
4 ln 
9 - 
4 
m 

BELLCOMM. INC. 
9 5 5  L'ENFANT P L A Z A  NORTH, S . W . ,  WASHINGTON, D.C. 2 0 0 2 4  

COVER SHEET FOR TECHNICAL MEMORANDUM 

TITLE- Dynamic D i s t o r t i o n  of a 
G i m b a l e d  Telescope 

FILING C A S E  NO(S)- 103-8 

T M -  69-1022-3 

D A T E -  May 21, 1969 

AUTHORW- G. M. Anderson 
F I L I N G  SUEJECT(S)  Space Astronomy 
( A S S I G N E D  BY A U T H O R ( S ) ) -  Telescope D i s t o r t i o n  

C r e w  Motion Induced Telescope D i s t o r t i o n  
Timoshenko Beam Dynamics 

A B S T R A C T  

T h e  s t r u c t u r a l  d i s t o r t i o n  of an o r b i t i n g  t e l e scope  i s  
determined fo r  a suddenly app l i ed  ramp func t ion  of displacement 
of t h e  gimbal r e s u l t i n g  f r o m  a w o r s t  case a s t r o n a u t  impulsive 
t r a n s l a t i o n .  For a s p a c e c r a f t  t h e  s i z e  of t h e  Apollo Appl ica t ions  
O r b i t a l  Workshop, t h i s  d i s tu rbance  w a s  found t o  produce a change 
i n  po in t ing  d i r e c t i o n  due t o  t e l e scope  bending of f r o m  0 . 5  t o  
2 .0  seconds of arc. These va lues  are l a r g e  compared t o  s t a b i l i t y  
requirements f o r  a large o r b i t i n g  telescope t h a t  may be more 
s t r i n g e n t  than 0 . 1  seconds of  arc. 

s p a c e c r a f t  by means of sp r ings  i s  included i n  t h e  a n a l y s i s ,  and 
it w a s  shown t h a t  t h i s  method can reduce dynamic d i s t o r t i o n  t o  any 
d e s i r e d  level ,  even below 0 . 0 1  seconds of arc. 

Timoshenko beam equat ions  are solved using t h e  Laplace t ransformat ion  
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I. INTRODUCTION 

G i m b a l  mounted te lescopes  c a r r i e d  on o r b i t i n g  
s p a c e c r a f t  are s u b j e c t  t o  s t r u c t u r a l  deformation produced 
by a t t i t u d e  pe r tu rba t ions  of t h e  s p a c e c r a f t  i f  t h e  t e l e scope  
i s  n o t  loca ted  a t  t h e  s p a c e c r a f t  c e n t e r  of g rav i ty .*  The 
s p a c e c r a f t  w i l l  o r d i n a r i l y  have an a t t i t u d e  c o n t r o l  system 
fo r  l i m i t i n g  t h e  e f f e c t  of t h e  p r i n c i p a l  environmental 
d i s turbances ,  however t h i s  system w i l l  u s u a l l y  be inadequate 
t o  f u l l y  cope with r ap id  i n t e r n a l  d i s turbances  such as those  
a r i s i n g  f r o m  c r e w  motion. The r e s u l t i n g  s t r u c t u r a l  defor -  
mation of t h e  te lescope  i s  doub t l e s s  q u i t e  s m a l l ,  bu t  it 
may be of s i g n i f i c a n c e  for  h igh  accuracy systems with po in t ing  
requirements m o r e  s t r i n g e n t  than 0 . 1  arc  seconds. 

The dynamic d i s t o r t i o n  of a p r i sma t i c  beam used t o  
support  a te lescope  i s  determined here  f o r  an extreme c r e w  
motion d is turbance ,  i .e .  an a s t ronau t  impulsive t r a n s l a t i o n  
a t  t h e  maximum d i s t a n c e  from t h e  s p a c e c r a f t  c e n t e r  of m a s s .  
The s p a c e c r a f t ,  assumed t o  move as a r i g i d  body, experiences 
a l i n e a r  angular displacement which reaches a l i m i t  va lue  a t  
t h e  t i m e  t h e  a s t ronau t  reaches t h e  opposi te  w a l l .  

Timoshenko beam theory i s  employed t o  determine t h e  
d i s t o r t i o n .  The improvement which may be obtained by providing 
t r a n s l a t i o n a l  decoupling between t h e  t e l e scope  beam and t h e  
spacec ra f t  w i t h  a sp r ing  i s  included i n  t h e  a n a l y s i s .  

The Laplace t ransformation i s  used for both space 
and t i m e  va r i ab le s .  The behavior of t h e  t w o  space eigenvalues  
are sketched on a closed contour i n  t h e  s plane** around a 
t y p i c a l  cu t .  Although many of t h e  func t ions  have branch p o i n t s ,  

* F. G .  Allen has suggested t h a t  t h i s  e f f e c t  may be 

**The normalized t i m e  t ransform v a r i a b l e .  

important.  
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t h e  in tegrand  of t h e  inve r s ion  i n t e g r a l  i s  s i n g l e  valued 
and t h e  r e s i d u e  theorem may be  app l i ed  wi thout  i n t e g r a t i n g  
around branch c u t s .  A proof i s  offered t h a t  a l l  Timoshenko 
beams of  f i n i t e  length  enjoy t h i s  important  property.  A 
p r i o r  argument t o  t h i s  e f f e c t  i s  f e l t  t o  be d e f i c i e n t . *  

I t  w a s  found t h a t  f o r  cases of s t rong  t r a n s l a t i o n a l  
decoupling t h e  response i s  dominated by t h e  s t a t i c  d e f l e c t i o n .  
S t a t i c  i s  a misnomer b u t  it conveys w e l l  t h e  i d e a  t h a t  t h e  
beam response t o  very low frequency f o r c i n g  func t ions ,  w e l l  
below t h e  l o w e s t  b e a m  n a t u r a l  frequency, may be c a l c u l a t e d  
us ing  s t a t i c  p r i n c i p l e s .  The load  i s  of course t h e  i n e r t i a l  
loading of t h e  beam m a s s .  Once t h i s  w a s  recognized it w a s  a 
simple matter t o  inc lude  p o i n t  m a s s  loads ,  which i s  a welcome 
extension.  

11. TIMOSHENKO BEAM DYNAMICS 

I n  t h i s  s e c t i o n  t h e  response of a uniform p r i sma t i c  
beam i s  determined f o r  an appl ied  force a t  t h e  cen te r .  Po in t  
m a s s  loads are not  considered. The Timoshenko model i nc ludes  
t h e  e f f e c t s  of r o t a r y  i n e r t i a  and shear  d i s t o r t i o n .  The 
development of t h e  Timoshenko theory  has been marked by s o m e  
error and controversy.  Some of t h i s  i n t e r e s t i n g  h i s t o r y  and 
a bibl iography i s  given i n  Appendix A .  

The no ta t ion  and t h e  eva lua t ion  of t h e  shear  
. c o e f f i c i e n t  are taken from Cowper. ( 2 )  The Timoshenko 
equat ions are: 

(a)  

3 %  

a t 2  
Q = P I  - a M  - -  

az 

_. aw + I $ = -  Q 
az KAG 

*See pg. 15. 
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N o  t a t i o n  : 

W 

f$ 

Q 

P 

M 

A 

E 

F 

G 

I 

K 

Mb 

Mt 

Mean d e f l e c t i o n  of cross s e c t i o n  
Mean angle  of r o t a t i o n  of a c r o s s  s e c t i o n  about  
n e u t r a l  a x i s  
T o t a l  t r a n s v e r s e  shear f o r c e  a c t i n g  on a c r o s s  
s e c t i o n  
T o t a l  t r a n s v e r s e  load per  u n i t  l eng th  app l i ed  t o  
beam 
Bending moment a c t i n g  a t  any c r o s s  s e c t i o n  of beam 

C r o s s  s e c t i o n a l  a rea  
Modulus of e las t ic i ty  
Force sp r ing  e x e r t s  on beam 
Shear modulus 
Area moment of i n e r t i a  
Shear c o e f f i c i e n t  
To ta l  mass of beam 

Poin t  m a s s  a t  end of beam 

Z(z,s)  - T r a n s f e r  impedance of beam 

a 

b = 6 - One of two l i m i t i n g  v e l o c i t i e s .  O t h e r  i s  

= ( a / 2 )  d z  - Limiting t r a n s i t  t i m e  f o r  waves on 
t h e  h a l f  beam 

b/K ' 

a,(<) - 5 v a r i a t i o n  of n t h  mode of ~ T ) + ( c , T )  

e n ( c )  - v a r i a t i o n  of n t h  mode of 6++(<,r) 

k - Spring cons tan t  
R - Beam length  
r - Normalized space t ransform v a r i a b l e  
s - Normalized t i m e  t ransform v a r i a b l e  
t - T i m e  

t, 

u ( t ) -  Heaviside u n i t  s tep func t ion .  
x - Displacement of s p a c e c r a f t  a t  gimbal 

- T i m e  f o r  ramp func t ion  t o  reach va lue  x m' 

V 

X m - Displacement of s p a c e c r a f t  i n  t i m e  
t l  

z - Distance along a x i s  of beam 
p ' -  Mass d e n s i t y  of beam 
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w = n t h  normalized n a t u r a l  c i r c u l a r  frequency of beam 

fib = 2nfb = l / a  
n 

= dw = 21Tfbs - 
‘bs 

Normalized Var iab les  

C i r c u l a r  frequency of r i g i d  t e l e scope  
sp r ing  system 

- D i s t o r t i o n  index 
- D i s t o r t i o n  index 

Dimensionless Parameters 

n 1 = E/(KG) 

n = 4 1 / ( A k 2 )  
2 - 

2 
f b  - - 4 - =  EA (-) ‘b = (-) 

2 

a k  ‘bs f b s  
n -  
3 

Subsc r ip t s  

P lus  (+) and minus ( -1  on fo rc ing  or response 
func t ions  r e f e r  t o  t h e  corresponding p o s i t i v e  or  nega t ive  
ramp func t ions  of Figure 2. 

A s i n g l e  ba r  over a v a r i a b l e  i n d i c a t e s  t h e  t i m e  
transform; t w o  b a r s  i n d i c a t e  t i m e  and space t ransforms.  
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Figure 1 i s  a schematic  of t h e  beam and t h e  
e las t ic  coupl ing t o  t h e  s p a c e c r a f t .  

TELESCOPE SUPPORT BEAM 

J 
Y 

1. SPACECRAFT REFERENCE 

FIGURE I 

It i s  assumed t h a t  the  a t t i t u d e  v a r i a t i o n s  of t h e  s p a c e c r a f t  
may be considered a s  t r a n s l a t i o n a l  motion of the  gimbal. 
Fu r the r ,  s i n c e  these motions occur i n  a t i m e  small  compared 
t o  t h e  o r b i t a l  per iod ,  t h e  o r b i t a l  motion may be neglec ted  
and t h e  s p a c e c r a f t  and t e l e scope  considered nominally a t  rest. 

T h e  method employed d i v i d e s  t h e  beam a t  t h e  c e n t e r ,  
z=R/2, and cons ide r s  one h a l f  of t h e  s p r i n g  fo rce  app l i ed  as  
a shea r  load t o  each s i d e  of t h e  beam. The problem i s  thus  
reduced t o  t h e  homogeneous cond i t ion  w i t h  p ( z , t ) = O  and t h e  
fol lowing boundary condi t ions  f o r  t h e  l e f t  h a l f  of t h e  beam: 

z=o ; a + / a  z=o , aw - + ( p = o  
% az 

z=R/2; aw F - + @ =  2 KAG a z  
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El imina t ing  M and Q f r o m  Equations (l), one 
o b t a i n s  

2 a 2 4  a w  
a t  az  az 

p I  7 - E 1  + KAG (- + (p) = 0 

as coupled equat ions  i n  w and (p. 

In t roduc ing  t h e  dimensionless  parameters and 
normalized v a r i a b l e s  def ined  i n  t h e  n o t a t i o n  y i e l d s ,  f o r  
Equations ( 3 )  , 

n ,. 

w i t h  boundary condi t ions  

( 5 )  
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and 

(7) 

T h e  t i m e  and space t ransforms used are 

w i t h  s i m i l a r  r e l a t i o n s  f o r  4 .  

The beam i s  considered t o  be i n i t i a l l y  a t  rest. 
Transform Equations ( 4 )  and (5)  w i t h  r e s p e c t  t o  T t o  o b t a i n  

and t h e  5 s u b s c r i p t  i n d i c a t e s  t h e  corresponding d e r i v a t i v e .  

Transform Equations ( 8 )  w i t h  r e s p e c t  t o  5 using 
boundary condi t ions  (9a )  t o  o b t a i n  
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Equations ( 1 0 )  are so lved  f o r  and t o  y i e l d  

where 

= (r2-r;) (r2-rz) 

= [(s/2) { (n1+l) s + V ( T ~ - ~ ) ~ S ~  - 4 / r 2  

= [(s/2)  IT^+^) s - d ( ~ ~ - l ) ~ s ~  - 

( 1 3 )  rl 

(14) r2 

T h e  p r o p e r t i e s  of r l  and r2  as func t ions  of s are 
given i n  Appendix B. 

The unknown cons tan t s  G(0,s) and T(0,s) are eva lua ted  
using t h e  boundary condi t ions  (9b) a f te r  f irst  i n v e r t i n g  
Equations (11) r e l a t i v e  t o  r. E i t h e r  the  inve r se  t ransform 



BELLCOMM, I N C .  - 9 -  

with  c r e a l ,  p o s i t i v e ,  and l a r g e r  than  real p a r t  of a l l  
r o o t s  of D ( r )  o r  tables may be used t o  determine 
q(<,s) and ; ( < , s ) .  The i n v e r s i o n  of : ( < , s )  and $ ( < , s )  involve  
t e r m s  

- 

I 1 - s i n h  r l <  - - s i n h  r 2<  
r 2  

1 

(r:-r:) 

r l  s i n h  r ,<  - r2  s i n h  r 2 <  

(r? cosh r l <  - rg cosh r 2 5 

r2  - 1 
l-l '00 - 

1 

q - r ; )  

where L-' i n d i c a t e s  t h e  inve r s ion  process  of ( 1 5 ) .  

The inve r s ion  of Equations (ll), using r e l a t i o n s  
(16), g ives  
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where 

G 1 ( c , s )  = (r:-s2) cosh r 1 < - (rE-s2) cosh r 2 5 

r s i n h  r - r2  s i n h  r 2 <  1 H ( 5 , s )  = - 
1 

G 2 ( < , s )  = ( s2 / r2)  s i n h  r < - - s inh  r2<  
2 

1 r 

H 2 ( r ; , s )  = - cosh rlr; - (r:-s2) cosh r 2 <  

The symmetry of Equations (18)  has  been enhanced 
by t h e  use  of t h e  r e l a t i o n  

r2  + r 2  = ( T  + l ) s 2  
1 2 1 

from Equation ( 1 2 ) .  

In t roducing  !< (1,s) and 5 (1,s) f r o m  Equations ( 1 7 )  
i n t o  boundary condi t ions  (9b) g ives*  

( 1 9 )  

g ives  
S u b s t i t u t i n g  !(O,s) and T ( 0 , s )  f r o m  (19) i n t o  (17) 

*A2 (SI B 2 ( s )  and S ( s )  are def ined  on p.  11. 
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where 

( 2 1 )  (d)  A, ( s )  = rl (r2-sZ)sinh r l  - r (r:-s2) s inh  r2  1 2 
fl  \ 

(e) B l ( s )  = -(rf cosh r I  - r$ cosh r2  

111. TRANSLATIONAL DECOUPLING - RESPONSE TO ASTRONAUT IMPULSIVE 
TRANSLATION 

So far t h e  a n a l y s i s  has  been developed f o r  an app l i ed  
fo rce  a t  t h e  c e n t e r  of t h e  beam. The r e s u l t s  may be e a s i l y  
extended t o  inc lude  t h e  e f f e c t  of t h e  decoupling spr ing .  The 
s p r i n g  f o r c e  F ( t )  i s  r e l a t e d  t o  t h e  displacements by 

F ( t )  = k Cxv(t) - ~ ( 2 / 2 , t ) I  

o r ,  i n  normalized v a r i a b l e s  
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Transform Equation (22 )  w i th  r e s p e c t  t o  T and employ 
Equation ( 2 0 a )  t o  o b t a i n  

where 

i s  t h e  mechanical t r a n s f e r  impedance of t h e  h a l f  beam. 

From Equations (23) 



BELLCOMM, INC. - 13 - 

I t  i s  necessary t o  determine t ( s )  f o r  t h e  p re sc r ibed  
s p a c e c r a f t  displacement.  F igure  2 i n d i c a t e s  t h e  s p a c e c r a f t  
r i g i d  body motion r e s u l t i n g  from an a s t r o n a u t  impulsive 
t r a n s l a t i o n "  A s  explained p rev ious ly ,  such a t r a n s l a t i o n  
maneuver r e s u l t s  i n  an angular  p e r t u r b a t i o n  of t h e  s p a c e c r a f t  
which, f o r  p r e s e n t  purposes,  may be considered as a 
t r a n s l a t i o n  a t  t h e  sp r ing .  

F igure  2 

A convenient method of dea l ing  w i t h  t h e  func t ion  of 
Figure 2 i s  t o  cons ider  it made up of two ramps func t ions  

(27) 

where 

x = x (t) + x v - ( t )  
V V+ 

x (t) = -x V +  (t-t,) 
V- 

u ( t >  = 0 , t < O  

= 1 , tZ.0 
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The corresponding response functions are 

where 

Normalizing x (t), one obtains 
V+ 

which has a time transform 

The response functions are given by 
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c- j m  

I t  i s  shown i n  Appendix B t h a t  t h e  in t eg rands  of (31) 
are s i n g l e  valued f o r  beams of f i n i t e  l eng th  and t h e  r e s i d u e  
theorem may t h e r e f o r e  be used.* The s i n g u l a r i t i e s  are simple 
poles  on t h e  imaginary s a x i s ,  where 

Q ( s )  = 0 i s # 0 

It may be shown t h a t  

and 

With t h e s e  r e s u l t s ,  and using Equations ( 2 5 )  and 
(30 )  , Equations ( 3 1 )  may be w r i t t e n  

*Leonard and Budiansky (16) c l a i m  t h a t  t h i s  conclusion follows 
f r o m  the uniqueness of t h e  s o l u t i o n  t o  t h e  d i f f e r e n t i a l  equat ion.  
This  reason appears inadequate  i n  v i e w  of t h e  fact  t h a t  i n f i n i t e  
beam problems do have mul t ip l e  valued in t eg rands  . (5,101 
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m 

i s  n t h  r o o t  of 

Q ( s )  = 0 

and 

D i s t o r t i o n  

Two measures of t e l e scope  d i s t o r t i o n  are def ined:  
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I V .  APPROXIMATION FOR STRONG DECOUPLING 

A s  might  be expected, E q u a t i o n s  ( 3 2 )  can be much 
s i m p l i f i e d  i f  

w < <  w 
2 1 

where w i s  t h e  frequency of t h e  r i g i d  body beam-spring m o d e  

and w 2  i s  t h e  f irst  n a t u r a l  f requency of t h e  beam. 
1 

L e t  

w h e r e  

m 

6@+(C, . r )  = 5, a e , ( < )  s i n  w n ~  
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Figures  ( 3 )  and ( 4 )  p l o t  t h e  e r r o r  i n  t h e  peak 
d i s t o r t i o n ,  using t h e  f i r s t  t e r m  i n  t h e  series ( 3 4 )  I 

( 3 6 )  

where t h e  summation i s  

e n ( 0 )  
1 

l i m i t e d  t o  t e n  terms.* T h e  dashed 
l i n e s  show t h a t  t he  error i n  us ing  t h e  f i rs t  t e r m  i s  dependent 
on ( W  /w l )  f o r  t h e  16:l range of r 2  considered.  The e f f e c t  of 
T w i l l  be shown l a t e r  t o  be s m a l l  so t h a t  these p l o t s  may be 

taken  as i n d i c a t i v e  of  t h e  r e g i o n  i n  which the  rigid-body 
frequency dominates t h e  d i s t o r t i o n .  

t h e r e f o r e  

2 

1 

The d i s t o r t i o n  i n d i c e s  f o r  s t rong  decoupling a r e  

Expanding about s=O, one o b t a i n s ,  from (18)  and ( 2 1 )  

-1 + {(-) 1 4  (L - - 5 + 1)- - ( r 1 5 2 + 1 )  1 
P ( 5 , S )  ( l 1 1 2 - u 2 2 )  IT2 4! 3 !  2!  

*Data f o r  F igures  (1) and (2 )  are from a computer program. 
Ten t e r m s  are more than adequate f o r  engineer ing accuracy. 
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S u b s t i t u t i n g  from Equations (38)  i n t o  t h e  characterist ic 
equat ion  

one f i n d s  

1 
w 

which i s  e x a c t l y  ,he r i g i d  body frequency. 

S e t t i n g  s=jwl i n  Equations (38)  using Equations ( 3 5 )  

g ives ,  for  <=O 

1 1  1 e , ( O )  = - 3! (c) 
Q' ( j w , )  i s  obtained f r o m  Equation ( 3 9 ) .  

The  t o t a l  d i s t o r t i o n  i n d i c e s ,  cons ider ing  t h e  p o s i t i v e  
and negat ive  ramp func t ions ,  f o r  c=O, T>O, are 
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These approximations t u r n  o u t  t o  be i d e n t i c a l  w i th  
r e s u l t s  ob ta ined  us ing  s t a t i c  p r i n c i p l e s .  I n  t h i s  method t h e  
beam i s  presumed t o  be sub jec t ed  t o  a uniform i n e r t i a l  load 
which i s  due t o  t h e  v i b r a t i o n  a t  t h e  frequency w . The 
c a l c u l a t i o n  i s  extremely simple and d i r e c t . "  

1 

V. P O I N T  MASS LOAD - STRONG DECOUPLING 

The s t a t i c  method may be used t o  determine t h e  
d i s t o r t i o n  f o r  t h e  case of s t r o n g  decoupling. The r e s u l t s  
are 

d ,  ( 0 )  = i [ a  G {1+2y) + 
(3+*-J] 

( 4 2 )  

where 

e ( 0 )  = 1 [I + 3;) 
  IT 

1 

2 4  

These r e s u l t s  are f o r  a m a s s  Mt a t  each end of t h e  
The terms d,(O) and e l ( 0 )  b e a m  and a t o t a l  beam m a s s  of Mb. 

p l ay  t h e  same ro l e  as t h e  corresponding expressions i n  
Equations ( 4 1 ) .  

From Equations ( 4 2 ) ,  t h e  po in t  m a s s  loads produce 2 
t o  2 2/3 t i m e s  t h e  d e f l e c t i o n  and 3 t i m e s  t h e  p lane  r o t a t i o n  
of t h e  equ iva len t  beam m a s s .  

"Preston Smith c a r r i e d  through t h e  s t a t i c  a n a l y s i s  both 
for t h i s  case and fo r  t h e  r e s u l t s  given i n  Sec t ion  V which 
inc ludes  equal  p o i n t  m a s s  loads a t  t h e  ends of t h e  beam. 



BELLCOMM, INC. - 2 1  - 

V I .  NUMERICAL RESULTS 

The parameter ranges of  i n t e r e s t ,  de r ived  i n  
Appendix C ,  are summarized here .  

IT = E/KG 
-1 

The range i s  

2.33 <  IT^ < 6.76 

f o r  c r o s s  s e c t i o n s  wi th  symmetry about x and y axes.  Computer 
runs w e r e  normally made f o r  va lues  2 . 0 ,  4 . 0 ,  6 .0  and 8 .0  which 
b racke t  t h e  range. 

IT = 41/AR2 
-2 

Again r e s t r i c t i n g  cons ide ra t ion  t o  cases  with 
x and y ax i s  symmetry, t h e  range i s  

1 /4  (d/a)2 < T < 2/3 (d / a ) '  
2 

where d i s  maximum dimension normal t o  z ax i s .  

IT = ( 4 / a )  (EA/k)  - 3  

This parameter i s  an approximate index of decoupling 
s i n c e  

where 

fib = 2afb = l / a  

'bs = *  

The parameter n 3  i s  n o t  a p r e c i s e  index of decoupling 
s i n c e  Rb i s  no t  an eigen-frequency of t h e  beam i n  bending. 
However, i nc reas ing  T f o r  c o n s t a n t  beam parameters ,  does 
lower fbs and hence i n c r e a s e  decoupling. 

3 '  
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The lower l i m i t  on fbs may be set i n  one of t w o  
ways. C lea r ly  

where T i s  t h e  o r b i t a l  per iod .  A s  fbs  i s  reduced, g r a v i t y -  
g r a d i e n t  w i l l  induce l a r g e r  amplitude p e r i o d i c  motion which 
must be accommodated. I n  consequence of t h e s e  cons ide ra t ions  
t h e r e  i s  an upper l i m i t  on T which must be determined for a 
p r a c t i c a l  design.  Thus 

3 

3max 0 < T 3 < T  

There appears  t o  be adequa-e range f o r  T t o  provide 
3 

a l l  of t h e  decoupling desired wi thout  g e t t i n g  i n t o  des ign  
extremes.* 

I t  i s  n o t  necessary t o  t r e a t  these q u a n t i t i e s  
pa rame t r i ca l ly  s i n c e  t h e  r e s u l t s  may be presented a s  a r a t i o  
of 6rl  and 6 $  t o  (a / t , )  
d i s t o r t i o n ,  va lues  of these parameters a r e  r equ i r ed .  

5,. However, t o  o b t a i n  an estimate of 

For a v e h i c l e  t h e  s i z e  of t h e  Apollo Appl ica t ions  
Program O r b i t a l  Workshop, using a r i g i d  body model and 
conserva t ion  of angular  momentum, it i s  p o s s i b l e  t o  s h o w  t h a t  

X m - <.1 inch/sec.  t, 
w i t h  a peak excursion which i s  less than  1 inch.  T h i s  estimate 
is  based on a worst  case a s t r o n a u t  t r a n s l a t i o n  f r o m  one s i d e  of 
t h e  Workshop t o  t he  o t h e r  a t  t h e  maximum distance from t h e  m a s s  
c e n t e r  a t  a v e l o c i t y  of 3 ft./sec. 

*This s u b j e c t  w i l l  be developed by J. Schindel in  i n  a 
forthcoming memorandum. 



BELLCOMM, INC. - 23 -- 

For t h e  aluminum beam example of Appendix C 

X 2xm 2 1 m  1 
1 = = (- a 

'bti b i  (5' em 

= .5 x 10'6 

D i s t o r t i o n  

A computer program w a s  developed t o  compute 6 q  
and 6 4 .  Some r e s u l t s  from t h i s  program are given he re  f o r  
t h e  case  of no decoupling. The  d i s t o r t i o n  extremes 

1 

1 0  

1 

are given i n  Tables I - I V  f o r  

IT = 2.0 ,  4 .0 ,  6 .0 ,  8 .0  1 

IT = .0025,. .Ol, .04 
2 

I T 3  = 0 
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The t a b l e s  a l s o  g i v e  t h e  branch p o i n t  l o c a t i o n s  and 
t h e  f i rs t  t e n  n a t u r a l  f requencies .  

From Tables  I-IV, it is  found t h a t  

1 . 4  x l o m 6  < 6n+, < 5 x 

0.5 < 61$+m < 2 , 0 ,  secs. of arc 

for (a / t , )  5, = 0.5 x 

It i s  adequate t o  d e a l  w i t h  6 n  and 6@+ i n  t h i s  
i n s t ance  s i n c e  t h e  beam f requenc ie s  a r e  l a r g e  compared t o  
(l/tl) and t h e  maximum w i l l  occur  before  t h e  e f f e c t  of t h e  

nega t ive  ramp func t ion  i s  f e l t .  

on t h e  d i s t o r t i o n  i s  s l i g h t .  

Note t h a t  t h e  effect  of .tr1 

Numerical r e s u l t s  f o r  s t rong  decoupling, ob ta ined  
from Equations ( 4 0 )  and ( 4 1 ) ,  show f o r  .tr3=104, 

< .27 x < &'+m .02 x 

. 0 0 4 1  < 64, < .069 secs. of arc 

f o r  (a / t , )  5, = 0.5 x 10-6. 

T h i s  va lue  of T i s  r e l a t i v e l y  modest s i n c e  it 
3 

r e q u i r e s  

f b  - = 100 
fbs 

o r  

fbs = .01 f b  

= 3.2 Hz 

f o r  t h e  example beam of Appendix C. 
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Fur ther  r educ t ion  i n  6q+, and 64+m can be made by 

The f a l l o f f  w i l l  go as T~ i n s t e a d  of f o r  
3 '  

i n c r e a s i n g  7~ 

f b s  
< <  

t h e  a d d i t i o n a l  r educ t ion  coming from s i n  w T i n  Equation 37 
s i n c e  w decreases  a s  7~ i n c r e a s e s .  

1 

1 3 

By way of r e f e r e n c e ,  t h e  s r i n g  t r a v e l  f o r  a n a t u r a l  
frequency of 3 . 2  Hz i s  about 4 x lo-! inches  due t o  g r a v i t y -  
g r a d i e n t  i n  low e a r t h  o r b i t .  The amplitude i n c r e a s e s  as 
( l / f b s ) 2  so t h e r e  i s  cons iderable  l a t i t u d e  f o r  reducing fbs  
be fo re  s p r i n g  t r a v e l  becomes troublesome. 

VII. CONCLUSIONS 

The po in t ing  degrada t ion  of t h e  t e l e scope  t o  s t r u c t u r a l  
d i s t o r t i o n  can be i n f e r r e d  by examining 6 4 .  T h i s  parameter 
c o n t r o l s  t h e  change i n  o r i e n t a t i o n  of one end of t h e  beam, t h e  
probable  l o c a t i o n  of t h e  major o p t i c a l  element, s i n c e  i n  t h i s  
model t h e  beam c e n t e r  does n o t  r o t a t e .  

1. For l a r g e  s p a c e c r a f t ,  of t h e  s i z e  of t h e  A p ~ l l o  
Appl ica t ions  O r b i t a l  Workshop, worst  case  c r e w  
motion impulsive t r a n s l a t i o n s  can lead  t o  va lues  
of 6 4 ,  and hence t o  v a r i a t i o n s  i n  t e l e scope  p o i n t i n g  
d i r e c t i o n s ,  of from 0 .5  t o  2 .0  seconds of arc. 
These va lues  assume no p o i n t  mass loading and cover  
a f a i r l y  w i d e  range of m a t e r i a l  and geometr ica l  
v a r i a t i o n s .  These  estimates may be increased  s e v e r a l  
t i m e s  i f  a c t u a l ,  i .e .  p o i n t  mass, loads a r e  considered.  
I n  any case  t h e s e  va lues  are l a r g e  compared t o  s t a b i l i t y  
requirements of 0 . 1 ,  o r  less, seconds of arc. 

2. T r a n s l a t i o n a l  decoupling of t h e  t e l e scope  and i t s  
suppor t  s t r u c t u r e  from t h e  s p a c e c r a f t  o f f e r s  one 
approach f o r  reducing t h e  e f f e c t s  of c r e w  motion 
on po in t ing  s t a b i l i t y  t o  n e g l i g i b l e  propor t ions ,  
even below 0 . 0 1  seconds of a r c .  

ACKNOWLEDGEMENT . 

I wish t o  acknowledge t h e  cons iderable  suppor t  provided 
by Nancy Kirkendal l  i n  t h i s  s tudy.  She n o t  only d i d  a c r e a t i v e  
job  on t h e  computer program but  she a l s o  checked t h e  a n a l y s i s  
and corrected t h e  a l g e b r a i c  e r r o r s .  



BELLCOMM, I N C .  - 26 - 

My colleagues Preston Smith, Jack Kranton, William Hough 
and Robert Ravera read the draft manuscript and offered 
numerous helpful suggestions. Preston Smith's probing 
questions of the beam eigen-frequencies led to the 
discovery that the computer program was sometimes missing 
the first mode. This in turn led to the simplifications 
for strong decoupling. 

10 2 2 -GMA-me f G. M. Anderson 

Attachments 
References 
Tables I - I V  
Appendixes 



BELLCOMM, I N C .  

REFERENCES 

1. 

2.  

3. 

4 .  

5. 

6 .  

7. 

8. 

9.  

"On t h e  Correc t ion  fo r  Shear of t h e  D i f f e r e n t i a l  Equation 
f o r  Transverse Vibra t ions  of P r i s m a t i c  B a r s ,  'I by 
S .  P. Timoshenko, Ph i losoph ica l  Magazine, V o l .  4 1 ,  1 9 2 1 ,  
pp 744-746. 

"The Shear Coef f i c i en t  i n  Timoshenko's Beam Theory," by 
G. R. Cowper, J o u r n a l  of Applied Mechanics, Vol. 33, 
June 1966, pp 335-340. 

" Inf luence  of Rotary I n e r t i a  and Shear on F lexura l  Motions 
of I s o t r o p i c  E l a s t i c  Plates ,"  R. D. Mindlin, Jou rna l  of 
Applied Mechanics, V o l .  18 ,  pp 31-38, 1951. 

"The Propagat ion of Waves i n  t h e  Transverse Vibra t ions  of 
B e a m s  and Plates," by Y a .  S .  Uflyand, Pr ikladnaya Matematika 
i Mekhanika, V o l .  1 2 ,  May-June, 1948, pp 287-300 
( I n  Russian) .  

"Transverse Impact of  Long B e a m s ,  Inc luding  Rotary I n e r t i a  
and Shear E f f e c t s , "  by M. A. Dengler and M. Goland, 
Proceedings of  F i r s t  U. S .  Nat iona l  Congress of Applied 
Mechanics, 1951, pp 179-186. 

"Flexura l  Wave So lu t ions  of Coupled Equations Representing 
t h e  More Exact Theory of Bending," by J. Miklowitz, J o u r n a l  
of Applied Mechanics, V o l .  2 0 ,  1953, pp 511-514. 

"On Trave l ing  Waves I n  Beams,"by R. W. Leonard and B. Budiansky, 
NACA TR 1173, 1954. 

"Propagation of E la s t i c  Impact i n  B e a m s  i n  Bending, I' by 
M.Goland, P. D. Wickenshorn, and M. A. Dengler, Jou rna l  
of Applied Mechanics, V o l .  2 2 ,  March 1955, pp 1-7'. 

"Some So lu t ions  of t h e  Timoshenko B e a m  Equation for  Shor t  
Pulse-Type Loading," by H. J. Plass, Jr., Journa l  of 
Applied Mechanics, Vo1.25, September 1958, pp 379-385. 

10. "Travel ing Force on a Timoshenko Beam,"  by A. L. Florence,  
J o u r n a l  of Applied Mechanics, V o l .  32, June 1965, pp 351-358. 



BELLCOMM, INC. - 2 -  

11. 

12. 

13. 

14. 

15. 

16. 

" N o r m a l  Modes of O s c i l l a t i o n  of B e a m s , "  by C. L. Dolph 
W i l l o w  Run Research Center ,  Univers i ty  o f  Michigan, 
UMM-79, October 1950, 18 pages.  

"Flexural  Vibra t ions  i n  Uniform B e a m s  According t o  t h e  
Timoshenko Theory," by R. A. Anderson, Journa l  o f  
Applied Mechanics, V o l .  2 0 ,  December 1953, pp 504-510. 

"The E f f e c t  of Rotatory I n e r t i a  and of Shear Deformation 
on t h e  Frequency and N o r m a l  Mode Equations of Uniform 
B e a m s  wi th  Simple End Condit ions,"  by T.  C. Huang, Jou rna l  
of Applied Mechanics, V o l .  2 8 ,  December 1 9 6 1 ,  pp 579-584. 

I b i d  p 3 7 .  

"F lexura l  Wave S o l u t i o n  of Coupled Equations Representing 
t h e  More Exact Theory of Bending," Discussion by M. A. Dengler, 
Journa l  of Applied Mechanics, Vol. 2 1 ,  June 1954, pp 204-205.  

I b i d  p 17 .  



T a b l e  I 

=.2000+01 lT3=.oooo n l  

C -  
2 
1 
2 
3 

' w  
w 
w 

4 
5 

w 6  

w 
w 

7 
8 

w 
w 

w 9  
w l o  

( Srna/tl 1 
( 5, 
( Ern 

a / t , )  radians 
a / t , )  secs. o f  arc 

n2 

02500-132 0 1000-01 

* 1010+Q2 
o 1925+O2 
*3971+O7 
o4000+02 

1414+02 
e 1728-00 
e 9892-00 
o 2478+O 1 
*4292+01 
a 6296+@ 1 
e8397+01 
*1054+O2 
o 1266+O2 
e 1454+02 
1475+O2 

*5176+01 
953$+0 1 
1967+07 

*2000+02 
o7071+n1 

3299-00 
1575+01 

o3513+01 
05492+01 
,7442+01 
.795tr,+Ol 
.9565+01 
.1010+02 
. l lR9+02  
o 1266+02 

T a b l e  I1 

T =.4000+01 7T =.oooo 
1 3 

,2500-02 

1027+02 
o 1906+02 
*3931+07 
1333+02 
1 0 0 0 + ~ 2  

e 1709-00 
e9307-OO 
e2231+01 
o3724+01 
e5314+@1 
6926+0 1 

*8519+b1 
o9909+01 
1068+Q2 

.1127+02 

2 
71 

e1000-01 

*5454+01 
.9354+01 
a 1920+07 
e 6667+01 
o5000+01 
e3174-00 
o 1366+01 
*2936+01 
4391+01 

.5598+01 

.7342+01 

,9519+91 

6241 +O 1 

R117+01 

o 9913+0 1 

0 291 5+0 1 
.4640+01 
o9571+06 
0 1000+02 
.3536+01 
05706-00 
.1948+01 
*3996+01 
*467R+01 
*6450+01 
o7046+01 
o9059+01 
r9480+01 
.1171+02 
1199+02 

eYfl00-01 

*3230+01 
o4410+01 
t9096+06 
o3333+01 
e2500+01 
e5I.34-00 
e 1598+0 1 
o3073+01 
3585+01 

*5216+01 
o5548+01 
*6973+01 
*8141+01 
eR719+01 
*1008+02 
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n1=.6000+01 IT2=.oooo 

1 

c 2  
1 
2 
3 

w 
w 
w 

w 4  
w 5  
w 6  

7 
w 8  

w 

w 9  
1 0  

w 

1 w 

@2 
O 3  
@ 4  

@ 7  

w 9  

5 w 

w 8  

w 
1 0  

e 1042+02 
e 1889+02 radians 

secs. of arc. ,3896+07 
caooo+Oi 
.ai65+0i 
e 1491-00 
,8812-00 
e2048+01 
3337+01 
e4680+01 
e6013+01 
e7308+01 
e8305+01 
e890O+Q1 
e 9549+0 1 

5691+01 
e9149+01 
c 1887+0? 

4000+01 
e4082+01 
e3061-00 
* 1226+01 
e 2 5 a 2 + o i  
,3761+01 
e 4679+O 1 
5375+0 1 
6383+01 

e 6873+0 1 
, a i w + ~ i  
e 887Q+0 1 

03563+01 
4129+01 

e8517+06 
,2000+01 
c2041+01 
,4690-00 
*1414+01 
e2621+01 
e3131+01 
.4399+01 
.5118+01 
c5707+01 
e6970+01 
eR133+01 
*8319+01 

Table  IV 

IT =.8000+01 7T2=.oooo 1 

e 2 5 O O - 0 2  e 1000-01 ~ 4 ~ 0 0 0 - 0 1  

e 1056+O2 
e 1872+02 

e5714+01 

c 1673-00 
08390-00 
e1905+01 
e3051+~1 
e4229+01 
e5381+01 
e6493+01 
.7284+01 
e 7936+01 
e8509+01 

r a d i a n s  
secs. of arc.,3862+07 

e 7 0 7 l + a l  

e5915+01 
*8995+01 
e 1055+07 
2857+0 1 

e 3536+01 
e2958-09 
r1125+01 

e 3348+01 
e4116+01 
a4?79+01 
e5815+01 
e6123+01 
e 7 1 3 ~  1 
.0139+01 

.2333+01 

e3955+01 
e3929+01 
eR104+06 
e1429+01 
e 176R+01 
e4337-00 
e 1293+01 
e2352+01 
m2769+01 
e 3846+01 
4813+01 

c5196+01 
06071+01 
e7189+01 
.8029+01 



BELLCOMM, INC. 

A P P E N D I X  A 

Timoshenko B e a m  Analysis 

Timoshenko beam theory  occupies t h e  middle ground 
between t h e  c lass ical ,  Euler-Bernoul l i  theory ,  and t h e  e x a c t  
b u t  r e l a t i v e l y  i n t r a c t i b l e  formulat ion of e l a s t i c i t y  theory.  
An e x c e l l e n t  account of  t h e  evo lu t ion  of the  Timoshenko theory  
and a d i s c u s s i o n  of i t s  m e r i t s  i s  given by Mindlin. ( 3 )  

(11-13) Both t r a v e l l i n g  wave (3-10) and modal ana lyses  
have been used f o r  t h e  s o l u t i o n  of problems. The choice  depends 
on t h e  n a t u r e  of t h e  problem. Mindlin ( 3 )  g ives  an e l e g a n t  proof 
t h a t  t h e  Timoshenko equat ions ,  i n  t h e  absence of d i s t r i b u t e d  
loads ,  reduce t o  a set of wave equat ions .  

I n  t h i s  paper t h e  modal method i s  t h e  appropr i a t e  
formulat ion s i n c e  t h e  t i m e  of wave propagat ion over t h e  beam 
length  i s  s m a l l  compared t o  the d u r a t i o n  of the  e x c i t a t i o n .  
The load i s  considered as a shear boundary condi t ion .  This 

(3) method w a s  used e r roneous ly  by Uflyand. (2) 
poin ted  ou t  Uflyand's boundary cond i t ions  are incompatible.  They 
do no t  i d e n t i f y  the  e r r o r ,  however, bu t  avoid i t  by adopt ing t h e  
method which t r e a t s  t h e  load as  an appl ied  6 func t ion  on a 
continuous beam. 

Dengler and Goland 

Miklowitz'" r e t u r n s  t o  t h e  boundary cond i t ion  method. 
H e  uses a formulat ion of t h e  Timoshenko equat ions  t h a t  t r e a t s  
t h e  t o t a l  d e f l e c t i o n  as the sum of bending p lus  shear components 
as 

The shear d e f l e c t i o n  i s  de f ined  as 

Miklowitz c l a i m s  advantages of s i m p l i c i t y  (he means 
a l g e b r a i c a l l y )  p l u s  less chance o f  p i t f a l l s  w i t h  t h e  d i f f i c u l t  
boundary condi t ions .  
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The a l g e b r a i c  advantages may be r e a l  i n  s o m e  problems. 
They d i d  n o t  prove so i n  t h e  problem t r e a t e d  h e r e .  

The boundary cond i t ion  advantage i s  n o t  a real  one. 
Miklowitz has  an e r r o r  of a f a c t o r  of 2 i n  h i s  boundary 
condi t ion ,  Equation 13,where he w r i t e s  

k'A,G 

and S ( 0 , t )  i s  t h e  shea r  load a t  x=O. This  should read S/2 f o r  
S. Miklowitz 's  r e s u l t ,  Equation (16), i s  i n  e r r o r  by t h e  same 
f a c t o r  and does n o t  check Dengler and Goland's r e s u l t  a s  asserted. 

Dengler i n  h i s  d i s c u s s i o n  of Miklowitz 's  paper c l a i m s  
t h a t  it may be demonstrated wi thout  d i f f i c u l t y  t h a t  

The demonstration i s  n o t  given.  Miklowitz i n  h i s  
c losu re  o b j e c t s ,  and r i g h t l y ,  s i n c e  t h e  Dengler condi t ion  i s  
c l e a r l y  wrong. 

I n  view of t h e  p r i o r  d i f f i c u l t y  w i t h  t h e  shea r  
load treated as a boundary cond i t ion  a t  a c u t ,  it has seemed 
u s e f u l  t o  review t h e  h i s t o r y .  The d i f f i c u l t i e s  appear t o  
s t e m  from a lack  of r ecogn i t ion  of t h e  d i s c o n t i n u i t y  of t h e  
d e r i v a t i v e ,  a w / a z  i n  t h e  n o t a t i o n  of t h i s  p a p e r , a t  t h e  c u t .  
Thus t h e  load i s  considered t o  be equa l ly  d iv ided  between 
the' two ha lves  of t h e  beam. 
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t t  

FIGURE ( A - I )  

I n  (b)  above t h e  s h e a r  load F/2 i s  appl ied  t o  t h e  
r i g h t  hand face of t h e  l e f t  h a l f  beam and 

R 
2 
- -  

and on t h e  r i g h t  h a l f  beam 

-F 
- 2 KAG 

R - +  2 

Everyone agrees  t h a t  4 ( R/2, t) =O , o r  ybx ( 0 ,  t)  =O i n  
t h e  n o t a t i o n  of t h e  coupled equat ions ,  so t h e r e  i s  no d i f f i c u l t y  
on t h a t  score .  
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APPENDIX B 

This Appendix cons ide r s  two matters: 

1. Branch p o i n t s  of r l ( s )  and r 2 ( s ) ,  and 

2.  Proof t h a t  t h e  in t eg rand  of t h e  f i n a l  i n v e r s i o n  i n t e g r a l  
i s  s i n g l e  valued f o r  beams of f i n i t e  length .  

Branch Po in t s  of r l  (s )  - 
This  func t ion  def ined  i n  Equation ( 1 3 )  a s  

has t h r e e  branch p o i n t s  a l l  of o rde r  1 / 2 .  They a r e  

where c1 is  r e a l  and p o s i t i v e .  T h e  branch p o i n t s  a t  - +c2 come 
from t h e  ze ro  of t h e  r a d i c a l  i n t e r n a l  t o  t he  b racke t s  { I .  

Near s=O 
1/2 

N e a r  s = c . ~  , l e t  s 1  = s - c I  ; s = s 1  + c1 : I s l l < < c I  
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then  

( B - 3 )  

(B-4 )  

B-2 

w i t h  a s i m i l a r  r e s u l t  near  -cl. 

Figure (B-1)  below shows t h e  correspondence between 
t h e  r l ( s )  and s p lanes  on a contour  surrounding a s u i t a b l e  c u t .  
T h e  c u t  i n  t he  s p lane  runs f r o m  -cl t o  +cl along t h e  rea l  s 
ax i s .  

S PLANE r , (S)  PLANE 

FIGURE B- I 
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Branch P o i n t s  of r2 (s )  - 
T h i s  func t ion ,  from Equation (14), 

has f i v e  branch p o i n t s ,  a l l  of o r d e r  1/2. They are 

where c1 and c2 are real  and p o s i t i v e .  
as  i n  Equation ( B - l b )  a s  i t  o r i g i n a t e s  f r o m  t h e  same source.  

c1 has t h e  same value 

c, i s  a s soc ia t ed  with the zero  of the  b racke t s  1 )  1 / 2  . 
L 

Near s=O 

(B-6) 

Near s = c1 

t hen  
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wi th  aga in  a s i m i l a r  r e s u l t  nea r  -c l .  

N e a r  s = jc2,  l e t  s 2  = s-jc2; Is21<<c2 

then  

where 

Using Equation (B-5c), one f i n d s  

(B-9 1 

where 

F igure  (B-2) shows t h e  correspondence between r2 ( s )  

and s p lanes  on a contour  surrounding a s u i t a b l e  c u t .  The c u t  
i n  t h i s  i n s t a n c e  is  a double one from -cl t o  +cl on t h e  rea l  
s a x i s  and from - jc2 t o  +jc2 on the  imaginary s a x i s .  
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i 

' I  I 

S PLANE r2 ( S )  PLANE 

FIGURE 8-2 

The branches of r l ( s )  and r 2 ( s )  have been chosen 

so  t h a t  as 

B- 10 

I n  t h e  l i g h t  of t h i s  behavior  a t  i n f i n i t y ,  t h e  reader 
may be perplexed, as I was, a t  t h e  behavior  of r2(s)  a t  s=cl. 
How can t h e  contour A ' B '  s t a r t  t o  t h e  l e f t  of r l l  and s t i l l  
r e t a i n  r2 ( s )+s  a s  s-? 

L 
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This  effect  can be expla ined  w i t h  t h e  a i d  of 
Figure B-3  below. 

~ 

S PLANE 

(B-11) 

r 2  PLANE 

FIGURE 8-3 

There i s  a c r i t i c a l  p o i n t *  a t  

s = cg > c1 c3 r e a l  and p o s i t i v e  

*A c r i t i ca l  p o i n t  i s  where r '  ( s ) = O .  A t  ehese p o i n t s  t h e  
t ransformat ion  r ( s )  i s  no t  conformal. 
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on t h e  real  axis,  and a corresponding p o i n t  a t  s=-c3. Given 
Equation (B-lob) and (B-11)  it fol lows t h a t  t h e r e  i s  a p o i n t  

s = c5 > c 3  

such t h a t  

There a r e  t w o  a d d i t i o n a l  c r i t i c a l  p o i n t s  on t h e  
imaginary s a x i s  a t  

s = - + j c 4  c,+ r e a l  and p o s i t i v e  

where  

as  i n d i c a t e d  i n  Figure ( B - 2 ) .  

An i n t e r e s t i n g  p rope r ty  of r 2 ( s )  is  ev iden t  i n  
Figure ( B - 2 ) .  For those  cases where 

has r o o t s  i n  range 

- jc2 < s < + jc2 

r2(s )  w i l l  have real  values .  Outside t h i s  range r2 ( s )  is  always 
imaginary f o r  s imaginary. 
func t ions  appear s imulataneously and t h i s  cond i t ion  e x i s t s  i n  t h e  
problem s t u d i e d  here .  
f a l l  i n t o  t h i s  category as w e l l .  

Thus both hyperbol ic  and t r igonometr ic  

Some of t h e  cases d iscussed  by Huang (13) 
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In tegrand  of Invers ion  I n t e g r a l  i s  S ing le  Valued for  B e a m s  of  
F i n i t e  Length 

The proof i s  based on the  form of Equations ( 1 6 ) .  
A l l  of t h e  func t ions  there are even i n  both ri and r 2 .  S ince 
t h e  beam response i s  a l i n e a r  combination of these func t ions ,  
it fol lows t h a t  t h e  in t eg rand  of t h e  i n v e r s i o n  i n t e g r a l  i s  
even i n  r l  and r2. 

A t  t h e  three p o i n t s  

s = o  
and 

s = - + jc, 

% r ( s )  = X 

where r s t ands  f o r  e i t he r  r l  or r, and X any of t h e  p r o p o r t i o n a l i t y  
cons t an t s  prev ious ly  given for  these p o i n t s .  I t  i s  clear t h a t  any 
even func t ion  of r w i l l  behave as  

% 
E [ r ( s ) l  = a, + a1 A s  

i n  the  v i c i n i t y  of these three branch p o i n t s .  These func t ions  
are t h e r e f o r e  s i n g l e  valued and t h e  in tegrand  i s  as w e l l .  

The p o i n t s  

s = 2 c1 

are m o r e  d i f f i c u l t .  
i n  Equations 1 6  do have branch p o i n t s  a t  s=+cl. - 

A l l  the  i n d i v i d u a l  func t ions  i n  r l  o r  r, 
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Consider a t y p i c a l  t e r m  

'L 
cosh rlr;-cosh r 5 = osh r l l c  + A l l  s i n h  r <} 

2 11  

cosh r l l g  - h l l  < s i n h  r l l  

= 2A11 s i n h  r l l <  

us ing  (B-4) and (B-7). 

Also 

Therefore  

I 

Equations (16) a l l  e x h i b i t  t h e  same p rope r ty  and t h e  p o i n t s  
s=+c are t h e r e f o r e  n o t  branch p o i n t s  of  t h e  in t eg rand  of 
t h e  i n v e r s i o n  i n t e g r a l .  

- 1  

I n  t h i s  proof t h a t  s=+cl - are n o t  branch p o i n t s  of t h e  
i n t e g r a n d  it has been necessary t o  have a l l  of  t h e  f o u r  roots  of  
D ( r )  =O 

Discarding any of t h e s e  roots,  as for example i s  r e q u i r e d  
i n  i n f i n i t e  beam problems t o  s a t i s f y  t h e  cond i t ions  a t  m f  voids t h e  
proof and such problems r e q u i r e  i n t e g r a t i o n  around branch c u t s  (5,101 



BELLCOMM, I N C .  

A P P E N D I X  C 

Ranges of Dimensionless Parameters 

The range of t h e  parameter  IT^ depends on K and v 
s i n c e  

- 2(l+v) E 
G 
- -  

where v is  Po i s son ' s  r a t i o .  From t h e  formulae i n  Reference (21, 
 IT^ has been computed f o r  a number of beam c r o s s  s e c t i o n s .  
r e s u l t s  a r e  shown i n  Table C - I .  

The 

Table C-I 

1 R 

v=o v=. 3 v=.5 

C i r c l e  

Rectangle 

Thin Walled Tube 

Thin Walled Square Tube 

2.33 2.93 3.33 

2.40 3.06 3.50 

4.00 4.90 5.50 

4.80 5.96 6.76 

*m=2; n= l ;  t F / t w = l . O  from Reference (2). 

The corresponding va lues  of K a r e  given i n  TableC-11. 
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C i r c l e  

Rectangle 
Thin Walled Tube 
Thin Walled Square Tube 

Table C - I 1  

K 

v=o 

.857 

.833 

.SO0 

.417 

v=.3 v=.5 

.886 .goo 

,850 .857 
.531 .545 
.436 .444 

The €allowing formulae apply t o  t h e  i n d i c a t e d  c r o s s  
s e c t i o n s .  

C i r c l e   IT^ = 1/4 (d/R) 

Rectangle  IT^ = 1/3 (d/R)’ 

Thin Walled Round Tube  IT^ = 1/2 (d/a)’  

Thin Walled Square Tube r 2  = 2/3 (d/2I2 

Thus 

where d i s  maximum dimension normal t o  a x i s  for which I is 
computed. 

I f  w e  assume t h a t  d<.252,, t h e  m a x i m u m  va lue  of  IT^ i s  

= . 0 4  2max  f 

The l i m i t s  of m 2  are thus 

o<IT2<.04 
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L e t  fibs d e s igna te  t h e  n a t u r a l  c i r c u l a r  frequency of 
t h e  t e l e scope  s p r i n g  system assuming t h e  t e l e s c o p e  t o  be  r i g i d .  
Then 

'bs =qr<, where %= PAR is beam m a s s  

where ab = 2afb = l/a. 

As an example cons ider  an aluminum beam w i t h  

R = 200 inches  

E = 1071bs./sq.in.  

p = 2 . 4 7 ~ 1 0 ~ ~  l b . s ec? / in?  

which g i v e s  

f b  = 32O'Hz. 


