown that a welleknown stochastic control
problem, whose performance indew 1z the expeci2d value of a quadratic form on the
state and control, is a special cese of the move general problem described above.

The general problem is then reformulated as a problem of minimizing a non]in*qﬁ
functional on a set in a Hilbert spaces In thiz formulation, the welleknown "gquriratic
problem becomes coune of minimizing & linear Tuactional on the same. set in the space.
Conditions are derived under which the two problems are "equivalent"; that is, tne
linear end non-linear functionals which specify the problems take on their mininm
value at the same point in the space.

A function space algovitkm of Dem'yanov 1= then applied ta the solution of the
general problem. This algorithm mekes use of the known formal’ solution to the

"quadretic” problem in the iterstion procedure, In function space terms, the algorithn
iteratively colves the problem of minimizing the nonlinear functional by solviny #,
sequence of lirsar functional minimization problems,
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The above aspproach is illustrated by two example problems. In the first
example, the objective is to find a "minimum varience" control for & thirdecrder
dynamic system, In the second example, the objective is to find & control which

minimizes wind~gust effects on a large, flexible launch booster, The booster dynarie

and windegust effects are modeled by e tenth-order tine-varying linear diffsrent
system: The function space approach and the elgorithms developed were found to
be useful in obtaining good controls for both examples,
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