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NATIONAL ADVISORY COMMITTEE FOR AF,RONAUT ICS ' 

TECHNICAL NOTE 2550 

DETERMINATION OF SWES OF BOATTAIL BODIES OF 
I L  =- I  

R~VOLUTION FOR MINIMUM WAVE DRAG' 
-' - - 

By Mac C. Adams 

SUMMARY 

By use of an approximate equation fo r  the wave drag of slender 
bodies of revolution in a supersonic flow f ie ld ,  the optimum shapes of 
cer tain boa t t a i l  bodies a re  determined fo r  minimum wave drag. The prop- 
e r t i e s  of three specif ic  families of bodies a re  determined, the f i r s t  
family consisting of bodies having a given length and base area and a 

- I  contour passing through a prescribed point between the nose and base, 
> . - I  - the second family having fixed length, base area, and maximum area, and 

PI - the th i rd  family having given length, volume, and base area. The method 
presented is eas i l y  generalized t o  determine minimum-wave-drag profi le  
shapes which have contours tha t  must pass through any prescribed number 
of points. 

According t o  l inearized theory, the optimum profi les  a re  found t o  
have in f in i t e  slope a t  the nose but zero radius of curvature so tha t  the 
bodies appear t o  have pointed noses, a zero slope a t  the body base, and 
no variat ion of wave drag with Mach number. For those bodies having a 
spec i f  ied intermediate .diameter ( tha t  is, locat ion and magnitude given), 
the maximum body diameter i s  shown t o  be larger, i n  general, than the 
specified diameter. It is a l so  shown tha t ,  fo r  bodies having a specified 
maximum diameter, the location of the maximum diameter is not a rb i t r a ry  
but is determined from the r a t i o  of base diameter t o  maximum diameter. 

. . I  . I I I ,  

L I - - -  . -  I  I 

I  - 
, INTRODUCTION - 

The wave drag of slender bodies of revolution havpg,cross-sectional 
areas with a zero slope a t  the base was shown by Vofi Karman (reference 1) 
t o  be given approxima~ely by a double integral  depende?t only on the body 
shape and independent of Mach number. By use of Von Karmknls in tegra l  <.',<: :k5, '1 
and the calculus, of variations,  several authors (references 1 t o  4) have'" ' 

t reated the problem of determining optimum body shapes t o  give minimum 
wave drag. A l l  these investigations have been concerned with e i the r  
closed bodies or a body, such as a she l l ,  having i t s  maximum thickness 
a t  the base; however, none have t reated bodies having boat tai ls ,  and 
t h i s  problem i s  considered herein. 
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Ward (reference 3) has shown t h a t  bodies having a, f $n i t e  slope a t  
the  base give r i s e  t o  drag terms i n  addi t ion t o  Von Karman's i n t eg ra l  
and these add i t iona l  terms include Mach number e f f ec t s .  The present 
paper shows, however, t h a t  the  optimum bodies must have a zero slope a t  
the  base and consequently the  add i t iona l  terms vanish. The determination 
of t he  minimum-wave-drag bodies af revolution with boa t t a i l i ng  then 
resolves i t s e l f  t o  minimizing t he  same in t eg ra l  as used by the  reference 
papers but  with a more general  treatment of the body p ro f i l e .  

Although the  analysis  t o  follow is concerned with wave drag only, , - 
. - 

it should be remembered t h a t  the  add i t iona l  drag r e su l t i ng  from base 
pressure and sk in  f r i c t i o n  i s  a l s o  of importanqe. A br i e f  discussion 
of t h i s  add i t iona l  drag is given i n  the  concluding remarks. 

wave drag 

dynamic pressure of f r e e  stream 

free-stream Mach number 

body length 

distances made nondimens iona l  with respect  t o  212 and 
measured along body ax i s  from midpoint of body 

nondimensional body cross-sect ional  a rea  

spec i f ied  cross-sectional  area  of body divided by ( ~ 1 2 ) ~  

body diameter corresponding t o  area  A 

maximum body cross-sectional  area  divided by (2/2)2 

body-base area  divided by (2/212 



- 
I.. I 

maximum body diameter 

drag coef f ic ien t  

body volume divided by ( ~ / 2 ) 3  

distance,  divided by 112, from midpoint of body t o  loca- 
t i o n  of spec i f i ed  a rea  A I 

- 
distance,  divided by 212. from midpoint of body t o  loca- " ; 

t ion of Smax . - 

Lagrange mul t ip l i e r  

ANALYSIS 

By means of l inear ized  theory, Ward (reference 5 )  has shown t h a t  -. 
the wave drag of a body of revolution i n  a supersonic flow f i e l d  is - 
given approximately by IV.- : 

-2 ' ' 

A 
- - 

- L y  rL7 
- ; -  

where the  body cross-sectional  a rea  and the  coordinate distances have 1 -- 
bee'n wr i t t en  i n  nondimensional form. The requirements i n  the  der ivat ion 
of equation (1) a r e  t h a t  the  body p ro f i l e  have no corners (a continuous 
s lope)  and t h a t  the  r a t e  of change of the  cross-sectional  a rea  a t  the  
nose be zero ( s f ( - 1 )  = 0) .  

Optimum body having given length and base a rea  and a contour passing 
t h r o u ~ h   res scribed ~ o i n t  between nose and base.- I n  ce r t a in  p r a c t i c a l  ---- - --"-- & - - - 
problems it may be desired t o  have a minimum-wave-drag body of revolution 
,whi/ch has a given length and base a rea  and which has a contour t h a t  must 

T a s s  through a spec i f ied  diameter a t  a pa r t i cu l a r  point  between the  nose 
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=" - - 
- ' ~ n d  base of the body. Such a s i tua t ion  would ar i se ,  fo r  example, i f  a 
7 - >body of revolution were desired which would enclose some given rocket 

or  j e t  engine. 

Although the analysis t o  follow determines the optimum body shape 
whiCh is required t o  pass through three given points, t ha t  is, the nose, 
the base, and some in-between point, the manner in  which the analysis 
could be generalized t o  determine optimum body shapes which.must pass 
through any prescribed number of points w i l l  become apparent. 

Let it be supposed tha t  the optimum body shape i s  given by the 
expreaa ions 

- 
~ ( x )  = f (x) . 1 - 4  - (-1 2 x 5 c)  

s ( x )  = g(x) (c 5 x 5 1 )  
] 12; 

Since the body must pass through W e e  given pointa, the following condi- 
t ions apply: 

f (c )  = g(c)  = A > 
.I - - - - -  I  - I  .I -I - 1 4 m , - - 1 -  - 

- 
The l imitat ion of equation (1) allows no corners on the body p r d i i l e j  
hence, 

and a fur ther  condition requires tha t  f '(-1) = 0. 

Next consider another body shape such tha t  
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where 

h(-1) = h(c)  = k(c)  = k(1) = 

6h t ( c )  = y k t ( c )  

This second body prof i le  passes through the s 
e,s the optimum body prof i le  and a l so  s a t i s f i e s  the other conditions plac 
on the optimum body. However, since f (x) and g(x) define the optimum 
prof i le ,  the variations i n  the prof i le ,  6h(x) and yk(x),  must neces- 
s a r i l y  produce an increased drag. It follows t h a t  h(x)  and k(x) a r e  
completely a rb i t r a ry  i n  form and t h a t  6 and 7 a re  independent param- 
e t e r s .  Subst i tut ion of equations ( 5 )  in to  equation (1) gives the drag 
as a function of the two independent parameters 6 and y .  I f  the  r ea r  
portion of the body i s  held fixed i n  its minimum-drag configuration, t h a t  
is, y = 0, then 

= - h )  d i  [J: f t ' (x ) lo&(x  - ~ I d x  + 

where 

h(-1) = h(c) = ht ( -1)  = h t ( c )  = 0 

\ 

Id  fixed 



where 
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P a r t i a l  in tegrat ion of equations (7) and (8) yields 

and 

I 
g'(1) l i m  E v ( x ) l o & ( l  - . x u  - u t ( l ) k t ( l ) l o &  - 

x+'l 
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Inasmuch as h(S ) is an a r b i t r a r y  function, equation ( 9 )  yields  d i r e c t l y  

Equation (10) cannot be reduced so  r ead i l y  but requires more considera- 
t ion.  Since k(6)  is a l s o  a rb i t r a ry ,  it can be chosen such t h a t  
k t ( l )  = 0 of s u f f i c i e n t  order and then 

Now suppose t h a t  k t  (1) is not zero but instead is' some f i n i t e  value. 
It then follows from equations (10) and (12) t h a t  g ' (1 )  must be zero; 
t h a t  is, the  optimum 6ody p r o f i l e  must have a zero slope a t  its base. 
It is in t e r e s t i ng  t o  observe t h a t  the  Mach number e f f e c t  on the  drag 
disappears f o r  the  minimum-drag bodies . I.!' The simultaneous solut ion of i n t eg ra l  equations (11) and (12) w i l l  
now give the  optimum body prof i l es  sought. These two equations a r e  

- 
I 

i den t i ca l  t o  those found i n  reference 2 i n  which minimum-drag closed 
- -  - bodies were considered. - d - .  

'1 

Isli _ It is recognized t ha t  equations (11) and (12) a r e  analogous t o  the 
I .  . 
- - _ _ i n t e g r a l  equations found i n  l i f t i ng - l i ne  theory. I n  the analogy f t ( x )  - 

I and g t ( x )  correspond t o  the  vortex d i s t r ibu t ion ,  and the  right-hand 

- 
s ides  of the  equations represent the  induced-normal-velocity d i s t r ibu t ions  - 

- on the  two-dimensional wings with no thickness. The cross-sectional  a rea  
of the  optimum body i s  therefore a l i nea r  combination of the  surface  
po t en t i a l  d i s t r ibu t ions  which give r i s e  t o  the  following normal-velocity 
d i s t r ibu t ions  on two-dimensional wings : 

, 
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where 

I '  
C1 = A3c + A4 C3 = Ale + A2 

C2 = A3 C 4  = -A1 

, In  addition, a circulatory solution is required in  order t h a t  the body - have a f ini:e base area; t ha t  is, the analogous wing has a specified 
lift&-" fi ,I Fl+W I 

I 
Sketches (a )  and (c)  correspond t o  two-dimensional f la t -plate  wings 

with deflected flaps,  and sketches (b) and (d) represent flaps rotat ing 
with a conatant angular velocity. The surface-potential distributions 
f o r  the four wings, as well  as the circulatory solution, a re  a l l  found 
i n  reference 6 and may be written 

\ 
1 - t 
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Some typica l  profi les  defined by equation (15) are  shown i n  figure 1, 
where an arb i t ra ry  thickness r a t i o  of approximately 20 percent has been 
chosen. A l l  the prof i les  defined by equation (13) have in f in i t e  slope 
a t  the  nose. However, the r a d i i  of curvature approach zero a t  the noses 
so t h a t  t h e  noses appear t o  have f i n i t e  angles. 

For vanishing base area, equation (15) reduces t o  the body prof i les  
considered i n  reference 2. The optimum s h e l l  f o r  given cal iber  and 
length is obtained f o r  A+B and c 1 .  The re su l t  is 

and i$ i n  agreement with reference 1. 

It should be pointed out tha t  the maximum cross-sectional area is i n  
general not coincident with, and may be larger  than, e i the r  of the 
areas A or  B (see f ig .  l ( a )  ) . This r e su l t  i s  contrary t o  two- 
dimensional profi les  where the maximum thickness is coincident with the 
largest  ordinate through which the profi le  is required t o  pass. The 
rhaximum area of the body of revolution coincides with the point A only 
when 

The profi les  i n  th i s  case give minimum wave drag fo r  given length, base 
area, and maximum area, and the area dis t r ibut ion is given by 

The quantity c i n  t h i s  equation represents the location of the maximum 
diameter and i s  determined, fo r  any given r a t i o  @/A (A = smaX) , from 
equatidn (17). A graph of equation (17) is shown i n  figure 2 and some 
typica l  profi les  defined by equations (17) and (18) (which are  special  
cases of equation (15)) are  presented in figure l ( b ) .  
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The wave drag fo r  the optimum bodies of equation (13) i s  eas i ly  
found t o  be 

The drag coefficient f o r  optimum bodies of a given length, base 
area, and maximum area is then found t o  be 

where A = SmX and c is defined by equation (17). This drag coef- 

f i c l en t  i e  shown i n  figure 3 plotted against  B/A. - 
I f  the optimum profi les  which m u s t  pass through several  specified 

points were sought, it follows from the present section tha t  integral  
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equations l ike  equations (11) and (12) muet be s a t i s f i e d  i n  each of the 
spec if ied regions. 

Of some ,prac t ica l  in te res t  may be the least-drag body with a given 
length and base area and which must have as a par t  of. its profi le  a 
cyl indrical  co l la r  of constant radius. The problem i n  t h i s  case reiluces 
t o  the solut ion f o r  a tandem biplane configuration' having the same upwash 
dis t r ibut ion on the wing surface as i n  the previous problem. 

1 .  . Optimum body having, given length, volume, and base area.- It follows 
I f$om the previbus section tha t  again the optimum badies having given 

I length, volume,' and base area w i l l  a l so  have a zero slope a t  the base. 
The calculus of variations then gives the following in tegra l  t o  be made 

I 
I s tat ionary: 

I! 

L- 

with the following conditions on the body shape: 

,.. . ... 'I - 4 ' I d,I - "' - I I I , I ,  . 
IU , I ... g - , , b. 3 - .A :zeT+ - . - .. r - -=-- m- . . - -n 
- By following a procedure s i m i l a r  t o  t h a t  used i n  the previous section, h-. . 4 

the following integral  equation i s  deduced: 
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Again by use of t he  wing analogy, the  so lu t ion  t o  equation (23) i s  found 
i n  reference 6, and the  constants a r e  determined from equation (22). The 1 
f i n a l  r e s u l t  i s  I 

For vanishing base a rea  B t h i s  r e s u l t  reduces t o  the  optimum body f o r  I 
given length and volume as found i n  reference 2. 

- - - - - - - - - - - - - -  - -  - -  - d 
Typical body prof i l es  as given by equation (24) a r e  shown i n  f ig -  

ure 4. The p ro f i l e  shapes a t  the  nose and base of the  body can be seen 
t o  have e s s e n t i a l l y  the  same character  as the  p ro f i l e s  found i n  t he  pre- I 
vious sect ion.  

The wave drag f o r  those bodies having a given volume and base a rea  
i s  found t o  be I 

The location of the  maximum thickness f o r  the  bodies defined by 
equation (24) is given by 

I 

Therefore, f o r  a given r a t i o  V/B or  a given location of haximum thick- 
n&s, the.  r a t i o  of the  base area  t o  the  maximum area  i s  read i ly  found. 
A graph of the  locat ion of the  maximum thickness against  B/S~,, i s  1 shown i n  f igure  7. The wave-drag coeff ic ients  f o r  the  name values of 
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By use of an approximate equation f o r  the  wave drag of s lender  
bodies of revolution i n  a supersonic flow f i e ld ,  the minimum-wave- drag 
body shapes have been determined f o r  three  cases: (1) the body has given 
length and base a rea  and a contour t h a t  passes through a prescribed point  
between the  nose and base, (2) the  body has given length, base area ,  and 
maximum area,  and (3) the body has given length, base area,  and volume. 

The optimum body p ro f i l e s  a re  shown t o  have: (1) i n f i n i t e  slope at 
the  nose but zero radius of curvature so t h a t  the  bodies appear t o  have 
pointed noses, (2 )  a zero slope at t he  body base, and (3 )  no va r i a t i on  of 
wave drag with Mach number. For those bodies having a specified i n t e r -  
mediate diameter ( t h a t  i s ,  loca2;ion and magnitude given) the  maximum body 
diameter is  found t o  be, i n  general,  l a rge r  than the  specif ied diameter. - 
It w a s  a l s o  found t ha t ,  f o r  bodies having a specif ied maximum diameter, 
the  loca t ion  of the  maximum diameter i s  not a rb i t r a ry  but i s  determined 
from the  r a t i o  of base diameter t o  maximum diameter. 

I n  order t o  f ind  body prof i l es  t h a t  give minimum t o t a l  drag, con- 
s idera t ion  must be given t o  sk in- f r i c t ion  and base-pressure drag. A s  
f o r  sk in- f r i c t ion  drag, it can be s a i d  t ha t  the  p ro f i l e  shape i s  of  
secondary importance and t h a t  the  wetted a rea  of the  body and the  
Reynolds number a r e  the primary fac tors .  

I n  cases where the base pressure i s  independent of the body shape, 
f o r  example, where a supersonic j e t  e x i t s  a t  the  base, the  optimum pro- 
f i l e s  sought a r e  t he  same as those determined herein. I f  no j e t  e x i t s  
a t  the  body base, the  base pressure i s  dependent upon the body shape. 
Ju s t  what the  dependence i s  i s  not s u f f i c i e n t l y  c l ea r  a t  the present 
time. However, the  p rof i l es  determined may r e  quire some s l i g h t  changes 
and fu r the r  investigation,  i n  which account is taken f o r  both the  wave 
drag and base-pressure drag, would be necessary. 

Langle y Aeronaut i c a l  Laboratory 
National Advisory Committee f o r  Aeronautics 

Langley Field, Va. , August 21, 1951 
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r 

(a )  Bodies having a given length and.base 
through another specif ical ly  

a .  C"' 

diameter and a contour passing 
located diameter. 

6 II 
~ i ~ u r &  1.- Ty- :a1 'optimum body prof i les  defined by equation (15). 

Thickness, 20 percent. 
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(b)  Bodies having given length, base area, and maximum area (A = S-). 

Figure 1.- Concluded. 
. ' h  - 5 

7 - * 
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Figure 2.- Location of maximum diameter fo r  optimum bodies of given 
length, base area, and maximum area (A = &) . . 

Figme 3.- Wave-drag coefficient f o r  optimum bodies of given length, 
base area, and maximum area (A = &) . 



4 NACA TN 2550 

Figure 4.- Typical optimum body profi les  which have given length, volume, 
and base diameter defined by equation (24) . Thickness, 20 percent. 
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Figure 5.- Location of maximum body diameter f o r  a given r a t i o  of base 
area t o  maximum area fo r  bodies of a given length, volume, and base 
area. 

Figure 6.- Wave-drag coefficient f o r  a given r a t io  of base area t o  maximum 
area f o r  bodies of a given length, volume, and base area. 




