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ABSTRACT

A modified Boltzmann equation for mixtures is developed which
includes the effects of collisional transfer and three particle
collisions. This equation is then solved by perturbation expansion
techniques. General expressions for the fluxes are derived with the
resulting transport coefficients expressed in terms of the perturbation
coefficients. Finally, the various integrals encountered in the

development are evaluated numerically.
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In this study we sre concerne

being studied

problam of

mechanics.

clents of z

gas mixture.

Historically, of much of the current research can be

traced directly back to Boltzmann's

differential equation for the single particle distri

For some time, the only solution to this equation was that obtained
3 3’ L

by Maxwell for the ipverse fourth power

The first general solul

3} (4)

7 in 1916 and Enskog' in 1917, and led to expressions for

Chapman
the transport ccefficients at low density, here are Lwo extensions

of this work which are velated to the present development. The first,
reported by Enskog®™~ in 1922, extended the trestment to a3 dense gas

of rigid spheres, and included corvections for both collisional trans-

fer and three body collisions, The other iz the genersl low density

solution for s multicomponeont system, veported by Curtiss and

Hirschfelder ™ is one of the two paper

)
r*

upon which the pres

£
- Te 1O PR
Bogoliubov, "7 Born and Green,

hierarchy (discussed in chapter I1), Much of the currect vesesrch




stems from this and the Chapman-Enskog developments, and include appli-

(12)

cations to various molecular models. 0f particular importance is

(13)

the paper by Hoffman and Curtiss on the first density corrections

to the transport coefficients of a single component system. Thisg

(14)

completed several efforts to accurately include the effects of
more than two particles in a modified Boltzmann equation.

The present study resulted from a desire to combine the formula-
tions of Curtiss and Hirschfelder with that of Hoffman and Curtiss.
However, a simple combination and generalization is found to be
insufficient, since many terms arise in our ekpressions that have no
analog in either of the two parent treatments.

In this work, a modified Boltzmann equation for mixtures ig
developed, which includes the effects of collisional transfer and three
particle interactions. This equatibn is then solved by perturbation
expansion techniques. Expressions are then developed for the transport
coefficients in terms of the perturbation solutions. ¥Finally the
various quantities appearing in our expressions are evaluated numeri-
cally. This then leads to numerical values for the transport second

virial coefficients of a single component system. Self diffusion is

considered in detail.




CHAPTER TII
GENERALIZED BOLTZMANN EQUATION
In this chapter we develop the B.B.G.K.Y. hierarchy for mixtures
and consider in particular the equation governing the time evolution

of the lowest order distribution function, f(no A truncation procedure

is then applied to yield a closed equation for f(n,

2.1 Distribution Functions

The system considered consists of a large number,; N, of molecules
in a volume V. The system is composed of J/ non reacting chemical

species, each consisting of Ny molecules of species ® such that

Y
N = > N«

o=l
The particles are assumed to interact according to spherically symmetric
two body potentisls q&P(Qd)which depend on both the magnitude of the
separation distance and the chemical identity of each of the two mole-
cules. Throughout this work Greek indiceés run over the various
species while Latin indicés number the individual molecules. TUnless
otherwise specified, the limits on sums over Greek indicies are 1 and
YV, and the limits on Latin indices are 1 and N.

The state of the system is specified by 3N posgition and 3N
velocity coordinates, which describe a point in a 6N dimensional
position-velocity space. We assume that the evolution of the system
ig governed by the laws of classical mechanics and a set of initial
conditions. Specifying these initial conditions as a point in the
6N dimensional sgpace at a time to, the exact mechanistic evolution of
the system for all post and future times could in principle be com=~

puted. Such a description ig far too detailed for our needs.




Much more useful in this type of statistical problems are the
concepts of ensembles and distribution functions. An ensemble consists
of a large number of replicas of the szystem to be studied. The N
particle distribution function £ & is proportional to the probability
of finding s mewbher of the ensemble at a specified point in the 6N
dimensional position-velocity space. The indistinguichability of the
molecules of the same species requires that the ensemble and fmn be
symnetric with vespect to the interchange of the coordinates of mole-

. . N
cules of the same species., We choose to normalize f( )so that

M) )
g_g l))(},{(kjlf}& W)CE (N ::TM&! (2.1 - 1)

()

Since complete knowledge of £ ig too detailed, we define lower

order distribution functions fugﬁéhZiﬁ) of h particles by:

th)

Fie® w9y =TT} f"“ ) det Yt e -2

where hy is the number of particles of speciesel whose coordinates span

the domain of integration. 1In particular, we have:

[E—

{ “"“"‘ (a0 (v~4) (-1 oy
ﬁh 2} N&é’;j fﬂv“ Hdet ™ Ay (2.1 - 3)

@ B
2)  (2) ) ) ) B
£ 0= NN T Eﬂ"l‘”}wfﬂ&fw L PR




and

: 0 ~| ﬂﬁ (gAY . .
“{:".2‘0 (ﬂle_ (?ﬁ): ?\&(N&: §>? %5 M\é} 5@ (EH@/@“ i”)(@.!{f’m Ny (W (2; s
;)= QH
The subscripts on fﬁ?@r ﬁészndicate that

'F(;f = ?:)QE‘”,@W) = 5 )
and

2}
_géz) g‘f’”c cliwﬁ) ?(&,fﬁp,@‘é’c;@}s)
AP

To simplify the notationm, the explicit indication of the time depen-
dence of the distribution function is dropped.

Since we congider only two body forces, only the level of informa-
tion contained in f0>and fﬁ}is needed,

2.2 The Liouville Fquation and the B.B.G.K.Y. Equations

(15)

1Y
The time evolution of f( is governed by the Liocuville equation:
(2.2 - 1)

24 PHWM) D _ ) 2] W)y = O
i’ﬁ el 2 M W TyTa et

where the energy of the N particle system is:

H(Nm&gm wmzmﬁr" . ZE j v%—*Z% (2.2 - 2)
A




6
The terms Q?@ represent conservative external potentials, giving rise

to externsl farces of the form

— 0%
DY

Carrying out the indicsted differentiations explicitly, we obtain

= ‘ .
{M 4-'2 = \b\f‘w - 24%1;; \%(ik BM} {j (Y “’(Mfl}“‘(m%}

~
Ny
s
[N
)

- 3)

—~ 5L 24k ) M%(m
Z% ok Wj e £)

The equations for the time evolution of the lower order distribu-

tion functions £ are obtained by integrating the Liocuville equation

over the coordinates of the (N-h) remaining particles:
. h h :
D Vi d - ‘TJMN@@ py wz ,,M _F(r(hﬁ oy
L A e Lo dony Ty NM}““ L
(2.2 - 4&4)

U’“(W) () 7%) drydary

where the sum over &k runs over the various species present in the group
of (N-h) molecules. This set of equations is a generalization of the
B.B.G.K.Y. hierarchy. The exact solution of any equation of this set
would ultimately vequire the exact solution of the original Liouville

equation.




-

2.3 Egquation for £ .

&
ey
F
¥

p
®
e
I
o
"
(8]
I
(&)
=

The lowest order equation “hy, corresponding to the

speciesed , is

«.«ﬁ f&) .
A N i T L R

}fgmﬂ%&b o, U VA g Wy gﬁg% P

| &ALl
Note that the equation for a particulsr species i 1is coupled to all
other species through the sum overf%O
To write this equation in a more convenient form, we transform
from the coordinates (ziﬁzﬁ Véﬁjﬁ) to the relative coordinates

(gﬁ@;&%g} and fkﬁpjgﬁ%}o The stresm velocity u and the peculiar

velocity Vg are defined by

S — P BN
(= MMy VY (2.3 - 25
o
and
\&xglwg (2.3 - 3)

where the average value of s quantity ¥ is given by
W vl quyﬁ&l (2.3 - &)

Utilizing these quantities, the relative coordinates are defined by:

%M::&imﬁﬁiivéva (2.3 = 5)

{ —— et




SO

il + oy e

Go = = 2.5 - 6
=B Mg\p M&f& ( )
aﬂ’d
?Qgp = Xy -La (2.3 - 7)
§1L =L (Zf&n%*K: ) .
—*f F (2.3 - 8)
where
M&{S = Mg M
With these definitions we find that
ALV N 1. PV W o, ) (2.3 ~ 9

Mg AT, g Me B0 Mp ?I;ﬁ 'bﬁ,«(sb j—%%

where!)u$ﬁ is the reduced masg of the pair ( Aﬂﬁ), defined by

Upg = Mntp 2.3 - 10)
Upon combining equation (2.3 = 1) and 2.3 - 9), we note that the
term containing %%;~ gives zero upon converting to a surface integral
=@
in velocity epace. Shifting the origin by replacing £/3With Eﬂﬂé’

we find that:




(&7

. ) 2 u) \é{:
*g’;}f@kbﬁg fmd\’b\s j’i} = ;i‘jp ggﬁ "‘5’%:# ‘l:’*(’ﬁi% (2.3 - 1)

: . s . : (e . ‘
In order to obtain a closed equation for ffﬂ, £ must be expressed
o funetional of #U nress] AN
as a functionsl of £ . An approximate expression for £ “has been

13)

developed by Hoffman and Curtiss(‘ based on the principle of mole-
cular chaog. Starting from collision and post-collision configuratiouns,

Z%an bhe

the two particle trajectories are traced back in time until f(
factored into a product of f“hso Then the coordinates are traced

forward for the same time interval along one particle trajectories.

Their results give

jc ( rl2) gpt2) = ‘}/ Ap }1£ m (2.3 - 12)
A s J;/BEO'] ! a\fé

(z) iy
as an approximate expression for féﬁ as a functional of fguand f(

ﬂ)

where the tracing procedure is denocted by a prime and the function

)Qﬁﬂﬂ ig defined in terms of the quilibrium radial distribution

function 845&5
~ Pup /a1
?&,@io’] - yaa,@m L

This expression way then be used to obtain a wodified Boltzmann equa-

NON

tion for f
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(1)

D% e My >‘Cw B@L ,B{:m

Y Y, /W?at Ve DR

— Z /A&ﬁ§ YA %@%\/,LFH‘) ?{”’ /;) }ci‘f

This equatlon is the generalization to mixtures of the modified

(2.3 - 13)

; . , , 13
Boltzmann equation used by Hoffman and Curtlsso( )

The next four chapters describe the solution of the above
equations by perturbation methods and the use of these solutions to

obtain expressions for the transport coefficients.
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CHAPTER TIIT
THE EQUATIONS OF CHANGE AND THE FLUXES
fiis chapter is concerned with the derivation of the equations of
change, that is the equations degcribing the conservation of mass, mom-
mentum and energy in the system. The resulting fluxes ave then expres-
sed as functionzls of the one particle distribution function’fé?°

3.1 General Egustiocn

6)

. . . 1 . , . . . .
The startiang p01nt( is the N particle Liouville equation (2.2 - 1)

8]
w3
O
R

, e e s - , ) o . S
‘he definition of the average value of a dynamical variable W(z?,g&%:

i

, = )
Ay = ETT N@a% § P a) £ (e ) Aot o™

" (3.1 - 1)

Taking the time derivative of both sides and using the Liouville
(4]

equation to eliminate i;%f, we integrate by parts each of the resulting

. )
terms, The integrated termg are zero since £ ig zero for either large

r“®or large XQ% and we obtain the general equation of change:

S _ QN) , a
Y ) feete ﬂ{; Vi 55
?}; = {“&ré&%&\} J % )—,ﬂg

(3.1 = 2)
"N L B@g& ) @@ — EL &L ﬂ\%(fwﬁfw)cg\afm&ym)
”Z R NCTRR LN A Y YN MR LA
JER |

In general ¥ may be s tensor of any order.




3

nservation of mass are obtained by

caking ¢ to e a

the form:

The average value of ¥ is then the number density n (r):
oo

. "o~
an ey = . Ly A AR 29 .9
Male) = %{@( .ﬁ’:{,ffg:,,%\gi&g\ (3.2 = 2)

Utilizing the varicus definitions (2.3 = 2), (2.3 - 3), and (2.3 - 4},

13

;e obtain by straightforward wesns the equation of continuity for each

=t
A

&%
"
o
b
@
o

DA P e DT |
%—ﬁf - %f(mw\%§ s T A (Mai\yifg) (3.2 - 3)

Multiplying by m 4 and summing over the species gives the overall con-

tinuity equaticn

%ﬁ%u@agzo(f@)ﬁ@ (3.2 - 4)

p = ij M g
o A

&l




wmervation

fas)
e
™
[
7
<5
<
[€x}
s

em 1g conserved., Taking V¥

wmomentuwn of the form

. cgf‘ﬁg
" s 5 YN
P = S, MaYE G- ) (3.3 - 1)

leads to an equation governing the evelution of the stresm velocity u:

-

o U Y ) - P
ﬁ;} e el L R I Sl I ‘;i&; (3.3 - 2)
J LD BT ¥ o=k P < L3N

The kinetic portion of the pressure tensor, I ig given by the

qgﬁ%?

familiar expression:

- -3 f‘ Y
Pg = Z Mot af#@g‘ i\ifga\.!i@gcg V. (3.3 - 3)
@g%

The development of the colliisional portion of the pressure tensorj
- , C e (17
which i1s contdined in %?5 parallele that of Irving and Kirkwood.

Fg involves the combination of equation (3.3 = 1) and the second term

om the right side

wation (3.1 - 2). Carrying out the differen-
tiation with respect to Yho and all but two of the N integrations, we

have

28 G, -x)

.1 XA f!;zz; " iﬁﬁagfﬁég@il ﬂgﬁfp ,
F%WZ;% .Jj R ;%ﬁ; 2Qep G (rp-1) (3.3 - 4)
Y

%?’@Q)HL
2% 2%up | f;g_gg, 2 Pup

Py D Cap QAP

3

}, we can write
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The delts function of rgecan be expanded in a Taylor series about 1,

Msking wvse of the sywmetry of the delta functlon, we obtain:

G ) Sloe-o) = wa{»ﬂ%{{ +3 5 g}‘g(& L }*““ (3.3 - 6)

We now make the change of variable from @““Z‘ﬁ) to (‘;ib{.sg&fs) to obtain:

o 2. P

47T N =o
where P QP,S the collisional portion of the pressure tensor:
(3.3 = 7)

516 Sty )i
, v, 2L %{{KW’) afrdlip ;&é’ig@[@
Z;;é Fap 5%’3—'( “ ?3;}

To obtain i@éq a functional of fm, we use equation (2.3 - 12)

=9

e

. . (18) . e o
and the bar notation to dencte the position dependence of f; on

{: {f“j (W 5 ’“’ﬁ‘)

5 , 24
to write a Taylor series expansion of fi about Lt
!

. i)
‘ﬁi = Z@& ‘fﬁ + (Bt wﬁwy 2 £y £

0" 3.5 - &)

N7/ ! oT A V 3% KU \
+\?"»%ﬂzﬂi@"m“ )2 3{3 { HUR: zﬂ %

Using only the leading term in the density expansion of yg%/ﬁ
J

o B o (1) 2 (3.3 = 9)
y@z%%m >+ \?fﬁ@f@ - Ol
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and the fact that R,,= R',., we can write:
gl Lt gl
el

. — =y =ty B

% y %1 + w_ﬁgvéggéwl%:m?u;]
fod vk f§ Z — Srs L fg

, (3.3 - 10)
!

The expression for E%@Cin now pe simplified by carryiog out the inte-

The f's are now sll

wnctlons of ¥ and >&ﬁiéﬁ has the form >ﬁﬁﬁ&3 wﬁé>

the total pressure tensor T as

Writing

we have the final form for the equation of change governing momentum

flow:

2U b L2 %/Vi 2 0x 3.3 . 12)

3 . . e T
£:$uan§:ns the effects of co

ol1is

H}

ional transfer, and through the function

§£H@i@3 the effects of thrae body

collisions.




is derived by taking ¥ to be:
o Y ' ' ;
P L) g Ser) 4L ) 4§l )
i ES

The development then parallels that of the previous

16

(3.4 - 1)

gection. The total

energy density v is the sum of kinetic and collisional terwms:

U= Uet+Uep

wherse

% L )
jﬁt{#&;: %fgiﬂ/mﬂﬁh%§iA# %;£;6£{9iL

k%]
po]
=B

(3.4 - 2)

Fu@ Z v CP@ z;(kf“’ f’) oQQgQ_[bcgd/‘“ 09/{75 (3;4 - 4)

%

The time evolution of u is then given by the usual equation:

f%@ia@u A O Z/MV 9@“

wET v 0 £ )s"”

The enervgy flux vector is the sum of two parts.

ig the wusgual

G- LT e (VUL FIAY
A

8
Ui
S~

The kinetic part

(3.4 - 6)




ot
]

o S 2o s ey 3oy o e
fo tnoge usec in ths

e

~ A &
”&fv"“}{i‘s e\“?rﬁ}g D %‘Vf

% # ;e
Cap 27ap foapin]

7

< NP AL
@) Q’ W 4, x§ b
= faple)t L

In later «f

are developed further,

toe the pert
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sion 1s developed which is

one associated with

in equation (2.3 = 13) is a

lefr side of equation (2.3 - 13)

Ry B VAR A M (13b)
o T, we ewmand /%@@T@ii@ about ¥ ,in a Taylor series.

Utilizing the i antation of 3,3, the parameter € is introduced
to order ths tern cording to the Equation

o n o Ca) >
N E (j__g E ;@{; aﬁ,g 2 %
& “S%k:m@%i: My e W P br 3%‘%

‘\)\?/ {a‘} ?“LsJ?(l)

(4.1 - 1)

%

‘2’(,%3! i) — ={43 b‘é Ac&&‘{:
"'!"’é{ A m&? %L%D} Eiff¢ {: & :‘Q&’ & {jﬁ ‘FJ») %ﬁiﬂ{d\ 50\,&&
- Pla S
+O(&")

stieon § 4 can now be expanded in a perturba-

(4.1 - 2)




NS I
where L5531 1s the eg

the perturbation ser

is used to obtain the zeroth order

and the first order

- . =y 03 1
L o. L 3@% g Letlo—
i}‘k’ Af&ﬁ?ﬁ m@yg & ’5;2.% w{‘g@}

Ropmc) St

The equilibrium

the equilibrium forms of the B.B.G.K.Y. eguationg for £

P T - B ISR SR Sy B
Uil tlorium oisirionlion funalioo.

ieg 1unlo agquation (.1 = L), Ine parameiary

L

equation:

<cu! FOF
ﬁgi% %Bi o)

3= Fﬁ’l“f

B ¥ o ‘E:QH 4 ]
'Na ? | A g 55 f%é
ﬁb%éﬁi %ﬁ%é’l s f!,@g@j Vatel f; ]

¢l

BOOTDOTAlin

Eéﬁ }%&f
J

1 forms of £ GUG}Q@ can ba readily obiszined from

&l

(13s)

and £,

Following the procedure of Hoffman and Cortiss, we can shov

that in the absence

)
?:;403

of external fore

w
o
sa

%M m
ﬁé@ieﬂ AL s/%{@j




where

CJ) A
EA.,EUE

e <%Z?ﬁzﬁ

y;aa,sros -
y = [ +M Z{Xi‘[

Equation (4.1 - &) can be

Xﬁﬁf y Ko i el
¢

and

zimplified

by densd

. . 5 Z. .
Since only terms through crder o are ve tained,

, , - - 2 o
arising from.)épﬂﬁ which are of order n~, Us

gection 3.3, equation (4.1 = &) raduces

A4 o

AMeL VL YA,

.

=)

R -\—- M&O‘aga 5{35@}

RETT,

wéuﬁ
{1y

wm TR VR
{fﬁﬁ %‘E L PR 1Y ‘ﬁ%ﬂ? + W E%M@ Wﬁm -

°ALEZHQCQ§4@

4=¢&H

N ,w %}f %C, ‘?&L@j
liag STy d@ﬂﬂ
A g !

where now the bar notation indicat

s that a1l tl

r. To simplify the notaticon, we henceforth

32 57&£/éij§$/
b il

@m AT/ }@%g/@r)

sLby cons

LS

L;ifﬁﬁ@

the f's sve functions

L L TR R N
uge the zodreviation

20

ol = B)

A
L= )

7
(4,1 - 8}

ideratione.

SJA

we drop those terms

ing also the method of

s

RL 3%@

=) —£)
}{&i 2 {;;591}}
‘b 8

(a« o= 9Y

ga@,é

éw

%2&51 ;xgiééwﬁgﬁﬁ
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ey
£, = £ile,va) = o (2,2)

We define the perturbation fuaeti@m&? by the followicg product:
- (1) qu? ?é 7[5 ¢
‘F < 0 AL~ A (4.1 - 10)
w017 cACJ

Equation (4.1 - 9) can now be written as an inhomogeneous linear integral
o &

equation for the function?ﬂ:

j;l: Z}M{: )r ﬁbﬁ@iyﬁg{»}‘@i <¢@“¢%%@% M([Zﬁiuu)

where the inhomogeniety Jy is

, “{b N B(?.L ”} b (2%, 2

To= 195 *MwgE ~masv o %,ué?@ NEap Bgup
(4.1 - 12)

ECCARENCE B *%R&W .

After writing the inhomogeneous terws as a linear combination of
the spatial gradients, the linearity inéﬁ of equation (4.1 - 11)
suggests that we write the perturbation as a linear combination of the
same gradients, This will then be the basis of our five individual
perturbation equations.,

4,2 Evaluation of the Inhomogeneous Terms

In this section the inhomogeniiety Jy» equation (4.1 - 12), is

transformed into a linear combination of the macroscopic gradients.
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The first term in the integral of sgustion (4.1 - 12) can be

a4
: i 5 s (i4a . .
treated in the manner of Snider and Curtiszs, ) yielding a genera~-

% S S H: %@j}&”f*

(4,2 = 13

ZZ/&M/% g B%@
= },,s < &‘g&zgﬁﬁmﬁ)

where the second virial COeffLQ“@“t E@lfa for the potential gz%ﬁis

given by the expression:

TR

_ 2T 2d.p
B“Pa 34T 4 ')*"ﬂ@g

QL@/K’T’ - £

(4.2 = 2)
Equation (4.2 - 1) may now be written:

, A ofa
— 2= '"'F\L,i(; 6’*{5/”/5%?4@ + Zgé?@m/ﬁg& >r

B o T
Vﬁt\j_*zz 8@:%/_”“}&; - Mﬁ%’fé’é 2 r

L

The streaming portion of Jg4 can be evaluated using equation

(4.1 - 6) for f;. Using the dimensionless velocity Wy defined by:

(4.2 - 4)

we find that:




23

2 0 Loode D = {v—!? V. . 395@‘*
{opand -2 o= oo 3L
Llome ), ome ,Bmﬂ AN Y N
Y SA& LS +4 P (wé““"%)L S+ (4.2 - 5)
+VJ§BQ‘*T.;LI %%:r +/W1.L£ 4&’\/ >u+9f& wg}

The equationg

in equation (4.2 = 5).

of change are usged to eliminzate the time derivatives

Since J 4 ig¢ evaluated using the equilibrium
& g 9

distribution function, the fluxes appearing in the equations of change

are also evaluated using the equilibrium distribution functiomn.

pammmns

- equilibrium.g and V

- the unit tensor U.

At
are zero, while P is the static pressure P times

In this approximation the equations of change are

oML . ML 5 -
%&74—}4 S =0 (4.2 - 6)
M u.d g _—Ll52P 29 ]

f
OIT | 4 DT “mim(b;if;} 2,
:{;F*Q Y f'@w PbT’j@ﬁ:X%}K - G2-8)
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Using the equilibrium distribution function, equations (3.3 - 3) and

(3.3 - 11) give the static pressure

Pz AT (1+m B)
where the second virial coefficient B is

> Bup KXo
.

and the mole fraction xq is

- ML
Xe= 2

The streaming terms can thus be reduced to:

BCQ.L
b= Sr T kFa= fdas
DDy (2
Yg \A) ?!: JQE> (\y1’2f3§X£§<:

r}Q/«A.""\vk_ M« ‘)P
+ ?2C ‘f),&_.-r MLS‘E

+(w

4.2 - 9)
4.2 - 10)
(4.2 = 11
V ‘b@u
3
}.) 2u _2..u
2 ) T
4.2 - 12)

5
o
V<
A%
.*




Equation (4.2 = 9) is used to transform the term coantaining 2V to:

3L

. L
_ mhm (l%mg>y P
S s
Several relationsg are rvequired in order to transform the combing-
tion of Jad and the streaming terms. The first is the straightforward
identity:

v, b X*‘ + V. éi%ﬁi%

/Mgv A (4.2 - 13)

\/ "Bﬁbavmm¢
L

The second involves transforming derivatives of the temperature into
derivatives of n, P and %%%. Starting with equation (4.2 - 9 ), one

can derive:

-—r s “ - s aa\&?
DT _ 1 —mT 9 Bpt y M}’{ 2
v {I % v

2E

(4.2 - 14)

~(1+m8) w‘“""‘ '”Z“MZ B, {M@i%

Using these expressions, we then cast the sum of the streaming tevms,

equation (4.2 - 12) and -Jy, equation (4.2 - 3}, into the following form:

%JUU” ')bw J_fb(g@\ 2 Z‘%‘* NP A& +MZ&"7$X@ (w& E’]';Vkﬂéé’,;

FL(HmS Bup X)W W, 1 (2ru -5 &0 o2 - 15)
A

| v .
41;2;( PF44;§63AP7Qi>'wJ§%i; (%%fj%gx;{E{U@§¥s%;)E%E,é! ;E:;-K _.cg
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where Qé, the set of vectors governing diffusion, are defined by the
- relation:
d - [MXJ’ZQ%_& Xp -+ M(c %MZS@X@ ~M XFE o R
pal'H
r @ /5‘6

- X@J“f( |+ 6}]

- %@’@2?4 m[h(%lﬁprs"g)

| + XL Z Qﬁﬁ){ph ~ X&Tzwx@j éQMM

AR (4.2 - 16)

[ \+MZ BA/bXé>bX‘“ +MXA§5 «Jﬁ’ ~2pmXa) B Mij
A 8%

o[£ ]

We note that the vectors gﬂireadily satisfy the condition:

z is@ =0 4.2 - 17)

A

The remainder of equation (4.1 - 11)
(4.2 - 18)

T [ S el B ey
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yields the collisionsl transfer effects. The derivatives of the distri-
bution function can be evaluated explicitly using the definition of
f4, equation (4.1 = 6), and the expressicns for the peculiar velocities
in terms of the relative velocitiee, equaticns (2.3 - 5) and (2 3 - 6).
{(14a)

The result is analogous to the J, of 5Snider and Curtiss, but con-

tains terms which are zero for a single component system:

(4.2 - 19)

«?Lf}*kp%«;ﬁ’.@‘ + (e fﬁ)/‘&@?@] ‘C&“@@}&Qpﬂu

%L “M"«Q& 7’/&#%@] fipte o }

,dfﬁﬁ &_(5

Jya consists of six individual integrsls, three of which can be elimin~

Zlflﬁéﬂr AT g‘\of‘f'é.(s R %A{@

ated with the use of the identities:

GJ\P'@;_(:; = - /gt: > (;G”Z“g;%) (4.2 - 20)

2 At plt U s
G*P‘F@L%a = i"’l P Lg“’ %@M] ¢,ﬂ‘% (4,2 - 21)
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and

‘é—, = 9 g ‘4;2%,,
LAV e DY (4.2 - 22)

Lengthy but straightforward manipulations yield

:_ﬂzimews)/Lm wj .,;w_:,_j’iﬁwf T

Map 2, f%

ij” Cﬂ“gLGA“F;) B ij:z(d B;L;ff
iy TMEs "\OVZ‘ = (4.2 - 23)
Y

Z (mw—fw«ﬁ’); «—wm 2 Mae T”CZ" { %:@;
B Mdp N, = ‘(3’ JU -

-1 T2 & (3]

‘._.—-vLP )v\

where

.,_,Ap Zﬂ*pj\?w ‘bgdp G;Q&%)&ﬁ@&%

4.2 - 24)

—_ (2 2 ;) t s plat " L
—Lif’) L'/A&,,Sé)é‘i* ‘5%9(?(%% Fufe|deudls @2 -2
and

Ii;):,_\_w glﬂ)ﬁ& (fﬁ_ﬁf W’“P ﬁ‘%@) élgﬁd&_ﬁ

Pip) S @ - o
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The total inhomogeniety J_ can now be written in the standard form,

plus ‘a term involving the gradients of the mole fractions:

o= —K XQMT @E}%g““”’ dyw,ﬂ] Me{,

L'()T’

(4.2 = 27}

+m1&LV¢,d,¢+Z—doﬁ@\a QM( >

The quantities Ky, L yand My are generalizations of those used by

Hoffman and Curtiss:

Ke=- ﬁ(‘wg 6«@@) (w=2 )

(4.2 - 28)

L'L._. -7 {—OL( H—MZ SLPXI’-’)(WJVWJ %’3 wz{«;‘))
= r°

(rme—mmp) [y ~—0)_ 1 3 T (4.2 - 29)
92”: 5 T Map 3“5&“‘:*{5 3W, ==
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and

[
Ma= =65l T Be%0) i) )02

(4.2 - 30)

"‘“J'Z (wfﬁwa)) 72!3 %?i%ﬁ@ﬂf{? Q

PEL My 0w =T

The separation of the inhomogeniety associated with diffusion

d K

into two separate terms, the terms in the g@éand the terms in 5S¢

is a formality, which has been introduced as a matter of convenience.

4,3 Perturbation Function ¢

The perturbation is now written as a linesar combination of the

same gradients as appear in the inhomogeniety Jy, equation (4.2 = 27):

@k: mA&n{aﬂ"‘:rﬁ Bkt(@mu Dar‘g(’j)m Egg S%Q

— = = o =

4.3 - 1)

—J»M;Q&PQQ(& +/‘W\ZAF¢\[@> v;g;é’

The five gradients we have chosen for4%§are not independent. However,
we require only that the separated equations be golvable, and hence

that the sum of the solutions, that is ¢k, be a solution to the original
equation (4.1 - 11). Since ¢Lis a function only of V,, so also will be
A05 Bts Ews Cup and Eug.

We define the integral operatorlﬁéﬁof equation (4.1 = 11) to be:

*(?):Zﬁgiﬁ 2 Dot sl -




Since equation (4.1 - 11) is linear, we now separate it into five

equations. The equation governing thermal conductivity is:

K, = A&.(ﬁ) (4.3 - 3)
Shear and bulk viscosity involve the equations for B sand %ﬁ:

Z;:x\ = A&[‘g) 4.3 - 4)

and
= E
M’L A ) (4.3 - 5)
The two quantities governing diffusion are determined by the equations:
L fv,.d, = Ax(igu‘iﬁ) (4.3 = 6)
Lfyedos ba(l
and

.A\-Zl:“),}_%(%> = AJ\(Z‘: Faove %%“) 4.3 - 7)

The vectors {g_;gare not independent. Hence we desire an equation,

in place of equation (4.3 - 6), which does not involve the i&: It can
readily be shown<18) that a solution of
L . 2
A \/ SQ‘t‘“‘ J§l~ - Z}A\ (gflft>
Vi
M f (4.3 - 8)
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is also a solution of equation (4.3 - 6). In a similar manner, a solu=’

tion of
m Z x.d(@ (X*%l‘” XpSas) = Be (Es } 4.3 - 9)

is a solution of equation (4.3 - 7).
This gives five separate sets of equations, solutions of which
can be used to construct a solution to the original equation (4.1 - 11).

4.4 QOrthogonality and Auxiliary Conditions

The equations to be solved, equations (4.3 - 3, 4, 5, 8, and 9),
are all inhomogeneous linear integral equations. The existence of
solutions to these equations is proved by showing that for each equa-
tion the inhomogeniety is orthogonal to the solutions of the corres-
ponding homogeneous equation. The solutions of the homogeneous equa-
tions are the well known summational invariants m,, m,V 4 and mg&%.

For an arbitrary inhomogeniety Jus the orthogonality conditions are:

53; AUy =0 (b.t - 1)

V. =
z m*g Ty A o ol = 2)

and

KA —
ZM.,LJ(ISL Ve dbu = o G - 3
A
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We now show that each of the five inhomogenieties satisfies the
above three conditions. These fifteen separate conditions can be re-
. e . e (l4a)
duced to seven by the use of the tensor properties of the integrals.

The only non-trivial condition on the thermal conductivity term

K&ls

i%&»{g@y& A, =o
o

The first of the five terms of Ky, equation (4.2 - 28), gives zero on
straightforward integration. The second and third terms can be sym-
metrized on %»and/@, following which integration over the angles of_gﬁﬁ

gives zero. The fourth term is zero upon application of the same

> >
method, following the conversion of;sﬁi-txnguﬁ@ by successive use of
g1

the identity (4.2 = 22). The last term may be written initerms of

p)

gd%'with the use of equations (4.2 = 20) and (4.2 - 22), and 52—
)%ot(b
converted into a surface integral which equals zero.
The three conditions on L are all satisfied because L , 1is

traceless.

The first of two conditions on M is:
(Medy, =o

Using equation (4.2 - 30), the first term is zerc on direct integration.

The second can be converted to a surface integral over lﬂ\which is zero,

)

and similarly the third term on converting &— to a surface integral.

Gep

The second condition on M is:

jz: Mo ﬂﬁckijzncglié =0
o



34
The second of the three terms can be transformed with the use of
equations (4.2 = 20), (4.2 - 22),(2.3 = 5) and{2.3 - 6) into a quantity
which is symmetric with respect to the interchange of ¢ and/%, times
(mi—mé), The sum is therefore zero. TFollowing the method of Snidex

(14a)

and Curtiss and using the relation

A
JQCV—-MCM 4.3 - 4)

we can show that the first and third terms are equal, but opposite in
sign, hence giving a zero sum.
The only non trivial condition involving equation (4.3 - 8) is

condition (4.4 - 2) which may be written as:

Z % (%o&*&“ %) ffo{lf/@cy,(ﬂﬁx =0
o

Direct integration shows this to be zero.
Likewise, only condition (4.4 - 2) is involved with equation

(4.3 = 9), and when written out in detail is:

o (e SR L,y 28D (ef £16y )dedfety

‘*1{5 'L/J»LPXLX@ s
Symmetrizing with respect to J\andfg, and integrating over the angles
of G ives zero.

_¢QE§
Thus we have shown that each of the five sets of inhomogenieties
satisfies the orthogonality conditions. Hence each of the five sets of
equations possesses a solution. This justifies the separation in
section 4.3 of the set of equations (4.1 = 11), into five sets of

equations (4.3 - 3, 4, 5, 8, and 9).
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The uniqueness of the solutions is fixed by a procedure analogous

(13b)

to that of Hoffman and Curtiss. We require that the non-equilibrium
portion of the distribution function, namely the product fgé be ortho=
gonal to the summational invariants. Stated explicitly, the perturba-
tion function is required to satisfy the conditions:

(0 gedls = o

(4.4 = 5)

(4.4 - 6)

Z’: ML gﬂt(li] ¢a§ .V‘,L&Q,L =0

(] T —
5 ma [l Gl Abe =0
. 0] ‘ (4.4 = 7)
~ | | \ : , o
These are referred to as the auxiliary conditions.  These conditions

will be used in a later chapter :to obtain unique solutions to each

equation.
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CHAPTER V
SOLUTION OF THE PERTURBATION EQUATIONS
In this chapter we discuss the solution of the five perturbation
equations. The first section treats the Qiﬁ equation in detail to il-
lustrate the method(ls) while later sections summarize the results for
the remaining equations. The various integrals, labeled ﬂﬁi encountered

in this and the next chapter are tabulated in Appendix A.

5.1 Generalized d

The unknown coefficients_Qxﬁassociated with the generalized dif-

fucion vectors d, are determined by:

‘/—L\*UC""'U'“* Slgm - J\%L—z
(5.1 - 1)

Z }3*{5 %ye({b{b) 'p/f&s (CA‘&+C 3 }éz "}{56@%5

The functlons C ¢fare functions only of the vector ¥V, or more conven-

iently W, ; hence we may write

T
C g " CM(U‘)%) W (5.1 - 2)

e

Following the usual Chapman-Enskog procedure, we expand the scalar

z (wal
Cay (W) in terms of Sonine polynomials Sy (LU;):(19)
z

(m) .
Coa(Wi)= 2, 8 95 (ui) (5.1 - 3)

m

The second auxiliary condition, equation (4.4 - 6), imposes a restric-

tion only on the Ciﬁ
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J.,
)
My M Cy_ﬁ = O (5.1 - 4)
-

The standard variational method may now be applied. First we
truncate the series (5.1 - 3) keeping only the lowest term Cuy= Ci? 5
where the superscript is dropped to simplify the notation. Multiplying
equation (5.1 - 1) by sgl(uu_), we now integrate over V . With the aid
of equations (4.1 - 6) and (4.2 - 4), the inhomogeneous portion may be

2)
written in terms of the orthogonality condition for S% (Mﬁ'):
z

5;"11;5% E'HS‘;“( .L)Sg iy w2 L)

where

7 (U"’L) = |
7 (5.1 - 5)

The inhomogeniety is then
T S 1o i S ”ﬁ"“}
ZEe /
The identity

(5.1 - 6)

BT 775 G D %,59;%

/u;(g 'bv-akp B%*p ) 4P

can be applied to equation (5.1 - 1) to yield
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KT -
migﬂ Eﬁ} (5.1 = 7)

= Z j%@p ZX(PZQ‘I "&L (CMOU v%v@/ﬁw }&,APJ‘MQ(/

S%*‘b ““’Yiﬁ(‘? ‘F ‘@f’ <</e¢~‘€w&~“’” C»[é“é )Jf&ﬁaq!&wg

where the quantLty.gAP VAP is transformed into g“ﬁ }vgfqﬁw1th the
Lap Lap
use of the same identity. Using the method outlined by Hoffman and

'YCurtiSS,(l3b)‘tbe first integral can be written in termsfof thewgyzl
.‘integrals The relatlons (2 3 -5) and (2 3 - 6) can be inverted and

wrltten in terms of dlmenslonless veloc1t1es

g 3
LN_.,Lz (QI‘A/TL;)?‘Y:W +(%)1&@ (5.1 - 8)
4 L
WP: (%f; >‘L E*P - Q%)ii&p (5.1 - 9)
where
Map\® o
F«'\P: (1}&:&“) é*(ﬂ R (5.1 - 10)

e 1%: (i}%_)%%kkt/ .
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Using these, we may carry out the integration over Ezpin the second

part of equation (5.1 - 7) to yield:

AT T8~ ﬁég = -Zu Zm«,», [q ﬂ‘,‘;

(5.1°-12)
mhT m pap \*
C,M = (M*P Cpy
('“‘/‘*n"“*
We define the diffusion coefficient Dikpy
LTN\%:
DLP =M ('ZMAL C"‘F - (5:1 - 13)

and the usual binary diffusion coefficient}ﬂw by:

& &(-‘) = 3 AT v ‘ (5.1 - 14)
- M 16 Jags 20N

Utilizing these, equation (5.1 - 12) can be ﬁritten in the form:

S = Z:‘ X_LXP L—&_}i s (;{“T)K *e](DM Dpv)

(5.1 - 15)

while the auxiliary condition, equation (5.1 - 4), becomes

), peDus =0 o
" |
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These two sets of equations may now be combined to give the set:

gl T vl T

S s
(5.1 - 17)

X X MH ‘LM ‘L an' W }D
b ig 1) LU[ e ] K ‘] ”

We now introduce a density expansion of D&POf the form;
(0 )
- + Dyp + Olm) 5.1 - 18)
D‘*(” (DA(& e (

Equation (5.1 - 17) can be divided into two denéity independent equa-

tions. The 10west order equation was previously used by Curtisgs: ;(18)

{ﬁé% \(ﬁl(i&FG—% (b) - i G.1-19)
/;T#J\ P f#oL /Mo oLy

while the first order equatiom is:

. ) ] 0
”gm[mp(ﬁﬂ R ZX (1 )Ri@]%;

(5.1 - 20)

= N[ xaxe Xw"fbm/bl
;LL T ’Tﬁf‘?
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These two equations can be easily solved for the special case of
a two component system. The solutions of equation (5.1 = 19) are of

course identical to those of Curtiss:

D et B e

1" (5.1 - 21)

DI;&: (D:‘:) = - /mq’/wn/mz A)’l/{f’i (5.1 = 22)
. .

p_:;\ = /ms/w,/W’i &“/f M. (5.1 - 23)

The solutions of equation (5.1 - 20) can be summarized in the form:

() L o H0) ~ (0)
Dlp - %M("%ﬁ> K;z 12 [)Ap (5.1 - 24)

where lqand(s take the values 1 and/or 2.
This completes the solution of equation (5.1 - 1), We show in
section 6.3 that the diffusion coefficients deare symmetric.

5.2 Gradients of the Mole Fractions

The solution of equation (4.3 = 9) is virtually identical with
that of section 5.1, with only the inhomogeniety being different.
Rewriting equation (4.3 ~ 9) in detail we have:

Ko Spn= Xp 54 Mo I [y e (e v
I A Rl :ZJ.,, I /0}{@% ot Eav
W= X Xp Hap|dLap 0 dp il :
5 - Y (5.2 - 1)
ih
depd
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Making a Sonine polynomial expansion and integrating over V , we can

Ar
introduce a new diffusion coefficient DAP defined by

N

P&p: "‘/"\( ,«.m)

i

,:’M (5.2 - 2)

A
Introducing a density expansion for Ddf: only the lowest order term is

negded:

- Dip + Olm)

5.2 - 3)

We can now write equation (5.2 - 1) as a density independent equation:

(Ko Sas=XaSp0) RM)
Q—nﬁ3/2 b

- LY e O
/e

where we have used the aux111ary condltlon.

o
Zﬁ{ Dy = © (5.2 - 5)
oL

to insure uniqueness of the solutions.

(5.2 - 4)

Again we consider the case of a two component system. The solu-

tions to equation (5.2 - 4) are

/\/Lo\w ﬂlL R(HO\ /@77‘3/2 M, LT

Vi “ﬂMfl (5.2 - 6)
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A

Dco): T (Qnﬁ“w/éﬁ’?/zfé“f“‘
I z

(5.2 - 7)
~ tup)/ _-—3/2 LT

Co)_ 677
Ver = M, /Q‘L K S (5.2 - 8)

and
(1) 3/2 ) T

N : e A R > e fmzﬂ

22 (5.2 - 93

This completes the solution of the diffusion equation, the results

of which will be used in section 6.3 to evaluate the diffusion velogcities

5.3 Thermal Conductivity

The equation governing thermal conductivity is considerably more

complicated than the two previously considered. The starting point is

equation (4.3 - 3):

K=

wa S i %pri 5) 'UC% [Au+h, R&%‘?

In evaluating the integrals of Ky we find that the zeroth and

(5.3 - 1)

first order integrals can be separated according to powers of the

density:

[S0%) Vb A= KT

(5.3 = 2)
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and

cl] < (7"3
gs‘;‘)(w,‘%)y,_.& AU, = m Koy 2ot KL
Z

(5.3 = 3
td, PO o iy o
The K™ 's are density independent quantities and are given in Appendix
B.
The coefficients A, are expanded in terms of Sonine polynomials

3 . . . .
of order E and only the first two terms in the series are retained:

¢l )
A*: (_)ﬁ)k% Ao + g Sj (WE)% (5.3 - 4)
— 2

The only auxiliary condition on the coefficients ay.is:

L
T ok o= 0 oaen
]

This will be used later in the development. The coefficients a,,. are

then expanded in a density series:
(5.3 - 6)

Application of the above expansions to equation (5.3 = 1) yields
four density independent equations, which can be written very com=

pactly in the form:

(1o8) (o) (to}) (O
O:Z'g L + ﬂmb Oy (5.3 = 7)
g
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(5.3 = 10)

The coefficients ¥ are functions of kanown quantities including
integrals and several more Réasintegralsﬂ and are tabulated in Appendix
) (3§ At
B. 1In the coefficients Qilafii s 1 ig the order in the density of the
equation from which it came and k is the order in the density of the
(A . , . . (A
allvﬁnﬁh it multiplies. JQ is the Sonine polynomial degree of the 3,
which it multiplies, while i is the degree of the Sonine polynomial used
to form the matrix element.
Equations (5.3 - 7 and &) are indeterminaste in that the matrix
of the }{’s is zero. The auxilizry condition (5.3 - 5) removes the
indeterminancy and leads to a unique sciution of the pdir of equations.
The solutions of equations (5.3 - 7, &, 9, and 10) then represent
a generalization to mixtures of the work of Hoffman and Curtiss.

5.4 Shear Viscosity

The evaluation of the coefficient of shesar viscosity requires the

solution of:
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The tensorial dependence in B ¢ can be separated off and the remainder
. : . . : 5 o . .
expanded in terms of Sonine polynomiszls of order 5 o We retain only

the lowest order term, giving:

5= Ay (Wi, -5 Wi Y )

(5.4 - 2}
The coefficient,gAﬂs then expsanded in a density sevies
{o) () :
/g = L égg, 4+ /g,(} + (&’C/M) (5.4 - 3)

(o} -
The integral of L, with Sg (W) is:
- Z

XSE)(\MI)M&L/;J%A«&V‘L

() (2} (5.4 - 4)
el ATk L
r

Using the above expansions, we write equation (5.4 - 1) as two density
independent equations:

{ ol (o]

(W
XoLLEL - ’_Z% i&ﬂt X

and

(e . ) z) 4 ol
Z ha R Li,:p: “"Z LI;; g; S ;E.rs 4, j
z f '
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Ip\ &; nd ]aﬁbare tabulated in Appendix B.

The quantities

These equations then represent a generalization to mixtures of the
work of Hoffman and Curtiss. No new integrals are introduced, so that
if the thermal condictivity were calculated, very little additional

effort would be required for the viscosity.

5.5 Bulk Viscosity

The solution of this equation is slightly different from the
others in that the solution is needed only to lowest order in the
density. This means that the terms leading to the R integrals arve
dropped.

The starting point is equation (4.3 =~ 5):

M"‘:;)h(bgﬁ%’?g %X{piﬂ{l{ +Eﬁ,)}0Q Y .5 - 1)

The integrals of the inhomogeniety My are:

Sm(w,L CQ,V.L::O

(5.5 - 2)
)
() )M&&Q\/ = Mt fi
g SJ_Z (W (5.5 - 3)
and
(z)
) SEWE ) Mad Vs ' M4
% (5.5 - 4)
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()
where the density independent quantities M@z are given in Appendix B.

The Sonine polynomial expansion of Ej, is

Cl) T () .
E&! = E,, + Eu S"i (W )+ Eya Ji(UJQ,L) (5.5 = 5)
The auxiliary conditions then require that
E,,cb =0 | (5.5 = 6)

and

' o
ZEMX&T’O (5.5 - 7)
o«

Using the expansion of Ey, equatiom (5.5 = 1) can be written as a pair

(20)

of equations in terms of the square bracket integrals:

(D) (4)
;.N = ‘“‘Z L/yy):(“fs\ EW + AX2 E“"'Z] (5.5 - 8)
b (/@Z he)

where

5 () ay el
74/)‘,{“:;%\&%[5% Wa)sgti (wi )]Apgm

(5.5 = 9)
Wy, Qi) 1] Ag =he
r LSJ{ (we) 5,,{, (Wa ) A L f’:l)z
J

Upon evaluating the various square bracket integrals, we then have the

low density contribution to the bulk viscosity of mixtures.
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CHAPTER VI
THE TRANSPORT COEFFICIENTS
In this chapter we develop expressions for the fluxes in terms of
the transport coefficients and relate these coefficients te the solu-
tions of the perturbation equations.

6.1 Pressure Tensor

) ;o2 \ ; A - B
, equations (4.1 - 2} and 4.1 = 10},

. , . L

The perturbation expansicn of f

may be used to evaluate the kinetic portion of the pressure tensor,
equation (3.3 - 3):

Be 30 e [ Fu (1e@RVAL

o
—

The equilibrium part is integrated directly to give the usual:

o

mAh T U 6.1 - 2

The non-equilibrium part may be simplified by noting that only the terms
in
Ba

The term contributing to the bulk viscosity is:

and EAEOf 4&°remain after integrating over the angles of V.

—_ %EQ 5/1/\/\* vﬁyﬁ&la&gﬁ&y&

The summation is precisely the auxiliary condition on fig, and hence is
ZEero,

The contribution to the shesr viscosity can be written in terms of

the dimensionless velocity Wu:



i

LML &,"DQ,L jQ“ WL WLW W dw .(gum 35E QQ\

3/ -
" T°

- The angular portlon of this 1ntagral has been evaluated by Sunider

(14a)

’and Curtiss, "~ and the remglnder;ls,relaplvely simple. Introducing

the rate of shear ‘tensor: |

g 4flEo)+

Rt nd uslng the denslty expan51on ot j&, equdtzon (J 4 = 3), the final

‘form of P'<i

.kmanner. Comblnlng the perturbation expansion with equation (3.3 = 11),

-..we have; .

The equilibrium portion may be simplified byineglecting the nj cone
tribution fro“‘)éqﬁioj , which then yields the second virial coeffi-

cient:
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/MZ}L.'T“BQ 6.1+ 6)

As in the case of 2‘<, the perturbation part of ghpcan be simpli-
fied to only the shear and bulk viscosity contributions, and density

considerations eliminate the factor P>&%&(d]:

2) (L oo bk, 20T (00 54

8 %mp*ﬁﬂ Cop
6.1 «7)
(8,48, )i (Lu - 4340 )Ly,

Using the expression for §_$?nd introducing the concepts of isotropic

cartesian tensors, the shear viscosity part can be evaluated, giving:

mlo%; Xd.)kp Mp}@i [R(:{z /zﬂ,_—r(ﬁ”g’% + T 0Bys 7 5

5T Map

We note that the kinetic contribution to the shear viscosity is
known only through order n. Therefore only the lowest order term

in the density expansion Of’giiis retained, and we have:

P R E )

(6.1 - 8)

The bulk viscosity contribution is calculated similarly. Using

the expansion (5.5 = 5) and the identity
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(5.1 - 9)

ECONC A ERE IS O

we find that the integral reduces to
d .
._,_)‘gcw (b‘i U g (6.1 - 10)

where )§¢lis part of the coefficient of bulk viscosity:
Z e A -~ .
- ap [ LTHY D) )
zTE: Mo (LT 2, wTL
){4” = LA N %*X/& %Eé? M <'z, ST >

(6.1 - 11}

+eu, %(T%ﬂ)} B 4p

The last part of eguation (6.1 - 5) can be evaluated using the
(14a)

quantity Lh as defined by Snider and Curtiss. The contributions
of the gradients of ny and T are zero as they yield tensor integrals
of odd order. By density considerations only the trace of ;é%féé
contributes, and can be writtem in terms of another waintegr;i

“‘K@LC%‘QJQ (6.1 - 12)

o

where

. _ -2 N ﬁﬁg Mo %i (F)
Kdﬂf - Cf%ﬂlz (‘Zﬁﬁ;) K»*(5 6.1 - 13)
P



[Ny
B

We now write E(pin the form:

P o« whTBY — R( U

(,e_.‘) (L) 5 / —f & T %,5@:“ Lo
e 2, e AR [2 Bp TR |2
i

where
ya
K= Ren + Nz (6.1 = 15)

is the coefficient of bulk viscosity. Combining E%{aud Ew$3 we obtaln

the standard form of the pressure Lensor:

[
[
S

'Pi /P\/QLT<\+/‘/\6>(§J W‘ZA{;QWK{%E@)Q (6.1 - 14

where the coefficient of shear viscos ﬂLy’VE for mixtures is given by

_ bt (o) L) Mg X, (a)[ e/
== Z( p HMRARY ) /@77”5/@»2 Map RS AN
A

(6.1 - 17)

L2 /?’/QTC% Bapt Tﬁ—ﬁ?—ﬁjg

The coefficientg? can be written in the form of 3 dansity expansion:

\? O(c) “%”/M%"’E +m> (6.1 - 18)

For the special case of g sin

%}
LE
Gf\

zle componant svatem, B7 is:
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both

frieT 4y
5, 2 Ener 2
6.4




6.2 - 1)

s N~ ghr T v (0 T i B

where the ceoefficient >§%%:;s given by

R éi, (ol {0} (83
X:r:: ;@;AZ (%:) g(&éo O J) * ’MXAC% o «%@ﬂ} (6.2 - 2)
&

2

The equilibriuvm contributions to g, arising from the perturbstion expan-

et F

A ‘ .
sion of f all give zero, as 1s expected.
' g s [

The collisional portion gwﬁgf the anergy flux vector can be con=

siderably simplified by tansorial asnd denzity arguments to the form:

%V,{ijw+wﬁwﬁjj gﬁﬁf ~~%ﬂ}
A

(6.2 = 3)

JELE0(0he 80) v 5o (U 6ol 202)hopdidl

Further development parallels that for EK@C The fipal form of g is

ﬁxﬁm%f¥i>

(6.2 ~ &)

(,w\{g, M&%) @463 “%DCM
QMMT”AT

where

L) zﬁm@zgﬁ by
A@””/MLL Xé&i@ £ 5;‘*{’5“ aaﬁ} (6.2 = 5)
%
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{ol :
MAZ Xp fapdiy (am Fﬂ% 57065 .,_'séw}

2 /2.
ip FMap ATE L TRAT

Xp(ﬂfv\[b*"/‘”\;\l (L@)L{i Y ca) QU“= (ol (r\’ig(%) R{,mg

To=1 T Sl
< [ 2T Mg\(béﬁ

As in the case of E%( and P¢; we know gi@t") one higher order of

the density than Qg The {12 contribution to A@ is:

6.2 - 6)
,,(7,) XX (2t} ,Qw&) {10} 7]
kDSl [ iRy - G |

()
where >\‘P is obtained from equation (6.2 - 3) by replacing Xp with

~

(ol Y]
”‘x*)? and a, with afw‘. The remaining n” part of g¢ isz:

2 (-bup T L)

DY

_ 'LAJ“Z A ERNE %
oyt

(v (1)
" (AM@JM& 3IQ,AT“} %;.D"“& v 2 §
M T

6.2 = 7)

N —m i\ [ AT M}
" ,%xm(rﬁyﬂ/@}(/“)oz i

Combining the collisional and kiunetic parts of g, we have the

final form:
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G- N 2E - Far Y we ol dyealoil B

]
(6.2 = 8)
FT2B0e) ¢ (wp-m) R
"‘Z“"HZ Xete m( o 2 Q;Wm‘%ﬁw%éﬁ

ey

where

As with 7ﬁ A can be written in a density series:
!

)\: /\"(O)(\+/MB>\+"°°‘> (6.2 - 9)

For a single component system, BA is:

\ —‘—“38 Rus! @(6)
By=B -5T3% IS TTAT ST

i (5] R

Except for an apparent sign error, this result agrees with the work

(21)

(6.2 - 10)

of Hoffmann and Curtiss.
Using the results of the next section, we form the quantltyz;MLVk
to simplify our expression for g. Defining a new duantlty'x which is

not the usual thermal conductivity, by

Ve N- LA AR (@)
o



N .
. Frrg 2 4
.
L - z@ Qﬂyéﬁ

AR

The thermal conductivity

when the energy flux vector q is

This is analogous to equation (7.4 - 30)

represents a genervalization to mixturss of that result, e note that

the thermal conductivity veauires

tion equations and no sdditional inkegral

6.3 Diffusion Velocities

The third quantity necessary for the phenomenological description

of the system ig the diffusion velocity defined by:

(4

(VAR
y@ = “;,,\T“Lf“pg,yx Yy 6.3 - 1)

Using the perturbation expansion, equatiocuns (4.1 = 2} and (4.1 - 10),

the expression for ?u equation (4.3 ~ 1), and the density expansions
for the perturbation coefficients V, is found to he:
(6.3 - 2)

: — {& ((Nr{ﬁ " ef /‘v{t
[V (Da&, T }«g(g fQ ! 8

Ry - >
v BN L= D U ) b O
= Aipmi DC Lo . 1 Ag Vi YA

Lo

where the coefficient of thermal diffusion U, Ls:

T T/ L) )
?é& - Mfﬁmo& (%&A>i<g &ﬁ\a + Oy
6. 3

2
:
w3
e
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The fact that D%ﬁ( ;éﬂé§+ D%é) iz symmetric can be readily shown
{18)

by arguments similar to those of Curtiss. Using equation (5.1 - 2),

va can be written in the form:

Dy - —JL—M;]; f[(Copwer Cpey) 28, Egmiyﬁi{;

(6.3 - 43

( C‘l‘ﬁ\_}}); +C/M (_/_0/;>1 ngd\[aégg&&»%é

which is symmetric under the interchange of ‘gand‘j.

Next we consider the specialization of equation (6.3 - 2) to a
system at constant temperature and pressure in the absence of extermnal
forces. Using the equation of state to eliminate 2§%§5fr0m the expres-

sion for QA: we have:

—Z(-LP.LL:;’* ij;)dp Z§i/?__9& 6.3 - 5)
/A f -

where

jp: (HF MZBMX )?_M+ MKPZBMDM

We can further restrlct ourselves to consideration of a two com-

(6.3 = 6)

ponent system. Straight forward masnipulations show that:

P

Vi=—% (D@L\“ *’”Déﬂ} (HMB&@}%L 6.9 -1

P
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where

) M o)

E%a 122a+17u IZ;
to? Dco) (b 3 - 8)

Bprem 2Vt ({g(\+6zz7 Ha=X) By +

The expression for BD12 can be reduced further. Using the expressions

from sections 5.1 and 5.2 for the D's, we have

0w AR
) ,
D=V N (Z}/‘t?—>({m %B 6.3 - 9)

T Le) e (oY ?
Do AT
énd
~ o) Ar L) (\b)
___‘_'_:_’QE‘ - R 6.3 - 10)
o T (6.3 - 10)
| nwo Vi T

For the special case of rigid spheres, these integrals can be readily

(22)

evaluated, giving
k\)
p\l o Y,_,_-—)
OO 7w lgs , (6.3 11),
= - Vo % 3¢')+ KLT (%*3@3«3:)
11 [_X " \ ’ Q-T»
) 2 W) T . C ‘
W Ve T | (6.3 - 12)

Lol wy ~ =
W (R

and hence

2 3
Bans 45X A (TR-72Ta ~Tn )

~To e () PR (9 WQ;)]

[

(6.3 - 13)
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At this point our results can be compared with the original

Chapman Enskog theory as extended to a dense gas of rigid spheres by

(23) Forming the quantity-ia -'i; from equations (6.3 - 7)

and (6.3 -~ 8), and using equation (6.3 - 13) for B

H. H. Thorne.

D12 for rigid spheres,

we have

.——-:—— - 3
X!‘ Ei; ‘6*4*#“71.(1—9uf;)

LM 6&(

(6.3 - 14)

which is exactly Thorne's result at constant temperature and pressure.
Another special case is thatwf self-diffusion. From equations

(6.3 - 8, 9, and 10) we have

(e) * % pl e
@&:’B_‘,_&___ﬂ*%(%} R & (6.3 - 15)

GTOR AT

which for rigid spheres has the especially simple form

Ry = -[Lt|=- &

R M 12 (6.3 - 16)
This concludes the analytic treatment of the density corrections

to the transport coefficients for mixtures. The next chapter is con-

cerned with evaluating numerically the various integrals developed in

the preceding chapters.



NUMERICAL RES

with previous calculations. Finally, a

)

- . s i ‘2&’ ¥l
/.1 Evaluation of the R °Intecrals

O

The set of integrals, ﬁM

3

given in Appendix A, are of the same
(13)

form and structure as those developed by Hoffman end Curtiss,

in that a detailed knowledsge

gion is required. The set can be divided into two classes, those
which involve >&@§i§ and those do not,

For the pumerical caleculstions, the

the reduced variables of Hoffman and

integrals in the following dimensionless form:

0]

3

3
Foot

ey,

C&W*CQ 9 ARCN A Ao g
JareE Ly 5@%@{) {
(i)

represents the remaining fsctors of the integrand. TFor the

: ok , o i
set that does not contain >&ﬁﬁﬁj that i¢ nuwbers 6 through 22, F b

where F

involves the integration varisbles and the angleg between the vectors
o

agsociated with the collision.

The set that includes

?@Q&@j ny

the others, but is composition dependent throu

>{ﬁ§ﬁj eguation
df

~
B
I
fomed
g
o)
St
oo




y ~QuafAT N ) ey AT
= £y K %EZQKj ( /. — / —} /(7.1 - 2)
Xﬁm . ¥ AVl if}f\fi@" .

The integral is a fu

(T, E&f@ é% é’&g tf«és Ly ;.Vgiéyq/gg 2

and can be written in the form:

3
g
8y
py)
U
OQ
[y
12
¢}
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=}
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]
ju
[
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e
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[
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=
Ies
ey
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simple form:

and is the function curve fit by Hoffman and Curtiss. The calculations
presented here are for single component systems only. To extend the

computations to mixtures, it would be nscesssry to caleulate and then

N ol
% 5

curve fit zs 8 function of T LI and the four additicnal
A1 =4
parameters,

)%
o P s 4,
The numerical resulte (Table I) are expressed in terms of RL :

(&)% @L“e) (i)
ézi (7.1 - 4)
&y . “) : ‘ e
where RRS is the value of R for a single component system of rigid

spheres, in the cases in which this is non=-zero. TFor the cases in

which the rigid sphere value is zero, R__ iz taken to be an appro-

& )‘w (i)

riagte nstant to render R dimensionless. The constanmaRRS are

‘U

iisted in Appeundix A,

(4} - (3)

For a mixture of rigid spheres, R through R*can be expressed in
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TABLE L
R FOR THE LENNARD-JONES POTENTIAL

T 1 2 8 30 100
i 1. 346 2880 4549 3708 . 2606
2 1.486 3151 5046 4164 . 2946
3 L5075 2899 4015 3414 L2412
4 4,070 + 255 1.549 1.260 .8835
3 1.800 4554 .6960 5678 . 3982
6 - ,1594 . 3360 .5163 LAL2T . 3509
7 1,945 . 065 <5734 L3821 . 2639
8 1.645 .028 5638 . 3661 2725
9 <4916 . 1427 005085 -.01156 -.01216
10 .1228 03842 02345 L02099 .01681
11 -1.295 - .6166 =, 1170 .,17”,78‘10“4 . 02604
12 . 3488 <6433 L5882 4521 . 3466
13 - .5633 . 1416 . 4828 . 4606 . 3793
14 - . 3098 .1783 4745 . 4488 . 3688
15 -3.664 -1.537 . 2645 .5958 .5713
16 -1.221 = .3398 3505 L4743 <4134
17 -1.570 = ,9831 -. 1977 02226 . 06677
18 =1.257 - .3035 L3831 L4596 L4010
i9 - .2243 - 01720 1345 1438 . 1222
20 - .8140 = ,1520 2942 . 3318 . 2854
21 1,782 .030 5808 4057 . 2877
22 ~ .05639 - 06212 -. 04525 -. 04070 -.03458
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terms of <>é@“3 -1)/n. These quantitiss are also listed in Appendix A,
and (}&@663m1>/n for g binsry mixture is given by equation (6.3 - 11).
The numerical methods used in this work differ only slightly

13c,24 \ , %
(132,24) For the integration over g' an

from those used previously.
F y
Hermite quadrature of Ng points was used. For the ingegration over
i
5§, a Causs quadrature of Ng& peints was used from 4 to b, and from

(25

c tOCD , a Chebyshev routine of Ngzaterms was used after foldiong

the interval (¢,d) into (0,1) where a, b, and ¢ are the three turning

% &
points in (g’ , § } space. A Chebyshev quadrature of Nr terms was

used for the r integration and one of NPB terms for the complete JD*
integration. The incomplete jo%,integratiom employed a Gauss quadra-
ture of N, points.
e

Calculations in which the set (Ng9N§g’N?29¥P3’Nr’%ﬁa) was
(10,16,16,24,24,12) required about one minute per temperature on a
CDC 3600, giving values with an accuracy of 1% to 5% An accuracy of
.1% or better was obtained by taking the set of values to be
(16,24,24,48,48,20), which required six minutes for each temperature,
These latter results are the values presented in Table I. Four
significant figures are given for each value. The maximum error is

sbout one in the third figure. This program is listed in Appendix C.

7.2 Comparison with Previous Numerical Results

As a check on the numerical results, the traunsport second
virial coefficients for viscosity and thermal conductivity were calcu-
lated for a single component system. The second virial coefficient for
gself diffusion was then evaluated. Using the expressions from Chap-

ter VI, these coefficients can be written in terms of reduced quantities
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I

%
r * % % Gs)
Bi= By %= ‘%i L%B -8B - %5»62 - £R

(zz)% (7.2 = 1)

ks
Ly - s R
%%@ 1 Tz R /ﬂ

P
By - By fr>e EELE - EE T EE

()% (22) ¥ .
" & (7.2 - 2)
@ 1 - = K //77;

3
+ ¥

0= B LAy %w?\li&@& S R0
B&"’; &/Tf‘* 2 Z@ - (2@/)2 (7.2 - 3)

The last term in each expression is the contribution of three body
collisions. The remaining terms represent the effects of collisional

transfer. They are labeled BS in the cases of&? and A , they are

gt
(14a) Each of these

the corrections developed by Snider and Curtiszs.
contributions, along with the total, is tabulated in Table IL. The
total values sre also presented graphically in Figure I.

The values of BW are in good agreement with those of Hoffman
and Curtiss. For the case of thermal conductivity, the collisional
(26)
transfer contributions of the previous work appear to be in error.
After the corrections are made, our results and those of Hoffman and
Curtiss are in satisfactory agreement.

The numerical results for self diffusion show that Bélis negative

for all temperatures, approaching zero in the high termperature limit,..
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TABLE 11

SECOND VIRIAL COEFFICIENTS FOR THE TRANSPORT PRCPERTIES.

T 1 9 8 30 100
£
Bage. -1.315 .6926 . 9000 6822 .5151
Brec 9,387 1.987 1.561 1.191 .9107
Byac ~2.758 - .6029  .0480 .1101 .1062
swR™/)2 % 1.225 . 3510 L7736 7782 .6556
x (
51 RY12 o 1.224 . 3507 . 7720 . 7789 .6599
B%’ -2.540 . 3416 L1264 - .09597 -. 1406
BY 1.162 1.636 . 7876 4128 .2551
B} 3,982 - .9536  -.7240 - .6687 -.5538
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FLGURE I
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log T
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(13c)

As discussed by Hoffmsn and Curtiss, the contributions of bound

pairs are not included. These corrections probably become increasingly

(27)

significant in the lower temperature region. Experimental results

]

[«

for self diffusion are inconcliusive at the present time; for the case

4!

“fusion %& appear to be negative at all temperatures.

7.3 Summary

The purpose of this work is the determinstinn of the first density
corrections to the transport coefficients of gas mixtures. This is
accomplizhed by developing and then solving a modified Boltzmann equar
tion which in@lﬁdes the effects of both collisional transfer and three
body collisions.

In Chapter 11 the classical BBGKY hierarchy for mixtures is devel-
oped from the N particle Liouville equation. The application of the
principle of molecular chaos to the lowest order equation of the
hierarchy truncates the hierarchy and yields a closed equation for
the single particle distribution function.

The macroscopic equations of change for mixtures are derived in
Chapter IIT. This leads to expressions for the fluxes in terms of
the first and second order distribution functions. 1In the manner of
Chapter II, the principle of molecular chaos is used to write the
fluxes as functionals of the lowest order distribution function only.

In Chapter IV the lowest order distribution function is expanded
about the equilibrium function, retaining only terms linear in the
gradients. An inhomogeneous linear integral equatiocn is then developed
for the perturbation function. The inhomogeniety is written in the
usual form except for additional terms proportional to the gradients

of the mole fraction. The perturbation is written as a linear -
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combination of the same gradients and the infegral equation is separa-

i}

ted into five separate perturbstion equations. Each of the five

[

jory

eguations is shown to independently satisfy the orthogonality condi-
tions and thus be zolvable.

The five equationg are sclved in Chapter V by the usual techni-
que of expanding the perturbation functions in terms of Sonnine

polynomisls and using g varilational inciple., The expansion coef-

ficients are then expanded in powers of the density to give sets of
density independent equatiocns.

In Chapter VI the fluxes and thence the transport coefficients
are written in terms of the density expansion coefficients of the
previous chapter. The transport second virial coefficients are -
written explicitly for a single component system.

For Chapter VII a computer program was written to calculate the
integrals developed in the previous chapters. The Lennard-Jones
pomgntial was used, but the contributions of bound states have not
been considered. The vslues of the transport second virial coeffi-
cients are given for five reduced temperatures for a single component
gystem. For thermsl conductivity an error in previous work is corrected
and new values are presented.

The diffusion second virial coefficient is considered in detail.
Explicit expressions for binary and self diffusion are given for the
regstricted case of vigid spheres and for the general case. Numerical

values are presented for the case of sgelf diffusion.
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Appendix A
This appendix is a tabulation of the fﬁ integrals developed in

this work. Expressed as iontegrals over a relative position=-velocity

gspace, they are:
12

R4 [0l & (1) dedd

-

Lr

Al L (.Y o7 (st Ardy
&,Mgi%}lf (31:%)

* s s thdedd
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R(“)z J\ij‘l%jﬂzﬁg <r‘§.)(r‘§)“‘?(i”,‘éi)}c9fcii
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Km)fj ; fﬁm)[féf (3 (e 8y =95 2")] drdy

Integrals 1 through 5 may be evaluated for mixtures of rigid

spheres:

()

Rip= “I [Yipuol? 1]

o

(RLZ) QL“’-M(TIZC y,(p{u)(U“) “\j |
() =gt
KW R&p: - ‘z:‘_r_r;n@ E}/k/m}(ﬂ ""]
@Lf’, :3TZT$(;>/ (Q—).-Fj
= 3746)

For a binary systemjcxg5(036T3~—V]/qu is given by equation (6.3-11).".
For a single component system, the integrals have the following

values for rigid spheres:

ng\):: 55 <Y‘S
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K(O: _ (Q,\T,S'/ZLT*Q—“’*E
K(?) - %TFZ/QL,T Q“’J’ﬂ

,fo‘o’ . LT o1
3

K@n: K(,uo\: Kc\ﬂ - o

(45) ) |
R R R < Ry T
KLIG)” _ 'Z_.,TTS/L“ LTI 3

Rm) _ Q(zO)‘ = 5
R FafzJ):= qZTT’YLKLj~ G“L{

R(z"z\ -6

For those which are zero, the following values were used:

(q) (16) 572 ) 4
Kea= Res = = & hT T

K\O Q\ﬂﬂ (7_0\, RL‘z‘L\ o QTT—577'/Q,TU”3
Rs =

to render R dimensionless.
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Appendix B

We list here the various quantities encountered in Chapter V:

K= ) Redplpasscel g

2T % pn Md\p
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K“’\\ - . /ma
2 S X kT U Xk e Ty [ 3Ba %2
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APPENDIX C
CDC 3600 COMPUTER PROGRAM

PROGRAM TPMDMCGM
DIMENSION GINT{(25)s XIINT(25)s XIINT1(25)s XIINT2(25}s RINT(25),
IF{25)sAdPTL100)sHWT{100) s PTGAUS(I100) sWTGAUSI1C0)sPTCHZ2X(100) sPTCHE
280100) sPTCHEBRIIV0)sPTGAUSZ2(100) swWTGAUS2(100) sGINC(22} sGINF(Z25])
3CCNI(25)+BSUB( 15}
EXTERNAL RF
COMMON T

1001 FCRMAT (6F12.81)

1002 FORMAT (6140

1003 FORMAT (4H1T =sFB8e3s3Xs3HB =3F13e893Xs4HB]1 =sF120793Xs4HB2 =9F12e7
1s3X s THOMGLL =9F12e7s3Xs THOMG22 =5F12.7)

1004 FORMATI(6HOGNOT=31443XsTHXIGAUS=91443X e THXICHERB=314493Xs
18HQHOCHLB—91493X96HRCHEB-9I49jX98HRHOGAUS-’IQ)

1005 FORMAT (/s(5(1Xs12.518.1092X))})

1049 FORMAT{IHOI1292XsOHGNOT=3sF16s1092Xs5HALMT=2F14.10) )

1050 FORMAT(IHO 122X s5HGNOT=sF 16010s2X sbHALMT=9F14e1002Xs5HB8LMT=eF14,
110, 2Xs5HCLMT=9F1401052Xs6HBSTAR=3F14e10Q)

3001 FORMAT (/,12HO(B ETA)SC =,c18610/12H0(b ETA)Y =9sE18.20/12H0(B ETA

1) =5E18.10//12H0(B D)SC =s£18.10/12H0(B DY =9218610/12H0O(B
2 Dy =5E18.10//12H0(B L)SC =3E£18.10/12H0(B L)Y =s£18010712
3HC(B L) =4£184.10)

PI = 3.,1415926536

SQpl = SQRTF(PI)

EPS = 1.E-8

EPSL=1.E-9
USE NEGATIVE TEMPERATURE TO STOP PROGRAM
50 READ 1001 sT+BSTsBSTPsBSTPPSOMG11s0MG22

IF(TelLTeOe) 51552
51 SToP-
NHERM = NUMBER OF HERMITE POINTS IN GNOT INTEGRATION
NGAUS = NUMBER OF POINTS BETWEEN A AND B IN XI INTEGRATION
NXI=NUMBER OF POINTS BETWEEN CLIMIT AND INFINITY IN XI INTEGRATION
NCHE® = NEMBER OF POINTS BETWEEN XI AND INFINITY IN R=C INTEGRATION

NCHEBR = NUMBER OF POINTS IN R INTEGRATION
NGAUSZ2=NUMBER OF POINTS BETWEEN R({I-1) AND R(I) IN RHO INTEGRATION
52 READ 1002s NHERMs NGAUSs NXI » NCHEBsNCHEBRs NGAUS2
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82

83

B84

ON

PRINT 1003, T+BSTsBSTPsuSTPPsOMGL1,0OMG22

PRINT 100&s NHzRiMs NGAUSs NXI s NCHebsNCHoBRs NGAUSZ
L = 0

CALL QUAD (3HINFs 3HINFs RFs 2 ®NHERMs HPTs HWTs L)
DO 81 I=1sNHERM

HPT(I) = HPTINHERM+I)
HaT(IY = HWT INHERM+T)
CONTINUE

L =20

CALL QUAD (=les +les RFs NOAUSS PTGAUSs WTGAUSs L)

L =0 .

CALL QUAD (=1les +les RFs NGAUS2s PTGAUS2s WTGAUSZs L)
FNCHEB = 4*NCHCB

FNCHESR = &4*NCHEBR
FNXIT = 4%NXI
1

DO 82 1=1,NCHES

FI = 1

PTCHEB(I1) = COSFIPI*(2e#*FI-1s)/FNCHEB)
CONT INUE

DO 83 I = 1sNCHESR

FI = 1

PTCHEBR(I) = COSFIPI*(2e#FI-1.)/FNCHEBR)
CONT INUE

DO B4 I = 1sNXI

FI = 1

PTCHESX(1) = COSF(PIX(2e%FI-14)/FNXI)
CONTINUE

TSQ = T*T

"SQT = SQRTF(T)

o

1)-CONSTANTS TO NORMALIZE INTEGRALS TO 0 OR 1 FOR RIGID SPHERES

CONI(L1) = 12/ (5e*PI*TSQ¥*T)

CON(2) = CONCLI/T

CON(3) = CON{(4) = ~Z2.%¥CON(1)

CON(5} = 48e¢/(65e%#PI*TSU*T)

CON(L11) = CON(19) = CON(22) = ~le/(SWUPI*TSG*T®#SUT)

CON(T7) = CON(21) = 1e/(TSG*T)

8
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&)

CON{8) 1 5%CONLT)

it U

CON(S) CON(10) = —~1/(SQPI*TSQ*T)
CONLLIZ2) = =2/(SUPI*TSQ*5UT)
CON{14) = CON(15)Y = 2%CON(19)
CON{13) = CON(1l4}/3
CON(HEY = 24%CON(13)
CONT16) = CONI(17) = =2/ (SUPI*TSW*SQT)
CON(18) = 4.%CON{19) '
CON120) = CONL19M/T
DO 101 I=1s22
GINTI{I) = Qo
101 CONTINUZ

G INTEGRATION HERMITE
DO 499 J=1,NHERM
GNOT = HPTI{J)*SQRTF(T)

IF(HPT(J)eGTebe)G0 TO 500
GSQ = ONOTHGNOT
DETERMINE A
NG = NGAUS $ JUMP = 2
TERM = Oe5%{1e+SWURTF(1e+GSQ))
ALIMIT = 1le/CUBERTF(SQRTF(TERM))
BLIMIT = CLIMIT = 2.%ALIMIT
DETERMINE C
IF (G5QeGT«0e8) 115, 104
115 PRINT 1049sJsGNOTsALIMIT
GO TO 120
104 TERM = 002‘001*5@RTF(40‘50*65Q)
CLIMIT = 1e/CUBERTF(TERM)
BSTAR = CLIMITH*(le—be*TERM*¥(TERM=10)/G5G)
DUMMY=SQRTF (BSTAR)
CLIMIT = SQRTF(CLIMIT)
ERMINE B ,
ZINC = 0Ll $ Z = 115 % SAVE = 1le
71 Y = le/(Z2%7)
T YRYRY
T GSQO*(1e~BSTAR*Y) ~4 e *TERM* (TERM=14 )

m o
A
=

Won

€3
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110

120

121

IF(ZINCeCToEPSL)TO,73
IF{(ABSF(TERM) ) e GTLEPS
IF({ TERM.GTo06e) T4s72
I:{Sav:obToOe) 76875

Z = Z+ZINC
SAVE = TERM

GO TO 71

2 = Z+ZINC
ZINC = o 1%ZINC
Z = I-2Z1INC

GO TO 69
IF(SAVEeGTeO0e) 7877
2 = Z-2ZINC

GO TO 69

L = Z~-ZINC
ZINC = o1%#ZINC
Z = Z+ZINC

GO TO 69
BLIMIT = Z

PRINT 1050sJsGNOT AL IMI
NSUM = NG + NXI
DO 121 I=1s22
XIINT(I) = XIINTL(I) =
CONTINUE

X1 INTEGRATION
DO 369 L=1sNSUM
GO TO (1245122) s JUMP
X1 = ALIMIT + (PTGAUSI(L
GO TO 126
K = L - NG
X1 = CLIMIT/PTCHEBXI(K)
X154 = XI*XI
TEMP = le/XISQ¥%3
FX] = 4 3t TEMP % (TEMP
XIFP = 264e % TEMP % (1o
XITERM = XISW * (6sSQ -

)70,110

Te3LIMITCLIMIT » DUMMY

XIINTZ2(1) = Qe

GAUSS AND CHEBYSHEV

}o+ led * (BLIMIT-ALIMIT)*065

- Lle)
-2+ ¥TEMP )
FXID)

78




SQxI
Tl
C RrHC 1IN
DU 1
RHO
ROsG
TEMP
FRHO
ROTE
DCoM
ToMmP
ALpH
Dw =
140 CONT
TEMP
ALPH
CHI
Cw =
SAVE
DO 1
RINT
CONT
INTE
Do 2
R =
R&Q
TEMP
FR =
RTER
SQR
FPR
ATER
RHO IN
00 2
RHD

ROsG

p
A O

(&)

= SQRTF{XITERM)
= DW = ALPHA = WXI = 0. .
TEGRATION FROM XI TO INFINITY
40 MRC=1sNCHEB
= XI/PTCHEB (MRO)

= RHO*RHO

= 1e/ROSQ*%*3

= 4o ¥ TEMP 3% (TEMP - 1)
RM = ROSQ-* (GSQ - FRHO)

= SQRTF(ROTERM - XITZRM)

= SQRTF(1e=PTCHEB(MRO)*PTCHEB (MRQ) )
A = ALPHA + RHO®TEMP/DCOM

Dw + (RHO¥ONOT/DCOM=1+)*ROSUHTEMP
INUE
= Z2*¥NCHEB

A = PI#SQXI*ALPHA/(XI*TEMP)
= Pl = 2e%ALPHA
DWH¥PI/(TEMP*XI) ~ XI

= XI

50 1 = 1522

{I} = 0o

INUE

GRATION CHEBYSHEV
99 M = 1sNCHEBR
XI/PTCHEBR (M)

= R #* R

loe/RSQ*%3

4e * TEMP * (TEMP-1,)

M = RSQ*({GSQ-FR)

SQRTF{RTERM)}

24e ¥TEMP*¥(la—~2e%TEMP) /R

M = WXITERM = 0.

TEGRATIONs R LIMITS GAUSS

20 MRO = 1s NGAUS2

= SAVE + (PTGAUSZ(MRO)I+1e)%#0e5%¥(R~-SAVE)
= RHO%*RHO

0o

CHEBYSHEV




~

TEMP = 1./R0OSQ#*%3
FRHQ = 44e * TEMP #* (TEMP - 1lo)
ROTERM = ROSQ * (G6SQ -~ FRHO)
DCoM = SQRTFIRCTERM - XITERM)
ATZRM = ATERM + WTGAUSZ(MRO)/ {(RHO*DCOM)
WXITERM = WXITERM + RHO*¥WTGAUSZ (MRO)/DCOM
220 CTONTINUE -
ATERM = SQXI¥0«5%(R-SAVE)*ATERM
WXITERM = o5%0NOTH* (R-SAVE)I#WXITERM
ALpHA = ALPHA - ATERM
WXTI = WXI + WXITERM
CCoM = SQRTFIRTERM - XITERM)

SINTH = SQXI/SQR
COsTH = DCOM/SQR
YACOB = R % GNOT * (XITERM = Qe5%#XISQ*¥XIFP)/(XI*#SUR*SUXI*DCOM)
INCOMING DEFINITIONS ‘
225 GORI = —-COSF{ALPHA}

BRI = SINF(ALPHA)
RPGGI = DW - WXI
GOgl = ~GORI * COSTH + BRI #* SINTH
8G] = —-GORI*SINTH ~ BRI*COSTH
RRPI = RPGOI*GORI + SQXI#*BRI/GNOT
GRPI = RPGOI*GOGI + SQXI*EGI/GNOT

OUTGOING DEFINITIONS

230 GOR = COSF(ALPHA + CHI)

BR = SINF(ALPHA + CHI)

RPGC DW + WXI

GOG = GOR¥COSTH + BR*SINTH
BG = —GOR#¥SINTH + BR*COSTH
RRpP = RPGO#*GOR + SQXI*BR/GNOT
GRP = RPGO*GOG + SQXI*#B8G/GNOT

235 TCON = GSQ/T - le5
GCT = GNOT/T
GTCON = le — TCON
FCON = RADF(R)*FPR*GNOT
F(1) = FCON#(GORI+GOR)

98




F{2) FCON*SQR/R*GNOT*(GORI%GOGI+GOR*GOG).

F(3) = F{1)*GTCON
F{4) = FCON¥ ZQ*LOSTH*(GSJ FR)/T*(GOGI GOG) + F(3)
FI5) = FL4)%GTCON
Fle) = GSQ*¥R  ®FPR#({GORI*GORI + GOR*GOR)
F{7) = GNOTH*R*FPR*(DW+DW) _
F{8) = GNOT*R*FPR#{GORI*RRPI + GOR%*RRP - (033333333333%(0w+Dw))
F{Q9) = FPR¥*¥SQR¥COSTH*(RRP - RRPI) —~ FR®({SGQWR/RI*¥(GRPI+GRP)
{13) = ~-F(9) % TCON
F{11) = ONOTHFPR¥*SQR*COSTH*{GOR-GORI) — FR#*¥GNOT*SQR/R*{GCGI+0G0G6)
F{12) = FPR*¥TCON¥(RRPI + RRP)
{13) = (GSQ-FRI*F(12) ‘ v
F(1l4) = FPR * (G5Q-FR) * TCON * COSTH * (GRP-GRPI)
{15) = GNOTH*FPR¥(SQR/R )*(GORI*GRPI + GOR®*GRP+RRPI*GOGI+RRP*G0OG)
F{16) = FPR *¥ (RRPI + RRP)
Fi17)y = F(16) % OGTCON
F{18) = FPR #{(OSU—-FRI*#COSTH*{(GRP-GRPI
FL19) = F{18)*GNOT*R/SQR
F(2C8) = F({19) % (GSQ-FR)
F{21) = GNOT*{(R*FPR*(RRPI*GORI+RRPH*#GQOR)-FR*(DW+DwW))
{22) =-GTCON%F{11)
TEMP = 2*¥NCHEBR . -
FFACT = RTERM®SINTH*YACOB¥RSQ*SQRTF(1e~PTCHEBRIM)*¥PTCHEBR(M) I ¥PI /|
IXI#TEMP)
DO 270 I=1s.22
RINT(I) = RINT(I) + FFACTH*F(I)
CONT INVE
SAVE = R
CONTINUE

GC TO (308s 304)s JUMP

DO 306 I=1.22

XIINTLI(I)= XIINTL(I) + WTGAUSIL)*RINTI(I)
CONTINUE

IF {(LeEQeNG) JUMP = 1

GO TO 399

TERM = PI*SGRTF(Lle—PTCHLBX(K)*¥PTCHEBX(K))

L8




20 210

I = 1,22

XIINTZ2¢(I) = XIINT2(I) + RINT(I)*XISUWXTERM
310 CONTINUE
399 CONTINUE ‘

EGD = eXPF(=GSG/T)

TEMP = 2%NXI

D0 402 I=1+22

XIINTUI) = XIINTLOIN®(BLIMIT-ALIMITI®*0e5 + XIINTZ2(I)/{CLIMIT*TEMP)

GINC(I) = XIINTU{I)*SQT*CON(I) :

GINFUIY) = GINC(I)*EGO

GINT(I) = GINT(I) + GINF(I)¥HWT(J)
402 CONTINUE

PRINT 1C05s((I1eGINC(I))»I=1s22)

PRINT 10055 ((IsGINF(I))sl=1522)
459 CONTINUE
500 PRINT 1003sT+BSTsBSTP+BSTPPSCMGLL0OMG22

PRINT 10055 (({IsGINT(IN)sI=1522) :

BSUB(L) = (26%P1/36)%(e5%*B35T-2e%BS5TP/3e~2e%B85TPP/15:=e6%*GINT(15)

1+« S%GINT(61])

BSUB(2) = 3SUBI(8B) = S5*¥PI*¥GINT(2)/(12%0MG22)

BSUB(3) = BSUB(1) - BSUB(Z2)

BSUBI4) = 2%PI#(BST - GINT(16))/3,

BSUB(B)= B5e¥PI*GINT(1)/(12.%0MG11)

S5uB(é) = BSUB{4) - BSUBI(D)

BSUBI(T) = (2%¥PI/36)¥(BST—el2¥*¥BSTPP—e4¥OINT(1D0)+e6%GINT(6))

g8sus(9) = BSUB(T) - Bs5UB(8)

PRINT 3001s(BSUB(I)sI=199)

¢0 70 50

END :

FUNCTION RADF(R)

COMMON T
o0 FORMAT (26H RADF NOT DEFINED FOR T = sF1l4.8)

IF(TQEO'l.)ll,ZO
1 IF(ReGTe2.0)G0 TO 12

RADF = 11e657-R¥(17603-R*(8.1347-1-0122%R))

RETURN
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IF {(ReGTe2s6) GO TO 14

RADF = —129e75+4R* {164 —R¥(6T7e872-5e2667%R))
RETURN

RADF =190 64¥EXPF (=24 1594%R)

RETURN

IF(’ToEQoZoO)ZlQBO

IF{ReGT 6260100 TC 22 ’

RADF = 561084~R*(765927~R*¥(2e9521-622929%R))

RETURN o

RT=1e/(R~-1e8)
RADF={(11e864+RT*(862291~RT*¥(662996~e7972%RT))IFEXPFI-1e9241%R)
RETURN

IF({TeEQeB8e)31s40

IF (RelGTelse8) GO TO 32

RETURN

IF{ReGTe2s0) GO TO 34
RADF==-e59320+.26120%R

RTTURN

RADF = —248a43%EXPF(~4.0816%R)
‘RETURN

IF(TeEQe30e) 41550

IF (ReGTeleb6) GO TO 42

RADF = 265863-R*¥(2s4615-R#¥(14083+.23685%R})
RETURN

IF {(ReGTs1le8) GO TO 44
RADF=e64644~R3%({ e 93865-632867%R)

RETURN

RADF = =Te5857#*EXPF(-2.0859%R)

RETJIRN

IF{TeEQs1C0e)51960

IF (ReGTeleB) GO TO 52

RADF = 260038+R#(=169013+R*(~e019016+26942%R})
RZTURN

IF(ReGTe1e8) GO TO 54 .

RADF= 1leUB899+R#(=1,2932+e37987%R)

68




60

RETURN
RADF==16e5087*EXPF (=2 977 7%R)
RETURN

PRINT 1007

SToP

END

FUNCTION RF(R)

RF = 1.

END

~2e5380814 4.4282616
24 24 48 48 <20

e 52762535 166297207
24 24 48 48 20

« 41343396 02524801
24 24 48 48 20

252652546 ~e 0174929
24 24 48 48 20

04640695
24 24 48 48 20

-e 0725244

=11.535385

-3.7%9572

~0+639879

-« 072012

2« 056441

26232

«5170

1,175

8538

» 7005

5882

06
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pars are contained in: L. Boltzmann, Lectures

ty of California Press, Berkeley, 1964).

&

1; quoted in 5. Chapmsn and T. G.

Cowling, The Mathematical Theory of Nou-Uniform Gases (Cambridge

]

University Press, London, 1261), pp. 173=7.
S. Chapman, Phil. Trang. Roy. Soc. A 216, 279 (1916); see also

reference 2.

D. Enskog,

o0

D. Enskeg, Svensk. Akad. Handl. 63, No. 4 (1922).

J. 0. Hirschfelder, ©. ¥, Curtiss and R. B. Bird, Molecular Theory

of Ga:

and Liguids. (John Wiley and Sons, Inc., New York, 1954),
\

£

sections 7.3 and 7.4,
C. F. Curtiss and J. O. Hirschfelder, J. Chem. Phys. 17, 550 (1949).
N. N. Bogolivkov, J. Phys. (USSR) 10, 256 (1946); Problemy

Digamicheskol Teorii v Statistichestoil Fizike (Technical Press,

Moskow, 1946).

M. Born and H. S. Green, A General Theory of Liquids (Cahbridge

University Press, New York, 1949).
J. ¢, Kirkwood, J. Chem. Phys. 14, 180 (1946).

J. Yvon, Actualities Scientifigues et Industrielles (Hermann et

L]

L
?

Cie, Paris, 1933).

G. E. Uhlenbeck, The Boltzmann Equation, University of Michigan

Publication, Navy Theorstical Physics (1957); S. T. Choh, disserta-

tion, University of Michigan, 1938; M. §. Green, J. Chem. Phys. 25,

236 (1956); M. 8. Green, Physica 24, 393 (1958). Rigid Spheres:




15,

16.

92
S. A. Rice, J. G. Kirkwood, J. Ross and R. W. Zwanzig, J. Chem.
Phys. 31, 575 (1959); S. A. Rice, J. Chem. Phys. 31, 584 (1959);
J. T. 0'Toole and J. §. Dahler, J. Chem. Phys. 32, 1487 (1960);

J. §. Dabkler, J. Chem. Phys. 30, 1447 {(1959); P. M. Livingston and

s 4, 816 (1961). WNonspherical Molecules:

C. ¥, Curtiss, J. Chem. Phys., 24, 225 (1956); C. ¥. Curtiss and

C. Muckenfuss, J. Chem. Phys. 26, 1619 (1957): C. Muckenfuss and
C. F. CGurtiss, J. Chem, Phys. 29, 1237 (1958); P. M. Livingston

and C. F. Curtiss, J. Chem. Phys. 31, 1643 (1959); C. F. Curtiss
and J. §. Dghler, J. Chem. Phys. 38, 2352 (1%63).

{a). D. K. Hoffman and C. F. Curtiss, Phys. Fluids 7, 1887 (1964);
{(b). 8, 667 (1i9653); (c). 8, 850 (1965).

{a). R. F. Snider and C. F. Curtiss, Phys. Fluids 1, 122 (1958);
3, 903 (1960}); (b). H. B. Hollinger and C. F. Curtiss, J. Chem.
Phys. 33, 1386 (1960).

Reference 6, p, 449; reference 13a.

Reference 6, section 9.4,

J. H. Irving and J. G. Kirkwood, J. Chem. Phys. 18, 817 (1950).

C. ¥. Curtissg, Symmetric Gaseous Diffusion Coefficients, University

of Wisconsin Theoretical Chemistry Institute publication No. 29%4
(1968).

Reference 6, p. 475.

Reference 6, section 7.3e.

The lsst term in eqguation (6.2 ~ 10) results from the inclusion of
three body collision effects. This term is identical with that
obtained by Hoffiman and Curtiss. The remaining terms in this

equation represeunting collisional transfer effects are identical




22.

26,

27.
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with those obtained by Snider and Curti5%e<lga) The full expres-
sion used by Hoffman and Curtiss for computational purpose is based
upon simplificationsg of the expressions as developed by Snider and
McCourt (Phys. Fluide 6, 1020, 1963). Apparently a typographical
error wag introduced in the expression which they give for their
quantity ?x(equation 30) in that an overall minus sign is omitted.
Reference 6, sections 3.4, 3.5, and 8.2a; H. L. Firsch, Advances

in Chemical Physics (Interscience, London, 1964), Vol. VI, pp. 268-

270,

Referpnce 2, section 16.9, p. 292ff,

Curtiss, McElroy and Hoffwan, Int. J. Engog.Sci. 3, 269 (19653).
F. J. Smith and R. J. Munn, J. Chem. Phys. 41, 3560 (1964);

Abramowitz and Stegun, Handbook of Mathematical Functions (National

Bureau of Standards, Applied Mathematics Series 5353), section 25.4.38.
The sign error pointed out in footnote 21 leads to an error in the
numerical results of Hoffman and Curtiss. Their results may be

corrected by adding:

-4 ?T*’bﬁg + T%l 6
13| Z. PV 3 T ¥
to the tabulated values of ?A, After this correction is applied
their results and the present caleculations are in satisfactory
agreement.
T. §. Lee, G. F. Ruether, R. C. Ro@ins@n and W. E. Stewart,

Diffusion and Principles of Corresponding States, American Petro-

leum Institute, Refining Division, Houston, May 1966,






