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ABSTRACT

Research undertaken during the
quarter ending March 15, 1969, is outlined,.
Topics included are the quantum-limited
detectability of an object emitting light
with a Lorentz spectrum, the decision
among three pure states in quantum de -
tection theory, and the distribution of

photoelectric counts from incoherent light.




1. Detection of Incoherent Chjects by a Quanturnu-Lirmited Optical
System

A paperl submitted with our previous progress report treated the
detection of incoherent cbjects by observation of the electromagnetic field
at the aperture of an optical instrument. This field results from thermal
background radiation and, when the object is present, from light ernitted
by it. The problem is to design the optical instrument to detect the o*bject
with maximum reliability., The field is observed during an interval (0, T)
that is much longer than 1/W, where W is the bandwidth of the light from
the object. The average number of photons received from the backguound
is taken to be so small that detection can be said to be quantum Iimited.

Under these conditions the best detector is an ihstrurnem: that
measures the quantum threshold operator, and the paper referred to
showed that this operator is.a quadratic functional of the field at the

aperture A. It takes the form
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where ‘¥+(£, t) is the positive-frequency part of the field, assumed for
simplicity to be a scalar, ¥_ (r, t) = [‘Y+ (z, t) ]+ is the negative~

frequency part, and ® { t tz) is the mutual coherence function

Lyt Xp

of the field component due to the object. The value of U is compared




with a decision level UO’ and when U > UO the object is declared to be
present,

A procedure was given for calculating the false-alarm and detec.
tion probabilities for such a detector. These require knowing the probability
density functions (p.d.f.'s) of U when background radiation alone is present
and when both object and background are present. Only the moment-
generating functions (m. g.f.'s) of U are simple to calculate, and finding
its p.d.f.'s requires numerical computation in general, It was shown
that when the spectrum of the object liigh’c is constant over a frequency
band of width W and ié zero outside it (a rectangular spectrum), the

decision statistic U has a compound Poisson distribution.

A more realistic object spectrum is the Lorentz spectrum,
2 2
Xw)y=2w/(w +w ),

where w is the bandwidth and w is the angular frequency referred to the
central frequency of the object spectrum. For this spectrum the m.g.f.'s
take a complicated form involving modified Bessel functions. Amnalytical
inver‘sion of the m. g.f.'s to obtain the p.d.f.'s of U appears impossible.

A numerical calculation of the false-alarm and detection probabilities
for a Lorentz spectrum was carried out and is described in a paper attached
to this report. 2 It was found that when the Bandwidths are set equal,

w = W, zn object with a Lorentz spectrum has a lower probability of

detection than one with a rectangular spectrum, for equal false-alarin



t

probabilities and equal average numbers of photons received from object

and background. It was assumed that the light possessed first ordexr
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spatial coherence over the entire aperture,

o

2. Multi-Hypothesis Quantum Decision Theory

In ordinary statistical theory the optimum strategy for choosing
among M hypotheses (M 2 2) can be prescribed in terms of their posterior
probabilitiscg and their posterior risks, given the observed data. A solu-
tion of the carresponding problem in quantum decision theory has act

been found for M > 2. Even the apparently simpler problem: of how best

toe decide among M possible pure states of a quantum system has nct been

%

In a search for a clue to the solution, the choice among thre
coherent states of a simple harmonic oscillater was investigated, The
oscillator might represent a mode of an ideal quantum receiver unper-
turbed b'y thermal radiation. A computer program was written to deter-
mine the optimum projection operators for making the decision with
minimum average probability of error, the three states being assigned
equal prior probabilities. No obvious symmetries that might lead to a
general solution were discovered. The method and detailed results are

presented in the appendix of this report.



3., Other Tasks
A review of quantum detection and estimation theory has been
written for the "Journal of Statistical Physics.'" A copy is attached to
) 3
this report.
4 ot T o
An early paper analyzed the distribution of photoelectric counts
when partially polarized incoherent light falls on a photosensitive surface.
The moment generating function of the number of counts during an interval
of duration T was expressed in terms of the Fredholm determinant of an
integral equation whose kernel is the temporal autocovariance function
of the light., This Fredholm determinant has been calculated for light
with a Lorentz spectrum. Under investigation now is the determination
of the Fredholm determinant for light with a spectrum of the form
-2
Aw + B

X(w)= )
4
Cw +Dw2+E

with the aim of assessing the influence of the form of the spectrum on

the distribution. State-space methods are being applied in this effort.
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APPENDIX

Decision Among Pure States in Quantum Detection Theory

An outstanding problem in quantum detection theory is the optimum

manner of choosing among M density operators Py The

Pos vevs PM'

operator p, (k=12, ...,M) describes the state of a quantum receiver

k
when the k-th of M signals has been transmitted to it. The choice is to

be made by measuring M commuting projection operators Il that form a

resolution of the identity,

Dyl + .+l =1, (L. 1)

Those M commuting operators Hk will be adopted that minimize an averase
cost of operation. 3 In a communication system in which all errors are
equally serious, and all signals are transmitted equally often, it is
appropriate to choose the Hi{'s to minimize the average probability Pe of

error, or to maximize the average probability Q of correct decision,
M
- ! o
G =1-P_ =i ) Tr(p 1) (1.2)
k=

It is not at present known how to determine the operators Hk that maxi-

mize Q, except when M = 2,
An apparently simpler problem, but one that is also unsolved, is

to find the optimum operators II, for deciding among M pure states

k



|\yl Y, oo YD, Y v'). Then the density operators are
] AV

pkzlwkM\ka k=1,2, ..., M, (1.3)

and the projection operators will project on to M linear and orthonormal

combinations | 'ﬂj) of the states | ‘i’k> ,

= =6, , 1.4
o= <m0 (=0, (1.4)

where M
My =) el (1.5)

k=1

The average probability of correct decision is now

M . )
— 1 .

. - - 1.6
Q=1-P_ Mk21 I<T\kl‘¥k>| . (1.6)

- When the M projection operators of Eq. (1.4) are measured, the
system will be found in one of the M states | T]l>, ce ] "ﬂM> . If it is found
in the state I'ﬂk>, the decision is made that the system was originally in
state | ‘Yk>. The probability when the original state was | ‘Yk >, that this
will happen is just | (ﬂkl ‘i/k> |2, and the average probability of correct
decisionb,v 0 of Eq. (1 6), is the average of these probabilities over the

equally likely states | ‘1’k>. The problem is to choose the M orthogonal

states | 'ﬂk) so that Q is maximum. It has been solved only for M = 2,



If all the scalar products <‘i’j | ‘i’k)are real {j, k=1,2, ..., M),
the states i\lfk) can be represented as unit vectors in an M-~dimensional
Euclidean space. They are not in general orthogonal. (If they are, cur
problem is‘easy. ) The [ 'ﬂk) similarly form an orthonormal set of vectors

in the same space. LetY, be the angle between |T]k> and |‘¥k>, Then

k

5 =M cos Y

M
-1 2
Z (1.7)

k
k=1

The problem is to place the orthonormal set | ﬂk) in such a position that
it lies as close as possible to the set of vectors |‘¥k> , the '"'distance"
between the sets being measuredin a reversé sense by 0 ; the smaller
the angles Ve the larger Q .

In an attempt to see whether the optimum position of the orthonormal
vectors | 'ﬂk> with respect to the |‘i‘k> 's exhibits any symmetries that
might help to solve the problem in general, the three-dimensional problem
was studied by computer, For M = 3 the ends of the vectors ‘ \.‘{1> , [‘i’z>,

and |Y3> form a spherical triangle A1 A A3 on the unit sphere, and the

2

ends of the orthonormal vectors |1 k> form a polar triangle PIPZ P3 whose

sides and angles equal 900. (See Fig. 1.) The problem is then one of

orienting the triangle A1 A2 A3 in such a way that its vertices lie as

close acz possible to P P_, and P3, respectively, in the sense that
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- = 2Y+ ZY + ZY 1.8
Q = 3 {cos ;T cos , T cos 3) (1.8)

must be maximum, or

1 2 . 2 . 2
P_=3 (sin Y1+sm Y2+sm V3) (1.9)

must be minimum.

As the states H’k) we pick three coherent states |« 1), |o.'2), and
o 3} of a simple harmonic oscillator, which might represent a single mode
of the electromagnetic field of the cavity of an ideal receiver, 3 The scalar

products that specify the angles cPij between the vectors are then

*® 1 2 2
cos @, =(ozi Iozj):exp (o o -3 lozil CH ! (1.10)

J

and in order for these to be real the complex numbers «, must be real,
. i

_ 1.1 @ 2 1,11
cos (Pij =exp |-5 - ozj) . (1.11)
These numbers are so defined that
N, =la, | | | 1.12
i ' (L.12)

is the average number of signal photons in the mode when it is in the
state | o, ).
Thus our problem corresponds to detecting one of three signals

of different amplitudes. The field mode has an effective temperature of
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~bksolvute zero; it contains no thermal noise. Error in the decision arises
only from the quantum-mechanical uncertainty of the coherent states

and ¢ 31 define arcs on the unit

!@i>’ i=1, 2, 3., The angles D10 Ppa

a., and a

sphere that form the sides as, 2y 5

of the spherical triangle whose

optimum position with respect to the polar triangle PIPZ P3 we wish to

find,

The Spherical-Trigonometrical Problem

Given the spherical triangle A_A_A_ with sides a_, the

1253 r %2 23

problem is to orient it with respect to the polar triangle P1P2 P3 so that

6 = L (cos2 AlP + cos2 AZP + cos2 A3P

3 (2. 1)

1 2 3)

is maximum, (See Fig. 1).

The location of the triangle A1 A2 A3 with respect to Pl, PZ’ and

» 1 19 ) = = = : -
I 5 18 specified by the arcs OP1 Sy OP2 S,y ’OP3 S5 from the center

3 of the circumscribed circle of AA1A2A3, with

2
coszs +coszs +cos s, =1. (2.2)

The orientation of the triangle is specified by the angles £ P1 OA'l = 11;1,

A PZOAZ =1 4 P3 OA3 = 11;3 between the arcs OPl’ OP_,, OP, and

2 2’ 3

the radii OA}J OA_, OA_ from the circumcenter O to the vertices of the
3

2’
triangle. The arc lengths of these radii are equal to R, which is given

by

10



tan R = ) cos S _
cos (S—Al) cos (S—AZ) cos (S_AS) J
1
S = (Al + A

5 , tAL), (2. 3)

where Ai’ AZ’ A3 are the angles of the triangle AlAZ AB' The radii make

angles B v 92, 93 with each other, given by

1 1
sin (-é- Gi) = sin(g ai) /[ sinR, i=1, 2, 3. (Z

e
s
e

The angles between the radii OPl’ OPZ’ OP3 are /L PIOPZ =9,

LP,0P, =¢, L P, OP, = ¢,, given by

cos cpl :,,— cot s, cot s3
COS q)zz-cot S, cot 84 (2.5}
cos cp?) = - cot s1 cot s,

It suffices to give sp 8y and ‘lll in order to fix the location of the triangie

AIAZ A3. In terms of these,

‘3f2= ‘1’1 +93-cp3,
(2.6)
IR R
The connecting arcs are given by
cos AP, =cos s, cos R+ sins, sinRcos ¥, i=12,3,
ii i i i 2. 7)



and the quantity to be maximized is

i i

3
Qf;): ‘% z c:os2 A P, =
i=1

2
% (cos R +2M sinR cos R + N sim2 R),_

{2.8)
M :z sin s cos Si cos \hi.
i=1
3
7 2 2
N = .
Z sin” s, cos \y»i
i=1
For any given position (Sl’ SZ) of the circumcenter O, the function
0 (CI €55 \1;1) was maximized with respect to \Ifl by solving
30
—_—= =0 (2.9)
e
wlw
by Newton's method, producing a maximum value o’ (sl, SZ) = rmax
Y
1

Qdi\sil) Sz’¢}‘)‘

The value of s, was then changed to s1 + & and 5, - & and the

maxima Q (s, + 6, s ) were calculated in the sarme

1 2) and Q (s1 -8, s

2

way. A quadratic function was fitted to the three values q, = 6'(51 + 6, SZ)’
= ) R B . . . .

g = Q (Sl’ s, }, and a4 =Q (s1 8, sz), and the maximum of this

quadratic function was located at

C e L 3 (2. 10)
1 1 q1+q_1- Zqo 2

12



which became the sl-coordinate of the new trial point. The same pro-

cedure was applied to s, and a new value of s, obtained from the values

2’ y/

of O (s, 5., +5), 5'(31,5 andal(s,s - 8 ). The value of § was

1 2 2)’ 1 2

then veduced by a factor of 1/5 and the procedure repeated, first for s

and second for S, In this way the triangle AIAZ A3 was moved about on

the sphere until the values of O ceased to change by more than 10“'5

The computer printed out the final location and orientation of the
-:L.E»,,,s‘, B 3 . 4
triangle AIAZ A3 and the lengths of thg arcs A1 Pl’ A2 P, A3 PE-’
Unfortunately, no symmetries were apparent that might indicate a

general principle governing the optimum configuration.

3. Comparison with the Quasi-Classical Detector
The quasi-classical or threshold detector for choosing between
the three coherent states described by eqgs. (1. 10-. 12) measures the

1 + + R
operator«z- (a+ a ), where a and a are the annihilation and creation

3 .
operators for the mode. The outcome g of this measurement is a

Gaussian random variable with mean values

1 + o
<Oli l"'z" (a‘l‘a ) IQ.’1>—R’E/ ai; 1= 1,2:3’ (3']‘)

in the three states, and with variances 1/4., With ozl, afz, o 3 real and

so ordered that « 1 < 012 < 013, the quasi-classical detector chooses

1
4 as ’ W < whe:
| c.l> the true state when q <= () +@,), I ozz) hen

3

1 1
fno / < < L.
(@ ta)<as 5 (@, +o

1
] e
> : and ]a/3> when q > = (o, +a;). The

3)’
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FIG. 1. The Spherical Triangles
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