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A b s t r a c t  

A space s t a b i l i z e d  i n e r t i a l  nav iga t ion  system i s  used i n  VTOL a i r -  

c r a f t  where f l i g h t  t i m e s  of a maximum of one and a h a l f  hours d u r a t i o n  
i s  expected.  This r e p o r t  d e a l s  with t h e  u s e f u l n e s s  of a p r e f l i g h t  tes t  

run on a s t a t i o n a r y  base  l a s t i n g  less than 20  minutes i n  e s t i m a t i n g  
t h e  I . N . S .  u n c e r t a i n t i e s .  The use  of  d a t a  from t h e  alignment phase i s  
a l s o  d i scussed .  A s imple e s t i m a t i o n  procedure n o t  i nc lud ing  any o p t i -  
m a l  f i l t e r i n g  techniques i s  assumed. The e r r o r  propagat ion f o r  a maxi- 
mum one and a h a l f  hour run i s  de r ived  when compensation s i g n a l s  with 

and wi thou t  a succeeding real ignment  of t h e  p l a t fo rm i s  app l i ed .  
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1 e INTRODUCTION 

A space s t a b i l i z e d  i n e r t i a l  nav iga t ion  system i s  considered f o r  

use on a VTOL a i r c r a f t .  P r i o r  t o  t a k e o f f ,  t h e  p l a t fo rm i s  a l i g n e d  and 

t h e  INS u n c e r t a i n t i e s  e s t ima ted  and compensated f o r  by using d a t a  from 
t h e  alignment phase o r  from a s h o r t  tes t  run l a s t i n g  less than 20  min- 

u t e s .  
The p l a t fo rm i s  p h y s i c a l l y  l e v e l e d  t o  t h e  l o c a l  v e r t i c a l  i n  t h e  

alignment phase by means of s t a n d a r d  l e v e l i n g  loops using t h e  x and y 
accelerometers  on t h e  p l a t fo rm as senso r s .  I n  azimuth two d i f f e r e n t  

concepts  are considered.  System 1 uses  an o p t i c a l  alignment scheme 
with a ground based t h e o d o l i t e .  A s i g n a l  p r o p o r t i o n a l  t o  t h e  m i s -  
al ignment between t h e  x a x i s  of  t h e  i n n e r  member of t h e  p l a t fo rm and 
no r th  i s  f e d  t o  t h e  azimuth gyro t o r q u e r  through a proper  t r a n s f e r  
f u n c t i o n ,  thereby p h y s i c a l l y  a l i g n i n g  t h e  p l a t fo rm t o  north.  I n  Sys- 
t e m  2 t h e  p l a t fo rm i s  a l i g n e d  t o  n o r t h  by u s e  of a simple gyrqcompass- 

i n g  scheme. When t h e  alignment phase i s  f i n i s h e d ,  t h e  system i s  
switched t o  t h e  nav iga t ion  mode. The computation i s  performed i n  an 
e a r t h  cen te red  i n e r t i a l  frame ( t h e  a n a l y s i s  i s  a l s o  v a l i d  f o r  a tan- 
g e n t i a l  i n e r t i a l  f rame).  During a 10-20 minute t es t  run on a s t a t i o n -  
a r y  base ,  t h e  p o s i t i o n  e r r o r  and i n d i c a t e d  a c c e l e r a t i o n  e r r o r  are mon- 
i t o r e d  o r  used s imultaneously t o  compute the va r ious  u n c e r t a i n t i e s .  
Compensation s i g n a l s  are then  e s t a b l i s h e d  and a p p l i e d  t o  t h e  system 
when t h e  t es t  run i s  f i n i s h e d  t o g e t h e r  w i th  a p o s s i b l e  real ignment  of 
the platform.  The e s t i m a t i o n  procedure assumed could be a l ea s t  
squa res  f i t t i n g  method. 

The e r r o r  propagat ion f o r  a one and a h a l f  hour run a f t e r  compen- 

s a t i o n  i s  d e r i v e d  f o r  fou r  d i f f e r e n t  compensation schemes, one incor-  
p o r a t i n g  a real ignment  of t h e  p l a t fo rm and one us ing  only d a t a  from 
t h e  alignment phase. 

A s t a t i o n a r y  base assumption i s  made and t h e  u n c e r t a i n t i e s  taken 
i n t o  cons ide ra t ion  are: 

0 Acce le ra t ion  i n s e n s i t i v e -  and a c c e l e r a t i o n - s e n s i t i v e  gyro 

0 Accelerometer b i a s  and scale f a c t o r  u n c e r t a i n t i e s  
0 Misalignment u n c e r t a i n t i e s  
o I n i t i a l  l a t i t u d e  and a l t i t u d e  e r r o r  
o I n i t i a l  v e l o c i t y  e r r o r  
o Def lec t ion  of the v e r t i c a l  
o Imperfect ions i n  t h e  e l e c t r o n i c s  

d r i f t  

A l l  t h e  u n c e r t a i n t i e s  are regarded as cons t an t s  during a run and some 
are allowed t o  vary from alignment t o  alignment. 

1 



2. ALIGNMENT ERRORS 

The alignment errors caused by the inertial instruments depend 
upon the alignment scheme used. The two methods treated here use ac- 
celerometers to physically level the platform. In System 1 a theodo- 
lite is used to align the azimuth gimbal with north; in System 2 a 
simple gyrocompassing scheme is used. The alignment is performed 
while the vehicle is at rest. 

2.1 Theodolite Alignment of Azimuth 

Figure 2.1 shows a simplified functionaz block diagram for System 
1. 

Figure 2.1 
Functional Block Diagram for Alignment, System 1 

SI - space 
integrator 

During the alignment mode the instrument frame, x, y, z, is 
brought in alignment with the geographic frame, north, east, and down, 
respectively. 

2 



The t r a n s f e r  f u n c t i o n s  F 1 ,  F,, and FT can be shaped as a low 
pass  f i l t e r  t o  reduce t h e  e f f e c t  of d i s t u r b i n g  a c c e l e r a t i o n s .  A t  

l o w e r  f r equenc ie s  they can a l s o  be  configured as i n t e g r a t o r s  t o  reduce 
t h e  e f f e c t  of gyro d r i f t .  

The u n c e r t a i n t i e s  taken i n t o  c o n s i d e r a t i o n  are: 

w w 1 - t h e  t o t a l  gyro d r i f t  rates 
when t h e  p l a t fo rm i s  l e v e l  

a -  
%o - {wdox‘ doy’ doz 

- &fa = {&f,, Gfyr Gf,) - accelerometer  b i a s  

(2.1) 

(2.2) 

- u n c e r t a i n t y  i n  t h e  alignment 

of t h e  t h e o d o l i t e  with no r th  

Va = IV,  , V O 2 ,  V o 3 1  - c o n s t a n t  o f f s e t s  i n  t h e  
-0 

alignment e l e c t r o n i c s  

The accelerometer  scale f a c t o r  u n c e r t a i n t i e s  can be  neg lec t ed  i n  
t h e s e  servoloops.  

Assuming t h a t  t h e  s m a l l  angle  approximation i s  v a l i d ,  t h e  follow- 

ing equa t ions  w i l l  d e s c r i b e  t h e  alignment mode: 
Forced ra te  of t u r n  of c o n t r o l  member 

+ a  --la w a  = G m  (1) %IO 

which e q u a l s  

a a w .  = ca w n  + Ena -ia -n -in 

(2.3a) 

(2.3b) 

where 

‘CMD ( 1) 

index a 

index n 

index i 

Ca -n 
n 

-in w .  

command rate  f o r  System 1 

ins t rumen t  frame 

geographic frame, n o r t h ,  east ,  and down 

e a r t h  cen te red  frame, non-rotat ing wi th  r e s p e c t  t o  
i n e r t i a l  space,  z i - ax i s  a long t h e  e a r t h  axis  

t r ans fo rma t ion  from n-frame t o  a-frame 

r o t a t i o n  of  n-frame wi th  r e s p e c t  t o  i-frame CO- 

o r d i n a t i z e d  i n  t h e  n-frame 

The alignment e r r o r  ma t r ix  i s  

3 



cz -cy 

-n ca = [:; cx 

cy ‘C, 1 

(2.4) 

where Cx i s  t h e  p o s i t i v e  r o t a t i o n  about t h e  xa-axis ( o r  x n - a x i s ) ,  e tc .  
The change i n  t h e  e r r o r  ang le s  between a-frame and n-frame is: 

w -n a 

d where p = - d t  
and t h e  i n e r t i a l  angular  v e l o c i t y  of t h e  n-frame i s  given by: 

where Wie i s  t h e  e a r t h  ra te  and Lo is  t h e  l a t i t u d e .  
The command ra te  t o  t h e  space i n t e g r a t o r  i s  (Ref. Figure 2 . 1 )  

The s p e c i f i c  f o r c e  can be  expressed as 

n - f ”  = -c& - En + ( U ) E  

where 

Gravi ty  computed f o r  t h e  
r e f e r e n c e  e l l i p s o i d  

(2.8a) 

4 



(2 .  ab) 

where n, 5 = t h e  p o s i t i v e  r o t a t i o n s  about  t h e  no r th  and e a s t  axes ,  res- 
p e c t i v e l y ,  and (u); = t h e  a c c e l e r a t i o n  d i s t u r b a n c e s  wi th  no DC com- 
ponents.  

- 

(2.9)  

Provided t h a t  w e  have a non-osc i l l a to ry  system, t h e  s t a t i o n a r y  va lues  
of t h e  alignment e r r o r s  can be found. Assuming c o n s t a n t  va lues  of  t h e  
u n c e r t a i n t i e s  and adequate damping of t h e  u( r )  t e r m s ,  w e  can w r i t e :  

W i e  s i n  Lo 

- u i e  F, s i n  (0 )  Lo F, ( 0 )  [;;I= W i e  COS Lo 

(2.10) s eady 
s ta te  

F, ( 0 )  (sfy/9 + rl + vo ,/9) + Wdox 

+ Wdoy -F,(O) (sfX/g - 5 -b Von/9) 

FT(O) ((U)+ + V O ~ )  4- Wdoz 

[ o  

[ 
where F ( 0 )  denotes  t h e  DC g a i n  of t h e  r e s p e c t i v e  t r a n s f e r  func t ions .  

From ( 2 . 1 0 )  it i s  e v i d e n t  t h a t  by choosing F,  ( 0 )  , F, (01 ,  and 
FT(O) >> wie, t h e  c r o s s  coupl ing terms can be neglected.  Choosing 

F, ( 0 )  = F,(O) = F ( 0 )  , equa t ion  ( 2 . 1 0 )  can be s i m p l i f i e d  to :  

(2.11) 



where 

i s  t h e  misalignment caused by o f f s e t s  i n  the  alignment e l e c t r o n i c s .  
I n  most w e l l  designed systems F ( 0 )  and FT(O)  are l a r g e .  E.g. f o r  

F (0 )  formed as a low pass  f i l t e r  w i th  a 1 0  second t i m e  c o n s t a n t ,  a 
w e l l  damped loop g i v e s  approximately 2 prad misalignment p e r  1 meru 
gyro d r i f t ,  g i v i n g  a r a t i o  Of F ( 0 )  t o  w i e  of 500:l. 

2.2 Alignment Using Gyrocompassing 

p h y s i c a l  gyrocompassing i s  app l i ed ,  i s  shown i n  Figure 2 .2 .  

A s i m p l i f i e d  f u n c t i o n a l  block diagram f o r  System 2 ,  where simple 

Figure 2.2 
Func t iona l  Block Diagram of System 2 

I n  d e r i v i n g  t h e  equa t ions  f o r  t h i s  system, t h e  same comments as 
f o r  System 1 are v a l i d .  The command rates f e d  t o  t h e  space i n t e g r a -  
t o r s  are: 

6 



m i e  cos Lo 

0 

m i e  s i n  L, 

By combining equa t ions  (2 .1 )  through ( 2 a 6) , ( 2 

t h e  r e s u l t  is: 

(2 .12)  

8a,b) and (2.12) , 

Assuming s t a b l e  alignment loops and c o n s t a n t  u n c e r t a i n t i e s ,  t h e  s t eady  
s t a t e  angular  e r r o r s  are given by: 

( 2 . 1 4 )  

F 1 ,  F,, and F ,  are assumed t o  perform an e f f e c t i v e  f i l t e r i n g  of t h e  
a c c e l e r a t i o n  d i s tu rbances .  

Choosing F,  ( 0 )  and F,(O) >> uie, w e  g e t  

7 



(2.15) 

where 

By making F , ( O ) ,  F 2 ( 0 ) ,  and F,(O) l a r g e  o r ,  even b e t t e r ,  by designing 

F, and F, as a p r o p o r t i o n a l  p l u s  i n t e g r a l  f i l t e r  and F2 as a low pass  
f i l t e r ,  equa t ion  (2.15) s i m p l i f i e s  t o :  

Sfy/g + rl + ccx 

-(6f,/g - 5) + scy 
Wdoy 

ca = 

= [ - 

- (6 fy /g  + n + ccx) t a n  Lo - Wie cos Lo + =cz 

s t e  ady 
s t a t e  ( 2 . 1 6 )  

2.3 The Alignment Unce r t a in ty  Matr ix  

An al ignment  u n c e r t a i n t y  matrix v a l i d  f o r  t h e  two alignment 

schemes desc r ibed  i n  p a r t s  2 . 1  and 2 . 2  can be  w r i t t e n  by us ing  equa- 
t i o n s  ( 2 . 3 ) ,  ( 2 . 1 1 ) ,  and ( 2 . 1 6 ) :  

(2 .17 )  a a a a 
-a' ca0 = I + = 2 + &f + & + + Tu 

where t h e  Ca: denotes  a t r ans fo rma t ion  from t h e  a '-frame, which coin- 
c i d e s  with t h e  n-frame a t  t = 0 ,  t o  t h e  a-frame a t  t = 0.  The system 
i s  switched from t h e  alignment mode t o  t h e  nav iga t ion  mode a t  t = 0.  

-a 

Jla is a skew symmetric ma t r ix  a s s o c i a t e d  w i t h  alignment e r r o r s  --f 
due t o  accelerometer  b i a s .  

8 



where: 

+fZ 

Jlfz 

Subscript (1) - theodolite alignment of azimuth 
Subscript (2) - gyrocompassing 

is a matrix associated with misalignment caused by the deflec- 
tion of the vertical. 

where: 

- 

-: ] O Jlaz 

-%z 0 

5 -n 0 

(2.17b) 

= o  
J l C t Z ( 1 )  

J l a z ( 2 )  = ‘rl tan Lo 

denotes a matrix associated with misalignment due to the effect of 

gyro drift rates during alignment. 

where : 

and 
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$a i s  a skew symmetric ma t r ix  a s s o c i a t e d  w i t h  a misalignment 
-U 

caused by o f f s e t s  i n  t h e  alignment e l e c t r o n i c s  and e f f e c t s  n o t  i n -  
c luded i n  t h e  a n a l y s i s  i n  paragraphs 2 . 1  and 2 . 2 .  These misalignments 
g i v e  rise t o  s t eady  s t a t e  accelerometer  s i g n a l s .  

(2.17d) 

where 

and 

and 

<a i s  g iven  by t h e  equa t ions  (2.11a) f o r  system 1 and (2.15a) f o r  

system 2 and i s  caused by c o n s t a n t  o f f s e t s  i n  t h e  alignment 

e l e c t r o n i c s .  

Sa = krx, Cry' crz1 -r 
caused by : 

-C 

Th i s  unpred ic t ab le  alignment error can be  

L i m i t  c y c l e s  i n  t h e  alignment loops which can g ive  unknown 
alignment e r r o r s  when t h e  system is  switched t o  t h e  naviga- 

t i o n  mode. 

T r a n s i e n t s  which have n o t  d i e d  o u t  when t h e  nav iga t ion  mode 

commences . 
Elec t r ica l  t r a n s i e n t s  i n  t h e  gyro t o r q u e r  e l e c t r o n i c s  which 
can arise when t h e  system i s  switched t o  t h e  nav iga t ion  
mode. The e f f e c t  appears  as a s t e p  i n  t h e  misalignment an- 

g l e .  
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I t  can a l s o  be convenient  t o  expres s  t h e  ka matrix i n  equat ion  
(2.17) a s :  

c '  Z 

-CIx 

0 (2.18) 

where t h e  C t k ,  

swi tch ing  t o  t h e  nav iga t ion  mode 

k = x, y ,  z ,  denote  t h e  misalignment j u s t  a f t e r  

(2.18a) 

Ca misalignment de r ived  from t h e  s teady  s t a t e  a n a l y s i s  I equa t ions  

( 2 . 1 1 )  and ( 2 . 1 6 ) ,  and Ir is  given connect ion wi th  (2.17d) 

a a C ' a  = c + 2, - - 

- a 

o r  : 

(2.18b) 

Using t h e  d e f i n i t i o n s  given i n  connect ion wi th  (2.17a, b, c, d )  , t h i s  
becomes: 

3 .  EVALUATION OF SYSTEM EQUATIONS FOR THE NAVIGATION MODE 

I n  t h e  nav iga t ion  mode t h e  I M U  i s  space s t a b i l i z e d ,  i .e . ,  only 
gyro d r i f t  compensation s i g n a l s  are app l i ed  t o  t h e  gyro to rque r s .  
The nav iga t ion  mode s t a r t s  when t h e  system i s  switched from t h e  a l ign -  
ment mode ( t  = 0 )  The I M U  i s  then  i d e a l l y  a l igned  phys ica l ly  wi th  
t h e  geographica l  frame. 

11 



Figure 3.1 shows the  s i g n a l  flow diagram f o r  t h i s  system: 

A 

h 

Figure  3.1 
S igna l  Flow Diagram f o r  t h e  Navigation Mode 

The q u a n t i t i e s  involved i n  f i g u r e  3 .1  are: 

Ca'  -n Matrix t ransforming s p e c i f i c  f o r c e  from t h e  a c t u a l  
geographic  frame t o  t h e  i d e a l  instrument  frame which 
co inc ides  wi th  t h e  n-frame a t  t = 0.  

12 



ca0 
-a1 

Ca 
-a0 

c i  
-a 

This  matr ix  t ransforms t h e  s p e c i f i c  f o r c e  from t h e  

i d e a l  instrument  frame t o  t h e  a c t u a l  instrument  
frame a t  t = 0 .  Th i s  t r ans fo rma t ion  i s  caused by 

p h y s i c a l  misalignment of t h e  IMU.  

This  t r ans fo rma t ion  i s  due t o  t h e  d r i f t  of t h e  space 

i n t e g r a t o r ,  S I ,  f o r  t > 0 and i s  caused by gyro 
d r i f t .  

Est imated t r ans fo rma t ion  m a t r i x  s t o r e d  i n  t h e  compu- 

ter f o r  t ransforming t h e  measured s p e c i f i c  f o r c e  t o  
t h e  e a r t h  cen te red  i n e r t i a l  frame where t h e  compu- 

t a t i o n  i s  performed. 

Accelerometer scale f a c t o r  u n c e r t a i n t i e s .  

bfa Accelerometer b i a s .  - 
f a  -m S p e c i f i c  f o r c e  measured by t h e  accelerometers .  

S u b s c r i p t  m Denotes a q u a n t i t y  a c t u a l l y  measured. 

S u b s c r i p t  c Denotes a q u a n t i t y  computed by t h e  nav iga t ion  compu- 
ter  e 

H a t  ("1 Denotes an e s t i m a t e d  q u a n t i t y  f e d  i n t o  t h e  computer. 

3 .1  The I M U  Outputs 

The only q u a n t i t i e s  from t h e  I M U  used by t h e  computer i s  t h e  out- 
p u t  from t h e  accelerometers .  I n  t h e  proceeding paragraphs,  t h e  ex- 
p r e s s i o n s  f o r  t h e  matrices involved w i l l  be der ived.  

3 .1 .1  The (22' Matrix 

W e  have 

where cq' i s  a c o n s t a n t  ma t r ix  dependent on ly  upon t h e  alignment loca- 
t i o n .  This  l o c a t i o n  i s  given by 

Lo, Eo - Actual  l a t i t u d e  and long i tude  where alignment w a s  per- 
formed. Without l o s s  of g e n e r a l i t y ,  !Lo can be se t  t o  
ze ro  ( i .e . ,  yn - and y i  a x i s  p a r a l l e l ) .  
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Then 

cos Lo 

- s i n  Lo 

- s i n  Lo 0 

cat  = 0 1 
-3. 

-cos Lo 0 

F u r t h e r ,  w e  have 

- s i n  L cos  A - s i n  A -cos L cos x 
-n ci = [ - s i n  L s i n  X cos A -cos  L s i n  A 

cos  L 0 - s i n  L 

where 

L = Lo 

A =  w t This  i s  t r u e  on ly  i f  R = R, i e  

and t h e  v e h i c l e  i s  a t  rest .  

Equat ions ( 3 . 1 1 ,  ( 3 . 2 )  and ( 3 . 3 )  t hen  g ive :  

C a t  = I + B -n - -  

( 3 . 3 )  

( 3 . 4 )  

where : 

- B = -[ s i n  w i e t  s i n  Lo 1-cos w i e t  s i n  w i e t  cos Lo 1 (1-cos w i e t )  
(1-cos wie t ) s in2Lo  - s i n  w i e t  s i n  L, s i n  Lo cos  Lo 

(1-cos w i e t )  - s i n  w i e t  cos L, (1-cos w i e t ) c o s 2 ~ o  
s i n  Lo cos  Lo 

( 3 . 5 )  

This  ma t r ix  vanishes  when t = 0 .  

3 . 1 . 2  Gyro U n c e r t a i n t i e s  

The v a l u e  of t h e  Ca matrix depends upon t h e  d r i f t  o f  t h e  t h r e e  
-0 

gyros of t h e  space  i n t e g r a t o r .  Because t h e  d r i f t  ang le s  are s m a l l ,  w e  
can w r i t e :  

ca = I + D” - -a0 

14 
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( 3 . 7 )  

where dk ,  k = x,  y ,  z 
t h e  p o s i t i v e  ins t rument  frame a x i s  k caused by the  k t h  gyro dur ing  t h e  
naviga t ion  mode. 

can be a s s o c i a t e d  wi th  t h e  d r i f t  angle  k about  

Gyro D r i f t  Model 

I n  t h i s  a n a l y s i s  only t h e  main gyro d r i f t  sources  such a s  ac- 
c e l e r a t i o n - i n s e n s i t i v e  d r i f t  r a t e  ( A I )  and a c c e l e r a t i o n - s e n s i t i v e  
d r i f t  r a t e  due t o  mass unbalance i n  t h e  gyro ( A S )  are taken i n t o  ac- 
count.  These d r i f t  r a t e s  a r e  regarded as  c o n s t a n t  f o r  a time pe r iod  

up t o  one and a h a l f  hours ,  a r e a l i s t i c  maximum f l i g h t  t i m e  f o r  VTOL 
a i r c r a f t .  

The A I  d r i f t  rate can be w r i t t e n  as: 

Z A I  

A I  

and t h e  AS d r i f t  r a t e  as :  

a = MU f a  - w --As 

where t h e  MU, t h e  mass unbalance mat r ix ,  can be w r i t t e n  as:  

(3 8) 

(3.9) 

where MUXy 

by a c c e l e r a t i o n  along t h e  x a x i s .  
gyros i s  known, t h e  elements of MU w i l l  be the  M U I ,  MUS, and MU0 ( ~ 0 )  

d r i f t  r a t e s  f o r  t h e  t h r e e  gyros.  (Note t h a t  MUKk, k = x,  y ,  z equals  
p lus  o r  minus M U I k )  

denotes  t h e  m a s s  unbalance d r i f t  r a t e  of t h e  y gyro caused 
When t h e  a c t u a l  o r i e n t a t i o n  of t h e  

The t o t a l  gyro d r i f t  rate can then  be expressed as:  
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o r  

where 

( t  = 0 ) ,  t h e  t o t a l  gyro a a 
:AI ZAS 

d r i f t  f o r  a l e v e l  
platform 

a a w - = 0 )  -AS Awa = -AS 

A w a  ( t  = 0 )  = 0 

Expression (3.11) i s  u s e f u l  when t h e  gyro d r i f t  r a t e s  are determined 

by n o t  r o t a t i n g  t h e  ins t rument  frame wi th  r e s p e c t  t o  t h e  n-frame. For 

a space s t a b i l i z e d  p la t form,  t h e  &S i s  of  importance because of t h e  
r o t a t i o n s  of t h e  platform with r e s p e c t  t o  t h e  e a r t h ,  whi le  it can be 
neglec ted  when t h e  ins t rument  frame i s  a l igned  wi th  t h e  geographical  
frame, provided t h a t  t h e  e f f e c t  of t h e  a c c e l e r a t i o n s  of t h e  v e h i c l e  
can b e  neglec ted  compared wi th  the  e f f e c t  of t h e  g r a v i t y .  

-AS 

By neg lec t ing  the  e f f e c t  of t h e  a c c e l e r a t i o n  of t h e  v e h i c l e ,  
equa t ion  ( 3 . 9 )  can be  w r i t t e n  a s :  

when h igher  o rde r  e r r o r  terms a r e  neglec ted .  
This g ives :  

MUZx 

Y I -  MUZ 

a n 
u ( t  = 0 )  = -MU S, = -g MUZ -AS 

and 

a '  n 
s n  fle 

(3.12) 

Using equat ion  ( 3 . 4 )  t h e  t i m e  varying d r i f t  term becomes: 

16 



The d r i f t  a n g l e  dk can now be  found by i n t e g r a t i n g  equat ion 

(3.11) : 

Using equa t ion  ( 3 . 5 )  f o r  B t h i s  r e s u l t s  i n :  - 

where 

t + g  w i e  

1 

MUYy 1 (1-cos w i e t )  + 

(3.13) 

1 M U X ~  s i n  L, cos L~ + MUZ, C O S ~ L ,  

MUXy s i n  Lo cos Lo + MUZy cos2Lo 

MUX, s i n  Lo cos Lo + MUZ, cos2Lo 

Equation (3.13) g i v e s  t h e  terms of t h e  Ea ma t r ix ,  equa t ion  (3 .7 ) .  

(3.13a) 

3.1.3 Accelerometer U n c e r t a i n t i e s  

The accelerometer  u n c e r t a i n t i e s  taken i n t o  cons ide ra t ion  du r ing  
t h e  nav iga t ion  mode are scale f a c t o r  u n c e r t a i n t i e s ,  Aa, and b i a s  un- 

c e r t a i n t i e s ,  6fa, which can be regarded c o n s t a n t  f o r  a t  least  one and 
a h a l f  hours .  

(3.14) 
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(3.15) 

The b i a s  t e r m s  are n o t  n e c e s s a r i l y  t h e  same dur ing  the alignment phase 

and t h e  n a v i g a t i o n  phase. 

3.1.4 Measured S p e c i f i c  Force 

From F igure  3.1 the  o u t p u t  from t h e  accelerometers  i s  given by: 

f a  = (I  + ea) ca cao ca' f n  + & f a  - (3.16) -m - a. -a' -n - 

Using equa t ions  (2.17) and ( 3 . 6 ) ,  equa t ion  (3.16) can then be w r i t t e n  
as : 

f a  = (I - -  + Aa) (I- + - -  Da) (I + ka)Ca'fn + - & f a  -n - -m 

By neg lec t ing  products  of u n c e r t a i n t i e s ,  a f t e r  i n s e r t i n g  equat ion (2.8) 

t h i s  becomes : 

f a  -m -n c a l g n  - 

o r  when (3.4) is used: 

(Aa - + - Da a 
+ kf + -a $a + --w $a + 

where: 

de r ived  from equa t ions  (2.8a, b)  and (2 .17b) ,  and 

(3.17) 

(3.18) 
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This equa t ion  i s  de r ived  from equa t ions  (3.15) f o r  t > =  0 ,  (2.17a) and 
(2 .8a ) ,  v a l i d  f o r  t h e  alignment phase. 

The afx and a f y  terms can be  caused by a sudden change i n  t h e  
ground p o t e n t i a l  o r  an e lectr ical  o f f s e t  i s  removed by d i sconnec t ing  

t h e  alignment e l e c t r o n i c s  when the  system i s  switched t o  t h e  naviga- 
t i o n  mode. This  r e s u l t s  i n  a s t e p l i k e  change i n  t h e  s i g n a l s  f r o m  t h e  
acce le romete r s  which i s  n o t  caused by a s h i f t  i n  platform a t t i t u d e  o r  
i n  s p e c i f i c  fo rce .  

Equation (3.13) can also be  w r i t t e n  as: 

Equation ( 3.19) 
mode while  t h e  G: ' ILI 
celerometers  and t h e  

(3.19) 

shows t h a t  i n  t h e  beginning of  t h e  nav iga t ion  
I and z 0 ,  t h e  c o n s t a n t  b i a s  of t h e  x and y ac- 
d e f l e c t i o n  of t h e  v e r t i c a l  are n o t  t r a c e a b l e  i n  
- - 

t h e  accelerometer  ou tpu t s .  This  i s  due t o  t h e  f a c t  t h a t  t h e  l e v e l i n g  
loops seek t o  n u l l  t h e  accelerometer  ou tpu t s  during t h e  alignment mode, 

r e s u l t i n g  i n  a tilt o f  t h e  p l a t fo rm which g i v e s  an  e f f e c t i v e  compensa- 
t i o n  f o r  t h e  b i a s  terms and t h e  d e f l e c t i o n  of t h e  v e r t i c a l  when t h e  
s p e c i f i c  f o r c e  c o n s i s t s  mainly of t h e  g r a v i t y .  

3.2 The Navigation Computation 

The nav iga t ion  computer does t h e  computation of t h e  v e l o c i t y  and 
p o s i t i o n  i n  t h e  e a r t h  cen te red  i n e r t i a l  frame. The d i f f e r e n t  terms 
involved i n  t h e  computation are de r ived  i n  t h e  proceeding paragraphs.  

3.2.1 The c: Matrix 

I d e a l l y ,  one wants t o  i n s e r t  i n t o  t h e  computer a ma t r ix  t r a n s -  

forming t h e  s p e c i f i c  f o r c e  measured i n  t h e  a frame t o  t h e  i frame. Be-  

cause t h e  a frame d i f f e r s  from t h e  d e s i r e d  a '  frame due t o  unknown un- 
c e r t a i n t i e s  i n  t h e  IMU, t h e  b e s t  w e  can do i s  t o  use  t h e  c o n s t a n t  ci, 
matrix. This  ma t r ix  can be e s t ima ted  by using t h e  e s t ima ted  va lues  
of  t h e  l a t i t u d e  and long i tude ,  zo and f .  

- s i n  io cos  io - s i n  to  
A A Ei = - s i n  2, s i n  io cos Xo -cos Lo s i n  Xo 

-a I 
A 

cos Lo 1 0 1 -s in  Co 
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Now 
I\ 

Lo = Lo + &Lo 
where Lo is t h e  t r u e  va lue  and 6Lo i s  t h e  e r r o r  i n  t h e  estimate of  Lo. 

io = 0 

i .e. ,  t h e  x a x i s  of t h e  i frame is  de f ined  t o  i n t e r s e c t  with t h e  a c t u a l  
meridian through t h e  v e h i c l e .  
s e t  va lue  of t h e  l a t i t u d e - l o n g i t u d e  computer only.  

The e r r o r  i n  lo h a s  importance f o r  t h e  

W e  then g e t :  

e i  = ci (I + La) -a -a' 

where 

- s i n  Lo 

-a' ci = [  0 

cos Lo 

and 

0 0 

0 0 

6L, 0 

-&Lo 

0 

0 

.-cos Lo 

0 

- s i n  Lo 

(3.20) 

(3.20a) 

(3.20b) 

3.2.2 Computation of G r a v i t a t i o n  

To g e t  a s t a b l e  computation of p o s i t i o n ,  e x t e r n a l  a l t i t u d e  in -  

formation i s  used toge the r  w i t h  t h e  computed p o s i t i o n  t o  c a l c u l a t e  t h e  
g r a v i t a t i o n  f o r  t h e  r e fe rence  e l l i p s o i d .  The e r r o r  i n  t h e  computed 
g r a v i t a t i o n  can, a f t e r  neg lec t ing  t h e  second o r d e r  e r r o r  t e r m s ,  be 
found using a model f o r  a s p h e r i c a l  e a r t h .  

where 

- r a d i u s  of t h e  e a r t h  re 
h - a l t i t u d e  

r - computed p o s i t i o n  
-C 
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Using 

h = ho + 6h 

w e  g e t  t h e  computed g r a v i t a t i o n .  

r i 
r0 

Gi = Gi - w 2  6 r i  + 3wi 6h = 
-C -e s -  

where 

E , t h e  square of t h e  Schuler  frequency. w 2  = 
S (re + ho) 

ro = re + ho - d i s t a n c e  from c e n t e r  of t he  e a r t h  t o  t h e  v e h i c l e  

G I  -e - t h e  g r a v i t a t i o n  f o r  t h e  r e f e r e n c e  e l l i p s o i d  
which has  been s u b s t i t u t e d  . f o r  t he  g r a v i t a t i o n  

of a sphere  

- e r r o r  i n  computed p o s i t i o n  

6h - e r r o r  i n  es t imated  a l t i t u d e  

The l a s t  term of the express ion  above can be  modified by neg lec t ing  

second o rde r  e r r o r s :  

where it was noted t h a t  w g  = g/ro.  

given by: 
Inc luding  t h e  d e f l e c t i o n  of  t h e  v e r t i c a l ,  t he  t r u e  g r a v i t a t i o n  i s  

Thus, t h e  computed g r a v i t a t i o n  can then be expressed as: 

G~ = G~ - w 2  6 r i  - sn i 2 n - C i  -a, 3 -  ro lSh -n Ca'  c 
-C - s -  (3.21) 
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3.2.3 I n i t i a l  S e t t i n g  of t h e  I n t e g r a t o r s  

J u s t  p r i o r  t o  switching t h e  I N S  t o  t h e  nav iga t ion  mode, t h e  

v e l o c i t y  and p o s i t i o n  i n t e g r a t o r s  are s e t  with t h e  i n i t i a l  v a l u e s  of 

t h e  v e l o c i t y  and p o s i t i o n  of  t h e  v e h i c l e  i n  t h e  i frame. 

P o s i t i o n  S e t t i n g  

Because t h e  e x a c t  p o s i t i o n  of t h e  v e h i c l e  i s  n o t  known, w e  have: 

where 

(+ - - ti = Ci (I + za) because t h e  -n -a -a' 
a '  frame co inc ides  with t h e  n frame a t  t = 0 when s e t t i n g  occurs .  

S ince  

r ( o ) ~  = r ( O l i  + 6 r ( O I i  , - - -C 

then 

- ; ( o l n  = - r ( o l n  + - s r ( o I n  
where & ( 0 )  

t h e  v e h i c l e ,  neg lec t ed  he re .  Using t h e s e  equa t ions ,  w e  g e t  by neg- 
l e c t i n g  h ighe r  o rde r  e r r o r  terms : 

c o n s i s t s  of a l t i t u d e  e r r o r  and unpredicted movements of 

6 r ( O I i  = ci (za r ( 0 j n  + ~ ( 0 ) " )  -a ' - 

6 r  - 0 )  

6 r ( 0 )  - 

Veloc i ty  S e t t i n g  

B y  t ak ing  t h e  d e r i v a t i v e  of L~ = sk gn and using t h e  l a w  of 

C o r i o l i s ,  w e  g e t  

vi = ci [vn + an r n ]  - -n - --In - 
Using t h i s  equa t ion  t o  compute t h e  v e l o c i t y  a t  t = 0 ,  w e  g e t :  
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v ( 0 l i  = ^i  c [IC(O) a '  + Ein n -c r ( 0 1 ~ ~ 1  
-C -a 

where 

v ( 0 ) i  = V ( 0 )  i + 6 J ( O P  - -C 

= - ( u ) v a '  caused by wind g u s t s ,  -C v ( o ) a '  = - 0 ,  v ( o ) a '  - 
l oad ing ,  etc.  

in = f in  + aE:n caused by u n c e r t a i n t y  i n  L. ( m i e  i s  -in -in 

assumed t o  b e  a p p l i e d  wi thou t  e r r o r . )  

w s i n  Lo 0 

w cos Lo 0 

i e  0 

--w cos Lo i e  --In = [ w  i e  s i n  Lo 0 

i e  0 

w 6Lo cos Lo 0 i e  0 

--In an? = [-w i e  6Lo cos Lo 0 w i e  6Lo s i n  L 

- w  &Lo s i n  Lo 0 i e  0 

ei = ci (1. + za) -a -a' 

Neglect ing products  of u n c e r t a i n t i e s ,  t h e s e  equa t ions ,  t oge the r  w i t h  

(3.22) and (3.20b),  give:  

o r  f i n a l l y ,  

(U)V,  

- ~ v ( O ) ~  = & ~ v ( O ) ~ '  - = + 2 r 0  &Lo wie s i n  Lo + 6h -wie cos -a' 
(U)V,  

(3.23 
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3.3 P o s i t i o n  E r r o r  Equations 

From Figure 3.1 w e  g e t  

-i = Gi + e i  f a  
-c -a -m r 

-C 

By expres s ing  

and i n s e r t i n g  equa t ions  (3.211, (3 .20 )  I and (3.17)  I w e  g e t :  

Neglect ing p roduc t s  of u n c e r t a i n t i e s  and no t ing  t h a t  

.. i 
r = Gi + (2;' Ca' f n  and w i  = g / ro l  -n - - - 

t h e  above equa t ion  can be  r e w r i t t e n  as: 

a a 6h a '  n + tu + 3 - &Isn ( Z a  + Aa + Da + 
r0 - - - 

(3.24) 

where it was noted t h a t  

Equation (3.24) can now be expressed as a func t ion  of t i m e  by in-  
s e r t i n g  t h e  va r ious  matrices de r ived  i n  t h i s  chap te r .  

+ sr (1 - cos  w i e t )  + E, uiet s i n  w t i e  

+ 5, w i e t  (1 - cos u ie t )  + K -7 ( w i e t  - s i n  w i e t )  

+ K ,  s i n  w i e t  (1 - cos w i e t )  + E, (1 - cos w t) + i e  
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+ 5," s i n  w t ( w i e t  - s i n  w i e t )  + E, (1 - COS w t) 
ie  i e  

where 

K =  
-1 

+ 

K =  
-4 

( u i e t  - s i n  w t) i e  

- I +  + € Z  cos Lo 

ay cos Lo 

-6€,/g cos Lo I +  r) s i n  Lo + COS L, 

5 s i n  L, 

0 

(3.25) 

(3.25a) 

(3.25b) 

tify/g COS~L, - +fz s i n  L, cos 

6fx/g C O S ~ L ~  + ax s i n  L, cos L, 

i e  
-6fx/g s i n  L, cos L, + a, COS~L, 

2 5  s i n  Lo cos Lo s i n  Lo cos Lo 

0 

(3.25d) 

- c  cos2Lo Y 
c x  C O S ~ L ~ - ~ ~  s i n  L,COS L, + 

Z 

c y  s i n  Lo cos Lo 
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K 
- 5  

K 
- 6  

K 
-? 

K -8 

E9 

w i e  
dox 

- - 

cos Lo 
d 0 Y  

-w 
cos Lo s i n  L, - 

- - w i e  ~ w d o ~  cos Lo - w doz 
s i n  Lo 

d 0 Y  
w 

- 1 - -  
w .. i e  

- g cos LQ - 
i e  

-MUYy 

- - 'Os LQ 1 MUY, 
'ie I cos Lo 

cos Lo - MUY, s i n  Lo 

s i n  Lo 

-wMuY cos Lo 
OMUX cos Lo - W M U ~  s i n  Lo 

wMUy s i n  Lo 
w i e  

- 
K I I  - 

(3.25e) 

(3.25f) 

( 3.25h) 

(3 .25i)  

(3 .25j )  

(3.25k) 
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Solution of the Position Differential Equations 

By assuming that the matrices IZ1 to El l  consist only of constant 
terms, i.e. gyro drifts and accelerometer uncertainties are time in- 
variant, equation (3.25) can easily be solved by use of the Laplace 
transformation method. Using the initial conditions given by equa- 
tions (3.22) and (3.23) we get: 

I 2 2 
2*ie - '*ie 

+ I 1 9  
sis2+wie2) s(s2+4wie2) (s2+ws2) 

- 
+ El, (s2+wie2) 2 s (s2+4wie2) 

(3.26) 

Transforming back to the time domain, (3.26) gives: 
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w 2  i e  w 2  i e  
*S 

+ K5(1 + T )  w i e t  s i n  w i e t  + K (1 + 7) u i e  (1-cos qet) 
S -6 - 

w 3  i e  + [E, - 7 5,l ( w i e t  - s i n  w i e  t) 
S 

u i e 2  a ie2  
w 2 -11 i e  + 15, (1 + 7) - 3 - 3 s i n  w t (1-cos w i e t )  

OS S 

2 
o i e  *ie + g9 (1 + -) (1-cos w i e t )  + glo (1 + 7) s i n  w t 
w 2  w i e  

( w i e t  - s i n  o t) 

S S 

i e  

w z  i e  cos w t t - s i n  w t) (1-cos w i e t )  + 5,  7 i e  + E11'wie i e  
S 

( w i e t  - s i n  w t)  i e  

w 

w 
All t e r m s  m u l t i p l i e d  by (z)n, n 2 4 have been neglected.  

The c o e f f i c i e n t  of t h e  (1-cos w s t )  t e r m  can be  s i m p l i f i e d  using 
S 

(3.25a) and (3.22) as: 

where t h e  i n i t i a l  l a t i t u d e  e r r o r  i s  cance l l ed .  
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Equation (3.27) can be s i m p l i f i e d  because many of t h e  terms w i l l  
make an i n s i g n i f i c a n t  c o n t r i b u t i o n  t o  t h e  p o s i t i o n  e r r o r .  The follow- 

ing obse rva t ions  can b e  made: 

w i e  All (1 + 7) f a c t o r s  can be  reduced t o  1 because 
U S  

t h i s  w i l l  i n t roduce  only 0.3% e r r o r  i n  t h e  estimate 
of t h e  u n c e r t a i n t i e s .  

The terms of t h e  K_ matrices are normalized so t h a t  

1 meru, 1 mg, and 1 mrad g i v e  a f a c t o r  o f  

I t  is  more i n s t r u c t i v e  t o  look a t  t h e  p o s i t i o n  e r r o r s  i n  t h e  a '  
frame, which i s  t h e  i d e a l  instrument  frame, than i n  t h e  i frame. W e  

can then s u b s t i t u t e :  

Excluding t e r m s  g iv ing  a c o n t r i b u t i o n  less than  130 f e e t  propagating 
with t h e  Schu le r  frequency 
propagat ing with t h e  e a r t h  ra te  frequency when exposed t o  u n c e r t a i n t i e s  
with t h e  fol lowing maximum values:  1 0  meru, 1 mg, 1 mrad, and 10'3rad, 
equat ion (3.27) can be reduced t o :  

and less than  1 , 0 0 0  f e e t  a f t e r  two hours 

+ K 2 w i e t  + E3 s i n  w i e t  + E,+( l - cos  w i e t )  

+ E5wiet s i n  w i e t  + K s w i e t  (1-cos w i e t )  

t - s i n  w t) + E8 s i n  w t (1-cos w i e t )  
+ I 1 7  ( W i e  i e  i e  

+ (1-cos w i e t )  + s i n  w i e t  ( w i e t  - s i n  w t) i e  

+ 5 ,  I ( w i e t  - s i n  w t) (1-cos w i e t ) 1  i e  

29 
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F u r t h e r  s i m p l i f i c a t i o n s  can b e  made because some of t h e  terms i n  

t h e  K - m a t r i c e s  w i l l  g i v e  n e g l i g i b l e  p o s i t i o n  e r r o r s .  

t h e  fol lowing p o s i t i o n  e r r o r :  

On a s t a t i o n a r y  base ,  t h e  d e f l e c t i o n  of t h e  v e r t i c a l  r e s u l t s  i n  

1 0 0  f ee t / sTc  a f t e r  6 hours ,  a t  Lo = 4 5 "  

200  f ee t / sTc  a f t e r  1 2  hours ,  corresponding t o  2 n.m. f o r  t h e  
l a r g e s t  abnormality known 

For comparison, 1 meru gyro d r i f t  ra te  g i v e s  1 0  n.m. e r r o r  a f t e r  

1 2  hours.  Thus, t h e  d e f l e c t i o n  o f  t h e  ve r t i ca l  w i l l  be  neg lec t ed  i n  
t h i s  a n a l y s i s .  For an INS on a noving base going through r eg ions  with 
d i f f e r e n t  d e f l e c t i o n s ,  a l a r g e r  e r r o r  c o n t r i b u t i o n  i s  expected because 
t h e  compensating e f f e c t  t h e  alignment gave f o r  an I N S  on a s t a t i o n a r y  
base i s  reduced o r  even c o n t r i b u t e s  t o  a l a r g e r  e r r o r .  On a moving 

base t h e  d e f l e c t i o n  of t h e  v e r t i c a l  g i v e s  t h e  same e f f e c t  as a v a r i a -  
t i o n  of t h e  b i a s  terms. 

3.4 4 
I f  t h e  leng th  of a run is  r e s t r i c t e d  t o  a maximum of one and a 

h a l f  hours ,  w e  can make t h e  fol lowing s u b s t i t u t i o n s  i n  equa t ion  (3.28):  

1 
6 i e  w t - - w  3 t3 s i n  w t = i e  i e  

1 1 - cos w t = - w 2t2 i e  2 i e  

The t4 terms are neg lec t ed  because they g ive  a maximum c o n t r i b u t i o n  of 
1 , 0 0 0  f e e t  t o  t h e  p o s i t i o n  e r r o r  f o r  a 1 0  meru gyro d r i f t  rate during 
a one and a h a l f  hour run. Equation (3.28) becomes: 

(3.29) 

w 
+ r  - i e  ;,(wst - s i n  w s t )  

O 
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where g2 through LJ5 are given by equa t ions  (3.2933) through (3.29e) e 
This  equa t ion  is  p l o t t e d  i n  F igu re  3.2. 
I n  t h e  fol lowing d i s c u s s i o n  t h e  INS u n c e r t a i n t i e s  are considered 

less than  t h e  va lues  given by Table 3.1. 

Accelerometer u n c e r t a i n t i e s :  
B i a s  6fk 
Sca le  f a c t o r  ak 
B i a s  change a f x ,  a f y  < 0'. 1 m g  

Gyro u n c e r t a i n t i e s :  
Fixed d r i f t  ra te ,  wdok 
Mass unbalance, w ~ u ~  (eqn. (3 .13a))  

Alignment u n c e r t a i n t i e s :  
Caused by x and y gyro d r i f t  
Misalignment, ck , (u) 4~ 
Def lec t ion  of t h e  ve r t i ca l ,  5 ,  rl 

I n i t i a l  va lues  : 
I n i t i a l  v e l o c i t y  , 6 V  (0)  k 
L a t i t u d e  e r r o r ,  6Lo 
A l t i t u d e  e r r o r ,  6h 

9MUyk 

Table 3.1 
C o n s t r a i n t s  on INS U n c e r t a i n t i e s  

< 1 0  meru 
< 5 meru 
< 1 0  meru 

< 0 . 1  mrad 
< 1 mrad o r  3.44 min 
< 0 . 1  mrad o r  2 0  sec 

< 0.3 m / s  o r  1 f t / s e c  
< 0 .1mrad  o r  20 sec 
< 1 0 0  m 

Taking i n t o  account  only terms g i v i n g  e r r o r s  more than 1 , 3 0 0  f e e t  

a f t e r  one and a h a l f  hours  o r  terms causing e r r o r s  above t h e  shaded 
area i n  Figure 3.2 when t h e  u n c e r t a i n t i e s  are r e s t r i c t e d  by t h e  va lues  
given i n  Table 3.1, w e  can express  t h e  c o e f f i c i e n t  matrices of (3.29) , 
shown i n  F igu re  3.2 as: 

I ts  r e l a t i v e  importance dec reases  
GV(D)a' with t i m e  and can be  neg lec t ed  (3.29a) 

t > 6 0  min. 

1 a f,/g 

(3.29b) 
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where: 

- - 
'wk (1) 

where : 

Wdok'F(o) ' 'uk(2) = 0 ,  k = X I  Y 

doy w - - -  
+wz ( 2 )  Wie cos Lo 

C l z  cos 

0 '1+! - C x  cos 

( 3 . 2 9 ~ )  

(3.29d) 

1 
3 i e  wz COS Lo - -u @ + 

Wdox cos Lo - waoz s i n  Lo 

Wdoy s i n  Lo - gMUY, 

(3.29e) 

U = (-I(,+3K6+E,+35,) z 3 cos LQ w -5 - 
i e  

Equat ion (3.29, a-e) and F i g u r e  3.2 d e s c r i b e  t h e  error propaga- 
t i o n  fo r  I N S  u n c e r t a i n t i e s  g iven  i n  Table 3 . 1  f o r  an uncompensated run 
l a s t i n g  less t h a n  one and a h a l f  hours .  
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P o s i t i o n  
E r r o r  
(n.m.)  

l.! 

0. 

0 

0. 

, 
I 
1 

I 
I 

I 
I 
I 
I 
I 
I 
I 
I 
I 

~ ~ ~ f 1 0 - 4  I 
I 
I 

I I 

Figure  3.2 

P o s i t i o n  Er ro r  Propagat ion 

l-coswst) 

& i e 3 t 3  

T i m e  

Minutes 

k = x , y , z  
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A s  shown, many of the  u n c e r t a i n t i e s  g iv ing  e r r o r s  l a r g e r  than 
1 n.m. f o r  a one hour run a l s o  g i v e  s i g n i f i c a n t  e r r o r s  f o r  t i m e s  less 
than  20 minutes ,  i n d i c a t i n g  t h a t  t h e  most important  e r r o r s  could be de- 
t e c t e d  du r ing  a s h o r t  p r e f l i g h t  t e s t  run. 

I n  o r d e r  t o  v i s u a l i z e  how t h e s e  u n c e r t a i n t y  matrices e n t e r  i n t o  
t h e  nav iga t ion  system, a block diagram v a l i d  f o r  a maximum one and a 
h a l f  hour run can be developed. By t ak ing  t h e  Laplace t ransform of  
equa t ion  (3.29) ,  w e  g e t :  

3 
US U W i e  + ro - w s -3 s 2 ( s 2 + w s 2 )  

(3.30) 

w z  
1 

+ ro - u i e  u, [ w s 2 / s 3  - S 

usz - s ( s 2 + w s 2 )  

w s  w 3  i e  
w 3  

+ ro - (--- 
s 4  s 2 ( s 2 + w  2 )  

S S 

The l a s t  t e r m  i n  t h e  l a s t  s e t  of b racke t s  w a s  neg lec t ed  i n  equat ion 

(3.29) .  I n  block diagram form, w i t h  a l l  q u a n t i t i e s  i n  the  a '  frame, 
t h i s  becomes : 

Figure  3.3 
S i m p l i f i e d  Block Diagram Valid f o r  a 

Maximum One and a Half Hour Run 
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1 a '  By moving t h e  -&(O) t e r m  o u t  of t h e  Schu le r  loop t o  t h e  o u t p u t  

of t h e  system, the %&ws2 t e r m  w i l l  s imul taneous ly  be changed t o  

%I&wsz which would be more i n  accordance w i t h  t h e  equa t ion  (3.29) .  
Note a l s o  t h a t  r o w s 2  = g. The summation p o i n t  2 corresponds t o  t h e  
acce lerometer  o u t p u t  s i g n a l s  due t o  INS u n c e r t a i n t i e s .  The o t h e r  sum- 
mation p o i n t s  do n o t  correspond t o  p h y s i c a l  summation p o i n t s  i n  t h e  
system. 

of  t h e  U matrices. 
The fo l lowing  comments can now be  made about  t h e  i n t e r p r e t a t i o n  

- 
The tJ2 u n c e r t a i n t y  matrix c o n s i s t s  of  t h e  terms g i v i n g  rise t o  

a c t u a l  acce lerometer  o u t p u t  s i g n a l s  j u s t  a f t e r  t h e  system i s  swi tched  
t o  t h e  nav iga t ion  mode. The x and y t e r m s  o f  t h e  tJ2 matrix c o n s i s t s  
of  change i n  acce lerometer  b i a s  and misalignment terms caus ing  ac- 
ce le rometer  s i g n a l s .  The z t e r m  is  caused by t h e  e r roneous  measure- 
ment of t h e  g f i e l d  by t h e  z acce lerometer .  A s  can be  seen from 
Figure  3.3, t h e  LJ2 mat r ix  propagates  i n  t h e  same manner as a c o n s t a n t  
s i g n a l  from t h e  acce lerometer .  

The tJ3 mat r ix  i s  made up of two d i f f e r e n t  error sources  propagat-  
i n g  i n  t h e  same manner f o r  s h o r t  f l i g h t s .  Comparing equat ion  ( 3 . 2 9 ~ )  
wi th  (2.18a) and remembering t h a t  t h e  less impor tan t  terms have been 

neg lec t ed ,  w e  can w r i t e :  

u =  
-3 

Lf ] 
-C& 

cos Lo + 1 

ie  
- w (3.31) 

The f i r s t  t e r m  r e s u l t s  from t h e  r o t a t i o n  of  t h e  g f i e l d  wi th  res- 
p e c t  t o  t h e  space  s t a b i l i z e d  p la t form.  A f t e r  a s i x  hour run ,  f o r  in-  
s t ance ,  t h e  g v e c t o r  h a s  turned  90° and t h e  x accelerometer would p ick  
up an e r roneous  component of g r a v i t y  equa l  t o  g Cd 

s h o r t e r  runs  
-g c3; cos Lo terms sensed  by t h e  x and z acce lerometers  grow wi th  
w i e t .  The second e r r o r  source  i s  gyro  d r i f t  caus ing  an  i n c r e a s e  i n  
t h e  e r r o r  ang le s  about  t he  x and y axes. This  causes  t h e  y and 
x acce lerometers  t o  sense  a growing er roneous  component of t h e  g f i e l d .  
The LJ, u n c e r t a i n t y  ma t r ix ,  t h e r e f o r e ,  p ropagates  s i m i l a r l y  t o  a l i n e -  
a r l y  i n c r e a s i n g  s i g n a l  from t h e  acce le romete r s ,  as shown i n  F igu re  3.3 
where t h e  LJ3 term is  f e d  through an  i n t e g r a t o r .  The advantage of  us- 
i n g  a gyrocompassing scheme can be  seen.  The main e r r o r  c o n t r i b u t i o n  
t o  t h e  C L  e r r o r  angle  i s ,  accord ing  t o  equa t ion  ( 3 . 2 9 ~ )  and Table  3.1, 
t h e  t e r m  caused by t h e  y gyro  d r i f t ,  wieJI, ,  ( 2 )  cos  LO e 

cos  LO. For 
w e  can make t h e  approximation t h a t  t h e  g C i  cos LO and 

This  e r r o r  
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causes  t h e  x accelerometer  t o  p i ck  up an i n c r e a s i n g  component of  t h e  

g v e c t o r  equa l  t o  wie$ 
a growing misalignment about  t h e  y a x i s  e q u a l  t o  Udoyt, making t h e  x 
accelerometer  p i ck  up a component of  g e q u a l  t o  g Wdoyt. 

and using w i e t  i n s t e a d  of s i n  w i e t ,  it can t h e  expres s ion  f o r  $ 

be  seen t h a t  t h e s e  two terms are cance l l ed .  Using t h e o d o l i t e  alignment 
of  azimuth, t h e  terms ( u ) +  cos Lo and Wdoy/wie w i l l  n o t  cance l  
g e n e r a l .  

cos  Lo s i n  w i e t .  The y gyro d r i f t  causes wz ( 2 )  

I n s e r t i n g  

wz (2)  

i n  

The E,, m a t r i x  a l s o  c o n s i s t s  mainly of two e r r o r  sou rces ,  namely, 
c o n s t a n t  gyro d r i f t  and a c c e l e r a t i o n - s e n s i t i v e  gyro d r i f t .  The in -  
crease i n  t h e  alignment e r r o r s  about  t h e  x and z axes of wdoxt and 

wdozt, r e s p e c t i v e l y ,  g i v e s  an e q u i v a l e n t  e f f e c t  as C; and C s  i n  
equa t ion  (3.31) S i m i l a r l y ,  the gMUYy and gMUYx terms i n c r e a s e  t h e  
t o t a l  d r i f t  ra te  of t h e  y and x gyros.  These inc reased  gyro d r i f t s  

cause s i m i l a r  e r r o r s  as wdoy and wdox i n  equa t ion  (3.31).  

4 .  PROPAGATION OF I . N . S .  UNCERTAINTIES DURING A PREFLIGHT TEST RUN 

When al ignment  t o  t h e  n frame i s  f i n i s h e d ,  t h e  I . N . S .  i s  switched 
t o  t h e  nav iga t ion  mode. A s h o r t  t e s t  run with t h e  v e h i c l e  a t  rest i s  
then performed and t h e  accelerometer  and p o s i t i o n  o u t p u t  d a t a  can be  
analyzed t o  determine t h e  major e r r o r  terms. One of t h e  o b j e c t i v e s  of 
t h i s  a n a l y s i s  i s  t o  determine t h e  use fu lness  of a simple c u r v e - f i t t i n g  
technique. 

I n  a space s t a b i l i z e d  system t h e  accelerometer  d a t a  does n o t  in-  

c lude  t h e  Schu le r  frequency and computer e r r o r s .  Thus, a comparison 
between t h e  d a t a  r ece ived  from t h e  accelerometers  and from t h e  pos i -  
t i o n  computer i s  made. 

4 . 1  E r r o r  Propagat ion i n  t h e  Accelerometer Data 

The ou tpu t s  from t h e  accelerometers  are g iven  by equa t ion  (3.19) .  

The s p e c i f i c  f o r c e  t h a t  t h e  accelerometers  should measure can be 
e s t ima ted  by : 

where : 

9: - u n c e r t a i n t y  i n  e s t ima ted  magnitude of g 

- This  estimate i s  i n a c c u r a t e  because of t h e  u n c e r t a i n t i e s  i n  ;a' 
-n 

t h e  l a t i t u d e  of t h e  veh ic l e .  Using equat ion (3 .20 ) ,  w e  g e t :  
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where - Z a  i s  given by equa t ion  (3.20b) 

P u t t i n g  (4.la, b) i n  (3.19)  and using t h e  equa t ion  s:'= - I+B, w e  
g e t :  

This can b e  w r i t t e n  as a f u n c t i o n  of t i m e  by i n s e r t i n g  t h e  expressions 
f o r  t h e  matrices d e r i v e d  i n  Chapter 3: 

Afa = g{&, + K , w i e t  + A,sin w t + &,(1 - cos w t) i e  i e  - 

+ K , w i e t  s i n  w i e t  + K , w i e t  (1 - cos w t) - i e  - 

+ K , ( w i e t  - s i n  w i e t )  + K8 s i n  w t (1 - cos w t) - i e  i e  

+ ~ , ( l  - cos u i e t ) '  +  sin w t ( w i e t  - s i n  w t) i e  i e  

+ K , ,  (1 - cos w t) ( w i e t  - s i n  w t ) }  i e  i e  

where: 

A -1 

(4.3) 

(4 .3a)  

- ( 6g/g + 36h/r,) s i n  Lo COS 

0 

-(6g/g + 36h/r0) cos' L, 

A = K 4 +  -4 

(4.3b) 

(4.3c) 
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The E, t o  5, matrices are given by t h e  e q u a t i o n s  (3.25a-k) . 

The term ( 6 g / g  + 36h/ro) i s  due t o  a p o s s i b l e  d i f f e r e n c e  i n  com- 

pu t ing  g i n  t h e  d a t a  a n a l y s i s  and i n  t h e  n a v i g a t i o n  computer. I t  is  
l i k e l y  t h a t  t h e  same u n c e r t a i n t y  i s  involved. Therefore ,  f o r  most 
p r a c t i c a l  cases t h i s  term can be  set  t o  zero.  

R e s t r i c t i n g  a p r e f l i g h t  t e s t  run t o  a maximum of 20  minutes,  

equa t ion  (4.3) can be s i m p l i f i e d  considerably.  By n e g l e c t i n g  terms 
g i v i n g  less than  1 0  pg a f t e r  20  minutes f o r  t h e  maximum va lues  of t h e  
I N S  u n c e r t a i n t i e s  given i n  Table 3.1, and using 6g/g  = -36h/ro, w e  
g e t :  

equa t ions  (3.29c, d )  

( 4 . 4 )  

( 4 . 4 a )  

This  r e s u l t  could have been de r ived  d i r e c t l y  from Figure 3.3 i f  t h e  

e f f e c t  of t h e  d i s t u r b i n g  a c c e l e r a t i o n s  had been added t o  t h e  accelero-  
m e t e r  ou tpu t s .  

Equation ( 4 . 4 a )  can a l s o  be  w r i t t e n  as: 

(4.4b) 1 1 a = U, + - ( u ) i a  + - & r ( o )  
- 9  10- 

A = g2 + - (u )ga  1 + 
9 -1 

The i n f l u e n c e  of  t h e  u n c e r t a i n t i e s  a t  d i f f e r e n t  t i m e  intervals on 
t h e  ou tpu t s  from t h e  accelerometers  i s  given i n  Table 4 . 1  as mg o r  pg 
per  u n i t  of t h e  u n c e r t a i n t y  a t  45" l a t i t u d e .  
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P n 1 mrad 3.4 min, 1 prad 0 . 2  sec, Lo = 45O 
System 1 - Theodoli te  alignment of  azimuth 
System 2 - Gyrocompassing 

Table 4 . 1  

The E f f e c t  of I M U  U n c e r t a i n t i e s  on E r r o r s  
i n  t h e  Accelerometer Outputs 

A s  can be seen from Table 4 . 1 ,  t h e  main d i f f e r e n c e  between using 

t h e o d o l i t e  alignment of azimuth and gyrocompassing du r ing  t h e  a l i g n -  
ment mode i s  t h e  i n f l u e n c e  of t h e  y gyro d r i f t  rate i n  t h e  nav iga t ion  

mode. From t h e  t a b l e  it i s  a l s o  obvious t h a t  on ly  l a r g e  d r i f t  rates 
can be  d e t e c t e d  from t h e  t2 t e r m  i n  ( 4 . 4 )  ~ 

4 . 2  

For p r e f l i g h t  t e s t  runs l a s t i n g  less than  20 minutes,  equa t ion  

(3.29) can be s i m p l i f i e d  f u r t h e r  by n e g l e c t i n g  terms g i v i n g  e r r o r s  
less than  100 feet  when t h e  va lues  given i n  Table 3.1 are used. 
t h e  p o s i t i o n  e r r o r  d a t a  from t h e  computer, on ly  t h e  change i n  t h e  posi-  

t i o n  can be r e g i s t e r e d .  This can be w r i t t e n  as: 

Using 

- A r a r  
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W e  t hen  g e t :  

Matrix 

U 3  
UZ 
52 
U 3  
U3 
V4 
Up 
- U 4  

- 

- 
I 

- - 

Ar" '  - 1 a '  - - 6V(O) s i n  w t - w -  S 
S 

Units  5 min 10.5 min 15 min 2 0  mir 

ft/mg 8 78 1 9 0  4 9 2  
ft/mg 1 4 4 0  6130 11840 21000 
ft/PPM 1 . 4  6 1  11.8 2 1  

ft/meru 11.5 95 269 700 
269 700 ft /meru 11.5 95 

ft /meru .1 1 . 4  6 23 
f t / p r a d  1.3 6 .1  11.8 2 1  
ft/meru .06 1 4.6 1 6 . 4  

(4.5) 

- I 

U2 ft/mrad 
U3 ft /mrad 
- 
- 

+ 

1 4 4 0  6130 11840 21000 
8 78 1 9 0  4 9 2  

w i e  ro w - U 3 ( w s t  - s i n  w s t )  
S 

w i e  1 + ro 7 LJ,[~ os2 t2 - (1 - cos w S t ) l  

where t h e  matrices are  given by (3.29a-d) . 

Only d r i f t  rates l a r g e r  t han  4-6 meru w i l l  g i v e  a p o s i t i o n  e r r o r  
l a r g e r  than 1 0 0  f e e t  i n  t h e  l a s t  t e r m  of  (4 .5 ) .  Therefore,  it is 
r a t h e r  doub t fu l  whether t h i s  term can be d e t e c t e d  i n  a p r e f l i g h t  t es t  
run. 

The e f f e c t s  of  t h e  most important  I.N.S. u n c e r t a i n t i e s  involved 

i n  equa t ion  (4.5) are l i s t e d  i n  Table 4.2 f o r  Lo = 45O. 

System Uncertainty 

1 & 2  6 f z ,  a f x ,  a f y  
1 & 2  

1&2 I wdox 

Lo = 45O, 1 prad z . 2  sec, 1 mrad z 3.4 min 

System 1 - Theodoli te  alignment of azimuth 

System 2 - Gyrocompassing 

Table 4 . 2  

t h e  P o s i t i o n  E r r o r  du r ing  a P r e f l i g h t  T e s t  Run 
The E f f e c t  of  I.N.S. U n c e r t a i n t i e s  on 
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4.3 Estimation of I.N.S. Uncertainties from a Preflight Test Run 

By comparing equation (4.4) for the accelerometer output error 
with equation (4.5) for the position error, we find that essentially 
the same uncertainty matrices are involved. For test times less than 
15 minutes, we get: 

sin w t 2 uSt, S 

1 - us3t3, 6 wst - sin wst 

and 

1 1 
2 s  - w 2t2 - (1 - cos wst) 3 ws4t4 

The position errors are then approximately the double integral of the 
accelerometer output errors because the error contributions from the 
navigation computer is negligible or cause the same uncertainties as 
the uncertainties in the estimation of the specific force used to com- 
pute the accelerometer output errors except for the &(0)a 
tion (4.4b). 
The "open loop double integration'' effect arises because the test time, 
which is less than one fourth of a Schuler period, prevents us from 
getting any benefit from the Schuler tuning in bounding the errors. 

The uncertainty in the initial velocity setting can give a neg- 
ligible position error if the accelerometer signals are properly fil- 
tered. The maximum value of the velocity uncertainty corresponds to 
the amplitude of the output from the first integrator in the navigation 
computer caused by the wiggling of the vehicle on the ground. The 
- 6V(O)a' term is constant during the navigation mode and is caused by 
switching the system from the alignment mode to the navigation mode 
when the instantaneous velocity is different from zero (Only the mean 
value of the ground speed, in this case zero, is fed to the navigation 
computer). If this velocity uncertainty is of importance, it can be 
computed during the alignment phase The - 6V (0 )  a' term propagates with 
sin wst and can easily be detected during the test run. 
tainty will, of course, differ from alignment to alignment. 

term, equa- 
The (u)ra - term will be filtered out in the integration. 

This uncer- 

The ( u ) i  term detected by the accelerometers is also caused by the 
same wiggling of the vehicle. This disturbance will make the acceler- 
ometer data noisy so that a low pass filtering of the accelerometer 
data is necessary. It therefore seems simpler to use the position data 
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for estimating the I.N.S. uncertainties because of the filtering effect 
of the double integration. 

When using pulse restraint accelerometers, each pulse corresponds 
to a fixed velocity increment, AV. This gives a finite resolution dur- 
ing a limited test interval. 

If the number of the velocity increments due to the IMU uncer- 
tainties during the test interval T is N for the three accelerometer 
outputs, we can write: 

T 
lafa dt = N AV 
0 

- 

which gives: 

In order to be able to determine the coefficients for the three time 
functions of equation (4.4), a minimum requirement is: 

Requiring that each of the coefficients shall give at least three 
pulses during the test period, we get the following minimum values 
that the coefficient must have in order to be determined: 

3AV 
T9 

Alk 2 - 
> 18Av 

ie -4k - w 2T3g 

6 AV -3k u 2  WieT2g 

k = x, y, z 

For AV = 0.1 ft/sec, we get the following minimum values for dif- 
ferent durations of the test run: 

5 min 10 rnin 20 min 

0.39 

Table 4.3 
Minimum Values of the Coefficients which 

can be Detected for AV = 0.1 ft/sec 

The matrix t14 in equation (4.4) consists of gyro drift terms. These 
drift terms must exceed the following values in order to be detected 
(Lo = 450): 
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gMUYx, gMUYy meru 
Wdoz meru 35 10 4.3 I 

10 'min 15 min 20 min 
49 14.5 6.1 

i.e., only large drift rates will show up. 
Restricting the discussion of the maximum values given by Table 

3.1, it is not likely that the g,, matrix can be determined for test 
times less than 15 minutes or even 20 minutes because in addition to 
the bad resolution, we can also have estimation errors. 

The U3k coefficients (k  = x, y using theodolite alignment of azi- 
muth, k = y when using gyrocompassing), has a resolution for T = 10 
minutes better than 1 meru. If a minimum of 10 pulses from the ac- 
celerometers are required, a 15 minute test run is necessary. To 
determine the U3z term at least 15 minutes of testing time is neces- 
sary. 

15.5 pg for T = 10 minutes. 
The resolution of the A l k  terms are 15.5 prad, corresponding to 

This leads to the conclusion that only the A I  and the LJ3 matrices 
in equation (4.4) can be determined. Provided that the resolution of 
the computed position does not give further limitations (resolution 
better than a few feet is required), the result above is also valid for 
the position error; i.e. if the t2 term in the accelerometer output 
error equation cannot be determined, its double integrated value, or 
more precisely, the u,, matrix in equation (4.5) cannot be determined 
either. Substituting LJ2 for GL, Table 4.3 is also valid for the posi- 
tion error equation. 

Equation (4.5) can then be written as: 

1 - I~V(O)~' sin w,t + ro L J 2 ( l  - cos w,t) t Ara' = 
Us - - 

u3(wst - sin wst) ie 
ro - 

Us - 
w 

(4.7) 

The coefficients in the above equation can be estimated from the pre- 
flight test data: 

A 

u = SV(0 -1 - 
h u = u +  
-2  -2 

6 = u 3 +  
-3 

a' 
+ E, (4.8a) 

- 2  E (4.8b) 

E3 (4.8~) 
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where 

are t h e  e r r o r s  i n  t h e  estimates and 

- 6 V ( 0 ) a ' ,  LJ2 and LJ3 are given by t h e  equa t ions  (3.29a, b,  c)  

Equations (4.8b, c) can now be w r i t t e n  as: 

(4.9b) 

For t h e  i n t e r p r e t a t i o n  of t h e s e  two matrices, see t h e  end of Chapter 3. 
I t  i s  e v i d e n t  from t h e s e  equa t ions  t h a t  w e  g e t  no information 

about t h e  x accelerometer  b i a s  and t h e  z gyro d r i f t ( a n d  y gyro d r i f t  

f o r  system 2 ) .  
The (6f 2/g-az-26h/ro) t e r m ,  which i s  dominated by t h e  cons t an t  

b i a s  t e r m ,  can be regarded as one unknown. The reason i s  t h a t  t h i s  
t e r m  can be thought  of as an erroneous measurement of t h e  g v e c t o r ,  
and t h e  aZ and 6h terms are neg lec t ed  i n  t h e  o t h e r  u n c e r t a i n t y  ma- 
t r ices.  

For system 1 equa t ions  (4.9a, b)  can be s a i d  t o  con ta in  1 0  un- 

known and independent I . N . S .  u n c e r t a i n t i e s ,  p l u s  s i x  e s t ima t ion  e r r o r  
t e r m s ,  whi le  w e  have only s i x  known (e s t ima ted )  t e r m s .  The I . N . S .  

terms f o r  system 1 are 

(u)xINS (1) = {af,, a f y ,  (6f2/g-az-26h/r0) , 6 f y r  c x r  
Tyr c z r  ( u ) $ r  Wdoxt Wdoy} ( 4 .  loa)  

4 4  



Using system 2 equa t ions  ( 4 . 9 a ,  b) c o n t a i n  e i g h t  independent I . N . S .  

u n c e r t a i n t i e s .  

I t  i s  n o t  obvious t h a t  any of t h e s e  terms can be  neg lec t ed  i n  o r d e r  t o  
reduce t h e s e  two u n c e r t a i n t y  vec to r s .  

I t  should a l s o  be noted t h a t  t h e  e s t i m a t i o n  e r r o r s  i n  equa t ions  
( 4 . 9 a ,  b)  could be a t  l eas t  of t h e  s a m e  o rde r  of magnitude as t h e  f i g -  
u re s  given i n  Table 4.3, rows 1 and 2 ,  r e s p e c t i v e l y .  

A s  a conclusion it can be s t a t e d  t h a t  it i s  n o t  p o s s i b l e  from a 
p r e f l i g h t  t e s t  run on ly  t o  determine t h e  independent I.N.S. uncertain-  
t ies  s e p a r a t e l y .  

5. COMPENSATION O F  I .N.  S . UNCERTAINTIES 

How t o  use t h e  e s t ima ted  d a t a  found from t h e  p r e f l i g h t  tes t  run t o  
compensate f o r  t h e  I . N . S .  u n c e r t a i n t i e s  depends upon t h e  updating pro- 
cedure chosen. The d i f f e r e n t  approaches desc r ibed  he re  are: 

1. The c o e f f i c i e n t s  f o r  t h e  d i f f e r e n t  t i m e  func t ions  

are i n t e r p r e t e d  as misalignment, b i a s  and d r i f t  rates. 
A f t e r  compensation a real ignment  i s  performed. 

2.  Using only t h e  p o s i t i o n  e r r o r  d a t a ,  compensation 

s i g n a l s  are app l i ed  wi thou t  realignment.  

3 .  Using accelerometer  d a t a  t o  d e r i v e  compensation 
s i g n a l s  which are app l i ed  wi thou t  realignment.  

6 

4 .  The u n c e r t a i n t i e s  are determined using only d a t a  
from t h e  alignment phase. 

Methods 2 and 3 imply t h a t  t h e  compensation d a t a  can be app l i ed  
immediately a f t e r  t h e  tes t  run i s  f i n i s h e d .  

Figure 5.1 shows some p o s s i b l e  p o i n t s  where compensation s i g n a l s  
can be f e d  i n t o  t h e  system. 

5.1 Compensation of  t h e  U n c e r t a i n t i e s  Followed by a Realignment 

I f  t h e  main I.N.S. u n c e r t a i n t i e s  remain almost cons t an t  from 
alignment t o  alignment,  which should be a v a l i d  assumption when t h e  
t i m e  involved i s  less than a h a l f  hour and t h e r e  is no cool ing down 
o r  s p i n  motor rundown between t h e  alignments,  one could determine t h e  
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u n c e r t a i n t i e s  from a p r e f l i g h t  t e s t  run,  d e r i v e  compensation s i g n a l s  

and then r e a l i g n  t h e  system. 

Figure 5 . 1  

P r i n c i p a l  Block Diagram Showing Alignment and Navigation Mode 

The cons t an t  t e r m s  i n  E ( 0 )  a '  are n e g l i g i b l e .  The random t e r m s  
caused by t h e  motion of t h e  v e h i c l e  w i l l  vary from alignment t o  a l ign -  
ment, and no compensation s i g n a l  should be app l i ed .  

I d e a l l y ,  only t h e  c o n s t a n t  p a r t s  of  t h e  u n c e r t a i n t y  t e r m s  should 

be compensated f o r ,  b u t  w e  cannot d i s t i n g u i s h  between c o n s t a n t  and ran- 
dom terms from t h e  t e s t  run on ly ,  o t h e r  than by using t h e  knowledge w e  

have of t h e  n a t u r e  of  t he  u n c e r t a i n t y  sources .  
Going back t o  equa t ions  (4.8a) and ( 4 . 9 a ,  b ) ,  w e  can s p l i t  t hose  

equa t ions  up i n t o  c o n s t a n t  t e r m s  and t e r m s  varying from alignment t o  
alignment.  Using no s u b s c r i p t  o r  s u b s c r i p t  c f o r  cons t an t  t e r m s ,  r f o r  

random, and l e t t i n g  ( ) p  denote t h e  va lue  du r ing  t h e  p r e f l i g h t  t e s t  
run,  w e  can w r i t e :  

h 

( 5 . l a )  

The random t e r m s  caused 

a '  
-1 u = - 6 V ( O ) ,  + El 

The c o n s t a n t  t e r m s  i n  f i ( 0 ) a '  are n e g l i g i b l e .  
by t h e  motion of t h e  v e h i c l e  w i l l  vary from alignment t o  alignment,  and 
no compensation s i g n a l  should be appl ied.  
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The t e r m s  crk,  k = x, y ,  z 

from alignment t o  alignment due t o  t r a n s i e n t s  o r  l i m i t  cyc l e s  as des- 
c r i b e d  i n  Chapter 2 ,  succeeding equa t ion  (2.17d),  wh i l e  Cck can be  
thought  of  a s  c o n s t a n t  e lectr ical  o f f s e t s  i n  t h e  alignment e l e c t r o n i c s ,  
equa t ions  (2.11a) and (2.15a).  The cck terms should t h e r e f o r e  i d e a l l y  
be compensated f o r  a t  p o i n t  3 ,  Figure 5.1. 

The b i a s  changes afk,  k = x ,  y, de f ined  i n  conjunct ion wi th  equa- 

can be thought  of as misalignments varying 

t i o n s  (3.18) ,  probably con ta in  mainly c o n s t a n t  t e r m s  and should be  com- 
pensated f o r  a t  p o i n t  2 ,  Figure 5.1. 

The gyro d r i f t  t e r m s  should be compensated f o r  a t  p o i n t  4 ,  F igu re  

5.1. 
A s  exp la ined  i n  t h e  l a s t  paragraph of Chapter 4 ,  w e  do n o t  have 

enough information t o  compute t h e  va r ious  terms of equa t ions  (5.1b1 c ) .  
The s i m p l e s t  and probably t h e  b e s t  way of using t h e  LJ2 mat r ix  i s  t o  

d e r i v e  t h e  fol lowing compensation s i g n a l s  which should be summed i n t o  
p o i n t  2 ,  Figure 5.1: 

h 

h 

--cP f a  = I::;] = -9 2 2  (5.2) 

f cp z 

where t h e  s i g n a l ,  fcpk,  k = x ,  y ,  z ,  should be  added t o  the kth ac- 

celerometer  s i g n a l .  I 

This  w i l l  be t h e  b e s t  way t o  compensate f o r  t h e  b i a s  changes, 
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equa t ion  ( 5 . l b )  o r  (4.9a, b) . The accelerometer  s i g n a l s  due t o  t h e  

misalignment t e r m s  i n  t h e  LJ2 mat r ix  w i l l  a l s o  be  compensated c o r r e c t l y  

f o r  s h o r t  runs ,  wh i l e ,  when t h e  l eng th  of t h e  run approaches s i x  hours 
( 9 0 °  r o t a t i o n  of t h e  g v e c t o r ) ,  t h i s  compensation becomes less and less 
accura t e .  Applying only f a  a s  a compensation s i g n a l  and r e a l i g n i n g  
t h e  p l a t fo rm,  t h e  alignment e r r o r s  have n o t  been reduced, b u t  t h e  e f -  

f ec t  of  t h e  misalignment on t h e  p o s i t i o n  e r r o r  has  been reduced. 

-CP 

The e r r o r  propagat ion a f t e r  compensation and real ignment  w i l l  de- 

pend upon how t h e  U3k t e r m s  are appl ied.  H e r e  w e  s h a l l  d i s t i n g u i s h  

between methods which d i f f e r  by where t h e  compensation s i g n a l s  are ap- 
p l i e d .  

5.1.1 I n t e r p r e t i n g  t h e  U3k Terms a s  L inea r ly  I n c r e a s i n g  Accelerometer 
U n c e r t a i n t i e s  

This i n t e r p r e t a t i o n  fol lows d i r e c t l y  from Figure 3.3 where t h e  
- U,  ma t r ix  i s  i n t e g r a t e d  and added t o  p o i n t  2 ,  which corresponds t o  t h e  

e r r o r s  i n  t h e  accelerometer  s i g n a l s .  The e f f e c t  of t h e  LJ, 
mat r ix  could then be  counteracted by applying gwieg3kr k = 

i n t e g r a t o r s  whose ou tpu t s  are connected t o  p o i n t  2 ,  Figure 
i n p u t  t o  t h e  t h r e e  i n t e g r a t o r s  w i l l  then be: 

Pf ZIpx 
A 

a Using & ,  equa t ion  ( 5 . 2 ) ,  as compensation s i g n a l s  a t  

u n c e r t a i n t y  

X I  Y I  t o  
5.1. The 

(5.3) 

p o i n t  2 ,  and 
pfA,"l equa t ion  (5.3) , through i n t e g r a t o r s  t o  p o i n t  2 
al ignment of t h e  p l a t fo rm,  t h e  r e s u l t i n g  e r r o r  propagat ion v a l i d  f o r  a 
maximum one and a h a l f  hour run can be found from Figure 3.3 o r  equa- 
t i o n  (3.30).  Transformed t o  t h e  t i m e  domain, t h i s  equat ion becomes: 

followed by a re- 

(5.4) 

Wie  4 

+ ro ~ ( 2 ,  - E,) ( w s t  - s i n  w s t )  
S 

i e  w z  
rZ 1 W s 2 t 2  - (1 - COS w s t ) l  + ro ; , g w i e 3 t 3  1 + 20 u s  

s 
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where t h e  fol lowing r e l a t i o n  w a s  used: 

- & r ( O )  a '  cos w s t  + ro 5,  (1 - cos w , t )  = & ( o ) ~ ' +  rog2 (I - cos w s t )  

where 

(5.4a) 

(wdok/F(O) = (wdok/F(O) I p  (Gyro d r i f t  no t  compensated f o r )  

Propagated wi th  ro ( w , t  - s i n  w s t ) :  Wie 
S 

u' = 
-3 

+ 

1 cos Lo - E 3 X  

cos Lo - E 3 2  

(5.4b) 

where t e r m s  less than  have been neglected.  

The l a s t  two t e r m s  remain the  same a s  i n  equat ion  (3.29d, e ) .  The con- 
c l u s i o n  t h a t  can be drawn is  t h a t  only t h e  (1 - cos w s t )  and t h e  
( w s t  - s i n  w s t )  terms have been reduced by t h i s  compensation method 

while  t h e  o t h e r  terms remain unchanged. From Figure  3.2 it i s  ev iden t  
t h a t  t h e  E,, t e r m ,  which conta ins  a c c e l e r a t i o n - s e n s i t i v e  d r i f t  rates 
f o r  t h e  x and y gyros,  t oge the r  wi th  t h e  i n i t i a l  z gyro d r i f t ,  can 
g ive  a s i g n i f i c a n t  p o s i t i o n  e r r o r .  Table 5.1 shows the  e f f e c t  of  t h e  
r e s i d u a l  d r i f t  t e r m s  f o r  L = 45'. 
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I I I P o s i t i o n  E r r o r  I 

Table 5.1 
E f f e c t  of Uncompensated U n c e r t a i n t i e s  a f t e r  Realignment 

The major disadvantages wi th  t h i s  method of  using t h e  information 
A 

i n  t h e  U ,  ma t r ix  are: 

a) Three e x t r a  i n t e g r a t o r s  i n  t h e  compensation 
e l e c t r o n i c s  are r equ i r ed .  

b)  The magnitude of t h e  tJ4 and L15 matrices has  

n o t  been reduced. 

The advantage i s  t h a t  t h e  e f f e c t  of  t h e  E, mat r ix  has been reduced as 
much as p o s s i b l e  l e a v i n g  only unpred ic t ab le  t e r m s .  A s  can be  seen 
from Figure 3.2, t h e  s e n s i t i v i t y  o f  t h e  U3k terms, k = x ,  y ,  z ,  on 
t h e  p o s i t i o n  e r r o r  are approximately t e n  t i m e s  t h e  s e n s i t i v i t y  of t h e  
U4k terms. 

A 

5.1.2 Supplying Compensation S i g n a l s  Derived from t h e  U ,  Matrix t o  t h e  

Gyro Torquers 

With a compensation and a subsequent real ignment ,  it i s  e v i d e n t  

from t h e  expres s ions  f o r  t h e  ;matrices i n  equat ion (3.29) t h a t  only 
t h e  t e r m s  con ta in ing  Wdok, k = x,  y ,  z can be c o n t r o l l e d  by applying 

compensation s i g n a l s  t o  t h e  gyro to rque r s .  
matrices, equa t ion  ( 5  a l b ,  c) , do n o t  g i v e  us any information about 

Wdoz bp((Wdoy f o r  system 21, w e  cannot ga in  anything by applying t o r -  
que r  s i g n a l s  t o  t h e  z ,  r e s p e c t i v e  z and y gyros.  

Because t h e  fi2 and c, 
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The compensation signals to be applied at point 4, Figure 5.1 can, 
by using (5.1~) , be expressed as: 

and €or system 2: 

Wcp(2) a = 

r d o x  + r e  € 3 1  

The residual gyro drifts after compensation are: 

,,,la = wa + wa = 
-do -do -cp 

or : 

(5.5b) 

(5.6a) 

Inserting equation (5.2) as a compensation signal at point 2, and 
equation (5.5a) or (5.5b) at point 4, Figure 5.1, and realigning the 
platform, the equation in the time domain can be derived in a similar 
way as equation (5.4) : 

1 a' sr(tIa' = 6r(0)a'+ - S V ( O )  sin wst + ro(g;-$,) (1 - cos wst) - - - 
Wie + ro LJ: (wst - sin wst) + 
S 
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where t h e  prime on t h e  5 matrices i n d i c a t e  t h a t  w '  

t u t e d  f o r  wdo. 
has  been s u b s t i -  

4 0  

t h e  same n o t a t i o n  as was expla ined  i n  paragraph 5.1.1, w e  Using 
g e t :  

U I - 6  = 
-2 -2 

where (wdok/F(0) ln=0 due t o  t h e  gyro d r i f t  compensation. 

- (6fy/g+cx)tan Lolcos 

0 

0 

+ wdoy J -gMUYx 

-2 Wie E cos Lo 
3Y 

0 

0 

(5.7b) 

(5.7c) 

[ gMUYZ 1 r w d o y ( 3 c ~  ] 
(5.7d) - 3c0s -wdozsin L~ + - 2: - w i e  

-gMUYx 3wdoysin Lo cos  Lo 
( 2 )  

where t e r m s  less than  have been neglec ted .  
Comparing t h i s  r e s u l t  wi th  t h e  r e s u l t  ob ta ined  i n  paragraph 5.1.1, 

w e  see t h a t  t h e  fo l lowing  t e r m s  have inc reased  i n  magnitude: 
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%x (1) ' u;x(2) 

whi le  t h e  t e r m s  which have been reduced a r e :  

E; (1) u;Y ( 2 )  

The e f f e c t  of t h e s e  changes can be found from Figure  3.2. 

2: 
of t h e  informat ion  i n  t h e  c3 matr ix  i s  n o t  used. 
t i o n  would be t o  combine t h e s e  two methods by apply ing  83,, r e spec t ive -  

l y  63x and 63, f o r  system 2 through i n t e g r a t o r s  t o  p o i n t  2 ,  F igure  
5.1. When judging o t h e r  methods, one should avoid E3 e r r o r  t e r m s  i n  
t h e  compensated E: matr ix  because t h e s e  e r r o r  t e r m s  could be l a r g e r  
than  t h e  o r i g i n a l  u n c e r t a i n t y  t e r m s  i n  t h e  g2 matr ix .  

dom misalignment t e r m s  dominate and when t h e  i n i t i a l  v e l o c i t y  error 
cannot be  neglec ted .  Another disadvantage of t h e s e  schemes i s  t h a t  t h e  
real ignment  is t i m e  consuming (5-15 minutes could be  p r a c t i c a l  f i g u r e s ) ,  
making t h e  p r e f l i g h t  p repa ra t ions  i n  many c a s e s  unacceptably long. 

The reason t h a t  t h i s  method g ives  a less favorab le  r e s u l t  f o r  t h e  
ma t r ix  than t h e  method desc r ibed  i n  paragraph 5.1.1, i s  t h a t  some 

A very u s e f u l  so lu-  

These compensation schemes w i l l  be  of l i m i t e d  va lue  when t h e  ran- 

5.2 Compensation Using P o s i t i o n  E r r o r  Data wi thout  a Following 
Realignment 

I n s t e a d  of r e a l i g n i n g  t h e  p l a t fo rm a f t e r  a compensation of t h e  un- 
c e r t a i n t i e s  has  been performed, w e  can apply t h e  compensation terms 
when t h e  p r e f l i g h t  t e s t  run i s  f i n i s h e d  and reset t h e  p o s i t i o n  and 
v e l o c i t y  i n t e g r a t o r s  t o  t h e  c o r r e c t  va lues .  I t  i s  assumed t h a t  t h e  
es t imated  va lues  of  t h e  u n c e r t a i n t i e s  a r e  a v a i l a b l e  and p u t  i n t o  t h e  
I . N . S .  computer j u s t  a f t e r  t h e  p r e f l i g h t  t es t  run  i s  f in i shed .  Referr-  
i n g  t o  F igure  5.1, p o s i t i o n  e r r o r  i s  compensated f o r  a t  6 ,  v e l o c i t y  
e r r o r  a t  5 ,  i n i t i a l  misalignment e r r o r  and misalignment e r r o r  caused 
by cons t an t  gyro d r i f t  ( a c c e l e r a t i o n - s e n s i t i v e  d r i f t  r a t e s  cannot be 
es t imated  from a s h o r t  tes t  run)  a t  p o i n t  2 ,  and t h e  l i n e a r l y  inc reas -  
i n g  a c c e l e r a t i o n  s i g n a l s  v i a  i n t e g r a t o r s  t o  p o i n t  2 ,  i .e .  t h e  same 
method of using t h e  IJ2 mat r ix  as i n  paragraph 5.1.1, has  been used f o r  
convenience. I n  a d d i t i o n  t o  t h e  informat ion  needed f o r  t h e  schemes 
desc r ibed  i n  paragraph 5.1, he re  w e  a l s o  need t h e  c o r r e c t  va lue  of 
t h e  v e l o c i t y  and p o s i t i o n  i n  t h e  i-frame a t  t h e  t i m e  T when t h e  t es t  
run i s  f in i shed .  

h 

The fol lowing s i g n a l s  a r e  then  i n s e r t e d  a s  s t e p  func t ions  a t  t = 

T. Expressed i n  Laplace form and r e f e r r i n g  t o  F igure  3.3, w e  have: 
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a t  p o i n t  6 :  -5 g ( T )  

where G(T)a' i s  t h e  e s t ima ted  p o s i t i o n  e r r o r  a t  t = T 

1 6 g ( T ) a '  E - sT a t  p o i n t  5: -- s -  

where S ( T ) a '  i s  t h e  e s t ima ted  v e l o c i t y  e r r o r  a t  t = T 

u s z  A W i e  A -ST a t  p o i n t  2: -Ios (2,  + - I J 3 w s T ) ~  

("ie A -sT 
r O - U E  a t  i n t e g r a t o r s  t o  p o i n t  2: -- us 

s us -3 

I n  t h e  t i m e  domain w e  then ge t :  

6 r ( t ) a ' -  - 6 r ( 0 ) a '  = -6;(T)a'cos c u s ( t - T )  + - s ( 0 )  s i n  u s t  1 a '  

US 
- 

1 . .  
us - -- 6 ? ( T )  s i n  u s ( t - T )  + ro LJJ(1 - cos u s t )  

( u s t  - s i n  u s t )  - r - W i e  0, [us( t -T)  - s i n  us ( t - T I  
0 us - 

From equat ion  (3.29)  w e  f i n d :  

6 r ( T ) a ' -  6 r ( o ) a ' =  + ~ ( 0 )  s i n  U,T 
1 a '  
S 

- - 

Wie 
+ ro g2 (1 - cos usT) + ro- U3(usT  - s i n  wsT) 

a s  - 

1 1 3 T 3  r7 w ~ ~ T ~  - (1 - COS U J ~ T ) ]  + rog5g uie + r o  T E, a i e 2  

U S  (5.8a) 

Rese t t i ng  t h e  p o s i t i o n  i n t e g r a t o r  t o  t h e  c a l c u l a t e d  correct va lue  
corresponds t o  p u t t i n g  i n  a s t e p  equa l  t o :  

c S ? ( T ) ~ '  = - 6 r ( T ) a '  - - 6 r ( 0 ) a '  - - & r ( T ) a '  (5.8b) - 
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The c o r r e c t  p o s i t i o n  i s  n o t  known e x a c t l y  because of t h e  p o s i t i o n  un- 

c e r t a i n t y  of t h e  veh ic l e .  The t e r m  z ( T ) ~ '  accounts  f o r  i naccurac i e s  
i n  c a l c u l a t i n g  what t h e  p o s i t i o n  should be a t  t = T. 

The v e l o c i t y  a t  t = T is:  

w i e  + ro g2 s i n  wsT + ro - u3(1 - cos w , ~ )  
- 

+ ro - m i e 2  U , ( w s T  - s i n  wsT) + ro - Wie u 1; w ~ ~ ~ T ~ ]  
2 ,  -5 2 

US US 

Rese t t ing  t h e  v e l o c i t y  i n t e g r a t o r  i s  equ iva len t  t o  i n s e r t i n g  a calcu-  

l a t e d  s t e p  equa l  t o :  

where t h e  & ( T I a '  t e r m  i s  t h e  inaccuracy i n  t h e  c a l c u l a t e d  t r u e  velo-  
c i t y  a t  t = T ,  i nc lud ing  t h e  e f f e c t  of t h e  wiggl ing of t h e  veh ic l e .  

I n s e r t i n g  t h e  equat ions  (5.8b, c) and (4.8a, b ,  c) i n t o  equat ion  
(5.8) and denot ing:  

t '  = t - T  

w e  g e t ,  f o r  t > T o r  t '  > 0: 

6 r ( t I a '  = 6 r ( 0 ) a ' +  & r ( T I a '  cos w S t '  + - & r ( T )  1 * a '  s i n  w S t '  
%- - - I 

1 + ro [-E, - E3 uieT + U - wie2T2] (1 - cos w s t ' )  
-4 2 

[-E3 + tJk u ieTI  ( w s t '  - s i n  w s t ' )  W i e  + ro - 
OS 

Z t ' 2  - (1 - cos w s t ' ) l  W i e  

1 + ro g w i e 3 t 3  

("ie 1 1 
where t h e  t e r m s  ro g5 T w i e 2 T 2  and g5 
because they  g ive  errors less than  1 0 0  f e e t  f o r  T < 20 minutes. 

w i e 3 T 3  have been neg lec t ed  
8 

Propagated wi th  ro (1 - cos w S t ' ) ,  w e  have: 
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2 Wdoz COS Lo gMUYy 

- ~ i ~ $ ~ ~  s i n  Lo cos Lo - gMUYx 

-2Wdox COS Lo 

The l a s t  term ro U, uie2T2 g ives  a maximum of 2 ,300  f e e t  e r r o r  f o r  

T = 20 minutes and t '  = 42 minutes when t h e  va lues  i n  Table 3 .1  a r e  

used. 

- 

W i e  Propagated wi th  ro - ( w , t '  - s i n  w s t ' )  : 
US 

(5.9b) 

L J  L 

t h e  l a s t  term here  w i l l  g ive  a 1.56 n.m. maximum e r r o r  f o r  t u  = 84 
minutes when T = 20  minutes and wdoz = 1 0  meru. 

given i n  (3.29d, e ) .  
The c o e f f i c i e n t  mat r ices  f o r  t h e  l a s t  two time func t ions  a r e  

Comparing t h e  p o s i t i o n  e r r o r  expressed i n  equat ions  (5.9a,  b)  

with (5.4a,  b)  i n  paragraph 5.1, it i s  ev iden t  t h a t  w e  g e t  a sma l l e r  
e r r o r  when r e a l i g n i n g  the  p la t form a f t e r  t h e  compensation s i g n a l s  
have been app l i ed ,  provided t h a t  t h e  random misalignment terms a r e  
s m a l l .  The reason i s  t h a t  t h e  misalignment caused by t h e  gyro d r i f t  
r a t e s  i n  t h e  LJ4 matr ix  i s  no t  removed because t h i s  mat r ix  cannot be 
es t imated  dur ing  t h e  p r e f l i g h t  tes t  run. 

5.3 Compensation wi thout  Realignment Using both  P o s i t i o n  and 
Accelerometer E r ro r  Data 

A t  t h e  end of t h e  p r e f l i g h t  t es t  pe r iod ,  t h e  i n d i c a t e d  acce lero-  

meter e r r o r  given by equat ion  ( 4 . 4 )  i s  an almost d i r e c t  measure of t h e  
misalignment, provided t h a t  adequate f i l t e r i n g  of t he  accelerometer  
s i g n a l s  i s  performed and t h a t  poss ib l e  compensation s i g n a l s  f ed  t o  
p o i n t  2 ,  Figure 5.1,  are co r rec t ed  f o r .  By applying t h e  co r rec t ed  
va lue  of afa a t  t = T a t  p o i n t  2 ,  t h e  t o t a l  misalignment of t h e  p l a t -  
form i s  i d e a l l y  compensated f o r .  From t h e  accelerometer  s i g n a l  o r  
from t h e  p o s i t i o n  e r r o r  d a t a ,  t h e  equ iva len t  cons tan t  gyro d r i f t  can 
be determined and compensated f o r  a t  p o i n t  4 i n  t he  same manner as 

descr ibed  i n  paragraph 5 .1 .2  o r  e3 i s  appl ied  through i n t e g r a t o r s  t o  
p o i n t  2 a s  i n  paragraph 5.1.1. This  l a s t  method w i l l  be used here .  
S i m i l a r l y ,  t h e  v e l o c i t y  and p o s i t i o n  i n t e g r a t o r s  a r e  a l s o  r e s e t  a t  
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t = T. 

The e r r o r s  i n d i c a t e d  by t h e  acce lerometers  a t  t = T can be w r i t t e n  
a s  : 

1 - Afa = g{Al + g3 wieT + g4 7 Wie2T2] 

The e s t ima ted  va lue  of  nfa a f t e r  f i l t e r i n g  can be expressed as: 

A?(TIa  = gigl f LJ3 w i e T  f LJ,, 2 wie 'T2 + E} (5.10) 

where E i s  t h e  d i f f e r e n c e  between t h e  f i l t e r e d  5 ,  and IZ1 mat r i ces  p l u s  
measurement u n c e r t a i n t i e s .  

(5. l ob )  

where ( u ) r ' k ( T )  , k = x, y ,  z i s  t h e  r e s i d u a l  of t h e  f i l t e r e d  d i s t u r -  
bance a c c e l e r a t i o n  a t  t = T. 

F igure  5.1, -g wieg, through i n t e g r a t o r s  t o  2 ,  - 6;  (T) a '  a t  6 ,  and g ( T )  a 
a t  5. 

A t  t = T,  w e  can i n s e r t  ga a t  p o i n t  2 ,  
3. 

An equat ion  s i m i l a r  t o  (5.8) can then  be  de r ived  from Figure  3.3 
f o r  a nav iga t ion  run l a s t i n g  less than  one and a h a l f  hours.  

1 
Us - 6 r ( t ) a '  - 6 r ( 0 ) a '  = -6rh(TIa '  cos  ws( t -T)  + - 6V(0)a ' s in  w s t  - - - 

0 - -  6 r ( T I a ' s i n  ws( t -T)  + ro LJ2 (1 - cos w s t )  
ws - 

- r o  - Af (T)  a'/g (1 - COS w s ( t - T )  ) 

U 3 ( w s t  - s i n  w s t )  W i e  + ro - 
U S  

- r o w -  G~ [ws'(t-T) - s i n  w s ( t - T )  I 

+ ro - 
1 

- 

S 

1 u 1- W S 2 t 2  - (1 - cos w s t ) l  W i e  
ws2 -4 2 

+ ro g w i e 3 t 3  
(5.11) 

By i n s e r t i n g  equat ion  (5.8b) f o r  6 ; ( T ) a ' ,  ( 5 . 8 ~ )  f o r  & ( T I a ' ,  (5.10) 

f o r  & ( T ) a ,  and ( 4 . 8 ~ )  f o r  c3 and denot ing  t' = t - T ,  equa t ion  (5.11) 
can be  w r i t t e n  f o r  t > T as: 
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1 .  - 6 r ( t ) a '  = ( & ( 0 ) a '  + - E r ( T ) a ' )  cos cost '  + --Er(T) s i n  w S t n  

i e  w 
- r o  E (1 - COS w s t ' )  + ro - [-E3 + 2 4  WieTI 

w 2  i e  2 t ' Z  - (1 - cos w s t ' ) l  ( w s t l  - s i n  cos t ' )  + r o  7 U4 us 
S 

+ ro 1 w i e 3 t 3  

(5.11b) 

where t h e  fo l lowing  t e r m s  have been omi t ted  because they  g ive  a neg- 
l i g i b l e  con t r ibu t ion :  

"'ie 1 w ~ ~ ~ T ~  s i n  u S t u ,  - ro - 
*S 

- r o  2 5  W i e  3 T 3 ( 1  - cos w s t ' ) ,  and 

Comparing equat ion  (5. l l b )  w i th  (5.9)  t h e  improvement obta ined  
i s  a r educ t ion  of  t h e  c o e f f i c i e n t  of t h e  (1 - cos w s t ' )  term because 
t h e  compensation of t h e  misalignment e r r o r  can be  made more accu ra t e  
us ing  t h e  acce lerometer  da ta .  

Comparing equat ion  ( 5  e l l b )  w i th  ( 5 . 4 )  , where alignment w a s  used 
a f t e r  compensation, a reduct ion  i n  t h e  misalignment e r r o r  could be ob- 
t a i n e d  using t h e  accelerometer d a t a  and n o t  r e a l i g n i n g  t h e  system, 
b u t  t h e  equ iva len t  d r i f t  t e r m s  propagated wi th  ( w s t  - s i n  w s t )  have 

inc reased  by t h e  amount of  LJ4 w i e T .  
du r ing  t h e  p r e f l i g h t  tes t  run. Therefore  compensation cannot be  
genera ted ,  and t h e  only way t o  reduce t h e  e f f e c t  of t h e s e  d r i f t  rates 
i s  t o  r e a l i g n  t h e  system. 

The ma t r ix  cannot be determined 

One way of mechanizing t h i s  system i s  shown i n  F igure  5 .2 .  Here 

T i s  t h e  l eng th  of t h e  p r e f l i g h t  test run. 

(5.12) 

where t h e  LJ4 term i n  equat ion  ( 4 . 4 )  has  been neglec ted .  
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-m f a  - i f a '  (T)  

F igure  5 . 2  

P o s s i b l e  Mechanization of Compensation S igna l s  

The f i l t e r  box can c o n s i s t  of a counter  count ing  t h e  AV p u l s e s  
from t h e  acce lerometers  f o r  a t i m e  i n t e r v a l  'I, hold ing  t h i s  va lue  and 
r e s e t t i n g  t h e  counter ,  and then  r e p e a t i n g . t h e  cyc le .  Because t h e  band- 
width of t h e  informat ion  and t h e  d i s tu rbances  i s  widely sepa ra t ed ,  
adequate f i l t e r i n g  can be  obta ined  by l e t t i n g  'I be  s e v e r a l  seconds.  
The va lue  of p' has  t o  be computed every T seconds.  Given T , g,  and 
Lo t h i s  computation can be done p r i o r  t o  t h e  t e s t  run. The va lue  of 
t h e  f i l t e r e d  a c c e l e r a t i o n  e r r o r ,  afa' ,  a t  t = T,  denoted - A ? a ' ( T )  , i s  
f ed  t o  p o i n t  2 ,  Figure  5.1. 

t ima te  of  t h e  t deEendent t e r m  by n e g l e c t i n g  t h e  h ighe r  o rde r  t e r m s .  
This  estimate of  g a '  i s  then  f ed  v i a  i n t e g r a t o r s  t o  F igure  5.1 a f t e r  

proper  s c a l i n g .  The e f f e c t  of n e g l e c t i n g  t h e  t e r m  LJ, w i e 2 t 2  i n  t h e  
express ion  f o r  t h e  a c c e l e r a t i o n  e r r o r  w i l l  have t h e  fol lowing e f f e c t  
on A + ' :  

- 

From t h e  E a '  va lue  one can,  by va r ious  techniques ,  d e r i v e  an es- 

1 

- 
- ~ g a '  = LJ~ W i e  + w i e 2 t  

Taking t h e  mean va lue  of  t h i s  express ion  f o r  t h e  tes t  i n t e r v a l ,  w e  ge t :  

1 - 
~ g a '  - - - w i e  [g3 + 7 U i e T I  

Using t h e  maximum u n c e r t a i n t i e s  given i n  Table 3.1, t h i s  l a s t  t e r m  
g ives  on ly  0 .5  x 10-3 f o r  T = 15 minutes ,  compared wi th  1 0  x 10-3 f o r  
t h e  f i r s t  term. Thus t h e  assumption made by neg lec t ing  h ighe r  o r d e r  
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t i m e  func t ions  i n  (5.10) should be va l id .  
It  i s  a l s o  necessary  t o  compute $ ( T )  and L ~ ( T )  t o  reset t h e  two 

i n t e g r a t o r s  i n  t h e  nav iga t ion  computer. These two va lues  can be com- 

puted p r i o r  t o  t h e  t es t  run and depend only  upon Lo, provided t h a t  T 

i s  f ixed .  

5.4 The U s e  of Data from t h e  Alignment Phase 

The s i g n a l s  which could be made a v a i l a b l e  dur ing  t h e  al ignment  

phase a r e  t h e  acce lerometer  s i g n a l s  and t h e  command s i g n a l s  t o  t h e  
gyro to rque r s .  It  i s  only necessary  t o  s tudy  t h e s e  s i g n a l s  under 
s t eady  s t a t e  cond i t ions .  

5 . 4 . 1  The Gyro Torquer Command S igna l s  

Using equat ions  (2.3a,  b )  w e  can w r i t e :  

a a a a n a 
Loia = (+fifD + ll.&o = klc + w .  -in + %io 

a a n  a 
- ia  -n --In + gna w = c  w .  

where wa denotes  t h e  s i g n a l s  coming from t h e  al ignment  e l e c t r o n i c s  and 
n w .  denotes  t h e  cons t an t  e a r t h  r a t e  compensation s i g n a l s .  -in 

-C 

Rewri t ing t h e  equat ions  above w e  ge t :  

Dealing only wi th  t h e  s t eady  s t a t e ,  t h e  g:a ma t r ix ,  given by 
( 2 . 5 ) ,  can be  set  equa l  t o  zero.  I n s e r t i n g  equat ions  ( 2 . 4 ) ,  ( 2 . 6 ) ,  

and (2 .1 )  i n t o  (5.13) y i e l d s :  

(5.14) 

The command r a t e s  c o n s i s t  of f i x e d  gyro d r i f t  r a t e s  and compo- 

nen t s  of t h e  e a r t h  rate due t o  misalignment,  f a e t o r s  which are n o t  com- 
pensa ted  f o r .  Refer r ing  t o  t h e  va lues  l i s t e d  i n  Table 3.1, t h e  gyro 
d r i f t  r a t e s  a r e  expected t o  be t h e  predominant terms f o r  system 1. 
This  j u s t i f i e s  t h e  fo l lowing  equat ion  f o r  gyro d r i f t  estimates: 
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where 

a r e  t h e  e r r o r s  i n  t h e  e s t ima tes  caused by gyro t o r q u e r  u n c e r t a i n t i e s ,  

measurement u n c e r t a i n t i e s ,  and e r r o r s  caused by l i m i t  cyc l e s  o r  t r a n -  
s i e n t s  n o t  taken i n t o  cons ide ra t ion  i n  t h e  s t eady  s ta te  ana lys i s .  

By us ing  equat ions  (2.18a, c) f o r  system 2 ,  equa t ion  (5.14) be- 

The b e s t  e s t ima te  of  t h e  gyro d r i f t  rates w i l l  then be: 

( 5 . 1 5 ~ )  

I f  t h e  d r i f t  e s t i m a t e s  a r e  der ived  j u s t  be fo re  t h e  alignment phase 
i s  f i n i s h e d  and t h e  compensation s i g n a l s  app l i ed  a t  p o i n t  4 ,  F igure  5.1, 
a t  t = 0 ,  w e  g e t  t h e  fo l lowing  cons t an t  d r i f t  rates v a l i d  f o r  t h e  navi- 
g a t i o n  mode: 

o r  

l a  
%o = W i e  

where 

Cysin 

cycos 

a ^a  
%o - %o $,” = 

0 Lo - 
0 

Cxs i n  

0 

Lo + ..I1)+ 
(5.16) 

(5.16a) 

- Ca = IC,, Cy ,  C,) i s  g iven  by equat ion  ( 2 . 1 1 )  f o r  system 1 and 

The e f f e c t  of t h i s  compensation of  t h e  e r r o r  propagat ion dur ing  a 
maximum one and a h a l f  hour run can be  found from equat ions  (3.29a, b ,  

C,  d,  e)  by r e p l a c i n g  do with  equat ion  (5.16a) e 
lowing r e s u l t :  

( 2 . 1 6 )  f o r  system 2 

This  g ives  t h e  f o l -  
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U propagat ing with ro (1 - cos w , t )  remains unchanged. 
-2 

( w s t  - s i n  w s t )  i s  ("ie The u n c e r t a i n t y  ma t r ix  propagat ing with ro - 
W S  changed. 

By us ing  equa t ions  (3.31) and (5.16a) w e  g e t :  

W doy 

W I dox 

0 

1 

i ~ Z C O S  Lo - Cxsin Lo + ~ 4 y  

0 

0 

la 

where C = Ca + ca w a s  used. I n s e r t i n g  equa t ion  (2.18a) -r - 

(5.21) 

and ( 2 . 1 8 ~ )  

and making t h e  same s i m p l i f i c a t i o n s  as w e r e  done f o r  equat ion (3.29c) ,  
w e  g e t :  

- E: - 0 

0 

(5.17a) 

W i e 2  1 The u n c e r t a i n t y  matrix propagated wi th  ro - [1 W S 2 t 2  - (1 - 
W S  2 

cos w s t )  J can be found by equa t ions  (3.29d),  (5.16a1, and (2.18a, c ) :  

6 2  



( 2 )  

1 The u n c e r t a i n t i e s  propagat ing  wi th  ro 5 U i e 3 t 3  can be found by 
us ing  (3.29e) t oge the r  wi th  (5.16a) and (2.18a, c ) :  

( 5 . 1 7 ~ )  - - 2: 
"'ie 

3Udoycos Lo s i n  Lo 
( 2 )  

where neg lec t ing  t e r m s  g iv ing  less than  260 f e e t  dur ing  a one and a 
h a l f  hour  run when va lues  given i n  Table  3.1 a r e  used. 

Comparing E:, LJ;, and LJ; with  LJ3, lJ4, and c5 given by equat ions  
(3.29c, d, e ) ,  it i s  ev iden t  t h a t  a decrease  i n  t h e  unce r t a in ty  ma- 
t r ices has  been obta ined .  The reason i s  t h a t  Ck, k = x ,  y ,  z f o r  
system 1, k = x, y f o r  system 2 ,  are approximately one t e n t h  of 
Udoy/Uie when the va lues  of Table 3.1 a r e  used. 
improvement has  been obta ined  f o r  t h e  matr ix .  The x and y compo- 
nen t s  of t h i s  ma t r ix  can be expected t o  be  reduced by a f a c t o r  of  1 0  
provided t h a t  E,, is  less than The r e l a t i v e  improvement of t h e  
U' and LJ: matr ices  compared t o  2, and LJ, i s  less because t h e  m a s s  un- 

balance terms remain unchanged, b u t  t h e  e f f e c t  of  t h e  cons t an t  gyro 
d r i f t  rates has  been reduced. 

The g r e a t e s t  r e l a t i v e  

-4 

I f  (5.15) had been used t o  estimate t h e  y gyro d r i f t  r a t e  f o r  
would be t h e  same a s  f o r  LJ:(l,m system 2, t h e  express ion  f o r  U' 

-3 ( 2 )  
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An improvement would then be  ob ta ined  i f  t h e  ~4~ u n c e r t a i n t y  i s  much 

less than  ccz o r  <rx.  This  would be t h e  b e s t  way of u s ing  t h e  informa- 

t i o n  gained by measuring t h e  y gyro command s i g n a l .  The o t h e r  uncer- 
t a i n t y  matrices would remain unchanged by us ing  wcy as a compensation 
s i g n a l .  

Another p o s s i b l e  scheme could be t o  d e r i v e  t h e  d r i f t  estimates 
and make t h e  compensation and then  cont inue t h e  alignment u n t i l  t h e  
s t e a d y  s ta te  i s  reached. I t  should then be p o s s i b l e  t o  reduce t h e  m i s -  
al ignment due t o  gyro d r i f t  i n  system 1 and thereby reduce t h e  qwX and 

t e r m s  i n  t h e  expres s ion  f o r  LJ2, equat ion (3.2933). By r eco rd ing  

t h e  gyro command s i g n a l s  when t h e  alignment i s  f i n i s h e d ,  one could 
check t h a t  t h e  c o r r e c t  compensation s i g n a l s  had been appl ied.  This 
scheme would g ive  an inc reased  alignment t i m e ,  and t h e  b e n e f i t  obtained 
by reducing t h e  misalignment e r r o r  caused by gyro d r i f t  could a l s o  have 
been accomplished by i n c r e a s i n g  t h e  ga ins  i n  t h e  alignment loops.  Be- 

cause t h e  gyro command s i g n a l s  do n o t  g i v e  any information about  t h e  
y gyro d r i f t  ra te  f o r  system 2 ,  and because it w a s  assumed t h a t  t h e  
loop g a i n s  i n  t h e  x and y channels w e r e  high,  t h e  elongated alignment 
would n o t  g ive  us any advantages f o r  system 2. 

*UY 

5.4.2 The Accelerometer Outputs a t  t h e  End of t h e  Alignment Phase 

When t h e  alignment phase has  reached t h e  s t eady  s ta te ,  w e  can ex- 

p r e s s  t h e  ou tpu t s  from t h e  accelerometers  by us ing  equat ions ( 2 . 1 7 )  and 
(3.14) : 

(5.18) 
f a  = - f n  + (Aa + - -  qJa)fn + - 6fa -m 

I n s e r t i n g  t h e  equa t ions  (2.81, (2.18b) and ( 2 . 2 )  y i e l d s :  

(5.18a) 

By f i l t e r i n g  t h e  accelerometer  s i g n a l s  and s u b t r a c t i n g  t h e  g r a v i t y  

from t h e  z accelerometer  s i g n a l ,  w e  g e t  

*wy + c ' y  + E5X 

(5.19) 
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The misalignment t e r m s ,  c ' k ,  k = x, y i n c l u d e  only t h e  Cck terms, 
caused by alignment e l e c t r o n i c s  o f f s e t s ,  and "slowly varying" l i m i t  
cyc l e s  and t r a n s i e n t s  which are n o t  f i l t e r e d  o u t .  The misalignment 
t e r m  desc r ibed  i n  p o i n t  c)  i n  connect ion wi th  equa t ion  (2.17d) i s ,  
o f  course, n o t  included.  

measuring - Afa t o g e t h e r  w i th  improper f i l t e r i n g  of (u) 2 t e r m s .  

when t h e  system i s  switched t o  t h e  nav iga t ion  mode, w e  g e t  t h e  follow- 
i n g  e r r o r  propagat ion du r ing  a one and a h a l f  hour run 

The e r r o r  t e r m s ,  ~ 5 k ,  k = x, y ,  z ,  comprise u n c e r t a i n t i e s  i n  

Applying (5.19) as a compensation s i g n a l  a t  p o i n t  2 ,  Figure 5.1,  

from equa t ion  
(3.29) : 

Propagated 

LJ; = 

wi th  ro ( l  - cos cos t )  : 

(5.20) 

where Ask = 3k - < ' k ,  k = X ,  y ,  Z 

The o t h e r  u n c e r t a i n t y  matrices LJ3, LJk, and lJ5 remain unchanged. 
The advantage of t h i s  method i n  determining t h e  misalignment i s  

t h a t  a minimum of computation i s  r e q u i r e d  because t h e  accelerometer  
ou tpu t s  can be used wi thou t  any coord ina te  t r ans fo rma t ions .  

The disadvantage i s ,  of course,  t h a t  t h e  changes i n  t h e  b i a s  
l e v e l s  and i n  t h e  p l a t fo rm a t t i t u d e  due t o  t h e  swi t ch ing  of t h e  system 

t o  t h e  nav iga t ion  frame are n o t  d e t e c t e d .  Because t h e s e  changes are 
caused by imper fec t ions  i n  t h e  e l e c t r o n i c s  and n o t  i n  t h e  i n e r t i a l  com- 
ponents,  e f f o r t s  should be made i n  reducing t h e s e  e f f e c t s  i n s t e a d  of  
b u i l d i n g  s o p h i s t i c a t e d  t es t  equipment i n  o r d e r  t o  d e t e c t  t h e  changes 
i n  a p r e f l i g h t  tes t  run. 

i n  t h e  form of v e l o c i t y  increments ,  w e  g e t  t h e  s a m e  requirements on 
t h e  l eng th  of t h e  tes t  as dep ic t ed  i n  paragraph 4.3. That means t h a t  
a t e s t  t i m e  i n  excess  of t e n  minutes i s  necessary i n  o r d e r  t o  d e t e c t  

misalignment t e r m s  down t o  20 prad corresponding t o  a m a x i m u m  posi-  
t i o n  e r r o r  of 820 f e e t  (Refer t o  Figure 3 .2 ) .  

When using p u l s e  r e s t r a i n e d  accelerometers  where t h e  ou tpu t s  are 

The information de r ived  from t h e  alignment phase,  equat ions (5.14) 
and (5.19) ,  t o g e t h e r  w i t h  t h e  information gained from t h e  p r e f l i g h t  
t es t  run,  equa t ions  (4.8b, c ) ,  i s  s t i l l  n o t  adequate t o  determine a l l  
t h e  I.N.S. u n c e r t a i n t i e s .  The only a d d i t i o n a l  information gained from 

t h e  alignment phase i s  t h e  z gyro d r i f t  rate. 
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5.4.3 P o s i t i o n  E r r o r  Propagat ion Using Only Data from t h e  Alignment 

Phase 

By us ing  both t h e  accelerometer  d a t a  and t h e  gyro command s i g -  

- 
n a l s ,  t h e  u n c e r t a i n t y  matrices v a l i d  f o r  a maximum one and a h a l f  hour 

run are given by equa t ions  (5.201, (5.17a, b ,  c)  f o r  LJ;, LJ:, -+, U’ 

I 46 

and LJ; r e s p e c t i v e l y .  The e r r o r  propagat ion i s  given by equa t ion  

(3.29) when L J i  i s  replaced by U! i = 2 ,  3, 4 ,  5. The e f f e c t s  of 
uncompensated u n c e r t a i n t y  t e r m s  can be found from Figure 3.2. For 

venience,  t h e  major t e r m s  are l i s t e d  i n  t a b l e  5.2. 

-1 I 

63 rnin 
800 

21 
2 1  

4950 
4950 

698 

688 
488 

98 

I t e m  
84 rnin 

0 

0 
0 

5450 
5450 

767 

1 4 0 4  
984 
194 

~ - _____ 

I SV(O) , ,  k = x ,  y ,  .z 

Units 

f t/ f t/s 

ft/?Jg 
f t / p rad  

ft/mg 

ft/10-4 
f t/mrad 

f t/meru 
f t/meru 
ftl1.0-4 

f t/meru 

P.0 s 

4 2  rnin 

0 

42 
42 

2720 
2720 

384 

210 

1 4  8 
30 

151 I 360 1 

t h e  
con- 

Lo = 45O l m r a d  = 3.44 rnin 1 r a d  = 0 . 2  sec 

Table 5.2 
E f f e c t  of  Uncompensated U n c e r t a i n t i e s  Using Alignment Data 

A s  can be seen from t h e  above t a b l e ,  t h e  uncompensated gyro d r i f t  
rates w i l l  g i v e  t h e  most s i g n i f i c a n t  e r r o r  t e r m s .  
w i t h  t a b l e  5.1, de r ived  f o r  t h e  case where a p r e f l i g h t  tes t  sun wi th  a 
subsequent real ignment  w a s  used, it is  clear t h a t  many of t h e  major 
e r r o r  sources  are t h e  same. 

Comparing t h i s  t a b l e  

6.  CONCLUSION 

The propagat ion of t h e  p o s i t i o n  e r r o r  v a l i d  f o r  a t  l eas t  one and 
a h a l f  hours  w a s  de r ived  f o r  nav iga t ion  on a s t a t i o n a r y  base.  For an 
a c t u a l  f l i g h t  w i th  l o w  speed a i r c r a f t ,  on ly  minor changes are ex- 
pec ted  i n  t h e  equa t ion  f o r  t h e  e r r o r  propagation. Thus t h e  conclu- 

s i o n s  de r ived  should a l s o  be v a l i d  f o r  t h a t  case, provided t h a t  t h e  
alignment and t h e  t es t  run are made on a s t a t i o n a r y  base.  The 
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e q u i v a l e n t  block diagram v a l i d  f o r  t h i s  e r r o r  equa t ion  i s  shown i n  
Figure 3 . 3 .  The I . N . S .  u n c e r t a i n t i e s  e n t e r  t h e  Schu le r  tuned loop i n  

t h e  fo l lowing  way: 

(a )  With no i n t e g r a t i o n :  P l a t fo rm misalignment and 
b i a s  s h i f t  

(b) With one i n t e g r a t i o n :  Fixed gyro d r i f t  rates and 
misalignment 

(c) With two i n t e g r a t i o n s  : Acce le ra t ion - sens i t i ve  gyro 
d r i f t  rates €or t h e  y gyro, 
t o g e t h e r  with c r o s s  coupled 
f i x e d  gyro. d r i f t s  

( d )  With t h r e e  i n t e g r a t i o n s :  Acce le ra t ion - sens i t i ve  gyro 
d r i f t  rates and c r o s s  coupl ing 
of  t h e  f i x e d  gyro d r i f t s  

From t h e  p r e f l i g h t  t e s t  run l a s t i n g  less than  20 minutes,  only t h e  

e r r o r  i n p u t s  mentioned i n  (a) and (b )  can be d e t e c t e d  us ing  maximum 
values  of  t h e  u n c e r t a i n t i e s  given i n  Table 3.1. A s  explained i n  para-  
graph 4 . 3 ,  t h e  t es t  run should l a s t  a t  least  1 0  minutes,  p r e f e r a b l y  
15 minutes,  i n  o r d e r  t o  determine t h e  f i x e d  gyro d r i f t  rates when 0 . 1  

f t / s e c  v e l o c i t y  increments from t h e  accelerometers  are assumed. Ex- 
tending t h e  d u r a t i o n  o f  t h e  t es t  run t o  20 minutes w i l l  n o t  g ive  re- 
l iable estimates of t h e  a c c e l e r a t i o n - s e n s i t i v e  gyro d r i f t  terms using 
a s imple c u r v e - f i t t i n g  method. 

The I.N.S. u n c e r t a i n t i e s  can be e s t ima ted  us ing  p rope r ly  f i l t e r e d  
accelerometer  d a t a  o r  u s ing  t h e  p o s i t i o n  da ta .  For a t e s t  run l a s t i n g  
less than  15 minutes,  the p o s i t i o n  e r r o r  i s  e s s e n t i a l l y  t h e  double in-  
t e g r a l  of t h e  a c c e l e r a t i o n  e r r o r  d a t a .  

A s  explained i n  Chapter 4 ,  it i s  n o t  p o s s i b l e  t o  determine a l l  t h e  
major I . N . S .  u n c e r t a i n t i e s  from a s imple p r e f l i g h t  t es t  run. By a l s o  
using t h e  information gained from t h e  alignment phase,  w e  s t i l l  do n o t  
have enough d a t a  t o  determine a l l  t h e  u n c e r t a i n t i e s  s e p a r a t e l y .  

F ive  d i f f e r e n t  methods of applying t h e  e s t ima ted  d a t a  are des- 
c r i b e d  i n  Chapter 5. I n  paragraph 5.1 a real ignment  of t h e  p l a t fo rm 
i s  performed a f te r  t h e  compensation s i g n a l s  have been app l i ed .  A com- 
b i n a t i o n  of t h e  methods used i n  paragraphs 5.1.1 and 5.1.2 seems t o  
g ive  t h e  b e s t  r e s u l t s  provided t h a t  t h e  change i n  t h e  u n c e r t a i n t i e s  
from alignment t o  alignment i s  s m a l l .  These methods r e q u i r e  a con- 

s i d e r a b l e  amount of computation, and t h e  real ignment  i s  r a t h e r  t i m e  
consuming. 

I n  paragraphs 5.2 and 5.3 t h e  u n c e r t a i n t i e s  are compensated f o r  
w i thou t  a subsequent real ignment  us ing  p o s i t i o n  d a t a  and f i l t e r e d  ac- 
celerometer  d a t a ,  r e s p e c t i v e l y .  The l a s t  method seems t o  be t h e  most 
a c c u r a t e  and r e q u i r e s  somewhat less computation. 
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I n  paragraph 5 . 4  a method using only d a t a  from t h e  alignment phase 

i s  desc r ibed .  This  method r e q u i r e s  a minimum of computation and the re -  
f o r e  deserves  s e r i o u s  cons ide ra t ion .  This  scheme f a i l s ,  however, t o  
d e t e c t  changes i n  t h e  I . N . S .  u n c e r t a i n t i e s  when t h e  system i s  switched 
from t h e  alignment phase t o  t h e  nav iga t ion  phase. 

T h e  e f f e c t  of n o t  compensating f o r  t h e  a c c e l e r a t i o n - s e n s i t i v e  gyro 

d r i f t  t e r m s  can g i v e  as much a s  2.3 n.m. p o s i t i o n  e r r o r  when exposed t o  
a 1 0  meru/g gyro d r i f t  f o r  a one and a h a l f  hour run. The e f f e c t s  of  
i n i t i a l  l a t i t u d e  and a l t i t u d e  e r r o r s  and d e f l e c t i o n  of  t h e  v e r t i c a l  
(on a s t a t i o n a r y  base )  have a l l  proven t o  be n e g l i g i b l e  compared t o  

t h e  o t h e r  e r r o r  sou rces  given i n  Table 3.1. 

I t  seems from t h i s  work t h a t  a space s t a b i l i z e d  I M U  i s  n o t  es- 
p e c i a l l y  s u i t a b l e  when a p r e f l i g h t  t e s t  run i s  necessary i n  o r d e r  t o  
determine t h e  I . N . S .  u n c e r t a i n t i e s  due t o  t h e  amount of computation in-  
volved. Another argument a g a i n s t  using a space s t a b i l i z e d  p l a t fo rm i s  
t h e  e f f e c t  of t h e  a c c e l e r a t i o n - s e n s i t i v e  gyro d r i f t  rates which could 

have been neg lec t ed  when using a l o c a l  v e r t i c a l  system. 
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