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AN FM CLICK MODE& IN ADDITIVE NORMAL NOISE AND SOME STATISTICAL 
PROPERTZES OF THE CLICK EVENT 

BY 
George L. Davis 
Frank Carden 

Electrical Engineering Department 
Las Cruces, New Mexico 

Abstract 

An FM click model is developed from statistical inferences made on 

the constituent components of the quadrature noise model. 

Calculations based on the developed model predicted the occurrence 

of the "mul ti-modal'' click. 

mentally. 

This event was subsequently verified experi- 

The mathematical model indicates that there exists a minimum peak phase 

rate during the click which is exhibited by all click events, and indicates 

an optimal threshold level for click suppressing FM threshold extendfng schemes. 



I. Introduction 

Temporal propert ies  of the c l i c k  event, i n  pa r t i cu la r  the d i s t r ibu t ion  

of c l i c k  amplitude, are des i rab le  f o r  the development of FM detec tors  which 

suppress the  e f f e c t s  of the c l i c k  phenomenon [l]. 

on t h i s  bas i s  does not exis t .  Rice's [ 2 ]  Dirac impulse model y i e lds  no re- 

s u l t s  f o r  the c l i c k  amplitude. Hess's [3] model is a pa r t i cu la r  model pre- 

sc r ib ing  the  temporal cha rac t e r i s t i c s  and has been applied t o  the  f i r s t  

order phase-lock loop, but  does not contain probabl i s t ic  information avail- 

ab le  from Rice's [23 proposed explanation of the  cPfck event. 

developed here is q u i t e  general  and permits pa r t i cu la r  model s tud ie s  subjec t  

A c l i c k  model predicted 

The model 

t o  the  d i s t r i b u t i o n  of the  i n i t i a l  phase rate, 

The h p u t  to the discriminator is 

e l ( t )  = A cos W c t  + n ( t )  

= (A 9 x(t)llp cos Met - y( t )  sin W e t  

where n ( t )  is assumed t o  Be a s ta t ionary  nomal process wfth zero mean, 

variance 0 2 ,  and power spec t r a l  densi ty  (one s ided)  Gn(f). 

spec t r a l  density is  taken to be symmetrical about fc9 yielding the  noise  

processes x(t) and y ( t )  independent s ta t ionary  n o m a l  processes with zero 

means and variances O', 

and are given By 

The power 

The power spec t ra  GX(f) and Gy(f) are one sided 

The power s p e c t r a l  densi ty  Gn(f) is Constrained to  

w2Gn (f)df<w i 
s a t i s f y  

Bn order t h a t  the  process k(t) exists i n  the  meaa squared sense. 

r e s t r i c t i o n  yfe lds  a f i n i t e  varfamce f o r  ;(e), 

This 



11, Density of the Initial Phase Rate Given Click Occurrence. 

The click event is conditioned by the following': 

a) x(t)<-A 

b) y(t)=O 

c> h ) > O  

The click is assumed to occur if equations (4) are satisfied. The polar- 

rectangular transformation gives the functional relationship between 8 it) 

and the processes x(t )  and y(t) (the formula is general and must be 

specialized t o  the quadrant of interest). 

e( t )  = 

Differential yields 

The initial phase 
0 

rate Ps defined here t o  be the value of 8(t) when 

where 0: has been set equal t o  0 

01, Equation 6 tsimplifies t o  

when O(t) = IT. 
0 

Utilizing formula (7) as the form of O(O), the conditioning equations 

(4) can be jincorporated to detemfne the conditional random variable 

i (0)  I click. Let 2 = 6 (0) I click occurred. Then 

(8) specifies the conditional random 

where Z depends on Y(t) only through time, 

the click, y(t) = 0 initializing time (t = 0 when y(t) = 8 ) .  

That is, at some time during 

Thus equation 

'These are due t o  Rice and condition 
occurs if ;(t)<o. 

variable 8 ( 0 )  I click. 
the negative click, 

The designations 

The positive click 
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Y ( 0 )  and X ( 0 )  represent the random variables characterizing 

i(t) and x(t )  at t = 0. Equation ( 8 )  can be written 

since the random variables t (0 )  and X ( 0 )  are independent (Gn 

the processes 

( 9 )  

(f) is symmetric 

about fc) . 
Thus9 the random variable 2 is a transformation of the conditional 

random variables i ( 0 )  I;(O)>O and X(0)  }X(O)<-A. In the following develop- 

ment, the simplification of notat$on below is adopted: 

i = t(O)\t(O)>O X 9 X(O)/X(S)<-A (10) 

The density function of Z can be determined once the joint density 

of i and X is known. This join%: density is the product of the respective 

densities of Y and X. 

only the results are included here. 

n e s a  density funetfons are evaluated directly and 

and 

01' E[X2( t ) ]  

Crz2 = E [ t 2 ( t ) ]  

K1 = FXQ-A) 

K2 = F+(O) 

 he relations in equation 13 are for the loriginal processes x(t )  and 

;(t) 0 

Under the transformation 

w = x  i z = -  A 4 - X  

-3- 
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The j o i n t  density of 2 and W is  obtained. 

obtained by 

The marginal of 2 is  then 

where Q(W) is the  range of the ramdom var iab le  We The density obtained i n  

t h i s  form 1s readi ly  normalized and %n order t o  reduce t he  notatfon a 

fur ther  change of var i ab le  is made, L e t  

be made; r is  the  radius  of gyration of the noise  spec t r a l  densi ty ,  

resu l t ing  density of the  normalfzed i n i t i a l  phase rate is 

The 

A2 
201 

and p is the  c a r r i e r  ts noise ratio ( 2 ) s  

Comparing tg,(t) with the function ‘ and u t i l i z i n g  the l i m i t  

comparison test f o r  the  fntegrral 

0 

EITI = I tgT( t )d t  
-00 

r e s u l t s  i n  the  mean of T being non-exfstant. All higher moments a l s o  di- 

verge. 

e x i s t ,  

As a r e s u l t ,  an expected or average i n i t i a l  phase rate does not  

Therefore, a value of 6 f O )  \click must be chosen in some other way. 

Once a value is chosen, say T = e l ,  a probabi l i ty  statement m y  be made 

to gauge t h e  v&ePs usefulness. That is, 

tn 

FT(t) = P(T < ti) = gT( t )d t  

which is plo t ted  for various s i g n a l  t o  noise  r a t i o s  i n  Figure 9. 
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With the density function gT( t )  known, the conditional densi ty  of 

XIT = tl can be determined. 

i n i t i a l  value t o  the  process x ( t )  so t h a t  the  fu tu re  states X(ti) can be 

predicted. 

state x(0) is  assigned the following value: 

This density i s  employed t o  ass ign an 

With the condi t ional  density of XIT = ti known, the  i n i t i a l  

~ ( 0 )  =: E [XIT = t i ]  

This value determines the  value of i ( 0 )  a lso ,  

i ( 0 )  = E[+lT = ti] = E[ti(A + X ) I T  = t i ]  = t a ( A  9 E f X l T  = t i l )  

= t i (A  + x(0) (21) 

The expected values of these condi t ional  random var iab les  are chosen SO t h a t  

an average c l i ck  given 'E = ti is obtained. In the  same manner9 the  expected 

value of X(OP required later, i s  determined 

E [ i I T  = tal = E l i ]  = 0 

State Prediction. 

The fu tu re  states of the processes X ( t )  and Y(t) are t o  be predicted 

based upon the assigned values x(0) i ( 0 )  y(0) and i ( 0 ) .  The predic tor  

is the l i n e a r  one which minimizes the  expected squared predict ion e r ro r ,  

The predic tor  is 

$(e) = ax(0) 4- Bi(0) 

with expected squared predic t ion  errox 

E = Eexgt) - 2(t)I2 
The parameters OL and f3 are determined 

and p,(r) is the corre la t ion  coef f ic ien t  for lag t p  determined by the power 

spec t r a l  density GX(f). It can be shown that t h e  linear predictor  of t he  

-5- 



. 
form of equation (23) ,  the expected squared prediction error for X ( t )  

h 

Click Model, 

The click model is obtained by substitution of the respective pre- 

dictions for x(t), i ( t ) ,  y(tIg and ;(t) into equation ( 6 )  yielding the 

click model. 

The envelope R(t) is specified when x(t) and y(t) are specified and R,(t) 

and b(t) are not functionally independent. 
a 

In fact 

so that the denominator of (25) is R2,(t) .  

the dependence existing befxeen the envelope and phase rate. 

This result clearly indicates 

Results 

Calculations based on equations (25) and (26) yield results of con- 

The interaction of 8 (t) and Rm(t) was investigated siderable interest. 

and an explanation of a predicted phenomenon is forwarded. 
1 

The initial result, that was s~bseque~tly venif%ed experimentally, 

was the multi-modal click. Equation (25) is used t o  generate click wave 

shapes once the power spectral density of the noisep the carrier to noise 

ratio, and the initial value 8 ( 0 )  are specified, 

decreases, a peculiar event, named the multi-modal cfick, begins t o  occurc. 

0 

As the initial value 

The wave shape is illustrated %m Figures 2 and 3,  along with clicks not ex- 

hibiting this property. The click model only generates even clicks (about 

the mid-event time) but can be generalized t o  generate asymmetrical clicks. 

-6- 



I n  order to  determine the  existence of multi-modal c l i cks  a l a rge  

number of photographs of c l i cks  were studied.2 

c l icks .  

On an expanded scale f igure  4b i l lustrates the  bi-modal nature of t h i s  type 

of c l i ck .  

shows a uni-modal. Bccasionally tri-modal c l i cks  occur as predicted.  I n  

order t o  observe such multi-modal c l i cks  i t  is necessary to observe the  

waveform before the  low-pass post-detection f i l t e r  because t h i s  f i l t e r  smooths 

Figure 4a f l l u s t r a t e s  th ree  

The second one from the  l e f t  exhib i t s  an indention a t  t h e  peak. 

Figure 4c shows a negative going bi-modal c l i ck  while f igure  4d 

the  c l i cks  and makes the  waveforms appear similar. 

Analyses of the  calculat ions of B ( t )  and R,(t) i nd ica t e  tha t  these multi- 

modal c l i cks  occur when the  envelope Rm(t) decreases from i ts  i n i t i a l  (mid- 

event value, 

the numerator of 6 (t) is a relative constant compared to R”2 (t) and t h a t  

R 

phase rates less than tha t  required f o r  t h e  unf-modal c l ick .  

the  numerator becomes more s ign i f i can t  i n  determining the  c l i c k  shape. 

Equation (25) then indicates  t h a t  fo r  s m a l l  f n i t i a l  phase rates, 

m m 
- 2  

(t) dominates the  behavior of 6,(t). This observation is va l id  f o r  i n i t i a l  

Above t h i s  value,’ 
. .‘ m 

Calculations of 0 ( t )  f o r  wide ranges of i n i t i a l  phase rates have pre- m 

sented another s fgni f icant  r e su l t .  

which is exceeded by a l l  c l i cks  generated. 

(maximum phase rate during c l i c k  event) versus the  i n i t i a l  phase rate is shown 

i n  Figure 5. 

shaped curve. 

There exists a minimm peak value of G m ( t )  

The va r i a t ion  of peak phase rate 

The minimy peak value is located a t  the  bottom of t he  disk- 

The curves a11 fn te r sec t  t h e  Pine l G m ( t )  I,, = 10m(0) I a t  a value 

which is the  first uni-modal c l i c k  i n i t i a l  phase rate for a pa r t i cu la r  s igna l  

to noise  ratis. 

l e v e l  for c l i c k  suppressing devices sf t h e  threshold class. 

This r e s u l t  would ind ica te  t h e  existence of an opthum threshold 
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Summary 

I n  order t o  extend FM threshold c l i c k  elimination is  e s sen t i a l .  

A p r o b a b i l i s t i c  mathematical c l i c k  model was developed t h a t  p red ic t s  the 

t i m e  contour. fienee, the  model may be used to  enchance c l i c k  elimina- 

t i o n  schemes. Further, t he  model p red ic t s  a phenomenon heretofore wre- 

ported and unobserved. Experimental r e s u l t s  ve r i fy  such a multi-modal 

event e 
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FIGURE 2., C l i c k  Model Results, Ideal Filter, p=2 
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FIGURE 3. Cl ick  Model Results, Ideal Filter, p=10 
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F i g .  4a 2 psec = 1 cm Fig .  4b - 5  psec = 1 cm 

F i g .  4c $ 5  vsec = 1 c m  F i g .  4 d  - 5  usec = 1 cm 

Fig .  4 Various model clicks. BIF = 1 mHz 
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