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ABSTRACT

The analytical procedure for computing second—order perturbations in
rectangular coordinates, according to Brouwer's theory of planetary motion,
is given. Single- and double-harmonic analyses and the multiplication of
Fourier series with numerical coefficients are used in the computations. In
the series multiplication, a variable tolerance is considered, enabling us to

avoid the difficulties arising from a small divisor.

Also presented is an example computing that part of the second-order
perturbation of Mars containing the masses of Jupiter and Saturn. The
analytical solution of this perturbation is compared with the numerical inte-
gration of the differential equations defining this perturbation. The
numerical integration covered the interval from 0 to 40,000 days. The com-

9.

parison shows an agreement within 1 X 10~
RESUME

La proce’dure analytique de calcul des perturbations de second ordre en
coordonnées rectangulaires, d‘apre\:s la théorie de Brouwer des mouvements
planétaires, est exposée. Des analyses d'harmoniques simples et doubles et
la multiplication de séries de Fourier avec des co&fficients nurne’riques sont
utilisées dans les calculs. Dans la multiplication de séries on tient compte
d'une tolérance variable qui permet d'éviter les difficultés provenant d'un

petit diviseur.

Un exemple de calcul de la perturbation de second ordre de Mars due aux
masses de Jupiter et Saturne est également présenté. La solution analytique
de cette perturbation est comparée avec l'intégration numérique des équations
différentielles qui définissent cette perturbation. L'intégration numérique
couvre l'intervalle de 0 a 40. 000 jours. ILa comparaison montre une

9

concordance de 1 X 10~



Peaoue

Wanaraercsa asaanTuvecCKniéi Cnocol BHNUCIEHUA BO3ISYXAEHMIA
BTOPOI'M HNOPHAKE B NPAMOYI'OJABHLIX KOOPZUHATAX, COT'JIACHO Bpayap-
CKO# Teopum NIaHETHOT'O ZABMEEHMA, OAHO- W ABYX-TapMOHWYECHHUE
a”Hasu3b u yMHOxeHme cepum Poyprepa ¢ wucaoseMm Ko3dduumeHTaMUN
NCNOJIF30BAHK B pacderax. IIpy yMHOXEHMM cepmyu OpUia yYUTAHA NE-
peMeHHasa TOJEepaHUWUS, MO3BONAA U30E€XaTh TPYAHOCTMH, BO3HUKAD-
mue O/naroZaps MaJOMy pPa3ZeUTElNO.

Taxge NPUBEZEH NPUMED BLHNUCIACHUA MADPCOBLIX BO3OYRAEHUHA BTO-
poro nopsazka, cozepxamwx Mmacce Onmrepa m CarypsHa. AHaauTUYEC-
KO€ pEeleHMEe J3TUX BO3CGYXZEeHW! CpaBHEHO C 4YUCJIOBOW MHTerpauuei
andPepeRUMaNBHBX YPaBHEHH?, ONpedeNsiomuXx 3TuX BO3OyxzeHuid. Yuc-
JoBas MHTerpauus nokpsuia mETepBan or 0 xo 40,000 zmeit. CpaBreHume
noKa3LBaeT coryacue B npezenax I x IO ¢

vi



SECOND-ORDER PLANETARY THEORY

Part I: Outline of the Method

S. E. Hamid

1. INTRODUCTION

The author has successfully applied Brouwer's theory of general pertur-
bation in rectangular coordinates to obtain a first-order planetary theory for
all the principal planets except Pluto (Hamid, 1968). The advantage of
Brouwer's theory over other planetary theories is its convenience when higher

order perturbations are considered.

In this report, the adaptation of the theory in the computation of second-
order perturbations is discussed. General computer programs have been
developed for the computation of the different second-order terms of plane-
tary perturbations. These programs have been applied for the planet Mars
to compute the second-order perturbations factored by the product of the
masses of Jupiter and Saturn. The numerical results obtained have been
tested successfully against the numerical integration of the differential equa-

tions satisfying these perturbations,

This work was supported in part by grant NGR 09-015-002 from the
National Aeronautics and Space Administration.






2. THE EQUATIONS OF MOTION

Consider a set of rectangular axes, the x axis corresponding to the
direction from the sun to the perihelion of the orbit of the perturbed planet
at a given epoch, and the z axis perpendicular to that orbital plane at this
epoch., Then, the perturbations 0x, 0y, 6z in the rectangular coordinates

satisfy the following set of differential equations:

2 3ux
d ox Ox g o)
> +M'—3' R (x06x+y06y)=GX ,
dt r r
0 0
2 3py
d 6 S} 0
RS- T (Rodx ty0y) =G
dt r r y
0 0
2
d76 5
ZZ+H_§=GZ ' (1)
dt rO

The quantities (xo, Yo+ zo) are the coordinates of the planet, with its unper-
turbed orbit assumed at epoch, while r, denotes the heliocentric distance
of the planet.

The functions GX, Gy’ Gz can be separated into different parts of
descending order of magnitude, the first part giving rise to first-order per-
turbations, the second part to second-order perturbations, and so on. We
denote these parts by Glx” Gly’ Glz'; GZX’ GZy’ GZZ; e e,
6zl; 6x2, 6y2, 622; ... be the corresponding perturbations in the rectangular

and let 6Xl’ éyl,
coordinates.

The first-order perturbations 6x1, 6yl, ézl will satisfy equations (1)

G and

when the values of G, G, G_ are put equal to G, _, G, _, ,
x v 4 1x ly lz

similarly for higher order perturbations.



We consider the second-order perturbations, which are written as

d26x2 ox 3ux

2
7 teT3 -5 (% 0% typdyp) =Gy
dt r r '
0 0
2
d 6y2 6y2 3|¢y0 ‘
2 tr—3 -5 (X00x2 +ypdyy) =G,
dt r r
0 0
d26z2 6z2
2 top 3 =G2z ° (2)
dt rO

The solution of equations (2), given by Brouwer and Clemence (1961), takes

the following form:

ox ox oy Ox ox oy
-0 _0 _0 9010 -0
%, = 3L I 5o, “2x B, Gay ) 4t 5o, J \ 3T, “2x * L, Y2y dt

ox ox oy ox ox oy
%o [ (%o 0 %% 0 0
* agoj 51y Gox ¥ o7, G2y/9t ~ 3y J 5, G2x * 3, G2y dt




6z2 = qu q; GZz dt - 9, fqz GZz dt . (3)

For the definition of the different partial derivatives of the coordinates X0

Yo and of the quantities 9y, 95 in equations (3), see Brouwer and Clemence

(1961).






3. THE DEVELOPMENT OF G, , G, , G
2%’ 2y’ T2z

The expressions for GZX,-

3° R 3° R 8° R
Gox = 206Xk+8 g Oy 3 gz bz,
% ox) e Vi B "
n_ /s2R 9% R 9% R
N 0 04, 0,
;:1: Bxk 0x J Bxk oy j Bxk 9z, 7]
9 *k 15 Xi 2 Yk *1k Yk
e T 4 —— - 6
teilz 572 7 b+ |3 513 7 ) °x
k k k k
X X yz X
3% _15¥KYk ) 2 3 Bk, 2
N5 27 oy +3 5 oz
Kk k k
9% R 9% R 9% R
2v = g bx) + 20 oy t 3 g oz
LA e oy} Vi 7Kk
n_ [52R 3% R 9% R
+ Z —9 6. 0 by, 2 6z
= Byk ox. j Byk oy j Byk z. j
y Xzy x x yz
3% 15 (V) o2, (L% Mk
tellz2s 2 7 ox) + |3 - 15—
k Kk Tr Tk

'Gzy, GZz ha’_ve the following form:

6%, Oy,



9 Yk 15 Yk 2 3k, 2
T2 572 7 oy + 3 5 oz, |
k K k
9% R, dZRO 9% R,
G = 0 + : oy, + oz
2z 8zk axk k azkayk k azi k
n_ /92R 8% R %R
+ 32 g X, 5 g oy. + 5 g 65z.
= i 9% j 2, 9y, 7] z, 9z, 7]
ru (325 5% 62 43 ksy 6 4
b 5 0¥k 0%k 5 V%% | - (4)
l'k : I‘k

In equations (4), we have

xj,yj, zj = the rectangular coordinates of the disturbing planet j,

with its unperturbed orbit assumed at epoch;

Ko Vs 2 = the rectangular coordinates of the disturbed planet k,
with its unperturbed orbit assumed at epoch. Note that

X = Xgs Vi = Voo 2 = 05
éxk, 6yk, 6zk = the perturbations in the rectangular coordinates of

the disturbed planet k;

6Xj’ 6yj, 6zj = the perturbations in the rectangular coordinates of

the disturbing planet j;

M= Akz (1 +mk), where k is the gaussian constant and my is the mass
of the disturbed planet k;
RO = the well-known disturbing function of the different disturbing

planets on planet k, given by



2 1 kaj+yky]'+zkzj
Ry = z : o <Ak. } 3 ’ (5)
#k g j
where Akj is the mutual distance of planets k and j, and r, is

the heliocentric distance of planet j.

We note that }:krepresents the sum over all the disturbing planets j. For
example, if vge consider the theory of Mars, then we have k = 4, and j will
take the numbers 1,2,3,5,6,7,8, corresponding to the effects of Mercury,

Venus, Earth, Jupiter, Saturn, Uranus, and Neptune. In this report, we shé.ll

exclude the effect of Pluto.

For the perturbations 6xk, 6yk, 6zk and 6xj, 6yj, 6zj, we shall consider
the values derived from the first-order theory. The 6Xk’ 6yk, 6zk are com-

posed of different parts, owing to the perturbations of the different disturbing

planets.

If we let Flk(jk), FZk(jk), F3k(jk) be, respectively, the first-order per-
turbations in 6xk, 6yk, 6zk due to the disturbing planet j, then,

ox = 2 Fr Ok

j#k

oY = 22 Falik)
i#k

5z, = Z Fo, (k) . (6)
ik

Similarly,

6Xj = Z FlJ(l.]) >
i#j



by; = D, Fayli)
i#]j

6z, = Z F3j(13) . (7)
i#j

The coefficients of 6xk, 6yk, 6Zk in equations (4) can be written as follows:

2R, 2° R, 8* R,
oz E , ¢ Uk By, 0%, = E ¢y GK) s Bz, 0%, E ¢, 0K
k j#k j#k jtk
R, ° R, | 8° R,
B v - E ¢ o 0k) 5 = E :¢ >(k) Bz oy, - E ¢,20k)
k “Vk oy b4 k Tk 4
jEk k  j#k j#k
2* R 2* R, o* R
j#k j#k k j#k
(8)
where
2
2 1 3(x, - Xk)
o (k) =k m. |- —x + e s
x1 j A3 N
kj kj

kj
kzm 3(x. - x, )z
R i J k']
kj
2
1) = 1 K
¢ Z(Jk) =k " m. |- -3 + 5 ,
¥ N N A2,
kj kj

10



y j
Aki

¢Z3(Jk) =k " m —F+A5 s
kj kj

¢y GK) = &, Gk)

b, G = ¢_5GK)

b,20K) = o 5 (k) . (9)

The coefficients of 6xj, 6yj, 6zj in equations (4) can be written

2 2 2

S E S T S
Bxk axj x1 ayk 8xj yl 0z 8xj zl
8% R 8% R 8% R
sp—= 0,00, = 0,00 = 0,00
Bxk yj X Syk 8yj y2 azkayj z2
82 R, 9% R, 8?2 R,
= (ik) , = k) |, -= 0 __(jk
Bx, 0z, %3 8y, 0z 53k 62, 07, 2308
(10)
where
- 2
3x, 3(x, -~ %)
exl(jk)='k2m —13— -—1-3- = - —l = ,
J Ak. T T, Ak.
|\ k) j j j
3(x, - x, My. -~ v,) 3%.y.
. 2 k k
0_,(jk) = K*m, | - ——F— =,
J AT T,
L kj - j

11



[ 3(x. - Xk)z 3x. =
6_,(jk) = k" m, |- — + it
%3 A5 ,
B kj j
} \ . 3(y.-v,) 3y
. 1 1
Oypik) = Kim, | — - =] - 5 4 3 :
AT T’ . .
AW J kj T
3(y. - v )z, 3y. =
0 (k) = K'm, |- —l"d 4 L] |
y3 AT r.5
kj j
1 1 322 3z.2
9Z3(jk)=k m. 3 -3 ———-'S‘L +—‘5‘1‘ s
A, ; A2, ;
ST ki Tj
eyl(Jk) = 0,0k ,
6,0k =0_,(k ,

. . . 2 2 2
Finally, the coefficients of (6xk) , (6yk) s (6zk) s 6xk6yk, 6xk6zk,

6yk62k in equations (4) can be rewritten as follows:

3
X
_ k *k
Y R =plds—5 - 7.5 ,
Tk T
y XZY
= Jk k’k
qsz(k) - “’ 3 r5 - 15 r7 s
Tk k

12



2
- “k Kk
Yoak)=p\l.5—5 - 75—

5 7
rk rk
_ *x
k
y Xiy
_ Tk k
¢yﬁk%—u]q5r5 7.5 7
k k
_ k k
¢y2(k)— M 3-;g - 15 7
k k
y V3
_ k ’k
x Tk
Vi
LIJYAL(k):}J‘ ]'-5';_5- »
k
X
= _k
Lpzl(k)— “3 r5 3
k
Vi
lllzz(k)‘ b3
Tk

13

(12)



With the above definitions of the various coefficients in equations (4)

, we
have the following:

Gpp= D 6y GK) D F () + Y b, ) Fyy (i)

j*k j#k j#*k j*k

D ILIEED PGS

j#k jFk

Z[@ GR)D TG+ 0, (K ) Fy () + 6,5 (K) ZF3j(ij{\

j#k 1#j i#j i#j

, )
+ ¢X1(k)rz Flk(jk)] Fy ) ZFlk(Jk [E FZk(jk{I

| ik | j#k j#k

_ ~2
+y_,(k) F,oGk) +¢_,(K) F,. (ik) s
x3 2k x4 3k

| j*k | j#k

Zy Z bel (Jk)z Flk(Jk) Z ¢ Z(Jk)z FZk(Jk)

j#*k itk j¥k jFk

£y 4K Fyy (i)

j#k j#k

Z[ l(Jk)ZF (ij) + © Z(JR)ZF (ij) + © 3(Jk)ZF (1{\

j¥Fk i#j i#j i#j

14



2 - ’
P Y F G| e 0 D F R | Y, (W
j#k | j#k jtk

2

0 0| DO G|+ w0 D F G|
jFk | j*k

Gy = 4 (0 Y TG0+ 6 (K Y Fyy (1)

j¥Fk j*k j¥k j*k

£ 0,500 D Fy (K

j*k j*k

Y (0,00 D P ) + 0,0 Y F, ) + 010 D F ()

j¥Fk i#j i#j i#j
_ - ﬂ
Fu, 00| DOF G| ) R
Lj#k j*k
+ 00| D Fp (0| | D] F v (13)
| j#k | ik i

Let us now look more closely at the different terms defining the quan-
tities GZX’ G?.y’ GZz' The ¢ and © terms can be represented by double
Fourier series in the mean anomalies ﬁk’ ﬂj of the disturbed planet k and
the disturbing planet j. These series can be obtained by computing the
special numerical values of ¢ and 0 for different combinations of equidistant
values of the mean anomalies [k, Ij. T]‘:1ese special values are then subjected

to double-harmonic analysis.

15



The § terms can be represented by Fourier series in one argument,

the mean anomaly £, of the disturbed planet k. These series can be

k
obtained by computing the special numerical values of ¢ for different

equidistant values of the mean anomaly £, and then subjecting these

k
values to single-harmonic analysis.

In other words, by expressing the ¢, 6, and Y terms as Fourier series
in the mean anomalies, we can avoid analytical expansions. Only double-
and single-harmonic-analysis techniques can be applied. This is what we
have done in the present work. In fact, a general computer program can be
constructed to have as output the Fourier representations of the different

¢, 0, and Y terms for any given values of j, k.

The terms Flk(jk)’ FZk(jk)’ F3k(jk) have already been obtained in the
first-order theory. It should be remembered that these perturbations in
rectangular coordinates are composed of two parts: the periodic and the |
secular. The periodic part is represented as double Fourier series in the
mean anomalies lj’ lk’ and the secular part by the product of the time t
(measured from the given epoch) and a single Fourier series in the mean
anomaly Zk. Let the periodic part be denoted by flk(jk)’ ka(jk), f3k(jk),
and the secular part, by t Sljk(k), t Sij(k)’ t S3jk(k). Hence,

Fop () = £, K+ £5,, 00, (14)

where i= 1,2, 3.

Liet us consider the part de) (jk). From the above remarks, this part
is represented by the suznma%lon of different Fourier series, and each series

is represented in the mean anomalies £, and { For example, if we are

=
considering the theory of Mars, we have k= 4, and §k¢xl (jk) will be com-

posed of the sum of seven Fourier series: the first series in 121, 14, the
mean anomalies of Mercury and Mars; the second series in IZ’ 14, the
mean anomalies of Venus and Mars; and so on. Similarly, the partz Flk(Jk)

is composed of the sum of different Fourier series, and each series’is

16



expanded in the mean anomalies £., £ In addition to these Fourier series,

X'
this part contains a term t multiplied by a Fourier series in single argument

lk’ the mean anomaly of the disturbed planet. In fact, for i= 1,2, 3,
E Fik(jk) = E fik(jk) +t Sik(k) ’ (15)
j*k j#k

where

Sy = D 5, ()
j*k

We note Fhat t Slk(k)’ t SZk(k)’ t S3k(k) are the total secular perturbations in

rectangular coordinates of all the disturbing planets on planet k.

Similar considerations apply for the different parts of equations (13).

Hence, GZX’ GZy’ GZz can be represented by the following equations:

_ 2 . .
Gox ™ Coppp®) - 7 F Z[GZXjkt(Jk) St Gy k)]
fr

DIPPLSCIRY
j m

; 2 . .
Gpy = Gy g™ - ¢ +2[G2yjkt(3k) £+ Gy g (0]
.

+ZZ GZymjk(ka) ?
j m

17



_ 2 . .
Gy ™ Goppgll) " € +Z (G pjictlTR) - £+ Gy 5y (K]
7Kk

¥ ZZ G2 amjk(mik) (16)
j m

where G(k), G(jk), and G(mjk), appearing on the right-hand side of equations
(16), denote, respectively, Fourier series in one argument, the mean
anomaly ik; in two arguments, the mean anomalies ﬁj, ﬂk; and in three

The double summation Z Z

k. m

arguments, the mean anomalies Em, lj, 4
means that m and j take the values corresponding to all the disturbingJ

planets, excluding m = j and avoiding double counting.

Following are the expressions for the different G(mjk) in equations (16):

3
G qpnac I = D [6 (1) £y (mld + 6 ml) £, (1) + 0_ (k) £(m3)

i=1

+0 s mi) £ (m)] + 24 () £ (K £ (mk)
+ b (O (K £y, (mk) + £, (m) £, (1))

+ 20 509 £, () b, (mk) + 26 409 £, (1) Ly ml)

where q = x, y, and

3
Gy o sic ) = D16, (590 £, (mk) + &, (m) £ (510

i=1

+ ezi(jk) fij(mj) + Bzi(‘mk) fim(jm)]'

18



+ 4 LE), (K £5 (k) + £, (mk) £5, (7K)]

4o (R (K £5, (mk) + 5,y (mk) £, GR] . (17)

The terms G(jk) (not multiplied by t) in equations (16) are expressed as

follows:
3
Gy i) = D [6 (510 £, (510 + 8 (510 £,:09)] + & ) (1) £, (W)

i=1

. ; 2 2
g0 1610 6 (1 4 b 509 (00 + 4 09 5,61

where q = %, v, and

3

G T = D 16,510 £, (G0 + @ (GK) £,0)] + 4, )\ £, (G0 £, ()
i=1
F 00 £ () £, () (18)

The terms G(jk) (multiplied by t) take the following forms:
3
Gy gt =Z [ 509 8,00 + 6 (1) S,.(D] + 24 (9 £, (1) S}, ()
i=1

t b 008 (1) S, (9 + £, (1) S (k]

20 09 £, (510 S, (00 + 26 (9 £, (1) Sy (K)

19



where q = %, y, and
3
G il = D b, 5000 8,00 + (310 5]
i=1
+ 4 (RE] (GK) S, (K) + £5, (5K) S, ()]
4o (K)[fy, (k) S5 (K) + £5, (k) S, (K] (19)
For the terms with coefficient tz in equations (16), we have
Gy e = ¥ ) (K) 8300 + 4 ,(0) 5, () S, (1

2 2
O g0 S50+ ) ST
where q = %, y, and
G, ket(B) = W, (K) Sy (K) S5 (k) + 4 5 (K) Sy, (k) 55, (k) . (20)

In equations (17) to (20), all the different terms on the right-hand side

k
have already outlined how we obtain these series. We are now in a position

are expressed in Fourier series in the mean anomalies Zm, ﬁj, £,. We

to evaluate the Fourier representations in mean anomalies of the functions

GZ qmjk(m']k) , G

x, y, and z.

jk), G G , where q denotes the parameters

2qjk 2qjkt’ ~2qktt

Let us consider, for example, G jk(mjk), whose expressions are

given in équa.tions (17). Since we hajgltr:;le Fourier series for all the terms
appearing in the right-hand side of equations (17), we can, by the technique of
multiplying Fourier series, obtain the Fourier series representing
Gqujk(mjk)' AIn this case, we did not resort to triple-harmonic analysis
because it would have been excessively laborious. In fact, we constructed

20



a general computer program that has as input the numerical values of m, j,
and k and that will give as output the Fourier representations of Cr2 qmjk(mjk)
in the mean anomalies lm’ Zj’ Bk (q denotes the values x, y, and z).

In computing the Fourier representations of Cr2 qjkt(jk) and qujk(jk)
for q= x, y, z, we can use the double-harmonic-analysis approach or the
multiplication-of-series approach. To compute the Fourier representations
of G (k) for q= x, v, z, we can very conveniently use the single-

2qgktr
harmonic-analysis technique.

In our work, we have a general program that, for given j, k as input,
produces as intermediate output the Fourier representations of Gqukt(jk)’

qujk(]k), and G (k) for g = x, ’Y, z.

2 gktt

21






4. THE DECOMPOSITION OF 6x2, 6y2, 6z,
In the previous section, we developed the different components of the h

functions GZX’ G sz. We found that these functions are generally com-

2y’
posed of the summation of the following series:

A. Fourier series in three arguments.
B. Fourier series in two arguments.
C. Fourier series in two arguments, multiplied by the time t.

D. Fourier series in one argument, multiplied by tZ.

By substituting the general expressions of GZX’ Gzy', GZz in equations
(3), we can see that 6X2, 6Y2, 6z2 will be composed of the following
different parts, where q takes the values x, vy, z:

. ﬂi{), denoted by

A. Fourier series in three argument (zm, 1_]

6q2m
B. Fourier series in two arguments (/£ i Ek), denoted by 6q2jk(jk)-

j (mjk).

C. Fourier series in two arguments (lj, ﬁk) multiplied by the time
t, denoted by 6q2jkt(3k). |

D. Fourier series in one argument (£ k) denoted by 6qyy (k).

E. Fourier series in one argument (Zk) multiplied by t, denoted
by 8q,, . (K). ,

F. Fourier series in one argument (lk) multiplied by t, denoted by
84z kst (K)- 5

G. Fourier series in one argument (ﬂk) multiplied by t7, denoted
by 85y 44t (K)- 4

H. Fourier series in one argument (/ k) multiplied by t~, denoted

by 895 144y (K)-

23



We must remember that lk is the mean anomaly of the disturbed planet, and

ﬁm, lj are the mean anomalies of the disturbing planets m, j.

In order to present more conveniently the equations defining the various

parts of 6x2, 6y2, 6z2, let us put

9x oy
b9 (.0 Oq
Z aaj(ap Gox ¥ 3552 ) de

a,p
Ox oy Ix oy
= gL j awo Gox * awo G, aw aLO Gox ™t aLO G, dt
0 0 x 0 ¥ 0 o <* 0 y
Ix oy
+29 1 2 g +- 0 ¢ dt
8§ on 2x oM 2y
0 0
ox 9y
_8q 0 0
o 3 - G2x+a§O GZY dt , (21)

for q = x, y. With this abbreviated notation, we have

ox oy
oy 0 *0 . 0 :
6q2mjk(ka) E [ 58 GZ_xrnjk(ka)+86 Gzymjk(mjk)] dt
a,p

oy
-4 0q . 0 . 2
-3 p, L0 50 ff[ ZX jk(ran) + ——8‘*’0 GZy J.k(ran)] dt™ ,

where q = x, y, and

6Zijk(ka) = q, qu Gszjk(ka) dt - qu‘q2 Gzzmjk(ka) dt . (22)
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The integrands on the right side of equations (22) can now be developed in
Fourier series. Integrating these Fourier representations, we obtain other
Fourier representations of the integrals. Multiplying these Fourier
representations by the Fourier series representing the coefficients 9q/8a,
-3 pz L64(8q/3w0), dps =95 and adding the different results, we obtain the

Fourier representation 6x mjk), 6z2mjk(mjk). We note that

2m ik PR 0¥, ,
the constant coefficient in the Fourier series representing these different
integrands, i.e., the coefficients of the argument 0, will, when integrated
once, give rise to a numerical coefficient multiplied by t; when integrated
twice, it will give rise to a numerical coefficient multiplied by tz. Hence,
the final representations of 6q2mjk(mjk) will contain, besides the purely
periodic terms given by the Fourier representations in three arguments,
mixed terms composed of the time t multiplied by Fourier series in one
argument and, in the case of q = x, ybonly, the square of the time (tz)

multiplied by Fourier series in one argument. These mixed terms will be

added to the perturbations 6q2kt(k)’ 6q2ktt(k)°

A computer program has been constructed with the series szmjk(mjk),

G ymir(™ik), Gy sk

6x2mjk(m3k), 6y2mjk(m3k), 6zzmjk(m3k) and the corresponding mixed terms

(mjk) as input and, as output, Fourier representations

in 83, (K), 8y, (K), 82y (K), O35y (K), Oy, (k).

For the evaluation of 6q2jk(jk), 6q2jkt(jk)’ for q = x,y,z, we must

recall the following relations:

__ftfvdt=tjfdt-j'j'fdt2 ,
[feea?=cffea® -2 fffea’ | (23)

where f is any function of time t. The equations defining 6q2jk(jk) will be

given by
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S BX oy
6q, ., (jk) = ) .
2 ik az p:—g [8(3 ZXJk(JkH 58 Zyjk(_]k)} dt

3

ox oy
2 -4 dg 0 : 0 . 2
-3k Ly B, H[é’&?o' Gl 2 GZyjk’(Jk)] dt

BX oy
99 770 & 2
aaﬁ‘ [aﬁ 25kt 3R T 5 Gpy kt(Jk)} dt

-4 ox - 9y
2 aqg 0 . 0 3
t2 (3 K I"O 8w0>jff {8@0 Gijkt(Jk) ST awo 2y3kt(3k)] e,

where q = x, y, and

82, 4 lik) = q, Jql Gy i (i) At - qu dp Gy yiclik) dt

-4 f f Q) Gy ipKV 8 g f f 93 GpppigUM) A (24)

Through the multiplication-of-series approach or the double-harmonic-
analysis technique, we can develop the Fourier representations of all the
integrands appearing in the above equations and then evaluate the Fourier
representations of 6q2jk(jk) for q= x,vy,z. We note again that the constant
terms in the various harmonic representations of the above integrands will
give rise to mixed terms with coefficients t and tZ in the expressions for
6q2jk(jk), for g = x,vy,2. Mixed terms with coefficient t3 will also appear in
the cases for q = X,y because of the presence of triple integrals. These

various mixed terms appearing in 6q2jk(jk) will be included in the perturba-

tions SqZkt(k), BqZktt(k), and qukttt(k) for q= x,v,2
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The equations defining 6q, ., . (jk) will be given b
q 2 ikt g y

5 (jk) = 2q | 2o G, . .(jk + Yo g G| dt
9 5kt oa | [ 9B “2xjkt o8 2yjkt"
a,f

ox oy .
_, 8g 0 . 0 . 2
-3 42 LO4 B jj[awo G xjreliR) 55, GoyieIR|dt™

where q = x,y, and

82, e (0K = 4, fql G jkelil) dt - q jqz Gy el At (25)

Again, through the double-harmonic-analysis technique or the multiplication-
of-series approach, we can get the harmonic representafions of 6q2jkt(jk)
for q = x,y,z. Also, we expect mixed terms with coefficient t in 6q2jkt(jk)
for q = x,vy,z and with coefficient tZ in the case of q = x,y. Since 6q2jkt(jk)
is already multiplied by t, these mixed terms will have coefficients
tz and t3. As before, these mixed terms will be included in the perturbations
8y 1t(K)s 9y 4y 4(K).

Finally, for the evaluation of 6q2kt(k), 6q2ktt(k)’ 6q2kttt(k) for g=x,v,2
and 6q2ktttt(k) for q = x,y, we must recall the following relations:

Jtrar=t*feat-2¢ffe a® + 2fffe a® |
§§ £ at= 2f (s ac” aefffe ae + o ffff £ ac® | (26)

where f is any function of time t.
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We mentioned earlier the contributions to 6q2kt(k) 6q2ktt(k)’ 6q2kttt(k)
obtained while we were deriving expressions for 6q2 k(ka)’ 6q2 k(_'|k)
6q2jkt(3k) In addition to these contributions, we have the followmg

9

9x YA -
= 9q 0 0 2
by (k) = - 2 Z aajf[aﬁ G xrtt!® op Gz;rktt(k)} dt
a,p

9x 9
2 -4 aq 0 & Yo 3
4 (3 koL aw0>jﬂ {:aw 25kt K T Goyree| 96 -

where q = %, y;

82) 1) = - 24, jj Gyt At + 2 jjqz 2o A5 @D)

ox oy
_ ) 0 -7’0
8y ppe(K) = z:ﬁfj[aﬁ z ket®) T 55~ G ktt(k)] dt
a,p

ox oy
2 -4 9gq 0 0 2
-3 Ly ga S,ﬂa‘*’o 2xcket(E) ¥ 50, GZyktt(k)] SLE

where q = x,y; and

625144 (K) = q, Sql 5 pketlR) At - q; gq 2 ket E) At (28)

We note that mixed terms with coefficients t3 and 1:4 will appear from the

expressions of 6 (k), (k) given in equations (27)and (28). These terms
P Dokt

%% nt
can be added to those defining 6q2kttt(k)’ 6q2ktttt(k)' Terms that are purely

periodic and are expressed in Fourier series in one argument £, will appear

k
and are given by 6q2k(k), where
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8Vo 3
8y (k) = ZZ Hj[ G xtt!®) T 55 G2 ktt(k)} dt
8X oy
2 -4 9 0 4
- 6(3 ko Ly ﬁg)jjjj [aw Gortt'™ + 55 5%, G, ktt(k)] e,

for q= x,y, and

8z, (k) =24q, _UI Gy 2™ at’- 2 q) Iquz 27kttt at’ . (29)

Again, the terms may give rise to mixed terms with coefficients t3 and t4.

These will be added to 6q2kttt(k) for gq= x,y,z and to 6q2ktttt(k) for q= x,v.

A computer program THEORY 2 has been constructed to compute
Squk(Jk), 6q2jkt(3k), 6q2k(k), 6q2kt(k), vees 6q2ktttt(k)' The input of this
program is j, k. The final output is the Fourier representations of these
perturbations. In this program, we followed the double- and single-harmonic-

analysis methods; we did not apply the multiplication-of-series technique.
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5. NUMERICAL APPLICATION

In the previous section, we outlined the method followed for computing
the second-order perturbations in 6x, 6y, and 6z. We have two main com-
puter programs. By use of the harmonic-analysis approach, program
THEORY 2 computes the periodic and secular perturbations expressed in

Fourier series in the two mean anomalies £., £, of the disturbing and the

k

disturbed planets and also in one mean anomaly £, of the disturbed planet.

k
The second main program computes the periodic perturbations expressed
in Fourier series in the three mean anomalies: £ m’ £ i the mean anomalies

of the disturbing planets, and { the mean anomaly of the disturbed planet.

K’
We used the multiplication-of-series approach, which required carrying
the multiplication to a certain tolerance. This tolerance is taken to be di-
rectly proportional to the divisor when we compute the integrand that will
be integrated once. For the case of the integrand that will be integrated
twice, we take the tolerance to be directly proportional to the square of the
divisor (the constant of proportionality is 10_13). This variable tolerance
device will assure us that there has been noloss of any significant digits

owing to the small divisor.

The author will soon publish the details of these two main programs and

the different subroutines associated with them.
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6. NUMERICAL RESULTS

In this section, we present the results of the computation of the second-
order perturbation of Mars containing the masses of Jupiter and Saturn;
according to the notation given previously, we give the results of 6q2mjk
(q = x,y,2), wherem =6, j= 5, andk = 4, The other results will be given

in another paper.

Tables 1, 2, and 3 give the periodic part of the Fourier series repre-

. i ising from
mik’ 6Y2mjk’ and 6zijk The mixed terms arising
the evaluation of these perturbations are given in Tables 4,5, and 6. The
, ‘19

sentation of 6XZ

coefficients in these mixed terms are computed up to a tolerance of 10
As a check, it would be interesting to compare the series we obtained for

these perturbations with the results obtained from numerical integration.

The above series representations (periodic and mixed) are simply the

3 G 3
2x 2y
K’ and Gszjk' That set of differ-

analytical solution of the set of differential equations (2), where G
and GZz are replaced by Gmejk’ Gnynj
ential equations has been solved numerically, using Cowell's method of
numerical integration. In applying this method, the tenth difference has been
neglected and the interval of integrations is taken to be 10 days. The initial
values of the numerical integration are chosen such that 6x, 6y, &z at

t = 90 days and t = 100 days are given by the analytical solutions of 6x, 6y, 6z.

The evaluation of G .. G s G ., in the numerical integration
2xmijk 2ymjk’ T 2zmjk

of the differential equation was carried out by use of the original definition

of these G's as given by equations (17). The integration has been carried

out up to t = 40, 000 days.
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When we compare the results of the numerical integration with the
analytical representation, deviation is found between the two. The deviations
found in the comparison of the perturbations in x and y are periodic in char-
acter, with the amplitude increasing with time. The amplitude reaches
5 X 10-7 around t= 20, 000. The deviation found in the comparison of the
perturbation in z is again periodic, with smaller amplitude. The amplitude
reaches 1 X 10_9. The disagreement between the numerical solution and the

analytical representation of the perturbation in x, y is very alarming.

However, we must expect a satisfactory agreement if the starting values
used in initiating the numerical integration are given to a great accuracy.
These starting values have been obtained, as mentioned earlier, from the

analytical solution. In obtaining the analytical solution, we carried the
evaluation of the different integrals involved up to a tolerance of 10_13; i.e.

terms with absolute values less than 10_13 have been neglected. These

terms may add up, causing the accuracy of the evaluation of the integral to

be more than 10—13. We must remember, also, that these integrals must be

multiplied by the partial derivatives axo/awo, Byo/awo, BXO/BLO, 8y0/8L0, e

The coefficients of the harmonic representation of these partial derivatives
amount to 102. Thus, the accuracy of the evaluation of the periodic repre-

sentation of the perturbation in x, y, and z may amount to 10-11 or even

10710,

Numerical integration of the differential equations defining the second-
order perturbation is very semnsitive to the starting values, which we have
just found may be in error to within 10~1 0 to 1 O_1 l. To meet that situation, ¥
we can apply differential corrections to the starting values, such that the
deviation between the numerical integration and the analytical solution is

minimum, in the least-squares sense.

.

sk

The author owes this idea to Prof. G. M. Clemence.
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We have applied differential corrections where our equation of condition
corresponded to deviations at t = 200, 1800, 3400, ..., 19,400 days. The

results of this follow:

At t= 90 days,

A (6x) = -8.6198240974 X 10”1
A(Sy) = -1.3774726475 x 10" 10
A (5z) = +3. 2748239038 x 10”10

At t= 100 days,
A (5x) = -3.6212757640 X 10711
A(5y) = -2. 4084833490 x 10710
10

A (8z) = +3.5234609123 X 10~

When we apply these corrections to the starting values of the numerical
integration, the agreement between the analytical solution and the numerical
integration improves appreciably. The deviation, after the integration is
carried to 40, 000 days, never exceeds 4 X 10—10 inx, yand 1 X 10-9 in z,

an excellent agreement indeed. This comparison is shown in Table 7.
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Table 4. Fourier representation of 6x2 (mixed part)

T measured from epoch in days,

19

The coefficients are in units of 10~

The argument is kZ

4° 14 mean anomaly of Mars.

k cos sin

1 0 T -26 T?
2 0 T? -2 T?
0 313774 T 0T
1 10849 T 78999480 T
2 -102779 T 8840577 T
3 14383 T ~977485 T
4 -1786 T ~110676 T
5 217 T 112768 T
6 26 T 1493 T
7 3T 2176 T
8 0T 21T
9 0T 3T

12



Table 5. Fourier representation of 6y2 (mixed part)

T measured from epoch in days.

19

The coefficients are in units of 10

The argument is k£4, £4 mean anomaly of Mars.

cos sin

26 T T4
2 TZ TZ
0 4512938 T 0T
1 78686060 T 20653 T
2 8823289 T -102322 T
3 976183 T -14351 T
4 110563 T -1784 T
5 12758 T -216 T
6 1492 T 26 T
7 176 T -3 7T
8 21 T 0T
9 3T 0T
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Table 6. Fourier representation of 6z2 (mixed part)

T measured from epoch in days.
v 19

The coefficients are in units of 10~

The argument is kl4, £, mean anomaly of Mars.

4

k cos sin

0 658698 T 0T
1 -4692988 T 873448 T
2 -218295 T 40658 T
3 -15234 T 2838 T
4 -1260 T 235 T
5 -115 T 21T
6 -11 7T 2T
7 -1 T 0T
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