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ABSTRACT 

The i n t e r a c t i o n  of a s a t e l l i t e  w i t h  t h e  ionosphere  i s  

s t u d i e d  by s o l v i n g  numer ica l ly  the Poisson-Vlasov system of 

equa t ions .  The s e l f - c o n s i s t e n t  electric f i e l d  i s  ob ta ined  

by means of an  i t e r a t i o n  technique  which c y c l e s  between t h e  

i o n  d e n s i t y  and p o t e n t i a l  c a l c u l a t i o n s .  The cu r ren t -vo l t age  

characterist ics are computed a s  f u n c t i o n s  of s a t e l l i t e  velo-  

c i t y ,  i o n  mass, e l e c t r o n  temperature ,  and s a t e l l i t e  shape 

and s ize .  The s i z e  of the sa te l l i t e  s t u d i e d  v a r i e s  over  a 

range ex tend ing  from 0.2 t o  25 Debye l e n g t h s .  The f l o a t i n g  

p o t e n t i a l  and the plasma drag  of t h e  s a t e l l i t e  a re  ob ta ined .  

I n  a d d i t i o n ,  t h e  angu la r  d i s t r i b u t i o n  of  t h e  i o n  c u r r e n t  t o  

a c y l i n d r i c a l  s a t e l l i t e  i s  obta ined .  The detai led s t r u c t u r e  

of t h e  wake is i n v e s t i g a t e d .  I n  pa r t i cu la r ,  t h e  wake l e n g t h  

and i o n  focus ing  i n  t h e  wake a r e  s t u d i e d .  The s a t e l l i t e  i n -  

t e r a c t i o n  w i t h  the ionosphere is examined wi thout  the e f f e c t  

of a n  ambient magnetic f i e l d .  This i n t e r a c t i o n  i s  then  re- 

s t u d i e d  by c o n s i d e r i n g  t h e  i n c l u s i o n  of a uniform magnetic 

f i e l d .  It i s  shown t h a t  a magnet ic  f i e l d  o r i e n t e d  p a r a l l e l  

t o  t h e  f l o w  v e l o c i t y  h a s  a much g r e a t e r  i n f l u e n c e  on t h e  sub- 

sequent  motion of t h e  i o n s  i n  t h e  wake t h a n  a f i e l d  o f  e q u a l  

magnitude o r i e n t e d  pe rpend icu la r  t o  the f l o w  v e l o c i t y .  
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CHAPTER I : INTRODUCTION 

A .  Properties of the I n t e r a c t i o n  of a 

S a t e l l i t e  wi th  t h e  Ionosphere 

1. Statement  of  t h e  Problem 

The launching of  a r t i f i c i a l  s a t e l l i t e s  i n t o  t h e  e a r t h ' s  

ionosphere h a s  c r e a t e d  i n t e r e s t  i n  t h e  problem of p r e d i c t i n g  

t h e  i n t e r a c t i o n  of a moving body w i t h  t h e  ionosphe r i c  plasma. 

When i n t e r p a r t i c l e  c o l l i s i o n s  a r e  n e g l i g i b l e ,  t h e  s t e a d y  flow 

of the plasma around t h e  body i s  desc r ibed  by t h e  Poisson- 

Vlasov s y s t e m  of equa t ions .  P o i s s o n ' s  equa t ion  r e l a t e s  t h e  

electric f i e l d  t o  t h e  n e t  charge d e n s i t y  of t h e  d i s t u r b e d  

plasma, and t h e  Vlasov equa t ion  d e s c r i b e s  t h e  d i s t r i b u t i o n  

f u n c t i o n s  of t h e  charged p a r t i c l e s  i n  an e l ec t romagne t i c  

f o r c e  f i e l d .  These e q u a t i o n s  c o n s t i t u t e  a non l inea r  i n t e g r o -  

d i f f e r e n t i a l  s y s t e m  which i s  of s u f f i c i e n t  complexity t o  re- 

q u i r e  a numerical  r a t h e r  t h a n  an a n a l y t i c a l  s o l u t i o n .  

2. Environmental Data of  t h e  Ionosphere 

The v a l i d i t y  of the Poisson-Vlasov sys t em of e q u a t i o n s  

i n  t h e  ionosphere i s  based on t h e  p r o p e r t i e s  of t h e  iono- 

s p h e r i c  plasma. I n  Table I the r e f e r e n c e  d a t a  f o r  t h e  iono- 

sphere a r e  p re sen ted  for a l t i t u d e s  ranging from 300 t o  3000 

km above t h e  s u r f a c e  of the  e a r t h ,  The d a t a  a r e  p r i m a r i l y  

ob ta ined  from Johnson 

m o d i f i c a t i o n s  t aken  from more recent papers .  

and A l ' p e r t  e t  7 -  a l . ( 2 ) w i t h  some 
(3,4) 

The ionosphe r i c  d a t a  i n  the t a b l e  vary cons ide rab ly  

wi th  p o s i t i o n  and t i m e .  The charged p a r t i c l e  d e n s i t y ,  t h e  

i o n  tempera ture ,  and t h e  r e l a t i v e  importance of t h e  i o n  
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s p e c i e s  undergo v a r i a t i o n s  which a re  f u n c t i o n s  of not  o n l y  

a l t i t u d e  b u t  a l s o  l a t i t u d e ,  t i m e  of day, t i m e  of y e a r ,  and 

even t h e  11-year solar  c y c l e  ( i ,e . ,  a v a r i a t i o n  i n  t h e  sun- 

spot i n t e n s i t y ) .  Therefore ,  t h e  data  i n  t h e  t a b l e  are  mean 

v a l u e s  only.  

Dens i ty  of charqed  par t ic les .  The ionosphere  c o n t a i n s  

both n e u t r a l  and i o n i z e d  atoms, and t h e i r  d e n s i t i e s  d e c r e a s e  

w i t h  i n c r e a s i n g  a l t i t u d e ,  However, s i n c e  t h e  n e u t r a l  par- 

t i c l e  d e n s i t y  d e c r e a s e s  much more r a p i d l y  t h a n  t h e  charged  

par t ic le  d e n s i t y  (due t o  t h e  la rger  amount of i o n i z i n g  ra- 

d i a t i o n  a t  higher a l t i t u d e s ) ,  t h e  i n f l u e n c e  of t h e  charged 

pa r t i c l e s  upon a s a t e l l i t e  i s  dominant a t  a l t i t u d e s  above 

1000 km. Even a t  lower a l t i t u d e s  of t h e  ionosphere ,  the 

charged  p a r t i c l e  d e n s i t y  i s  s u f f i c i e n t l y  la rge  t o  i n t e r a c t  

w i t h  t h e  moving s a t e l l i t e .  I n  t h i s  thesis,  therefore, the 

i n v e s t i g a t i o n  w i l l  be l i m i t e d  t o  the i n t e r a c t i o n  of t h e  

s a t e l l i t e  wi th  t h e  charged par t ic les  of t h e  ionosphere  s i n c e  

t h e  i n t e r a c t i o n  wi th  n e u t r a l  p a r t i c l e s  i s  w e l l  known. (5) 

I n f l u e n c e  - of electron-- c o l l i s i o n s ,  I n  the iono- 

sphere (see Table  I) t h e  e l ec t ron - ion  mean free p a t h  i s  much 

l o n g e r  t h a n  the s a t e l l i t e  l e n g t h ,  As a r e s u l t ,  the  plasma 

f l o w  nea r  the s a t e l l i t e  i s  cons ide red  t o  be c o l l i s i o n l e s s ,  

and the c o l l i s i o n a l  t e r m  on the r igh t -hand s i d e  of t h e  Boltz-  

mann equa t ion  may be neg lec t ed .  The r e s u l t i n g  Vlasov equa- 

t i o n  describes t h e  behav io r  of the e l e c t r o n s  and i o n s  nea r  

the  s a t e l l i t e ,  I n  t h e  f a r  wake, which i s  l o c a t e d  many body 

l e n g t h s  downstream 3nd i s  comparable i n  l e n g t h  t o  t h e  elec- 

t ron - ion  c o l l i s i o n  l e n g t h ,  c o l l i s i o n a l  effects must be con- 

sidered. For  example, t h e  c o l l i s i o n  t e r m  of t h e  Boltzmann 

3 



e q u a t i o n  may be approximated by  the Krook model. (6) T h i s  

t h e s i s ,  however, w i l l  be concerned o n l y  w i t h  t h a t  r e g i o n  

i n  which the d i s t a n c e  from t h e  s a t e l l i t e  i s  much less t h a n  

any c o l l i s i o n  l e n g t h .  T h i s  r e g i o n  i s  s u f f i c i e n t l y  la rge  

t o  i n c l u d e  most of t h e  phenomena a r i s i n g  from the electro- 

magnet ic  i n t e r a c t i o n  of t h e  s a t e l l i t e  wi th  the plasma. 

E l e c t r o n  d e n s i t y .  I n  t h e  ionosphere ,  t h e  e l e c t r o n s  

and i o n s  have approximate ly  t h e  same tempera ture  (i.e.,  Te= 

= Ti). 

hundred p e r c e n t ,  g e n e r a l l y  it is n o t  less t h a n  1000°K. 

t h e  e l e c t r o n  thermal speed de f ined  a s  v 

less t h a n  1.2 x 10  m/sec. The s a t e l l i t e  v e l o c i t y  for a 

s t a t i o n a r y  orbi t  depends on ly  upon the a l t i t u d e ;  it ranges  

from 6500 t o  7700 m/sec a t  a l t i t u d e s  of 3000 and 300 km, 

r e s p e c t i v e l y .  Hence, the thermal  speeds of e l e c t r o n s  are  

a n  o r d e r  of magnitude greater t h a n  t h e  s a t e l l i t e  speed, 

and the v e l o c i t y  of the s a t e l l i t e  is n e g l i g i b l e  when com- 

pa red  t o  t h e  e l e c t r o n  thermal speed (see Table 11). Con- 

sequen t ly ,  the e l e c t r o n s  a r e  assumed t o  have no n e t  motion 

r e l a t i v e  t o  t h e  s a t e l l i t e ,  and the e l e c t r o n  d i s t r i b u t i o n  

f u n c t i o n  remains a s t a t i o n a r y  Maxwellian i n  the s a t e l l i t e  

frame of r e f e r e n c e .  Furthermore,  t h e  s a t e l l i t e  body gener- 

a l l y  h a s  a n e g a t i v e  p o t e n t i a l ,  and t h e  body i n t e r c e p t s  and 

a b s o r b s  r e l a t i v e l y  few e l e c t r o n s .  I n  t h i s  c a s e ,  t h e  elec- 

t r o n  d e n s i t y  i s  g i v e n  by  t h e  Boltzmann fac tor  a s  a l oca l  

f u n c t i o n  of t h e  p o t e n t i a l  V: 

Although t h i s  tempera ture  c a n  va ry  by more t h a n  one 

Then 
L = (kTe/me) i s  n o t  T e  5 

n = n exp(eV/kTe). e 0 

4 
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I n f l u e n c e  of i k n  thermal  mot ion  of wake l e n q t h .  Table I1 

i n d i c a t e s  t h a t  the  thermal  speed of  t h e  i o n s  of the ionosphe r i c  

plasma i s  much less than  t h a t  of t h e  electrons. I n  f a c t ,  t h e  

i o n  thermal  speed i s  less t h a n  t h e  s a t e l l i t e  speed. S ince  

t h e  moving s a t e l l i t e  sweeps up the i o n s  d i r e c t l y  i n  f r o n t  of 

it, t h e  i o n  d e n s i t y  of the immediate wake i s  much less t h a n  

the  ambient d e n s i t y .  F u r t h e r  downstream, t h e  i o n s  f e l l  i n  

the wake because of t h e i r  thermal  motion. L e t  the  r a d i u s  of  

the s a t e l l i t e  cross s e c t i o n  be R the s r a t e l l i t e  v e l o c i t y  
!i 

s a t '  
and t he  m o s t  p robable  i o n  speed v = (2kTe/mi) . Then 

s a t '  P i  
V 

an i o n  which t r a v e l s  w i t h  the  most probable  speed and w i t h  

v e l o c i t y  directed toward the  wake w i l l  i n t e r s e c t  the center 

l i n e  of the wake a t  a d i s t a n c e  d downstream of the 

s a t e l l i t e ,  T h i s  d i s t a n c e ,  
t h e  rma 1 

k dthermal= R s a t v s a t / v p i =  R s a t  (m i v2 s a t  /2kTe) I 

can  be cons ide red  the approximate l e n g t h  of t h e  ion - f r ee  near  

wake. ( 2 )  Since  t h e  i o n  speed i s  less t h a n  t h e  s a t e l l i t e  speed, 

t h i s  l e n g t h  i s  s e v e r a l  t i m e s  g r e a t e r  t han  t h e  s a t e l l i t e  r a d i u s .  

I n f l u e n c e  of electric f i e l d  on wake l enq th .  I n  the dis-  

t u r b e d  wake, the  electron and i o n  d e n s i t i e s  a r e  not  e q u a l ,  

and t h e  r e s u l t i n g  n e t  charge d e n s i t y  g e n e r a t e s  an electric 

f i e l d  which may be c a l c u l a t e d  by  means of P o i s s o n ' s  equat ion .  

The energy d e n s i t y  of t h e  electric f i e l d  i n  the ion- f ree  near  

wake i s  of t h e  same o rde r  of magnitude a s  the e l e c t r o n  pres-  

s u r e  n kT s i n c e  the f i e l d ,  compensating t h e  l a c k  of ions ,  

p r e v e n t s  a l l  b u t  t h e  m o s t  e n e r g e t i c  e l e c t r o n s  from e n t e r i n g  
e e  
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t h e  wake. S ince  the f i e l d  repels e l e c t r o n s ,  it a t t r a c t s  

i ons  i n t o  t h e  wake and assists t h e  f i l l i n g - i n  process. 

If t h e  i n f l u e n c e  of t h e  electric f i e l d  on the i o n  motion 

i s  neglec ted ,  t h e n  t h e  i o n  d e n s i t y  may be ob ta ined .by  the 

well-known methods of rarefied g a s  dynamics. ( 5 )  When these 

v a l u e s  of the  i o n  d e n s i t y  are i n s e r t e d  i n t o  P o i s s o n ' s  equa- 

t i o n  (the e l e c t r o n  d e n s i t y  be ing  g iven  by the Boltzmann fac- 

t o r ) ,  t h e  electric f i e l d  i n  the d i s t u r b e d  r eg ion  may be cal- 
( 7 , 8 )  c u l a t e d .  

T h i s  c a l c u l a t e d  f i e l d ,  however, i s  not  the  a c t u a l  f i e l d .  

The error may be estimated by  comparing the l e n g t h  of t h e  ion- 

free wake w i t h  and wi thout  the electric f i e l d .  I n  Chap. I11 

where the  i o n  thermal  energy i s  neglec ted ,  t h e  ion- f ree  wake 

l e n g t h  is approximately 

2 3 1  where t h e  Debye l e n g t h  i s  X D  = (cokTe/ne ) . I n  the case 

of sa te l l i t es  w i t h  r a d i i  g r e a t e r  t han  the Debye l e n g t h ,  t h e  

wake l e n g t h  w i t h  electric f i e l d  is shorter t h a n  t h a t  wi thout  

f i e l d  restimated above i n  Eq. (1.2)]. Hence, i n  c e r t a i n  cases 

t h e  i n f l u e n c e  of t h e  f ie ld  on t h e  i o n s  i s  more important  t han  

t h e  i o n  thermal  motion. 

In f luence  pf sa te l l i t e  p o t e n t i a l  on plasma f l o w .  The 

electric f i e l d  which i s  due t o  t h e  sa te l l i te  p o t e n t i a l  has 

great  i n f l u e n c e  on c e r t a i n  q u a n t i t i e s  such a s  t h e  i o n  c u r r e n t  

and d rag  of a satel l i te .  The p o t e n t i a l  acqu i r ed  by a satel- 

l i t e  a s  a r e s u l t  of the unequal e l e c t r o n  and i o n  f l u x e s  i s  
nega t ive  and h a s  been estimated t o  be t w o  t o  f o u r  t i m e s  the 
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electron thermal  energy. (2’9) 

i s  t a k e n  i n t o  account ,  the  i o n  c u r r e n t  c o l l e c t e d  may be 20% 

more t h a n  the  swept-up c u r r e n t .  A s i m i l a r  i n c r e a s e  occurs 

i n  t h e  s a t e l l i t e  drag.  

When t h e  sa te l l i t e  p o t e n t i a l  

I n  c e r t a i n  c a s e s ,  the  i n f l u e n c e  of t h e  s a t e l l i t e  poten- 

For example, t i a l  on t h e  i o n  f l o w  i s  of primary importance.  

i f  a long  t h i n  antenna i s  moving pe rpend icu la r  t o  t he  magnetic 

f i e l d  of t h e  e a r t h ,  t he  induced p o t e n t i a l  g r a d i e n t  can  cause  

the p o t e n t i a l  a t  one end of the  antenna t o  be many t i m e s  g r e a t -  

er t h a n  the e l e c t r o n  thermal  energy. (lo) Another example i s  

a Langmuir probe s i t u a t e d  on a s a t e l l i t e .  I n  t h i s  c a s e  t h e  

probe may be b i a s e d  t o  a h i g h l y  nega t ive  p o t e n t i a l  r e l a t i v e  

t o  the main s a t e l l i t e  i n  order t o  o b t a i n  informat ion  about  

the  i o n i c  medium. (11) I f  t h e  probe is l o c a t e d  s u f f i c i e n t l y  

far  from the  s a t e l l i t e ,  it can  be cons ide red  a s  a s m a l l  s a t e l -  

l i t e  independent  of i t s  l a r g e r  neighbor.  I n  t h i s  c a s e ,  t h e  

e x a c t  i o n  c u r r e n t  t o  t h e  probe a t  h igh  nega t ive  p o t e n t i a l s  i s  

of importance t o  t h e  experiment.  I n  f a c t ,  the  d e t a i l e d  f l o w  

of the i o n s  about  t h e  main s a t e l l i t e  i s  impor tan t  for t h e  de- 

t e r m i n a t i o n  of the plasma f l o w  t o  the  probe. 

R e l a t i o n  of Debye l e n q t h  t o  s i z e  of d i s t u r b e d  reg ion .  - --- 
I n  order t o  e s t i m a t e  t h e  d i s t a n c e  over  which the  electric 

f i e l d  ( a r i s i n g  from t h e  p o t e n t i a l  of both wake and s a t e l l i t e )  

w i l l  d i s t u r b  the i o n i z e d  medium, t he  Debye l e n g t h  of t h e  plasma 

must be compared w i t h  the l e n g t h  of t h e  body. Xn Table 11, 

r a t i o s  of s a t e l l i t e  r a d i u s  t o  Debye l e n g t h  a r e  shown for a 

s a t e l l i t e  of 0.5 m r a d i u s  (such a s  Explorer  20) and for an  

antenna of 1 c m  r a d i u s .  N o t e  t h a t  the r a t i o s  vary widely from 

0.3 t o  g r e a t e r  t han  100. 

8 



For the antenna,  the body s i z e  i s  comparable t o  the 

Debye l e n g t h .  Hence, t h e  electric f i e l d  d i s t u r b s  the i o n  

and e l e c t r o n  d i s t r i b u t i o n s  w i t h i n  s e v e r a l  body r a d i i  of the  

an tenna ,  Furthermore,  any change i n  the satel l i te  para-  

meters w i l l  have a s t r o n g  effect on the c u r r e n t ,  d rag ,  and 

wake development , 

I n  the c a s e  where the s a t e l l i t e  r a d i u s  i s  much l a r g e r  

t h a n  the Debye l e n g t h ,  the  electric f i e l d  i s  shielded from 

the  plasma w i t h i n  a d i s t a n c e  which i s  a smal l  f r a c t i o n  of 

the body r a d i p s ,  a t  l e a s t  i n  f r o n t  of and t o  t h e  side of 

the body where the i o n  charge  d e n s i t y  i s  near  i t s  ambient 

value.  I n  t h e  wake, however, the l e n g t h  of the  ion - f r ee  

r e g i o n  i s  p r o p o r t i o n a l  t o  the  one-half power of the r a t i o  of 

s a t e l l i t e  r a d i u s  t o  t h e  Debye l eng th .  Hence, t h e  wake, sever-  

a l  t i m e s  l a r g e r  t h a n  the body s i z e ,  can  be many t i m e s  l a r g e r  

t han  the Debye P'ength, Neve r the l e s s ,  t h e  development of the 

l a r g e  wake of the  s a t e l l i t e  i s  very dependent on the  electric 

f i e l d ,  I n  both c a s e s ,  t hen ,  the i n f l u e n c e  of the electric 

f i e l d  on the ion-f low f i e l d  must be t aken  i n t o  account .  

I n f l u e n c e  05 maqnetic f i e l d  onparticle motion. I n  the 

above d i s c u s s i o n ,  the i n f l u e n c e  of the geomagnetic f i e l d  on 

the p a r t i c l e  motion h a s  not  been cons ide red ,  A s  shown i n  

Table 11, t h e  r a t io  of the Debye l e n g t h  t o  t h e  e l e c t r o n  gyro- 

r a d i u s  i n  the geomagnetic f i e l d  is of t h e  order of u n i t y  

throughout  t h e  ionosphere.  Thus, the magnetic f i e l d  i n f l u e n c e s  

s i g n i f i c a n t l y  the e l e c t r o n  t r a j e c t o r i e s .  However, s i n c e  the  

e l e c t r o n s  m a i n t a i n  t he i r  Maxwellian d i s t r i b u t i o n  i n  the mag- 

n e t i c  f i e l d ,  the influence of the f i e l d  on t h e  e l e c t r o n  
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d e n s i t y  may be neg lec t ed ,  Hence, t h e  e l e c t r o n  d e n s i t y  i s  
g i v e n  b y  the Boltzmann f a c t o r  in.Eq.. (1.1). 112) 

Table II a l s o  i n d i c a t e s  t h a t  the  r a t i o  of t h e  Debye 

l e n g t h  t o  the i o n  gy ro rad ius  i s  very small .  

the geomagnetic f i e l d  i s  impor tan t  on ly  when t h e  r eg ion  of 

in te res t  i s  v e r y  much l a r g e r  than  the Debye l e n g t h  (e.g., t h e  

far wake). Furthermore,  when a magnetic f i e l d  i s  o r i e n t e d  

p a r a l l e l  t o  the s a t e l l i t e  v e l o c i t y  (e.g., i n  t h e  c a s e  of a 

p o l a r - o r b i t i n g  s a t e l l i t e  l o c a t e d  a t  t h e  magnetic e q u a t o r ) ,  

t he  motion of t h e  i o n s  moving t o  f i l l  i n  t h e  ion - f r ee  wake 

i s  r e t a r d e d .  

c o n t a i n  s p a t i a l  v a r i a t i o n s  which correspond t o  the r o t a t i o n  

Therefore ,  

As a r e s u l t ,  t h e  wake i s  lengthened and may 

of i o n s  about  t h e  l i n e s  of magnetic force, ( 6 )  
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B. Review - of Prio~ Work 

A s  a first approximation t o  the  s o l u t i o n  of t h e  f l o w  

of t h e  ionosphe r i c  gas around a satel l i te ,  the i o n  component 

of t h e  plasma i s  assumed t o  behave a s  a f ree-molecular  (col- 

l i s i o n l e s s )  gas c o n s i s t i n g  of n e u t r a l  p a r t i c l e s .  The electric 

and magnetic properties of t h e  plasma a r e  e n t i r e l y  ignored,  

and the problem becomes i d e n t i c a l  t o  t h a t  of an  object moving 

through a r a r i f i ed  gas, 

a n a l y t i c a l  r e s u l t s  ob ta ined  f o r  symmetric body shapes ( f l a t  

p l a t e ,  c y l i n d e r ,  and sphere)  i n  f ree-molecular  f l o w  and have 

p resen ted  d a t a  on t h e  drag force and t h e  drag c o e f f i c i e n t  a s  

a f u n c t i o n  of Mach,number and s u r f a c e  accommodation coeffi- 

c i e n t .  Furthermore,  A l ' p e r t  e t  a l .  (2) so lved  t h e  p a r t i c l e  

f l o w  around any a r b i t r a r i l y  shaped body by  making u s e  of t h e  

f ac t  t h a t  t h e  ionosphe r i c  flow around s a t e l l i t e s  is hypersonic ,  

i , e , ,  t he  Mach number i s  much l a r g e r  t h a n  u n i t y .  I n s t e a d  o f  

c a l c u l a t i n g  t h e  d rag  c o e f f i c i e n t ,  Al'pert -- e t  a l ,  p re sen ted  con- 

t o u r  p l o t s  of par t ic le  d e n s i t y  around t h e  s a t e l l i t e ,  Their 

r e s u l t s  showed t h a t  t h e  p a r t i c l e  d e n s i t y  was s t r o n g l y  dis-  

t u rbed  i n  t h e  sa te l l i t e  wake up  t o  a d i s t a n c e  d=(m.v 
i s a t  

i s  t h e  e f f e c t i v e  
R s a t  
r a d i u s  of the  maximum cross s e c t i o n  of t h e  s a t e l l i t e .  I n  ad- 

d i t i o n ,  the p a r t i c l e  d e n s i t y  i n  t h e  r eg ion  i n  f r o n t  of and 

a long  t h e  sides of the s a t e l l i t e  w a s  q u i t e  s imilar  t o  the  a 

b i e n t  par t ic le  d e n s i t y .  The s tudy  a l so  showed t h a t  n e i t h e r  

the e x a c t  shape nor  t h e  l e n g t h  of t h e  sa te l l i t e  i n  the f l o w  

d i rec t ion  i s  impor tan t  i n  t h e  process of f i l l i n g  i n  t h e  wake: 

t h e  c r o s s - s e c t i o n a l  a r e a  of t h e  sa te l l i te  c o n t r o l s  t h i s  pro- 

cess. 

Schaaf and Chambrg ( 5 )  have reviewed 

2 ti /2kTe) x 

s a t  downstream of t h e  s a t e l l i t e ,  where R 
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The approximation which assumes t h a t  t h e  f lowing par- 

t ic les  are a c t i n g  f r e e l y  can be made more realist ic by 

t r e a t i n g  t h e  p a r t i c l e s  a s  i o n s  which i n t e r a c t  wi th  t h e  

ea r th ’ s  magnetic f i e l d .  Albert e t  a l .  (2’ assumed a uni- 

form magnetic f i e l d  b u t  cont inued  t o  neglect the electric 

f i e l d .  I n  t h i s  c a s e ,  t h e i r  p l o t s  of i o n  d e n s i t y  show t h a t  

a magnetic f i e l d  p a r a l l e l  t o  t h e  flow v e l o c i t y  w i l l  p r even t  

t h e  i o n  d e n s i t y  f r o m  a t t a i n i n g  i t s  ambient va lue  for an&-  

f i n i t e l y  long d i s t a n c e  downstream of t h e  s a t e l l i t e .  I n  

r e a l i t y ,  c o l l i s i o n s  or plasma i n s t a b i l i t i e s  w i l l  p rovide  

t h e  mechanism which resltores t h e  i o n  d e n s i t y  i n  t h e  wake t o  

i t s  ambient va lue .  On t h e  other hand, a magnetic f i e l d  per-  

pend icu la r  t o  the flow v e l o c i t y  has  only a moderate i n f l u e n c e  

on the i o n  d e n s i t y  i n  t h e  wake. H e r e ,  t h e  f i l l i n g - i n  pro- 

cess i s  s i m i l a r  t o  t h a t  wi thout  magnetic f i e l d .  

The c a s e  of a conduct ing s a t e l l i t e  moving perpendicu- 

l a r l y  t o  a magnetic f i e l d  w a s  t r e a t e d  by  s e v e r a l  i n v e s t i g a -  

t o r s .  By n e g l e c t i n g  t h e  i n f l u e n c e  of  t h e  magnetic f i e l d  on 

t h e  i o n s ,  Beard and Johnson (13) 

g r a d i e n t  induced on a long t h i n  sa te l l i t e .  The r e s u l t s  in -  

c luded  t h e  d i s t r i b u t i o n  of  c u r r e n t  a long  t h e  l e n g t h  of t h e  

body and t h e  de t e rmina t ion  of t h e  i n d u c t i o n  drag r e s u l t i n g  

f r o m  t h e  i n t e r a c t i o n  of t h e  c u r r e n t  w i t h  t h e  magnetic f i e l d .  

0 ther inve  s t iga tors  (14’ determined t h e  p o r t i o n  of t h e  satel-  

l i t e  drag which is due t o  t h e  g e n e r a t i o n  of A l f v h  waves. 

Furthermore,  a s  a r e s u l t  of v a r i o u s  estimates of e i t h e r  t h e  

p o t e n t i a l  f i e l d  or t h e  i o n  d e n s i t y ,  s e v e r a l  other i n v e s t i -  

g a t o r s  (15-17) ob ta ined  t h e  j o i n t  e f f e c t  of the electric and 

determined t h e  p o t e n t i a l  
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magnet ic  f ie lds  on t h e  plasma f l o w  around a s p h e r i c a l  satel-  

l i t e .  However, i n  t h e s e  cases, t h e  ob ta ined  electric f i e l d s  

were n o t  s e l f - c o n s i s t e n t .  

I n  1962 Davis and H a r r i s  ana lyzed  t h e  c a s e  where 

t h e  i o n s  and e l e c t r o n s  of t h e  plasma i n t e r a c t  w i t h  a self- 

c o n s i s t e n t  electric f i e ld .  They assumed t h e  effect  of the 

e a r t h ' s  magnetic f i e l d  t o  be n e g l i g i b l e  and, moreover, t h e  

sa te l l i t e  p o t e n t i a l  t o  be s u f f i c i e n t l y  nega t ive  t o  i n s u r e  

t h a t  the  e l e c t r o n  d e n s i t y  i s  g iven  by t h e  Boltzmann factor,  

i.e., n = noexp q?, where cg = eV/kTe. 

t o t a l  charge  d e n s i t y ,  the  i o n  tempera ture  was assumed t o  be 

zero ,  and the i o n  d e n s i t y  w a s  c a l c u l a t e d  by  means of the  

e q u a t i o n  of c o n t i n u i t y .  The r eg ion  was d iv ided  i n t o  f i n i t e  

e lements  

proximated w i t h  a set of coupled algebraic equa t ions .  The 

s e l f - c o n s i s t e n t  electric f i e l d  w a s  ob ta ined  by c y c l i n g  be- 

tween P o i s s o n ' s  equa t ion  and t h e  e q u a t i o n  of c o n t i n u i t y  f o r  

the i o n s .  However, s i n c e  t h e  regiov of i n t e r e s t  w a s  very 

l a r g e  compared t o  t h e  Debye l eng th ,  t h e  accuracy  of t h e i r  

r e s u l t s  of t h e  computation of t h e  p o t e n t i a l  was s e v e r e l y  

l i m i t e d .  Never the less ,  these i n v e s t i g a t o r s  w e r e  a b l e  t o  

v e r i f y  numer i ca l ly  what had been a n t i c i p a t e d  from p h y s i c a l  

arguments, namely, t h a t  t h e  charge d e n s i t y  i s  p o s i t i v e  i n  

f r o n t  of t h e  s a t e l l i t e  and, for t h e  most par t ,  nega t ive  i n  
t h e  wake. I n  a d d i t i o n ,  i t  was d iscovered  t h a t  downstream 

i n  the  wake, c o n s i d e r a b l e  i o n  focusing occurs: t h i s  i o n  

focus ing  i s  a r e s u l t  of t h e  electric f i e l d  and, i n  some c a s e s ,  

can  g i v e  rise t o  n e t  p o s i t i v e  charge d e n s i t i e s  on the a x i s  of 

t h e  normally nega t ive  wake. The wake i s  not  l i m i t e d  i n  l e n g t h  

I n  order t o  o b t a i n  the e 

and therefore P o i s s o n ' s  equa t ion  could  be ap- 
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t o  t h e  o r d e r  of  a Debye l eng th :  a c t u a l l y ,  it ex tends  many 

Debye l e n g t h s  downstream. O f  course ,  i n  f r o n t  and a t  

t h e  s i d e s  of t h e  sa te l l i t e ,  t h e  plasma i s  d i s t u r b e d  over  a 

d i s t a n c e  no longe r  than a few Debye l e n g t h s .  

devised  a technique  (19,201 I n  1964 Lam and G r e e n b l a t t  

for s o l v i n g  t h e  flow of t h e  ionosphe r i c  plasma around a 

s a t e l l i t e  which i s  cons ide rab ly  l a r g e r  t han  a Debye l e n g t h .  

Rather  t han  make u s e o f  t h e  f i n i t e - d i f f e r e n c e  method employed 

b y  Davis and H a r r i s  and o t h e r s ,  Lam and Greenb la t t  t r e a t e d  

t h e  i o n  f l o w  a s  a cont inuous  f l u i d  and ob ta ined  a s c a l a r  ve- 

l o c i t y  p o t e n t i a l  which d e s c r i b e s  t h e  flow i n  a l l  r eg ions  ex- 

c e p t  i n  the  v i c i n i t y  of t h e  shea th .  However, f o r  a body 

s i z e  which i s  l a r g e  compared w i t h  t h e  Debye l e n g t h ,  t h e  shea th  

i s  very t h i n  and fo l lows  the shape of t h e  body closely. A s  

a r e s u l t ,  Lam and G r e e n b l a t t  assumed t h a t  i o n  flow a t  t h e  

shea th  edge approximates  the  i o n  flow a t  t h e  body edge. They 

p resen ted  p l o t s  of d a t a  which show i o n  flow v e l o c i t y = .  po- 

s i t i o n  on t h e  body edge and i o n  c u r r e n t  d e n s i t y  a t  t h e  shea th  

edge x. body s i z e ,  It sou ld  be emphasized t h a t  t h e s e  p l o t s  

cover  only  t h e  f r o n t  of ve ry  l a r g e  s a t e l l i t e s .  The technique  

of Lam and G r e e n b l a t t  cannot  be extended i n t o  t h e  wake be- 

cause  t h e  ( c o l l i s i o n l e s s )  i o n  flow t h e r e  i s  n o t  adequa te ly  

desc r ibed  b y  t h e i r  s y s t e m  of equa t ions .  

I n  1964 Maslennikov and Sigov (21-23) a t t a c k e d  the  prob- 

l e m  i n  much t h e  same manner a s  Davis and H a r r i s .  They made 

approximately t h e  same assumptions concerning t h e  problem: 

however, they  chose a body s i z e  comparable t o  a Debye length-- 

t h i s  impor tan t  computat ional  d i f f e r e n c e  pe rmi t t ed  them t o  
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o b t a i n - n u m e r i c a l  s o l u t i o n s  which were much more a c c u r a t e  

t h a n  t h o s e  of p rev ious  i n v e s t i g a t o r s .  It should a l s o  be 

noted t h a t  Maslennikov and Sigov determined t h e  i o n  charge  

d e n s i t y  b y  means of the " s u p e r - p a r t i c l e "  technique--many 

i o n  t r a j e c t o r i e s  a r e  fol lowed s imul taneous ly ,  and the  i o n  

charge  d e n s i t y  a t  any g iven  p o i n t  is assumed p r o p o r t i o n a l  

bo th  t o  the  number of i o n s  pas s ing  through a smal l  volume 

ce l l  surrounding t h e  g iven  p o i n t  and t o  the l e n g t h  of t i m e  

du r ing  which each  i o n  remains i n  t h e  p a r t i c u l a r  ce l l .  This  

method i s  s i m i l a r  t o  the  "particle-in-cell" technique  used 

by s o m e  i n v e s t i g a t o r s  (e.g., R e f s .  24 and 25) t o  determine 

charge  d e n s i t i e s  for  time-dependent plasma problems wi th  

one or more space dimensions, 

Maslennikov and Sigov succeeded i n  o b t a i n i n g  r easonab le  

f l o w  f i e l d s  and p o t e n t i a l  d i s t r i b u t i o n s  around smal l  iono- 

s p h e r i c  s a t e l l i t e s .  Thei r  work conf i rms  t h e  conc lus ions  of 

Davis and H a r r i s  t h a t  t h e  n e t  charge  d e n s i t y  i s  p o s i t i v e  i n  

f r o n t  of the s a t e l l i t e  and g e n e r a l l y  nega t ive  i n  t h e  wake. 

I n  c e r t a i n  r e g i o n s  of t h e  wake, h igh  p o s i t i v e  charge  d e n s i t i e s  

occur a s  a r e s u l t  of i o n  focus ing  by the electric f i e l d .  

These l o c a l  maxima i n  the charge  d e n s i t y  occur  i n  some c a s e s  

no t  o n l y  d i r e c t l y  downstream of t h e  satell i te b u t  also above 

and below t h e  a x i s  of the wake. Maslennikov and Sigov a l s o  

showed t h a t  t h e  s i z e  of t h e  r e g i o n  pe r tu rbed  by t h e  electric 

f i e l d ,  a t  l e a s t  i n  t h e  wake, i s  l i m i t e d  less by  the Debye 

l e n g t h  t h a n  by t h e  Mach number of t h e  i o n s  and by t h e  cross- 

s e c t i o n a l  a r e a  of t h e  s a t e l l i t e .  I n  a d d i t i o n ,  for t h e  first 

t i m e  it w a s  p r e d i c t e d  t h a t  a series of s p a t i a l  o s c i l l a t i o n s  
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of t h e  electric p o t e n t i a l  occurs i n  the  wake. These po- 

t e n t i a l  v a r i a t i o n s  a r i s e  from the i n e r t i a  of t h e  s t reaming,  

c o l l i s i o n l e s s  i o n s  under the  a c t i o n  of the electric f i e l d ,  

Moreover, i t  w i l l  be shown l a t e r  i n  t h e  p r e s e n t  work t h a t  

an  a x i a l l y  symmetric s a t e l l i t e  (Maslennikov and S i g o v ' s  sole 

choice of s a t e l l i t e  shape) a p p a r e n t l y  i s  requi red  for t h e  

format ion  of such s p a t i a l  o s c i l l a t i o n s .  It should a l s o  be 

mentioned t h a t  Maslennikov and Sigov extended t h e i r  work t o  

t h e  d i f f i c u l t  parameter  r eg ion  where body s i z e  i s  c o n s i d e r a b l y  

less t h a n  Debye l e n g t h  and i o n  Mach number i s  s l i g h t l y  l a r g e r  

t h a n  u n i t y ,  

I n  1966 Pa rke r  ("' 27) so lved  numer ica l ly  t h e  problem of 

a p l a n a r  probe des igned  t o  Getermine ionosphe r i c  d e n s i t y  and 

energy when mounted f l u s h  w i t h  t h e  s u r f a c e  of a s a t e l l i t e ,  

The s a t e l l i t e  was assumed to  be an i n f i n i t e  ha l f -p l ane ,  The 

electron d e n s i t y  of t h e  surrounding plasma was not  restricted 

t o  t h a t  g iven  by  t h e  Boltzmann f a c t o r  nor  w e r e  t h e  i o n s  as-  

sumed t o  have z e r o  tempera ture ,  A s  a r e s u l t ,  the model used 

by Parker  describes the motion of t h e  i o n s  and e l e c t r o n s  much 

more a c c u r a t e l y  t h a n  p rev ious  c a l c u l a t i o n s .  I n  order t o  ob- 

t a i n  the charge  d e n s i t y ,  Parker  e v a l u a t e d  t h e  i n t e g r a l  over  

v e l o c i t y  space of t h e  d i s t r i b u t i o n  f u n c t i o n  for  each s p e c i e s  

a t  each  p o i n t  of i n t e r e s t ,  The l i m i t s  of v e l o c i t y  space which 

a r e  a f u n c t i o n  of the p o i n t  of i n t e r e s t  w e r e  ob ta ined  by 

p l i n g  the whole of v e l o c i t y  space wi th  a number of p a r t i c l e  

t r a j e c t o r i e s .  Those p a r t i c l e s  which r each  t h e  source  of 

plasma f a r  away f r o m  the s a t e l l i t e  s u r f a c e  c o n t r i b u t e  t o  

t h e  charge  d e n s i t y  i n t e g r a l ;  those p a r t i c l e s  which r e t u r n  

t o  the  probe or s a t e l l i t e  s u r f a c e  or a r e  t rapped  i n t o  quas i -  

i n f i n i t e  orbits do not  c o n t r i b u t e ,  ( Q u a s i - i n f i n i t e  o rb i t s  
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a r e  those t r a j e c t o r e i s  which remain i n  t h e  neighborhood of 

the  s a t e l l i t e  for a n  a r b i t r a r i l y  long t i m e . )  Therefore, 

de t e rmina t ion  of t h e  l i m i t s  of v e l o c i t y  space a t  each  s p a t i a l  

p o i n t  i n  the r e g i o n  of i n t e r e s t  r e q u i r e s  the  e v a l u a t i o n  of 

a very l a r g e  number of t r a j e c t o r i e s .  Moreover, the  f a i l u r e  

t o  assume t h e  Boltzmann f a c t o r  for e l e c t r o n  d e n s i t y  i n t r o -  

duces an  a d d i t i o n a l  computat ional  d i f f i c u l t y  i n t o  the problem 

f o r  the fo l lowing  reason:  S ince  the s a t e l l i t e  v e l o c i t y  i s  

much g r e a t e r  t han  t h e  i o n  thermal  v e l o c i t y  b u t  much less t h a n  

the  e l e c t r o n  thermal  v e l o c i t y ,  i o n s  possess-- in  a d d i t i o n  t o  

their  thermal  energy--a k i n e t i c  energy r e l a t i v e  t o  t h e  s a t e l -  

l i t e  which e l e c t r o n s  do n o t  possess .  A s  a r e s u l t ,  i o n  t r a -  

j e c t o r i e s  a r e  much less s e n s i t i v e  t h a n  e l e c t r o n t r a j e c t o r i e s  

t o  errors i n  the electric f i e l d :  therefore, t h e  e v a l u a t i o n  

of electron t r a j e c t o r i e s  i s  much more d i f f i c u l t .  

Parker  succeeded i n  o b t a i n i n g  a cu r ren t -vo l t age  charac- 

t e r i s t i c  f o r  the p l a n a r  probe and t h e  n e t  charge d i s t r i b u t i o n  

near  the s u r f a c e  of the s a t e l l i t e .  Even more impor tan t ,  he 

c o n t r i b u t e d  t o  the unders tanding  of the computat ional  prob- 

l e m s  which a r i s e  when the assumptions of z e r o  i o n  temperature  

and of the Boltzmann f a c t o r  for  e l e c t r o n  d e n s i t y  a r e  r e l axed .  

I n  1967 Taylor  (28 '29)  i n  a manner s i m i l a r  t o  Parker ,  

so lved  the  problem of an  i n f i n i t e l y  long s a t e l l i t e  w i t h  a 

r e c t a n g u l a r  cross s e c t i o n .  H e  assumed the  electron d e n s i t y  

t o  be g iven  b y  t h e  Boltzmann f a c t o r  and the i o n s  t o  have a 

f i n i t e  tempera ture  and t o  fill i n  the  wake a s  i f  t h e y  w e r e  

n e u t r a l  p a r t i c l e s  which would no t  i n t e r a c t  w i t h  t he  electric 

f i e l d .  Using t h i s  assumption for the  i o n  d e n s i t y ,  Taylor  t h e n  

c a l c u l a t e d  the  r e s u l t i n g  p o t e n t i a l  around the  s a t e l l i t e  by a 
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f i n i t e - d i f f e r e n c e  method. A t  a f e w  p o i n t s  i n  t h e  wake, the  

i o n  d e n s i t y  was recomputed a l lowing  for t h e  a t t r a c t i v e  e f f e c t  

of electric f i e l d ,  I n  s p i t e  of the  f a c t  t h a t  t h e s e  new i o n  

d e n s i t y  v a l u e s  d id  no t  a r i s e  from a s e l f - c o n s i s t e n t  electric 

f i e ld ,  the r e s u l t s  n o t  o n l y  appeared t o  ag ree  w i t h  much of  

the p rev ious  work done b y  Davis and H a r r i s  (18) and by  Maslen- 

nikov and Sigov(22)  b u t  a l s o  c o n t r i b u t e d  t o  the  unders tanding  

of the wake- f i l l i ng  mechanism. S p e c i f i c a l l y ,  Taylor  showed 

t h a t  the  electric f i e l d  a t t r a c t s  i o n s  i n t o  t h e  wake a t  a much 

f a s t e r  r a t e  t han  would be expected i f  the  t r a n s v e r s e  thermal  

motion of t h e  i o n s  a lone  w e r e  cons idered .  Moreover, the  i o n  

d e n s i t y  is g r e a t e r  on t h e  a x i s  of the wake t h a n  i n  the ad- 

j a c e n t  r eg ion ,  Th i s  "hump" i n  t h e  d e n s i t y  s p l i t s  i n t o  t w o  

d i s t i n c t  wings which move away from the a x i s  a s  t he  wake is 

extended downstream. T h i s  behavior  was a l s o  found i n  t he  solu- 

t i o n s  of b o t h  Maslennikov and Sigov (22) and Allpert e t  a l .  

Taylor  sugges t s  t h a t  such a r eg ion  occurs because t w o  t h i n  

s t reams of i o n s  a r e  a t t r a c t e d  i n t o  the wake (one f r o m  the 

t o p  edge and one from the bottom edge of the s a t e l l i t e ) ;  they  

m e e t  on the a x i s  of symmetry and p a s s  through each other en- 

hancing the i o n  d e n s i t y  a t  t h a t  p o i n t .  A f t e r  c r o s s i n g ,  t h e y  

d ive rge  and d i f f u s e  i n t o  t h e  ambient plasma again.  

(2) 
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C .  O u t l i n e  pf Thesis 

The works of Parker  and of Taylor  d i s c u s s e d  p r e v i o u s l y  

show t h a t  a l though i t  is  possible t o  i n c l u d e  t h e  efdect of  

bo th  i o n  tempera ture  and electric f i e l d  i n  the  numerical  

c a l c u l a t i o n s ,  t h i s  c o n s i d e r a t i o n  i s  very c o s t l y  i n  t e r m s  o f  

computer t i m e .  Furthermore, A l ' p e r t  -- e t  a l .  showed t h a t  when 

the i o n  tempera ture  only i s  cons ide red  ( t h e  electric f i e l d  

is n e g l e c t e d ) ,  t h e  r e s u l t s ,  obvious ly ,  are i n s u f f i c i e n t  t o  

e x p l a i n  and predict the i n t e r e s t i n g  phenomena which are due 

t o  the  electric i n t e r a c t i o n .  On t h e  o t h e r  hand, t h e  work of 

Maslennikov and Sigov i n d i c a t e s  t h a t  cond ide ra t ion  of  t h e  

i n f l u e n c e  of t h e  electric f i e l d  on the i o n s  ( the i o n  tempera- 

t u r e  i s  neg lec t ed )  allows t h e  p r e d i c t i o n  of a v a r i e t y  of 

phenomena both nea r  t o  t he  s a t e l l i t e  and i n  i t s  wake, 

Neglect of t h e  i o n  tempera ture  i s  v a l i d  as shown i n  

t h e  s ix th  r o w  of Table I1 g i v i n g  the r a t i o  of t h e  i o n  k ine-  

t i c  energy  t o  the e l e c t r o n  thermal energy. S ince  the i o n s  

and e l e c t r o n s  have the same thermal energy,  t h i s  r a t i o  a l s o  

i n d i c a t e s  t h e  magnitude of the i o n  k i n e t i c  energy w i t h  r e s p e c t  

t o  i t s  thermal energy. A t  a l l  a l t i t u d e s  of the  ionosphere,  

t h i s  r a t i o  i s  g r e a t e r  than  u n i t y ;  below 1500 km it i s  an  order 

of magnitude g r e a t e r  t han  u n i t y .  Therefore ,  n e g l e c t  of the 

i o n  tempera ture  i s  not  expec ted  t o  i n t r o d u c e  s e r i o u s  error 
i n t o  the r e s u l t s .  

Chapter I1 c o n t a i n s  a d e t a i l e d  d i s c u s s i o n  of the method 

of s o l u t i o n  of the Poisson-Vlasov system of  e q u a t i o n s  wi th  

emphasis on t h e  de t e rmina t ion  of  the cha rge  d e n s i t y  of t h e  

zero- temperature  ion-fPow f ie ld .  The method i s  based upon 

a concept  of s t r e a m l i n e s  "borrowed" from continuum mechanics. 
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Since  t h e  method &s bo th  f a s t  and a c c u r a t e ,  the i n t e r a c t i o n  

problem may be solved more e a s i l y  t h a n  by other methods. 

The speed of t h i s  method p e r m i t s  t h e  i n v e s t i g a t i o n  of much 

larger r e g i o n s  of d i s t u r b a n c e  and a much greater v a r i e t y  of 

c o n d i t i o n s  than  was p r e v i o u s l y  p o s s i b l e ;  the accuracy  per-  

m i t s  t he  c a l c u l a t i o n  of q u a n t i t i e s  such a s  i o n  c u r r e n t  and 

s a t e l l i t e  d rag  and pe rmi t s  t h e  de ta i led  i n v e s t i g a t i o n  of the 

wake s t r u c t u r e .  

Chapter I1 a l s o  c o n t a i n s  a thorough d i s c u s s i o n  of a n  

e f f i c i e n t  s o l u t i o n  of P o i s s o n ' s  equa t ion .  The method employed 

here i s  a v a r i a n t  of the  " a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t "  scheme 

for  so lv ing  f ive-d iagonal  m a t r i x  equa t ions .  (30) 

F o u r i e r  t ransform" method described by Cooley and Tukey (31) and 

used w i t h  success  by i n v e s t i g a t o r s  such a s  Hockney (24)  i s  not  

a p p l i c a b l e  s i n c e  i n  our  case t h e  boundary c o n d i t i o n s  a r e  n o t  

p u r e l y  r e c t a n g u l a r  and the mesh spac ing  i s  not  cons t an t .  I n  

summary, t h e  g o a l  of Chap. I1 i s  t h e  development of a f a s t ,  

y e t  g e n e r a l  s o l u t i o n  for t h e  e q u a t i o n s  of t h e  problem. 

The " f a s t  

It should be noted t h a t  a m u l t i p l e  i o n  composition i s  

not  cons ide red  i n  Chap. 11. Genera l ly ,  the ionosphere con- 

t a i n s  a t  l eas t  t w o  and s o m e t i m e s  f o u r  species of i o n s  (O+, N+, 

He+,  and H+) .  I n  p r i n c i p l e ,  the  i n c l u s i o n  i n t o  t h e  s o l u t i o n  

of m u l t i p l e  i o n  s p e c i e s  a t  d i f f e r e n t  d e n s i t i e s  i s  n o t  d i f f i c u l t .  

However, i n  t h e  i n t e r e s t  of s i m p l i f i c a t i o n  (which i s  consis- 

t e n t  w i t h  t h e  o b j e c t i v e  of r a p i d  computat ion) ,  a s i n g l e  s p e c i e s  

of i o n  ( u s u a l l y  ei ther H e  or 0 ) is  assumed. 
+ + 

I n  Chap. 111, the method of s o l u t i o n  de r ived  i n  Chap. I1 

i s  a p p l i e d  t o  s a t e l l i t e s  of v a r i o u s  shapes and s i z e s  i n  a 
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v a r i e t y  of i onosphe r i c  c o n d i t i o n s .  The parameter  space over  

which the  s o l u t i o n  i s  v a l i d  i s  explored ,  and r e s u l t s  a r e  

compared wi th  t h o s e  of a p rev ious  work. (21) The t o t a l  i o n  

c u r r e n t  t o  t h e  s a t e l l i t e  and i t s  angu la r  d i s t r i b u t i o n  over  

a c y l i n d r i c a l  s u r f a c e  a r e  shown. The drag  of t h e  s a t e l l i t e  

i s  ob ta ined  i n c l u d i n g  t h a t  p o r t i o n  caused by i o n s  which a r e  

n o t  i n t e r c e p t e d  by t h e  s a t e l l i t e  b u t  a r e  d e f l e c t e d  b y  t h e  

surrounding electric f i e l d .  I n  t h e  f i n a l  section of t h e  

c h a p t e r ,  t h e  wake behavior  i s  d iscussed:  h e r e  d i f f e r e n t  re- 

g i o n s  of t h e  wake a r e  de f ined  and t h e i r  p r o p e r t i e s  i n v e s t i -  

ga ted .  The c o n d i t i o n s  under which s p a t i a l  v a r i a t i o n s  occur 

i n  t h e  p o t e n t i a l  and charge d e n s i t y  a r e  i n v e s t i g a t e d .  Fur ther -  

more, s p e c i a l  a t t e n t i o n  i s  devoted t o  t h e  appearance of an ano- 

malous c o n c e n t r a t i o n  of  i o n s  i n  two d i s t i n c t  wings i n  t h e  wake 

of t h e  s a t e l l i t e ;  an e f f o r t  h a s  been made t o  determine t h e  

cause  of t h e i r  appearance.  

I n  Chap. I V ,  t h e  i o n  t r a j e c t o r y  equa t ion  i s  r e d e r i v e d  

t o  inc lude  t h e  effect  of  t h e  geomagnetic f i e l d  on t h e  problem. 

C e r t a i n  r e s u l t s  which a r e  s i m i l a r  t o  t h o s e  ob ta ined  i n  t h e  

p rev ious  c h a p t e r  b u t  a r e  in f luenced  by t h e  magnetic f i e l d  

(such a s  wake behav io r )  a r e  c a l c u l a t e d  and shown. I n  a d d i t i o n ,  

t h e  magnetic f i e l d  i s  pe rmi t t ed  t o  a t t a i n  va lues  which a r e  

h ighe r  t h a n  t h o s e  occur r ing  i n  the  ionosphere i n  o r d e r  t o  

demonstrate  t h e  effect  of a magnetic f i e l d  on a plasma flow 

i n  a l a b o r a t o r y  s imula t ion  experiment.  

Chapter V p r e s e n t s  t h e  conc lus ions  of t h e  r e sea rch .  

Three appendices  fol low t h i s  l a s t  c h a p t e r .  Appendix A c o n t a i n s  

a d e t a i l e d  d e r i v a t i o n  of  t h e  equa t ion  used i n  Chap. I1 t o  
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determine  the  i o n  d e n s i t y  from a p a i r  of a d j a c e n t  i o n  t r a -  

j e c t o r i e s .  Appendix B i s  a d i s c u s s i o n  of t h e  numerical  errors 

of t h e  s o l u t i o n ;  t h i s  appendix a l s o  describes the numerical 

d e t a i l s  of t h e  t echn iques  used t o  o b t a i n  convergent i t e r a t e s  

and t o  approximate the boundary c o n d i t i o n s .  

a d e s c r i p t i o n  of t h e  computer program and c o n t a i n s  a l i s t i n g  

of t h a t  program. 

Appendix C i s  

I t  should be noted t h a t  no a t t empt  h a s  been made t o  

i n v e s t i g a t e  time-dependent phenomena, A s t e a d y - s t a t e  solu-  

t i o n  is assumed i n  the sa t e l l i t e  r e f e r e n c e  frame: a s  d i s -  

cussed  i n  the l a s t  s e c t i o n  of Chap, 111, some exper imenta l  

ev idence  e x i s t s  t h a t  t h i s  assumption i s  v a l i d .  

a d d i t i o n ,  Albert et aJ. (2) d i s c u s s e s  t h e  p o s s i b l e  occurence 

of a v a r i e t y  of wave phenomena (electron and i o n  plasma waves, 

e l ec t romagne t i c  waves, and Alfvhn waves) and sugges t s  t h a t  

t h e s e  waves a r e  not  dominant i n  the  r e g i o n  near  t o  the s a t e l -  

l i t e .  

I n  (32-34) 

The method of s o l u t i o n  t o  be desc r ibed  i n  t h i s  thesis 

i s  no t  n e c e s s a r i l y  l i m i t e d  t o  ionosphe r i c  s a t e l l i t e s  and 

Langmuir probes  moving i n  an ionosphe r i c  environment. For 

example, t he  f l o w  of plasma over  a s t a t i o n a r y  Langmuir 

probe i n  t h e  l a b o r a t o r y  may be so lved  by t h i s  method. However, 

the plasma must be c o l l i s i o n l e s s  i n  the r eg ion  of i n t e r e s t ,  

and the  e l e c t r o n  component of the plasma must  have a thermal  

speed much g r e a t e r  than  the f l o w  v e l o c i t y .  Furthermore,  s i n c e  

the i o n  thermal  motion i s  neglec ted ,  t h e  i o n  k i n e t i c  energy 

should be s e v e r a l  t i m e s  g r e a t e r  than  t h e  i o n  thermal  energy. 
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CHAPTER 11: EQUATIONS AND METHOD OF SOLUTION 

A ,  Summary of Equat ions  - and  Boundary Condit ions 

I n  order t o  s o l v e  t h e  problem of the i n t e r a c t i o n  of a 

s a t e l l i t e  w i t h  the ionosphere ,  t h e  fo l lowing  system of equa- 

t i o n s  i s  employed. 

Firs t ,  t h e  i o n  and e l e c t r o n  number d e n s i t i e s  a re  g iven  

by  t h e  zero-moments of their  r e s p e c t i v e  d i s t r i b u t i o n  func- 

t i o n s :  

n i, e = )fi,edv. 

Second, t h e  electric f i e l d  i s  g iven  by  P o i s s o n ' s  equa t ion :  

4 2 
V E = -v  V = (e/co)(ni-  ne). 

( 2 . 2 )  

Third ,  t h e  i o n  and e l e c t r o n  d i s t r i b u t i o n  f u n c t i o n s  a re  

g iven  by Vlasov ' s  equa t ion  i n  a c o o r d i n a t e  system r e l a t i v e  

t o  t h e  s a t e l l i t e  when no magnet ic  f i e l d  i s  p r e s e n t :  

= 0. 
4 e ' f i , e  

P h y s i c a l l y ,  the  boundary c o n d i t i o n s  are  specified on t h e  

s a t e l l i t e  s u r f a c e  and q t  i n f i n i t y ,  For the p o t e n t i a l ,  

-. 
on x = 'sat s a t ,  
4 

V - 0 a s  x m .  

S i n c e  t h e  s a t e l l i t e  s u r f a c e  i s  meta l l ic ,  i t  i s  assumed t h a t  

a l l  i n c i d e n t  charged  p a r t i c l e s  a r e  n e u t r a l i z e d .  Hence, for 
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the  d i s t r i b u t i o n  f u n c t i o n s ,  t h e  boundary c o n d i t i o n s  a re  

-. (x' v ) = O ,  f i l e  s a t ,  o u t  

where v' r e p r e s e n t s  the outward-going h a l f  space. I n  the o u t  
und i s tu rbed  r e g i o n  a t  i n f i n i t y ,  

+ - . I  

where f (x,,v. ) i s  a d r i f t i n g  Maxwellian func t ion .  
i, e 1, e 

I n  t h e  s h i f t  t o  the  c o o r d i n a t e  system r e l a t i v e  t o  t h e  

s a t e l l i t e ,  the t i m e  dependence i s  removed from V l a s o v ' s  equa- 

t i o n  a t  t h e  cost of making t h e  d i s t r i b u t i o n  f u n c t i o n  an iso-  

tropic a t  i n f i n i t y .  Because o f  $his a n i s o t r o p y ,  n o n t r i v i a l  

problems must be a t  l eas t  two-dimensional, both i n  r e a l  space 

and i n  v e l o c i t y  space. Two classes of real  s a t e l l i t e  bodies 

may be t r e a t e d  i n  two-dimensional form. The f i r s t  class i s  

gene ra t ed  by r o t a t i n g  a two-dimensional shape which i s  m i r -  

ror symmetric about  the l i n e  of  symmetry. For example, a 

d i s k  r o t a t e d  about  i t s  diameter becomes a sphere; a f i n i t e  

l i n e  becomes a d i s k .  This  c lass  of  body w i l l  be c a l l e d  

" a x i a l l y  symmetric." The second c lass  i s  gene ra t ed  by  t r a n s -  

l a t i n g  a two-dimensional shape a long  the t h i r d  axis .  For 

example, a d i sk  t r a n s l a t e d  i n  such a manner becomes a n  in -  

f i n i t e l y  long  f l a t  p l a t e .  This c l a s s  of body w i l l  be cal led 

" p l a n a r .  'I 

I n  o r d e r  t o  o b t a i n  t h e  s o l u t i o n  o f  t h e  i n t e r a c t i o n  prob- 

l e m ,  t h e  Poisson-Vlasov system of  e q u a t i o n s  [Eqs.(2.1),  (2.2), 
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and (2.3)] i s  s o l v e d  by i t e r a t i o n  u n t i l  a s e l f - c o n s i s t e n t  

electric f i e l d  i s  found. The zero-order i t e r a t i o n  i s  arb i -  

t r a r i l y  chosen.  
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B. S o l u t i o n  of t h e  Charqe-Density Equat ions  -- 

1. E l e c t r o n  Dens i ty  

It i s  p o s s i b l e  t o  make a s i m p l i f i c a t i o n  which w i l l  re- 

duce the d i f f i c u l t y  of t h e  problem s u f f i c i e n t l y  t o  permi t  

accurate  computer s o l u t i o n s .  S ince  t h e  speed of s a t e l l i t e s  

i n  t h e  ionosphere  i s  a t  l e a s t  a n  o r d e r  of magnetude less 

t h a n  the  average  thermal  speed of i o n o s p h e r i c  e l e c t r o n s ,  t h e  

d r i f t  component i n  t h e  Maxwellian d i s t r i b u t i o n  f u n c t i o n  f o r  

e l e c t r o n s  may be neg lec t ed .  A s  a r e s u l t ,  t h e  e l e c t r o n  d i s -  

t r i b u t i o n  a t  i n f i n i t y  i s  i s o t r o p i c ;  i n  the d i s t u r b e d  r e g i o n  

however, it i s  a n i s o t r o p i c  because  the i o n  an i so t ropy  i n f l u -  

ences  t h e  e l e c t r o n  d i s t r u b u t i o n  through t h e  e lectr ic  f i e l d .  

Ii khere i s  no e l e c t r o n  c u r r e n t  and i f  t h e  force f i e l d  can  

be desc r ibed  by a p o t e n t i a l  ( i . e . ,  i f  the  force i s  conserva-  

t i v e ) ,  t hen  the  e l e c t r o n  number d e n s i t y  i s  g iven  immediately 

by  t h e  Boltzmann factor:  (12) 

n e = noexp(eV/kT e ) = n exp  a. 
0 

Nhen the s a t e l l i t e  p o t e n t i a l  i s  s t r o n g l y  nega t ive ,  t h e  

e l e c t r o n  c u r r e n t  t o  t h e  s a t e l l i t e  i s  sma l l ,  and t h e  Boltzmann 

f a c t o r  i s  applicable over  m o s t  of t h e  d i s turbed  region.  Only 

i n  t h e  r e g i o n  d i r e c t l y  behind  and near  t h e  s a t e l l i t e  where 

t h e  e l e c t r o n s  dominate t h e  n e t  charge  d e n s i t y  does the  use  
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of the Boltzmann f a c t o r  f o r  the electron d e n s i t y  lead t o  

any s i g n i f i c a n t  error i n  t h e  n e t  charge  d e n s i t y .  Moreover, 

i n  c e r t a i n  cases, the p o t e n t i a l  does n o t  vary -monotonical ly  

i n  the wake, and, therefore, the  Boltzmann factor  does n o t  

g i v e  the  correct va lue  for the e l e c t r o n  d e n s i t y  of a col- 

l i s i o n l e s s  plasma. However, these errors i n  t h e  e l e c t r o n  

d e n s i t y  i n f l u e n c e  t h e  development of the p O t e n t i a l  f i e l d  

on ly  when t h e i r  effect  i s  allowed t o  accumulate over  d i s -  

t a n c e s  which are  t w o  or more orders of magnitude of t h e  Debye 

l e n g t h .  

where the r e g i o n  of possible error i s  observed t o  be of t h i s  

s i z e .  P r a c t i c a l l y  speaking, other l i m i t a t i o n s ,  such a s  com- 

p u t e r  memory s i z e ,  appear  f i rs t .  

Hence, t h e  r e s u l t s  a re  n o t  extended t o  those c a s e s  (8) 

2.  I o n  Dens i ty  

General  s o l u t i o n .  Cont rary  t o  e l e c t r o n  thermal  speed, 

t h e  i o n  thermal speed i s  less t h a n  t h e  sa te l l i t e  speed (by 

an  order of magnitude).  I n  the s a t e l l i t e  c o o r d i n a t e  system, 

the  incoming i o n s  appear t o  be t r a v e l i n g  a s  a beam, and t h e i r  

thermal veloci t ies  may be neg lec t ed  except f a r  downstream i n  

the  wake. Of cour se ,  when the random thermal v a r i a t i o n s  i n  t h e  

i o n  motion are neg lec t ed ,  an  unwanted degree  of coherence may 

be in t roduced  i n t o  t h e  i o n  motion, and p r e c a u t i o n s  are neces- 

s a r y  i n  c e r t a i n  cases t o  avoid  unwanted and a r t i f i c i a l l y  in- 

duced s i n g u l a r i t i e s  i n  the i o n  d e n s i t y .  The number d e n s i t y  i s  
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4 

where v = (u,v,w) g i v e s  t h e  v e l o c i t y  c o o r d i n a t e s  for  t h e  

pa r t i c l e  a t  t h e  p o i n t  of i n t e r e s t  x = ( x , y , z )  and t h e  i n t e -  

g r a t i o n  i s  performed over  t h a t  r e g i o n  i n  v e l o c i t y  space where 

f exis t s .  S ince  t h e d i s t r i b u t i o n  f u n c t i o n  i s  c o n s t a n t  a long  

a p a r t i c l e  t r a j e c t o r y  i n  a c o l l i s i o n l e s s  plasma, it i s  simple 

t o  r e l a t e  f a t  t h e  p o i n t  o f  i n t e r e s t  ( x , y , z )  t o  f a t  i n f i n i t y .  

+ 

+ 
where v = (u , v  , w  ) g i v e s  t h e  v e l o c i t y  c o o r d i n a t e s  a t  i n f i n i t y .  

Equat ion ( 2 . 5 )  s ta tes  t h a t  the  va lue  of f a t  t h e  p o i n t  ( x , v )  

i n  phase space i s  e q u a l  t o  t h e  va lue  of the d i s t r i b u t i o n  func- 

t i o n  f on the boundary e v a l u a t e d  a t  the v e l o c i t y  v' 
assumed t o  be independent  of x' ) .  T h i s  va lue  on t h e  boundary 

i s  t h e  sought va lue  a t  t h e  p o i n t  ( x , v )  i n  phase space b y  v i r -  

t u e  of t h e  fac t  t h a t  f remains c o n s t a n t  a long  a t r a j e c t o r y  i n  

O f  cou r se ,  de t e rmina t ion  of t h e  a c o l l i s i o n l e s s  plasma. 

t ra jec tor ies  of a l l  p a r t i c l e s  i n  phase space i s  a n o n t r i v i a l  

t a s k  which r e q u i r e s  t h e  s o l u t i o n  of Newton's equa t ions .  Hence, 

i t  h a s  been demonstrated t h a t  the s o l u t i o n  of V l a s o v ' s  equa- 

t i o n  can  be r e p l a c e d  by the s o l u t i o n  of Newton's equa t ions .  

Equ iva len t ly ,  i f  the  t r a j e c t o r y  e q u a t i o n s  v ( x ,  veo) are known, 

then  the c h a r a c t e r i s t i c s  of Vlasov ' s  e q u a t i o n  are  a l s o  known. 

m e D w  
- 4  

( f ,  i s  
er, 0 

m 
4 4  

(35) 

- + 4 4  

( 3 6 )  

Now, by s u b s t i t u t i o n  of (2.5) i n t o  (2.4) 

n ( x , y , z )  = If 0) (u,,v c o w  , w  )dudvdw 
v 
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Thus, it h a s  been  demonstrated t h a t  the general  problem of 

f i n d i n g  the number d e n s i t y  i n  a c o l l i s i o n l e s s  plasma i s  equi-  

v a l e n t  t o  t h a t  of f i n d i n g  b o t h  t h e  Jacob ian  o f  t h e  t r a j e c t o r y  

e q u a t i o n s  and t h e  r e g i o n  of e x i s t e n c e  for  t h e  d i s t r i b u t i o n  

f u n c t i o n  a t  t h e  po in t  of i n t e r e s t .  I f ,  f o r  example, t h e  d i s -  

t r i b u t i o n  f u n c t i o n  a t  i n f i n i t y  i s  a monoenergetic beam moving 

wi th  a v e l o c i t y  v =(uo,vo,wo) , t h e n  t h e  d e n s i t y  i s  no longe r  

a n  i n t e g r a l .  S ince  

4 

0 

f,= noB (u-uo) 8 (v-v ) 6 (w-wo) , 
0 

t hen  

S ince  a n  a n a l y t i c a l  s o l u t i o n  f o r  the two-dimensional t ra-  

j e c t o r y  e q u a t i o n s  i s  d i f f i c u l t  t o  f i n d ,  t h e  p a r t i a l  de r iva -  

t i v e s  which comprise t h e  Jacob ian  must be obtained by numeri- 

c a l  means. These d e r i v a t i v e s  o f  t h e  t r a j e c t o r y  equa t ions  vary  

i n  rea l  space: t h e i r  v a r i a t i o n s  are  governed by o rd ina ry  d i f -  

f e r e n t i a l  equa t ions .  The method f o r  f i n d i n g  t h e  Jacobian ,  how- 

e v e r ,  h a s  not  been programmed s i n c e  more direct methods ex i s t  

for o b t a i n i n g  t h e  number d e n s i t y  when the d i s t r i b u t i o n  func- 

t i o n  of t h e  i o n s  i s  a monoenergetic beam. 

Flow-f ie ld  method. One such method makes use o f  a con- 

cept analogous t o  s t reamtubes  i n  f l u i d  mechanics, where a t u b e  

of  f l u x  i s  de f ined  by  a set o f  tes t  pa r t i c l e  t r a j e c t o r i e s  

which traces t h e  w a l l  o f  t h e  f l u x  tube  i n  space. It i s  as- 

sumed t h a t  no trajectories from e i t h e r  i n s i d e  or o u t s i d e  t h e  
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t ube  can  cross t h e  w a l l  of t h e  tube .  Then, whatever m a t e r i a l  

i s  i n s i d e  t h e  tube  of f l u x  i n i t i a l l y  remains t h e r e  for t h e  

e n t i r e  l e n g t h  of  t h e  tube .  

by t h e  e q u a t i o n  of c o n t i n u i t y  i n  continuum mechanics for a 

s t e a d y  s ta te  problem: 

This  conse rva t ion  l a w  i s  expressed  

where 3 = ne; i s  t h e  i o n  p a r t i c l e  f l u x .  

equa t ion  over t h e  volume of a f l u x  t u b e  and us ing  t h e  d iver -  

gence theorem, 

I n t e g r a t i n g  t h i s  

I f  t h e  s u r f a c e  of i n t e g r a t i o n  i s  a f l u x  tube,  t hen  t h e  only 

non-zero c o n t r i b u t i o n  t o  t h e  s u r f a c e  i n t e g r a l  comes from t h e  

t w o  ends of t h e  t u b e .  The p a r t i c l e  f l u x  normal t o  t h e  w a l l  

of t h e  t u b e  i s  z e r o  s i n c e  t h e  w a l l  h a s  been de f ined  t o  be i n  

t h e  d i r e c t i o n  of t h e  p a r t i c l e  f l u x ,  Thus, 

I -  I = o ,  
al 

4 4  

where I and I a r e  t h e  t o t a l  c u r r e n t s  ( I = J = A )  e n t e r i n g  and 

l e a v i n g  t h e  f l u x  t u b e ,  r e s p e c t i v e l y .  (The symbol m for  i n -  

f i n i t y  d e s i g n a t e s  t h e  und i s tu rbed  region.)  I f  t h e  r a d i u s  

of the t u b e  i s  s m a l l  compared t o  d i s t a n c e  over  which t h e  

v a r i a b l e s  of t h e  problem change, then  t h e  p a r t i c l e  f l u x e s  a t  

t h e  tube  ends can  be es t ima ted .  It  i s  assumed t h a t  t h e  par- 

t i c l e  d e n s i t y  and t h e  v e l o c i t y  remain c o n s t a n t  over t h e  tube  

end and t h a t  t h e  v e l o c i t y  vec tb r  i s  p a r a l l e l  t o  t h e  normal 

vector  of the a r e a  a t  t h e  ends.  Then, 

cc 

4 + 
I = naev A" and I = nev 2, 

m O D 0 3  (2.7) 
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4 * 
where n and n a r e  t h e  number d e n s i t i e s ,  v and v are t h e  

p a r t i c l e  v e l o c i t i e s ,  and A" 
ends of  the tube.  

a, a, 

and A' a r e  t h e  a r e a s  of t h e  t w o  
co 

I n  Fig.  2 . 1  a f l u x  tube  de f ined  by t w o  computed t r a -  

jectories i s  drawn. The  i o n  d e n s i t y  a t  t h e  p o i n t  of i n t e r e s t  

P i s  ob ta ined  by  s u b s t i t u t i n g  computa t iona l ly  convenient  quan- 

t i t i e s  for  t h e  v e l o c i t y  v' and a r e a  A' i n t o  Eqs. (2.6) and ( 2 . 7 ) .  

I n  t h e  p l ana r  c a s e ,  t h e  d e n s i t y  is ,  

n = n -  . 
co v R' 

X 

I n  t h i s  equa t ion  v and v a r e  t h e  ion  v e l o c i t i e s  i n  t h e  x 

d i r e c t i o n  a t  i n f i n i t y  and a t  t h e  p o i n t  of i n t e r e s t ,  respec- 

t i v e l y ;  R and 4 '  a r e  the tube  wid ths  i n  t h e  y d i r e c t i o n  a t  

i n f i n i t y  and a t  t h e  p o i n t  of i n t e r e s t ,  r e s p e c t i v e l y .  [See 

Appendix A for d e r i v a t i o n  of E q s .  ( 2 . 8 )  and ( 2 . 9 ) . ]  I n  t h e  

a x i a l l y  symmetric case ,  t h e r e  i s  an  a d d i t i o n a l  geometr ic  fac-  

W X 

03 

t o r  which accounts  f o r  t h e  r a d i a l  compression or expansion 

o f  t h e  f l u x  t u b e  (which, i n  t h i s  c a s e ,  i s  a r i n g ) .  Thus ,  

t h e  d e n s i t y  i s  
v W R m Y m  ~. 1 

= "a, v J ' y  I 

X 

where y i s  t h e  r a d i a l  d i s t a n c e  from t h e  a x i s  of symmetry t o  

t h e  p o i n t  of i n t e r e s t ,  and y i s  de f ined  a s  fol lows:  I n  order 

t o  determine t h e  geometr ic  compression f a c t o r ,  t h e  r a d i a l  d i s -  

t ance  of t h e  source o f  f l u x  a t  i n f i n i t y  m u s t  be c a l c u l a t e d .  

A n  "imaginary" t r a j e c t o r y  i s  assumed t o  pass  through the  

p o i n t  of i n t e r e s t ,  and i t s  l o c u s  i s  e s t i m a t e d  from t h e  t w o  

c a l c u l a t e d  t r a j e c t o r i e s  d e f i n i n g  t h e  f l u x  t u b e .  y, is  t h e  

ce 
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r ad ia l  d i s t a n c e  from t h e  a x i s  of symmetry t o  the p o i n t  a t  

which t h e  "imaginary" t ra jec tory  i s  e s t i m a t e d  t o  b e g i n .  

I f  t h e  t w o  a d j a c e n t  t r a j e c t o r i e s  i n t e r s e c t ,  a t  t h e  

p o i n t  of i n t e r s e c t i o n  t h e  t u b e  width 1' i s  ze ro ,  and t h e  

charge  d e n s i t y  i s  i n f i n i t e .  Hence, a t  g r i d  points  i n  t h e  

v i c i n i t y  of  t h e  i n t e r s e c t i o n ,  abnormally high v a l u e s  of 

the i o n  d e n s i t y  occur .  However, i n  succeeding i t e r a t e s  of 

the Poisson-Vlasov system where t h e  electric f i e l d  i s  ob- 

t a i n e d  more a c c u r a t e l y ,  t h e  t ra jectory c r o s s i n g  i s  expec ted  

t o  d isappear .  (See Appendix B for a d i s c u s s i o n  concerning 

t h e  i n f l u e n c e  of c r o s s i n g  t r a j e c t o r i e s  on t h e  accuracy of  

t h e  s o l u t i o n . )  

"Super-$ar t ic le"  method. I n  o r d e r  t o  v e r i f y  the ac- 

curacy  of t h e  assumptions made i n  t h e  f low- f i e ld  method des- 

cribed above, t h e  method used by Maslennikov and Sigov 

and K i r s t e i n  e t  a l .  (37) (hence fo r th  c a l l e d  t h e  " s u p e r - p a r t i c l e  ' I  

method) i s  p resen ted ,  I n  t h i s  method a beam of  i o n s  i n c i d e n t  

on t h e  r e g i o n  around t h e  sa te l l i t e  i s  d i v i d e d  i n t o  d i s c r e t e  

p a c k e t s  of d e n s i t y .  The p a r t i c l e  a t  t h e  c e n t e r  o f  t h e  den- 

s i t y  packe t  is  assumed t o  be r e p r e s e n t a t i v e  of a l l  p a r t i c l e s  

i n  the packet .  The t r a j e c t o r y  of t h i s  r e p r e s e n t a t i v e  par t ic le  

is fol lowed over t h e  r eg ion  of in te res t .  The r eg ion  i t s e l f  

i s  d iv ided  i n t o  volume cells; whenever such a r e p r e s e n t a t i v e  

t ra jec tory  p a s s e s  through a cel l ,  t h e  packet  of d e n s i t y  car- 

r i e d  b y  t h e  r e p r e s e n t a t i v e  p a r t i c l e  i s  smeared o u t  over t h e  

e n t i r e  ce l l  and i s  weighted by t h e  amount of t i m e  which t h e  

p a r t i c l e  has spen t  i n  the ce l l .  By tracirag the p a t h s  of a l l  

(21 ,22)  
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the  d e n s i t y  p a c k e t s  i n  t h i s  manner, a complete p i c t u r e  of 

t h e  number d e n s i t y  can  be c o n s t r u c t e d  t o  a n  accu racy  of a 
volume cel l .  

The f l u x  of par t ic les  i n  a d e n s i t y  packe t  b n t e r i n g  the 

r e g i o n  i s  

I = n v A = n v @hmLa, 
OD c o ~ ~ m  C E C O  

where L i s  a u n i t  l e n g t h  i n  the  " i n v a r i a n t "  d i r e c t i o n  (F ig .  2 . 2 ) .  

I n  the volume ce l l ,  the f l u x  i s  

I = nvA = nT/t = nllxAyL/t, 

where T i s  t h e  volume of t h e  ce l l  and t is t h e  t i m e  spen t  i n  

the c e l l  by t h e  r e p r e s e n t a t i v e  pa r t i c l e .  S ince  t h e  f l u x  re- 

mains c o n s t a n t  a long  the t r a j e c t o r y ,  the d e n s i t y  i s  

@.!I t L 
T O D a  

n = n v  I - -  = w L hXAy L ' 
where t h e  sum i s  t aken  over  a l l  par t ic les .  For  particles which 

do n o t  pass through t h e  ce l l ,  t h e  t i m e  s p e n t  i n  the c e l l ,  o f  

course, is ze ro ;  hence,  t h e s e  par t ic les  do not  c o n t r i b u t e  t o  

t h e  charge d e n s i t y  of the ce l l .  

A s e r i o u s  d isadvantage  of the " s u p e r - p a r t i c l e "  method i s  

t h a t  a v a s t  number of trajectories must be computed i n  order 

t o  determine t h e  charge  d e n s i t y  t o  a minimal accuracy  (which 

allows only  a very coarse s o l u t i o n ) .  I n  order t o  es t imate  

t h a t  accuracy ,  suppose t h a t  k r e p r e s e n t a t i v e  particles (each 

c a r r y i n g  a u n i t  of charge)  pass through a volume ce l l .  L e t  

t h e  k + 1 par t i c l e  g r a z e  one of the w a l l s  of t h e  cel l .  Now 

l e t  a small  p e r t u r b a t i o n  i n  the f i e l d  force t h a t  par t ic le  

i n t o  the ce l l .  Then the u n i t  charge  carried by t h a t  p a r t i c l e  
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i s  a s s i g n e d  t o  t h e  g r i d  p o i n t  a t  t h e  center of the cel l ,  and 

the charge  d e n s i t y  of the g r i d  p o i n t  w i l l  i n c r e a s e  from k u n i t s  

t o  k f 1 u n i t s .  S ince  t h i s  i n c r e a s e  i s  due t o  an i n f i n i t e s i m a l l y  

smal l  p e r t u r b a t i o n  i n  t he  force f i e l d ,  i t  can  be assumed t h a t  

t h e  f i n i t e  change i n  d e n s i t y  i s  a r e s u l t  of the  error of t h e  

model. Therefore, the  r e l a t i v e  error of the charge  d e n s i t y  

when computed by t h e  " s u p e r - p a r t i c l e "  method i s  approximately 

[(k + 1)- k]/k = lh, where k i s  t h e  number of p a r t i c l e s  i n  

a ce l l .  If ,  for example, 20 t r a j e c t o r i e s  p a s s  through a ce l l ,  

t h e n  the  computed charge  d e n s i t y  is a c c u r a t e  t o  25% I n  order 

t o  e s t i m a t e  t h e  t o t a l  number of t r a j e c t o r i e s  needed for a den- 

s i t y  accuracy  of ilk per  c e l l ,  it i s  n o t  necessary  t o  mul t i -  

p l y  t h e  number of t r a j e c t o r i e s  per ce l l  by t h e  t o t a l  number 

of cel ls ,  F o r t u n a t e l y ,  one i o n  t r a j e c t o r y  p a s s e s  through a 

l a r g e  number of  cells, a number n o t  less t h a n  t h e  number of 

cells l y i n g  i n  t h e  h o r i z o n t a l  d i r e c t i o n  s i n c e  t h e  i o n  beam 

moves i n  a n e a r l y  h o r i z o n t a l  d i r e c t i o n .  Then t h e  t o t a l  num- 

ber of t r a j e c t o r i e s  necessa ry  t o  provide  a charge d e n s i t y  ac- 

c u r a t e  t o  f l / k  i s  found b y  m u l t i p l y i n g  t h e  number of t r a j e c -  

tories k p e r  cel l  b y  the number of cells  n l y i n g  i n  the v e r t i -  

c a l  d i r e c t i o n ,  i .e.,  nk. Typica l  s a t e l l i t e  problems have a t  

l e a s t  20 ce l l s  i n  t h e  v e r t i c a l  d i r e c t i o n .  Therefore ,  a mini- 

mum of 400 t r a j e c t o r i e s  i s  necessary  t o  o b t a i n  a charge  den- 

s i t y  a c c u r a t e  t o  f5%. 

The major reason  why the  " s u p e r - p a r t i c l e "  method r e q u i r e s  

a l a r g e  number of t r a j e c t o r i e s  i s  t h a t  very  l imi t ed  use  i s  

made of the c a l c u l a t e d  parameters  of t h e  t r a j e c t o r i e s .  Sup- 

pose t w o  neighboring p a r t i c l e s  a r e  t r a c e d .  As t hey  p a s s  near  
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a p a r t i c u l a r  c e l l ,  their  parameters  a r e  examined t o  deter- 

mine whether bo th ,  one, or n e i t h e r  have passed  through the  

cel l .  The " s u p e r - p a r t i c l e "  method r e q u i r e s  no f u r t h e r  d a t a  

on t h e  p a r t i c l e  l o c a t i o n .  E s s e n t i a l l y ,  t h e  method r e q u i r e s  

c a l c u l a t i o n  of a smoothly varying t r a j e c t o r y  i n  order t o  de- 

te rmine  whether a p a r t i c l e  p a s s e s  through a p a r t i c u l a r  cel l .  

The a c t u a l  l o c a t i o n  of the p a r t i c l e  i s  i r r e l e v a n t  i n  t h e  

It s u p e r - p a r t i c l e  method. 

Comparison - of f low-field - and " s u p e r - p a r t i c l e "  methods. 

The f low-field method i s  a c o n s i d e r a b l e  improvement over  t h e  

" s u p e r - p a r t i c l e "  method. For a g iven  number of t r a j e c t o r i e s ,  

the accuracy of the former i s  approximately an  order of  mag- 

n i t u d e  g r e a t e r  t han  t h a t  of t h e  l a t t e r .  

I n  t h e  f low- f i e ld  method, the  error i n  t h e  number d e n s i t y  

a r i s e s  p r i m a r i l y  from t h e  sma l l  b u t  d i scon t inuous  changes i n  

d e n s i t y  va lue  between f l u x  t u b e s .  Although each f l u x  tube  i s  

assumed t o  c a r r y  a d e n s i t y  which i s  c o n s t a n t  over i t s  cross 

s e c t i o n ,  t h i s  d e n s i t y  v a r i e s  c o n t i n u o u s l y  a long the l e n g t h  

of the  t u b e  a s  the w a l l s  of the tube  ( r e p r e s e n t e d  b y  t w o  t r a -  

jectories) compress and expand under the  i n f l u e n c e  of t h e  

electric f i e l d .  I n  the " s u p e r - p a r t i c l e "  method, however, 

each d e n s i t y  packet  remains c o n s t a n t  i r r e s p e c t i v e  of i t s  lo-  

c a t i o n  i n  t h e  d i s t u r b e d  r eg ion .  Although i d e n t i c a l  informa- 

t i o n  i s  known about  the  t r a j e c t o r i e s  (namely, the i r  loc i  and 

v e l o c i t i e s )  i n  both methods, i n  t h e  f low- f i e ld  method t h a t  

i n fo rma t ion  i s  used more e f f e c t i v e l y  t o  o b t a i n  t h e  charge 

d e n s i t y .  As a r e s u l t ,  on ly  a f e w  (2-5) t r a j e c t o r i e s  per  ver- 

t i c a l  c e l l  a r e  needed t o  o b t a i n  charge  d e n s i t y  r eco rds  a c c u r a t e  
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t o  *5%. Since  the  ion d e n s i t y  computation consumes a con- 

s i d e r a b l e  p o r t i o n  of t h e  t o t a l  computation t i m e ,  t h e  flow- 

f i e l d  method provides  a more a c c u r a t e  s o l u t i o n  i n  a g iven  

span of computer t i m e .  It a l s o  makes p o s s i b l e  the in t roduc-  

t i o n  of s u c h  compl ica t ing  f a c t o r s  a s  an extended r eg ion  of 

d i s t u r b a n c e ,  complex s a t e l l i t e  shapes,  a magnetic f i e l d ,  and 

a c c u r a t e  e s t i m a t e s  of ionosphe r i c  s a t e l l f t e  p r o p e r t i e s  such 

a s  c u r r e n t  and drag .  
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C.  S o l u t i o n  of Trajectory Equat ions  

I n  o r d e r  t o  o b t a i n  the i o n  number d e n s i t y . b y  e i t h e r  t h e  

f low-field method or the " s u p e r - p a r t i c l e "  method, i t  i s  neces- 

s a r y  t o  c a l c u l a t e  t h e  t ra jector ies  f o r  a number of r ep resen ta -  

t i v e  i o n  pa r t i c l e s ,  The trajectories of t h e  r e p r e s e n t a t i v e  

p a r t i c l e s c a n b e  computed r a p i d l y  i f  it i s  assumed t h a t  the  

electric forces a c t i n g  on the pa r t i c l e s  are  c o n s t a n t  over  a 

ce l l .  The p o t e n t i a l  f i e l d  f r o m  which t h e  electric f i e l d  i s  

c a l c u l a t e d  i s  g i v e n  on ly  a t  a f i n i t e  number of p o i n t s  ( a s  a 

consequence of t h e  f i n i t e - d i f f e r e n c e  method used i n  S e c t .  D 

t o  s o l v e  P o i s s o n ' s  e q u a t i o n ) .  These p o i n t s ,  by des ign ,  l i e  

a t  the c o r n e r s  o f  t h e  volume cells. A s  a f i r s t  approxima- 

t i o n ,  i t  can  be assumed t h a t  i f  the p o t e n t i a l  i s  known on ly  

a t  the g r i d  p o i n t s ,  t hen  the f o r c e  f i e l d  i s  a l s o  known on ly  

a t  the g r i d  p o i n t s  a n d , t h e r e f o r e ,  i s  c o n s t a n t  over  the ce l l .  

The advantage of assuming constancy over  a c e l l  i s  t h a t  

Newton's e q u a t i o n s  can be i n t e g r a t e d  e x a c t l y  us ing  no f u r -  

t h e r  f i n i t e - d i f f e r e n c e  schemes. These e q u a t i o n s  a r e  

dx/dt = u, du/dt  = F, 

dy/dt  = v, dv/dt  = G ,  

where F and G are t h e  forces per u n i t  mass i n  t h e  x and y 

d i r e c t i o n s ,  r e s p e c t i v e l y ,  1.e. , 

Dimensionless v a r i a b l e s .  These e q u a t i o n s  can  be made 

d imens ionless  by i n t r o d u c i n g  the fo l lowing  d imens ionless  

v a r i a b l e s .  
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L e t  

t '  = w t ,  
P 

x '  = XA,,  

v '  = V/VT, 

where 
2 ?5 

c e  W = (noe /e m ) = t h e  e l e c t r o n  
plasma frequency,  P 

2 %  AD= (gokTe/noe = t h e  Debye l e n g t h ,  and 

v T = XDWp= (kTe/m e 1% = t h e  e l e c t r o n  ther-  
m a l  v e l o c i t y .  

The scale l e n g t h  i s  chosen t o  be the Debye l e n g t h  s i n c e  t h e  

electric forces ac t  over  d i s t a n c e s  which are  of the order of 

magnitude of t h e  Debye l e n g t h .  S i n c e  t h e  electric p o t e n t i a l  

i s  of the order of the  e l e c t r o n  thermal  energy ,  the  scale 

v e l o c i t y  i s  chosen t o  be the  e l e c t r o n  thermal v e l o c i t y .  A s  

a r e s u l t ,  the scale t i m e  becomes the i n v e r s e  of the plasma 

frequency,  which i s  a famil iar  q u a n t i t y  and i s  the r a t i o  of 

the e l e c t r o n  thermal v e l o c i t y  t o  the Debye l eng th .  These 

s c a l i n g  v a r i a b l e s  have been  in t roduced  p r i m a r i l y  t o  s i m p l i f y  

the governing e q u a t i o n s  and t o  set the magnitude of t h e  nu- 

merical v a l u e s  of l e n g t h ,  v e l o c i t y ,  and t i m e  w i t h i n  one or 

t w o  orders of u n i t y .  The i n t c o d u c t i o n  of t h e s e  s c a l i n g  

v a r i a b l e s  does n o t  imply any p a r t i c u l a r  assumption about  t h e  

method of s o l u t i o n .  Any f e n g t h  and v e l o c i t y  cou ld  have been 

used i n  the computer s o l u t i o n ;  however, t h i s  p a r t i c u l a r  cho ice  

s impl i f ies  the  e x p r e s s i o n  of both t h e  t r a j e c t o r y  e q u a t i o n s  

d i scussed  here and  P o i s s o n ' s  e q u a t i o n  t o  be d i s c u s s e d  l a t e r .  
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A l s o ,  i n t r o d u c e  t h e  fo l lowing  d imens ionless  v a r i a b l e s  : 

Then set 

cp = eV/kTe and 

and 

f~ = mi/me. 

now, Newton's e q u a t i o n s  i n  d,&nens,onless form are  

dx ' / d t '  = u' d u ' / d t '  = F '  

d y ' / d t '  = v '  d v ' / d t '  = G '  

For the remainder o f  t h i s  d i s c u s s i o n  t h e  primes have been o m i t -  

ted,  and a l l  v a r i a b l e s  are  t o  be cons ide red  as dimens ionless .  

-- Time o f  f l i q h t  throuqh - ce l l .  A s  mentioned p rev ious ly ,  

t h e s e  e q u a t i o n s  may be so lved  e a s i l y  i f  t h e  f o r c e  remains 

c o n s t a n t  over  a ce l l .  Suppose t h e  e n t r a n c e  parameters  t o  

a ce l l  a r e  x , yo, u v . The ex i t  parameters y u v 
0 of 0 1' 1' 1 

a t  t h e  f a r  w a l l  o f  t h e  ce l l  where x = x must be determined 

by t h e  i n t e g r a t i o n  of  t h e  f i r s t  t w o  of Newton's equa t ions ,  
1 

2 and x = F t  /2 + U o t  + X . 
0 

u = F t  + uo 

Then t h e  t h e  of f l i g h t  through t h e  ce l l  i s  

= (- uo f [uo 2 + 2F(x1- x o ) T ) / F  (2.11) 

It follows t h a t  
G t + v .  

1 0  
u = F t + u  2 
1 1 0' vl= yl= Gtl/2 + v t + yo, 

0 1  
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i s  compared wi th  t h e  dimensions of t he  ce l l  i n  order t o  yl 
determine whether t h e  p a r t i c l e  has  l e f t  t h e  cel l  - v i a  t h e  f a r  

w a l l .  I f  it has  no t ,  the  t i m e  of f l i g h t  i s  recomputed by 

making t h e  assumption t h a t  the p a r t i c l e  h a s  l e f t  t h e  ce l l  

- v i a  one of the  s i d e  wa l l s :  t h i s  p o s s i b i l i t y  i s  now checked. 

I n  f a c t ,  the program makes p r o v i s i o n  f o r  t h e  c a s e  where t h e  

p a r t i c l e  t u r n s  around i n  t h e  ce l l  and e x i t s  a t  t h e  same w a l l  

by which it entered .  

Genera l ly ,  t h e  forces on t h e  p a r t i c l e s  a r e  very  weak 

compared t o  t h e  p a r t i c l e  i n e r t i a .  I n  t h i s  c a s e ,  Eq. (2 .11)  

for t the t i m e  of f l i g h t ,  i s  not  a c c u r a t e  numer ica l ly ,  and 

an  expansion of t h i s  formula m u s t  be used: 
1’ 

1’) {- 1 + r 1 + 2 (xl- xo) 2F U 
0 

U 
L tl= 

0 

U 

-1 + p +. L 2 L 2  r c  
U U 

F 
0 0 

1” 1) + - 1 [2 (xl- xo) 

U 
16 

0 

cv xl- xo (1- 5 i~ [T (xl- xo) ] + + [% (xl- x 0 ) p ,  

U 
U 

0 U 
0 0 

This  formula i s  used f o r  r a p i d  computation of the t i m e  of 

f l i g h t  i n  most of t h e  cel ls  of the r eg ion  of interest .  The 

formula i s  i n a c c u r a t e  only i n  c a s e s  where F i s  l a r g e ,  u 0 i s  
i n  these c a s e s  the o r i g i n a l l y  de r ived  

Or xl= xoi  sma l l ,  

equa t ion  mus t  be used. 
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Electric f i e l d .  It i s  a p p r o p r i a t e  a t  t h i s  p o i n t  t o  

d e s c r i b e  t h e  technique  employed t o  o b t a i n  from t h e  p o t e n t i a l  

f i e l d  t h e  force f i e l d  necessa ry  f o r  t h e  t r a j e c t o r y  c a l c u l a t i o n .  

The method of s o l u t i o n  for t h e  p o t e n t i a l  f i e l d  w i l l  be des- 

c r i b e d  l a t e r  i n  Sec. D, It should be noted  t h a t  t h e  f o r c e  

f i e l d  ob ta ined  h e r e  i s  one of t h e  sequence of i t e r a t e s  ap- 

proaching t h e  s e l f - c o n s i s t e n t  electric f i e l d .  I n  o r d e r  t o  

keep t h e  d e r i v a t i o n  s imple,  e q u a l  spac ing  between g r i d  p o i n t s  

i s  assumed: i n  t h e  computer progrem, v a r i a b l e  mesh s i z e  i s  

employed i n  a l l  formulas.  The v a r i a t i o n  i n  p o t e n t i a l  i s  as- 

sumed t o  be q u a d r a t i c ,  pas s ing  e x a c t l y  through the p o t e n t i a l  

v a l u e s  of t h e  p o i n t  of i n t e r e s t  and of t h e  t w o  neighboring 

p o i n t s  ( i n  F ig .  2-3, u . .  is t h e  va lue  of the p o t e n t i a l  cc a t  

the g r i d  p o i n t  ( i , j ) :  h i s  t h e  mesh s i z e ) .  
1 3  

 pi.+^, j 
Y Y Y 

FIG. 2.3. GRID POINTS FOR COMPUTATION OF a+/ax AT (i,j)th POINT. 

43 



The equa t ion  of such  a q u a d r a t i c  i s  

.-u 
i+l, i - l B  qx -x i l+  U i j .  

, -2u. 13 .+u i-1,i 
2 +  c g =  (X--Xi) 

U i+l, 7 
U 

2h2 2h 

Thus t h e  d e r i v a t i v e  of t h e  p o t e n t i a l  i n  t h e  x d i r e c t i o n  is 

* -u i+l, 3 i-1, -j U .-2u. .+u U BE= i + l ,  3 1J i-l&-x,) + 
;1x h2 3. 2h 

A t  t h e  p o i n t  of i n t e r e s t  where x=x 

Apparent ly  t h i s  formula i s  the same a s  t h a t  d e r i v e d  on t h e  

basis of a l i n e a r  approximation,  I n  t h e  case of unequal mesh 

>CQ/;UC = (uiCl, j-u 1 A h .  i’ i-1, j 

s i zes ,  however, t h e  t w o  d e r i v a t i o n s  do no t  y i e l d  t h e  same va lues .  

I n  t h e  q u a d r a t i c  case, t h e  p o i n t  closer t o  t h e  c e n t e r  p o i n t  i s  

g i v e n  more weight  t h a n  the p o i n t  f a r t h e r  away: i n  t h e  l i n e a r  

case, the weights a re  equa l .  (For p o i n t s  on t h e  boundary, 

no ne ighbor ing  p o i n t s  beyond the boundary e x i s t .  A s  a r e s u l t ,  

i n  order t o  compute d e r i v a t i v e s  for a boundary p o i n t ,  t w o  

i n n e r  p o i n t s  on t h e  same side of the p o i n t  of i n t e r e s t  are 

used i n s t e a d  of one p o i n t  on one side and one on t h e  other, 

as i n  the case of i n t e r i o r  p o i n t s . )  Employing t h e  method 

of computing t h e  d e r i v a t i v e s ,  a complete record of t h e  force 

f i e l d  c a n  be c o n s t r u c t e d  i n  b o t h  t h e  x and y d i r e c t i o n s ,  

T o t a l  t ra jectory.  The r e p r e s e n t a t i v e - p a r t i c l e  trajec- 

tories which de f ine  the f l u x  t u b e s  of the i o n  f l o w  f i e l d  c a n  

now be c a l c u l a t e d .  

s u f f i c i e n t l y  f a r  upstream from the s a t e l l i t e  t h a t  t h e  d i s t u r b -  

i n g  effect of t h e  s a t e l l i t e  does n o t  i n f l u e n c e  t h e  motion of 

par t ic les  a t  t h a t  p o i n t .  The pa r t i c l e  e n t e r s  the f irst  c e l l  

Each par t ic le  h a s  a n  i n i t i a l  p o s i t i o n  
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w i t h  a n  i n i t i a l  v e l o c i t y  e q u a l  t o  and o p p o s i t e  t h a t  of t h e  

s a t e l l i t e .  The f o r c e s  F = (F,G) a c t i n g  on t h e  p a r t i c l e  a r e  

e s t i m a t e d  from t h e  va lues  of the p r e v i o u s l y  c a l c u l a t e d  f o r c e  

r e c o r d  a t  p o i n t s  on t h e  t w o  ends  of t h e  cell  w a l l .  A l i n e a r  

approximation i s  used t o  account  for t h e  s t a r t i n g  l o c a t i o n  

o f  t h e  p a r t i c l e  r e l a t i v e  t o  t h e  w a l l  ends.  Th i s  e s t i m a t e d  

f o r c e  i s  assumed t o  be c o n s t a n t  over t h e  cell ,  and t h e  loca-  

t i o n  and v e l o c i t y  of t h e  p a r t i c l e  a s  it e x i t s  t h e  ce l l  i s  

c a l c u l a t e d  by t h e  method desc r ibed  above, These e x i t  para-  

meters become t h e  e n t r a n c e  parameters  f o r  t h e  next  cell through 

which t h e  p a r t i c l e  pas ses .  A new set of f o r c e s  i s  ob ta ined  

from t h e  f o r c e  r eco rd ,  and a new set of e x i t  parameters  i s  

c a l c u l a t e d ,  A s  a r e s u l t ,  t h e  p a r t i c l e  t r a j e c t o r y  i s  a series 

of smal l  q u a d r a t i c  a r c s  j o i n e d  together t o  form t h e  cont inu-  

ous t r a j e c t o r y .  When t h e  p a r t i c l e  i n t e r c e p t s  a v e r t i c a l  c e l l  

w a l l ,  i t s  l o c a t i o n  and x v e l o c i t y  i s  r e t a i n e d  for use  i n  c a l -  

c u l a t i n g  the p a r t i c l e  number d e n s i t y :  t h e  c o o r d i n a t e s  of the 

i n t e r c e p t i o n s  wi th  h o r i z o n t a l  w a l l s  a r e  not needed f o r  the 

d e n s i t y  c a l c u l a t i o n .  

4 

I n  t h i s  c o l l i s i o n l e s s  c a s e ,  p a r t i c l e  t r a j e c t o r i e s  may 

cross each o t h e r .  For example, a t r a j e c t o r y  which g r a z e s  

t h e  s a t e l l i t e  i s  p u l l e d  i n t o  the  wake and may cross t h e  center 

l i n e  of symmetry. There i s  a corresponding t r a j e c t o r y  which 

l i e s  below t h e  center l i n e  and i s  t h e  mirror image of the  

f i r s t  t r a j e c t o r y ,  It cxosses t h e  c e n t e r  l i n e  of t h e  wake 

r eg ion  a t  e x a c t l y  t h e  same p o i n t  a s  t h e  f i r s t  t r a j e c t o r y .  
Although i t s  v e l o c i t y  i n  t h e  h o r i z o n t a l  d i r e c t i o n  (x v e l o c i t y )  

is the same a s  t h a t  of t h e  f i r s t  t r a j e c t o r y ,  t h e  v e r t i c a l  
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v e l o c i t y  ( y  v e l o c i t y )  i s  equa l  t o  and o p p o s i t e  t h a t  of t h e  

f i rs t .  A s  a r e s u l t ,  whenever a p a r t i c l e  crosses the center 

l i n e  of symmetry, i t s  y v e l o c i t y  i s  r eve r sed  and t h e  t r a j e c -  

t o r y  computation i s  cont inued .  I n  t h i s  manner, a l l  t h e  t r a -  

j e c t o r i e s  a r e  k e p t  i n  t h e  upper h a l f  of t h e  r eg ion ,  and t h u s  

t h e  complete charge  d e n s i t i e s  a r e  ob ta ined  e v e n  when f l u x  

t u b e s  which c o n t r i b u t e  t o  t h e  d e n s i t y  come from t h e  lower 

h a l f  p l ane .  

It  should be noted t h a t  t h e  e q u a t i o n s  of motion remain 

t h e  same whether t h e  problem geometry i s  p lana r  or  a x i a l l y  

symmetric. This  appa ren t  independence of t h e  c o o r d i n a t e  

sys t em a r i s e s  from t h e  f a c t  t h a t  t h e  mathematical  form of 

t h e  g r a d i e n t  of t h e  p o t e n t i a l  (e lectr ic  f i e l d )  does not  de- 

pend upon t h e  c o o r d i n a t e  system u s e d .  However, the divergence 

o p e r a t o r  does depend on the c o o r d i n a t e  system and, a s  w i l l  be 

shown below, t h e  equa t ion  f o r  t he  p o t e n t i a l  which i s  obta ined  

b y  means of P o i s s o n ' s  equa t ion  i s  d i f f e r e n t  f o r  each s y s t e m .  

I n  a d d i t i o n ,  t he  equa t ion  f o r  t h e  charge d e n s i t y  which con- 

t a i n s  a geometr ic  f a c t o r  is d i f f e r e n t  f o r  each sys tem.  
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D. S o l u t i o n  of P o i s s o n ' s  Equat ion 

I n  order t o  de termine  the p o t e n t i a l  i n  the d i s t u r b e d  

r e g i o n  around the satel l i te ,  P o i s s o n ' s  equa t ion  i s  used: 

Using d imens ion le s s  v a r i a b l e s  where n'=n/nop and  nm is  the 

charged par t ic le  d e n s i t y  a r t  i n f i n i t y ,  

2 
-0 fp = n ' - n ' .  i e  

The primes w i l l  now be omi t ted ,and  these v a r i a b l e s  a re  hence- 

for th  assumed t o  be d imens ionless .  For the a x i a l l y  symmetric 

and p l a n a r  cases, the d ivergence  operator may be w r i t t e n  a s  

and 

re spec t ive  1 y . e' 6) = ni - n 
"* (2.12) 

I n  d i s c u s s i n g  the  s o l u t i o n  of P o i s s o n ' s  equa t ion ,  t h e  p l a n a r  

case g e n e r a l l y  w i l l  be used. However, when the t w o  c a s e s  

d i f f e r  s i g n i f i c a n t l y ,  both of them w i l l  be demonstrated.  

P o i s s o n ' s  equa t ion  i s  conve r t ed  i n t o  a system of f i n i t e -  

d i f f e r e n c e  e q u a t i o n s  by d i v i d i n g  t h e  r eg ion  of i n t e r e s t  i n t o  

a set of r e c t a n g u l a r  g r i d  p o i n t s .  Although it is numer ica l ly  

convenient  t o  make t h e  d i s t a n c e  between t h e  g r i d  p o i n t s  (mesh 

s i z e )  a c o n s t a n t  throughout  the r eg ion ,  it is  more impor tan t  

t o  make t h i s  mesh s ize  much f i n e r  b o t h  near  and d i r e c t l y  
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beh ind  the  s a t e l l i t e  (see Appendix B ) .  A s  a r e s u l t  of t h e  

v a r i a b l e  mesh s i z e ,  t he  a lgebraic  e q u a t i o n s  a r e  more com- 

p l i c a t e d .  

Boundary c o n d i t i o n .  The boundary c o n d i t i o n  for P o i s s o n ' s  

e q u a t i o n  i s  a s  follows: t he  p o t e n t i a l  i s  assumed c o n s t a n t  and  

known on the s a t e l l i t e ,  and i t  f a l l s  off toward z e r c  a s  the  

d i s t a n c e  from the s a t e l l i t e  approaches i n f i n i t y .  S i n c e  t h e  

r e g i o n  o f  i n t e r e s t  must be f i n i t e  i n  order t o  i n s u r e  a f i n i t e  

number of g r i d  p o i n t s ,  i t  i s  impossible t o  loca te  the  o u t e r  

boundary a t  i n f i n i t y  i n  t h i s  model problem. As a n  a l t e r n a -  

t i v e ,  t h e  p o t e n t i a l  or i t s  g r a d i e n t ,  t he  electric f i e l d ,  i s  

assumed t o  have a known f u n c t i o n a l  dependence on the  dis- 

t a n c e  from the  s a t e l l i t e .  Genera l ly ,  a dependence on a n  in-  

v e r s e  power of the d i s t a n c e  i s  assumed. T h i s  choice of boun- 

dary  c o n d i t i o n  has  t h e  advantage t h a t  i f  the boundary were 

allowed t o  t e n d  t o  i n f i n i t y ,  both the p o t e n t i a l  and  i t s  gra- 

d i e n t ,  and, i n  f a c t ,  a l l  h i g h e r  order d e r i v a t i v e s  of the 

p o t e n t i a l  would t e n d  t o  zero. S t u d i e s  have been  made t o  

estimate the  r e l a t i v e  m e r i t s  of the v a r i o u s  poss ib i l i t i e s ;  

n e v e r t h e l e s s ,  fo r  t h e  s a t e l l i t e - i n t e r a c t i o n  problem, s e t t i n g  

of the p o t e n t i a l  t o  z e r o  has  been  shown t o  be no less ac- 

c u r a t e  t h a n  any other approximation of t h e  boundary c o n d i t i o n  

when t h e  o v e r a l l  computat ion t i m e  i s  cons idered .  ( 3 8 )  

t h e  z e r o - p o t e n t i a l  boundary c o n d i t i o n  i s  simple t o  apply ,  i t  

i s  employed h e r e  for  t h e  s o l u t i o n  of t h i s  problem, 

S ince  

I n  order t h a t  t h e  number of g r i d  p o i n t s  may be reduced 

by a f ac to r  of t w o ,  the problem i s  made symmetric about t h e  
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c e n t e r  l i n e .  Therefore ,  a long  t h i s  c e n t e r  l i n e  the normal 

electric f i e l d  is zero. I n  the  a x i a l l y  symmetric case, 

t 

k "i, 

t h i s  boundary c o n d i t i o n  i s  i n h e r e n t  i n  t h e  a l g e b r a i c  equa- 

t i o n s ;  i n  the p l a n a r  case, it must be applied. 

S o l u t i o n  o_f f i n i t e - d i f f e r e n c e  equat ions .  The conversion 

of the p a r t i a l  d i f f e r e n t i a l  equa t ion  i n t o  a system of f i n i t e -  

d i f f e r e n c e  e q u a t i o n s  i s  rather  simple. me a x i a l l y  symmetric 

case is  a s  follows [ i n  Fig,  2.4,  u i j  i s  t h e  va lue  of the po- 

t e n t i a l  a t  t h e  g r i d  p o i n t  (i, j) ; h i s  the mesh s i ze ] :  

U i ,  j + l  
0 

+I, j $i, j-I 

* 
Center line of symmetry 

FIG. 2.4. GRID POINTS FOR COMPUTATION OF -49 AT ( i , j I th  POINT. 
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ui.-u i, j-1 
U 

- ( r  - -1 ' i , j+ l -  uii 
h i j  2 h 

w r -  1 7  
r F r  ar  
-- - 

The Lap lac i an  is:  

1 1 h 

h2 2 r i j  h2 i j  
- - (1+ "->Ui, j+l - - (1 - TT) u i ,  j-1. 

The p l a n a r  case can  be reco1,ered from t h e  a x i a l l y  symmetric 

case, i f  r i j  i s  allowed t o  t e n d  t o  i n f i n i t y ,  a s  follows: 

(2.13) 

Each g r i d  p o i n t  where the p o t e n t i a l  i s  unknown has a s i m i l a r  

e q u a t i o n  r e l a t i n g  t h e  va lue  of t h e  p o t e n t i a l  a t  t h e  p o i n t  

( i , j )  t o  the v a l u e s  of t he  p o t e n t i a l  a t  the fou r  neighboring 

p o i n t s .  These e q u a t i o n s  may be cast  i n t o  ma t r ix  form--if N 

g r i d  p o i n t s  ex is t  i n  the r e g i o n  of  i n t e r e s t ,  the dimensions 

of t he  matrix a r e  N x N. O f  cou r se ,  the m a t r i x  i s  sparse 

and, i n  f a c t ,  has only  f i v e  non-zero d iagonal6  s i n c e  t h e  

( i , j )  th equa t ion  always relates t h e  (i, j ) th  va lue  t o  only  

fou r  neighboring va lues .  

T h i s  d i agona l  f e a t u r e  of t h e  m a t r i x  sugges t s  a n  i t e r a t i v e  

method of  s o l u t i o n .  I n  ma t r ix  form, t h e  system of a l g e b r a i c  

e q u a t i o n s  is: 
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where u = 
L- 

1 and A = - 
h2 

.c 

. .  
11 U . 

U m i  

U mn 
. ) I  

I n .  = -1 

4 -1 

i 
11 n 

' 

'i n m l  

'i n mn 

-1 4 -1 
-1 4 -1 

-1 

-1 0 

n =  -e 

-1 

' 
' 

' 

e 
11 n 

'e n ml, 
' 

'e n mn - 

0 

-1 
-1 

( N  = m X n,  where m and  n a r e  t h e  number of h o r i z o n t a l  and 

v e r t i c a l  p o i n t s ,  r e s p e c t i v e l y . )  The system i s  non l inea r  s i n c e  

the e l e c t r o n  d e n s i t y  ne depends on t h e  p o t e n t i a l  cr through 

the Boltzmann factor. It has been proved tha t  t he  i t e r a t i v e  

t echn ique  t o  be used converges  on ly  i n  the l i n e a r  case. 

Never the l e s s ,  i n  t h i s  p a r t i c u l a r  n o n l i n e a r  case, the tech-  

n ique  a l so  converges,  

(30) 

I f  the matrix were mere ly  t r i d i a g o n a l  i n s t e a d  of f i v e -  

d i agona l ,  t h e  problem cou ld  be s o l v e d  e x p l i c i t l y ,  An a l -  

gorithm based on Gauss '  method of e l i m i n a t i o n  de termines  

the exact v a l u e s  of the unknown p o i n t s  i f  t h e y  depend on 
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on ly  t w o  ne ighbor ing  p o i n t s .  (30) 

of the p o i n t s  i n  the t w o  h o r i z o n t a l  c h a i n s  a d j a c e n t  t o  t h e  

h o r i z o n t a l  c h a i n  of i n t e r e s t  w e r e  known, t h e  exact v a l u e s  i n  

t h a t  e n t i r e  c h a i n  of i n t e r e s t  cou ld  be determined e a s i l y ,  

The re fo re ,  i t  i s  assumed t h a t  t h e  v a l u e s  i n  t h e  c h a i n s  above 

and  below t h e  c h a i n  of i n t e r e s t  are  known, and us ing  t h o s e  

v a l u e s  the  c h a i n  of i n t e r e s t  can  be so lved .  Then, proceeding  

t o  t h e  nex t  c h a i n  above and us ing  t h e  p rev ious ly  computed 

v a l u e s  for  t h e  a d j a c e n t  c h a i n s ,  t h e  v a l u e s  for  the new c h a i n  

c a n  be found. I n  t h i s  manner a sweep i s  made through a l l  

h o r i z o n t a l  c h a i n s  a g a i n  and a g a i n  u n t i l  t h e  maximum a b s o l u t e  

v a l u e  of t h e  d i f f e r e n c e  between any t w o  i t e r a t i o n s  i s  less 

t h a n  t h e  p r e s c r i b e d  error bound; t h e n  the s o l u t i o n  i s  s a i d  

t o  have converged. 

That  i s ,  i f  t h e  v a l u e s  

I n  ma t r ix  form, t h i s  method i s  e q u i v a l e n t  t o  s p l i t t i n g  

m a t r i x  A Lc i n t o  a t r i d i a g o n a l  matrix 5 B and a two-diagonal matr ix  

C.  It has been  s t a t ed  t h a t  the  matrix equa t ion  having a s  a n  

operator t h e  t r i d i a g o n a l  m a t r i x  5 B c a n  be so lved  e x p l i c i t l y ;  

t h i s  i s  e q u i v a l e n t  t o  f i n d i n g  t h e  i n v e r s e  operator B 4. 

z 

-1 . 

A s o l u t i o n  5 u (O) i s  guessed.  

made over  a l l  h o r i z o n t a l  l i n e s ,  and a s o l u t i o n  2 i s  found, 

Using 5 u , 5 ( 2 )  can  be found. Formally,  

Using t h a t  s o l u t i o n ,  a sweep i s  
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When max Iu (n+l) - u  5 ( n ) l  i s  less t h a n  t h e  error bound, t hen  
5 

t h e  i t e r a t i v e  procedure i s  h a l t e d .  

" A l t e r n a t i n q  direction i m p l i c i t "  method. Two improve- 

men t s  can  be made i n  t h i s  scheme. The f i r s t  examines t h e  

d i f f e r e n c e  be tween  t w o  success ive  i t e r a t e s  and assumes t h a t  

a more a c c u r a t e  i t e r a t e  t han  either of t h e s e  t w o  i t e r a t e s  i s  

one which i s  a l i n e a r  mixture  of these t w o  i t e r a t e s .  That i s ,  

If u' = 0.5, t hen  5 u ' ( ~ + ' ) =  9 U 

If U' = 1.0, t hen  u' 
Lc ( n ) ) ,  a s imple average .  

. Therefore, i f  U' 3 1.0, the  
5 

new s o l u t i o n  goes "beyond" either of t h e  t w o  i t e r a t e s .  Th i s  

method of mixing i t e r a t e s  i s  c a l l e d  o v e r r e l a x a t i o n .  Natura l -  

l y ,  i f  u' i s  too l a r g e ,  t h e  i t e r a t e s  w i l l  become uns tab le :  i n  
f a c t ,  i n  the  l inear  c a s e  U' must be less than  2.0 i n  order t o  

The best va lue  for t h e  r e l a x a t i o n  i n s u r e  convergence. 

parameter ut i s  one which reduces t h e  number of i t e r a t e s  t o  

a minimum for a fixed error bound. I n  p r a c t i c e ,  t h e  best 

va lue  of l i e s  between 1.2 and 1.8. This va lue  i s  d i f f i -  

c u l t  t o  e s t i m a t e  i n  advance and, t h e r e f o r e ,  i s  g e n e r a l l y  

determined e m p i r i c a l l y  even f o r  t he  l i n e a r  case .  

(30) 

A second improvement can  be made by sweeping no t  on ly  

a c r o s s  h o r i z o n t a l  c h a i n s  of g r i d  p o i n t s  b u t  a l s o  across ver-  

t i c a l  cha ins .  The a lgo r i thm i s  i d e n t i c a l  i n  both c a s e s ,  and, 

by a l t e r n a t i n g  t h e  d i r e c t i o n  of the  sweep, the  f a s t  i m p l i c i t  

t r i d i a g o n a l  s o l u t i o n  can  be a p p l i e d  i n  both direct ions.  
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Coupled wi th  o v e r r e l a x a t i o n ,  t h i s  " a l t e r n a t i n g  d i r e c t i o n  

i m p l i c i t "  method ( A D I )  i s  one of t h e  f a s t e s t  methods f o r  a 

computer s o l u t i o n  t o  P o i s s o n ' s  equa t ion  wi th  g e n e r a l  boundary 

c o n d i t i o n s .  (30) 

Formally,  t h e  AD1 method of s s l u t i o n  can  be expressed  

a s  t w o  ma t r ix  equa t ions .  For t h e  h o r i z o n t a l  sweep, A i s  

s p l i t  i n t o  two matrices B and C where & = B - C and 

B i s  the  s i n g l e  upper d i agona l  m a t r i x  r e l a t i n g  t h e  va lues  -H 
of t h e  h o r i z o n t a l  cha in  of i n t e r e s t  w i t h  t hose  of t h e  nex t  

cha in  above. S i m i l a r l y  f o r  t h e  v e r t i c a l  sweep, A is s p l i t  

i n t o  two m a t r i c e s  B and C where A - = 

t h e  s i n g l e  upper d iagonal  m a t r i x  r e l a t i n g  t h e  va lues  of t h e  

v e r t i c a l  cha in  of i n t e r e s t  w i t h  t hose  of t h e  next  v e r t i c a l  

c h a i n .  Then t h e  h o r i z o n t a l  sweep i s  

5 

-H 4' -H 4' 

- 
- C and sv i s  -v -v -V1 

The fo l lowing  v e r t i c a l  sweep i s  

T h i s  procedure i s  i t e r a t e d  u n t i l  a convergent  s o l u t i o n  i s  

ob ta ined .  

Boundary p o i n t s .  I f  an  e x t r a  l i n e  of g r i d  p o i n t s  i s  

added on to  t h e  bo rde r  of t h e  r eg ion  of unknown p o i n t s ,  t h e n  

t h e  boundary c o n d i t i o n s  a r e  a u t o m a t i c a l l y  s a t i s f i e d  when t h e  

va lues  of t h e  border  p o i n t s  a r e  set equa l  t o  t h e  known va lues  
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of t h e  p o t e n t i a l  on t h e  boundary. I f  the e lectr ic  f i e l d  

r a the r  than  t h e  p o t e n t i a l  i s  known, a s  i s  t h e  case a long  

t h e  c e n t e r  l i n e  of symmetry, t h e n  the v a l u e s  of the p o t e n t i a l  

may be c a l c u l a t e d  on the  ou te r  l i n e  of g r i d  p o i n t s  b y  us ing  

t h e  p o t e n t i a l  v a l u e s  f r o m  the  p rev ious  i t e r a t e  and in t e rpo -  

l a t i n g .  For example, a long  t h e  c e n t e r  l i n e ,  t h e  normal 

e lec t r ic  f i e l d  i s  zero ;  i f  the p o t e n t i a l  v a l u e s  of t h e  g r i d  

p o i n t s  of the l i n e  immediately below t h e  c e n t e r  l i n e  a r e  

set e q u a l  t o  the  cor responding  v a l u e s  of t h e  g r i d  p o i n t s  of 

t h e  l i n e  immediately above t h e  c e n t e r  l i n e ,  t h e n  t h e  poten- 

t i a l  g r a d i e n t  across t h e  c e n t e r  l i n e  w i l l  be approximate ly  

z e r o  fo r  the n e x t  i t e ra te .  

On t h e  other hand, t h e  algebraic e q u a t i o n s  governing the  

p o t e n t i a l  of the  g r i d  p o i n t s  on the boundary may be a l t e r e d  

t o  i n c l u d e  t h e  effect  of the  boundary c o n d i t i o n s .  It i s  

u s u a l l y  more convenient ,  however, t o  l e a v e  a l l  e q u a t i o n s  i n  

i d e n t i c a l  form and t o  set t h e  p o t e n t i a l  of t h e  boundary p o i n t s  

t o  the i r  known v a l u e s  before each i t e r a t e .  I n  e i ther  case 

the e q u a t i o n s  governing t h e  p o t e n t i a l  of t h o s e  p o i n t s  wh ich  

l i e  of t h e  s a t e l l i t e  and whose v a l u e s  a r e  therefore known 

r u s t  be a l t e r ed  i n  order for  the s a t e l l i t e  p o t e n t i a l  t o  re- 

main a t  i t s  f ixed va lue  a s  the  p o t e n t i a l  f i e l d  around the 

s a t e l l i t e  i s  b e i n g  determined.  

I n  a d d i t i o n  t o  s e t t i n g  the p o t e n t i a l  of t h e  boundary 

p o i n t s  e q u a l  t o  their  known v a l u e s  before each i t e r a t e ,  the 

number d e n s i t y  or r ight-hand side of P o i s s o n ' s  equa t ion  must 

be determined. As described i n  the p rev ious  s e c t i o n ,  de- 

t e r m i n a t i o n  of the  number d e n s i t y  of the i o n s  i s  d i f f i c u l t  

and ti:ne consuming. Therefore ,  t h a t  c a l c u l a t i o n  i s  done 

5 5  



o n l y  a f t e r  the  p o t e n t i a l  f i e l d  h a s  been  c a l c u l a t e d  r a t h e r  

a c c u r a t e l y .  The e l e c t r o n  d e n s i t y ,  however, i s  a s imple 

f u n c t i o n  of the l o c a l  p o t e n t i a l  and  may be c a l c u l a t e d  q u i c k l y  

before each  i terate .  I n  f a c t ,  it must be c a l c u l a t e d  before 

each i t e r a t e ,  or t h e  s o l u t i o n  of t h e  Poisson-Vlassov system 

of e q u a t i o n s  w i l l  no t  converge.  The system is more s e n s i -  

t i v e  t o  changes i n  t h e  e l e c t r o n  d e n s i t y  t h a n  i n  the i o n  

d e n s i t y  because  the e l e c t r o n s  have less k i n e t i c  energy  t h a n  

the i o n s  and t h e r e f o r e ,  a r e  i n f l u e n c e d  by t h e  e lectr ic  f i e l d  

t o  a much g r e a t e r  e x t e n t .  
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E. Suinmary of the  Method of S o l u t i o n  

The s o l u t i o n  of the system follows i n  a n a t u r a l  man- 

n e r ,  F i r s t ,  by  means of t h e  AD1 method, P o i s s o n ' s  equa t ion  

i s  so lved  t o  a moderate degree of accu racy  w h i l e  the  i o n  

charge d e n s i t y  remains f ixed,  A s  the  p o t e n t i a l  converges  

toward a s t e a d y  va lue ,  t he  e l e c t r o n  d e n s i t y  i s  allowed t o  

follow it. Then, us ing  these v a l u e s  of t h e  p o t e n t i a l  f i e l d ,  

the  i o n  f l o w  f i e l d  i s  computed, and the  r e s u l t i n g  i o n  charge  

d e n s i t y  i s  used  t o  compute a new p o t e n t i a l  f i e l d ,  A succes-  

s i o n  of p o t e n t i a l  s o l u t i o n s  called major i terates  i s  cons t ruc -  

t ed ,  When the major i terates  converge,  the  problem i s  so lved .  

I n  order for  the major i terates t o  converge,  t h e y  must 

be "under re laxed ."  I f  the i o n  charge d e n s i t y  which i s  com- 

pu ted  from the p o t e n t i a l  f i e l d  i s  used  d i r e c t l y  t o  compute 

a new p o t e n t i a l  f i e l d ,  the system w i l l  n o t  converge.  To 

a s s u r e  convergence, the  new i o n  d e n s i t y  must be averaged  

w i t h  the  i o n  d e n s i t y  of the  p rev ious  major i terate .  The 

r e l a x a t i o n  parameter i s  found e m p i r i c a l l y  t o  range between 

0.25 and 0.75, depending on t h e  i n h e r e n t  s t a b i l i t y  of the 

problem. N o t  o n l y  t h e  i o n  d e n s i t y  b u t  a l s o  the  p o t e n t i a l  

f i e l d  c a n  be unde r re l axed  from major i t e ra te  t o  major i t e ra te ,  

I n  t h i s  case, however, the unde r re l axa t ion  i s  a re f inement  

of the  t echn ique  and i s  n o t  necessa ry  for o b t a i n i n g  a con- 

v e r g e n t  s o l u t i o n .  (See Appendix B for t h e  numerical  de ta i l s  

of the convergence of t h e  s o l u t i o n . )  
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CHAPTER 111: NUMERICAL RESULTS 

A. I n t r o d u c t o r y  Remarks 

Impor tan t  q u a n t i t i e s .  I n  the  computer s o l u t i o n  of t h e  

problem, the p o t e n t i a l ,  the electric f i e l d ,  the ion-flow 

f i e l d  (as  r e p r e s e n t e d  by  a large number of i o n  trajectories),  

t h e  i o n  d e n s i t y  and  the e l e c t r o n  d e n s i t y  are ob ta ined  a s  

f u n c t i o n s  of t h e  s p a t i a l  c o o r d i n a t e s  i n  t he  h o r i z o n t a l  (x) 

and v e r t i c a l  (y)  d i r e c t i o n s .  Both t h e  p o t e n t i a l  f i e l d  and  

the  ion-flow f i e l d  have smaller v a r i a t i o n s  i n  t h e i r  v a l u e s  

t h a n  t h e  remaining q u a n t i t i e s  and are, therefore, easier t o  

p lo t .  S i n c e  the  p o t e n t i a l  is ,  i n  a sense ,  t h e  r e s u l t  of 

"double i n t e g r a t i o n "  of t h e  charge d e n s i t y  ( the  cha rge  den- 

s i t y  be ing  t h e  r e s u l t  of "double  d i f f e r e n t i a t i o n "  of t h e  po- 

t e n t i a l  i n  P o i s s o n ' s  equa t ion )  both numerical  errors and 

rap id  v a r i a t i o n s  i n  the  charge  d e n s i t y  are ''smoothed o u t "  

i n  the p o t e n t i a l .  Because of t h i s  f ac t  a l o n e ,  t h e  p o t e n t i a l  

f i e l d  w i l l  be p lo t ted .  Moreover, t h e  p o t e n t i a l  f i e l d  is of 

cons ide rab le  i n t e r e s t  s i n c e  i t s  v a l u e s  can  be compared w i t h  

expe r imen ta l  v a l u e s  measured by s a t e l l i t e  i n s t r u m e n t a t i o n .  

The ion-flow f i e l d  w i l l  be plot ted a l s o  s i n c e  measurable  

q u a n t i t i e s  such a s  i o n  c u r r e n t  and s a t e l l i t e  drag c a n  be ob- 

t a i n e d  from it. Moreover, s i n c e  the i o n s  a r e  hypersonic ,  t h e i r  

t rajectories a re  i n f l u e n c e d  on ly  modera te ly  by  t h e  electric 

f i e l d  and therefore the i r  slow v a r i a t i o n s  c a n  be plot ted 

smoothly and  a c c u r a t e l y .  On occas ion ,  p lots  of other v a r i a b l e s  

such a s  i o n  number d e n s i t y  w i l l  be shown i n  order t o  emphasize 

properties of the wake or t o  compare w i t h  expe r imen ta l  data.  
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Comparison - w i t h  independent  s o l u t i o n .  Genera l ly ,  a com- 

p u t e r  s o l u t i o n  i s  assumed correct on ly  a f t e r  it h a s  been com-  

pa red  w i t h  an a n a l y t i c  s o l u t i o n  f o r  the same problem, I n  t h e  

problem under c o n s i d e r a t i o n ,  however, no a n a l y t i c  s o l u t i o n  i s  

p o s s i b l e  when t h e  p h y s i c a l  parameters  of t h e  problem a r e  set 

e q u a l  t o  va lues  which occur  f o r  a s a t e l l i t e  i n  t h e  ionosphere.  

A n a l y t i c  s o l u t i o n s  do e x i s t  f o r  problems where one o r  more of 

t h e  parameters  a r e  van i sh ing ly  smal l  or i n f i n i t e l y  l a r g e  

( l i m i t i n g  c a s e s ) .  However, as i s  u s u a l  for t h i s  type of 

problem, the canpu te r  program cannot  be extended t o  these 

l i m i t i n g  c a s e s  of parameter  space,  

Neve r the l e s s ,  t h e r e  i s  a means of t e s t i n g  t h e  accuracy of 

t h e  computer s o l u t i o n  i n  t h i s  case .  

another  numerical  s o l u t i o n  ob ta ined  for i d e n t i c a l  parameters ,  

where i d e n t i c a l  assumptions a r e  made, b u t  an independent ly  de- 

r i v e d  method of s o l u t i o n  is used. Such a numerical  s o l u t i o n  

which h a s  i d e n t i c a l  assumptions and which i s  de r ived  i n  an inde- 

pendent manner was ob ta ined  by Maslennikov and Sigov. 

suming z e r o  i o n  tempera ture  and t h e  Boltzmann f a c t o r ,  t hey  

ob ta ined  the  p o t e n t i a l  f i e l d  around a s p h e r i c a l  s a t e l l i t e  

having a r a d i u s  of one Debye l eng th .  The s a t e l l i t e  i s  mov- 

i n g  a t  1 0  cm/sec i n  an ionosphere composed of cold oxygen 

i o n s  and warm electrons a t  a tempera ture  of 5000 K. These 

v a l u e s  for  ionosphe r i c  c o n d i t i o n s  correspond t o  an i o n  k i n e t i c  

energy which i s  a f a c t o r  19.4 g r e a t e r  t han  t h e  e l e c t r o n  ther- 

mal energy.  For their  cho ice  o f  parameters ,  a computer solu-  

t i o n  us ing  t h e  method d i scussed  p r e v i o u s l y  i n  Chap, I1 was 

found for t h e  p o t e n t i a l  f i e l d .  

i s  ishown i n  F i g ,  3.1. 

It  can  be compared w i t h  

(21 ,22 )  As- 

6 

0 

A contour  p l o t  of the p o t e n t i a l  

The s a t e l l i t e  p o t e n t i a l  i s  z e r o  r e l a t i v e  
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t o  t h e  ambient plasma, the h o r i z o n t a l  and v e r t i c a l  axes a re  

measured i n  Debye l e n g t h s ,  and  t h e  i o n s  move from r i g h t  t o  

l e f t .  I n  the con tour  p lo t  the dotted con tour  l i n e s  are t a k e n  

f r o m  the p o t e n t i a l  f i e l d  s o l u t i o n  of Maslennikov 

The agreement i s  w e l l  w i t h i n  the  accuracy  claimed for  t h e  t w o  

s o l u t i o n s .  (See Appendix B for a d i s c u s s i o n  of the numerical  

accuracy  of the s o l u t i o n  of the p r e s e n t  s tudy.)  It  must be 

remembered t h a t  for  t h e  t w o  s o l u t i o n s  the exterior boundar i e s ,  

mesh s i z e s ,  number of i o n  trajectories, number of i t e r a t i o n s ,  

and,  i n  f a c t ,  t h e  o v e r a l l  methods of s o l v i n g  P o i s s o n ' s  equa- 

t i o n  and  t h e  i o n  d e n s i t y  equa t ion  are d e r i v e d  independent ly .  

The re fo re ,  it i s  reasonab le  t o  assume t h a t  no gross miscalcu-  

l a t i o n  h a s  been  made i n  ei ther of t h e  t w o  s o l u t i o n s ,  

(21) 

S a t e l l i t e  shapes .  S i n c e  i n  t h e  sa tel l i te  frame of refe- 

r ence  the  i o n  k i n e t i c  energy  i s  u s u a l l y  much greater  than  t h e  

e l e c t r o n  thermal energy  ( t h e  r a t i o  of the i o n  k i n e t i c  energy  

t o  t h e  e l e c t r o n  thermal  energy,  de f ined  a s  t h e  d imens ionless  

i s  much g r e a t e r  t h a n  u n i t y ) ,  t h e  f o r c e s  which q u a n t i t y  E 

a l t e r  t h e  i o n  t ra jec tor ies  are  weak, and t h e  a t t rac ted  i o n s  

t r a v e l  cons ide rab le  d i s t a n c e  downstream before t h e y  e n t  

d i s tu rbed  r eg ion .  The shape of t h e  wake, t h e r e f o r e ,  i s  gener-  

a l l y  much l o n g e r  t h a n  i t  i s  w i d e .  Hence, it i s  b o t h  ef 

and  conven ien t  t o  use  r e c t a n g u l a r  r a t h e r  t h a n  PO a r  g r i d  l i n e s  

t o  d i v i d e  the r e g i o n  of i n t e r e s t  i n t o  discrete areas. How- 

e v e r ,  i t  is  both inoonvenient  and  i n e f f i c i e n t  t o  approximate 

a s p h e r i c a l l y  shaped s a t e l l i t e  by  means of a r e c t a n g u l a r  g r id .  

A shape which i s  conven ien t  for a numerical  s o l u t i o n  i s  

A 

KE ' 

a n  i n f i n i t e l y  t h i n  disk whose normal i s  p a r a l l e l  t o  t h e  direc- 

t i o n  of t h e  f l o w  v e l o c i t y .  The r e p r e s e n t a t i o n  of a t h i n  d i sk  
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on a r e c t a n g u l a r  g r i d  i s  simply a v e r t i c a l  segment, one end 

of which l i e s  on t h e  a x i s  of r o t a t i o n .  When t h i s  l i n e  seg- 

ment i s  r o t a t e d  about  the symmetry a x i s ,  t h e  r e s u l t i n g  f i g u r e  

of r e v o l u t i o n  i s  a d i s k .  The l i n e  segment i s  easy  t o  repre- 

s e n t  on a r e c t a n g u l a r  g r i d ;  a number of c o n s e c u t i v e  g r i d  p o i n t s  

on a v e r t i c a l  l i n e  i s  des igna ted  a s  t h e  s a t e l l i t e  body, and 

t h e  v a l u e s  of  t h e  p o t e n t i a l  a t  t h e s e  p o i n t s  a r e  set equa l  t o  

t h e  s a t e l l i t e  p o t e n t i a l .  

The body dimension i n  t h e  flow d i r e c t i o n  does no t  s t r o n g l y  

i n f l u e n c e  t h e  development of t h e  d i s t u r b e d  reg ion;  t h e  cross 

s e c t i o n  of t h e  body accaun t s  for  t h e  removal of t h e  i o n s  from 

t h e  d i s t u r b e d  r eg ion .  (2) 

d i s k  ( l e n g t h  of segment) i s  equa l  t o  t h e  r a d i u s  of t h e  sphere  

and i f  a l l  o t h e r  parameters  a r e  e q u a l ,  t hen  t h e  r e s u l t i n g  con- 

t o u r  p l o t s  of p o t e n t i a l  a r e  expec ted  t o  be v e r y  s i m i l a r  except  

i n  the neighborhood of t h e  s a t e l l i t e  body. Adjacent t o  t h e  

body, t h e  l i n e s  of e q u i p o t e n t i a l  w i l l  have t o  match t h e  e q u i -  

p o t e n t i a l  s u r f a c e  of t h e  body; t h e r e f o r e ,  i n  t h i s  a r e a  t h e  

l i n e s  may d i f f e r  f o r  t h e  t w o  bod ie s .  

Therefore ,  i f  t h e  r a d i u s  of t h e  

F igu re  3.2 i s  taken  d i r e c t l y  from Fig.  3.1; i n  Fig.  3.2 

however, a s  i n  m o s t  l a t e r  f i g u r e s  of p o t e n t i a l  and i o n  flow, 

t h e  v e r t i c a l  a x i s  h a s  been expanded i n  o rde r  t h a t  t h e  d i s t u r b e d  

r e g i o n  may be shown more c l e a r l y .  F igure  3.3 i s  a contour  p l o t  

of p o t e n t i a l  f o r  a d i s k  s a t e l l i t e ;  a l l  o t h e r  parameters  a r e  

i d e n t i c a l  t o  t h a t  of F ig .  3.2, 

r - 1). The v e r t i c a l  a x i s  h a s  a l s o  been expanded. A s  

expec ted ,  t h e  t w o  f i g u r e s  have a very s i m i l a r  c h a r a c t e r  for  

t h e  development of t h e  p o t e n t i a l  f i e l d .  

A 

( i . e . ,  EKE= 19.4,  vSat= 0, 

s a t -  

The r e g i o n s  of 
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d i s t u r b a n c e  a re  n e a r l y  i d e n t i c a l :  fur thermore ,  the depths of 

the p o t e n t i a l  w e l l s  d i r e c t l y  behind  the sa te l l i t e  are i d e n t i -  

ca l .  Even around t h e  s a t e l l i t e ,  the  t w o  f i g u r e s  show a re- 

markable s i m i l a r i t y  i n  sp i t e  of t h e  fact  t h a t  t h e  body shapes  

a re  d i f f e r e n t ,  Because of these very  similar r e s u l t s  and the 

f a c t  t h a t  the  numerical  s o l u t i o n  is c o n s i d e r a b l y  simplified 

for the l i n e  segment case ( r e s u l t i n g  i n  a 20% decrease i n  com- 

p u t e r  t i m e  and a n  unmeasurable i n c r e a s e  i n  programming con- 

ven ience ) ,  f u r t h e r  r e s u l t s  were ob ta ined  most ly  for  the  d isk  

case and i t s  p l a n a r  ana log ,  the i n f i n i t e l y  long f l a t  p l a t e ,  

Neve r the l e s s ,  c e r t a i n  r e s u l t s  (e.g. ,  i o n  c u r r e n t  t o  sa te l -  

l i t e )  will have a dependence on t h e  h o r i z o n t a l  dimension of 

t h e  s a t e l l i t e ;  i n  such cases, r e s u l t s  w i l l  be provided  for  

t h e  sphere and c y l i n d e r  a s  w e l l  a s  for the d isk  and p l a t e .  

Ranqe of parameters. S ince  the s o l u t i o n  t o  the i n t e r -  

a c t i o n  problem has now been tested by comparison w i t h  a pre- 

v ious  s o l u t i o n ,  the  s a t e l l i t e  and ionosphe r i c  parameters are 

v a r i e d  t o  o b t a i n  r e s u l t s  over  the widest possible range.  P a r t  

of the r e s u l t s  ob ta ined  c o n s t i t u t e  a complete set of p lo t s  of 

the  e q u i p o t e n t i a l  con tour s  and  the  i o n  f l o w  f i e l d  for v a r i o u s  

v a l u e s  of the parameters. Those parameters d e s c r i b i n g  t h e  

s a t e l l i t e  and i t s  environment i n c l u d e  s a t e l l i t e  shape,  sa te l -  

l i t e  p o t e n t i a l  q 

the  case of a p l a t e )  and the  k i n e t i c  energy  of the i o n s  Sm. 
The e l e c t r o n  tempera ture  and t h e  charged-particle number den- 

s i t y  appear  i n d i r e c t l y  i n  these parameters by  means of the 

normalizing q u a n t i t i e s  of e l e c t r o n  thermal  v e l o o i t y ,  Debye 

l e n g t h ,  and plasma frequency.  The sa te l l i t e  shapes chosen 

s a t e l l i t e  r a d i u s  r (or ha l f -wid th  i n  s a t '  s a t  
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a r e  t h e  t w o  m o s t  commonly found i n  a p p l i c a t i o n ,  a sphere and 

a long  c y l i n d e r  (end e f f e c t s  n e g l e c t e d ) ,  and t w o  o t h e r s  which 

a r e  t h e  m o s t  convenient  t o  s tudy ,  a d i s k  and a long f l a t  p l a t e  

( l i k e w i s e ,  end e f f e c t s  a r e  n e g l e c t e d ) .  The d i s k  and p l a t e  

a r e  s i m i l a r  i n  behavior  t o  the sphere and c y l i n d e r ,  respec-  

t i v e l y .  Both t h e  c y l i n d e r  and p l a t e  a r e  o r i e n t e d  i n  such a 

d i r e c t i o n  t h a t  t h e i r  a x e s  a r e  pe rpend icu la r  t o  t h e  flow ve lo-  

c i t y .  

R e s u l t s  were ob ta ined  for a ha l f -wid th  a s  l a r g e  as 2 5  

Debye l eng ths ,  A t  t h i s  ha l f -wid th  a r a t h e r  l a r g e  amount of 

core memory (- 10 bits)  and, t h e r e f o r e ,  an unusual computer 

were needed for  t h e  s o l u t i o n  of t h e  problem, A s a t e l l i t e  of 

t h i s  s i z e  h a s  the p r o p e r t i e s  of a " l a r g e "  s a t e l l i t e  where 

" l a r g e "  means, i n  t h e  l i t e r a t u r e ,  r >> 1. A f u r t h e r  i n -  

c r e a s e  i n  t he  s a t e l l i t e  s i z e  d i d  not  seem warranted when t h e  

r e s u l t i n g  in fo rma t ion  was compared wi th  t h e  computer t i m e  neces- 

s a r y  and the ensuing  cost. A lower l i m i t  of 0 .2  Debye l e n g t h s  

was chosen s i n c e  few s a t e l l i t e s  o r  even s a t e l l i t e  probes of 

t h i s  ha l f -wid th  (- 0.3 c m  a t  3000 km a l t i t u d e ,  sma l l e r  a t  

lower a l t i t u d e s )  a r e  found i n  p r a c t i c e .  This  s o l u t i o n  can  

be classi f ied a s  a s o l u t i o n  for " sma l l "  body s ize  (rsat<< 1) 

and compared w i t h  other s o l u t i o n s  f o r  "smal l"  bodies, I n  

7 

s a t  

a d d i t i o n ,  a t  t h i s  ha l f -wid th  va lue ,  the  g r i d  spac ing  must  be 

much s m a l l e r  t h a n  t h e  Debye l e n g t h ,  and a s  a r e s u l t ,  t he  com- 

p u t e r  t i m e  required t o  achieve  a s o l u t i o n  for smaller body 

s i z e  i n c r e a s e s  very r a p i d l y .  (For f u r t h e r  d i s c u s s i o n  on 

g r i d  spac ing ,  see Appendix B.) 

I n  a f e w  c a s e s ,  t h e  s a t e l l i t e  p o t e n t i a l  i s  set a s  h igh  

a s  ze ro ;  as  a r e s u l t ,  t h e  e l e c t r o n  number d e n s i t y  i s  not  
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e x a c t l y  p r o p o r t i o n a l  t o  the Boltzmann f a c t o r .  Never the less ,  

s i n c e  t h e  inaccuracy  occur s  o n l y  i n  t h e  neighborhood of t h e  

s a t e l l i t e ,  the s o l u t i o n  i s  approximate o n l y  i n  the small  r e g i o n  

surrounding the s a t e l l i t e  and i s  s t i l l  g e n e r a l l y  u s e f u l .  The 

lower l i m i t  t o  the s a t e l l i t e  p o t e n t i a l  i s  a f u n c t i o n  of  the 

o t h e r  parameters of t h e  problem. A t  very  nega t ive  p o t e n t i a l s  

some of t h e  i o n s ,  s t r o n g l y  in f luenced  by  the s a t e l l i t e  po- 

t e n t i a l ,  r e v e r s e  their  paths ( t h e  s i g n  of their x v e l o c i t y  

r e l a t i v e  t o  the sa te l l i t e  changes from nega t ive  t o  p o s i t i v e ) .  

S ince  t h e  program i s  no t  designed t o  follow reve r sed  t r a j e c -  

tories, i t  abandons t h e  s o l u t i o n .  I n  a l l  cases, however, t h e  

s a t e l l i t e  p o t e n t i a l  i s  set a t  l e a s t  a s  nega t ive  as -15 t i m e s  

t h e  e l e c t r o n  thermal energy kTe and i n  some cases i s  a8 nega- 

t i v e  a s  -40 kT . 
The i o n s  have a mass B r e l a t i v e  t o  t h e  e l e c t r o n  mass 

e 

and a v e l o c i t y  u r e l a t i v e  t o  the e l e c t r o n  thermal  v e l o c i t y .  

The s o l u t i o n  depends on t h e s e  t w o  parameters on ly  through 

t h e  i o n  k i n e t i c  energy r e l a t i v e  t o  t h e  e l e c t r o n  thermal energy 

kT,, (to be d i scussed  l a te r )  where 

S 

e m = gu,2/2. 

Th i s  parameter i s  r e l a t e d  t o  t h e  f a m i l i a r  i o n  Mach number M 

by GKE= M /2, where M i s  the lratio of the satel l i te  speed t o  

the i o n  a c o u s t i c  speed (kTe/mi) . 
parameter is 1.2 a t  which p o i n t  t h e  i o n  d e n s i t y  c a l c u l a t i o n  

i s  s u s c e p t i b l e  t o  numerical  error t o  such a n  e x t e n t  t ha t  a 

convergent  s o l u t i o n  becomes d i f f i c u l t ( s e e  Appendix B) . 

2 

3 The lower l i m i t  of t h i s  

This 
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lower l i m i t  i s  w e l l  below t h e  minimum of about  6 o c c u r r i n g  i n  

t h e  ionosphere.  The upper l i m i t  of t h e  i o n  k i n e t i c  energy i s  

36. Higher va lues  of t h i s  parameter  do  not  c o n t r i b u t e  much 

i n s i g h t  i n t o  t h e  behavior  of t h e  i n t e r a c t i o n  and serve on ly  

t o  i n c r e a s e  t h e  a r e a  of t h e  d i s t u r b a n c e  and, consequent ly ,  t h e  

computation t i m e .  

I n  summary, t h e  range of parameters  f o r  which s o l u t i o n s  

s a t  have been o b t a i n e d  is: -40 < 1c < 0, 0.2 < rsat< 25,  and 

1 . 2  .e < 36. S o l u t i o n s  have been ob ta ined  for t h e  p l a t e ,  

d i s k ,  c y l i n d e r ,  and  sphere  geometr ies .  
KE 
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B. Current  C o l l e c t i o n  

I n  t h i s  section, the method of s o l u t i o n  i s  a p p l i e d  t o  

determine,  f o r  t h e  f irst  t i m e  i n  d e t a i l ,  t h e  p r o p e r t i e s  of 

c u r r e n t  col lect ion by s a t e l l i t e s ,  I n  p a r t i c u l a r ,  t h e  in- 

f l u e n c e  of the p h y s i c a l  parameters  upon the  i o n  c u r r e n t  i s  

i n v e s t i g a t e d  thoroughly,  and p l o t s  of i o n  c u r r e n t  _vs. s a t e l -  

l i t e  p o t e n t i a l  a r e  shown, These p l o t s  may be employed for  

the  a n a l y s i s  of exper imenta l  d a t a .  As an a p p l i c a t i o n ,  a n  

e x a c t  va lue  f o r  t h e  f l o a t i n g  p o t e n t i a l  i s  c a l c u l a t e d  a t  t h e  

end of t h e  s e c t i o n .  

1. I o n  C u r r e n t  

I n t r o d u c t i o n .  The i o n  c u r r e n t  c o l l e c t e d  has  a b a s i c  

component a r i s i n g  from t h e  c u r r e n t  swept up by the  moving 

s a t e l l i t e ,  Consider a s a t e l l i t e  a t  plasma p o t e n t i a l ,  i . e . ,  

w i t h  z e r o  p o t e n t i a l  r e l a t i v e  t o  t h e  plasma. I n  the s a t e l -  

l i t e  frame of r e f e r e n c e ,  it appea r s  t h a t  a beam of i o n s  i n t e r -  

c e p t s  t he  s a t e l l i t e .  I t  i s  assumed t h a t  t h e  i n t e r c e p t e d  i o n s  

are either absorbed  by t h e  s u r f a c e  or n e u t r a l i z e d  and reflec- 

t e d  a s  n e u t r a l  p a r t i c l e s ,  T h i s  i o n  c u r r e n t  w i l l  be refer- 

r e d  t o  a s  t h e  Itram" c u r r e n t  and i n  d imens ionless  u n i t s  is  

equa l  i n  va lue  t o  Iio= uQAS,  where u 

and A i s  the c r o s s - s e c t i o n a l  a r ea  of t h e  r s a t e l l i t e .  For a 

d i s k  or a sphere  the  c r o s s - s e c t i o n a l  a r e a  i s  A = n r  t for 

i s  t h e  s a t e l l i t e  speed 
S 

2 S 

S s a t  
L ,  where L i s  t h e  l eng th  of 2 r e a t  a c y l i n d e r  o r  a p l a t e ,  A = 

S 
t h e  c y l i n d e r  or p l a t e .  For t h e s e  t w o  s a t e l l i t e  bod ie s ,  there- 

f o r e ,  i t  i s  convenient  t o  f i n d  the  i o n  c u r r e n t  pe r  u n i t  l e n g t h  L 
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( i n  u n i t s  of Debye l e n g t h )  r a t h e r  t h a n  t h e  t o t a l  i o n  c u r r e n t  

Hencefor th ,  t h e  "ram" c u r r e n t  for i o n s  I w i l l  be cons ide red  i o  
i n  t h e  case of spheres and  d i s k s  a s  t h a t  c u r r e n t  i n c i d e n t  on 

the e n t i r e  s u r f a c e  of the body: for c y l i n d e r s  and p la tes  i t  

w i l l  be tha t  c u r r e n t  per u n i t  l e n g t h  i n c i d e n t  on the body. 

A s  the s a t e l l i t e  p o t e n t i a l  i s  permitted t o  become more 

n e g a t i v e  ( i o n - a t t r a c t i n g )  , i t s  i o n  c u r r e n t  i n c r e a s e s .  Th i s  

i n c r e a s e  a r i s e s  from t h e  i n c r e a s e  i n  t h e  number of ions a t -  

t rac ted  t o  the  s a t e l l i t e  body. This i n c r e a s e  i s ,  however, s l o w  
because  t h e  n e g a t i v e  p o t e n t i a l  h a s  a moderate effect on the i o n  

t r a j e c t o r y  . 
Normal iza t ion  7 -  of i o n  c u r r e n t .  F i g u r e  3.4 shows the 

normalized i o n  c u r r e n t  I collected by  a p l a t e  s a t e l l i t e  a s  a 

f u n c t i o n  of s a t e l l i t e  p o t e n t i a l .  The i o n  c u r r e n t  has been 

normalized by  the v a l u e  of the  "ram" c u r r e n t  i n  order t o  show 

c l e a r l y  the effect  of t h e  i o n - a t t r a c t i n g  p o t e n t i a l  a s  it i s  

i n c r e a s e d  n e g a t i v e l y .  It is i n t e r e s t i n g  t o  n o t e  t h a t  t h e  

normalized i o n  c u r r e n t  collected by a s a t e l l i t e  a t  plasma po- 

t e n t i a l  i s  n o t  e x a c t l y  e q u a l  t o  u n i t y .  The a c t u a l  v a l u e  of 

the plasma p o t e n t i a l  c u r r e n t  i n  t h i s  case i s  0.9994. The 

reason  for  t h i s  minor d i sc repancy  i s  t h a t  the  n e g a t i v e  poten- 

t i a l  occur r ing  i n  the wake c u r l s  s l i g h t l y  ove r  the edge of the 

s a t e l l i t e  and i n  f r o n t  of it. (See Fig.  3.3 which i s  a con- 

t o u r  p l o t  of the p o t e n t i a l  f i e l d  for  a s imi la r  case,) Although 

t h e  f i e l d  i s  n e g a t i v e  and i s  therefore i o n  a t t r a c t i n g ,  it is  i n  

such a p o s i t i o n  t h a t  it deflects a minute ,  y e t  measurable por- 

t i o n  of t h e  i o n s  making u p  t h e  "ram" c u r r e n t  away from t h e  

s a t e l l i t e .  Never the l e s s ,  t h e  d i f f e r e n c e  between the ''ram'' 

i 
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FIG. 3 . 4 .  ION CURRENT VS. P O T E N T I A L  FOR P L A T E  S A T E L L I T E  

( E K E =  1 2 ,  rsat= 1 ) .  
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c u r r e n t  and the plasma p o t e n t i a l  c u r r e n t  i s  very small, and, 

therefore, the  t w o  i o n  c u r r e n t s  sha l l  be cons ide red  a s  one,  

1 2  and rsat= 1, corms- KE= For t h e  chosen parameters  (i 
ponding t o  a body r a d i u s  of 1 .5  c m  a t  a 1000-km a l t i t u d e ) ,  t h e  

growth ra te  of the i o n  c u r r e n t  i s  on ly  1.3% per u n i t  of s a t e l -  

l i t e  p o t e n t i a l ,  As a r e s u l t ,  i f  t h e  i o n  c u r r e n t  i s  t o  be sig- 

n i f i c a n t l y  larger  than  the plasma p o t e n t i a l  va lue  Iio, then  the 

s a t e l l i t e  must have a p o t e n t i a l  which i s  of the  same order of 

magnitude a s  the i o n  k i n e t i c  energy,  

Func t iona l  dependence -- of i o n  c u r r e n t  on p o t e n t i a l .  Close 

examinat ion of F ig .  3.4 r e v e a l s  t ha t  t he  i o n  c u r r e n t  has a 

near  l i n e a r  dependence upon nega t ive  s a t e l l i t e  p o t e n t i a l s ,  

T h i s  dependence i s  no t  unexpected s i n c e  Medicus (39) and 

B r ~ n d i n ( ~ ' )  have shown t h a t  the  i o n  c u r r e n t  t o  a sphere or 
c y l i n d e r  i n  a c e n t r a l - f o r c e  f i e l d  i s  l i n e a r l y  dependent on 

the  p o t e n t i a l ,  T h i s  f i g u r e ,  however, shows t h a t  for a plate 

s a t e l l i t e  i n  a noncent ra l - force  f i e l d  the ion-cur ren t  depen- 

dence i s  n e a r l y  l i n e a r ,  O t h e r  f i g u r e s  t o  be shown later 

i n d i c a t e  the same n e a r l y  l i n e a r  behavior  of i o n  c u r r e n t  over  

a v a r i e t y  of s a t e l l i t e  shapes and a w i d e  range of parameters .  

It can  be argued t h a t  n o n l i n e a r i t y  i n  t h e  i o n  c u r r e n t  i s  not  

expec ted  t o  o c c u r . u n t i 1  t h e  s a t e l l i t e  p o t e n t i a l  has become 

ext remely  nega t ive ,  i , e , ,  many t i m e s  l a r g e r  t h a n  the i o n  

k i n e t i c  energy,  Unfor tuna te ly ,  t h i s  p o s s i b i l i t y  cannot  be 

i n v e s t i g a t e d  w i t h  t h e  p r e s e n t  program. A t  these s t r o n g l y  

nega t ive  p o t e n t i a l s ,  some of the  i o n  t r a j e c t o r i e s  r e v e r s e  

t h e i r  v e l o c i t y  i n  the x d i r e c t i o n ,  and the program, unable  

t o  c a l c u l a t e  the correct i o n  d e n s i t y ,  becomes i n v a l i d  and 
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d i s c o n t i n u e s  t h e  computation, Hence, for t h e s e  extreme v a l u e s  

of p o t e n t i a l ,  t h e  i o n  c u r r e n t  i s  not  de te rmined . .  

It i s  p o s s i b l e  t o  u s e  t h e  r e s u l t s  of c e r t a i n  expe r i -  

ments t o  g i v e  a n  i n d i c a t i o n  of t h e  behavior  of the i o n  cur-  

r e n t  f o r  l a r g e r  i o n - a t t r a c t i n g  p o t e n t i a l s .  Experiments s imu-  

l a t i n g  the  s a t e l l i t e - i o n o s p h e r i c  i n t e r a c t i o n  have been done 

w i t h  s m a l l  bodies i n  i o n  beams, (32 , 41) 

t h a t  s a t u r a t i o n  occurs  for n e i t h e r  moderately nor ,  i n  f a c t ,  

h i g h l y  nega t ive  p o t e n t i a l s .  A p o s s i b l e  e x p l a n a t i o n  for  the l a c k  

of s a t u r a t i o n  i n  t h e  i o n  c u r r e n t  i s  t h a t  t h e  i o n  d e n s i t y  de- 

c r e a s e s  i n  the neighborhood of t h e  f r o n t  of the  body when t h e  

p o t e n t i a l  i s  made more nega t ive .  This dec rease  i n  i o n  number 

d e n s i t y  arises from t h e  i n c r e a s e  i n  t h e  i o n  v e l o c i t y  a s  t he  i o n  

i s  a c c e l e r a t e d  toward the body, Therefore, the s h i e l d i n g  effect 

on the p o t e n t i a l  f i e l d  by t h e  p o s i t i v e  charge  d e n s i t y  i s  some- 

what reduced. A s  a r e s u l t ,  the p o t e n t i a l  f i e l d  i s  no t  shielded 

s u f f i c i e n t l y  t o  a l t e r  the n e a r l y  l i n e a r  dependence of t h e  i o n  

c u r r e n t  on t h e  body p o t e n t i a l ,  

These experiments  show 

I n f l u e n c e  o f  s a t e l l i t e  qeometry on ion c u r r e n t .  I n  a 

s t r ic t  sense ,  it i s  not  t r u e  t h a t  the cross s e c t i o n  of the 

s a t e l l i t e  i s  the on ly  body dimension which i n f l u e n c e s  t h e  be- 

hav io r  of t h e  plasma f l o w .  To a c e r t a i n  e x t e n t  a s e n s i t i v e  

v a r i a b l e ,  such a s  t h e  i o n  c u r r e n t ,  i s  dependent upon the e x a c t  

shape and  l e n g t h  of t h e  s a t e l l i t e .  Consider a d i s k  and p l a t e  

s a t e l l i t e  of e q u a l  r a d i u s  and half-width.  A t  z e r o  p o t e n t i a l  

t hey  collect  equa l  normalized i o n  c u r r e n t s ,  namely "ram" c u r r e n t .  

However, a s  t h e  s a t e l l i t e  p o t e n t i a l  i s  made nega t ive ,  t h e  t w o  

s a t e l l i t e s  collect  unequal q u a n t i t i e s  of normalized i o n  c u r r e n t .  

The d i sk  co l lec ts  c u r r e n t  from t h e  surrounding "two-dimensional" 
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r i n g  area,  whereas the p la te  collects from the "one-dimensional" 

s t r i p  area above and below t h e  plate ,  The r i n g  i n c r e a s e s  i n  

area a s  the  c o l l e c t i o n  r e g i o n  i s  ex tended  r a d i a l l y ;  the s t r ip  

undergoes no such geometr ic  i n c r e a s e .  A s  a r e s u l t ,  the  d isk  

c a n  be expected t o  a t t r a c t  more i o n  c u r r e n t  t han  the  p l a t e  a t  

a g iven  n e g a t i v e  p o t e n t i a l ,  Moreover, the  sphere and other 

a x i a l l y  symmetric bodies w i l l  a t t r a c t  more i o n  c u r r e n t  t h a n  

t h e i r  p l a n a r  c o u n t e r p a r t s ,  F igu re  3.5 shows t h a t  the  i o n  cur -  

r e n t  collected by the d i sk  and sphere i s  g r e a t e r  t h a n  t h a t  col- 

lected by the p l a t e  and c y l i n d e r  for e q u a l  body r a d i i .  

The i o n  c u r r e n t ,  t o  a c e r t a i n  e x t e n t ,  depends on the l e n g t h  

of the  s a t e l l i t e  i n  t h e  f l o w  d i r e c t i o n .  A t  z e r o  s a t e l l i t e  po- 

t e n t i a l ,  the  p l a t e  and c y l i n d e r  collect  e q u a l  amounts of i o n  

c u r r e n t .  S ince  both bodies a re  p l a n a r ,  d i f f e r e n c e s  i n  their  

i o n  c u r r e n t  for n e g a t i v e  body p o t e n t i a l s  cannot  be a t t r i b u t e d  

t o  t h e  geometric effect  d i s c u s s e d  above. However, s i n c e  the 

c y l i n d e r  h a s  a f i n i t e  t h i c k n e s s ,  some of t h e  a t t r a c t e d  i o n s  

which would not  i n t e r c e p t  a p la te  would i n t e r c e p t  t h e  sides of 

a c y l i n d e r  and c o n t r i b u t e  t o  the collected i o n  c u r r e n t .  The 

g r e a t e r  s u r f a c e  a r e a  which a c y l i n d e r  has  allows it t o  i n t e r -  

cept more of t h e  a t t r ac t ed  i o n s  than  a p la te  having t h e  same 

cross s e c t i o n ,  The same argument applies t o  a sphere a s  com- 

pared t o  a d i s k  of e q u a l  cross s e c t i o n .  I n  g e n e r a l ,  the bodies 

w i t h  f i n i t e  t h i c k n e s s  i n  the f l o w  d i r e c t i o n  can  be expected t o  

col lect  a la rger  amount of i o n  c u r r e n t  t h a n  their i n f i n i t e s i -  

mal ly  t h i n  c o u n t e r p a r t s .  Another examinat ion of F ig ,  3.5 

shows t h a t  the i o n  c u r r e n t  for  a sphere  and c y l i n d e r  i s ,  i n  

f ac t ,  l a r g e r  t h a n  the i o n  c u r r e n t  for  a d i s k  and p l a t e ,  re- 

s p e c t i v e l y ,  Although the c u r r e n t s  themselves  are  no t  v a s t l y  
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d i f f e r e n t ,  their  r a t e s  of growth a s  a f u n c t i o n  of s a t e l l i t e  

p o t e n t i a l  d i f f e r  b y  a s  much a s  f a c t o r  of t w o .  
Ansular  dependence --- of i o n  f l u x .  The d e t a i l e d  behavior  of 

the  i o n  f l u x  ( c u r r e n t  pe r  u n i t  a r e a )  a s  a f u n c t i o n  of t h e  loca-  

t i o n  on t h e  s u r f a c e  of a c y l i n d e r  s a t e l l i t e  is  of c o n s i d e r a b l e  

i n t e r e s t .  S ince  c e r t a i n  s a t e l l i t e  i n s t r u m e n t a t i o n  i s  s e n s i t i v e  

t o  t h e  i n c i d e n t  charged p a r t i c l e  f l u x ,  i t  is impor tan t  t o  know 

how t h e  f l u x  var ies  a s  a f u n c t i o n  of t h e  p o l a r  ang le  8 between 

t h e  d i r e c t i o n  normal t o  t h e  s u r f a c e  a t  t h e  p o i n t  of interest  and 

the d i r e c t i o n  of s a t e l l i t e  f l i g h t .  The e l e c t r o n  f l u x  can be 

expec ted  t o  be independent of the p o l a r  ang le  s i n c e  t h e  thermal  

v e l o c i t y  of t h e  e l e c t r o n s  i s  much g r e a t e r  t han  t h e  s a t e l l i t e  

v e l o c i t y  and, hence, t h e  electron f l u x  i s  u n i f o r m  o v e r  the  en- 

t i r e  s u r f a c e .  The i o n  f l u x  w i l l  depend on t h e  p o l a r  angle  of 

t h e  p o i n t  of in te res t  s i n c e  the  i n c i d e n t  i o n s  appear  t o  be 

moving a s  a beam. Therefore ,  i f  t h e  s a t e l l i t e  i s  r o t a t i n g  o r  

" tumbling" about  a n  a x i s  p a r a l l e l  t o  t h e  c y l i n d e r  a x i s ,  s a t e l -  

l i t e  i n s t r u m e n t a t i o n  w i l l  record an i o n  f l u x  varying from zero 

a t  the r e a r  t o  a maximum value  a t  the  f r o n t .  .*en t h e  i o n  beam 

i n t e r c e p t s  a s a t e l l i t e  a t  plasma p o t e n t i a l ,  the  i o n  f l u x  t o  t h e  

f r o n t  s u r f a c e  can  be expected t o  be p r o p o r t i o n a l  t o  t h e  cos ine  

of p o l a r  ang le  8 .  T h i s  dependence means t h a t  a t  t h e  v e r y  f r o n t  

of the  s a t e l l i t e ,  t he  i o n  f l u x  i s  a t  a maximum; t h e  f l u x  d e c r e a s e s  

u n t i l  a t  a r i g h t  ang le  t o  the  Tlow, t h e  f l u x  i s  ze ro  and remains 

z e r o  over t h e  e n t i r e  back s u r f a c e  of t h e  s a t e l l i t e .  When t h e  

s a t e l l i t e  p o t e n t i a l  i s  made nega t ive ,  the i o n  f l u x  n o t  on ly  

i n c r e a s e s  on t h e  f r o n t a l  a r e a  b u t  a l s o  i s  f i n i t e  i n  t h a t  p a r t  

of the r e a r  where the  i o n s  i n t e r c e p t  t h e  s a t e l l i t e .  T h i s  ad- 

d i t i o n a l  c o l l e c t i o n  a r e a  grows a s  t h e  s a t e l l i t e  i s  made more 

nega t ive .  
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F i g u r e  3.6 shows the i o n  f l u x  Ji (normalized by t h e  

i n c i d e n t  f l u x  u of the beam) a s  a f u n c t i o n  of t h e  p o l a r  a n g l e  

e.  The i o n  f l u x  a t  z e r o  s a t e l l i t e  p o t e n t i a l  i s  a cosine func- 

t i o n .  The l i n e  does no t  ex tend  t o  rr/2 ( i . e . ,  1 .57)  r a d i a n s  

because i n  the computer program the t r a j e c t o r y  spac ing  must 

be extremely sma l l  for a c c u r a t e  de t e rmina t ion  of t h e  ang le  

where t h e  i o n  f l u x  becomes z e r o  ( t h e  g r a z i n g  a n g l e ) .  Extra-  

p o l a t i o n  of t h e  ob ta ined  r e s u l t s ,  however, shows t h a t  a s  ex- 

pec ted  the  g r a z i n g  ang le  i s  n/2 r a d i a n s .  A t  a s a t e l l i t e  poten- 

t i a l  of -10, the r e s u l t i n g  i o n  f l u x  i s  s i m i l a r  t o  a cosine 

S 

c u r v e  d i s p l a c e d  by a p o s i t i v e  b i a s .  The f i g u r e  shows t h a t  t h e  

e x t r a p o l a t e d  g r a z i n g  ang le  i s  s h i f t e d  from a r i g h t  a n g l e  t o  

one which l i e s  i n  the  r e a r  r eg ion  of t h e  s a t e l l i t e .  The i n t e -  

g r a t e d  i o n  f l u x  i s  t h e  i o n  c u r r e n t :  hence,  i n  t h i s  f i g u r e  

t h a t  p o r t i o n  of the i n c r e a s e  i n  t h e  i o n  c u r r e n t  due t o  the ad- 

d i t i o n a l  i o n s  a t t r a c t e d  t o  the f r o n t  of the s a t e l l i t e  can  be 

d i s t i n g u i s h e d  c l e a r l y  from t h a t  p o r t i o n  due t o  the f i n i t e  

t h i c k n e s s  of a c y l i n d e r  s a t e l l i t e .  

F i g u r e  3 . 7  shows t h e  i o n  f l u x  t o  a c y l i n d e r  s a t e l l i t e  f o r  

a v a r i e t y  of s a t e l l i t e  parameters .  I n  a l l  c a s e s ,  the  i o n  f l u x  

h a s  a n  approximate f u n c t i o n a l  dependence on p o l a r  ang le  i n  t h e  

form of an incremented cosine f u n c t i o n .  T h i s  g e n e r a l  functior,sJ. 

f o r m  h a s  been observed on a rocke t  launched i n  t h e  lower ionos- 

phere  (220-500 km). (11) 

mounted i n  the body of the r o c k e t ,  has  a z e r o  value when t h e  

probe i s  i n  t h e  f a r  back a r e a  of the r o c k e t .  The p o l a r  ang le  

a t  which the z e r o  i o n  f l u x  beg ins  i s  e s t i m a t e d  t o  be M 130°. 

I n  a d d i t i o n ,  t h e  p o l a r  a n g l e  i s  z e r o  a t  t h e  p o i n t  where the  

i o n  f l u x  i s  a maximum. The shape of t h e  ion- f lux  c u r v e  a s  a 

The i o n  f l u x ,  measured by a smal l  probe 
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f u n c t i o n  of a n g l e  i s  remarkably close t o  t h a t  of a n  inc re -  

mented c o s i n e  func t ion .  

I n f l u e n c e  of sa te l l i t e  r a d i u s  9 ion c u r r e n t .  The satel-  
l i t e  r a d i u s  h a s  an  impor tan t  effect  on i o n  c o l l e c t i o n  by s a t e l -  

l i tes .  Of course, the  l a r g e r  the  s a t e l l i t e  r a d i u s ,  the l a r g e r  

the i o n  c u r r e n t  it collects. However, t h e  normalized ion  cur-  

r e n t  I does not  depend d i r e c t l y  on t h e  v a r i a t i o n s  i n  r a d i u s  

s i n c e  the normalizing "ram8' c u r r e n t  i s  p r o p o r t i o n a l  t o  t h e  

sa te l l i t e  c r o s s - s e c t i o n a l  a r e a .  Never the less ,  t h e  normalized 

i o n  c u r r e n t  i s  dependent i n d i r e c t l y  on the r a d i u s  rsat. S ince  

the a t t r a c t i v e  electric f i e l d  of a s a t e l l i t e  w i t h  nega t ive  po- 

t e n t i a l  can ex tend  over a d i s t a n c e  of t h e  order of a f e w  Debye 

l e n g t h s  i n  t h e  v i c i n i t y  of t h e  s a t e l l i t e ,  the  i o n  c o l l e c t i o n  

a r e a  i s  a l so  of the o rde r  o f  a Debye l eng th .  For s a t e l l i t e s  

whose r a d i u s  i s  large compared w i t h  t h e  Debye l e n g t h  (rsat,> I.), 
the i n c r e a s e  of the normalized i o n  c u r r e n t  w i t h  i n c r e a s i n g  i o n  

a t t r a c t i n g  p o t e n t i a l  w i l l  be q u i t e  smal l .  The o v e r a l l  i o n  cur-  

r e n t  w i l l  be l a r g e ,  b u t  t h e  r e l a t i v e  c o n t r i b u t i o n  due t o  t h e  

a t t r a c t i v e  p o t e n t i a l  w i l l  be small .  On the other hand, for 

s a t e l l i t e s  whose r a d i u s  i s  smal l  compared wi th  t h e  Debye 

l e n g t h  (rsat<e l), the  a t t r a c t e d  i o n  c u r r e n t  w i l l  be q u i t e  l a r g e  

when compared w i t h  llramI1 c u r r e n t .  

i 

F igure  3.8 shows t h a t  t h e  r a t e  of growth i n c r e a s e s  a s  t h e  

half-width of the p l a t e  s a t e l l i t e  i s  made p r o g r e s s i v e l y  smaller. 

N o t e  t h a t  the curve  for  t h e  parameter rsat= 25 ex tends  t o  a 

s a t e l l i t e  p o t e n t i a l  of on ly  -15, A t  a more nega t ive  p o t e n t i a l  

on the  " l a r g e "  s a t e l l i t e ,  some of t h e  i o n s ,  i n f luenced  by the  

e lectr ic  f i e l d  i n  t h e  wake fo r  a n  unusual ly  long t h e ,  r e v e r s e  

their  t r a j e c t o r i e s .  I n  t h i s  case, the c a l c u l a t i o n  i s  te rmina ted .  
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The r e s u l t s  i n d i c a t e  t h a t  t h e  i o n  c u r r e n t  collected b y  a "large" 

s a t e l l i t e  ( m o s t  r ea l  i o n o s p h e r i c  sa te l l i t es  a r e  " l a r g e " )  i s  

almost e n t i r e l y  independent  of t h e  i o n - a t t r a c t i n g  s a t e l l i t e  

p o t e n t i a l .  The i o n  c u r r e n t  i s  e s s e n t i a l l y  t h e  "ram" c u r r e n t  

and  i s  dependent on ly  on t h e  cross s e c t i o n  and speed of the 

s a t e l l i t e .  (The number d e n s i t y  and e l e c t r o n  tempera ture  de- 

pendence appear  i n d i r e c t l y  through t h e  Debye l e n g t h . )  For 

s a t e l l i t e s  o f  "moderate" s i z e  ( r  lo), however, t h e  i o n  c u r -  

r e n t  h a s  a s i g n i f i c a n t  dependence on t h e  p o t e n t i a l ,  a s  can  be 

s e e n  i n  F i g .  3 . 8 .  

sa t 

- The s i q n i f i c a n c e  - of parameter i The i o n  c u r r e n t  col- 
ICE* 

lected by  t h e  s a t e l l i t e  i s  a f u n c t i o n  n o t  o n l y  of t h e  s a t e l l i t e  

parameters b u t  a l s o  of the i o n  parameters. Both the ion-mass 

r a t i o  and the i n i t i a l  i o n  v e l o c i t y  i n f l u e n c e  t h e  development 

of t h e  ion-flow f i e l d  b u t  n o t  i n  a unique and i n d i v i d u a l  manner. 

Rather ,  t h e  f l o w  f i e l d  i s  dependent on t h e  i o n  k i n e t i c  energy ,  

and  on ly  through t h i s  s i n g l e  parameter  do the i o n  mass and velo- 

c i t y  i n f l u e n c e  t h e  t r a j e c t o r i e s .  I n  f a c t ,  the  o rb i t  equa t ion  

( i .e. ,  Newton's e q u a t i o n s  w i t h o u t  t h e  t i m e  v a r i a b l e )  i n d i c a t e s  

t h a t  t h e  t r a j e c t o r y  of  a p a r t i c l e  i n  a c o n s e r v a t i v e  f o r c e  f i e l d  

i s  dependent o n l y  on t h e  i n i t i a l  p o s i t i o n ,  d i r e c t i o n ,  and energy  

of the p a r t i c l e .  The v e l o c i t y  a long  t h e  t r a j e c t o r y ,  however, 

does n o t  depend o n l y  on these t h r e e  i n i t i a l  c o n d i t i o n s ;  t h e  

v e l o c i t y  of a l i g h t  i o n  i s ,  of c o u r s e ,  g r e a t e r  t h a n  t h a t  of a 

heavy i o n  i f  bo th  i o n s  have e q u a l  i n i t i a l  energy.  S ince  tile 

problem i s  assumed t o  be s t e a d y ,  on ly  t h e  pa th  of t h e  i o n  and 

n o t  i t s  v e l o c i t y  a long  t h e  t r a j e c t o r y  de t e rmines  t h e  i o n  d e n s i t y .  

Hence, the i o n  k i n e t i c  energy i s  t h e  unique i o n  parameter  on 

which t h e  f l o w  f i e l d  (and, consequent ly ,  t h e  p o t e n t i a l  f i e l d )  

depends.  
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The f a c t  t h a t  the t r a j e c t o r y  i s  no t  dependent on t h e  i o n  

mass and i n i t i a l  v e l o c i t y  except by way of t h e  i n i t i a l  energy  

c a n  be deduced by i n t r o d u c i n g  s c a l i n g  r e l a t i o n s .  (33 )  However, 

the  argument is h e u r i s t i c  i n  n a t u r e ,  and, a s  a r e s u l t ,  n o t  so 
s a t i s f a c t o r y  a s  a direct  proof. A l a b o r a t o r y  experiment  which 

w a s  des igned  t o  measure i o n  c u r r e n t  t o  a body i n  a n  envi ron-  

ment s i m u l a t i n g  the ionosphere  was used  t o  check the v a l i d i t y  

of t h e  i o n  k i n e t i c  energy  assumption.  

ca te  t h a t  t h e  assumption i s  correct w i t h i n  t h e  accuracy  of  

t h e  experiment .  

The r e s u l t s  i n d i -  ( 3 2 )  

A s  a check on t h e  numerical  accuracy  of  the computer pro- 

gram, a sample case was r u n  t o  tes t  t h e  i o n  energy  assumpt ion .  

For t h i s  case, t h e  i o n  mass w a s  i n c r e a s e d  by a factor of 16, 

and  t h e  s a t e l l i t e  v e l o c i t y  was decreased by  a factor of 4 i n  

o r d e r  t o  i n s u r e  t h a t  l? 

r e n t ,  a s e n s i t i v e  v a r i a b l e  i n  t h e  problem, was found t o  r e m a i n  

independent  of t h e  i o n  mass and  v e l o c i t y  when t h e  i o n  k i n e t i c  

energy  w a s  c o n s t a n t .  Hence, i t  w a s  proved t h a t  i t  i s  s u f f i c i e n t  

t o  p r e s e n t  r e s u l t s  a s  a f u n c t i o n  of t h e  i o n  k i n e t i c  energy  E 

rather t h a n  b o t h  the ion-mass r a t i o  B and t h e  s a t e l l i t e  v e l o c i t y  

would remain e o n s t a n t .  The i o n  c u r -  
KE 

A 

KE 

u .  
S 

I n f l u e n c e  -- of i o n  k i n e t i c  enerqy  on i o n  c u r r e n t .  F i g u r e  3 . r  
A 

shows tha  i n f l u e n c e  of E on t h e  i o n  c u r r e n t  a s  a f u n c t i o n  of 

p o t e n t i a l  for a p l a t e  s a t e l l i t e .  Because  of t h e  u s u a l  normali- 

z a t i o n ,  t h e  i o n  c u r r e n t  a t  plasma p o t e n t i a l  i s  independent  of 

e 

KE 

However, t h e  i o n  c u r r e n t  a t  n e g a t i v e  p o t e n t i a l s  i s  depen- KE 
d e n t  upon t h e  " s t i f f n e s s "  of the i o n  t ra jector ies .  As a r e s u l t ,  

t h e  rate of growth of the i o n  c u r r e n t  d e c r e a s e s  w i t h  i n c r e a s i n g  
A 

EKE 
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2 .  E l e c t r o n  Curren t  

The i o n  c u r r e n t  collected by  sa te l l i t es  having been d i s -  

cussed  thoroughly,  it is now appropriate t o  cons ide r  the  elec- 

t r o n  c u r r e n t ,  Fo r tuna te ly ,  the s o l u t i o n  for the e l e c t r o n  cur-  

r e n t  i s  cons ide rab ly  simpler because of the i n h e r e n t  assumptions 

made about  the e l e c t r o n  d i s t r i b u t i o n  func t ion .  It has  been as- 

sumed t h a t  s i n c e  the thermal speed of the  e l e c t r o n s  i s  a n  order 

of magnitude greater than  t h a t  of t h e  s a t e l l i t e ,  t h e  e l e c t r o n  

d i s t r i b u t i o n  f u n c t i o n  i s  Maxwellian. Then t h e  normal e l e c t r o n  

f l u x  per u n i t  area a t  t h e  s a t e l l i t e  s u r f a c e  i s  N & /4 which 

i n  d imens ionless  u n i t s  becomes J = (2n) n . I f  t h e  Boltzmann 

factor i s  s u b s t i t u t e d  for n then  it follows t ha t  the dimension- 

less e l e c t r o n  c u r r e n t  I collected over  t h e  s a t e l l i t e  s u r f a c e  

area S i s  

e e  -'4 
e e 

e' 

e 

s exp(ccsat) -4 I = SJ = (27) e e ( 3 . 1 )  

for  a d i s k ,  
2 
s a t '  

s a t t  For example, the  s u r f a c e  area of a sphere  i s  4rrr 

t h e  s u r f a c e  a r e a  i s  t w i c e  t h e  c r o s s - s e c t i o n a l  a r e a ,  i . e . ,  2nr 

s i n c e  e l e c t r o n s  are  collected f r o m  both t h e  f r o n t  and back sur-  

faces. 

3 .  N e t  Curren t  

Approximate va lue  of f l o a t i n q  p o t e n t i a l .  S ince  the  elec- 

t r o n  c u r r e n t  c o l l e c t e d  b y  a s a t e l l i t e  a t  plasma p o t e n t i a l  i s  

much g r e a t e r  t han  t h e  i o n  c u r r e n t  collected, the  s a t e l l i t e  

a c q u i r e s  a nega t ive  charge.  The nega t ive  p o t e n t i a l  a t  which 

t h e  n e t  c u r r e n t  is z e r o  ( i .e. ,  t h e  s a t e l l i t e  " f l o a t s "  elec- 

t r i c a l l y  i n  the plasma) i s  c a l l e d  t h e  f l o a t i n g  p o t e n t i a l .  It  
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i s  impor t an t  t o  determine t h e  f l o a t i n g  p o t e n t i a l  of s a t e l l i t e s  

s i n c e  any  in s t rumen ta t ion  which i s  grounded t o  t h e  s a t e l l i t e  

w i l l  a c q u i r e  t h i s  n e g a t i v e  p o t e n t i a l  w i t h  respect t o  t h e  sur -  

rounding plasma. 

A good es t imate  of t h e  f l o a t i n g  p o t e n t i a l  can  be made by 

assuming t h a t  t h e  i o n  c u r r e n t  i s  approximate ly  e q u a l  t o  t h e  

" r a m "  c u r r e n t  I when the s a t e l l i t e  is a t  t h e  f l o a t i n g  poten- i o  
t i a l .  I n  d imens ionless  u n i t s ,  t h e  "ram" c u r r e n t  is 

I = u A  i o  s SI (3.2) 

where A i s  t h e  c r o s s - s e c t i o n a l  a r e a  of t h e  s a t e l l i t e .  By 
S 

s e t t i n g  (3.1) e q u a l  t o  (3.2), t h e  p o t e n t i a l  rc may be oh- 
t a i n e d ;  

s a t  (2)  

)i = ln[(2rr)  u A /SI. C'"sa t s s  ( 3 . 3 )  

I n  t h e  c a s e  where t h e  s a t e l l i t e  i s  a p l a t e  or a d i s k ,  the  r a t i o  

of the c r o s s - s e c t i o n a l  a r e a  t o  the t o t a l  s u r f a c e  a r e a  A /S i s  2. 

For  example, i f  the s a t e l l i t e  i s  a t  an  a l t i t u d e  of 1000 k m  where 
S 

A 

= 12 and the dominant i o n  i s  hel ium ( @  = 7344) , t h e n  us=.0571, EKE 
A t  these v a l u e s  of the parameters ,  t h e  f l o a t i n g  p o t e n t i a l  csat 
ob ta ined  f r o m  Eq. ( 3 . 3 )  i s  -2.64. 

Exact  va lue  of f l o a t i n g  p o t e n t i a l .  The f l o a t i n g  poten- 

t i a l  c a n  be ob ta ined  more p r e c i s e l y  by i n c l u d i n g  i n  t h e  cal-  

c u l a t i o n  t h e  dependence of i o n  c u r r e n t  on t h e  s a t e l l i t e  poten- 

t i a l .  S i n c e  t h e  f l o a t i n g  p o t e n t i a l  i s  nega t ive ,  the c o l l e c t e d  

i o n  c u r r e n t  i s  g r e a t e r  t h a n  t h e  "ram" c u r r e n t .  As a r e s u l t ,  

t h e  f l o a t i n g  p o t e n t i a l  can  be expected t o  be no t  q u i t e  so nega- 

t i v e  a s  -2.64, the o r i g i n a l l y  e s t ima ted  v a l u e ,  
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Figure  3.10 shows b o t h  the i o n  c u r r e n t  and t h e  t o t a l  

c u r r e n t  c o l l e c t e d  by p l a t e  s a t e l l i t e  (which i s  one Debye 

l e n g t h  i n  ha l f -wid th)  a s  a f u n c t i o n  of s a t e l l i t e  p o t e n t i a l .  

A s  above, t h e  i o n s  a r e  assumed t o  be helium and t o  have a k ine-  

t i c  energy of 1 2 .  Both t h e  t o t a l  c u r r e n t  and t h e  i o n  c u r r e n t  

have b e e n  d iv ided  by t h e  i o n  "ram" c u r r e n t  I i n  o rde r  t o  

ma in ta in  c o n s i s t e n c y  w i t h  t h e  p rev ious  f i g u r e s  showing i o n  

c u r r e n t .  The f l o a t i n g  p o t e n t i a l ,  ob ta ined  by s e t t i n g  t h e  

t o t a l  c u r r e n t  e q u a l  t o  zero,  i s  -2.52. This computed va lue  

of t h e  f l o a t i n g  p o t e n t i a l  i s  about  5% less than  t h e  e s t ima ted  

va lue  and r e p r e s e n t s  t h e  c o r r e c t i o n  ob ta ined  when t h e  i o n  cur-  

r e n t  ls c a l c u l a t e d  a s  a f u n c t i o n  of p o t e n t i a l .  The loga r i thmic  

dependence of t h e  f l o a t i n g  p o t e n t i a l  on such corrections re- 

duces t h e i r  e f f e c t .  As a r e s u l t ,  f u r t h e r  c a l c u l a t i o n s  of  

f l o a t i n g  p o t e n t i a l  f o r  changes i n  t h e  parameters  w i l l  no t  

d i f f e r  s i g n i f i c a n t l y  from t h e  case shown. I n  t h i s  f i g u r e ,  

the c u r r e n t  goes  o f f  scale when t h e  s a t e l l i t e  p o t e n t i a l  ap- 

proaches zero .  The i n s e r t  i n  t h i s  f i g u r e  shows t h e  t o t a l  

c u r r e n t  on a reduced scale over  a range of s a t e l l i t e  poten- 

t i a l  from z e r o  t o  -10. Notice t h e  extremely l a r g e  c o n t r i b u -  

t i o n  made b y  t h e  e l e c t r o n s  when t h e  s a t e l l i t e  i s  a t  plasma 

p o t e n t i a l .  

i o  

87 



H -A\ 

\ 
\ 

0 - 
I 

-8- 

u") 
I 

,&+T- I 
I 

I 
tn IO li, 0 

Q) 
H + 
.A 

N 0 (D 

H 

d- 

v) 
I 

0 
0 

0 

88 



C. S a t e l l i t e  Draq Due To Ionospher ic  Plasma 

- The dominant component of plasma draq.  The ionosphe r i c  

plasma flowing toward t h e  s a t e l l i t e  t r a n s f e r s  p a r t  o f  i t s  

momentum t o  t h e  s a t e l l i t e .  The d i r e c t i o n  of t h e  n e t  momentum 

t r a n s f e r  i s  o p p o s i t e  t o  t h a t  of t h e  s a t e l l i t e  v e l o c i t y :  hence,  

a n e t  drag a c t s  upon t h e  s a t e l l i t e .  I n  t h e  lower ionosphere,  

where t h e  plasma d e n s i t y  i s  much less t h a n  t h e  n e u t r a l - p a r t i c l e  

d e n s i t y ,  t h e  plasma drag is much sma l l e r  t han  t h e  n e u t r a l - p a r t i -  

cle d rag .  However,  i n  t h e  upper ionosphere (above 1500 km), 

t h e s e  two a r e  comparable. 

The component of t h e  plasma drag due t o  e l e c t r o n s  is n e g l i -  

g i b l e  s i n c e  t h e  l i g h t  e l e c t r o n s  have a thermal  v e l o c i t y  which  

i s  much g r e a t e r  t han  t h e  s a t e l l i t e  v e l o c i t y .  A s  a r e s u l t ,  i f  

t he  p o t e n t i a l  f i e l d  about  t h e  s a t e l l i t e  is monotonic, t h e  n e t  

momentum t r a n s f e r  t o  t h e  s a t e l l i t e  by t h e  e l e c t r o n  f l u x  (which 

is uniform over  t h e  s u r f a c e  of t h e  s a t e l l i t e )  i s  zero. Fur the r -  

more, i f  t h e  p o t e n t i a l  f i e l d  i s  not monotonic and the e l e c t r o n  

f l u x  i s  g r e a t e r  on one s i d e  of t h e  s a t e l l i t e  than  on t h e  other ,  

t h e  r e s u l t i n g  e l e c t r o n  momentum t r a n s f e r  w i l l  remain extremely 

small  i n  comparison wi th  t h e  i o n  momentum t r a n s f e r  because G f  

t h e  l a r g e  i o n  mass r a t i o .  Therefore ,  o n l y  t h e  i o n  component 

of t h e  plasma drag  need be cons idered .  

Lower and upper l i m i t s  of plasma draq.  The b a s i c  compon- 

e n t  of t h e  drag a r i s e s  from the momentum t r a n s f e r  of those  i o n s  

which a r e  swept up by t h e  s a t e l l i t e .  I n  keeping w i t h  t h e  ter- 

minology above, t h e  drag  of t he  swept-up i o n s  i s  c a l l e d  t h e  

'ram" drag .  It i s  assumed t h a t  t h e  i o n s  which i n t e r c e p t  t h e  

s a t e l l i t e  s u r f a c e  a r e  n e u t r a l i z e d .  A f t e r  n e u t r a l i z a t i o n ,  t h e  



i o n s  a r e  e m i t t e d  d i f f u s e l y  o r  t h e y  a r e  r e f l e c t e d  s p e c u l a r l y .  The 

momentum t r a n s f e r  of  t h e  d i f f u s e l y  e m i t t e d  p a r t i c l e s  i s  propor- 

t i o n a l  t o  t h e i r  thermal  v e l o c i t y  which i n  t h e  case  of p e r f e c t  

accommodation i s  p r o p o r t i o n a l ,  b y  d e f i n i t i o n ,  t o  t h e  square  r o o t  

of the  s a t e l l i t e  temperature .  Depending upon i t s  l o c a t i o n  and 

i t s  i n t e r n a l  h e a t  sou rces ,  t h e  s a t e l l i t e  can  have a tempera ture  

of s e v e r a l  hundred degrees  K e l v i n .  I n  f a c t ,  t h e  s u r f a c e  i t s e l f  

can be a t  d i f f e r e n t  tempera tures  depending upon whether i t  i s  

f a c i n g  t h e  sun. A s  a lower l i m i t  for t h e  s a t e l l i t e  tempera ture ,  

a b s o l u t e  z e r o  i s  assumed. A t  t h i s  tempera ture ,  t h e  r e e m i t t e d  

p a r t i c l e s  have no momentum and do not  c o n t r i b u t e  t o  t h e  drag .  

Therefore ,  a s a t e l l i t e  which d i f f u s e l y  r e f l e c t s  i o n s  wi th  z e r o  

v e l o c i t y  has  t h e  lowes t  p o s s i b l e  plasma drag .  

I n  o rde r  t o  o b t a i n  an upper l i m i t  t o  t h e  momentum t r a n s f e r -  

r e d  by t h e  n e u t r a l i z e d  i o n s ,  s p e c u l a r  r e f l e c t i o n  m u s t  be cons ide red  

The s u r f a c e  i s  assumed t o  be a p e r f e c t  mirror of momentum, i .e. ,  

t h e  component of p a r t i c l e  v e l o c i t y  t a n g e n t i a l  t o  t h e  s u r f a c e  af -  

ter  r e f l e c t i o n  i s  e q u a l  t o  t h a t  b e f o r e  r e f l e c t i o n , a n d  the normal 

component a f t e r  reflection i s  e q u a l  t o  and oppos i t e  t h a t  b e f o r e  

r e f l e c t i o n .  The r e l a t i v e  k i n e t i c  energy of t h e  s p e c u l a r l y  re- 

flected i o n s ,  equa l  t o  t h a t  of the i n c i d e n t  i o n s ,  i s  e q u i v a l e n t  

t o  a tempera ture  of lo4 OK, a t  l e a s t .  

t empera ture  i s  much l a r g e r  t h a n  t h e  temper ture  a s a t e l l i t e  could  

have under any conce ivable  ionosphe r i c  c o n d i t i o n ,  t h e  momentum 

t r a n s f e r  b y  s p e c u l a r l y  r e f l e c t e d  p a r t i c l e s  i s  much l a r g e r  t han  

t h a t  by d i f f u s e  r e f l e c t i o n  and i s ,  therefore, an upper l i m i t .  

S i n c e  t h i s  e q u i v a l e n t  

The a c t u a l  s u r f a c e  i n t e r a c t i o n  of t h e  i n c i d e n t  i o n s  i s  not  

known e x a c t l y .  Labora tory  experiments  s imula t ing  bo th  s a t e l -  

l i t e  s u r f a c e s  and ionosphe r i c  c o n d i t i o n s  i n d i c a t e  t h a t  t h e  



i n t e r a c t i o n  i s  a mix tu re  of both d i f f u s e  and s p e c u l a r  reflec- 

t i o n s ,  w i t h  the d i f f u s e  type probably  be ing  dominant. (42)  

c o e f f i c i e n t  of the mixture  (known a s  a n  accommodation c o e f f i c i e n t  

i n  r a r i f i e d - g a s  t h e o r y )  i s  de f ined  a s  

The 

(42) 

Q =  

where p deno tes  t h e  normal momentum f l u x  and t h e  s u b s c r i p t s  i 

and c denote  the i n c i d e n t  and r e f l e c t e d  components. The t e r m  

i s  t he  norma l  momentum f l u x  of t h e  gas  i f  it were d i f f u s e l y  

reflected from the  s u r f a c e  a t  a mean thermal  speed cor responding  

t o  t h e  s u r f a c e  t e rmpera tu re .  The c o e f f i c i e n t  i s  s t r o n g l y  de- 

pendent on t h e  a n g l e  of i n t e r c e p t i o n ;  of cour se ,  t h e  momentum 

t r a n s f e r  f r o m  t h e  d i f f u s e  component i s  dependent on t h e  s a l e l -  

l i t e  tempera ture .  S ince  t h e  mixture  c o e f f i c i e n t  cannot  be as -  

sumed, d rag  data w i l l  be p resen ted  f o r  b o t h  extremes of t h e  s u r -  

f a c e  i n t e r a c t i o n ,  namely, t h e  lower and upper l i m i t s  correspond-  

i n g  t o  d i f f u s e  r e f l e c t i o n  w i t h  z e r o  v e l o c i t y  and t o  s p e c u l a r  re- 

f l e c t i o n ,  r e s p e c t i v e l y .  I n c i d e n t a l l y ,  t h e  l o w e r - l i m i t  c a s e  i s  

e q u i v a l e n t  t o  t h e  c a s e  of no r e f l e c t i o n  whatsoever .  I n  t h i s  

case, t h e  i o n s  would a c c r e t e  on t h e  s a t e l l i t e  s u r f a c e  and even- 

t u a l l y  c o a t  it. 

ps 

Normal iza t ion  of d rag  r e s u l t s .  I f  i o n s  a t  t h e  s a t e l l i t e  

s u r f a c e  are assumed t o  undergo d i f f u s e  r e f l e c t i o n  w i t h  z e r o  

v e l o c i t y  ( i n d i c a t e d  by  the s u b s c r i p t  " d r " ) ,  t h e n  t h e  change i n  

i o n  v e l o c i t y  a t  the s u r f a c e  i s  s imply u when t h e  s a t e l l i t e  i s  

a t  plasma p o t e n t i a l .  Hence, the "ram" drag  i n  d imens ionless  

u n i t s  i s  e q u a l  t o  Bu 2A . 
d i scussed  p r e v i o u s l y ) ,  t h e  n e t  drag ob ta ined  hence fo r th  w i l l  

S 

For c l a r i t y  of p r e s e n t a t i o n  ( a s  
s s  
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2 
be normalized by  the ' ' ram1'  drag Bu A . As a r e s u l t ,  t h e  nor- 

mal ized  drag D of a sa te l l i t e  a t  plasma p o t e n t i a l  i s  approxi- 

mate ly  un i ty .  I f  t h e  i o n s  undergo s p e c u l a r  r e f l e c t i o n  ( ind i -  

cated b y  s u b s c r i p t  ' I s r " )  a t  t h e  s u r f a c e  of a p l a t e  or d i s k  

s a t e l l i t e ,  the v e l o c i t y  change i s  2us; t h e  r e s u l t i n g  normalized 

drag D i s  approximately 2 .  For a real  c a s e  where i o n s  under- 

go hoth d i f f u s e  and s p e c u l a r  r e f l e c t i o n ,  the normalized plasma 

drag of a p la te  or d i s k  s a t e l l i t e  a t  plasma p o t e n t i a l  w i l l  l i e  

somewhere between t h e  lower and upper bounds of 1 and 2 .  

s s  

d r  

sr 

Approximate d rag  - for d i f f u s e l y  r e f l e c t i v e  s a t e l l i t e .  When 

t h e  sa te l l i t e  p o t e n t i a l  i s  nega t ive ,  i o n s  are a c c e l e r a t e d  to- 

ward the s a t e l l i t e ,  and those trajectories which i n t e r c e p t  near  

t h e  sa te l l i t e  edge a r e  b e n t  inward. The r e s u l t i n g  d rag  i s  a 

complicated f u n c t i o n  of t he  ang le  of i n t e r c e p t i o n ,  the speed 

a t  i n t e r c e p t i o n ,  and t h e  t o t a l  number of i o n s  which i n t e r c e p t .  

For t h e  case of d i f f u s e  r e f l e c t i o n ,  however, t h e  drag -- due t o  

i n t e r c e p t e d  i o n s  can  be ob ta ined  e a s i l y .  I f  t h e  r eg ion  sur -  

rounding and inc lud ing  the s a t e l l i t e  i s  cons ide red  t o  be a 

"black box,"  the h o r i z o n t a l  momentum t r a n s f e r  t o  t h i s  box i s  

t h e  d i f f e r e n c e  i n  momentum of the  i n t e r c e p t e d  i o n s  a f t e r  t h e y  

i n t e r c e p t  t h e  s a t e l l i t e  and before t h e y  e n t e r  t h e  box. The 

momentum a f t e r  i n t e r c e p t i o n  i s  zero ,  and t h e  momentum before 

e n t r a n c e  i s  Bu A 

f ree-s t reaming r e g i o n  o u t s i d e  the  "black box." Hence, the  

normalized drag  Dl (due t o  i n t e r c e p t e d  i o n s  which a r e  d i f -  

f u s e l y  reflected) is  equa l  t o  t h e  normalized i o n  c u r r e n t  col- 

lected by t h a t  s a t e l l i t e ,  i.e., D e d r  = Ii. 

for  a l l  s a t e l l i t e  bodies and ionosphe r i c  cond i t ions .  

2 
s i' where Ai i s  the a r e a  of i n t e r c e p t i o n  i n  t h e  

dr  

This e q u a l i t y  h o l d s  
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A d d i t i o n a l  electric draq.  A n  a d d i t i o n a l  component of 

drag ,  however, a r i s e s  from t h o s e  i o n s  which a r e  d e f l e c t e d  

by  t h e  electric f i e l d  surrounding the  s a t e l l i t e  b u t  do n o t  

i n t e r c e p t  t h e  s a t e l l i t e .  Th i s  component i s  c a l l e d  the elec- 

t r ic  drag  s i n c e ,  i n  a s ense ,  i t  i s  t h e  p r e s s u r e  of t h e  elec- 

t r i c  f i e l d  on t h e  s a t e l l i t e .  Although t h e  electric drag is  

g e n e r a l l y  sma l l e r  than t h e  drag  of t h e  i n t e r c e p t e d  i o n s ,  it 

is  n o t  i n s i g n i f i c a n t ,  I n  o r d e r  t o  c a l c u l a t e  t h e  electric 

d rag ,  t h e  momentum of those  i o n s  which m i s s  t h e  s a t e l l i t e  i s  

determined both b e f o r e  t h e y  e n t e r  t h e  d i s t u r b e d  r eg ion  and 

a f t e r  t hey  l eave  it. Since  t h e  p o t e n t i a l  f i e l d  i s  conserva- 

t i v e ,  t h e  energy of t h e  d e f l e c t e d  i o n s  does not change; however, 

t h e  v e r t i c a l  v e l o c i t y  of t h e  d e p a r t i n g  i o n  i s  not  ze ro ,  and t h e  

h o r i z o n t a l  v e l o c i t y  i s  less t h a n  t h a t  of t h e  incoming i o n .  A s  

a r e s u l t ,  a n e t  loss of momentum t o  t h e  s a t e l l i t e  a r i s e s ,  For 

t h e  c a s e  of d i f f u s e  r e f l e c t i o n ,  t h e r e f o r e ,  t h e  t o t a l  drag is 
t h e  sum of the d rags  of  t h e  i n t e r c e p t e d  and d e f l e c t e d  i o n s .  

I n c r e a s e  - i n  d r a g  of s p e c u l a r l y  r e f l e c t i v e  s a t e l l i t e .  For 

t h e  c a s e  of a s a t e l l i t e  which r e f l e c t s  i o n  s p e c u l a r l y  a t  t h e  

s u r f a c e ,  another  component of drag  a r i s e s  ( i n  a d d i t i o n  t o  t h e  

electric d r a g ) .  Consider an i o n  which undergoes a c c e l e r a t i o n  

toward a n e g a t i v e l y  charged s a t e l l i t e  and e v e n t u a l l y  i n t e r -  

c e p t s  it. A s  t h e  i o n  i s  be ing  a c c e l e r a t e d ,  it e x e r t s  an equa l  

and o p p o s i t e  force on t h e  s a t e l l i t e  and t h e r e f o r e ,  a c c e l e r a t e s  

t h e  s a t e l l i t e  ( a  nega t ive  d r a g ) .  A t  t h e  p o i n t  of impact,  t h e  

i o n  g i v e s  up i t s  a d d i t i o n a l  momentum t o  t h e  s a t e l l i t e .  I f  t h e  

i o n  i s  r e f l e c t e d  d i f f u s e l y ,  t h e  nega t ive  drag a t  t h e  t i m e  of 

i o n  a c c e l e r a t i o n  i s  equa l  t o  t h e  a d d i t i o n a l  drag a t  t h e  t i m e  of 
impact;  hence, t h e  v e l o c i t y  change a long  t h e  t r a j e c t o r y  need 
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not  be cons idered .  On t h e  o t h e r  hand, i f  t h e  i o n  i s  r e f l e c t e d  

s p e c u l a r l y ,  t h e  t r a n s f e r  o f  momentum a t  i o n  impact no t  on ly  

compensates t h e  nega t ive  d rag  b u t  a l s o  g i v e s  t o  t h e  s a t e l l i t e  

an a d d i t i o n a l  p o s i t i v e  drag  e q u a l  i n  magnitude t o  the  nega- 

t i v e  drag.  Hence, when a s p e c u l a r l y  r e f l e c t i v e  s a t e l l i t e  i s  

i o n  a t t r a c t i n g ,  t h e  i n c r e a s e  i n  drag  due t o  i n t e r c e p t e d  i o n s  

a r i s e s  from bo th  t h e  i n c r e a s e  i n  number and v e l o c i t y  of i n t e r -  
cep ted  i o n s .  

Approximate draq for  s p e c u l a r l y  r e f l e c t i v e  s a t e l l i t e .  I n  
o r d e r  t o  c a l c u l a t e  t h e  drag  for a s p e c u l a r l y  r e f l e c t i v e  s a t e l -  

l i t e ,  t h e  i o n  v e l o c i t y  a t  t h e  p o i n t  of s a t e l l i t e  i n t e r s e c t i o n  

must  be known. I f  t h e  t r a j e c t o r i e s  of t h e  i n t e r c e p t e d  i o n s  

a r e  assumed t o  be s t r a i g h t ,  t h e n  t h e  approximate drag of those 

i o n s  on a p l a t e  o r  d i s k  s a t e l l i t e  can  be c a l c u l a t e d .  U s e  of 

t h e  energy  conse rva t ion  law g i v e s  t h e  h o r i z o n t a l  i o n  v e l o c i t y  

a t  the  s u r f a c e  a f t e r  impact a s  

where cp i s  nega t ive .  Hence t h e  t r a n s f e r  of momentum t o  

t h e  s a t e l l i t e  i s  us[l +(1 - ccsat/EKE) 1. I f  t h e  number of 

i n c i d e n t  p a r t i c l e s  i s  assumed p r o p o r t i o n a l  t o  t h e  normalized 

i o n  c u r r e n t  I t h e  r e s u l t i n g  normalized drag  i s  

s a t  

if 

The f a c t o r  con ta ined  i n  t h e  b r a c k e t s  r e p r e s e n t s  t h e  approxi-  

mate i n c r e a s e  i n  drag  of a s p e c u l a r l y  r e f l e c t i v e  s a t e l l i t e  over  

t h a t  of a d i f f u s e l y  r e f l e c t i v e  one. O f  course, t h e  electric 

d rag ,  a s  w e l l  a s  t h e  e f f e c t  of non-horizontal  t r a j e c t o r i e s ,  i s  

omi t t ed  from t h e  drag  e s t i m a t e  DAr. 
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Drag f o r  bo th  moderate - and l a r q e  bod ies .  F igure  3.11 -- 
shows t h e  normalized drag  of a p l a t e  s a t e l l i t e  (one Debye 

l e n g t h  ha l f -wid th)  a s  a f u n c t i o n  of s a t e l l i t e  p o t e n t i a l .  

The c a s e s  of d i f f u s e  and s p e c u l a r  r e f l e c t i o n  ( D  and D 

r e s p e c t i v e l y )  a r e  shown. The dashed l i n e s  a r e  t h e  e s t i m a t e s  

f o r  t h e  drag DAr and DCr. 

mated drag  D '  and t h e  a c t u a l  drag D f o r  a d i f f u s e l y  reflec- 

t i n s  s a t e l l i t e  i s  equa l  t o  the e lectr ic  d rag ,  S i m i l a r l y ,  t h e  

d i f f e r e n c e  between D' and D i s  equa l  t o  t h e  same electric 

drag p l u s  a smal l  c o r r e c t i o n  for t h e  bending of t h e  i o n  t r a -  

j e c t o r i e s  a t  t h e  p o i n t  of impact.  

d r  sr' 

The d i f f e r e n c e  between t h e  es t i -  

d r  dr  

sr sr 

The drag f o r  a l a r g e  s a t e l l i t e  a s  a f u n c t i o n  of p o t e n t i a l  

i s  shown i n  F ig .  3.12, For t h e  d i f f u s e l y  r e f l e c t i n g  s a t e l l i t e ,  

t h e  drag  remains approximately c o n s t a n t  a s  t h e  p o t e n t i a l  i s  

made more i o n  a t t r a c t i v e .  Even  t h e  e lectr ic  drag i s  v e r y  smal l  

compared t o  t h e  "ram" drag.  For t h e  s p e c u l a r l y  r e f l e c t i n g  

c a s e ,  however, t h e  i n c r e a s e  i n  drag due t o  the  i n c r e a s e  i n  t h e  

i o n  v e l o c i t y  h a s  a s i z a b l e  e f f e c t .  Hence, f o r  l a r g e ,  s p e c u l a r l y  

r e f l e c t i n g  s a t e l l i t e s ,  the  normalized drag depends s t r o n g l y  on 

t h e  p o t e n t i a l ,  whi le  normalized i o n  c u r r e n t  c o l l e c t e d  by  l a r g e  

s a t e l l i t e s  depends weakly on the  p o t e n t i a l .  Maslennikov and 

S i g o ~ ' ~ ~ )  c a l c u l a t e d  t h e  drag of d i f f u s e l y  r e f l e c t i v e  sphe res ,  

cones,  and d i s k s ;  t h e y  d i d  not  cons ide r  t h e  c a s e  of specu la r  

r e f l e c t i o n .  Where t h e i r  r e s u l t s  o v e r l a p  wi th  those p resen ted  

i n  t h i s  t h e s i s ,  t h e  agreement i s  e x c e l l e n t .  

9 5  
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FIG.  3.11. 
SPECULAR REFLECTION I S  INDICATED BY "sr" AND DIFFUSE REFLECTION BY "dr." 
DASHED CURVE I S  APPROXIMATE SOLUTION. 

DRAG - VS. POTENTIAL FOR PLATE SATELLITE (EKE= 12, rsat= 1 ). 
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D. S t r u c t u r e  of t h e  S a t e l l i t e  Wake 

1, The Near Wake 

D e f i n i t i o n  of  near  wake. When t h e  s a t e l l i t e  

-- 

--- 
n s  impinging on it from t h e  f r o n t ,  an ion-free 

a t e d  i n  the  s a t e l l i t e  wake. The i o n s  a r e  assumed 

i 

i n t e r c e p t s  

eg ion  i s  cre- 

t o  have z e r o  

tempera ture ,  and i f  t h e  s a t e l l i t e  p o t e n t i a l  i s  ignored ,  t hen  

t h e  i o n s  cont inue  t h e i r  s t r a i g h t  t r a j e c t o r i e s  and do n o t  f i l l  

i n  t h e  wabe. The electrons,  however, having a thermal  velo- 

c i t y  which i s  an  order of magnitude g r e a t e r  t han  t h e  s a t e l l i t e  

speed, abound i n  t h e  r eg ion  d i r e c t l y  behind t h e  s a t e l l i t e ,  

Hence,  t h e  wake r eg ion  h a s  a n e t  nega t ive  charge d e n s i t y ,  and 

an  electric f i e l d  a r i s e s ,  The d i r e c t i o n  of t h e  f i e l d  i s  such 

t h a t  i t  reduces  t h e  e l e c t r o n  d e n s i t y  and a t t r a c t s  t h e  i o n s  

s t reaming p a s t  the s a t e l l i t e  i n t o  t h e  wake, The i o n s  a d j a c e n t  

t o  the  ion- f ree  r eg ion  respor,d t o  the  a t t r a c t i v e  f i e l d  of t h e  

wake, and t h e i r  t r a j e c t o r i e s  a r e  b e n t  toward t h e  wake. I o n s  

a r e  a t t r a c t e d  i n t o  t h e  wake from both t h e  t o p  and bottom edges 

of the ion - f r ee  r eg ion  and m e e t  on  t h e  a x i s  of symmetry. I n  

t h e  r e g i o n  ex tending  from t h e  s a t e l l i t e  t o  the  p o i n t  a t  which 

t h e  f i r s t  i o n  t r a j e c t o r y  i n t e r c e p t s  t h e  a x i s ,  t h e  wake i s  com- 

p l e t e l y  i o n  free. The ion-free r eg ion  i s  shaped roughly l i k e  

a t r i a n g l e  where t h e  base  of t h e  t r i a n g l e  i s  t h e  r e a r  of t h e  

s a t e l l i t e  and t h e  t w o  s i d e s  a r e  t h e  t r a j e c t o r i e s  of t h e  i o n s  

which have g razed  the  t o p  and bottom edges of t h e  s a t e l l i t e .  

Lenqth 7 - p  of near  wake. An order-of-magnitude e s t i m a t e  of 

t h e  l e n g t h  of the  t r i a n g u l a r  ion-free r eg ion  can be made i f  

i t  i s  assumed t h a t  t h e  electric f i e l d  i n  the wake i s  a u n i t  

of p o t e n t i a l  ( e q u i v a l e n t  t o  t h e  e l e c t r o n  thermal  energy)  

a c t i n g  o v e r  a Debye l eng th .  I n  dimensionless  u n i t s  t h i s  
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e lec t r ic  f i e l d  cor responds  t o  u n i t y .  (S ince  i n  a c t u a l i t y  

t h e  f i e l d  magnitude i s  somewhat less, t h i s  es t imate  f o r  the 

ion - f r ee  wake l e n g t h  i s  a l o w e r  bound.) The t i m e  necessa ry  

for  a n  i o n  under the i n f l u e n c e  of a c o n s t a n t  f o r c e  t o  t r a v e l  

f r o m  the  edge of t h e  s a t e l l i t e  across the  wake t o  the a x i s  o f  

symmetry i s  

Durincf t h a t  t i m e ,  t h e  i o n  t r a v e l s  downstream w i t h  a n  approximate 

v e l o c i t y  u : t h e  r e su l t i . ng  d i s t a n c e  i n  t h e  x d i r e c t i o n  i s  
S 

A ) 4 1, 2 2 = II t = ( 2 5 u  s r s a t  ) = 2(EKErsat . 
wake s wake d 

(3 .4)  

For example, f o r  a p l a t e  s a t e l l i t e  w i t h  a half-width of a Debye 

l e n g t h  and a n  6 
o f  t h e  wake is a t  l e a s t  7 Debye l eng ths .  

of 1 2 ,  t h e  l e n g t h  of t h e  ion - f r ee  p o r t i o n  
KE 

F i g u r e  3.13 i s  a p l o t  of t h e  ion-flow f i e l d  showing rep- 

r e s e n t a t i v e  i o n  t ra jec tor ies .  I n  t h e  f i g u r e ,  t h e  p lo t t ed  t r a -  

j e c t o r y  which i s  drawn f i r s t  i n t o  the  wake i s  not  t h e  g r a z i n g  

t r a j e c t o r y .  I n  f a c t ,  t h e  g r a z i n g  t r a j e c t o r y  is no t  shown h e r e ,  

s i n c e  t h e  t ra jec tor ies  selected f o r  d i s p l a y  have approximate ly  

e q u a l  i n t e r v a l s  between them. However, examinat ion of t h e  re- 

s u l t s  i n d i c a t e s  t ha t  t h e  g r a z i n g  t r a j e c t o r y  crosses t h e  axis 

of symmetry a t  abou t  1 2  Debye l e n g t h s  downstream of t h e  s a t e l -  

l i t e ,  a l e n g t h  which i s  of t h e  same order of magnitude a s  t h e  

e s t i m a t e d  va lue .  

F i g u r e  3.14 i s  a con tour  p lo t  of t h e  p o t e n t i a l  f i e l d .  

I n  most of t h e  wake, where t h e  p o t e n t i a l  l i n e s  a r e  p a r a l l e l  
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t o  t h e  f l o w  d i r e c t i o n ,  t h e  r e s u l t i n g  electric f i e l d  i s  

pe rpend icu la r  t o  t h e  f l o w  d i r e c t i o n  and a t t r a c t s  t h e  i o n s  

i n t o  t h e  wake. The magnitude of t h e  electric f i e l d  i s  approxi-  

mately 0.4 u n i t  of p o t e n t i a l  per Debye l e n g t h ,  S ince  t h i s  

va lue  i s  c o n s i d e r a b l y  less t h a n  u n i t y ,  t h e  f a c t  t h a t  t h e  esti- 

mated l e n g t h  of t h e  ion- f ree  r e g i o n  i s  sma l l e r  t han  t h e  a c t u a l  

l e n g t h  i s  no t  unexpected, 

I n f l u e n c e  - of s a t e l l i t e  p o t e n t i a l  on l e n q t h  of nea r  wake. 

I f  the s a t e l l i t e  h a s  a nega t ive  p o t e n t i a l ,  t h e  y v e l o c i t y  of 

t h e  i o n s  f l y i n g  p a s t  t h e  s a t e l l i t e  and i n t o  t h e  wake i s  in-  

c r e a s e d  f r o m  z e r o  by t h e  i o n - a t t r a c t i n g  f i e l d  surrounding t h e  

s a t e l l i t e .  As a r e s u l t ,  t h e  g raz ing  and a d j a c e n t  i o n s  cross 

t h e  a x i s  of symmetry sooner t h a n  t h e y  would i f  t h e  s a t e l l i t e  

w e r e  a t  plasma p o t e n t i a l .  Consequently,  t h e  ion-free r eg ion  

of t h e  wake i s  cons ide rab ly  s h o r t e r ,  F igu res  3.15 and 3.16 

show t h e  ion-flow and p o t e n t i a l  f i e l d s ,  r e s p e c t i v e l y ,  of a 

p l a t e  s a t e l l i t e ,  The parameters  a r e  the same a s  those  i n  t h e  

p r e v i o u s  p a i r  of  f i g u r e s ,  except  t h a t  t h e  s a t e l l i t e  p o t e n t i a l  

i s  -5 i n  u n i t s  of e l e c t r o n  thermal  energy.  

--- Near wake of  l a r q e  s a t e l l i t e .  When t h e  s a t e l l i t e  r a d i u s  

i s  made l a r g e r ,  t h e  r e s u l t i n g  ion-free r eg ion  a l so  becomes 

l a r g e r .  S ince  t h e  i o n s  must t r a v e l  a cons ide rab le  d i s t a n c e  

f r a n  t h e  edge o f  t h e  s a t e l l i t e  t o  the a x i s  of symmetry, t hey  

g o  a c o n s i d e r a b l e  d i s t a n c e  downstream b e f o r e  c r o s s i n g .  The 

estimate of t h e  ion - f r ee  wake l e n g t h  g i v e n  by Eq.  (3.4) pre-  

d i c t s  t h a t  the l e n g t h  i s  p r o p o r t i o n a l  t o  t h e  square  root of 

the s a t e l l i t e  r a d i u s .  Hence, when t h e  s a t e l l i t e  r a d i u s  i s  

l a r g e  compared t o  a Debye l e n g t h ,  t h e  nea r  wake r eg ion  i s  a l so  

l a r g e .  The r e g i o n  i s  f i l l e d  s o l e l y  by e l e c t r o n s  and, i f  t h e  
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e l e c t r o n  d e n s i t y  i n  t h i s  reg ion  were comparable t o  the  ambient  

va lue ,  the  r e s u l t i n g  electric f i e l d  would be enormous. There- 

f o r e ,  i n s i d e  the l a r g e  ion-free region the d imens ionless  poten- 

t i a l  h a s  a nega t ive  va lue  which i s  a f e w  t i m e s  g r e a t e r  t han  

u n i t y .  The resulting electron density i s  then only a small 
f r a c t i o n  of t h e  ambient value .  The l a r g e  r eg ion  which i s  i o n  

free can  be cons ide red  t o  be n e a r l y  e l e c t r o n  free a s  well. 
The n e t  charge d e n s i t y  i s  approximately ze ro ,  and i n  t h i s  c a s e ,  

P o i s s o n ' s  equat ion which governs t h e  p o t e n t i a l  degene ra t e s  t o  
L a p l a c e ' s  equa t ion .  

One consequence of t h e  z e r o  charge  d e n s i t y  i n  t he  

r e g i o n  d i r e c t l y  behind the  s a t e l l i t e  i s  t h a t  the  electric 
f i e l d  can  ex tend  for many Debye l e n g t h s  downstream. For 

example, i f  the  s a t e l l i t e  is no t  a t  plasma p o t e n t i a l ,  t h e  

e x t e n t  and decay of i t s  p o t e n t i a l  i n t o  t h e  plasma-free re- 

g i o n  i s  dependent more on the s i z e  of t h e  s a t e l l i t e  than  on 

t h e  Debye l e n g t h .  Another way t o  unders tand  t h i s  phenomenon 

i s  t o  c o n s i d e r  the Debye l e n g t h  a f u n c t i o n  of t h e  local elec- 

t r o n  d e n s i t y .  I n  the r eg ion  where the e l e c t r o n  d e n s i t y  i s  

very sma l l ,  t h e  t @ l o c a l t '  Debye l e n g t h  i s  l a r g e :  hence, t h e  

e lectr ic  f i e l d  ex tends  over a r eg ion  which al though l a r g e  i s  

on ly  of t h e  order of a f e w  " l o c a l "  Debye lengths .  

Figures  3.17 and 3.18 a r e  p l o t s  of the ion-f low and po- 

t e n t i a l  f i e l d s  f o r  a p l a t e  s a t e l l i t e  having a half-width of 

2 5  Debye l e n g t h s .  I n  o r d e r  t o  s h o r t e n  the plasma-free r eg ion  

of t h e  wake and, consequent ly ,  t o  decrease  the required computer 

memory, the va lue  of the  i o n  k i n e t i c  energy i s  set a t  6 (occur- 

r i n g  a t  an a l t i t u d e  of 1500 km). For the same reason ,  the 

s a t e l l i t e  p o t e n t i a l  i s  set e q u a l  t o  -5 .  The contour  p l o t  of 

p o t e n t i a l  i n  F ig .  3.18 shows q u i t e  c l e a r l y  t h e  d i f f e r e n c e  
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between t h e  plasma behavior  i n  t h e  f r o n t  of the  s a t e l l i t e  

and t h a t  i n  the back. Within a f e w  Debye l e n g t h s  of the f r o n t  

s u r f a c e ,  the v a l u e  of t h e  i o n  d e n s i t y  i s  n e a r l y  the  ambient 

va lue ;  the  e l e c t r o n  d e n s i t y  i s  much sma l l e r ,  Hence, a n e t  

p o s i t i v e  charge  d e n s i t y  occur s  which s h i e l d s  t h e  nega t ive  

p o t e n t i a l  of the s a t e l l i t e ,  I n  the theo ry  of e l e c t r o s t a t i c  

plasma probes,  t h i s  s h i e l d i n g  r e g i o n  i s  cal led a shea th .  As 

i s  c h a r a c t e r i s t i c  of sheaths, the l i n e s  of c o n s t a n t  p o t e n t i a l  

a r e  dense and a r e  pa ra l l e l  t o  the body s u r f a c e .  

I n  t h e  wake, however, a r ecogn izab le  s h e a t h  does n o t  

ex is t .  The n e t  charge  d e n s i t y  i s  n e a r l y  z e r o  i n  the  r eg ion  

d i r e c t l y  behind t h e  s a t e l l i t e ,  and t h e  p o t e n t i a l  f i e l d  of t h e  

s a t e l l i t e  i s  no t  shielded by a shea th .  A s  a r e s u l t ,  t h e  l i n e s  

of c o n s t a n t  p o t e n t i a l  ex tend  i n t o  the  wake over d i s t a n c e s  which 

a r e  comparable t o  the body r a d i u s  rather t h a n  t o  the  Debye 

l e n g t h  of t h e  problem. The sa te l l i t e  wake has  a behavior  which 

i s  fundamentally d i f f e r e n t  from t h a t  a t  the s a t e l l i t e  f r o n t .  

Therefore, on ly  t h o s e  theories which t a k e  i n t o  account  the  

s i z a b l e  v a r i a t i o n s  of the  i o n  and e l e c t r o n  d e n s i t i e s  i n  t h e  

wake are adequate  t o  describe the p o t e n t i a l  and ion-flow f ie lds  

there , 

2, The Midwake (P lana r  Geometry) 

D e f i n i t i o n  - of midwake, It h a s  been established, t h a t  t h e  

s e l f - c o n s i s t e n t  electric f i e l d  a t t r a c t s  the free-s t reaming i o n s  

i n t o  t he  wake f r o m  b o t h  t h e  top and bottom edges of the wake. 

These t w o  s t reams of i o n s  m e e t  on the a x i s  of symmetry, S ince  

t h e  problem is  assumed t o  be c o l l i s i o n l e s s ,  the  t w o  s t reams 

i n t e r a c t  w i t h  each o t h e r  on ly  by  means of t h e  electric f i e l d ,  
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The i o n  d e n s i t y  i n  t h e  a r e a  where t h e  streams i n t e r s e c t  i s  

simply t h e  sum of t h e  i o n  d e n s i t y  of each  stream. I f  t h e  

s a t e l l i t e  has  a x i a l l y  symmetr ic  geometry, t h e  geometr ic  

factor makes t h e  i o n  d e n s i t y  of each  stream i n f i n i t e  on 

t h e  a x i s .  For t h a t  reason ,  t h e  d i s c u s s i o n  of t h e  a x i a l l y  

symmetric case i s  d e f e r r e d  u n t i l  l a t e r .  

Consider t h e  wake of a s a t e l l i t e  which i s  of the p l a n a r  

c lass  and whose ha l f -wid th  i s  n o t  l a r g e  compared t o  a Debye 

l eng th .  I n  t h e  wake r eg ion  where t h e  t w o  i o n  s t reams cross 

each  o t h e r ,  t h e  i o n  d e n s i t y  i n c r e a s e s  b u t  does no t  r each  t h e  

ambient value.  Consequently, a weak electric f i e l d  e x i s t s  

here. T h i s  p a r t i a l l y  n e u t r a l i z e d  reg ion ,  c a l l e d  t h e  midwake, 

b o r d e r s  t h e  ion - f r ee  near  wake. Across t h e  border  a sha rp  

g r a d i e n t  occu r s  i n  the i o n  d e n s i t y .  Hence, t h e  p o t e n t i a l  

f i e l d  of t h e  midwake is s i g n i f i c a n t l y  d i f f e r e n t  from t h a t  of 

t h e  near  wake, and t h e  r e g u l a r  shape of t h e  p o t e n t i a l  l i n e s  

i s  pe r tu rbed .  

Formation -- of i o n  beams. The p e r t u r b a t i o n  i n  t h e  f i e l d  

of t h e  midwake i n f l u e n c e s  m o s t  s t r o n g l y  t h e  i o n s  wllich f irst  

cross t h e  c e n t e r  l i n e  of symmetry (the border  i o n s ) .  A s  

t h e  t w o  groups of bo rde r  i o n s  ( f rom t h e  t o p  and bottom edges 

of  t h e  s a t e l l i t e )  p a s s  through each o t h e r ,  t hey  undergo fo- 

cus ing  by t h e  pe r tu rbed  p o t e n t i a l  f i e l d .  When the groups re- 

appear  on t h e  other  s i d e  of t h e  l i n e  of symmetry, t h e i r  den- 

s i t ies  a r e  above the  ambient,  and t h e y  behave a s  t w o  narrow 

beams of ions .  S ince  t h e  t w o  beams a r e  coherent  f o r  a remarkably 

long d i s t a n c e ,  t hey  are q u i t e  d i s t i n c t  from the t w o  broad s t reams 

of i o n s  which cover  t h e  remainder of t h e  midwake. The i o n  beams 

a r e  a t  e q u a l  a n g l e s  w i t h  r e s p e c t  t o  the l i n e  of symmetry and 

f o r m  a V-shaped r e g i o n  of enhanced i o n  d e n s i t y  i n  t h e  midwake. 
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I n  F ig .  3.14, t h e  d i s t o r t i o n  of the p o t e n t i a l  f i e l d  

which forms the i o n  beams c a n  be seen  a s  a p e r t u r b a t i o n  of 

t h e  l i n e s  of c o n s t a n t  p o t e n t i a l ;  see f o r  example the l i n e  

cor responding  t o  -0.05. I n  the  cor responding  t r a j e c t o r y  

p l o t  (F ig .  3 - 1 3 ) ,  the  beam cannot  be shown because  it is  

ex t remely  t h i n  and d i f f i c u l t  t o  p l o t .  However, i n  a cor- 

responding con tour  p l o t  of the  i o n  d e n s i t y  (F ig .  3.19), 

the  o u t l i n e  of t h e  beam can  be seen  c l e a r l y  a s  a l i n e  of 

c o n s t a n t  i o n  d e n s i t y  which has a va lue  greater  t h a n  t h e  

ambient  d e n s i t y .  

When the beams reach  i n t o  t h e  f ree-s t reaming i o n s ,  

t h e i r  d e n s i t y  i s  superimposed on  t h e  n e a r l y  n e u t r a l  

plasma background and d i s t u r b s  t h e  r e g i o n .  S ince  t h e  t w o  

beams have an  excess of i o n  charge ,  an  e lectr ic  f i e l d  

a r i s e s .  The effect  of  t h e  f i e l d  on t h e  beams i n c r e a s e s  

t h e i r  wid ths  and decreases the i r  d e n s i t y  a s  t h e y  move i n t o  

t h e  f ree-s t reaming i o n s ,  F i n a l l y  t h e  beams d i f f u s e  u n t i l  

t h e y  are  o n l y  a s m a l l  p e r t u r b a t i o n  superimposed on t h e  back- 

ground plasma, and  t h e  e lectr ic  f i e l d  vanishes .  

Enhancement -- of i o n  beams a ,a s a t e l l i t e  p o t e n t i a l .  The 

p r o c e s s  which creates t h e  beams c a n  be enhanced by a p p l i c a t i o n  

of a nega t ive  s a t e l l i t e  p o t e n t i a l .  S ince  t h e  electric f i e l d  

i s  s t r o n g e s t  i n  the r e g i o n  a d j a c e n t  t o  t h e  s a t e l l i t e ,  those 

bo rde r  i o n s  g r a z i n g  t h e  s a t e l l i t e  are  g i v e n  a n  i n i t i a l  y velo- 

c i t y  before t h e y  e n t e r  t h e  wake f i e l d ,  As a r e s u l t ,  a t  t h e  

p o i n t  of beam format ion ,  t h e  v e r t i c a l  v e l o c i t i e s  are  h i g h e r ,  

and t h e  a n g l e  between the beam and the f l o w  d i r e c t i o n  i s  

l a rge r ,  Furthermore,  t h e  beams a r e  b roade r  and have a h i g h e r  

d e n s i t y ;  therefore, t h e y  p e n e t r a t e  f a r t h e r  i n t o  the  free- 

s t reaming plasma and d i s t u r b  a l a r g e r  r eg ion .  F i g u r e  3.20 
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shows t h e  i o n  d e n s i t y  for the  c a s e  where t h e  s a t e l l i t e  po- 

t e n t i a l  i s  -5. For t h i s  case, a con tour  p lo t  of p o t e n t i a l  

and a n  ion-flow f i e l d  have been  shoim a l r e a d y  i n  F i g s .  3.15 

and 3.16. 

Absence of i o n  beams i n  case of larqe s a t e l l i t e .  Now -- --- 
c o n s i d e r  t h e  case of a l a r g e  s a t e l l i t e  where t h e  wake i s  

very wide. I n  t h i s  case, the a t t r a c t e d  i o n s  undergo a n  

a c c e l e r a t i o n  which i s  toward t h e  ax i s  of symmetry and which 

e x t e n d s  ove r  a long  d i s t a n c e .  A s  a r e s u l t ,  t h e  i o n  d e n s i t y  

i n  t h e  midwake i s  sma l l  when compared w i t h  t h e  ambient.  ( I n  

t h e  f a r  wake, of cour se ,  t h e  ion  d e n s i t y  s lowly r ises t o  t h e  

ambient d e n s i t y . )  I n  t h e  r e g i o n  where the  i o n  streams i n t e r -  

sect, t h e  d e n s i t y ,  a s  u s u a l ,  doubles .  However, s i n c e  t h e  

d e n s i t y  g r a d i e n t  across t h e  border i s  sma l l ,  the  p o t e n t i a l  

f i e l d  i s  no t  pe r tu rbed ,  no focus ing  of i o n s  occur s ,  and no 

beams a r e  c r e a t e d .  I n  F ig .  3.18, t h e  con tour  p l o t  of po- 

t e n t i a l  for a la rge  s a t e l l i t e  (rsat= 25)  i s  shown. S t rong  

p e r t u r b a t i o n s  i n  t h e  p o t e n t i a l  l i n e s  a r e  no t  p r e s e n t .  The  

sudden i n c r e a s e  i n  i o n  d e n s i t y  and t h e  format ion  of two 

beams, charac te r i s t ic  of satel l i tes  of moderate s i z e ,  a r e  

e n t i r e l y  a b s e n t  i n  t h h s  c a s e .  O t h e r w i s e ,  t h e  behav io r  of 

t h e  wake i s  s i m i l a r  t o  t h e  p rev ious ly  d i scussed  c a s s .  

A l ' p e r t  e t  a l .  (2) p r e d i c t e d  a V-shaped r e g i o n  of enhanced 

i o n  d e n s i t y  i n  the wake. I n  t h e i r  s o l u t i o n ,  t h e  electric 

f i e l d  w a s  t reated a s  a p e r t u r b a t i o n  t o  t h e  motion of 

thermal i o n s .  

the V-shaped r e g i o n  and a t t r i b u t e d  i t s  format ion  t o  t h e  

bo rde r  i o n s  which p a s s  near  t h e  t o p  and  bottom edges of 

the s a t e l l i t e .  T a y l o r ' s  s o l u t i o n  was ob ta ined  under t h e  

Comparison - of prior work w i t h  r e s p e c t s  ion beams. 

Taylor  (28) a l s o  p r e d i c t e d  t h e  occurrence  of 
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assumption of thermal  i o n s  and a f i r s t - o r d e r  approximation 

of t h e  electric f i e l d .  The s o l u t i o n  o f  Maslennikov and Sigov 

(21-23), f o r  t h e  p o t e n t i a l  and i o n  d e n s i t y  c o n t a i n  a d i s t o r -  

t i o n  which can  be a t t r i b u t e d  t o  r e g i o n s  of enhanced i o n  den- 

s i t y  o f f  t h e  a x i s  of symmetry, By making u s e  of t he  method 

of s o l u t i o n  desc r ibed  i n  t h e  p r e s e n t  s tudy ,  t h e  V-shaped 

r e g i o n  of enhanced i o n  d e n s i t y  was i n v e s t i g a t e d  t o  determine 

the  i n f l u e n c e  of s a t e l l i t e  parameters  on i t .  Since  t h e  

beams were found i n  a l l  s o l u t i o n s  (except  i n  t h e  c a s e  of 

l a r g e  s a t e l l i t e s )  and s i n c e  i o n  thermal  motion was ignored ,  

t h e  electric f i e l d  i s  c l e a r l y  r e s p o n s i b l e  for  t h e  formation 

of t h e  beams. Furthermore,  t he  work of the p rev ious  i n -  

v e s t i g a t o r s  i n d i c a t e s  t h a t  c o n s i d e r a t i o n  of t h e  i o n  thermal  

motion i n  t h e  problem does no t  d e s t r o y  t h e  coherence of t h e  

beam t r a j e c t o r i e s  a n 4  hence, t h e  format ion  of t h e  beams, 

I n  s p i t e  of t h e  l a r g e  body of evidence f o r  t h e  e x i s t e n c e  

of t h e  beams which numerical  i n v e s t i g a t i o n s  have produced, 

t h e  p o s s i b i l i t y  ex is t s  t h a t  t h e  s o l u t i o n s  do not  a c c u r a t e l y  

d e s c r i b e  t h e  f l o w  of i o n s  around s a t e l l i t e s .  Observat ions 

of i o n  d e n s i t y  i n  t h e  v i c i n i t y  of s a t e l l i t e s  have not con- 

f i rmed t h e  e x i s t e n c e  of o f f - ax i s  r e g i o n s  of enhanced ion  

d e n s i t y .  (11) However, i n  a l a b o r a t o r y  experiment s imula t ing  
(34) t h e  ionosphe r i c  flow around a body, Hester and Sonin 

ob ta ined  r e s u l t s  which s t r o n g l y  i n d i c a t e  t h a t  t w o  i o n  beams 

e x i s t  i n  t h e  wake of moderately s i z e d  bod ies ,  I n  o rde r  t o  

determine t h e  ion-flow f i e l d ,  t h e s e  i n v e s t i g a t o r s  used a 

c y l i n d r i c a l  i o n  probe which can  r e s o l v e  t h e  f l o w  d i r e c t i o n  

of a n  i o n  beam t o  w i t h i n  a f e w  degrees ,  The probe, when 

p laced  on t h e  a x i s  of symmetry i n  t h e  wake of a p l a t e ,  
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r e v e a l e d  t h e  presence  of t w o  i o n  beams c r o s s i n g  t h e  a x i s .  

Furthermore,  p lo ts  of i o n  d e n s i t y  show t h e  p r o j e c t i o n  of 

the beams i n t o  t h e  f a r  wake for  a remarkably long d i s t a n c e .  

S ince  t h e  i o n s  i n  t h e  experiment of H e s t e r  and Sonin have 

almost  no  thermal  motion, t h e  r e s u l t s  from t h e i r  work can  

be compared w i t h  t h e  numerical  s o l u t i o n  i n  t h e  p r e s e n t  s tudy .  

For a smal l  p l a t e  i n  t h e  p r e s e n t  c a s e  and a small  c y l i n d e r  i n  

t h e i r  c a s e  (wi th  a l l  o t h e r  parameters  i den t i ca l -6  = 10,  

1: 

V-shaped r eg ion  i s  0.35 and 0.34 r a d i a n s ,  r e s p e c t i v e l y .  This  

close agreement between a l a b o r a t o r y  experiment and t h e s e  

computer c a l c u l a t i o n s  g i v e s  added conf idence  t o  the a c t u a l  

e x i s t e n c e  of i o n  beams behind a s a t e l l i t e .  

KE 
= 0.21, Qsat = -9), the  ha l f -angle  of expansion of t h e  s a t  

The numerical  r e s u l t s  from t h e  p r e s e n t  s tudy  sugges t  

t h a t  i o n  beams behind a s a t e l l i t e  have not  been observed 

because t h e  sa te l l i t es  p rev ious ly  examined had r a d i i  much 

l a r g e r  t han  a Debye l eng th .  Moreover, t h e  resul ts  of H e s -  

t e r  and Sonin i n d i c a t e  t h a t  for a body of r a d i u s  19.5, t h e  

i o n  beams a r e  n o t  c r e a t e d  and on ly  a s l i g h t  enhancement o f  

i o n  d e n s i t y  e x i s t s  a long t h e  edge of t h e  wake, A smal l  or 

moderate body s i z e  i s  a p p a r e n t l y  necessary  t o  i n s u r e  t h e  

e x i s t e n c e  of t h e  i o n  beams. 

Extens ion  and  expansion o f  midwake. The beams t h e m s e l v e s  

make on ly  a minor c o n t r i b u t i o n  toward t h e  n e u t r a l i z a t i o n  of 

t h e  e l e c t r o n - r i c h  midwake. I n  o r d e r  for t h e  wake t o  be even 

p a r t i a l l y  n e u t r a l i z e d ,  a l a r g e  number of i o n s  must be a t t r a c t e d  

i n t o  i t ,  However, a s  t h e s e  i o n s  are drawn i n t o  t h e  wake, t h e  

i o n  d e n s i t y  dec reases  t o  a va lue  less t h a n  t h e  ambient. Hence, 

115 



the excess e l e c t r o n  d e n s i t y  i n  t h e  wake i s  on ly  p a r t i a l l y  

n e u t r a l i z e d ,  and t h e  wake remains s l i g h t l y  d i s t u r b e d .  

Furthermore,  a s  t h e  i o n s  a r e  removed from the  sur rounding  

r e g i o n  t o  n e u t r a l i z e  t h e  wake, t h a t  r e g i o n  i t se l f  becomes 

e l e c t r o n - r i c h .  The d i s t u r b e d  r eg ion ,  therefore, grows out -  

ward a s  i t  proceeds  downstream. 

It must be remembered t h a t  t h e  problem i s  c o l l i s i o n l e s s ,  

and, therefore, the d i s t u r b a n c e  i s  no t  damped by c o l l i s i o n s .  

Once the c o l l i s i o n l e s s  plasma i s  d i s t u r b e d ,  t h e  d i s t u r b a n c e  

p e r s i s t s  u n t i l  t h e  v a r i a t i o n s  i n  t h e  e l e c t r o n  and i o n  den- 

s i t ies  and t h e  r e s u l t i n g  e lectr ic  f i e l d  are  d i s t r i b u t e d  ove r  

a l a r g e  volume of plasma. I n  f a c t ,  t h e  p r e s e n t  i n v e s t i g a t i o n  

has shown t h a t  the  v a r i a t i o n s  persist a s  f a r  downstream a s  

t h e  s o l u t i o n  h a s  been  extended.  (See Appendix B for  a d i s -  

c u s s i o n  of the i n f l u e n c e  of  t h e  boundary l o c a t i o n  on t h e  

s o l u t i o n . )  The d i s t u r b a n c e  moves i n  the v e r t i c a l  d i r e c t i o n  

a s  w e l l  a s  t h e  h o r i z o n t a l ,  and, a s  a r e s u l t ,  t h e  r e g i o n  of 

d i s t u r b a n c e  grows wi th  t h e  ex tens ion  of t h e  wake. However, 

t h e  magnitude of t h e  electric f i e l d  becomes s m a l l e r  f u r t h e r  

downstream, and l i k e w i s e  t b e  i o n  and e l e c t r o n  d e n s i t i e s  

approach the i r  ambient va lues .  The energy a s s o c i a t e d  w i t h  

t h e  d i s t u r b a n c e  remains roughly c o n s t a n t  a long  any v e r t i c a l  

l i n e ,  b u t  it i s  spread  over  an  i n c r e a s i n g l y  l a r g e r  d i s t a n c e .  

Thus, t h e  two-dimensional c h a r a c t e r  of the problem p rov ides  

a mechanism f o r  damping the d i s tu rbance .  The damping i s  

fundamenta l ly  u n l i k e  c o l l i s i o n a l  damping, b u t ,  n e v e r t h e l e s s ,  

i t  i s  an  e f f e c t i v e  means of r e s t o r i n g  t h e  d i s t u r b e d  plasma 

t o  ambient c o n d i t i o n s .  
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It should be emphasized t h a t  t h e  d i s t u r b a n c e  i s  a s teady-  

s t a t e  phenomenon wi th  r e s p e c t  t o  t h e  s a t e l l i t e ,  Such p o s s i b l e  

time-dependent phenomena a s  e l ec t romagne t i c  and Alfven waves, 

t h e  "two-stream" i n s t a b i l i t y ,  o r  Landau damping have not 

been  i n v e s t i g a t e d  a s  p o s s i b l e  sou rces  of damping, Labora- 

t o r y  experiments  designed t o  measure t h e  i o n  d e n s i t y  i n  body 

wakes have shown t h a t  t h e  wake i s  s t e a d y - s t a t e ,  (32-34) 

t h e  c o n s i d e r a t i o n  of the  time-dependent p rocesses  i s  not 

expec ted  t o  c o n t r i b u t e  a d d i t i o n a l  i n s i g h t  i n t o  t h e  understand-  

i n g  of t h a t  p o r t i o n  of the  wake which i s  s t r o n g l y  d i s t u r b e d .  

Hence,  

3 .  The Midwake (Ax ia l ly  Symmetric Geometry) 

H i q h  i o n  d e n s i t y  --- on wake a x i s .  The p l ana r  geometry 

having been thoroughly d i scussed ,  i t  i s  now a p p r o p r i a t e  

t o  cons ide r  t h e  a x i a l l y  symmetric geometry. As d i scussed  

i n  Chap. 11, the i o n  d e n s i t y  a s  a f u n c t i o n  of t h e  f l u x  t u b e  

width [Eq, (2,9)] c o n t a i n s  a f a c t o r  which i s  i n v e r s e l y  pro- 

p o r t i o n a l  t o  t h e  r a d i a l  d i s t a n c e  of t h e  p o i n t  of i n t e r e s t .  

Th i s  geometr ic  f a c t o r  t a k e s  i c 2 o  account  t h e  compression of 

t h e  f l u x  r i n g  a s  t h e  r e p r e s e n t a t i v e  t r a j e c t o r y  approaches 

t h e  a x i s  of symmetry. On t h e  a x i s  i tself  t h e  i o n  d e n s i t y  

i s  s i n g u l a r .  O f  course, t h e  s i n g u l a r i t y  i s  not expected i n  

r e a l i t y ;  even a s l i g h t  thermal  motion i n  t h e  i o n s  d e s t r o y s  

t h e  coherence of the f l u x  r i n g  near  t h e  a x i s .  Never the less ,  

h igh  i o n  d e n s i t i e s  a r e  expected i n  t h e  v i c i n i t y  of t h e  a x i s  

s i n c e  t h e  shape of a s a t e l l i t e  of the a x i a l l y  symmetric 

c l a s s  i s  an e f f i c i e n t  means of focus ing  i o n s  on to  t h e  a x i s .  
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The s i n g u l a r i t y  i n  t h e  i o n  d e n s i t y  which occur s  on t h e  

a x i s  h a s  been avoided i n  t h e  s o l u t i o n  by choosing g r i d  p o i n t s  

which do n o t  l i e  on the a x i s .  I f  t h e  i o n  tempera ture  i s  

neg lec t ed ,  t h e  g r i d  p o i n t s  can  be no nea re r  t o  the  a x i s  t h a n  

0.1 Debye l e n g t h s .  A t  t h i s  r a d i a l  d i s t a n c e  t h e  i o n  d e n s i t y  

a r i s i n g  f r o m  t h o s e  t r a j e c t o r i e s  which cross t h e  a x i s  may 

be a s  l a r g e  a s  t e n  t i m e s  the  ambient d e n s i t y .  The r e s u l t  

o f  keeping t h e  g r i d  p o i n t s  off  t h e  a x i s  i s  achievement of 

h igh  i o n  d e n s i t i e s  w h i l e  avoid ing  s i n g u l a r i t i e s  and neg lec t ing  

i o n  tempera ture .  Under t h e s e  assumptions,  t h e  s o l u t i o n  i s  

expec ted  t o  approximate t h e  behavior  of a x i a l l y  symmetric 

s a t e l l i t e s .  

S p a t i a l  o s c i l l a t i o n s .  The near  wake of an  a x i a l l y  

symmetric body i s  ion - f r ee  a s  i t  i s  i n  the  case  of a p l a n a r  

body. S i m i l a r l y ,  i n  t h e  r eg ion  bo rde r ing  t h e  ion - f r ee  re- 

g ion ,  t w o  i o n  s t reams b e g i n  t o  n e u t r a l i z e  t h e  electron- 

r i c h  wake. Furthermore,  n e a r  t h e  a x i s  where t h e  s t reams 

i n t e r s e c t ,  t h e  i o n  d e n s i t y  i n c r e a s e s  r a p i d l y ,  S ince  t h e  

geometry of t h e  problem i s  a x i a l l y  symmetric, t h e  wake i n  t h e  

neighborhood of t h e  i n t e r s e c t i o n  becomes extremely ion - r i ch .  

The r e s u l t i n g  electric f i e l d  i s  i n  such a d i r e c t i o n  t h a t  it 

opposes t h e  a r r i v a l  of more i o n s .  The p o t e n t i a l  becomes posi-  

t i v e ,  and f u r t h e r  down t h e  wake an ion- f ree  r eg ion  i s  c r e a t e d .  

The f i e l d  i n  t h a t  r eg ion  i s  i o n - a t t r a c t i n g  and t h e  p o t e n t i a l  

i s  nega t ive .  The r eg ions  of nega t ive  and p o s i t i v e  charge 

d e n s i t y  a l t e r n a t e  down t h e  wake, and t h e i r  magnitude dimini- 

shes  slowly. Consequently, r eg ions  of p o s i t i v e  and negat ive  

p o t e n t i a l  a r e  formed i n  the v i c i n i t y  of t h e  a x i s  of  symmetry. 
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Since t h e  magnitudes of t h e  i o n  c o n c e n t r a t i o n s  near  t h e  

a x i s  can  be v e r y  l a r g e ,  t h e  e lectr ic  f i e l d  i s  much l a r g e r  

t han  i n  t he  p l a n a r  case .  Hence, the  wake i o n s  a r e  i n f l u e n c e d  

s t r o n g l y  b y  t h e  f i e l d  which i s  a l t e r n a t e l y  a t t r a c t i v e  and 

r e p u l s i v e ,  Each wake t r a j e c t o r y  undergoes a series of re- 

versed  def lect ions u n t i l  i t  c r o s s e s  t h e  a x i s  and i s  d e f l e c t e d  

permanently ou t  of t h e  wake. 

S ince  t h e  a x i a l l y  symmetric s a t e l l i t e  focuses  t h e  i o n s  

t o  h igh  v a l u e s  of d e n s i t y ,  s p a t i a l  o s c i l l a t i o n s  i n  both t h e  

n e t  charge  d e n s i t y  and the p o t e n t i a l  a r e  c h a r a c t e r i s t i c  of 

t h i s  c l a s s  of s a t e l l i t e .  The c l e a r  d i s t i n c t i o n  between t h e  

ion-free near  wake and t h e  p a r t i a l l y  n e u t r a l i z e d  midwake i n  

t h e  c a s e  of  a p l a n a r  body i s  no t  p o s s i b l e  i n  t h i s  ca se .  I n  

a d d i t i o n  t o  t h e  ion - f r ee  r e g i o n s  which occur many t i m e s  on 

the wake a x i s ,  i o n - r i c h  r e g i o n s  now appear ,  Hence, t h e  

s t r u c t u r e  behind  a p l a n a r  s a t e l l i t e  i s  fundamentally d i f f e r -  

e n t  f r o m  t h e  s t r u c t u r e  behind an a x i a l l y  symmetric s a t e l l i t e ,  

and t h e  t w o  c a s e s  must  be cons ide red  s e p a r a t e l y ,  

Comparison ---- of wake for t w o  qeometries. F i g u r e s  3.21 

and 3.22 show t h e  p o t e n t i a l  and ion-flow f i e l d s  of a d i s k  

s a t e l l i t e .  The i o n  k i n e t i c  energy h a s  been set equa l  t o  t h e  

l o w  va lue  of 1.2 i n  o r d e r  t o  enhance t h e  formation of the  
A 

wake. The l o w  va lue  of E a l lows  the  i o n  t o  r e a c t  more 
KE 

q u i c k l y  t o  t h e  electric f i e l d ;  a s  a r e s u l t ,  t he  i n t e r e s t i n g  

behavior  i s  con ta ined  i n  a r e l a t i v e l y  short d i s t a n c e .  I n  
o r d e r  t o  compare t h i s  ca se  wi th  a p l a n a r  case ,  t h e  poten- 

t i a l  f i e l d  of a p l a t e  s a t e l l i t e  i s  shown i n  F ig .  3.23. The 

remaining s a t e l l i t e  parameters  a r e  i d e n t i c a l  t o  the  c a s e  shown 

i n  F i g .  3.21. N o t e  t h e  series of a l t e r n a t i n g  p o t e n t i a l  r e g i o n s  

i n  t h e  former f i g u r e :  no te  t h e  complete absence of a complex 

s t r u c t u r e  i n  t h e  l a t t e r .  
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CHAPTER I V :  INFLUENCE OF A UNIFORM MAGNETIC FIELD 

A .  Equat ions  - and Methods of S o l u t i o n  

P lana r  geometry. I f  a uniform magnetic f i e l d  i s  i n t r o -  

duced i n t o  t h e  problem, t h e  f i e l d  w i l l  i n f l u e n c e  the motion 

of t h e  charged p a r t i c l e s  and, hence,  t h e  development of t h e  

d i s t u r b e d  r eg ion  around t h e  s a t e l l i t e ,  S i n c e  t h e  f i e l d  i s  

uniform, t h e  problem remains s p a t i a l l y  two-dimensional when 

t h e  p l a n a r  c l a s s  of body shapes i s  cons idered .  For t h e  a x i a l -  

l y  symmetric c l a s s ,  t h e  magnetic f i e l d ,  a l though uniform, 

would appear  t o  have a changing d i r e c t i o n  wi th  r o t a t i o n  of 

t h e  body. Even  i f  t h e  magnetic f i e l d  w e r e  p a r a l l e l  t o  t h e  

a x i s  of r o t a t i o n ,  t h e  problem would no t  remain s p a t i a l l y  t w o -  

d imensional ,  The magnetic f i e l d  would f o r c e  t h e  i o n s  t o  move 

i n  a d i r e c t i o n  pe rpend icu la r  t o  bo th  the f i e l d  and t h e  v e l o c i t y  

v e c t o r ,  and t h e  r e s u l t i n g  motion would not  be independent of 

t h e  a n g l e  about  the a x i s  of r o t a t i o n  of t h e  body. I n  t h i s  

c a s e  t he  t h i r d  s p a t i a l  dimension, ang le ,  would have t o  be 

cons ide red .  Hence, i n  o rder  t o  keep t h e  problem s p a t i a l l y  

two-dimensional i n  a uniform magnetic f i e l d ,  o n l y  t h e  p l a n a r  

c l a s s  of body can be so lved .  

Modi f i ca t ion  - of computer proqram. S ince  most of t h e  

e q u a t i o n s  d e s c r i b i n g  t h e  p h y s i c a l  behavior  of t h e  problem 

remain v a l i d  i n  t h e  magnetic f i e l d  c a s e ,  only a smal l  por- 

t i o n  of t h e  program m u s t  be changed. 

a p p l i c a b l e  i n  t h e  case  of a s teady  and uniform magnetic f i e l d  

P o i s s o n ' s  e q u a t i o n  is 

as w e l l  

s i t y  i s  

t i o n  of 

f o r  t h e  

a s  i n  t h e  e l e c t r o s t a t i c  c a s e .  S ince  t h e  electron den- 
p r o p o r t i o n a l  t o  t h e  Boltzmann f a c t o r ,  ('*) t h a t  por- 

the  program which employs P o i s s o n ' s  equa t ion  t o  s o l v e  

p o t e n t i a l  when t h e  i o n  d e n s i t y  i s  known can  be used 
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w i t h o u t  m o d i f i c a t i o n  i n  t h e  magnet ic  f i e l d  case .  However, 

t h a t  p o r t i o n  of the program which i s  used  t o  c a l c u l a t e  the 

i o n  trajectories must be modi f ied  t o  t a k e  i n t o  account  the 

i n f l u e n c e  of t h e  magnet ic  a s  w e l l  a s  the  electric f i e l d  on 

t h e  motion of the  i o n s .  

I n  the d e r i v a t i o n  of the pure  electric i n t e r a c t i o n ,  t he  

force t e r m  of Newton's e q u a t i o n  was set e q u a l  o n l y  t o  t h e  

e lectr ic  f i e l d .  I n  d imens ionless  v a r i a b l e s ,  from E q ,  (2.10),  

where the v e c t o r  F =(F,G,H) i s  t h e  d imens ionless  force per 

u n i t  mass on the  i o n ,  and 8 = mi/me i s  the  i o n  mass r a t io .  

H i s  the force per u n i t  mass i n  the z d i r e c t i o n  and i s  z e r o  

i n  the p u r e l y  electric case. 

I f  a uniform magnet ic  f i e l d  i s  t o  be i n t r o d u c e d  i n t o  t h e  

problem, the force t e r m  i n  Newton's law must be a p p r o p r i a t e l y  

modified. W i t h  the  Lorentz  force inc luded ,  t h e  force t e r m  

becomes ( i n  t he  d imens ion le s s  u n i t s  of Chap. 11) 

4 

F (g + ;f x E ) ,  
Ei 

-b -.( 

where v e c t o r  v =(u ,v ,w)  i s  the  i o n  v e l o c i t y  and B i s  the 

d imens ion le s s  magnet ic  f i e l d .  The u n i t  magnetic f i e l d  which 

a l lows the Loren tz  force t o  be w r i t t e n  i n  i t s  simplest  form 

has a va lue  Bo=(n rn /eo) % . A t  t h i s  v a l u e  of t h e  magnet ic  
o e  

f i e l d ,  the  e l e c t r o n  gyrofrequency ui = ( e B  /m ) i s  e q u a l  t o  g e  o e  
the plasma f requency  tu . 

P 
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The "cold" i o n s  a c q u i r e  a v e l o c i t y  component i n  t h e  z 

d i r e c t i o n  due t o  the magnet ic  f i e l d .  These v e l o c i t i e s  i n  

t u r n  a f f ec t  the i o n  v e l o c i t y  components i n  the x and y d i r e c -  

t i o n s  by  i n t e r a c t i n g  w i t h  t h e  magnet ic  f i e l d .  The magnet ic  

force, be ing  cons ide rab ly  weaker t h a n  t h e  e lectr ic  force, i s  

t a k e n  i n  accoun t  through a c o r r e c t i o n  t o  t h e  i o n  trajectories.  

Thus, the e n t i r e  program for  s o l v i n g  t h e  e lec t ros ta t ic  i n t e r -  

a c t i o n  of a s a t e l l i t e  w i t h  the ionosphere  can  be used  t o  s o l v e  

the case of the j o i n t  e lectrostat ic  and magne tos t a t i c  i n t e r -  

a c t i o n ,  

I n  t h i s  t h e s i s ,  t w o  c a s e s  w i l l  be cons idered:  a mag- 

n e t i c  f i e l d  B' =(B,O,O) p a r a l l e l  t o  t h e  f l o w  v e l o c i t y  and a 

magnet ic  f i e l d  B' = ( O , B , O )  pe rpend icu la r  t o  b o t h  t h e  f l o w  

v e l o c i t y  and  the i n v a r i a n t  z d i r e c t i o n .  

P a r a l l e l  maqnet ic  f i e l d ,  I n  component form E q ,  (4.1) 

i s  for  a p a r a l l e l  magnet ic  f i e l d ,  

-# 

L e t  E and be c o n s t a n t  over a s m a l l  volume ce l l  i n  t h e  re- 

g i o n  of i n t e r e s t .  A t  t = 0, l e t  u = u v = v and w = w . 
0' 0' 0 

Then t h e  v e l o c i t y  v e c t o r  a t  t i m e  t i s  ob ta ined  by  d i r e c t  i n -  

t e g r a t i o n  of Newton's equa t ion :  

v = (wo+ E /B) s i n  U: 

w = (wo+ E /B) cos IJ 

t +(vo- EZ/B) cos UI 

t +(vo- E /B) s i n  u: 

t + EZ/B, 

t - E /B, 
Y g i  g i 

Y 91 2 91 Y 

where u: = B/@ and i s  the i o n  gyrofrequency i n  u n i t s  of plas- 

m a  f requency.  
g i  
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S i n c e  a l l  g r a d i e n t s  a re  z e r o  i n  tlre z d i r e c t i o n ,  t h e  

e q u a t i o n s  for x and y are  ob ta ined  by i n t e g r a t i n g  on ly  t he  

e q u a t i o n s  fo r  u and  v and b y  s e t t i n g  x = x 

t = 0. Thus: 

and y = a t  
0 

2 x = x + u t + E x t  1213, 
0 0  

- ( l / u :  , )  (wo+ E /B) (cos u’ t - l ) + ( l / ~ l  . ) s i n  t. 
91 Y g i  g l  g i  

Y = Yo 

The e q u a t i o n  for  w i s  r e t a i n e d  i n  order t o  de te rmine  t h e  z 

v e l o c i t y  a t  each  p o i n t .  

Over a s m a l l  volume ce l l ,  t h e  parameter  u: t remains 
g i 

smal l  compared t o  u n i t y .  ( R e c a l l  t h a t  u’ i s  t h e  dimension- 

less ion gyrofrequency and i s  less t h a n  t h e  e l e c t r o n  gyro- 

f requency  by  a factor  @ ) .  Hence, t h e  t r igonomet r i c  f u n c t i o n s  

g i 

c a n  be expanded about  the parameter  U\ t and c a n  be rep laced  
g i  

by polynomials  i n  powers of  u! t. I f  t e r m s  

order of u! t [i.e., ( a  . t )  3 a r e  r e t a i n e d ,  
4 9 1  

g i  9 1  
t o r y  e q u a t i o n s  are: 

2 x = x + u t + E t /2@, 
0 0  X 

u p  t o  the  f o u r t h  

t h e n  t h e  t r a j e c -  

I n  a d d i t i o n ,  

w = wo(l - 
t2 “ h i  

2 v 0’ t(1 o g i  

t2 olsi 
6 

I n  o r d e r  t o  de te rmine  t h e  e x i t  parameters  f o r  a c e l l ,  t h e s e  

e q u a t i o n s  must be i n v e r t e d  and t h e  t i m e  tl of t h e  f l i g h t  of 

a n  i o n  through t h e  c e l l  must be ob ta ined .  I f  t h e  e x i t  wall  of 

the c e l l  is def ined  by  a v e r t i c a l  l i n e  x = x no d i f f i c u l t y  1‘ 
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exists.  The expans ion  (2.11)  used i n  t h e  pure electric f i e l d  

1 case t o  de termine  t 

can  be used  i n  the same manner t o  de termine  t i n  t h i s  case. 

However, i f  the ce l l  boundary i s  g i v e n  b y  a h o r i z o n t a l  l i n e  

y = yo, t h e n  the equa t ion  i s  a f o u r t h  order polynomial  i n  t 
and canno t  be s o l v e d  by  t h e  o r i g i n a l  t echn ique .  

a s  a f u n c t i o n  of xo, uo8 Ex, and x = x 1 

1 

Rather  t h a n  t o  a t t e m p t  t o  i n v e r t  Eq. (4.2) for  y,  and  

o b t a i n  t h e  exact t i m e  of f l i g h t  a c r o s s  t h e  cell ,  t h a t  t i m e  

c a n  be approximated b y  n e g l e c t i n g  t h e  magnet ic  f i e l d .  Then 

the magnet ic  f i e l d  effects  can  be e s t i m a t e d  by us ing  t h e  ap- 

proximate va lue  for  t and the  va lue  f o r  t a g a i n  c a n  be 

determined b y  i n v e r t i n g  a q u a d r a t i c  equa t ion .  The f i r s t  

approximat ion  fo r  t is g iven  by  

1' 1 

1 

L e t  t h i s  v a l u e  of t be t* Now v i s  replaced by a 

s l i g h t l y  d i f f e r e n t  va lue  
1 1' 0 

V* 0 = V 0 [1 - (@git2)2/618 

and E /p i s  r ep laced  b y  
Y 

Nc.w t h e  equa t ion  for y c a n  be w r i t t e n  a s ,  1 

1 T h i s  e q u a t i o n  i s  a q u a d r a t i c  i n  t. and can  be s o l v e d  , fo r  t 

i n  the  same manner a s  i n  the pure  electric f i e l d  case. When 
I 
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the v a l u e  of w t is  much less t h a n  u n i t y ,  t h e n  t h i s  va lue  

o f  tl i s  n e a r l y  i d e n t i c a l  t o  t h a t  va lue  of t 

been o b t a i n e d  i f  t h e  four th-order  polynomial i n  t had been  

so lved  d i r e c t l y .  

g i  1 
which w o u l d  have 1 .  

1 

By t r a c i n g  t h e  i o n  t r a j e c t o r y  f r o m  volume c e l l  t o  ce l l ,  

t h e  e n t i r e  t r a j e c t o r y  i s  c o n s t r u c t e d  from the small  parabolic 

segments spanning each cell .  S ince  the i o n  v e l o c i t y  w i n  

the z d i r e c t i o n  i s  now be ing  cons ide red ,  t h e  compl ica ted  h e l i -  

c a l  motion which charged p a r t i c l e s  i n  a n  electric f i e l d  under- 

g o  i s  i n c o r p o r a t e d  i n t o  the program. Regard less  of the  f a c t  

t h a t  the i o n  v e l o c i t y  i s  be ing  c a l c u l a t e d  for all t h r e e  d i -  

mensions,  t h e  problem remains s p a t i a l l y  two-dimensional. As 

long a s  no spa t i a l  g r a d i e n t s  are p r e s e n t  i n  the z d i r e c t i o n ,  

the problem i s  i n v a r i a n t  i n  t h a t  d i r e c t i o n ,  

Pe rpend icu la r  magnetic f i e l d .  When t h e  magnet ic  f i e l d  

i s  pe rpend icu la r  t o  t h e  d i r e c t i o n  of t h e  i o n  f l o w  and  i s  

o r i e n t e d  such t h a t  B' = (O,B,O) , t h e n  the f o r c e  t e r m  of New- 

t o n ' s  l a w  is, i n  component form, 

4 4 

E and B a re  c o n s t a n t  over  a volume ce l l ,  A t  t = 0, u = u 

By i n t e g r a t i o n  of Newton's equa t ion ,  
0. 

v = v  a n d w = w  

t h e  d imens ion le s s  v e l o c i t y  v e c t o r  is 

0' 

0' 

u = -(wow Ex/B) s i n  u' t +(u  + EZ/B) cos u! t - EZ/B, 
g i 0 g i  

w = (w0- E /B) COS U! t +(u + EJB) s i n  w t + ~ p ,  
X g 0 g i  

where U! = BIB. 
9 i  
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I n  t h i s  case, t h e  v e l o c i t y  component v p a r a l l e l  t o  t h e  

magnet ic  f i e l d  i s  independent  of the magnet ic  f i e l d ,  The 

v e l o c i t y  components u and w i n  the  x and z d i r e c t i o n s ,  re- 

s p e c t i v e l y ,  depend e x p l i c i t l y  on both t h e  magnet ic  f i e l d  and 

t h e  v e l o c i t y  w i n  t h e  z d i r e c t i o n .  I n  t h i s  case w i t h  a 

pe rpend icu la r  magnet ic  f i e l d ,  t h e  electric f i e l d  E i n  the  2 

d i r e c t i o n  i s  no t  zero .  S ince  t h e  e lectr ic  f i e l d  i s  measured 

i n  the s a t e l l i t e  frame of  r e f e r e n c e ,  a n  induced e lectr ic  

f i e l d  arises from the  motion of t h e  r e f e r e n c e  frame through 

the s t a t i o n a r y  magnet ic  f i e l d ,  T h i s  induced f i e l d  i s  t h e  

Loren tz  t r ans fo rma t ion  of t h e  magnet ic  f i e l d  and is E = u B, 
2 S 

where u i s  t h e  s a t e l l i t e  speed. I f  t h i s  uniform electric 

f i e l d  were ignored ,  the  i o n s  would not  appear  t o  s t r eam p a s t  

t h e  s a t e l l i t e  a s  i n  the c a s e  where no magnet ic  f i e l d  is 

p r e s e n t ;  the i o n s  would, i n  f a c t ,  c i rc le  the l i n e s  of magne- 

t i c  f i e l d  i n d e f i n i t e l y .  

0 

2 

s 

The e q u a t i o n  for  t h e  v e l o c i t y  component w i n  t h e  z 

d i r e c t i o n  i s  r e t a i n e d  s i n c e  the x component u of v e l o c i t y  

depends upon it. The e q u a t i o n s  f o r  u and v are  i n t e g r a t e d  

i n  o r d e r  t o  de termine  the locus y = y ( x )  of t h e  i o n  t r a j e c -  

t o r y .  A t  t = 0, x = x and y = yo. Then the t r a j e c t o r y  

e q u a t i o n s  are  
0 

x s i n  u! t - ( E  /B) t ,  g i  2 

2 y = yo+ v t + E t /2P. 
0 Y 

If the electric f i e l d  component EZ i s  set e q u a l  t o  the v a l u e  

of the  induced electric f i e l d  u B and i f  t h e  t r i gonomet r i c  S 
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f u n c t i o n s  a r e  expanded about  the small  parameter  t ,  the  

t r a j e c t o r y  e q u a t i o n s  become: 
9i 

t2 t2 "'qi 
x = x 0 + [uo-(uo+ us) $i w ) , ( 1 -  o 12 I 

2 
y = y  + v t + E t / 2 $ .  

0 0 Y 

I n  a d d i t i o n ,  

k2 t2 E A) + -  
t2 

2 s g i  6 9 
!kL )+ (uo  + u )U! t ( l  - w = w o ( l  - 

I f  the i o n  t r a j e c t o r y  l e a v e s  t h e  cell* t h e  h o r i z o n t a l  

1 w a l l  d e f i n e d  by the l i n e  y = yl, t h e n  the time of f l i g h t  t 

across the ce l l  c a n  be c a l c u l a t e d  by means of t h e  expansion 

g i v e n  i n  E q ,  ( 2 . 1 1 ) .  On the o t h e r  hand, i f  t h e  i o n  l e a v e s  

- v i a  the v e r t i c a l  w a l l ,  t hen  t h e  t i m e  of f l i g h t  f i r s t  must 

be est imated by  n e g l e c t i n g  t h e  magnet ic  f i e l d .  T h i s  es t i -  

m a t  t* i s  o b t a i n e d  by i n v e r t i n g  t h e  fo l lowing  equat ion:  1 
x = x + u t* + ( E  /p) (t? 2 /2). 

0 0 1  X 

The v a l u e  for u i s  r e p l a c e d  b y  an  a l t e r e d  va lue  u* which 

accoun t s  €or the i n f l u e n c e  of the magnet ic  f i e l d :  s i m i l a r l y ,  

t h e  v a l u e  for E /p is  r e p l a c e d  by  an  a l t e r e d  value E:/$ where 

0 0 

X 

2 
u* 0 = u 0 - (uo + us) 'Wgi t;' 16, (4.3) 

and 
2 

E*/@ = (Ex/@ - wgi w )[1 - (u!&) /123. 
X 

It should  be no ted  t h a t  t h e  c o r r e c t i o n s  t o  uo and Ex& are  

small no t  on ly  because 0: t i s  small  b u t  a l s o  because u i s  g i  0 
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approximately e q u a l  t o  u i n  va lue  and  opposite i n  s ign .  
S 

Thus i n  Eq.  (4.3) the  t e r m  which c o n t a i n s  t he  f ac to r  (u + u ) o s  
i s  s m a l l .  Thus, the  t i m e  of f l i g h t  t i s  o b t a i n e d  from the  

modified e q u a t i o n  
1 

2 x = x + u*t  + E*/@ (tl /2). 1 0 0 1  X 

W i t h  t h i s  v a l u e  of t the v a l u e s  of y ,  u ,  v, and  w a r e  tal- 

c u l a t e d .  These v a l u e s  of t h e  e x i t  parameters  f r o m  one ce l l  

become t h e  v a l u e s  o f  the  e n t r a n c e  parameters for t h e  nex t  

ce l l .  As t h e  i o n  moves from c e l l  t o  ce l l ,  the e n t i r e  i o n  

t r a j e c t o r y  i s  c o n s t r u c t e d .  

l' 
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B. Numerical R e s u l t s  

Depending upon the  a l t i t u d e  and l a t i t u d e , .  the  magnitude 

of the e a r t h ' s  magnetic f i e l d  i n  t he  ionosphere  v a r i e s  from 

0.15 t o  0.44 G. A t  a n  a l t i t u d e  of 1500 km, for  example, where 

the  e l e c t r o n  d e n s i t y  is about  1 - 6  X 1 0  m , t h e  dimension- 

less magnet ic  f i e l d  [ i n  terms of t h e  u n i t  magnetic f i e l d  

BO e e  o 
gyrofrequency of a n  average  thermal e l e c t r o n  equals  t w i c e  

the plasma frequency,  and i ts  g y r o r a d i u s  i s  e q u a l  t o  one ha l f  

of the Debye l e n g t h .  S ince  the i o n  gyrofrequency i s  less 

t h a n  the  e l e c t r o n  gyrofrequency by a factor of t h e  i o n  mass 

r a t i o ,  the magnet ic  f i e l d  i n f l u e n c e s  the i o n  motion s i g n i f i -  

c a n t l y  o n l y  when the s a t e l l i t e  and i t s  wake are  ve ry  much l a r -  

ger t h a n  the Debye l e n g t h  and, therefore, when the i o n  t i m e  

of f l i g h t  through the wake i s  of t h e  same order of magnitude 

a s  one i o n  gyroper iod .  

10 -3  

si = ( n  m /E ) 1 i s  a s  h igh  a s  2, A t  t h i s  f i e l d  va lue ,  the 

N e q l i q i b l e  i n t e r a c t i o n  --- of i o n s  w i t h  p e r p e n d i c u l a r  m a q -  

n e t i c  f i e l d ,  When the  magnet ic  f i e l d  i s  pe rpend icu la r  t o  

both the f l o w  v e l o c i t y  and the i n v a r i a n t  d i r e c t i o n  [ i , e , ,  

B =(O, B, O)], the  i n t e r a c t i o n  of the cold i o n s  wi th  t h i s  

f i e l d  i s  n e g l i g i b l e  when Compared w i t h  the electric i n t e r -  

a c t i o n .  T h i s  i s  due t o  t h e  f a c t  t h a t  t he  change i n  the x 

4 

v e l o c i t y  of the i o n s  i s  smal l  and, consequent ly ,  t he  cross 

product  of t h i s  v e l o c i t y  component and t h e  magnet ic  f i e l d  i s  

a l s o  s m a l l ,  The magnet ic  f i e l d ,  of cour se ,  does no t  i n f l u e n c e  

the motion of the i o n s  i n  t h e  y d i r e c t i o n .  

Using t h e  method described above, t h e  p o t e n t i a l  and ion- 

f l o w  f i e l d s  around a s a t e l l i t e  can  be s o l v e d  for t h e  case of 

a pe rpend icu la r  magnet ic  f i e l d .  The ionosphe r i c  parameters 
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a r e  set equa l  t o  t y p i c a l  va lues ,  and  t h e  magnitude of t h e  

d imens ionless  magnetic f i e l d  i s  i n c r e a s e d  from z e r o  t o  a va lue  

a s  l a r g e  a s  500, N o  s i g n i f i c a n t  changes i n  t h e  p o t e n t i a l  or 

ion-flow f i e l d s  a r e  observed. 

so smal l  t h a t  t h e  i o n  behavior  i s  i d e n t i c a l  t o  t h a t  w i t h  no 

magnetic f i e l d .  Hence, i t  i s  reasonable  t o  c o n c l u d e  t h a t  t h e  

i n f l u e n c e  of a pe rpend icu la r  magnetic f i e l d  on s a t e l l i t e  c u r -  

r e n t  c o l l e c t i o n  and wake behavior  i s  n e g l i g i b l e .  

The change i n  t h e  x v e l o c i t y  i s  

I n t e r a c t i o n  of sa t e l l i t e  body - w i t h  p e r p e n d i c u l a r  maq- 

n e t i c  f i e l d .  A pe rpend icu la r  magnetic f i e l d  a c t s  i n d i r e c t -  

l y  on t h e  i o n s  by a l t e r i n g  the  s a t e l l i t e  p o t e n t i a l  i t s e l f .  

Along t h e  i n v a r i a n t  d i r e c t i o n  of a p l a n a r  body, a c o n s t a n t  

electric f i e l d  i s  induced i n  t h e  s a t e l l i t e  reference frame. 

I f  t h e  s a t e l l i t e  i s  a good e l e c t r i c a l  conductor ,  an  equa l  

and oppos i t e  e lectr ic  f i e l d  which c a n c e l s  t h e  induced f i e l d  

must a r i s e  i n  t h e  s a t e l l i t e ,  A s  a r e s u l t ,  a l i n e a r  p o t e n t i a l  

g r a d i e n t  appea r s  along t h e  l e n g t h  of the  s a t e l l i t e .  S i n c e  

t h e  s a t e l l i t e  p o t e n t i a l  i s  p a r t  of t h e  boundary c o n d i t i o n  f o r  

the s o l u t i o n  of P o i s s o n ' s  equat ion ,  t he  problem i s  no longer  

i n v a r i a n t  i n  t h e  z d i r e c t i o n .  However ,  t h e  induced e lectr ic  

f i e l d  i n  t h e  z d i r e c t i o n  i s  v e r y  weak compared t o  t h e  elec- 

t r i c  f ie lds  i n  t h e  x and y d i r e c t i o n s .  A t  a 150G-km a l t i t u d e ,  

t h e  d imens ionless  induced e lec t r ic  f i e l d  E = u B i s  equa l  t o  

M 0,04. Hence, t h e  i n f l u e n c e  of E on the  i o n  m o t i o n  may be 

neg lec t ed .  

2 S 

2 

When t h e  l e n g t h  of a p l a n a r  s a t e l l i t e  i s  muck! longer  than  

i t s  ha l f -wid th  (e.g., an an tenna ) ,  t h e  t o t a l  c u r r e n t  t o ' t h e  

s a t e l l i t e  may be ob ta ined  b y  i n t e g r a t i o n  of t h e  i o n  and elec- 

t r o n  c u r r e n t s  ( p e r  u n i t  l e n g t h )  a long  t h e  l e n g t h  of t h e  
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sa t e l l i t e .  Chu and Gross (lo) assume tha t  the i o n  c u r r e n t  re- 

mains c o n s t a n t  regardless of the s a t e l l i t e  p o t e n t i a l  and t h a t  

the e l e c t r o n  c u r r e n t  i s  a n  e x p o n e n t i a l  f u n c t i o n  of the poten- 

t i a l .  They o b t a i n e d  t h e  p o t e n t i a l  d i s t r i b u t i o n  for  which t h e  

n e t  c u r r e n t  t o  t h e  s a t e l l i t e  i s  zero: The p o t e n t i a l  a t  one 

end of the  s a t e l l i t e  approximates  the plasma va lue  and de- 

creases l i n e a r l y  t o  a ve ry  n e g a t i v e  va lue  a t  t h e  o t h e r  end. 

If their assumption concern ing  t h e  c o n s t a n t  i o n  c u r r e n t  i s  

n o t  made, and i n s t e a d  the more a c c u r a t e  v a l u e s  for  i o n  cur-  

r e n t  p r e s e n t e d  i n  the p r e v i o u s  chapter are used,  t h e  q u a l i -  

t a t i v e  behav io r  of t h e  an tenna  p o t e n t i a l  remains t h e  same. 

S ince  Chu and G r o s s  assume too l i t t l e  i o n  c u r r e n t  collected 

ove r  the e n t i r e  an tenna  l e n g t h ,  t h e  o v e r a l l  antenna p o t e n t i a l  

i s  p r e d i c t e d  t o  be s l i g h t l y  more p o s i t i v e  t h a n  t h e i r  es t imate .  

Th i s  c o r r e c t i o n  t o  the antenna p o t e n t i a l ,  however, i s  s i m i l a r  

t o  the logarithmic c o r r e c t i o n  made for t h e  f l o a t i n g  p o t e n t i a l  

i n  the p r e v i o u s  chapter and is ,  t h e r e f o r e ,  minor. 

P lasma drag - and i n d u c t i o n  d r a q o f  2 sa t e l l i t e .  It should  

be noted  t h a t  the  plasma drag a r i s i n g  from both t h e  i n t e r c e p -  

t e d  i o n s  and the electric drag of t h e  antenna i s  n o t  c o n s t a n t  

a long  the  l e n g t h  of t h e  body. S ince  the s a t e l l i t e  p o t e n t i a l  

is a l i n e a r l y  vary ing  f u n c t i o n ,  the plasma d rag  i s  greater 

a t  the h i g h l y  n e g a t i v e  end t h a n  a t  t h e  opposite end. Hence, 

a t o r q u e  i s  created which t e n d s  t o  ro t a t e  the antenna u n t i l  

i t s  ax i s  i s  p a r a l l e l  t o  the flow d i r e c t i o n .  

The plasma d rag  on the an tenna  and the r e s u l t i n g  plasma 

to rque  are d i s t i n c t l y  d i f f e r e n t  from t h e  i n d u c t i o n  drag d is -  

c u s s e d  by  Chu and G r o s s .  (lo) 

which arises from the i n t e r a c t i o n  between t h e  n e t  c u r r e n t  f l u x  

The i n d u c t i o n  drag  i s  the  force 

134 



a long  t h e  l e n g t h  of t h e  s a t e l l i t e  and the pe rpend icu la r  

magnetic f i e l d  ( i ,e . ,  the drag  i s  e q u a l  t o  J x . B ) .  How- 

e v e r ,  t h e  plasma drag  occurs even  i f  t h e  antenna i s  a non- 

-b -b 

. conductor  w i t h  no c u r r e n t  f lowing a long  i t s  l e n g t h .  

I n f l u e n c e  o f  p a r a l l e l  maqnetic f i e l d  --- on i o n  f l o w .  The 

d i s t u r b e d  i o n  f l o w  i n t e r a c t s  w i t h  the magnetic f i e l d  when 

the f i e l d  i s  o r i e n t e d  p a r a l l e l  t o  the  f l o w  d i r e c t i o n .  The 

change i n  the h o r i z o n t a l  i o n  v e l o c i t y  i s  not  i n f l u e n c e d  b y  

t h e  magnet ic  f i e l d ,  whereas the change i n  t h e  v e r t i c a l  ve lo-  

c i t y  i s  s i g n i f i c a n t  and i n t e r a c t s  d i r e c t l y  w i t h  t h e  magnetic 

f i e l d ,  The i o n  gy ro rad ius  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  the 

magnetic f i e l d  and f o r  a d imens ionless  magnetic f i e l d  of 

u n i t y  i s  many t i m e s  l a r g e r  t h a n  t h e  Debye l e n g t h .  Hence, 

for s a t e l l i t e s  which a r e  many t i m e s  l a r g e r  t h a n  the Debye 

l e n g t h ,  the magnet ic  i n t e r a c t i o n  w i t h  the i o n s  is impor tan t .  

The p o t e n t i a l  f i e l d  f o r  a l a r g e  s a t e l l i t e , ( r s a t =  25) i n  

The i o n s  a p a r a l l e l  magnetic f i e l d  (Bll = 2 )  was c a l c u l a t e d .  

had a mass r a t i o  corresponding t o  t h a t  of hydrogen. It was 

seen t h a t  o n l y  f a r  downstream ( w  100 Debye l e n g t h s )  of the 

l a r g e  s a t e l l i t e  d i d  the magnetic f i e l d  i n f l u e n c e  the ion- 

f l o w  f i e l d  s u f f i c i e n t l y  t o  s l i g h t l y  a l t e r  t h e  p o t e n t i a l  d i s -  

t r i b u t i o n  o b t a i n e d  i n  the zero-magnet ic-f ie ld  case .  The near  

wake and m o s t  of the  midwake a s  w e l l  a s  t h e  i o n  c u r r e n t  and 

d rag  a r e  n o t  i n f l u e n c e d  by  the f i e l d .  The f a r  wake r e g i o n ,  

however, f a r  downstream of t h e  s a t e l l i t e ,  i s  not  a c c u r a t e l y  

determined by t h e  canputer  program because of t h e  memory s i z e  

l i m i t .  It was for  t h i s  reason  t h a t  the i n v e s t i g a t i o n  of the 

expec ted  i n f l u e n c e  of t h e  f i e l d  on t h e  i o n  f l o w  around e v e n  

l a r g e r  s a t e l l i t e s  was not  c a r r i e d  o u t .  
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In f luence  of s t r o n q  magnetic f i e l d  on i o n  f l o w .  If the  

magnet ic  f i e l d  is i n c r e a s e d  t o  va lues  which do not occur natu- 

r a l l y  i n  the  ionosphere,  t h e  ion-flow f i e l d  around a s a t e l l i t e  

w i t h  r a d i u s  of the  order of a Debye l e n g t h  i s  s t r o n g l y  a f f e c t e d .  

Examination of the behavior  of the  ion-flow f i e l d  and t h e  as- 

s o c i a t e d  i o n  c u r r e n t  and near  wake i n  a s t r o n g  magnetic f i e l d  

p rov ides  an  unders tanding  of the behavior  of the  i o n  f l o w  for 

ve ry  l a r g e  s a t e l l i t e s  i n  an  ionosphe r i c  magnetic f i e l d .  

A s  p r e v i o u s l y  d i scussed ,  even when a p e r p e n d i c u l a r  mag- 

n e t i c  f i e l d  i s  s t r o n g  ( a s  l a r g e  a s  B = 500), it has no s i g n i -  

f i c a n t  i n t e r a c t i o n  wi th  t h e  i o n - f l o w  f i e l d ,  A s t r o n g  p a r a l l e l  

magnetic f i e l d ,  however,  i n t e r a c t s  s i g n i f i c a n t l y  w i t h  t h e  ions .  

When the  i o n s  a r e  a t t r a c t e d  e i ther  toward the  s a t e l l i t e  or i n t o  

the  wake, t h e y  must cross l i n e s  of magnetic force which r e t a r d  

their  v e r t i c a l  motion and t e n d  t o  d iminish  t h e  effect  of t h e  

I 

a t t r a c t i v e  electric f i e l d  around the s a t e l l i t e  and i n  the wake, 

I n f l u e n c e  of s t r o n q  maqnetic f i e l d  on i o n  c u r r e n t .  An 

obvious r e s u l t  of t h e  s t r o n g  p a r a l l e l  magnetic f i e l d  i s  t h e  

r e d u c t i o n  of t h e  i o n  c u r r e n t  collected by  a s a t e l l i t e  having 

a nega t ive  p o t e n t i a l .  

lects t h e  same c u r r e n t  w i t h  or wi thout  a magnetic f i e l d ,  namely, 

t h e  llram" c u r r e n t .  When the p o t e n t i a l  i s  made nega t ive ,  the 

i o n s ,  " s t i f f e n e d "  b y  the magnetic f i e l d ,  have s t r a i g h t e r  t r a -  

jectories and are n o t  collected so r e a d i l y  a s  i n  t h e  c a s e  of 

no magnetic f i e l d .  

A t  plasma p o t e n t i a l  the s a t e l l i t e  col- 

I n  F ig .  4.1, the i o n  c u r r e n t  a s  a f u n c t i o n  of s a t e l l i t e  

p o t e n t i a l  i s  shown for  t w o  va lues  of p a r a l l e l  magnetic f i e l d ,  

z e r o  and 100. (The p l a t e  s a t e l l i t e  parameters  a r e  E = 6, 
A 

KE 
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and rsat= 1.) 

growth of the  i o n  c u r r e n t  p e r  u n i t  p o t e n t i a l  i.s n o t  s u f f i c i e n t  

t o  s i g n i f i c a n t l y  a l t e r  the va lue  of t h e  f l o a t i n g  p o t e n t i a l  

c a l c u l a t e d  p r e v i o u s l y  for the c a s e  of no magnetic f i e l d .  A s  

the magnetic f i e l d  i s  f u r t h e r  i nc reased ,  however, t h e  va lue  

of  i o n  c u r r e n t  approaches t h a t  of t h e  " r a m "  c u r r e n t .  

The decrease from 2.2% t o  1.9% i n  t h e  r a t e  of 

Figure  4.2 shows t h e  i o n  c u r r e n t  t o  a p l a t e  s a t e l l i t e  

a s  a f u n c t i o n  of the p a r a l l e l  magnet ic  f i e l d .  The s a t e l l i t e  

p o t e n t i a l  i s  fixed a t  a va lue  of -10. Although t h a t  porti .on 

of the i o n  c u r r e n t  which is collected by  v i r t u e  of t h e  nega- 

t i v e  p o t e n t i a l  i s  s e v e r e l y  reduced by  t h e  magnetic f i e l d ,  t h e  

s a t e l l i t e  c o n t i n u e s  t o  a t t r a c t  i o n s  a c r o s s  t he  l i n e s  of magne- 

t i c  force. I n  f ac t ,  when the  f i g u r e  is examined for the deve- 

lopment of t h e  i o n  c u r r e n t  a t  t he  h i g h e r  va lues  of t h e  magne- 

t i c  f i e l d ,  it is  e s t i m a t e d  t h a t  the magnetic f i e l d  must be a n  

order of magnitude l a r g e r  (i.e.,  B 2 1000) i f  t h e  i o n  c u r r e n t  

i s  t o  be reduced t o  the  "ram" c u r r e n t .  Hence, an  assumption 

t h a t  the  p a r a l l e l  magnetic f i e l d  c o n s t r a i n s  the i o n s  t o  have 

s t r a i g h t  t r a j e c t o r i e s  i s  v a l i d  only when the  i o n  gy ro rad ius  

is much less t h a n  t h e  Debye l e n g t h .  Then t h e  magnetic f i e l d  

i s  cons ide red  " i n f i n i t e ,  I' and a n e g a t i v e l y  charged body col- 

lects o n l y  t h e  *'ram'* c u r r e n t .  S ince  the computer program 

assumes t h a t  the  q u a n t i t y  u' t = ( B / p ) t  i s  s m a l l  where t i s  

the t i m e  of p a r t i c l e  f l i g h t  i n  a cel l ,  t h e  i n t e r e s t i n g  c a s e  

of a ve ry  large,  p a r a l l e l  magnetic f i e l d  has n o t  been in-  

ve s t i g a  t e d  . 

g i 

I n f l u e n c e  of s t r o n q  maqnetic f i e l d  on s a t e l l i t e  wake. 

When the p a r a l l e l  magnetic f i e l d  i s  s t r o n g ,  the development 

of the wake r e g i o n  is i n f l u e n c e d  cons iderably .  A s  i n  the zero- 
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magne t i c - f i e ld  c a s e ,  t h e  near  wake i s  e l e c t r o n  r i c h .  Be- 

cause  of t h e  magnetic f i e l d ,  however, t h e  e l e c t r o n s  i n  the 

wake e n t e r  it by moving along l i n e s  of magnet ic  force w i t h  

h e l i c a l  t r a j e c t o r i e s  o r i g i n a t i n g  f a r  downstream of the s a t e l -  

l i t e .  

t ron - ion  c o l l i s i o n s  i n  t h e  f a r  wake r eg ion ,  As a r e s u l t ,  the 

e l e c t r o n  d e n s i t y  i s  p r o p o r t i o n a l  t o  the  Boltzmann f a c t o r  i n  

the  e n t i r e  wake. The electric f i e l d  which a r i s e s  from the 

nega t ive  charge  d e n s i t y  a t t r a c t s  i o n s  toward t h e  wake i n  or- 

der t o  n e u t r a l i z e  it. However, t he  magnet ic  f i e l d  r e t a r d s  

t he  i o n  motion a c r o s s  t h e  l i n e s  of force. The i o n s  i n s t e a d  

of e n t e r i n g  and c r o s s i n g  the wake have h e l i c a l  t r a j e c t o r i e s  

which wind  about  a l i n e  of magnetic force, The i o n s  do no t  

p e n e t r a t e  i n t o  t h e  wake f u r t h e r  than  a d i s t a n c e  of one i o n  

g y r o r a d i u s ,  As a r e s u l t ,  if the s a t e l l i t e  r a d i u s  i s  l a r g e r  

t h a n  the i o n  gy ro rad ius ,  a p o r t i o n  of t h e  wake remains nega- 

t i v e l y  charged f o r  an i n d e f i n i t e  d i s t a n c e  downstream. Hence, 

t h e  e n t i r e  wake i n  a s t r o n g  magnetic f i e l d  r e t a i n s  the  char-  

a c t e r i s t i c  of a near  wake f o r  no magnetic f i e l d ,  I n  a c t u a l -  

i t y ,  c o l l i s i o n s  provide  the mechanism for n e u t r a l i z i n g  the 

f a r  wake. ( 6 )  

sphere  a r e  ex t remely  l a r g e  compared t o  the Debye l e n g t h ,  and 

the d i s t u r b e d  r e g i o n  ex tends  for  d i s t a n c e s  much g r e a t e r  t h a n  

t h o s e  i n v e s t i g a t e d  b y  means of the computer program d i scussed  

h e r e  , 

These t r a j e c t o r i e s  a r e  assumed t o  be popula ted  b y  elec- 

However, the c o l l i s i o n  l e n g t h s  i n  t he  iono- 

F i g u r e s  4.3 and 4.4 a r e  the i o n  t r a j e c t o r y  p lo t  and the  

contour  p l o t  of p o t e n t i a l ,  r e s p e c t i v e l y ,  for a p l a t e  s a t e l l i t e  

i n  a p a r a l l e l  magnetic f i e l d  (B,, 
A t  t h i s  va lue  of f i e l d ,  the gyro rad ius  of the i o n s  deflected 

i n t o  t h e  wake b y  the a t t r a c t i v e  p o t e n t i a l  of t h e  s a t e l l i t e  i s  

less t h a n  the s a t e l l i t e  ha l f -wid th  of one Debye l e n g t h ,  A s  a 

ie 200 i n  d imens ionless  u n i t s ) .  
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r e s u l t ,  t h e  i o n s  do not  comple te ly  f i l l  i n  t h e  wake, and t h e  

n e g a t i v e  p o t e n t i a l  of t h e  wake ex tends  downstream wi thou t  

a t t e n u a t i o n .  

zero-magnet ic-f ie ld  c a s e  does no t  occur i n  t h i s  ca se .  Fu r the r -  

more, t h e  i o n  beams a r e  not  c r e a t e d .  

The p a r t i a l l y  n e u t r a l i z e d  midwake- found i n  t h e  

It is  expec ted  t h a t  i n  t h e  c a s e  of very l a r g e  s a t e l l i t e s  

l o o ) ,  t h e  magnetic f i e l d  of t h e  e a r t h ,  a l though i t s  ( r s a t  
d imens ionless  va lue  i s  of t h e  o r d e r  of u n i t y ,  has  an e f f e c t  

on t h e  wake behavior  s i m i l a r  t o  t h a t  of l a r g e  f i e l d s  and mo- 

d e r a t e l y  s i z e d  bod ies .  The d i s t u r b e d  wake i s  extended very 

f a r  downstream u n t i l  c o l l i s i o n s  can provide  s u f f i c i e n t  i o n s  

which have wake-neut ra l iz ing  t r a j e c t o r i e s .  It i s  a l s o  pos- 

sible t h a t  time-dependent phenomena such  a s  Alfvgn waves may 

occur, b u t  such p rocesses  a r e  no t  i n v e s t i g a t e d  i n  the p r e s e n t  

s tudy  
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CHAPTER V: CONCLUSIONS 

The n u m e r i c a l  r e s u l t s  p re sen ted  i n  t h i s  t h e s i s  demonstrate  

t h a t  t h e  f low- f i e ld  technique  may be used i n  con junc t ion  w i t h  
t h e  " a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t "  (ADI) method (30) to 

s o l v e  the Poisson-Vlasov system of e q u a t i o n s  and, t he reby ,  

t o  i n v e s t i g a t e  t h e  i n t e r a c t i o n  of a s a t e l l i t e  w i t h  t h e  iono- 

sphere .  S ince  the f low- f i e ld  technique  permits e f f i c i e n t  u s e  

t o  be made of t h e  i o n - t r a j e c t o r y  d a t a ,  t h e  accuracy of  t h e  re- 

s u l t i n g  i o n  d e n s i t y  is a n  o r d e r  of magnitude g r e a t e r  t han  t h a t  

o b t a i n e d  w i t h  t h e  " s u p e r - p a r t i c l e "  technique (21) ( for  an  equa l  

number of i o n  t r a j e c t o r i e s ) .  A s  a r e s u l t ,  a c c u r a t e  p r e d i c t i o n s  

of the i o n  c u r r e n t ,  s a t e l l i t e  drag ,  f l o a t i n g  p o t e n t i a l ,  and 

wake behavior  have been made over  a much wider  range of iono- 

s p h e r i c  and s a t e l l i t e  c o n d i t i o n s  than  was prev ious ly  p o s s i b l e ,  

Furthermore,  t h e  f low- f i e ld  technique  has  been  shown t o  be ap- 

p l i c a b l e  i n  t h e  presence of a uniform magnetic f i e l d .  

P l o t s  of t h e  i o n  c u r r e n t  t o  t h e  s a t e l l i t e  a s  a f u n c t i o n  

of p o t e n t i a l  f o r  v a r i o u s  s a t e l l i t e  r a d i i ,  s a t e l l i t e  bod ie s ,  

and i o n  k i n e t i c  e n e r g i e s  have revealed t h a t  the ion  c u r r e n t  i n  

a l l  cases h a s  a n e a r l y  l i n e a r  dependence on t h e  p o t e n t i a l  over 

a range of p o t e n t i a l  a s  nega t ive  a s  -25 t i m e s  t h e  electron t h e r -  

mal energy.  For p l a t e  s a t e l l i t e s  w i t h  a r a d i u s  g r e a t e r  t h a n  

than  25 t i m e s  t h e  Debye l e n g t h ,  the r a t e  of  growth o f  i o n  

c u r r e n t  i s  less than  0.1% p e r  u n i t  p o t e n t i a l .  For a sma l l e r  

r a d i u s ,  however, t h e  r a t e  of growth may be a s  much a s  7% per 

u n i t  of p o t e n t i a l  ( i n  t h e  c a s e  of a sphere  of r a d i u s  one 

Debye l e n g t h ) .  The angu la r  d i s t r i b u t i o n  of i o n  f l u x  t o  t h e  

s u r f a c e  of a c y l i n d e r  has  t h e  approximate f u n c t i o n a l  dependence 
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on a n g l e  of a c o s i n e  curve  incremented by a q u a n t i t y  which 

depends on t h e  p o t e n t i a l .  

The d r a g  on t h e  s a t e l l i t e  due t o  t he  i o n s  has  b e e n  shown 

t o  be dependent on t h e  s u r f a c e  i n t e r a c t i o n  a s  w e l l  a s  t h e  po- 

t e n t i a l .  For s a t e l l i t e s  w i th  r a d i i  l a r g e  compared t o  t h e  Debye 

l e n g t h ,  t h e  drag  i n c r e a s e s  w i t h  i n c r e a s i n g l y  nega t ive  p o t e n t i a l  

if t h e  i o n s  undergo specu la r  r e f l e c t i o n  a t  t h e  s u r f a c e .  For 

moderately s i z e d  s a t e l l i t e s  ( r  = l), t h a t  p o r t i o n  of t h e  s a t  
drag which is due t o  t h e  e lectr ic  i n t e r a c t i o n  may account  f o r  

a s  much a s  40% of t h e  t o t a l  d rag .  

I n  t h e  c a s e  of s a t e l l i t e s  w i t h  t h e  p l ana r  c l a s s  of body 

shape,  p l o t s  of p o t e n t i a l  and i o n  d e n s i t y  c l e a r l y  r e v e a l  a 

d i s t i n c t i o n  between near wake and midwake. The ion - f r ee  near 

wake l e n g t h  i s  p r o p o r t i o n a l  t o  approximately t h e  square  r o o t  

of t h e  d imens ionless  s a t e l l i t e  r a d i u s ;  a s  a r e s u l t ,  t h e  elec- 

t r i c  f i e l d  ex tends  f o r  many Debye l e n g t h s  i n  t h i s  r eg ion .  I n  

t h e  midwake of moderately s i z e d  s a t e l l i t e s ,  t h e  formation of 

t w o  symmetric i o n  beams h a s  been  observed i n  these numerical  

r e s u l t s .  Thei r  s t r e n g t h  and ang le  wi th  t h e  flow d i r e c t i o n  i n -  

c r e a s e  wi th  i n c r e a s i n g l y  nega t ive  s a t e l l i t e  p o t e n t i a l .  The 

format ion  of t h e  beams i s  a t t r i b u t e d  t o  t h e  wake p o t e n t i a l  

which i s  d i s t o r t e d  b y  t h e  s h a r p  ion-dens i ty  g r a d i e n t  t h e r e ,  

For l a r g e  s a t e l l i t e s  (rsat2 lo), t he  i o n  beams have not  been  

observed. For s a t e l l i t e s  of t h e  a x i a l l y  symmetric c l a s s ,  t h e  

wake has  a series of ion - f r ee  and ion - r i ch  a r e a s  which decrease  

i n  s t r e n g t h  w i t h  i n c r e a s i n g  d i s t a n c e  downstream. The r e s u l t i n g  

p o t e n t i a l  f i e l d  v a r i e s  w i th  d i s t a n c e  over a range ex tending  

from -0 .4 t o  0.4 i n  u n i t s  of e l e c t r o n  thermal  energy.  
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It h a s  been demonstrated t h a t  a geomagnetic f i e l d  which 

i s  pe rpend icu la r  t o  t h e  flow v e l o c i t y  h a s  n e g l i g i b l e  d i r e c t  

i n f l u e n c e  on t h e  i o n  motion. A perpend icu la r  magnetic f i e l d ,  

however, which i s  a l s o  pe rpend icu la r  t o  t h e  a x i s  of a very 

long body w i l l  i n f l u e n c e  t h e  i o n  motion i n d i r e c t l y  by inducing 

a l i n e a r  p o t e n t i a l  g r a d i e n t  on t h e  body. I f  t h e  geomagnetic 

f i e l d  i s  p a r a l l e l  t o  the f l o w  d i r e c t i o n ,  t h e  midwake of  a 

l a r g e  s a t e l l i t e  i s  a l t e r e d  s l i g h t l y .  With a l a r g e r  p a r a l l e l  

f i e l d ,  t h e  ion - f r ee  near  wake i s  extended f u r t h e r  downstream. 

I n  f a c t ,  f o r  f ie lds  where B 7 500 ( i n  d imens ionless  u n i t s ) ,  

t h e  nea r  wake may extend over  d i s t a n c e s  in which co l l i s iona l  

effects become impor tan t .  A t  these l a r g e  va lues  of  f i e l d ,  

t h e  c o l l e c t e d  i o n  c u r r e n t  approaches t h e  "ram" c u r r e n t .  
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APPENDIX A: DERIVATION OF I O N  DENSITY (FLOW-FIELD METHOD) 

If one end of a f l u x  t ube  i s  a l lowed t o  beg in  a t  a 

p o i n t  i n  the und i s tu rbed  plasma where the i o n  d e n s i t y  and t h e  

i o n  v e l o c i t y  a re  the  known ambient v a l u e s  and t h e  o t h e r  end 

of the t u b e  i s  ex tended  i n t o  t k e  d i s t u r b e d  region, t h e n  t h e  

i o n  d e n s i t y  a t  any p o i n t  can  be c a l c u l a t e d  from t h e  v a l u e s  of  

t h e  i o n  v e l o c i t y  and t u b e  a r e a  a t  t h a t  p o i n t ,  The t u b e  w a l l s  

a re  d e f i n e d  by  i n d i v i d u a l  i o n  t r a j e c t o r i e s ;  therefore, the  

v e l o c i t y  of  the i o n s  a t  any p o i n t  c a n  be e s t i m a t e d .  However, 

i n  o r d e r  t o  de te rmine  the a r e a  of the  tube ,  t h e  geometry of 

t h e  problem must be cons ide red .  I n  t h e  p l a n a r  c a s e ,  t h e  

" tube"  of f l u x  assumes t h e  shape of a s t r i p  of f l u x  bounded 

by t w o  pa ra l l e l  s h e e t s .  I n  t h e  a x i a l l y  symmetric case, the 

" t u b e "  becomes a r i n g  of f lux  bounded by two c y l i n d r i c a l  walls. 

The l o c u s  of each  c y l i n d r i c a l  w a l l  i s  g i v e n  by  a n  i o n  t ra jec-  

t o r y .  As t w o  a d j a c e n t  t ra jector ies  a r e  followed, the  cross- 

s e c t i o n a l  a r e a  A of t h e  s t r i p  or r i n g  v a r i e s .  From t h e  c u r -  

r e n t  conse rva t ion  e q u a t i o n ,  (2.6), t h e  i o n  c u r r e n t  con ta ined  

i n  t h e  tube  a t  any p o i n t  i s  e q u a l  i n  va lue  t o  t h e  c u r r e n t  

a t  t h e  sou rce  of the f l u x  t u b e  upstream i n  t h e  und i s tu rbed  

r eg ion .  Therefore, the i o n  number d e n s i t y  c a n  be c a l c u l a t e d  

a t  any poin t  i n  t h e  d i s t u r b e d  r eg ion .  It is assumed t h a t  the 

ion  d e n s i t y  i s  approximate ly  c o n s t a n t  over  t h e  c r o s s - s e c t i o n a l  

area of t h e  tube  and  t h a t  the d i scon t inuous  change i n  t h e  den- 

s i t y  of a ne ighbor ing  t u b e  i s  sma l l  compared t o  t h e  magnitude 

of the d e n s i t y .  

@ 

F i g u r e  A 1  shows a n  " imaginary" f l u x  tube  of i n f i n i t e s i m a l  

t h i c k n e s s .  Surrounding t h a t  t u b e  i s  a f l u x  tube  w h i c h  i s  

de f ined  by t w o  computed trajectories.  The "imaginary" t u b e  



I: 1: 
u 11 

t 
CI, 
0 
E 
H 

.- 

I 

f 

E 

t 

; 
>r 
v) 

c 
0 
Q, c .- - 
L 

c a# 
c 
4) 
0 

W 

148 



has been  drawn t o  pass e x a c t l y  through the ( g r i d )  p o i n t  of 

i n t e r e s t  P. 

i t s  l e n g t h  i s  assumed t o  be p r o p o r t i o n a l  t o  the change i n  
w i d t h  of the a c t u a l  tube ,  t h a t  is ,  

The change i n  width of t h e  imaginary t u b e  a long  

a a  / 6 L  = co R / J E  . 
W 

It is computa t iona l ly  convenient  t o  measure t h e  tube  width 

a s  a d i s t a n c e  a '  i n  the y -d i r ec t ion  (rather t h a n  a s  a d i s t a n c e  1 , ) .  

The t u b e  width .pm i n  t h e  undis turbed  r eg ion  i s  a l r e a d y  i n  t h e  

y -d i r ec t ion ;  t h e r e f o r e ,  R w i l l  be used a s  it i s .  From t h e  

geometry,  and assuming t h a t  the width changes s l o w l y ,  it fol-  

lows t h a t  

aJ 

From Eqs. (2.6) and (2.7), t h e  number d e n s i t y  a t  t h e  p o i n t  of 

i n t e r e s t  P i s  obta ined:  

4 4 

Since  i v \ =  v sec 0 and {AI= A'COS 8 ,  the d e n s i t y , i s  
X 

v A  
a J m  

n = n  - . 
0 v A '  

X 

The area of the "imaginary" tube  end i s  equa l  t o  the t u b e  width 

6 a  m u l t i p l i e d  by a u n i t  l e n g t h  L i n  t h e  " i n v a r i a n t "  d i r e c t i o n ,  

i .e. ,  
A = 6 1  L and A'= fia'L. 

Q) b, W' 
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I f  t h e  geometry of t h e  problem i s  p l a n a r ,  t h e  u n i t  l e n g t h  L 

i s  the  s a x  a t  b o t h  ends o f  t h e  tube ,  and L,= L. 

A / A ' =  6 &  /SR', and from E q .  (Al) 

Thus, 

W ob 

V R  

v 1 '  
w w  n = n -  . 
X 

I f ,  however, t h e  geometry of t h e  problem i s  a x i a l l y  symmetric, 

t h e n  L = 2nyw and L = 2rry. Therefore ,  
CD 

A = bRm(21-ryw), and A ' =  6 2 '  (2rry), 
W 

where y, and y a r e  t h e  r a d i a l  d i s t a n c e s  from t h e  a x i s  of r o t a -  

t i o n .  

be e s t i m a t e d .  It  i s  assumed t h a t  t h e  "imaginary" t u b e  is s i t u -  

a t e d  between t h e  w a l l s  of t h e  a c t u a l  t u b e  i n  t h e  same propor- 

t i o n  throughout  the l e n g t h  of t h e  t u b e .  From t h e  geometry, 

Although the  d i s t a n c e  y i s  known, the d i s t a n c e  y, must  

Q) 

a 
y , = Y -  W d = Y -  m a- d ' 7  

Thus, 

which i s  i d e n t i c a l  t o  E q .  (A2)  except  f o r  t h e  f a c t o r  i n  

b r a c k e t s .  Th i s  f a c t o r  i s  t h e  r a d i a l  compression or expansion 

which occurs i n  t h e  a x i a l l y  symmetric geometry. Note t h a t  i f  

t h e  p o i n t  of  i n t e r e s t  i s  on t h e  a x i s ,  t h e n  PO, and the d e n s i t y  

i s  s i n g u l a r  a t  t h a t  p o i n t .  To avo id  s i n g u l a r i t i e s ,  the  mesh 

w i l l  be l o c a t e d  i n  such a way t h a t  no g r i d  p o i n t s  w i l l  l i e  

on t h e  a x i s .  

I t  should a l s o  be mentioned t h a t  i n  E q s .  ( A 2 )  and (A3) 

t h e  v e l o c i t y  vx ( t h e  x component of the ion  veloc i ty)  is  
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n o t  known a t  the p o i n t  of i n t e r e s t .  I n  f a c t ,  s i n c e  t h e  

v e l o c i t i e s  of the  two t ra jector ies  are approximately e q u a l  a t  

t h e  p o i n t s  d i r e c t l y  above and  below the p o i n t  of i n t e r e s t ,  

t h e n  e i t h e r  of t h e s e  v e l o c i t i e s  i s  a good approximation for  

the v e l o c i t y  a t  t h e  p o i n t  of i n t e r e s t .  
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APPENDIX B: ACCURACY O F  THE NUMERICAL SOLUTION 

1. Grid  S t r u c t u r e  

I n t r o d u c t i o n .  The r e g i o n  of i n t e r e s t  which sur rounds  t h e  

s a t e l l i t e  i s  p a r t i t i o n e d  i n t o  a mesh by means of a se t  of v e r -  

t i c a l  and h o r i z o n t a l  g r i d  l i n e s .  The i n t e r s e c t i o n  of t h e s e  

l i n e s  a r e  t h e  g r i d  p o i n t s  ( a l s o  c a l l e d  mesh p o i n t s  or nodes) .  

These g r i d  l i n e s  and p o i n t s  form t h e  s t r u c t u r e  upon which a l l  

of t h e  approximations employed i n  t h e  s o l u t i o n  of t h e  equa- 

t i o n s  of t h e  problem a r e  based.  C e r t a i n  g r i d  p o i n t s  a r e  des ig-  

na ted  a s  t h e  s a t e l l i t e  s u r f a c e .  P o i s s o n ' s  equa t ion  i s  approxi- 

mated by a set of coupled a l g e b r a i c  e q u a t i o n s  r e l a t i n g  t h e  

va lue  of p o t e n t i a l  a t  a g iven  p o i n t  t o  t h e  va lues  a t  neighboring 

p o i n t s .  The e lectr ic  f i e l d  c a l c u l a t e d  a t  each g r i d  p o i n t  i s  

assumed c o n s t a n t  over  a c e l l ,  and t h e  i o n  t r a j e c t o r y  i s  approxi-  

mated b y  p a r a b o l i c  a r c s  w i t h i n  cel ls ,  The i o n  d e n s i t y  i s  c a l -  

c u l a t e d  f o r  each  g r i d  p o i n t  by employing a f lux- tube  approxima- 

t i o n  f o r  a d j a c e n t  t r a j e c t o r i e s .  Thus, each approximated equa- 

t i o n  i s  based  on a common g r i d  s t r u c t u r e .  

G r i d - s t r u c t u r e  requirements .  The main r e q u i r e m e n t  f o r  

t h e  g r i d  s t r u c t u r e  i s  t h e  a c c u r a t e  approximation of P o i s s o n ' s  

e q u a t i o n  bo th  i n  t h e  r eg ion  neighboring t h e  s a t e l l i t e  and wake 

and i n  t h e  r eg ion  f a r  away from t h e  s a t e l l i t e ,  I n  g e n e r a l ,  t h e  

mesh spac ing  m u s t  no t  be g r e a t e r  t han  t h e  Debye l e n g t h  f o r  ac- 

c u r a t e  approximation.  I n  t h e  r eg ion  near  t h e  s a t e l l i t e ,  the  

p o t e n t i a l  g r a d i e n t s  may be l a r g e  and, a s  a r e s u l t ,  t h e  mesh 

s i z e  h may of n e c e s s i t y ,  be much less t h a n  a Debye l e n g t h  

(e .g , ,  h = 0.1). I n  t h e  r eg ion  f a r  away from t h e  s a t e l l i t e ,  
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however, t h e  p o t e n t i a l  g r a d i e n t s  a r e  weak and, a s  a r e s u l t ,  

t h e  mesh s i z e  may be i n c r e a s e d  t o  a value  of n e a r l y  a Debye 

l e n g t h  (e .g . ,  h = 0.75) .  I f  the mesh s i z e  exceeds a Debye 

l e n g t h  i n  t h e  weak-f ie ld  r eg ion ,  i t  i s  p o s s i b l e  t h a t  t h e  

i t e r a t e s  ob ta ined  b y  us ing  the  AD1 method t o  so lve  P o i s s o n ’ s  

e q u a t i o n  (minor i t e r a t e s )  w i l l  no t  converge.  S i n c e  t h i s  

upper l i m i t  on mesh s i z e  i s  n o t  r equ i r ed  f o r  t h e  convergence 

of the i t e r a t e s  of l i n e a r  f i n i t e - d i f f e r e n c e  o p e r a t o r s ,  t h i s  

l i m i t  may be a t t r i b u t e d  t o  t h a t  non l inea r  p o r t i o n  of t h e  

o p e r a t o r  which accoun t s  f o r  t h e  Boltzmann f a c t o r .  

I f  b o t h  t h e  weak-f ie ld  and s t r o n g - f i e l d  a r e a s  of t h e  d i s -  

t u r b e d  r eg ion  a r e  t o  have a reasonable  number of g r i d  p o i n t s ,  

a v a r i a b l e  mesh s i z e  must  be employed. I n  t he  s t r o n g - f i e l d  

a r e a ,  the mesh spacing i s  small :  moving toward t h e  weak-f ie ld  

a r e a ,  t h e  spac ing  becomes p r o g r e s s i v e l y  l a r g e r .  The v a r i a b l e  

spac ing  i s  chosen a r b i t r a r i l y  and depends on t h e  parameters  

of t h e  problem and t h e  d e s i r e d  accuracy of t h e  r e s u l t s ;  no 

c o o r d i n a t e  t r a n s f o r m a t i o n  is used t o  provide an “ a u t o m a t i c a l l y “  

varying mesh. 
The mesh s i z e  m u s t  not  be made unnecessa r i ly  smal l .  

Obviously,  t h e  sma l l e r  t h e  mesh s i z e ,  t h e  g r e a t e r  t h e  number 

of g r i d  p o i n t s  t o  cover  t h e  same reg ion  of i n t e r e s t .  F u r t h e r -  

more, t h e  r a t e  of convergence of t h e  minor  i t n e r a t e s  dec reases  

wi th  sma l l e r  mesh s i z e ,  i .e. ,  more i t e r a t e s  a r e  necessary  i n  

o rde r  t o  o b t a i n  t h e  same accuracy.  Hence, the computation 

t i m e  needed for a s o l u t i o n  i n c r e a s e s  r a p i d l y .  This i n v e r s e  

dependence of t h e  number of minor i t e r a t e s  on t h e  mesh s i z e  

i s  c h a r a c t e r i s t i c  of a l l  f i n i t e - d i f f e r e n c e  approximations t o  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  (see, for example, Ref. 3 0 ) .  

153 



Model problem. F igu re  €31 shows t h e  boundar ies  of the 

mesh s t r u c t u r e  for  a t y p i c a l  p l a t e - sa t e l l i t e  problem which 

w i l l  be used  a s  a model for  error a n a l y s i s .  The h o r i z o n t a l  

mesh s i z e  i s  0.25 Debye l e n g t h s  i n  the neighborhood o f  t h e  

s a t e l l i t e ,  0.5 i n  t h e  wake, and 0-75 i n  t h e  f r o n t .  The v e r -  

t i c a l  mesh s i z e  is 0.2 Debye l e n g t h s  nea r  t h e  s a t e l l i t e  and 

i n c r e a s e s  p r o g r e s s i v e l y  t o  v a l u e s  of  0.4 and 0.75 u n t i l  t h e  

s i d e  boundary i s  reached. Notice t h a t  no mesh p o i n t s  l i e  on 

t h e  y = 0 l i n e ;  t h e r e f o r e ,  t h i s  model g r i d  may be used for 

a x i a l l y  symmetric s a t e l l i t e  geometries. Furthermore,  t h e  

s a t e l l i t e  s u r f a c e  i s  d e f i n e d  t o  c o i n c i d e  w i t h  one of t h e  

v e r t i c a l  g r i d  l i n e s ,  and t h e  upper edge of  t h a t  s u r f a c e  ends  

on a h o r i z o n t a l  g r i d  l i n e .  

2. I t e r a t e  Convergence and Accuracy 

Converqence of minor i t e ra tes .  For t h e  model and many 

o t h e r  g r i d  s t r u c t u r e s ,  it i s  found e m p i r i c a l l y  t h a t  t h e  op- 

timum o v e r r e l a x a t i o n  factor u t  f o r  t h e  minor i t e r a t e s  (see 

Chap. 11) i s  approximately 1.55. Apparently, .  t h e  form of 

o p e r a t o r  i t s e l f  h a s  more i n f l u e n c e  on the  r e l a x a t i o n  f a c t o r  

t h a n  t h e  e x a c t  g r i d  spac ing ,  s i z e  of r eg ion ,  or l o c a t i o n  of 

t h e  boundar ies .  I n  a c t u a l i t y ,  t h e  o v e r r e l a x a t i o n  va lue  used 

i s  s l i g h t l y  less than  t h e  op t imum va lue  ( u l *  = 1.58) determined 

f o r  t h e  model case. The r eason  for t h i s  b i a s  i s  t h a t  i f  ti' 

i s  g r e a t e r  t h a n  t h e  optimum value ,  the number of i t e r a t e s  re- 

q u i r e d  f o r  a s o l u t i o n  i s  much g r e a t e r  t h a n  i f  u' i s  less than  

the optimum va lue  b y  a cor responding  amount. Therefore ,  i n  

order t o  i n s u r e  t h a t  w i l l  never be g r e a t e r  t han  t h e  optimum 

v a l u e  f o r  any c a s e ,  a va lue  s m a l l e r  t han  t h e  optimum va lue  of  

t h e  model case i s  used. 
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The number of minor i t e ra tes  necessa ry  for t h e  s o l u t i o n  

of P o i s s o n ' s  equa t ion  depends upon t h e  degree  of accu racy  de- 

sired for  t h e  p o t e n t i a l .  Gene ra l ly ,  t h e r e  must be between 

1 0  and 20  minor i t e r a t e s  i n  order t o  o b t a i n  a p o t e n t i a l  which 

i s  s u f f i c i e n t l y  a c c u r a t e  for computat ion of a new set of t r a -  

jectories. S i n c e  a t  f i r s t  t h e  i o n  cha rge  d e n s i t y  r e c o r d  i s  

n o t  known a c c u r a t e l y ,  it i s  n o t  impor t an t  t h a t  t h e  p o t e n t i a l  

be computed t o  a h i g h l y  a c c u r a t e  va lue .  When the accuracy  

of the i o n  d e n s i t y  record i s  improved by  r e c a l c u l a t i o n  of 

t h e  i o n  t r a j e c t o r i e s ,  t h e n  t h e  accuracy  of t h e  p o t e n t i a l  a l s o  

w i l l  improve wi thou t  an  i n c r e a s e  i n  t h e  number of minor i t e r a t e s .  

Spacing between - i o n  t r a j e c t o r i e s .  Once t h e  g r i d  s t r u c -  

t u r e  h a s  been  chosen,  t h e  c h o i c e  of the spac ing  between i o n  

t r a j e c t o r i e s  follows i n  a n  obvious manner. Again, v a r i a b l e  

spac ing  i s  necessa ry  i n  o rde r  t o  minimize t h e  r e q u i r e d  computa- 

t i o n  t i m e .  A s  a r u l e ,  r h e  d i s t a n c e  between each  t r a j e c t o r y  

must be s l i g h t l y  less t h a n  t h e  v e r t i c a l  s i z e  of t h e  cel ls  

which the t r a j e c t o r y  w i l l  cross. This  c h o i c e  of spac ing  i n -  

s u r e s  t h a t  v a r i a t i o n s  i n  t h e  i o n  charge  d e n s i t y  w i l l  occur  

smoothly for  e v e r y  g r i d  p o i n t .  The o n l y  excep t ion  t o  the 

spac ing  r u l e  i n v o l v e s  those t ra jector ies  which a re  known 

t o  i n t e r c e p t  t h e  s a t e l l i t e .  S i n c e  t h e  i o n  charge  d e n s i t y  

var ies  s lowly  i n  f r o n t  of the s a t e l l i t e ,  the spac ing  b e t w e e n  

t ra jector ies  may be made a s  l a r g e  a s  a f e w  ce l l  wid ths  wi thou t  

i n t roduc ing  s e r i o u s  error i n t o  t h e  i o n  charge  d e n s i t y  r e c o r d  . 
It is  unders tood  t h a t  none of these trajectories w i l l  e n t e r  

t h e  wake where the charge d e n s i t y  i s  l i k e l y  t o  vary  s h a r p l y .  
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N o t e  t h a t  the spac ing  f o r  t hose  t ra jector ies  which e n t e r  t h e  

wake must be s m a l l e r  t han  t h e  wake mesh s i z e  even i f  those 

trajectories b e g i n  a t  p o i n t s  where t h e  mesh s i z e  i s  l a r g e .  

Under re l axa t ion  factor  for major i terates.  A f t e r  t h e  re- 

cord of t h e  i o n  charge  d e n s i t y  has  been ob ta ined  b y  use  o€ 

t h e  c a l c u l a t e d  i o n  t r a j e c t o r i e s ,  t h e  p o t e n t i a l  i s  recomputed, 

and a new record for t h e  i o n  charge  d e n s i t y  i s  ob ta ined .  The 

i t e ra tes  which a re  the r e s u l t  o f  the a l t e r n a t e  c a l c u l a t i o n s  

f o r  p o t e n t i a l  and charge  d e n s i t y  ( c a l l e d  major i t e r a t e s )  con- 

verge when a n  u n d e r r e l a x a t i o n  f a c t o r  f o r  them i s  in t roduced ,  

As i n  the  case of t h e  o v e r r e l a x a t i o n  factor  for minor i t e r a t e s ,  

the u n d e r r e l a x a t i o n  f a c t o r  for major i t e ra tes  must be ob ta ined  

e m p i r i c a l l y ,  The factor  for i o n  d e n s i t y  i terates for p l a n a r  

geomet r i e s  i s  approximate ly  0.75; fo r  a x i a l l y  symmetric geo- 

metries where t h e  i o n  d e n s i t y  nea r  the a x i s  may be a n  o rde r  

o f  magnitude larger  than  t h e  ambient d e n s i t y ,  t h e  factor  may 

va ry  between 0.5 and 0.6, The f a c t o r  f o r  the major p o t e n t i a l  

i terates  may be n e a r e r  u n i t y  s i n c e  the p o t e n t i a l  does not  have 

such l a r g e  v a r i a t i o n s  a s  t h e  i o n  d e n s i t y .  Genera l ly ,  a f a c t o r  

of 0.75 i s  s u f f i c i e n t l y  l o w  t o  i n s u r e  convergence. The under- 

r e i e x a t i o n  f a c t o r s  for  b o t h  the i o n  d e n s i t y  and p o t e n t i a l  i ter- 

a t e s  should  be u n i t y  for t h e  f irst  i t e r a t e  s i n c e  t h e  i n i t i a l  

guess  i s  u s u a l l y  a ve ry  poor approximation o f  t h e  s o l u t i o n .  

The remaining iterates may have a n  u n d e r r e l a x a t i o n  factor  

which i s  independent  of  t h e  i t e r a t e  number. 

D e f i n i t i o n  of major i t e ra te  error. The number of major 

i t e r a t e s  c o n t r o l s  the accuracy  of t h e  s o l u t i o n  of the f i n i t e -  

d i f f e r e n c e  e q u a t i o n s  which approximate t h e  Poisson-Vlasov 

system o f  equa t ions .  I n  order t o  measure t h a t  accuracy ,  a n  
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error norm must be de f ined ,  The m o s t  f r e q u e n t l y  used norm--the 

root mean squa re  of the v a l u e s  of the d i f f e r e n c e  matrix between 

one i terate and  t h e  next--is  n o t  so u s e f u l  i n  t h i s  problem as  

i n  other f i n i t e - d i f f e r e n c e  problems. S ince  a great  many of 

the g r i d  p o i n t s  l i e  i n  the r e g i o n  where the  electric f i e l d  i s  

weak, t h i s  error norm would f a i l  t o  reflect any s e r i o u s  errors 

i n  the nea r  wake r e g i o n  where the f i e l d  i s  s t r o n g ,  The root 

mean squa re  of t h e  r e l a t i v e  v a l u e s  of t h e  d i f f e r e n c e  matrix 

between i terates  i s  a l s o  u n s a t i s f a c t o r y  s i n c e  the nea r  z e r o  

v a l u e s  of p o t e n t i a l  (and, p o s s i b l y ,  z e r o  v a l u e s )  i n  t h e  f a r  

f i e l d  r e g i o n  would i n f l a t e  and d i s t o r t  t h e  error norm. There- 

fore, a n  error norm e q u a l  t o  the maximum a b s o l u t e  va lue  of t h e  

d i f f e r e n c e  mat r ix  between i t e ra tes  w a s  chosen, S i n c e  t h i s  

choice of norm reflects t h e  i t e r a t e  error a t  on ly  one point--  

namely t h e  p o i n t  w i t h  t h e  l a r g e s t  error--the error appea r s  t o  

be much l a r g e r  t han  i s  cus tomar i ly  expected i n  t h i s  t ype  of 

problem, However, t h i s  norm has proved t o  be much more u s e f u l  

t h a n  the other norms for the error a n a l y s i s  of the  f i n i t e -  

d i f f e r e n c e  t echn iques  employed i n  t h e  s a t e l l i t e - i o n o s p h e r e  

i n t e r a c t i o n  problem, 

The accuracy  of the s o l u t i o n  t o  t h e  f i n i t e - d i f f e r e n c e  

e q u a t i o n  i s  o b t a i n e d  by c a l c u l a t i o n  of the norm of the  d i f -  

f e r e n c e s  of t w o  consecu t ive  major i terates ,  As t he  major 

iterates converge t o  the s o l u t i o n ,  the  norm of t h e  d i f f e r e n c e  

decreases toward a va lue  of ze ro .  The error between any i t e r -  

a t e  and  t h e  t r u e  s o l u t i o n ,  therefore, i s  approximated by the 

norm of the d i f f e r e n c e  between t h a t  i terate  and t h e  preceding  

i t e ra te .  Only i n  the case where the u n d e r r e l a x a t i o n  factors  

are ve ry  small ( i , e , ,  less t h a n  0.25) i s  t h i s  es t imate  for the 

i terate error e x c e s s i v e l y  l o w .  
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Major i t e r a t e  e r r o r  of model problem. Table I11 l is ts  

t h e  e r r o r  a s s o c i a t e d  w i t h  t h e  sequence of  major i t e r a t e s  ob- 

t a i n e d  i n  t h e  s o l u t i o n  of t h e  problem wi th  t y p i c a l  s a t e l -  

l i t e  parameters  (i 
t u r e .  S i n c e  the  e r r o r  d e c r e a s e s  w i t h  t h e  i n c r e a s e  i n  t h e  

i t e r a t e  number, t h e  i t e r a t e s  a r e  convergent toward t h e  so- 

l u t i o n .  The error f o r  the p o t e n t i a l  i t e r a t e s  i s ,  of c o u r s e ,  

s m a l l e r  t han  f o r  t h e  corresponding i o n  charge  d e n s i t y  i t e r a t e s  

s i n c e  t h e  p o t e n t i a l  i s  t h e  r e s u l t  of "double i n t e g r a t i o n "  of 

t h e  i o n  charge  d e n s i t y .  I n  o r d e r  t o  compare t h e  i t e r a t e  er- 

ror f o r  a s a t e l l i t e  w i t h  z e r o  p o t e n t i a l  and one w i t h  a nega- 

t i v e  p o t e n t i a l ,  a r e l a t i v e  error is  de f ined  b y  d i v i s i o n  of 

t h e  a b s o l u t e  error by t h e  a b s o l u t e  maximum value  of the 

g r i d  p o i n t s .  (The  maximum a b s o l u t e  d i f f e r e n c e  between t w o  

i t e r a t e s  does not  occur n e c e s s a r i l y  a t  t h e  same g r i d  p o i n t  a s  

t h e  maximum a b s o l u t e  va lue . )  

1 2 ,  r - 1) and the  model g r i d  s t r u c -  KE= s a t -  

I n  p r a c t i c e ,  s i x  t o  e i g h t  major i t e r a t e s  a r e  r e q u i r e d  

f o r  a s a t i s f a c t o r y  s o l u t i o n  f o r  t h e  model problem. More 

i t e r a t e s  may be r e q u i r e d  for problems w i t h  v e r y  l o w  i o n  k i n e -  

t i c  energy or very  nega t ive  s a t e l l i t e  p o t e n t i a l .  S i n c e  t h e  

t r u n c a t i o n  error a s s o c i a t e d  w i t h  f i n i t e  mesh s i z e  i s  about  

3% f o r  t h e  model problem ( t o  be proved below), no improvement 

i n  t h e  o v e r a l l  accuracy i s  ga ined  b y  c a l c u l a t i n g  a l a r g e  number 

of major i t e r a t e s .  

I n t e r s e c t i o n  of a d j a c e n t  t r a j e c t o r i e s .  A n  a d d i t i o n a l  

c r i t e r ion  on t h e  number of major i terates  r e q u i r e d  f o r  s o l u -  

t i o n  of t h e  problem i s  t h a t  l a r g e  numbers of a d j a c e n t  i o n  

t r a j e c t o r i e s  should no t  cross each o t h e r .  Any two a d j a c e n t  

t r a j e c t o r i e s  which intersect f a i l  t o  s a t i s f y  t h e  approximations 
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TABLE I11 

Major i t e r a t e  error of t h e  p o t e n t i a l  f i e l d  of t h e  

model problem a s  a f u n c t i o n  of i t e r a t e  number 
A 

(EKE = 1 2 ,  rsat = 1 1. 

= -5  
‘sat = o  a s a t  Major 

i t e r a t e  A b s  e 9’0 re l .  Abs. % re l .  

number error error error error 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 0  

11 

12 

0.577 

0.256 

0.0592 

0.0736 

0.0350 

0.0114 

0.0156 

0.0082 

0.0274 

0.0242 

0 0118 

0.0044 

77. 

33. 

7.9 

9 . 8  

4.7 

1 . 5  

2 . 1  

1.1 

3.7 

3.2 

1 . 5  

0.60 

4.32 

0.243 

0.127 

0.0964 

0.0877 

0.0480 

0.0480 

0.0259 

0.0102 

0 0042 

0.0021 

0.0008 

97. 

5.6 

2.9 

2 . 2  

2 .0  

1.1 

1.1 

0.60 

0.23 

0.097 

0.047 

0 . 018 
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invoked i n  the  f low- f i e ld  method of c a l c u l a t i n g  t h e  i o n  

d e n s i t y .  Then, a t  g r i d  p o i n t s  i n  the v i c i n i t y  o f  the 

i n t e r s e c t i o n ,  abnormally high v a l u e s  f o r  the i o n  d e n s i t y  

arise.  These high v a l u e s  create a l o c a l  electric f i e l d  

which i s  no t  s e l f - c o n s i s t e n t .  I n  succeeding i terates when 

the electric f i e l d  i s  ob ta ined  more a c c u r a t e l y ,  t h e  number 

of t r a j e c t o r y  c r o s s i n g s  decreases. Therefore ,  for  a n  ac- 

c u r a t e  s o l u t i o n  t h e  number of major i terates  should be ex- 

t ended  u n t i l  no a d j a c e n t  t r a j e c t o r i e s  i n t e r s e c t .  Howevel;, 

i n  c e r t a i n  cases where t h e  remaining one or t w o  c r o s s i n g s  

a re  n o t  nea r  g r i d  p o i n t s ,  the r e s u l t s  ob ta ined  fo r  a s m a l l  

number of  i t e ra tes  a re  l i t t l e  d i f f e r e n t  from t h o s e  ob ta ined  

for  a l a r g e r  number of i terates  when no a d j a c e n t  t ra jec tor ies  

cross. 

3 .  Truncat ion  Error 

Source of t r u n c a t i o n  error. The preceding  d i s c u s s i o n  

concern ing  the error of the major i terates  c o n s i d e r s  on ly  

t h e  error a r i s i n g  dur ing  t h e  s o l u t i o n  of the set o f  f i n i t e -  

d i f f e r e n c e  equa t ions .  The d i s c u s s i o n  now concerns  the  error 

associated w i t h  the replacement  of t h e  Poisson-Vlasov system 

of d i f f e r e n t i a l  e q u a t i o n s  by t h e  f i n i t e - d i f f e r e n c e  set of 

a l g e b r a i c  e q u a t i o n s .  I n  o t h e r  words, even i f  t h e  number of 

major i t e ra tes  w e r e  extended u n t i l  the d i f f e r e n c e  between 

t w o  consecu t ive  i t e r a t e s  became ze ro ,  a n  error o r i g i n a t i n g  

from the  approximations invoked i n  t h e  employment of t h e  

f i n i t e - d i f f e r e n c e  scheme would remain i n  the s o l u t i o n .  For  

example, i n  Chap. I1 the d i f f e r e n t i a l  o p e r a t o r  g iven  by 

Eq. (2.12) i s  approximated by t h e  f i n i t e - d i f f e r e n c e  o p e r a t o r  

of Eq. (2.13).  %e error of t h i s  approximation is p r o p o r t i o n a l  
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t o  t h e  second power of t h e  mesh spac ing  and i s  c a l l e d  t h e  

t r u n c a t i o n  e r r o r  s i n c e  t h e  Taylor series expansion of t h e  d i f -  

f e r e n t i a l  o p e r a t o r  h a s  b e e n  t r u n c a t e d  i n  o r d e r  t o  o b t a i n  a 

signple approximation f o r  t h e  o p e r a t o r ,  Other  sou rces  of error 

i n c l u d e  t h e  approximations invoked by  assuming t h e  cons tancy  

of t h e  electric f i e l d  over  a volume cel l  and the f i n i t e  spac ing  

between p a r t i c l e  t r a j e c t o r i e s  necessary  t o  o b t a i n  t h e  ion -  

flow f i e l d ,  Both of t h e s e  errors a r e  dependent on t h e  mesh 

s i z e  i n  such a manner t h a t  i n c r e a s i n g  t h e  mesh s i z e  r e s u l t s  i n  

i n c r e a s e d  e r r o r :  t h e s e  e r r o r s  a l s o  may be cons ide red  t runca -  

t i o n  e r r o r s .  

The i n f l u e n c e  of  t h e  t r u n c a t i o n  error on t h e  accuracy  

of t h e  s o l u t i o n  may be e s t i m a t e d  by a comparison of t h e  s o l u t i o n s  

f o r  i d e n t i c a l  problems based on g r i d  s t r u c t u r e s  of d i f f e r e n t  

s i z e s .  Any c a l c u l a t e d  " s o l u t i o n "  has  t r u n c a t i o n  e r r o r .  I f  

t h e  i d e n t i c a l  problem is  so lved  on a g r i d  with sma l l e r  mesh 

s i z e ,  t h e  new " s o l u t i o n "  c o n t a i n s  less t r u n c a t i o n  e r r o r  t h a n ,  

and hence i s  d i f f e r e n t  from, t h e  f i rs t  " s o l u t i o n . "  Each t i m e  

t h e  mesh s i z e  i s  reduced, the r e s u l t i n g  " s o l u t i o n "  c o n t a i n s  

less t r u n c a t i o n  e r r o r  and approaches t h e  a c t u a l  s o l u t i o n  

more c l o s e l y .  Hence, when t w o  " s o l u t i o n s "  based on g r i d  s t r u c -  

t u r e s  w i t h  d i f f e r e n t  mesh s i z e s  a r e  ob ta ined ,  i t  i s  assumed t h a t  

t h e  d i f f e r e n c e  i s  approximately t h e  t r u n c a t i o n  e r r o r  of 'che 

" s o l u t i o n "  based  on t h e  l a r g e r  mesh s i z e .  

Trunca t ion  error of model problem. I n  order  t o  d e t e r -  

mine t h e  t r u n c a t i o n  error of t h e  s o l u t i o n  obta ined  for t h e  

model problem, two o t h e r  s o l u t i o n s  w e r e  ob ta ined  based on 

c o a r s e  and f i n e  g r i d  s t r u c t u r e s  w i t h  a mesh spacing t w i c e  

a s  l a r g e  and h a l f  a s  l a r g e ,  r e s p e c t i v e l y ,  a s  t h a t  of t h e  model 
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problem. While the  model problem has  2356 g r i d  p o i n t s  

(76 X 3 1 ) ,  t h e  problem w i t h  a c o a r s e  mesh has  1173 (51  x 23) : 

t h e  problem w i t h  a f i n e  mesh has  9211 (151 x 6 1 ) .  Note t h a t  

a l though  t h e  f i n e  s t r u c t u r e  has  f o u r  t i m e s  a s  many g r i d  p o i n t s  

a s  h a s  t h e  model problem, t h e  s t r u c t u r e  w i t h  t h e  c o a r s e  mesh 

has  on ly  about  40% fewer g r i d  p o i n t s  t h a n  t h e  model problem. 

The reason  f o r  t h i s  l a c k  of ba lance  between t h e  three g r i d  

s t r u c t u r e s  i s  t h a t  t h e  minor i t e r a t e s  do not  converge i f  a 

l a r g e  p a r t  of t h e  mesh spacing i s  near  t o  t h e  Debye l e n g t h .  

Hence, f o r  t h e  c o a r s e  s t r u c t u r e ,  a l l  mesh s i z e s  a r e  double 

those  of  t h e  model problem excep t  where t h e  s i z e  would exceed 

0.75 Debye l e n g t h s .  

The maximum a b s o l u t e  difference i n  t h e  p o t e n t i a l  v a l u e s  

between s o l u t i o n s  based on t h e  coa r se  and f i n e  g r i d  s t r u c -  

t u r e s  i s  0.11; when d iv ided  b y  the  maximum a b s o l u t e  p o t e n t i a l  

va lue  t o  o b t a i n  a r e l a t i v e  e r r o r ,  t h i s  d i f f e r e n c e  i s  15%. O n  

t h e  o t h e r  hand, t h e  maximum a b s o l u t e  d i f f e r e n c e  i n  t h e  poten- 

t i a l  va lues  be tween  s o l u t i o n s  based on t h e  model and f i n e  

g r i d  s t r u c t u r e s  i s  0.024 or  3.3%. This  accuracy of t h e  po- 

t e n t i a l  va lues  for the  model problem i s  s u f f i c i e n t  t o  i n s u r e  

t h e  accuracy  of t h e  d e t a i l e d  r e s u l t s  on c u r r e n t ,  d rag ,  and 

wake behavior  p r e s e n t e d  i n  t h e  mair, p o r t i o n  of t h e  t ex t .  

Neglect  of roundoff e r r o r .  Roundoff errors which some- 

times a r i s e  i n  problems of numerical  a n a l y s i s  a r e  d u e  t o  the 

f a c t  t h a t  t h e  computer word l e n g t h  i s  f i n i t e  and can  hold  

only  numbers w i t h  a l i m i t e d  number of s i g n i f i c a n t  d i g i t s .  

S ince  t h e  roundoff e r r o r  i s  p r o p o r t i o n a l  t o  t h e  square  r o o t  

of t h e  number of g r i d  p o i n t s  t i m e s  t h e  accuracy of t h e  computer 

word, t h e  roundoff error i s  c o n t r o l l e d  i n  t h i s  problem b y  

- 
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employing a computer w i t h  words which w i l l  ho ld  a s u f f i c i e n t l y  

large number of d i g i t s .  I n  the cases where t h e  IBM 7094 com- 

p u t e r  i s  used,  a word h o l d s  e i g h t  s i g n i f i c a n t  d i g i t s :  where 

the IBM 360 i s  used, a double-word h o l d s  16  t o  18 s i g n i f i -  

c a n t  d i g i t s .  Therefore ,  these c o n s i d e r a t i o n s  show tha t  round- 

off error i s  not a s i g n i f i c a n t  sou rce  of error in t h i s  problem. 

4 .  I n f l u e n c e  of t h e  Boundary Locat ion  

on t h e  Numerical Accuracy 

Front-boundary l o c a t i o n .  The l o c a t i o n s  of t h e  boundar i e s  

of t h e  d i s t u r b e d  r e g i o n  have an  i n f l u e n c e  on t h e  accuracy  of 

t h e  p o t e n t i a l  and ion- f low f i e l d s  w i t h i n  t h e  boundar ies .  

I d e a l l y ,  t h e  boundar i e s  where t h e  p o t e n t i a l  i s  set e q u a l  t o  

z e r o  shou ld  be i n f i n i t e l y  f a r  f r o m  the s a t e l l i t e  i n  order t o  

d u p l i c a t e  t h e  boundary c o n d i t i o n s  of t h e  Poisson-Vlasov sys- 

t e m  of e q u a t i o n s ;  p r a c t i c a l l y ,  t h e y  must be a f i n i t e  d i s t a n c e  

from the  s a t e l l i t e .  S i n c e  t h e  d i s t u r b i n g  electric f i e l d  of 

the wake and t h e  s a t e l l i t e  i s  a t t e n u a t e d  cons ide rab ly  over  

d i s t a n c e s  of t h e  order of s e v e r a l  Debye l e n g t h s ,  t h e  boundar i e s  

c a n  be l o c a t e d  i n  m o s t  i n s t a n c e s  w i t h i n  t e n  Debye l e n g t h s  of  

the s a t e l l i t e  and wake, For example, when t h e  f r o n t  boundary 

i s  l o c a t e d  t e n  Debye l e n g t h s  upstream of t h e  s a t e l l i t e ,  t h e  

v a l u e s  of t h e  i o n  d e n s i t y  of t h e  g r i d  p o i n t s  i n  t h e  v i c i n i t y  

of t h e  boundary remain a t  ambient.  Even for  s a t e l l i t e  poten- 

t i a l s  a s  n e g a t i v e  a s  -40, t h e  f r o n t  boundary m u s t  be on ly  

about  t e n  Debye l e n g t h s  away f r o m  t h e  s a t e l l i t e  t o  s a t i s f y  

t h i s  c r i t e r i o n .  
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Side-boundary l o c a t i o n .  The d i s t a n c e  between the s i d e  

boundary and  the s a t e l l i t e  h a s  an  impor t an t  effect  on the 

behavior  of the wake downstream, A s  t h e  electric f i e l d  of 

t h e  n e a r  wake s p r e a d s  o u t  i n t o  t h e  sur rounding  plasma of t h e  

midwake, t h e  f i e l d  p e r t u r b s  the i o n s  l o c a t e d  f a r  from t h e  

s a t e l l i t e ,  and  t h e y  are  a t t r a c t e d  toward t h e  wake. I f  t h e  

outermost  i o n  t r a j e c t o r y  i s  a t t r a c t e d  for  a s u f f i c i e n t l y  long  

d i s t a n c e ,  i t  moves below t h e  downstream p o r t i o n  of t h e  o u t e r -  

m o s t  h o r i z o n t a l  l i n e  of g r i d  p o i n t s  a d j a c e n t  t o  the boundary 

l i n e .  S i n c e  no i o n  t r a j e c t o r y  e x i s t s  above t h a t  l i n e  of  g r i d  

p o i n t s ,  t h e  i o n  d e n s i t y  canno t  be e s t i m a t e d  for t h e  remainder 

of the l i n e .  Hence, i n  o r d e r  t o  avo id  t h i s  d i f f i c u l t y  du r ing  

t h e  i n v e s t i g a t i o n  of very  long  wakes, the side boundary must 

be l o c a t e d  a s  much a s  1 5  or 20 Debye l e n g t h s  away from t h e  

satel l i te .  

I t  should  be emphasized t h a t  the l o c a t i o n  of t h e  side 

boundary, a s  i n  t h e  c a s e  of the f r o n t  boundary, does no t  a f -  

fect t h e  p o t e n t i a l  f i e l d  i n  t h e  nea r  wake or i n  t h e  v i c i n i t y  

of  t h e  s a t e l l i t e .  F igu re  B2 i s  a semi logar i thmic  p l o t  of t h e  

p o t e n t i a l  a s  a f u n c t i o n  of t h e  v e r t i c a l  d i s t a n c e  for  the f i x e d  

p o s i t i o n  (x = -4) downstream of the s a t e l l i t e .  Only t h e  po- 

t e n t i a l  w i t h i n  t w o  Debye l e n g t h s  of t h e  boundary i s  dependent 

upon the  l o c a t i o n  of t h e  boundary. The p o t e n t i a l  i n  the re- 

mainder of t h e  d i s t a n c e  i s  "locked" o n t o  t h e  s o l u t i o n  va lues .  

Downstream-boundary l o c a t i o n ,  The downstream-boundary 

l o c a t i o n  h a s  a s i m i l a r  effect  on t h e  p o t e n t i a l  i n  i t s  v i c i n i t y .  

S ince  the p o t e n t i a l  t h e r e  i s  no longe r  n e a r l y  ze ro ,  however, 

t h e  change of t h e  p o t e n t i a l  a s  a r e s u l t  of t h e  downstream- 

boundary l o c a t i o n  i s  s i g n i f i c a n t .  Within a f e w  Debye l e n g t h s  
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y (DEBYE LENGTHS) 

FIG. 62. POTENTIAL - VS. VERTICAL DISTANCE FOR VARIOUS SIDE-BOUNDARY LOCATIONS ,. 
(EKE= 12, 
EXCEPT WITHIN TWO DEBYE LENGTHS OF Yb' 

0, rsat= 1, X= 4). NOTE THAT POTENTIAL I S  INDEPENDENT OF Yb 
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of the boundary l o c a t i o n ,  t h e r e f o r e ,  t h e  v a l u e s  of t h e  

p o t e n t i a l  and ion-f low f i e l d s  a re  no t  a c c u r a t e .  

The r e s u l t s  o b t a i n e d  i n  t h a t  area n o t  i n  the v i c i n i t y  

of the  downstream boundary are u n a f f e c t e d  by l o c a t i o n  of t h e  

downstream boundary,  S i n c e  t h e  i o n s  are  assumed t o  have z e r o  

t empera tu re ,  none t r a v e l  upstream, and, as, a r e s u l t ,  no in-  

format ion  abou t  the downstream c o n d i t i o n s  c a n  be c a r r i e d  up- 

stream by the i o n s .  Only the e lectr ic  f i e l d  i n f l u e n c e s  t h e  

i o n  behav io r  i n  t h e  upstream d i r e c t i o n ,  and its effect is 

l i m i t e d  t o  d i s t a n c e s  of a f e w  Debye l e n g t h s ,  Hence, t h e  re- 

s u l t s  o b t a i n e d  i n  the r e g i o n  “ s h i e l d e d ”  from the downstream 

boundary c o n d i t i o n  a re  a c c u r a t e .  

A problem w i t h  s i m i l a r  c o n d i t i o n s  t o  those of t h e  model 

problem w a s  r u n  a number of t i m e s  w i t h  t h e  downstream boundary 

l o c a t e d  f u r t h e r  downstream for each  run.  The p o t e n t i a l  f i e l d  

w a s  compared for  each  run  and was found c o n s t a n t  from r u n  t o  

r u n  i n  t h a t  p a r t  of t h e  r e g i o n  a t  l e a s t  f i v e  Debye l e n g t h s  

from the downstream boundary.  It i s  sugges ted ,  t h e r e f o r e ,  

t h a t  t h e  l e n g t h  of the r e g i o n  of i n v e s t i g a t i o n  i s  l i m i t e d  

o n l y  b y  t h e  memory s i z e  of t h e  computer employed and t h e  cor- 

responding t i m e  of computat ion necessa ry  for a n  a c c u r a t e  solu-  

t i o n .  

5 .  Computation Time of t h e  Model Problem 

I n  o r d e r  t o  cmpare t h e  speed of computat ion a s  a func- 

t i o n  of the computer model, t h e  model problem w a s  run  for 

s i x  major i t e ra tes  on three d i f f e r e n t  machines ,  On t h e  IBM 

7094, t h e  problem r u n s  for  229.8 sec; on the IBM 360/75 it 

r u n s  for 8 7 - 3 1  sec; on t h e  IBM 360/95 it runs  f o r  13-56  sec. 
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The r e s u l t i n g  speeds of computation of the  benchmark are  

i n  the r a t i o  of 1:2.6:17 for the  three  machines.. 
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APPENDIX C : DESCRIPTION AND LISTING 

O F  COMPUTER PROGRAM 

The computer program, w r i t t e n  i n  FORTRAN, c o n s i s t s  of 
a s h o r t  main program and 14  subprograms. The main program 

(SETUP) c o n t r o l s  t h e  amount of a l l o c a t e d  memory space ,  per-  

m i t t i n g  t h e  program t o  f i t  i n t o  computers of va r ious  c o r e  

s i z e s .  Furthermore,  SETUP c a l l s  t h e  subprograms DREAD, which 

reads the input data,  and DPOCO, which o b t a i n s  the solution, 

The d a t a  i s  grouped i n t o  a s i n g l e  format - f ree  packet  and i s  

r ead  under c o n t r o l  of t h e  NAMELIST f e a t u r e  of FORTRAN. S i n c e  

t h e  KAMELIST f e a t u r e  a l lows  t h e  omission of any of t h e  i n p u t  

v a r i a b l e s ,  m o s t  of the i n p u t  v a r i a b l e s  a r e  p r e s e t  t o  d e f a u l t  

v a l u e s  which may be over r idden  f o r  t h e  p a r t i c u l a r  problem. 

I n  o r d e r  t o  t r a n s f e r  t h e  i n p u t  va lues  t o  t h e  remaining sub- 

programs, t h e  i n p u t  v a r i a b l e s  a r e  l o c a t e d  i n  l a b e l l e d  com- 

mon b l o c k s  of core s t o r a g e .  

The subprogram DPOCO c o n t r o l s  t h e  s o l u t i o n  of t h e  major 

i t e r a t e s .  Th i s  subprogram i n v o k e s  the " a l t e r n a t i n g  d i r e c t i o n  

i m p l i c i t "  method and the  f low- f i e ld  method through lower l e v e l  

subprograms u n t i l  a convergent s o l u t i o n  i s  obta ined .  DPOCO 

a l s o  d i r e c t s  b o t h  t h e  p r i n t i n g  of t h e  s o l u t i o n  m a t r i c e s  through 

DWRITE and t h e  p l o t t i n g  of t h e  impor tan t  v a r i a b l e s  through CONTOU. 

I n  order t o  s o l v e  t h e  f i n i t e - d i f f e r e n c e d  Poisson equa t ion ,  

t h e  m a t r i x  which o p e r a t e s  on t h e  p o t e n t i a l  va lues  i s  i n v e r t e d  

by a series of a l t e r n a t e  h o r i z o n t a l  and v e r t i c a l  sweeps o v e r  

t h e  g r i d  p o i n t s ,  Subprograms ADIH and ADIV c o n t r o l  t h e  h o r i -  

z o n t a l  and v e r t i c a l  sweeps, r e s p e c t i v e l y .  Both subprograms 

u s e  t h e  t r i d i a g o n a l  s o l v e r  i n  subprogram T R I L I N .  

169 



A f t e r  t h e  minor i terates have converged s a t i s f a c t o r i l y ,  

DPOCO c a l l s  upon s u b r o u t i n e  RHO which o b t a i n s  t h e  electric 

f i e l d ,  s o l v e s  for the i o n  t ra jector ies ,  and t h e n  o b t a i n s  t he  

ion -dens i ty  record. A s  a n  i o n  t r a j e c t o r y  p a s s e s  through each  

ce l l ,  RHO c a l l s  upon ORBIT t o  c a l c u l a t e  t h e  e x i t  parameters. 

ORBIT  u s e s  t h e  l o w e r - l e v e l  subprogram TIME t o  o b t a i n  the t i ne  

of f l i g h t  from a p o i n t  t o  a l i n e .  The two subprograms ROTATE 

and ILOC a r e  s e r v i c e  r o u t i n e s  for ORBIT and RHO, r e s p e c t i v e l y .  

When t h e  i o n  d e n s i t y  h a s  been determined,  DPOCO r e t u r n s  

t o  t h e  matrix i n v e r s i o n  r o u t i n e s  and recomputes a new se t  of 

p o t e n t i a l  va lues .  I n  t h i s  manner, DPOCO c o n t r o l s  t h e  c y c l i n g  

of t h e  major i t e r a t e s  u n t i l  s a t i s f a c t o r y  convergence i s  o b t a i n e d ,  

Using the  t w o  subprograms EHRC and ERROR, a h i g h  2egree  of 

e r r o r  c o n t r o l  is mainta ined  throughout  the program, A t  t h e  

p o i n t  where a n  error is about  t o  occur ,  t h e  program n o t e s  t h e  

t y p e  of error and attempts t o  t ake  c o r r e c t i v e  a c t i o n .  I n  t h o s e  

f e w  cases where the error i s  u n c o r r e c t a b l e ,  a n  a p p r o p r i a t e  

change i n  the i n i t i a l  d a t a  i s  g e n e r a l l y  s u f f i c i e n t  t o  e l i m i n a t e  

it. 

Fol lowing t h e  l i s t i n g  of t h e  program is  the sample data  

packe t  and the p r i n t e d  o u t p u t  for  t h e  model pxoblem, The less 

f r e q u e n t l y  v a r i e d  d a t a  are  n o t  s p e c i f i e d  i n  t h e  packe t  and, a s  

a r e s u l t ,  their  v a l u e s  a re  g iven  by  d e f a u l t  o p t i o n s  i n  t h e  sub- 

program DREAD. The more f r e q u e n t l y  v a r i e d  d a t a  a r e  e x p l i c i t l y  

s t a t e d  ( o v e r r i d i n g  t h e  d e f a u l t  o p t i o n s )  and are d e f i n e d  a s  follows: 

170 



BINPUT 

IMAX 

ISAT 

G 

XLEFT 

JMAX 

JSAT 

H 

DTR 

TR 

NPMA J 

NWSKIP 

MPAS S 

OMEGA 

rAOTINV 

ERRADI 

MITER 

ERMPAR 

ERMPAU 

RHISTA 

I n d i c a t e s  beginning of d a t a  packe t .  

Number of g r i d  p o i n t s  i n  x d i r e c t i o n .  

Hor i zon ta l  g r i d  p o i n t  a t  which s a t e l l i t e  body i s  l o c a t e d .  

Mat r ix  of h o r i z o n t a l  mesh s i z e s  (from l e f t  t o  r i g h t ) .  

The l e f tmos t  x coord ina te .  

Number of g r i d  p o i n t s  i n  y d i r e c t i o n .  

V e r t i c a l  g r i d  p o i n t  a t  which t o p  edge of s a t e l l i t e  body 
i s  l o c a t e d .  

Matr ix  of v e r t i c a l  mesh s i z e s  (from bottom t o  t o p  and 
s t a r t i n g  a t  y c o o r d i n a t e  = -H (1) /2. ) . 
Matrix of t r a j e c t o r y  spac ing  f r o m  t o p  t o  bottom. 

Matr ix  of y c o o r d i n a t e s  a t  which t r a j e c t o r y  spacing 
changes va lue  accord ing  t o  DTR (e .g . ,  ATR=,54 fron t o p  
t o  y=4.81; ATR=.24 f r o m  y=4,81 t o  y=2.81; etc.). 

The p o t e n t i a l  and i o n  d e n s i t y  m a t r i c e s  a r e  p r i n t e d  every  
major i t e r a t e  whose number i s  a m u l t i p l e  of NPbIAJ, 

The p o t e n t i a l  and i o n  d e n s i t y  ma t r ix  e lements ,  when 
p r i n t e d ,  a r e  p r i n t e d  such t h a t  i f  a r o w  or column i s  
n o t  a m u l t i p l e  of NWSKIP, t h a t  r o w  o r  column i s  n o t  
p r i n t e d .  

Maximum number of major i t e r a t e s .  

Over re l axa t ion  f a c t o r  w f o r  minor  i t e r a t e s .  

I f  'IT, 'I geometry i s  a x i a l l y  symmetric; i f  " F ,  'I geometry 
i s  p l a n a r .  

Matr ix  of maximum error bounds f o r  each minor i t e r a t e .  

Maximum number of minor i t e r a t e s .  

Maximum error of i o n  d e n s i t y  m a t r i x  ( u n l e s s  MPASS w o u l d  
be exceeded i n  o rde r  t o  o b t a i n  t h i s  accu racy ) .  

Maximum error of p o t e n t i a l  m a t r i x  ( u n l e s s  MPASS would  
be exceeded i n  order t o  o b t a i n  t h i s  accu racy ) .  

I n i t i a l  va lue  of i o n  d e n s i t y  fo r  g r i d  p o i n t s  w h i c k  l i e  
i n  t r i a n g u l a r  r eg ion  behind s a t e l l i t e  (see RHIX)  . 



MINITE 

ALPHAR 

ALPHAU 

RHIMAX 

UMAX 

VXST 

POTSAT 

RHIX 

BETA 

XP1 

XP2 

XPDEL 

Minimum number of minor i terates .  

Matrix of t h e  ion-dens i ty  u n d e r r e l a x a t i o n  factors  fo r  
each major i t e r a t e .  

Matrix of t h e  p o t e n t i a l  u n d e r r e l a x a t i o n  factors f o r  
each major i terate.  

Matrix of the maximum ion-dens i ty  va lue  for each major 
i terate .  

Maximum p o t e n t i a l  v a l u e  for a l l  major i t e ra tes .  

S a t e l l i t e  v e l o c i t y  u . 
S a t e l l i t e  p o t e n t i a l  wsat.  
Value of x c o o r d i n a t e  of apex of t r i a n g l e  i n  which ion- 
d e n s i t y  v a l u e s  are  specified i n i t i a l l y  b y  RHISTA. 

I o n  mass r a t i o  B .  

Lef tmost  x c o o r d i n a t e  of p o t e n t i a l  p lo t .  

R i g h t m o s t  x c o o r d i n a t e  of p o t e n t i a l  p lo t .  

Spacing of x c o o r d i n a t e  per u n i t  of p r i n t  spac ing .  

S 

YPl,YP2, and  YPDEL Corresponds t o  XP1, XP2, and XPDEL for y 

NUG Number of possible p o t e n t i a l  con tour  l i n e s  whose v a l u e s  

UG Values  of the p o t e n t i a l  contour  l i n e s .  

PLOTU I f  "T,"  p o t e n t i a l  i s  p lo t t ed  for  the r e s p e c t i v e  major 
i t e ra te  (e-g., PLOTU(G)=T i n d i c a t e s  t h a t  a con tour  p lo t  
of p o t e n t i a l  i s  produced o n l y  on i t e r a t e  No.6). 

a r e  specified by  RG. 

coolrdinate.  

are  specified by  UG. 

NRG Number of possible ion-dens i ty  con tour  l i n e s  whose v a l u e s  

RG Values  of t he  ion-dens i ty  con tour  l i n e s .  

PLOTR Corresponds t o  PLOTU for  ion-dens i ty  p lo t .  

' XT1, XT2, XTDEL Corresponds t o  X P 1 ,  XP2, XPDEL for t r a j e c t o r y  p lo t .  

YT1, YT2, YTDEL Corresponds t o  Y P 1 ,  YP2, YPDEL for t r a j e c t o r y  p lo t .  

PLOTTR Corresponds t o  PLOW for t r a j e c t o r y  p lo t .  

DYTRPL Value of spac ing  between p lo t t ed  trajectories.  
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NGTRPL Number of i o n - t r a j e c t o r y  groups t o  be p l o t t e d  (Usual ly  

&END I n d i c a t e s  end of d a t a  packet .  

e q u a l s  one ) .  
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L I S T I N G  O F  S U B R O U T I N E  A O I H  PAGE 1 L I S T I N G  OF S U B R O U T I N E  CONTOU P b G E  3 

1 

2 2  

28 

2 5  
31 

3c 

32  

2 C f  

1 

35 
3 7  

3 6  

3 P  

r i  
4 i  

4 4  

46 

4 P  

zc1 

S U B R O U T I N E  A C I C l * l  
I M P L I C I T  R E A L * @  (A-Hn 0-21. I N T E G E R j 4  11-Nl 
I N T E G E R  TRAN 1 
RELL*B K 
O I P E h S I O N  W l l l t  2 1 1 1  
E O U I V A L E N C E  I C I l l t  Y I l l ) .  I K I l l .  21111 
CGPMON / C A P /  X l 5 O O l .  Y l 2 C O l .  6 1 5 0 0 1 .  H l 2 O O l r  EETA. P O T S A T v  

1 IMAX.JPAX. I M A X l ,  J M A X l v  I S A T .  J S A T ~ I I N I  10, I P U .  R O T I N V  
L O G I C b L * l  R O T I N V  
COPMON / C T R I /  A l 5 0 0 1 .  815001.  C l 5 0 0 1 .  K 1 5 0 0 l +  N R I N .  NMAX 
COMMON / C A D I /  C 2 1 5 0 0 1 .  C 3 1 2 0 0 l ~ C 4 1 5 0 0 1 ~  C 5 1 2 0 O l .  W I N .  UMAX.  

GO TO 1 
ENTRY C A O I P I U -  R H C I t  C l t  1 x 9  L Y I  
O I C E H S I O N  U I L X .  L Y l r  R H O I l L X t  L Y l r  C l I L X ,  L Y I  
RETURN 
N N I N  = 2 
NMAX = I H A X l  - -  
NEXP= 0 1 I F  I N U G  .EO. C l  C A L L  E R R C R l t 2 0 1 .  8HCOhTOI l  6 1  
E R R T R I =  0. OD 6 I l =  1.120 
00 3 2  J = 2. J P A X l  00 6 J1= 1. 57 
O @  2 8  I = 2 1  I P A X l  6 B L I I I .  J I I =  B L A N K  
RHOE= 0. NUMLX= IO I N T I  { X P 2 - X P l  I / XPOEL+ 1 .OOOO 1 I 

1 CHEGA. E R R T R l .  N P E X P  

I F  I N U C L X  .GT. l 2 C l  NUMLX= 1 2 C  
~ U M L Y = I O l N T l l Y P 2  - Y P I l  / Y P O E L  +1.000011 
IF I N U P L Y  .GT. 5 7 1  h U P L Y =  57 
N U M L X l =  NUHLX -1 

+RHO11 1.J N U P L Y l s  N U P L Y  -1 
XP2= X P l + D F L O A T l N L M L X l l  r lXPOEL 
YP2= Y P 1 + D F L O A T l N U P L Y l I  1 Y P C E L  

I F I U I I ~ J I  .LE. U H A X I  GO TO 22 
U I I .  J I=  UMAX 
C A L L  ERRCINEXP.  NMEXPI 6 2 2 .  C2C1. B H A 0 1  221 
I F  I U I I .  J I  .GE.*UMINI  R H O E = O E X P l U l I ~  J I I  
K I I I  3 C 5 l J l * U I I ~ J - l l  + C 3 l J I * U l I ~ J + 1 1  - PHOE 

11 
A l l 1  = - C 2 l I I  
E l l 1  = C 1 l I r J l  
C I I I  = - C 4 I I I  
I F l J . h E . 2 1  GO TO 3 1  
00 2 9  I = 2. I P A X l  
K I I I  1 - C 5 1 2 I * U l I . J - l l  + K l I  
E l 1 1  = @ I l l  - C 5 1 2 1  
I F I J - G T .  J S A T I  GO TO 30 
A I I S A T I  =C. 
d I l S A T + l l  = C. 
C l I S b T - 1 1  = C. 
ClISbTl =C. 
K I I S A T I  = B l I S 4 T l  * U l I S 4 T ,  
K I I S A T - 1 1  = K l I S 4 T - 1 1  t C 4 1  
K l I S A T + l l  = K l I S A T + 1 1  t C 2 1  
C A L L  T R I L I h  
00 3 2  1 = 2. I M A X l  
TEM = CPEGP * 1ZIII-UII.JlI 

I 

J I  
I S P T - l l * U I I S A T I J I  
I S A T + I I  * U I I S A T .  

E R R T R I  = C M A X ~ I E R R T R I I D ~ ~ S I T E C ) I  
U f I . J I  = T E I V + L l I , J l  
RETURN 
RETURN 1 
EN0 

J I  

L I S T I N G  O F  S U P P C U T I N E  4 D I V  P4C-E 

S L R R O L T I N F  A C I V I * I  
I M P L I C I T  REbL’e (A-I-,  0-21. I N T E G E R 7 4  1 1 - N l  
INTEGER TRbK 1 
R € A L * 8  K 
D I ~ E h S I C h l  k l l l r  Z l l l  
E C U I V A l E Y C E  l C l 1 1 .  W l 1 1 1 .  I K I l l r  2111I 
CCCPCL l C b P l  X l5 ’ lC l .  Y I 2 C O I .  6 1 5 0 0 1 ~  HIZOGI. BETA.  P I T S A T ,  

1 I’4X.JP4X. I V A X l ,  J Y A X l r  ISPT. J S b T v I I N .  IC. I P U .  R O T l N V  
L r G I C b L t l  Q O T I h V  
CGPPOk l C T R I l  A l 5 D C I l .  9 1 5 0 C I .  C l 5 U O l .  K I 5 C Q I .  N P I h ,  NYAX 
ciiiu~cly /CAOI/ CZIWCI. c 3 1 z o o 1 . c ~ 1 5 o o 1 .  C~I?OOI. IIMIN. U M A ~ ,  

1 C V E G P ,  F R R T R l .  NYEXP 
GC TO 1 
ENTRY C b O I b l U .  P H C l .  C l .  L Y .  L Y I  
I J I M E h S I C N  U I L X .  L V I ,  P H C I I L K .  L Y I I  C I I L K ,  L Y I  
RETURN 
N P l %  = 2 
4CAX I J M n X l  
F Q P T R I -  7 .  
T R A N l  = 1 

I F  1 1  .EQ. ISPTI T R b Y l  = 2 
GC TO 1 ? 7 .  ?SI. T P A h l  
N U I N  = J S P l + 1  
CC 3 8  .I = k P l N ,  J P A X l  
Q W E -  C. 
I F l U l I . J I  .LE. C U A X I  GO 1C 3 6  
U I I .  J I =  UPAX 
C A L L  E P R C l k E Y P ~ h U E X P *  t 3 t . 6 2 0 1 .  8 H A C I  361 
I F  I U I I ,  J I  .CE. U P I N 1  R K E - O E X P I U I I .  J I I  
X l J l ~ C Z l I l ~ U f I - I ~ J l * C I ( I l ~ U I I t 1 ~ J l - Q H O E  
b l J I =  - C 5 1 J I  
e l J I =  C 1 1 1 .  J I  
C I J I =  - C 3 l J I  
8121= P I 2 1  - c 5 1 2 1  
GC TO 14;. 4 2 1 .  T k A h  1 
K f J S b l  + l l =  K l J S 4 T  + I 1  r C 5 l J S A T  t 1 I  * U I I S A T ,  J S P T l  
C A L L  T 4 I L I I u  
00 4 4  J= h l * l h .  J P A X l  
TEM= OPEGA * l Z l J l  -I!fI. J I I  
E R I I T R  I =  C C A X l  l E K P T P 1 1 0 4 e S f T E C l  I 
U l 1 .  . I ) =  T E M  t U 1 1 .  J1 
GT: TO 1 4 5 ,  4 6 1 .  T F 4 h  I 
TRbN 1= I 
h M I N =  2 
C O N T I N U E  
H F T U S \  
H E T I I R K  1 
ENI: 

nc 4a  1=2. IPAXI 

tRHI‘ I I I , J I 

1 c  

1 4  

1 2  

7 

30 

2 6  
I t  
2 2  

1 7  
1 P  

2c 

2 %  

2 4  

3 7  

2 c 1  

5 c  

S U B R O U T I N E  CONTOU I A v  UG. NUG. C t  kCR051 * I  
I M P L I C I T  R E A L j 8  IA-H. 0-Zl, I N T E G E R * 4  1 1 - N l  
C I M E N S I C N  X P M l 4 0 J .  YOPOS(Il. I K E Y l l I r  C H A R A C I 5 l r  U G I I I  
E O U I V I L E N C E  l I K E Y 1 1 1 .  X P M l l l  I 
L C G I C A L * I  CHARAC l l H l r  1H3. 1H5. 1H7r 1H9/. 

1 B L A N K  /1H /.ASTER / l H * / .  XES I I H X I ,  AMINIJS /1H-/. PLlJS I I H + / .  
2 A I E S  /1H1/. CHAR, k O R O S  

A l L X r  L Y I  O I P E N S I C N  
COMMON /CCUNT/  X F l r  X P 2 1  XPCELI Y P l .  Y P 2 t  YPOEL 
COMMON K P L T R A l  X T l .  X T Z .  XTOELI Y T l t  l T 2 1  YTDELI Y M 4 1 1 5 0 P I .  111 
COCHON / C A P /  X l 5 O O l t  Y I Z C O I ~  G l 5 0 0 l r  H l 2 O O l .  B E T A .  POTSAT.  

L O G I C I L * I  R O T I N V  
POlIX, LO. X1. YO.  Y 1 l  = ( Y O  t 1 X l  - X I  -v1 * l x O - x l I / l x 1  - X G l  
GO TO 1 
ENTRY CCONT I A .  LX.  LY. EL. LEX.  L E Y 1  
L O G I C A L ’ l  P L I L B X .  LEY1 
PFTllPN 

1 IPAX.JPAX.  I M A X l t  J H A X l .  I S A T ,  J S A T . l l N .  10. l P U t  R O T I k V  

YP= Y P I  
00 30 J1= 2. h U C L Y l  
xP= X P l  
YP= 1 P  +YPOEL 
I F  I Y P  .LT. Y l l l  .OFs YP .GT. Y I J C A X I I  GO T O  30 
J= J L C C I Y P I  
00 30 I l =  2. h U C L X l  
XP= XP +XPOEL 
I F  I X P  .LT. X I 1 1  .OR. XP .GT. X I I P A X I I  GO Tn 30 
I =  I L O C I X P I  
I F  I X P  .LT. X I 7 1 1  I =  1 
UP1= P O l I X P .  X l l l .  X l I * l l  * 41I.JIa A I I t l ~  . I l l  
U P 2 =  P O I I X P ,  X l l l .  X l l + l 1 7  A ( I .  J+llr A I 1 + l 1  J f111 
UP= P C I I Y P ,  Y l J I r  Y l J + I l  . U P l .  U P 2 1  
00 10 K =  2 1  NUC 
I F  ( U P  .LE. UGIC-I1 .AND. UP .GT. U G 1 K ) I  6C T C  14 
I F  ( U P  .GE. U G I K - 1 1  .AND. UP .LT. U G I K I I  GO T O  14 
C C N T I N L F  
C r A R =  X E S  
GC TO 1 2  
K =  MOCIK-2 .  101 
I F  I M C C I K .  21 .EO. C I  GO TO 3P 
K =  K / 2  + I  
CPAR= C H A R A C I K I  
GC T O  1 2  
B L I I I .  J11= C H b P  

L l S T l k G  O F  S U P R C U T I N E  CCNTCU PAGF 4 

C C N T I k C E  
I F  l X l I S 4 T l  .LT. X P 1  .OR. X l I S b T l  .GT. ‘P2 .OR. Y I J S A T I  . I T .  YDll 

1 GO TO 2 2  
I I = I O I h T I l X l I S A T l - X P 1 1  />POEL +1.51 
.lo= 1 .~ ~ 

I F ( - Y I J S A T I  .GT. Y P 1 1  JO= IOIhlll-VIJSATI - Y P I l  / Y P V E L  t 1 . 5 1  
J1= NUCLY 
I F  I Y I J S A T I  .LT. Y P 2 1  J 1 =  I C I L T I I  V l J S 4 T I  - Y P l I  IYPCIEL + 1 . 5 l  
00 If J2=JO. J1  
R L I I l r  J Z l =  b l E S  
00 18 I I =  1. hUPlLX 
CCPR= A C I N U S  
IF l P C C l I 1  -1. IC1 .kk. CI 
CHAR= P L U S  
K 1 - I l l - 1 1  / 1 C  t1 
X P L f K l I =  XP!,+OFLOITfI 1-1 I 
R L f I I .  h U C L Y I =  CHbR 
B L l I l r  I I =  CHbR 
DO 20 J I=  2. N U N L Y l  
S L l 1 ,  J 1 1 =  A ~ I N l l S  
R L I N U W L L ,  J11= A M I H L S  

GO Tn 

* Y P L E L  

W R I T E  l I O . 1 C C I  I W C R G S I I I 1  I =  1 . M )  
W R I T E  (IO. I c e 1  

11 

WRITE 1 1 0 . 1 C 3 1  I X P M I I O .  L =  1, L I  
DO 32 I =  1. k U G  
I K E Y l l l =  1-1 
W R I T E  I I O . l C 4 1  I I K F Y I I I ,  L G I I I 1  
RETURN 
RETURN 1 

I P S  V P l + O F L O A J I J 2 - 1 1  ‘YPCEL 
W Q I T E  1 1 0 ~ 1 C 2 l  YP, I B L l l r  J Z I .  I= 1.1201 
C O N T I N U E  

I 

I= I r  NUGS 

ENTRY P L T R A l  
DO 5 0  I l =  1.120 
O@ 5 C  J1= 1, 5 1  
E L I I 1 .  J 1 1 =  S L I N K  
N U M L X = l O l h T l  l X T 2  - X T 1 1  I X T D E L  + 1 . 0 0 0 0 1 1  
I F  I N U M L X  .GT. l 2 C l  N U Y L L =  120 
h U N L Y = I O l N T l l  Y T 2  - Y T L l  l Y T O E L  t l . O O O f l 1 1  
I F I N U M L Y  .GT. 571  NUMLY= 57 
N l i M L Y l =  NLiPLX -1 
h C P L Y 1 =  h U P L Y  -1 
X T 2 =  X l 1 + 0 F L C A T l N U r L X 1 1  *XTOEL 
YT2= Y T l t O F L G b T l N U C L Y l 1  *YTOEL 
RETURN 
F N T R Y  P I  T R A 7  - -  
DO 5 2  I =  I l l .  I P A X  
I F  I X I I I  .LT. X T 1  .OR. X I 1 1  .CT. X T 2  .OR. Y N A l I I l  .LT. Y T 1  .OR. 

1 Y M A I I I I  . G T .  Y T 2 l  GO TO 5 2  
I i = I o i h T i i r i i i  -LTII IXTCEL i i . 5 1  
J l = I C I h T l l Y H A I l I l  - Y T l I  I Y T O E L  +1.51 



5 2  

4 6  
36 
42 

3 7  
38 

40 

4? 

44 

100 
101 
1 C Z  
1 0 3  
1C4 
1 0 5  
106 

2 t  

2 F  

ZC 

5r 

5 5  

5 8  

L I S T I N G  OF S U B R O U T I N E  CONTOU PAGE 5 

C O N T I N U E  60 
RETURN 
ENTRY P L T R A 3  
IF I X I I S A T I  .LT. X T 1  .OR. X I I S A T I  .GT. X T 2  .OR. Y I J S A T I  .LT. Y T 1 1  
I GO TO 4 2  6 1  

I I = I O I N T l l Y l  I S P T I - X T 1 1  l X T O E L  +1.51 
JO= 1 6 4  
I F ( - Y I J S A T I  .GT. V T 1 1  JO= I O I h T l l - Y I J S A T I  - Y T l I  l Y T D E L  +1.51 
J l=  MUMLY 63 

- Y T 1 1  l Y T D E L  + 1 * 5 l  

53 

CHAR= P L U S  
K l = l l l - l l  /10 +l 
X P M I K l l =  X T l + O F L O A T I I 1 - 1 1  t X T O E L  
B L I I I .  h U E I L V l =  CHAR 
B L ( I 1 .  l l =  CHAR 
00 40 J l=  2. L U M L Y l  
B L I 1 .  J l I =  A P I N U S  
B L I N U P L X .  J 1 1 -  AMINClS 
Y R I T E  lIO.1051 
00 44 J1= 1, h U P L Y  
J 2 =  NUMLY -J1 tl 
I F  l M O O l J 2 - 1 ,  1 C l  .EO. 01 GO T O  43 
W R I T E  (IO.1011 I B L I I .  J 2 1 .  I =  1.1201 
GO TO 44 
YP= Y T l t O F L O A T l J 2 - 1 1  * Y T C E L  
W R I T E  1 I f l . l O Z I  VP. I R L I I .  5 2 1 ,  I =  1.1201 
C C N T I N U E  
W R I T E  1 1 f l . 1 0 3 1  I X P C I I K I ,  K= 1. K l l  
RETURN 
FORMAT 1 1 H 1  4 9 X  16HCOLTOUR P L C T  C F  4 B A 1  / / I  
FORMAT 1 7 X 1 2 O A l l  
FORMAT 1 1 X  F5.1. 1 X 1 2 C A l I  
FORMAT 1121 4 X  F5.1. 1x11 
FORMAT I l H C  4 9 X  l l H L F Y  T C  P L O T  / 1 0 1 1 X  14. 1H= F6.211 
FORPAT I I H l  4 5 X  1 5 H T R A J E C T C R Y  P L O T  111 
FORMAT ( 1 b C  / I  
E N 0  
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6 2  

65 

61 

6 C  
8 C  

1 
1co 

101 

107 

110 
I13 
114 

S1jRROLTIhE CPCCO IU,  R H C I .  T E 1  C l r  LX. L Y I  
I W P L I C I T  R E A L * e  (A-I+v pJ-ZI. I N T E G F R * 4  ( I - N I  
O I H E h S I C N  U ( L Y .  L Y I .  R H @ I l L X 9  L Y I .  T E l L X .  L Y l t  C l l L X .  L V I  
L f l G l C A L * l  WRHbJ 
CCPPON /CPUCC/  E R R A O I ( 2 0 1 .  P H I P 4 X l Z C l ~ A L P H A U I 2 O l ~  A L P H A R I 2 l l r  

1 F A C I T E ,  EQMPAR, ERPPbI I .  U G 1 4 C l r  R G I L . 3 I .  RTG1401 .  
2 NUG. Y R G I  h R T f v  *PASSVYITERI  P I N I T E I  N P I T E R .  
2 NPYAJ.  W R I l E F ( 2 C l r  P U N C c l I 2 C l .  T R A C C 1 2 C I .  P L O T U 1 2 ~ l r  P L C T C l ? I l ,  
3 P L C T T P ( 2 C I r  T F S A C I .  WRCI-OEI P L C T R T l Z O I  

1 WPCPOE. P L C T R T  

1 IMAX.JCAXI  I P A X I .  JMAX1. I S A T ,  J S A T . I I N .  10. I P I I .  P l T l N V  

L C C I C b L n l  w Q I T E F ,  PI1NCM. TRACC. PLGT l l .  PLCTR,  PLOTTR, T E S B C I .  

C C C W ~  / C A P /  x 1 5 0 r i .  y ( z c 3 1 ,  c ( 5 o 0 1 ,  ~ 1 2 0 0 1 ,  R E T A ,  P O T S A T .  

L O G l C A L * l  R O T I N V  
CCPMCA / C R C C /  C T R ( l O l r  TPllOl. V X l T E ~ I Z O l .  CUCR. UNCIJRK. kCv 

1 VZNN. CYTQPL.  C R b G ( 2 l r  U N O R A G 1 2 1 v  
2 NCRCSS. N T H A J .  N P T R b J ,  N T S U I P .  &GKP. 
2 NGTRPL,  kRFLCW. ACCTHA, TRPLCT 

L C G I C n L r l  h D F L C k .  ACCTRA. T R P L C T  
COPWCN /CbCl/ C2(51?( I .  C ? 1 2 ' 3 0 1 r C 4 1 5 0 0 1 ~  C 5 1 2 0 0 l .  UMIN.  l l M A X t  

CPMCOh / C k R I /  h P b S q 1  h W S K I P ,  I T l W C  
'IETU'IN 
EhTRY PGCC 
OC 8C NPASS= 1. P P A S S  
E R M T R I =  i R R A C I ( h D A S S I  
wQF1 Ow= WF I T E F ( h P A S S )  
ACCTRA; T R A C C t h P A S S l  
T R P L r T =  P L C T T R I ~ P A C S I  
WRPAJ' .FALSF.  
I F l P C D l h P A S S - 1 ,  N P P A J I  .EC. L F P A J - 1 1  WQMAJ= .TRIJE. 
00 2 6  I =  2. [ M A X 1  
DC 26  J- 2 .  J C A Y 1  
C l ( I ,  J I =  2 .  I H I J I  / H ( J  - 1 1  i 2 .  / G I 1 1  I C 1 1  - 1 1  
A S S I G N  i? TC L R C T  
O C  5 5  I T F P =  1 ,  N I T F R  
GC T O  L R T T .  1 2 9 .  ?CI 
C A L L  A t l P ( t l 1  
A S S I G h  3 C  T C  L d F T  

C P L L  A C l V t f l l  

G f l  TO 5 C  
I F  I F ' I R T Q I  .LE. E Q C T ' I I  . A N D .  I T F R  .GT. Y I N l T E l  GO TC 5 8  
I F  1 M P C l I T E R  - 1 ,  k P I T E R J  . Y C .  N P I T F R  -1) GO TO 55. 
W R I T E  ( I C , l C ? l  E R Q T P l r  E R P T R I .  OPEGA. I T E R  
G A I L  h R I T E U  ( U . 3 5 .  7 5 t l P C T E h T I P L  M A T R I X  P A R T I A L L Y  CrMPUTEO I 
C O N T I N L c  
I F  I E P R T R I  .5TI F A C I T E  + E R P T R I l  C A L L  E R R O P l B 1 ,  8 H P r C O  5 5 1  
W P I T E  ( I C .  1 1 4 1  
FQRPPU-  n. 
DO 6 0  I =  2, I w A X l  
00 6 0  J= 2 ,  J M A X l  
T E P =  A L P P A L I N P A S S I  . l U l I .  J l  - T E ( I ,  Jll 
ERPDAU- O V d X l  ( E R P P P U . D A P S I T E P l 1  
UI I .  J I =  T t '  + T E I I ,  J I  

1 CMCGA. C K R T K I .  hCEXP 

GC T r  50 

A S ~ I G ~  2 4  T r  L R F T  

1 

175 

L I S T I N G  O F  S U B R C U T I N E  OPOCO D K E  7 

T E I I .  J I=  RHOItI. J I  
W R I T E  lIC1lOO1 ERRTRI .  E R P T R I .  OMEGA, I T E R  
W R I T E  110~107l ERRPAUI ERPPAU. A L P H A U I N P A S S I  
DO 61 I =  2 1  I M A X l  
U I I .  11- U I I .  21 
I F  ( P L O T U I N P A S S I I  C A L L  COhTOL IU, UG. NUG, 9, 9 H P O T E N T I A L I  t 6 C I  
I F 1  .NOT. WRMAJI  GC TO 6 3  
C A L L  WRITEM IU.16 .  1 6 H P O T E h T I P L  M A T R I X  I 
I F I T E S A C I I  GO TO 1 
IF (.LOT. WRCWEE .AND. .hCT. F L C T R T ( N P A S S 1 I  GO r0 62 
DO 53 I =  2. I P A X l  
00 53 J= 2. J P A X I  
R H O I I I .  J I=  R H 0 1 1 1 1  J l - D E X P I U I I .  J I I  
I F  I W R C H O E I  C A L L  WRITEM I R H O I .  21121HCH4RGE D E N S I T Y  M A T R I X  I 
I F  I P L C T R T I N P A S S I I  C A L L  C C h T C L  I R H C I .  RTG. N R T G t  14, 

I F  I E R R P A U  .LT. ERMPAUI  GO TO 1 
C A L L  RHO I t 1 1  
ERRPAR= 0. 
00 65 I= 2. l M A X l  
00 65 J= 2. J M A X l  
TEM= A L P H A R I N P A S S I  ~ I D M I h l ~ R H I M A X l N P A S S I r  R H O I I I I  J l l  - T E ( l t  J I I  
ERRPAR= CMAX1 1 E R R P A R . O A P S l T E C I I  
RHOIII. JI= TEM + T E I I .  J l  
T E I I .  J I  = U I I .  J I  
I F  I P U N C H I N P A S S I I  k L I T E 1  I P U ~ I I P I  IMAXI  JMAX, I S A T .  JSAT. PYYM4T.  

1 X l l l .  BETA. V X S T t  R O T I h V ,  IC(I1, I =  I ,  [ M A X I ,  I H I J I ,  J= I r J M 4 X I .  
2 I l U ( 1 .  J l ,  I =  1, I C A X l .  J= I t  J M A X I .  ( ( ~ H O I ( 1 .  J l .  I= 1 .  l + ' d ~ l ,  
? J= 1. J P A X I  

1 A L P H A R I N P A S S I .  ERPPAR. DRAG, L I N U R A G I l l  

1 E 6 7 1  

1 14HCHARGE D E N S I T Y .  E 6 2 1  

U R I T E I I C ~ ~ O ~ I U ~ C L R R I N T R A J ~  NCRCSS. VZNM. CURR, ERRPAR, 

I F  I P L G T P I N P A S S I I  C A L L  CChTGli ( R H C I .  R G I  ~ R G I  l l r  I l H I f l N  OEh'SITY.  

I F 1  .NOT. W R N P J l  GC TC 66 
C A L L  W R I T F M  l R H O I , l @ ,  1 8 t i l C N  C E N S I T Y  M A T R I X )  
I F  I E R R P A R  .LT. E F P P A T I  GC TO 1 
C O N T I N U E  
W R I T E  11O1113I MPASS 
RETURN 
FORMAT I / /  5 X  l C H P D t  ERQCR= l F E 1 1 . 4 .  5 X  I B H M A X I M U P  POE ERROR= 

1 E8.l.  5 X  2 5 H P O E  R E L A X A T I O N  PARAMFTER= CPF6.S. SX 21Hk lJMPER O F  I T  
2 E P A T I C N S =  1 3 1  

F f l R M A T I I S X R H C L R R E h T -  F 9.5. C Y  r4. 1%- T R A . I € C T C P I € 9  A X  1 4 .  . .  
1 ;OH C R O S S l N G S l O X  1 9 H M A X l M U P  Z-VELUC;TY= l P c i ; . i /  5 X  
2 14HNCRP. CURRENT= CPF9.5. 5 X  10HRHO-FPROR= 1PE11.4 .  
3 5 X  lCHRHG-ALPt -A= 0 P F 5 . 2 1  6 X  I e P P A X I M I l M  PHO-ERROR= I P C R . I /  
4 5 X  14HNORP. ORPG(RI= OPF9.5, 5 X  14HYORM. O R A G ( A I =  OPFC.5, 
5 3 X  5HOPAG= 1PE11.41 

1U-ERROR; EB.1. 7 X  BCU-ALPHA= CPF5.21 
FORPAT ( 5 X  8HU-ERRflR= 1PE11.4, 7 X  16HMAXIMUW 

FOPMAT I 5 1 3 ,  1P3E11.4. L Z  / I C P l C F 8 . 4 1 1  
F C R M b T  ( / I  1 X  I 3 1 2 6 P  MAJOR I T E R A T E S  COMPLETED. / I  I 
FORMAT I / /  lH0 4X 3 1 H P l N C R  ITFUATIOh L I M I T  EXCEEOFO. 111 
E N 0  

L I S T I N G  CF S L P R C U T I N E  C R E b C  P A G r  s 

S L P R C L T I N E  CREAO I U .  R H C I .  T F ,  C1, L X v  L Y I  
I P P L I C I T  REAL+B la -b ,  O - Z I v  I h T E G E R W  1 1 - N l  
D I C l F h S I C N  U I L X .  L Y I .  R H C I I L X ,  L Y I ,  T E ( L X .  L Y I .  C I I L X .  L Y I  
L O G I C A L t l  CARES. ZERO. PRCCE 
C l C E h S I C N  V G R O U P I Z C I .  L O A T E I Z I  
E O U I V A L E Y C E  ( X l l l r  X L E F T I  
COPPON / C A P /  X l 5 0 0 1 .  Y I 2 C O l .  G I 5 0 0 l r  H(Z@CIt BETA,  P(1TSAT. 

L C G l C A L * l  R D T I N V  
CCMPOh /CPCCC/  E R R A C I l 2 0 l .  R H I C A X l ? C l ~ 4 L P H A U l 2 @ l r  P L P H A R I Z O I r  

1 1MAX.JPAX. I M A X l .  J H A X l r  I S A T .  J S A T q I I N ,  10. 1PII .  R O T I N V  

1 F A C I T E .  ERPPA'?. ERPPAU. U F 1 4 C l r  R G I 4 0 1 r  R T G l 4 C l v  
2 hUG. NPG. hRTC.  MPASS.CITERI C I N I T F .  N P I T F R .  
2 NPMAJ. W S l T E F l Z C l .  P U N C H 1 2 C I +  T P A C C I Z C I .  P L O T U l 2 3 l ~  P L @ T R l 2 O I .  
3 P L C T T R I Z O I .  T F S A C l r  W Q C ~ O E I  P L O T R T l 2 ' 1 1  

1 HRCPOE. P L O T R T  
L C G I C A L I I  WRITEFI  PUNCH, TRACC. PLOTU.  PLOTR. PLOTTR, T E S A O l r  

CCMWCh / C l L C C /  XVPAT. YVEAT,  I C A T ( 5 C O I .  J M b T l 5 0 0 1  
COMMON /CRHO/ O T R l l O l ~  T R l 1 0 1 ,  V X I T E M ( 2 0 1 t  C U R R .  UNCURPI WC. 

1 V7NW. CVTRPL.  C R A G ( 2 I v  L N O R A G l 2 1 .  
2 NCRCSSI N T R A J I  NPTPA.1. N T S K I P ,  N G P P I  
2 NGTRPL.  hRFLCW. ACCTRA, T K P L C T  

L O G I C P L + l  WRFLCW. ACCTRA. TRPLCT 
COPlrOlr / C b O l /  C 2 1 5 0 0 l t  C ? I 2 I D I ~ C 4 1 5 0 0 1 ~  C517OOI. I I M I N ,  IJYAX. 

COMPON / C h R I /  NPASS. N W S K I P I  I T I P E  
CCMMCN /CCONT/  X P l .  XP2. X P O E L t  Y P l .  Y P 2 1  VPDEL 
CPMMTh / C P L T R I /  X T l .  XT2.  XTDEL, Y T 1 .  V T Z t  YTOEL.  Y M A 1 1 5 0 0 l r  111 
N A P E L I S T  / I N P L T /  G. Y, I P A X ,  JCAX. I S A T .  J S A T ,  T E S L 0 1 1  P X Y Y b T ,  

1 ALPHPUSRCTINVI  ERRAOI .  hWSUIF, R H I P A X .  W E X P .  P E T & ,  POTSAT. VXST. 
2 R H I S T A .  MPASS. TRACCI D T R t  T R ,  ZERC. MITER.  N P I T E P .  N T S K I P .  
3 W I N .  CMEGA. EPPPAU. WRCHOE. XLFFT.  W R l T E F .  ALPHAR. PPIXI 
4 ELMPAR. P U N C t i r  CAROS.  N P P A J .  K P T R A J .  TRbTIO.  NGQP, VGROUP. 
5UG. NUG. X P l .  X P 2 t  YPOELI V P l .  YP2. YPO€LI  P L f l T U q  PLOTPI R F I E L O .  
6 PLOTTR.  NGTRPL,  OVTRPL. X T l .  Y T Z ,  XTOEL. Y T l t  Y T 2 .  VTOEL,  UPAX.  
7 M I N I T E I  F A C I T E ,  PRCOE. RG.  NPG. FTG.  YPTG, P L O T R T  

1 M I T E R .  N P I T E R .  M I h l T F .  F A C I T E ,  OPEGA. MPASSr  

3 R F I E L D .  LrC. R P I X ,  R H I S T A ,  NDWAJ. NPTRAJ, T R A T I C .  YCKP, UXYMAT 

1 CMEGA. E R R T R I .  NCEXP 

N P W E L I S T I O L T P L T I  C P R C S .  ZERC. T E S A C I .  R C T I N V v  WRCWEI  

2 FRPPARI ERYPPU. NPEXP. U M I N .  UMAX. NWSKIP.  N T S K I P .  

NAPELIST IOIITPLOI NUS. * P I .  XFZ.  XPIIEL, Y P l .  YPZ.  YPOEL.  NRG.NRTG 
& A P E L I S T  / O L T P T R /  NGTRPL.  DYTPPL.  X T l .  X T Z t  XTDEL,  Y T l .  V T ? ,  Y T O E L  
RETURN 
ENTRY R E A L  
R E A L * 4  I T l P E  
C P L L  CLCCK I J I  
I T I M F -  C. 
! I N =  5 
l0=C 
I P u =  7 
M X Y P A T = ? S 5  
NPASS-  C 
T E S A C I =  .FALSE. 
ZERO- .TRUE. 
N T S K I P X  1 
N W S K I P -  1 
R t - I S T A =  0. 
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3 

4 

6 

8 

1 c  

1 2  

I ?  

1 4  

1 7  

IF 
2 c  
I C  

19 

2 1  
2 2  

NMEXP= 10 
T R A T I O =  1. 
NGRP= 1 
NGTRPL= 0 
VXST= . O X 3 2 3  
BETAS +29376. 
B F I E L O -  0. 
N P T R A J =  1 
POTSAT= 0. 
WPASS= 1 
NU- 0 
NRG= 0 
NRTG=O 
00 3 I= I. 20 
V G R O U P l I I =  0. 
A L P u b U ( I l =  1. 
ALPUAR I I I =  1. 
R H I W A X t I l =  2. 
E R R A O I ( I l =  .OD01 
P U N C H l l l =  .FALSE. 
P L O T U I  I I =  .FALSE. 
P L O T R I I l =  .FbLSE. 
P L O T R T I I l =  .FALSE. 
T R A C C I I l =  .FALSE. 
P L O T T R l I I =  .FALSE. 
U R I T E F ( I I =  .FALSE. 
WRCUOE= .FALSE. 
CARDS= .FALSE. 
PRCOE= .FbLSE. 
NPMAJ= 1 
M I T E R =  7 5  
N P I T E R - 1 5  
M I N I T € =  10 
F A C I T E =  IO. 
W I N =  -10. 
UPAX= 3. 
R E b D I I I N . I N P U T .  ERR= 1. END= 2 0 2 1  
I F  I I H A X  .LE. 0 .OR. JMAX-LE.  01 GO T O  2 0 2  
I F  ( C A R O S I  R E A C I I I N .  110. ERR= 1. E h D =  2 0 2 1  

1 I M b X .  JMAX, I S A T .  J S A T .  MXVMATt  
1 XLEFT.  BETA. VXST. R C T I h V .  I G I I I .  1- 1, I H A X I .  I H I J I .  J= l . J H A X 1 ,  
2 ( ( U I I .  J l ,  I =  1, I C A X I .  J= 1, J M A X I ,  (IRHOIIII J I .  I =  I ,  I C A X I ,  
3 J= 1. J M A X I  

I F  (IHAX.GT. L X  .CR. JMAX .GT. L V I  C A L L  E R P O R l t l .  BHREAD 4 1  
I l r A X l -  I M A X  -1 
J Y A X 1 =  J H A X  -1 
Y I l I =  - M ( 1 1 / 2 .  
DO 4 I =  2, I M A X  
X l I l =  X i 1  -1) + G ( I - l I  
DO 6 J =  2. J H A X  
V ( J I =  V I J  -11 + H l J - 1 1  
00 8 I =  2 1  I M A X l  
C 2 1 1 1 =  2. / G I 1  -11 I I G I I  -11  t C ( I l 1  
C 4 1 1 1 =  2. / G i l l  I I G I I  -11 + G ( I l l  
TEME 0. 
DO 10 J= 2. J P A X l  
I F  < R f l T I N V l  TEC= 1 .  / Y l J l  

L l S T I h G  OF S U P P O U T I N E  CREbC DAG€ 11 

C T ( J l =  ( 2 .  I H I J I  + T E Y l  I I H I J I  + H I J  - I l l  
C 5 l J l =  (2.  I l - ( J - I l - T E V I / ( H I J I  + H I J  - 1 1 1  
00 1 C  I =  2, I H A X l  
C 1 1 1 1  J l=  2. I V I J I  / H I J  -11 +2. / G ( I )  / G I 1  -1) 
X V P A T = O F L C A T ( M Y Y P A T l  / l X ( I P A X l  - X ( 1 1 l  
Y V H A T = C F L C A T l P X V ~ b T 1  / Y (  J P b X l  
I N A T ( I * X V h l A T  t l l =  I P A X  
J M A T ( P X Y ~ A T  + l I =  JPbY 
11- 1 
J l =  1 
on 1 2  I =  I ,  P X V M A T  
I F  ( X ( I 1  + I 1  . L E . D F L O b T l I l  I X W A T  + 1 1 1 1 1  I1= 11 
I M A T ( I I =  I 1  
I F  I Y I J I  + l l  . L F . D F L C b T I I I  I Y b P b T l  J1- J1 + I  
J M A T l  I I =  J1 
V X l =  O S C P l (  O A e S ( T P b l l 0  / @ E T A ) l  
OC 1 3  K =  1. NGQP 
V X I T E P l K I =  V X I  * \ I G C C U P l K I  + V X L T  
W C -  8 F I E L C  / R E T A  
ENERGY= RETA: V X S T  * V X S T  / t .  
I F  I C A R C S I  GO TC 2C 
I F  (.NCT. Z E R C I  GC TO 2 C  
o r  1 4  I =  I. I P A X  
no 14 J =  I ,  J C ~ X  
U I I .  J I =  C. 
RVOl(lr J I =  1. 
J l r  J S b T  -1 
I R H S T b =  I L C C ( R P I x 1  
D O  1 7  J= 2. I1 
DP 1 7  I =  2. I S A T  
R M I l I I I ,  J I =  R h I S T d  
DO 1F I =  I R H S T A .  I S b T  
JRH= J L C C I l X ( 1 I  - P H I X I  4 V l J S A T I  I 1 x 1  
Do 1 8  J-  2. JRU 
RkCIll. J l =  C. 
D C  1 6  J =  1, J S A T  
L I I S O T .  J l =  DCTSAT 
DO 1 9  I =  2. I P A X l  
00 l q  J =  2 .  J P A X I  
T E I I .  J l =  L I I .  J l  
C A L L  OATE l L C L T E ( l I 1  
U R I T E  (IO. I c e 1  L C A T E .  

1 ( 1 1  C R I T E F f I I .  F R P A D J I  
1 R W I P A X l l l r  P U N C H I I I .  P L C T U ( I l r  PLOTR 
2 I =  1. P P A S S I  

+ l  

I S A T I  - P H I X I  -. 3011 

ALPHAP I I 1 ,  
T P A C C ( 1  I ,  

W R I T €  l l O . 1 1 2 1  I F A X .  J H A L .  I S b T .  J S A T I  X ( 1 1 ~  X I I H A X I .  Y I J M A X I ,  

WRITE ( I r I . l C 2 1  (1, X I I I T  I =  1, I M b X l  
W q I T E  lI1.1031 (J .  YIJI. J =  1 .  J M A X I  
DO 2 1  J= 1. I C  
C T P ( J l =  O T R r J I  ‘ 1 . 9 9 5 1 1 4 7 ?  
I F  I T R I J I  .LE. 0.1 G O  TO 2 2  
C C N T I N L E  

1 X I I S P T I ~ Y I J S A T I ~  VXST. BETA. FNEGGY. POTSAT 

WRITE 1 1 0 1 1 0 9 1  ( I r  C T R ( 1 1 .  T R I I I ,  I =  1, J I 
W R I T E  (IC.1111 I K ,  V G R O U P f K l r  V X I T E M I K I .  K =  1 ,  N t R P l  
U R I T E  I I C , C L T P U T l  
I F  l h U G  .NE. 0 .OR. NRG .NE. C .OF. NRTG .NE. 01 W R I T E  1 I O . O I J T P L O I  

I F  I N G T R P L  .NE. 01 URITE ( I O v C U T P T R l  
I F  (.NCT. PRCOE)  GO TO 11 
.I= MXYMdT +1 
W R I T E ( I O ~ 1 0 4 1  (1. I M A T ( I 1 .  J M P T I I I r  I =  11 J I  
WRITE l I O t 1 0 5 1  I X I I I .  C 2 ( I l v  C 4 ( 1 1 .  I =  2 1  [ M A X 1 1  
W R I T E  I 1 O 1 1 0 6 1  ( Y I J l ,  C 3 ( J l .  C 5 I J 1 ,  J= 2 .  J M A X l l  
C A L L  Y R I T E W  l C I r 2 0 .  Z O t t D I A G O N b L  C O E F F I C I E N T  I 

11 RETURN 
202 C A L L  E X I T  
102 FORMAT I / /  5 0 X  EHX C A T R I X  I 1 3 1  l X  13. F6.111 
103 FORMAT I f /  50X SHY C A T R I X  I 131 1X 13.  F4.21) 
1 C 4  FORMAT ( I /  5 0 X  2 2 H T A B L E  LOCK-VP MATRICES I 1 3 (  13. 2 1 3 .  1 H I l l  
1 0 5  FORMAT I / /  5 0 X  2 3 W H O R I Z O h T I L  C O E F F I C I E N T S  I 5 1  O P F 6 . l r  l P 2 E l C . 2 1 )  
106 FORMAT I / /  50X Z l H V E R T I C A L  C O E F F I C I E N T S  I 5 I O P F 6 . 2 1  lPZEl’l.2 1 )  
1 C 8  FORMAT l 1 H l  4 9 X  7UPOCC 11 5 0 X  2 A 4  I / /  

1 7 X  4HPASS 6 X  5 H k R I T E  6 X  3 H A O I  9 X  ZHU-  1 X  4HRHC- F X  
2 7HMAXlMUM 5 X  5HPUNCH 4 X  6 H P L C T  U 3 X  SHPLOT RHO 5 X  4 H P L O T  5 X  
3 8 H I H P R O V E O  I 6 X  6HhUHEER 5 X  4HFLOW 6 X  5HERQOR 6 Y  
4 5 k A L P H A  5X 5 U A L P H A  7 X  3HRHO 7X 6 H C P T I O N  3 X  S H C P T I C N  4 X  6 H O P T I O N  Z Y  
5 1 Z H T R A J E C T O R l E S  3 X  
6 6 H O R B I T S  1 1 1 5 X  15.  5 1  L 5 .  5X 1PE8.1. 5 X  COF5.2. 5 Y  F5.2, 
7 5 X  I P F B . l r 2 X  L5 .  3 ( 5 X  L 5 l r  7 X  L 5 1 1  

109 FORMAT ( / I  5CX 1 8 P T R A J E C l C R V  S P A C I N G  I 8113. F6.3. F 7 . 3 1 1  
110 FORMAT I 5 1 3 .  l P 3 E l l . 4 .  L 2  I ( O P l O F 8 . 4 1 1  
111 FCRMAT 111 5 0 X  1 9 U I O N  V E L O C I T Y  GRCUPS I /  3 8 X  LHNUPRER 4 Y  

1 1 6 H T H E R F A L  V E L C C I T V  4 X  1 4 H T O T A L  V E L O C I T Y  I (40X 1 2 ,  fJX F10.5. 
2 9 X  F10.611 

1 5 U J S A T r  I 3 / /  1 X  2 4 H H O R I Z O N T A L  C O C R P I N A T E S  I F5.1. 1H. F 5 . 1 1  
2 1U) 7X 2 8 H V E R T I C A L  COORDINATES I 0.01 F 5 . l .  1 H I  7Y 
3 Z B W S A T E L L I T E  EDGE C 0 0 9 O l h A T E S  I F 5 . l .  1H. F5.1, 1 H l  / 
4 1 X  1 9 H S A T E L L I T E  V E L O C I T V =  F8.5. I 6 X  1 5 H I O N  MASS R A T I O =  F7.01  
5 19X 1 5 H I O h  K I N E T I C  ENERGY= F l . 3 / 1 X  2 O H S A T E L L I T E  P O T E N T I A L =  F 5 . 1 1  

112 FCRHAT I / /  3 5 X  S H I M A X =  14. 3X 5 H J P A k =  13. 3 X  5 H I S b T =  14.  3X 

END 

L I S T I h G  OF S L e R O U T l N E  CWRITE 

S L B R O L T l h E  CWRITE ( P I  L X ,  L V I  
I P P L I C I T  R E A L * ?  1A-b. 0-21. I N T E G F R 4 4  1 1 - N I  
C l M E h S l C N  A I L X .  L V I  
RETURN 
F N T R Y  h R I T E M  ( A .  hUPOI P I  
L O G I C b L * I  M I 1 1  
CCMLOh / C h R I I  NPASS. A H S N I P .  ITIMF 
CPPPON / C A P /  X < 5 O C l .  Y ( 2 C O l .  G ( 5 0 0 l .  H12OOl9 RETAI POTSAT,  

L C G I C A L I I  R O T I k V  
R E A L * 4  I T I P E I J T I C E  
C b L L  CLCCK (1 .  J T I H E I  
TIPE. J T I P E  - 1 7 1 P E  
1 T 1 P E =  J T I C F  

1 I P A X . J P A X .  I M A X l S  J ’ A X I .  I S A T .  J S A T . I I N .  10, I P U .  R O T I N V  

PAGE 1 2  

1CO 
101 FORYAT ( / l o x  2 C V =  OPF6.2 I 1 1  OPF6.1. l P E 1 2 . 4 1 1  

FORMAT ( I I U O P A S S  h b + R F R =  1 2 .  RX F7.2. BH SFCChOS 1 2 X  6 C A l l  

E N 0  



L I S T I N G  O F  S U B R O U T I N E  ERRC P A G E  1 3  

SUBROUTINE ERRC (h. NMAX. *. *, m c i  
I M P L I C I T  R E A L * @  ( A - H r  0-21. I N T E G E R * 4  ( I - N l  
COMMON / C A P /  X ( 5 0 0 1 ~  Y ( 2 0 0 1 .  6 ( 5 0 0 1 .  H l200 l .  BETA, POTSAT, 

L G G I C A L * l  R O T I N V  
L O G I C A L * l  A L O C ( @ I  
N= N + 1  
I F  ( N  .LT. N M C Y l  RETURN 1 
W R I T E  1 1 0 .  1011 A L O C  

1 IMbX.JPAX. I M A X 1 .  J H A X l .  I S A T t  J S A T . I I N 9  101 I P U t  R O T I N V  

RETURN 2 
101 FORMPT 1 3 Z H O M A X I M U M  ERROR COUNT EXCEEOEO A T  1 X B A l .  31H. A L T E R N A T E  4 5  

1 L O G l C  ROUTE TAKEN. 111 
END 

4 t  
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50 
5 1  

52 

5 4  
56 

5 1  

COMMON / C A P /  W I 5 9 C I 9  Y I Z C O l r  B 

L T F I C A L * l  R C T I h V  
L C G I C A L * l  b L O C I B l  
W R I T F  110. 1 C C l  ALCC 
RETURN 1 

IAKEN. / / I  

1 l H A X , J M A X ~  ICAX1. J Y A X l .  I S A T .  J S A T t I I N .  IO. I P U .  R O T I N '  

100 FORMAT l l P h C P O S S I @ L E  ERRCR A T  l X 8 A l t  31H. A L T E R h A T E  L O G I C  POUTE T 

ENO 

50 

53 

5 5  

60 

6 5  

7 0  

75 

8C 
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F U N C T I O N  I L O C I X P I  

L O G I C A L  *1 S 1  /.TRUE./ 
COMMON / C L P /  Xl50CIr Y I Z C O I .  G l 5 O O l t  HIZOOJr BETA, PDTSAT, 

L C G I C A L * l  R O T I N V  
COMMON / C I L O C /  XVCAT. YVPAT.  I P A T ( 5 O O l r  J ~ A T 1 5 O O l  
I F  ( X P  .LT. X l I c l A X 1 1 1  GO TO 45 
I =  I M A X l  
GO TO 52 
I F  ( X P  .GE. X I 3 1 1  GC TO 46 
I= 2 

ICPLICIT REaL.8 (A-H. o-21, INTEGER*+ i 1 - N )  

1 IMAX.JNAX. I M A X 1 .  JMAX1.  I S A T ,  J S A T v I I N .  IO. I P U t  R O T I N V  

GO T O  52 
I= I X P -  X ( 1 l l  *XVHAT +l .COOOOl 
I= I M P T I I I  
GO TO 5 1  
I= 1-1 
I F  I X P  .LT. X ( I I I  GC TO 50 
I F  ( X P  .LT. X ( I + l I I  GO T C  5 2  
I= I +1 
GO TO 51 
I L K .  I 
RETURN 
ENTRY J L O C I V O I  
I F  ( Y O  .LT. 0.1 S 1 =  .FALSE. 
Y P = C A @ S l Y C I  
I F  I Y P  .LT. Y l J M A X 1 1 l  GO TC 4e 

GO TO 57 
I= VP * V V H A T  t l . O O O C O 1  
I= J P A T I  I I 
GO TO 56 
I= 1-1 
I F  ( Y P  .LT. Y I I I I G O  TO 54 
I F  I Y P  .LT. Y ( I  + 1 l l  GO TC 57 
I= 1+1 
GC TI! 5 6  

I =  m a x i  

I F  IS11 GC TO 52 
I L O C Z  2-1 
S 1 =  .TRUF. 
J L O C =  I L O C  
RETURN 
E N D  
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S L B R C L T I N E  O R e I T I * l  
I P P L I C I T  R E A L * @  IA-b. r  0-21, I h T E G F R * 4  I I - R l  
CCPMCh /CCMORR/ XC. VCI bXC. V Y O .  FXI F Y .  XC. HX, HY, T t  F A C E  
I N T E G E R I 4  F A C E  
I N T E G E P * 4  FRR 
ERR- 0 
X l =  XC- kX*.5 
IF ( v y c  .LE. 0 . 1  CALL E R R O R  ( & e o .  BHORBIT 5 0 1  
R= V X C l  VYC 
o= x1-  xo 
I F  I R .LT. !J/ b Y I  GO T O  60 
IF I R  .GT. I D +   XI/ HYI GO ro 7c 
c a L L  TIM~HV. U Y C .  FY.  ~ 7 5 1  
FACE= 2 
YF= HV+ YC 
ERR- F R R +  1 
I F I E R R -  GE. 21 C A L L  ERRCR l & @ C .  RHORBIT 531  
XF= I F X  * T  *.5 + V I 0 1  *l + x o  
I F  I X F .  LT. X I )  GC T 1  6 0  
I F  I X F .  GT. X l + H X I  GO T C  79 
VXC= F X  r T  + v x c  
VVC= F V  + T  *vvc  

vr= YF 
XO= XF 

RETURN 
C 4 L L  TIP I X 1  - Y C v  bXCI FYI 65Cl 
FACE= 1 
XF= X I  
V F = l F Y  i T  t .5  + V V C l  *T + Y C  
I F  I Y F .  GT. Y O +  H Y I  GC TC 5'3 
I F  I V F .  LT. V C I  GC TO 7 5  
GO TO 5 5  
C A L L  T I H I X l t  HX- XCI V X O .  FX. & 5 3 J  
F A C E =  3 
XF= Y l t  HX 
GO TO 6 5  
T =  -2.a V V C l  F V  
F A C E =  C 
Y F =  YO 
GO TO 53  
RETURN 1 
E N 0  

177 



1 

4 

1c 

12 

1 4  

6 

71 

b7 

6 5  

h2 

64 

L I S T I N G  O F  S U B R O U T I N E  RHO P A G E  1 7  

S U B R O U T I N E  RHO(* )  7 5  
I M P L I C I T  REPL+B ( A - P r  0-21. I N T E G E R * 4  11-NI 
P O I I X .  XO. X1. 10, Yl) = ( Y O  1 1 x 1  - X I  - Y 1  ~ ( X O - X ~ ~ / I X l  - X O l  
P O O 2 I X .  XO. X l t  x2, Y O ,  VI .  Y Z )  = YO* 112. * X I  -x2 - X l l  I I X O  -x21 

G o  rn 1 

1 / ( Y O  - X 1 )  - Y 1  1112. 1 x 1  -x2 -xo1 11x1  - X 2 )  / ( X O - X l )  + Y 2  *112. 
2 * X )  - x 1  - X O I  11x1  - X 2 l  11x0- X 2 )  
._ . _  - 
ENTRY CRHO I U .  R H O I .  CX. OV. LXI L Y )  
D I M E N S I O N  U(LX.  L Y l r  R H O I I L X I  L Y I r  O X I L X v  L Y l t  D Y ( L X 9  L Y )  
L O G I C A L * l  S l r  S2r  53. 5 4 .  S5. WRTRAJ. C O R R t  REDO, T R P L l  
I N T E G E R  E X I T .  RTR. I B A C  
O I H E N S I O N  Y M A 2 1 5 0 0 1 ~  V T E P I S O O I ,  VENOIZI 

76 

77 
COMMON /CAP/  X 1 5 0 0 1 .  Y ( Z C O l *  61500lr  H I Z O O I .  BETA. POTSATI 

L C G I C A L 1 1  R O T I h V  
COMMON /COWOR@/ XNI YN. VXN. VYN. FX. FY. COX. GI. H1. 11 E X I T  
COMMON /CRHD/ OTR(101. T R 1 l O ) r  V X I T E N I Z D I r  CURRI UNCURR. WC, 

1 1MAX.JMAX. I M A X l .  J M A X l r  I S A T t  J S A T 1 I I N .  10. I P U .  R O T I N V  

1 VZNC. OYTRPLI  O L P G ( 2 ) r  U N D R A G ( 2 ) .  6 8  
2 NCROSSI N T R A J t  NPTRAJ.  N T S K I P .  N G R P t  
2 NGTRPL. hRFLOW. ACCTRA. T R P L O T  

L C G I C A L * l  k R F L C h .  ACCTRA. T R P L O T  
COMHCN 1 C P L T R A l  XT1.  XTZ.  XTOEL.  YT1. Y T 2 .  YTOEL. Y M A 1 1 5 0 0 ) .  I l l  
RFAL*R P I 1 3 . 1 4 1 5 9 I  
R E T I I R N  . 
00 4 I =  1. I H A X  
00 4 J= 1, J M A X  
RNOIII. J I =  J. 
C X I I .  J ) =  0 .  
O Y I I .  J ) =  C. 
00 10 I =  2. I C A X l  
00 10 J= 2, J M A k l  
D X I I .  J I =  P O O 2 l X l I ) .  X I I - 1 ) .  X I 1 1  

O Y I I .  J)= P O 0 2 1 Y I J ) 9  Y I J - 1 1 .  Y I J I  

I -  I S A T  
00 12 J= 2. J S b 7  

1 UII+I.JI) 

1 U l I ~ J + l I )  

X I  I i  

V I J i  

1 U I I . J + Z I )  
00 14 I =  2. I Y A Y 1  
DO 14 J- 2. J P A X l  
0 x 1 1 .  J I=  - D X ( I .  J I  I B E T b  
O V I I .  J I =  - C Y I I I  J I  / B E T P  
OF 6 I =  2, I M A P l  
O X I I .  11= 0 x 1 1 .  21 
O Y l I .  1). - 0 Y I I .  2)  
MCELL= t * I Y b X  
J S 2 =  J C A X l  t J V A X  
CURR= 0. 
O Q b G l 1 1 =  C. 
O R A G l 2 l =  C. 
NCROSS= C 

L I S T I N G  O F  S U P R C U T I N E  RHO PAGE 

VZNM= C. 
C r R R =  .FALSE. 
I F  (WC .hE. 0. .OR.bCCTRPl CORR= .TRUE. 
OU b l  K =  1. hGRP 
I F I T R P L C T  .ANC+ NGTRPL .GE. K I  C A L L  P L T R A l  
S 1 =  .FALSF. 
S2= .FALSE. 
S4= .TRUE. 
1c r=  1 
YAX= I P A X l  
YN= . 55  * V I J F I A X I  + .C5*Y(JPAX11 
YTCPL= Y N  
DO 5 9  h l L P J =  1, 500 
Xh =  X l I P b X l  
VYN= - V k ' I T E M ( K )  
VYN= C. 
v z w =  c. 
I =  I M A X  
JE J L C C I Y N I  
E X I T =  1 
R T R =  C 
T R P L l =  .FALSE. 
I F  I Y h  .GT. Y T R P L I  GO T O  7 1  
Y T P P L =  VN -CYTRPL 
I F  I T R P L O T  .ANC. NGTRPL .GE. K )  T Q P L l =  .TRUE. 
WPTHAJ; .FALSE. 
I F  (.MOT. h R F L C k I  GC TI) t l  
I F  ( P n D ( N T R 4 J - 1 .  N P T H D J I  .EO. KPTRAJ-11 WRTRPJ= .TQUE. 
53. . F b L S € +  
R € C C =  .FALSE. 
I F  I C i ' P P l  REDC= .TRUE. 
ell 4 C  I C E L =  1. MCELL 
I F  (.NCT. C C R R I  GC T'7 6 5  
k E O O =  .NCT. 9ECO 
I F  ( R E C C  .ANC. .NCT. A C C T Q A I  GC T C  75 
RTR= V C C I E X I T  t R T R  t2, 4 1  
I F  I R T R  .kE. 3 1  GC TO 6 2  
FX= P C l I Y h ' ,  V ( J 1 ,  Y ( J + I I .  0 x 1 1 .  J I t  0 x 1 1 .  J + l ) I  
FV= P U l I V N .  Y I J I ,  Y I J I I I .  O Y l I t  J). D Y l I r  J+11) 
I F I P E C C I  CU TC 7 5  
Y r r A l l  I I =  Yh 
V T E M l I I =  VXN 
I F  ( 5 3 1  Y W A l ( 1 l  = - V N A l I l )  
I =  1-1 

I F  I R T P  .h€. 2 1  G r  TO b4 
FX-  P C l O I N .  X I I I .  X I I + l l .  0 x 1 1 .  J l r  D X l I t 1 ~ J ) I  
FY= P U 1 l X N r  ZII), X I I + l ) r  D Y I I ,  J), OY(I+l.J)I 
I F I R E C C I  60 TO 7 5  
J =  J-1 
GC Tf l  t E  
I F ( R T R  .YE. 3 1  C A L L  ERRCR ItZClv RNRHO 6 4 1  
J= . I t 1  
F X =  P C l l X N .  X I I I .  X I I i l ) ,  O X ( I r  J ) r  D X l I + l , J l l  
C Y =  P C l l X M .  X I I ) .  X ( I + l l r  O V ( 1 .  J I r  O Y ( I + l . J ) )  
I F  (.hCT. R E D O )  GO TO 68 
J= J-1 

GC T O  t e  

63 

b6 

7c 

4 c  

1R 

5 1  

72 

5 c  

7 3  

8 

9 

11 

17 
15 

28 
2s 
33 

31 
35 
36 

41 

1 3  

178 
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GO TO 75 
X I =  X N 1  
Vh= Y N l  

VYN= V Y h l  
RTR= I R T R  
I F I A C C T R A I  GO TO 76 
FX= F X l  
FYI F Y I  
GO TO 77  
F X =  I F X I  + F X I  t.5 
FY= ( F V 1  + F Y I  1.5 
I F  t ) r C  .EO. 0.) GO TO b6  
W C T 2 = l k C * T )  **2 
FV= I F Y  + V Z N  * N C I  * ( l a  - h C T 2  112.) 
F Y 2 =  F Y  
VVN= V V h  111. -hCTZ/6.I 
GO TO 6 6  
I F  1 1  .LE. 11 GO TO 5 0  
IF 1 1  .EO.ISAT-l.ANC. V N  .LT. Y I J S A T I I  GO TO 13 
I F I J  .EO. J P P X I  GO TO 5 1  
I F  I J  .hE. CI GO TO 63 
YN= - Y h  
VYN= -VVN 
R T R =  C 
J- 2 
S3= .NOT. 5 3  
I F  I.NCT. C O R R l  GO TO 66 
X N l =  XN 
Y N l =  Yh 
V X N l =  V X N  
V V N l =  VYN 
FX1= F X  
F Y I =  F Y  
I R T R =  R T R  
C 1 -  G I 1 1  
H1- H I J I  
cox= ( X ( I 1  + X ( I + l ) I  /2. 
COY= I V I J I  + Y ( J + l l I  12. 
I B A C *  HCO ( ~ - R T R I  41 
I F  I I R P C  .EO. 0 1  GC TO 70 
C A L L  R C T A T E  (Xh. YN. I R A C )  
C A L L  R C T A T E  I V L P l r  VVYI I e A C l  
C A L L  RCTATE ( F X .  FYI I R A C )  
C P L L  RCTATE ICOX.  CCY. I B A C I  
C A L L  R C T A T E  I G 1 .  H1. I B A C I  
G l = C P P S I G l )  
H l = O A @ S ( H l I  
C A L L  C R R I T  I t 1 5 1  
C A L L  R O T A T E ( X k .  YN. R T R I  
C A L L  R O T A T E I V X N .  VYh. R T R I  

W C T I  wc * T  
h C T ? =  hCT * k C T  
VZN= - V Y N 1  * l l .  -WCT?/6.1 *WCT + V Z N  *(l .  -YCTZ/Z. I -FY? '1 * W C T / ? .  
VZNH= O H A X 1 l V Z h ~ ~ C A @ S l V Z N ~ ~  
C C N T I N U E  

VXN= v x n i  

IF inr .EO. 0. .OR. .P~OT. w o c i  GC i n  4 1  

L I S T I h G  OF S U B R C U T I N E  RHO PAGf  2 7  

C A L L  E R R O P I G ~ C ~ I  e C P H 0  401 
11= I 

V T E P l I l =  V T E N ( I l + l I  
Y P b l l  I ) =  P O I I X I I I .  X I  I I + l l .  X( I 1 + 2 l r  YHA11 1 1 + 1 1 ~  V M A 1 1 1 1 + 2 l l  
GO TO 5 C  
I F  ( h R r R A J 1  k R l T E  (10.10C) ( X l I l . Y M b l l I l r  V T E P I I ) .  I =  2. IMAX.  

1 N T S K I P I  
V E N C I l l =  V T E P I Z I  
V E N D l Z I =  V E N O ( 1 l  
I F  1.NCT. T R P L 1 1  G O  T C  7? 
I l l =  2 
C A L L  P L T R A Z  
I F  (.NOT. 5 4 1  GP T O  9 
S 4 =  .FALSE. 
OP 8 I =  7. I Y A X  
I F  t V * A l ( I )  .LT. Y ( J Y P X 1 1 )  C A L L  ERROR(68.  8HRHC 81 
Y M A 2 l I I =  Y P A I I I )  
GO OD TO 11 1'3 I =  2. I P b X l  

I F  I Y P A l ( 1 )  .GE. Y M A 2 ( I ) l  GO T C  17 
C O N 1  I N U E  
GC T O  1 5  
NCROSS= NCROSS + l  
TRH= V Y P Z I  I M A X I  - V Y A l ( I H A X I  
00 3 6  11. 21 YPX 
I =  I H A X  - I 1  +1 
A L =  V M A Z I I I  - Y N A l ( I l  
Y 4 =  O V I h l l Y M b l ( I ) .  V C P 2 l I I I  
V 5 = 0 P A X l  I V * l A l l I ~ r  V M A Z I  I l l  
J S 1 =  J L C C ( Y 4 l  11 t J F A X  

o r  72 I =  7. 1 1  

00 31 JC= JI~. j s z  

IF IJ .GT. 1)  GC T O  r e  
J= JS - J P b X  

J= 3 - J  
Y3= - Y ( J )  
GO TO 29 
V3= Y I J )  
I F  I V 3  .GT. Y 5 )  GC TO 3 5  
T F C = D b A I l T R H  / A 1  ' V T E P I  I P A Y )  / V T E M I I I I  
I F  I R O T I N V I  TEM=OABS I T E N  * l Y C A 2 l I M A X l  - T R H I  4 L  t I Y C A 2 1 1 )  - Y 3 ) I  

1 I Y 7 1  
' R b o i i r .  JI= R t - c I i r ,  JI + T E W  

V U A Z I I I  = V M A l l I )  
C O N T I N U E  
OC 4 1  L.1.2 
TORAG= TRH* I V E N O I L I  - V T E ~ l I P A X I )  
I F I R O T I N V )  TORAG= TCRAG * I T R H  + 2. W Y A 1 1 I M A X ) I  
D R A G I L ) =  TCRAG + O R P G l L l  
Y H P ? ( I M P X I =  Y M A l l  I M A X )  

I F  I W R T R A J )  U R I T E  1IO.lOCl I X I I I r  Y P A l l I l t  V T E M I I I .  I =  I S E T ,  I Y A X .  

V E N C ( l I =  - V T E F ( I S A T I  
V E N 0 1 2 ) =  0. 
I F  (.NET. T R P L I J  GO TC 7 4  
I l l =  I S A T  

GC i n  is 

1 N T S U I P I  



L I S T I N G  O F  S U B R O U T I N E  RHO PAGE 21 L I S T I N G  O F  SETUP PROGRAP DAGE 23 

1 4  

42 

19 

20 

2 1  

5 5  

60 
6 1  

89 

4 3  

5 8  

7 C 1  
1co 

1 

2 

10 

1 2  

1 4  

C A L L  P L T R A 2  
I F  I S 1 1  GO TO 15 C 
CUR P O 1 l Y l J S A T l ~  Y R A l I I S A T l .  Y M A 2 l I S A T I *  Y M A l I I M A X l ~  Y M A 2 l I M A X I I  

1 I Y I J S A T I  
I F  I R C T I N V I  CUR = C I A  *CUR 
CURR= CURR +CUR 
T R H E L Z  P O 1 1  Y I J S A T I .  Y Y A l I I S A T l .  Y M A 2 l I S A T I .  TRH. 0.1 
00 42 L= 1.2 
TORAG= T R H E L  * l V T E P l Z l  - V E N O l L I l  
I F  I R O T I N V I  TORAG= TDRAG *12. * Y M A Z I I M A X I  - T R H E L l  
O R A G I L l =  TORAG + O R P G l L l  
S1- .TRUE. 
MAX= I H A X  - 1 S A T  
GO TO 1 5  
I F  I S 2 1  GO TO 60 
YW Y M A l l  I H A X l  - O T R ( I C H I  
I F  I Y N  .GT. 0.1 GO TO 21 
S2= .TRUE. 
D @  20 I l =  I ,  M A X  
I =  I M A X  - I 1  +1 
Y M A l l I l =  0. 
V E N D l l l =  OSORT ( V T E H I I N A X I  * V T E P l I M A X l  -2. *POTSAT I E E T A  ) 
V E N D l 2 l =  0. 

I F  I Y N  .GT. TRIICPII GO TO 55 
YN= TRIICHI 
I C H =  I C H  +l 
C O N T I N U E  
C A L L  E R R O R I E Z O l .  EHRHO 5 9 1  
I F  I T R P L O T  .ANC. NGTRPL .GE. K l  C A L L  P L T R A 3  
C O N T I N U E  
G P P = C F L C b T l N G R P I  
VAVE = 0 
00 89 K = 1. NGRP 
VAVE = V X I T E P  I K I  + VAVE 
UNCURR = CURR+VAVE * Y I J S A T I * 2 . / G P P  
I F  I R C T I N V I  UNCURR = UNCLRR * Y I J S A T I  * P I I 2 .  
DO 4 3  L= 1.2 
U N D R A G t L I ;  BETA *VAVE I G R P  * O R A G l L l  *2. 
IF ( R O T I N V I  U N O R A G ( L I =  U h O R A G r L l  * P I  I2. 
O R A G l L I =  C R A G I L I  I Y I J S A T I  1 V A V E  *CRP 
I F  I R C T I N V I  O R A G I L I  = C P A C l L l  I Y I J S A T I  
OC 5 8  I =  2. I M d X l  
00 5 8  J= 2 1  J V A X 1  
R H O I I I 1  J I=  C l i O l ( 1 .  J 1  I G R P  
RETURN 
RETURN 1 
FORPAT I 14161 1HX 5X 1 H Y  6 X  1 0 H X - V E L O C I T Y  

E h O  

GO rn 1 5  

1 F11.6, 1 P E 1 2 . 4 1 1  

L I S T I N G  O F  S b E R C U T I Y E  R O T b T E  

S L E R O U T I N F  R C T b l E  l L . V . 1 1  
I M P L I C I T  REbL'B (A-H. 0-21 I N T E G E R t 4  I I - N l  
x=u 
v = v  
L F  ( 1 .  hE. 11 GO TO 1 
TEM= Y 
V I  - x  
X =  TEM 
GC TO 1 C  
I F I I .  ht .  2 1  GC TC 2 
*= - x  
Y= -Y  
G r  Tn 1 c  
I F  11. hE. 3 l G C  TO 1 2  
TEM= Y 
Y. Y 
X =  - T € *  
u= x 
\I= " .- , 
RfTlJRN 
IF 1 1 .  EO. 0 1  Q E T L P h  
C A L L  ERROR ( E 1 4 .  EHPCTAT 121 
RETURN 
END 

I I 4 ( 4 X  0PFh.Z. 

PAGE 22 

1 

201 

SETUP PROGRAM 
I M P L I C I T  R E A L t E  IA - t . r  0-21. I N T E G E R * 4  I I - N I  
COMMON I C M A I N I  A I Z O C O C I  
L C G I C A L * l  P A G E l 1 2 0 ~  571 
L X =  ac 
L Y S  5c 
L x Y =  L X  * L Y  
C A L L  OREAO I A I I I ~  A I L X Y  + l l t  P I 2  + L X Y  +lIr A l 3 *  L Y Y  + I ) ,  LXI  L Y I  

C A L L  R E b C  
C A L L  OPCCO 11111. A I L Y Y  + 1 l v  A I 2  * L X Y  + l l v  A ( 3 *  L X Y  +ll, L Y ,  L Y I  
C A L L  DRHO I A l l l r  A I L X Y  + I I ,  A I 3  * L X Y  + 1 1 ,  A 1 4 1  L X Y  + l I r  L Y t  L Y I  
C A L L  O P C I H l A ( 1 l .  A I L X Y  +11. A 1 3  t L X Y  + 1 l r  LY. L Y 1  
C A L L  C A ~ I V I P I I I ~  P I L X Y  1111 A 1 3  f L X Y  + I I r  LY.  L Y I  
C d L L  CCCNTI A l l ) .  LX. LY.  PAGE(1. 11, 120. 5 7 1  
C b L L  PCCO 
GO TO 1 
C A L L  E X I T  
END 

CALL OWRITE i b r i i ,  LX. LVI 

PAGE 2 4  L I S T I N G  O F  S b B R C U T I N E  T I M  

SURROUTINE TICICIFt VEL,  FCRCE. * I 
I M P L I C I T  P E A L * 8  ( A - h r  0-21.  IFrTEGER'4 I I - N l  

I N T E G E R * &  F A C E  
R E b L I f l  V M I N  I 1 . O - t I .  RATCX /.C:DCI. F V I N  / i . O - 6 /  
I F ~ O b P S l V E L l ~ L l ~  V H I N I  GC TO 70 
R A T =  F r P C E t  O I F /  V E L /  V E L  
I F ~ O A R S I R A T I .  GT. R A T P X l  GC T C  20 
T I M E =  D I F l  V E L *  ( ( R A T -  l . l *  .f* RAT+ 1.1 
I F  I T I C E  .LT. 0.1 GO T f l  7 0  
PETURN 

20 I F l O A @ S l F O R C E l . L E .  F V I N I  GC TC 40 
TEM= V E L *  V E L  + F C R C t *  O I F  *2. 
I F  ( T E N  .LTm 0.1 PETURN 1 
S O R = O S O R T ( l E M I  
11 = ( - V E L  + S O R I  /FORCE 
T Z  = I - V E L  - S O R I  /FORCE 
T I P E =  EWIh1 l T 1 .  1 2 1  
I F  I T I V E  .GE. C.1 RETURN 
T I M E -  C C A 4 1  I T l .  1 2 1  
I F  ( T I C E  .GE. 9.1 RETURN 
RFTURN 1 

4 C  T I M E =  O I F I  V E L  
RETURN 
END 

CCMMON / c c V n R e i  xc. Y C ,  w n ,  v w .  F X ,  F Y ,  xc, HY. HY. TIME, F ~ C E  
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L I S T I N G  OF S U R R O U T I N E  T R I L I N  PACE 25  

S L R R O U T I N E  T R l L  Ih 
I M P L I C I T  REbL’e l b - b *  0-ZI. I N T E G E R * 4  I I - N I  
R E A L * f l  K 
D I P E L S I O N  kill. 2 1 1 1  
E O U I V b L E N C E  I C I l I r  b l l l l .  I K I l I .  Z(1II 
COMMON K T R I l  b(5flf l t .  f l (5001 .  C ( 5 0 f l I r  K1500). N C I N I  NWAY 
P= N H I N  
N=  NMbX 
W l M I =  C(VI / f l ( P I  
Z l H I =  K l H I  /BlMl 
P I =  c * I  
h l =  N -1 
00 10 J= C l r  h l  
TEH= O I J I  - A l J I  * Y l J  -11 
W I J I =  C I J I  l T E M  

Z l N I =  (KIWI - P ( N I  * 2 l N  - 1 1 )  I I O I N I  - b l N I  *WIN - 1 1 1  
DO 20 J= P I ,  lu 
I =  N -J i P  

RETURN 
END 

1 C  Z l J l =  ( K I J I  -dlJl * Z l J  -111 l T E H  

Z C  Z ( I l =  Z ( I l  - k f I I  *ZfI + I )  

L I S T I k G  C F  SAPPLE D A T A  PACKET FCR UODEL PRCRLEM PbGE 7 h  

S A P P L E  C I T P  P b C K € T  FOR MCOEL FFCPLFC 
L I N P U T  
I H b X =  ? 7 6 .  I S A T =  2 5 0 .  G I l I =  4 F d . 5 .  2P* .25 ,  1cP .75 .  X L E F I = - 2 5 . .  
J P b X = 3 1 .  J S P T = C t . H I l I =  . 4 .  1 4 r . 2 .  5 * . 4 ,  20‘.751 
C T R l I l =  . 5 4 r  . 24 .  . Q P .  . l o .  T R I l I =  4. f l1.  Z. f l1,  0.r. 
hPI ”AJ=6 ,  N Y S K I F = 3 .  I rPbSS=b .  
CPEGA= 1 - 5 5 .  R C T 1 Y V . F .  
F R P 4 C I l l I =  .2. .Ce .  4 * . t 5 .  12*.0?, M I T E R =  1 9 .  
E R U P P R = . O C l ~ E R N P A U =  .00Cl.R!iIST4= C . 8 Q 9  W l N l T E =  l l r  
PLPHAR= 1.. l a r . 7 5 .  ALPFAU= 1.. 158 .75 .  R H I M L X I ? I = ~ @ ~ ~ . V  U M A Y =  = . t  

b X S T = . 0 5 7 1 C ,  P r T F b T =  -C.C. R h I X =  -12., f l F T & = 0 7 3 4 4 + ,  
XP1= -2C. t  XP7=  5.. X P C E l =  -2:. 
YP1= r .  VPZ= lC . .  YPCF l  = . 2 i .  
hUG= 26. U G f I j =  5 . .  .2. .35 .  -.Ol. -.05, - . I r  -.2. - . 4 .  - . C v  -1.. 
-2.. -3.. -4.. - 6 . .  - d . .  -10.. - 1 2 . 9  -14.. -16.. -18.. -?Os* - 7 2 1 1  
-24.. -26.. -2P.. -3C.r 
P L C T U l E I =  T, 
hRG- 1‘. Q C I 1 1 =  -l., -.le .I .  . 5 5 .  . 65 .  . 7 5 .  . ? 5 .  .95.  . G O .  1.r5.  
1 .10.  1.101. 1.7.  1.701. 3.1 
P L C T P l t I =  T .  
X T l =  -20.. XT2=  5.. L T C E L =  . 2 5 ,  
Y T l =  -10.. VT7=1C.. VTCEL= - 4 .  
F L C T T Q l t I =  1, CVTRFL= 1.. h C T R P L = l  
LEWD 
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