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AN FM CLICK MODEL IN ADDITIVE NORMAL NOISE AND SOME STATISTICAL
PROPERTIES OF THE CLICK EVENT

BY

George L. Davis
Frank Carden

Electrical Engineering Department

Las Cruces, New Mexico

Abstract

An FM click model is developed from statistical inferences made on

the constituent components of the quadrature noise model.

Calculations based on the developed model predicted the occurrence
of the "multi-modal" click. This event was subsequently verified experi~-

mentally.

The mathematical model indicates that there exists a minimum peak phase
rate during the click which is exhibited by all click events, and indicates

an optimal threshold level for click suppressing FM threshold extending schemes.



I. Introduction

Temporal properties of the click event, in particular the distribution
of click amplitude, are desirable for the development of FM detectors which
suppress the effects of the click phenbmenon [1]. A click model predicted
on this basis does not exist. Rice's [2] Dirac impulse model yields no re-
sults for the click amplitude. Hess's [3] model is a particular model pre-
scribing the temporal characteristics and has been applied to the first
order phase-lock loop, but does not contain probablistic information avail-
able from Rice's [2] proposed explanation of the click event. The model
developed here is quite general and permits particular model studies subject
to the distribution of the initial phase rate.

The input to the discriminator is

e;(t) = A éos w.t + n(t)
= (A + x(t)) cos wct - y(t) sin wct (1)
where n(t) is assumed to be a stationary normal process with zero mean,
variance 02, and power spectral density (one sided) Gn(f). The power
spectral density is taken to be symmetrical about fc’ yielding the noise
processes x(t) and y(t) independent stationary normal processes with zero
means and variances 02. The power spectra Gx(f) and GY(f) are one sided
and are given by |
Gx(f) = GY(f) = ZGn(f + fc) 0<f<eo (2)

The power spectral density Gn(f) is constrained to satisfy

[}

J wZGn(f)df<°° 3)

-~ G0
in order that the process x(t) exists in the mean squared sense. This

restriction yields a finite variance for x(t).



II. Density of the Initial Phase Rate Given Click Occurrence.
The click event is conditioned by the followinglz
a) x(t)<-A
b) y(t)=0 (4)
c) y(t)>0
The click is assumed to occur if equations (4) are satisfied. The polar-
rectangular transformation gives the functional relationship between 6(t)
and the processes x(t) and y(t) (the formula is general and must be

specialized to the quadrant of interest).

L 15
0(t) = tan -A—-Gy:—;c-(—ts- (5)

Differential yields

2oy o A+ x(ENDV(E) - y(E)x(E)
() = ¥ x(e)2 7 (D)2 2

The initial phase rate is defined here to be the value of 0(t) when
8(t) = 7 (when 0(t) = 7, y(t) = 0). Equation 6 simplifies to

o - y(0)
6(0) A 4 x(0) N

where t has been set equal to 0 when 0(t) = T.

Utilizing formula (7) as the form of 6(0), the conditioning equations
(4) can be incorporated té determine the conditional random variable
é(O)[click° Let Z = é(o)!click occurred. Then

Z = ‘A‘%@i)(—o')' X(0)<-A, Y(0)>0 (8)

where Z depends on Y(t) only through time. That is, at some time during
the click, y(t) = 0 initializing time (t = 0 when y(t) = 0). Thus equation

(8) specifies the conditional random variable 6(0)|c11ck. The designations

1Thege are due to Rice and condition the negative click. The positive click
occurs if y(t)<0.



%(0) and X(0) represent the random variables characterizing the processes

y(t) and x(t) at t = 0. Equation (8) can be written

Y(0) | ¥(0)>0

2= ETXO X0 . ©)

since the random variables &(0) and X(0) are independent (Gn(f) is symmetric
about fc)‘

Thus, the raqdom variable Z is a transformation of the conditional
random variables %(0)[%(0)>0 and X(O)]X(O)<—A. In the following develop-
ment, the simplification of notation below is adopted:

Y = Y(0)|¥(0)>0 X = X(0) |X(0)<-A (10)

The density function of Z can be determined omce the 5oint density
of Y and X is known. This joint density is the product of the respective
densities of Y and X. These density functions are evaluated directly and
only the results are included here.

—1/2¢-%y2
L . / (01)

fx(x) =_;7?r5I§; - oKx<=h (11)

-1/2(L)2
_ .e O2
500 = o O<y<eo (12)

and

|

01?2 = E[X%(1)]

it

022 = E[Y2(t)]

(13)
Ki

FX(—A)

Ko F{I ©)

The relations in equation 13 are for the original processes x(t) and
y(t).

Under the transformation

Z=5r% W=2X (14)



The joint density of Z and W is obtained. The mafginal of Z is then
obtained by
gz(z) = I fZ,W(z,w)dw (15)
QW) '
where Q(W) is the range of the random variable W. The density obtained in
this form is readily normalized and in order to veduce the notation a

further change of variable is made. Let

Z 1 o2

r =L 02 (16)

T= 2nr 2 O3

be made; r is the radius of gyration of the noise spectral density. The

resulting dénsity of the normalized initial phase rate is
2

) P
e 1+t [e—(l + tz) -

gp(t) = KK, (1 + T5) vip__  erfc Vifg-gf

1+ t2
=00l <) an

2
and p is the carrier to noise ratio C§§Z§9.

Comparing th(t) with the function T—E—Er and utilizing the limit

comparison test for the integral
0

E[T] = I tg,(t)dt (18)

—co
results in the mean of T being non-existant. All higher moments also di-
verge. As a result, an expected or average initial phase rate does not
exist. Therefore, a value'of é(O)lclick must be chosen in some other way.
Once a value is chosen, say T = ti, a probabllity statement may be made

to gauge the value's usefulness. That is,
€
Fp(t) = P(T < t1) = J gp(t)de (19)

=c0

which is plotted for various signal to noise ratios in Figure 1.

-



With the density function gT(t) known, the conditional density of
XIT = t3 can be determined. This density is employed to assign an
initial value to the process x(t) so that the future states X(ti) can be
predicted. With the conditional demsity of X|T = ti known, the initial
state x(0) is assigned the following value:
x(0) = E [X|T = t;] (20)
This value determines the Qalue of y(0) also.

v(0) = E[Y|T = t;] = E[t1(A + X)|T = t1] = t1(A + E[X|T = t1])

= 1 (A + x(0) (21)
The expected values of these conditional random variables are chosen so that
an average click given T = t; is obtained. In the same manner, the expected
value of i(O), required later, is determined
E[X|T = 11 = E[X] = 0 (22)
State Predictiom.
The future states of the processes X(t) and Y(t) are to be predicted
based upon the assigned values x(0), %(0), y(0), and ;(O). The predictor
is the linear one which minimizes the expected squared prediction error.
The predictor is
X(t) = 0X(0) + BX(0) (23)
with expected squared prediction error
e = E[X(¢) - X(£)1?
The parameters ¢ and B are determined

. a = pXX(t)

_-pix(t) _ Pxx(t)
~ (21r) (2mr) (24)

and pxx(t) is the correlation coefficient for lag t, determined by the power

spectral density Gx(f). It can be shown that the linear predictor of the

-5e



form of equation (23), the expected squared prediction error for k(t)

dﬁ(t).

is it

Click Model.
The click model is obtained by substitution of the respective pre-

dictions for x(t), x(t), y(t), and ;(t) into equation (6) yielding the
click model.

1, P ()X(0)F(0) = (A + pyy (£)x(0))psy (£)7(0)

2nr 1

(A + pye (BIX(0))2 + ((52) 2hyy (E)7(0))?

6 () = (

The envelope R(t) is specified when x(t) and y(t) are specified and Rm(t)

and Om(t) are not functionally independent. In fact

R (£) = vr( 1

A+ P ()x(0)2 + (GG 2Py (£)y(0))2

20
Pxx
so that the denominator of (25) is Rzm(t)c This result clearly indicates

the dependence existing between the envelope and‘phase rate.

ﬁesults

Calculations based on equations (25) and (26) yield results of con-
siderable interest. The interaction of ém(t) and Rm(t) was investigated
and an explanation of a predicted phenomenon is forwarded.

The initial result, that was subsequently verified experimentally,
was the multi-modal click. Equation (25) is used to generate click wave
shapes once the power spectral demsity of the noise, the qarrier to noise
ratio, and the initial value é(O) are specified. As the initial value

decreases, a peculiar event, named the multi-modal click, begins to occur.

(25)

(26)

The wave shape is illustrated in Figures 2 and 3, along with clicks noi ex-

hibiting this property. The click model only generates even clicks (about

the mid-event time) but can be generalized to generate asymmetrical clicks

-



In order to determine the existence of multi-modal clicks a large
number of photographs of clicks were studied.? Figure 4a illustrates three
clicks. The second one from the left exhibits an indention at the peak.

On an expanded scale figure 4b illustrates the bi-modal nature of this type

of click. Figure 4c shows a negative going bi-modal click while figure 4d
shows a uni-modal. Occasionally tri-modal clicks occur as predicted. In
order to observe such multi-modal clicks it is necessary to observe the
waveform before the low-pass pést—detection filter because this filter smooths
the clicks an& makes the waveforms appear similar.

Analyses of the calculations of ém(t) and Rm(t) indicate that these multi-
modal clicks occur when the envelope Rm(t) decreases from its initial (mid-
event value. Equation (25) then indicates that for small initial phase rates,
the numerator of ém(t) is a relative comstant compared to R—zm(t) and that
R-zm(t) dominates the behavior of ém(t). This observation is valid for initial
phase rates less than that required for thelﬁﬁi—modal click. Above this value,’
the numerator becomes ﬁore significant in determining the click shape.

Calculations of Bm(t) for wide ranges of initial phase rates have pre-
sented another significant result. There exists a minimum peak value of ém(t)
which is exceeded by all clicks generated. Tﬁe variation of peak phase rate
(maximum phase rate during click event) versus the initial phase rate is shown
in Figure 5. The minimum peak value is located at the bottom of the disk-

shaped curve. The curves all intersect the line lém(t)l

max = lem(O)l at a value
which is the first umi-modal click initial phase rate for a particular signal
to noise ratio. This result would indicate the existence of an optimum threshold

level for click suppressing devices of the threshold class.

]

2Photographs supplied by G. Dickey Arndt, Information Systems Division,
NASA Manned Spacecraft Center, Houston, Texas.



Summary

In order to extend FM threshold click elimination is essential.
A probabilistic mathematical click model was developed that predicts the
time contour, and Bence, the model ma§ be used to enchance click elimina-
tion schemes. Further, the model predicts a phenomenon heretofore unre-

ported and unobserved. Experimental results verify such a multi-modal

event.
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FIGURE 2, Click Model Results, Ideal Filter, p=2
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FIGURE 3. Click Model Results, Ideal Filter, p=10



Fig. 4a 2 usec = 1 cm Fig. 4b .5 usec =1 cm

Fig. 4c .5 usec = 1 cm Fig. 4d .5 pysec = 1 cm

Fig. 4 Various model clicks. BIF = 1 mHz
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