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[. INTRODUCTION

The initial proposal for a coherent X-ray generator was based
on double-stream interaction, which has been verified experimentally
for electron beams, and which has been proposed and discussed a great
deal for semiconductor plasmas. In the course of the investigation
of the possibility of using double-stream interaction at X-ray frequencies,
it became apparent that the excitation of bound electrons in the solids
was a major complication. The complication results because at X-ray
frequencies, hu, the energy of a photon, is great enough to excite the
bound electrons. Consequently, it was decided to investigate double-
stream interaction at infrared frequencies, where #iw is low enough that
the bound electrons are not excited. This would allow verification of
the basic interaction without the added complication of the bound elec-
tron excitations. Then the more complicated problem could be approached
with much greater insight.
3 After the detailed investigation of the double-stream interaction
was undertaken and an attempt was made to design and construct an infra-
red generator, it soon became apparent that there was a significant
lack of knowledge about the double-stream interaction in solids. In
fact, there seems to be no conclusive experimental verification of

space-charge wave propagation (upon which double-stream interaction is

based) in the high microwave or infrared frequencies. The Fifth Semi-

annual Report comprises the results of our detailed investigation of

the double-stream interaction in solids at microwave and infrared
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frequencies. Since a major phase of the work was concluded and written

¥/

up in the Fifth Semiannual Report, it seemed best not to include the
lengthy details of the work again in this final report. The conclusion
reached in the Fifth Semiannual Report was that the effects of thermal
velocities, collisions, transverse ac velocities, and coupling problems
combine to reduce the gain in double-stream interaction in solids so
much that there seems to be little hope for utilizing that interaction
without an applied dc magnetic field. Since a dc magnetic field would
have to be impractically large at high microwave and infrared frequencies,
double-stream interaction does not appear at all promising at these fre-
quencies, and it is even less promising at X-ray frequencies. However,
this is all theoretical work, and even though it is based on a rather
realistic model, only experimental work can really indicate whether the
results predicted by the analysis are valid. Consequently, experimental

investigation of space-charge wave phenomena in solids is badly needed,

) and since this is noticeably lacking in the literature, we felt that the
next logical step in our investigation should be such an experimental in-
vestigation.

The reason for the lack of experimental evidence of space-charge
wave phenomena is that the measurement of space-charge wave phenomena

is difficult for two main reasons: the wavelength of the space-charge

waves is very short, making coupling very difficult, and the attenuation
due to thermal velocities and collisions is very high, making propaga-

tion measurements very difficult. With the high attenuation, it is




difficult to get a signal through a long enough sample that a difference
in phase can be measured.

In this report we lay the groundwork for a method of investigating
space-charge wave phenomena in solids which we hope will overcome the
experimental difficulties and provide a great deal of information. The
method consists of measuring the microwave impedance of very short semi=-
conductor samples mounted in wave-guide circuits. Using short samples
significantly reduces both the attenuation and the coupling problems.

The microwave impedance concepts are discussed in Sectiog II, and calcu-
lations of the impedance of short samples with one and two kinds of con-
duction charges are presented in Section III. These impedance expressions
show how space-charge waves would effect the impedance and therefore could

bte detected.

II. IMPEDANCE CONCEPTS

2.1. Definition of Impedance

Impedance concepts at microwave frequencies are complicated be-
cause unique voltage and currents cannot always be defined. There are,
however, gpecial situations in which meaningful voltages and currents
can be defined, and sometimes an impedance can be defined in terms of
voltage and power, or current and voltage.

Let us discuss a cylindrical semiconductor plasmua with perfectly

conducting planes at both ends as shown in Fig. 1.
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Fig. 1. A cylindrical semiconductor plasma with

perfectly conducting planes at both ends.

It is assumed that §;~- %E = 0, and d is extremely small compared to a

wavelength, Then the semiconductor can be regarded as a point source

to an external circuit. Therefore a meaningful voltage can be defined as

rd

Ve=| E(z)dz (1)
‘0

A meaningful current can be defined as

: ¢2m
. 2 >
I, = ? H:*® di = Jo H¢ ado = 27 a H¢ (2)




Since
VxHw®J+ juk = 5T = constant (3
1? = JT na2 (4)
Thus
H¢ = i%i (3)

The impedance is often simply defined as Z = V/IT’ which fits
with the idea of low-frequency circuit analysis  However, from the micro~
wave point of view, which is more appropriate here, there can be no ac
currents 1n the perfect conductors, and hence no power can be transmitted
through the conductors. The only alternative is that the microwave
power be transmitted radially through the r = a boundary to the external
rircuit. This does not fit well with circuit theory concepts, and makes
the definition of impedance as Z = V/IT questionable.

In addition, in a three-dimensional analysis, I,, will in general

T
be ~ function of z, which further complicates the definition of impedance,
because an impedance which is a function of z would not be useful 1in

this case.- A meaningful impedance can be defined, however, in terms of
voltage and power. To get the impedance in the normal sense (i.e., a
resistance corresponds to a power loss), the power is taken to be the

power in the =r direction; that is, the power passing into the diode through

the r = a boundary. Then the impedance is defined as




Z = VZIP (6)

Happily, 1t can be shown that this impedance 1s exactly the same as
V/lT for the one-dimensional case, in which case II 18 not a function of

2. I'he power 1is given by

In the one-dimensional case, rhis reduces to

d 2n d
ot i
E 3 = 2
P } E2H¢ad;dz 27a J EzH¢dz
00 0
Using Eqs 5, 4, and 1,
2"a2J q
P = 5T } Ezdz = ITV
0
Hence
Z = V2/I vV =V/I (7)
T T

Thus the definitisn or iapedance given in Eq. 6 1s a general
definirion which is valid for short samples and which satisfies the
microwave field concepts in the general case and reduces to the ordinary
circuit-theory kind of impedance for the one-dimensional case. We will

use Eq. 6 in all our subsequent work,




The concept of impedance given by our definition is very important,
because it provides a method of getting a good approximate solution to
the very complicated problem of the coupling of the semiconductor sample
to an external microwave circuit. The principal alternative to the *ape-
dance kind of analysis 13 vriting infinite-series field solutions inside
and outside of the semicorductor and matching the boundary condicions.
This seems to be hopelessly complicated and not likely to provide insight

into the solution of the problem.

2.2 Calculation Procedures

The procedures for calculating the impedance are summarized below.
1. Write down the equations of motion for carriers (electrons
or holes): the Lorentz force equations, the continuity equa=- )
tion, the current definition, and Maxwell's equations.
r 2. From the above equations, get the dispersion equation from
which the propagation constants can be calculated. Also, -
( ’ the wave quantities correspondiag to each propagating wave
can be calculated.
3. Obtain the amplitude ratios of each propagating wave by
f | matching boundary conditions at tﬁe ends .
4. Calculate the voltage between the two metal plates by inte-

grating the electric field from injecting plate to collecting

plate.

5. Calculate the impedance defined by Eq. 7.




2.3 Measurement of Impedance

In the preceding section, we have studied how to calculate the
impedance of semiconductor samples. Actually it is very difficult to
measure directly. In this section, we propose a practical method to
measure it.

We mount our tiny cylindrical sample in a metal post and put it

inside the wave guide with oneend shorted, as shown ian Fig. 2.

! To dc voltage
]
I Wave guide
Microwaggﬂ’ Sample ““'Zi Short
input
Metal post

L

A
Fig. 2. Wave guide with sample.

For simplicity, we assume the post diameter is negligibly small. Then the

equivalent circuit of Fig. 2 can be drawn as shown ih Fig. 3.
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37,

Z, . -
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o

Fig. 3. Equivalent zircuit of Fig. 2 where Z_ is the
impedance of the waveguide. Z, is the post
inductance and Z is sample impedance.

] The impedance looking from section A-A to the right can be drawn as shown

in Fig. 4.

A
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T ! I
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Fig. 4. Equivalent circuit of the impedance looking from
section A-A where ZT is the impedance looking from
section A-A.
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Then

d N\
Z tan z(z + 2
Yo ranvil\Hr )

20 *3JZ tan vl * Z_ ¥ 2 (8)
0 P

Using the standing wave ratio, we are able to measure Z And we also

T.

can measure ZF. Finally we can calculate Z from the following equation.

_ 42, tan v (zp - z:r) - 2,2,

Z
ZT - jZo tan v%

JZOZ tan v&

T
- ; -2z (9)
ZT JZo tan v4& P

where y is the propagation constant in the wave guide.

ITI. CALCULATION OF IMPEDANCE

Since we have studied how to calculate the impedance, we will
analyze the impedance of both one-stream and two-stream cases in the fol-
lowing sections. Furthermore, we will discuss the boundary conditions,
which are extremely important to our impedance calculation.

3.1 Impedance of One-Stream Interaction with Collision and Diffusion
Effects

We assume that we have one-dimensional variation, time and space

variation of eJ(“’t - Bz)

, only one carrier (holes) present, and we make
the small signal approximation. The basic equations for wave propaga-

tion in a semiconductor with a dc voitage in the z-direction follow.

- 10 -




The definition of ac current density is

J = P,V + Pu_ | (10)

The Lorentz force equation is

E] 0 1
X <gt +u a;) v+=v=nE - ) (11)

The continuity equation is

2|5
5

©

g+ ., (12)

Q-
rt
(%)
(a4

From taking the divergence of Maxwell's curl H equation we get

'%‘ (J + jweE) = 0 (13)
z
where

J = ac current density

po, p = dc and ac charge density
n =+ Ie!/mh
T = collision time
kI . v2 = thermal velocity

: 2m t

Substituting Eq. 12, p =-% J, into E¢s. 10 and 11, we have

- 11 -
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¢
 vee’ ‘ 1
"'a)po J + Qw - jBuo +T>V - ng =90 (14)

(-3
- J-DOV-O (15)

and Eq. 15 can be rewritten as

BJ + jwef E = 0 (16)
The dispersion equation can be obtained by eliminating J, v and E.
vﬁ 62 1
h o0 jw - jBuo + 5 -n
0
Buo
1 - — -0, 0 =0 (17)
B 0 jweB

Expanding Eq. 17, we get
> 1 2.2 2
s[@ - suo)@ - Bu_ - ] T>+ B v, - wp] 0 (18)

Solving Eq. 18, we have

B=Bo=0 and B=Bl ande,

where Bl and 62 are the roots of

- 12 -

(19)
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g N\ _ 1 2 2 _ 2 -
Q:) BUO/@ Buo 3 '>+ 3] 2 wp 0

Substituting Eq. 19 into Eqs 14, 15 and 16, we can obtain the corres~
ponding relationship between J, v and E with respect to each 8 individu-

ally. Assuming

Eqs. 14, 15, and 16 can be written as

AP x=0

Then det A°P = 0 gives us the dispersion equation. The complete solu-

tion of X can be written as

-jBlz -szz
X=k X +k, X, e + k., X, e
o o 171

where ko, kl’ and k2 are undetermined constants. Xo, Xl’ and X, are

2

eigenvectors corresponding to eigenvalues Bo, Bl’ and th When B = Bo =

Eqs. 14 and 15 become

iju+=}v~-nE =0
J=-p v=0
and °
! ne ™
; 0 i
Xo = | n i
7 :
fGu+ 2
- 13 =

0
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¢
when B = 8i (1 =1, 2), Eqs. 14 and 15 become
"
jﬁJ+Qw-je +—1-) - nE = 0
wpo 1% 2 AL
B, u
(: _ i €>.J —po V=0
W o)
So
Py
Bi u,
Xi = l - = (i =1, 2)
-0
Juwe ]
Thus
2 -jB, 2z
X=kX + | k X e 1
i=]1
i.e.,
- - = - - -
J np po
2 B, u -jB
v]= K o f+ Dk [1-22]e
i=1 @
P
1l o}
_E_ _jw+Td __-jwe _

(20)

(21)

Applying the boundary conditions' J = 0 at z =0, v=0 at z = 0, and

J + jweE = JT = constant, we have the following results:

| See next section.




(Y
4
knpo+klp +k2po-0 (22)
g, u B, u
l o 2 o
kon+k1<-— w>+k2(- w>-0 (23)
2 iB.z
i 1
ko +>Z ko, e +jw€[ko@w+7
jm]
g SN -jBiz
3 + L ki - ‘3:)'; e
1=l
=k np_ +k Jwe(jgw«i--]-'-)-.l (24) »
0 0 0 § T T
From Eqs. 22 and 23, we have
ko - k1 - - k2
1 1 ‘ 1 n n 1
Bluo Bzuo Bzuo 1 Bluo
am  TEBESSerem: v - n n - =
‘ W w w w
From Eq. 24, we get
J
k= L - (25)
ne + jwe Qw + ;—)
ng
k, = (26)
(51 - ;)
ni
K, ® - ——t (27)

F

- 15 -




- 1 \g o0, -JBlz
Thus E(z) = k Q@ + -;)+ ok (- --2)e . The potential differ-
0 : i;l i JwE
ence 1s given by
10
V==~ | Edz=V -V
/d o) d
rd
= | E dz
“0
d T 2 P -j8 .2
= Ikc Gw + %‘)+ L ki <‘ 'j‘u_)'o' e i]dz
-0 1.9 i=] €

o 2 o -jB,d
) 1 ¢ _ o i~
ke (.Jw * r)d * iil ky <w681><e ) (28)

The impedance Z is defined as -~ y where A is a cross section of semi-

JA
conductor.
) no_ B ~38.d )
\ 1 T o 2 1l
Z = —= =~ Jw+ —)d - e -
JA 1 {( ,) wefB B, = B (
A[npo + juwe C]w + :—)] | 1 (l 2)
np B -jB.d
L Ty e Q 2 -> (29)
WER, 1 2

When po + 0, T » o, then

1 d 1
= (30)

Z = ?j'we:A * Jw [Juwd] = JweA - JwC

where C = e%c Thus z reduces to the capacitive impedance when no con-

duction charges are present, as it should. The impedance Z is not only

a function of the propagation constant Bi’ but is also a function of

- 16 -




length d Because Eq. 29 18 so complicated, 1t 18 difficult to tell how

the impedance Z changes with frequency and other parameters without

the computer's help. However, it can be seen qualitatively from Eq. 29
/’-Jsld 'Jﬁzd

that the Ks -1/ and \ e -1/ terms result from space-~charge waves,

and these terms will affect the impedance significantly.

3.2 Boundary Conditions

The boundary conditions usually can be obtained by proper inte-
gration of Maxwell equations In the one-dimensional case shown in
Fig. 5, the boundary conditions are D2 * Py J2 + jwezEZ = JT = constant

since only a longitudinal electric field is present in the one-dimensional

case.

Semiconductor Perfect conductor

-~
—

k
o
=

L]
o

" \\\\\\\\\\
v
AN

Fig. 5. Boundary conditions between a semiconductor and
perfect metal contacts.
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Untortunately, these boundary conditions cannot give us enough infor-

~/

mation to solve the pcoblem. Some other boundary conditions must be
found or postulated. Van der Ziel’ used boundary conditions that the

ac electric field E2 = 0 and the ac potenitial 0y = 0 at the initial plate
Xx = 0, and the ac potential ¢y = ¢a at the second plate, x = d, in the
space-charge-limited, sclid-state diode case. Kawamura® used the boun-
dary conditions that the ac electric field E must be zero at both ends,

x =0 and x = d.

Van der Ziel's boundary conditions do not fit our problem because
we are not considering the space-charge-limited case. Kawamura's boun-
dary conditions appear to be incorrect. E = 0 at both ends implies no
surface charge exists on the perfect conducting surface. We do not
think that this is possible.

In our work, we shall use J = 0 and v = 0 at the initial plate,

x = 0, as the boundary conditions. In the perfect conductor, the ac
fields, currents and charge densities are all zero. The electrons

which leave the perfect conductor and enter the semiconductor will be
accelerated by the ac electric fields in the semiconductor, but since it
rakes a finite time for these electrons to ccquire ac velocity, their

ac velocities at the boundary must be zero.

? A. Van der Ziel, S. T. Hsu, "High-Frequency Admittance of Space~Charge-
Limited Solid-State Diodes," Proe. IEEE, Sept. 1966, p. 1194.

3 M. Kawamura, S. Morishita, "A New Negative Resistance of Semiconductor
Bulk," Prce. IEEE, July 1963, p. 1213.

- 18 -




3.3 Impadance of Double~Stream Interaction Without Collision and
Diffusion Effects.

The double-stream model is shown in Fig. 6. Combining the defi-

nition of small-signal current density

J, =0 1 =1, 2)

{ vo + 0

ol 11

and the continuity equation,

we have

(éw - JeuO;) J, - Jue v, =0  i=1,2

) wnere 1 = 1, 2 for the two streams.

From the Lorentz force equation, we have

C}w-jBuoi)vi-niE=0 i=1, 2

- > >
From V - VxH=UV °(J +jmaE>- 0, we have

BJ, + BJ2 + jBweE = 0

1

and E from Eqs. 34, 35 and 36 we get the

; Elirinating Jl’ J2, Vs Yy

- 19 -
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(34)

(35)

(36)
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dispersion equation

g =0 (37)
and
w2 w2
pl 5+ p2 5 = 1 (38)
(w-Bul) G.\-Buz)
where
2 - ni poi
u'p;f. 3
ng = 4y/my

= ratio of charge to mass. (Can be + or -.)

/// Yo1

/// \41 C::
/ Iy /
A e
/| /
Y L
/ 2
/ /

Fig. 6. Double-stream interaction in semiconductors.
Subscript 1 stands for holes and subscript
2 stands for electrons.

- 20 -

@
,_

i
¥
kN




From the dispersion relationship, we know there are five propagation

constants, 8 = 8_ = 0, and Bi“ (i = 1 to 4) satisfying Eq. 38.

Let
J
1
V1
X = J2
I V2
E
Then the complete solution can be written as v

4 -jBiz
X=k X + l k, X, e (39)
r °©  i=1
When B8 = Bo = 0, Eq. 34 and 35 become !
3 (Ew - jBuoé)Ji - jwpoivi = 0
) . _ -
’ juw vy niE 0
so
raal -——
polnl
N1
Xo =] Po2M2
N2
o Jw

When B = Bi, Eqs. 34 and 35 become

“ B, is the root of Eq. 38 (fourth order). It can be solved by computer - *
methods - -




Gw - :]Buo1 Ji - Jw 001Vy ™ 0

Gw - jBuo:Dvi - niE = 0

Then
— w2
Jwe pi 3
(w - Bi“ol)
jnl
(w - Biuol)
2
X = w
1 Juwe P2
G’ - Bi“oZ)Z
in, ‘
@ - BZUOZ)
-1
Thus Eq. 39 turns out to be
S N - &
pl
9 Po1 "1 Juwe 5 2
. iuol>
v " L jnl
(uu - Biuol)
4 2 ~-jB. 2z :
J2 k| Po2m2 |t iél ke ] jue 22 e :
@ - B:l."102)2
v, n, __dng (40)
5 C) - BinZ) %

- 22 -




where ko and k, (1 = 1 to 4) are undetermined constants. By matching

g ¢
the boundary conditions at both ends we can get the relationships between

them. At z =0, J1 = 0, and vy = 0. This implies

2
: jwe wpl 1
kopolnl + g: ki - B ) >2 = 0 (4-—)
i ol
Jn
ko, + 1k 705 42)
i (. i oi)
At z = d, J2 = 0 and v, = 0. This implies
Jwe W ~-jB.d
p2 -
k eoony * g ky ( NP e 0 (43)
Y i oZ)
jn -jB.d
kn, v Lk o e L =0 (44)
P i ( i 02)
Ay
X ky = k, 7 (45)
o)
where
- 23 =
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i
6, = (-1)

qw

Jw

2
D

qw
2 3 2
(} - 82U0;> \f’- B4u l) (; - 84"o£)

. J hi i
(‘” - B ( Byu, Ij (‘“ - 63“01) 6’ - 34“01)
-18,d -18,d -38 -18,d
qwe Cjwe jwe we
2 7 _ <3 ( } 2 6_ Dz
Cu - Bl“oZ) (w - 8yu,,) w B3u°2'> w - Byu
-18,d -jB d -jB 4 -38,4
1e e

<w - 81u° 9>

From another boundary condition J, + J2 + jweE = JT.

20 B G B

times the determinant which is Ao with the ith column replaced

1 Thus we have

ko [?olnl + poZnZ + jwe - Jé] = JT

So the electric field is given by

J
T
f Wl e 2 ewz “e)
pl * U0
A, -3jB.z ]
B(z) =k [jo- § zte * (49)
° i=1l "o '
- 24 -




[
0
V=V -V, =~ | E(z) dz
d
d
= | E(z) dz
‘0
rd ﬂ ? by -jBlz]
= | ko jw=- ) 7= e dz
-0 n 1=l o _J
. 4 A, -jB,d
3 i 1 !
=k jwd + | = - e - (50)
° i=1 Ao +JB1 [i :]
Thus
4 4 -jB.d
2L - N jwd+z§3—g—i} 1-] (51)
T AEC» + w w} i=l "o i
pl p2 y
1 .
If wpl and wpz approach 0, then Z 5 Jwd
-ew A
z—u—];m
3 jUJC -
where C = e-% . Thus Z reduces to the capacitive reactance, just as it
should when no conduction charges are present,
Equation 51 shows that the impedance Z again is a complicated
function. With further investigation, the characteristic ways in which

the space-charge wave interactions affect Z can be determined, and impe-
dance measurements can be made and correlated with the theoretical values

to verify the nature of space-charge waves in solids.
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IV. CONCLUSIONS

After a thorough investigation of double-stream interaction in
solids, it is concluded that the practical generation of coherent X-rays
by double-stream interaction 1s very unlikely The detailed reasons
are given in the Fifth Semiannual Report, which concluded a major phase
of the work. Briefly, the main problems are the losses in gain produced
by thermal velocities, collisions, transverse ac velocities, and weak
coupling.

Since there is a significant lack of experimental work in space~-
charge phenomena in solids, it 1s difficult to really know whether there
are possibilities of using space~charge interactions in practical devices.
We have concluded that a good way to overcome the experimental difficulties

involved in measuring space-charge wave phenomena is the microwave impe-

dance technique, which we have discussed in this report.
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