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IN A

PLANE ELECTROMAGNETIC FIEL"

By B. 9. Fuller and S. H. Ward

1. Introduction

A previous report (Fuller and Ward, 1969) discussed the solution
for a cuncentrically layered moorn in a plane electromagneti.c ficld and
presented frequency response curves for particular layecred models derived
from the work of England et a: (1968) and Ward (1969). It is somewhat
naive to expect planets to be composed of pe: fectly howceeneous concentr.c
layers. A concentric mode] can be {nstructive, neverthelcs:s. The utility
of a layered model to simulate a planet is usually based upon thc assumpt:on
that a continuous distribution of electrical properties may be approximated
by an arbitrarily large number of discrete layers. Wait (1961) has remarked
that the convergence of this process is usually very satisfactory provided
that the refractiv. index is not near zero or infinitely large. The intent
of this report is to investigate that assumption for a variicular cuanduc-
tivity distribution and to {llustrate the convergence of the layered model
solution to the solution for & sphere with a conductivity which is functionally
dependent upon the radial coordinate r. This work is intended to justify

the utility of layered models in theoretical computations which are directed




toward the goal of estimating the el. ‘al paramcters of the inner moon

by observing the behavior of the natural time varying magnetic fied in

the lunar environment., With thi: purpoae in mind, the report will counsider
the problem c'.ly as it pertains to spherical gecometry and iow freguen fes,
such that the wavelength in the ‘unar sphere {s of the crder cf the dimenaton
of the sphere. A later report v 11 consider the problem at high frequencic:
wvh.re plare geometry is a suffic ent approx.mation and whore the intent is

to investigate the near surface nductivity distribution in the moon.

Th: problem of an inhonwogeneous sphere w th a conductivity which
obeys some functional dependence with radial coord.nate r has been discurscd
by Bremmer (1949), Tai (1958), Wait (1962), Negi (196:, 19%7) and othcrs.
For particular functional dependencies, analytic sointions are obtainable
and have been presented in many of the aforementioned reterences. Th s
report will adherc to the notati'n developed by Fulier and Ward (1969) in
order to effect convenient comperisons between the layered sclution and

the solution for the continuous distribution of ¢ nductivity.

II. Theoretical Formulation

In the case of inhomogcneity, or dependence of the electr cal
paramcters upon the radial coordinate r, it is both necessary and desirable
to c'nsider the method of solutiion and the relationsghip of fields and potcn-
tial in som detail in order tn . nsure that the solutionc and potentials
chosen do indeced satisfy all requirements of the problem. Either of twc
possible approaches is sufficient to establish the sulutinn; one spproach
is to derive putentials from Maxwell's cquations and . ‘ther is to assum

relations between ficlds and potentials and demonstrate that the fieldc



satisfy Maxwell's ecquations under certa.n conditions on the poctentinls,
The latter approach is used here in order to retain the notation developed
in a previous report (Fuller and Ward, 1969).

The geometry 1s {llustrated in Figure 1. A plane wave, which is
x-polarized and z-traveling is incident upon a sphcere which has electrical
propertice which vary as a function of the radial coordinite. The electrical
propertics of the eaxternal medium arc assumeu constant and, in ~omputations,
will ass'mme free space valuers, The outer radius, Pl , 2T Lhe asphere {=
chosen tc be one lunar radius (1738 Km).

feat

With o~ time depencen-e suppresscd, we scek to solve, in each

medium, the followng Maxwel! equations:
- A “T /= 1
VXE(X,U) = & H(za“") o

VxH(x,w) = y E(%,w) )

where the position vector X denotes spatial dependence and angular frequency

A A
W denotes frequency dependence. The impedivity, z , and admittivity, y ,

ar: given by
(3)

; = 6-LwE (k)

and arc, for Chis discussion, allowed to be functions of the radial coor-

dinate r as well as of frequency. In accordance with Fuller and Ward (19 9)




L
ve define a transverse clectric potentia) W and trancvers: magnetic poten-

tial 6 such that the fields arc given by
é(i,w)szré,+-’;-vwiré,. )
H(i,w3=V*§"év+ J{-VXVXWO‘Q' ()

Eqcuations (5) and (6) may be considered, at the outsct, as merecly
assumptions. It rcmains to justify these assumptions by substituting the
field expressions (9) and (6) into the Maxwell cquations (1) and (') in
order to arrive st the conditions which Y  and Q must satisfy to
ensure that the ficlds given by (9, and (6) satisfy Maxwcll's equations.

Substitution of (5) and (b) intc (1) ylelds

vx&y—vax§’5V=27"‘P'ér (7)

as a condition on the potential ¢ . Making use of the vector identity

(Davis, 1961, p. 119)

vxfA =L UxA +v{ XA (8)
we may write the right hand side of (7) as

2 Ux$re, =UxZPre, -Vixpre (9)




L3

A ) A ry
If >~ z(r) i3 a funstion of r only, then ¥ 7 and Qrer ar. parallc)

vectors, the second term on the right hand saide of cquati-n (9) {s r¢ro, and
A - A =
zUxdre =Uxzrdre, (10)
Substitution of (10) into (7) gives

Vx[a;,-Vxchbrg,-icj)r'éJ:O (11)

A curl-frec vector may be expresred as the gradient of a scalar function so

that, muking use of the relat ‘on
K":;f :w';ue Furw (1)
we may write
VxVX §ré, -xpré = -y Uf (13)

where " is an arvitrary sca’ar function. Expanding equation (13) and

eguating the vector components in the O and ¢ directions yields,

regpectively,
3(%r) . s of
Svss =758 v

M(Pr) _ a0t |
ordd 796 s




'
A
Jince y (s a function of r only, equations (14) and (19) may be (ntegrated
with respect tc G and ¢ respectively and w.ll be 1dcntically satizfied

If we require that the herctofore arbitrarcy scaiar function r tisfy
3(°'_) —:—9“ (16)
3 r

Equat ing the r cumponents of the vector .juation (1!) and makiiz wse of (-

to substitute for [ yirlds the cquation

.:T -g— (r"%?) <5 ae(ang %%) ===y gé—él'}késO(‘/)

Equation (17) is the scalar Helamholtz equation in spherical ccor’.nates

(Harrington, '961, p. LLY) and may be written s

té +K1@___o (18)

The same procedure may be carried ou. to obtain the condition
under which the rields derived from the potential \P will satisfy Maxwcll':

equations. Substitution of (5) and (6) into (.) gives

(19)

va'i VxUxvyre, = 9VX‘4"’§r

A
Making use of the vector identity (8) and the fact that y is a function of

r only, equation (19) leads to the relation

A

VXVXW"ér"K‘Wr.ér:—lvg (:0)




"
vhere g’ is an arbitrary scalar function. The equality of the 0 an! ¢

«omponents of cquation (0) is ensured 'f the ucalar “unction g satiarics

é_____(W") “ig (1)

or
Equating the r components of equation (20) and substituting (1) give:

the condit.on

v+ kly =0 {

#uat ons (18) mna (7 allow that Kz=93 fs a "unction f
r only, or a constant. In summary, the fields lerived frem equations (')
and (6) sat sy Maxwell's equation under the conditions (18) and (i) on
@ and V y respectively, for electiical paramcters ;md : wh ch are
cither congtant or funct:ons of r only.

The crse when Kt’ K‘(T) is of interest in tnis report and has
been discussed by Tai (1958), wait (1961, 1962), Neg: (1962, 1967), Brermmer
(1949) and sthers. By scparation of variablesc (Harringtor, 196!, p. 764),

the sclution of eq.ation (22) may be written in the form
w(v,6,d) = s(v) P(8) H () (3)

where S(V‘),WQ))“(¢) respect.ively satisfy the fullow.ng differential

equationg:

.a_(rl_a_i(_f))+[x1r1_n(n+l\]5(r\:O ()




.sT:\—b g.a(sme %%@)+[n (n+) - g;ro‘J P(6) = o (5)

" H(®) ZHy(d) = o

FY -
The zolut cus to equations (29) and (6) are (Harr ngton, #1, p. 0°)
™ ]
P(eY = P, (cos 9),Qn (cos o) (1)

H(®) = cos m , sin m P (28)

™M ()
where P” ((039) and Q”(coae) are the assoc'ated Legendre Duncticns of
the first and second kind, respect vely. In order that “(¢) be single
valued in the range O$¢‘ 21, wm must te an intcger (Harr ngton, 1907,
p. 266). In order that P(Q) is finite in the range 0SSO M |, the
legendre function of the first kind, with n an integer, must b chosen
(Harrington, 1961, p. 266).
For WL . constant, equation (2L} reduces to vhe spherica)
Besse’ equation with solutiors given by the spheiical Bessel functions

(Morse and Feshbach, 1993, p. 620)

.5(r§=jn(’\"3,y,. (KV)‘h:)(Kf\wh’fl)(K') )

The scluti-ns of equation (29) are thus appropriate to the region surruund ¢

~wt
the sphere, in which the electrical parameters are constant. *or € LS




(V)
dcpendence,J"(Kr) wh:\(‘ V) arc linearly indep:.ndent solut ons which
reprecent incoming and outgoing waves, respectively.

The general solutions to equat on (L), when Kt‘: ; 'l\ fu
allowed to be a function of r, depend upon the purticular functional depend-
ence which {a assumed., This repcrt will Ynvestigate one such functional de-
pendence, which has a convenient analytic solution, in order to tcst the
convergence of the layercd sclut on tc the analytic solution.

Let K. denote the p.opagation conatant within the sphere and

K. = a*/rt (10)
vhere a2 is constant in space, but a function of frequency. At the low
frcquencies (10°8 - 1 Hz) of interest for investigatlon of a sphere of

lunar size, displaccment currents are usually conridered to be negligible

so that we may set
. 2
a = t’lod'w R. (31)

vhere 44, 18 the peimeability of free space and where d 15 a constant.
~quation (30) then corresponds to the case when the radial dependence of thc

conductivity is given by
= ’- z r
6 (v)=5/r (32)

and the conductivity decreasec, according to an inverse squars law, toward
the outer radius of the sphere. It is not intended that ~quation (32)

represent a particular lunar msodel, but only that it serve to test the




10
appli-ability of A layered solution to =« ccavenicnt continuously varying
mode .

Subst .tution of equatiun (30) into equaticn (°4) gives the dif-

fercatial cquation to be solved:

5050 forteefsr 20 o

Taking advantage of the results of Negi (1967) for a differcnt problem

formulation, let us seek solutions of the type

S(e)=r" (24)

Substituting (34) into (33), we have

A
o((c'+l) rd.+ [dl-n(nu\]r =0 (35)

wvhich is satisfied for al) r only if
3 B ( '§1 =0
A + A+ d'-n(n+ J - (36)

The solution to the quadratic equation (36) is

& = -L_.'_!‘_ l L-4(a’-n(m«3) (37)
Z

This agrees with the solution obtained by Negi (1967). The two solutions

represented by equations (34) and (37) may be written as

S, (r) = Ar +Br “t-p (38)




11

wherc A and B are arbitrary constant and whcre P is given by

B = J ! =4 (3*-n(n+1)) (39)
Z

The fact th t the two solutions «f equation (22) are indepondent is {1lus-

tratcd by the non-zero vaiue of the Wronskian W:
\
-i Q’ -I -p -Z
w(r ' 1) s —2pr o

letting conduct ion currents predominate so that .p is purcly imaginary,
as given by equation (31), and taking the principal value of thc squarc
root ensurcs that he real part of @ is a)ways >1/i. The soluiion

hep

wave (analogous to J (Kr) while the solution of the form ¥V

of the form ¢ {4 then finite at the origin and represents an incomirg

‘z-t’

at thc origin and represents an outgoing wave (analogous to “\ (K "\ ).

s infinite

The soluticn to the stated problem is then similar to the solution
for a homogeneous sphere, which ir a special case of the results of Fuller
and Ward (1969), with the excopiion that, inside the sphere, the Bessc)
func.ion solutions are repleced by the solutions given by cquation (38).

Following Fuller and Ward (1969) the primary plane wavc, assuming

unit amplitude ('Ec‘ = | ), may be expanded in terms of the potentials as
A\ 22

: (2n+) . '
47;1(%9' z( i) nz(ma) Jn(Kor)cos  F (05 0) (),

o ng‘

¢ = ( )" 2n +1) ],, (Kor) sind P (cos ©) (h7)

NN+t



Milizing the general form of the sclution to the Helmholt: equation,
and making use of the form of equations (41) and (%), the solutions for

the potentials in the cxternt) mcdium may be writton down as

4 =J(-i-)<°>¢§‘ j) ,%,?:- n(‘“a)[ Jn (%) +b,,l-:,,(kr)] (41)

Nz

ram St Rt il

n(n+)
Nne|
) ° (4 °
wvhere a bn » €00 dn are as yet undetermined coefficients. The vrimary
[ J
wave i3 thc only incoming wave in the external medi'm so that a; . e ! )

by comparison of (L3) with (k1) and (Lk) with (42). The solution insidc the

spherc may be written as

e Mz(. O ARL TS I

p'zsind Y (B0 plicos 6)car m;,-t-ﬂ 06

4 |
Finitcness at the origin requires that bn = d = 0. The remaining four

n
' ' 1] (]
coefficients a5 Cpos bn ’ d_‘ may be determined by application cf thc four
boundary conditions which are sufficient to ensure the continuity ot tan-

gential E and H:

".(.
r= R' (w7)



13

é‘ - Q.\ =R (16)

'I‘ﬁ(rv‘)m'{-f;(rw) o (v9)
'-_'_..6.. [ . 50
tg}('““g d (&) =R, "

Application of the boundary cond.*ions given ty equations (47) through (50)

yields the following expressions for b: and d: in the ecxternal medium:
° A‘ n(Ya) go j" (y‘)[% + p]

" ) (51)

h (y)[l- *3;1 Y| ()h .

o i."\n (Y.) - so jn (ya)l} +’:}
n =G -
Lh [t +pd-2 7, (9,)

where y (= d' » neglecting displacement currents), is understood to be

(52)

evaluated at the boundary r = Rl and vhere

“Ww= Ko R, (53)

an ()= f}'t’jn(Y)]yzy' (54)

[\/ “:)(Y)]yz),' (55)

AAE

R
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If we define mode! reflection coeffi~ients for the TFE and ™ potentio .. nl

()
Ray = dn ha (KR)) ()
jﬂ (KoRu\

')
fog= b M OGR)

In (Ko R,

then the solutions for the potentials in the esterior mecium, cquations

(L3) and (L) may be written as

_’;:)u.bz(- Jf-(("—”—‘-'l f.@”)[.("-') +Rg M ] (48)

-;m’Z(‘]) nl ) ((,xé) )\«nr)* Ray E——S—u K (K Y) (99)
N+ . (K,R|)
By cquations (58) and (59) the solution is determined everywhere in the
exterior medium once K,y and Raj have been determined. The ficlds
are obtained through the vector relationships of equations (%) and (C).

The solutions of Fuller and Ward (1969) for an arbitrarily layered
sphere are in exactly the same form us equations (58) and (59). To show
convergence of an appropriate layered solution to the particular casc of
conductivity distribution considcred here, it suffices to show that Rﬂ‘
and R"V y for an appropriate layered model, respectively converge to

?nf and R,,.‘, for the cortinuously varying model.
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ITT. Computations

Figure 7 {llustrates the chosen continuous modc' of a asphere in
which the conductivity varies according *o the inverse square ot eadlus, as
given by egn., (1), The conductivity a% the surfu e of the aphere 45 107
mho: /'m and is within the range of anticipated Junar conductivities, though
both this valur nand the functional dependence of conduct i vity upon lunar
radlis are used for {llustrative purposcs only and are not An expression of
our velief of the conductivity structure of the moon. All model calculat.ons
precented in thic stuay w 11 assume frec space as the ~xternal medium. I[n
this instance, for frequencics end observation points such taat Kof L\,
the observed magnetic ' cld is p-imarily depcndent upon Lhe 1E potential
Rn v the contribution of Rnb being negligible., Quantitative jJustifica-
tion of this result is ~vailable in Fuller and Ward (1969) and :iller (1969).
In addition, it i5 shown in those references that, where the sphere conduc-
tiv .ty is sufficiently high that displacement currents may be neglected,
any value of conductivity yields the same R"‘ in the quasi-static range
of frequencies. For these reasons, this report will be concerncd only with
the TF reflection coefficients.

The evaluation of eqns. (52) and (5€) yields an for the con-
tinwusly varying mode! of Figurec 2 and is presented in Figure 3 for n - 1
through 4, The features of the frequency response of the cuntinuouely verying
model are of particular ianterest when compared to the frequency response of a
homogeneous model. For this reason, the response coefficient an for »a

5

homogeneous model of conductivity 10 ° mhos/m is presented in Figure ! (cal-

cula'ed according to Fuller and Ward (1969). In comparison to the aomogcneousn



mode) of Figure 4, we may note the “ollowing featurcs of the ot lnuously,

vary ng mode ! o7 Figure 3,

(i) T™:r aponse of Figure § begins at a !ower froquoney ha
that of Figure 4 du: to the higher ‘nternal conductivity.
() 10e responce curves of Figur«c 4 ant L tena to N Lde

the highor frequenclee because off the close agroement of th
onductivitics {in th: cuter re> ont of the two milels,

(4) The responsc of t'e ~ontinucusly varving mode! 5 sprea

over a wider freguency range tnan “het of ne homogenc sun moade !

ond quadraturc (imaginary part) jpeak amp! Lodes are lower thar

those for the humog.:necus model.

(L) Higher modes of the refle:tion ~ocfficient appear Lo agre

more closely than the first mode, indicating that the highor

modes are more affected by near surface conducti!vity.

(%) Except for (1) through (4) above, there arc no marked
differcences between the partic Yar continuous model chosen

anc the homogeneous model. Thic would indicate that the response

of the very high conductivity region at the center of the continuour
model is sufficiently attenuated through th: conductive outer portion

that its cf'fect is negligidble.

Figure 5 is a two layer approximation nf the continuous model,
calculated according to Fuller and Ward (1969). The layer param:tcrs are
illustrated on the figure. Beyond about L Hz, the juasi-static approximati n
breaks down «ithin (though not outside ~f) thc outcr layer so as to cause

computational difficulties; fo. this reason, the rcsponse is not presonted




beyond that frequency. The in~reased cornductivity 9f the interual pirt
of the sphere results {n falr ag-eement, at low reguencics, %o the roapons
of Fogu . At the higher fre uencies, however, “he agreement {8 nct as
rood as between Figures 3 and L, due to the chelee of w h glher conduct v ¢,
for Lhe outer la,cr of the model of ¥igure .

The three layer model of Figure € ylelda a <lose approximat on
to the regponse of Figure 1 at the high and ‘ow freguencics, though th
sharpress of the ouadreture peaks, a: opposed to those of Figure , 1odi-
cate that a great:r number of laycers {5 noecessary to simulate the rosyonose
of the continuous model .,

igure 7 {llustrate: the calculated resporse of a ten layer
approximati - n to the continuous mode’, with layer parameters illustrated
on the figure. The responses, or rcfiection coefficients of Figures ¢ ard
" are almost exactly coincident "or all modes and for both real and {maginary
part:, The ten layer model tiws accomplishes, for all practical purposes,
an cxact cli-ctromagnetic sim lation of the ¢ nt nucucsly varying model at

low frequencies,

IV. Summary and Conclusions

It has been demonzirated that a concentrically layered spherical
mode] may be utilized to simulate electromagnetically a sphere which has n
continuous distribution of conductivity as a function of radius, o suffi-
cientlv low frequencies. The frequency limitation implied requires that
the layers be electrically thin; that is, the waveleagth in a given layer

must be much greater than the layer thickness in order to avoid waveguidr

eff-cts.




The lntent of this report has been *o demonstrate the ut!l

1A

'Ly

uf  ayered models ns tacoretical approximations Lo hadics in wi ch the

clectrica) parametors Obey some Cunctiona’ distridbuti n, This has te

a compllished for a particular conauctiv ty 4 str.bat on which o smootnly

varying a: n funiction of radius. A lcasas smooth cordu L vty atast=ion' on,

one in which the conouctivity changes sharplv at part: ular vi)ics

¢

radius,

wuld be expected Lo be more conductive to approximetl n Yy » laycred mode |,

The va . ue of s’ ng layc~ed models Yies (n the fact that
putat ona! jprocedure remalns genora’ for ary arrangement < ayors
exact so.ution for n parti{icular ‘onductivity distributicn, on the

han i, depends upon the functiona’ dependence assurw d,

the

othe

On -
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