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The major objectives of the proposed research were as follows:
I, To buiid an dnterface between the IBM 1820 Computer and
the ¥ASA A ¥ TR A ¥ verminal { point 3.1 in propesall.
I1. Develop and adapt graphical technigues to AMTRAY
3.4, 3.5, 3.6 and 3.7 in proposall.

{points

2IX. Davelop software o adept the rectangular disgram method
tothe AMTRAN System {point 3.3 in proposall.
. ‘S?mvmé programs fov one-line interactive mathemstical
analysis.
The present status of the various sections of the @vém&l pro=
gram is the following?

Lo

Eresent State of the Inverface Bullding

With this extremely critical part of the program, our group
had ssveral difficultiess

i, The A M TR A W terminal that we recedved from Huntsvilie
was adapted to an IR 1620 Model XX Computer and ours is a Model I.

24 ﬁé@m is only one IBM 1620 Model I Computer which has an
AMTRAN-terminal and that Computer 18 at the University of Georgia
in Athens, Georgia. In thedr case, the tevmin

al was built divectly
for the Model I Compuber and, therefors, their case is different
from ours.



3. UWe wanted to use cutside consulvants, as it turned out,
that each of them ashked in the vange of §6,000,00, which i3 a much
higher figure than we had originally estimated for consultation fees.

tnder the given conditicons, nothing else remained than to rely

entively on our own resources and to design the whole interface at

home, without the aid of cutside consultants, but using our own men,
{Mr. Stone and Mp, Slatter), in addition to thelr oviginal duties din
the A M TR 2 ¥ project in after hours as consultants to the inter-
face building, this Durned cut to be a very rewvarding experience

for both of them. They learned quite a lot frem this expepisnce,
Maturally, since neither of them were computer hardwarg specialists,
they had to study first both-the T 1620 Computsr and the A M T R & Ne
terminal very cavefully, before they made thedr declsions on the intere
facing dssus. This took quite 3 lot of time and pushed back the dave
when the terminal will bz in operative condition. The work that has

been done in this area apd the major decisions that were made ave
listed balow,

The Lfiretr worlk on AVTRIY ARIERE Liavization with
what comnunication takes place betuwsen the AMIRAN terminal and the
IBM 1520 computer. This tock the form of studying the ANIR
ware penual and the IR 1820 system diagrams, In this study 1t was
elaay that cevtain parts of the interface supplied by I8 and used

AN harde

at MASE would not be duplicated but simulated. Simulation was
chosen bacause fewer modificationg vo the compuber would be required.
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Afver the approach hed been determined {simlation) the inter=
. face logic and gating was determined. The form of the design was
davived uaing similar € level data commumication epplications in the

{84 1520 as a gulde since technical specifications for the IBM &¥S
cards were umavailable., Some medifications to the original design
were made after limived technical information was obtained from IEM
manuals.

While parts were grdered from IBYM
minal. The AMIRAN

To provide us with £iexwibility in moving the terminsl

s Work was started on the tepe

ainal we ave working on 12 2 one~gf-a«kind

inar voom and when we
asve to a new bullding in November, 1968, plug com
stituted for wires conpected through screw type Terminal strips.
The only other Qifficuliy has been in obtaining parts from
elactronde distributors, Becausse of aur gaographic location.divect

from the compuber cenbsr to the adjscen

WBCLOYS ware sube

compunication with disterdbubors for parts supplied and cost 45 time
}»
At the present, sbout 80% of the hardwave work 4s done approxi-
mately within 2 weeks, the teramdin
condition,

coneuning and costly (long distance phone

2l iz expected to be in operative

Duez to the delay in the terminal hook-up, software development
was alse delaved. The efforts were put into working on additional

graphical techniques which can be Jmple wointed on the A M FTRA N

minal after it is pub into opevation.
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Due to the delay in cbbaining the grant, we lost for industry

our strong-man in graphical techaloues, J. L. Bing, Instead of him,
we hired on part-time basis, Br. Sandor Fopov

ics, former Professor of
Civil Engineering Department at Avburn University, and from Septembey
oy, Professor at the Schoel of Enginesring of Horthern Arizoma Uni-
varsity.

Since Dr, Popovicls avea of interest is in maberials, we tried
t0 find an area in that f£ileld, where rectangular diagrams {the major
topic of our proposal} can be smployed. Since rectangular diagrams
are so useful in the analysis and design of elsctrical networks, we
had vo find an evea inm materdale science vhers elsctrdeal network
analyseis can be used, Such an ares is, for example, the elastic dee
formation of solids with the ald of ths laminated models.

ey

is of composite mabterials can be represented with

wieawﬁammi reglistive netwerk analegs. xdulue of slasticity

of each phase at fizst sight, can be represented with a fixed resise

tor. The problem 43 created by the blending ratios which make the

resistors variable, This ig the peason vhy in the enclosed paper on
" @raphical Approach to DJetermine the Elastic Deformation of Linear

N-Fhaae Composite Solids® ¢he rectangulsr disgrams don¥c appsar in

thelr divect form. Thess diagrams were doveloped from rectangulay

diagrams, where the slgpe of the diagonal of a rectangle is equal to
the slament walue, @a?z be sem from the fact, that the slopes of 3ll
the lines starting at é@:&ﬁt ¢ are equal to the modulue of elasticity

of the pertinent material, In the second paper entitled "Rectangular
Dilagram Approach to Determine the Elastic Deformations of Non-Linsavr

¥-Fhase Composite Solids¥, vectangular diagrams directly appear in
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the constructions, but the bilending ratioes complicate the diagram

constpuetions again,. In 2 joint paper by Popovice and Bpde
titied: ¥Simplified Caloulations for P Based on Composite Models
ar diagrams ave entively sldminated and tri-

y -3 2l

for Concrete® vectangul

angular disgrams ave intvoduced, These diagrams ave very excellent

femr 3ephass composites, and can be used even without the necessity
of a graphics terminal, toc. The genevalization of thess diagrams
to the 4-phase case i3 the tetrahedral diagram which will be msnage-
able only with a graphics terminal.

From the three papsrs, the joint paper by Popovies and Erdey
will be submitted for publication in 2 professional jowrnal, vhile

the other two will be mg.i:tad far presentation on a symposium.

hrae papers, as they arve submitited this time are in their pree
Lindnary forme. The final forms of these papers, together with the
results produced in the meantime, will be Included in the final re-
port,

Eﬂ?e _,

Bus to the delay in the hardware area, only the groundworks
wave laid down. Ve have the basie ideas how we will tackie the proe

bismg, Details will be presented in the final repovt.
V., Prov:

This part of the program

in an operative condition.
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The establishment of relationships between the properties of

hardenad concrete and its interna] structure is a difficult fask

s
e
i#
-5
3;«

tecause of the multi-face heterogeneous natuve of the ma

Since, however, this is a fundamental task, attempts have been

made to simplify it by using more or Jess elamentary Tictiticus

structures so-called composite modeis for the calculation of certain

properties of the hardened concrete from the properties and amount

of the ingredients. Since all these models are based on simpiifying

assumptions, their appiicability for numberical estimation is Timited;

but, properly selecied models provide useful gqualitative information

concerning this material behavior that cannot be cbtained otherwise.

This and the simplicity make the model approach attractive for Engineers.
Composite models have been used in concrete technology mainly

for the examination of elastic deformations with the assumption that

concrete is a two-phase solid. In this paper the two-phase models

are obtained from the application of the average concept instead of

the usual stress-strain analysis. This is not only a very simple

approach but also provides the opportunity to expand the modeds for three

phases. Calculations related to three-phase composites are usually

lengthiy. It will be shown that this can be simplified by using

triangular diagrams, especially when such diagrams are combined with a

computer.



Moduius of electricity of fwo phase compusiltes.

When one blend two materials to form a two phase composite
it 1s expected that the properties of the composite material are
between the pertinent properties of the ingredients. It is also
reasonable to expect that under certain conditions a property, for
instance the deformability, of the composite will be an average
of the covrresponding properties {deformabilities) of the ingredients
or phases. The three simplest average concepts are the arithmetic,
harmonic, and geometric averages. The weighed average modulized of

elasticity of two phases are defined as follows:

E, =0y By = gg‘ﬁﬁ

& ?>
Eyq = 1 = £y E
? &
1 | 1 Ez 2
g1/E1 + gp/ky g1k + g3 £y
_al

where

EEH3 & EZ = the modulus of elasticity of phase one and phase two,
cegspectively,

By En & Eg = weighed arithmetic, harmonic, and geometiric average,

respagtively, Ey & By, and

gy & gp = fractional volume of phase one and phase two, respectively,

that igg g + gz = 1,

It is easy to s2e that equation one and the mathematical form



of a so-called "laminated model” where the deformations of the

two phases in the composite underload are identical. The simpiest
mechanical form of this model is shown in figure 1-A as parallel-
connected springs. Equation two is the mathematical form of the
laminated model where the stresses in the two phases are identieal.
The mechanical mocel of this formula is shown in figure 1-B as series-
connected springs. These models were made popular in concrete technology
by Hansen's writinys. (1) (2),'quuation th?@e does not have a simple
spring equivalent, it is a so-called mathematical model. This was
proposed by the writer as where for the introduction of the effect

of air content on Lhe moduius of e?asticiﬁy as wall as on several
other properties of tle hardened concrete. (3).

It has been shown through a neat analysis by Paul (4) that
equations one and two reresent the upper and lower limits, respectively,
between which the modulus +f elasticity of any two phase solid can be
found in those phases whe's the phases has the same value of Poisson's
Ratio. Therefore, it is reasuwsable to anticipate again that a combina-
tion of these two models results in 3 better fit between calculated and
experimental values. Tne simplest combiwations are the arithmetic and

harmonic averages of equations one and two as fFollows:
EA = A}Ea + AZEh =
Az

i a .

g1/Ey = go/E2 4)

Ay b B v g2l



v Ea Ep g1E1 + g.Ep £ Es

where

Ey & Ep= Hodulus of electricity calculated equation one

and eduation two, respectively,

By & By = weighed arithmetic and harmonic average,

respectively, of Ey & By , and

Ay & Ay = fractional volume of composite represented by

equation one and equation two, respectively.

The other symbols are identical with the symbol of eguations one
through three,

The springs models corresponding to equations four and five are
shown in figure 1-C and 1-0. It can be seen that these two m@d@lg
represent a step toward the “composite of composites™ concept [5] that
is, towards multiphase heterogenecus materials which concrete actually

is.



g

(54

Equation four with A = 0.5 appears suitable faﬁzﬁéghtweéght aggra-
gate concrete, while equation five, which may be called the HIRSCH -
DOUGILL model [6] [71. again with A = 0.5 for regular structural concrele.
The degree of approximation of equation two and, particularly that of
equation one are less satisfactory.

Examplie One.

o illustrate the considerable differences bsiween various averages,
values calculated by equations gne through five are compared graphically
in figure two for the pace when £y / E2 = 10, Ep = 1, and Ay = Ay = 0.5,
If, for instance, gy = C.4, the following composite meduli are obtained:

Eg = 4.6; By = 1.6; Eg = 2.8 EA = 3.1; and Ey = 2.4

Lal au%a%zﬂnﬁ of blending proportions.

The ﬁ?ﬁ&eﬂt@d equat%@ﬁﬁ provide the m@d& ug @f elasticity of
composite material when the moduli and &he &maumt of the two phases are .
kpown. They can also be transformed to provide the gy and gp biending
proportions when the required E. wodulus of elasticity of the compusite
material as well as the values of Eg & Ez a?e even., It is sufficient to
calculate the gy values only because gp = 1 - gy. The pertinent formulas
are prasented below. ¥

From eguation ome: -

93a = Eo - E2

A P Ko s

Ey - E

&n
ey
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From equation two: 7}
9ip = Ey (Ec-Ep) = E

I F
Ee (Ey-E) K¢

From equation three: 8)
gyg = log {Eg/Ep)
Yog {Ey/Eq)

From sguation four:

9)
when A = 0.5
gia = (256 + Ey-Ey) 26, + Ep-Ep)? 4 8E; (EpeE)
. 2 B¢ (Ey-Ep)
From eqﬁéﬁ%éé'five: 10)

when & = 0.5:
GyH = Ee (EEBEZE - 25352 + g LE@'(E@wEZ}QZEgﬁgjz + SE@EEEZ(EccEz}

2 E(: (E‘ngg)

where the symbols are identical with the symbols of equations one
through five.

When a E, éngi range is given as the requirement instead of a
single Ec value, the range of blending pr@pcr%iang can be calculated
again by eguations six through ten.

A more practical method for this purpose will be discussed in the

next paragraph.
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Example Two:
For the case of Ey = 10, and Eg = 1, the g biending proportions
needed to provide and E; composite modulus of £.0 are as follows;

g1a = 0.33; Gyp = 0.83; gzg = 0,60; gyp ® 0.56; and gy = 0.70.

Thraez Phase Composites

The application of any of the fwo phase models on concrete is an
obvious over-simpiification because even the sfmy?est case, the hardened
cement paste, consists of three distinct phases, namely the gel of the
hydrated cement, the umhydrated cement particles, and the pores. In
many cases the concrete can be considered as a three phase composite,
hardened cement paste, mineral aggregate, and pores being the phases.

So the three phase composite model represents a better approximation to
concrete than the two phase model.

The mathematical forms for three phase models can be obtained
&asiﬂy‘f?sm equations one through three, for instance, by adding a g3 Eg
term to the left side of equation ome. Equations four and five remain
unchanged except for the chasges im E, and .

in genara% there are infinitely many phase proportions for three
components that can reduce a given Eg composite modulus. By using
equations similar %o equations six through ten, upper and lower limits
can be calculated for the three phase proportions, or additional

conditions can be taken into account. In either way, the calculation

becomes considerably Tonger.
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trianguiar diégramse A comprehensive description of such diagrams

is presented elsewhere. [8] Their application for three phase
compesites is illustrated in figure thres. Each point of the EI,

Ep, E3 trianguiar area represents a group of gy, 92, g3 proportions
for the composite. [These proportions are giver in figure three in
percentage as the triangular coordinate of the point.] Alsc, each
composition corresponds %o a Ea value in this triangie. Due to the
linearity of the equation for £;, point, that is compositioned, having
identical Eg values form a family of parallel straight lines in the
triangie of fiéé%e‘fhree, Having constructed this simple parallel
line system of selected E; values by dividing the £y - Es, Ep - E3,
and Eg - Ey distances proportionately according to equatﬁon‘anég the
Ea value for every possible combination of the three phases can be
read directly from the diagram; pore, inversely, the totality of the
possible phase combinations for a given Ey value can be read directly

Trom the diagram.

Similar charts can be constructed for the Esp & E_ values respect-

g
ively, as shown in figures four and five. The only difference is that
the family of parallel straight lines for E, follows a reciprocal
scale, while that for Eg follows a logarithmic scale, as indicated

by equations two and three, respectively.
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A Tine representing a constant £, value for three phases can
be cbtained with good approximation from the combination of E; and
Eh Tines in the triangular diagram of figure three . [8] Two £,
Tines greater than the required EA value should intersect two Eh
1ines smalier than Ep so that for each useful intersection [1]

Ep + By = 2 £y, and [11] the point of intersection be possibly within
the triangle. The four lines form two such useful points of iater-
section which, in turn, define a straight line. This line represents
the constant arithmetic averages of properly selected E, and Ey
vajues with a good approximation, that is, the iine of a constant gﬁa
This construction is i1lustrated in figure six for Ey = 5, by using
the six and $even‘?€nes for Eﬁs and the four and three lines for Eho

An approximate Tine for é constant Eﬁ value can be gbtained
quite similiarly in the reciprocal system of figure four by using
suitable 1/E; and 1/E, Tines. A illustrative example is given in
figure seven for Ey = § [that is, for /By = @ozjx by using the 0,126
and 0.175 lines for 1/E,, and the 0.225 and 0.275 Tines for 1/Ey,.

By repeating this simple construction, assistant of constant EA
as well as E, Tines are obtained which, incidentally, are not parallel
anymore, These systems can be used again directly for the estimation
of the Ey of [y values, and for the determination of the full range of
possible phase proportions as has been shown for figures three, four,

and five.
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Inciusion of additional conditions

One of the advantages of using the presented semi-graphical
methods in triangular diagram is that equations six or seven can
be used rather than equations n%%@ or ten for the determination of
phase proportions with a resulting savings in the calculations.
Equally important is that these methods lend themselves conveniently
to the inclusion of tolerance 1imits and additional conditions without
any complications in the calculations. This is demonsirated in
examplie three.

Example three.

Assume that the moduli of elasticity of the three phases are:
Ey=10m Ep=4, and E=1, respectively. Determine all the possible
phase proportions for Ep=5 ¢+ 0.5 with additional conditions that the
amount of phase one be not more than sixty percent, and the amount of
phase three be within ten and twenty-five percent,

The totality of the phase proportion complying with these
requivements are shown in figure eight by the point of the hatched
area. The construction of the Timits of this area from the condition
1s indicated in the figure. One can see directly the g4 may vary
within twenty-seven and sixty percent limits, gy, within fifteen and
sixty-three percent Timits, and g9y within ten and twenty-five percent
Timits, |

A comparison of this procedure for three phases %o equation nine,
which is only for two phases, shows clearly the practical usefulness

of the recommended triangular method.



Adoption of Computer with craphical ferminals

An additional advantage of the presented triangular methods
is that they can be adopted conveniently by a computer that has

graphical terminals, such as the AMTRAN method.



Triangylar Diagrams and Computer Graphics

The above technioue was developed with the aim that it will be
implemented on a NASA developed AMTRANM grapﬁ%és terminal connected
to an IBM 1620 Computer. In the case of an AMTRAN terminal all
information is entered through a keyboard. Triangular diagrams
are ecualily well adapiable to terminals on which inputs can be
entered also with the ald of a 1ight pen.

in case a graphics terminal is emplioyed, the number of phases
can be increased to four. In that case the squilateral triangles
are replaced by tetrahedrons. This case w&aﬁé be quite cumbersome
to handle manually and therefore was Teft cut from this article.
On the other hand thres dimensional cbjects and diagrams can be very
nicely handled on 2 graphics tevminal. Shifting, rotating and taking
cross sections of a three dimensional object cam be easily handled on
a graphics terminal. This {s a1l that is required for the solution of

d-phase problems with tetrahedral diagrams.
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(3}

(4}

T,
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RECTANGULAR DIAGRAM APPROACH TO DETERMINE
THE ELASTIC DEFORMATICNS OF NON-LINEAR
N~-PHASE COMPOSITE SOLIDS

BY
Michael R. A, Erdey, Professor

Blectrical Engineering Department
School of Engineerdng
Tuskegee Institute
Tuskegee Institute, Alabama 36088



L
ABSTRACT

In ¢his articie the author aﬁp&i@g the rectengular diagram
method, which ig a very powerful graphical technique to analyze
and design electrical networks, to determine the elastic de-
formations of non-iinear n-phase composite solids,

Throughout this paper, the laminsr model of composite solids
is used;, as this model can be vepresented with simple sevies-
parallel resistive electrical network analogs., Since resistive
networks even in the non-linear cases can be handled easily
with rectangular diagrams, rectangular diagrams are representing
the laminar models throughout this paper.

The paper deals with both the analysis and the synthesis of

non-=iinear nephase composive splids,



TIROBUCTION

Thisz author has vsed rectangular diagrams for the solution
of Linear (I, 2; 4) and non=linear {3) electrical networks,

In the case of non-linegar problems, analytical expressions
are becoming more and more unmenagable 2 the complexity of the
problem increases. On the other hand, vectangular diagrams can
bg easily handlied even in the more complex cases., An additional
advantage of the technlique is thet it is easily adsptable te s
graphics &erﬁinal of a computer, such as the NASA developed
ANTRAN-terainal,



3
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In the accompanying papsr an the linear case {53, the leminay
model and 1ts electrical equivalent, s series parellsl resistive

network, wvas fully discussed and, thevefors, we do not ¢o inte this

issue again,

The basis for the slectrical equivalent network is the analiogy
betwezen Hooke®s law and Chm¥s lavw as it can be seen from sowations
13 and {233

R = pagistance

The ved characteristic sur

¢ of the linear vesister of equa~
tion {2} or ther’ -£ chavastevistic curve of 3 linsarly elastie
material is represented by a2 straicht line, like the one in Fig,
i=8, The slope of the characteristic curve ig equal or prepoTe
zional if the unf® lomgw..s for v and 1 ave chosen diffeventiy, to
the resiptance in the slectriecal model and to the Young modulus in
the elastic model.
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If we drop from the P gperational point of Fig, l-=a perpendie
cular ©o the two sxis, we cbtaln a rectangle, which iz redrawn
in Flgs I=be
In case of o nopelinear elastic materials and non-lingar ree
sistors the analog equstiong (1) and {2} go into the analog equstion
palr of {3} and {43
o’ = (%) {33
A ow ALY 4Y

In this case, the v=i or 0’ ={ dchavackteristic cwves will
not be straight lines any move, An sxample of & nopelinsay v=i
gharactavistic curve can be seen in Pig, 2-a, From the P pperational
point, & rectangle can be completed agaln which ls redrawn In Fig.
Z=bo

e value of completiang the rectangles from the operational
feom the oample given in Plg., 3. In
gar vesistive netwoek is given, ite solution in

pointe can be clearly sesn

mg“’ Zea, @& non=-lin

rectangular diagram form de glven ia ?55.@0 SZ=hya
ent ghrough the pertls
whils the vertical sides are squal (proportional) to the voltage

poreent rectangles ave squal

(proportionsl)te the cure

wnt resistive elonen

aorpes it and the arez is equal {proporticmal} to the pover ooue
the slope of the diagomal of

sment value of the linear vee
sistor, Along hovizontal lines Hinghhe
fied, while along the vertical lines the Kirchhoff's voltage wo

the rectangle would be equal to the el

yde laws are satige



laws ave satisfied., The resultant rectangis is the power veate
angie of the driver. This vectongle is contigucusly £illsed with
the component rectangles, which expresses conservation of energy
in graphical form., The sclution vtedhmicques in vrectangular dia-
gram form ave given by the author for both the linear and the
non~-Linear cases elsevhere (1,2,3,4) by the author.

Erother impovtant fact is that, the rectangular diagrams
follow the pattern of the network diagram {4}. Since the laminar
models can be represented with series-parallel resistive network
analogs, the rectangular diagrams will also be placed in a seriszse

parallel contiguous fashion to each other,



For the linesr case, the baaisc squations with the ald of vhe
laminated model (5} wers the followings

Ba = g3By + GoBp + o 0 o * g, (5
%f%iw% et h (63
- B8 )
2~ (83
gy T Pg ¥ o 0 o P Up =L £93

Fove that squation £5% can be represented with & ssvies of
ennected veslstors while equetion {63 can bs vw

prasented with

scted resistors. Bquation {8} combines {53 and £8)
series by vhich squation {93 veprasents the perallsl intercomsge
tions of {57 and £&).

he noneldnssy

aquivalentes of equationsg {5) vo {83 ave given
in equations {(10% vo {333,
g@‘-(&> g%a’ é;@)%ﬁg_ ga(i)%n. *%«%n\ é’% {5»} @Q}

tn (o) 29,4 @yrqfl oy +an fi (@) @)
fn(e) = b0 Ce)

3 2)

Ay A
2,6 4al) A )

e
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8ince the 6~ Eouprves ave defined only for positive values

the chavacteristic curves are defined only in the first quadrant of

the coorndinate gystem. If we change the negative € and ¢ awis
imt@f?@ﬁitive cne as it can be seen in Pig. 4, we can repest the

same function 4n all four quadrents, Since dn all four quadrvants,
we are representing the same function, with a I ©o IV subseript,

we can eypress which quadvant is the characberistic curve construce
ted as it con be seen on the subscriptedfin Plg. 4. If the fune
atdon has alveady a subscriph, thén the subscrdpt i3 followsd by a

3 and then by the quadeant subscript, If omly the fivet quadrant
ohavacteristic curves will be used Iiks in Flg. 6 and Plg. 7, the

quadrant subsoript will not be used. % ussfulness of this nobta-
tiom will be sppavent from the application in Pig. 3,
mderstand Plg. 5, the veader should note that J{&3}
and j éiﬁ"% are the same functions oaly the vantage points feonm
logked at are changeds the first is look
£ axds which the seo Therefors, @ multie
piication by a g € 1 factor will goink the 4 (& ¥ function with
the g propovtion towsrds the £ axds and the éﬂgiﬁ*i function will
@mm@ in g pro
In Pig. 5, the case of a nomeline
is depicted, %o obtain accordingly to equation (18) 95 % e (£)
we have to multiply 4.€)by gy and fu (&) by goo This had been
done in this example for gy %%&m G *%a Having#, in the first
quadrant and 4, dn the fourth one, the vertical distance betwsen the

which they are

ad from the

ond one from the ¢ axis,

porilion towards the T'anis.

sy 2-phasse Composive materdal

%ggﬂ { &Y and %ég &ﬁi & 3 vurves will give to every & the velated
4y y



value. In a similar fashion by usis

w the ;‘?;zg iéij”"’) and
% é?’: 1 {0’y diagreme the £, wé& {0'% 48 given by the pertinest
hovdzontal distence between the twoe chervacteristic cwves fov each
alicwable value of &7 o

Combination of equations {302 and {11) into equstions {123
nd (13) wAll be very diffieult to sss in the form of Pig. 5, but
will be sasilly hendleable in the vectangul

ar diagren form of Flg. 6
and Flg. 7. In thesge figwres, all Lirst quadvant dhavecteristic

wrves wers dnclinded and, therefors, there was no nged for double
subssript,
the Humotions and thedr inverge since the pavalilel conmected single

Seeandly, thers wae no nsed to include the novatioms for

vestangles are velated to the inverse funstion. Terefovs, in-

stead of the § evubols, we put the pevtinent g blending ratios be-

gide the chevecteristic curves. For convendence in comstruction,

the 2 fectors of equations €12 and {13} weve Jeft out, Thus, in

Fig. 6 the sotual 07, =4,(2) is half of the height of Fig. &,
ile in Fig. 7 the actuwaloFglelis dov

ble of the given helght of the
diagrat,

Both ﬁﬁagﬁ?&mg are given for a pavticulsr 0~& palr, but can
be eutranely uwseful If they ave displayed on the graphics tevminsd
of & computer, From these diagrams, the operator can decide inm 2
comvergstional mode with the compuber vhich peraseters to decvease

and which ones to dnorease and with approxine

tely how much in owder
o obtaln the requiv

e resulis. Iat¥%s say that our prohlsm 1s Lo
obtain 4o & given maxieum O in the fowm of Fig, 6 a requived
value. Lets assume that he helght of Flg. 6 iz adiusted Lo the
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reauired a vaiue but B has ©o be smaller. We can ses by dnspection

that thig can be done im this case by decpeasing &y and increasing

Yoo let us assume that gy is decreased ©o % and 9, increased o %

{g’l + gp = 1 has to be satiafied), Ve can see that the width of
the right rectangle of the two pavallsl one decreases to its half
while the width of the loft rectangls increases to its double.
Taking into account just by inspection thelr relative sizes, this
opevation has te dedvease the overall width, At the same time,

ot the two sacies rectanglies the height of the bottom ¢me will
decrease o its.half, while the height of the fop one will increase
o ite double. JJust sseing their velative sizes this will give
gome overall hedght gain which will be compensated by moving towards
the laft on the respective chavacteristic curves at the end, since
we have to take into acoount the decrssse in the value of € . Thus,
we can be sure at a glance that this operation will result in dee
creasing & for the same value of

With the aid of the vectangulay diasgrams, the gemeral n-phase

cags for ne 2 cases will be equally simpie. In thet case, imstead
of two vectangles, we will have n rectangles side by side and n
rectangies above esach othsr and the two group will be put agsin
aither series to each other or parallsl to sach other. For example,
in cnge of fowr elsments, we will have the configurations of Plg. 8
and E’igF 8, Gimce the g blending vatios will be gilven alomg the
@ham@térmmﬁ gurves, the operator will be aglin in the poesition to
Judge vhich pavameters should be changed and by approximately how



i
much by mere dnspeotion of the dlagrams. Thus, the rectangulsy dia-
grams will serve vg as good notations to make the right decisions
in an ifntoractiws situation on a graphics termingl f a compuber,
Concluding Remarks

e

A wery crude justification of the laminar model can be the
avgunent that in composite materdalis the pavticies of the various

phages srs dispereed dn all divections. That isz they can be found

in parallel and cah be found in sevies too. Therefores, a conbina-
tion of seriss-pavallel laminstion will be neaver to the truth. The

“sompoeite soft” and “oomposite hawd® sub-cases make also senss,

gince a continuoue phase should have nore effect on the overall be-
%%v;«i@r of the material and, therefore, if the elastic modulus of the
sontiouous phase 4s one of the lavgsst {smallest) values we have a
Poomposite herd® {s0ft) cose since the avithmetic (havmonle) mean
iz alwayes lzrgor {emaller) than the hamponic {avithmetic) nean.

But, the physical justification of the leninated model is givem by

the large amount of experimental data which gives & nice corvela-
tion between the msasured dats and the csloulated values from the
laminated model. Yn the czse of none-lis

war materials, this type of

orrelations ave not avallable yet. The meaning of “composite sofe®
and “oomposite herd® materdeld ig also not a8 clsavr-gut case in the

nim-tinesr domain.

Treg~-f chavacteristic curves can be of such,
that in a certain opgrational region the very same material can be
looked upon as a composite goft material velative to the other ones
while in snothor opevetionsl region it might bshave as a “eomposite
haed® paterdal.
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A CGRAPHICAI APPROACH 7TO DETERMINE THE
EIASTIC DEFCRMATION OF LINEAR N-FHASE
COMPOSITE SOLINB

by
Michael R, A, Erdey, Professor

Blectrical Engineerinc Depavritment
School of Engineering
Tuskegee Instituvte,
MAlabama 36088



ABSTRACT

This paper presents a graphical approach for the de-
termination of the deformability of n-phase, linear, composite
solid materials. Throughout the paper; the laminated model
approximetion is used. In this approximation, the %arithmetice
mean® model provides an upper limit for the modulus of elasti-
city of the composite material, while the "harmonic-mean® model
provides a lower limit. Their combination glves s still better
approximation for Ycomposite hard®™ and Ycomposite soft®

materials,



In 2 recent paper {6}, the model approach to two-phase com-
posite solide was discussed with the aid of various medels. In
this article, the author used only the laminated models (4,5,6)

generalizing the technigue toe n-phase linear composite solids.

In the referred papers {4,5,67, only the analysis paxt of
the problem was exposed. In that case, the modulus of elastieity
of the composite material is found from the moduli of elasticity
of the composite materdial and their dblending propovtions.

In the present paper, the synthesis problem i3 attacked,

In this case, the modulus of elasticity of the required composite
material is given along with the modull of elasticity of the com-
ponent materdals. The uvnknowns are the blending vatios of the
component materials that have to be found.

In the synthesis problem for two materdals, there is a unique
golution, but the formula is quite complicated; but there is no
nore a wigue sclutiom to the
is much freadon left to the designer to introduce additional con-

strainte on the basis of sconomical ov other basis. Tn problems
vhare lot of £lexibility i laft to the designer, graphical teshni-

problen of vhe n-phass case and theve

ques ave very advantageous, since the best natural optimizer is the

human eve.

For all n> 3 vases, the same graphical technique is used.



The Iaminated Models

Laminated models ave obtaimed if we introduce some simplify-
ing a2ssumptions. If the dntermal structure of a material is such
that the strain is the same over sny section of the composite ma-
tevial, vhile the stresses in the phases are proportional to the
moduli of elasticity of the phases, ve can represent the composite

material with the laminated model of Fig. 1. In this case,

By =gy By + gy By + wome + g By + oeme o gy By (1)

whare

i

Eé
By

g = fractional volume of particies {pevcent/i00)

modulus of elasticity of the compoesite material,

H

modulus of elasticity of the k-th phase

This medel will be peferred te from now on as the "arithmetice
mean”™ model, since B, is obteined by weighted arithmetic mesn. The
subscript a referes to this faet, too.

Rpothey simple model is obtained 4f it is assumed that the
stress is the same over any section of the composite material, while
the deformations of the phases are inversely proportional to the
moduli of elasticity of the phases. This case can b2 represented
with the lominated model of Fig. 2 and described by equatiom (23,

L =01 482 4 oee s gk e +
e .,’ . Lo gn (2}
BOwW O £ @



Tais model will bs rveferred to from now on as the “havmonic
mean® wmedal veminding us thet & is gbtained as a harmonic mean. -
The Bk subseript vefers to the same fact.

In both cases, the following interrelation holds:

gy ¥ gp b gy b emee bgy =1 {3}

Zoth models can be vrepresented with their electrical squivas-
ients, By, can be rapliaced by the E& resistance of a rheostat and
the gy blending raetio can be vepressunted by the length proportion
betueen vhe siiding avms of the pevtinent vhesstat. In this analog,
eouation, {13 can be veprssented with the series conmected vheostat
sectlons of Fig. 3-a., Iastied of rheostats, we covld represent equa-
tion {13 with the series comnected resistors of Flg. 3=-b. Similsy
sqation {2} can be represented with tﬁ@ parallel conmected vresistors
of Pig, 4. Instead of rheostats o veslistors, we could have chosen
variable inductors or fixed inducters with the same Intsrcomnection
pattern,

Toe reader is rveminded that, to the parallel laminations of
Mg, 1 in the electyrical snalog of Pig. 3-b a series inteveonnection
covvesponde, In a similer way , the elgcteic &mai@g of the sevies
Jaminations of Fig., 2 are %h% parallel connected resistors of Flg. 4.
Tris is the consequence of the inverse analogy that & have usad.

Tf ve had veplaced B, with a §, conductance,divect analoy would have
besn obtained showing up the some type of pa%t@rms betvesyn the
laminotions and the interetunection pesthern of the partinent ocone

duotances,



5

Instead of slscteical network analogs, mech
could have been chosen with series or parallel comnsc

anical analogs
ved springs

to represent the laninated model,

Popovics podnted it out {8} that B, represents an uppsr bownd
for the modulus of elasticity of the composite material, vhile E’h
gives a lower bound for the modulus of elasticity. A better spproxi-
mation is obtained if B, and B ave further combined,

{4y

B C B2

Bauation (4) will be a better approvimetion when there is a
eontinuous phese with one of the higher E materials, vhile the
other phases are diapersed in it. Un the other hand, if the con~
tvinupous phase has one of the Jower ¥ values, then we get a batber
approximation in the form of equation (53,

d, =85+ 0.8 {53
29

Therefore, squation (4} will be referve

ad to from now on as
the "oomposite haxd® model and equation {(35) az the Ycomposits sofc?
model.

The laninated models of the “composite hard® and “composits
goft¥ models can be foumd in Flg. 5-3 and b while their resistive
network models ave given in Plg, G-a and b,

In order to handls the preblem in a convenlent graphical
form, squation one is vewritten in the form of equation (6%

By = By (g1 + G2 * veo ¢ Gl M B g = Bpd ¢ {gy + ¥p + ave * gy~2)
4By = Bpapd eos + 9By - Bp)

assuming that subscripts Were chosen in zuch 2 way that By > Eg™.
7 Bnetr By velation is satisfied.



&
Tn the following substitutions ave made in equation {2}

g1 =Xz » gzt Xz = Xz ewwm gne? + ¥pe2 F Kpod, Gney s gpel = Ko
By B2 £3 B3 B nol En=y s Bn
then we cbtain equation {?3

2. = Gn o+ ipn
By gy
Tn the perticular case of n = 4 equation (63 and {7} and the subsii-

tutions are the f@il@wimgg_

By =Bg +{gy v+ 92 + 9 3?@33”343 +tgy + god By = Bz} + oy {By « By}
oy =2, 000 %Ky Ty <

3 = g4 + Xézf

Bn o - (9}

These interrelations for a pavtieular Bj, Bg, Bz, E4 set ave
graphically given ip Fig. 7. Hote that the magnitudes of all Bfs
are betwean O and 1 which ue are aliowed %o de if we factor out the
same power of 10 everwvwhaeve and will take into sccount at the end
of the procsduve.

The constructions in Flg. 7 sre basicaily very simple. Point
@ is intevconnected on the right with By, By, Eg and By, At the
left By is intercomnected with Qy {end of Uy intervall. The intev-
saction of By Q; with the horizontal line at Es level gives Og.
Similariy, T, (5 (vhere Qy is at the end of the g imterval} inter-
sects the By lavel at Qg Q@@@&ﬁi@g the process with G we obtain
Qg. Dropping vertical lines from 049 Oz and Qg to the base and
notating thelr intersections with the base and the hovizontal lines
at By and B, levels we obtaln Qy, Og, Oy Q4 and Qpy points, And
thus, we have the basic framework for the Q&apﬁieal avaluation of
By and £..



o

Let's gmerate firet B,. Since the E, height is already given
we have to gemerate (gy + gp + gzMBg ~ By, but this is equal to
Ty Ty = B8 Simizﬂaﬁ% {gs + go¥ By » By¥ do equal e ¥y g =
o Byy amd iiséwm,y gﬁﬁ&&&zﬁ is equel ve B ¥, = BV, And thws,

1103

The readsy can see that E’;; conld be obtained if ve dvavw from
peint Py {the point obtainsd by the interssction of the mﬁﬁi@@l
Line dvawm from Oy with 0By a pavaligl lime te U B, there this
Lline intersects the vertical dvawn from Qp we obtaln Fo. From ¥y
we draw pavailsi te U E; vhich vill intersect the vertical from Oz
at Bz Finally, the perallel line drewn from Fy to 2‘%”‘%5 intersects
the right boundary at Eaa |

The substitution intsrvelations can be obtained from similar

triangles as follows

gy = %y from Q@\ Ex &) ~u Q7 Q, Qg
B B

gs ‘é’w&%mfg Erom @@;Q?{@ﬂw@ @QMQ§A‘
0 B 7 g

G 8 5% fon Qg Qs Qsa~ QO Qs A
%3 Eg@

Drawing through points 1 and Qﬁ a Line at the interssotion

with the left bowdary glves B, vidoh can be verified from squa-
tion {9%, again with a peir of similar teviangles

sinee 1 =gy + Xy can be seen from O] £, 4w Q71 G, 4
B = £ g6

Now that we have both B, and E,, ve can find By and By,
Since B, is just the avithmetic mean of £ and By, on the wight
bew&xw% we just halved B, bpe By is found with the harmonle
mean process vith the twe dotbed lines. The previous O Qg point

ves this time replaced by poing R,
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In the general nephase case of equatioms {6} and (73, the
provess is exactly the same. The By to &, points on the vight ave
interconnected with peint 8. On the left, similar to the four By
$75% Qgg Q@ ?ﬁiﬁ‘t&s with & similar proec
gengrated on the levels of the pertinent By - B, points, UWhem I

288 a g8t of n polnts eve

and B, ave cbtalned, By and By ave gbtained with exactiy the same
process that we have seen in Fig. 7.

The techmique wes demonstrated in the case of the analysis pro-
biem, to famillavize the reader with it., Since in the case of
analyeis, the combinations of aritimetic and havmonic means are only
involved, theve is no nesd to introduce graphical technicues. On
the other hand, the syntheeis problem as we will see in the wnext
section 11l become quite complex analytically and it is worth to

introeduce graphical techniques,



The Synthesis Problen

In the synthesis problem, wa assuae that E&Q EQ eve By and
in addition either B or By is given, dépendiag upon wether v
assume a composite hard or composite soft case, and the probldm is
to find the gys Up o0« Gn bleﬁéiag ratics,

In caze of only two components, the sclubtion is wique. IF
composite hard model is assumed, equetion (113 gives the sclution

for gy while the composite soft case is gilvel by equation (123,

Gn = =&, +E, -£,, .?iW £y #E-E2)% T4 (@‘-’5] {11}
25 -F5 ) '
£32%

61 = Ew (- E2)-2E, Eu L YFETE £, | 2F —
¢ L2 E2. 7% 5 4 o . )
Y J 24 Ty ety )

The upnidqueness de not satisfied anymore for the n 2 cases,

Por these cases, an additional n=2 parameters can be varied withiﬁ
regsonable ldmits, and this is exactly the cass where the graphical
approach will be helpful.

Lets assume that we hag@ a 3-phase problem vhere By, B,y B3
and Bp are given, a particular set of these values arve given in
Fig. 8. In addition, one pavaeseter can be chosen freely within
aliowable limits, Lets say that we want te choose freely gy. W
can see that the smallest value of 9 ié'ebtained if E; = By and
gz = Os Graphically, this condition is equivalent of draving a
parailel to U By through Bz This line intersects O By in Py
from vhere by dropping e pevpendicular to the base we obltain the
min valve of g . The intersection of B 1" with the B, level wiil
be further vo the eight if B, is levger. The maximum valve of &, =

Br. In this case, the intersection point is point Py, Since this



0

%,

e,

 point is always to the right of the right end of the pertinent g3

interval O Q, ogives only an upper bousd to gy. Since for any gy
the maximum value of Ea is cbtained by iettiﬁgrgg = 0, the pavallel
line to O By through point Ps}defines the upper bound for E_.

The conditions on Fig. 8 were given in such & way that the
allowable range for either gy or By was quite small. in Fig. ©
ve have a case for a S-phase problem where the allo.able range for
both gy and E, is larger. Since it is quite obvious that larger
preportions from the hicher wvalues of E's will increase the value of
Ey and since it is well known that the humon eye is the best opti-
mizer if graphical di plays are available, after a little practice,
the designer can easily choose the most desirable solution at a
glance. ;

In Fig. 9, By i3 chosen almost equal to Eg. This is done to
stress again how much we can see right a.ay the solution at the be-
ginning if .2 approach it from the heuvisticpodnt of view. Thevefore,
Eq and B3 will almost serve to compensate each other, If we take
larger propartiéﬁ of them, a smaller proportion of E; will remain.

A Zarger ?rayﬁrtiém Eg will mean a lavrger E « Thus, we ses the
intricate interrelations of these quantities inea heuristic manner,

Iet’s assume thatnue have decided to use By as shown in Fig. 9.
Thus, we have up to now, the 3 boundary lines with By, By, Bx, B4 and
E, points on the diagrama Since By is in a symmetric position to E,
ealative to Ep this is our ﬁ@xt point on the diagram. Afterwards,
we can ﬁnt@r@@nﬁ&ct point O with E,, E, and E3. Then we can dravw

& pavallsl to O Ez through E; vhich intersects O By at point Pg.
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8ince we don’t know vet vhers the psrallel lime 0 Bp will inter
sect B, By ond O By, therefore temtatively we take the longest one
through B, which intersects OBy at Py. A vertical line dropped
to the base from Py gives P,. If Eh on the left is intercomnected
with point I at the right corner and extended wntil it intersects
the By Jevel we obtain @@imt'?3a According to the basic patterns
that were demonstrated in Fig. 7. one of the major comstruction
lines has to go through points Py and P;. The other extreme case
is the one vhem The parallel to O B, shrinks into point Py, the
bage projection of which is Pg. According to sur basic pattern,
the line defining the boundary point between 9y, aﬁ& go goes through
Py and P (the iﬁtersectiggﬁggimt of B I8 vith the B, level). ihere
the extensions of ?Z?g'iinters@@t gach other, we obtain polnt Pﬁm
ALl lines go through P, which cut out the left end of the g, ine
terval from the base line as the parvellel lines to U B, are changed.
In the case of the solution this line hes to go through point By o0,

thus all we have to do is to intercommect P, with B, to obtain at

| their intersection point the Py solution. Thus, gy ==§f§§@ The
intervsection of ?;Eg with the EQ isvel vields point ?El” Whers
the extvension of ¥ F intersects the base, we obtain Py the

right end point of the gy interval. Thas, g, = P

Figl, We could have cbtained gy by infawsecti@g'ﬁ‘ﬁl at point Py
with the verticsl line drawn from the base at P?o The perallel to

O Eg from P, inbevsects §@ Ea at Fgg The wertigal line drawn frow

g
Pg has vo intersect the base at the obtaimed Pyg point, thus, the
second approach can be used ag a check to the accuvacy of the pree-

vious construction.
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In Fig., 10, the selubtion to @ four phase problem can be seen
in this case, in additiom to the given By, Bo, B3, By and E, values
twe additional pavameters can be freely chosen within the allowable
limits. Zets say that ve ave choosing By and gy = U Py with values
that cap be seen in Fig. 303 in this case, after all these points
ave put on the thres sides of the Tramework point O is intercomes-

ted with Egﬁ Eny Bgy By and podnt EE, with ?y Hext, we drop a vere

tical line to the base at Py vhich intevsects U By at Py, The
paraillel to G B, from P, intersects the paralliel to 08 " from B,

at Pz. Similar to the previous cage, we dem’t know the exact inter-

RS

section points of the pavallel to § Bz with B,F3 and ¥, theve-
fore, we will choose asgain the tue extreme cases in between wWwre the
actual solution has to lay. The pavrallel through By intersects

FF, at By. The projection of Py at the base is Py, Through the

Pg point wheve the E,I line interyects ths E; level has to go
through the lins from By which goas through the left end of the 9
interval under the given assumption. When the parallel interwval
shredinks into point ?’33 then the g+ interval shwinks imto the Py
point vhich means that the line crossing the base at its Jeft end

is the same as the lime crossing the bage at itasright end and,

thevefore, it has to go through point P vhers B.i intsrsected the

E, level. At the intevsection of the extensions of FoPy and Bp¥
is Pgo This is the common intersection peint of all those lines

vhich intersect the base at the left end of the gy interval as the
parallel lines to U B3 are shifted. For the sclution, this line

has to go through point Fo {intersection of %’%‘ with the B, level}
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also the solution is obtained by extending PPy until it inver-
acts the base at Py, Thus, g, = PyFqg. At the intersection of
?g?gg with the Egiew@$ is ?1&@ The extension of ?§§§?imt@r5@e@s
the base at Pyo which is the riéhﬁ end of the gy interval. That
is, g3z = PypPios 4 = Peoi. And thus, we have the solution with
the assigned Eaﬁ gy values. From Peg on we could have chosen the
other alternative through ?13@ Fay to ?12 as we have saen in the
Drevious casa,

In Fig. 9 and Fig. 10, we have s&enlﬁhe basic patterns for
the soluticon of the 3-phase and 4-phase cases. It is quite obe-
vious from them that the same pattern can be repsated irrvespecs

tively from the value of n. In the case B, is ghosen as one of

the fres porameters, we can choose the first {n-3) g parvametsrs

where
alse freely. AlLL that we ghouwld Jook for isfthe line pavallel
o with the
to § ¥, through B, has its intersection with the line/slope of

Epeg above the U, 1 and that this point is/the right of peint P

{the intersection point of BT with the £, leve%}&a ua to the
atwitively

very picturesqus diagrams, this can be slways/ - .~ gesn by
the designer who can always ses within approximately vhat limits
can he vary his pavameters. That changes in these diagrams as 0
incrgases, is the level on vhich th&t iine segment starts which
will define the dividing end peints between gg.p and gpoy 5@y«
ments on the base. For the noj cade, it sterted from point B,
for the o -3 case, from the point on level By and any geneval n
case this starting podint will be on level E,.p. A seeond point

for this line can be defined always with the method of the twoé¥irems
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positions of the psrallel to the U bn.y line segment.

In the two demomstvated exomples, we assunsd Toomposite hewd®
models. If we would assume a "composite sof® wmodel the problem
would be equally simple. As we can gee from Fig, 7, if Eg is given
we can alse choose fresly an Ea vaiue {assuming that n g 33, The
R intersection point of B with B; 0.5 gives the level of E .
ﬁagviﬁgiﬁgﬁg » we obtain an "equivalent® E,, fr&mjgggﬁgrggzam

iz vhe pame as befove.

~  Selution with the Ald of s Graphics Terminal of a Computer

The first described technique cen be easily adopted to the
graphics terminal of & compuber. Sines all lines are straight,
it can be handled all the way with 2 Zight pen. On the other
hand, programs can be developsd vheve the designer has te type in
only the By, Bpp ose By, Egg Egp Gy 92 eoe Uned and & diagram
appears on the sovaen, On the basis of the graphical messags of
this diagram, the designer cam type in the updated valuss of By,
932 Ugs oo Ope3. 4n this conversationsl mode, the operator can
not only find a soclution, bul con £ind a vhole set of sclutioms
from Uhdch he can choose the optimum ons.

Since this technique was developed as a part of a HASR pro-
Ject dn videh an AMIRAN

graphics terminel is used, this technique
will be adapted to this particular teraimal.

- %t is easy to see that the lominer model is adaptable to
analiog computers, too. In thot case, only swwming amplifyers ave
used wWhile the g blending retios will be get on potentiometers.
Tustead of manvelly changing the potentiometer setiings in a true
hybrid operation they csn be automatically changed watil sclution

for aeptimal solution) is veached.
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