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Abstract

Second-order effects upon the wave systems associated with
bodies in uniform supersonic flight are considered. An appropri-
ate scaling of the independent variables is introduced to take
into account the locally small, but cumulative, nonlinearities
which undermine the validity of the classical perturbation theories
at large distances from the body.

For planar flows, the solution valid at large distances from
the body (the wave structure solution) is uniformly valid to the
body surface, and the boundary conditions may be applied directly.
For this case, the simple wave results of Friedrichs as corrected
and extended by Lighthill are confirmed, with a minor correction
noted for the location of the rear shock at very great distances
from the body. It is noted that effects locally of third order
must be taken into account behind the trailing shocks to give proper
global integrals relating to the 1lift and drag of the airfoil sec-
tion and to determine the positions of the trailing shocks to second
order.

For flows about finite bodies, the wave structure solution must
be matched with a quasi-cylindrical, local solution to provide the
inner boundary condition. This procedure gives rise to an inter-
mediate (or one-and-one-half-order) solution which corresponds to
the first-order solution over a slightly modified body. In these
two wave structure solutions, the azimuthal angle enters only as a
parameter, and the flow in each azimuthal plane may be thought of
as that about some equivalent body of revolution. Dependence upon
azimuthal angle does arise in the true second-order wave structure
solution. The complete general solution has been found for this
second-order equation, but the third-order local solution is required
to effect the matching which determines the inner boundary condition.
For flows over bodies whose surfaces lie everywhere near an axis
aligned to the flow, an additional matching is required with a solu-
tion valid near the body: surface to determine the local solution.
This slender-body solution is also required to third order to de-
termine the wave structure solution to second order. The lack of
a local second-order theory of sufficient generality is the major
hurdle in determining the wave structure solution. Local third-order
solutions can presently be obtained for only the simplest conical
geometries.

Predicted shock angles for the flow over slender wedges (planar
flow) and cones (axisymmetric flow) are compared with exact inviscid
calculations to show the improvement afforded by inclusion of second-
order effects. Inclusion of the full second-order solution is re-
quired to achieve appreciable improvement over the first-order theory
for the conical case.
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Chapter One

The Introduction

1.A. General Introducfion

The present treatise is concerned with the mathematical descrip-
tion of the wave systems which emanate from bodies in supersonic
flight, and, in particular, the behavior of these systems at large
distances from the body. A perturbation theory, which includes ac-
count of essential cumulative nonlinearities, is considered, accurate
to terms of second order.

Such a problem is of practical interest as it relates to the cal-
culation of sonic boom overpressures, where we are interested in pre-
dicting the effects of a high flying, supersonic aircraft in the vi-
cinity of the ground. It is also of theoretical interest as it illus-
trates techniques useful in solving problems of weakly nonlinear wave
propagation. For, while the classical linearized theories of super-
sonic aerodynamics are perfectly adequate for the prediction of dis-
turbances near the body (and especially surface pressures), the failure
of these theories at large distances from the body has long been recog-
nized, and a correct theory must in some way account for cumulative
nonlinearity within the wave system.

The equations of steady, compressible fluid flow are inherently
nonlinear, even when the simplifications of negligible viscosity and
irrotationality are used. The mathematical treatment of nonlinear
equations is still largely restricted to especially simple cases, and
the complexity of the fluid flow equations precludes treatment in any
generality without additional assumptions to provide further simpli-
fication.

Perhaps the most useful simplification -- at least for the case
of supersonic aerodynamics -- is to consider that the flow is every-
where a small perturbation upon some known flow field (usually uni-
form). The nonlinear problem is then broken up into a hierarchy of
simpler (often linear) problems, and the solution may be found as an
asymptotic series, successive terms of which contain factors of higher
order in the perturbation parameter.

" The classical approach to perturbation theory for steady super-
sonic aerodynamics yields the scalar wave equation for the velocity
potential, to be solved subject to appropriate boundary conditions, as
a first approximation. Higher approximations also satisfy the wave
equation, but with additional nonhomogeneous terms which are known
functions of the lower-order solutions. Thus, a hierarchy of linear
problems is set up and may be solved to any degree of accuracy desired.
Since the homogeneous part of each equation is always the scalar wave
equation, the characteristics are not revised in successive approxi-
mations. Higher approximations may then be thought of as giving suc-
cessive terms in the Taylor series expansion of the exact solution
about the linearized (freestream) characteristics (Van Dyke (1952)).



Such a scheme has been extremely useful for predicting distur-
bances near bodies immersed in supersonic streams, especially for
predicting surface pressures. However, since the characteristics
are not revised in higher-order solutions, the predictions become
increasingly inaccurate as the distance from the body is increased.
Such behavior is a result of the "nonuniform validity" of the lin-
earized solution. I.e., the solution obtained by such a scheme is
not equally accurate at all distances from the body. Physically,
this is due to the fact that the actual (exact) characteristics and
the linearized (freestream) characteristics are getting farther apart
as they are followed away from the body. This deficiency is serious
if we are concerned with accurately describing the flow field at
large distances from the body, and is interesting from a theoretical
viewpoint as it illustrates the nature of (at least one type of) non-
linearity which must be accounted for to achieve uniformly valid
solutions.

The essential nonlinearities in the solution at large distances
from the body may be accounted for in two ways. We could solve the
purely linear problem for the solution on the linearized character-
istics, and simultaneously correct the placement of these character-
istics in physical space due to the perturbations of the solution.
Or, we may try to rescale the independent variables of the problem
in such a way as to bring the essential (or cumulative) nonlineari-
ties into the lower-order problem. Hopefully, this rescaling will
also provide some simplification in the other terms of the equation,
so that the new equation will be mathematically tractable. In this
second approach, the first-order equation will be nonlinear (as it
must be to achieve our goal)}, but higher-order equations will again
be linear.

This second method will be used here. The specific purpose of
the present treatise is to discuss the nature of the second approxi-
mation, or the second term in the asymptotic series representation
of the perturbation solution, valid uniformly to large distances
from the body.

The purpose of such a second-order theory is two-fold. First,
it may provide increased numerical accuracy for solutions simple
enough to be calculated analytically. But, secondly, and more im-
portantly, a study of the second-order solution is one way to verify
the uniform validity of the first-order solution, thus showing that
the entire procedure is indeed a rational approximation to the exact
solution in some limit. Further, such a study gives greater insight
into the nature of the first approximation, and provides limits on
the accuracy of that theory.

1.B. Relevant previous researches

The background of the linear theory of supersonic aerodynamics
is well established in the literature and textbooks, and will not be
discussed here. (See, e.g., Ward (1955) or Heaslet and Lomax (1954)).
Local second-order effects were considered by Van Dyke (1952).
He solved the potential equation by iteration (i.e., using the first-
order solution to evaluate quadratic terms) to obtain a second

2



approximation. He found complete particular integrals for the non-
homogeneous terms in the cases of planar and axisymmetric flows, thus
reducing the second-order problem to an equivalent first-order prob-
lem. His solutions gave marked improvement for the calculation of
surface pressures, but were not uniformly valid at large distances
from the body. He recognized this fact, and realized that it was due
to the inability of the theory to revise the characteristics ‘in suc-
cessive approximations.

Friedrichs (1948) first obtained solutions accurate to second
order and uniformly valid to large distances for the planar flow over
airfoils, using the fact that the flow is (to second order) a simple
wave. Correction of his expression for the shock slope in terms of
the perturbation quantities on either side and inclusion of effects
due to the broad third-order waves behind the trailing shocks (which
have a cumulative effect of second order) were discussed by Lighthill
(1954).

Whitham (1952) rendered the first-order solution for the flow
over slender, axisymmetric bodies uniformly valid to large distances
by applying the coordinate straining technique of Lighthill. This
essentially uses the linear solution to correct the placemeant of the
characteristics in the physical plane.

Hayes (1954) used the method of rescaling the independent vari-
ables to order terms according to their cumulative (rather than local)
effects to obtain the proper form of the first-order wave structure
for more general flows. For flows about finite planar systems, the
method relies upon the method of "'coincident signals' of Hayes (1947)
to supply the appropriate boundary condition in terms of the large-
distance asymptotic behavior of the local solution.

Work currently in progress by Landahl et al, (1968), and some-
what parallel to the present study, has looked briefly at second-order
corrections to the wave structure theory of Hayes. They have inde-
pendently noted the need for an intermediate homogeneous wave struc-
ture solution for flows about finite systems (which we term of one-
and-one-half order), which is determined by the local second-order
solution. This result is used to support the need for experimental
surveys in the absence of a complete second-order local theory.

The nonuniform validity of the linear theory at large distances
is equivalent to the singular behavior of the linear solution near
the Mach cone in problems of the conical type. This is because the
relevant parameter is the ratio of the distance a characteristic has
travelled from the body to the axial distance along the body from
which the characteristic started, and this ratio becomes very large
for waves near the leading Mach cone. This nonuniformity may be rec-
tified using either of the two methods previously mentioned for the
wave structure problem. Lighthill (1949) applied the method of
strained coordinates to the problem to determine the shock wave po-
sition to first order (i.e., its lowest-order deviation from the
freestream Mach cone). Broderick (1949) used a separate expansion
scheme valid near the Mach cone (essentially the method of matched
asymptotic expansions) to prove that his expression for the second-
order surface pressure on a circular cone, derived without consid-
eration of the shock, was correct to that order, and also verified



Lighthill's expression for the position of the shock to first order.
Bulakh (1961), in the Soviet Union, showed Broderick's result for a
general conical flow, and again verified Lighthill's result for the
shock wave position to first order. .

The current work also bears a formal resemblence to the second-
order transonic theory cf Hayes (1966). The effects which exert a
cumulative influence upon the supersonic wave system are locally im-
portant in transonic flows. Thus, the similarity coefficients of
the two theories (in the sense of Van Dyke (1958) as giving the form
of the solution) are essentially the same.

1.C. General nature and scope of present theory

The present treatise presents a perturbation theory for steady,
inviscid supersonic flows which is uniformly valid to large distances
from the body of interest. The theory is basically an extension to
include second-order effects of the first-order wave structure theory
of Hayes (1954b). Uniform validity of the solution to large distances
is obtained by rescaling the independent variables of the problem such
that nonlinear terms are ordered according to their cumulative (rather
than local) effects in an outer, or wave structure, region. The solu-
tion so obtained is uniformly valid to the body surface for planar
flows, but the inner boundary condition for flows about finite systems
must be obtained by matching with an appropriate local solution.

The complete theory of planar flows is presented, along with a
sample solution. The results obtained confirm those of Friedrichs
(1948), obtained by a characteristics method, as corregted and ampli-
fied by Lighthill (1954), except for the position of the rear shock at
great distances from the airfoil, where the Lighthill result is in
error (see Appendix B).

For the case of flows about finite systems, the matching with the
local second-order solution reveals the necessity of a one-and-one-half-
order wave structure solution, satisfying homogeneous equations. This
corresponds to a first-order solution over a slightly modified body.
The third-order local solution is required to obtain the second-order
wave structure solution. The complete general solution of the second-
order wave structure problem has been found, but difficulty in obtain-
ing the third-order local solution to provide the inner boundary con-
dition precludes calculation of any examples (except the rather spe-
cialized case of a right circular cone at zero angle of attack).

In the following chapter, the basic equations are developed, and
a brief discussion of the scaling of the wave structure region is in-
cluded. Chapter Three specializes the analysis to planar flows. The
general form of the solution is given, as well as some specific fea-
tures noted from the sample solution. Flows about finite systems are
treated in Chapter Four, including the matching problem with the local
solution. The most important results are summarized in Chapter Five,

~along with some general.remarks on future researches. Details not
essential to the development of the text are included in the appendices.



Chapter Two

The Development of Basic Equations

2.A. Potential Equation

As the heading of this section suggests, we shall work almost
exclusively with a velocity potential. This allows us to describe
the vector velocity field by a single scalar equation, but not with-
out the loss of some generality. That such a potential exists de-
pends heavily upon our assumption of small perturbations, and par-
ticularly that there be no strong shocks in the flow. For, while
the flow is initially irrotational, and considered to be inviscid,
we cannot completely disregard the entropy increments caused by
shock waves, and it is vorticity arising from the variation in
strength of these discontinuities that would eventually force us
to abandon the use of a velocity potential if we were interested
in a theory more accurate than the second order.

It can be shown that, for our purposes, a velocity potential
exists everywhere in the flow field to the required order except
behind the trailing shocks, where entropy and velocity (pressure)
perturbations are of the same order. (See Appendix A). This is
essentially because the entropy increment at a weak shock wave is
of third order in the strength of the wave, and we are concerned
with only s&cond-order effects. We are interested in the third-
order quantities behind the trailing shocks only because they have
a cumulative influence upon the position of these shocks which is
of second order (See section 3.C.).

We consider a steady, homocompositional, homoenergetic, in-
viscid fluid flow. The equations of continuity, momentum conser-
vation, and isentropy for such a flow may be written

V(Q?) = O, | ' (2.01)
’t?,- W? +_QLVP = O, | (2.02)
'? vS= 0, (2.03)

where is the fluid density, IF is the vector velocity, P is
the pressure, and S is the specific entropy.

We form a modified continuity equation by converting the den-
sity gradient to a pressure gradient, using the condition of isen-
tropy:

vfeafre-0. o
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where @ is the acoustic velocity.
Then, eliminating the pressure gradient between this and the

momentum equation (2.02) yeilds

?-(?-V?‘) - sz,-f - O. (2.05)

Or, introducing the velocity potential, 55 , such that

‘?j =v§, (2.06)

we have

Evd = v -v(FvE®) . (2.07)

This is the fundamental equation for all steady, irrotational
flows. It is an exact equation, subject only to the requirements
of steadiness, homocompositionality, homoenergy, and homoentropy.
It is, however, nonlinear and extremely difficult to treat with
any generality. (Note that the nonlinearity arises not only from
the right-hand-side of the above equation, but also from the fact
that @% is also a function of the potential, g ).

Therefore, additional assumptions must be made to cast the
problem as one that is mathematically tractable. A standard tech-
nique (and the one we shall use) is to assume the flow may be des-
cribed as everywhere a small perturbation upon a uniform streaming
motion. This allows us not only to expand the right-hand-side of
the equation, neglecting higher-order products of the perturbations,
but also to expand the acoustic velocity in powers of the pertur-
bations. Thus

o’ = Q;+Z(f'-l){£ + /_%O.P(%)z-f O(&%f J:S')) (2.08)

where I and o are thermodynamic parameters of the fluid (always
understood to be evaluated in the undisturbed stream) and defined

by

= 7‘{(%’95 , (2.09)

o = ‘&(‘g—g)s . (2.10)



The symbol ® designates the difference of the quantity it precedes
from its value in the undisturbed stream, and the subscript ( Jeo
refers to evaluation in the undisturbed stream For a calorically

perfect gas, ™ = l"z'l and o =0

In order to use this expansion in the potential equation, we
must have a relation between the pressure perturbations and the
velocity (potential) perturbations. Such a Bernoulli relation may
be derived as follows. For a homocompositional, inviscid flow, the
Crocco-Vaszonyi theorem states

?’x (Vx?_") =VH~-TvS , (2.11)

where H 1is the total enthalpy and T 1is the temperature of the
fluid. This may be combined with the momentum equation to give, for
a homoenergetic (i.e., H = constant) flow,

2
%:—%@--TVS) (2.12)

which may be expanded and integrated to give

[4 - U5 iS00I i), e

where U 1is the undisturbed, or free-stream, velocity. We may
also write a formal, thermodynamic expansion of this integral,

f?f o0 2&,(%2) +3Q,(J(ZF) O(f& Jf&) (2.14)

And comparison of the last two results, by an iterative process,
yields

% -~ cbf Uv(v¢ )
2 2 2.
L (R gy e

This is the required Bernoulli equation which relates pressure
perturbations to changes in velocity potential. Here we have
introduced the perturbation potential, ¢ . .

g-vd - ult+ vel (2.16)

7



where T 1is a measure of the maximum body slope, ¢ 1is the body

length (chord), and p:VM‘—{ with M= U/a,, We have also in-

troduced the Prandtl-Glauert coordinates

m
i
x

o

(2.17)

Al =S|
i} 0}

™ o
R

in place of a cartesian system (x,y,z), with its x-axis aligned to
the freestream, and have used the notation

P I
V=Ja_ﬁ+ kég-_—g"

The Bernoulli equation may 'be substituted back into equation
(2.08) to give

o= 0 - 2.(’-_‘,3’)_‘]_%? - L—f]sl‘:{(r-()( ¢;+/3’l7¢?')-0'/"ﬁ’11¢; }+ (2.18)

Finally, this may be substituted back into the fundamental poten-
tial equation (2.07), the right-hand-side of that equation expanded
in terms of the perturbation potential, and we arrive at

V- Fee = %{%{Bﬁgg + Z(v¢-vz¢f-¢f¢ﬁ)
+2(-) by (v-p) | + (T (G 1) (0829 5 16,
+ o0 (724 g + L (1-0) 67 b
+ 269D Ve G- b 9% 5 (v (- wpvg)f +

This equation for the perturbation potential, ¢’ , is the
starting point for all perturbation theories, and in the above
form is accurate to third order in the local perturbation quan-
tities. It is an extension of the equation given by Van Dyke
(1952) to include all third-order quantities (not just those im-
portant near a slender body), and is derived for a general fluid
(not a calorically perfect gas).

2.B. Shock relations

A peculiar feature of nonlinear partial differential equations
is the presence of regions in the physical plane where the solution
is multiply defined, due to the overlap of characteristics coming
from different points on the boundary or initial data. In our case,



i

this difficulty is overcome by the insertion of shocks, or discon-
tinuities in the solution (or its derivatives), across which the
solution jumps from one branch to another in the characteristic

plane. The intermediate portion of the solution is then omitted

to render the solution unique in the physical plane.

These shocks are inserted according to the classical Hugoniot
conditions for conservation of mass, momentum, and energy fluxes
across the discontinuity surface, and the requirement that the
tangential velocity be continuous across the surface.

We describe the shock location as

Esh(vz, D, (2.20)

and use square brackets, [ ], to denote the jump in any quantity
across the discontinuity surface. Thus, the requirements of con-
tinuous tangential velocity and normal mass flux may be written

[¢]=0 |, (2.21)

and

[Q%q]= O, (2.22)

respectively, where 1? is the velocity component along the normal
to the discontinuity Surface. The conservation of energy is auto-
matically assured through our use of the Bernoulli equation (2.15)
to relate pressure, velocity, and entropy perturbations. Finally,
in place of the usual momentum relation, we shall use a quantitative
expression for the entropy jump

=[S]= 'g%ﬂ[}-.]a + 0([%;]"), (2.23)

which is valid for weak shock waves. (See, e.g., Hayes (1954a.).)
We may expand the density as

L dp - 2 ) |
Q=(>.o{l+a:"€i %(—&) M Q)-%ﬁ";s*“]’(z'z@

where .

/A=‘é(4-f‘-o'—7) , (2.25)



and

)=-2 ('Q-%)f , (2.26)

and these last two parameters are always assumed to be evaluated
in the freestream. For a calorically perfect gas, /“;= ¥~ Y2

and '0 =

Substituting from the Bernoulli result (2.15) gives
M% M3 @Y 42 42 242
Q=g,,{l—— —-{F—(gS-d:) (r-:)Mtb }

{3 b (V0 6 )+_M_Q“;2,iz)¢ }oem
CZillJ_ * §S +---}

)

and since

_U{1 + 38 - av4-vE, |

n (2.28)
Y+ g*vEd )
we may write (2.22) as
oL Lp(r oo v - mia{£694p)
_¢‘(¢ PV ¢ m¢'} (2.29)
{(l NME 74* b)- 2—'-’3"—@‘—“% '

+(¢ +YP-vE, (#(vgt )+ (P-I)M‘sé‘) {’)“') kg3 ]=0.

The term involving the entropy jump may be eliminated using (2.23)
to give

[ B+ vb-vE, + L8 98) - b¢ (¢ +v-vE,) Lt}
+ MT{(F M ¢§(Vd’z z) ((F ‘)Mzd’g +'§(V¢1 d’g)) (2.30)
(d)§= +v9-9E,) + 2'—”49‘ l)¢3}_1

_ (W+rmist
CP“(HP‘vi:)”z[ poml -
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This last equation and that expressing continuity of the potential
across the discontinuity, (2.21), will be used to determine the
locations of any shocks in the flow field, and the jumps in per-
turbation quantities across them.

2.C. Boundary and Initial Conditions

The appropriate boundary condition for inviscid flows is that
the velocity normal to the surface at every point on a physical
body vanish. In addition, we require the initial condition that
all perturbations vanish upstream of the body. (In linearized
theory, this initial condition is applied on the leading Mach cone;
we shall apply it immediately upstream of the leading shock sur-
faces, which are slightly ahead of the leading Mach cone.) These
conditions form a well posed problem for the wave-type equations
with which we shall be dealing.

For planar flows, the wave structure solution is uniformly
valid to the body surface, and the boundary condition may be applied
directly. The mean surface approximation is used, and the conditions
are applied along the line % = O .

For flows about finite bodies, the boundary condition is used to
determine a local solution, which is valid in the vicinity of the
body. The large-distance asymptotic behavior of this solution is then
matched with the small-distance asymptotic behavior of the wave struc-
ture solution to determine the potential in this outer region. Match-
ing of the potential and not merely its radial derivative (which might
be though to be a sufficient condition) is required to completely de-
termine the positions of any shocks in the flow.

2.D. General nature of scaling concepts

The appropriate scaling of variables in the wave structure region,
i.e., that region in which cumulative nonlinearities must be taken in-
to account, may be seen in several ways. For simplicity of exposition,
we will illustrate the arguments only for the case of planar flows.
Similar arguments may be followed for more general flows, but the es-
sential ideas are more easily lost in algebraic complexity. A discus-
sion of the scaling problem for supersonic airfoil theory is also in-
cluded in Van Dyke's book (1965), to which the following paragraphs
owe.

The most physical argument is one based upon the hyperbolic nature
of the equation describing the flow, and the failure of successive
approximations to correct the characteristics to more closely approxi-
mate those of the full nonlinear equation. Since the straightforward
perturbation procedure attempts to correct the solution by expanding
it in a Taylor series about the linearized characteristics, the pro-
cedure will become inaccurate when the distance between the actual
characteristic and the linearized characteristic starting from the
same point on the body becomes of order unity, for then the first
correction is of the same order as the linear approximation. Since
for the plane flow over a slender obstacle of thickness of 0(-) the

11



perturbation in signal velocity (or characteristic velocity) is of
0(-r) and constant 2long the characteristics in the linear solution,
the slope of the exact characteristic is everywhere of 0(—+) differ-
ent from that of the linearized one passing through the same point.
Thus, if we follow the linearized characteristic a distance of 0(1/+)

away - the body, we will arrive at a point in the flow that is of
o[y . rom the point we would have found by following the exact
charac stic. This suggests that if we rescale the lateral vari-
at' o -- e., the one which measures distance along the characteristic

-- ..ch .a1at it is of 0(1) when the physical variable is of 0(1/«),
the equation should rearrange itself to provide an accurate descrip-
tion of this long range, cumulative nonlinearity.

A second argument (which, of course, arrives at the same result)
is more formal in nature, and is seen by observing the nature of the
nonuniformity in the straightforward perturbation solution. For the
planar flow over a bump described by

Yp= Tef (%) | (2.31)

the straightforward expansion gives for the perturbation potential

M5
b= ¢ + ’(ET‘f’. £ (2.32)

the solutions (Van Dyke (1952)):

¢ = —v[’(X—/st , (2.

- i fGpp '+ éfﬁ-a-l)f {f(ﬂ Jut
A P

Now, the solution (2.32) is a uniformly valid asymptotic expansion

N
w
(85
~—

(2.34)

2
as T Q if M‘-BT¢' grows no faster than @, in any region. How-

ever, due to the presence of the third term in the solution (2.34)

for ¢Z , the contribution from the second-order term will be of the

same order as that from the first-order term when ~ Y» . This,

too, suggests that in the region of 0(1/-) distant from the body,
a new scaling of variables is required.

12
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Chapter Three

The Theory of Planar Flows

3.A. Equations and Boundary Conditions

For planar flows, we assume the flow prcoerties to be indepen-
dent of ¥ , and introduce the contracted, semi-characteristic
coordinates

E=E-Y (3.01)

1= B

where

(3.02)

is the fundamental lateral scale factor which forms the basis for
Hayes' (1954) first-order similitude. The new variables, ¥ and

, correspond essentially to a phase and an age variable, re-
spectively, in a geometric analysis of the analogous one-dimensional
unsteady problem. (Or, they may be thought of as the short- and
long-time Variables in a multiple time scale analysis.)

The equatlon_for the perturbation potential (2.19) then becomes

Yot e = p ﬁ‘ 77 2(¢¢r§+¢z¢;v{)

M (3.03)
+ (rl)¢¢ t (o= I)d)cﬁﬂ}
We introduce the expansion for the potential
] Mrg ...
P=¢+ T+, (3.04)
whence we arrive at the hierarchy of equations

+ @ 3.05

¢,§ opPore = O (3.05)

,!_7 (q)o ,§)§ = 7 cé," + 2.(¢.7¢.ﬂ,+ é,flﬁo,?) ' (3.06)
+ 4(/‘-1)¢,f¢.,,1 # (1) Py ogy -
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We note that the first-order equation (for ¢L ) is nonlinear.
In addition to the first term (which is essentially the wave equa-
tion in semi-characteristic coordinates for waves of primarily one
family), there is now a term to allow correction of the character-
istics. This latter term is, of course, absent in the linear theory.
The second-order equation is again linear (as would be the case for
all higher approximations) with nonhomogeneous terms which are known
functions of the first-order solution. The extreme simplicity of
the first-order equation is a major factor in our ability to obtain
useful results.

We expand the shock shape in a manner similar to that for the
potential,

B = Eo(V{)+m,az1"E.(~1)+"', (3.07)

and the shock relations (2.30), (2.21) become

[¢°7+ o: - Eo\?(po;] =0 ) (3.08)

[ u, + E°'l¢°?] =0 ; (3.09)

and

[0+ 2%, Gs~ St +z(¢o;7+z¢, bogy— Eoy Pop,) (3.10)
2 +1) VT'
+§»(¢° 2¢,,,¢7+ /315, QQ‘—Lqﬁ -4 14, T°=0,

L ‘15.,,’ + ?.?¢,¥ +-¥.7¢°;+ E, (¢,¥1 + 2‘.,7;6,,}_;)] =0, (3.11)

where (2.21) has been differentiated along the shock surface to
produce (3.09) and (3.11), and all quantities are evaluated at
the surface E, , in analogy with the mean surface approximation
used for the boundary conditions. The differentiation of (2.21)
has the effect of introducing an arbitrary constant into the ex-
pression for the shock location. This constant is eliminated in
the first-order result by starting the shock at the first point
of characteristic overlap. In the second-order result, (3.11)
is used only to simplify (3.10), and the nondifferentiated form
of (2.21) (eqn. (3.18)) is used to locate the shock.

The first-order shock relations (3.08) and (3.09) may be
combined to give

14
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2] — |
E°7=JZ—-[—$:§:] = ¢o; 5 (3.12)
and
[¢o»l+'li¢o;]= O. (3.13)

The first result states the well known fact that (to first order)
the shock velocity is the mean of the characteristic velocities
on either side of the discontinuity, and the latter may be inter-
preted as stating that the Riemann invariant of right-running
(returning) waves is unchanged in crossing the shock. (See below).
This latter result, combined with the first integral of the first-
order equation (3.05),

¢07+ ‘?_Ld’o; = 70!(7) , (3.14)

and the fact that all perturbations must vanish everywhere up-
stream, gives the relation

L o
¢07 + a§1’¢,§ =0 (3.15)
which will prove most useful in simplifying the second-order
problem.

The second-order equation (3.06), with the use of (3.15) and
(3.05) may be simplified to

Bant (Fogg)y = (- 72+ /A)n, oy - (3.16)

1

The second-order shock relations (3.10) and (3.11) may be
combined to give

[ dythe] = (T G- ) L2

(3.17)
"'( 2_4.@1."' /2)[

where the result

£¢' + E'¢o§ J =0 N (3.18)
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obtainable directly from (2.21), and the identity
. L 3
(= A 1= 30451~ ¢ 4,1 (3.19)

have been used, as well as the simplifications of (3.05) and (3.15).
The identity (3.19) may be derived from (3.09) by multiplying within
the brackets by ¢%I’ and using the fact that

(ecb] = [alb + R [b] , (3.20)

where the bar denotes taking of the mean of the quantity on either
side of the discontinuity. Equation (3.17) essentially gives the
change in the Riemamn invariant for the crossing waves, and (3.18)
will be used to determine K,

The wave structure equations presented here correspond to an
orderly expansion of the characteristic relations for steady, in-
viscid flow. These equations state that

‘;’; dp = 0O (3.21)

along
d
F A CEL PO (3.22)

respectively. In the above form, the relations are valid for a
rotational flow. When expressed in terms of our wave structure
variables, the characteristic equations become

44-27¢ +MT{ Mz_ )¢ FZL¢1}+} =0 (3.23)

MTHETF (‘3**%;/4)"5;* ¢7} oy (3.24)

and
e L 2t M ¢ AT
J{K(¢+ %)- Kg {( 2 2”_)[_¢§ }_ (3.25)
1 —M"¢§¢‘1}—&U{m+m "©
along
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_:!115_1 _é:{_z+ %(2_%1:>¢§+...} _ (3.26)

Thus, the shock relatiomns {3.13) and (3.17) may be interpreted
as giving theé change in the Riemann invariant of the crossing sys-
tem of characteristics. This change is zero to first order, but is
non-zero in the second approximation, due to the inability of the
shock to match perfectly with the conditions in a simple wave. This
locally third-order effect, when followed to large distances from
the body, contributes a cumulative effect of the second order. From
(3.17) and (3.25), the change in the invariant, Q, for the crossing
wave is

M* 43
[@1= (G- g—:ggz + V%) Lo, ] . (3.27)

This quantity will play an important role in the determination of
the location of the rear shock at very large distances from the
airfoil. (See Appendix B).

Since the flow under consideration is two-dimensional, the wave
system is nearly planar not only in the wave structure region, but
near the body surface as well. This fact is manifested mathematic-
ally in the uniform validity of the wave structure solution in the
region of the body surface, with the result that the boundary con-
ditions may be applied directly to the wave structure solution,
without the necessity of introducing an inner (or local) solution.

We consider the shape of the body surface to be described by

Yo = Tk (E) | (3.28)

where‘$(¥)1s the body shape function, and the subscript ( ) refers
to the body surface. Then the appropriate boundary condltlon is
that the streamline slope,

B0 = - v+ M (F 8] tEa ) +o (3.29)

be tangent to the surface at every point on the body.

Since we are considering bodies which lie everywhere near the
mean plane =0 , this condition may be satisfied at the surface
by an approptiate Taylor expansion about values on that plane.
(This is the so-called '"mean-surface approximation.') Thus, sub-
stitution of (3.04) gives
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Ry =~ ) , (3.30)

L
Bp = Flogy =i (Floge + £'¢,) - 2,31 , (3.31)
as the required boundary conditions, to be applied at =0.

To summarize, we here collect the equations, shock relations,
and boundary conditions in their final form for the first-order
problem,

¢o§?+ ¢0§¢of§ =0, (3.05)
C$6.>7 +-zL¢o;] =0 (3.13)
Sy = bor | (3.12)
¢§=—-P'(}:) ’ on y= o ; (3.30)

and for the second-order problem,

Tyt (i), = (Tt bRp) By (5.16)
[y oty T (-F+ G- A)LA3T ¢ (¢ - LoD T a7)
E = "LQS']/[%J , (3.18)

¢:§ s'r MZ( beg -F”Q%,) 2/31?5““ y= =0, (3.31)
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3.B. General solution

The first-order equation (3.05) has characteristics described
by .

d
b=

along which ¢L,is constant. Thus, the characteristics are straight
lines in the §- plane. The value of $og on a particular char-
acteristic is determined from the value of f' at the value of g
corresponding to Y =O. We denote this value of E as ¥,

Thus the solution may be written

£ (3.32)

¢°; = "’(1/(5&) , (3.33)
where

Eb—‘s—szf;s‘,) = O (3.34)

determines ¥, implicitly. This is equivalent to Whitham's result,
which states that the linear solution is correct even at large dis-
tances from the body if the linearized characteristics are replaced
by the exact ones (or at least by ones accurate to first order).
The above result reduces to the linear result near the body (i.e.,
for small 4 ), where ¥, approaches X and the linearized and
first-order characteristics are indistinguishable.

If we are interested in the actual value of the potential, we
hav9

, 2
¢o= -f(=) + ‘aL‘?p(F‘,) R (3.35)

where the relation (3.13) has been used to eliminate the arbitrary

function of arising from the integration. The locations of

any shocks which may appear in the flow are then determined by in-

tegrating (3.12) in any region where the characteristics overlap

in the physical plane, starting at the point where any such overlap
first occurs.

The second-order equation has the same characteristics as the
first-order equation, and along these the homogeneous part of the
second-order potential is constant. Integrating the second-order
equation (3.16) once with respect to E yields

G * oy = (-?s*g,%':~/4§)¢of+ sep (3.36)
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where S(W) is an, as yet, arbitrary function, introduced by the in-
tegration. Since the velocity perturbations must vanish everywhere
ahead of the leading shock, $(®) must be identically zero in that
region. Indeed, since it is a function only of % , it would have
to be zero everywhere were it not for the fact that it can be in-
cremented at shocks. This is seen from the shock relation (3.17),
which states

[¢,74 ¢°§'¢'§‘] = (--Gz» '#)[Qg,] (G 249! IZ) £¢o§ . (3-‘17)

Thus, while the function S() cannot depend upon X in any inviscid
reglon it must be allowed to increase by

(Z-ZTPI‘* |z) [¢o-§]3.

at each shock wave in the flow field. The quantity

By * o g

is related to the Riemann invariant of the wave family crossing the

shock, and the amount by which it changes is a measure of the de-

parture of the wave system under consideration from a simple one.
Thus, the equations (3.36) and (3.17), by comparison require

¢ t+ 4, (25 ‘Z FM )¢ +( 24Pz /2)Z[¢o!] (3.37)

where the summation is over all shocks upstream of the point of
consideration at any value of

Now, the first-order solution, ¢Zr , is a function only of ¥,
whence

2 '3 2
¢,7 (Fe,7)= (’GZ‘%J%)'F’E&ZJ + ("g +££'1:. ,-;)_)Z[:F(;,_)] (3.38)
and
2 i 13
4G, p= (%"Egv‘z%)ﬁ(';j) * (—é+z4’%"§-?£/§[rldsz+h(s.),(s.39)

where h({)is a function of integration to be determined by the
boundary condition.
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Differentiating the solution with respect to ¥ , and evaluating
it at Vl = O, we have

9 (3,0 = h'(s) | (3.40)
whence the boundary condition (3.31) requires -
'z
h(gb) = ""Ff +M2.(‘p'F"+ ‘("2-)- ZFZ ) (3.41)

and we have, finally,

2 3
¢(§,7)=(?7'%‘”%)7’(&d * ('E’L-fa%;:‘— ’1’*)_)/’;[’0,13"[ (3.42)
"“f (H Fa(F £ - L) dm

This gives the comFlete second-order potential in terms of the body
shape function, !1), in the first-order characteristic coordinate
system ( Eyg, ) which is known from the first-order solution.

The second-order correction to the shapes of shocks in the flow
is then obtained by evaluating ¢ and ¢ along the first-order
curve, amd using

E = ’[(é'J/[(éo!] . (3.18)

The uniform validity of the solution may now be seen from a
comparison of the general solutions for the first- and second-
order problems. We thus have for large distances that

g, ~ -5 (3.43)

)

while

ME L2
~ (—%'f I';?_-/«)F(s‘) . (3.44)

Thus the ratio of second-order perturbation quantities to those of
first order  along any characteristic is

Mrg 2 : (3.45)
-%75 ~ Be(#- % )G
%%
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which approaches zero uniformly as T-= O.

3.C. Sample sodution

The general form of the wave structure solution for planar
flows is presented in the previous section, and the complete solu-
tion may be constructed once the body shape function, (%), is
known. This has been done in Appendix B for the particularly
simple example of a symmetric, circular-arc airfoil at zero angle
of attack, and some particular features of the solution will now
be presented.

Since the flow will be symmetric about the chord-line of the
section, only the flow in the upper half-plane is considered.
Thus, we consider the shape function to be given by

4YEL) = O ) .Eb <-t )
2
= l_—%&. kb <E < Hh (3.46)
= O N }2. < E, .

The first-order solution, far from the airfoil (i.e., in the
limit of large‘7 ) is then

.
N
¢°;: ‘7 (3.47)
in the region between the shocks described by
B, ~ IV7 S (3.48)

and is zero elsewhere (i.e., upstream and downstream of the lead-
ing and trailing shocks, respectively).
The second-order solution between the shocks behaves, for

large 11 , as
™% 2
B~ (Z+zpp) S +'zl'("’/€1z)il[‘ , (3.49)
while the shocks are displaced by an amount

- : rM?
K, = E’t ~ ”'c’:( —‘:h?_v)ﬁ ) (3.50)
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The dominant second-order effect at large distances is a dis-
placement of the shock wave which strengthens the leading wave and
weakens the trailing wave. These results agree with those of
Friedrichs (1948) when our analysis is specialized to the case of
a calorically perfect gas, and his expression for the shock slope
is corrected as noted by Lighthill (1954).

Behind the trailing shock, the analysis gives as the poten-
tial

¢ (4 /"M" _2.1)

[M* J
3Pz. 1*4\? —( 2 )

3T (3.51)

which is a function of " alone, whence the pressure perturbations
are of third order in this region. But the form of (3.51) suggests
that there is a right-running wave that is locally of third order,
but has a cumulative effect of the second order, and hence must be
included in the analysis. This effect was first noted by Lighthill
(1954), and must be accounted for if certain global integrals re-
lating to 1ift and drag are to be correct to second order (See
Appendix C). This wave eventually interacts with the trailing shock
below the airfoil (or is "reflected" and interacts with the trailing
shock above the airfoil in our symmetric case), and alters its po-
sition to second order. This interaction takes place only very far
from the body, and we introduce for this '"Lighthill region'" the new
scaling

¥=Kx,
~ LA
- E

Since entropy and pressure perturbations are of the same order behind
the shocks near the airfoil, the strength of this wave must be deter-
mined using the roational method of characteristics. 1In the region
of interaction with the trailing shock (3.52), however, the entropy
perturbations are again negligible, and the potential behind the
trailing shock is

(3.52)

(L, e 2Y -
??- (3ke 3% 3 )4/+z 3(M=“/) R (3.53)
and the second-order shock displacement is

Mt 2vJy__1 4 M
= {(3”2‘ 3/31"‘ 3 )J/_.FZ_YT{ _‘gMz"'#a."l)} , (3.54)

which at very, very great distances from the airfoil (i.e., for
large ;7 ), approaches .
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E ~ (3»1“ 5,3’3 1)) . (3.55)

This result differs slightly from that of Lighthill (1954) for
the position of the trailing shock, which is in error. (See Appen-
dix B).

3.D. Structure of Shock Origin

Since the characteristics are not revised in our second-order
approximation, we cannot hope for the theory to give detailed infor-
mation about the wave structure near the origin of a shock within
the flow field. The theory does approximate such local behavior in
a global sense, however, and gives a second-order displacement of
the point of formation which corresponds to the axial displacement
of the continuation of the shock shape valid away from the p