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SUMMARY

This report presents a development of a Green's function approach
to the analysis of linear, undamped vibration of thin spherical shell
segments. The segment may be of arbitrary contour, simply or multiply
connected and may have mixed arbitrary boundary conditions specified
along the bounding contour. As a demonstration, the developed method
is gpplied to the shallow shell symmetric vibration problem and results
are compared with a published solution. '

INTRODUCTION

Thin spherical shells and spherical shell segments frequently find
application in space vehicle structures. As such vehicles are likely %o
experlence dynamic excitation from any of several sources, a knowledge of
the vibrational behavior and response to excitation of spherical shells is
essential to rational design and to trouble shooting analysis.

Other investigations have dealt with symmetric spherical segments and
with symmetric boundary conditions. Both ani-symmetric and unsymmetric
vibration modes have been treated. Excepting for finite element techniques,
insufficient attention has been directed to the spherical shell segment of
general contour and with arbitrary boundary conditions.

In what follows, an approximate method is developed for obtaining
frequencies and mode shapes of thin spherical shell segments. The class
of problems considered is limited by the following assumptions:
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l. The vibrétion is undamped.

2, The vibration is of small amplitude and hence a linear elastic
law holds for the spherical shell.

3. The shell is thin, permitting use of the simplified elastic law .
in which the thickness-to-radius ratio is ignored when compared
with unity. i

It should be noted, however, that although subject to the above
limitations, the developed approach has application to spherical shell
segments with arbitrary boundary conditions and of arbitrary shape,
including multiply connected shapes (within a spherical surface).

GREEN'S FUNCTION FORMULATION

The vibration problem to be considered is first replaced by an equiva-
lent static problem. A static load proportional to displacement is substitu-
ted for the inertial loading of the vibrating shell, Additionally, the arti-
fice of an elastic foundation is introduced such that the foundation reaction
is proportional to displacement but in opposite sense. Thus, if the applied
load is proportional to displacement, then also the net load on the shell
(applied load together with foundation reaction) adheres to this proportion-
ality. This manner of reacting applied loads permits a simplifying symmetry
for the required fundamental problems and yet does not disturb the propor-
tionality of load to displacement which is necessary to simulate the vibra-
tion problem.

The relationship between the posed vibration problem and the equiva-
lent static problem may be expressed symbolically:¥*
(a) For the vibration problem

—

2 =
a=pw u
where,

n

inertial shell force per unit surface area

~
q
p = shell mass per unit surface area
w = natural angular frequency

u = displacement vector of the middle surface

(b) For the shell on the elastic foundation

q—xu-ku—(x-k)u
where

*
Symbols are listed in Appendix I.
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net load on shell (per unit surface area)

proportionality factor between applied load and displacement

w >~ al
0

foundation modulus

Consequently, if (%-- k) is made equal to u w2, the static problem

is equivalent to the vibration problem.

The equivalent static problem is next formulated in terms of influence
functions, that is, response functions to unit stimuli applied to the com-
plete sphere on the elastic foundation. In brief, if the displacement and
stress fields are known for a unit load (and a unit couple) applied to a
peint on the complete spherical shell then through superposition, the re-
quired relationships may be written satisfying boundary conditions (speci--
fied along the bounding contour) as well as the condition that applied
load must be proportional to displacement. In addition to the distributed
surface load over the spherical segment of interest, a line load system is
applied along the bounding contour to assist in meeting the specified bound-
ary conditions.

At this point, it is convenient to define four “"vector" quantities
(that is, four sets of associated components). If we introduce a global
reference coordinate system, surface points may be located by the polar
coordinates ¢ and 6, the usual latitudinal and meridinal angles (g measured
from the pole).

Let two three-dimensional vectors, 9 and uy be defined such that:

ql, %> q_3 are physical components of the applied surface force
(per unit surface area) in three orthogonal directions:
respectively -~ normal to the surface, tangential to the
meridian circle (the increasing ¢ direction), and tangen-
tial to the latitude circle (the increasing @ direction).

ul, u2, u3 are the displacement components in the normal and two
tangential directions, respectively.
N *
Consider next two four-dimensional "vectors", RJ and LJ associated

with the spherical segment boundary. The vector RJ represents the four

boundary condition "residuals", that is, quantities that must vanish to
meet the prescribed boundary conditions. As an example, if a free boundary

*
Upper case subscripts refer to four-dimensional quantities, lower case
Iatin indices are used for three-dimensional quantities and Greek indices
are reserved for the two-dimensional surface tensors to be introduced
later.
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is specified, the edge resultants (per unit length) must vanish at the
boundary. Referring to the sketch and the introduced symbols below,
the static equivalent edge force system consists of the gquantities

Vs Sps N and M.

Stress Resultants Stress Couple Resultants

Nn and.'Nnt are membrane stress resultants

Qn is normal shear resultant

Mnt is the twisting moment

oM
nt X . .
Vh = (én + as.>’ a static equivalent normal edge reaction
nt . . . s
Snt = Nnt - a.;% a static equivalent tangential edge reaction

a = radius of sphere.
For the free edge boundary condition, we let Rl, RE’ R3, R!+ be Vh,

S Nn and Mn’ respectively. Then, R. = O, establishes the free edge condi-

nt’ J
tion, Other possible components for the "residual vector", RJ, include
N ~
W, uh, u; and %g, which are components of displacement and the normal deriv-

ative of W. These latter quantities would be involved if boundary conditions

concern displacements.



The "vector, Ly, has as camponents line loads applied to the com-

plete shell along the segment boundary contour, curve "C".

Contour "C"

- Referring to the above sketch, let LJ be:

' Ll, Ié, L3 s the physical components of force (per unit contour
LY length), respectively: normal to the surface, tan-

gential to curve C and in the direction of the unit
surface vector n.

Lh is the force-couple (per unit length) with axis tangen-
tial to curve C.

Let p, and T be "base" load vectors with components defined similar-

ly to wvectors qi and IM’ respectively, except that p; and FM are for con-
centrated loads and have camponents of unit magnitude.

Next we define the influence matrix functions:

Aij(g,e,Es',é’) as the displacement u, (at point 4,8) due 'to—a~
load vector component, pj, applied at point #,0.
BK,j(s ,3,0) as the residual component, Ry, (at point s on C)
due to the load component, pj, applied at point 3,8.
CKM(s ,t) as the residual component, R, (at point s on C)
) . due to a load camponent, FM’ applied at point t
on contour C.
: DiM( 3,0,t) as the displacez\nent component, ui(a.t point &,9) due
- to a load component, FM’ at point t on contour C.



Then for any applied surface load vector of components 9> acting

over the surface element dg, the contribution to residual, RK, is:

3
dRK =2 qjdc BKj

J=1
or employing the summation convention (for repeated indices):
=B . do
R K5 %

Similarly, for the line load system of components LM acting over

arc length ds of the contour C, the contribution to residual, RK, is:

dRK = CKM LM ds
The requirement that all residuals vanish along contour C then leads

to the integral equation:
“Bzchjd‘”ﬁ;cmluds"o, (2)
S c

In a similar fashion contributions to displacements, u,, from the

applied surface loads a4 and line load system LM lead to the relation;

" ship:

IT Aij 4 do + § Dy Ly 45 = v, (2)
s C

Next consider the vector function LM (t) along contour C to be
eliminated between equations (1) and (2) (employing appropriate inverse
operatorgl The resulting equation could be symbolized by:

Jj Gij q do = u, (3)

AN
S AN

Finally, the requirement that the surface load vector field be pro-
portional to the displacement vector field, which proportionality may be

expressed as,
1
453N
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leads to the eigenvalue problem:

[Joy; v =2 ()

Given the matrix function, Gy (¢, 6, 4, 8), the "Green's Function"

of the problem, it is possible by numerical methods to obtain eigenvalues
and eigenfunctions for the equation (4). These, in turn, provide fre-

quencies and mode shapes for the original vibration problem.

FUNDAMENTAL PROBLEMS
The Green's Function, Gij’ (of the eigenvalue problem, equation 4)

may be obtained from the influence functions, A, .

13 B C.,, and DiM as

K3’ "KM

introduced and defined in the foregoing discussion? The influence func-
tions, in turn, are seen to be response functions (étress resultants or
displacements) to unit load stimuli. The stimuli include: the unit
normal load, unit tangential load and the unit force-couple with tangen-
tial axis. We then define three fundamental problems associated with
each of the three stimuli:

Fundamental Problem I consists of a complete spherical shell on an

elastic foundation subjected to a unit normal load.
Fundamental Problem II is similar to Problem I except that the unit

load is tangential to the spherical surface.

Fundemental Problem III is again the same except that the shell is

subJjected to a unit force couple,

The solutions of each of the three fundamental problems is developed

in the discussion that follows: ~

*
The mechanics of obtaining the Green's Function from the influence functions

is treated in discussion to follow.

-T=



Unit Normal Load Problem

Consistent with the symbols and conventions employed by Timoshenko
in "Theory of Plates and Shells'", the stress resultants and positive
directions for displacements are taken as shown in the following sketches:

Stress Resultants
and Ioads



Equilibrium of an element of the spherical shell leads to:

Q ' _
(rN¢) +‘aNe¢-aNecos¢-rQ¢— ra Y
‘ \° ' 3 —
(rN¢e) +aNe+aNe¢cos¢-aQesm¢-— ra X (5 ae)
1 ° .
: + + = o
alN sing+rN +agq (rQ,¢) ra Z

]

od
° t
(rM¢e) -*-a.Me+a.Me¢cos;zs=3:'a.c,),e

-]
(rM¢) +aM -aMecos¢=raQ¢

( )O.E-E-’J—-) and )'ziaie—') r=asin ¢

3 g

From strain:displacement relationships and Hooke's Law, the thin
spherical shell elastic law reduces to the following:

= +
Ny =K ey +vep)

= +
N K (e:e v e¢)

- BN
Nag = Nog = X (5 50 (6 a-1)
M = <D (5 +
My = -D Gy + v )

T - +
Me D (ne \m¢)

= = -p (=Y
Mig = Mgy = D Ge ) "0

where 1
| -G - L U -y 1
e¢—G w) S € (sin¢+ veotg-w)3g
° -t
v 1
e¢e (u-u co’c¢+sin¢ =
«
-~ - ° - - o n
}{,¢ - SV +2W ) Ke = + (vg ) cot ¢ + w
a a sin,“¢ a a sin g

1l vt 2w 2 we!

Mag a2 (u u cot g + sing sin g cot g + sin @



3
Eh D = —En

. 2
l-v 12(l-v )

The elastic foundation reaction loads are:

X==-¥& , Y=-kv -, Z=-ki

Since Fundamental Problem I possesses polar symmetry, equations (5)
and (6) may be simplified accordingly. For polar symmetry, the displace-
ment @ is zero and derivati\}éé with respect to the variable, 6, vanish.
" However, several steps are still required to obtain the governirig differ-
ential equations for Problem I  in the simplest form.

We start by solving equations (6a) and (6b) for the strains ¢ and

o
cg- This leads to: ¥
(vo - w) = — (N, - vN)) (1)
k(15 f
(v cot g - w) = == (N, - W) (o)
K(1-v)
Differentiating the latter equation, we obtain,
v a
v® cot g - . . W = ee——— o °
s:.n2¢ K(l'\)a) (Ne - \)N¢) (TC)

o
The functions v and w may be eliminated from the three equations

(7T a=c) to yield:

(v +# %) = =2 [yN° = N+ (1L + y)(N. - N) cotg
K(l-va) [‘ g 0 ] 8 ]
o \~\
or introducing x = v;w Ny
K (1-v2) ¥ = [vN; - N; + (1+v)(N¢- Ne) cot ¢] (8)

*
The symbols u, v, w (without bars) denote functions of ¢ only.
-10-



Consider next that portion of the shell lying above the latitudinal
plane, g = constant. Acting upon this free body are the edge forces, N¢~
and Q , the foundation reaction forces, and the applied unit load at the
pole.” Equilibrium then leads to: o

1 + kZ I [v sing + w cos¢] sing dg (9a)
2ma sin2¢ sin™g

Nﬁ = - Q.¢ cotg -

Upon substitution of this expression into the equilibrium equation
(5¢) we obtain:

9
N.=-@Q + L kg I [v sing + w cos¢] sing dg + ka w (9b)

® 2ma sﬂg% sin™ g o

When expressions (9) are introduced into equation (8) the latter
reduces to:

[K (l~v2) + ka?] =1L (Q¢) + oy Q¢ +ka(2 + v)v (10)

where the operator L is defined by:

L( )=( )+ ( )° cotd - ( ) cot®s

Substitution of the elastic law equations (6d,e) into the equilibrium
equation (5d) yields an expression for Qy in temms of y:
-5 At L (%) - w (11)

To obtain a third second order differential equation for Problem I,
we Tirst add elastic law equations (6a) and (6b):

o — a
v® + v cotg = D] (N¢ + Ne) + 2w

Then we substitute expressions (9) into the right hand side to obtain:
o -2 o [ 8-
v° + v cotg D) [Q¢ + g?cot¢] + 12 + vl (12)

Differentiation of this equation and combination with equation (10)
yields: ‘

: aQ¢
L (v) - v =(1+v) (ay) + (2) + (8-2)v (13)

where: 2
Bz-—- ‘
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We now define the symbols:

- ] —_
Yi = v® + v cotg Yé = v
aQ
= -.a- ° = .—.—¢.
3% [Qsz * 9 °°t¢] =% (1)
Y5 = aEx°+ X co§¢] Yo = ax

Then the three second order equations (10) (11) and (13) may be
written as a set of six first order linear differential equations in the
six functions Yi through Yé. In matrix form these are:

T, 0 (g2) O 1 0 (1+v) Y,
¥, 1 -cotd O 0 0 0 ¥,
a Y3 0 -(2+v)s 0 -(+v) O© (1-v2+g) Y3
iz = (15)
Y), ) 0 1 -cotg O 0 Y)
Y 0 0 0 = 0 -(1-v) Y
5 _ o . 5
YC Q 0 0 0 1 -cotg i ._?6
where
b D _ X
Ka? lEa?

With suitable sets of initial walues assigned the functions

Yi,...,Yé solutions may be obtained numerically for this set of equations.

(The Kutta-Merson technique proves to be an efficient and accurate means
of accomplishing this integration).¥ Subsequently, through superposition
of solutions, boundary conditions may be satisfied both at the origin
and at a remote boundary,g = ¢n. ‘

*
See L. Fox,Numerical Solution of Ordinary and Partial Differential
Equations (1902), Pergamon Press, (Addison-Wesley), pp. 24-26,
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For the very thin spherical shell a special difficulty arises in
the mumerical integration of equations (15). If the parameter g is extremely
small an instability arises in the numerical integration due to the
element, l/a, in the coefficient matrix of equations (15). For almost any
set of initial wvalues the magnitudes of the functions Yi grow rapidly with
increasing ¢ while in the physical problem a rapid decay actually occurs
of the functions, Yl through Y6' This instabilility condition produces a
serious accumulation of loss in significant figures in the superposition
process, should the numerical integration extend over a large range in g .

The difficulty may be circumvented through the use of a "segmental”
numerical integration technique as described in Appendix II.

Directing attention now to the task of obtaining consistent initial
values for functions Yi near the apex, g = 0, to provide a starting solution
we proceed to simplify the governing equations (10) and (11) based upon the
small magnitude of the independent variableg. First, we assume the dis-
placement v (near the origin) to be negligitle in comparison with the quantity,
ay (the validity of which assumption is readily established from the result-
ing solution). Then equations (10) and (11) may be combined to obtain:

12(x) + n'y = 0 (16)

where

o 12+ 8 - Po
o

Equation (16) is factorable into two second order equations:
., 2
L(x) £iny=0 (17)

We further simplify these for small ¢ by substitution of l/gzs for
cot . The operator L then becomes:

L=( )°+2( )»-% ()

g &
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Equations (17) are then transformed into Bessel's equations by
appropriate variable substitutions. The resulting equations bave solutions
in terms of the Kelvin (or Thcmpson) :hmctlons.* Combining solutions,
we obtain:

X = Alker' % + Aekei' x where x = ug

From the polar symmetry condition, y must vanish at the origin.
Therefore,

x = Akel' x.

Using the additional boundary conditions that the shear Q, must
satisfy the load singularity requirement,

lim (2n¢Q¢a) = -
g0

and the condition that w, as evaluated from equation (12), must be finite,
the following solution results:

KYL'_ = %[ker' X - Al kei!' x]

2
%
- 1 .
KY6—-2T\'KC[kei X
1
K =-———-—-[ it . ! +'—]
Y, 5o kei' x + 2 =V (ker' x )
Kw = '12 kei x
2 o

These values together with the function definitions (13) then provide a
starting solution, or set of initial values, for the cap particular solution.
The actual numerical integration could not start exactly at the origin as
singularities prevent this, but the solution’ (18) permits a start at an
aribitrarily small value of 8.

For the three "complementary" cap solutions (associated with no unit
load singularity) starting solutions for initial conditions are readily

*See Flugge, Stresses in Shells, pp. 345.
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obtained by substitution of polynomials in ¢ for 't‘he‘ functions Y2 s Yh and
Y6 in the differential equations (15) and retention of terms up to third
order in g. Three linearly independent solutions result:

Y2=g Pi%%“‘z
Yll-='(2+")Bf'6
Y6-o

and
Y2=§
7, -2 " F
Ys“é;

and
Y2=-J-'i'g"— $
Y, = (1-v%+8) %;

_g 1l=v 3
A T

Employing the foregoing starting solutions for the initial values in
the first spherical cap, the segmental integration technique (as discussed)
affords a numerical method for solving Fundamental Problem I. (Plots of
computational results for an example problem appear in figures 1thréugh 3 ).

Unit Tangent Load Problem

. An essentially similar pattern of solution is employed for the
Fundamental Problem II, the unit tangent load problem. First, consistent
with problem symmetry, if the tangent unit load is_considered to lie in the
meridianal plane ¢ = 0, displacement functions u, v and w may be taken as:

{

U=using, Vv=vVcosg W=Wcosd

wbere u, v and w are functions of g only.

/
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Secondly, it should be noted: that the function w is known from the solution
of Problem I since by Betti's reciprocal theorem the displacement function
v of Problem I is equal to -w of Problem II.

Substitution of expressions for U, v and W into the elastic law
equations (6) and these in turn into equilibrium equations (5a,b) leads to:

(1+a) {%%zv(u°°sin¢ + u°cosg) - u[ 1 l;v (l-cot % )sin %
" sin g
l+\’ o 3"\)
- —2-—- Vv - "é'—‘ v cot¢ + (l”"\’)w (198')
- {§’° + wcotg + w(2- L )} Bu sing
51n ¢
and
(3+q) =2 u° - §§—-u cotg + v°°sing + v°cosd
v 2 2 l-y o .
- EEEE'[COS g +v sin’d + =] - (1+v) W 51n¢} (19p)
+ o {§°°sin¢ + w’°cosd + w°(2- ) sind + 2w cosg }= Bv sing
' sin @ sin™ @

If equation (19a) is differentiated, multiplied by sing and added to (19b),
we succeed in eliminating w and obtain upon reduction:

o0

°° - 7%o0t8 - pr = 0 (20)

where

T = u,§in¢
= .28 .2
P = T T

< .
A second useful differential equation is obtained through the elimination
of v in equation (19a) by introducing . The resulting equation reduces to:

-16~



where

T@-ar) = ¥ p(G-aw) + Y o+ 32¥ 1 cotg (21)

2 2
[(l+v) -a (1-\; p+ 2)] W

g( y=1( )-(C)

-. o

Introducing the symbols,

- T 7 = T
Zl "~ sing 2 sing
Z3=Z£+Z)+co’c¢ Zh='ﬁ-'&'w

equations (20) and (21) are expressible as four first order equations:

Zl = 922
° = -
Zg =%, -Z, cotp (22)

23 = 51n¢Zl+ 2 cos¢Z + th_ (1+v) - @ 2 p+2) w

° = -
le_ =2 Z)-l- cotg

3
Unlike equations (15) for Fundamental Problem I, the above equations

(22) do not contain the coefficient l/oz, and hence lend themselves to a
stable numerical integration.

A solution of equations (22) for the camplete sphere is then achieved

through several steps as outlined below:

(1) Obtain a "particular” solution for the hemispherical shell

consistent with the load singularity.
~

(2) Obtain two linearly independent "complimentary” solutions
for the hemispherical shell consistent with the no unit
load condition at the origin.

(3) Combine the three solutions employing symmetry principles to

-



to arrive at a solution in superposition for the complete
spherical shell. We consider the steps further detail:

Step 1

A starting solution is first required. Near the load singularity,
with the variable ¢ suitably small, only the first terms in the Maclaurin's
series for sing and cosg are retained. Consequently equation (20) becomes:

dzy 1 dy

l : .
:i—x_é T3 (l+~2)y =0 (23)
: x

where
y=2, and x=Jpg

Retaining the Bessel function Kl(x) as the solution consistent with
the load singularity:

- T = u
Y= 5ing @ or T AXKl(x)

Ignorlng the function w for small ¢ (the validity of which is evident
upon examining resulting solutions) and introducing the solution for T in

equation (21) yields:
Tu, 1db ()0 = [ o) - E2 0 ]2 (24)

where

Cambining a particular and a complimentary solution of equatlon (24)
one may obtain:

iy, [Fore]

which contains only the logaritimic singularity. In the resulting expression
for u the dominant term (for small @) is: ‘

= o A(—B-:\—") Log (S)
L

18-



and hence for v (from the definition of r) we have:
l+\)

v = a0 () - 2

In the neighborhood of the unit load the equilibrium boundary condition
reduces to: '

- .
1= Ii'(NQQSine - Nécose+'Q¢Sin¢ cos8) sing de
o

Substitution of the elastic law for the membrane stresses together
with the solutions for u and v permits the constant A to be evaluated:

A= - —+ 2
mi-v) ~ K
With initial values for Zl’ Zb, zg and-zu for an appropriately
small value of ¢ taken directly from the starting solution, the Kutta-
Merson procedure is then employed to extend the solution to the "equator",
g = g-. The resulting solution consitutes a "particular” solution for
the hemispherical shell, that is, a solution consistent with the unit load

singularity.
Step 2

Two additional indépendent solutions for the hemispherical shell are
obtained from two separate sets of initial conditioms.

In one case assuming a finite initial value for N¢, a consistent
solution for small g is (considering low order terms):

Z =2
Z2 = g :

AN
Z3=‘235.f3%? A
zh=z3§

-19-



A second solution is obtained for zero initial N

&
2, =0
Z2 =0

UF'
1}
n

Zh =g

Using these starting solutions, the Kutta-Merson integfation provides
two independent complimentary solutions for the hemispherical shell.
Step 3

The complete shell problem under the action of a unit tangential load

may be resolved into two component problems, one symmetric with respect to
the equatorial plane, the other anti-symmetric.

Symmetric Anti-symetric

The boundary conditions at the equator for the symmetric problem are:
v=20 and u® = 0.
For the anti-symmetric case the equatorial boundary conditions are:

v =0 and u = 0.

20~
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Bach of the component problems may noW be solved independently by
superposition of solutions from Steps (1) and (2) to match the appropriate
equatorial boundary conditions. Then finally, the two component problems
are superimposed to obtain the solution to Fundamental Problem II. Coam-
puted results for a sample problem are plotted in figures L through 6 .

Unit Force-Couple Problem

The Fundamental Problem III entails a unit force couple at the origin
acting on the complete spherical shell on the elastic foundation. To permit
the meridianal plane, § = 0, to be a plane of symmetry, the unit force-couple
vector is directed (in tangential plane) in the direction 6 = - n/2 radians.
As with Problem IT the displacement functions u, v and W are then taken as
U =1using, V= v cosd, W = W cosg.

The Bettl reciprocal theorem may then be employed together with solu-
tions from Fundamental Problems I and II to provide directly the solutions
to Problem III.

We denote the displacement functions of the three Fundamental Problems
as follows:

Problem I VI’ wI
Problem IT Urpr Vop Yoo
Problem IIT

YUrrr Vi Vimz

Then observing from Betti's Theorem that the work done by a unit force couple
rotated through the angle,

1l - - IT .
= w:'[I + Upp =~ 3 Sing sino + Upg sin@

is equal to the work of a unit ’cangent load displaced through the tangential

displacenent uIII s we have: o

Y11

IITI- " asing TU

u 1T

-21=



Similar epplications of the reciprocal theorem lead to:
Vi = Xpp = Y YV

Vppp = g = -¥p - v

il

..vI

hfn
Cambining the four relationships above, Problem III displacement
functions may be expressed as follows:

Al

V.

S
Urrr T 2 sing T YT
Vrrr = - Vo Y Vi (25)

- {.]
b S T ¢

Surmary of Required Functions

The matrix influence functions Aij’ BKj’ CKM’ DiM’ are expressed

in terms of specific response functions associated with each of the three
fundamental problems. These include:

a) the displacement functions,
u, v, W, v°

b) the stress resultants and moment components,
N¢, Ne, N¢e, Q¢, Qe, M¢, Me, M¢9 and

¢) the partial derivatives of moment components,

1., 1., I
o ° ° SMY ML Mt
My Mg Moo = ME’ e T Yy
From the elastic law equations (6), the stress resultant, moments,
and moment derivatives are expressible in terms strain components, curvature

-2 -



camponents and their derivatives:

€¢} ee: €¢e) %¢: 7‘(-9: n¢9’ 74«¢: u"e’ n;e

The normal shear stress resultants, Q¢ and Q may be obta.lned directly
from equilibrium equations (5d,e) in terms moment components, (however, in
Problem I, the shear Q¢ is most readily obtained from the dependent variable
).

Assuming at this point that the set of equations (15) and the set of
equations (22) are solved numerically for the functions Yl through Y6 and
Zl through le-’ respectively, we now proceed to express the required response
functions in terms of these solutions.

Without rewriting the elastic law equatlons (6) here, we may observe

that:
M! M .M M M M
—t— T - —-g.—- .__Q = - _..___.9.._.... -&Q:: _-.2_6._-
r asing ’ r asing > r a sing (26)
and also that M° ¢, 6 » and M; 5 require the curvature derivatives:
u; == (veowe) (27)
a
""é _1 [s _u cos¢ + (¥HP°) coth - (viaw®) 1 _.2w cos¢ ]
a. sin ¢ sin™g sin ¢
1 u v° v cos  2w°
w.,= = [u°° - u cotg + - — -
@0 a2 s in2¢ sing sin2¢ sing

+ b cosg  2w( l+coé,2¢ )

sin2¢ sin3¢

It is seen from expressions (26) and (27) together with the elastic
law equations (6) that the following displacements and their derivatives are
required for each of three fundamental problems:

. ©
u, u, u®, v, v, v°5, w, w, we, w°
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Additionally, from the reciprocal relations for Problem III, the

o oo
vee and w1°

displacements 1

are also required (for Problem I).

With aid of the definitions 63‘.‘ the dependent variables Yi and Zi
together with the governing differential equations (12) (15) and (22) the

following expressions are developed .
quantities terms of Y, and Zi)'

Problem I (non-zero functions only)

for the required displacement

vI = Yz
vi = Yé = Yl - Y2c0t¢
ve° = vlcotg + (s-2+-—1--—-) Y+ Y + () Y
I I ' 2 2 1 6
sin™ g
o . _
vi® = - vicotg + vi (g-2+ 12 ) - 2 °§S¢ ¥,
sin™@ sin~g
+Yp - ¥ cotp + (1+y)(¥5-Ygeots)
=% 2
WI = ET (Yl+l+\} Y3) (28)
Try
° —
vp=Y -1
6o _ _ 0 -
L vI + Y5 Y6 cotd
o°o — 0o Y- PP X _]; [ 1 ]
Wit = - V3 - (WI +vI) cotg - =Yy + | —=5— - (1-v) Y,
. sin @
oo o ° 2 .
wi° = - vo° - (wee+vee) cotg + (woo+vd) [—-——-—-— - (1-v)
I I I I N I I sin2¢ :]
1y 2 cosg
- = (Y,-Y, cotg) - Y
o "3 7k sin3¢ 6

ok



Problem IT

For convenience we first consider the quanity, G = unsin @, and
express its derivatives as follows:
> '— 7 -—
un= y - @ VI
U Zp - 3 vy
where
Z): = Z3 -2 cot g
’.aoo = Zio - '& vg:o
where
Z3° = 23 - Z§ cotg + I, l (29)
: sin ¢
o _ Lty 3-v Ly g+
Z3 = sind Z, + =5— cosp Z, + o Z), * (1+y) - @ ( +2)] vy
t; given above
,1.\1°°° = Z;:" - v°I°°
where
(-]
W =5y - Ziocow + 7 2 -2, -‘-_’_C..;’.S.?;
sin’g sing
z‘é" = l+" (s1n¢Z°+cos¢Z ) +, (cos¢Z° sm¢Z ) 2 =Y, z,
[(l+v) - (l-v +2)] VI
Z = %
Z‘é = Zl - Z2 cotyp

Zb‘: R Z‘i: given above

e




Then with U and its derivatives known,

o)

unsim =1
.- - Ao
uIIsin¢ =0 - uIIcossé
oo . _ MNoa - ° ..
uIIsin¢ =4 2 uIIcos¢ + unsn.m‘
Vi = Zysing - °
V;ZI = Z,sing - a°° (29)
-]
0o _ . _ Aoo
vir = (psm¢+cos¢)22 u
b S ¢
vi’:I = - v
[-X-4 = o0
VIr VT
-] o
v = -
Problem III

The required displacement functions for Problem III are expressed in
terms of Problem I functions (28) as follows: (using a unit sphere)

_ 1
Urrr = V1 5img T Yt
o _ .o 1 cos®d
Y11 T Vrsimg T Vr L 2. T U
sin~ @
\ 2 (30)
1 cosd 1+cos
'll°° = vO°© : - 2V° oy + u°®
IIT I sing I sin2¢ I sin3¢ 1T
- -] .
Virr = - Vot Vg
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(. — {-X-] L. ]
Yz T 7Vt Vpp
(-

200 = o [-X-] ; [.X-]
Vi T " V1t
= o _
Virir = V1 Vg
(-] - 00 - Q
VirT wI v3 (30)

vQO = - wooo - VOO
IIT I I
o o0 '

-]
oo oo oo
W

- " Y vV

GREEN'S FUNCTION MATRIX

The Green's function approach to the vibration analysis in a specific
problem entails g number of computational operations preliminary to the
solution of eigenvalue problem symbolized by equation (4). In the discussion
of these operations it is convenient to consider separately: (A) the mechan-
ics of the reduction of the set of integral equations (1) and (2) to single
matrix equation defining the eigenvalue problem numerically and (B) the
computational operations to obtain the elements of the required matrices
that combine to form the Green's function matrix. '

Reduction of Integral Equations

The governing integral equations (1) and (2) are first replaced by
finite difference approximations to the eguations. The integral operators
became rectangular matrices and the functions u, and q and Imdbecame
column matrices (or "vectors"). =

Let the surface S (enclosed by the contour C) be subdivided into NS
elementé5 the nth element denoted by\Aqh.

Also let the bounding contour contour C be subdivided into NC segments,

with As denoting the mth segment.
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The integrals of equation (1) may then be approxlma.ted by mechanical
guadratures; for example,

. N
g Beyto © 2 B ), (s,
. n=1

where -BKj (m,n) is BKj evaluated for the central points of the nt® segment
on the contour C and the nth surface element, and qj (n) is the central value
of q 5 for the surface element Ac .

Next let the symbol [B] denote a LNC by 3NS rectangular matrix whose
element in row [ll-(m-l) + K] and column [3(n-1) + j] is BKJ(m,n)Ac . Also

let § be a column matrix whose element in row [3(n-1) + j] is 1 (n). Then:
N ——

z BKj(m,n)q (n)ag, = [B] @

n=l

We define other rectangular and column matrices correspondingly to
1('31)Jresen‘z ti,he other integral operators and functions appearing in equations
1) and (2

Matrix Element Row Column
[c] CKM(m,p)AsP h(m-1) + K Lp-1) + M

(4l A 5(rm)ae,  3(x-1) + i 3(m-1) + 5

(] DiM(r,p)AsP 3(r-1) +1 b(p-1) + M

—

D e k1) s
u ui(r) '3(1'-1) + 1
The mechanical quadrature approximation to equations (1) and (2) is
then: ~
(B13+ 1T =0 (1b)
Ala+MIT=% (2v)
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If.[C-%] denotes the inverse of matrix [C], then from equation (1b):
T=-1c™1m1d
which substituted into (2b) leads to:
{1 - et} =7 (30)
Finally, if q = -i- T, we may write:
eju=2d (kb)
where

167 = {ta1 - oore e}

Equation (4b) is then the matrix eigenvalue equation corresponding
to the integral equation (%) that defined the eigenvalue problem. Once the
elements of matrix [G] are camputed, it remains only to find the elgenvalues
and associated eigenvectors. .

Computation for Influence Matrices

The Green's function matrix is expressed in terms of influence matrices
[A7, [B], [C] and [D], whose elements must first be computed.

To facilitate the present discussion as well as actual computational
steps, two spherical polar coordinate systems are introduced, one fixed in
space (called the "global" system) to serve as a reference, the other oriented
wzth respect to two selected points on the sphere and referred to as the

"relative" system. The global coordinates (g,8) serve to locate sample points
on the sperical surface S and on the enc1051ng contour C. The relative
coordinate system, with varlables (#,9) is oriented such that the pole, 3 = O,
is located at a "stimulus" point, defined as a sample at which a unit force
or uni@ﬁpouple is considered to asct. Then the relative system meridianal
plane, 6 = 0, is oriented to contain a "response" point, defined as a sample
point at which & displacement or stress resultant quantity is sought.

We have earlier observed that the influence functionsﬁ(or’for present

purposes, the elements of the influence matrices) are the responses at one
. point on the sphere due to a unit stimulus at a second point, with both

9.



location of points and surface vector (or tensor) components expressed in
the fixed global system. The solutions to the fundamental problems, on
the other hand, are necessarlly obtained in the relative systenm (as the
stimulus is always at the pole). Consequently, tensor transformations are
required at both the stimulus points and at the response points, in order
to transform the fundamental problems from the relative coordinate system
to the global system for each pair of points involved. Surface tensors which
exist in a two dimensional space are resolved into rectangular cartesian
components in the plane tangential to the spherical surface-at the given
point. The details of surface tensor transformations together with the
required spherical geometric relationships are presented in Appendix IIT.

The response functions (matrices) relate response tensors components at
one point to stimuli tensor components acting at the second point on the
sphere. The response tensor quantities include the following: (Greek subscripts
range over two dimensions)

displacement responses:

w scalar normal d:.splacement

u surface vector with components uand v
respectively.

response tensors for boundary conditions:

oLl

W, = 3= gradient vectér of normal displacement w, where X,
o o represents are length along geodesic surface
coordinates with origin at the point.
Q shear resultant on edges nommal respectively to the
o x, and %, coordinate directions.
1
N membrane stress resultant tensor (with components
o in the global system as Ny, N, N
M 8 moment tensor (Wlth components. in the global system
M b4 ¢e’ M )
M = .28 gradient of\‘the moment tensor (with components in

B,y ax.y the global system, for example:

l¢9

MIl.l, =a ¢ ? M'12,2 a sing
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The response points that lie on the contour C, require as response
functions for the influence matrices [B] and'[C], the residuals, Rps
introduced earlier. For definition of these residuals at a given point on
the contour C we introduce the surface unit vectors na,and t . The unit
vector n lies in the tangential plane but normal to the curve C while
the vector ta is tangential to the curve C.

Depending on the boundary conditions to be specified, the required
residuals, RK, would be selected appropristely from the eight scalar invariants
listed below (which make use of the Kirchoff formulation for edge reaction
resultants):

w
W= napa.

u, = tdpa

%g Ty

v, =uq+ bt Mg Y) .(31)
Nﬁ =n nBNaB

snt = a B(N&B é’Mae)

N% = ndpéMaB

To evéluate these scalar quantities it is convenient to use the relative
coordinate system as this entails a minimum of transformations. Only vectors
nd and t which are specified in the global coordinate system need be trans-
formed; the response tensor quantltles are already in the relative system.

(The transformation of the vectors n,and t  is discussed in Appendix III).
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The required tensor stimuli are defined in the following manner:
P unit normal load stimulus, a scalar.

unit tangential load vector directed in the increasing o
direction (in the global system).

Pp unit tangent load vector directed in the increasing g
@ direction.
'Fiq unit load vector directed tangentially to the contour curve C.
F,, unit load vector in the direction of the surface vector n  for
Y given point on curve C.
Ca unitvfdrce-couple vector directed tangentially to the curve C.

We have now defined the necessary symbols and developed the relation-
ships to outline a step by step procedure for the computation of the elements
of the influence matrices [A], [B], [C] and [D], and hence the Green's function
matrix [G].

1) The spherical segment surface is sub-divided into NS surface elements with
sample points for numerical computation located at the elemental geometric
centers. PSimilarly, the enclosing curve C is sub-~-divided into NC elemental
segments again with central points as sample points. Each sample point
(whether on the surface or on the curve C) is considered in its turn to be a
stimulus point and also in its turn is taken as response point, all combi-
nations considered. '

2) For a given stimulus point and a given response point the relative coor-
dinate system for the two points is established and the required transforma-
tion matrices are computed. (Appendix ITI relationships employed).

3) Displacement functions of Fundamental Problems I, IT and IIT are evaluated
(using the relative coordinate® , that locates the response point) by means
of expressions (28), (29) and (30). These functions are then displacement
responses (in the relative system) due to unit stimuli in the relative system.

AN
4) If the response.point lies on the curve C, the appropriate scalar invariants,
from expression (31), are the residuals for that point. These residuals are
then computed for each of the three fundamental problems, making use of the
elastic law equations (6) and displacement functions of step 3.




5) Global unit stimuli, as defined earlier, are transformed from the global
system into the relative system. The response functions as computed in
steps 3 and 4 are then multiplied by the appropriate relative system compo-
nents of each separate unit global stimulus. There results from this,
displacement responses (in the relative system) and scalar residual responses
due to separate unit global stimuli.

6) If the response point is a surface point, the displacement response functions
of step ) are transformed from the relative system to the global reference
system, thus providing all responses in the global system due to unit global
stimuli.

T) As the influence matrix [A] consists of displacement responses (in the
global system) to unit load stimuli (also in the global system) for surface
sample points, then should both the stimulus and the response points be
surface points, the results of step _6_ are elements in the matrix [A].

8) If the response point lies bn the curve C. the residuals as c:c:m;:cwl;e-d~ iﬁ
step 5 constitute elements of matrix [B] or matrix [C] (according to whether
the stimulus point is a surface point or a boundary point).

9) If the stimulus point lies on the curve C while the response is sought at
surface point, the results of step 6 constitute elements in the matrix [D].

10) Upon completion of the computation of all elements of matrices [A], [B],
[C] and [D], the Green's function matrix [G] is then found by the matrix
operations indicated in the definition of [G] (equation 4b). -

A more complete and detailed algorithm for the computation of the
Green's function matrix appears in Appendix IV.

With the construction of the Green's function matrix, the problem
reduces to finding the eigenvalues and eigenvectors of [G]. Standard tech-
niques exist to accomplish this operation. Finally, the natural angular
frequencies for the vibration problem are found from the eigenvalues, ln 5
recalling: .

2 1
po. = (£ - k)
n oA N
<
Also the associated mode shapes (for the original vibration problem)
are defined by the eigenvectors which are the displacement components at the
sample points in the static equivalent problem.



EXAMPLE PROBLEM

To demonstrate the procedures of the previous sections, natural
frequencies have been obtained for a shallow spherical shell with clamped
edges. Specifically, the particular properties

a/h = 10, v = 0.3, ¢, = 30°

were chosen where ¢° is the meridianal angle to the boundary edge.

As explained in the detailed algorithm of Appendix IV, the first
step consists of numérically solving the three fundamental problems.
After studying the behavior of the solutions in this particular example,
the integration increment A¢ = 0.01 radians was chosen as a compromise
between high numerical accuracy and reasonable computer time. Typical
results from these solutions are shown in Figures 1 through 6.  Follow-
ing the complete solution of the fundamental problems, each of the
functions on page 22 was fitted with a polynomial in the Chebeychey sense.

For the next step the shell was subdivided into discrete surface
elements and boundary arcs. In this particular instance the shell was
coarsely sectioned into four surface elements and four boundary arcs as
shown below. Following this subdivision the matrices A, B, C, and D were
constructed in the manner described in Appendix IV from which the matrix
C was then determined in accordance with equation (4b) on page 29.

NS = 4
NB =1L

The final step was to calculate the eigenvalues of the matrix G
after which the natural frequencies were found by the equation on page

1
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33. Whenunon—dimensionalized, this equétion takes the more convenient
form

2
o = (- 8) ——5 (32)
3 1-vVv
where
2
2_ 2a
Q7 = uw 0

For simplicity only, the fundamental (lowest) eigenvalue was
determined using the Stodola~Vianello method. The resulting funda-
mental frequency §2. is plotted in Figure 7 for various values of B.
The dependence of %he solution on 8 has been investigated in reference
40. 1In short, it is seen from equation 32 that for larger values of
B, the eigenvalue A must be determined with greater numerical accuracy
in order to produce accurate approximations of i. That is, for large
values of B, the value of (2 depends on the difference of two large
depends on the difference of two large numbers on the right hand side
of equation 37. Hence, the degeneration of accuracy is to be expected
for increasing R.

From Figure T it is noted that the asymptotic value of ., is
1.73. Upon comparing this value with the results obtainable by the
methods of other authors such as 1.87 by Reissner's (27), 1.85 by
Kalnins' (38), and 1.80 by Kalnins' (39), we see the present solution
differs by approximately 4%. This difference seems quite acceptable
in view of the coarseness of the present subdivision. '

., =35~
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APPENDIX I
Table of Symbols

constant

influence matrix

th th

i = 7 element of matrix function
radius of spherical shell

influence matrix

th th . .

K™ = J 7 element of matrix function
unit base surface vectors

surface tensor transformation matrix

influence matrix
th th .
K™ = M element of matrix function

unit base surface vectors

surface tensor transformation matrix

shell flexural rigidity

influence matrix

th th . .

i - M element of matrix function
surface tensor transformation matrix
Young's modulus

Green's function matrix .

ith - jth element of matrix Green's function

shell elastic constant
foundation modulus
modified Bessel's functions of the second kind



Du@

Q.
-
O

@D

@) @) O
U2

m m‘,mum ", ,H c_";d
ct

R

J.‘bh

camponent of line load system
‘bending momen.t at boundary
twisting moment at boundary
bending moment compone-n'bs‘
twisting moment

bending moment tensor (surface)

membrane stress resultants at boundary
membrane stress resultant components
membrane stress resultant tensor (surface)
surface vector, normal to curve C

normsl (to surface) unit force vector
sui'face unit force wvectors

force vector with three unit magnitude components

shear stress resultant at boundary
shear stress resultant components
shear stress resultant tensor (surface)
applied load vector (per unit area)
colum matrix for applied load

Jth boundary condition residusl

eylindrical coordinate for point on spherical surface

position vector of response point
static equivalent edge membrane shear reaction

independent wvariable
position vector of stimulus point
typical stimulus surface vector
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%, t -unit tangent vector (to curve C)

o
T, u, displacement vector (three dimensional)

T column matrix for displacements

Uy U components of surface vector displacement, normal and

tangential to curve C

u, surface vector displacement

a, ¥, w displacements of point on shell

u, Vv, w displacement functions of g alone
Vi Wp displacement functions for Problem I

displacement functions for Problem IT
displacement functions for Problem III

 Urpr Voo Vor
Y1 Vrrr Vi

V£ static equivalent to normal edge reaction

X independent variable

Yi, Zi dependent functions in sets of differential equations

o geometric parameter of shell

B elastic foundation parameter

e¢, €g €¢9 strain components

8 polar coordinate (for spherical surface)
dimensionless constant

u¢, ne, "¢e curvature change components

A eigenvalue

" shell mass per unit surface area

v Poisson's ratio

) dimensionless constant

T dependent variable

& polar coordinate (for spherical surface)

X rotation of element

“3a-



.dependent variable

natural angular freq_uéncy

Subscripts and Operators

(s ) S,'Yc se
n,t

i,j,k‘ L]

JsK,M. .0
(),
( )
( )
L( )
J( )

Creek indices denote components of two dimensicnal
surface tensors

subscripEs associated with directions of surface unit
vectors n and t, respectively

lower case Latin indices denote components of three
dimensional space vectors (or range over three dimensions
in matrix functions)

upper case Latin indices range over four dimensions in
pseudo-vectors or in matrix functions

denotes gradient of ( ) in two dimensional surface space

denotes differentiation with respect to the variable &
denotes differentiation with respect to the variable ¢
denotes the operator ( )°° + ( )° coto- ( ) cot’s

denotes the operator L( ) - ( )

o



APPENDIX IT
Segmental Numerical Integration

In the numerical iﬁtegration of equations (15) an instability condition
arises from the large magnitude of the coefficient l/ o. If extended over a
moderately large range in ¢, the integration leads to a serious loss in sig-
nificant figures (in the superposition process). To circumvent this difficulty,
a segmental integration technique has been deviged.¥*

Briefly, the technigue entalls the solutions of a succession of problems -
each of which is similar to the previous problem except for the addition to
shell of a smé.ll segment associated with the angle A¥. The method is best
explained through a consideration of its application to the problem at hand.

Suppose that for a spherical cap, ¢ < 8., we have four valid solutions

b4
of equations (15); one of which (we call the ";articlua.r" solution) is con-
sistent with the uhit load singularity, the other three ("complementary"
solutions) are linearly indepéndent solutions that satisfy the no load bound-
ary conditions at the origin. A general cap solution is then made up of the
particular solution plus & linear combination of the three complementary
solutions (or for no load, we amit the particular solution).

Consider next the adjacent spherical segment, ¢l =g < ¢2. Six
linearly independent solutions for the segment may be obtained from equations
(15) by letting each of the functions Yl through Y6 be non-zero independently
as the initial conditions (at ¢ = ¢l). A linear combination of these six
solutions then provides the general solution for the segment.

Nine .bounda.ry conditions are now required to determine the three
coefficients of the complimentary solx\ltions for the cap plus the six coef-

ficients of the segmental solutions. Six of the required relationships arise

*
The technique is similar in some respects to one developed by Kalnins. See
"reference 37T-



from matching. the functions Yl through Y6 at the juncture between the cap
and the segment. The remaining three conditions may be selected in any of
several ways. In case (1) we let the functions Y,, ¥, and Y, be zero on the
remote boundary (g = ¢2) of the segment. In cases (2), (3) and (&) we let
each of YZ’ Y)_l_, and Y6 be non-zero independently atg = ¢2. Moreover, in
the latter three cases we omit the cap particular solution in the superposi-

tion. There results from these four cases four solutions to a new enlarged
spherical cap which consists of the old cap with the added segment. The |
first of the resulting solutions is a new particular solution for the en-
larged cap; the other three are new complementary solutions (linearly inde-
pendent ).

The process may then be repeated introducing a new segment, ¢2 sg < ¢3.
A successive introduction of new segments extends the spherical cap to a suit-
ably remote edge ¢ = ¢n' The succession of problem solutions would continue
until either of two conditions are met:

(1) If ¢ reaches the value 1 radians thus defining a complete sphere,
the process should terminate. It should be noted that the boundary conditions
at ¢ = 1, are precisely that YQ’ Yl&- and Y6 should equal zero; hence, the
final "particular"” solution is the solution to Fundemental Problem I.

- (2) since the functions Y, are known to decay in the physical problem,
if for any particular solution in the segmental process, the computed
values of Y, Y3 and Y5 are found to be negligibly small (where ¥, ¥) and
Y are set equal to zero at ¢ = ¢n) the process is terminated. This condition
is equivalent to having found the significant portion of the complete spher-

ical shell solution for Problem I.

L



APPENDIX III
Spherical Geometry and Tensor Transformations

In the discussion of the computational steps to obtain the Green's
function matrix, use is made of two surface polar coordinate systems, the
global system which is fixed on the spherical surface, and the relative
system which is oriented with respect to a given stimulus point and a given
response point. To develop the required geometric relationships between
these two coordinate systems and transformation relationships for surface
tensors, a third coordinate system is introduced: A rectangular cartesian
coordinate system with its origin at the center of the sphere, the y-axis
along the global polar axis and the x-axis in the fixed meridianal plane
g = 0.

The fundamental problems (I, IT and ITI) which form the basis for the
influence matrices, are developed in the relatlve coordinate system and in
particular in terms of the relative polar angle ¢ which locates the response
point with re/gect to the stimulus p01nt. Consequently, an expression is
required for ¥

Iet point S be the stimulus point and have coordinates, @, 6 in the
global system. Also let point R be the response point having coordinates
" @, 6 in the global system. In the relative system S is at the origin and
2 is the polar angle of R (8 0). For convenience we assume & unit sphere.
Then position vectors S and T respectively of S and R may be expressed in
the spacial cartesian coordinate system as:

- - -_— —_——

g8 = 51n¢ cose i+ cosg J + sing sing k

- .> (a)
r = sing cosh 1 + cosg J + sing sinf k

-~
where i, j and k are the usual unit base vectors.

The angle between B and T is the relative polar angle 2. Hence,

cosB =% «F and sinf = f—___ (v)

-Cos
where 3 is taken in the branch from zero to m radians.

From equations (a) and (b), # and its functions may now be found.

Ta



At point S, either scalar or vector stimuli may act. The vector unit
stimuli include pla, 'Paoz’ FJ.- o Feoz’ Cd as defined earlier. Thesev are unit
vectors tangential to the spherical surface and may be resolved into compo-
nents either in the global system or the relative system. As the influences
matrices [A], [B], [C] and [D] deal with unit stimuli defined in the global
systenm bﬁt the fundamental problems regquire unit stimuli in the relative systenm,
a transformation of vector components is required. .To accomplish this it is
helpful to define base unit vectors for each system.

For the global system we introduce the base unit tangent vectors -l-;i
and —6'2 respectively, in the increasing ] directionn- and in the increasing @
direction. The unit vec*l':cr b2 is gijren by:

»752,} = (8 cosg - J) csc @ ()

A

as may be verified from vector addition and the sketch below:

b2 sing

\\\

Then, as vector bl is perpendicular both to b2 and s, we have:

i

b, =b, x5 (a)
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For the relatlve coordinate system we introduce base unit tangent

vectors bl and b2 respectively, tangential to the great circle from S

to R and in the appropriate perpendicular direction. Expressions analogous
to (c) and (d) are obtained in a similar manner.

-

'=(r - 8 cos¢) cse 2

1

|

(e)

B! =§\'x_§'
1

We recall that for any point on the contour curve C we have g:.ven the
unit surface vec’cors n and T » as defined earlier. If in the global system
n has components na, given by:

—— - —

n

= nlbl + n2b2 s

'then from the sketch below we find the vector ?must be:

— — -
t = nabl - nlb2
.
Bl - S——

From the definitions of unit vector stimuli we observe the components

of these stimuli in the global systenm to be the following:'
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= 1
Coefficient of b Coefficient of b,

1
P1y 1 0
.;Péa ,o : 1
Fla : 52 ;nl (£)
Fou o By
Co % ]

The transformation relations of these vectors to the relative system
is treated in the general case if we let'g'represent a typiéal stimulus
vector. If then S and S’ are respectively the components of S in the global
and in the relatlve system, we may resolve B into components within each

system and equate vector expressions:

L ] 1 1 T
Slbl + 32b2 S b + S2b2

From this it is seen that:

. > - = =
Sl bl blsl + bl b2S2

!_.—‘,—» 1,
82 = b2 blSl + b2 b282

or in more compact form (with summation convection)

|
8, = deSB (g)
where
=-" . —‘. 'i\

At the response point R, response functions are first obtained in
relative coordinate system (from Fundamental Problems I, IT, and ITI). For
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the influence matrices [A] and [D], the displacement response vector, T,
requires transformation back to the global system. However, for the
influence matrices [B] and [C], the scalar invariant residuals, expressions
(31), only require the transformation of the contour unit vectors 7 and T
from the global to the relative system (as the other functions within the
scalar residual expressions are already in the relative system). For these
transformations we must again definé appropriate unit base vectors.

In the global system at a response point we define the base unit

tangent vectors CTl and ?2 (analogous to Fl and _5;_, for a stimulus point):
z = (T cosg - 3J) csc o
C; =Cy X T

For the relative system at a response point we introduce the base

wnit tangent vectors Ei and ?é » where cé is tangential to the great circle

that includes the stimulus point, but directed in the increasing ¢ direction;

-
! is perpendicular to cl, in the increasing 6 direction. Hence,

¢ 2
'Eé = (T cosP - 5) esc @
o @)
Cl = 2 XTr

Following a development similar to that for the stimulus point, we
obtain the transformation of vector W from the relative system (using primes

to denote the relative system components) to the global system:

= '
Uy = Captp
where ' N
8 = o °q (3)
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For the transformation of the unit vectors n and t (at contour points)
from the global system to the relative system (a.s required for the scalar
invariant express:Lons 31) we obtain:

1 -
na doanB
o= t
t dozB 8

where the primed components are in the relative system, and

doz,B =t Ty (x)
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APPENDIX IV
Algoritim for Computation of the Green's Function Matrix

The numerical computation of the Green's function matrix may be divided
into two separate phases. First, the Fundamental Problems I, II and IIT must
be solved and the relevant response functions represented in suitably accurate
yet numefically efficient approximate forms. Secondly, with the fundamental
problems solved and the response functions available, the elements of the
influence matrices may be computed,which matrices are then combined to provide

the Green's function matrix. We now consider each phase separately:

Fundamental Problem Solution

1. The set of first order differential equations (15) are solved numerically.
by the Kutta-Merson technique (using also the segmental integration procedure
outlined in Appendix II), providing a set values Yi for a suitably closely
spaced net of points.
(-]
s . . . (- 2 (-3-3 (- %1 < (-3

Ex,At §§Ch point the displacement functions Voo Voo vI ) vI » WI, WI’ WI 3

[}

WI,

w}°, are computed from the equations (28). (uI = 0 from symetry)
3. Employing expressions (27) and the elastic law equations (6) the stress-
resultant functions N, N» My, M, M; and M% are evaluated (also at each

point). Née, Mbe, and Qe are zero.

L, From the expression for'Yh, equations (14), Q,¢ is evaluated.

5. Each of the displacement functions of step (2) and of the stress-resultant
functions of steps (3) and (4) is represented by a Chebeychev polynomial
fit (minimax fit) in each of separaté'ranges of the dependent variable g .
This provides the necessary response functions both for Problem I(and for
Problem IIT, by virtue of egquations 30 which arise from the reciprocal

theorem. )
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6. For the response function evaluation in the immediate neighborhood or’
directly under'the unit load, a special approach is required to avoid diffi-
culties arising from singularities. In this case the concentrated load is
replaced by a statically equivalent distributed load acting over a line

or surface element of suitable size. ‘(The size of the element should
correspond to the size of the finite element subsequently selected for the
influence matrix computations.) The response at the center of the element
is then obtained by numerical integration of response due to the distributed
load.

T. The set of first order differential equations (22) are solved for the
functions Zi s by the Kutta- Merson technique. (The polynomial for vy as
obtained from step (5) is used for -w in equations 22 )

. ; - o oo -] -] (] co
8.° The displacement functions Upps Uppr Uppr Vopr Vipr Vo Voo Vg wII’
WEE are computed for each point of the difference net by means of equations
(29). '

9. The elastic law equations (6) together with expressions (27) are used to
compute the stress-resultant functions (except for § . and Qe) at each point.

10. The equilibrium equations (5d,e) are then employed to evaluate the function
Q¢ and Q,e at each point.
11. The values for response functions directly under the unit load are eval-

usted in a manner similar to step (6).

12. A Chebeychev minimax fit is used to represent both displacement and stress
resultant functions in each of the separate ranges of the variable g, provid-
ing the required response functions for Fundamental Problem II.

N
13. From relationships (30), the Chebeychev polynomial representation displace-
ment functions are obtained directly for Fundamental Problem IITI using the
results of steps (5) and (6).
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14. The combination of displacement functions (in polynomial form, from
step ii) is used to obtain the stress-resultant functions in polynomial form.
The elastic law equations (6) and equations (27) are used for this.

The forgoing fourteen steps then provide us with the necessary response
functions for the three fundamental problems in an efficient polynamial form.

Matrix Element Computation

1. The surface of the spherical segment is sub-divided into NS surface elements
with coordinates of element central points specified. Indentifying numbers
are assigned each element. Similarly, the bounding contour is sub-divided
into yg{eleméntal'arcs (also identified numerically) with coordinates of
element central points specified. Additionally, the surface vector'ﬁ; with

components na (in the global system), is specified for each contour point.

- -y
2. The position wvector T and base vectors bl’ b2 ( and hence, vectors 5§ and
base vectors 31, E;) are evaluated for each central point (on the surface and

on the contour) employing the equations (a), (c¢) and (d) of Appendix II.

3. Starting with the first surface point and comtinuing through all surface
points; each point is taken in turn to be a response point. Then for any given
surface response point, each surface point is also considered in turn to be
a stimulus point. For each cambination (say, response point r and stimulus
point g) a contribution to influence matrix [A] is computed. If we comsider
matrix [A] to be a partitioned matrix composed of sub-matrices, one for each
combination of response point and stimulus point, then the sub-matrix in the
rth row and'nth column of [A] is the 3 by 3 matrix of global displacement
components for each of three unit global stimuli. The following sequence of
operations 1is carried out to obtain.the sub-matrix for row r and column n
of [AT]: _ ’

i) The relative polar angle g‘and the transformation coefficients

LI and ¢ g 2TC calculated employing the equations (b), (e),
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(g), (i) and (j) of Appendix II.

s A
ii) The response functions p ¥ Upp Vyp Vop e evaluated at & .

iii) The global response-stimulus matrix for point. r and point m is
then obtained from the relationship:

Global System Tfansfoma.’cion Relative System Transformation
Response~Stimulus|= [Matrix from Relative Response-Stimulus| | Matrix from Global
Matrix 1to Global (reponse pt.)| | Matrix | to Relative (stimulus pt.)

= o

or symbolically:

(851 = [T,][R'S' ][]

where — =
[TR] = 1 0 0
© 11 12
° % %p
[R'S'] = vy Vg 0
0 0 uII
T Y 9|
[Tsj = 1 0 o ’
O by by
0 b b
- e Pe2

iv) The resulting response-stimulus matrix is contributed to

influence matrix [A] as the sub-matrix in row r and column n.
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k. For each surface response point (as described in step 3), each contour
point is taken in turn as a stimulus point, to develop contributions to the
influence matrix [D]. As with matrix [A], we consider matrix [D] to be a
partitioned matrix composed of three by four sub-matrices, one for each
combination of a surface response point with a contour stimulus point (say,
surface point r and contour point 2). The following sequence of steps are
followed for each combination of points:

i) The polar angle ;?and transformation coefficients baB and caB
are computed as in step (3). '

ii) Response functions Vi
evaluated at g .

iii) The gldbal response-stimulus matrix fo} point r and point )

» Wpo Upps Vyps Wyps Uppps Vpppy Wppp aTe

is ccmputed'frcm the relationship:
[RS] = [T,I[R'S' I[T,]
where:

: [TR] is the same as step (3)

. ' . grm— ——
[R'S'] = L Lon 0 0 VT
0 Upp  Wypp O
vip v © 0 VirT
{ N
N

'.’]_'Ta..



[l = [1 0 0 o |
0 (byymy-byony)  (byyny+boony) °
0 (bymy-bypny)  (byymy+byony) 0
0 0 0 (bllpz-blznl)
0 o} 0 (b21n2 ~b,s0,

iv) The resulting response-stimulus matrix is contributed to
influence matrix [D], as the sub-matrix in row r and column p.

5. Starting with the first contour point and continuing through all contour
points, each point is taken in turn to be a response point. Then for 'any
given contour response point each surface point in turn is considered to be

& stimulus point. For each combination a contribution to influence matrix

[B] is computed. The contribution is in the form of a sub-matrix where [B]

is considered to be partitioned matrix. The following sequences of operations
are performed to compute the sub-matrix associated with contour point m and

surface point n:

C

i) The polar angle % and transformation coefficients bae’ o8

and 4 , are computed as in step (3).

8
ii) Response displacement functions Vs Wps Upps Vpps Wpp as well
as stress-resultant functions I\T¢, Ne, 1\T¢e, M¢, Me, M¢e, M;,
Mg, M; o’ % O.,e (for Fundamental Problems I and II) are eval-
uated at g. -
We recall that Problems II and III lack polar symmetry
and the functions u, v, W é.re defined as functions ofgin
the expressions for displacement:
u = u sing x—r'=vsine w = w sing
It then follows from the elastic law equations (6) that the stress
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resultant functions (and components of grad v_r') are expressible
as functions of 8 each multiplied by either sin Bor cos 8.
Consequ,e\ntly, we may refer to the symmetric functioné,- those
with the cos 9coefficient, gnd to the anti-symmetric functions,
those with sin jé}i*&'as the coefficient. A Separa’cion into symmetric
and anti-symmetric response i‘u.nc*bions appears below:

Symmetric Anti -symmetric
v u
7 =
we N¢9
N g M;a
N 5 M'e
My Mog
Me M;e
“ %
Ms
s
Q¢

In fundamental Problem II the non-zero response functions due
to the stimulus component (unit tangent load) in the direction

of base vector g_' includés only the symmetric; the anti-symmetric

~la

functions are due to the stimulus component in the b! direction.

2 =
For Fundamental Problem .T.I:E, the unit stimulus component in the 1_32

direction produces only symmetric functions(at the response point)

while for a unit stimulus component in the EJ'_ direction, the
negative anti-symmetric response functions of 3 result (as sing

is evaluated at § = - n/2).
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iii) The response-stimulus sub-matrix for response point m {on the
contour) and stimulus point n (on the surface) is observed to
be residuals, R., at point m due to global force stimuli at

J o
point n. This sub-matrix is then calculated from the relation-
ship:
[8S] = [R'S'I[Tg]
where:

[TS] is the same as the corresponding matrix in step (3)
[R'S'] is camposed of the following columns:

column (1) contains the selected residuals, Rl (for the
specified boundary conditions) from Fundamental Problem I.

colunm (2) contains the residuals, associated with the

symnetric functions of Problem IT.

1
J’

colum (3) contains the residuals, R&, associated with the anti-
symmetric functions of Problem II.

3& are the selected four scalar invariants (from expressions
31) evaluated in the relative system, hence, containing n&rand
t'.
o
n&, t& are camponents of unit vectors E;'g'and are obtained from

the transformation relastions:

| S =
na d 5 ta daBtB

iv) The sub-matrix computed in step (iii) is contributed to the

partitioned influence matr{x [B] in row m and column n.

6. With each contour response point (as‘introduced in step 2)13 contour

stimulus point (taking all points in turn) is associated to develop
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contributions to the influence matrix [C]. As with other influence matrices,
[C] is a partitioned matrix.It is composed of four by four sub-matrices, one
for each combination of response point with a stimulus point (say, contour

points m and p, respectively). The following sequence of operations are per-

formed to
i)

ii)

iii)

obtain the required sub-matrix.

The quantities 5, b , c are computed as in step (3).

o8’ %o8’ oB
Response displacement funct;ons vI, wI, uII’ VII, WII’ uIII’
Vo172 wiII as well as stress-resultant functions are evaluated
at E?(fbr each fundamental problem). These functions are
separated into a symmetric, anti-symetric dichotamy for Problems

II and III.

The response-stimulus sub-matrix is calculated from the relation-
ship:

[RS] = [&'S' I[T,]

where:

[TS] is the same as the corresponding matrix in step (4)
[R'S'] contains the following colwmns of elements:

columns (1) through (3) are identical with those of matrix
[R'S'] in step (5).

column (4) contains the residuals, R&, associated with the negative
anti-symmetric response functions of Problem ITI (as computed in

operation (ii) above).

column (5) contains the residuals, R&, associated with the symmetric
response functions of Problem ITT.

3& are the selected four scalar invariants described in step (5).
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iv) The sub-matrix as computed above is contributed to influence

matrix [C] in row m, column p of sub-matrices.

7. With influence matrices [A][B][C] and [D] computed, the Green's function
matrix [G] is obtained through the following matrix operatioms:

i) [c'l] is obtained by inverting [C]

11) The matrix [G] is then [G] = [A] - [DI[c™1IrB] .
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