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ABSTRACT

The linear integral equation is solved by collocation,
iteration, Fourier series, power series, and an inversion
integral for the solid mirror. The collocation and inver-
sion integral solutions appear to be the best and these are
used to solve the linear equation of the mirror with a cen-
tral hole. Numerical integration of the nonlinear equation
is made for selected surface deviations to show that results
start to change from the linear solution at a surface devi-
ation of 0,025\ (A is wavelength of light). Several possible
procedures for calibrating and scaling the input data for
the integral equation are described.
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METHODS OF SOLUTION OF THE INTEGRAL
EQUATION FOR THE FOUCAULT TEST

I. INTRODUCTION

The Foucault Test, or knife-edge test, is a widely used method of
testing astronomical mirrors and other high-quality optical systems of
large aperture during the process of adjustment to correct surface
errorg in the mirror. Dr. Samuel Katzoff, chief scientist of NASA-
Langley, has suggested that it may be possible to use the Foucault Test
for adjustment of astronomical mirrors in satellite orbit. These adjust-
ments would correct for small temperature gradients in the mirror.

The purpose of the investi§ation described in this report is to
make use of the work of Linfoot® to (a) derive the integral equation for
the Foucault Test for the case of a concenbric hole in the mirror, (b)
investigate methods of solution of the resulting linear integral equation
with and without hole, (c) investigate procedures for scaling the input
data for the integral equation solution, and (d) prepare a digital com-
puter program for the best method of solution for as highly an automated
system as possible. '

IT. DERIVATION OF INTEGRAL EQUATIONS

Linfoott derives the following basic equations for the light inten-
sity distribution I as seen under the knife-edge test (diameter =2.,00):

T = lm‘?ID(x) 2

(1)

and

1
2nd(x) = nB(x) + i f E,E(-t:)—%} ) (2)
L1

where D(x) is the complex displacement on the image surface, E(x) is the
wave form function of the mirror, and Egs. (1) and (2) are for the diam-
eter of the mirror with the knife-edge centrally located. The condi-
tions on Egs. (1) and (2) are (page 138 of Ref. 1)

(a) the diameter of the mirror subtends only a small angle at the
focal point;

(b) the errors of figure of the mirror, though they may amount to
meny wavelengths, are small compared with the focal distance,
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(c) the errors of slope on the mirror surface are small; and

(d) the function E(x) is conmtimuous and differentisble, except at
the boundary.

Under these conditions, the equations are valid for mirrors of arbitrary

edge contour, including central piercings, and of variable reflecting
power.

The function E(x) can be taken in the form

5Ge) = [500)]exo [- 2 o) ] (3)

where exp[— 3%3'- cp(x)] is a phase function which describes the errors on

the surface of the mirror; A is the wavelength of light on the mirror.
For the perfect mirror, ¢(x) = O and E(x) = 1, so that

2nDo(x) = m + 1 log(i :_ z ), perfect mirror, (%)
and
Io = b®Do(x) % = #% + log2<.§:-;_:;_§.> , =1l < x< 1. (5)

For the case of errors, take

n(x) = -o(z) A
E(x) = exp[2nin(x)] = cos 2nn(x) + i sin 2nq(x) Y, (6)

where n(x) is the surface error in wavelengths on any diameter of the
mirror. Equations (1) and (2) become

2nD(x) = =x [cos 2en(x) + i sin 2m](x)]

+ i fl cos 2np(t)dt _ fl gin 2an(t)dt 1)
1 t - x -1 t - x

‘and



1
I= 1(2 4+ f cosS ZﬂH(JG)d‘t 1n 2t d.'b
-1 t - x 71 t - x

1
+ 21 sin 2mn(x) J’ cos 2an(t)dt

t - x

1
- 21 cos 2nn(x) [ sin 2xn(t)ds
)L b (8)

If n(x) is sufficiently small so that

cos 2nn(x) ~ 1.0, sin 2nq(x) ~ 2rnq(x) l
[n(x)1Z ~ 0.0, f (9).

then Eq. (8) can be linearized approximately to give

%] t - x

I - Ig = Urn(x) log(i = X) Uc® ]l n(t)as (10)

This is the basic linear integral equation for n(x). When I is read on

the diameter by the Foucault test, then Eq. (10) can be solved for n(x).
Take

£(x) = bPn(x), F(x) = T - T, (11)

so that the basic Eq. (10) is

1
F(x) = £(x) log(i ;z) /1 o) (12)

When the mirror has a central hole of radius R, Eq. (8) can be
linearized to give



1 - ¥
F(x) =T ~ I = £(x) 1og11+§ i_g

_ I"R £(t)dt - fl £(t)dt
1 t-x R t-x (13)

and

l-x x+R

= 2 + 2
Ip == logl-i-xx-R

(k)

ITI, RESTRAINT CONDITIONS

In Eq. (12), if f(x) = co, then F(x) = 0; and if £(x) = cyx, then
F(x) = - 2c;. Thus cp cannot be determined from F(x) and c; may not be
determinate from F(x), depending upon the scale for F(x) and the method
of solution for f(x) from F(x). To debermine c; and cs in

f(x) = y(x) + c1x + c2 (15)

two boundary conditions at the edge of the mirror (or very near the edge
of the mirror) can be specified. These points can be reference points
for the errors f£(x) on the mirror so that the conditions may be taken
as

£f(1) =0, or f(1 - Ax) =0 (16)

and

£(-1) = 0, or £(-1'+ Ax) = 0 (17)

These conditions can be imposed as restraints in the solution
method for f(x) or as boundary conditions for the solution y(x) in Eq.
(15). In both cases

y(-1 + ax) - y(1 - Ax) (18)

L = 2(1 - &x)

c2=v(-l+Azc2)+y(l-Aw_c_)_

(19)



IV, NUMERICAL INTEGRATION

Since many of the methods of solution of Eqs. (12) and (13) involve
numerical integration, a cofiparison will be made between an exact inte-
gration of Eq. (12) for a selected f(x) and several numerical integra~-

tions of Eq. (12) for the same f(x). Take

) (21)

)
, 2
P(x) = (1-2%) , 2f g1
=0 , z% > 1 >(2o)
X - a . ,
Z = s s a8 and b = selected constants y,
Integration of Eq. (12) using the Cauchy principal value gives
10 2 1l-z 1+x 2 )
=T = 0,8 410 _ _ 2 -
F(x) =1~ Io 2z 5 ? (1 - 2°) 1log T . 1= ¥ <1
= & % s z=+1,
S2,2 2 2.2 2-11] L2 5
TR (=% - 1) [z Tt 1°glz +1 l]’ = > 1. /

Figures 1 and 2 are graphs of Eq. (21) for the exact case, with a = 0.6,

b = 0.2,

For numerical integration, Eq. (12) becomes

1-x4

N f‘%j)(éx)jwj

F(xi) = £(xi) log "
e

1+ Xy

In matrix form, Eq. (22) is

[(r] = [ullr]l, [H] =I[D] ~ [4],

(22)

(23)
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where [D] is a diagonal matrix with

1+ x5

1-x5

Dsg = log

s Dij=o: 1743 (214')

and [A] is the numerical integration matrix with elements of the form

_walax)y
ij - Xj - X5 ? (25)

where wsi is a weighting factor for the particular type of mumerical
in'begra%ion.

Since Dj; becomes infinite at x; = = 1 and A4 becomes infinite at
Xi = X3, the end points x = + 1 must be omitted from Eg. (22) and the
diagonal of [A] must be zero; i.e.,

A;3 = O, (26)

The areas lost in the numerical integration by these restrictions can
be approximated as

(ax)y £(a) (o) 2o

(27)
2 X1 - X3 2 Xy - Xy
at the points next to the ends, and
(Ax)i [f(xi+1) - f(Xi—l)] (28)
2 (ax);

at the point xj = x3.

For the trapezoid rule of numerical integration with N + 1 equal
spaces over a diameter of 2.0 and with x = £ 1 omitted, the elements of
the above matrices become (with some refinements near the ends)




Dll=log(N+§L'_i), i=1,2,
Dij=0, i#]
and,
Ay =0
Aij = 3 :1' T except
Aoy = =1.76, Asy = -0.68, A4 = -0.h7,
Ail—fj;.:_i{’ 1=56,..., N
AiN:NlLSi s, i1=1,2, ..., N-=~L.L,
Mgy, w = 1.76, Ay.o, § = 0.68, Ay3, W
Ao = 0,43, Aj, i+1 = 1.5, i=2,3, ...,
Ay, N-1 = -0.43, Aj, j+1 = -1.5, 1i= 3,4, .

Trapezoid rule

= 0.47

where the areas from Egs. (27) and (28) have been included.

§ (29)

(30)

For Simpson's rule, the diagonal weighting matrix [W.] in [Al[Wg]

is

Diagonal of [Wg] =

2
3’ 3

s s o9

(Wl

wi =



for end points omitted and odd number of points. To allow for the areas
‘in Egs. (27) and (28), the [A] matrix must have the form

i3 53 - except

> (31)

A‘i, i+l = 2.0, Ai, ji-1 = -2.0, i Odd,

Ay, 341 = 1.25, A3, 31 = -1.25, 1 even,
Simpson's rule, N odd

Figures 1 and 2 show the results for numerical integration using
N = 40 in the trapezoid rule in Egs. (29) and (30). Simpson's rule with
[A] in Eq. (31) gave the same results as the trapezoid Tule (within +
0.01 for some points in Fig. 2). The results in Figs. 1 and 2 (marked
Simpson's rule) were obtained by using the [A] in Eq. (30) for [A]l[Wg].
It is evident that the areas in Eqs. (27) and (28) must be allowed for
in such & manner as to fit the particular method of numerical integration.

The L4O-point numerical integration with the trapezoid rule would
appear to be sufficiently accurate for most cases. If b < 0.2 in
Eq. (20), which is unlikely in actual cases of deviations on the mirror
surface caused by temperature, more points may be needed.

V. COLLOCATION SOLUTION

A solution of the linear integral Eq. (12) can be made by colloca~-
tion by inverting Eq. (22) or Eg. (23). However, from Section III, the
H matrix in Eq. (23) is singular. To obtain a nonsingular matrix, the
boundary condition [Eq. (17)] can be added to the set of equations in
Eq. (23) to get

[F;]

falifyl , i=21,2,..., N
(32)
0= fl )

10



Multiply the N + 1 equations by

[100}.{. . o]'=[Ha]'z (33)
to get

[H,]1'[H1[£] = [Hy]'[F] (34)
or

[B1{£] = [6], [B] = [H,1"(H,], [G] = [H,I'[F] . (35)

This operation with the matrix transpose is equivalent to least squaring
the rectangular system and gives [B] as a symmetrical matrix with posi-
tive diagonal terms.

The solution of Eq. (35) can be made by the Choleski sequencing
method for a symmetrical matrix. This method appears to be more accur-
ate than most inversion methods. The matrix B can be split into a
diagonal matrix D and a upper triangular matrix S as

B = s'Ds, (36)

where

n

D11 = Biais 3

1.0, i=1,2, ... N

S15 = Byy/Duzs § > 23

i1 > (37)
Dij = Bjj - 2 SkiDpgs 12 25 and
k=1
i-1
.1 .. . . .
Sij"ﬁ'{{'Bla'sziSijkk’ 122 3§21+l
. k=l 7/

11



Put Eq. (36) into Eq. (35) to get

[s'ps1l£] = [q]

Define [DS][f] = [P] so that

[s1'[P] = [a]

or
i-1
Pi_Gi'szlPk’ i=12, ..., N (38)
k=1
and
Pi N
fi._.._D_‘:__ -Z- Sik.fk’ i=N, N-l, . o9 1. (39)
=yt ]

The Dj; terms are positive and Dj; < Bjj. Any Dj; = 0, or small rela-
tive to the other terms, indicates a singular system. Note that the
inverse of B can be obtained by this procedure by using G = T and f = B™L.

Figure 3 shows the results of solving for f; by the above procedure
for the exact [F] of Fig. 1 using 40 points in the trapezoid rule with
[H] in Bq. (30). The agreement with the exact curve, Eq. (20), is very
close with a maximum error of * 0.03. Using the L4O-point solution for
F in Fig. 2, it was found that inversion gave the exact f, thus checking
the solution method. Also shown in Fig. 3 is a solution for a selected
F shown in Fig. 2. Tt shows that a rapid change in F(x) in a region
indicates a hump or surface deviation for f(x) in the same region. When
the area in Eg. (28) was omitted in the H matrix, the meximum error in
f(x) was * 0.13 for exact F.

It should be noted that the results shown in Fig. 3 were calculated
using two restraints in Eq. (32), £f1 = O and f,; = O. When one restraint
is used, the numerical integration introduces a small rotation into f(x),
which is equivalent to a small translation in F(x)(see Sec. III), If
this rotation of slope =0.02 is removed by rotating f£(x), the errors are
within the * 0.03 shown in Fig. 3, except at the unregtrained end point.
Since a real translation of F(x) gives a real rotation to f(x), two
restraints are not permissible and Eq. (32) should be used for the gen-
eral case when it is not known whether F(x) has a translation term. Any
rotation obtained can be removed to give the desired f(x).

12
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VI. ITERATION SOLUTION A

Take Eq. (23) in the form

D" = D"1[D - Alf = If - D"Ar ,
whence

fp = D™'F + D af, (ko)

which can be used as an iteration solution; i.e.,

fo =0, A
f, =D 1F ,
fo=[I+8]fy , S=D1a,
>
(k1)
fa = [T +8 + 8°%]f1 , and
fp=[I+s+.. .+ Fr=g,F. J

For the trapezoid rule and numerical integration with D in Eq. (29)
and A in Eq. (30) and N = LO points, the Jy matrix in Eq. (41) was found
to be divergent. The f, solution was divergent for the exact F of Fig. 1,
although f, did show a hump similar to Fig. 3 but not to scale. Because
of the form of D, all the f;, have a discontinuity at x = O.

VIT. ITERATION SOLUTION B

Teke Eq. (12) in the form

fl £ (t)dt

1 bt -x

= '[F(X) - fp-1(x) log ::t :- ;C]

(k2)
= ~Cm4(x) .

1k



If the right side of this integral equation is known, then Eq. (42) has
an inversion integral solution of the form

1 Gy, ()db ]

: Z{x)
) =22 [fl EOlEE e

where, from Muskhelishvili (Chap. 11, Ref. 2), Z(x) depends upon the
restrictions on fy(x) and Gy ,(t). The possible forms of Z(x) are

13 ()

f(x) may be urbounded at x

Z(x)= /=== , fp(x) may be unbounded at x = -1, Co = 05 (b5)

1 +x
Z(x)= 1t x fi(x) may be unbounded at x =1, C_. = 0; (4§
1 - % ’ m Y ' s o 3 ( )
and

. 1 )
7(x) = V1 - x° s, fp(x) is bounded, Co, = O, f M = 0. (47)

-1 Z(t)

The form in Eq. (45) is usually used for the pressure distribution on an
airfoil with the leading edge at x = -1.

Use D and A in Egs. (29) and (30) for a trapezoid rule numerical
integration of Eq. (43), whence

£f,=0 , ]

f, = ;—tl—z— ZpAZp™1F = ZpRE

fe = ZplI + QIRF ,

. o e o o ) (LI.8)
Ty = Zb[I +Q+ Q2 + ., w +Qm‘ 11RF = LF ,

m(i,1) = 2(x;), Zp(i,3) =0, 143,

: w;c-lgAzD'l , Q mi%,@', and

D in Eq. (29), A in Eq. (30). J

15



The Q?‘l matrix tends toward zero so that the iteration is convergent.

Calculations were made by the procedure of Eq. (48) for the F in
Fig. 1 using 40 points for the numerical integration. Two forms of Z(x)
were used, Eqs. (4l4) and (U5). The Z(x) in Eq. (45) makes the integrand
in Eq. (43) infinite at x = 1 so that the numerical integration must be
modified to allow approximately for the area at the end x = 1. The Z(x)
of Eq. (b4) gives a bounded integrand at the end. Table I shows results
for both cases. It appears that in spite of correcting the A matrix for
the approximate end area due to Eq. (45), the results using Eq. (45)
are more erratic than those using Eq. (L4l4). Because of the numerical
integration errors, the iteration using Z(x) in Eq. (45) may not con-
verge to the correct result for £(x). However, the iteration using Z(x)
in Eq. (44) is practically converged on the fifth iteration. Note that
both of these solutions have been translated and rotated by using Egs.
(18) and (19) at y(- 1 + 2Ax) and y(1 - 24Ax).

16
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VIII. FOURIER SERIES SOLUTION

In Eq. (12) take
x=cos 6, f(x)= z A, sin nb (49)

so that Eq. (12) becomes

oo

F(6) = 2 1og(1—@6—-) z A, sin nf

+ 6
cos el

s:i.n‘eaG sin nGJc det

cos et - cos @

e
= 2 lo sin > z Ay, sin né
g(l + cos @ n

n=1

z A, cos no (50)

n=1

Multiply Eq. (50) by cos m8 and integrate to get’

Ay * 2 Kinfn = By ‘
n=1
> 7t
Ep == j(; F(6) cos mo do f (51)
7 .
Kpn = —% / log(I—i—lil-o-g—e—>sin né cos mé do . J

A

o}

18



Integrate¥* Km.n to get

£y
2 sin 0 . .
Kmn = = L log(l T oon 9) [S:Ln(m + n)6 - sin(m - n)G] ae;
= O form odd, n even;v
= 0 for m eveny; n odd;
0 (52)
m
= - a z L n=m; and
°m 2k - 1 ° ’
k=1
(mrn)/2 |m-n) /2l
= o .....___.._._8 1 + 8 z = for
n:Z(m + 1) z 2k - 1 ﬂz(m - n) 2k-1°

m odd, n odd; m even, n even, m ;é n

In matrix form, Eg. (51) becomes [I + K][A] = [E], M constants
Ay, or

[T +k]'[T +k][A] = [T +K]'[E]
BA = E; s
whence

[a] = [BI"YE,] = [BI"*[T + k] '[E]. (53)

From Eq. (49) for N points, n=1,2, . . . » N,

*Thanks are due to Dr. Keith Stewartson, Visiting Professor at The Ohio
State University, Summer 1969, and Goldsmid Professor of Mathematics

and Joint Head of Mathematics Department, University of London, for this
integration.

19



M
f(xn) z Ay sin mé, ,

m=1

[f]l\Txl

[sin mo, 1M aMcL |

(£l = [gl[F] ,

Lal

% [sin wop][B]73T + K] "[W]lcos mon] ,

[w] = diagonal weighting matrix,
(54)

Wip = 3(62 - 61), W =36y - 6y ), and

Wm‘l :%(en'l'l - en—l)Q n= 2, 3’ o o -,W—N - 1.

Equation (54) was solwved for the same F as above (Fig. 1) using
M = 20 constants Ay and N = 42 points (end points included). [B]™* was
obtained by the procedure of Eas. (36) - (39). After translating and
rotating the results by Egs. (18) and (19), the solution for f(x) (see
Fig. 3 Tor exact f£(x)) had a maximum error of * 0.04 for 42 equal Ax

spaced points and a meximum error of -0.06 for 42 equal A9 spaced points.
Both solutions have a small wave of about + 0.02 amplitude.

IX. POWER SERIES SOLUTION

Equation (12) can be written in the form

P(x) = - ]i £(6) - £(x) g4 (55)

t - x
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Take f(x) in the form

o0

f(x)=ZAn‘xn, -1 < x < 1, (56)
n=1
whence
- 7 - xB
F(x) = - A, ]l . dt

nz /1 t - x

s - z Ap jl (420 + 22 4+ L, Lo+ 62 4 P ae
n= -
had n n-1

= - z An[l = (1) 1= +2xn"l]- (57)
v} n n-1

Multiply by x and integrate to get
\

iKmnAn=Fm,

n=1

1

Ep = -[1 F (x)dx |

(58)

L= GO - (1))

Kmm =

_ [{1 - (-1)PL - (<L)

a(m + 1)

, 2l (ume)
) m+ n

or

21
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Kmn = O, m even and n even,

= 0, m odd and n odd,

=0, m=n,
(n+1)/2
= 4 1 » meven, n odd, ‘ (59)
& (n+2-2k)(m -1 + 2k)

n/2

= - 1 , modd, neven . )
e (n+1-2x)(m + 2k)

In mgtrix form, as in the previous Fourier series solution,

[f] = [Gl[F] , M constants Ap ,

(60)

(6] = 2= Do JK'KI™K]'(xn 1' , N opoints , ¢

with end points included. /

Equation (60) was solved for the same F as above using M = 20
constants and N = 42 points (end points included). The system of
equations was very ill-conditioned, giving D;ji in Eq. (37) as small as
10"** . Also s two of the D;; were negative, indicating only round-off
values were left in the calculations, as the Dj; must be positive. In
spite of this, the final solution for f(x) gave a hump but with maximum
errors of + 0.12. For M = 12 constants, the solution was essential
the same with maximum errors of + 0.11. The smallest Dj; was * 1071<,

The power séries method is considered to be unsatisfactory.
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X, INVERSION INTEGRAL SOLUTION

After investigating the above listed solutions, it was found that
an inversion integral for Eg. (12) could be obtained from a solution
given in Chapter 1% of Ref. 2. The equation

t - x

P(x) = A(x)f(x) + Bf_i) f £(5)dt > (61)
L

where L is a union of p disconnected smooth arcs, A(x) and B(x) satisfy
a Holder condition H on each closed arc, f(x) and F(x) can satisfy H¥
(tend to infinity at order less than 1), has the solution

£) = s J_LBZ(X) [AG)F(x) + Bx)2(x)Pgmr ()
- B(x)Z(x) F(t)dt .
i '£ 72(t)(t - x)4 (62)

. o
z(x) =\/A2(X) - B%(x) k:T_fl (x ~ o)k expll',(x)]

ro(x) = zz 1 J’log G(t) - log G(cy) at;  and
ot erxi L. t - x
¢ /
A(x) - B(x) )

4x) = ) T B

k
kY Fét%dt
j;; (% =O, q<O, k'-:O,l,..-,-q_—l,,

end points of arcs, J

(64)

i

Ck
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_ 3 1o G(ek)

+ N o= O+ iB A s
ol L A

Pq_l(x) = polynomial of order £ q =1,
2p

q=—;l>\k=p-r, (61)

(cont.)

=
1

nunber of ends with bounds on f(x), and

Nk = integer for end conditions.

For special ends, f(x) is bounded, G(ck) is positive real, oy is integer,
M = =0, and Real 7, = O. For nonspecial ends, £(x) is bounded if

0 < og+N < 1, and f(x) is infinite at an end to order less than
1if <1 < O + N < 0. q is an index for the classes of solution.

Now, Eq. (61) is the same as Eq. (12) if

l-x
1+x°

A(x) = log B(x) = -xi . (65)

Although A(x) does not satisfy the H condition at the ends, it does
satisfy H¥, and it appears that if £(x) and F(x) satisfy Hand £ =0
at the ends, then the solution would exist. Such restrictions on F(x)
and f£(x) are permissible in the present case. Also, it would appear
that if L is from -1 + € to 1 - €, then A(x) is bounded and the condi-
tions would bhe met.

Use Eq. (65) in Egs. (63) and (6Y4) to get

2k



1l =x
1l + xl
1l -x
1 +x

1
108(1 T i) + i log
a(x) = = '

1 l"x> 1
- O
e g

=]_;

G(1) = G(-1) =1, log G =0, TIyx)=
Y1 =72 =0, gpecial ends;

M=l, =0, qgq=1, =2
Pg-y (x) = 05 and

7(x) =J¢t2 + loge(%—i—}ﬁ> . (66)

X

Since F(x) may not meet the integral restriction in Eq. (64) for the
case of ¢ = 1, it is necessary to use a superposition of solutions to
obtain f(x). Take

F(x) = Fi(x) + Ky , 67)

where F,(x) meets the condition

l%%gi=o. (68)

This gives j (£)at

7 (%)

“T#

(69)
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From Sec. III, the K; translation of F(x) gives a rotation of =K x/2
o £(x) so that Eq. (62) becomes

K1 - - x . - Ky
£(x) = - 2X * z(l:a [(F(}éz::) Kl)l"g ;:t i f_l %% ] . (10)

Here f(x) is bounded and the integrand in the integral is bounded ab
the ends so that numerical integration should be satisfactory.

A LO-point numerical integration of Eq. {70) using the trapezoid
rule and Eg. (30) was made for the same F(x), Fig. 1, as sbove to get
the £(x) in Fig. 3. After using Eqs. (18) and (19), the maximum errors
in the solution were + 0.02 at one point and + 0.01 at another point.
Errors at all other points were 0.00 to two places.

XI. SOLUTIONS FOR CENTRAL HOLE

All of the solutions described above can be applied to Eq. (13)
for the case of the central hole. However, some of the methods are
eagier to apply than others.

The collocation solution (Sec. V), the iteration solution,g (Sec.
VII), and the inversion integral solution (Sec. X) can be applied
directly by modifying the numerical integration matrix to omit the hole
region.

The Fourier Series Solution (Sec. VIII) cannot be applied directly
because of the integrations in Egs. (50) and (52). Consideration was
given to applying the Fourier Series on each side of the hole and then
iterating between the two sides. However, the integral in Eq. (52) has
an additional log term (see Eg. 13) on each side and apparently has no
closed form as in Eq. (52). Since the collocation and inversion inte-
gral solutions are simpler and more accurate than the Fourier Series,
there seems little justification to try to apply the Fourier Series
solution to the hole case,

The integrations in the Power Series Solution (Sec. IX) can be
made for the hole case but the K matrix in Eq. (59) vecomes considerably
more complicated. As in Sec. IX, the method is considered unsatisfac-
tory.

For the hole case, the restraint conditions in Sec. IITI need to
be modified by applying Eq. (15) to both sides of the hole. Thus Egs.
(18) and (19) become
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-1 + - v(-R - Ax 3
Cap = 7 ox) - y( )
1-R- 2Ax
2Cor, = =y(-1 + &) - y(-R ~ &x) ,
3
C1p = y(R+ o) - y(1 - &%) | g (71)
1-R -2
2Cop = ~y(R + &x) - y(1 - &%) . !

To apply the selected f(x) in Eg. (20) to the hole case, it is
necessary to modify Eq. (21) to

)
0 2 1~z 1+x x-R 2
- 8-}-;'—2- - 2% < 1
F(x) 2z 3 (1~ 2%) lOgl+zl—xx+R , 2 s
::i.}—&" 7 = + 1 3(72)
3 | -
2 2 ) 2l2 2 7 = 1 2
T e e - - _ + +l > ln

For the numerical integration in Eq. (23), the H = D-A matrices become

[
|

15 =0, 1F3; (73)




P =A% = 2—1\(%-:—;5-%, N points, N even; x = + 1, x = + R omitted; }
Aig = 03

Aj 5 z_x_a-%;c: s except:

Ay = -1.76, Asz; = -0.68, As = -0.47;

A I R

A(l—\T-%—a—, g>= 1.76 = - (N ; Lp, 2l ; 2) = AN - 1, N);

A(N = -3 g)- 0.68 = -A<N Z 6 X . 2)= A(N - 2, N);

A( 5 6, -lg>= 0.47 = -A<N28, N;2> = AN - 3, N);

Aj,N/2 = ;1;7;'—?11;; , i1=1,.. ., ?lg;,-lg“li-‘5“;'&2'-'?- N f(Th)
Ay = X;‘?le o 1=1,2,.. ., N-Uk

N+2 N+bL -
A12=A( ;> >=-A<-12Y, N22>=-A(N,N-1)=o.h3;

. N-2 N+
A-i’ i_l=1c5, l=2, s e o3 2 ) 2 9 @ 2 a9 N—l;

N-2 N+15L
L] 2 > 2 2

¢ o e N-l;

=
W
-
l—l
u
1
|_l
]
']
'_l
[
[\V]
“w

hole between points g and X ; 2 s, trapezoid rule. )

In the following solutions the hole radius is R = If—

Eq.. (72) and Figs. 1, 2. Ax = EE'I as above for the 40-point solution.

and F is given in

There are 3% points on the mirror diameter.
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XII, COLLOCATION SOLUTION FOR CENTRAL HOLE

Equation (32) becomes

(Fsl] =[Hlifsl , i=252, ..., N,
;
0=f , and (75)
O-"‘—fN,

where H = D -~ A is given by Egs. (73) and (74). This system of equations
can be solved for fi by the procedure of Egs. (33) ~ (39) in Sec. V.

For the exact [F] of Fig. 1 for hole case with 34 points on the
mirror diameter (4 points in the hole and 2 points at edges of hole
are omitted from the 40 point solution used above), the collocation
solution of Eq. (75) gave f(x) to within * 0.03 of the exact £(x) in
Fig. 3, except at edges of the hole. A rotation of slope (-0.02) was
made on f(x). When the edges of the hole were also restrained, the
solution was within * 0.03 everywhere. This is not permissible if F(x)
has a real translation.

XITT, INVERSION INTEGRAL SOLUTION FOR CENTRAL HOLE

The inversion integral solution in Eq. (62) - (6L4) can be applied
to Eg. (13) with

A(x) = log

l-x x+R = s
T+ x %o RE’ B(x) Tl o, (76)

whence Egs. (66) and (70) become

Z (x) =‘/;2 + log® L-x x* Ri 77)
1+x x~-R
and
f(X) - - k.]_x _ k2X2 + 1 [(F(X)—kl—kz}C)log ;I__:_X _}SiE‘
2(1~-R) 2(1-R) z(x) 7(x) 1rx %-R
. “K LN (F(E) - &y - kgt}dt] )
| ~[1 ' 'é Z(t)(t - x) (78)



where [ £)dh P ()t
7(%) a 7(%t
kp = 40— . (79)
f +2at
1, Z(t) _L z(t)

Numerical integration of Eq. (78) using Egs. (73) and (74) gives

[zfo]

]

[D + A][FB] = [g]

pe = 81 _Kaxg koxi® (80)
17% 2@ -R)" 2T -Rr) °

-Foi =Py - ky - koxj

Results for the same F(x) as above for hole case with 34 points, after
translation and rotation on each side of the hole by Eq. (71), gave a
maximum error in £(x) of * 0.02.

XIV. ©SUMMARY OF SOLUTIONS FOR LINEAR CASE

Table II shows the summary of maximum errors of the above solutions
for the linear case without and with a central hole. The best and also
the simplest solutions appear to be the collocation and inversion inte-
gral solutions. Even though the inversion integral solution is the most
direct, the solution obtained must be translated and rotated to fit the
edge conditions. The use of Eq. (71l) to calculate these values may not
be satisfactory, since these end values are affected the most by the
numerical integration with the edges omitted. This difficulty is par-
tially avoided in the collocabion solution in Eq. (75) by forcing two
edge conditions into the system of equations and spreading the numerical
integration errors over the entire diameter. However, the matrix has
to be inverted and this introduces some errors.

Table IT - Summary of Solutions for Linear Case

Maximum error from f(x) in Fig. 3
Solution Method Section without hole with hole
Collocation 5,12 + 0.03 + 0,03
Tteration A 6 divergent S
Tteration B 7 + 0.09 (Eq. 45)

+ 0.03 (Eq. k) ———
Fourier Series 8 + 0.04 (Equal Ax);

-0.06, +0.01 (Equal A8)| ===
Power Series 9 + 0,11 -
Inversion Integral 10,13 + 0.02, -0.00 +* 0,02
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Both the collocation and the inversion integral methods of solu-
tion are recommended. Each could be used to check the other.

XV. NONLINEAR NUMERICAL INTEGRATION

In the nonlinear Eq. (8), take

-R 1
g =z, = [+ f
L -] R

81

and (81)

l-x x+R
= 2 + 2 , .
IO Tt log Ttx % -8l hole of radius R ,
whence

2
F(X)-:I-Io:[ cos g(b)dt tdt] —lozll”xx'l'R

t - x € l+x x-=R

+ 2 sin g(x) f——g—L—L—-coi ;t{dt - 2x cos g(x) L___g(__j_sln £)db

T t =-x

+ [f sin ggt}d’c]2 . (82)
L

t - x

For a specified n(x) take

g(x;) = 2n(x;)

S; = sin g(x;) »

¢y = cos g(x;) r (83)
fr;1 = [Allsy] ,  and
[u;] = [allcs] , )

where the matrix A is the numerical integration matrix in Eq. (74).
any point x;, Eq. (82) gives
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2‘1 -X; X3 TR
1 +x; x; =R

F(Xi) = Uiz - log
+ 2185 U; - 2nCiTy (8k4)

Assume g(x) to have the form of Eq. (20) as used in the linear
cage above

2
glx) =p(1 -2%) , 2% < 1;
=0 , z° > 1; and Y (85)
X -8
z = =

where p is a factor for the magnitude of the error. Note that

p = (27)(max. error in wavelengths) (86)

ar
Tpax = B8K. ¥TOT in wavelengths = p/2n. (87)

For the linear case used above p = 1/2n and this case was used in
Eq. (84) to compare to the linear results. Figure 4 shows the compar-
ison for F(x) using 3h-point numerical integration. The linear numer-
ical imtegration and thg ponlinear mymericsl are guite close.

Figure 5 shows results of Eq. (84) for several values of p; i.e.,

1 1 .
P=57 5 Tmax = [ ~ 0.025, linears W

10 10

= == = ~ 0.25;
P Tmex TpE O >
(88)

b= 2n 3 T]max = l; and
p= 6'2571' s T]max =\3.08 o /
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It can be concluded that large changes occur in F(x) in the neighborhood
of a £(x) hump.

In Sec. III for the linear case it was found a linear f(x) = Cix
produces a constant F(x) = -2C;. Two cases for the nonlinear equation
were calculated by Eq. (84) with

(2) g(x) = 5> x and () g(x) = - 22 % (89)

which is equivalent to nya. = * L at the ends. For case (a), F(x)
varied from -8.0 at edges of the hole to -14.8 at the ends, being approx-
imately constant over the middle half of the mirror. For case (b), F(x)
varied from +19.6 at edges of the hole to +i.3 at the ends, being approx-
imately constant over the middle half of the mirror.

XVI, SCALE FACTOR BETWEEN I AND I,
fbove, F(x) = I = I, is assumed known. I, is calculated for the

perfect mirror. I is measured on the actual mirror. If X converts I
to scale of I,, then

F(x) =% - T, - (90)

It appears that K depends on the intensity of the light source and on
the instrumentation to read I. To calibrate the perfect mirror with a
given light of intensity, Qe,

[ ot
F(x) =0, K, 6 =&

¢ L Todt

(o)

For a different light intensity Q

K=K, , (92)

" Q
Thus, if K, can be determined for the finished mirror (as perfect as

possible) using the specified instrumentation and known light Qes then
if the light Q can be determined then Eq. (92) would seem to hold, whence

(93)



A procedure to check K may be based on Eq. (90). If

F(x) = F1(x) = C

j;F(x)dx
—/I_,Fl(X)dX =0, C= ] (9k)

i

then from Sec. IIT, a rotation of the mirror through a slope change of
~¢/2(1 - R) will change I and make the new F be Fi. Thus a check X
is (Ig read after rotation),

jIRdX
= 2L

K = F—()E}z (95)
L

Tt may be possible to determine K directly by giving a small known
rotation to the mirror or an equivalent displacement of the knife-edge
and measuring the change in I at several points. Since the change in
F(x) can be calculated (linear case) as -2C1, Ci is slope, then

X = (AT)meas (96)
(AF)ca.l

at each point. If AT is constant, then the K may be satisfactory.

Tt should be noted that an error in the origin for I shows as a
rotation of £{x) and also an error in K shows a rotation in f(x).

Thus,
if £(x) shows a large rotation, it probably means I and K are not com-
patible, or the knife-edge is not central.

Finally, in the Eqs. (91) and (95)

[

-1

1 8 )
ITodx = 3z, ™o hole,

(97)

1
=2ﬂ?2(l—R)+2£ logz‘l—X x*R

ax ,
i1 +x x~-R

for hole of radius R.
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XVII. CONCLUSIONS AND RECOMMENDATIONS

The linear integral equation for the Foucault Test can be solved,
with or without a hole, by several different methods. The collocation
and inversion integral methods appear to give the best results.

There appears to be several possible procedures for calibrating
and scaling the input data for the integral equation solutions. The
simplest procedure may be to give the knife-edge a small displacement
and measure the change in the light intensity. Since the change can
be calculated in the linear case, the scaling can be made by comparing
the measured and calculated results.

For various assumed functions for the errors on the mirror, the
light distribution on the mirror can be calculated from the nonlinear
equation by numerical integration. Large changes occur in the light
intensity in the neighborhood of a local surface deviation, whether
linear or nonlinear. However, for a large nonlinear deviation, large
changes may occur in other regions somewhat removed from the local
deviation.

It is recommended that further investigation of the nonlinear
equation be conducted, particularly with regard to

(a) input of a nonlinear F(x) solution into the
linear equation and comparison of solution
to original assumed f(x) in the nonlinear
equation;

(b) scaling and calibration in the nonlinear case;
and

(c) possible iteration solutions of the nonlinear
equation.
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[ B ]

IV,

C s

AT TR A

#% A COMPUTER REOGRAM USING THE INVIRSION INTIGRAL METHOD OF SOLUTION
OF THE INTEGRAL EQUATION FCR THE FOUT AULT TEST==

TMPLINIT REAL=E (PyZeAeCoB}

DOUBLE PRECISTIONM HE3h 343 F {383 +:0I70385sY{38).X{38)
FORMET {//«1X9*F ARRAY®)

FORMAT {9F11.8/79F11.E/9F11,6/7F11.6)

W N e

1%

FORMAY (//+¢1Xe*H MATRIX®)

FORMAT (/7+1X+¥vI0 ARRAY?)

FORMAT {//7¢1Xe®*YY ARRAY®)

FORMAT (//e1Xe*Y ARRAY®)

FORMAT (IS5e3F20.8)

FORMAT (//+1%e%X ARRAY®)

**N THE NUMBER OF DATA POINTS ON THE MIRROR=*x
#xATTHE LOCATION OF THE HUMPxx

%81z THE WIDTH OF THL HUMPx«

0 M~

FORMAT T1Xe?'NZ®eT5e/elXo AT eFI0cBo/oslXe*B="F10.8¢/+1Xse*R=?+F10.8

*2C=THE SIZE OF THE HOLE IN THE HIRRGRse O —

READ{S+8)N= ArBleC
WRITE(G+3) NeAsBI[
NizN/2

NZ2=N1+1

N3z=M1+2

Ne=N1+3

N1iz=N1l+2

NS-NI-1

NG NI-2

NT=N1-3

N8 -1

N9~ -2 e e e

NiD=N=-3

==CALCULATION QF THE LOCATION OF THE EGUALLY SPACED DATA PDINTS=x»
P=Z2.000={(1.000-C) 7 {N+2.000}
¥{1)}=~1,00D0
DO 30 T=1enNl
TizN-T21
T2=1-1
IF 47 «FB. 13 I2=1
X{Ii=xé1zi+pP

T0 X{E1d=-%(T1}
HRITE{S+3)
WRITELB+2) (X(IVeTz1leN)
ADD1=-0.000 '
ADD2=0.0DC
AED03-0.0D00

ADDS=0C.0D0
DO 33 T3 eN
Tlz1s1
12=1-1



€

(]

#2CALCULATION OF THE H MATRIX ==
D0 32 J=leN
IF (I .E3. J} 50 TO 36
IF (J oE@s 1 o0Re J oFQ. N1 .OR. J .EG. N2 .OR. J .ES. N} GO TO 37
IF (J -EQs 11 «0Rs J «EQ, I2) 70 7O 38
HIT e JI=PAIX () =XLTI))
GO0 1O 32
36 HUT+JI=DLOGIDABS({({1e000-X(T})/{10D0+XIII N> UXLTD ) /Z7INLTI~CHI M)
€0 10 32
37 H{I +J¥1=1.5D0*P/ (X (J)=X(I))
0 70 32
38 Hi{I+Ji={J=-I}=>1.500
32 CONTINUE
#xCALCULATION OF THE EXALZT F=x
Z={xt11-A)/ 81
IF {(Z%%2 .57. 1.0001) GO TO 34
F I z-2.0D0*7*%x3+(10.000/ 30000 »Z~({1.0D00-2%521*x2}+DLOG(DABS{{ (1.,
1000~2)/41.0D0+2) 3= {{1000+X(I)1/{1.000-XCTIF) =t {X{TI-CY/EXLTI¥+L00)
19
G0 7O 31
36 IF {Z7+%2 oLTe 9998) 50 TO 35
F I ={2.0D0/3.0D001»(1.0D0/2+1.000/(Z**3))1-((Zx%2~1.0D0)%%2)=(2.000
17742000/ {3.0D00=¢7Z%x3))+DLI0G((Z~1.000)/(Z+1.3D0)))
SO 70 31
35 F{I)=DSIGN(4.0D00/3.0D0y2)}
BT DITLTIF=OSQRT{2.859606803567D0+(H (I I3 2%2)
ADDIEADDI+1.0DC/0IT(I)
ADD2=ADDZ+F {TY/0T1¢{I}
ADD3-ADDI+{ X{T}=F(I}})/701IT(I)
33 ADDU-ADDU+{ X{T *xx2) /0TILT)
Hil+2)z De43

crmeme {291 }2=1 T &

M{3+,1)=-0.68
M{told==Dou7

H{N7eNI)= Do7

HiNBeN1)= D.E8

HINSe N1}z 1.76
HiLe NS Ic=D .8 3

HINZsN3)= D.43
HIN3IsN2I==1.76
HiNGoNZI=-0.68

HINTIoN2) =-0.47

H{N1O«NI= J.87

Hi{NS+Nl= 0.568

Hi{N8eNI= 176 °

HiNeNB8} =~0. 43

WRITE (oo )

WRITE{Ge2) ((HIIeJ)sJd=1eN)eI=1eN)
WRITE(G+5)

WRITELB=2) {0II{I)+IZ1leN)
WRITELEW1)

iTo)



£

YRITE(602) (T {1jeT=1eN)

#*THD INVERSION INTEGRAL MITHOD=w»

&0

81

82

Clz{0.5D0=¢F(1)/70TI(1)+FENL)/OT TINII+FEN2Y/OTTINZ2) +F(N)/OTIIN3I+AD

ID2¥/781.0D0/0TT{1)«1.0D0/0TT (N13+ADD1)

C2z1{0-5D0 = {X{11»F(III/0T T3+ {XEND) =T ENL) I /O TTI (NI} - (X EN2) oF (N2} )Y/

IO0TT N2+ (X (NP IN) }/0TT NI F-A D3/ 1(X (10 %s2) FOTTEI I+ {NENTI%a2} /OIT
1iNF«ADDY)

DO &0 Iz=1eN

FAYI={F{Id~-C1-C2=X{(I3}/0T1¢ T}

CALL DGMPRD {(HeFeYsNsNe 1)

YRITE(Gs6)

YRITELG+2) {Y{I)eTz1eN)

DO 41 IzieN

RS R A AR ENLBUSSE

D5==¥ {13 {0.500=X{1¥»{C1eC2=X11}})/1{1.000-C)

DG 42 T=1+H

YII =z YCI D5~ {0-5D0=X{T)»{C1+C22X(T3))/(1.000~-C)
FRITI(G7)

YRITE(GZ) {VY{I)eoTI=l.N}

S ToP e e
TND

L



