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TABLES OF COMPONENT RELIABILITY FOR BINOMIAL REDUNDANCY APPLICATIONS
by Darl D. Bien

Lewis Research Center

SUMMARY

Tables of component reliabilities required for a specified system reliability are
presented for systems whose reliability is expressible by the binomial distribution. The
tables have six-place accuracy and cover system reliabilities of 0.80, 0.90, 0.95,
0.975, 0.99, 0.995, 0.999, 0.9995, and 0.9999. Systems consisting of the following
numbers of components are included: 2, 3, 4, . . . , 50; 52, 54, 56, . . . , 100; 110,
120, 130, . . . , 500; 525, 550, 575, . . . , 1000.

The short and efficient FORTRAN 1V language computer program utilizing the
Newton-Raphson iterative procedure for binomial parameter determination is presented
together with instructions for its use. Examples of its usefulness in the areas of sam-
pling plans and confidence intervals are also given.

INTRODUCTION

One way to achieve high reliability for complex systems is to use redundancy. A
system of n components which functions only if at least r components function is
called an r-out-of-n system (ref. 1). If all components have the same reliability p and
if component failures are independent, the reliability of an r-out-of-n system is the
probability that at least r of the n components perform successfully. This is the cu-
mulative binomial probability:

n

n! X(1 - o)X
Zx’.(n-x)'.p( 2

X=r

Frequently, in system design work, system reliability is specified. The component
designer in turn needs to determine the component reliability p which is compatible



with the system reliability; that is, he needs to solve for p as a function of the number
of components n, the minimum number required to operate successfully r, and the
system reliability. This is referred to as determining the parameter of the cumulative
binomial distribution. The determination of the cumulative binomial parameter is of
interest in such other areas as sampling plans and confidence interval calculations.

The determination of p can be approximated by interpolation in existing tables of
the cumulative binomial distribution (such as refs. 2 to 7), tables of the incomplete beta
function (such as refs. 8 and 9), or tables of the F-distribution (such as refs. 9 and 10).
Since the cumulative binomial distribution can be approximated by the normal or Poisson
distributions under certain conditions on n and p, tables such as references 9 and 11
can be used for an approximate determination of p. References 12 and 13 contain charts
of the cumulative binomial distribution from which values of the parameter p can be
read with limited accuracy. References 14 and 15 contain tables of p but they cover
only a small range of variables.

The primary purpose of this report is to present extensive tables of the parameter
p of the cumulative binomial distribution covering a range of variables of particular
interest in reliability redundancy applications. The computer program used to deter-
mine p is also presented in order that the user may generate tables of particular in-
terest and because of the program's versatility in a variety of other problems. The
program deck can be obtained from COSMIC Computer Center, University of Georgia,
Athens, Georgia 30601. Examples of program usage are shown for confidence interval
and sampling plan applications in addition to the redundancy application.

SYMBOLS
c upper limit on binomial summation; acceptance number in single binomial
sampling plans
n number of components in system; sample size
P probability of lot acceptance in single binomial sampling plans

a
PrX = xln, p) probability of x successes in a system or sample of size n, where

individual component reliability or item success probability is p

o} component reliability; item success probability; sample fraction defective
in single binomial sampling plans

r lower limit on binomial summation; minimum number of successes
allowed

X random variable



X value that X can take

1 - @ confidence coefficient

Subscripts:

j iteration number
l lower

u upper

0 initial value

THEORY

The binomial distribution is a suitable model for determining the reliability of an
r-out-of-n system. If all components are assumed to have the same reliability p and
component failures to be independent events, the probability of exactly x successes
among the n components is given by

Pr(X = x|n,p) = (§>px(1 -p)E (1)

The factor (;) represents the number of combinations of n things taken x at a time;
that is,

e ®

r or More Successes

The cumulative binomial probability of r or more successes among the n compo-
nents is found by summation of x from r to n in equation (1); that is,

Pr(X =r|n,p) = zn: (,r;)px(l - (3)

X=r

This equation for the reliability of an r-out-of-n system reduces to the reliability of a
series system when r =n and a parallel system when r = 1. Since the summation of
equation (1) from x =0 to X =n must be 1, equation (3) can be rewritten as



Pr(X= rln p)=1- I‘Z_:l (n)px(l -ptX¥
=rin,p) = x D) @)

x=0

The summations in equations (3) and (4) can be rewritten in terms of cumulative binomial
distributions with parameters n and 1 - p to give, respectively,

n-r
Pr(x=rln,p) = ) (3)@ - o )
x=0
and
n
Prxzrinp=1- ) (- o ©)
x=n-r+1

Since equations (3) to (6) are equivalent, the preferred choice among them for com-
puter use is the equation containing the fewest terms in the expansion of the summation.
The use of this preferred equation results in minimizing the computation time as well as
the accumulated computer roundoff error. The summations in equations (3) and (5) each
contain n - r + 1 terms, while the summations in equations (4) and (6) consist of r
terms each. Therefore, equations (3) to (6) contain the same number of terms when
r =(n+ 1)/2. For r values greater than or equal to (n + 1)/2, equations (3) and (5)
are preferred; for values of r less than (n+ 1)/2, equations (4) and (6) are preferred.

C or Fewer Successes

The cumulative binomial probability of ¢ or fewer successes among the n com-
ponents is found by summation of x from 0 to ¢ in equation (1); that is,

C
Pr(x=c|n,p) = ) (3)o0 - " ()

x=0

Since the summation of equation (1) from x =0 to x=n must be 1, equation (7) can be
rewritten as



- _ = n\ x n-x
Prx=<clnp=1- 3 (3)p°0-p) ®)

x=c+1

The summations in equations (7) and (8) can also be rewritten in terms of cumulative
binomial distributions with parameters n and 1 - p to give, respectively,

n

Prx=clnp = Y (3 -0 ©)
X=n-c
and
n-c-1
Pr(X = cln,p) =1 - Z (2)(1 - p)Xpn—x (10)
x=0

The summations in equations (7) and (9) each contain ¢ + 1 terms, while the sum-
mations in equations (8) and (10) consist of n - ¢ terms each. Therefore, equations (7)
to (10) contain the same number of terms when ¢ = (n - 1)/2. For c¢ values less than
or equal to (n - 1)/2, equations (7) and (9) are preferred; for values of ¢ greater than
(n - 1)/2, equations (8) and (10) are preferred.

METHOD OF SOLUTION
General

In the development of a computer program, a general formulation for the binomial
summation is desired; that is, rather than programming all eight of the equations (3) to
(10), it is desired to program one general form from which either Pr(X = r|n,p) or
Pr(X = c¢|n,p) can be computed.

The general form selected is that of equation (3). It is noted that equations (6), (8),
and (9) fit this same form; that is, the summations have an upper limit of n. Thus,
equations (4), (5), (7), and (10) are eliminated from further consideration because their
upper limits are not n. Equations (3) and (6) have as unique variables r and
Pr(X = r]n,p), whereas equations (8) and (9) involve the variables ¢ and Pr(X=c [n, p)-

Equation (3) is used to restate the problem of determining the parameter of the
cumulative binomial distribution: for given values of n, r, and Pr(X = rln, p), deter-



mine the value of p. The solution to this problem is obtained by an iterative procedure
beginning with an initial guess for p for use in the summation of equation (3). Unless
there is equality between the specified quantity Pr(X=r | n, p) and the numerical value
of the sum, a new estimate for p is selected. This procedure is repeated until the
parameter p is ascertained with desired accuracy.

Newton-Raphson Method

The Newton-Raphson method is a well-known numerical technique for finding the
roots of equations. The Newton-Raphson method is chosen here because it provides
rapid convergence and because the required derivative of the binomial summation is
simple. The (j + 1)th estimate for the root p of equation (3) can be obtained from the
jth estimate for p as follows (ref. 16):

F(p.)
. =P, - J 11
p]+1 p] aF(p].) (11)
apj
where
n
Fop = ), (3)pa - o)™ - Pr(x=x[n,p) (12)
X=r
and
oF (p.)
j’ _ .fn\ r-1., . n-r
— =r(})pf Mt - py (13)

]

In order to assure convergence with the Newton-Raphson method, a judicious initial
guess for p is required. Since the binomial distribution is monotonic, convergence is
assured by selecting o at the point of maximum slope on a curve of cumulative prob-
ability as a function of p. This point is determined by setting to zero the second
partial derivative of F(pj) with respect to pj' The second partial derivative is



BZF(pj)

2

- r<¥)p]?'2(1 - pj)n-r-l [ -1) - pj(n - 1)) (14)
i

The value of p]. for which equation (14) becomes zero is

bg = r-1 (15)

A relation useful in obtaining successive terms of the binomial summation is

Pr(X=x+ 1|n,p)=u-—2——-Pr(X=x]n,p) (16)
x+1) (1 -p)

This relation is especially useful in computer computation of the sum.
Figure 1 illustrates the Newton-Raphson method of solution for the case
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Figure 1. - Component success probability and cumulative probability for six or
more successes among ten components,



PrX= 6|n =10, p) = 0.90. The rapidity of convergence by this method is such that
six-place accuracy in p can usually be obtained in fewer than six iterations. The

FORTRAN program is presented in appendix A.

APPLICATION

The application which motivated this study is in determining the required component
reliability in an r-out-of-n system. Two other applications, sampling plans and con-
fidence intervals, are given in appendix B.

An r-out-of-n system is one which functions only if at least r components function
in a system of n components. Frequently, in system design work, the designer has a
specified system reliability that must be achieved. Physical requirements of the system
determine the number of components r that must function successfully. Within limita-
tions such as weight, cost, and size, the designer can choose the number of redundant

components n - r. The problem is to determine the component reliability p that will

satisfy the required system reliability for given n and r.

An example of such a problem is found in the design of vapor-chamber radiators for
space application. Such radiators consist of several hundred (n) independent chambers,
of which some number (r) must successfully function in order to reject the waste heat
from a powerplant (ref. 17). Typically, the overall radiator reliability is specified.

The surfaces of the vapor chambers are subject to bombardment by meteoroids. A

L0
[— Number of
components
in system,
- ”
>
= 10
T 3=
=
g 50
£
s .1 100
£ 500
&
-6 1000
5 [ L | | | 1 [ .
.50 .55 .60 .65 .70 .75 .80 .8 .90 .95 1.00

Ratio of minimum to total number of components, r/n
Figure 2. - Effect of number of components on required component reliability for system reliability of 0. 99

n
0.99 = E(Q)px(l - p)”'X> and a range of redundancy levels.
X1



puncture of the chamber releases its vapor and destroys its usefulness. The thickness
of the chamber walls can be expressed as a function of the required chamber reliability
(ref. 17). Thus, to design the vapor-chamber radiator, it is necessary to determine
p, the individual vapor chamber reliability. By cumulative binomial parameter deter-
mination, p can be determined as a function of the number of vapor chambers n, the
minimum number required for mission success r, and the overall radiator reliability
Pr(X = r|n,p).

The following table lists the component reliability for a system success probability
of 0.99 for several n and r values. The same information is presented in figure 2
where it is shown that for fixed r/n, the larger values of n result in smaller required
component reliabilities.

CuM PROB N R c P

C.3950000 10 6 0.849557
C.930000 10 7 0.906786
0.990000 10 8 0.952493
G.9560000 10 9 0.984462
0.950000 10 10 0.998995
€C.990000 50 30 0.740064
0.9%0000 50 35 0.823491
€C.960000 50 40 0.899068
C.990000 50 45 0.963083
0.9%0000 50 50 0.999799
0.94%0000 100 55 0.657288
0.9%0000 100 60 0.703765
0.950000 100 65 0.749050
€C.990000 100 70 0.793051
C.9%000¢0C 100 75 0.835610
0.990000 100 80 0.876473
0.950000 100 85 0.915205
0.950000 100 90 0.950980
0.990000 100 95 0.981853
0.960000 100 100 0.999899
0.990000 500 275 0.600219
0.950000 500 300 0.649052
€.950000 500 325 0.697335
0.960000 500 350 0.745022
0.950000 500 375 0.792036
0.950000 500 400 0.838251
0.990000 500 425 0.883452
0.950000 500 450 0.927211
0.930000 500 475 0.968455
0.960000 500 500 0.999980
0.990000 1000 550 0.585849
0.990000 1000 600 0.635099
0.930000 1000 650 0.683959
0.9%0000 1000 700 04732395
0.990000 1000 750 0.780353
0.990000 1000 800 0.827742
€.9$0000 1000 850 0.874409
0.990000 1000 900 0.920045
0.990000 1000 950 0.963873
0.990000 1000 1000 0.999990



CONCLUDING REMARKS

The system designer who occasionally uses the binomial distribution in reliability
applications will find that the extensive tables of this report provide him with six-place
accuracy and a saving of time. The more frequent user will find that the computer pro-
gram, which is short and efficient, can be used to generate tables more nearly suited to
his use or to incorporate the routine into a larger system program.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, August 22, 1969,
120-27.
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Yes n-1

u L o=
se eq. (8) 3
?

Call SERIES No

Use eq. (9)

Call SERIES
T

APPENDIX A

FORTRAN PROGRAM

Start
SCRAP

—(;ompat; ;r;i.;tz;r/e r;alral logarithms
of all factorials from 1 to 1000

Qvﬁte first page head )
Qead inputs

Is
No PriX>r)to Yes

be used?

Yes Compute p | Yes
directly

/~ Write appropriate page \1

(a) Calling program, SCRAP.
Figure 3. - Computer flow diagram.

1 Yo - -

Is
r>n or Yes
is r<1?

No

Is
r=1or
is r=n?

No

Is

rehntl Yes

2
?

No

Use eq. (6)

Call SERIES

A FORTRAN IV language computer program, written for the Lewis 7094 computer
and utilizing the Newton-Raphson method, is presented at the end of this appendix. The
flow diagram is shown in figure 3. ]

The program is written in two parts. The calling program, called SCRAP for

Use eq. (5)

Call SERIES
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small or have all
term been com-
puted ?

Compute successive term of series
{above NS} and call it term 2
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Get new
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(b) Subroutine SERIES.

Figure 3. - Concluded.

Compute derivative
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Series Computation of Reliability and Probability, controls the input and output and pro-
vides for selection of the preferred equation for the most efficient computation of the
binomial sum. The subroutine SERIES is used to compute the binomial sum and to de-
termine to the desired accuracy the numerical value of the parameter p.

Calling Program, SCRAP

As shown in figure 3(a) the first function performed by SCRAP is the computation and
storage of the natural logarithms of all factorials from 1 to 1000. These are needed
because each term of the binomial summation contains factorials (see eqs. (1) and (2)).
The logarithms are stored in double precision to maintain the desired accuracy after
summing the possibly large number of terms in the binomial summation.

The program has five input variables, only four of which are used in any one problem.
To specify whether the cumulative probability under consideration is Pr(X = r]n, p) or
Pr(X=c | n,p), an input called TAIL is used. Any positive integer for TAIL indicates
Pr(X = rfn,p), whereas any negative integer or zero indicates Pr(X =< cln, p)- The
input N (for n) can be any integer from 1 to 1000. The input R (for r) can take any
integer value from 1 to n. The input C (for c¢) can take any integer value from zero to
n - 1. The remaining input CUMSUM is the specified cumulative probability; it is either
Pr(X = r’n, p) or Pr(X = c|n,p), depending on whether TAIL is positive or nonpositive,
respectively. All inputs are programmed in NAMELIST format. A sample set of inputs
is shown in the following table:

Card column 1 2
Blank $ INPUT CUMSUM = 0.025, TAIL = 1, N = 50, R = 20%
Blank $ INPUT TAIL = O, C = 20%
Blank $ INPUT CUMSUM = 0.05, TAIL = 1%
Blank $ INPUT TAIL = 0%
Blank $ INPUT CUMSUM = 0.025, TAIL = 1, R = 25%

Decision Functions

Figure 3(a) illustrates the decision functions performed by SCRAP. When the bi-
nomial summation consists of a single term, the parameter p is found by direct com-
putation. When the summation contains more than one term, the Newton-Raphson iter-
ative procedure is used to determine p. The program uses the form of the cumulative

13



binomial requiring computation of the fewer terms. Subroutine SERIES is then called
to perform the binomial summation and determine the value of p.
A sample set of output obtained from the preceding sample input is as follows:

c {N} X N-X N {(N) X N-=X
CUMULATIVE PROBABILITY = SuM () P (1-P) OR SuM () P (1i-P)

X=J {x) X=R (X)

CuUM PROB N R C P

0.025000 50 20 0.264078

0.025000 50 20 0.5482006

V. 050000 50 20 0.283131

Q. 050000 50 20 0.526120

0. 025000 50 25 0.355273

The first page of output contains as a heading both equations (3) and (7). Of the five
column headings, N, R, and C are identical to the inputs with the same names. The
CUM PROB column is simply the CUMSUM input, and P is the cumulative binomial
parameter p.

Subroutine SERIES

Subroutine SERIES performs the binomial summation, determines the parameter p
to the desired accuracy, and delivers the solution to the calling program SCRAP. The
flow diagram of figure 3(b) shows the steps in this procedure.

It is desirable to begin computation of the sum at the mode or largest term of the
distribution. Since the binomial distribution is unimodal, successive terms of the sum-
mation on both sides of the mode need be computed only so long as the successive term
adds significance to the cumulative sum.

Because the mode of the binomial distribution is more difficult to determine than
the mean and since the mode is close to the mean, the mean term is chosen to initiate
computation of the sum.

The mean of the binomial distribution is formed by the product np;. If np., when
rounded to the nearer integer value, is either zero or n, it is setequaltolor n -1,
respectively, to avoid definition and use of zero factorial. The probability of np.
(rounded to an integer) successes among n components given by equation (1) with
X = np. is computed and stored as term 1.

If the mean np, term is a term not included in the range of the summation, the
computation begins instead with the first term of the summation designated by NS

14



in the computer program. With the use of equation (16), successive terms of the sum-
mation are computed until either (1) the terms become insignificantly small, less than
10_10, or (2) all terms of the summation are included. Each term of the summation is
added to the previous cumulative sum, called CGUESS in the program.

The increment on p as specified by the Newton-Raphson method is Pi,1 - D
(eq. (11)). If this increment is less than 5><10'7, the solution p is delivered to the call-
ing program, SCRAP. If the accuracy of p is not satisfied, a new guess for p is used
and the process repeated from the beginning. The error in p as obtained from this
program is thus less than 5><10'7; that is, all six places are usable.

Miscellaneous Details

The running time on the Lewis 7094 computer is less than 0. 001 minute for each
case. With format modifications, the program was checked out with n values as large
as 10 000. The calling program SCRAP and subroutine SERIES require a total storage
capacity of less than 2900 36-bit words on the 7094 computer. Of the storage, 2000 words
are used just to store the logarithms of the factorials in double precision. For repeated
usage of the program, computer time and storage could be saved by permanently storing
the logarithms of the factorials on disks.

A copy of the FORTRAN program deck can be obtained from COSMIC Computer
Center, University of Georgia, Athens, Georgia 30601.

Program Listing

SCRAP

———=TIME.

C —-~——-SCRAP--SERIES COMPUTATION OF RELIABILITY AND PROBABILITY--IS A PROGRAM
C —~-—WHICH USES THE NEWTON-RAPHSON TECHNIQUE TO DETERMINE THE PARAMETER P OF
C —---THE SINOMIAL SERIES. THE INPUTS ARE C (OR R}, N, TAIL, AND CUMULATIVE
C —-———PROYABILITY AND THE OUTPUT IS P IN THE FOLLOWING EQUATIONS.

c

c ——-— c (N X N=-X N (N) X N=X

C ————-CUMULATIVE PRUBABILITY = SUM ( ) P (1-P) OR SUM () P (1-P)

C ———- X=0 (X} X=R (X)

C

C -——— (N)

C ———~-THE FACTOR [ ) MEANS THE NUMBER OF COMBINATIONS OF N THINGS TAKEN X AT A
c —- {X)

c

C

COURLE PRECISION FACLOGP+QyAINTEG,CUMSUM
CIMENSION FACLOG(1000)

15



16

GO

(el e]

COMMON  CUMSUMsN,sNS»P,Qs FACLCG

FACLGG(1) = 0.
CO 2 INTEG = 2,1000
AINTEG = INTEG
2 FACLOG(INTEG) = FACLOG(INTEG-1)+DLOG(AINTEG)

WRITE (64+31)
31 FORMAT (1H1/49X, 43HC (nN) X N—-X N (N} X N-X/
123X,66HCUMULATIVE PROBABILITY = SUM ( ) P (1-P) UR  SUM ()
2P (1-P)/48X,8HX=0 (X} 17Xs8HX=R (X)//, 28Xy 8HCUM PROB,11X,

31HN, 10X 3 1HR, 10X, 1HCy 12X+ IHP,//)

INTEGER C,R,TAIL
I =0
¥y =0
K =0

NAMzLIST/INPUT/CUMSUM,TAIL,N,C,R
1 READ(5, INPUT)

REALR = R
REALN = N
REALC = C

——==1F TAIL I> GREATER THAN ZERO, SUM SERIES FROM R TN N.
IF (TAIL.LEL.O) GO TO 400

————1F 2 GREATER THAMN N OR R LESS THAN 1 (ERROR CONDITIONS) GO TO HNEXT CASE.
300 IF(R.GTNJOR.RLT.1Y GO TO 1

IF(CUMSUM.EG.0.)} GO TO 320
IF(CUMSUM.EQ.L.) GO TO 331
IF(R.EQ.1) GO TO 320
IF {R.NE.N) GU TO 321
P = CUMSUM#=(1,/REALN)
CO TO 40

330 P = 0.
GO TO 490

331 P = 1.
CO TO 40

320 P = 1.-(1.-CUMSUM)*x (1./REALN)
GO TO 40

———=1IF R IS GREATER THAN CR EQUAL TO (N+1)/2, USE SUMMATION FROM R TO N.

321 IF(REALR.LT.((REALN+1.)/2.)) GO TO 301
NS =R
CALL SERIES
GO 7O 40

-———IF R IS LESS THAN (N+1)/2, USE SUMMATION FROM N-R+1 TO N IN TERMS OF Q,P.
—-———BECAUSE SUM (R,yN,P,4Q}) = 1-SUM(O4R-1,P,Q) = 1-SUMIN-R+1,N,Q,sP}.
301 NS = N-R+1

CUMSUM = 1.-CUMSUM

CALIL SERIES

CumMsuM = 1.-CUMSUM

P =0Q

CC TO 40



o OO0

[aNaNe]

c

————1IF C IS NEGATIVE OR IF C GREATER THAN OR EQUAL TO N (ERROR CONDITIONS),
———-GO TO NEXT CASE.
400 IF{C.LT.0.0R.C.GE.N) GO TO 1

IF(CUMSUM.EQ.0.) GO TO 430
IF(CUMSUM.EQ.1.) GO TO 431
IF{C.EQ.O0) GO TO 420
IF(C.NELIN-1}) GO TO 421
P = (l.—CUMSUM)#x{1l./REALN)
GO TO 40

430 P = 1.

GO 7O 40
420 P = 1.-CUMSUM=%(1./REALN)
GO 70 40

———1IF C IS LESS THAN OR EQUAL TO (N-1)/2, SUM{N-CsN;Q,P).
421 IF (REALC.GT.{(REALN-1.)/2.)) GO TO 401

NS = N-C

CALL SERTFS

P =Q

GO TO 40
————1F C IS GREATER THaN (N-1)/2, SUM FROM C+1 TO N AND SUBTRACT FROM 1.
401 NS = C+1

CUMSUM = 1.-CUMSUM

CALL SERIES

CUMSUM = 1.-CUMSUM

————THE VARIABLES I, M, AND K ARE LINE AND PAGE COUNTERS USED IN GROUPING THE
—-——=—CUTPUT AND DETERMINING THE PROPER HEADINGS.
40 1 = 1+1
vV = M+1
IF (I.LE.5) GO TO 205
201 WRITE (6,21)
21 FORMAT (/)
M = M+1
I =1
205 IF(K.GT.0) GO TO 203
IF(M-47) 200,200,110
203 IF(M.LE.53) GO TO 200
110 WRITE (6,41)
4] FORMAT (1H1,/¢28X+8HCUM PROB+11Xs1IHNs10Xs1HRs10Xe1HC+12Xe1HP/ /)
1 1
4 0
K K+1
200 IF(TAIL.LE.O) GO TO 410
310 WRITE(64946) CUMSUMGN,R,P
46 FORMAT(26X9Fl0.698X91447X9[4, 18XeF10.6)
GO 101
410 WRITE (6447) CUMSUMyN,C,P
47 FORMAT (26XyF1l0.698X314,18X,314,47X,F10.6]

Wi n

GO 70 1
END
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SERIES

SUBROUTINE SERIES
———=SUBROUTINE SERIES IS USED TO PERFORM THE SUMMATION COMPUTATION AND TO

~———LDETERMINE THE VALUE OF THE PARAMETER P TO DESIRED ACCURACY.
COUBLE PRECISION FACLOG,PsQsAid,ANS, ANP,ANLNP,ANLIMT,ANSL,ANLNP]1,
1TER¥1,AK11,CGUESS,TERNM2,AK21,AK2, TERM3,AK3,ANP1,DERIV,CUMSUM,DELP
CIMENSION FACLOG(1000)
COMMON  CUMSUM,idsNS,P,Q,FACLOG

e Ne]

AN = N
ANS = NS
~-——INITIAL GUESS ON P SUCH THAT SECOND DERIVATIVE OF BINOMIAL EQUALS 0.
10 P = (ANS = 1.)/(AN - 1.)
11 € = 1.-P
NLIMIT = N-NS
ANLIMT = NLIMIT
ALL = N-1
= ANS+1.
EROP = 1.0 E~10

(g}

2 NP =AN=P
IF (NP.GE.1) GO TO 3
AP =1

3 IF(NP.LT.N) GU TO 4
NP = N-1

4 ANP = NP
ANPl = ANP+1.
NLNE = N-NP
ANLNP = NLNP
ANLNPL = ANLAMNP+1,
NSLAP NS—NP
NPLNS NP-NS

non

————THE MEAN (NP) TERM IS USUALLY THE LARGEST SO CALCULATION OF THC SUMMATION

——==STARTS WITH IT.
TERML = DEXP(FACLOG(N)—FACLOGINP)—-FACLOG{NLNP)-ANP=DLOG(1./P)

1-ANLNP=DLOG(1./Q))

N eaNe!

———=1F NP LESS THAN NS, START SUMMATION WITH NS TERM INSTEAD.
IF(NP.GELNS) 60 TO 9
15 CO 17 K11=1,NSLNP

AK1LI = K11
17 TERMI = TERMLI#{ANLNPL1-AK11)/ (ANS1-AK1}1)=P/Q

a0

9 CGUESS = TERMI]
TERMZ = TERMI

IF (NP.GT.NS) GO T0O 43
C ————THE FOLLOWING LOOP CONPUTES NS+1 TERM, NS+2 TERMjesesey N TERM.
29 0O 37 K21 = NS,NLI
AKZ21 = K21
TERMZ2 = TERMZ2#[AN-AK21)/(AK21+1.)%P/Q
-——=—LCROP TERMS LESS THAN 10-10
IF (TERMZ2.LE.DRUOP) GO TO 16
37 CGUISS = CGUESS + TERM?2

(@]

CO TO 16
¢ ————TERMS GREATER THAN NP COMPUTED HERE.
43 CO 7 K2 = NP,NL1
AKZ2 = K2
TERVY2 = TERM2#({AN-AK2)/{AK2+1.)%P/Q
IF (TERM2.LEL.DROP) GO TO 22
7 CGUESS = CGUESS+TERM?2

18
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SO

aOn

oo oO0n

-———TERMS LESS THAN NP (INCLUDING NS TERM) COMPUTED HERE.
22 TERM3 = TERML
CC 8 K3=1,NPLNS
AK3 = K3
TERM3 = TERM3*(ANPL1-AK3)/{ ANLNP+AK3) *Q/P
IF (TERM3.LE.DROP) GO TC 16
8 CGUISS = CGUESS+TERM3

~-~=—CALCULATION OF DERIVATIVE OF BINOMIAL SUMMATION.
16 CERIV = DEXP{FACLOG(N)-FACLOG(NS-1)—-FACLOGINLIMIT)—(ANS~1,) »
1CLOG(L./P)—ANLIMT#DLOG(1./Q))

—~——THE FORM OF NEWTON—-RAPHSCN SOLUTION IS P2=Pl-F(PLl)/F*(Pl).

————CELP IS THE CORRECTION TG BE MADE ON P IF ACCURACY NF P IS NOT SATISFIED.

CELP = (CGUESS-CUMSUM)/DERIV
ACCRYP = ABS(DFLP)

F = P-DELP

C = 1.-P

—-——=~ERR(GR UF THE FURM ABSOLUTE VALUc OF DELF 1S CUMPUTFD ABOVE AS ACCRYP,

——~——INCREMFNT P AND IF LAST INCREMENT IS LESS THAN .5 TIMES 10-6,
~—-——RESULT. IF ACCRYP IS NOT SATISFIED, REPLAT FROM STATEMENT 2.

IF (ACCRYP.LT..0000005) GO Tn 39
CO 10 2

39 RETURN
END

19



APPENDIX B

ADDITIONAL APPLICATIONS

Two additional applications of binomial parameter determination are given in this

section.

Sampling Plans

A sampling plan is a procedure whereby acceptability of a large lot of material is
determined from the study of a small sample taken from that lot. A random sample is
taken and the items in the sample are examined and classified into two categories, de-
fectives and effectives. Based on the number of defectives in the sample, a decision is
made to either accept or reject the entire lot.

A single binomial sampling plan consists simply of the specification of the sample
size n and the acceptance number c (ref. 18). If the sample contains ¢ or fewer
defectives, the lot is accepted. If the sample contains more than c¢ defectives, the lot
is rejected.

The symbol p is used in sampling plans for the fraction of the lot which is defective.
In this notation, low values of p imply high quality material and high values imply low
quality material.

If the fraction defective is p, the probability that a sample of size n will have c
or fewer defective items is given by equation (6). This probability of ¢ or fewer de-
fectives is the probability of lot acceptance Pa; that is,

P, = Pr(X= c|n, p) (B1)

The consumer must realize that, since the lot of material is much larger than the
sample, there is some chance that the lot is of bad quality even though the sample leads
to lot acceptance. The consumer prefers to keep the risk of such an acceptance of bad
quality material at a low value, usually around Pa =0.10. This is referred to as the
consumer's risk. On the other hand, the producer realizes that there is some chance
that a sample will pick up more than c¢ defectives and the lot will be rejected even though
the lot is of good quality. The producer wants to keep the risk of having good quality
material rejected at a suitably low level, usually around 1 - Pa = 0.05. This is referred
to as the producer's risk.

Given values for n and c¢, the producer and consumer wish to know the fraction
defective p to be expected under the plan as Pa is varied. The curve of probability
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Figure 4. - Operating characteristic curves for single binomial sampling plans. Sample size, 100; acceptance
number, 0to 8.

of lot acceptance as a function of p is called the operating characteristic curve of the
sampling plan. The operating characteristic curves for n= 100, 0 < ¢ < 8 are shown

in figure 4. The data were obtained from the following table together with some unpub-
lished results of the computer program run at Pa greater than 0.95 and Pa below 0. 10.

CUM PROB N R C p

0.950000 100 0 0.000513
0.750000 100 0 0.002873
C.5€0000 100 0 0.0063908
0.2%0000 100 0 0.013767
0.100000 100 0 0.022763
0.950000 100 1 0.003565
C.750000 100 1 0.009615
0.5¢0000 100 1 0.016727
0.250000 100 1 0.026699
C.1C0000 100 1 0.038339
0.950000 100 2 0.008226
C.750000 100 2 0.017297
0.5C€0000 100 Z 0.026651
0.250000 100 2 0.038879
0.1C0000 100 2 0.052345
€.950000 100 3 0.013777
0.750000 100 3 0.025413
0.5C¢0000 100 3 0.036597
C.250000 100 3 0.050556
0.1€0000 100 3 0.065586
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CUM PROSR N R c P

0.950000 100 4 0.019906
0.750000 100 4 0.033795
t.5C0000 100 4 0.046553
0.250000 100 4 0.062031
0.1€0000 100 4 0.078348
C.950000 100 5 04026450
0.750000 100 5 0.042361
0.5C0000 100 5 0.056512
€.250000 100 5 0.073327
0.1C0000 100 5 0.090771
C.950000 100 6 0.033312
C.750000 100 6 0.051067
0.500000 100 o 0.066474
0.250000 100 6 0.084487
€C.100000 100 & 0.102939
0.350000 100 7 0.040429
0.750000 100 7 0.059882
0.5C0000 100 7 C.076436
C.250000 100 7 0.095539
C.1€0000 100 7 0.114903
€C.950000 1060 8 0.047757
C.750000 100 8 0.068789
0.5GC0000 100 b 0.086400
0.250000 160 8 0.106501
0.1C0000 100 8 0.126698

For example, from the table, given the plan n = 100 and ¢ = 3, the fraction defective
accepted 10 percent of the time is 0.065586, while the fraction defective accepted 95 per-
cent of the time is 0.013777. This means that the producer will, on the average, have
5 percent of his good lots rejected under this plan if the lots which he produces have a
fraction defective of 0.013777. Likewise, the consumer is assured that, under this
plan, he will on the average accept bad lots having fraction defective 0.065586 only
10 percent of the time.

Confidence intervals

Probability can be determined empirically. A sample of size n is taken, r of the
items are classified as successes, and n - r are classified as failures. A point esti-
mate for the probability of success in the population is the quantity r/n.

Sometimes an interval estimate for p is given along with a statement concerning
the confidence that the interval contains the true value of p. This is called the confi-
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dence interval for p and is determined from
Pr(plSpSpu]n,r)=1 - a (B2)

where 1 - @ is the confidence coefficient.

Whereas the point estimate for p is dependent only on the ratio r/n without re-
gard to the actual sample size, the confidence interval for p depends on the numerical
value of n as well; that is, a larger sample extracts more information about the pop-
ulation and hence a smaller interval is specified.

The numerical values of the end points of the symmetrical confidence interval are
obtained from the solution of

Pr(X = r]n,pl) =2 (B3)
2
and
Pr(X = rln,pu) = (B4)
2

The following table shows confidence intervals for p for r/n values of 0.4, 0.5,
and 0.8 for n =50 and n = 100. If a sample of size 50 has 40 successes, the 95 percent
confidence interval for p is 0.662817 to 0.899698. A sample of size 100 with 80 suc-
cesses results in the same point estimate of 0. 80 for p; the larger sample size, how-
ever, narrows the 95 percent confidence interval to 0.708157 to 0. 873344.

CUM PROB N R o 4

0.025000 50 20 0.264078
C.025000 50 20 0.548206
€.050000 50 20 N.283131
C.050000 50 20 0.526120
0.025000 50 2% 0.355273
C.075000 50 25 0.644727
0.050000 50 25 0.376246
0.050000 50 25 0.623754
6.025000 50 40 0.662817
0.025000 50 49 0.899698
0.025000 100 40 0.303295
0.025000 Lo0 40 0.502791
¢.030000 100 40 0.317526
0.050000 100 40 0.487024
0.025000 100 S0 0.398321
C.025000 100 50 N.601679
0.0%0000 Lo0 50 0413622
€.050000 100 50 0.586378
0.025000 100 a0 0.708157
0.025000 100 80 0873344
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TABLE 1. - COMPONENT RELIABILITY FOR BINOMIAL REDUNDANCY
Explanation of Table

The cumulative binomial parameter satisfying equation (3) is extensively tabulated
in the following table. The range of parameters is particularly useful in r-out-of-n
redundancy problems. Values of cumulative probability (system reliability) tabulated
are 0.80, 0.90, 0.95, 0.975, 0.99, 0.995, 0.999, 0.9995, and 0.9999. The n and r

values are chosen in pairs: n=2, 3, 4, . . ., 80and r=1, 2, 3, . . ., 50; n= 52,
54, 56, . . ., 100 and r ® n/2, n/2) + 1, (n/2)+ 2, . . ., n; n= 110, 120, 130, . . .,
500 and r= n/2, (n/2)+ 5, (n/2)+ 10, . . ., n; n= 525, 550, 575, . . ., 1000 and

r ¥n/2, (n/2) + 10, (n/2) + 20, . . ., n.

The computer program of appendix A was used, with format modifications, to pro-
duce the tables. Columns headed N and R correspond to n and r, respectively;
the value in the body of the tables is the parameter p accurate to all six places.

N

Cumulative Probability = 2 @I()px(l -p)N—X
x=R
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TABLE 1. - Continued.

«80

«€52786
« 894427

2415196
«712859
«528318

231260
. 582454
-« 787683
« 945742

«275220
« 490192
- £73402
-£31391
« 956352

«235275
«422448
»£85394
731351
«A60119

« 563492

205403
270862
«516758
«£49906
«I71674

- £80461
« 568625

. 182235
330365
«462098
«ER3655
c€967T4

« 801403
. 895627
«GT72492

- 163749
« 297770
«417682
»529136
«€33913

« 332453
« 824250
«907373
»575511

148660
. 270988
«380937
- 483657
«580865

«ET31T2
760559
« 842365
«$16740
+577933

«90

«683772
« 948683

«535841
«804200
«565489

«437659
«679539
« 857441
« 974004

« 369043
«583890
« 753364
«887765
«979148

«318708
«510316
«566806
«799091
« 907405

«982593

.280314
«452565
«596180
. 7213568
-830362

«921177
«385061

«250106
« 406245
-538216
- 655377
« 760338

« 853145
«931374
2986916

«225736
«368362
«490081
599420
«699031

« 1895604
« 870503
«939231
«988362

«205672
+336848
2449604
«551731
« 645784

« 732682
-8124138
«B884175
«345471
«989519

COMPONENT RELIABILITY FOR BINOMIAL REDUNDANCY

95

« 776393
« 374679

. €31597
+ 864650
«983048

527129
- 751395
- 902389
-« 987259

«450720
» 657408
« 810745
« 923560
-« 989794

-« 393038
« 581803
. 728662
. 846839
+937150

« 991488

» 348164
. 520703
» 658739
.« 774678
« 871244

. 946624
. 892699

312344
« 470679
« 599689
« 710759
. 807097

- 888887
« 953611
« 993609

«283129
«429136
549642
.« 655059
« 748632

«83125¢C
+902253
« 958977
. 994317

«258866
«394163
« 506901
« 606624
« 696463

« 777559
« 849972
«912736
« 963229
.« 994884

CUMULATIVE PROBABILITY

«375

« 841886
«987421%

«707598
+« 905701
« 991596

«602365
. 805880
«932414
« 993691

«521824
«716418
« 853367
« 947255
« 994949

« 459258
-641235
« 777222
.881883
«356728

«995789

« 409616
.578723
« 709579
«315948
.901012

«963307
2396390

«369417
« 526510
.650856
«T55137
- 842987

«914767
» 9368146
« 956840

«336267
-« 482497
«600094
« 700705
+» 787991

.863004
.925145
«971855
-997191

- 308497
+445016
+556095
« 652453
« 737622

2812914
«878448
«933260
« 9374789
«997471

.99

. 900000
«994987

«1B4557
« 941097
« 996655

+683772
«859132
.958001
+ 997491

.601893
«T77928
« 894360
.967318
« 997992

+535841
. 705686
- 826930
«915270
.973237

. 998226

+482053
< 643365
. 163676
. 857730
«929196

.377335
« 998565

+A437659
-589942
« 706770
.801798
+B879050

. 939160
.9803%2
.998744

400516
« 544034
«656315
e 749974
.829035

.894738
.« 946652
«982 644
.998884

« 369043
« 504353
«611743
« 702884
. 781662

« 849557
+906786
«952493
« 984462
«998995

«995

«929289
«997497

.829002
«958600
+998331

« 734085
«889115
«970555
«998748

«653428
»814903
«917171
«9T7119
«998998

.586481
«T46007
«856404
«933721
-981279

~999165

.530883
«684912
«737028
.882296
«944701

«984156
«999284

+484331
«631517
- T42169
.830299
«900133

2952536
«986264
.999374

« 444953
« 584969
+692606
- 780864
«853944

«913212
«958415
-987876
«999443

«411296
«544287
«5648201
«735114
«809084

-871689
«923232
962993
«289149
«999499

«999

- 968377
« 999500

« 900000
+ 981630
2999667

.822172
«935962
« 986977
«999750

.748811
.877986
+ 952448
.989898
.999800

« 683772
.818614
« 906046
- 962084
« 991744

.399833

«627261
< 762521
+856226
«923345
+368439

.993018
+999857

.578303
. 711276
. 807300
.880430
«935170

« 972957
+993951
«999875

«535841
+ 565109
« 761152
.837140
«897477

«943794
«976336
« 994663
«999889

«498813
« 623723
«718457
« 795363
. 858691

«910187
«950373
« 978962
«995226
« 999900

« 9995

«977639
«999750

«920630
«987034
+999833

+ 850465
+949350
. 990815
«999875

. 781327
«897846
«962452
«392878
«9992900

« 718273
.842835
«921516
«970090
.994181

«999917

.662383
+ 789439
-875747
+936058
«975120

«995080
« 999929

« 613302
« 739717
«829609
«896840
« 945974

+ 878691
«995738
«999937

«570247
«6942913
« 785284
«856260
2911652

+953194
.981361
+996240
« 999944

«532376
-653130
« 743711
« 816394
+875449

«922675
«958695
«9383433
«996637
+» 999950

+2999

«990000
+999950

«953584
+994215
+999967

+900000
+970541
«995906
«999975

841510
.932187
.978218
«996828
«999980

- 784556
~387031
«548C99
+ 982675
2997409

«9999873

«731730
»840362
«911098
2957816
.985603

«997810
«999986

.683772
+ 794965
871466
«926409
.964417

.387679
«998103
«999937

.640618
+752128%
.831742
.891936
.937110

« 969209
.989228
«9981327
«999989

«601892
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