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ABSTRACT 

T i t l e  of Thesis:  Laminar Shocks and Other Nonlinear Waves i n  Warm 

P 1 as mas 

W i l l i a m  Franc is  Crevier, Doctor of Phi l i sophy,  1970 

Thesis d i r e c t e d  by: P ro fes so r  Derek A .  Tidman 

A two f l u i d  model f o r  c o l l i s i o n l e s s  shock waves i n  w a r m  

plasmas is presented.  D i s s ipa t ion  is  inc luded  by assuming an e f f ec -  

t i ve  c o l l i s i o n  frequency. The model is  capable of desc r ib ing  waves 

over a wide range of Mach numbers and angles  of propagat ion.  

The wave behavior  Ls compared t o  the  motion of  a p a r t i c l e  

moving i n  a somewhat complicated fo rce  field''. A p a r t  of t h i s  fo rce  

can b e  w r i t t e n  as t h e  g rad ien t  of a p o t e n t i a l .  By s tudying  t h e  

shape of t h e  p o t e n t i a l  f o r  var ious  i n i t i a l  condi t ions  w e  are a b l e  

t o  make q u i t e  genera l  conclusions about t he  wave behavior .  The poten- 

t i a l  w e l l  analogy i s  complicated by the  f a c t  t h a t  f r i c t i o n  h e a t s  t h e  

plasma and alters t h e  shape of t h e  p o t e n t i a l  w e l l .  

The response of t he  plasma t o  a s m a l l  pe r tu rba t ion  i s  analyzed 

by l i n e a r i z i n g  t h e  equat ions  of motion about t h e i r  equi l ibr ium va lues .  

Comparing t h e  shape of t h e  p o t e n t i a l  w e l l  n e a r  t h e  o r i g i n  wi th  the  

r e s u l t s  of t he  l i n e a r i z e d  equat ions  of motion provides  cons iderable  

phys i ca l  i n s i g h t  i n t o  t h e  i n i t i a l  wave behavior .  

The Rankine-Hugoniot r e l a t i o n s  f o r  a shock t r a n s i t i o n  i n  a 



w a r m  plasma are der ived  and used t o  s tudy t h e  p o s s i b l e  downstream 

equ i l ib r ium s ta tes .  Again t h e  p o t e n t i a l  w e l l  analogy proves use fu l  

by provid ing  information on the  s t a b i l i t y  of t h e  f i n a l  equi l ibr ium 

states.  

The usua l  two f l u i d  model is  expanded t o  inc lude  h igh  Mach 

number shock waves. By inc lud ing  a t h i n  region of i n t e n s e  e l e c t r o -  

s t a t i c  turbulence  i n  an o therwise  laminar shock21 w e  are a b l e  t o  

produce shock waves w i t h  Alfvgn Mach numbers up t o  40 o r  more. 

A d i g i t a l  computer is used t o  provide examples of t h e  

v a r i o u s  k inds  of  wave behavior  w e  p r e d i c t  a n a l y t i c a l l y .  Examples 

of  waves wi th  and wi thout  d i s s i p a t i o n  are given. 
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CHAPTER I 

INTRODUCTION 

The e x i s t e n c e  of shock waves i n  h o t  tenuous plasmas had been 

p r e d i c t e d  t h e o r e t i c a l l y  by s e v e r a l  au thors  (see f o r  example re ferences  

1-3). These s o  c a l l e d  " c o l l i s i o n l e s s "  shocks have s i n c e  been observed 

i n  t h e  e a r t h ' s  bow 

The fac t  t h a t  these shocks have a th ickness  much less than t h e  Coulomb 

c o l l i s i o n  mean f r e e  pa th  has  l e d  t o  an ex tens ive  sea rch  f o r  a theore- 

t i ca l  explana t ion .  

and i n  l abora to ry  t h e t a  pinch experiments 6 9 7  , 

The b a s i c  problem has  been t o  f i n d  phys ica l  mechanisms t h a t  can 

produce a shock wave on such a s h o r t  l eng th  s c a l e .  It is  genera l ly  agreed 

today t h a t  i t  is  t h e  i n t e r a c t i o n  between t h e  plasma and i t s  se l f -cons is -  

t e n t  e l e c t r i c  and magnetic f i e l d s  t h a t  is re spons ib l e  f o r  the  shock 

s t r u c t u r e .  Turbulence i n  t h e s e  f i e l d s  can o f t e n  provide a d i s s i p a t i o n  

mechanism w i t h  a l e n g t h  scale much less than  t h e  l eng th  s c a l e  f o r  t h e  

8 usua l  p a r t i c l e - p a r t i c l e  c o l l i s i o n s  . 
I n  g e n e r a l ,  t h e  f i e l d s  i n  a plasma can b e  thought of as con- 

s i s t i n g  of a smooth, s lowly vary ing  component and a r ap id ly  f l u c t u a t i n g  

component. I f  t h e  energy d e n s i t y  of t h e  smooth component is very l a r g e  

compared t o  t h a t  o f  t h e  f l u c t u a t i o n s ,  w e  can use  a laminar  theory t o  

d e s c r i b e  the  plasma. I f ,  on t h e  o t h e r  hand, a l a r g e  f r a c t i o n  of  t h e  

f i e l d  energy dens i ty  i n s i d e  the  shock r e s i d e s  i n  f l u c t u a t i o n s ,  a t u r -  

b u l e n t  t heo ry  

turbulence  is 

i s  needed. When t h e  f i e l d s  are p r imar i ly  laminar  b u t  t h e  

not  n e g l i g i b l e ,  it is  sometimes p o s s i b l e  t o  inc lude  the  

1 
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e f f e c t s  of tu rbulence  w i t h i n  a laminar  theory as an e f f e c t i v e  d i s s i -  

pa t ion .  To see how t h i s  can be  done, w e  f i r s t  cons ider  t he  geometry 

of t h e  problem and then  examine the  r e l evan t  l eng th  scales. 

W e  assume an i n f i n i t e  p lane  shock f r o n t .  The re ference  frame 

is  chosen such t h a t  t h e  shock f r o n t  appears  s t a t i o n a r y  and t h e  inc iden t  

s t reaming v e l o c i t y  i s  normal t o  the  shock f r o n t  ( s ee  Figure 1.1). I n  t h i s  

frame, t h e  upstream plasma flows i n  from t h e  l e f t ,  is de f l ec t ed  and slowed 

down i n  t h e  shock f r o n t ,  and flows out  t o  t h e  r i g h t .  

The magnetic f i e l d  is  cons tan t  i n  t i m e  b u t  v a r i e s  i n  space 

d o n g  t h e  x-axis. The l eng th  scale, 

f i e l d  through t h e  shock, changes from c/wi t o  c/we as the  ang le  t h e  

magnetic f i e l d  makes w i t h  t h e  i n c i d e n t  s t reaming v e l o c i t y  changes from zero 

t o  ~ / 2  (wi and w are t h e  i o n  and e l e c t r o n  plasma f requencies ) .  

LB , f o r  v a r i a t i o n  of t h e  magnetic 

e 

I f  t h e r e  are e l e c t r o s t a t i c  f l u c t u a t i o n s  present  , they  w i l l  

have l e n g t h  scales, LE , 

l eng th  i s  equal  t o  t h e  e l e c t r o n  thermal v e l o c i t y  d iv ided  by w . A s  long 

as t h e  e l e c t r o n  thermal  v e l o c i t y  is much less than  t h e  speed of l i g h t ,  

LE 

on t h e  o r d e r  of  a few Debye lengths .  A Debye 

e 

LB w i l l  b e  much less than  

The l a r g e  d i f f e r e n c e  between t h e s e  two l eng th  scales enables  

us  t o  u s e  a two f l u i d  theory  t o  desc r ibe  the  laminar  v a r i a t i o n s  of t h e  

magnetic f i e l d ,  and i n d i r e c t l y  inc lude  t h e  e l e c t r o s t a t i c  microturbulence 

i n  t h e  form of macroscopic t r a n s p o r t  c o e f f i c i e n t s  such as an e f f e c t i v e  

c o l l i s i o n  frequency. 

The emphasis in  t h i s  t h e s i s  i s  on t h e  s o l u t i o n  of t he  two f l u i d  

equat ions  and n o t  on t h e  sources  o f  t he  microturbulence o r  t h e  d e t a i l s  

of t h e  r e l a t i o n s h i p  between t h e  microturbulence and t h e  macroscopic 
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E i  

The plasma is  uniform i n  t h e  plane perpendicu- 

l a r  t o  t h e  x-axis,  I t  flows i n  normal t o  t he  shack frant 

' and is  d e f l e c t e d ,  The magnetic f i e l d  i s  cons tan t  i n  t ime 

b u t  v a r i e s  a long  t h e  x-axis . w i t h  l eng th  sca l e  LB. 
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t r a n s p o r t  c o e f f i c i e n t s  . However t h e  laminar  and tu rbu len t  waves are 

s o  c l o s e l y  i n t e r r e l a t e d  t h a t  w e  have occasion t o  d iscuss  the  tu rbu len t  

n a t u r e  of t h e  waves s e v e r a l  t i m e s  dur ing the  t h e s i s .  

Like many problems i n  phys ics ,  t h e  s o l u t i o n  of  t h e  two f l u i d  

equat ions  has  seen  a gradual  evo lu t ion  from t h e  s imples t  case t o  t h e  

more complicated.  There have been t h r e e  main areas of  approximation. 

These have involved assumptions about the geometry of  t h e  problem, 

assumptions about t h e  equat ion  of s ta te  of t h e  plasma, and assumptions 

about t h e  form of d i s s i p a t i o n  i f  any. 

I n i t i a l l y  i t  w a s  assumed t h a t  t h e  plasma w a s  cold and t h a t  

t h e r e  w a s  no d i s s i p a t i o n ,  The s imples t  geometric conf igura t ion  w a s  

t r e a t e d  by Adlam and Allen' who r equ i r ed  t h e  d i r e c t i o n  of plasma flow 

t o  b e  e x a c t l y  perpendicular  t o  t h e  magnetic f i e l d .  Saffmanl' d id  t h e  

p a r a l l e l  propagat ion problem and later'' h e  set up t h e  d i f f e r e n t i a l  

equat ions  f o r  propagat ion a t  a r b i t r a r y  angles .  This  l a t t e r  case w a s  

found t o  be  too  complicated t o  b e  so lved  e x p l i c i t l y .  H e  a l s o  poin ted  

out  t h e  s i m i l a r i t y  between t h e  behavior  O f  magnetic b7aVeS and the 

motion of a p a r t i c l e  i n  a r o t a t i n g  p o t e n t i a l  w e l l .  We w i l l  make ex tens ive  

use of  a more genera l  form of t h i s  analogy. Fur ther  work on t h e  propa- 

13 
ga t ion  of co ld  plasmas a t  a r b i t r a r y  angles  w a s  done by Cordey12, Kellogg , 

and o t h e r s .  Kellogg in t roduced  a convenient way of c l a s s i f y i n g  t h e  i n i t i a l  

motion of t h e  waves a t  var ious  Mach numbers and angles  of propagat ion 

which we  use wi th  some s l i g h t  modi f ica t ions .  

Other au tho r s  l 4 ' I 5  'I6 examined t h e  e f f e c t s  of  temperature on 

t h e  s t r u c t u r e  of t h e  waves. Most of them assumed some form o f  a d i a b a t i c  

p re s su re  l a w .  Kakutani -- e t  all7 d isputed  t h e  v a l i d i t y  of us ing  an a d i a b a t i c  
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l a w  and assumed i n s t e a d  t h a t  t h e  e l e c t r o n s  remained a t  a cons tan t  

temperature  and t h a t  t h e  ions  were cold.  However, a l l  t h e  authors  

found t h e  same q u a l i t a t i v e  behavior  r ega rd le s s  of  which equat ion of 

s ta te  they  picked. It i s  only the  q u a n t i t a t i v e  d e t a i l s  of the  motion 

t h a t  depend upon t h e  choice of an equat ion of state. These authors  

gene ra l ly  r e s t r i c t e d  t h e i r  i n v e s t i g a t i o n s  of w a r m  plasmas t o  t h e  two 

s imples t  geometries ( i .  e. perpendicular  and p a r a l l e l  propagat ion)  

a l though some work a t  a r b i t r a r y  angles  has  been done. 

All t h e  above cases  assumed t h e r e  w a s  no d i s s i p a t i o n .  Even 

1 2  without  d i s s i p a t i o n ,  Saffmanll  and Cordey 

shocks i n  which t h e  average downstream s ta te  w a s  d i f f e r e n t  from the  

upstream state. However a l l  t h e i r  equat ions are t i m e  r e v e r s i b l e  and 

there is  no change i n  t h e  entropy of t h e  plasma. We w i l l  assume t h a t  

there i s  f r i c t i o n a l  d i s s i p a t i o n ,  a c t i n g  through wave-part ic le  i n t e r -  

a c t i o n s ,  s o  t h a t  t h e  equat ions  are i r r e v e r s i b l e  and t r u e  laminar  shock 

waves can be  found. Sagdeev' considered such a f r i c t i o n a l  f o r c e  f o r  

t h e  cold magnetosonic (perpendicular  propagat ion)  case and found 

laminar  shock s o l u t i o n s .  As a s i m p l i f i c a t i o n ,  he  d i d  no t  allow t h e  

f r i c t i o n  t o  h e a t  t h e  plasma and so  the  energy of t h e  system w a s  no t  

conserved. Cavaliere and Engelmann13 expanded Sagdeev's a n a l y s i s  t o  

a r b i t r a r y  angles  of propagat ion.  Morton'' a l s o  t r e a t e d  t h e  problem 

w i t h  f r i c t i o n  a t  a r b i t r a r y  angles  of propagat ion b u t ,  i n  add i t ion ,  he 

inc luded  some l i m i t e d  f i n i t e  temperature e f f e c t s .  

found what they c a l l  quasi-  

I n  t h i s  t h e s i s  w e  p re sen t  t h e  theory of laminar  shock waves 

i n  a way which is  s imple enough t o  permit an i n t u i t i v e  f e e l i n g  f o r  

how waves wi th  va r ious  i n i t i a l  condi t ions  w i l l  behave. A t  t h e  same t i m e  
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w e  avoid making approximations which l i m i t  t h e  range of  v a l i d i t y  of 

our r e s u l t s .  When e x p l i c i t  a n a l y t i c  s o l u t i o n s  are n o t  p o s s i b l e ,  w e  

use a d i g i t a l  computer t o  s o l v e  t h e  equat ions r a t h e r  than genera te  

unwieldy asymptot ic  s o l u t i o n s  o r  m a k e  r e s t r i c t i v e  approximations. How- 

eve r ,  a g r e a t  d e a l  of a n a l y t i c  work is done wi thout  r e s o r t i n g  t o  t h e  

computer. The computer is  used mainly t o  genera te  concrete  examples 

of the a n a l y t i c  conclusions w e  reach. 

To keep t h e  r e s u l t s  as genera l  as p o s s i b l e ,  w e  treat  cases 

of  propagat ion a t  any angle  wi th  r e spec t  t o  t h e  magnetic f i e l d  and 

al low any va lue  f o r  the temperature.  However only low temperature 

plasmas are considered i n  d e t a i l  (i.e. sound speed less than  t h e  Alfvgn 

speed) .  The p res su re  i s  assumed t o  be  i s o t r o p i c  and t o  obey an a d i a b a t i c  

p r e s s u r e  l a w  i n  t h e  absence of f r i c t i o n .  F r i c t i o n  i s  included and h e a t s  

t h e  plasma, a l t e r i n g  t h e  a d i a b a t i c  p re s su re  l a w .  The c o l l i s i o n  frequency 

i s  h e l d  cons tan t  once i t  i s  turned  on. Since w e  do n o t  assume t h a t  t he  

r a t i o  of e l e c t r o n  t o  i o n  masses i s  small ,  our  r e s u l t s  are accura t e  t o  

a l l  o r d e r s  of m/M . 
I n  t h e  next  chapter  w e  p re sen t  t he  equat ions  used t o  desc r ibe  

t h e  shock s t r u c t u r e  and d i scuss  some of t h e i r  genera l  c h a r a c t e r i s t i c s  e 

In the t h i r d  chapter  t h e  i n i t i a l  e f f e c t s  of  a s m a l l  pe r tu rba t ion  i n  t h e  

upstream s ta te  of t h e  plasma are inves t iga t ed .  I n  t h e  fou r th  chapter  

t h e  Rankine-Hugoniot r e l a t i o n s  are used t o  analyze the  poss ib l e  f i n a l  

states of  t h e  plasma. Our model, which only inc ludes  f r i c t i o n a l  d i ss ipa-  

t i o n ,  i s  no t  capable  of producing h igh  Mach number shock waves so  i n  t h e  

f i f t h  chap te r  t h e  model is  modified and t h e  range of Mach numbers is 
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extended. In  t h e  l a s t  chapter  w e  summarize t h e  p r i n c i p l e  conclusions 

of t h e  t h e s i s .  Length c a l c u l a t i o n s  are presented  i n  t h e  appendices t o  

preserve  t h e  c o n t i n u i t y  o f  t h e  main t e x t .  



CHAPTER I1 

THE EQUATIONS OF MOTION FOR NONLINEAR WAVES 

The purpose of t h i s  chapter  is  t o  p re sen t  t h e  b a s i c  equat ions 

used i n  t h i s  t h e s i s  and t o  develop an  analogy between t h e  equat ions o f  

motion f o r  non l inea r  waves and t h e  equat ions  of motion of  a p a r t i c l e  

11 moving i n  a r o t a t i n g  p o t e n t i a l  w e l l  . 

A. Presen ta t ion  o f  t h e  Equations 

The equat ions  used t o  desc r ibe  t h e  motion of non l inea r  waves 

i n  a plasma are the  s teady  s t . a t e  form of Maxwell's equat ions  and t h e  

f i r s t  t h r e e  moments of t h e  t i m e  independent Boltzmann equat ion.  An addi- 

t i o n a l  equat ion  of  s ta te  i s  used t o  determine the  p a r t i t i o n  of  thermal 

energy between e l e c t r o n s  and ions .  

The geometry of t h e  problem is  shown i n  Figure 2 .1 .  As w e  

s t a t e d  i n  Chapter I, t h e  r e fe rence  frame i s  chosen such t h a t  t h e  shock 

f r o n t  is s t a t i o n a r y .  I n  t h i s  frame a l l  t h e  v a r i a b l e s  are independent of 

t i m e .  The v a r i a b l e s  are assumed t o  vary  s p a t i a l l y  only i n  t h e  x-d i rec t ion .  

The usua l  assumption of quas i -neu t r a l i t y  i s  made s o  n is set equal  t o  

n i n  a l l  the  equat ions .  The v a l i d i t y  of t h i s  assumption i s  d iscussed  

i n  a l a t e r  s e c t i o n  of t h i s  chapter .  The temperature is assumed t o  b e  

i s o t r o p i c  and t h e  moment equat ions  are terminated by assuming the re  is  

no h e a t  conduction. W e  a l s o  inc lude  a f r i c t i o n a l  fo rce  which i s  propor- 

t i o n a l  t o  the  c u r r e n t  t i m e s  a c o l l i s i o n  frequency, v . 

i 

e 

8 
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0 
/ 

0 
0 

Y 

F i w r e  2.1 

v e l o c i t y  uo# 

x, z-plane and 

e l e c t r i c  f i e l d  i s  i n  he yedirection,,  I n  t h e  shock f r o n t ,  

The plasma flows i n t o  t h e  shock f r o n t  w i t h  a 

gnetic f i e l d  i s  i n i t i  
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A t  x = - m t h e  boundary condi t ions  are chosen t o  be: 

+ -+ h 

v = v  = i u  e i 0 

- + +  h A 

B = Bo = i Bx + k 3z0 

E =  j E Y 

T + Ti = To e 

The f i r s t  moment equat ions  (one f o r  t h e  e l e c t r o n s  and one 

f o r  t he  i o n s )  g ive  p a r t i c l e  f l u x  conservat ion r e l a t i o n s h i p s :  

n u = j i  = cons tan t  i i  

n u = j e  = cons tan t  (2 2) e e  

Since ui = ue a t  x = - and n = n w e  conclude i e 

ji = je = j 

and 

u = u  = u  i e 

( 2 . 3 )  

f o r  a l l  x . 
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Next cons ider  t h e  x-component of  t h e  second moment equat ions:  

(2.5) 
d 2 - (mu + n T ~ )  - ne  E + ve B= - w 
dx - -  [ x  ( 

and 

d 2 
- dx (Mnu + n Ti) = n e b x  + (vi BZ - wi By)/c] e (2.6) 

Adding (2.5) and (2.6) t o  e l imina te  E gives  
X 

(2.7) x ( m t  d nu 2 + nT) = F p z ( v i  - ve) - BY(wi - we)] 

where - T  = Ti 

and m = M +  t 

and 

+ Te 

m t h e  sum of t h e  i o n  and e l e c t r o n  masses. 

t h e  sum of  t h e  ion  and e l e c t r o n  thermal ene rg ie s ;  

+ 
From Maxwell's c u r l  B equat ion  w e  g e t  

4nne 
(Vi - Vel BZ - = - -  

dx C 

Using (2.8) and (2.9) i n  (2.7) gives  

z 9- T +  d 
dx 
- 

m u  8 m n j  t t 
(2.10) 



Using t h e  known va lues  a t  x = - 03 , (2.10) becomes 

u + T/mtu + (B: + B:)/8mntj = 

u + To/mtuo + BZo 2 /8 rmt j  
0 

(2.11) 

This equat ion  is  an express ion  of t h e  conservat ion of momentum f l u x  

i n  the  x-d i rec t ion .  We can a l s o  use (2.5) and (2.6) t o  de r ive  an ex- 

p res s ion  f o r  E . This  is  done i n  Appendix 1. 
X 

The i o n  and e l e c t r o n  equat ions f o r  t he  o t h e r  two components 
+ 

can s i m i l a r l y  b e  combined and, w i t h  t h e  use  of t h e  c u r l  

y i e l d  two a d d i t i o n a l  momentum flux conserva t ion  r e l a t i o n s  as w e l l  as 

two equat ions  of  motion f o r  t h e  e l e c t r o n s .  I n  t h e  y-d i rec t ion  w e  f ind :  

B equat ions ,  

m u - = - e E  ve [ - (U BZ - w e x  B ) /c] - uem(ve - Vi) (2 1 2 )  
dx 

and 

4rjM - ve m/M 

In t h e  z -d i rec t ion :  

(2.13) 

d w  

dx 
e [ E ~  + (u B~ - V e ~ x  ) /e] - vem(we - wi) ( 2 . 1 4 )  e mu -I- 

and 
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w = B (B - BZo ) /4n jM - wem/M i x z  (2.15) 

+ The i o n  v e l o c i t i e s  can b e  e l imina ted  from t h e  c u r l  B 

-+ 
equat ions  us ing  (2 .13)  and (2.15) and t h e  c u r l  B equat ions can be 

used t o  e l imina te  t h e  re la t ive v e l o c i t y  f a c t o r  i n  t h e  f r i c t i o n  term 

of (2.12) and (2 .14) .  

-+ -f The c u r l  E equat ion and t h e  divergence of B equat ion 

e s t a b l i s h  t h a t  E , E and Bx are cons tan t .  Since w e  assume E 

i s  i n i t i a l l y  zero,  it is  ze ro  f o r  a l l  x . We can express  E i n  terms 

of  B and u by observing t h a t  t he  r i g h t  hand s i d e  of (2 .12)  must 

be  zero a t  x = - ~0 . Thus w e  f i n d  

Y z '  z 

Y 

ZO 0 

E = u B  /c Y 0 zo 
(2 .16)  

Poisson ' s  equat ion  is  no t  u se fu l  because t h e  quas i -neu t r a l i t y  

assumption i s  be ing  made. The f a c t  t h a t  ni i s  set  equal  t o  n does 

n o t  imply E i s  a cons tan t  however. In t h i s  approximation, Ex appears 

i n  t h e  equat ions  as a f i e l d  wi th  j u s t  t h e  c o r r e c t  magnitude t o  keep 

e 

X 

t o  a very small Ex n = n . Phys ica l ly  w e  a t t r i b u t e  the  source  of 

charge s e p a r a t i o n  which creates an electric f i e l d  tending t o  keep 

W e  have neg lec t ed  a l l  t h e  d e r i v a t i v e s  o f  

assumption, and thus t h e  e lectr ic  f i e l d  energy dens i ty  does n o t  appear 

i n  momentum conserva t ion  equat ions  as a s e l f - c o n s i s t e n t  f i e l d  would. 

i e 
ni % n . 

Ex by making the  quas i -neu t r a l i t y  

e 

* 

* To see t h i s  add t h e  e l e c t r o n  and ion  moment equat ions be fo re  assuming 

n = n a The r e s u l t i n g  equat ion  can be i n t e g r a t e d  as be fo re  and contains  

t h e  e l e c t r i c  f i e l d  energy dens i ty .  

i e 
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Obviously t h e  quas i -neu t r a l i t y  condi t ion  l o s e s  i t s  v a l i d i t y  i f  t h e  

d e r i v a t i v e  of E becomes l a r g e .  
X 

We s t i l l  need two a d d i t i o n a l  equat ions t o  determine T e 

and Ti . For ou r  f i r s t  equa t ion  of s t a t e  w e  u se  t h e  t h i r d  moment 

equat ions .  I n  t h e  absence of  f r i c t i o n  and h e a t  conduction and wi th  

t h e  added assumption of i s o t r o p i c  p re s su re  t h e  two equat ions can be 

added t o g e t h e r ,  i n  a manner similar t o  t h a t  used f o r  t he  second mment 

equat ions ,  t o  y i e l d  a conservat ion of energy f l u x  equat ion:  

= %(m,u: + 5To) + E B c / 4 r j  
Y z o  

(2.17) 

For an equat ion  of s ta te  w e  assume the v a l i d i t y  of (2.17)  throughout 

the shock, even when there is  f r i c t i o n  h e a t i n g  the  plasma. Since only 

the  sum appears i n  t h e s e  equations,we need not  spec i fy  

how t h e  thermal energy is p a r t i t i o n e d  between the  e l e c t r o n s  and ions  

t o  ob ta in  wave p r o f i l e s .  However i n  a l a te r  chapter  w e  d i scuss  t h e  in-  

s t a b i l i t y  mechanisms t h a t  develop wi th in  t h e  waves and t h e  r a t i o  of 

Te t o  Ti plays  a c r i t i c a l  r o l e  i n  t h e s e  i n s t a b i l i t i e s .  As a second 

equat ion  of state w e  assume t h a t  t h e  ion  temperature  i s  cons tan t .  

Te + Ti = T 

* 

* The de termina t ion  of Ex depends upon T and Ti sepa- 

r a t e ly ,  b u t  

e 

Ex has  been e l imina ted  from t h e  problem. See Appendix 1. 
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B e In t roduc t ion  o f  Dimens i o n l e s s  Variables  

The above equat ions  can b e  s i m p l i f i e d  by in t roducing  d' Lmen- 

s i o n l e s s  v a r i a b l e s .  W e  normalize a l l  v e l o c i t i e s  wi th  respec t  t o  u 

t h e  s t reaming v e l o c i t y  a t  x = - m Thus u is  replaced by uu and 

o s  

0 

v + vu w + wu etc. (2.18) e 0 '  e 0 '  

The f i e l d s  are normalized i n  terms of their energy dens i ty  as compared 

t o  t h e  s t reaming k i n e t i c  energy dens i ty  a t  x = - m : 

(2.19) 

The thermal  energy can b e  expressed e i t h e r  i n  terms of t h e  f i e l d  energy 

dens i ty  o r  t h e  s t reaming k i n e t i c  energy. Expressed i n  terms o f  t h e  f i e l d  

energy dens i ty ,  i t  i s  commonly r e f e r r e d  t o  as t h e  plasma's be t a :  

n T  
B E - - -  

B2/8a 
(2.20) 

We w i l l  o f t e n  express  i t  i n  terms of the  s t reaming k i n e t i c  energy r a t h e r  

than t h e  f i e l d  energy densi ty:  

2 
T + T(mtuo) 

Note t h a t  t h e  two are r e l a t e d  by 

(2 -21) 
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B2/8r T/B = - -f B2/2 2 m nu t o  

(2 .22)  

2 where w e  have used (2.19) t o  w r i t e  B i n  dimensionless form. The 

i n i t i a l  r a t i o  of  s t reaming k i n e t i c  energy dens i ty  t o  f i e l d  k i n e t i c  

energy d e n s i t y  de f ines  t h e  Alfvgn Mach number 

2 
1 km nu 

B2 / 8r 
t o + . -  

B2 
0 0 

(2.23) 

i n  ou r  dimensionless  n o t a t i o n .  The two measures of temperature are 

i n i t i a l l y  r e l a t e d  by 

,. n 

(2.24) 

The angle  of  propagat ion o f  t h e  wave is  taken t o  be  t h e  angle  

between u and Bo and is  c a l l e d  a e (See Figure 2.1.) Our u n i t  o f  

l eng th  is  c/wp where 

0 

w2 = 4nne 2 1  (; + i) 
P 

I n  dimensionless  form t h e  c o l l i s i o n  frequency becomes 

v + v(w u /c> 
e P O  

(2 .25)  

(2  a 26)  

We a l s o  de f ine  



y2 = m/M 

and r e p l a c e  

1 7  

(2.27) 

(2.28) 

J( 
F i n a l l y  i n  dimensionless form t h e  equat ions  of motion are: 

= y ( v - B B )  
7. X Y  

9 

13 = - Y(W - Bx(BZ - BZo)) 
Y 

(2.29) 

(2.30) 

- WB - v i 7 . ) / y  , (2.31) v = (uBz - BZo 
X 

2 2 u + T/u 4- %(B: + BY> = 1 + To + % B 7.0 9 

2 2 2  2 2 
u + Y (v + w ) - 2y Bx(Byv + (Bz - BZo)w) 

2 2 2  + B X ( 1  + y ) (By + (B2 - BZo)2)  + 5T + 2 B  7.0 B z 

= 1 + 5To + 2BZo 2 

(2.32) 

(2.33) 

(2.34) 

* See Appendix 1 f o r  an example of  t h e  procedure used t o  make 

an equat ion  dimensionless.  
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These s i x  equat ions  i n  s i x  unknowns a long  wi th  t h e i r  boundary 

condi t ions  (2.1) form a closed set of equat ions and i t  i s  t h e i r  s o l u t i o n  

t h a t  th is  t h e s i s  i s  concerned wi th .  

C. P re l imina ry  Analysis of t h e  Equations 

9,lO Except f o r  a few w e l l  known s p e c i a l  cases , t hese  s i x  equa- 

t i o n s  can no t  be  so lved  exac t ly .  We have w r i t t e n  a computer program t o  

so lve  t h e m  f o r  va r ious  s t a r t i n g  condi t ions  and several s o l u t i o n s  are 

presented  below. Before tu rn ing  t o  t h e  computer w e  want t o  analyze the  

equat ions  f u r t h e r  t o  gain some i n s i g h t  i n t o  the  n a t u r e  of t h e  s o l u t i o n s .  

W e  can reduce t h e  number of equat ions from s i x  t o  four  by 

e l i m i n a t i n g  v and w . They can b e  e l imina ted  from (2.34) by using 

(2.29) and (2.30): 

(i2 + i2\ - [l - u2 + 5(To - T) - B2((B - B ) 2  + IJ2) 
z YJ x z  zo Y 

(2.35) 

The e l e c t r o n  v e l o c i t i e s  can a l s o  be  e l imina ted  from (2.31) and (2.32) 

by d i f f e r e n t i a t i n g  (2.29) and (2.30): 

- vBz > (2.36) 
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.. 
B = [(u - Bi)By]- i B (L - y) - v i  

Y Z X Y  Y 
( 2 . 3 7 )  

By d i f f e r e n t i a t i n g  (2.33) and (2.35) and us ing  (2.36) and (2.37) w e  

f i n d  a f t e r  some s t r a i g h t  forward a lgebra  t h a t  

11 - (5/3) T/u'] 

and 

? = - (2/3)[(T/u); - v ( i 2  + i2 ) ]  
Z Y  

Note t h a t  i n  t h e  absence of  f r i c t i o n  

-2/3 T = T  u 
0 

(2.38) 

(2.39) 

(2.40) 

This is the  a d i a b a t i c  p re s su re  l a w  f o r  an i d e a l  gas and i s  a d i r e c t  

r e s u l t  o f  our choosing (2.17) as an equat ion of s ta te .  

I n  t h e  co ld  plasma case ,  T = 0 , u can be any p o s i t i v e  

number. But i f  u reaches zero the  two f l u i d  model breaks down and 

t h e  wave is s a i d  t o  break.  I n  t h e  w a r m  plasma case, 

v e l o c i t y ,  as w e  can see from (2.38),  i s  l i m i t e d  t o  a va lue  

T # 0 , t he  

;t. 

u 2 > (5/3) T (2.41) 

I n  analogy wi th  t h e  co ld  plasma case w e  s ay  t h e  wave breaks when (2.41) 

* We s h a l l  assume t h a t  i n i t i a l l y  u2 > 5 / 3  To . 
0 
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i s  an e q u a l i t y .  It i s  easy t o  see t h a t  t h e  two f l u i d  equat ions a r e  

n o t  v a l i d  when u i s  ze ro  ( o r  nega t ive)  because t h e  conservat ion of  

p a r t i c l e  f l u x  equat ions  r e q u i r e  t h e  d e n s i t y  t o  b e  i n f i n i t e  ( o r  negat ive)  

i n  such a case. To b e t t e r  understand t h e  w a r m  plasma case w e  s o l v e  f o r  

Ex which appears i n  (2.5) and (2.6) but  w a s  e l imina ted  i n  (2 .7) .  I n  

. Appendix 1 an express ion  f o r  E i s  der ived  and noted he re :  
X 

X 
1 B B B  - x y zo E = -  

X C 

{(i% + Byiy )  

2 4  + i 2 )  
+ 

3u 

We see from (2.42) t h a t  

5v2 Te - T i ( 3  - 2y2)] 

2 
3 u  

[l - Ti(l  4- 

E becomes 
X 

3/5.  This v i o l a t e s  t h e  assumption o f  

r2)/u2] 'r J 

i n f i n i t e  when T/u2 is equal  t o  

q u a s i - n e u t r a l i t y  because f o r  E 
X 

t o  become i n f i n i t e  i n  a f i n i t e  t i m e  r e q u i r e s  t h a t  i t s  d e r i v a t i v e  be  

i n f i n i t e .  This i s  i n c o n s i s t e n t  w i th  o u r  assumption t h a t  t h e  charge sepa- 

r a t i o n  i s  very small .  I n  t h e  zero temperature case 

i n f i n i t e  when the wave breaks ( u  = 0) . In both  cases t h e  v a l i d i t y  of  

t h e  two f l u i d  equat ions  ceases sometime b e f o r e  the s i n g u l a r i t y  i s  reached. 

To see t h i s ,  n o t e  t h a t  i f  w e  had set  n = n a f t e r  adding t h e  two second 

moment equat ions  w e  would have had an e x t r a  t e r m  i n  (2.11) f o r  the  e l e c t r i c  

f i e l d  energy dens i ty .  I n  w r i t i n g  (2.11) w e  have i m p l i c i t l y  assumed t h a t  

Ex a l s o  becomes 

i e -  

(B2 + B2 - B2 ) >> E2 
X z Y z o  

(2.43) 
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Obviously (2.43) w i l l  be  v i o l a t e d  be fo re  Ex becomes i n f i n i t e .  

The p a r t i c u l a r  va lue  of T/u2 a t  which the  wave breaks 

depends upon t h e  equat ion  of s t a t e  be ing  used. I f  the  temperature 

can be  w r i t t e n  as 

* 
then t h e  s i n g u l a r i t y  w i l l  appear a t  

T/u2 = (cP/cv) -1 

(2.44) 

(2.45) 

In  gene ra l  t h e  wave w i l l  b reak  when t h e  s t reaming v e l o c i t y  approaches 

t h e  l o c a l  speed of sound. Severa l  authors  15’17 have noted t h a t  i t  is 

p o s s i b l e  f o r  t h e  numerator and denominator of (2.38) t o  go t o  zero 

s imultaneously s o  t h a t  u s t a y s  f i n i t e .  They even have a s e p a r a t e  

c l a s s i f i c a t i o n  f o r  such waves. But s i n c e  they only occur  a t  c e r t a i n  

d i s c r e t e  Mach numbers, they seem t o  have l i t t l e  phys ica l  re levance and 

w i l l  t h e r e f o r e  n o t  b e  considered i n  t h i s  t h e s i s .  

D. I n t roduc t ion  of the P a r t i c l e  Analogy 

Consider (2.36) and (2.37). I f  w e  w e r e  t o  s u b s t i t u t e  p o s i t i o n  

v a r i a b l e s  y and z f o r  B and (Bz - B ), then the  equat ions would Y 20 

be  very similar t o  the  equat ions  of motion f o r  a p a r t i c l e  moving i n  a 

* 
( c  / cv  = 1 ) .  cv and 

p res su re .  

See f o r  example Kakutani e t  a l l7  

c 

who assume an i so thermal  temperature 

are t h e  s p e c i f i c  heats a t  constant  volume and cons tan t  
P P 
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somewhat complicated fo rce  f i e l d .  There are t h r e e  d i s t i n c t  fo rces .  

The f i r s t  is  very much l i k e  the  fo rce  exer ted  by a g r a v i t a t i o n a l  o r  an 

e l e c t r o s t a t i c  f o r c e  f i e l d  and depends p r imar i ly  on t h e  p a r t i c l e s  posi-  

t i o n .  The second f o r c e  is p ropor t iona l  t o  the  perpendicular  component 

of the p a r t i c l e  v e l o c i t y  and thus can be  compared t o  a Cor io l i s  force  

o r  t o  an i n t e r a c t i o n  w i t h  a perpendicular  magnetic f i e l d 1 2  of magnitude 

Bx(l/y - y) . F i n a l l y  t h e r e  is a f o r c e  p ropor t iona l  t o  t h e  p a r a l l e l  

component of t h e  . p a r t i c l e  v e l o c i t y  which i s  equiva len t  t o  a f r i c t i o n a l  

f o r c e  w i t h  a c o e f f i c i e n t  of f r i c t i o n ,  v . 
For the  f i r s t  fo rce  t o  r e a l l y  be  analogous t o  a g r a v i t a t i o n a l  

and B Z  - BZo) 
(BY 

fo rce  f i e l d ,  u must b e  a func t ion  of  p o s i t i o n  

only. However when t h e r e  i s  f r i c t i o n a l  d i s s i p a t i o n  u , which is  a 

func t ion  of T , a l s o  depends upon t h e  p a r t i c l e ' s  p a s t  h i s t o r y .  To show 

this  dependence e x p l i c i t l y  w e  express  T as 

-213 T = (To + 6)u 

I n s e r t i n g  t h i s  i n t o  (2.39) gives  

6 ( t )  = 2 / 3  v [u2/3 (it + I?) d t  . 

(2.46) 

(2.47) 

0 

Note t h a t  6 depends upon t h e  p a r t i c l e  v e l o c i t y  (iz and a t  Y 

previous t i m e s .  Using (2.33) and (2.47) w e  can w r i t e  an equat ion f o r  

u w i t h  no e x p l i c i t  T dependence: 
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( 2 . 4 8 )  -5/3 (1 - u) - )i(B2 + B2 - B:o) + To( l  - u 
z Y 

Figure 2 .2  shows a p l o t  of (BZ - Bzo) vs. u nTith B = 0 , B = .5 , 

To = 0.1  , and 6 having the  va lues  zero  and 0.1. Note the  i n f i n i t e  

Y 20 

d e r i v a t i v e  of u w i t h  r e spec t  t o  B a t  T/uL = 315.  
z 

A s  long as t h e r e  i s  d i s s i p a t i o n  6 w i l l  b e  inc reas ing  and 

u w i l l  n o t  b e  a func t ion  o f  BZ and B alone. In t h i s  case t h e  analogy 

between t h e  wave motion and a p a r t i c l e  moving i n  a p o t e n t i a l  w e l l  i s  no 

longer  exact. This  does no t  mean t h e  analogy i s  n o t  u se fu l  however. I n  

t h e  case of s o l i t o n s  and wave motion without  f r i c t i o n  t h e  analogy is 

exac t  w i t h  t h e  r e l a t i o n s h i p  between u and B given by ( 2 . 4 8 )  with  

6 = 0 .  

Y 

By examining t h e  shape of t he  p o t e n t i a l  w e l l  w e  can make 

genera l  s ta tements  about t h e  wave motion wi thout  f ind ing  exact  s o l u t i o n s  

t o  the equat ions  of motion. For i n s t a n c e  i f  we f i n d  our  imaginary p a r t i c l e  

is  confined t o  a reg ion  t h a t  does n o t  i nc lude  any po in t s  where t h e  wave 

w i l l  b r eak ,  (T/u2 > 315)  , then  w e  can be  s u r e  t h a t  the  wave is  s t a b l e .  

Even when t h e r e  i s  f r i c t i o n  t h e  p o t e n t i a l  w e l l  analogy i s  use- 

f u l .  With f r i c t i o n  p r e s e n t  t he  p a r t i c l e  must e i t h e r  come t o  rest some- 

where where t h e  p o t e n t i a l  w e l l  is  level  o r  reach a po in t  where 

and b reak .  The p o s s i b l e  f i n a l  s ta tes  can b e  found from t h e  Rankine-Hugoniot 

r e l a t i o n s .  These are de r ived  i n  Appendix 2 and discussed more f u l l y  i n  

Chapter I V .  The important  t h ing  i n  t h i s  context i s  t h a t  they enable  us  t o  

c a l c u l a t e  t h e  va lues  of 6 where t h e  p a r t i c l e  may come t o  rest: 

2 T/u = 3/5 
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0.4 

0.2 

I o  E-0.2 
m ’ N -0.4 
m 

- 0.6 
- 0.8 
-1.0 

-1.2 

- I  

Figure  2 ,2  A p l o t  of  (2.48) with B Z O = O e 5 #  By=O, and 

To=O.l, Note t h a t  t h e  curves are symmetric about BZ,, 
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( 2 . 4 9 )  

where t h e  f s u b s c r i p t  r e f e r s  t o  f i n a l  va lues .  From 6 f  w e  can f i n d  

the  f i n a l  shape of t h e  p o t e n t i a l  and examine t h e  s t a b i l i t y  of t h e  f i n a l  

s ta te .  Before going f u r t h e r  w e  must de r ive  an express ion  f o r  t h e  p o t e n t i a l .  

The usua l  procedure f o r  f ind ing  an energy i n t e g r a l  when study- 

i n g  a mechanical system is t o  take t h e  dot product of t he  fo rce  equation 

and t h e  v e l o c i t y  : 

3 
3 .  2 - f  

m x * x  = F o x  ¶ 

and i n t e g r a t e  both  s i d e s .  This  y i e l d s  a r e s u l t  of t he  form 

t2 
% m x + VI(;) = E ( t )  . 

E ( t )  r e p r e s e n t s  t h e  loss i n  energy due t o  f r i c t i o n :  

+2 
E ( t ) =  - L, 1 4 d t  

a 

W e  could a l s o  w r i t e  (2.51) as 

where 

( 2 .  S O )  

( 2 . 5 1 )  

( 2 . 5 2 )  

(2.53) 

( 2 . 5 4 )  
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This  can be  looked a t  as t h e  energy equat ion  f o r  a p a r t i c l e  moving 

wi thout  f r i c t i o n  i n  a p o t e n t i a l  w e l l  where the  shape i s  f ixed  b u t  the  

whole w e l l  is r i s i n g  upwards i n  t i m e .  The p a r t i c l e  can never  r ise above 

l i n e  where V2(x,t)  is  equal  t o  zero b u t  t h i s  l i n e  changes as the  w e l l  

moves upwards. The rate of movement upwards i s  determined by t h e  f r i c -  

t i o n a l  d i s s i p a t i o n .  

-f 

The reason f o r  choosing (2.53) r a t h e r  than  (2.51) is  t h a t  w e  

a l ready  have an equat ion  s imilar  t o  (2.53) namely (2.35).  The p a r t  cor- 

responding t o  V2 (;, t) is  ev iden t ly  

v( i f , t )  = - % ) + 5 ( T o  - T) - B:((B2 - B I 2  + B 2 )  
2 0  Y 

1 
(2.55) 

The d i f f e r e n c e  between (2.53) and (2.55) i s  t h a t ,  as long as t h e r e  i s  

d i s s i p a t i o n ,  t h e  p o t e n t i a l  w e l l  given by (2.55) no t  only rises as a whole 

b u t  changes shape. I f  t he  shape of V changed d r a s t i c a l l y  dur ing  the 

course  of the  wave's motion, t he  analogy would no t  be very usefu l .  For- 

t u n a t e l y  t h e  changes i n  t h e  shape of t h e  p o t e n t i a l  are q u i t e  minor. The 

e s s e n t i a l  t opo log ica l  f e a t u r e s  such as m a x i m a ,  minima, and sadd le  p o i n t s  

gene ra l ly  remain f i x e d  i n  number and r e l a t i v e  l o c a t i o n  although t h e i r  

exac t  p o s i t i o n s  vary.  This  makes it p o s s i b l e  t o  determine the  genera l  

behavior  of t h e  waves even wi th  f r i c t i o n  p resen t .  For example i f  t h e  

T/u 

6 ' s  from zero t o  

i s  reached. 

2 breaking  l i n e  is ou t s ide  t h e  range of t h e  p a r t i c l e ' s  motion f o r  a l l  

6 f  we  can be  s u r e  the  wave w i l l  no t  break before  
& f  
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For c e r t a i n  ranges of i n i t i a l  condi t ions  t h e  important 

f e a t u r e s  of t h e  p o t e n t i a l  may change enough as 6 goes from zero t o  

6 f  t o  a f f e c t  t h e  s t a b i l i t y  of t h e  wave. This  only happens i f  an 

equ i l ib r ium p o i n t  is  n e a r  t he  breaking  l i n e .  Severa l  examples w i l l  be  

considered i n  t h e  fol lowing t h r e e  chapters  t o  show more f u l l y  the  c lose  

r e l a t i o n s h i p  between t h e  w a v e  behavior  and t h e  p a r t i c l e  analogy deve- 

loped i n  this s e c t i o n .  W e  w i l l  consider  a p a r t i c u l a r l y  simple example 

here .  

E. Example of Wave Motion 

The s imples t  type  of  non l inea r  wave motion is  the  well-known 

9 magnetosonic wave . Since B = 0 f o r  a magnetosonic wave w e  do n o t  

have a pe rpend icu la r  magnetic f i e l d  a c t i n g  on ou r  hypo the t i ca l  p a r t i c l e  

( r e c a l l  t h a t  t h e  analogy included a magnetic f i e l d  of magnitude 

Also n o t e  that i f  B i s  zero i n i t i a l l y  i t  w i l l  s t a y  zero s o  w e  only 

have t o  examine the  p o t e n t i a l  a long t h e  B a x i s .  

X 

Bx(l/y-y)).  

Y 

z 

The lowest  curve i n  Figure 2 . 3  shows t h e  i n i t i a l  shape of t h e  

p o t e n t i a l  w e l l  (6 = 0) . Since the o r i g i n  

must p e r t u r b  t h e  p a r t i c l e  from t h i s  uns t ab le  

i t  e i t h e r  t o  t h e  r i g h t  o r  t h e  l e f t  and t h e r e  

w i l l  s u r e l y  b reak  because t h e  T/u breaking 

one-dimensional p o t e n t i a l )  i s  below t h e  V = 

2 

(Bz = BZo) 

equi l ibr ium.  I f  w e  pe r tu rb  

i s  no f r i c t i o n ,  the  wave 

l i n e  ( r e a l l y  p o i n t s  i n  t h i s  

0 l i n e .  

is  level w e  

Figure 2 . 3  a l s o  shows t h e  p o t e n t i a l  w i th  6 = .35 6 f  . Now 

the r i g h t  hand s i d e  i s  s t a b l e  because the breaking  l i n e  has  moved above 

t h e  V = 0 l i n e  and i s  out of t h e  range of the  p a r t i c l e ' s  motion. I f  
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The p o t e n t i a l  we l l  f o r  a magnetosonic 

s o l i t o n  w i t h  M~=f@5 and =0,2, As f r i c t i o n  hea t s  

t h e  plasma, i nc reases  from zero t o  As it  in -  

c r eases ,  t h e  p o t e n t i a l  wel l  r i s e s  and changes shape, 



t he  pa r t i c l e  w a s  per turbed  t o  the  l e f t  i t  would s t i l l  b reak ,  even wi th  

f r i c t i o n .  I f  i t  w a s  per turbed  t o  the  r i g h t  wi th  enough d i s s i p a t i o n  

that  6 increased  t o  .356f be fo re  t h e  p a r t i c l e  reached t h e  breaking 

l i n e ,  i t  would appear t h a t  a s t a b l e  state has been reached. 

The upper curve i n  Figure 2.3 l a b e l l e d  6 = 6 f  , shows t h e  

f i n a l  shape of t h e  p o t e n t i a l  w e l l .  Since t h e r e  i s  only one po in t  on the  

p o s i t i v e  a x i s  of t he  upper curve t h a t  is n o t  above the  V = 0 l i n e ,  the  

p a r t i c l e  must come t o  rest the re .  Since t h e  p a r t i c l e ' s  v e l o c i t y  i s  zero ,  

6 remains cons tan t  and t h e  system i s  s t a t i c .  

From t h e  p o t e n t i a l  p i c t u r e  we have been ab le  t o  p r e d i c t  when 

t h e  wave w i l l  b r eak ,  when i t  might break, and what the  f i n a l  s t a t e  w i l l  

be  i f  i t  does n o t  break .  

Figure 2.4 shows a computer c a l c u l a t i o n  of t h e  same wave. The 

i n i t i a l  pe r tu rba t ion  w a s  t o  t h e  r i g h t ,  and t h e  f r i c t i o n  w a s  chosen by 

t r i a l  and e r r o r  t o  be  j u s t  l a r g e  enough t o  keep t h e  wave from breaking .  

Notice t h a t  T/u2 always s t a y s  below 3/5.  The arrows a t  t = 14 i n d i c a t e  

t h e  va lues  of t h e  va r ious  parameters  when 6 = .356f . 
I n  the  next  two chapters  w e  w i l l  i n v e s t i g a t e  i n  d e t a i l  t h e  

allowed i n i t i a l  p e r t u r b a t i o n s  and t h e  poss ib l e  f i n a l  states of the  plasma. 

The p a r t i c l e  analogy developed i n  t h i s  chapter  w i l l  be  developed f u r t h e r  

and w i l l  prove t o  b e  very h e l p f u l  i n  g iv ing  an i n t u i t i v e  f e e l  t o  the 

r e s u l t s  w e  d e r i v e  i n  t h e  fo l lowing  chapters  a 
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The time behavior of a magnetosonic 



CHAPTER 111 

I N I T I A L  CONDITIONS 

A t  x = - m t he  plasma is  assumed t o  b e  i n  a s t a t e  of  e q u i -  

l ib r ium.  There are no cu r ren t s  and a l l  t h e  f i e l d s  and v e l o c i t i e s  a r e  

cons t an t .  Unless t h e  plasma is  per turbed  from t h i s  equ i l ib r ium,  i t  

w i l l  j u s t  s t a y  i n  a s t a t i c  s ta te  much l i k e  a marble r e s t i n g  on top of 

a mountain. To create a wave w e  must pe r tu rb  t h e  plasma. 

A. The Linear ized  Equations of Motion 

For s m a l l  depa r tu re s  from equ i l ib r ium t h e  equat ions  of 

motion ( (2 .29)  t o  ( 2 . 3 4 )  ) are l i n e a r  and have s o l u t i o n s  of t h e  form 

(3.1) 
A t  A = A. i- Ale 

A. 

t h i s  form f o r  a l l  t h e  v a r i a b l e s  and dropping second order  t e r m s ,  t h e  

equat ions  of motion become 

is t h e  va lue  a t  x = - m and A1 is  a small pe r tu rba t ion .  Assuming 

31 
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(3.5) 

an d 

Making t h e  same approximations w e  a l s o  f ind  

_ - -  2 T  u - To B Z 1  BZo  - 
3 0 1  3[1 - (5/3)ToI 

T1 - (3.7) 

In d e r i v i n g  t h e s e  r e l a t i o n s h i p s  w e  have assumed t h a t  v = 0 . This  

i s  reasonable  because v is an anomalous r e s i s t i v i t y  and i s  assoc i -  

a ted  w i t h  c e r t a i n  i n s t a b i l i t y  mechanisms. For s m a l l  dev ia t ions  from 

equ i l ib r ium w e  do n o t  expect  i n s t a b i l i t i e s .  The d i s s i p a t i o n  w i l l  be 

switched on deeper  i n  the shock wave where t h e  g rad ien t s  are l a r g e .  

The l i n e a r i z e d  equat ions  of  motion form a homogeneous se t  of 

f o u r  l i n e a r  equat ions .  For t h e r e  t o  e x i s t  a n o n t r i v i a l  s o l u t i o n  i t  is 

necessary  t h a t  t h e  determinant  of t h e  c o e f f i c i e n t s  be  zero.  Thus w e  f ind :  

x4 + A2{B2(1/y2+y2) X + B2 20 /[1 - (5/3)T 0 ] - 2) 

+ (1 - B:)F - B: - B:o/(l - (5/3)To)] = 0 

With To = 0 (3.8) reduces t o  K d ~ o g g ' s ~ ~  equat ion 23 except f o r  some 

d i f f e r e n c e s  i n  no ta t ion .  Following Ke;Uogg, bu t  a l lowing f o r  thermal 

e f f e c t s ,  w e  w r i t e  (3.8) as 
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A4 + X2 b + c = 0 

which has  s o l u t i o n s  

and 

A = +  - ’ * ( -  b - =)I’ (3.10) 

I f  t h e  roo t s  are no t  real they  must occur i n  complex conjugate p a i r s  

s i n c e  b and c are real. Roots t h a t  have nega t ive  real  p a r t s  do n o t  

give t h e  c o r r e c t  behavior  at: x = - 03 s o  they are n o t  considered.  A l l  

o t h e r  r o o t s  are l i s t e d  i n  Table 1 along w i t h  t h e i r  dependence on b 

and c . 

b 

- 

- 
neg 

POS 

-~ __ 

Type of  Roots Region 

I r  

I V i  

Table 1 
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The c o e f f i c i e n t s  b and c are func t ions  of t he  i n i t i a l  

s t a t e  of t h e  plasma. W e  would l i k e  t o  e x h i b i t  t h i s  dependence i n  a 

two-dimensional graph. Then the boundaries  between t h e  var ious  regions 

l i s t e d  i n  Table 1 w i l l  be  t h e  l i n e s  across  which c o r  b - 4c chan- 

ge s i g n .  I f  b = c = 0 , a l l  four  regions can s h a r e  a common po in t .  

2 

The s t a t e  of t h e  plasma a t  x = - i s  determined by four  

parameters  -- i t s  s t reaming v e l o c i t y ,  i t s  thermal energy, t he  magnitude 

of t h e  magnetic f i e l d ,  and t h e  angle  between the  magnetic f i e l d  and 

t h e  s t reaming v e l o c i t y .  I f  w e  express  t h r e e  o f  t h e  parameters as a r a t i o  

t o  t h e  f o u r t h ,  w e  s t i l l  have t o  f i x  one of t h e  r a t i o s  t o  make a two- 

dimensional p l o t  of t h e  var ious  reg ions  of Table 1. The convent ional  

procedure i s  t o  f i x  t h e  r a t i o  of t h e  thermal energy dens i ty  t o  t h e  mag- 

n e t i c  f i e l d  energy dens i ty .  This r a t i o  w a s  def ined  i n  (2.20) and is commonly 

known as t h e  plasma's b e t a .  The r e l a t i o n s h i p  between Bo and To i s  

given i n  (2 .24) .  We w i l l  fol low t h i s  convention and s o  our  p l o t s  w i l l  

b e  cons tan t  

v a r i a b l e s  w e  w i l l  fol low Kellogg13 and use  

wi th  

of t he  reg ions  def ined  i n  Table 1. 

p l o t s  r a t h e r  than cons tan t  To p l o t s .  For independent 

B 

$0 

and B . Replacing To 

in (3 .8 ) ,  w e  now s o l v e  f o r  t he  l i n e s  which form t h e  boundaries 

X 20 

B o  

The boundaries  i n  reg ion  Ir are found where c changes s i g n .  

This  occurs  where c = 0 : 

(l - €?)[I X 
- B2 X - B2 20 /(I - 58 0 0  B2/6)] = 0 (3.11) 

But t h e s e  are no t  the  only boundaries  because c can a l s o  

change s i g n  by going through i n f i n i t y  when T = 3/5 . Thus we f i n d  
0 
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an a d d i t i o n a l  boundary f o r  region I a t  
1: 

(3.12) 

The boundaries  f o r  reg ion  I1 occur  where b2 - 4 c  is  equal  t o  zero:  
C 

2 
+ B ~ [ B ~ ( ~  2 2  + y2)2/v2 - 41 [I - y2] /y2 (3.13) 

I n  t h i s  case t h e r e  i s  no change i n  s i g n  when (3.13) goes through i n f i n i t y  

because t h e  s i n g u l a r i t y  is  of second order .  

2 The c = 0 and b - 4c  curves may i n t e r s e c t  at  as many as 

t h r e e  p o i n t s .  One of t h e s e  corresponds t o  t h e  one found by Kellogg13 i n  

t h e  zero temperature  case and occurs  a t  

(3.14) 

The approximations i n  (3.14) make use  o f  t h e  smallness  of y . A second 

common p o i n t  i s  loca ted  a t  

B X = 1 ;  BZO M [(l - 5B0/6)/(58 0 /6 - Y Y (3.15) - 

and a t h i r d  a t  
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B X = (5Bo/6)-' ; B zo = 0 (3.16) 

I f  Bo 

Bx , Bzo-plane. I f  Bo i s  less than  6y / 5  o r  g r e a t e r  than 6 /5  

the  second po in t  does n o t  occur  i n  t h e  real B B -plane. 

i s  zero,only t h e  f i r s t  of t hese  ponts  occurs i n  the  f i n i t e  

2 

x '  20 

These curves are shown i n  Figure 3.1  and t h e  var ious  regions 

Bo w a s  are l a b e l l e d  according t o  the scheme of Table I. The va lue  of  

taken t o  b e  0.2. The f i g u r e  w a s  p l o t t e d  wi th  

reg ions  I1 and IIc a Note t h a t  t h e  boundary of IIc i n t e r s e c t s  

the B x - a x i s  a t  B %2y and is  thus  not  amenable t o  graphing i f  t h e  

proper  va lue  of y2 i s  used. All t h e  curves upon which c changes s i g n  

are independent of y and are t h e r e f o r e  n o t  a f f ec t ed .  

y2  = 1/25  t o  expand 

r 

X 

I n  this thesis w e  w i l l  only consider  plasmas which are i n i -  

tially "warm" and exclude those which are i n i t i a l l y  "hot". The d iv id ing  

l i n e  between a w a r m  and a h o t  plasma i s  taken t o  b e  tlie l i n e  def ined by  

(3.12) on which To = 3/5.  A n  equiva len t  d e f i n i t i o n  i s  t o  d e f i n e  a w a r m  

plasma as one where t h e  plasma flow i s  supersonic  and a h o t  plasma as 

one where t h e  s t reaming v e l o c i t y  i s  less than  the  speed of sound. This 

limits the thermal  energy dens i ty  w i t h  r e spec t  t o  t h e  s t reaming k i n e t i c  

energy dens i ty .  W e  w i l l  a l s o  l i m i t  t h e  thermal  energy dens i ty  wi th  

r e spec t  t o  t h e  f i e l d  energy dens i ty  by cons ider ing  only plasmas wi th  

less than  6/5.  This  is equ iva len t  t o  r e q u i r i n g  t h a t  t h e  Alfvdn speed he 

g r e a t e r  than  t h e  sound speed and ensures  t h a t  t h e  r ightmost  

Figure 3 . 1  is  always t o  t h e  r i g h t  of the  B = 1 l i n e .  

Bo 

c = 0 l i n e  i n  

X 
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I n  reg ions  IVi  and I the re  are pure  imaginary roo t s  t o  r 
( 3 . 9 ) .  Waves wi th  t h e s e  roo t s  do n o t  grow i n  amplitude from one o s c i l -  

l a t i o n  t o  t h e  n e x t  s i n c e  h does n o t  have a real p a r t .  Also these  waves 

do n o t  approach the  assumed equ i l ib r ium values  a t  x = - m . Since w e  

are i n t e r e s t e d  i n  non l inea r  waves w e  could exclude pure imaginary r o o t s  from 

cons ideara t ion  as s e v e r a l  au thors  have. This  i s  of no real consequence 

i n  r eg ion  I because t h e r e  is a l s o  a r ea l  r o o t  t o  ( 3 . 9 )  i n  I wi th  
r r 

which t o  produce non l inea r  waves. However i n  reg ion  

are imaginary,and t o  exclude a l l  of region 

obl ique  waves of l abora to ry  and a s t rophys ica l  i n t e r e s t .  W e  w i l l  t h e r e f o r e  

modify ou r  assumptions 

region 

va lues  given i n  (2.1)  . 

1 2  

I V i  a l l  the  roo t s  

I V i  i s  t o  exclude msny 

about t he  s ta te  of t he  plasma a t  i n  

I V i  , t o  i nc lude  small l i n e a r  o s c i l l a t i o n s  about t h e  equ i l ib r ium 

x = - m , 

The waves i n  reg ion  I V i  w i l l  s t i l l  be  of no i n t e r e s t  un less  

a way is  found t o  make them grow i n t o  non l inea r  waves. This can be done 

q u i t e  simply by al lowing f o r  a small  amount of d i s s i p a t i o n  a t  x = - m . 
The l i n e a r i z e d  equat ions  are modified t o  inc lude  f r i c t i o n  i n  Appendix 

3 .  It is  shown t h e r e  t h a t  on ly  t h e  low frequency roo t s  i n  t h e  p a r t  of 

I V i  where B . is  less than one w i l l  

of f r i c t i o n .  The h igh  frequency r o o t s  

frequency roo t s  i n  t h e  reg ions  where 

w i l l  on ly  be  concerned wi th  t h e  lower 

I V i  where B is  less than one. 

X 

X 

grow i n  amplitude wi th  t h e  add i t ion  

always damp out  as do the  low 

B is g r e a t e r  than  one. Thus w e  

of  t h e  two f requencies  i n  region 

X 

The s i g n i f i c a n c e  of t h e s e  va r ious  regions and t h e  e f f e c t  o f  f r i c -  

t i o n  on t h e  i n i t i a l  wave behavlI o r  will become clearer when we examine t h e  

shape of the p o t e n t i a l  w e l l  t he  analogous p a r t i c l e  moves i n  nea r  t he  o r i g i n .  
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The p o t e n t i a l  w e l l  analogy provides  a convenient b r idge  between t h e  

non l inea r  and t h e  l i n e a r  theory as w e  s h a l l  see below. 

B. The Shape of t h e  P o t e n t i a l  Near t h e  Origin 

Reca l l  from Chapter I1 t h a t ,  i n  t h e  absence o f  f r i c t i o n ,  the  

equat ions  of motion f o r  t h e  wave are t h e  same as those f o r  a p a r t i c l e  

moving i n  a g r a v i t a t i o n a l  o r  e l e c t r o s t a t i c  p o t e n t i a l  wi th  a uniform 

magnetic f i e l d  perpendicular  t o  the  p lane  of motion. I n  t h i s  s e c t i o n  w e  

are i n t e r e s t e d  i n  t h e  shape of  t h e  p o t e n t i a l  n e a r  t h e  o r i g i n  and how i t  

changes from one reg ion  of Figure 3 . 1  t o  t h e  n e x t .  The shape of t h e  po- 

t e n t i a l  n e a r  t he  o r i g i n  i s  found by s o l v i n g  f o r  t h e  f i r s t  and second d e r i v  

atives of t h e  p o t e n t i a l  and eva lua t ing  them a t  the  o r ig in .  

The o r i g i n  is  assumed t o  be  an equ i l ib r ium po in t  SO the  f i r s t  

d e r i v a t i v e s  of t h e  p o t e n t i a l  should b e  zero there .  The s i g n  of t h e  second 

d e r i v a t i v e s  ind ica t e swhe the r  the  o r i g i n  is  a maximum, a minimum, o r  a 

sadd le  p o i n t .  I f  it is  a maximum the  second d e r i v a t i v e s  must be  negat ive,  

and i f  i t  is  a minimum they must be  p o s i t i v e .  A necessary and s u f f i c i e n t  

condi t ion  f o r  t h e  e x i s t e n c e  of a maximum o r  a minimum r a t h e r  than a 

sadd le  po in t  i s  

(3.17)  

where 

d 2v v = - -  
i j  dB.  dBi 

J 

(3.18) 
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Re cal l  tha t  

V = - %[(I - u 2 ) + 5(To - T)- Bx[(BZ 2 - B zo ) 2  + B 2 ]  
Y 

- BZo) 1 - 2B (B 
20 z (3.19) 

D i f f e r e n t i a t i n g  (3.19) w i t h  r e s p e c t  t o  B g ives  
Z 

V = u u + (5/2)TZ + Bx(BZ 2 - BZo) + BZo (3.20) 
Z Z 

The s u b s c r i p t s  on u ar,i T imply p a r t i a l  d i f f e r e n t i a t i o n  w i t h  res- 

p e c t  t o  B . We can w r i t e  
Z 

from (2.39). Using th i s  r e s u l t  i n  (3.20) gives 

- (5/3)T/u] + Bx(BZ 2 - Bzo) 3- BZo Z Z 

From (2.38) w e  have 

u Z = - BZ/[l - (5/3)T/u2] 

F i n a l l y  w e  f i nd  

2 
V Z = [(BZ - BZo) (Bx - u) + BZo(l - u)] 

(3.21) 

(3.22) 

(3.23) 

(3.24) 
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S i m i l a r l y  w e  f i n d  

2 V = By(Bx - U) 
Y 

(3.25) 

These are j u s t  t h e  n e g a t i v e  of the q u a n t i t i e s  i n  t h e  b r a c k e t s  

on t h e  right-hand s i d e s  of (2.36) and (2.37), which i s  t o  be  expected s i n c e  

t h e  f o r c e  should be the n e g a t i v e  grad ien t  of the p o t e n t i a l .  A t  t h e  o r i g i n  

B = 0 , and u = 1 s o  both  V and V are zero as ex- - 
BZ - B Z o  ' y z Y 
pected.  

The second d e r i v a t i v e s  are c a l c u l a t e d  i n  the same manner and 

w e  f ind :  

v z z  = {(B; - u) + 2/[1 - (5/3Wu2]} , 

v = {(B2 - u)  + B2/[1 - (5/3)T/u2]} 
YY x Y 

(3.26) 

(3.27) 

and 

V = B B / (1 - (5/3)T/u2) (3.28) 
Y Z  Z Y  

S u b s t i t u t i n g  i n  t h e  va lues  these v a r i a b l e s  have at  t h e  o r i g i n  and us ing  

(2.24) t o  r e p l a c e  Ti by B o , w e  f i n d :  

V z z  I = [(B2 X - 1) + B2 ZO /(1-5f3,B:/6)] 
0 

(3.29) 
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yy 0 
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(3.30) 

and 

v I = o  
y z  0 

(3.31) 

Since V is  equal  t o  zero,  (3.17) is  always s a t i s f i e d  if V and 

V have t h e  same s ign .  

YZ z z  

YY 
Comparing (3.29) and (3.30) wi th  (3.11) and (3.12) w e  can see 

that when c changes sign one (o r  bo th)  of t h e  second d e r i v a t i v e s  changes 

sign a l s o .  The l i n e s  across which c changes s i g n  are l i n e s  across  which 

the  p o t e n t i a l  a t  t h e  o r i g i n  changes from a maximum or  a minimum 

t o  a s a d d l e  p o i n t .  Like the  c l ines,  t h e  d e r i v a t i v e s  are independent 

of t he  e l e c t r o n  t o  i o n  mass r a t i o .  

Using Figure 3.1 and (3.29) and (3.30) w e  can d i s t i n g u i s h  

t h r e e  

hand corner  of Figure 3.1, below t h e  curved c l i n e ,  both Vzz  and V 

a r e  n e g a t i v e  a t  t h e  o r i g i n  and thus w e  conclude t h a t  the o r i g i n  is a 

maximum i n  this  region.  Above the  c l i n e  but  t o  t h e  l e f t  of t h e  

B = 1 l i n e  t h e  o r i g i n  i s  a saddle  po in t .  For Bx g r e a t e r  than one, 

t he  o r i g i n  is a l o c a l  minimum s i n c e  V and Vzz are both  p o s i t i v e .  

This a n a l y s i s  can e a s i l y  be  c a r r i e d  out  i n  t h e  regions above t h e  

l ine.  In Figure 3.2 each of t h e  t h r e e  regions is  l a b e l l e d  according t o  

d i s t i n c t  regions below the  To = 3/5 l i n e .  In t he  lower l e f t -  

YY 

* 

X 

YY 
To = 3/5 

* m e n  r e f e r r i n g  t o a  maximum o r  a EiniFum we always mean a l o c a l  

maximum o r  a l o c a l  minimum. 
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2 

N 

I 

SADDLE 
POINT dlNIMUM 

I ‘I 
-I/ 

x 

The i n i t i a l  shape o f  t he  p o t e n t i a l  wel l  a t  

t h e  o r i g i n ,  
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whether t h e  o r i g i n  i s  a maximum, a minimum, o r  a saddle  poin t  t he re .  

The r e s u l t s  above the  To = 3/5 l i n e  are a l s o  shown f o r  comparison. 

I n  t h e  reg ion  where t h e  o r i g i n  i s  a maximum the re  are t h r e e  

types of i n i t i a l  behavior  p red ic t ed  (see Figure 3.1) corresponding t o  

the  t h r e e  regions I1 IIc 9 and I V i  . The waves i n  each of t hese  

regions have q u i t e  d i f f e r e n t  i n i t i a l  behaviors .  Here w e  w i l l  p resent  a 

r '  

h e u r i s t i c  argument t o  exp la in  t h e  i n i t i a l  wave motion i n  each of t hese  

t h r e e  reg ions  as w e l l  as i n  t h e  o t h e r  regions of Figure 3.2.  

I n  t h e  reg ions  where t h e  o r i g i n  i s  a maximum the  analogous 

p a r t i c l e  can move i n  a closed o r b i t  about the  o r i g i n  ( reg ion  IV,), i t  can 

s p i r a l  down t h e  p o t e n t i a l  peak ( reg ion  I I c ) ,  o r  i t  can r o l l  s t r a i g h t  down 

t h e  p o t e n t i a l  peak wi thout  s p i r a l l i n g  ( reg ion  I1 ). The key t o  which of 

these  t h r e e  modes t h e  p a r t i c l e  w i l l  move i n  is  t h e  perpendicular  magnetic 

r 

f i e l d  which acts on t h e  p a r t i c l e .  Reca l l  t h a t  i t  has  a magnitude of 

Bx(l/y - y) . 
n o t i n g  t h a t  bo th  t h e  magnitude of t h e  f i e l d  and t h e  boundaries of t he  th ree  

The in f luence  of t h i s  perpendicular  f i e l d  is  b e s t  seen  by 

reg ions  depend upon y whi le  t h e  shape of t h e  p o t e n t i a l  w e l l  i s  independent 

of Y . 
I n  reg ion  I V i  , Bx i s  much l a r g e r  than y s o  t h e  magnetic 

fo rces  w i l l  predominate over  t h e  g rad ien t s  i n  t h e  p o t e n t i a l  as soon as 

t h e  p a r t i c l e  moves away from t h e  o r i g i n .  It is of course necessary f o r  t h e  

p a r t i c l e  t o  move a small d i s t a n c e  from the  o r i g i n  and acqui re  a v e l o c i t y  

on t h e  o r d e r  of y because t h e  magnetic fo rce  is  p ropor t iona l  t o  t h e  

p a r t i c l e  ' s ve loc i ty .  

I n  reg ion  IIc where B x &  y , t h e  magnetic fo rce  no longer  

can overcome t h e  g rad ien t s  i n  t h e  p o t e n t i a l  w e l l  wi thout  the  v e l o c i t y  
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becoming on t h e  o r d e r  of u n i t y .  As a r e s u l t ,  t h e  p a r t i c l e  s p i r a l s  down 

t h e  p o t e n t i a l  peak. 

I n  reg ion  I1 t h e  magnetic f i e l d  i s  even weaker than  i n  r 

reg ion  I1 . Since  t h e  f i e l d  is  s o  weak, t he  shape of t he  p o t e n t i a l  

peak becomes more impor tan t .  To show the  shape e x p l i c i t l y  w e  can r ep lace  

(Bz - B ) and B w i th  p o l a r  coord ina tes  B and ti i n  (3.19): 

C 

zo  Y r 

v = -  4 [ (l-u 2 ) + 5(To - T) - BxBr 2 2 - 2 B  zo B r  COS^] . (3.32) 

Using the same procedure as above w e  f i n d  

(3.33) 

which i s  i n  agreement w i t h  (3.29) and (3.30) when 8 i s  equal  t o  0 and 

TI2 B 

Notice i n  Figure 3.1 that t h e  p a r t  of region I1 wi th  t h e  r 

l a r g e s t  va lue  of B occurs  where t h e  c o e f f i c i e n t  of  cos 8 i n  t h e  

las t  t e r m  i n  (3.33) is the  l a r g e s t .  It i s  t h i s  t e r m  t h a t  determines t h e  

asymmetry of t h e  p o t e n t i a l  peak. As B g e t s  smaller, w e  have t o  go 

t o  s m a l l e r  and smaller B b e f o r e  t h e  p a r t i c l e  can r o l l  s t r a i g h t  down 

the p o t e n t i a l  peak. It is  c l e a r  that it is t h e  asymmetry i n  t h e  p o t e n t i a l  

peak t h a t  determines t h e  d iv id ing  l i n e  between regions I1 

X 

20 

X 

and IIr 
C 

(a long wi th  t h e  pe rpend icu la r  magnetic f i e l d  of course) .  I n  region 11,. Y 

t h e  normal t o  t h e  p o t e n t i a l  s u r f a c e  has  a l a r g e  enough t a n g e n t i a l  com- 

ponent t o  overcome t h e  tendency of  t h e  weak magnetic f i e l d  t o  curve t h e  

p a r t i c l e ' s  path.  
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I n  t h e  reg ion  where B is  g r e a t e r  than  one, t h e  p o t e n t i a l  
X 

is  a minimum and non-growing waves are p red ic t ed  from the l i n e a r i z e d  

equat ions .  A t  f i r s t  i t  might seem t h a t  no motion i s  poss ib l e  i n  t h i s  

reg ion  because a l l  t h e  p o i n t s  nea r  t h e  o r i g i n  are above t h e  V = 0 plane 

except  f o r  t h e  o r i g i n  i t s e l f .  The reason t h e  l i n e a r i z e d  equat ions can 

p r e d i c t  waves which v i o l a t e  t h e  energy r e l a t i o n s h i p  i s  t h a t  t he  changes 

i n  energy are of second o rde r  and t h e  l i n e a r i z e d  equat ions  only  con- 

s i d e r  f i r s t  o rder  e f f e c t s .  It is c l e a r  from t h e  shape of t he  p o t e n t i a l  

w e l l  t h a t  although l i n e a r  waves may b e  allowed, non l inea r  waves c e r t a i n l y  

are n o t .  

W e  found i n  Appendix 3 t h a t  t h e  add i t ion  of f r i c t i o n  would 

cause l i n e a r  waves i n  t h i s  region t o  damp out .  This  i s  cons i s t en t  w i th  

one 's  i n t u i t i v e  f e e l i n g  f o r  what e f f e c t s  f r i c t i o n  would have i n  a region 

where t h e  o r i g i n  is a minimum. I n  t h e  reg ion  of 

i s  a maximum t h e  s i t u a t i o n  is more complicated. I n  t h e  absence of a poten- 

I V i  where the o r i g i n  

t i a l  f o r c e ,  w e  would expect  t h e  f r i c t i o n  t o  cause t h e  p a r t i c l e ' s  o r b i t  t o  

decay s i n c e  t h e  r a d i u s  of t h e  o r b i t  of a p a r t i c l e  i n  a magnetic f i e l d  

i s  p ropor t iona l  t o  i t s  v e l o c i t y .  I f ,  however, t h e r e  were no perpendicular  

magnetic f i e l d  and t h e  p o t e n t i a l  a t  t h e  o r i g i n  were a maximum, w e  would 

expect  t h e  p a r t i c l e  t o  move away from t h e  o r i g i n .  F r i c t i o n  would only 

slow t h e  rate a t  which the p a r t i c l e  moved away. I n  t h e  low frequency 

mode i n  reg ion  I V i  , 

and t h e  p o t e n t i a l  f o r c e s .  F r i c t i o n ,  by reducing t h e  v e l o c i t y  of t h e  par- 

t i c l e ,  reduces t h e  e f f e c t i v e n e s s  of t h e  magnetic f i e l d  and t h e  p a r t i c l e  

moves away from the  o r i g i n .  I n  t h e  h igh  frequency mode the  p o t e n t i a l  

g r a d i e n t s  only p lay  a secondary r o l e .  The p a r t i c l e  acts e s s e n t i a l l y  as 

the re  i s  a ba lance  between t h e  magnetic fo rces  



i f  t h e r e  were no g rad ien t s  and s p i r a l s  i n t o  the  o r i g i n  when f r i c t i o n  

i s  added. 

I n  reg ion  I the  o r i g i n  i s  a saddle  p o i n t .  Since p a r t  of r 

t h e  p o t e n t i a l  nea r  t h e  o r i g i n  i s  above the  V = 0 p lane ,  w e  do n o t  

expect  t o  f ind  non l inea r  waves o s c i l l a t i n g  about t h e  or5-gin. Osc i l l a to ry  

l i n e a r  waves are p o s s i b l e ,  and p red ic t ed ,  s i n c e  t h e  energy d i f f e rences  

near  t h e  o r i g i n  are second-order e f f e c t s .  However since t h e r e  is a l s o  an 

exponen t i a l ly  growing roo t  t o  t h e  l i n e a r  equa t ions ,  w e  w i l l  n o t  consider  

t h e  o s c i l l a t o r y  l i n e a r  waves i n  t h i s  region.  

Af t e r  t h e  d i scuss ion  about reg ion  IIr , one might be  sur -  

p r i s e d  t h a t  an exponen t i a l ly  growing r o o t  i s  p o s s i b l e  wi th  

The reason it i s  p o s s i b l e  is  t h a t  t h e  o r i g i n  i s  a sadd le  p o i n t .  That rneans 

that  the p a r t i c l e  can move away from t h e  o r i g i n  and s t i l l  keep t h e  poten- 

Bx so  la rpe .  

t i a l  (and hence t h e  p a r t i c l e  v e l o c i t y )  small. To do t h i s  t h e  p a r t i c l e  

must move away from t h e  o r i g i n  c l o s e  t o  t h e  l i n e  where t h e  p o t e n t i a l  

w e l l  i n t e r s e c t s  t h e  V = 0 p lane .  W e  can ob ta in  an equat ion f o r  the  

V = 0 l i n e  by s e t t i n g  (3 .33 )  equal  t o  zero: 

2 (1 - Bx> (1 - 58,B: /6) 

2 COS e = 

BZO 

( 3 . 3 4 )  

If + e i s  a s o l u t i o n ,  then of course T 2 e is  a l s o  a s o l u t i o n .  Of these  - 

fou r  d i r e c t i o n s  only two are such t h a t  t h e  ma.metic Forces  and the  fo rces  

due t o  t h e  p o t e n t i a l  g rad ien t s  are i n  oppos i t e  d i r e c t i o n s  and can balance 

one another .  For t h e  two f o r c e s  t o  ba lance ,  t h e  p a r t i c l e  must move o f f  

i n  t h e  -B d i r e c t i o n .  
Y 
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As Bx g e t s  weaker t h e  p a r t i c l e  must move f u r t h e r  away from 

t h e  V = 0 l i n e s  t o  acqui re  enough v e l o c i t y  f o r  t h e  two forces  t o  

balance.  F ina l ly ,  when B equals  zero ,  t h e  p a r t i c l e  r o l l s  s t r a i g h t  

down t h e  B - a x i s .  

X 

Y 
Since w e  are using only one root  i n  reg ion  I t h e  s o l u t i o n s  r 

w i l l  be unique except  f o r  an a r b i t r a r i n e s s  i n  which of t h e  two V = 0 

line the p a r t i c l e  fo l lows .  I n  a l l  t h e  o t h e r  regions there are an i n f i n i t y  

of s o l u t i o n s  because any l i n e a r  combination of t h e  allowed roo t s  s a t i s f i e s  

the  l i n e a r i z e d  equat ions  of motion. 

C. Examples of I n i t i a l  Behavior 

As an  example of t h e  var ious  s t a r t i n g  condi t ions  discussed 

above w e  w i l l  cons ider  waves propagat ing a t  an  angle  of 

and w i t h  a 8 of 0.2. By varying t h e  Mach number (MA = l / B o  = 

s i n   IT/^> /Bx) w e  w i l l  inc lude  waves from regions  I1 

(Bx = BZo) 

0 

, I V i  , and Ir . 
C 

Since w e  are f i x i n g  8, and s e t t i n g  B = B (3.8) can be 

. We could p l o t  

X 20 

BX 
considered a func t ion  of a s i n g l e  v a r i a b l e  -- say  

X as a func t ion  of B f o r  t h i s  s p e c i f i c  8, and angle  of propagat ion.  

The p l o t  w i l l  s e e m  more f a m i l i a r  though i f  w e  recognize t h a t  ( 3 . 8 )  w a s  

ob ta ined  j u s t  as one ob ta ins  t h e  equat ion  f o r  a l i n e a r  d i spe r s ion  curve. 

The usua l  v a r i a b l e s  f o r  a d i spe r s ion  curve are w and k and they are 

r e l a t e d  t o  ou r  v a r i a b l e s  by 

X 

w = MA( - i h )  ; k = ( - iX) (3.35) 
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Notice that t h e  phase v e l o c i t y ,  w/k , i s  j u s t  equal  t o  the  Alfv6n 

Mach number i n  ou r  dimensionless u n i t s .  Figure 3 . 3  was generated from 

( 3 . 8 )  us ing  ( 3 . 3 2 )  and ( 2 . 2 4 ) .  Lines corresponding t o  Mach numbers 

equal  t o  t h e  Alfv6n and s o n i c  speeds are drawn i n .  A y2 of 1/10 w a s  

used t o  reduce the d i f f e r e n c e  between Q and Qi . e 

High Mach number l i n e s  do n o t  i n t e r s e c t  any o f  t he  d i spe r s ion  

curves i n d i c a t i n g  that there are no pure imaginary roo t s  f o r  such Mach 

numbers. This  obviously corresponds t o  reg ion  I1 . As t h e  s l o p e o f  

t h e  Mach l i n e  decreases ,  i t  w i l l  even tua l ly  intersect  the  d i spe r s ion  

curve.  T h e  f i r s t  p o i n t  of contac t  occurs where w is  approximately 

equal  t o  one. A t  t he  f i r s t  po in t  of contac t  t he  Mach l i n e  w i l l  be  tan- 

gent t o  t h e  d i s p e r s i o n  cu rve , ind ica t ing  t h a t  t h e  phase and group velo- 

c i t i e s  are equal .  This Mach number d iv ides  region IIc from I V i  . 

C 

A t  lower Mach numbers, t h e  Mach l i n e  w i l l  i n t e r s e c t  t he  d isper -  

s i o n  curve a t  two p o i n t s  corresponding t o  the  h igh  and low f requencies  

As t h e  Mach number approaches one, t h e  lower frequency of reg ion  I V  

goes t o  zero.  The Mach number at  which t h e  lower frequency goes t o  zero 

is the  boundary between reg ions  I V i  and Ir . The Mach l i n e  only i n t e r -  

sects the d i spe r s ion  curve a t  one po in t  i n  reg ion  I . 

i o  

r 

This  a n a l y s i s  can be  continued wi th  t h e  a i d  of Figure 3.1. A s  

and f i n a l l y  I V .  appear. 

I V i  

r ’  1 
t h e  Mach number decreases  regions I V i  , 
A t  very low Mach numbers t h e  upper and lower frequencies  of region 

approach Q cos 01 and Q cos a . 

I 

e i 

I n  Figure 3.4  four  examples of i n i t i a l  wave behavior  are shown 

along w i t h  t he  p o t e n t i a l  contours nea r  t h e  o r i g i n .  
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CHAPTER I V  

THE FINAL STATES OF THE PLASMA 

I n  the previous  chapter  w e  analyzed t h e  i n i t i a l  response o f  

t h e  p l a sma  t o  s m a l l  pe r tu rba t ions .  W e  found t h a t  t h e  p o t e n t i a l  w e l l  

analogy w a s  very u s e f u l  i n  understanding t h e  behavior  of t hese  l i n e a r  

waves. I n  t h i s  chapter  w e  expand our  ana lys i s  beyond the  l i n e a r  l ead ing  

edge of the shock wave i n t o  t h e  non l inea r  regions.  W e  are i n t e r e s t e d  

i n  the  behavior  of t h e  plasma as i t  moves through the  shock f r o n t  and 

on towards i n f i n i t y .  

To h e l p  o r i e n t  our a n a l y s i s ,  t h e  p r o f i l e  of a t y p i c a l  poten- 

t i a l  w e l l  i s  shown i n  F igure  4.1. The p o t e n t i a l  is  a double valued 

func t ion  o f  B . On t h e  upper s u r f a c e  T/u i s  g r e a t e r  than 3 /5 ,  and -t 2 

on t h e  lower one i t  is  less than 3/5.  The upper s u r f a c e  resembles a 

sombrero r e s t i n g  on an i n c l i n e d  plane.  The peak of t h e  sombrero i s  a t  

t he  o r i g i n ,  and t h e r e  are two equ i l ib r ium p o i n t s  on t h e  r i m .  The upper 

one is  a sadd le  po in t  and t h e r e f o r e  n o t  s t a b l e .  The lower equi l ibr ium 

po in t  i s  a minimum and i s  s t a b l e .  On t h e  lower s u r f a c e ,  which resembles a 

somewhat d i s t o r t e d  bowl, t h e r e  i s  a l s o  an equ i l ib r ium po in t  which i s  a 

minimum. On t h e  do t t ed  l i n e  where t h e  two s u r f a c e s  i n t e r s e c t  T/u equals  

* 

2 

3/5 and t h e  wave breaks .  Notice i n  t h e  f i g u r e  t h a t  p a r t  of t he  breaking 

l i n e  l ies above t h e  V = 0 p lane  and is t h e r e f o r e  ou t  of t he  range of 

t h e  p a r t i c l e ' s  motion. 

~~ 

* When r e f e r r i n g  t o  a po in t  as a maximum o r  a minimum, w e  always 

mean a l o c a l  maximum o r  a l o c a l  minimum. 

53 
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c 

The p o t e n t i a l  wel l  f o r  a t y p i c a l  low Mach 

number plasmacr The s o l i d  l i n e s  show the  p o t e n t i a l  p r o f i l e  

a long  t h e  B,-axis. The upper dashed f i n e  i s  t h e  i n t e r s e c t i o n  

sf t h e  upper and  lower su r faces  o f  t h e  p o t e n t i a l  wel l ,  The 

Power one ii 

two equi l ibr ium po in t s  on the upper sur face .  

pest  descent  connecting the  
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I n  t h i s  chapter  w e  are p a r t i c u l a r l y  i n t e r e s t e d  i n  the  number, 

l o c a t i o n ,  and s t a b i l i t y  of t h e  equi l ibr ium po in t s  and whether a l l  o r  p a r t  of 

t h e  breaking  l i n e  l ies above t h e  V = 0 plane.  The problem is compli- 

ca ted  by the f a c t  t h a t  t h e  p o t e n t i a l  w e l l  changes shape as f r i c t i o n  

h e a t s  the plasma. W e  t h e r e f o r e  examine both t h e  i n i t i a l  and f i n a l  shapes 

of t he  p o t e n t i a l  s u r f a c e s .  Once the  va r ious  shapes of t h e  p o t e n t i a l  

w e l l  have been ca tegor ized ,  w e  examine t h e  r e l a t i o n s h i p  between t h e  

p o t e n t i a l  w e l l  con f igu ra t ions  and t h e  p o s s i b l e  types of wave motion. 

A. The Rankine-Hugoniot Rela t ions  

A s  w e  s a w  i n  Figure 4 . 1 ,  t h e r e  may be several equi l ibr ium 

p o i n t s  i n  t h e  p o t e n t i a l  w e l l .  A s  f r i c t i o n  h e a t s  t h e  plasma, t h e s e  p o i n t s  

move upwards towards t h e  V = 0 plane.  I f  ou r  analogous p a r t i c l e  is 

a t  one of t hese  equ i l ib r ium p o i n t s  when i t  crosses  t h e  V = 0 p lane ,  

i t  w i l l  come t o  rest t h e r e .  W e  saw an example of t h i s  type  of motion 

f o r  a magnetosonic wave a t  t h e  end of Chapter 11. The Rankine-Hugoniot 

r e l a t i o n s  enable  us t o  c a l c u l a t e  t h e  p o s i t i o n  of  t h e  equ i l ib r ium p o i n t s  

as they c ross  t h e  V = 0 p lane .  The positions of  t h e s e  equ i l ib r ium p o i n t s  

determine the  p o s s i b l e  downstream s ta tes  of t h e  plasma i f  the  downstream 

state is i n  equi l ibr ium.  

The Rankine-Hxgoniot r e l a t i o n s  assume the  v a l i d i t y  of t h e  

equat ions  of  motion ( ( . 2 9 )  t o  ( 2 . 3 4 ) )  a t  x = + m b u t  do n o t  neces- 

s a r i l y  assume t h a t  t h e  equat ions  are v a l i d  throughout t h e  whole shock 

t r a n s i t i o n .  The downstream states are found by s e t t i n g  a l l  t he  d e r i v a t i v e s  

i n  t h e  equat ions  of motion equal  t o  zero.  The s i x  a l g e b r a i c  equat ions 
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t h a t  r e s u l t  from t h i s  can be so lved  f o r  t h e  s i x  unknown downstream 

v a r i a b l e s .  The a lgeb ra  i s  given i n  d e t a i l  i n  Appendix 2. The equat ion  

f o r  u ( t h e  f i n a l  s t reaming v e l o c i t y )  is  presented  he re  f o r  ease f 

of r e fe rence  : 

3 2 4uf - uf[ l  + (5/2) (B2 20 + B 0 0  B 2 )  + 8 B 2 ]  X 

The v a r i a b l e  u i s  dimensionless and i s  normalized t o  u as a r e  f 0 

a l l  v e l o c i t i e s .  Only t h e  p o s i t i v e  real r o o t s  o f  ( 4 . 1 )  are phys ica l ly  

meaningful,  and they are only meaningful i f  they  l ead  t o  real  va lues  f o r  the  

o t h e r  f i v e  downstream v a r i a b l e s ,  S ince  t h e  c o e f f i c i e n t s  of (4 .1)  are real ,  

t h e r e  w i l l  e i t h e r  b e  one real roo t  o r  t h r e e  real  roo t s .  A t  t he  t r a n s i t i o n  from 

one t o  t h r e e  real roo t s  two of t h e  t h r e e  roo t s  are equal  t o  each o t h e r .  W e  

want t o  f i n d  t h e  l i n e s  i n  t h e  B x 9  BZo -plane on which 

t h e  l i n e s  ac ross  which t h e  number of real  r o o t s  changes. 

uf equals  one and 

I f  uf equals  one, t h e  downstream streaming v e l o c i t y  is  the  

same as the  upstream s t reaming v e l o c i t y  (uf  = uo) e 

n e u t r a l  gas dynamics w e  r e f e r  t o  t h e  l i n e s  on which the  f i n a l  and i n i t i a l  

states are t h e  same as Mach one l i n e s .  I n  a plasma t h e r e  are t h r e e  d i s t i n c t  

shock t r a n s i t i o n s ,  and each one has  a Mach one l i n e  assoc ia ted  wi th  i t .  To 

f i n d  t h e  Mach one l i n e s ,  w e  set 

2 
Bx 

I n  analogy wi th  

uf = 1 i n  ( 4 . 1 ) .  The r e s u l t i n g  cubic  i n  

can be  f ac to red  and i s  found t o  be  t h e  same as (3.11) which def ined 
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t h e  t h r e e  c = 0 l i n e s .  

The equat ion f o r  t h e  boundaries between repinns with a d i f -  

f e r e n t  number o f  p o s i t i v e  real  r o o t s  i s  n o t  as easy t o  f i n d .  W e  can 

determine t h e  boundaries‘ i n t e r s e c t i o n  with the  

equal  t o  zero i n  (4 .1 ) .  The cubic  then f a c t o r s  i n t o  

B -axis by s e t t i n g  B 
X Z O  

2 
- B’) [4uf - (1 -t 5 / 2  B B’)] 0 (Uf x o x  (4.2) 

This  equat ion  shows t h a t  t h e r e  are t h r e e  real  r o o t s  t o  (4.1) a l l  along 

t h e  B - ax i s .  But u is  only  one of s i x  v a r i a b l e s  which can undergo a 
X 

2 t r a n s i t i o n .  I n  Appendix 2 i t  i s  shown t h a t  i f  uf - - Bx , then t h e  mag- 

n i t u d e  of t he  change i n  magnetic f i e l d ,  Br  i s  given by 

(1 - B2)[4B:(1 - 5B0/8) - 1 1  
2 2 B r  = - 

3 B  X 

X 

From (4.3) w e  can see t h a t  f o r  B r  t o  be  r e a l  

The segment of t h e  B -axis def ined by (4.4) i s  the  only p a r t  
X 

of  t h e  B -axis where t h e r e  are t h r e e  meaningful s o l u t i o n s  t o  t h e  Rankine- 

Hugoniot r e l a t i o n s .  I f  w e  assume t h a t  t h e  neighborhood of t he  

p lane  n e a r  t h i s  segment a l s o  conta ins  t h r e e  real  r o o t s ,  w e  can p r e d i c t  

t h a t  t h e  boundary we seek w i l l  i n t e r s e c t  t h e  B -axis  a t  t he  two extremes 

of (4 .4 ) .  Note t h a t  i f  Bo = 6 / 5  both  i n t e r s e c t i o n s  occur at B = 1 . 
Also n o t i c e  t h a t  t h e  lower i n t e r s e c t i o n  corresponds t o  t h e  poin t  I n  (4.2) 

where a l l  t h r e e  r o o t s  are equal .  

X 

B -  Bx 20 

X 

X 
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The rest of  t he  boundary w a s  found from ( 4 . 1 )  with the  a i d  

of a d i g i t a l  computer and i s  shown along wi th  t h e  Mach one l i n e s  i n  

Figure 4.2  ( B  i s  assumed t o  b e  0.2 as usua l ) .  The t h r e e  roo t s  are 

l a b e l l e d  R1, R2 , and R3 . Each Mach one l i n e  is l a b e l l e d  t o  in-  

d i c a t e  which roo t  equals  one on it. The magnitude of t h e  var ious  r o o t s ,  

0 

relative t o  one, i s  a l s o  ind ica t ed  i n  t h e  reg ions  which they appear. 

For example R1 i s  less than  one everywhere below t h e  curved R1 Mach 

one l i n e  and g r e a t e r  than one above i t .  To the  r i g h t  of t he  l i n e  l a b e l l e d  

R = R  , R1 becomes imaginary. 1 

As w e  have a l r eady  seen ,  n o t  a l l  t h e  va lues  of u are phys ica l ly  
f 

meaningful. For i n s t a n c e ,  t h e r e  i s  a narrow band along the  

wi th  t h r e e  real  r o o t s  which is  n o t  shown i n  Figure 4.2 because t w o  of the  

BZo- axis 

r o o t s  are nega t ive  and t h e r e f o r e  n o t  acceptable .  Also, i n  Appendix 4 i t  

i s  shown t h a t  f o r  a f i n a l  s t a t e  t o  have a 

necessary  t o  have a nega t ive  6 . This  i s  c l e a r l y  n o t  poss ib l e  s i n c e  6 

i s  an i n t e g r a l  of p o s i t i v e  q u a n t i t i e s  ( see  ( 2 . 4 7 ) ) .  I f  w e  only consider  

laminar  shocks , w e  f i n d  an a d d i t i o n a l  r e s t r i c t i o n  on 

uf g r e a t e r  than one,  i t  is  

* 
uf . For t h e  equa- 

t i o n s  o f  modon t o  be  v a l i d ,  

the wave inc lud ing  t h e  f i n a l  state.  In summary, w e  r e q u i r e  

T/u2 must be  less than 3/5 at  a l l  s t a g e s  of 

f o r  laminar  shock t r a n s i t i o n s .  

* A laminar  shock is  def ined t o  be  a shock f o r  which the  two f l u i d  

equat ions  w e  are us ing  are v a l i d  throughout t h e  whole shock t r a n s i t i o n .  
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The location of the Mach one lines as calculated 

from the Rankine-Hugoniot relations with 
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-plane Bx ’ B Z o  
By eva lua t ing  (4.1) i n  t h e  region of t h e  

bound by B = 1 and To = 315, w e  f i n d  the re  are th ree  d i s t i n c t  regions 

w i t h  r o o t s  s a t i s f y i n g  (4.5) .  They are shown i n  Figure 4.3 and are l abe l -  

l e d  0, 1, o r  2 depending upon the  number of  allowed roots  i n  t h e  region.  

X 

The s u b s c r i p t s  m o r  s i n d i c a t e  whether t h e  equ i l ib r ium po in t  i s  a 

minimum o r  a sadd le  po in t .  Root R1 

allowed by (4 .5) ,  and 3 is  always a minimum. I n s i d e  the  To = 3/5 

l i n e ,  

s i t i o n s .  The do t t ed  l i n e  i n  Figure 4.3 i s  t h e  

4.2 and is  included f o r  ease of comparison. By us ing  Figures 4.2 and 4.3,  

i s  always a saddle  po in t  i n  t h e  range 

R3 i s  too s m a l l  t o  be  an acceptab le  roo t  f o r  laminar  shock t r an -  

R2 = R3 boundary of Figure 

one can f o l l o w  t h e  evo lu t ion  of the va r ious  roo t s  throughout the  region of  

t h e  B B -plane be ing  considered i n  t h e  f i g u r e s .  x ’  zo 

L e t  u s  f o r  example see how R2 v a r i e s .  To t h e  l e f t  o f  the  

R2 = R3 l i n e ,  R i s  imaginary. J u s t  t o  t h e  r i g h t  of t h i s  l i n e  R2 is  

real ,  b u t  it i s  too s m a l l  t o  s a t i s f y  (4.5) .  

of t h e  p o t e n t i a l  w e l l  i n  t h i s  region and t h e r e f o r e  is n o t  an acceptab le  

2 

R2 i s  on t h e  lower s u r f a c e  

r o o t  f o r  a laminar  shock wave. On t h e  l i n e  s e p a r a t i n g  regions 0 and 

Is from 1 and 2ms , R;! is equal  t o  t h e  lower l i m i t  of (4 .5) .  It  

i n c r e a s e s  as w e  move t o  t h e  r i g h t  u n t i l ,  a t  B = 1 , it  equals  one. 

Beyond t h i s  l ine  R2 l ies above the  V = 0 p lane  and i s  n o t  an accept-  

a b l e  r o o t .  Beyond t h e  R1 = R2 l i n e ,  r o o t s  R1 and R2 are imaginary. 

m 

X 

The Rankine-Iiugoniot r e l a t i o n s  enable  us  t o  f i n d  t h e  l o c a t i o n  

of t h e  var ious  equ i l ib r ium p o i n t s  when they  reach the  V = 0 plane.  I n  

t h e  n e x t  s e c t i o n  w e  w i l l  f i n d  where they are loca ted  i n  t h e  i n i t i a l  con- 

f i g u r a t i o n  of t h e  p o t e n t i a l  w e l l .  By knowing where the  equi l ibr ium p o i n t s  

s t a r t  and f i n i s h  w e  w i l l  b e  a b l e  t o  understand how t h e  shape of t h e  
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0 

The number o f  final states i n  each region i s  

denoted by a 0,1, or 2, The subscripts i n d i c a t e  whether 

t h e  equi l ibr ium poin t  i s  a minimum or a saddle  po in t ,  
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p o t e n t i a l  w e l l  evolves  during the  course of a shock wave. 

B. The I n i t i a l  Shape of t h e  P o t e n t i a l  Well 

The equ i l ib r ium p o i n t s  i n  the  p o t e n t i a l  w e l l  occur where t h e  

d e r i v a t i v e s  of t he  p o t e n t i a l  vanish.  From ( 3 . 2 4 )  and (3.25) w e  see t h a t  

t h i s  can only happen i f  

and 

2 By(u - Bx) 0 ( 4  *7 )  

If u = B2 i s  t o  b e  an equ i l ib r ium p o i n t ,  then e i t h e r  BZo = 0 o r  

B = 1 We w i l l  d i s c u s s  t h i s  somewhat s p e c i a l  case below t o  show 

how the p o t e n t i a l  varies from region  t o  region.  I n  t h e  meantime, w e  

w i l l  examine the n a t u r e  of t h e  equ i l ib r ium p o i n t s  i n  t h e  o t h e r  p a r t s  

of the Bx , 

p o i n t s ,  then w e  must r e q u i r e  

X 

X 

-plane. I f  w e  assume t h a t  u # B: a t  t he  equi l ibr ium 
B Z o  

2 2 
B = O and BZ = B Z o ( l  - Bx)/(u - Bx) 

Y 
( 4 . 8 )  

The requirements  of ( 4 . 8 )  must be  m e t  a t  ad1 s t a g e s  o f  t h e  shock t ran-  

s i t i o n .  The exac t  l o c a t i o n  o f  t h e  equ i l ib r ium p o i n t s  along the  B -axis Z 
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changes as 6 i nc reases  and changes t h e  r e l a t i o n s h i p  between BZ and 

u . But a t  no s t a g e  of t he  wave does an equ i l ib r ium po in t  move o f f  t h e  

B -ax is .  This s i m p l i f i e s  t h e  a n a l y s i s  considerably.  Now w e  only need t o  

e v a l u a t e  the p o t e n t i a l  a long  t h e  

p o i n t s .  

Z 

B -axis  t o  f i n d  a l l  t h e  equi l ibr ium 
Z 

By us ing  (2 .40 )  and (2 .48)  with  6 = 0 , w e  can e l imina te  

T and BZ from (2.55).  The r e s u l t i n g  equat ion  f o r  V ,  in terms of u 

and t h e  i n i t i a l  cond i t ions ,  w a s  p l o t t e d  w i t h  the  a i d  of a computer. 

The equ i l ib r ium p o i n t s  were found from these  curves and were ca tegor ized  

and p l o t t e d  i n  the s a m e  format as w e  used wi th  the Rankine-Hugoniot roo t s .  

I n  F igure  4.4 t h e  two r e s u l t s  are compared. The c r o s s  hatched 

areas are reg ions  t h a t  have an equ i l ib r ium po in t  which i s  acceptab le  

i n i t i a l l y  b u t  n o t  by t h e  t i m e  i t  reaches V = 0 plane.  In gene ra l ,  as 

f r i c t i o n  h e a t s  the plasma t h e  d i s t ance  between t h e  equ i l ib r ium p o i n t s  

and the breaking  l i n e  decreases .  In t h e  c ros s  hatched areas one of t he  

r o o t s  a c t u a l l y  reaches t h e  breaking  l i n e  and moves out  of t h e  range 

accep tab le  f o r  laminar  shock t r a n s i t i o n s .  There are no in s t ances  where 

an i n i t i a l l y  unacceptable  r o o t  becomes acceptab le .  The important t h i n g  

t o  n o t e  h e r e  i s  t h a t  i n  most areas the  number and types  of equ i l ib r ium 

p o i n t s  remain unchanged dur ing  t h e  course of t h e  wave. Even though the  

d e t a i l e d  shape of t h e  p o t e n t i a l  w e l l  i s  a l t e r e d  by f r i c t i o n ,  t h e  general  

topology remains unchanged i n  most areas. 

Although t h e r e  are f i v e  d i s t i n c t  reg ions  where the number and 

types of e q u i l i b r i a  vary, t h e r e  are only t h r e e  b a s i c  shapes t h e  p o t e n t i a l  

assumes i n  these  reg ions .  The p r o f i l e s  of t h e s e  t h r e e  shapes a long  the 
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0 

Bx - 
Figure  4.4 The c ross  hatched areas are reg ions  where an 

initially acceptab le  r o o t  moves beyond the  breaking line 

befo re  it moves up t o  t he  V=O plane.  
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B -ax is  are shown i n  F igure  4 . 5 .  The p o t e n t i a l  p r o f i l e  l a b e l l e d  ( a )  i n  

Figure 4 . 5  has t h e  genera l  shape of t h e  p o t e n t i a l  i n  

of t h e  two 0 reg ions .  As i n d i c a t e d  i n  t h e  f i g u r e ,  t h e  o r i g i n  i s  loca ted  

a t  the  equ i l ib r ium p o i n t  l a b e l l e d  as a maximum i n  region 1 and t h e  

s i n g l e  accep tab le  roo t  is  a t  the  saddle  p o i n t .  On t h e  R1 Mach one l i n e  

the  two e q u i l i b r i a  overlap.  Above t h e  Mach one l i n e ,  i n  t he  region l a b e l l e d  

0 > t h e  o r i g i n  i s  a t  the  sadd le  p o i n t  and t h e  downstream equ i l ib r ium po in t  

p r e d i c t e d  by t h e  Rankine-Hugoniot r e l a t i o n s  is  a t  the  maximum. I t  i s  c l e a r  

e n e r g e t i c a l l y  t h a t  a p a r t i c l e  s t a r t i n g  o u t  at  the  sadd le  po in t  can n o t  

reach the o t h e r  equi l ibr ium p o i n t .  A l l  equ i l ib r ium p o i n t s  corresponding t o  

f i n a l  s t reaming v e l o c i t i e s  g r e a t e r  than one l i e  above t h e  V = 0 plane 

i n i t i a l l y .  The only way t h e  p a r t i c l e  could eve r  reach one of t hese  i s i f  t h e  

c o e f f i c i e n t  of f r i c t i o n ,  v , were nega t ive .  This would give 6 a negat ive  

va lue  and t h e  p o t e n t i a l  w e l l  would drop i n s t e a d  of r i s i n g .  Since v is 

always p o s i t i v e  w e  conclude t h a t  t hese  equ i l ib r ium po in t s  are no t  accept-  

a b l e  f o r  downstream states. 

z 

1 and t h e  upper 
S 

S 

Figure 4.5(b) shows the  genera l  shape of t h e  p o t e n t i a l  w e l l  i n  

t he  0 region below t h e  1 region.  Here t h e  sadd le  po in t  has  moved 

beyond t h e  breaking  l i n e  and t h e  only equ i l ib r ium p o i n t  l e f t  is  the  o r i g i n  

i t s e l f .  

S 

The t h i r d  p r o f i l e  is  s imilar  t o  the  one i n  Figure 4 . 1  and cor- 

m >  responds t o  the type  found i n  reg ions  lm and ZmS . I n  region 1 

which is  above t h e  

The only  allowed t r a n s i t i o n  i s  t o  the  equ i l ib r ium po in t  l a b e l l e d  as a 

minimum. This p o i n t  corresponds t o  R2 i n  t h e  Rankine-Hugoniot r e l a t i o n s .  

I n  t h e  2- reg ion  t h e  o r i g i n  is  a t  the  maximum and t h e r e  are two allowed 

roo t s .  

R1 
Mach one l i n e ,  t h e  o r i g i n  is  a t  t h e  sadd le  po in t .  
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MAX. v= 
V =  

in 

in 

ms 

m 

MIN. 

hree typical  potential  wel l  p r o f i l e s ,  
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W e  are now i n  a p o s i t i o n  t o  examine the  p o t e n t i a l  on the  B - 
X 

a x i s  and on t h e  B = 1 l i n e .  Along the  p a r t  of t h e  B -axis where the re  

are two acceptab le  r o o t s  , R1 equals  R2 and t h e  p o t e n t i a l  w e l l  is  

s i m i l a r  t o  Figure 4 .5(c) .  The main d i f f e r e n c e  is  t h a t  the  equi l ibr ium 

p o i n t s  corresponding t o  R1 and R2 are a.c t h e  same p o t e n t i a l  and are 

e q u i d i s t a n t  from t h e  o r i g i n .  S ince  B is  zero ,  t he re  i s  symmetry i n  

a l l  d i r e c t i o n s  about t he  o r i g i n .  Rota t ing  t h e  p r o f i l e  of t h e  p o t e n t i a l  

about t h e  o r i g i n  genera tes  a two dimensional p o t e n t i a l  w e l l  shaped l i k e  

a sombrero. The o r i g i n  i s  a t  the  peak of t h e  sombrero and t h e  equi l ibr ium 

p o i n t s  form a c i r c l e  around t h e  r i m .  All p o i n t s  on t h i s  c i r c l e  are equal ly  

accep tab le  as downstream states s o  i t  i s  p o s s i b l e  f o r  B t o  be  non- 

zero downstream. 

X X 

20 

Y 

As w e  move above t h e  B -axis, R2 moves away from t h e  o r i g i n  
X 

and drops below 

l i k e  F igure  4.5 (c )  o r  Figure 4 .1 .  S ince  t h e  r i m  is  no longer  level the re  

are only two p o i n t s  on i t  which are equi l ibr ium p o i n t s .  The upper one is  

a sadd le  p o i n t  (R1) and t h e  lower one is a minimum (Rz) . 

5 which moves c l o s e r  t o  the  o r i g i n .  The p o t e n t i a l  looks 

The p o t e n t i a l  w e l l  i s  a l s o  shaped l i k e  a sombrero ( a  l e v e l  one) 

along t h e  B = 1 l i n e .  Only he re  t h e  o r i g i n  is  on t h e  r i m  of t he  sombrero 

r a t h e r  t han  a t  t h e  c e n t r a l  peak. There are an i n f i n i t e  number of  equ i l ib -  

rium p o i n t s  forming a c i r c l e  around the  r i m .  But they a l l  l i e  i n  t h e  

p lane  s o  t h e  p a r t i c l e  can n o t  move t o  reach them. None of t h e  p o t e n t i a l  

i s  below the  V = 0 

X 

V = 0 

plane  and s o  no wave motion is  poss ib l e .  

R2 Notice t h e  d i f f e r e n c e  i n  the  behavior  of t h e  roo t s  R1 and 

as they move through t h e i r  r e spec t ive  Mach one l i n e .  On t h e  

l i n e ,  t h e  equ i l ib r ium p o i n t  corresponding t o  

R1 Mach one 

5 i s  a t  t he  o r i g i n  and t h e  
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jump i n  a l l  s i x  downstream v a r i a b l e s  goes t o  zero.  Near t h e  B = 1 

l i n e ,  which i s  the  R2 Mach one l i n e ,  % does n o t  coincide wi th  

the  o r i g i n .  The jump i n  t h e  magnetic f i e l d  does not  go t o  zero although 

X 

t he  jump i n  t h e  s t reaming v e l o c i t y  and temperature do. Such shocks are 

c a l l e d  Alfv4n shocks by some authors2'. The jump i n  t h e  magnetic f i e l d  

approaches -2B as w e  approach t h e  B = 1 l i n e .  This means t h a t  a 

magnetic f i e l d  which i n i t i a l l y  had a perpendicular  component of 

upstream ends up wi th  a perpendicular  component of -B downstream. 

20 X 

+Bzo 

20 

There i s  s t i l l  one more c h a r a c t e r i s t i c  of t h e  p o t e n t i a l  w e l l  

t o  be  i n v e s t i g a t e d .  W e  want t o  f i n d  t h e  i n i t i a l  l o c a t i o n  of t h e  breaking 

l i n e  relative t o  t h e  V = 0 p lane .  I n  p a r t i c u l a r  w e  want t o  f i n d  t h e  

region of  the  B B -plane where the  breaking  l i n e  l ies  e n t i r e l y  

above t h e  V = 0 plane.  We w i l l  c a l l  t h i s  region t h e  S-region, t he  S 

x y  20 

s t and ing  f o r  s t a b l e .  

It  i s  e a s i l y  shown t h a t  when B is  less than  one,  t h e  po in t  
X 

on t h e  breaking  l i n e  wi th  t h e  lowest  p o t e n t i a l  occurs  a t  the breaking  

l i n e ' s  i n t e r s e c t i o n  w i t h  t h e  nega t ive  B -axis .  To f i n d  t h e  boundary of 

t h e  S-region all w e  have t o  do i s  f i n d  out  when t h i s  i n t e r s e c t i o n  occurs  

exac t ly  a t  V = 0 . The value  of  u a t  t he  breaking  l i n e ,  % , is  

Z 

Using t h i s  i n  (2.48) w e  f i n d  

(4.10) 
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where 

2 ( 1  + To - 8~,,/5) c b =  (4.11) 

These two equat ions  can b e  used i n  ( 2 . 5 5 )  , t h e  equat ion  f o r  V , t o  

g ive  an equat ion  f o r  t h e  boundary of t h e  S-region i n  terms of t h e  

i n i t i a l  condi t ions .  The boundary w a s  found wi th  t h e  a i d  of a d i g i t a l  

computer and t h e  r e s u l t s  f o r  = 0.2 are shown i n  Figure 4 . 6 .  
BO 

I f  there is  f r i c t i o n ,  t h e  breaking  l i n e  can move above t h e  

V = 0 

t h i s  i s  p o s s i b l e  are obviously reg ions  1 and 

example i n  Chapter 2 where f r i c t i o n  " s t ab i l i zed"  a magnetosonic wave. 

Now w e  know t h a t  i t  only s t a b i l i z e d  i t  f o r  motion i n  the  B -d i r ec t ion ,  

b u t  t h e  concept i s  t h e  same i n  t h e  two dimensional case w e  are con- 

s i d e r i n g  here, F r i c t i o n a l  waves i n  region 1 and 2m are s t a b l e  if 

the f r i c t i o n  is l a r g e  enough t o  keep them from reaching  t h e  breaking 

l i n e  b e f o r e  i t  moves o u t  of t h e i r  range of motion. The amount of t he  

d i s s i p a t i o n  needed t o  s t a b i l i z e  the  wave is smaller t h e  c lose r  t h e  wave 

i s  t o  t h e  S-region. 

p l ane  even i f  i n i t i a l l y  some of  i t  w a s  below. The regions where 

. W e  s a w  an 2ms m 

Z 

m 

Now t h a t  w e  have a clear understanding of t he  var ious  f e a t u r e s  

of t h e  p o t e n t i a l  w e l l ,  w e  w i l l  f i n d  o u t  what types of wave motion are 

p o s s i b l e  i n  such p o t e n t i a l s .  W e  w i l l  cons ider  waves both wi th  and wi thout  

f r i c t i o n .  
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C. Waves i n  t h e  Absence of F r i c t i o n  

I n  t h e  absence of f r i c t i o n  t h e  p o t e n t i a l  w e l l  analogy i s  exac t .  

The p o t e n t i a l  does n o t  move o r  change shape. I f  t h e r e  were no perpendicu- 

l a r  magnetic f i e l d s  i n  our  analogy (say y = 1) , w e  could e a s i l y  f ind  

the  p o s s i b l e  types  of wave motion. L e t  u s  assume t h a t  t h e r e  i s  no mag- 

n e t i c  f i e l d  a c t i n g  on our  analogous p a r t i c l e  f o r  t he  t i m e  being and see 

how i t  would move. 

I n  t h e  reg ions  where a l l  of  t h e  breaking  l i n e  l ies  below t h e  

V = 0 p lane ,  t h e  waves would j u s t  grow monotonically u n t i l  they broke. 

Where p a r t  of t h e  breaking  l i n e  is  above t h e  V = 0 p lane  the  waves 

could make several o s c i l l a t i o n s  be fo re  breaking.  J u s t  how many they would 

make would depend upon t h e  i n i t i a l  pe r tu rba t ion .  And i f  t h e  waves w e r e  

s t a r t e d  i n  t h e  S-region they would o s c i l l a t e  fo reve r  s i n c e  the  breaking 

l i n e  i s  o u t  of t h e i r  range of motion. 

Since t h e  o r i g i n  is  an equ i l ib r ium p o i n t ,  t h e r e  i s  a fou r th  

p o s s i b i l i t y ,  namely t h a t  t h e  p a r t i c l e  could r e t u r n  t o  t h e  o r i g i n  and 

come t o  rest t h e r e .  It is  c l e a r  t h a t  t h i s  w i l l  n o t  happen un le s s  t h e  

direction of t h e  i n i t i a l  p e r t u r b a t i o n  is c a r e f u l l y  chosen. One obvious 

choice,  i n  t he  reg ion  where t h e  o r i g i n  is  a maximum and a t  least p a r t  

of t h e  p o t e n t i a l  a long the  p o s i t i v e  B -axis  l ies  above t h e  V = 0 

p lane ,  would be  t o  s t a r t  t h e  par t ic le  moving on t h e  r idge  l i n e  t h a t  

runs a long  t h e  p l u s  B -axis. From (3.25) w e  see t h a t  t h e  g rad ien t s  

i n  t h e  y-d i rec t ion  are zero on t h e  B -ax is .  Since the  perpendicular  

p o t e n t i a l  g rad ieq t s  are zero and w e  are assuming, f o r  t h e  t i m e  be ing ,  

t h a t  t h e r e  is no magnetic f i e l d  a c t i n g  on ou r  imaginary p a r t i c l e ,  i t  

z 

Z 

z 
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would cont inue  moving on t h e  r idge  l i n e  u n t i l  i t  reached t h e  V = 0 

plane.  It would then r e t u r n  back t o  the  o r i g i n  and come t o  rest. These 

s o l i t a r y  waves would be  l i k e  the  magnetosonic ones w e  saw ear l ie r  and 

would a l s o  b e  uns t ab le  t o  any pe r tu rba t ions  i n  t h e  B -d i r ec t ion .  
Y 

I n  t h e  real case, where y # 1 and t h e r e  is  a magnetic f i e l d  

i n  o u r  p a r t i c l e  analogy, t h e s e  f o u r  types of motion are s t i l l  found. The 

presence  of the  magnetic f i e l d  g r e a t l y  &ers t h e  regions where each type 

of motion e x i s t s  however. Only t h e  region of completely s t a b l e  motion is 

unchanged s i n c e  i t  s t i l l  depends upon t h e  breaking  l i n e  be ing  completely 

above the V = 0 p lane .  There is  a l s o  a new type of wave motion made 

p o s s i b l e  by t h e  magnetic f i e l d .  I n  region 

the p a r t i c l e  t o  j u s t  o r b i t  e n d l e s s l y  around t h e  o r i g i n  wi thout  ever  growing 

I V i  t he  magnetic f i e l d  causes 

i n t o  a non l inea r  wave. 

Recall t h a t  t h e  s t r e n g t h  of t h e  magnetic f i e l d  i s  on t h e  o rde r  

of Bx/y . The smal lness  of y means that the f o r c e  exe r t ed  by t h e  mag- 

n e t i c  f i e l d  w i l l  i n  genera l  predominate over that due t o  t h e  g rad ien t s  

i n  the p o t e n t i a l .  It i s  only when t h e  v e l o c i t y  of t h e  p a r t i c l e  o r  

i s  on t h e  o r d e r  of y that t h e  two fo rces  become comparable. When 

Bx 

Bx < y 

dominate fo rce .  Below the 

of t h e  perpendicular  magnetic f i e l d  i s  c l e a r l y  seen  by t h e  emergence of 

reg ions  I1 and IIr as Bx approaches y . I n  region I , which 

extends from B = 0 t o  Bx = 1 , t h e  t r a n s i t i o n  is  not  s o  c l e a r l y  

def ined  b u t  w e  expect  t h a t  i t  too w i l l  occur  when B % y . 

as i t  i s  i n  reg ion  I1 t h e  p o t e n t i a l  g rad ien t s  become the  r ’  

R1 Mach one l i n e  the decreasing in f luence  

C r 

X 

X 
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(a )  Wave Trains  i n  Region I1 
C 

I n  t h e  absence of f r i c t i o n ,  thewaves i n  region I V i  do 

n o t  grow i n t o  non l inea r  waves and are t h e r e f o r e  n o t  of much i n t e r e s t .  

I n  r eg ion  IIr 

i n i t i a l  p e r t u r b a t i o n  i s  c a r e f u l l y  chosen (i.e. magnetosonic waves) , 

I n  between is  reg ion  I1 . W e  expect  t h a t  t h e  waves i n  region I1 

w i l l  have t h e  c h a r a c t e r i s t i c s  of  bo th  reg ions  I V i  and IIr . 

t h e  waves grow monotonically and break un le s s  t h e  

C C 

Waves i n  reg ion  I1 are s e n s i t i v e  t o  both t h e  s t r e n g t h  of 

the magnetic f i e l d  and t h e  shape of t h e  p o t e n t i a l  w e l l .  S ince B i s  

s o  s m a l l  throughout reg ion  I1 i t  has  very l i t t l e  e f f e c t  on t h e  

shape of t h e  p o t e n t i a l  w e l l .  For angles  up t o  75 t o  80 degrees from 

t h e  Bx- a x i s ,  B i s  a l s o  s m a l l  and t h e  p o t e n t i a l  is  e s s e n t i a l l y  

independent of t h e  i n i t i a l  cond i t ions .  As a approaches ~ r / 2  , BZo 

i n c r e a s e s  and t h e  p o t e n t i a l  evolves  from one resembling Figure 4.5(b) 

i n t o  one resembling 4.5(a) .  From (3 .32)  w e  can see t h a t  where 

i s  p o s i t i v e  t h e  p o t e n t i a l  i s  inc reased  by the  

is  nega t ive  t h e  p o t e n t i a l  i s  lower and t h e r e f o r e  s t e e p e r .  

C 

X 

c y  

2 0  

cos  0 

BZo t e r m  and where i t  

I n  t h e  reg ions  of I1 where the  p o t e n t i a l  i s  independent 
C 

of t h e  s t a r t i n g  cond i t ions ,  waves w i t h  t h e  same va lue  of B w i l l  

have very  similar behavior .  I n  terms of Mach numbers, t h i s  means t h a t  

t h e  wave behavior  w i l l  depend upon the Mach number t i m e s  t h e  cosine 

of a . 

X 

Figures  4.7 and 4.8 show examples of wave motion i n  reg ion  

I1 . I n  t h e  f i r s t  f i g u r e  a i s  87" which means t h a t  BZo is of 
C 
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Fipure 4.7 

 MA=^ .4, o< =87', Bx=O, 037 ,  B,,=O. 71 I pO=O. 2 

Breaking wave train in region II,, 
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3, I 
2 I -  I 

t .5- 
m -  

I I 1 I I I I 1 I 

t- 
20 40 60 80 

Figure  4.8 A wave t r a i n  in region 11,. M~=18, oC=45O, 

Bx=Bzo=O. 0 3 9 ,  po=O e 2 e 

I I  
80 

t- 
Figure  4.8 

Bx=Bzo=O 0 3 9 ,  po=O e 2 e 

A wave t r a i n  in region 11,. 
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orde r  one (BZo = 0.71 t o  b e  p r e c i s e )  and t h e  p o t e n t i a l  w e l l  resem- 

b l e s  F igure  4 .5(a) .  The wave i s  f a i r l y  s t a b l e  as long as i t  s t a y s  

where cos f3 is  p o s i t i v e  and the  p o t e n t i a l  i s  shallow. The p o l a r  graph 

c l e a r l y  shows the e f f e c t  o f  t h e  s t e e p e r  g rad ien t s  where cos f3 i s  ne- 

ga t  ive  e 

= B  = 
(BZO X 

I n  F igure  4.8, a i s  45" and B i s  small 
20 

.0393) .  The p o l a r  graph fo l lows  the f i r s t  t h r e e  o s c i l l a t i o n s  of the  

wave. The p o i n t s  on t h e  p o l a r  graph corresponding t o  the  t h r e e  maxi- 

mums are l a b e l l e d  w i t h  a number des igna t ing  which peak they correspond 

t o .  Because of t h e  symmetry of t he  p o t e n t i a l  w e l l ,  t h e  p a r t i c l e ' s  

motion i s  q u i t e  symmetric from one o s c i l l a t i o n  t o  t h e  next .  Eventual ly  

the  wave w i l l  b reak ,  b u t  f o r  many p r a c t i c a l  a p p l i c a t i o n s  t h e  l eng th  

of t h e  wave t r a i n  can b e  considered t o  be  i n f i n i t e .  

(b) S o l i t a r y  Waves i n  Regions T I r  and IIc 

While wave t r a i n s  of  va r ious  l eng ths  are the  most common form 

of wave motion i n  reg ions  I1 and IIr , they are not  t h e  only kind. 

For c e r t a i n  s p e c i a l  i n i t i a l  p e r t u r b a t i o n s  and f o r  low enough Mach num- 

b e r s ,  s o l i t a r y  waves are p o s s i b l e ,  A s o l i t a r y  wave i s  def ined t o  be a 

wave which, a f t e r  a f i n i t e  number of  o s c i l l a t i o n s ,  r e t u r n s  t o  i t s  i n i -  

t i a l  e q u i l i b r i u m  state.  For a s o l i t a r y  wave t o  occur  t h e  amplitude of 

t h e  change i n  t h e  magnetic f i e l d ,  B 

minimum j u s t  as t h e  p a r t i c l e  c ros ses  t h e  

the  equa t ions  of motion are symmetric about t h i s  p o i n t ,  and t h e  p a r t i c l e  

w i l l  r e t u r n  t o  the o r i g i n  a f t e r  r epea t ing  the  previous o s c i l l a t i o n s  

C 

must reach a maximum o r  a r '  

BZ axis. I f  t h i s  happens, 
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i n  reverse o rde r .  

F igure  4.9 shows a simple s o l i t a r y  wave from region IIc. 

The symmetry of t h e  motion is  most apparent i n  the p o l a r  graph. Much 

more complicated s o l i t a r y  waves are poss ib l e .  For example i n  Figure 4 .8  

t h e  minimum a f t e r  the t h i r d  peak occurred very  c l o s e  t o  t h e  B -axis 

(see t h e  p o l a r  graph).  The symmetry about t h i s  minimum i s  apparent i n  

t h e  next two o r  t h r e e  o s c i l l a t i o n s  of  t h e  wave t r a i n .  I f  t h e  p a r t i c l e  

had been e x a c t l y  a t  the B -axis, t h e  wave t r a in  would have d i ed  o u t  

a f t e r  r e p e a t i n g  the three previous  o s c i l l a t i o n s .  

z 

z 

For bo th  magnetosonic and whist ler  waves, i t  is w e l l  known 

that  there is an upper l i m i t  t o  the Mach number f o r  which s o l i t o n s  

ex i s t .  For the co ld  magnetosonic case the l i m i t  i s  

whis t le r  case the l i m i t  i s  e s s e n t i a l l y  independent of $ and occurs a t  

MA = 2 . For t h e  

0 

= (2y2)-' X 30 MA ( 4 . 1 2 )  

I n  F igure  4.10 w e  show the r e s u l t s  of  a computer c a l c u l a t i o n  f o r  t h e  

minimum va lues  of B and B f o r  which s o l i t a r y  waves ex is t  as a 

func t ion  of the ang le  of propagation. The minimum values  f o r  

BZo 

The 

the 

va lues  o f  a a g a i n s t  the B -axis and enhancing t h e  va lues  of a n e a r  

X 20 

Bx and 

correspond t o  maximum values  f o r  the Mach number ( see  ( 2 . 2 3 )  ) . 
B -axis i s  expanded by a f a c t o r  of ten i n  F igure  4.10 t o  en la rge  

IIc region. This a l s o  has the e f f e c t  of compressing small 

X 

X 

T I 2  . 
A s  one would expec t  from our  prev ious  d i scuss ion ,  t h e  s o l i t o n  

u n t i l  c1 is  about 80". Within 
BX 

breaking  l i n e  occurs  a t  a cons tan t  
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Figure  4.9 An obl ique s o l i t o n .  M~=1*54, 0(=87', 

B,=O, 034, B,,=O. 65, po=O 2, 
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BREAKING 

L I  T O N S  

C 

Bx - 
Figure 4.10 The breaking l i n e  f o r  solitons, Note 

the expanded scale along the B,-axis. 
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t h i s  range of angles  t h e  equat ion f o r  t h e  maximum Mach number f o r  s o l i -  

tons  is  

( 4 . 1 3 )  

i n c r e a s e s ,  t h e  s l o p e  of  the p o t e n t i a l  where cos 8 i s  p o s i t i v e  
20 

A s B  

decreases  pe rmi t t i ng  s o l i t o n s  wi th  smaller va lues  of  

7~/2 t h e  breaking  l i n e  a t  e = 0 reaches t h e  V= 0 p lane  and s o l i t o n s  

are p o s s i b l e  w i t h  B = 0 . 

Bx . Fina l ly  a t  

X 

I n  reg ion  I1 of Figure 4.10 t h e  l o c a t i o n s  of  the waves i n  
C 

Figures  4 . 7 ,  4 .8 ,  and 4.9 are i n d i c a t e d  by the letters a ,  b ,  and c . 
In  r eg ion  I V i  t h e  l o c a t i o n  of t h e  wave f o r  4.12 i s  ind ica t ed  by a “d”. 

( c )  S o l i t a r y  Waves i n  Region I r 

The  behavior  of t h e  waves i n  region I has  been inves t iga t ed  r 

by s e v e r a l  au thors  ( see  re ferences  12 and 13 f o r  example). These waves 

are o f t e n  r e f e r r e d  t o  as submagnetic waves s i n c e  they move, r e l a t i v e  t o  

t h e  plasma a t  x = - , a t  a speed less than t h e  Alfv6n speed. I n  a 

w a r m  plasma, t h e  relevant speed f o r  a shock t r a n s i t i o n  t o  is  not  

simply t h e  Alfvgn speed. From ( 2 . 2 3 )  and (3.11) w e  f i nd  t h a t  t h e  w a r m  

R1 

p l a sma  Mach number is  given by 

I M i  - 5 e 0 / 6  

%ARM = MA M i  - (5B0 cos2a) / 6  
( 4 . 1 4 )  



81 

The key t o  understanding t h e  waves i n  region I i s  t o  
r 

n o t i c e  t h a t  i f  the v e l o c i t y  of t h e  par t ic le  s t a y s  s m a l l ,  so  t h a t  

a ba lance  can b e  achieved between t h e  p o t e n t i a l  forces  and t h e  mag- 

n e t i c  fo rces .  For on t h e  o rde r  of  one ,  t h e  v e l o c i t y  must b e  on 

2 2 t h e  o r d e r  of y and t h e  p o t e n t i a l  on t h e  o r d e r  of -y . Since y 

is  such a s m a l l  number, t h e  p a r t i c l e  e s s e n t i a l l y  moves along t h e  i n t e r -  

s e c t i o n  o f  t h e  V = 0 p lane  w i t h  the p o t e n t i a l  sur face .  I n  the  S-region 

( see  F igure  4.6) t h e  

t h e  o r i g i n .  The i n n e r  one goes around t h e  peak of t h e  sombrero ( r e c a l l  

t h a t  i n  reg ion  Ir the  o r i g i n  is  at t h e  sadd le  po in t  on t h e  r i m  of the  

sombrero) and t h e  o u t e r  one is  on t h e  o u t e r  p a r t  of t h e  r i m .  Outs ide of 

t he  S-region, t h e  o u t e r  V = 0 l i n e  i n t e r s e c t s  t h e  breaking l ine .  Waves 

moving a long  t h e  o u t e r  loop break unless t he  i n i t i a l  s ta te  of t h e  plasma 

l ies i n  t h e  S-region. 

B x  

V = 0 l i n e s  from two c losed  curves pass ing  through 

The i n n e r  V = 0 curve never  i n t e r s e c t s  t he  breaking l i n e ,  but  

As Bx t h a t  does no t  m e a n  t h a t  t h e  i n n e r  wave s o l u t i o n  always e x i s t s .  

g e t s  smaller,  t h e  v e l o c i t y  of  t h e  p a r t i c l e  must i n c r e a s e  t o  keep t h e  

magnetic f o r c e  comparable t o  the p o t e n t i a l  fo rces .  This means t h a t  t h e  

p a r t i c l e  must move f u r t h e r  and f u r t h e r  away from 

B i s  i n  the  o r d e r  of y t h e  p a r t i c l e  moves s o  

l i n e  t h a t  t h e  wave breaks .  The breaking  l i n e  f o r  

I i s  shown i n  Figure 4.10. To t h e  l e f t  o f  t h i s  

X 

r 

t h e  V = 0 l i n e .  When 

f a r  from the  V = 0 

the  i n n e r  waves of region 

l i n e ,  B i s  too weak 
X 
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t o  prevent  t h e  wave from reaching t h e  breaking l i n e .  To the  r i g h t  of 

i t ,  w e  f i n d  t h a t  t h e  waves are s imple s o l i t a r y  waves. i n c r e a s e s ,  As B Z o  

t h e  p o t e n t i a l  g e t s  

a l a r g e r  value of 

1 2  

equat ion  of motion 

Co r dey 

steeper on t h e  nega t ive  (Bz - B )-axis  r equ i r ing  
20 

B . This i s  c l e a r l y  shown i n  Figure 4.10. 
X 

analyzed the  waves i n  reg ion  I by expanding the  

i n  terms of y2 , 

r 

H e  found t h a t  t he  waves o s c i l l a t e d  

wi th  a very s m a l l  amplitude about t h e  

were n o t  exac t ly  s o l i t a r y  waves because o f  t h e s e  o s c i l l a t i o n s .  Our com- 

p u t e r  a n a l y s i s  of  t h e s e  waves shows t h a t  whi le  the  o s c i l l a t o r y  modes 

are a n a t u r a l  mode of t h e  system, they are only e x c i t e d  i f  t h e  p a r t i c l e  

is  per turbed  from t h e  pa th  where the  p o t e n t i a l  and magnetic forces  balance.  

Cordey i n  e f f e c t  d i d  t h i s  when he  s u b s t i t u t e d  the zero order  o r b i t  i n t o  

t h e  f i r s t  o rde r  equat ions  of  motion. I n  t h e  exac t  s o l u t i o n  t h e s e  o s c i l l a -  

t o ry  modes are not  found. 

V = 0 l i n e  and concluded t h a t  they 

13 Kellogg d id  some computer c a l c u l a t i o n s  of waves i n  region I r 

and a l s o  concluded t h a t  t hese  waves are n o t  q u i t e  s o l i t a r y  waves. H e  

found t h a t  o s c i l l a t i o n s  appeared as the  waves re turned  t o  t h e  o r i g i n  and 

then t h e  waves changed i n t o  o u t e r  wave type s o l i t o n s  which eventua l ly  

'broke. Our experience wi th  computer c a l c u l a t i o n s  of s o l i t a r y  waves l eads  

us t o  conclude that  t h e s e  o s c i l l a t i o n s  and t h e  subsequent emergence of 

t h e  o u t e r  wave s o l i t o n  w e r e  t h e  r e s u l t  of computer generated " f r i c t i o n "  

r a t h e r  t han  a real i n d i c a t i o n  of t h e  wave behavior .  Because of t he  f i n i t e  

word s i z e  i n  a computer, s i n g l e  p r e c i s i o n  ca l cu la t ions  are only accura te  

t o  about one p a r t  i n  a mi l l i on .  Small e r r o r s  generated when t h e  amplitude 

of the wave i s  l a r g e  can add o r  s u b t r a c t  energy from t h e  p a r t i c l e .  These 

e r r o r s  are g r e a t l y  magnified when the  p a r t i c l e  nears  t h e  o r i g i n .  I f  t he  



p a r t i c l e  has  too much energy it w i l l  overshoot t h e  o r i g i n  and cont inue 

moving on t h e  o t h e r  s i d e .  I n  region I t h i s  l eads  t o  the  appearance 

of an o u t e r  wave (see Figure 3 ,4 (c )  f o r  t h e  shape of t h e  p o t e n t i a l  near  

r 

the  o r i g i n  i n  reg ion  Ir> - 
I n  o u r  s tudy  o f  region I 

computer w i th  a wide v a r i e t y  of i n i t i a l  condi t ions  and values  of y . 
I n  every case  t h e  maximum value  of 

t h e  n e g a t i v e  

t e g r a t i o n  s t e p  s i z e ) .  A l so ,  there w a s  no i n d i c a t i o n  of o s c i l l a t i o n s  

even when the mass r a t i o  w a s  s m a l l  enough t h a t  they  should have e a s i l y  

been seen according t o  Cordey's results. This  l e a d s  us t o  canclude t h a t  

the waves i n  reg ion  I are s imple soJ- i tary waves unless  they break 

b e f o r e  reaching  t h e  nega t ive  B - axis. Like a l l  s o l i t a r y  waves, they are 

many waves w e r e  generated on t h e  r 

Br occurred as the  p a r t i c l e  crossed 

BZ- axis, (within the accuracy permi t ted  by a f i n i t e  i n -  

r 

Z 

uns tab le  t o  even small p e r t u r b a t i o n s  which makes them d i f f i c u l t  t o  analyze 

e i t h e r  a n a l y t i c a l l y  o r  numerical ly .  

I). Laminar Shock Waves 

I f  w e  i n t roduce  f r i c t i o n  i n t o  t h e  problem, t h e  s i t u a t i o n  is 

complicated by t h e  changing shape of t he  p o t e n t i a l  w e l l .  However, t h e  

change i n  shape i s ,  i n  gene ra l ,  q u i t e  minor and doesn ' t  a l ter  t h e  topo- 

logy of the p o t e n t i a l  w e l l .  The primary e f f e c t  o f  f r i c t i o n  is  t o  raise 

t h e  p o t e n t i a l  w e l l  upwards as a whole. A s  i t  moves upwards, t h e  equi- 

l i b r i u m  p o i n t s  t h a t  were i n i t i a l l y  below t h e  

t h e  

t h e r e  i s  any d i s s i p a t i o n  the  equi l ibr ium po in t  t h a t  is  i n i t i a l l y  a t  t h e  

V = 0 plane move up t o  

V = 0 p lane  and become p o s s i b l e  f i n a l  s ta tes  of the  plasma.  I f  
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o r i g i n  can not  be t h e  l o c a t i o n  of  a f i n a l  s ta te  because i t  immediately 

moves above t h e  V = 0 plane.  

The region o f  t h e  p o t e n t i a l  s u r f a c e  where t h e  p a r t i c l e  can 

move i s  f u r t h e r  reduced by t h e  f a c t  t h a t  t h e  d i s s i p a t i o n  h e a t s  t h e  

plasma thereby increasing t h e  minimum value  t h a t  u can reach be fo re  

t h e  wave breaks With f r i c t i o n  present  w e  must rep lace  (4.9) 

wi th  

(%) e 

y~ = [ ( 5 / 3 )  (To + S ) I 4  

The maximum value  f o r  B i s  
Z 

(Bz)b = [B2  + 2 ( 1  f To - 8y~/5)1’ 
2 0  

( 4 . 1 6 )  

( 4 . 1 7 )  

and T are small, w e  f i n d  t h a t  i n i t i a l l y  
0 

When BZo 

As f r i c t i o n  inc reases  6 , u,, i n c r e a s e s  and (Bz)b decreases .  

and lm 2ms ( a )  Shock Waves i n  Regions 

The p o s s i b l e  types of laminar  shocks are r e a l l y  q u i t e  s i m i l a r  

t o  the types  of f r i c t i o n l e s s  waves. I n  region 1 and 2m of Figure 

4 . 3  t h e  waves are gene ra l ly  q u i t e  s t a b l e .  They are absolu te ly  s t a b l e  i n  

the  S-region p a r t  of 1 and 2ms (see Figure 4 . 6 )  and f r i c t i o n  can 

s t a b i l i z e  the  rest o f  lm and 2ms by r a i s i n g  the breaking l i n e  

m 

m 
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above t h e  V = 0 plane .  But s i n c e  i t  is  p o s s i b l e  f o r  the  p a r t i c l e  

t o  reach the  breaking  l i n e  be fo re  i t  moves out  of t h e  allowed range 

of  motion, t h e  waves i n  this  region can break. Clear ly ,  t he  f a r t h e r  

t h e  i n i t i a l  condi t ions  are from t h e  S-region and t h e  c l o s e r  they are 

t o  t h e  lef t -hand boundary of t h e  1 and 2 reg ions ,  t h e  more l i k e l y  

t h e  wave w i l l  b e  t o  break  be fo re  it i.s s t a b i l i z e d .  Whether t h e  wave 

breaks  o r  no t  w i l l  a l s o  depend upon t h e  magnitude of t h e  c o l l i s i o n  

frequency and t h e  d i r e c t i o n  of t h e  i n i t i a l  displacement as  w e  s a w  i n  

our d i scuss ion  a t  t h e  end of  Chapter 11. 

m m s  

I n  Figure 4.11 w e  show an example of  a laminar shock wave i n  

-plane i s  ind i -  reg ion  2 . The l o c a t i o n  of t he  wave i n  t h e  B 

ca ted  i n  Figure 4.6 by t h e  l e t te r  "a" . The t r a n s i t i o n  is  t o  the  equi- 

l i b r i u m  p o i n t  which is  a minimum 

reasonable  amount of t i m e  i t  was necessary  t o  weaken t h e  perpendicular  

magnetic f i e l d  by assuming a y of 0.2 which is about e i g h t  times 

l a r g e r  than  the real  va lue ,  The e f f e c t  of t h e  perpendicular  magnetic 

f i e l d  w a s  f u r t h e r  reduced by us ing  a h igh  va lue  f o r  t h e  c o l l i s i o n  frequ- 

ency 

of t h e  large v a l u e  f o r  t h e  c o l l i s i o n  frequency i s  t h e  absence of o s c i l -  

l a t i o n s  about t h e  equ i l ib r ium p o i n t  as,  f o r  example, t h e r e  were i n  

Figure 2.4 where t h e  c o l l i s i o n  frequency w a s  only 0.1. 

x ' B Z o  ms 

(R2) . To generate  t h i s  wave i n  a 

(v  = 10) . This  kept  t h e  p a r t i c l e ' s  v e l o c i t y  small. Another e f f e c t  

(b) Wave Tra ins  i n  Regions ls and 0 

I n  the two regions l a b e l l e d  0 i n  Figure 4 . 3  t he re  are no 

roo t s  accep tab le  f o r  laminar  shock t r a n s i t i o n s  and i n  region ls t h e  
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Figure  4 , I . l  

d=12.5'* B,=0,9, B,,=0.2, 2/=3.0, 

A shock wave t o  R 2  i n  region 2,,, M~=i,O85, 

?f2=1/25, /?o=Oe2. 
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only r o o t  i s  a sadd le  po in t .  Waves s t a r t e d  with an a r b i t r a r y  i n i t i a l  

p e r t u r b a t i o n  i n  t h e s e  reg ions  must eventua l ly  break. How many o s c i l -  

l a t i o n s  they make be fo re  they  break w i l l  depend upon t h e  r e l a t i v e  

importance of t h e  magnetic f i e l d  and t h e  p o t e n t i a l  g rad ien t s .  F r i c t i o n  

has  very l i t t l e  e f f e c t  on t h e  p o t e n t i a l  g rad ien t s  b u t  i t  does reduce 

t h e  s t a b i l i z i n g  e f f e c t  o f  t h e  magnetic f i e l d  by lowering the  p a r t i c l e ' s  

ve loc i ty .  It a l s o  h e a t s  t h e  plasma and mves t h e  breaking  l i n e  c l o s e r  

t o  the  o r i g i n .  Even a very  s m a l l  amount of f r i c t i o n  w i l l  eventua l ly  hea t  

the  plasma enough t o  cause a wave t r a i n  t o  break. This  can be done 

wi thout  apprec iab ly  a l t e r i n g  t h e  shape of t h e  wave t r a i n .  

The e f f e c t  of adding a s m a l l  amount of f r i c t i o n  (v = ,005) 

t o  t he  wave shown i n  Figure 4 .8  i s  shown i n  Figure 4.12.  I n s t ead  of t h e  

long  wave t r a i n  w e  found i n  t h e  f r i c t i o n l e s s  case, w e  see t h a t  t h e  wave 

breaks on t h e  t h i r d  o s c i l l a t i o n .  I f  t h e  f r i c t i o n  had been l a r g e r  t h e  

wave would have broken even sooner .  Notice  t h a t  t h e  shapes of t h e  wave 

t ra ins  are almost i d e n t i c a l .  The wave breaks  not  because f r i c t i o n  has  

cause t h e  p a r t i c l e ' s  d i s t a n c e  from t h e  o r i g i n  t o  inc rease  bu t  because 

t h e  breaking  l i n e  moved i n t o  the p a r t i c l e ' s  path.  

(c )  Shock Waves i n  Region ls 

There is  a f r i c t i o n a l  analogue t o  t he  s o l i t o n  type  s o l u t i o n s  

w e  found i n  the  f r i c t i o n l e s s  case.  I n  reg ions  ls and ZmS one of t h e  

equ i l ib r ium p o i n t s  i s  a sadd le  p o i n t .  While w e  don* t  expect t h e  p a r t i c l e  

t o  come t o  rest at a sadd le  po in t  i n  genera l ,  laminar  shock t r a n s i t i o n s  

t o  t h e s e  f i n a l  states are poss ib l e .  They are j u s t  as reasonable ( o r  
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FINAL BREAKING  LINE^ 

INITIAL BREAKING LINE 

t 
The e f f e c t  o f  f r i c t i o n  on t h e  wave t r a i n  

shown i n  F igure  4.8, Notice how t h e  breaking l i n e  moves 

i n t o  t h e  path o f  t h e  p a r t i c l e ,  .2/=0,005. 
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unreasonable)  as s o l i t o n s  are. I n  f a c t  t h e  f a i r l y  common example of 

a f r i c t i o n a l l y  damped magnetosonic wave belongs t o  t h i s  c l a s s  of t ran-  

s i t i o n .  A s  i n  t h e  case of s o l i t a r y  waves t h e s e  t r a n s i t i o n s  are only 

p o s s i b l e  f o r  c e r t a i n  i n i t i a l  pe r tu rba t ions .  The p a r t i c l e  must reach 

the  s a d d l e  p o i n t  j u s t  as i t  reaches t h e  V = 0 plane.  Of course t h e r e  

i s  a f i n i t e  range of s t a r t i n g  conditions t h a t  g ive  waves which c lose ly  

approximate these  mathematically s i n g u l a r  s o l u t i o n s .  Any p a r t i c l e  nea r  

a sadd le  po in t  and the  V = 0 p lane  w i l l  b e  moving slowly and may give 

t h e  appearance o f  having made a laminar shock t r a n s i t i o n  f o r  a f i n i t e  

t i m e .  

I n  Figure 4 . 1 3  a laminar shock t r a n s i t i o n  t o  a saddle  po in t  

is  shown. Its l o c a t i o n  i n  the Rx , Bzo-plane is  ind ica t ed  by the  

le t ter  "d" i n  Figure 4.10. Many i n i t i a l  pe r tu rba t ions  were t r i e d  

be fo re  a s a t i s f a c t o r y  wave r e s u l t e d .  I f  w e  were t o  follow this wave 

f o r  a long  t i m e  it would cont inue  on p a s t  t h e  equi l ibr iurc  po in t  and 

even tua l ly  break  s i n c e  i t  is  impossible  t o  exac t ly  reach t h e  saddle  

p o i n t  as i t  passes  through the V = 0 plane.  The do t t ed  l i n e s  i n  Figure 

4.12 show the  motion of t h e  p a r t i c l e  a f t e r  i t  leaves t h e  region of t he  

sadd le  po in t .  

This  concludes ou r  d i scuss ion  of  pure ly  laminar waves. I n  t h e  

next  chap te r  w e  w i l l  expand our  model t o  inc lude  t h e  h igh  Mach number 

shock waves which do no t  have s o l u t i o n s  completely wi th in  the  laminar  

framework w e  have developed thus  f a r ,  
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CHAPTER V 

DOUBLE SHOCK WAVES 

By inc lud ing  a f r i c t i o n a l  d i s s i p a t i o n  term i n  the  equat ions  

of motion w e  have been ab le  t o  genera te  laminar  shock waves f o r  Mach 

nunrbers up t o  two o r  t h ree .  I f  w e  t r y  t o  go t o  h ighe r  Mach numbers, our  

p re sen t  model f a i l s .  We f i n d  t h a t  Ex becomes very  l a r g e ,  v i o l a t i n g  the  

quas i -neu t r a l i t y  assumption. This  can not be prevented by inc reas ing  the  

f r i c t i o n  o r  changing t h e  s t a r t i n g  angle  as w e  d i d  i n  t h e  lower Mach number 

reg ions  o f  1 . This  is  because a t  h igh  Mach numbers t h e  only equ i l ib -  
S 

n 

rium p o i n t  is  loca ted  where 

way t o  g e t  t h e r e  wi thout  

example of a t y p i c a l  h igh  Mach number p o t e n t i a l  w e l l  p r o f i l e .  We have 

included t h e  lower branch,  which w e  genera l ly  excluded i n  t h e  previous 

chap te r s ,  t o  show t h e  l o c a t i o n  of the equ i l ib r ium po in t  p red ic t ed  by the  

T/uL is  g r e a t e r  than 3/5 and t h e r e  i s  no 

Ex becoming very l a r g e .  See Figure 5 .1  f o r  an 

L 
Rankine-Hugoniot r e l a t i o n s .  All p o i ~ t s  of t h e  lower branch have T/u 

g r e a t e r  than 3/5.  Notice t h a t  t h e r e  are no equi l ibr ium po in t s  on the  

upper branch except  f o r  t he  o r i g i n  i t s e l f .  Since many i n t e r e s t i n g  labora-  

t o r y  and a s t rophys ica l  shock waves occur  a t  these  high Mach numbers, w e  

w i l l  modify our theory  t o  inc lude  h igh  Mach number shock waves. 

A .  Model f o r  High Mach Number Shock Waves 

There are several p o s s i b l e  ways, mathematically,  t o  prevent  

Ex from becoming l a r g e .  Most of t hese  are of dubious phys ica l  v a l i d i t y  

9 1  
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Figure  5.1 The i n i t i a l  shape of  t h e  p o t e n t i a l  well f o r  a 

magnetosonic wave, M~"10, ,B0=0,2. 
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however. One of t h e  most common techniques i s  t o  inc lude  a viscous 

fo rce  t e r m  i n  the  i o n ' s  equat ion o f  motion of t h e  form 

A 2 + a u  = i u -  
Fvis c os  i t y  2 ax 

Since t h e  d e r i v a t i v e s  of u become l a r g e  when Ex becomes l a r g e ,  t h e  

v iscous  fo rce  w i l l  be  l a r g e  n e a r  the breaking  l i n e .  I f  p is l a r g e  

enough, t h e  viscous f o r c e  can prevent  wave breaking .  The inc lus ion  of 

such a f o r c e  may b e  v a l i d  a t  moderate Mach numbers ( M A C  5) , bu t  

i t  i s  doub t fu l  t h a t  i t  i s  v a l i d  a t  h igh  Mach numbers. As t he  Mach number 

i s  inc reased ,  e i t h e r  E w i l l  ge t  t oo  l a r g e  be fo re  the v i s c o s i t y  be- 

comes e f f e c t i v e  enough o r  p must he  made very  l a r g e .  Since u i s  re- 

l a t e d  t o  some form of microscopic turbulence ,  a l a r g e  va lue  f o r  1-1 i m -  

p l i e s  a l a r g e  amount of tu rbulence  which casts doubt upon t h e  v a l i d i t y  

of us ing  a laminar  d e s c r i p t i o n  a t  a l l .  

X 

Rather than  in t roducing  an0 t h e r  form of macroscopic d i s s i p a t i o n  

such as v i s c o s i t y ,  w e  w i l l  adopt an approach suggested by Tidman2' which 

takes  a microscopic  p i c t u r e  of t h e  plasma. I n  t h e  in t roduc t ion  t o  t h i s  

t h e s i s ,  w e  noted t h a t  t h e r e  w e r e  two d i s t i n c t  l eng th  scales i n  ou r  problem. 

We found t h a t  t h e  l eng th  scale f o r  magnetic waves w a s  much g r e a t e r  than  

the  l eng th  s c a l e  f o r  e l e c t r o s t a t i c  f l u c t u a t i o n s .  What Tidman has  suggested 

is  t h a t  i n  an o therwise  laminar  and slowly vary ing  magnetic wave t h e r e  

could b e  embedded a h igh ly  t u r b u l e n t  and very  t h i n  e l e c t r o s t a t i c  t r an -  

s i t i o n .  The th i ckness  of such a region might be  only a few Debye lengths .  

An example of what a double shock s t r u c t u r e  might look l i k e  is  shown i n  

Figure 5.2.  
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-lp$--Few Debye L e  

t 

A typical double shock wave. 
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To c r e a t e  this e l e c t r o s t a t i c  t r a n s i t i o n ,  w e  need a plasma 

i n s t a b i l i t y  which genera tes  i n t e n s e  e l e c t r o s t a t i c  turbulence.  A s  usual  

i n  plasmas, t h e r e  i s  no shor t age  of p o s s i b l e  i n s t a b i l i t y  mechanisms. 

I n  f ac t ,  i t  seems reasonable  t o  expect  t h a t  more than one i n s t a b i l i t y  

w i l l  be  involved during the  course of  t h e  t r a n s i t i o n  and t h a t  some in-  

s t a b i l i t i e s  t h a t  predominate f o r  a p a r t i c u l a r  range of Mach numbers and 

angles  o f  propagat ion w i l l  be  i n s i g n i f i c a n t  under d i f f e r e n t  s t a r t i n g  

cond i t ions .  W e  w i l l  b r i e f l y  o u t l i n e  t h e  c h a r a c t e r i s t i c s  of one l i k e l y  

i n s t a b i l i t y  mechanism f o r  h igh  Mach number shocks and then  see how t h i s  

double shock s t r u c t u r e  can b e  included i n  t h e  t h e o r e t i c a l  framework 

developed i n  t h e  previous chapters .  

B. A P o s s i b l e  I n s t a b i l i t y  Machanism 

We can cons ider  t h e  shock wave t o  c o n s i s t  of t h r e e  d i s t i n c t  

regions whose genera l  f e a t u r e s  are ou t l ined  i n  Table 2.  

upstream region  I== 
0 < nf Density = n 

Beta < 1 

I Te >>  Ti 

i n t e r a c t i o n  reg ion  

f n 4-n 

2 
0 Density ,i3 

Beta 1 

T & T .  i n c r e a s i n g  e 1 

Mach Number GU 1 

downstream region 

Density = nf  > n 
0 

Beta > 1 

T % T  e i 

MA < 1 

Table 2 
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The upstream and downstream ion  d i s t r i b u t i o n s  are assumed 

t o  be  s imple Maxwellians. I n  t h e  i n t e r a c t i o n  reg ion ,  t he  two Maxwellian 

ion  d i s t r i b u t i o n s  over lap  as t h e  upstream plasma mixes wi th  t h e  down- 

stream plasma. Some of  the plasma is  i n  t h e  upstream s ta te  and some i n  

t h e  downstream state forming an u n s t a b l e ,  bimodal, ion  d i s t r i b u t i o n .  The 

ion  d i s t r i b u t i o n  i n  each of  t h e  t h r e e  regions i s  shown i n  Figure 5.3.  By 

assuming t h a t  T >> T w e  a l low t h e  i n s t a b i l i t i e s  generated by t h e  

i n t e r a c t i n g  ion  beams t o  overcome t h e  s t a b i l i z i n g  e f f e c t s  of t h e  smeared 

out  e l e c t r o n  d i s t r i b u t i o n .  The e l e c t r o n  thermal v e l o c i t y  i s  assumed t o  

be  l a r g e  enough, compared t o  the  change i n  t h e  s t reaming v e l o c i t y ,  t o  

prevent  t h e  e l e c t r o n  d i s t r i b u t i o n  from becoming bimodal. The turbulence 

generated by t h e  i n s t a b i l i t y  i n  t h e  i n t e r a c t i o n  region w i l l  be  very re- 

s i s t i v e  t o  bo th  i o n  and e l e c t r o n  s t reaming.  As a r e s u l t  both spec ie s  

w i l l  be  heated and t h e  downstream temperature  w i l l  exceed t h e  upstream 

temperature.  

e i ’  

I f  t h i s  i n s t a b i l i t y  i s  s t r o n g  enough, t h e  d i s s i p a t i o n  i t  pro- 

duces can t ake  p l ace  over  a few Debye l eng ths  producing a double shock 

s t r u c t u r e .  Refer r ing  t o  Figure 5.2 aga in ,  w e  see t h a t  i n  t h e  l ead ing  

edge of t h e  shock t h e r e  i s  a laminar  wave growing i n  amplitude. A s  t h e  

wave grows the  weak i n s t a b i l i t i e s  generated by t h e  diamagnetic cu r ren t s  

hea t  t he  e l e c t r o n s .  This  i s  included i n  t h e  model through t h e  anomalous 

c o l l i s i o n  frequency. The f r i c t i o n  i n  e f f e c t  primes t h e  plasma f o r  t h e  

subsequent i n s t a b i l i t y  by making Te l a r g e r  than  Ti . A t  some p o i n t ,  

t h e  mixing between t h e  upstream and downstream plasmas r e s u l t s  i n  a s t r o n g  

i n s t a b i l i t y  and t h e  plasma makes an e l e c t r o s t a t i c  t r a n s i t i o n  t o  t h e  down- 

stream s t a t e  which is  once again laminar. When viewed on t h e  s c a l e  of 



The evolution of the i o n  density distribution through 

the shock wave. 
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t he  magnetic waves, t h i s  t u rbu len t  e l e c t r o s t a t i c  region is  very th in .  

C. Rela t ionship  Between Double Shock Waves and Two Fluid Theory 

Since the  two f l u i d  equat ions  are no t  v a l i d  i n  the  t h i n  

e l e c t r o s t a t i c  reg ion ,  w e  c a n ' t  u se  them t o  follow the  d e t a i l e d  motion 

of t h e  plasma t h e r e -  But because the region is  so  t h i n  and t u r b u l e n t ,  

w e  can make reasonable  guesses as how t o  j o i n  on upstream and down- 

stream laminar  s o l u t i o n s  t o  e i t h e r  s i d e  of t h e  t r a n s i t i o n  region.  I f  

w e  assume t h a t  t h e  plasma emerges from t h e  e l e c t r o s t a t i c  t r a n s i t i o n  wi th  

a Maxwellian d i s t r i b u t i o n  and an i s o t r o p i c  p re s su re ,  t h e  same conser- 

va t ion  r e l a t i o n s  t h a t  w e r e  v a l i d  upstream are v a l i d  downstream. Also 

w e  can assume t h a t  B w i l l  b e  cons tan t  ac ross  t h e  t r a n s i t i o n  region 

because i t  is  s o  t h i n  and t u r b u l e n t  t h a t  t h e  i n t e g r a l  of any c u r r e n t s  

through i t  w i l l  be  n e g l i g i b l e .  These assumptions do n o t  uniquely de te r -  

mine the  downstream s ta te  however. There are s t i l l  two f r e e  parameters 

which depend upon t h e  d e t a i l s  o f  t he  i n s t a b i l i t y .  They can be  considered 

t o  be  t h e  amount of d i s s i p a t i o n  t h a t  t akes  p l ace  i n  t h e  t r a n s i t i o n  

( i . e .  t h e  jump i n  S o r  entropy)  and t h e  d i r e c t i o n  of t he  downstream 

cur ren t .  

-+ 

Another f r e e  "parameter" i s  t h e  l o c a t i o n  of t he  e l e c t r o s t a t i c  

t r a n s i t i o n ,  The two f l u i d  theory gives  no c r i t e r i a  f o r  determining where ' 

t h e  plasma w i l l  become uns tab le .  This can only be  found from a micro- 

s c o p i c  theory.  W e  w i l l  t h e r e f o r e  assume t h a t  t h e  i n s t a b i l i t y  mechanism 

descr ibed  above is  t h e  r e l evan t  one f o r  genera t ing  double shock waves 

i n  h igh  Mach number plasmas and look a t  Table 2 t o  see w h a t  condi t ions  
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c h a r a c t e r i z e  the  i n t e r a c t i o n  region e 

From Table 2 w e  f i n d  t h a t  dur ing  t h e  course of t he  e l e c t r o -  

s t a t i c  t r a n s i t i o n  t h e  l o c a l  Mach number decreases  below one and the  

l o c a l  b e t a  inc reases  t o  over  one. Also j u s t  p r i o r  t o  t h e  t r a n s i t i o n  

reg ion ,  t h e  e l e c t r o n  temperature  is  s e v e r a l  t i m e s  l a r g e r  than the  ion  

temperature .  There i s  r e a l l y  no sharp  boundary between the  laminar  

reg ions  and t h e  t u r b u l e n t  reg ions  b u t ,  s i n c e  w e  c a n ' t  follow t h e  p lasma 

i n t o  t h e  tu rbu len t  reg ion ,  w e  must draw such a boundary and decide 

which reg ions  are laminar  and which are tu rbu len t .  A convenient po in t  f o r  

d iv id ing  the  two reg ions  is  t h e  va lue  of B a t  which the  d i s s i p a t i o n  

has  increased  t h e  e l e c t r o n  t o  ion  temperature r a t i o  t o  ten .  This  i s  some- 

what a r b i t r a r y  b u t  n o t  unreasonable.  

-+ 

To see how a l l  t h i s  f i t s  i n t o  t h e  p o t e n t i a l  w e l l  analogy, w e  

cons ider  a double shock wave f o r  a high Mach number magnetosonic wave 

<MA = 10) . Figure  5.1 shows the  i n i t i a l  shape of t h e  p o t e n t i a l  w e l l  

p r o f i l e  and t h e  p o s i t i o n  of t h e  p a r t i c l e  dur ing  the  course of the shock 

wave. The changing shape of t he  w e l l  due t o  f r i c t i o n a l  hea t ing  is  neg- 

l e c t e d  i n  t h e  f igu re .  The changes i n  t h e  va r ious  phys ica l  parameters 

during t h e  course of  t h e  wave are shown i n  Figure 5 .4 .  The p a r t i c l e  

starts o u t  at  A i n  Figure 5.1 and r o l l s  t o  B . F r i c t i o n  and adia-  

b a t i c  compression h e a t  t h e  plasma as i t  changes from A t o  B . A t  B 

Te i s  t e n  t i m e s  g r e a t e r  than  Ti , and w e  assume t h a t  an e l e c t r o -  

s t a t i c  t r a n s i t i o n  t akes  p lace .  The p a r t i c l e  drops s t r a i g h t  down t o  C 

on the lower branch of  t h e  p o t e n t i a l  w e l l  keeping cons tan t .  Now w e  

have t o  dec ide  what va lues  t o  g ive  the two f r e e  parameters ,  6 and t h e  

d i r e c t i o n  of the c u r r e n t .  

BZ 
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Speci fy ing  6 is equiva len t  t o  spec i fy ing  the  l e v e l  of 

t h e  p o t e n t i a l  s u r f a c e  re la t ive t o  the  

example as s imple as p o s s i b l e ,  w e  assume t h a t  t h e r e  w i l l  be  no f r i c -  

t i o n  a f t e r  t h e  t r a n s i t i o n .  To g e t  a laminar  wave downstream, w e  must 

choose 6 such t h a t  t h e  f i n a l  equi l ibr ium po in t  l ies  on the  V = 0 

plane.  This  is  accomplished by assuming t h a t  6 jumps t o  6 f  , where 

d f  is  t h e  f i n a l  va lue  of 6 as determined by t h e  Rankine-Hugoniot 

r e l a t i o n s .  

V = 0 p lane .  To keep t h e  

I n  t h e  magnetosonic case i t  is  easy t o  determine what d i r ec -  

t i o n  t h e  cu r ren t  must b e  i n .  W e  c l e a r l y  do no t  want t o  in t roduce  y-com- 

ponents of v e l o c i t y ,  and i f  t h e  p a r t i c l e  moves t o  t h e  l e f t ,  toward t h e  

breaking  l i n e ,  t h e  wave w i l l  even tua l ly  break. So w e  r equ i r e  t h a t  t h e  

d i r e c t i o n  of t h e  c u r r e n t  b e  such as t o  move t h e  p a r t i c l e  towards i ts  

equ i l ib r ium pos i t i on .  Thus t h e  p a r t i c l e  moves from C and comes t o  

rest a t  D , which i s  t h e  f i n a l  l o c a t i o n  of t h e  equi l ibr ium p o i n t .  

Although t h e  magnetosonic case i s  easy t o  analyze mathemati- 

c a l l y ,  i t  seems h igh ly  implaus ib le  t h a t  such behavior  could be  found i n  

na tu re .  The whole process  i s  very uns t ab le  t o  any pe r tu rba t ions  i n  t h e  

y -d i r ec t ion  and depends c r i t i c a l l y  upon the  jump i n  6 and t h e  d i r e c t i o n  

of t h e  downstream cur ren t .  For t h i s  model t o  be  u s e f u l ,  t h e r e  must be  

a f a i r l y  wide range of acceptab le  va lues  f o r  6 and t h e  d i r e c t i o n  of 

t h e  downstream cur ren t .  I n  t h e  previous chapters  w e  a l s o  found t h a t  t h e  

magnetosonic case  w a s  uns t ab le  b u t  t h a t  t he  s t a b i l i t y  improved quick ly  

as t h e  magnetic f i e l d  became more c lose ly  a l igned  wi th  t h e  d i r e c t i o n  

of t h e  i n c i d e n t  s t reaming v e l o c i t y .  To see how e f f e c t i v e  B is  w e  

b r i e f l y  examine t h e  shape of t h e  lower s u r f a c e  of the p o t e n t i a l  w e l l .  

X 
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From Figure 5.1 w e  can see t h a t  the  g rad ien t s  on the  lower 

s u r f a c e  are gene ra l ly  smaller than on the  upper su r face .  From ( 3 . 2 4 )  

and ( 3 . 2 5 )  w e  f i n d  t h a t  when B and BZo are small (Mach number 

high)  t h e  inc rease  i n  t h e  s teepness  of t h e  p o t e n t i a l  w e l l  wi th  inc reas ing  

Br is  p ropor t iona l  t o  u . On t h e  lower s u r f a c e  u i s  only about one 

f o u r t h  of i t s  va lue  a t  a corresponding po in t  on the  upper su r face .  (See  

(A2.18) uf -+ 0 . 2 5 . )  This means 

t h a t  t he  lower s u r f a c e  w i l l  be  roughly one fou r th  as s teep as the  upper 

s u r f a c e  and as a consequence a smaller magnetic fo rce  w i l l  s t a b i l i z e  t h e  

waves. 

X 

which shows t h a t  f o r  h igh  Mach numbers 

Another f a c t o r  t o  be  considered i n  determining the  s t a b i l i t y  

of waves on t h e  lower s u r f a c e  is  t h e  p a r t i c l e ' s  v e l o c i t y .  The v e l o c i t y  

of t h e  p a r t i c l e  i s  p ropor t iona l  t o  the  square  r o o t  of t h e  d i s t ance  i t  

is below the  V = 0 plane.  W e  w i l l  genesa l ly  assume that 6 i nc reases  

t o  6 f  

p o i n t  i s  a t  the  V = 0 p lane .  Since the  g rad ien t s  are roughly one f o u r t h  

as s t e e p  on the  lower s u r f a c e ,  t h e p a r t i c l e ' s  v e l o c i t y  w i l l  be  approxi- 

mately one h a l f  what i t  would b e  on t h e  upper su r face .  This  reduces t h e  

e f f e c t i v e n e s s  of t h e  magnetic f i e l d  by a f a c t o r  of two which, because 

of t h e  smaller g r a d i e n t s ,  leaves a net gain of a f a c t o r  of  two i n  t h e  

s t r e n g t h  of the magnetic f o r c e s  over  t h e  p o t e n t i a l  g rad ien t s .  

i n  t he  e l e c t r o s t a t i c  t r a n s i t i o n  s o  t h a t  t h e  downstream equi l ibr ium 

The advantage of having a shal lower p o t e n t i a l  w e l l  is  o f f s e t  

by t h e  f a c t  t h a t  t h e  breaking  l i n e  i s  much c l o s e r  t o  t h e  o r i g i n  when the  

p a r t i c l e  i s  on t h e  lower su r face .  This i s  because of the  h e a t i n g  t h a t  

takes  p l a c e  i n  t h e  e l e c t r o s t a t i c  t r a n s i t i o n .  To f i n d  t h e  i n i t i a l  l o c a t i o n  
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of t he  breaking  l i n e  w e  no te  tha t  f o r  h igh  Mach numbers 

approaches two. Using t h i s  i n  (4.10) , with  t h e  assumption t h a t  B 

i s  small, w e  f i n d  t h a t  the  magnitude of B a t  t he  breaking l i n e  i s  

approximately equal  t o  a . 
Appendix 2,  t h a t  a f t e r  t h e  e l e c t r o s t a t i c  t r a n s i t i o n  the  magnitude of 

a t  the  breaking  l i n e  is approximately 0.7 o r  roughly one h a l f  of i ts 

i n i t i a l  value.  

motion negates  most of t he  advantages gained by having a shal lower 

p o t e n t i a l  w e l l .  

c j ,  i n  (4 .11)  

zo 
-+ 

It i s  easy t o  show, wi th  the  he lp  of 

+ 
B 

This  sharp reduct ion  i n  t h e  range of t h e  p a r t i c l e ' s  

An example of an obl ique  double shock wave i s  shown i n  Figures 

(MA =I LO , ct = n / 4 )  5.5 and 5 .6 .  This i s  a f a i r l y  low Mach number example 

chosen t o  correspond t o  t y p i c a l  s o l a r  wind condi t ions .  The i n i t i a l  con- 

d i t i o n s  a r e  s l i g h t l y  i n s i d e  region 

t o  s p i r a l  down t h e  p o t e n t i a l  peak and grow i n  amplitude. When 

equals  10 ,  w e  assume that  the  p a r t i c l e  drops t o  the  lower s u r f a c e  and 

t h a t  6 i nc reases  t o  6 f  . There is no f r i c t i o n  on t h e  lower s u r f a c e  

s i n c e  t h e  the rma l i za t ion  of t h e  e l e c t r o n s  and ions  i n  t h e  e l e c t r o s t a t i c  

t r a n s i t i o n s  removed the condi t ions  which made t h e  plasma uns tab le  upstream 

of t h e  t r a n s i t i o n .  

I V i  . F r i c t i o n  causes the  wave 

Te/Ti 

I n  Figure 5.5 t h e  dominant e f f e c t  of t h e  perpendicular  magnetic 

f i e l d  i s  c l e a r l y  seen  i n  t h e  s p i r a l  motion of  t h e  p a r t i c l e  as i t  d r i f t s  

about t h e  peak i n  the  lower p o t e n t i a l  su r f ace  loca ted  on the  p o s i t i v e  

(Bz - BZo)-axis at  0.21. In Figure 5.6 w e  see t h a t ,  al though the  f i e l d s  

are continuous ac ross  t h e  shock, t he  dens i ty  jumps from one t o  four  and 

the  temperature  jumps sha rp ly  t o  3/16 (Te = Ti = T/2 I= 3/32) . 
A t  t h i s  low of a Mach number t h e  downstream wave is q u i t e  s t a b l e  
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Figure 5.5 An oblique double shock  wave. l \ i I~=lo,  

o< =4f B,=Bzo=O 707, = 0 , 2 ,  Before the jump d=O.5. P 



lo-' 

-2 I 

10 

DENSITY 

4 
c 
C 
I 
U 

I I I I 
20 30 40 

t- 

DENSITY 

Te = T;. 

20 
t- 

0 
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and w e  are free t o  choose any d i r e c t i o n  f o r  t h e  downstream c u r r e n t .  

A t  h ighe r  Mach numbers 

d i r e c t i o n  of t h e  downstream c u r r e n t  lead  t o  waves which qukckly break  

wh i l e  o t h e r s  g ive  f a i r l y  long wave t r a i n s .  A t  very h igh  Mach numbers 

(Bx < y)  

w e  considered above and only a very narrow band of s t a r t i n g  d i r e c t i o n s  

w i l l  r e s u l t  i n  a non-breaking downstream wave. Formal s o l u t i o n s  can be 

found f o r  any Mach number no matter how high  b u t  as B decreases ,  t h e  

s t a b i l i t y  of t h e  waves decreases  also. 

(Bx 23 y /2)  w e  f i n d  t h a t  some choices  f o r  t h e  

the  problem becomes more and more l ike  t h e  magnetosonic example 

X 

The v a l i d i t y  of t h i s  theory w i l l  depend upon experimental  

v e r i f i c a t i o n .  The shocks descr ibed  by i t  are charac te r ized  by a laminar 

p recu r so r  w i t h  most of t h e  h e a t i n g  going i n t o  the e l e c t r o n s ,  a t h i n  region 

of i n t e n s e  e l e c t r o s t a t i c  n o i s e  and r ap id  h e a t i n g  of t h e  i o n s ,  and then  

a laminar  region of  random magnetic f i e l d  v a r i a t i o n s .  The f l u i d  theory 

can p r e d i c t  n e i t h e r  the l o c a t i o n  of the  t r a n s i t i o n ,  t h e  amount of d i s -  

s i p a t i o n  i n  the  t r a n s i t i o n ,  nor  t h e  d i r e c t i o n  of t h e  cu r ren t  a f t e r  t h e  

c r a n s i t i o n .  These a l l  depend upon t h e  d e t a i l s  o f  the  i n s t a b i l i t y  and 

have t o  b e  determined e i t h e r  expe r imen ta l ly  o r  by a k i n e t i c  theory.  



CHAPTER V I  

CONCLUDING Rl3MARKS 

To o u r  knowledge this work p resen t s  t h e  most complete two 

f l u i d  theory of  laminar  shock waves t o  date .  Many previous r e s u l t s  are 

genera l ized  o r  c l a r i f i e d  and several new r e s u l t s  are presented.  

The theory of  waves i n  the absence of f r i c t i o n  w e  developed 

gene ra l ly  agrees  w i t h  t h e  r e s u l t s  of  previous au tho r s .  Our disagreenmet 

w i t h  their  results l2’I3 i n  reg ion  I is noted i n  Chapter-IV. By choosing r 

an energy conserva t ion  r e l a t i o n s h i p  as an equat ion  of s t a t e ,  r a t h e r  than 

a seemingly s impler  r e l a t i o n s h i p  between t h e  p re s su re  and dens i ty  as 

o t h e r  au thors  l2’I7 have done, w e  are a b l e  t o  e a s i l y  apply the p o t e n t i a l  

w e l l  analogy t o  w a r m  plasmas t h a t  Saffmanl’ found s o  u s e f u l  i n  expla in ing  

the  behavior  of co ld  plasmas. We have used a d i g i t a l  computer t o  genera te  

examples of a wide v a r i e t y  o f  waves and t o  confirm our  a n a l y t i c a l  con- 

c lus ions .  Among t h e  new r e s u l t s  w e  have obtained numerical ly  is the  l o -  

ca t ion  of  t h e  s o l i t o n  breaking  l i n e  a t  a r b i t r a r y  angles  of propagation 

shown i n  Figure 4.10. 

The theory  of non l inea r  waves wi th  f r i c t i o n a l  d i s s i p a t i o n  had 

been cons iderably  less developed than the  f r i c t i o n l e s s  case.  Most authors  

have neg lec t ed  t h e  h e a t i n g  e f f e c t s  of t h e  f r i c t i o n  8 y 1 8  f o r  s impl i c i ty .  We 

s a w  an example i n  Figure 4.12 of how important  t h e  h e a t i n g  of t h e  plasma 

can be  i n  determining t h e  wave behavior .  Again i t  is  our  choice of an 

equat ion  of s ta te  t h a t  permi ts  a thorough a n a l y t i c  t reatment  of laminar  

shock waves, The tendency has  been t o  relate t h e  work done by f r i c t i o n  t o  

an i n c r e a s e  i n  temperature  through a d i f f e r e n t i a l  equat ion.  By us ing  an. 

10 7 
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a l g e b r a i c  energy conservat ion r e l a t i o n s h i p ,  w e  avoid in t roducing  another  

d i f f e r e n t i a l  equat ion  i n t o  an a l r eady  complicated s e t  of equat ions.  It 

a l s o  permits  us  t o  expand t h e  p o t e n t i a l  w e l l  analogy, i n  a s l i g h t l y  modified 

form, t o  t h e  case where f r i c t i o n  i s  h e a t i n g  theplasma.  The problem is  

complicated by the changing shape of  t h e  p o t e n t i a l  w e l l ,  bu t  by us ing  

t h e  Rankine-Hugoniot r e l a t i o n s  w e  are a b l e  t o  c a l c u l a t e  the  f i n a l  shapes 

of t h e  p o t e n t i a l  w e l l .  The numerical  r e s u l t s  confirm t h e  a n a l y t i c  con- 

c lus ions  w e  reached. 

W e  have adapted t h e  theory of double shock waves21 t o  the  two 

f l u i d  model andshown how it f i t s  n a t u r a l l y  i n t o  t h e  p o t e n t i a l  w e l l  ana- 

logy. This has permi t ted  an i n c r e a s e  i n  the  range of v a l i d i t y  of t h e  

two f l u i d  model i n t o  a reg ion  of  cons iderable  i n t e r e s t  ( i .e.  high Mach 

number shock waves). 

With b e t t e r  k i n e t i c  t h e o r i e s  and experimental  r e s u l t s  the 

q u a n t i t a t i v e  r e s u l t s  of t h e  theory can be  improved by dropping the ob- 

v ious ly  i n c o r r e c t  assumptions of  an i s o t r o p i c  p re s su re  and a constant  

c o l l i s i o n  frequency. However , w e  are confident  that  the  q u a l i t a t i v e  

behavior  of  t h e  waves w i l l  n o t  be  a f f e c t e d  by improving on these  assum- 

p t ions .  For example, t h e  quas i -neu t r a l i t y  assumption w i l l  s t i l l  l o s e  

i t s  v a l i d i t y  when t h e  plasma s t reaming v e l o c i t y  decreases  t o  near  t h e  

l o c a l  sound speed r e g a r d l e s s  of  t h e  exact r e l a t i o n s h i p  between t h e  p l a s -  

m a  parameters  and t h e  sound speed. 



APPENDIX 1 

In  t h i s  appendix an expression f o r  E is  der ived t o  show 

t h a t  ] E x /  -+ a as T/u2 -t 3/5 . The s t a r t i n g  po in t  f o r  t h e  de r iva t ion  

i s  (2.5) which m u s t  f i r s t  be made dimensionless .  Then (2.38) and (2.39) 

are used t o  e l i m i n a t e  and ? . Fina l ly ,  (2.29) and (2.30) are used 

t o  e l i m i n a t e  v and w . The procedure f o r  making (2.5) dimension- 

less is  shown i n  d e t a i l  t o  demonstrate how t h e  o t h e r  equat ions i n  Chapter 

I1 were made dimensionless .  

X 

W e  recopy (2.5) h e r e  f o r  ease of r e fe rence ,  

(Al. 1) 

Since nu i s  equal  t o  a cons tan t ,  j , (Al . l )  can be r ewr i t t en  as 

mu - d (u  + Te/mu) = - e[E + (veBz - WeBy)/C] . ( A l .  2)  dx X 

To make (Al.2) dimensionless  w e  use t h e  equa t ions  i n  s e c t i o n  1I.B 

where t h e  dimensionless  v a r i a b l e s  are def ined .  For example, (2.19) is  

used t o  r ep lace  B i n  (A1.2), 
Z 

2 %  B Z + B Z  (4.rrmtnuo) (A1 3)  

The Bz on t h e  l e f t  hand s i d e  of ( A l . 3 )  i sd imens ioned ,  the BZ 

on t h e  r i g h t  hand s i d e  i s  dimensionless .  Making similar s u b s t i t u t i o n s  

f o r  the o t h e  q u a n t i t i e s  w e  f ind  

109 
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m t 2  T e  j - 4nm n e  
- 

mu u 
0 

(-41.4) 1 e 2 %  r I- veBz - w B ".I' Ex e Y  
- -  ( 4 mtnuo 1 C 

Cancel l ing common f a c t o r s  and us ing  (2.28) 

form of (2 .5 ) ,  

gives t h e  dimensionless 

m - ( u + $  d > ) = -  [ c E x + v e B z - w B  
d t  e Y  

Note t h a t  c , l i k e  a l l  v e l o c i t i e s ,  i s  given i n  u n i t s  o f  u . Also 

recall  t h a t  y = m/M and mt = m + M . 
0 

2 

Assuming t h a t  f can i n  genera l  be  w r i t t e n  i n  the  form 
e 

+ = xu; + Yu e , 

w e  can w r i t e  the  le f t -hand  s i d e  (LHS) of (Al.5) as 

Using (2.38) t o  eliminate u gives  

[6 B + B + 2v(B; + B;)/3u][1 - (mt/m>(Te/u 2 + X)] z z  LHS = - 
[l - (5/3) T/u2] 

( A l .  7) 

+ (mt /m)Y 



The r i g h t  

us ing  (2.29) and (2 
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hand s i d e  (RHS) of (A1.5) can be s i m p l i f i e d  by 

30) t o  e l i m i n a t e  v and w , 

Combining ( A 1 . 8 )  and (Al.9) and s o l v i n g  f o r  Ex gives  

1 2 
Y - (1 + y2)(Te/u2 + XI 

1 fl (5/3) T/u2 

z z  C E  = - B B B  - 
X x y zo 

Y 

2 + [y’ - (1 + y2)(Te/u2 + X)] - Y ( 1  + y ) / Y  . (Al.10) 
3yu(l  - (5/3)T/u2) 

We can not  go any f u r t h e r  without  f i n d i n g  e x p l i c i t  expressions 

f o r  X and Y as de f ined  i n  (Al.6).  I f  w e  assume t h a t  Ti = cons tan t  

then 

0 2  f e  = T= - 3 [(T/u) - v ( i 2  Z + ”)I (Al.ll) 

from (2.39) .  Thus 

2 x = -  2(Te + Ti)/3u 

and 

Y = 2 ” 4  + i 2 ) / 3 ”  
Y 

(Al. 12)  
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S u b s t i t u t i n g  (Al .12 )  i n  (Al.10) and s impl i fy ing  gives  

X 
1 

c v [ 1  - (5/3) T/u2] 
- y 20 

C 

Bx B B 
Ex = - 

2 
5y Te - Ti(3 - 2y 

2 ( B B  + i B )  
3u z z  Y Y  

(A1.13) 

Since B B , and BZo are f i n i t e ,  ] E x ]  must approach 
x ’  Y 

i n f i n i t y  when T/u2 approaches 3/5.  



APPENDIX 2 

I f  t he  plasma i s  i n  a s ta te  of equi l ibr ium a t  x = - , i t  

i s  p o s s i b l e  t o  relate t h e  downstream s ta te  of t h e  plasma t o  the  up- 

stream s t a t e  . The equat ions  g iv ing  t h e  downstream s ta te  of  t h e  p lasma 

i n  terms of t h e  upstream s ta te  are c a l l e d  t h e  Rankine-Hugoniot r e l a t i o n s .  

They are found by assuming the v a l i d i t y  of t h e  equat ions  of  motion a t  

i n f i n i t y  and by s e t t i n g  a l l  t he  d e r i v a t i v e s  equal  t o  zero.  

Thus w e  f i n d ,  

and 

v = B B  
f x Yf 

- 
Uf BZf BZo w B  = f x  

= u B  
vf Bx f Yf  

E l imina t ing  v and w gives  f f 

2 ( 1  - Bx) 0 2 
(Bx - Uf) B Z f  + Bzo (A2.6)  
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These t w o  equat ions can b e  s a t i s f i e d  i n  three ways: 

B = 0 and BZf = B z o ( l  - Bx)/(uf 2 - Bx) 2 
Y f  

= o  (b) Bx = uf # 1 BZo 
2 

2 
X f 

(c )  B = u  = 1  

We cons ider  each case s e p a r a t e l y .  

(A2 7) 

Case ( a )  

S u b s t i t u t i n g  the va lues  of (A2.7) i n  (2.33) and (2.35) gives  

and 

(1 - Uf)2 2 ( 1  - Uf) 

(uf- Bx) (Uf - Bx) 
20 

x 2 2  + ---I 2 . (A2.11) 1 = u 2 f - 5(T0  - T f )  B 
[B’ 

Solving each o f  these f o r  5Tf w e  f i n d  

+ 5uf To (A2.12) 

2 

2(uf - Bx) 

Bzo(l + Uf - 
2 2  5Tf = 5 u f ( l  - uf )  
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and 

2 2 2 
BZo(2uf - Bxuf - Bx) 

2 2  5Tf  = (l-uf) 
(u  - Bx> 

] + 5To (A2 .13)  

Equating (A2.12) and (A2.13) and f a c t o r i n g  ou t  (1 - uf )  gives 

1 B2 

(Uf - Bx) 
+ 5To - 4uf + 20 2 2  [(5/2)u: + u f ( 4  - 4B2) X + B 2 ]  x 

= o  (A2.14) 

If uf = 1 , (A2.7) shows t h a t  the upsrream and downstream 

magnetic f i e l d s  are equal .  In f a c t  i t  i s  e a s i l y  seen  that  all t h e  v a r i -  

a b l e s  are equa l  t o  t h e i r  upstream va lues  if 

drop t h i s  t r i v i a l  roo t  which simply no te s  t h a t  the upstream s t a t e  i s  i n  

equ i  1 i b  rium . 

uf equals  one. We w i l l  

2 Mul t ip ly ing  (A2.14) through by (uf - B ) and c o l l e c t i n g  
X 

terms w i t h  equa l  powers of u g ives  f 

- ui [ l  + 5 T  + 8B2 + 5 / 2  B2 ] 4uf 0 X 20 

Using 

+ B 2 + 5 T  B 2 ]  = 0 
X o x  

2 
To = Bo Bo/2 

(A2.15) 

(A2.16) 



ilnd 
2 2 u2 = Rx + Bzo 

0 9 

To ’ we can write (A2.15) i n  terms o f  8, rather than 

4 u; - u2[* f + 5 / 2  (B2 ZO + p 0 0  B2) + 8 4  

( 4  + 5R 0 ) + 2) - B2J2] 

2 2  - 13 I3 ( 1  + 5 /2  B S2)  - 0 x o  O X  
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(A2.17) 

(h2.18) 

I f  Bx 0 then (A2.18) eimplifiee to a quadratic in uf : 

- 0  2 2 8uf - 2uf[I + 5/2 B:o (1 + Bo)] - BZo (A2,19) 

If Bz0 = 0 , (A2.18) can h e  factored i n t o  

2 
(A2.20) [4uf - (1 + 5/2 B , S ~ ) ] [ U ~  2 ’  - 1321 O 

2 
uf j Bx We have already assumed 

are i n t e r e s t e d  i n  g i v e s ,  €or the case 

i n  der iv ing  (A2.20) s o  the  root w e  

BZo  = 0 , 

(A2.21) 2 
(1, + 512 BOBx) 

4 
u -  f 

Case (b) 

S u b s t i t u t i n g  (A2.8) i n t o  (2 .33)  and (2 .35 )  gives 



2 2 2 B + T /B + %(BZf + Byf) = 1 + To x f x  

and 

+ B 2 \  = o  4 
Y f *  

1 - B + 5(T0- Tf)  - Bx(BZf X 

El imina t ing  Tf w e  ge t  

5 B 2 b  + T - Bx 2 - %(Bzf 2 + B;f)] = 1 - Bx 4 + 5To 
X 0 

2 
Yf  

+ B ) w e  f i n d  Solving f o r  (BZf 

2 2 = 2 [1 - B2][4B2 - (1 + 5To)] . 
X X (BZf + Byf)  3B 2 

1 1 7  

(A2.22) 

(A2.23) 

(A2.24) 

(A2.25) 

This equat ion  has  two 

determines the  magnitude of the 

a r b i t r a r y  and second i t  i s  only 

of B namely 2 
X 

i n t e r e s t i n g  f ea tu res .  F i r s t  i t  only 

magnetic f i e l d  and leaves i ts  d i r e c t i o n  

phys ica l ly  v a l i d  f o r  a c e r t a i n  range 

(A2.26) 

See t h e  d iscuss ion  fo l lowing  Figure 4.5 f o r  more i n s i g h t  i n t o  the  

s i g n i f i c a n c e  of t h e s e  roo t s .  
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Case ( c )  

The t h i r d  case requ i r e s  t h a t  Bx 2 = u = 1 . S u b s t i t u t i n g  

this  i n t o  (2.33) and (2.35) gives  

= To + %kzo 2 - :BZf 2 i- B y f ) ]  2 
*f (82.27) 

and 

5Tf = 5To - [(Bzf - BZo) 2 2  + B 1 - 2BZ0(BZ, - BZo) . (A2.28) 
Y f -  

Combining t h e s e  two equat ions t o  e l imina te  Tf gives  

o r  

2 2 2 2 
5[B2 20 - (BZf + Byf)] = - 2[(BZf + B y f )  - B2Zo] (A2.29) 

(A2.30) 

S u b s t i t u t i n g  t h i s  i n t o  (A2.28) w e  f i nd  

Tf = To (A2.31) 

I n  t h i s  case t h e r e  i s  no change i n  the  s t reaming v e l o c i t y  o r  

temperature.  There is  a l s o  no change i n  t h e  magnitude of t he  magnetic 

f i e l d .  But according t o  (A2.30) t h e  d i r e c t i o n  o f  t h e  f i e l d  is  a r b i t r a r y .  

I n  t h e  d i scuss ion  a f t e r  Figure 4.5 t h e  s i g n i f i c a n c e  of t h i s  r o o t  is  made 

c l e a r .  The important  p o i n t  made t h e r e  is t h a t  the plasma can n o t  change 

from its upstream state s o  t h e  e x i s t e n c e  of d i f f e r e n t  downstream equi- 

l i b r i u m  p o i n t s  is i r r e l e v a n t .  
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In  t h i s  appendix w e  l i n e a r i z e  t h e  equat ion  of  motion i n  a 

s l i g h t l y  more genera l ized  form than w e  used i n  Chapter 11-1. W e  assume 

t h a t  t h e r e  is  f r i c t i o n  r a t h e r  than  assuming t h a t  v is i n i t i a l l y  zero 

as w e  d i d  i n  Chapter 111. The reason f o r  doing t h i s  i s  t o  see how t h e  

pure imaginary r o o t s  of region 

t i o n  i s  added. 

I V i  behave i f  a small amount of f r i c -  

Assuming that the v a r i a b l e s  i n  t h e  equat ions of  motion dev ia t e  

from t h e i r  equ i l ib r ium va lues  l i k e  

A t  A = A. + Ale 

we f i n d  for (2.29) t o  (2.32) 

X B = -Y(w, - Bx BZ1) Y l  

T) - w B  3 yX v1 = [Bzl(l - Xv - BZo l x  

Y l  
yX w1 = vlBx - (1 - X V )  B 

wherewe have used (3.6) t o  e l imina te  u and 

( A 3 . 1 )  

(A3.2) 

(A3.3) 

(A3.4) 

(A3 5) 

T = (1 + 5To/3)-' 

119 

(A3.6) 



1 2  0 

Notice t h a t  ( A 3 . 4 )  and (A3.5) d i f f e r  from (3.4) and (3.5) by the  

i n c l u s i o n  of a term propor t iona l  t o  v . To s o l v e  ( A 3 . 2 )  t o  ( A 3 . 5 )  

w e  must s e t  t h e  determinant of the c o e f f i c i e n t s  equal  t o  zero :  

YBX 
h 

-YBx h 

( X V  - 1 + BZo T) 0 

0 (1 - h v )  

-Y 

0 

Yh 

-B 
X 

0 

Y 

X 
B 

Y h  

Expanding t h e  d e t e m i n a n t  gives  

= o  ( A 3 . 7 )  

4 2 2  2 2 
h + A p 3 x ( l / Y  + Y 1 + Bzo .r - 2 1  

n 1 

2X2 + 2B: - 2 + BZo T] = 0 . (A3.8) 2 + (1 - Bx)( l  - B Z o  

Using the  n o t a t i o n  of (3 .9 )  w e  can w r i t e  (A3.8)  as 

A4 + X2b + c + vX[2A2 + 2(E: - 1) + B 20 T] = 0 ( A 3 . 9 )  

I f  w e  w r i t e  

A = i A i  + hr ( A 3 . 1 0 )  
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and assume 

hi ” A % v r 

Then 

X 4  .s X f  - 4iXi 3 A r  

,-, n 

S u b s t i t u t i n g  t h i s  i n t o  (A3.9) w e  ge t  

L (2hf  + 2 ( 1  - Bx) - B T) 
2 0  x _ = - v  9 

L 2(2X; - b )  

where 

2xi = b + /b2  - 4c  - 

(A3.11) 

(A3.12) 

(A3.13) 

(A3.14) 

(A3.15) 

The p l u s  s i g n  g ives  t h e  high frequency s o l u t i o n  and t h e  nega t ive  si@ 

gives t h e  low frequency s o l u t i o n .  Using (A3.15) i n  ( A 3 . 1 4 )  gives 

(2hi 2 + ( 1  - Bx) 2 + (1 - Bx 2 - B 2 TI) 

A r = - v  20 (A3.16) 
+ 2(b2 - 4c)’ - 

From Table 1 i n  Chapter 111 we see 
n 

If Bx < 1 , both  (1 - B:) and 

i‘ t h a t  c is  p o s i t i v e  i n  region I V  

( 1  - Bx - BZ0 T) must be p o s i t i v e  

t o  have c p o s i t i v e .  
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Therefore:  

X < 0 f o r  t he  h igh  frequency r o o t  

X > 0 f o r  t h e  low frequency roo t  

r 

r 

when B < 1 . Thus w e  f i n d  t h a t  the  h igh  frequency mode decays and 

the  low frequency mode grows when we add a small amount of f r i c t i o n  

and Bx < 1 . 

X 

2 If B > 1 w e  can w r i t e  c = x * y  where 
X 

and 

W e  can a l s o  w r i t e  

2 x = B  - 1 > O  
X 

- l - y ) + x + y  2 
= qy 

Using t h e s e  i n  (A3.16) w e  f i n d  

. 

[B’(L - y )’ + J b 2  - 4c ] - x y  X r  = - v 

(A3.17) 

(A3.18) 

(A3.19) 

(A3.20)  

In t h e  h i g h  frequency mode ( p o s i t i v e  root) the  numerator is c l e a r l y  

p o s i t i v e  so X < 0 and t h i s  mode w i l l  decay. r 
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To f i n d  the  behavior  of t h e  low frequency mode w e  must examine the  

numerator more c lose ly .  W e  would l i k e  t o  show 

Squaring both  s i d e s  and us ing  (A3.19) gives  

2 2 - 2 x y + x  + y  

(A3.21) 

(A3.22) 

o r  

2 1  2 
2Bx(y - Y) (x + y> + (x - y)2  > 0 (A3.23) 

2 Thus we see t h a t  when Bx > 1 , t h e  numerator of  (A3.20) is negat ive  

f o r  the low frequency mode s o  that is  nega t ive  and the  l o w  frequ- 

ency mode decays. 

X r  

I n  summary: 

h igh  frequency mode decays f o r  a l l  

low frequency mode decays f o r  B > 1 

low frequency mode grows f o r  B < 1 

Bx 

X 

X 
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I n  Chapter IV w e  s ta te  t h a t  roo t s  t o  t h e  Rankine-Hugoniot 

r e l a t i o n s  wi th  u g r e a t e r  than one are n o t  acceptab le  as f i n a l  

states s i n c e  they  r e q u i r e  a nega t ive  va lue  f o r  6 . See ( 2 . 4 7 )  f o r  

t h e  d e f i n i t i o n  of  6 . I n  t h e  reg ion  of  t h e  B$ Bzo-plane which w e  

are cons ider ing ,  on ly  t h e  r o o t  l a b e l l e d  

i s  g r e a t e r  than  one i n  a l l  of reg ion  I . To prove t h a t  shock t ran-  

s i t  i o n s  t o  R1 i n  region I are n o t  phys i ca l ly  p o s s i b l e  w e  f i r s t  

show that t h e  i n i t i a l  l o c a t i o n  of t he  equ i l ib r ium po in t  corresponding 

f 

5 is  g r e a t e r  than one. It 

r 

r 

t o  

the  p o t e n t i a l  s u r f a c e  rises as 6 is increased.  F i n a l l y  w e  argue t h a t  

R1 is above t h e  V = 0 p lane .  Next w e  prove t h a t  every po in t  on 

s i n c e  R1 i s  i n i t i a l l y  above t h e  V = 0 p lane ,  it must remain above 

the  V = 0 p lane  f o r  6 p o s i t i v e ,  even though i ts  p o s i t i o n  along t h e  

B -axis  varies w i t h  6 . z 

W e  showed i n  Chapter 111 t h a t  i n  reg ion  I the  o r i g i n  r 

= B  ) is a s a d d l e  p o i n t  which is  a ndnimum f o r  motion i n  the  (Bz 20 

B -d i r ec t ion .  Since t h e o r i g i n  is on the  V = 0 p lane ,  a l l  p o i n t s  on 

t h e  B -axis  i n  t h e  neighborhood of t he  o r i g i n  l i e  above t h e  V = 0 

p lane .  S ince  t h e  d e r i v a t i v e  of t h e  p o t e n t i a l  i n  t h e  B -d i r ec t ion  is  

zero a l l  a long t h e  B -axis, t h e r e  w i l l  be  an equ i l ib r ium p o i n t  on t h e  

B -axis anywhere t h e  d e r i v a t i v e  i n  t h e  B -d i r ec t ion  is  a l s o  zero .  W e  

w i l l  now prove t h a t  t h e r e  is  a p o i n t  between B equals  zero and B 

equals  B where t h e  d e r i v a t i v e  i n  t h e  B -d i r ec t ion  is  zero.  

z 

Z 

Y 

Z 

z Z 

z z 

20 z 

I f  u equa l s  one and B and 6 are zero,  (2 .48)  shows 
Y 

t h a t  
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B = + BZo (A4.1) z -  

Using t h i s  result i n  (2.55) w e  f i n d  t h a t  t h e  p o t e n t i a l  a t  B = - B 

is  i n i t i a l l y  nega t ive  i f  B i s  less than one, which w e  assume i t  is. 

Somewhere between B = BZo ( the  o r i g i n )  and BZ = - B the  poten- 

t i a l  a long  the  B - a x i s  must b e  zero s i n c e  w e  know t h a t  i t  i s  g r e a t e r  

than zero  f o r  B s l i g h t l y  less than  BZo and nega t ive  f o r  B = - B . 
From elementary ca l cu lus  w e  know t h a t  i f  f (a) = f ( b )  , is zero a t  

a t  least  one p o i n t  between a and b . A t  l eas t  one of t hese  poss ib l e  

equ i l ib r ium p o i n t s  must l i e  above the  

p o t e n t i a l  s u r f a c e  i n  t h e  i n t e r v a l  i s  above t h e  V = 0 plane.  

Z zo 

X 

Z 20 

Z 

Z Z 2 0  

V = 0 p lane  s i n c e  p a r t  of t h e  

W e  can narrow t h e  l o c a t i o n  of t he  equ i l ib r ium po in t  down even 

f u r t h e r  by using (4.8) .  This equat ion  shows t h a t  i f  u i s  g r e a t e r  than 

one, which is  i n i t i a l l y  i n  t h e  i n t e r v a l  -BZo> B > + BZo , t h e  equi- 

l i b r i u m  p o i n t  must b e  i n  t h e  i n t e r v a l  

assumes t h a t  B is  g r e a t e r  than one. 

Z 

0 > BZ > + BZo . Again t h i s  

X 

Now that w e  have e s t a b l i s h e d  that  t h e r e  is  an equ i l ib r ium 

p o i n t  on t h e  B -axis which l ies above t h e  V = 0 p lane ,  w e  want t o  see 

what e f f e c t  i n c r e a s i n g  o r  decreas ing  has  on t h e  level of t h e  poten- 

t i a l  s u r f a c e  re la t ive t o  t h e  V = 0 plane.  We rewrite (2.55) h e r e  f o r  

ease of  re ference :  

Z 

6 

-2/3 - u2 + 3To - 5 ( T o  + 6 ) u  

(A4.2) 
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The e x p l i c i t  dependence on T has  been e l imina ted  by us ing  ( 2 . 4 6 ) .  

D i f f e r e n t i a t i n g  wi th  r e spec t  t o  6 gives:  

2 au 5 - 2 / 3  E = [u - (5/3)T/u 3 as + y u 
d6 

From ( 2 . 4 8 )  w e  f i n d  

o r  

Using t h i s  i n  ( A 4 . 3 )  gives 

3 - 2 / 3  
U 

dV 
d6 2 
- = m  

( A 4 . 3 )  

( A 4 . 4 )  

( A 4 . 5 )  

( A 4 . 6 )  

This shows t h a t  a l l  p o i n t s  on t h e  p o t e n t i a l  s u r f a c e  rise or  f a l l  

as 6 i n c r e a s e s  o r  decreases .  The rate is h ighe r  t he  smaller u is. 

S ince  R1 is  a l o c a l  maximum and w e  have proved t h a t  a l l  t h e  

p o i n t s  on the  p o t e n t i a l  s u r f a c e  are inc reas ing  i n  p o t e n t i a l  as 6 in-  

creases, i t  is  c l e a r  t h a t  the p o t e n t i a l  of 

The l o c a t i o n  of t he  equ i l ib r ium po in t  w i l l  move towards l a r g e r  

u i s  smaller i n  t h a t  d i r e c t i o n  and t h e r e f o r e  t h e  p o t e n t i a l  is r i s i n g  

f a s t e r .  However t h e  equ i l ib r ium p o i n t  w i l l  always remain above the  

R1 
is going t o  inc rease  too.  

s i n c e  BZ 

V 5: 0 

plane  f o r  6 p o s i t i v e .  The only way 5 can reach t h e  V = 0 plane i n  Ir 

is f o r  6 t o  decrease.  This  would r e q u i r e  a nega t ive  c o l l i s i o n  frequency 

which i s  phys ica l ly  meaningless.  
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