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ABSTRACT 

"he l inear  integral  equation i s  solved by collocation, 
i terat ion,  Fourier series,  power series,  and an inversion 
integral  f o r  the solid mirror. "he collocation and inver- 
sion integral  solutions appear t o  be the best  and these are 
used t o  solve the l inear  equation of the mirror w i t h  a cen- 
t ra l  hole. Numerical integration of the nonlinear equation 
i s  made for  selected surface deviations t o  show t h a t  resul ts  
start t o  change from the l inear  solution a t  a surface devi- 
ation of 0.0251 (A i s  wavelength of l ight) .  
procedures fo r  calibrating and scaling the input data for 
the integral  equation are described. 

Several possible 
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METHODS OF SOLUTION OF THE INTEGFiAL 
EQJJATION FOR THE FOUCAULT TEST 

I. INTRODUCTION 

The Foucault Test, or knife-edge t e s t ,  i s  a widely used method of 
tes t ing astronomical mirrors and other high-quality optical  systems of 
large aperture during the process of adjustment t o  correct surface 
errors i n  the mirror. Dr. Samuel Katzoff, chief scient is t  of NASA- 
Langley, has suggested tha t  it may be possible t o  use the Foucault Test 
for adjustment of astronomical mirrors i n  s a t e l l i t e  orbit .  These adjust- 
ments would correct fo r  s m a l l  temperature gradients i n  the mirror. 

The purpose of the investi  atiori described i n  t h i s  report i s  t o  ff make use of the work of Linfoot 
the Foucault Test for  the case of a concentric hole i n  the mirror, (b) 
investigate methods of solution of the result ing l inear  integral  equation 
with and without hole, (e)  investigate procedures fo r  scaling the input 
data f o r  the integral  equation solution, and (d) prepare a d ig i t a l  com- 
puter program for  the best  method of solution for  as highly an automated 
system as possible. 

t o  (a) derive the integral  equation for  

11. DERIVATION OF INTEGRAL EQUATIONS 

Linfoot' derives the following basic equations for  the light inten- 
s i t y  distribution I as seen under the knife-edge t e s t  (diameter = 2.00): 

and 

where D(x) i s  the complex displacement on the image surface, E(x)  i s  the 
wave form f'unction of the mirror, and Eqs. (1) and (2) are f o r  the dim-  
e te r  of the  mirror with the  knife-edge centrally located. 
t ions on Eqs. (1) and (2) are (page 138 of Ref. 1) 

The condi- 

(a) the diameter of the mirror subtends only a small angle a t  the 
focal polnt; 

(b) the errors of figure of the mirror, though they may amount t o  
many wavelengths, are s m a l l  compared with the focal distance, 
s; 



(e) the errors of slope on the mirror surface are  small; and 

(d) the function E(x) i s  continuous and differentiable, except at  
the boundary. 

Under these conditions, the equations are valid for  mirrors of arbitrary 
edge contour, including central  piercings, and of variable ref lect ing 
power. 

The f’unction E(x) can be taken i n  the form 

where exp[- 3 cp(x)] i s  a phase function which describes the errors on 
the surface of the mirror; h i s  the wavelength of light on the mirror. 
For the perfect mirror, cp(x) = 0 and E(x) = 1, so tha t  

A 

and 

For the case of errors,  take 

I l ( 4  = -cp(x>lh 

E(x) = exp[2fiiv(x)] = cos 2 q ( x )  + i s i n  2Kv(x) 

where ~ ( x )  i s  the surface error i n  wavelengths on any diameter of the 
mimor. Equations (1) and (2) become 

cos 2fin(t)dt s in  2fin(t)dt 
t - x  - I ,  t - x  ( 7 )  
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s i n  2xndt)dt 

t - x  I 
- 23r cos aq(x> 

If ~ ( x )  i s  suff ic ient ly  s m a l l  so tha t  

cos 2xt7(x) - 1.0, s i n  2 q ( x )  - 2 q ( x )  

[q(x)J2 N 0.0, 

then Eq. (8) can be linearized approximately t o  give 

I - Io = 4x2q(x) log(")- 4 z  [ d t ) d t  
l + x  t - x  

(9) 

This i s  the basic l inear  integral  equation fo r  q(x). When I i s  read on 
the diameter by the Foucault t e s t ,  then Eq. (10) can be solved fo r  ~ ( x ) .  
Take 

f (x) = 47r2q(x), F(x) = I - IO 
so tha t  the basic Eq. (10) i s  

f ( t ) d t  
t - x  F(x) f (x )  log(=) 1 t . x  - j1 - 

When the mirror has a central  hole of radius R,  Eq. (8) can be 
linearized t o  gtve 

3 



and 

1 - a  x + R  - l + x  -I X - R  F(x) I - Io = f(x) log1 

111. R?3STRAINT CONDITIONS 

I n  Eq. (12), if f(x)  1 c2, then F(x) = 0; and i f  f(x) = C ~ X ,  then 
F(x) = - 2cL. Thus c2 cannot be determined from F(x) and c1 may not be 
determinate from F(x), depending upon the scale for  F(x) and the method 
of solution f o r  f (x)  from F(x). To determine c1 and c2 i n  

f(x) = y(x) + c1x + c2 (15t) 

two boundary conditions a t  the edge of the mirror (or very near the edge 
of the mirror) can be specified. 
for  the errors  f(x) on the mirror so t h a t  the conditions may be taken 
as 

These points can be reference points 

and 

These conditions can be imposed as res t ra in ts  i n  the solution 
method f o r  f (x)  or as boundary conditions for  the solution y(x) i n  Eq. 
(15). I n  both cases 

(-1 +ax) - y ( l  - Ax) 
2(1 .. ax) c1 ZY 
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J ? ?  

IV. NEJMERIC& INTEGRATION 

Since many of the methods of solution of Eqs.  (12) and (13) involve 
numerical integrartion, a cofhparison w i l l  be made  between an exact inte- 
gration of Eq. (12) f o r  a selected f(x) and several numerical integra- 
t ions of Eq. (12) for  the same f(x). Take 

:. 2 
f(x) = (1 - 2") 3 z2 s 1 - 

= o  > z 2 > 1  

a and b = se l eded  constarits ) x - a  
b 

Y z=- 

J 

Integration of Eq. (12) using the Caucw princi@&L value gives 

2 2 2  2 
+ - - (2' - 1) [y  + 323 + 1 o g I s  I], z2 > 1 . 2 - - -  

32 3 9  

Figures 1 and 2 are graphs of Eq. (21) fo r  the exact case, w i t h  a = 0.6, 
b = 0.2. 

For numerical integration, Eq. (L2) becomes 

I n  matrix form, Eq. (22) i s  

[FI = [HI[fI, [HI [DI  - [AI , 

5 
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where [ D l  i s  a diagonal matrix with 

and [A] is the numerical integration matrix with elements of the form 

where w -  i s  a weighting factor f o r  the particular type of munerical 
int  egr a h o n  e 

Since D i i  becomes in f in i t e  at xi  k 1 and A i j  becomes inf in i te  a t  
X i  3 X j ,  the end points x = t- 1 must be omitted from Eq. (22) and the 
diagonal of [A] must be zero; i.e. 

The areas lost i n  the numerical integration by these restr ic t ions can 
be approximated as  

a t  the points next to the ends, and 

at  the point X j  =: xi,. 

For the trapezoid rule of numerical integration with N i- 1 equal 
spaces over a diameter of 2.0 and with x = k 1 omitted, the elements of 
the above matrices become (with some refinements near the ends) 

8 



and 

A i i  0 

except 1 A i j  3- j - i '  

where the areas from Eqs. (27) and (28) have been included. 

For Simpson's rule,  the diagonal weighting matrix [W,] i n  [A][W,l 
is 

9 



for end points omitted and odd nurnber of points. 
i n  Eqs. (27) and (28), the [A] matrix must have the form 

To a l l o w  for the areas 

A i i  = 0 

, except 1 
J -  

A i j  s- 

A i ,  i+l = 2.0, Ai, i-1 = -2.0, i odd, 

A i ,  i+l 1.25, A i ,  i-1 -1.25, i even, 

Simpson's rule, N odd 

Figures 1 and 2 show the  resul ts  for numerical integration using 
N = 40 i n  the trapezoid ru le  i n  Eqs.  (29) and (30). 
[A] i n  Eq. (31) gave the same resul ts  as the trapezoid Tule (within f 
0.01 for  some points i n  Fig. 2). The resul ts  i n  Figs. 1 and 2 (marked 
Simpson(s rule) were obtained by using the [A] i n  Eq. (30) for  [AIIWs]. 
It is evident that the areas i n  Eqs. (27) and (28) must be allowed f o r  
i n  such a manner as t o  f i t  the  particular method of numerical integration. 

The 40-point numerical integration with the trapezoid rule would 
appear t o  be suff ic ient ly  accurate for most cases. If b C 0.2 i n  
Eq. (20), which i s  unlikely i n  actual cases of deviations on the mirror 
surface caused by temperature, more points may be needed. 

Simpson's rule with 

V. COLLOCATION SOLUTION 

A solution of the l inear  integral  Eq. (12) can be made by calloca- 
t i on  by inverting Eq. (22) or Eq. (23). However, from Section 111, the 
H matrix i n  Eq. (23) is singular. 
boundary condition [Eq. (l7)] can be added t o  the se t  of equations i n  
Eq. (23) t o  get 

To obtain a nonsingular matrix, the 

10 



Multiply the N i 1 equations by 

t o  get 

This operation with the matrix transpose i s  equivalent t o  least squaring 
the rectangular system and gives [B] as a symmetrical matrix w i t h  posi- 
t i v e  diagonal terms. 

The solution of Eq. (35) can be made by the Choleski sequencing 
method for a symmetrical matrix. 
a t e  than most inversion methods. 
diagonal matrix D and a upper triangular matrix S as 

This method appears to be more accur- 
The matrix B can be s p l i t  in to  a 

B = S'DS, (36 1 
where 

D u  = B n ;  

8 i i  = 1.0, i = 1,2, . . . N; 

S l j  = ~ x j / ~ , , ,  j 3 - 2 ;  

D i i  B i i  - 1 Ski2Da, i > I 2; and 
i-1 

k=l 

11 



Put Eq. (36) into Eq. (35) t o  get 

[S'DSl[fl = [ G I  . 
Define [DS][f] = [PI so that  

or 

i-1 

and 

The D i i  terms are positive and D i i  < B i i .  
t i ve  t o  the other temns, indicates a-singular system. 
inverse of B can be obtained by t h i s  procedure by using G = I and f = B-'. 

Any D i i  3 0,  or  smal l  rela- 
Note tha t  the 

Figure 3 shows the resul ts  of solving f o r  f i  by the above procedure 
fo r  the exact [F] of Fig. 1 using 40 points i n  the trapezoid rule with 
CHJ i n  Eq. (30). 
close with a maximum error of F 0.03. Using the 40-point solution for  
F i n  Fig. 2, it was found that  inversion gave the exact f ,  thus checking 
the solution method. Also shown i n  Fig. 3 i s  a solution f o r  a selected 
F shown i n  Fig. 2. 
indicates a hump or surface deviation for  f(x) i n  the same region. 
the area i n  Eq. (28) was omitted i n  the H matrix, the maximum error i n  
f (x)  was F 0.13 for  exact F. 

I"ne agreement with the exact curve, Eq. (20), i s  very 

It shows tha t  a rapid change i n  F(x) i n  a region 
When 

It should be noted tha t  the resul ts  shown i n  Fig. 3 were calculated 
When one restraint  using two restraints  i n  Eq. (32), f l  = 0 and f N  = 0. 

i s  used, the numerical integration introduces a small rotation into f (x), 
which i s  equivalent t o  a small translation i n  F(x) (see Sec. 111). 
t h i s  rotation of slope -0.02 i s  removed by rotating f (x ) ,  the errors are 
within the k 0.03 shown i n  Fig. 3, except at the unrestrained end point. 
Since a r ea l  translation of F(X) gives a r ea l  rotation t o  f(x),  two 
restraints  are not permissible and Eq. (32) should be used f o r  the gen- 
e r a l  case when it i s  not known whether F(x) has a translation term. 
rotation obtained can be removed t o  give the desired f (x) .  

If 

Any 
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VI. ITERATION SOLUTION A 

Take Eq. (23) i n  the form 

D-lF = D"l[D - A]f = If - D-lAf  , 

whence 

fm = D - ~ F  + ~ - ~ ~ f m , ~  

which can be used as an i terat ion solution; i.e.,  

f 0 = O ,  

f l  = D ' ~ F  , 

f2  = [I + s]fl , s = D ' ~ A  J 

f3 = [I + S + S2]fl and 

e . . . . .  

fm = [I f S f + Sm-']D-'F = Jm F . I 
For the  trapezoid rule  and numerical integration with D i n  Eq. (29 )  

and A i n  Eq. ( 3 0 )  and N = 40 points, the Jm matrix i n  Eq. (41) was found 
t o  be divergent. 
although f2 did show a hump similar t o  Fig. 3 but not t o  scale. Because 
of the form of D, a l l  the  fm have a discontinuity a t  x = 0. 

The fm solution was divergent fo r  the exact F of Fig. 1, 

VII. ITERATION SOLUTION B 

Take Eq. (12) i n  the  form 

= -G&.1(x) . 



If the ri@-t side of t h i s  i n t e g r d  equation 
an inversion integral  solution of the form 

i s  known, then Eq. (42) has 

where, from Muskhelishvili (Chap. ll, Ref. 2) ,  Z ( x )  depends upon the 
restr ic t ions on fm(X)  and kl(t). The possible forms of Z ( x )  are 

, fm(X) may be unbounded at x = F 1; (44) 1 z(x) = - IC-? 

z(x) = , fm(X)  may be unbounded a t  x = -1, Co = 0 ;  (45) 

z(x) * , fm(X) may be unbounded a t  x = 1, Co = 0; (46) 

and 

The form i n  Eq. (45) i s  usually used for the pressure distribution on an 
a i r f o i l  with the  leading edge a t  x = -1. 

U s e  D and A i n  Eqs. ( 2 9 )  and (30) f o r  a trapezoid rule numerical 
integration of Eq. (43), .whence 

f o = O  , 

1 D i n  Eq. ( 2 9 ) ,  A i n  Eq.. (30). 



The Qm-l matrix tends toward zero so that the i te ra t ion  i s  convergent. 

Calculations were made by the procedure of Eq. (48) for  the F i n  
Fig. 1 using 40 points for  the  nwnerical integration. Two forms of Z(x) 
were used, Eqs. (44) and (45).  The Z(x) i n  Eq. (45) makes the integrand 
i n  Eq. (43) i n f in i t e  a t  x = 1 s o  tha t  the numerical integration must be 
modified t o  allow approximately fo r  the area a t  the end x = 1. The Z(x) 
of Eq. (44) gives a bounded integrand a t  the end. Table I shows resul ts  
for  both cases. It appears tha t  i n  spi te  of correcting the A matrix for 
the  approximate end area due t o  Eq. (45), the resul ts  using Eq. (45) 
are more e r ra t ic  than those using Eq. (44). Because of the  numerical 
integration errors, the i terat ion using Z(x) i n  Eq. (45) may not con- 
verge t o  the correct resul t  for f (x) .  
i n  Eq. (44) i s  practically converged on the f i f t h  i teration. 
both of these solutions have been translated and rotated by using Eqs.  
(18) and (19) a t  y(- 1 + a) and y ( 1  - &). 

However, the  i te ra t ion  using Z(x) 
Note tha t  
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VIII. FOURIER SERIES SOLUTION 

IC Eq. (12) t ake  

x = COS e , f (x)  = 2 An s in  ne 
n=l 

s o  that Eq. (12) becomes 

m 

sin 8 
1 + COS e = 2 log( ) An s in  ne 

n=l 

+ x An cos ne 
n=l 

Multiply Eq. ( 5 0 )  by cos me and integrate t o  get 

(49) 
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Integrate* & t o  get 
'IC 

b " 7  2 log( L 'in + COS e e ) [sin(m + n)0 - sin(m - n)0] de; 

= 0 f o r m  odd, n even; 

= 0 for  m even, n odd; 

m 
4 1 n = m ;  and 2 k - 1 '  

k=l  
7 m  

3 -  

fo r  
- 8 l i -  8 - 1 

2k-1' - -  
g2(m + n) 2k - 1 a2(m - n) 

m odd, n odd; m even, n even, m f n 

I n  matrix form, Eq, (51) becomes [I + K][A] = [ E l ,  M constants 
&¶ or  

[I f K I ' f I  + K][A] = [I + K]*[E] 

B A = E l  , 

whence 

[A] = [B]""[EL] = [B]"'[I + K] '[E]. 

Fram Eq. (49) for N points, n = 1, 2, . . . , N, 

(53)  

*Thanks are due t o  D r .  Keith Stewartson, Visiting Professor at The Ohio 
State University, Summer 1969, and Goldsmid Professor of Mathematics 
and Joint Head of Mathematics Department, University of London, fo r  t M s  
integration. 



Equation (54)  was solved for the same F as above (Fig. 1) using 
E4 = 20 constants and N = 42 points (end points included). 
obtained by the procedure of Eqs. (36) - (39). 
rotat ing the resu l t s  by Eqs. (18) and (lg), the solution for f (x)  (see 
Fig. 3 fo r  exact, f ( x ) )  had a maximum error  of k 0.04 for 42 equal Ax 
spaced points and a maximum error  of -0.06 for 42 equal A0 spaced points. 
Both solutions have a s m a l l  wave of about rt 0.02 amplitude. 

CB1-l was 
After translating and 

I X .  POWER SERIES SOLUTION 

Equation (12) can be writ ten i n  the form 

20 



Take f (x) i n  the form 

f ( x )  = h x n ,  (56) 
n=l 

whence 

F(x) = - a t  
n=l -1 

+ 2x3-A . (57) 1 n- 1 CO 

x + .  . . 1 - (-1y I- 1 - (-1)- 
= -  n=l I A n [  n n -  1 

Multiply by xm and integrate t o  get 

(1 - ( - l )n>c l  - (-l)m+l> + (1 - (-1)"'l ] (1 - (-l)m+21 
n(m + 1) (n - l)(m + 2) 

1 2 { 1- ( - I 
f . . . f  m + n  

o r  

21 



= 0 ,  m even and n even, I = 0, m odd and n odd, 

= 0, m = n, 

1 , m odd, n even . 4 2  

(n + 1 - 2k)(m + 2k) 

In  matrix form, as i n  the previous Fourier ser ies  solution, 

w i t h  end points included. 1 

Equation (60) was solved f o r  the same F as above using M = 20 
constants and N = 42 points (end points included). 
equations was very ill-conditioned, giving D i i  i n  Eq. (37) as s m a l l  as 
io- l4 . Also, two of the D i i  were negative, indicating only round-off 
values were l e f t  i n  the calculations, as the D i i  must be positive. In 
spi te  of t h i s ,  the f i n a l  solution f o r  f (x) gave a hump but with maximum 
errors of f 0.12. 
the same with maximum errors of f 0.11. 

The system of 

i3 For M = 12 constants, the solution was essent ia l  
The smallest D i i  was f 10” . 

The puwer ser ies  method i s  considered t o  be unsatisfactory. 
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X. INVERSION IN’IZGRAL SOLUTION 

M t e r  investigating the above l i s t ed  solutions, it was found tha t  

The equation 
an inversipn integral  for Eq. (12) could be obtained from a solution 
given i n  Chapter 14 of Ref. 2. 

F(x) = A(x)f(x) + 

where L i s  a union of p disconnected smooth axes, A(x)  and B(x)  s a t i s fy  
a Holder condition H on each closed arc, f(x) and F(x) can sa t i s fy  H* 
(tend t o  in f in i ty  at  order less than l), has the solution 

B(x)Z(x) 
a i  

A(x) - B(x) 
A(x) t- B(x)  ’ G(x> 

c 

C k  = end points of arcs,  J (64) 
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pq,L(x) = polynomial of order 4 q - 1 , 

r = nmber of ends with bounds on f ( x ) ,  and 

(64) 
(cont . ) 

/ Ak = integer fo r  end conditions. 

For special ends, f (x )  i s  bounded, G(Ck) i s  positive r e a ,  ak i s  integer, 
% = -%, and Real yk = 0. 
O < % + hk < 1, and f (x)  i s  i n f in i t e  at an end t o  order l e s s  than 
1 i f  -1 < % + hk < 0. q i s  an index f o r  the classes of solution. 

For nonspecial ends, f (x) is  bounded i f  

Now, Eq. (61) i s  the sane as Eq. (12) i f  

1 - x  
1 + x  

A(x) log - , B(x) = -x i  . 

Although A(x) does not sa t i s fy  the H condition a t  the ends, it does 
sa t i s fy  H*, and it appeass tha t  if  f ( x )  and F(x) sa t i s fy  H and f = 0 
a t  the ends, then the solution would exis t .  Such restr ic t ions on F(x) 
and f (x)  are permissible i n  the present case. Also, it would appear 
that if  L i s  from -1 + E t o  1 - E, then A(x) i s  bounded and the condi- 
t ions would be met. 

Use Eq. (65) i n  E q s .  (63) and (64) t o  get 
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G(1) =a G(-1) a 1 , l og  G = 09 

y l  = 72 = 0 , special ends; 

A 1 1 1 2  h = O ,  q = 1 ,  

Pqm1(x) = 0; and 

+ log2 L- s 

(1 

Since F(x) may not meet the integral  res t r ic t ion  i n  Eq. (64) for  the 
case of q = 1, it i s  necessary t o  use a superposition of solutions t o  
obtain f (x). Take 

where Fl(x) meets the condition 
r 

This gives 



From See. 111, the KL t.ranslation of F(x) gives a rotation of -K1x/2 
t.0 f(x) so tha t  Eq. (62) becomes 

Here f (x )  is  bounded and the integrand 
the ends so  t ha t  numerical integration 

i n  the integral  i s  bounded a t  
should be satisfactory. 

A 40-point numerical integration of Eq. (70) using the trapezoid 
rule and Eq. (30) was made for  the same F(x), Fig. 1, as above t o  get 
the f(x) i n  Fig. 3. After using Eqs.  (18) and (lg), the maximum errors 
i n  the solution were + 0.02 a t  one point and + 0.01 a t  another point. 
Errors a t  all other points were 0.00 t o  two places. 

X I .  SOLUTIONS FOR CEN'TRAL HOm 

A l l  of the solutions described above can be applied ko Eq. (13) 
for  the case of the central  hole. 
easier  to apply than others. 

However, some of the methods are 

The collocation solution (See. V) ,  the i te ra t ion  solution B (See. 
VII), and the inversion integral  solution ( S m  be appligd 
d i rec t ly  by modifying the numerical integration matrix t o  omit the hole 
region. 

The Fourier Series Solution. (See. VIII) cannot be applied direct ly  

However, the integral  i n  Eq. (52) has 

because of the integrations i n  Eqs . (50)  and (52). 
given to applying the Fourier Series on each side of the hole and then 
i te ra t ing  between the two sides. 
an additional log term (see Eq. 13) on each side and apparently has no 
closed form as i n  Eq. (52). Since the collocation and inversion inte- 
gral solutions are simpler and more accurate than the Fourier Series, 
there seems l i t t l e  just i f icat ion t o  t r y  t o  apply the Fourier Series 
solution t o  the hole case. 

Consideration was 

The integrations i n  the Power Series Solution (See. SX) can be 
made f o r  the hole case but the K matrix in-9) becomes considerably 
more complicated. As  i n  See. IX, the method is  considered unsatisfac- 
tory. 

For the hole case, the res t ra in t  conditions i n  See. I11 need t o  
be modified by applying Eq. (15) t o  both sides of the hole. 
(18) and (19) become 

Thus Eqs .  

26 



To apply the selected f(x) i n  Eq. (20) t o  the hole case, it is  
necessary t o  modify Eq. (21) t o  

1 - z  l + x  X - R  
3 1 - t ~  I - x  x + R  

F(x) = -2z3 + - 10 z - (1 - z2)2 log]- - 

,.4, Z z z + . l  

3 

For the numerical integration i n  Eq. (23), the H D-A matrices become 

D~~ = 0 ,  i + j;  (73) 



, except : P A i j  
xj - xi 

A 2 1  zz -1.76, A31 -0.68, A41 = -0.47; 

, i = 5,6, . ., N; 1.5~ Ail  = 
XI - X i  

A(%, 2 N  T ) =  1.76 = -A(? u) = A(N - 1, N ) ;  

A(%, 4 N  ?)= 0.168 = -A(-, y) = A(N - 2, N ) ;  

' 2  

A(%, 6~ 2)- 0.47 = -A(-> -) = A(N - 3, N);  
2 

1.5P N N -.+ 5-. . - N. Ai,N/2 , i = 1, a . ., z 9 z  ,..., 
xN/2 - xi 

- 1.5P , i = 1,2,  . . ., N - 4; 
XN x i  A i N  - 

N - 2  N + 4  -- 
2 '  2 '  Ai, i-1 = 1.5, i = 2, . . ., 

N 
2 2 hole between points - and , trapezoid rule. 

I n  the following solutions the hole radius i s  R = 
Eq;. (72) and Figs. 1, 2. Ax s 41 as above for 

and F i s  given i n  
2 0-point solution. 

There are 34 points on the mirror diameter. 
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X I I .  COLLOCA.'_rION SOLUTION FOR CENTRAL HOLE 

where H = D - A i s  given by Eqs. (73) and (74). 
can be solved for  f i  by the procedure of Eqs. (33) - (39) i n  Sec. V. 

This system of equations 

For the exact [F] of FigS. l f o r  hole case with 34 points on the 
mi r ro r  diameter (4 points i n  the hole and 2 points a t  edges of hole 
are omitted from the 40 point solution used above), the collocation 
solution of Eq. (75) gave f(x) t o  within k 0.03 of the exact f(x) i n  
Fig. 3, except a t  edges of the hole. 
made on f(x) .  
solution WBS within rt: 0.03 everywhere. 
has a, real translation. 

A rotation of slope (-0.02) was 
When the edges of the hole were also restrained, the 

!This i s  Eot permissible if F(x) 

X I I I .  INVERSION INTEGRAL SOLUTION FOR CENTRAL HOLE 

The inversion integral  solution i n  Eq. (62) - (64) can be applied 
t o  Eq. (13) w i t h  

whence Eqs.  (66) and (70) become 

and 

1-x x+R k 1X k2X2 3- 1. ( F ( x ) - kl- f(x) z 2  - -- - 
2 ( 1 - R )  2 (1 -R)  Z(x) Z W  

-1- 



where 

Numerical integration of Eq. (78) using Eqs. (73) and (74) gives 

Results for  the same F(x) as above fo r  hole case w i t h  34 points, a f te r  
translation and rotation on each side of the hole by Eq. (71), gave a 
m a i n r u m  error i n  f (x )  of 5 0.02. 

XIV. SUMMARY OF SOLUTIONS FOR LINEAR CASE 

Table I1 shms the summary of maximnun errors of the above solutions 
for the l inear  case without and w i t h  a central  hole. The best  and a lso  
the simplest solutions appear t o  be the collocation and inversion inte- 
gral solutions. 
direct ,  the solution obtained must be translated and rotated t o  f i t  the 
edge conditions. The use of Eq. (71) $0 calculate these values may not 
be satisfactory,  since these end values are affected the most by the 
numerical integration with the edges omitted. 
tially avoided i n  the collocation solution i n  Eq. (75) by forcing two 
edge conditions in to  the system of equations and spreading the numerical 
integration errors over the ent i re  diameter. However, the matrix has 
to be inverted and this introduces some errors. 

Even though the inversion integral  solution i s  the most 

This d i f f icu l ty  i s  par- 

Table 11 - Summasy of Solutions f o r  Linear Case 

I 
Solution Method 

I terat ion B 

Fourier Series 

Power Series 

Maximum error  from f (x )  i n  Fig. 3 
without hole w i t h  hole 

* 0.11 
f 0.02, -0.00 



Both the collocation and the inversion integral  methods of solu- 
t i on  are recommended. Each could be used t o  check the other. 

XV. NONLINEAR NUMERICAL INTEGRATION 

I n  the  nonlinear Eq. ( 8 ) ,  take 

and 

1 - x  x + R  I l + x  X - R  
Io = fi2 -I- log2 - -1, hole of radius R , 

whence 
2 

- log2 11 - x x + RI F(x) = I - Io = 1 t . x  X - R  

+ 235 sin g(x) - - 2l-t cos g(x) 
t - x  

2 
sin g(Z;)dt 

t - x  i- 

For a specified ~ ( x )  take 

SA = s i n  g(xi) 

Ci = COS' g(xi)  , 

ETiI  [AI[SiI 9 aYld 

Cui] C A I f C j I  9 I 
where the  matrix A i s  the numerical integration matrix i n  Eq. (74). 
any point xi, Eq. (82) gives 

At 

31 



Assme g ( x )  to have the form of Eq. (20) as used i n  the l inear  
case above 

2 2 
g(x) = p ( l  - z 2 )  9 z < 1; - 

- 0  

x - a  
b 9 z I- 

where p i s  a factor for the magnitude of the error.  Note tha t  

p = (2n)(max. error i n  wavelengths) (86)  

or 
= ma& ppror in wavelengths = p/27(. (87) 

%@T 

For the l inear  case used above p = 1/2~ and this case was used i n  
Figure 4 shows the compar- 

!The l inear  nmer- 
Eq. (84) t o  compare to the l inear  results. 
ison for F(x)  using 34-point numerical integration. 
i c a l  integration and $85 RgiiLinear q@eq?$p~+$ < @??B I _ ,  x ". cfykite close, 

Figuke 5 shows results of Eq. (84) for several values of p; i - e - )  

- 1 qma - 0.025, l inear ;  1 p = -  
2K ' 

... 

- lo N 0.25; 10 p = -  
2K 3 hax-w 
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It can be concluded tha t  large changes occur i n  F(x) i n  the neighborhood 
of a f (x)  hump. 

produces a constmt F(x) = -2C1. 
were calculated by Eq. (84)  with 

I n  See. I11 for  the l inear  case it was found a l inear  f(x) = Crx 
Two cases for  the nonlinear equation 

lo x 9 
10 (a) g(x) = - x and (b) g(x) = - - 2-x 2rc 

1 which i s  equivalent t o  rlmaX = k 4 at the ends. 
varied from -8.0 at  edges of the hole t o  -14.8 a t  the ends, being approx- 
b a t e l y  constant over the middle half of the mirror. 
varied from +19.6 a t  edges of the hole t o  +4,3 a t  the ends, being approx- 
imately constant over the middle half of the mirror. 

For case (a), F(x) 

For case (b), F(x) 

XVI. SCALE FACTOR BETWEEN I A.ND Io 

Above, F(x) = I - Io i s  assumed known. Io i s  calculated for  the 
I i s  measured on the actual mirror. If K converts I perfect mirror. 

to scaJe of Io, then 

(90) I F(x) E - Io 

It appears t h a t  K depends on the intensi ty  of the light source and on 
the instrumentation t o  read I. To calibrate the perfect mirror with a 
given l i gh t  of intensity,  Q, 

JL 

For a different Light intensi ty  Q 

K = -  
QC 

Thus, i f  K, can be determined for  the finished mirror (as perfect as 
possible) using the specified instrumentation and known l igh t  Qcs then 
i f  the  l ight  Q can be determined then Eq. (92) would seem t o  hold, whence 
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A procedure t o  check K may be based on Eq. (90). If 

F(x) = F-Jx) C 
A 

then from Sec. 111, a rotation of the mirror through a slope change of 
-C /2 (1  - R )  will change 1 and make the new F be F1. 
i s  (IR read a f t e r  rotation),  

Thus a check K 

K =  (95 1 

It may be possible t o  determine K d i rec t ly  by giving a small known 
rotation t o  the mirror or an equivdent displacement of the knife-edge 
and measuringthe change i n  I a t  several points. 
F(x)  can be calculated (l inear case) as -2C1, C 1  i s  slope, then 

Since the change i n  

a t  each point. If A I  i s  constant, then the K maybe satisfactory, 

It should be noted tha t  an error i n  the origin for I shows as a 
rotation of f (x) and also an error i n  K shows a ro ta t ion  i n  f (x) 
i f  f (x)  shows a large rotation, it probably means I and K are not com- 
patible, or  the knife-edge i s  not central. 

Thus, 

Finally, i n  the Eqs. (91) and (95)  

8 2  
1 

Iodx = 3 II , no hole, 

(97) 

8 2  
1 

1 
Iodx = 3 II , no hole, 

(97) 

= 25c2(1 - R )  + 2 log2 l l . + x  x - R  , 

I for hole of radius R. 



XVII . CONCLUSIONS AND RECOMMEWDATIONS 

The l inear integral  equation f o r  the Foucault Test can be solved, 
The collocation with or without a hole, by several different methods. 

and inversion integral  methods appear t o  give the  best results.  

There appears t o  be several possible procedures for calibrating 
The 

Since the  change can 

and scaling the input data f o r  the integral  equation solutions. 
simplest procedure may be t o  give the knife-edge a small displacement 
and measure the change i n  the  l ight  intensity. 
be calculated i n  the l inear case, the scaling can be made by comparing 
the measured and calculated results.  

For various assumed functions for the  errors on the  mirror, the  
l ight  distribution on the  mirror can be calculated from the  nonlinear 
equation by numerical integration. Large changes occur i n  the  l ight  
intensity i n  the  neighborhood of a local  surface deviation, whether 
l inear o'r nonlinear. However, for  a large nonlinear deviation, large 
changes may occur i n  other regions somewhat removed from the  local  
devi at i on. 

It i s  recommended that further investigation of the nonlinear 
equation be conducted, particularly with regard t o  

(a) input of a nonlinear F(x) solution into the 
l inear equation and comparison of solution 
t o  original assumed f (x )  i n  the nonlinear 
equation j 

(b)  scaling and calibration i n  the nonlinear case; 
and 

( c )  possible i terat ion solutions of the nonlinear 
equation. 
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