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ENERGY D I S T R I B U T I O N  O F  A SPIRALING ELECTRON BEAM 

By Bernhard Kulke 
E l e c t r o n i c s  Research Cen te r  

SUMMARY 

Complementary t o  an in-house p r o j e c t  concerned w i t h  s p i r a l i n g -
beam o s c i l l a t o r s  s u i t a b l e  f o r  m i l l i m e t e r - w a v e  g e n e r a t i o n ,  a 
r e t a r d i n g - f i e l d  a n a l y z e r  w a s  used t o  i n v e s t i g a t e  t h e  energy 
convers ion ,  and e s p e c i a l l y  t h e  energy s p r e a d ,  i n c u r r e d  when t h e  
e l e c t r o n  beam t r a j e c t o r y  w a s  g e n e r a t e d  d u r i n g  passage  through a 
magnet ic  corkscrew fo l lowed by a magnet ic  ramp. I t  w a s  found 
t h a t  i n  t h e  absence o f  space-charge  e f f e c t s ,  a r e l a t i v e l y  narrow, 
n e a r - r e c t a n g u l a r  energy  d i s t r i b u t i o n  w a s  g e n e r a t e d  by t h e  
corkscrew when t h e  a x i a l  magnet ic  f i e l d  w a s  tuned  t o  c y c l o t r o n  
resonance .  The normal ized  wid th  of t h i s  d i s t r i b u t i o n  i s  approx
ima te ly  independent  of t h e  deg ree  of energy  conve r s ion ,  i n  agree
ment w i t h  t h e  t h e o r y ,  and t h e  mean t r a n s v e r s e  ( conve r t ed )  energy 
v a r i e s  a s  t h e  s q u a r e  o f  t h e  corkscrew c u r r e n t .  The magnet ic  
ramp a m p l i f i e s  b o t h  t h e  mean t r a n s v e r s e  energy and t h e  energy 
sp read  l i n e a r l y ,  as expec ted  from t h e  a d i a b a t i c  assumption.  Both 
q u a n t i t i e s  a l s o  can be  e s t i m a t e d  by u s i n g  t h e  m i r r o r i n g  e f f e c t  of  
t h e  magnet ic  ramp, i n  c o n j u n c t i o n  w i t h  v a r i a b l e  corkscrew c u r r e n t  

I N T R O D U C T I O N  

I n  a p r i o r  r e p o r t  ( r e f .  1) an in-house p r o j e c t  a t  ERC has  been 
d e s c r i b e d  t h a t  i s  concerned w i t h  sp i r a l ing -beam o s c i l l a t o r s  where 
t h e  beam t r a j e c t o r y  i s  g e n e r a t e d  d u r i n g  passage  through a cork-
screw-mirror  sys tem,  i . e . ,  a magnet ic  corkscrew ( r e f .  2 )  fo l lowed 
by a magnet ic  ramp. T h i s  t y p e  of  dev ice  has  demonstrated s0r.e 
c a p a b i l i t y  and h o l d s  f u r t h e r  promise as a high-power m i l l i m e t e r -
wave s o u r c e .  R F  power i s  e x t r a c t e d  from t h e  s p i r a l i n g  e l e c t r o n  
c loud  by means o f  a s imple  smooth waveguide o r  c a v i t y ,  and one 
t h u s  avoids  t h e  u s u a l  d i f f i c u l t y  bo th  of  machining an u l t r a -
p r e c i s e  slow-wave s t r u c t u r e  and o f  forming and s t e e r i n g  a h igh-
d e n s i t y  l i n e a r  e l e c t r o n  beam c l o s e  t o  such a s t r u c t u r e .  During 
work on a p r o t o t y p e  o s c i l l a t o r  which w a s  b u i l t  and t e s t e d  a t  
ERC ( r e f .  3 ) ,  it  became e v i d e n t  t h a t  p robably  t h e  most impor t an t  
l i m i t a t i o n  on t h e  a v a i l a b l e  power and t h e  e f f i c i e n c y  o f  t h i s  t y p e  
of  d e v i c e  w a s  t h e  f i n i t e  energy  sp read  t h a t  ar ises  when t h e  a x i a l  
momentum of t h e  i n i t i a l l y  monoenerget ic  e l e c t r o n  beam i s  con
v e r t e d  i n t o  t r a n s v e r s e  ( o r b i t a l )  momentum by t h e  combined a c t i o n  
o f  t h e  corkscrew and t h e  magnet ic  ramp. The rf i n t e r a c t i o n  can 
t a k e  p l a c e  only  o v e r  a f i n i t e  range  o f  a x i a l  v e l o c i t i e s .  and 
a l l  e l e c t r o n s  t h a t  are n o t  i n  t h i s  range  are t h u s  l o s t  t o  t h e  
i n t e r a c t i o n .  I n  o r d e r  t o  g e t  some i d e a  of  t h e  magnitude of t h e  



t o t a l  energy  s p r e a d  and of t h e  t r a d e o f f s  i nvo lved  i n  minimizing 
it, a r e t a r d i n g - f i e l d  v e l o c i t y  a n a l y z e r  of a t y p e  d e s c r i b e d  by 
Caul ton  (ref.  4 )  w a s  b u i l t  t h a t  responded s e l e c t i v e l y  t o  t h e  a x i a l  
momentum o f  t h e  b e a m  e l e c t r o n s ,  independent  o f  t h e i r  o r b i t a l  
v e l o c i t y .  Th i s  r e p o r t  w i l l  describe t h e  l a t t e r  device, t h e  d a t a  
it y i e l d e d ,  and some conc lus ions  t h a t  are s u g g e s t e d  by t h e s e  d a t a .  
Both t h e  measurements and t h e i r  i n t e r p r e t a t i o n  are aimed a t  
sp i r a l ing -beam o s c i l l a t o r s ,  and t h e y  are r a t h e r  d i f f e r e n t  i n  t h i s  
s e n s e  from e a r l i e r  work ( refs .  5 , 6 ,  and 7 )  which w a s  mo t iva t ed  
o r i g i n a l l y  by t h e  p o t e n t i a l  u se  of a magnet ic  corkscrew as a 
component i n  a magnet ic  m i r r o r  sys tem f o r  plasma conf inement ,  
i . e . ,  i n  n u c l e a r  f u s i o n  exper iments .  

SYMBOLS * 
DC beam p o t e n t i a l  a t  gun 

r e t a r d i n g  p o t e n t i a l  

energy  s p r e a d  

a x i a l  beam energy 

t r a n s  ve rse b e  a m  energy 

mean ax ia l  energy 

mean t r a n s v e r s e  energy 

v a l u e  of magnet ic  f i e l d  a t  low p l a t e a u  

v a l u e  of magnet ic  f i e l d  a t  h i g h  p l a t e a u  

B1m i r r o r  r a t i o ,  M = -
BO 

ca thode  c u r r e n t  


corkscrew c u r r e n t  


l ow- f i e ld  c u r r e n t  


t a r g e t  o r  c o l l e c t o r  c u r r e n t  


a x i a l  v e l o c i t y  

- -

"Energies  are expres sed  i n  e', w i t h  t h e  (e )  suppres sed .  
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P ( z )  corkscrew p i t c h  
e q = -m charge-to-mass r a t i o  

K corkscrew (convers ion)  e f f i c i e n c y  

THE EXPERIMENTAL APPARATUS 


The ins t rumen t  used i n  t h i s  work i s  shown t o  scale i n  F igu re  1, 
t o g e t h e r  w i t h  a t y p i c a l  a x i a l  magnetic f i e l d  p r o f i l e  i n  which it 
was immersed. The e l e c t r o n  gun c o n s i s t e d  of a 1-mm d i a .  
P h i l i p s  ca thode ,  a c o n i c a l  focus  cup, and an anode w i t h  a 1-mm 
a p e r t u r e .  The Pierce-gun c o n f i g u r a t i o n  as used r e a l l y  w a s  re
dundant because t h e  cathode w a s  immersed i n  a magnetic f i e l d  of 
many t i m e s  t h e  B r i l l o u i n  v a l u e ,  so t h a t  t h e  beam w a s  e s s e n t i a l l y  
i n  conf ined  f low.  The f u l l  beam v o l t a g e  of 2-6 kV w a s  a p p l i e d  
d i r e c t l y  between ca thode  and anode, and t h e  beam c u r r e n t  w a s  
c o n t r o l l e d  by t e m p e r a t u r e - l i m i t i n g  t h e  ca thode .  The un i fo rmi ty  
of t h e  low p l a t e a u  of  t h e  a x i a l  magnetic f i e l d  w a s  h e l d  t o  
w i t h i n  1 p e r c e n t  ove r  t h e  gun r e g i o n ,  i n c l u d i n g  a l a r g e  p a r t  of t h e  
magnetic corkscrew. Th i s  un i fo rmi ty  w a s  ach ieved  by s h i e l d i n g  
t h e  low- f i e ld  s o l e n o i d  from t h e  h i g h - f i e l d  e l ec t romagne t  which 
would o the rwise  se t  up a s t r o n g  g r a d i e n t  i n  t h e  low- f i e ld  r e g i o n .  
The s h i e l d i n g  c o n s i s t e d  of 1/4-inch t h i c k  i n g o t  i r o n  p l a t e s  t h a t  
w e r e  s t r a p p e d  t o  t h e  low- f i e ld  c o i l  i n  a box- l ike  arrangement .  
N o  i r o n  was used anywhere e lse  i n  t h e  magnet ic  c i r c u i t .  The 
s p a t i a l  r i p p l e  i n  t h e  h i g h - f i e l d  p l a t e a u  was caused by t h e  use  
of  three d i s c r e t e  s o l e n o i d s ,  t h e  geometry of which u n f o r t u n a t e l y  
d i d  n o t  permi t  Helmholtz-pair  spac ing .  However, t h e  performance 
of t h e  v e l o c i t y  a n a l y z e r  t u r n e d  o u t  t o  b e  markedly i n s e n s i t i v e  
t o  i t s  a x i a l  p o s i t i o n  w i t h  r e s p e c t  t o  these r i p p l e s ,  and t h e i r  
e x i s t e n c e  w a s  t h e r e f o r e  n e g l e c t e d .  

The magnetic corkscrew i s  a dev ice  t h a t  s e r v e s  t o  impar t  
t r a n s v e r s e  momentum t o  an a x i a l l y - f l o w i n g  e l e c t r o n  beam. For a 
c e r t a i n  range of a x i a l  v e l o c i t i e s ,  a t y p i c a l  e l e c t r o n  i s  s u b j e c t  
t o  a p e r i o d i c  f o r c e  t h a t  a c t s  a t  r i g h t  ang le s  t o  t h e  t o t a l  
magnet ic  f i e l d  and remains i n  phase wi th  t h e  t r a n s v e r s e  v e l o c i t y  
component a s s o c i a t e d  wi th  t h e  c y c l o t r o n  o r b i t  of t h e  e l e c t r o n .  
The p e r i o d i c  f i e l d s  t h u s  appear  c i r c u l a r l y  p o l a r i z e d  i n  t h e  
r e f e r e n c e  frame moving a x i a l l y  w i t h  t h e  o r b i t i n g  e l e c t r o n .  T h i s  
r e s u l t s  i n  a cyc lo t ron - re sonan t  t r a n s f e r  of energy from t h e  a x i a l  
i n t o  t h e  t r a n s v e r s e  d i r e c t i o n ,  wh i l e  t h e  t o t a l  energy i s  con
se rved .  

The corkscrew used h e r e  c o n s i s t e d  of a 33 c m  long  q u a d r u f i l a r  
h e l i x  t h a t  w a s  wound e x t e r n a l l y  around t h e  non-magnetic 5/8 inch  
O.D.  d r i f t  t u b e ,  u s i n g  #14--gauge enameled copper w i r e ,  w i th  a 
c o n s t a n t  p i t c h  of 3 . 3 3  c m .  T y p i c a l l y ,  t h i s  corkscrew w a s  
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( I )  ELECTRON GUN ASSEMBLY ( 4 k V ,  200pA,  I mm dia. beam ) 
( 2 )  CORKSCREW 
(3) 	DRIFT TUBE SECTION FOR TRANSITION TO 

HIGH-FIELD PLATEAU 
(4) RETARDING LENS ASSEMBLY 
( 5 )  TARGET ASSEMBLY 
(6)  VIEWING PORT 
( 7 )  VACUUM FLANGE 
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Figure  1 .  	 The v e l o c i t y  a n a l y z e r ,  drawn t o  s c a l e  i n  

t h e  a x i a l  magnet ic  f i e l d  p r o f i l e  



ene rg ized  w i t h  d c  c u r r e n t s  of 2-3A, g i v i n g  a t r a n s v e r s e  f i e l d  
component of 1 - 2 G  on t h e  beam a x i s .  Assuming a maximum beam 
d iame te r  of 4 mm, t h e  r a d i a l  v a r i a t i o n  of t h e  corkscrew-f ie ld  
over t h e  beam cross s e c t i o n  w a s  c a l c u l a t e d  t o  be  about  f i v e  
p e r c e n t .  Synchronism (resona’nce) of  t h e  space -pe r iod ic  transverse 
magnet ic  f i e l d  w i t h  a 4kV beam w a s  ob ta ined  when t h e  a x i a l  f i e l d  
w a s  h e l d  a t  400G.  B e a m s  of  d i f f e r e n t  energy w e r e  accomodated by 
changing t h e  a x i a l  f i e l d  Bo such t h a t  

While t h e  energy convers ion  o c c u r s ,  t h e  a x i a l  v e l o c i t y  u ( z )  
dec reases  and t h e  e l e c t r o n  goes o u t  of resonance.  Thus, t o  
i n c r e a s e  t h e  Q of  t h e  sys tem,  t h e  p e r i o d  of t h e  f i e l d  should  b e  
decreased  w i t h  d i s t a n c e  i n  o r d e r  t o  be matched t o  t h e  e l e c t r o n  
motion. However, f o r  t h e s e  measurements, t h e  t y p i c a l  change i n  
a x i a l  v e l o c i t y  over  t h e  corkscrew l e n g t h  w a s  o n l y  3-5 p e r c e n t ,
and t h e  cor responding  t a p e r e d  p i t c h  would have been d i f f i c u l t  t o  
wind a c c u r a t e l y .  The corkscrew t h e r e f o r e  w a s  wound w i t h  c o n s t a n t  
p i t c h .  

The a n a l y z e r  head was of a type  d e s c r i b e d  by Caul ton ( r e f .  4), 
and an assembly drawing i s  shown i n  F igu re  2 .  The r e t a r d i n g  
a c t i o n  t a k e s  p l a c e  on o r  n e a r  t h e  a x i s  of t h e  c y l i n d r i c a l  r e t a r d 
i n g  l e n s .  The d i ame te r  of t h i s  l e n s  i s  made l a r g e  compared t o  
t h e  s p i r a l i n g  beam d iame te r  so  t h a t  t h e  e q u i p o t e n t i a l  p l anes  
encountered  by t h e  beam e l e c t r o n s  are p e r f e c t l y  normal t o  t h e  
beam a x i s ;  i t  i s  t h i s  f e a t u r e  which a s s u r e s  t h a t  t h e  l e n s  con
t r o l s  on ly  t h e  a x i a l  component of momentum, b u t  has  no e f f ec t  on 
t h e  t r a n s v e r s e  component. To enab le  a c c u r a t e  c e n t e r i n g  of t h e  
beam, a tungsten-mesh t a r g e t  i s  mounted behind t h e  r e t a r d i n g  l e n s .  
This  a l s o  s e r v e s  as t h e  col lector  e l e c t r o d e .  The t a r g e t  can b e  
viewed through a g l a s s  window, and a c c u r a t e  beam al ignment  can 
be achieved by c e n t e r i n g  t h e  incandescen t  image of  t h e  beam on 
t h e  t a r g e t .  The e n t i r e  d e v i c e  i s  connected t o  an appendage pump 
(0.2.  l i t e r  V a c  Ion )  bo th  t o  monitor  p r e s s u r e  and t o  absorb any 
r e s i d u a l  o u t g a s s i n g  a f t e r  t h e  i n i t i a l  bakeout .  The demountable 
c o n s t r u c t i o n ,  u s i n g  bakeable  crushed-copper vacuum f l a n g e s ,  per
m i t s  easy m o d i f i c a t i o n  of  t h e  dev ice .  

MEASURED DATA AND T H E I R  INTERPRETATION 

The b a s i c  measurement performed wi th  t h e  v e l o c i t y  a n a l y z e r  i s  
an energy  a n a l y s i s .  That  i s ,  one observes  t h e  col lector  ( t a r g e t )  
c u r r e n t  Itoll as a f u n c t i o n  of r e t a r d i n g  p o t e n t i a l  Vret. C l e a r l y ,  

t h e  r e t a r d i n g  e lectr ic  f i e l d  w i l l  c u t  o f f  t h o s e  beam e l e c t r o n s  
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RETARDING LENS (CYLINDER) 

TUNGSTEN MESH TARGET, DIPPED IN COLLOIDAL GRAPHITE SOLUTION 

VIEWING TUBE AND TARGET ELECTRODE 

GLASS V IEWING PORT 

CERAMIC FEEDTHROUGH INSU LATORS 

VACUUM FLANGES (CRUSHED-COPPER TYPE 1 

BORON NITRIDE COLLARS 

Figure  2 .  Assembly drawing o f  t h e  a n a l y z e r  head 



w i t h  a x i a l  k i n e t i c  energy less than  eVret .  ( I n  t h e  presence  of  a 
s t r o n g  a x i a l  magnetic f i e l d ,  t h e r e  w i l l  be  backstreaming of t h e  
mir rored  e l e c t r o n s  a long  t h e  beam, b u t  under c o n d i t i o n s  of 
n e g l i g i b l e  space  charge i n  t h e  forward beam t h i s  e f f e c t  probably 
can be  neg lec t ed  a l s o ) .  The r e s u l t a n t  Icoll c u t o f f  c h a r a c t e r i s t i c  

i s  then  p l o t t e d  f o r  d i f f e r e n t  combinations of beam parameters ,  
such as beam c u r r e n t  Io ( space  c h a r g e ) ,  corkscrew c u r r e n t  Icork 

B1m i r r o r  r a t i o  M = - , i . e . ,  t h e  r a t i o  of t h e  h igh  t o  t h e  l o w  
BO 

p l a t e a u  of t h e  a x i a l  magnet ic  f i e l d ,  and f i n a l l y ,  t h e  beam 
v o l t a g e  Vo. The r e s u l t s  of such measurements w i l l  now b e  
desc r ibed .  A l l  measurements w e r e  made w i t h  t h e  beam pu l sed .  

Space-Charge E f f e c t s  

The range of beam v o l t a g e s  used i n  t h e s e  measurements (2-6kV) 
was governed by t h e  a v a i l a b l e  r e t a r d i n g  v o l t a g e  supp ly .  A s  it 
had p r e v i o u s l y  been found ( re f .  4 )  t h a t  space-charge e f f e c t s  i n  
t h e  r e t a r d i n g - l e n s  r e g i o n  could  d i s t o r t  t h e  d a t a ,  it w a s  impor t an t  
t o  t e s t  f o r  such e f f e c t s  i n  t h e  p r e s e n t  ser ies  of measurements. 
The r e s u l t  i s  shown i n  F igu re  3 ,  where t h e  beam c u r r e n t  w a s  
changed by an o r d e r  of magnitude wh i l e  Vo,  M and Icorkw e r e  h e l d  

c o n s t a n t .  For t h e  purposes  of  t h i s  p a p e r ,  t h e  t e r m  energy s p r e a d  
(AV) w i l l  be  used a s  i n d i c a t e d  i n  F igu re  3 ,  meaning t h e  v o l t a g e
d i f f e r e n c e  between t h e  p o i n t  where Icoll f i r s t  begins  t o  d e c r e a s e ,  

AV
and where it reaches  ze ro .  From F igure  3 ,  - 0 . 0 5  r e g a r d l e s s  

vO 

of t h e  beam c u r r e n t ,  and no twi ths t and ing  a s l i g h t  change i n  shape 
of t h e  c u t o f f  c h a r a c t e r i s t i c .  Th i s  r e s u l t  s u p p o r t s  an assumption 
which w i l l  be  made throughout  t h i s  pape r ,  i . e . ,  t h a t  space-charge 
e f fec ts ,  e i t h e r  i n  t h e  r e t a r d i n g - l e n s  r e g i o n  o r  e l sewhere ,  do n o t  
s i g n i f i c a n t l y  a f f e c t  t h e  measured energy sp read .  

The e f f e c t  of changing Vo and t h e  i m p l i c a t i o n s  of t h e  

no rma l i za t ion  - are d i s c u s s e d  f u r t h e r  below. 
vO 

T r a j e c t o r y  Modulation i n  t h e  Corkscrew Region 

The e f f e c t  of t h e  corkscrew f i e l d  on t h e  beam i s  governed by 
t h e  c y c l o t r o n  resonance r e f e r r e d  t o  ear l ier .  One tunes  t h e  
e l e c t r o n s  t o  resonance by a d j u s t i n g  t h e  low- f i e ld  p l a t e a u ,  as  
shown i n  F i g u r e  4 ,  where t h e  t a r g e t  c u r r e n t  i s  p l o t t e d  vs l o w -
f i e l d  ampli tude.  A s  t h e  e l e c t r o n s  approach resonance ,  t h e  
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F i g u r e  3 .  	 T y p i c a l  t a r g e t - c u r r e n t  c u t o f f  c u r v e s .  T h e s e  c u r v e s  
w e r e  p l o t t e d  f o r  beam c u r r e n t s  d i f f e r e n t  b y  a n  o r d e r  
o f  m a g n i t u d e ,  i n  o r d e r  t o  i n v e s t i g a t e  t h e  e f f e c t s  o f  
s p a c e  c h a r g e  o n  t h e  m e a s u r e m e n t .  M i r r o r  r a t i o
M = 8 . 5 3  a n d  I c o r k  = 0 .  

PA 
200-
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low, 

F i g u r e  4 	 A p l o t  o f  t a r g e t  c u r r e n t  v s  l o w - f i e l d  c u r r e n t ,  n e a r  
c y c l o t r o n  r e s o n a n c e  a t  V = 4kV .  The  c o r k s c r e w  
c u r r e n t  i s  I c o r k  = 2 . 5 A ,  a n d  V r e t  = 2 5 0 0  V .  The 
c o r k s c r e w  was d e s i g n e d  t o  r e s o n a t e  w i t h  t h e  beam a t  
I l o w  = 13 .2A .  
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corkscrew becomes m o r e  e f f e c t i v e  i n  conve r t ing  a x i a l  i n t o  t r a n s 
verse momentum, u n t i l  f i n a l l y  s o m e  of  t h e  e l e c t r o n s  are l e f t  
w i t h  a x i a l  e n e r g i e s  below t h e  2500V t h r e s h o l d  t h a t  is  s e t  by t h e  
r e t a r d i n g  p o t e n t i a l ,  and a drop  i n  Icoll occur s .  However, t h e  
measured resonance  c o n d i t i o n  o c c u r s  a t  12.95A, o r  3926, r a t h e r  
t h a n  t h e  d e s i g n  v a l u e  of 13.2A, o r  400G.  The p h y s i c a l  r eason  
f o r  t h i s  i s  n o t  c lear ,  b u t  it w i l l  be  seen  p r e s e n t l y  t h a t  t h e  
b e s t  performance of t h e  corkscrew,  i n  terms of minimum energy 
s p r e a d ,  i s  indeed o b t a i n e d  nea r  t h e  d e s i g n  resonance.  

The t y p i c a l  behav io r  of t h e  t a r g e t - c u r r e n t  c u t o f f  c h a r a c t e r i s 
t i cs  when Icork is  changed w i t h  M and Vo c o n s t a n t ,  i s  shown i n  
F i g u r e  5 . l n c r e a s i n g  t h e  t r a n s v e r s e  beam modulat ion ( g r e a t e r  Ico rk  ) 
r e s u l t s  i n  some i n c r e a s e  of  a x i a l  energy s p r e a d ,  mainly by 
l eng then ing  t h e  t a i l s  o f  t h e  energy d i s t r i b u t i o n .  There a l s o  
appears  t o  b e  s o m e  "mi r ro r ing"  (beam r e f l e c t i o n  b e f o r e  t h e  beam 
g e t s  t o  t h e  r e t a r d i n g  l e n s )  w i th  Icork = 3.5A. H o w e v e r ,  a d e c r e a s e  
of  t a r g e t  c u r r e n t  i s  a l s o  observed f o r  Icork = 0 w i t h  Vret < 700-
v o l t s ,  and t h e  observed " m i r r o r i n g "  may a c t u a l l y  be t h e  same 
phenomenon, which could  be  due t o  t h e  emiss ion  and subsequent  
backstreaming of s e c o n d a r i e s  from t h e  t u n g s t e n  and g r a p h i t e  
t a r g e t  s u r f a c e .  Th i s  t ype  of behav io r  w a s  no ted  c o n s i s t e n t l y ,  
and f o r  t h i s  reason  measurements w e r e  n o t  t a k e n ,  i n  g e n e r a l ,  i n  
t h e  range Vr e t  < 7 0 0 V .  

Cutoff  c h a r a c t e r i s t i c s  of t h e  type  shown i n  F igu re  5 can be  
conver ted  d i r e c t l y  t o  v e l o c i t y  d i s t r i b u t i o n  cu rves  by s imple  
d i f f e r e n t i a t i o n ,  as f o l l o w s .  I f  an e l e c t r o n  beam has  t h e  ( a x i a l )  
v e l o c i t y  d i s t r i b u t i o n  f ( u )  and t h i s  i s  t r u n c a t e d  a t  some v e l o c i t y  
Ur e t '  cor responding  t o  a r e t a r d i n g  p o t e n t i a l  Vret ,  t h e n  t h e  

remaining beam c u r r e n t  i s  g iven  by 

m 
P 

where f ( u )  i s  normalized such  t h a t  t h e  t o t a l  number of e l e c t r o n s  
p e r  u n i t  of beam volume i s  

m 

Ne 4 J f ( u ) , d u  
0 


But u =  m ( 3 )  
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F i g u r e  5 .  A t y p i c a l  f a m i l y  o f  c u t o f f  c h a r a c t e r i s t i c s ,  w h e r e  Ico,k 
p a r a m e t e r .  The l o w - f i e l d  p l a t e a u  i s  t u n e d  t o  c o r k s c r e w  

=r e s o n a n c e  ( Ilow1 2 . 9 5 A )  w i t h  V o  = 4 kV. The m i r r o r  
i s  M = 8 . 5 3 .  

4000 

i s  t h e  

r a t i o  
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so ( 4 )  

where w e  now have changed t h e  v a r i a b l e  of i n t e g r a t i o n  t o  V l l ,  t h e  
a x i a l  beam v o l t a g e  ( o r  e q u i v a l e n t l y ,  a x i a l  beam e n e r g y ) ,  and 

From ( 4 )  and (5 )  w e  have 

which i s  t h e  d e s i r e d  r e l a t i o n s h i p .  

F igu re  6 g i v e s  t h e  d i f f e r e n t i a t e d  form of t h e  curves  of 
F igu re  5 ,  i n  u n i t s  of 1-1 A/kV,  and from Eqs. ( 5 )  and ( 6 )  t h e s e  
curves  correspond t o  e i t h e r  t h e  a x i a l - v e l o c i t y  o r  t h e  a x i a l -
energy d i s t r i b u t i o n ,  w i t h i n  a s c a l i n g  f a c t o r .  W e  s h a l l  now 
a t t empt  t o  correlate  t h e s e  r e s u l t s  w i t h  t h e  t h e o r y .  

I n  a series of papers  fo l lowing  Wingerson's o r i g i n a l  desc r ip 
t i o n  of t h e  magnet ic  corkscrew,  bo th  he  and o t h e r  workers ( r e f s .  
5 ,6 , and  7 )  have i n d i c a t e d  t h e  e x i s t e n c e  of a range of f a v o r a b l e  
e n t r a n c e  a n g l e s ,  such t h a t  when an ( a l r e a d y  s p i r a l i n g )  e l e c t r o n  
e n t e r s  t h e  corkscrew f i e l d  w i t h  a phase ang le  w i t h i n  t h i s  range ,  
t h i s  e l e c t r o n  w i l l  i n  e f f e c t  be locked t o  t h e  phase-space t r a j e c 
t o r y  of a p e r f e c t l y  synchronous e l e c t r o n  d u r i n g  i t s  e n t i r e  t r a n s i t  
through t h e  corkscrew. T h e  non-synchronous e l e c t r o n  w i l l ,  however, 
execu te  o s c i l l a t i o n s  of i n c r e a s i n g  ampl i tude  about  a mean v a l u e  
of phase ,  and o s c i l l a t i o n s  of roughly c o n s t a n t  ampl i tude  about  a 
mean va lue  of energy .  This  l a t t e r  f e a t u r e  is r a t h e r  impor t an t ,  
f o r  it i m p l i e s  an energy d i s t r i b u t i o n  of c o n s t a n t  w id th ,  inde
pendent of t h e  degree  of convers ion .  Th i s  i s  i l l u s t r a t e d  i n  
F igu re  7 ,  where t h e  normalized a x i a l  energy i s  c a l c u l a t e d  as a 
f u n c t i o n  of d i s t a n c e  b o t h  f o r  an e l e c t r o n  i n  p e r f e c t  synchronism 
and for  an e l e c t r o n  t h a t  i s  assumed t o  s u f f e r  a 15O p e r t u r b a t i o n  
from p e r f e c t  synchronism a t  an a x i a l  p o s i t i o n  c l o s e  t o  t h e  
e n t r a n c e  p l ane .  

However, t h e  p r e d i c t i o n  of a cons tan t -wid th  energy d i s t r i b u 
t i o n  i s  n o t  borne  o u t  by t h e  r e s u l t s  p l o t t e d  i n  F i g u r e  6 .  One 
might be tempted t o  a s c r i b e  t h i s  t o  t h e  f a c t  t h a t  t h e  corkscrew 
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Figure  6 .  	 Axial v e l o c i t y  d i s t r i b u t i o n  c o r r e s p o n d i n g  t o  t h e  
c u t o f f  c h a r a c t e r i s t i c s  o f  F i g u r e  5 .  T h e  pa rame te r  
i s  ' c o r k '  
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NORMALIZED POSITION, X 

F i g u r e  7 .  A computer p l o t  o f  normal ized  a x i a l  energy  v s  n o r 
mal i z e d  a x i a l  p o s i t i o n  a long  t h e  corkscrew ( a f t e r  

7TZr e f .  6 ) .  x = - where Z i s  t h e  p o s i t i o n  o f  t h e2L 
e l e c t r o n ,  a n d  L i s  t h e  l e n g t h  o f  t h e  co rksc rew.  T w o  
e l e c t r o n  t r a j e c t o r i e s  a r e  s h o w n ,  one o f  which i s  u n 
p e r t u r b e d ,  i . e . ,  i n  p e r f e c t  r e sonance  (dashed  l a n e )
a n d  t h e  o t h e r  h a s  an a n g u l a r  p e r t u r b a t i o n  of  15  a t  
x = 0 . 4  ( s o l i d  l i n e ) .  
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had a c o n s t a n t  p i t c h  r a t h e r  t han  a t ape red  p i t c h .  As t h e  
synchronism c o n d i t i o n  i s  

w e  have ,  f o r  c o n s t a n t  p i t c h ,  

21TBo(z) = -
rlP u ( z )  

and c e r t a i n l y  one would e x p e c t  t o  improve t h e  o v e r a l l  resonance 
c o n d i t i o n  by d e c r e a s i n g  Bo, corresponding  t o  a monotonic d e c r e a s e  
of u ( z )  a long  t h e  corkscrew. 

However, an i n c r e a s e  i n  Bo g i v e s  t h e  d e s i r e d  improvement i n  
t h e  energy d i s t r i b u t i o n ,  whereas a d e c r e a s e  does the o p p o s i t e .  
T h i s  is  shown i n  F igu re  8 ,  where t h e  low f i e l d  has  been v a r i e d  
i n  e i t h e r  d i r e c t i o n  about  t h e  measured c y c l o t r o n  resonance.  
F igu re  8b does c l o s e l y  approximate the p r e d i c t e d  constant-width 
energy d i s t r i b u t i o n ,  independent  of Icork. T h e  low f i e l d  here 

a c t u a l l y  was set  a t  406G, i . e . ,  h ighe r  t h a n  bo th  t h e  measured and 
t h e  d e s i g n  resonance v a l u e s .  The observed monotonic narrowing of 
t h e  energy d i s t r i b u t i o n  w i t h  i n c r e a s i n g  l o w  f i e l d  i s  probably a 
v a r i a t i o n  of t h e  " lock ing"  mechanism i l l u s t r a t e d  i n  F igure  7 ,  
t h a t  i s ,  tun ing  above resonance r e s u l t s  i n  f u r t h e r  narrowing
of t h e  " lock- in"  range  of energy u n t i l  synchronism can no longe r
be main ta ined .  

During these measurements, it w a s  d i scove red  a l so  t h a t  t h e  
corkscrew c u r r e n t  i t se l f  can cause  a quas i - r e sonan t  behavior  i n  
t h e  t a r g e t  c u r r e n t ,  depending on t h e  t u n i n g  of t h e  low-f ie ld  
p l a t e a u .  An example is  given i n  F igu re  9 ,  which shows t h a t  when 
t h e  beam e l e c t r o n s  are tuned  above c y c l o t r o n  resonance ,  there may 
b e  one va lue  of  corkscrew c u r r e n t  which g i v e s  t h e  maximum energy 
conve r s ion ,  w h i l e  v a l u e s  b o t h  below and above it r e s u l t  i n  less 
e f f i c i e n t  corkscrew a c t i o n .  Th i s  phenomenon is  n o t  understood.  
E v i d e n t l y ,  t h e  mechanical  s i m p l i c i t y  of t h e  Corkscrew h i d e s  
g r e a t  p h y s i c a l  complexi ty ,  and m o r e  e f f o r t  can u s e f u l l y  be  
s p e n t  on unders tanding  t h i s  f a s c i n a t i n g  d e v i c e .  

Resolu t ion  of Corkscrew and Ramp E f f e c t s  

A f u r t h e r  series of  measurements w a s  run  w i t h  t h e  o b j e c t  of 
s e p a r a t i n g  t h e  c o n t r i b u t i o n s  of t h e  corkscrew and of  t h e  magnetic 
ramp t o  t h e  mean t r a n s v e r s e  energy and t o  t h e  energy sp read .
This  w a s  done by measuring t h e  energy d i s t r i b u t i o n ,  wi th  Icork as 
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a parameter ,  f o r  M = 1-70, 4 . 2 7 ,  and 8.53 w i t h  Vo = 4kV and f o r  

M = 6.05 wi th  Vo = 2kV. 

I n  o r d e r  t o  minimize t h e  energy s p r e a d  throughout  t h i s  series 
of measurements, t h e  low- f i e ld  p l a t e a u  was detuned a r b i t r a r i l y  
by 2.5 p e r c e n t  above t h e  measured c y c l o t r o n  resonance va lue .  
This  corresponds almost  e x a c t l y  t o  t h e  des ign  resonance .  A 
t y p i c a l  family of c u t o f f  c h a r a c t e r i s t i c s  i s  shown i n  F igure  1 0 .  
Note t h a t  as i n  F igu re  8b, t h e  energy d i s t r i b u t i o n  e s s e n t i a l l y  
r e t a i n s  bo th  i t s  shape and i t s  width ove r  a wide range  of t h e  
corkscrew c u r r e n t .  Two parameters  of i n t e r e s t  a r e  the energy 
s p r e a d  AV and t h e  mean t r a n s v e r s e  energy (VI). The l a t t e r  w e  
s h a l l  d e f i n e  as t h e  d i f f e r e n c e  between t h e  i n i t i a l  beam v o l t a g e  
and t h e  inean v a l u e  of t h e  a x i a l  energy d i s t r i b u t i o n  

A 
(VI) = vo - (VII) (7) 

Assuming t h e  energy conversion i n  t h e  magnet ic  ramp t o  be a

d i a b a t i c  so  t h a t  t h e  magnet ic  moment 7 i s  conserved,  t h e  

t r a n s v e r s e  energy w i l l  increase l i n e a r l y  wi th  t h e  a x i a l  magnetic 

f i e l d ,  i . e . ,  t h e  m i r r o r  r a t i o  M. Thus one would expec t  E P.> 
t o  be c o n s t a n t  f o r  a given Icork. The amount of energy convers ion  

achieved i n  t h e  corkscrew reg ion  i s  r e l a t e d  t o  t h e  beam and t h e  
corkscrew geometry by a f i x e d  c o n s t a n t ,  and t h e  expected dependence 
On 'cork may be deduced from a s imple  argument,  a s  f o l l o w s .  

S ince  t h e  t r a n s v e r s e  e l e c t r o n  v e l o c i t y  v can be assumed t o  b e  
p r i m a r i l y  o r b i t a l  i n  d i r e c t i o n ,  t h e  a x i a l  component of t h e  
e q u a t i o n  of  motion may be approximated by 

dv e 
dz 

5 - G Br = c o n s t a n t  

where Br i s  t h e  r a d i a l  component of t h e  corkscrew f i e l d  ( ref .  5 ) .  
Thus, over  an a r b i t r a r y  l e n g t h  Az t h e  change i n  t r a n s v e r s e  momentum 
w i l l  b e  
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F i g u r e  9 .  	 A p l o t  o f  t a r g e t  c u r r e n t  v s  c o r k s c r e w  c u r r e n t ,  
w i t h  l o w  f i e l d  c u r r e n t  as  t h e  p a r a m e t e r .  C y c l o 
t r o n - r e s o n a n c e  t u n i n g  c o r r e s p o n d s  t o  I = 12 .9A .  
The r e t a r d i n g  l e n s  w a s  set a t  Vret = 9 b 8 ' ~ ,  w i t h  
V o  = 4kV a n d  M = 8 . 5 3 .k.011,p A 

cork= 

F i g u r e  1 0 .  T y p i c a l  c u t o f f  c h a r a c t e r i s t i c s  when t h e  l o w  f i e l d  
i s  t u n e d  t o  t h e  d e s i g n  c y c l o t r o n  r e s o n a n c e .  The 

a n dp a r a m e t e r  i s  Icork,V o  = 4kV,  M = 4 . 2 7 .  
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But s i n c e  v = 0 a t  z = 0 ,  v = AV , and w e  can a lso w r i t e  t h e  

t r a n s v e r s e  energy 

which i s  t h e  d e s i r e d  r e l a t i o n s h i p .  I n c i d e n t a l l y ,  Eq. ( 8 )  a l s o  
provides  an approximate p r e s c r i p t i o n  f o r  t a p e r i n g  t h e  corkscrew. 

An exper imenta l  check of t h e s e  conc lus ions  is  provided by 
F igu re  11, where t h e  e q u a t i o n  

is  s e e n  t o  provide  a close f i t  t o  t h e  measured d a t a .  

I t  remains t o  e x p l o r e  t h e  dependence of t h e  energy sp read  on 
t h e  m i r r o r  r a t i o ,  f o r  a given amount of corkscrew modulation. 
I f ,  as b e f o r e ,  one assumes t h e  energy conve r s ion  i n  t h e  ramp 
r e g i o n  t o  be a d i a b a t i c ,  t h e n  t h e  t r a n s v e r s e  energy  a t  t h e  o u t p u t
w i l l  f o l low t h e  t r a n s v e r s e  energy a t  t h e  i n p u t  l i n e a r l y ,  

V = M V
I 2  I1 

The s a m e  l a w  h o l d s  ove r  a range of energy:  

and s u b t r a c t i n g  ( 1 2 )  f r o m  (13 )  g ives  t h e  d e s i r e d  e q u a t i o n ,  

= M AVlAvl,2 

t h a t  i s ,  t h e  magnet ic  ramp w i l l  amplify t h e  energy sp read  l i n e a r l y .  

Eq. (14) i s  e s s e n t i a l l y  confirmed by t h e  r e s u l t s  shown i n  
F igu re  1 2 ,  where the measured energy s p r e a d ,  normalized t o  t h e  
beam v o l t a g e  Vo, i s  p l o t t e d  vs t h e  m i r r o r  r a t i o .  The s c a t t e r  of 
d a t a  p o i n t s  reflects the non-ideal  behavior  of t he  corkscrew 
a c t i o n  a s  Icork i s  changed, f o r  i f  t h e  corkscrew behaved i d e a l l y ,  
t h e  energy s p r e a d  due t o  it would b e  n e a r l y  c o n s t a n t ,  independent 
of Icork. The no rma l i za t ion  used f o r  t h e  d a t a  i n  F igu re  1 2  

i m p l i e s  t h a t  t h e  energy  s p r e a d  scales l i n e a r l y  w i t h  t h e  beam 
voltage Vo. While t h i s  may be an i n t u i t i v e l y  r easonab le  assump
t i o n ,  it w a s  a lso t e s t e d  expe r imen ta l ly ,  w i t h  Vo = 2 , 4 , and 6kV. 
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F i g u r e  1 1 .  	 A p l o t  o f  t h e  mean t r a n s v e r s e  e n e r g y ,  n o r m a l i z e d  
t o  t h e  m i r r o r  r a t i o ,  versus t h e  c o r k s c r e w  c u r r e n t .  
The d a t a  a r e  d e r i v e d  f r o m  m e a s u r e m e n t s  w i t h  
V o  = 4kV a n d  M = 1 . 7 0  (A),M = 4 . 2 7  (A),a n d  
M = 8 . 5 3  (a). 
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F i g u r e  1 2 .  	 N o r m a l i z e d  e n e r g y  s p r e a d  p l o t t e d  vs m i r r o r  r a t i o  
M . F o r  e a c h  v a l u e  o f  M ,  s e v e r a l  p o i n t s  a r e  
p l o t t e d ,  c o r r e s p o n d i n g  t o  d i f f e r e n t  v a l u e s  o f  
c o r k s c r e w  c u r r e n t  f o r  t h a t  p a r t i c u l a r  beam. D a t a  
are p l o t t e d  f o r  a 2kV beam wi th  M = 6 . 0 5 ,  and f o r  
a 4kV beam w i t h  M = 1 . 7 0 ,  4 . 2 7 ,  8 . 5 3 .  
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The corkscrew c u r r e n t  w a s  a d j u s t e d  t o  g i v e  (V) cc 0.25Vo f o r  each  
beam. The r e s u l t s  (F ig .  1 3 )  confirm t h a t  i ndeed  0V’ - Vo as 
s t a t e d .  

A Method o f  Energy Ana lys i s  Using B e a m  M i r r o r i n g  

For  p r a c t i c a l  beam d e s i g n ,  it would b e  d e s i r a b l e  t o  be a b l e  t o  
c a l c u l a t e  q u i c k l y  t h e  c o n s t a n t  K i n  Eq. (11) and t h e  c o e f f i c i e n t  
of  M i n  F igu re  1 2 ,  as t h i s  would d e f i n e  t h e  conve r s ion  e f f i c i e n c y  
and t h e  energy s p r e a d  a s s o c i a t e d  w i t h  any p a r t i c u l a r  corkscrew.  
U n f o r t u n a t e l y ,  such  c a l c u l a t i o n s  are d i f f i c u l t  and t e d i o u s ,  
because  t h e  corkscrew a c t i o n  i s  p h y s i c a l l y  q u i t e  complex. An 
e m p i r i c a l  c a l i b r a t i o n  i s  perhaps  t h e  n e x t - b e s t  s o l u t i o n ,  and 
some tes t s  w e r e  made t o  see whether  t h i s  c o u l d  be done w i t h o u t  
r e c o u r s e  t o  a r e t a r d i n g  l e n s  arrangement ,  i . e . ,  by u s i n g  t h e  
m i r r o r i n g  a c t i o n  of  t h e  magnet ic  ramp i t s e l f  t o  e s t i m a t e  t h e  
energy spectrum of  t h e  beam. Such a procedure  can indeed  b e  
deve loped ,  based  only  on t h e  assumption t h a t  t h e  energy d i s t r i 
b u t i o n  i s  symmetrical about  some p o i n t ,  which g e n e r a l l y  s e e m s  t o  
be t h e  c a s e .  The method r e l i e s  on t a r g e t  c u r r e n t  c u t o f f  char
a c t e r i s t i c s  of t h e  t y p e  shown i n  F igu re  9 ,  w i t h  t h e  l o w - f i e l d  
p l a t e a u  a d j u s t e d  f o r  c y c l o t r o n  resonance ,  and i t  i s  e x p l a i n e d  i n  
F igu re  1 4 .  For s i m p l i c i t y ,  a r e c t a n g u l a r  energy  d i s t r i b u t i o n  i s  
assumed, a l though t h i s  i s  n o t  e s s e n t i a l  t o  t h e  method. A t  t h e  
t h r e e  s u c c e s s i v e  v a l u e s  of corkscrew c u r r e n t  shown, t h e  c o l l e c t o r  
c u r r e n t  w i l l  beg in  t o  d e c r e a s e  due t o  m i r r o r i n g  a t  (a), w i l l  have 
dropped t o  one-half  i t s  maximum v a l u e  a t  ( b ) ,  and w i l l  have 
van i shed  a t  ( c ) .  The s h i f t  of  p a r t  of  t h e  ene rgy  d i s t r i b u t i o n  
i n t o  the(VII)< 0 r e g i o n  i n d i c a t e s  m i r r o r i n g  of  t h e  co r re spond ing  
f r a c t i o n  of  t h e  b e a m .  We n o t e  immediately t h a t  i n  (b )  w e  have 

(Vl) = Vo , and t h i s  t h e r e f o r e  d e f i n e s  K i n  E q .  (ll), o r  

I; 

Also ,  by combining t h e  i n f o r m a t i o n  from (a )  and (c)w e  f i n d  

K (132- I12 )  = vo - (vo,3> - vo + (vo,l> 

= (vo,1)- ( V o . 3 )  

= av 

1 9  
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Figure  1 3 .  	 Cuto f f  c h a r a c t e r i s t i c s  w i t h  beams of d i f f e r e n t  V o .  
F o r  each beam, t h e  co rksc rew c u r r e n t  i s  a d j u s t e d  
t o  g i v e  <VI> = 0 . 2 5  V o  . The m i r r o r  ratio is 
M = 8 . 5 3 ,  a n d  t h e  l o w - f i e l d  p l a t e a u  i s  tuned  t o  

A Vc y c l o t r o n  r e s o n a n c e .  The measured v a l u e s  of  
" 0  

a r e  i n d i c a t e d  o n  each c u r v e .  The beam c u r r e n t  
was c o n t r o l l e d  by t e m p e r a t u r e - l i m i t i n g  t h e  c a t h o d e .  

'cork' I I 

F igu re  1 4 .  	 A method of e s t i m a t i n g  t h e  corkscrew e f f i c i e n c y  a n d  
t h e  energy  s p r e a d .  The i d e a l i z e d  energy  d i s t r i b u 
t i o n  g r a d u a l l y  s h i f t s  i n t o  t h e  m i r r o r i n g  r e g i o n
V11<0 a s  t h e  corkscrew c u r r e n t  i s  i n c r e a s e d  from 
I 1  t o  I 3  . The c o l l e c t o r  c u r r e n t  d e c r e a s e s  c o r r e s 
p o n d i n g l y .  
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and combining (15)  and ( 1 6 )  t h e  energy  s p r e a d  i s  
2 2 

AV - I 3  - I1 
2 

vO 1,
L 

This  method w a s  a p p l i e d  t o  t h e  beams of  F i g u r e  1 3 ,  where,  by u s i n g  
t h e  r e t a r d i n g - f i e l d  a n a l y z e r ,  t h e  energy  s p r e a d s  p r e v i o u s l y  had 
been measured as 0.415,  0 . 4 3 8 ,  and 0.417, r e s p e c t i v e l y .  The 
r e s u l t s  o b t a i n e d  by t h e  m i r r o r i n g  method w e r e  0 .527,  0 . 4 1 0 ,  and 
0.485,  r e s p e c t i v e l y ,  and t h u s  t h e  two methods a g r e e  w i t h i n  b e t t e r  
t h a n  20  p e r c e n t .  

CONCLUSION 

The measurements d e s c r i b e d  i n  t h i s  r e p o r t  i n d i c a t e  t h a t  i n  t h e  
absence of space-charge e f f e c t s ,  a r e l a t i v e l y  narrow,  nea r -
r e c t a n g u l a r  energy d i s t r i b u t i o n  w i l l  b e  g e n e r a t e d  by t h e  cork
screw when t h e  a x i a l  magnet ic  f i e l d  i s  tuned  t o  c y c l o t r o n  
resonance .  The normalized width of t h i s  d i s t r i b u t i o n  i s  inde
pendent  of t h e  degree  of  energy c o n v e r s i o n ,  i n  agreement w i t h  
t h e  t h e o r y ,  and t h e  mean t r a n s v e r s e  ( c o n v e r t e d )  energy  v a r i e s  as 
t h e  squa re  of t h e  corkscrew c u r r e n t .  The magnet ic  ramp a m p l i f i e s  
bo th  t h e  mean t r a n s v e r s e  energy and t h e  energy  s p r e a d  l i n e a r l y ,  
a s  expec ted  from t h e  assumed a d i a b a t i c  conve r s ion .  I t  i s  shown 
t h a t  b o t h  q u a n t i t i e s  a l s o  can be  e s t i m a t e d  by u s i n g  t h e  m i r r o r i n g  
e f f e c t  of t h e  magnet ic  ramp, i n  c o n j u n c t i o n  w i t h  v a r i a b l e  cork
s c r e w  c u r r e n t .  

2 1  
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