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Abstract

A space stabilized inertial navigation system is used in VTOL air-
craft where flight times of a maximum of one and a half hours duration
is expected. This report deals with the usefulness of a preflight test
run on a stationary base lasting less than 20 minutes in estimating
the I.N.S. uncertainties, The use of data from the alignment phase is
also discussed. A simple estimation procedure not including any opti-
mal filtering techniques is assumed. The error propagation for a maxi-
mum one and a half hour run is derived when compensation signals with

and without a succeeding realignment of the platform is applied.
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Transformation matrix given by (3.5).

Platform misalignment found from the steady state
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Platform misalignment when the navigation phase

commences, (2.18b, c).

Transformation matrix transforming a vector speci-

fied in the ap frame to the a frame, (3.6).
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1, INTRODUCTION

A space stabilized inertial navigation system is considered for
use on a VTOL aircraft, Prior to takeoff, the platform is aligned and
the INS uncertainties estimated and compensated for by using data from
the alignment phase or from a short test run lasting less than 20 min-
utes.

The platform is physically leveled to the local vertical in the
alignment phase by means of standard leveling loops using the x and y
accelerometers on the platform as sensors. In azimuth two different
concepts are considered. System 1 uses an optical alignment scheme
with a ground based theodolite. A signal proportional to the mis-
alignment between the x axis of the inner member of the platform and
north is fed to the azimuth gyro torquer through a proper transfer
function, thereby physically aligning the platform to north., .In Sys-
tem 2 the platform is aligned to north by use of a simple gyrqcompass-
ing scheme. When the alignment phase is finished, the system is
switched to the navigation mode. The computation is performed in an
earth centered inertial frame (the analysis is also valid for a tan-
gential inertial frame), During a 10-20 minute test run on a station-
ary base, the position error and indicated acceleration error are mon-
itored or used simultaneously to compute the various uncertainties,
Compensation signals are then established and applied to the system
when the test run is finished together with a possible realignment of
the platform. The estimation procedure assumed could be a least
squares fitting method,

The error propagation for a one and a half hour run after compen-
sation is derived for four different compensation schemes, one incor-
porating a realignment of the platform and one using only data from
the alignment phase,

A stationary base assumption is made and the uncertainties taken

into consideration are:

o Acceleration insensitive~ and acceleration-sensitive gyro
drift

o Accelerometer bias and scale factor uncertainties
° Misalignment uncertainties

o Initial latitude and altitude error

o Initial velocity error

o Deflection of the vertical

o Imperfections in the electronics

All the uncertainties are regarded as constants during a run and some

are allowed to vary from alignment to aligmment.

1



2. ALIGNMENT ERRORS

The alignment errors caused by the inertial instruments depend
upon the alignment scheme used. The two methods treated here use ac-
celerometers to physically level the platform. 1In System 1 a theodo-
lite is used to align the azimuth gimbal with north; in System 2 a
simple gyrocompassing scheme is used. The alignment is performed
while the vehicle is at rest,

2.1 Theodolite Alignment of Azimuth

Figure 2.1 shows a simplified functional block diagram for System
1.

of Vo ®aox
¥ ‘ Wie cos L ‘
y - __i&_ﬁ X [
ACC ™ F,/g | 5 ST |-
8t v ®
xl 024 doy SI - space
N % integrator
ACC -F Y
M 2/9 ST
Sfz ¢ Wie sin L K
:> Z . .]5 > z |
ACC - ST
theodolite
P N
(u)v Vs

Figure 2.1
Functional Block Diagram for Alignment, System 1

During the alignment mode the instrument frame, x, y, 2z, is
brought in alignment with the geographic frame, north, east, and down,
respectively.



The transfer functions F,, F,, and Fp can be shaped as a low

pass filter to reduce the effect of disturbing accelerations.

At

lower frequencies they can also be configured as integrators to reduce

the effect of gyro drift.

The uncertainties taken into consideration are:

W = {w w w
dox’ “doy’' “doz

when the platform is level

S£% = {6£f,, 6fy, St} - accelerometer bias

(u)y - uncertainty in the alignment
of the theodolite with north

yz = {Vorr Vyar Voa} ~ constant offsets in the

alignment electronics

} - the total gyro drift rates

(2.1)

(2.2)

The accelerometer scale factor uncertainties can be neglected in

these servoloops.

Assuming that the small angle approximation is valid, the follow-

ing equations will describe the alignment mode:

Forced rate of turn of control member

a _ a a
Yia T Ymp(y T %0
which equals
w? = c2 w? + w2
—~ia =n —in -na
where
mCMD(l) command rate for System 1
index a - instrument frame
index n - geographic frame, north, east, and down
index i - earth centered frame, non-rotating with

inertial space, zj-axis along the earth axis

(2.3a)

(2.3b)

respect to

i -~ transformation from n-~-frame to a-frame
?n - rotation of n-frame with respect to i~frame co-

ordinatized in the n-frame

The alignment error matrix is



< (2.4)

where Cy is the positive rotation about the xgz-axis (or xp-axis), etc.

The change in the error angles between a-frame and n-frame is:

P Cx
a —
ﬂna - P Cy (2.5)
p Cg

where p = T

and the inertial angular velocity of the n~frame is given by:

U)ie Ccos LO

-(P.in = 0 (2.6)

-wie sin Lg

where wje is the earth rate and Lo is the latitude.

The command rate to the space integrator is (Ref. Figure 2.1)

0 F./9 0
a _ - a n a a
Yemp(1y = |"F./9 0 0] (Cp £+ 38" + V) +
0 0 0
L
- (2.7)
wje cos Lo
0
-‘U)ie sin LO - FT(CZ“(H)IIJ - VOS)
L
The specific force can be expressed as
£ = -gh - o+ (WE (2.8)
where
0
n _ 0 Gravity computed for the (2.8a)
L reference ellipsoid
9



I
il

-ng Deflection of the vertical (2.8Db)

where n, £ =the positive rotations about the north and east axes, res-
pectively, and (u)i = the acceleration disturbances with no DC com-
ponents.

By combining equations (2.1) through (2.8), neglecting products
of uncertainties, we get

(p + F,) Wie sin Lg 0 Cx
-uwje Sin Lg (p + F,) ~wig €08 Lg Cyl =
0 Wije €OS Lg {(p + Fp) CZJ
. (2.9)

Fyo(8Ey/g + n + Vo, /g + (u)Ey/g) + W3ox
~F,(8fx/g = £+ V,,/9 + (u);x/g) + Wdoy

FT((U)W + V03) + deZ

-

Provided that we have a non-oscillatory system, the stationary values
of the alignment errors can be found. Assuming constant values of the

uncertainties and adequate damping of the u(r) terms, we can write:

F.(0) Wie sin Lg 0 Cx
“Wie Sin Lg F,(0) ~wie COS Lg Cy |=
0 Wie cos Lo Fp (0) Cgy
Steady
state (2.10)

FI(O)(dfy/g +n+ V,,/9) + wgox
-F,(0) (8fy/g - & + V _/9) + wgoy
Fp(0) ((W)y + V,,) + wdoz

where F(0) denotes the DC gain of the respective transfer functions.

From (2.10) it is evident that by choosing F, (0}, F,(0), and

Fp(0) >> wje, the cross coupling terms can be neglected. Choosing

F (0) = F,(0) = F(0), equation (2.10) can be simplified to:
Cx (‘Sfy/g + n) + ch + meX/F(O)
¢ = |yl = |-(8fy/9 - ) + oy + waoy/F(0) (2.11)
Cz (W)Y + gy + deZ/FT(O)



where

a
(]

is the misalignment caused by offsets in the alignment electronics.

Ze = ltexr Teyr Lozt = Vi /9, = V5,/9, Vi,

In most well designed systems F(0) and Fp(0) are large.

well damped loop gives approximately 2 uprad misalignment per 1 meru
gyro drift, giving a ratio of F(0) to wje of 500:1.

2.2 Alignment Using Gyrocompassing

A simplified functional block diagram for System 2, where simple

E.g.
F(0) formed as a low pass filter with a 10 second time constant, a

physical gyrocompassing is applied, is shown in Figure 2.2,

L‘_‘> acc >

Il

[

Figure 2.2

Vi1 Ydox

l Wia cos Lg ‘

+

b4

F./9 by SI

Viz Wdoy
®-F2/9 &1

v w
0‘3 wie sin Lo doz
i F . /g —D& SZI

Functional Block Diagram of System 2

In deriving the equations for this system, the same comments as

for System 1 are valid.

tors are:

The command rates fed to the space integra-




0 F /g 0
a 1
w _ a n a a
=cMp(2) = |-F,/g 0 0} (co £+ 887 + V)
—Fa/g 0 0

(2.12)
Wie COS Lg
0

—wie sin LO

By combining equations (2.1) through (2;6), (2.8a,b) and (2.12),
the result is:

(p + F)) wie sin Lg 0 Cx
~Wie Sin L, (p + F,) ~wje €08 Lg Cy =
0 F, + wje €Os Ly < Cz

(2.13)
F o (8fy/g + n + V, /g + (WIy/9) + wgox
-F,(8fx/9 = £ + Vy,/g + (WIx/9) + udoy

~F;(8fx/g - & + Vy3/g9 + (u)fx/g) + Wdoz

Assuming stable alignment loops and constant uncertainties, the steady

state angular errors are given by:

Fl (0) (L)ie sin LO 0 Cx
—wje $in ILg F, (0) ~wjo COS Lg Cy =
0 F, (0) + wj cos Lo 0 Cz
teady
state (2.14)

- -
S§f v
y 01

Va2
o 5%

6fx Vo3
-F3(0) T - & + ¥, + wdoz_

F,, F,, and F, are assumed to perform an effective filtering of the
acceleration disturbances.

Choosing F,(0) and F,(0) >> wj,, we get



- -
Cx (8£,/9 + n) + oy + Waex/F, (0)
Cy | = |-(8fx/9 = &) + Loy + W3pz/F;(0)
c -(8Ey/g + n + - ———doy —dox
z y/9 +n Lex) tan Lo - o257~ - F (o) tan Lo *
Steady ie ° l
state
F,_(0) w
2 doz F2(0) fsf
+ —X - -
i F,(0Jw;, cos Lg + F,(0) (g‘ & ey) * Ccz J
(2.15)
where
a _ 1 Fy (0)
Zg ={Zoxs CCY'CCZ} = E{VOI' - Vi m (VO2 - Voa)} (2.15a)

By making F (0), F,(0), and F,(0) large or, even better, by designing
F, and F, as a proportional plus integral filter and F, as a low pass
filter, equation (2.15) simplifies to:

Cx 6fy/g +n+ Lox
a
€ = ¢y | = [-(6fx/g - &) + Coy

c (8f/g + ~do

z - Bfy/9 + 0+ tex) tan Lo - 55 Lo T fez
ie

steady
state (2.16)

2.3 The Alignment Uncertainty Matrix

An alignment uncertainty matrix valid for the two alignment
schemes described in parts 2.1 and 2.2 can be written by using equa-
tions (2.3), (2.11), and (2.16):

4o a

0 = L+t = I+yi+y

. (2.17)

where the ga? denotes a transformation from the a'~frame, which coin-

cides with the n-frame at t = 0, to the a-frame at t = 0. The system

is switched from the alignment mode to the navigation mode at t = 0.
y; is a skew symmetric matrix associated with alignment errors

due to accelerometer bias.

0 Vey 6fx/g
a
if = ~Ygy 0 Sfy/g (2.17a)
~8f,/9 —dfy/g 0



where:

Yez(1) = (uy
f
- L
wfz(Z) 3 tan L,
Subscript (1) - theodolite alignment of azimuth
Subscript (2) - gyrocompassing

gz is a matrix associated with misalignment caused by the deflec-

tion of the vertical.

0 l‘)OLZ —g
qua = |-v,, 0 n (2.17b)
g -n 0
where:
Yoz (1) 0
wocz(Z) -n tan LO

yz denotes a matrix associated with misalignment due to the effect of

gyro drift rates during alignment.

0 Yz _wwy
a = —
im = wwz 0 wwx (2.17c)
wwy “Vux 0
where:
wx wdox/F(O)
Yoy | = | “aoy/F@
Yoz Oyoz/ Fr (0)
(1)
and



wx
wwy = 0
w
" _ do
[A}-4 wie cos Lo
(2)

gz is a skew symmetric matrix associated with a misalignment
caused by offsets in the alignment electronics and effects not in-
cluded in the analysis in paragraphs 2.1 and 2.2. These misalignments

give rise to steady state accelerometer signals.

0 A
v o= |-t 0 T, (2.174d)
L, oty 0
where
' = v - -
&2 (1) ) Ly ™ bg tan Ly
and
a _ a a
LT Rt
and

Ei is given by the equations (2.l1la) for system 1 and (2.15a) for

system 2 and is caused by constant offsets in the alignment

electronics.

a _ . . .

Z; = {Crx' Cry’ Crz} This unpredictable alignment error can be
caused by:

a) Limit cycles in the aligmment loops which can give unknown

alignment errors when the system is switched to the naviga-

tion mode.

b) Transients which have not died out when the navigation mode
commences.
c) Electrical transients in the gyro torquer electronics which

can arise when the system is switched to the navigation
mode. The effect appears as a step in the misalignment an-

gle.

10



It can also be convenient to express the Ea matrix in equation
(2.17) as:

0 c' -C!

=
il

—C'z 0 c! (2.18)
' !
C v C % 0

where the C'k, k = x, y, 2z, denote the misalignment just after
switching to the navigation mode

a a

cla = c*+ 2 (2.18a)

ga misalignment derived from the steady state analysis, equations
(2.11) and (2.16), and E; is given connection with (2.17d)

or:
]
c'y ny/g tn+y ot Ty
' = - -
C y (6f4/g g) + wwy + Cy (2.18b)
C'z 11)fz * 1pocz * lpwz * C|Z

Using the definitions given in connection with (2.17a, b, ¢, d), this

becomes:
C'x ny/g +n + Cx wdox/F(O)
C'y = |-~(8fy,/9 ~ &) + gyl * wdoy/F(O) +
c', z, (u)y + wdoy/F(O)
(1)
(2.18¢)
0
0
w

do
W, cos L
ie o)
(2)
3. EVALUATION OF SYSTEM EQUATIONS FOR THE NAVIGATION MODE

-(5fy/g + 1 + Ex) tan L, -

In the navigation mode the IMU is space stabilized, i.e., only
gyro drift compensation signals are applied to the gyro torquers.
The navigation mode starts when the system is switched from the align-
ment mode (t = 0)., The IMU is then ideally aligned physically with
the geographical frame.

11



Figure 3,1 shows the signal flow diagram for this system:

e wm G Gwm e e e G e ——————————-I

L Initial Lo
C o Settin ¢ N ~
L2 Computgr ) o ‘o Lo

, . ri (0) J l
£, VL(0) =c
+ gé Tt éé m Eé Geographic c
o f —> Nav. Comp. A
+ e

LC }\c
G J ‘
Gravi-

tation
Computer COMPUTER

Figure 3.1
Signal Flow Diagram for the Navigation Mode

The quantities involved in figure 3.1 are:
Matrix transforming specific force from the actual

geographic frame to the ideal instrument frame which

coincides with the n-frame at t = 0.

12



This matrix transforms the specific force from the

—-a|
ideal instrument frame to the actual instrument
frame at t = 0. This transformation is caused by
physical misalignment of the IMU.

":o This transformation is due to the drift of the space
integrator, SI, for t > 0 and is caused by gyro
drift,

:; Estimated transformation matrix stored in the compu-
ter for transforming the measured specific force to
the earth centered inertial frame where the compu-
tation is performed.

ad Accelerometer scale factor uncertainties.

gﬁa Accelerometer bias.

53 Specific force measured by the accelerometers.

Subscript m Denotes a quantity actually measured.

Subscript ¢ Denotes a quantity computed by the navigation compu-
ter.

Hat (") Denotes an estimated quantity fed into the computer.

3.1 The IMU Outputs

The only quantities from the IMU used by the computer is the out-
put from the accelerometers. In the proceeding paragraphs, the ex-

pressions for the matrices involved will be derived.

¥
3.1.1 The 92 Matrix

We have

a' a' i
= C;

- —-i “n (3.1)

1
where Ei is a constant matrix dependent only upon the alignment loca-

tion. This location is given by

Lor o - Actual latitude and longitude where alignment was per-
formed. Without loss of generality, %, can be set to

zero (i.e., y, - and y; axis parallel).

13



Then

-sin Lg 0 cos Lg
L}
c? = 0 1 0 (3.2)
=i
-cos Lg 0 -sin Lg
Further, we have
-sin L cos X -sin A -cos L cos A
_; = -sin L sin X cos A -cos L sin X (3.3)
cos L 0 -sin L
where
L = Lo
A= w, t This is true only if & = 4
ie
and the vehicle is at rest.
Equations (3.1), (3.2) and (3.3) then give:
a' _
E, = LI+B (3.4)
where:
r ) (1-cos wjet)
(1-cos wjet)sin®Ly =-sin wjot sin L, sin Lo cos L
B =~ sin wjet sin L, l-cos wjiet sin wiet cos Ly
(%-cos wiet) -sin wjet cos Ly  (l-cos wjet)cos’Lg
sin Ly cos Lg -
(3.5)

This matrix vanishes when t =

3.1.2 Gyro Uncertainties

gyros of the space integrator.

can write:

0.

The value of the g:o matrix depends upon the drift of the three

Because the drift angles are small, we

a

i+D (3.6)

14



D% = |-d, 0 a (3.7)

where dk' k =x, y, z can be associated with the drift angle k about
the positive instrument frame axis k caused by the ktM gyro during the
navigation mode.

Gyro Drift Model

In this analysis only the main gyro drift sources such as ac-
celeration-insensitive drift rate (AI) and acceleration-sensitive
drift rate due to mass unbalance in the gyro (AS) are taken into ac~
count. These drift rates are regarded as constant for a time period
up to one and a half hours, a realistic maximum flight time for VTOL
aircraft,

The AI drift rate can be written as:

ALy
wa = w
=AL Aly (3.8)
“ar,
and the AS drift rate as:
w3, = MU fa (3.9)
=AS —_—= .

where the MU, the mass unbalance matrix, can be writtén as:

MUX MUY MUZ
X X X
MU = MUX MUY MUZ 3.10
- y y y ¢ )
MUX MUY MUZ
Z 4 Z

where MUXy denotes the mass unbalance drift rate of the y gyro caused
by acceleration along the x axis. When the actual orientation of the
gyros is known, the elements of MU will be the MUI, MUS, and MUO (x0)
drift rates for the three gyros. (Note that MUKk, k = %X, y, Z equals
plus or minus MUIg)

The total gyro drift rate can then be expressed as:

15



or

a . a a
By = Y40 t Auxg (3.11)
where
a a a
B30 = UYap t 8ag(t = 0), the total gyro
drift for a level
platform
a _ a _ a -
bupg = Wpg ~ Wag(t = 0)
a —3 —
Awpg(t =0) = 0

Expression (3.11) is useful when the gyro drift rates are determined
by not rotating the instrument frame with respect to the n-frame. For
a space stabilized platform, the Jwag is of importance because of the
rotations of the platform with respect to the earth, while it can be
neglected when the instrument frame is aligned with the geographical
frame, provided that the effect of the accelerations of the vehicle
can be neglected compared with the effect of the gravity.

By neglecting the effect of the acceleration of the vehicle,
equation (3.9) can be written as:

Wl = mucd £ % omw ¢ gl s -ww cdgl

when higher order error terms are neglected.

This gives:

MUZX
a 4 = -~ n - el
EAS(t = 0) MU 9 g MUZy
MUZ
z
and
w
d -
Ox wAIX g MUZX
a - w = _
Vo = doy mAIy g MUZy (3.12)
w
doz wAIz g MUZ%

Using equation (3.4) the time varying drift term becomes:

16



a - a' _ n _ _
éﬂAs = &H(Qn l)ﬁe = MU B 9e

The drift angle dy can now be found by integrating equation
(3.11):

d = fg way (t)drt k = x,vy, z
t a _ t a t a
o gd(r)dr = o g dt + fo AQAS(T)dT

Wit - mu(fE B(nang®

Using equation (3.5) for B this results in:

W
dx dox MUYX
dy doy t + Bia MUYy, (1-cos miet) +
w
dz doz MUY
(3.13)
N
MUy
1 w . ]
+ T MUY (wijet-sin wjet)
ie |,
MU,
where
UMUy MUXy sin Lo cos Lo + MUZ, cos’Lg
wMy,, = g | MUXy sin Ly cos Lo + MUZy cos?Lg (3.13a)
ung, MUX, sin L, cos Ly + MUZ, cos’Lg

Equation (3,13) gives the terms of the Qa matrix, equation (3.7).

3.1.3 Accelerometer Uncertainties

The accelerometer uncertainties taken into consideration during
the navigation mode are scale factor uncertainties, éa, and bias un-
certainties, ¢§f2, which can be regarded constant for at least one and

a half hours.

ay 0 0
a =
A = 0 ay 0 (3.14)
0 0 ay

17



§fx
s£% = |efy (3.15)

SE,

The bias terms are not necessarily the same during the alignment phase
and the navigation phase.

3.1.4 Measured Specific Force

From Figure 3.1 the output from the accelerometers is given by:

a ao _a'
C

.-
= (I +20) Cao =a' =n

£+ sfa (3.16)

a
n

Using equations (2.17) and (3.6), equation (3.16) can then be written
as:

a _ a a a, .a'.n a
Eno= (L4 AH(@ + DY@ +ye] £+ of

By neglecting products of uncertainties, after inserting equation (2.8)
this becomes:

1
£2 g

a a a a a a,~a' n a
~m -n (A7 + D" + l—p-f + I-P-oc * iw * E-u)g-n e + of

or when (3.4) is used:

a _ a'.n n a _ a ay, ., N _
£, = G £+ + 2 (¥ + ¥,)Bgg
(3.17)
a a a a,~a' n
(A% + D™ + ww + yu)cn 9e
where:
£Eg
n _ _,a n - -
o = ¥, 9. ng
0
derived from eqguations (2.8a, b) and (2.17b), and
Sfy §fx dfx
a a a n _ _ - .
df” = Sf7 - Ve 9o = dfy 6fy 3fy (3.18)
Sf, B 0 sty
tz2o0 t <0

18



This equation is derived from equations (3.15) for t 2 0, (2.17a) and
(2.8a), valid for the alignment phase,

The 3fy and ofy terms can be caused by a sudden change in the
ground potential or an electrical offset is removed by disconnecting
the alignment electronics when the system is switched to the naviga-
tion mode. This results in a steplike change in the signals from the
accelerometers which is not caused by a shift in platform attitude or
in specific force.

Equation (3.17) can also be written as:

a _ a',_n o a_,n _,a ayn N
fn = G (tgg + (Wx) + 3E" - Bu - (Yg + ¥ )Bg
' (3.19)
a a a a,.a'n
(A7 + D7 + p, + IS 9.

Equation (3.19) shows that in the beginning of the navigation
mode while the g§|x I and B = 0, the constant bias of the x and y ac-
celerometers and the deflection of the vertical are not traceable in
the accelerometer outputs, This is due to the fact that the leveling
loops seek to null the accelerometer outputs during the alignment mode,
resulting in a tilt of the platform which gives an effective compensa-
tion for the bias terms and the deflection of the vertical when the

specific force consists mainly of the gravity.

3.2 The Navigation Computation

The navigation computer does the computation of the velocity and
position in the earth centered inertial frame. The different terms

involved in the computation are derived in the proceeding paragraphs.

3.2.1 The §; Matrix

Ideally, one wants to insert into the computer a matrix trans-
forming the specific force measured in the a frame to the i frame. Be-
cause the a frame differs from the desired a' frame due to unknown un-
certainties in the IMU, the best we can do is to use the constant Qi,
matrix. This matrix can be estimated by using the estimated values
of the latitude and longitude, ﬁo and f.

in L X in & £ X
-sin Lg €OS Ag ~sin Ay ~cos L, cos A,
o3 S . TS N ~ TS
ga = -sin Ly sin Ag cos Ag cos Ly sin Ag
~ . A
cos Lg 0 -sin L

19



Now
Lo = Lo + S§Lg

where Ly is the true value and §Lg is the error in the estimate of Lg.

i.e., the x axis of the i frame is defined to intersect with the actual
meridian through the vehicle, The error in Xo has importance for the
set value of the latitude~longitude computer only.

We then get:

&, = ¢, (@+z? (3.20)
where
-sin L 0 ~cos L
o) o
_;- = 0 1 0 (3.20a)
cos Lg 0 -sin L
and
0 0 -8L,
a
Z = 0 0 0 (3.20b)
8L 0 0

3.2.2 Computation of Gravitation

To get a stable computation of position, external altitude in-
formation is used together with the computed position to calculate the
gravitation for the reference ellipsoid. The error in the computed
gravitation can, after neglecting the second order error terms, be

found using a model for a spherical earth.

. B rl
ot - - ~C
—cs (re + D)3
where
ry - radius of the earth
h - altitude
_é - computed position

20



Using

i i i
ho = r + § 1

joy
Ii

hy + 8h

we get the computed gravitation.

i i_ 2 i 2 L
-G-C—'ge ws_§_ +3wsc‘5h-]-:-;
where
w? = E , the square of the Schuler frequency.
S (rg + hg)?
X, = re + hy - distance from center of the earth to the vehicle
g; - the gravitation for the reference ellipsoid
which has been substituted .for the gravitation
of a sphere
srt -. error in computed position
Sh - error in estimated altitude

The last term of the expression above can be modified by neglecting

second order errors:

[
B

r

2 = = 2 i £—.. N - 2 i -]; n
3w oh = 3w 8h G &= = - 3ul 6h ) =g
_ i dh ,a' n
= Ea, 3 'f_-g Cn Se
where it was noted that i = g/rg.

Including the deflection of the vertical, the true gravitation is
given by:

¢t = ¢t +cto”

Thus, the computed gravitation can then be expressed as:

- Al _ 2 i_ i n_ i Sh ,a' n
EC = .q ws .5_1'_ ..qn g’. Ea' 3 o .C_n ge (3'21)
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3.2.3 Initial Setting of the Integrators

Just prior to switching the INS to the navigation mode, the
velocity and position integrators are set with the initial values of

the velocity and position of the vehicle in the i frame.

Position Setting

Because the exact position of the vehicle is not known, we have:

i — /\i ~ n

r (0t = & £(0)
where

é; = é; = Eg.(l + Ea) because the
a' frame coincides with the n frame at t = 0 when setting occurs.

Since

r b = @t + sx(o)t,
then

j:A_(O)n = 1:_(0)n + §£(o)n

where §£(O)n consists of altitude error and unpredicted movements of
the vehicle, neglected here. Using these equations, we get by neg-
lecting higher order error terms:

i

sz = ¢k (22 r(® + sr(o)™

0 0 =dL 0 0
szt = chyfo 0o o0 o |+] o0
§Lo O 0 =ry -Sh
r, 8Ly
sr(m* = ¢, 0 = Coi 8r(0)? (3.22)

Velocity Setting

By taking the derivative of £l = g; EF and using the law of
Coriolis, we get

i i n n n

y_ - _C_n [y + &in £

1

Using this equation to compute the velocity at t = 0, we get:
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n . a'
n L (0071

i _ Al a'
Voot = ol v (0% + gl
where
v 0T = vt + vt
a’' a' a'
VC(O) = 0, V(0) = ~-(u)V caused by wind gusts,
loading, etc.
on = o + Aot caused b ncertainty in L (w i
Qin Sin 2in Yy u rta y 1 . jie is
assumed to be applied without error.)
0 Wi Sin LO 0
n - |- . _
Sin Wi Sin Lo 0 w;o COs LO
0 w, cos L 0
ie o
0 Weg SLg cos Ly ]
n .
AR, = | 7w STo ©Os Lg 0 Wi 8Lo sin L,
0 Wi Lo sin LO 0
~i i a
ga - _C-a' (£ + _Z...)
al al al
r (0) = r(0}™ + 6x(0)

Neglecting products of uncertainties, these equations, together with

(3.22) and (3.20b), give:
2307 )r(0)?']

i i a' n a' n
8V (0) = Co [(wy™ + o/ 38r(0) + (ARt 270
or finally,
(u) Vg
svo)t = ¢t svioyd = o, |(wv, + 2rg SL, w.. sin L, + 6h w,_ cos L
— T o=Zat—— T o=al y o o Yie o ie o)
(u)Vz
(3.23
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3.3 Position Error Equations

From Figure 3.1 we get

i i i ca
= + & £
—c —C =a =m
By expressing
i wi i
r = ¥t o4+ st
- = ———

3 and inserting equations (3.21), (3.20), and (3.17), we get:

] i i : : s Sh '
1 1 1 2 1 1 n 1 O .a n
+ = — - - ——
QE r .G. (.l)s .§_ 91’1 2 _(_:.a' 3 To _C_n ie +

i a a' n n a n
Chv (I +2H(ch £ + o™ + 3£ - (p v )B gl -

a a a a,.a'n
(A" + D7 + ¥+ v )C gt
Neglecting products of uncertainties and noting that

-.i al n

i i
the above equation can be rewritten as:
=i 2 i _ i a _ n _ n _
..(§..£ + ws .(§_-. = Ea' {E E 9.‘. (lp.f+£(1)§ ge
(z2 + 2% + p? + y® + 2 + 3 B )2’
= = = ~n A o = =n e

(3.24)

where it was noted that

i n i n i n i n _
Ch e -G e Car{L+B) o -Cha” = -Bao

[}

Equation (3.24) can now be expressed as a function of time by in-

serting the various matrices derived in this chapter.
glk, + K, w; .t + K, sin w, t
+ K (1 - cos miet) + K, miet sin miet

+ K w.et (1 - cos wiet) + 57 (w,

t - sin w, t
=6 i ie Sin Wi )

% 2
+ K, sin miet (L - cos wiet) + K, ‘l cos miet) +
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where

+ K sin

-—10 w

ie

dfy/g
dfy/9

8fp/g~ay,

F'wfz cos Ly
ay cos Lo
-6fy/g cos LO
g; cos L,
0
-z

X
F

cos LO

£(1-2cos’Ly)

by

t (w,

1

(wie

wy

wx

+ 3

Sfx/g cos’Lg + a,
§£y/g cos’Ly - Yy sin Ly cos Lo

-8f,/g sin Ly cos Ly + a, cos’L

—n(l—coszLo)—wazsin Lo cos Lg

2¢ sin Ly cos Ly

2
cos LO

27 v ad
Ly COs Lg ¢ ,sin Lycos Lg

sin LO cos LO

t -~ sin wiet)

0
Sh/ro cos L,

0

sin Ly cos Lg

o]

|

ad

25

L.

et ~ sin wiet) + K, | (1 - cos wiet)

(3.25)
S§Lg
0 (3.25a)
-3 Sh/rO
(3.25b)
cos Ly wwz cos L,
+ 0
_wwx cos Lg
(3.25¢)
MUYy
+ = | MUy,
ie
0
L J

2
wwy cos “Lg

2 .
- n Lgc
V,x cos Lo~y .sin Locos Lg

wmy sin Ly cos Ly

38h/rg sin Ly cos Lg=6L, cos®Lg

0

38h/ry cos’Lg+8Lgsin Lg cos Lg

(3.254Q)



=

K
—=10

doz
cos Lo
w, 0
ie
~“dox
-
_wdoy cos Ly
cos Lo .
o dox ¢°8 Lo Wioy SIN Lo
ie
wdoy sin L,
w
MUy
L ~»
“je MUx
0
MUY,
g _cos Lg 0
Yie
~-MUY,,
-MUYy cos Lg,
Q—E§E~EQ MUY, cos Ly - MUY, sin Lg
ie
MUYy sin Lg
“mMU,
cos Lo
W, 0
ie
~OMU,
“wMUy cos Lg
EE%TEQ wyy, €08 Lo = wmy, sin Lo
ie
‘ wMUY sin L,
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Solution of the Position Differential Equations

By assuming that the matrices 51 to K, , consist only of constant
terms, i.e. gyro drifts and accelerometer uncertainties are time in-
variant, equation (3.25) can easily be solved by use of the Laplace
transformation method. Using the initial conditions given by equa-
tions (3.22) and (3.23) we get:

i i a' a'
sr(s)t = cf, —F— {8x(0)% s + 8V(0)
s2+w 2
s
ws
+ kK Likoe, +x 1e
— -2 1€ 2 —3 2 2
s S%+w,
ie
2
w .
+ Ku zle + X fw zs
- +w? - +w?% ) *
s(s wle) (s wle)
3
2 .
+ Kow [l - ——E—Zﬁiﬁi—] S
—6 ie [ g2 2 24 2 —7 2(.2 2
+w, +W0,
(s “ie ) s” (s ie )
+ Yie Wie
° —8 2 2 2 2
+ws +4w,
LS ®ie (s ie )
[ 2 2
+ K 20ie B 2040
- T 2 2 2 2 2 2
. =+ . +w
-S\S +u, ) s(s 4wle ) (s s )
2
. W,
+ K [ 2w1es _ 2 ie
=1 2 2y 2 2 2
+w, s +4w,
l(s w P (s?+dw, %)
2 2
. . . -w, W,
+ wie  Yie _ Wie (s =w;e™) + ie
~118 2 2,,2 2 2 2 2
. , w,
s s +wle (s +wle ) (s*+ ie )

(3.26)

Transforming back to the time domain, (3.26) gives:

2

. . . y W, W,
i_ i i a'_ "ie ie
sr~ = 8r(0)” + Ea'ro{[roms sV (0) 5, ((1 + o’ K, + K,)
w, 3
+ —5_ (3K + K_ + 3K_)] sin w_t +
w 3 -8 -—7 - s
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2
W .
. ie

+ LK, - £ 8 (K, + 2K,)1(1-cos w t)

S

2 2

W, w .,
ie le .
K, wielt + IK (1 # a*s-z—) o7 (K- K] sin wjet
S

2 2

w, W,
+ [K, (1 + —=5-) + 25— (2K + 2K, ,)(1-cos wjet)
- Wy W =5 —10
w, ? w, *?
+ K (1 + =) w; .t sin wi t + K (1 + —=5) w; (1- w; )
By w2 ie ie 2 w z ' Ve COs Wie
wie3
+ - . - si .
[57 ms 56](wlet sin wlet)
2 2
W W,
ie ie .
+ [K, (1 + o) 3 77 K;,] sin w,; t (1-cos w, t)
s s
2 2
Yie

[N
- 2 ie .
+ 59 (1 + =7 }y (1-cos wiet) + 510(1 + E;T—) sin wiet

(w.et - sin w.et)

1 1

2

Wy
. ie
+ Ell(wiet - sin miet)(l cos wiet) + 511 5;7— cos wiet
(w, t - sin w, _t)
ie ie
w, ? w, 2
3 Tie . 3 Tie
-k, 5 G;T— sin 2wiet -5 5;7_ (K, + K;,) (1-cos 2wiet)}
(3.27)
W .
ie.n S

All terms multiplied by (E”—) , n 2 4 have been neglected.
s

The coefficient of the (l-cos wgt) term can be simplified using
(3.25a) and (3.22) as:

3f /9 wwy Ty 0
1 a', _ _ _
(K, - I Sr(0)™ ) =t dfy/g | + =V |t B |T 0 (3.27a)
Sh
6fz/g—az 0 0 - 2 E_—;

where the initial latitude error is cancelled.
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Equation (3.27) can be simplified because many of the terms will
make an insignificant contribution to the position error. The follow-
ing observations can be made:

2
“ie
All (1 + ) factors can be reduced to 1 because
g
this will introduce only 0.3% error in the estimate

of the uncertainties.

The terms of the K matrices are normalized so that

1 meru, 1 mg, and 1 mrad give a factor of 10-3,

It is more instructive to look at the position errors in the a'
frame, which is the ideal instrument frame, than in the i frame. We
can then substitute:
= @ '§rt

g 8L
Excluding terms giving a contribution less than 130 feet propagating
with the Schuler frequency and less than 1,000 feet after two hours
propagating with the earth rate frequency when exposed to uncertainties
with the following maximum values: 10 meru, 1 mg, 1 mrad, and 10‘3rad,
equation (3.27) can be reduced to:

a' _ al ( 1 svio)d' Yie % " . &
Sr = 8r(0) + rg [rows v({0)“ - - (K, + K;)] sin We
s
1 ' w, 2
a ie
+ LK, - ;; Sr(0)° ) - e (K, + 2K.)](1-cos w_t)

+ Ezwiet + 53 sin wiet + K, (l-cos wiet)

+ Koo, .t sin o, t + Koo, t (1-cos w, t)

+ K, (wiet - sin wiet) + K, sin wiet (l-cos wiet)

2 . - .
+ 59 (l-cos wiet) + K,, sin wiet (wiet sin wiet)

+ 511(wiet - sin wiet)(l—cos wietﬂ (3.28)
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Further simplifications can be made because some of the terms in
the K matrices will give negligible position errors.
On a stationary base, the deflection of the vertical results in

the following position error:

100 feet/Seéc after 6 hours, at Lg = 45°

200 feet/éga after 12 hours, corresponding to 2 n.m. for the

largest abnormality known

For comparison, 1 meru gyro drift rate gives 10 n.m, error after
12 hours. Thus, the deflection of the vertical will be neglected in
this analysis. For an INS on a moving base going through regions with
different deflections, a larger error contribution is expected because
the compensating effect the alignment gave for an INS on a stationary
base is reduced or even contributes to a larger error. On a moving
base the deflection of the vertical gives the same effect as a varia-
tion of the bias temms.

3.4 Position Error for a Run Lasting Less than One and a Half Hours

If the length of a run is restricted to a maximum of one and a

half hours, we can make the following substitutions in equation (3.28):

: - _ X 3.3
sin w, t = w,_t 3 wie t

- 1 2,2
1 cos wiet = 5 Wi t
The t* terms are neglected because they give a maximum contribution of
1,000 feet to the position error for a 10 meru gyro drift rate during
a one and a half hour run. Equation (3.28) becomes:
al

1]
§r? = sr(0)® +

1

W

a' .
SV (0) sin wst
s

+ rg gz(l - COS wst)
(3.29)

Wi
+ry T ga(wst ~ sin wst)

]

2

Yie 1 2.2 1 3.3

+ry =3 Ek[f w ot - (1L - cos wst)] + ro Us g wie't
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where U, through Uy are given by

equations (3.29b) through (3.29e).

This equation is plotted in Figure 3.2.

In the following discussion

less than the values given by Tab

the INS uncertainties are considered
le 3.1.

Accelerometer uncertainties:
Bias §fyg < 1lm
Scale factor ak < 104 or 0.01%
Bias change 3fx, afy < 0.1 mg
Gyro uncertainties:
Fixed drift rate, wdok < 10 meru
Mass unbalance, wMUk (egn. (3.13a))| < 5 meru

gMUY < 10 meru
Alignment uncertainties:
Caused by x and y gyro drift < 0,1 mrad
Misalignment, zx, (u)y < 1 mrad or 3.44 min
Deflection of the vertical, &, n < 0,1 mrad or 20 sec
Initial values:
Initial velocity, 6V(0)y < 0.3 m/s or 1 ft/sec
Latitude error, S8Lg < 0.1 mrad or 20 sec
Altitude error, d&h < 100 m
k = %, vy, 2 Lo = 45°

Table 3.1

Constraints on INS Uncertainties

Taking into account only terms giving errors more than 1,300 feet

after one and a half hours or terms causing errors above the shaded

area in Figure 3.2 when the uncer

tainties are restricted by the values

given in Table 3.1, we can express the coefficient matriees of (3.29),

shown in Pigure 3.2 as:

§V(0)x Its relative importance decreases
1

cSV(O)a = GV(O)y with time and can be neglected (3.29a)

§V(0) 5 for t > 60 min,
fo/g wwy"'Z;y
_ 1 a' _ _ _
g = & -g &) = 9fy/g + =y (3.29Db)
Sh 0

sz/g—az-Z;;
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ka(l) dek/F(O), Ipwk(z) 0I k = X, y
Ve, cos Lo WaoytWieV,,C08 Lol [C'z cos Ly
_ ~ 1
U, = (K,*K,) 0 o ~Waox + 0
ie
—ny/g cos L, 0 -y cos L,
(3.29¢)
where:
" ~ 0, V¥ - ____EEEEL_.
wz(l) ~ 77 wz(2) w;, Cos Lo
Vez(1) = (W¥r Vg (p) = ~Sfy/g tan L
' ' = -
& z(1) Cgr © z(2) ~ 2 ty tan Lo
2ugoy cos Lg + gMUYy
= 1 ) ,
U, = (K, +2K,) = e —wlewwz sin Lo cos Lo - gMUYy (3.294)
-2wdox cos Lg
1
'wdoy cos LO - §wiewmz + gMUY,
- 3 cos L .
U, = (K, +3K +K_+3K,) = —~EZ;——Q Wdox COS Lo = Wge, Sin Lg
Wgoy sin Lo - gMUY¥y
(3.29e)

Equation (3.29, a-e) and Figure 3.2 describe the error propaga-
tion for INS uncertainties given in Table 3.1 for an uncompensated run
lasting less than one and a half hours.
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Figure 3.2

Position Error Propagation



As shown, many of the uncertainties giving errors larger than
1 n.m. for a one hour run also give significant errors for times less
than 20 minutes, indicating that the most important errors could be de-
tected during a short preflight test run.

In order to visualize how these uncertéinty matrices enter into
the navigation system, a block diagram valid for a maximum one and a
half hour run can be developed. By taking the Laplace transform of
equation (3.29), we get:

¥ 1
at s8r(0)2 sv(0)2 Wg wg?
Sr(s) S + == + rgk ————
— 524w, 2 w si+w 2 s (s24w.?)
s s s s
3
w3 w
+ r, ie U g
s s?(s%+w_?%)
(3.30)
2 2
W3 w
ie s
+ rg U, [wsz/s - " >
wsz s (s +ws )
3 3
. 3
e Wg Wg
* To 3 ~5 ( . 2,2 2 )
w +w
s S s (s s )

The last term in the last set of brackets was neglected in equation
(3.29). In block diagram form, with all guantities in the a' frame,
this becomes:

T 1 ' 1 ar
. 2 -0 2 L a =3
Eg Yie U w N s Elws SES.Y.(O) S_r.(o)
s wg?y—"s
+ - + + +
L 1 1 L 1 s
s A sh o+ s |+ s I+ s —
(2)
o wig’ G.w.® o wieU 3
I3 w 3 —57S s r_aws wSZ =

Figure 3.3

Simplified Block Diagram Valid for a
Maximum One and a Half Hour Run
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)
By moving the %ﬁz(O)a term out of the Schuler loop to the output

of the system, the Egglwsz term will simultaneously be changed to
Eggzmsz which would be more in accordance with the equation (3.29).
Note also that rows2 = g. The summation point 2 corresponds to the
accelerometer output signals due to INS uncertainties. The other sum-
mation points do not correspond to physical summation points in the
system.

The following comments can now be made about the interpretation
of the U matrices.

The U, uncertainty matrix consists of the terms giving rise to
actual accelerometer output signals just after the system is switched
to the navigation mode. The x and y terms of the U, matrix consists
of change in accelerometer bias and misalignment terms causing ac-
celerometer signals. The z term is caused by the erroneous measure-
ment of the g field by the z accelerometer. As can be seen from
Figure 3.3, the U, matrix propagates in the same manner as a constant
signal from the accelerometer.

The U; matrix is made up of two different error sources propagat-
ing in the same manner for short flights. Comparing equation (3.29c)
with (2.18a) and remembering that the less important terms have been
neglected, we can write:

Cé wdoy
1
U, =| 0 |cos Lo+ = |-ugox (3.31)
ie
-C% 0

The first term results from the rotation of the g field with res-
pect to the space stabilized platform. After a six hour run, for in-
stance, the g vector has turned 90° and the x accelerometer would pick
up an erroneous component of gravity equal to g C; cos Lpo. For
shorter runs we can make the approximation that the g C; cos Lo and
-g G} cos Lo terms sensed by the x and z accelerometers grow with
wiet. The second error source is gyro drift causing an increase in
the error angles about the x and y axes. This causes the y and
X accelerometers to sense a growing erroneous component of the g field.
The U, uncertainty matrix, therefore, propagates similarly to a line-
arly increasing signal from the accelerometers, as shown in Figure 3.3
where the U, term is fed through an integrator. The advantage of us-
ing a gyrocompassing scheme can be seen. The main error contribution
to the C} error angle is, according to equation (3,29c) and Table 3.1,

the term caused by the y gyro drift, wiewwz(z)cos Lo. This error
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causes the x accelerometer to pick up an increasing component of the

g vector equal to wie¢wz(z) cos Lo sin wjt. The y gyro drift causes

a growing misalignment about the y axis equal to wdoyts making the x
accelerometer pick up a component of g equal to g wdoyt- Inserting

the expression for wwz(z) and using wjot instead of sin wjet, it can

be seen that these two terms are cancelled. Using theodolite alignment
of azimuth, the terms (u)y¢ cos Ly and wgoy/wie Will not cancel in
general.

The U, matrix also consists mainly of two error sources, namely,
constant gyro drift and acceleration~sensitive gyro drift. The in-
crease in the alignment errors about the x and z axes of wgoxt and
wdozt, respectively, gives an equivalent effect as Cé and Cé in
equation (3.31). Similarly, the gMUY,, and gMUYy terms increase the
total drift rate of the y and x gyros. These increased gyro drifts

cause similar errors as wdoy and wdox in equation (3.31).

4, PROPAGATION OF I,N.S. UNCERTAINTIES DURING A PREFLIGHT TEST RUN

When alignment to the n frame is finished, the I.N.S. is switched
to the navigation mode. A short test run with the vehicle at rest is
then performed and the accelerometer and position output data can be
analyzed to determine the major error terms. One of the objectives of
this analysis is to determine the usefulness of a simple curve-fitting
technique.

In a space stabilized system the accelerometer data does not in~
clude the Schuler frequency and computer errors. Thus, a comparison
between the data received from the accelerometers and from the posi-
tion computer is made.

4.1 Error Propagation in the Accelerometer Data

The outputs from the accelerometers are given by equation (3.19).

The specific force that the accelerometers should measure can be
estimated by:

anl AT A
g2 = 2t (4.1)
— —n—
where:
£ = -§2 = _32- gr (4.1a)
§32 - uncertainty in estimated magnitude of ¢
ég' - This estimate is inaccurate because of the uncertainties in

the latitude of the vehicle. Using equation (3.20), we get:

36



sa' _ sa'. i a, -l a'. i _ _pa, .a’
...c.n - 91 _(;.n - (.I_+Z. ) gi _qn ~ (_I_ E )gn (4'lb)

where Ea is given by equation (3.20b)
]
Putting (4.la, b) in (3.19) and using the equation g: = I+B, we

get:
. .
af% = g - B = sgl + 3£ + (iR + B(egh - &M -
(4.2)
a a n a a a a ay.a'.n
(e ¥ 4)B ge = (27 + A7+ D0+ by *+ 9 oo

This can be written as a function of time by inserting the expressions
for the matrices derived in Chapter 3:

a _ . _
Af = gi{a, + Kwiot + Agsin w, &t + A, (1 cos w; t)

+ K

Kswjt sin v, t + Koo, ¢ (1 - cos wiet)

+ 57(miet - sin @, t) + K,y sin ws (1 - cos w8
L]

2 . _ .
+ K, (1 cos wiet) + K;,8in wiet (wiet sin wiet)

+ K (1 = cos w, t) (0, t - sin w; t)}

(4.3)
where:
(u) rx
A, = 5;—%-(u)5y (4.3a)
(u)fz + 8g + 3g QE
Yo
0
A, = K, + |-(8g/g + 3 Sh/xry) (4.3b)
0
-(6g/g + 38h/ry) sin L, cos Lg
A, = K, + 0 (4.3c)
~(8g/g + 38h/ro) cos’ Lg
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The K, to K,, matrices are given by the equations (3.25a~k).

The term (6g/g + 38h/ry) is due to a possible difference in com-
puting g in the data analysis and in the navigation computer. It is
likely that the same uncertainty is involved. Therefore, for most
practical cases this term can be set to zero.

Restricting a preflight test run to a maximum of 20 minutes,
equation (4.3) can be simplified considerably. By neglecting terms

giving less than 10 ug after 20 minutes for the maximum values of the

INS uncertainties given in Table 3.1, and using 6g/g = =-38h/ro, we
get:
Af% = g{A, + U, w, t+ U =w 2t?} (4.4)
—_ gt =3 ie —4 2 Tie °
where
A, = K, + =(wi? (4.4a)
=1 i g - *

U,, U, given by equations (3.29c, d)
This result could have been derived directly from Figure 3,3 if the
effect of the disturbing accelerations had been added to the accelero-
meter outputs.

Egquation (4.4a) can also be written as:
8Lo

B, = U+ P+ | o = U, + i

+ 15r(0)2 (4.4D)
ro——-—

-sh/rq

The influence of the uncertainties at different time intervals on
the outputs from the accelerometers is given in Table 4.1 as mg or ug

per unit of the uncertainty at 45° latitude.
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System Matrix| Units {5 min{l10 min{l5 minj§20 min
1&2 6fy Us mg/mg .015¢( .031 .049 .061
1&2 8fz, g, 9fx, ofy Ay mg/mg 1 1 1 1
182 lag A, |ug/PPM 1 1 1 1

1 wdox: Wdoy Us {ug/meru| 22 44 66 87
1 wdoz Uy ug/meru| .34 1.3 3.0 5.3
1 wdox/F(0) , wdoy/F(0)] A, }jug/urad 1 1 1 1
2 Wdox Us ug/meru 22 44 66 87
2 Wdoyr Wdoz Us ug/merul .34 1.3 3.0 5.3
1&2 gMUYyx, gMUYy Us ug/meru) .24 .95 2.2 3.8
182 Jtx, Ly A; Img/mrad] "1 1 1 1
182 Ty Os mg/mradj .015f .031 .049 .061
1 (u) ¥ Us mg/mrad| .015}§ .031 .049 .061

1 mrad ~ 3.4 ’min, 1 urad 0.2 sec, Lp = 45°
System 1 -~ Theodolite alignment of azimuth

System 2 - Gyrocompassing

Table 4.1

The Effect of IMU Uncertainties on Errors
in the Accelerometer Outputs

As can be seen from Table 4.1, the main difference between using
theodolite alignment of azimuth and gyrocompassing during the align-
ment mode is the influence of the y gyro drift rate in the navigation
mode. From the table it is also obvious that only large drift rates
can be detected from the t? term in (4.4),.

4.2 Propagation of the IMU Uncertainties in the Position Error Data

For preflight test runs lasting less than 20 minutes, equation
(3.29) can be simplified further by neglecting terms giving errors
less than 100 feet when the values given in Table 3.1 are used. Using
the position error data from the computer, only the change in the posi-
tion can be registered. This can be written as:

at

ar®' = sr® - sr(0)?’
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We then get:

P
Ar®

al
sv(o) sin wst

EII—'

S

+ roHZ(l - cos wgt)

(4.5)
+ rg Big Ha(wst - gin wst)
s
2
W
le 1 2 2
+ ro = U,[5 wg® % = (1 - cos wgt)]
s

where the matrices are given by (3.29%a-4d).

Only drift rates larger than 4-6 meru will give a position error
larger than 100 feet in the last term of (4.5). Therefore, it is
rather doubtful whether this term can be detected in a preflight test
run,

The effects of the most important I.N.S. uncertainties involved
in equation (4.5) are listed in Table 4.2 for Lo = 45°.

System Uncertainty Matrix| Units |5 min |10.5 min{l5 min| 20 min
1l&2 Sfy Us ft/mg 8 78 190 492
1&2 8§fz, 9fx, 9fy U. ft/mg 1440 6130 11840 |21000
1l&2 ag U. ft/PPM |1l.4 61 11.8 21
182 wdox Us ft/meru|{ll.5 95 269 700

1 wdoy Us ft/merujll.5 95 269 700
1&2 wdoz Us ft/meru}.l 1.4 6 23

1 wdox/F(0) ; wdoy/F(0) U2 ft/urad|{1l.3 6.1 11.8 21
1&2 gMUY¥x, gMUYy Us ft/meru|.06 1 4.6 16.4
1&2 Lxr Ly U, ft/mrad]| 1440 6130 11840 | 21000
1s&2 Ly Us ft/mrad|8 78 190 492

1 (u)y Us |ft/mrad|8 78 190 492
1s82 SV(0)x, k =%, vy, Z ft/ft/s|292 565 720 800
1l&2 Sh Uz ft/ft .002 .03 .13 .46

Lo = 45°, 1 prad ~ .2 sec, 1 mrad = 3.4 min

System 1 - Theodolite alignment of azimuth
System 2 - Gyrocompassing
Table 4.2

The Effect of I.N.S. Uncertainties on
the Position Error during a Preflight Test Run
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4,3 Estimation of I,N.S. Uncertainties from a Preflight Test Run

By comparing equation (4.4} for the accelerometer output error
with equation (4.5) for the position error, we find that essentially
the same uncertainty matrices are involved. For test times less than
15 minutes, we get:

sin wst 2 wgt,

1
1 - cos wgt » 5 wsztz,
wat - sin wat 1 33
s s:::-6—ws ’
and
1 242 _ - -..l L, 4
5 W't (1 cos wst) ¥ 57wt

The position errors are then approximately the double integral of the
accelerometer output errors because the error contributions from the
navigation computer is negligible or cause the same uncertainties as
the uncertainties in the estimation of the specific force used to com-
pute the accelerometer output errors except for the QE(O)a term, equa-
tion (4.4b). The (u)gé term will be filtered out in the integration.
The "open loop double integration" effect arises because the test time,
which is less than one fourth of a Schuler period, prevents us from
getting any benefit from the Schuler tuning in bounding the errors.

The uncertainty in the initial velocity setting can give a neg-
ligible position error if the accelerometer signals are properly fil-
tered. The maximum value of the velocity uncertainty corresponds to
the amplitude of the output from the first integrator in the navigation
computer caused by the wiggling of the vehicle on the ground. The
gy(O)a' term is constant during the navigation mode and is caused by
switching the system from the alignment mode to the navigation mode
when the instantaneous velocity is different from zero (Only the mean
value of the ground speed, in this case zero, is fed to the navigation
computer). If this velocity uncertainty is of importance, it can be
computed during the alignment phase. The QZ(O)a' term propagates with
sin wgt and can easily be detected during the test run. This uncer-
tainty will, of course, differ from alignment to alignment.

The (u)i term detected by the accelerometers is also caused by the
same wiggling of the vehicle. This disturbance will make the acceler-
ometer data noisy so that a low pass filtering of the accelerometer

data is necessary. It therefore seems simpler to use the position data
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for estimating the I.N.S. uncertainties because of the filtering effect
of the double integration,

When using pulse restraint accelerometers, each pulse corresponds
to a fixed velocity increment, AV. This gives a finite resolution dur-
ing a limited test interval,

If the number of the velocity increments due to the IMU uncer-
tainties during the test interval T 1is N for the three accelerometer
outputs, we can write:

T

[pg® at = N &V
o]

which gives:

NAV

A+ U.x wieT + Hu% wie?T? = T

-1 —-32

In order to be able to determine the coefficients for the three time

functions of equation (4.4), a minimum requirement is:
N 2 3

Requiring that each of the coefficients shall give at least three
pulses during the test period, we get the following minimum values
that the coefficient must have in order to be determined:

3AV 6AV

> 34V >
Alk = 73 Uy = w; T7g
U 2 184V Xk = x, v, =z (4.6)

= T 2m3
4k Wie T3g

For AV = 0,1 ft/sec, we get the following minimum values for dif-

ferent durations of the test run:

T . . . .
Coefr 5 min 10 min 15 min 20 min
ALy 31x10-6 15.5x10~6 | 10.4x10-6 | 7,76x10-6
Uy 2.84x10-3 | 0.71x10~3 | 0.32x10"3 | 0.18x10~3
Uy 0.39 49x10-3 14.5x10~3 | 6.1x10-3
Table 4.3

Minimum Values of the Coefficients which
can be Detected for AV = 0.1 ft/sec

The matrix U, in equation (4.4) consists of gyro drift terms. These
drift terms must exceed the following values in order to be detected
(Lo = 45°):
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10 min 15 min | 20 min
gMUYy, gMUYy meru 49 14.5 6.1
Y40z meru 35 10 4.3

i.e., only large drift rates will show up.

Restricting the discussion of the maximum values given by Table
3.1, it is not likely that the U, matrix can be determined for test
times less than 15 minutes or even 20 minutes because in addition to
the bad resolution, we can also have estimation errors.

The U3, coefficients (k = x, y using theodolite alignment of azi-
muth, k = y when using gyrocompassing), has a resolution for T = 10
minutes better than 1 meru. If a minimum of 10 pulses from the ac-
celerometers are required, a 15 minute test run is necessary. To
determine the U3y term at least 15 minutes of testing time is neces-
sary. ‘

The resolution of the Ajy terms are 15.5 urad, corresponding to
15.5 yg for T = 10 minutes.

This leads to the conclusion that only the A, and the U, matrices
in equation (4.4) can be determined. Provided that the resolution of
the computed position does not give furthe£ limitations (resolution
better than a few feet is required), the result above is also valid for
the position error; i.e. if the t? term in the accelerometer output
error equation cannot be determined, its double integrated value, or
more precisely, the U, matrix in equation (4.5) cannot be determined
either. Substituting U, for A,, Table 4.3 is also valid for the posi-
tion error equation,

Equation (4.5) can then be written as:

ara' = Losv(0)a" sin wgt + 1o U, (1 - cos wgt) +
S
[ :
ro == U, (wst - sin wgt) (4.7)
]

The coefficients in the above equation can be estimated from the pre-
flight test data:

U, = sv(0a'+ E (4.8a)
.f.j.z = Hz * EZ (4.8b)
g, = U, +E, (4.8¢)

43



where
Ey = {ejy €iys €45} i =1, 2, 3
are the errors in the estimates and
QX(O)a', U, and U, are given by the equations (3.29a, b, c)

Equations (4.8b, c¢) can now be written as:

ofx/g + Ty + €2x wdoy/F(O)
U, = | 3fy/g = Tx + ey * [-dgox/F (0) (4.9a)
(6fz/g = ag = 26h/ro) + EZZ 0
(1)
Ly cos Ly + €3x Wgoy/Wie * (u)¥cos Lg
U, = |-wdox/wie t+ €3y * 0
=(8fy/g+ix) cosly + €35 0
- (1)
—(dfy/g+gx)sin Lo
+ 0 (4.9b)
0
L (2)

For the interpretation of these two matrices, see the end of Chapter 3.

It is evident from these equations that we get no information
about the x accelerometer bias and the z gyro drift(and y gyro drift
for system 2).

The (8f;/g-az—~28h/ry) term, which is dominated by the constant
bias term, can be regarded as one unknown. The reason is that this
term can be thought of as an erroneous measurement of the g vector,
and the ay and Sh terms are neglected in the other uncertainty ma-
trices,

For system 1 equations (4.9a, b) can be said to contain 10 un-
known and independent I.N.S. uncertainties, plus six estimation error
terms, while we have only six known (estimated) terms. The I.N.S.

terms for system ] are
(u)EINS(l) = {3fg, 9fy, (8fy/g-az-28h/ro), S8fy, Tx,

Cyr Lz, (WY, wdoxs wdoy} (4.10a)
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Using system 2 equations (4.9a, b) contain eight independent I.N.S.
uncertainties.

(u)—)EINS(Z) = {for 3fy: (5fz/9'az“25h/ro)r (SfYI Cxl

Lyr Lzr Wdox) (4.10b)

It is not obvious that any of these terms can be neglected in order to
reduce these two uncertainty vectors.

It should also be noted that the estimation errors in equations
(4.9a, b) could be at least of the same order of magnitude as the fig~
ures given in Table 4.3, rows 1 and 2, respectively,

As a conclusion it can be stated that it is not possible from a
preflight test run only to determine the independent I.N.S. uncertain-
ties separately.

5. COMPENSATION OF I.N.S. UNCERTAINTIES

How to use the estimated data found from the preflight test run to
compensate for the I.N.S. uncertainties depends upon the updating pro-
cedure chosen. The different approaches described here are:

1. The coefficients for the different time functions
are interpreted as misalignment, bias and drift rates.
After compensation a realignment is performed.

2., Using only the position error data, compensation

signals are applied without realignment.

3. Using accelerometer data to derive compensation

signals which are applied without realignment.

&

4, The uncertainties are determined using only data

from the alignment phase,

Methods 2 and 3 imply that the compensation data can be applied
immediately after the test run is finished,

Figure 5.1 shows some possible points where compensation signals
can be fed into the system.

5.1 Compensation of the Uncertainties Followed by a Realignment

If the main I.N,S. uncertainties remain almost constant from
alignment to alignment, which should be a valid assumption when the
time involved is less than a half hour and there is no cooling down

or spin motor rundown between the alignments, one could determine the
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uncertainties from a preflight test run, derive compensation signals

and then realign the system.

Nav
+ ¥ : y
Gyro Alignment
Triad + Align fRlectronicd i i
V(O sx(0)
Align y v
+ +
Acc * ~a + .
: > i
Triad T Nav + Ei - fdt Idt ES
Gravitation
Computer -—

Figure 5.1

Principal Block Diagram Showing Alignment and Navigation Mode

The constant terms in gy(O)a' are negligible, The random terms
caused by the motion of the vehicle will vary from alignment to align-

ment, and no compensation signal should be applied.

Ideally, only the constant parts of the uncertainty terms should
be compensated for, but we cannot distinguish between constant and ran-
dom terms from the test run only, other than by using the knowledge we
have of the nature of the uncertainty sources.

Going back to equations (4.8a) and (4.%a, b), we can split those
equations up into constant terms and terms varying from alignment to
alignment. Using no subscript or subscript c¢ for constant terms, r for
random, and letting ( )p denote the value during the preflight test

run, we can write:

v

al
, =870 2 + E, (5.1a)

The constant terms in gy(O)a' are negligible. The random terms caused
by the motion of the vehicle will vary from alignment to alignment, and

no compensation signal should be applied.
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Bf‘CX/q + t;cy + (afrx/g+cry)p + sz (wdoy/F(O)p

EZ = chy/g - Cex t (Bfry/g-Crx)p + €2y + (—wdgx/F(O)p (5.1Db)
8fz/g - az - 26h/xrg + €9, 0
- (1)

ey €058 Lg + (Lyy cOS Lolp + €34

U, = | ~wgox/®je * €3y

L—(ny/g + Lgoy) €08 Lg = (L, coOs LO)p + E3,

wdoy/wie + (wy cos Ly —(ny/g +ch)sin Ly - (crxsin LO)p
+ 0 + 0
0 0
(1) (2)
{(5.1¢)

The terms S k = x, y, 2 can be thought of as misalignments varying
from alignment to alignment due to transients or limit cycles as des-
cribed in Chapter 2, succeeding equation (2.17d), while oy can be
thought of as constant electrical offsets in the alignment electronics,
equations (2.1la) and (2.15a). The gck terms should therefore ideally
be compensated for at point 3, Figure 5.1.

The bias changes 3fx, k = x, y, defined in conjunction with equa-
tions (3.18), probably contain mainly constant terms and should be com-
pensated for at point 2, Figure 5.,1.

The gyro drift terms should be compensated for at point 4, Figure
5.1.

As explained in the last paragraph of Chapter 4, we do not have
enough information to compute the various terms of equations (5.1b, c).
The simplest and probably the best way of using the ﬁz matrix is to
derive the following compensation signals which should be summed into
point 2, Figure 5.1:

fepx

a _ _ _ A

£ = |fepy| = -9 (5.2)
fepz

where the signal, fepk, k = X, ¥, 2, should be added to the kth ac-
celerometer signal.

This will be the best way to compensate for the bias changes,
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equation (5.1b) or (4.%a, b). The accelerometer signals due to the
misalignment terms in the U, matrix will also be compensated correctly
for short runs, while, when the length of the run approaches six hours
(90° rotation of the g vector), this compensation becomes less and less
accurate. Applying only Egp as a compensation signal and realigning
the platform, the alignment errors have not been reduced, but the ef-
fect of the misalignment on the position error has been reduced.

The error propagation after compensation and realignment will de-
pend upon how the Ujkx terms are applied. Here we shall distinguish
between methods which differ by where the compensation signals are ap-
plied. ‘

5.1.1 Interpreting the U3j) Terms as Linearly Increasing Accelerometer

Uncertainties

This interpretation follows directly from Figure 3.3 where the
U, matrix is integrated and added to point 2, which corresponds to the
errors in the accelerometer signals. The effect of the U, uncertainty
matrix could then be counteracted by applying guwiglU3k, k = x, y, z to
integrators whose outputs are connected to point 2, Figure 5.1. The
input to the three integrators will then be:

Pfépx
pf_ép = pf(':py = —gwiel, (5.3)

pflpz

Using £2p’ equation (5.2), as compensation signals at point 2, and
pgég, equation (5.3), through integrators to point 2 followed by a re-
alignment of the platform, the resulting error propagation valid for a
maximum one and a half hour run can be found from Figure 3.3 or equa-

tion (3.30). Transformed to the time domain, this equation becomes:

sr(0)a'+ 2o sv(0)2 sin wat

S

sr(t)@’

+ ro(gz"ﬁzﬂl - cos wgt)
(5.4)
W3 o ~ .
+ ro po(U, - 8y (ugt - sin ugt)
w, 2
+ rg Bi%" g, [% wg?t? = (1 - cos wgt)] + 1o ES%/wieats
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where the following relation was used:

L 1
§£(0)a cos wgt + rg K, (1 - cos wgt) = § (0)% + roU, (1 - cos wgt)

This then becomes:

Propagated with ro (1 - cos wgt):

(afrx/g + Cry = (3frx/g + cry)P - sz

9_2 = (afry/g - Crx)n - (afry/g - Crx)p - Ezy (5.4a)
where
(wgeox/F(0)) = (wdok/F(O))p (Gyro drift not compensated for)

Ws
Propagated with rg ”%E (ugt - sin wgt):
[(Crz)n - (Crz)p] cos LO - €3y
S, = T€3y

[-(zyx)n + (Zrx)pl cos Lo = £35

(5.4b)
’[(Crx)n = (Crx)p] sin LQ

+ 0

0
L (2)

where terms less than 104 have been neglected.

The last two terms remain the same as in equation (3.29d4, e). The con-
clusion that can be drawn is that only the (1 - cos wgt) and the

(wgt - sin wgt) terms have been reduced by this compensation method
while the other terms remain unchanged. From Figure 3.2 it is evident
that the U, term, which contains acceleration-sensitive drift rates
for the x and y gyros, together with the initial z gyro drift, can
give a significant position error. Table 5.1 shows the effect of the
residual drift terms for L = 45°,
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Position Error
Items Matrix | Units
42 Min 63 Min 84 Min
8V(0), k=x,y,2z | SV(0)3frt/ft 0 800 0
Upr k=%x,y,2 uy  jft/1074 | 4200 2100 0
Hék’ k=x,v,2 H; ft/10'3 3840 6980 7670
Wiok s K=X%,z ft/meru 297 974 1940
gMUY%, k=x,y U ft/meru 210 688 1405
wdoy(Z) ft/meru 148 488 984
Y“doz ft/meru 33 100 256
Us
gMUY 5 - ft/meru 46 151 360
Table 5.1

Effect of Uncompensated Uncertainties after Realignment

The major disadvantages with this method of using the information

A
in the U, matrix are:

a) Three extra integrators in the compensation

electronics are required.

b) The magnitude of the U, and U, matrices has

not been reduced.

The advantage is that the effect of the U, matrix has been reduced as
much as possible leaving only unpredictable terms. As can be seen
from Figure 3.2, the sensitivity of the U3y terms, k = x, y, 2, on

the position error are approximately ten times the sensitivity of the

Ugk terms.

5.1.2 Supplying Compensation Signals Derived from the U, Matrix to the

Gyro Torquers

With a compensation and a subseguent realignment, it is evident
from the expressions for the U matrices in equation (3.29) that only

Xy ¥Yr 2

compensation signals to the gyro torquers,

the terms containing wgekx, k can be controlled by applying
Because the gz and ﬁa
matrices, equation (5.1b, c¢), do not give us any information about
wdez or(wdoy for system 2), we cannot gain anything by applying tor-

quer signals to the z, respective z and y gyros.
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The compensation signals to be applied at point 4, Figure 5.1 can,
by using (5.1lc), be expressed as:

U3y ~Wdox t Wie€3y
a . A
Yop(1) T Yie -Usx| = |~wdoy=wie (Zcz+(u)¥)cos Lo-wie(Lyzcos Lo)p'“ie€3
0 0
(5.5a)
and for system 2:
Usy ~Wdox t Wie €3y
a — . —
Yep(2) = Yie| 0 = 0 (5.5b)
0 0
The residual gyro drifts after compensation are:
Wdox U3y 0
a a A
938 = 90 t 8ep T |Wdoy | * wie| O |+ @ie |-Usx
Wdoz 0 0
- (L)
or:
€3y
ra
Y30(1) = Yie = (Zegt(u)y¥)cos Lo - (Lrz cos Lolp = €3y (5.6a)
Wdoz/Wie
Wiet3y
ra
Ldo(2) T | Ydoy (5. 6b)
Ydoz

Inserting equation (5.2) as a compensation signal at point 2, and
equation (5.5a) or (5.5b) at point 4, Figure 5.1, and realigning the
platform, the equation in the time domain can be derived in a similar
way as equation (5.4):

a' a'l

L} ~
sr(9)?’ = sx(0)?'+ - 5v(0)? sin ugt + ro(U)-0,) (1 - cos wgt)

S

ws
+ rg Eig U, (wgt - sin wgt) +
R

51



1 .
+r, — U I3 wg?t? = (1 - cos wgt)] + ro U % wielt® (5.7)
s
where the prime on the U matrices indicate that 2&0 has been substi-
tuted for wgop.
Using the same notation as was explained in paragraph 5.1.1, we
get:

(Bfyy/9+Tyy)n =~ (Ofpx/9+iry)p=eax = (wgoy/F(0)p
Uy = U, = |Gfpy/a-tex)n = (3fpy/g=tyy)peay | +| (Waox/F(0)p (5.7a)
—Ezz 0

(1)

where (wgok/F(0)}),=0 due to the gyro drift compensation.

0 [(Crz)n=(Zrz)plcos Lo - e3x
_[_I_; = -€3y + 0
—(6fy/g+cx)cos Lo 0
. (1)

[ty - (Sfy/g+§x)tan Lolcos Lg

+ 0 (5.7b)
0
n (2)
20ga,c0s Lo + gMUYy 0
1 .
ur = EZ; ~gMUY & + Lgey|sin Lo (5.7¢)
=2 Wio €3y cos Lg 0
(2)
gMUY , —wdoy(3co§ Lo-1)
gy = 308? - ~WgozSin Lol + E%’ 0 (5.7d)
ie ie
-gMUY 3wdoysin Lo cos Lg
(2)
3

where terms less than 10”~ have been negleéted.
Comparing this result with the result obtained in paragraph 5.1.1,

we see that the following terms have increased in magnitude:
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Uax(1)r Y2y(1) 7 Ysx(2)r U3z
while the terms which have been reduced are:

Vazr Y5(1)7 Usy(2)
The effect of these changes can be found from Figure 3.2.

The reason that this method gives a less favorable result for the
U, matrix than the method described in paragraph 5.1.1, is that some
of the information in the ﬁa matrix is not used. A very useful solu-
tion would be to combine these two methods by applying ﬁBzr respective-
1y ﬁ3x and 632 for system 2 through integrators to point 2, Figure
5.1. When judging other methods, one should avoid E,; error terms in
the compensated U) matrix because these error terms could be larger
than the original uncertainty terms in the U, matrix.

These compensation schemes will be of limited value when the ran-
dom misalignment terms dominate and when the initial velocity error
cannot be neglected. Another disadvantage of these schemes is that the
realignment is time consuming (5-~15 minutes could be practical figures),

making the preflight preparations in many cases unacceptably long.

5.2 Compensation Using Position Error Data without a Following
Realignment

Instead of realigning the platform after a compensation of the un=~

certainties has been performed, we can apply the compensation terms
when the preflight test run is finished and reset the position and
velocity integrators to the correct values. It is assumed that the
estimated values of the uncertainties are available and put into the
I.N.S. computer just after the preflight test run is finished. Referr-
ing to Figure 5,1, position error is compensated for at 6, velocity
error at 5, initial misalignment error and misalignment error caused
by constant gyro drift (acceleration-sensitive drift rates cannot be
estimated from a short test run) at point 2, and the linearly increas-
ing acceleration signals via integrators to point 2, i.e. the same
method of using the ﬁz matrix as in paragraph 5.1.1, has been used for
convenience. In addition to the information needed for the schemes
described in paragraph 5.1, here we also need the correct value of
the velocity and position in the i-frame at the time T when the test
run is finished.,

The following signals are then inserted as step functions at t =

T, Expressed in Laplace form and referring to Figure 3.3, we have:
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Voo
se(r)? ¢”ST

at point 6: -

0+

~ ' . . . .
where QE(T)a is the estimated position error at t = T
“~ v -
at point 5: - sE(m)® 7T
o~ ? . ) »
where §£(T)a is the estimated velocity error at t = T
2 w3
. . _, Ws ~ ie n -sT
at point 2: o= (U, + a;— UywgT)e
3
w Wia A -
at integrators to point 2: ——— o 220 ¢ sT
s ws —3
In the time domain we then get:
[ ] ~ 1 '
sr()®' - 5x(0)2 = -52(1 3 cos wg (£-T) + 1 §V(0)? sin wgt
2L 2L ~= . ==
s
~L §2(T) sin wg(t-T) + ro U, (L - cos wgt)
wg T -
A A mie
- 1o (U, + U, wjgT) (1 - cos wg(t-T)) + ro — U
= = 0y
i 218§ [wg (t-T in wg (t=T]
(ugt - sin wgt) = ry = U, [ws ) - sin wg
s
Wig” 1 1
+ rg _igz u, [5 wg?t? = (1 - cos wgt)] + rg Usz wie’t?
s (5.8)
From equation (3.29) we find:
1 [} ¥
sr(m?' - 8x(0)%'= + = 8V(0)® sin wgT
s
Yie .
+ ry U, (1 - cos wgT) + ro—;— 23(wsT - sin wgT)
S
2
w-
ie 1 2 1 3m3
+ ro — Eu [5 Wg T2 - (1 -~ cos wgT) ] + rogsg W3 o T
s (5.8a)

Resetting the position integrator to the calculated correct value

corresponds to putting in a step equal to:
? L} 1
s2m? = sx(m?® - sx(m? - ex(m? (5. 8b)
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The correct position is not known exactly because of the position un~
?
certainty of the vehicle. The term EE(T)a accounts for inaccuracies
in calculating what the position should be at t = T.
The velocity at t = T is:
)&!

S s = §E(T

Sr = + ug [l~ QZ(O)a' cos wgT
+=T W

]

. w i
+ ro U, sin wgT + ro —%S U,(1 - cos wgT)

2
Wie . Yie 1
+ rg 7 U, (wgT = sin wgl) + ro — U, > wie?T?]
Ws Ws

Resetting the velocity integrator is equivalent to inserting a calcu-
lated step equal to:
al

= 6x(M?3 - ef(m (5.8¢c)

al

where the _s__'g(T)aI term is the inaccuracy in the calculated true velo-
city at t = T, including the effect of the wiggling of the vehicle.

Inserting the equations (5.8b, c¢) and (4.8a, b, ¢) into equation
(5.8) and denoting:

we get, for t > T or t' > O:

] L t * ]

sr(£)2 = §r(0)%'+ ex(M? cos wgt' + i—ef(T)?® sin wgt'
2= 2L &L S

+ ro [FE, - E; wieT + Hu% wie T?1(1 - cos wgt')

+ lie [-E, + U, w; . Tl(wgt? - sin t")

To oy = T omw Ve Ws Ws
Wie 1 2,12
+ro'[;;'9u 5 ug t'® = (L - cos wgt')]
+ Io Uy % wie't®
wie 1 2m2 1 3m3
where the terms r, —p— U, 3 Wie T° and U, T Yie T° have been neglected
s — =

because they give errors less than 100 feet for T < 20 minutes.

Propagated with rgy (1 - cos wgt'), we have:
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€2x * €34 WjieT 2 w3gy €Os Lo + gMUYy
_ 1 . 1
Uy = =leay + €3y wiT |+ GI; —wiewwz sin Lo cos Ly ~ gMUYy | 5 wie?T?
€2z * €37 wieT -2wdpox ©€0s Lo

The last term vy U, w; °T? gives a maximum of 2,300 feet error for

T = 20 minutes and t' = 42 minutes when the values in Table 3.1 are
used.

i . Wie ' . .

Propagated with rO'T;— (wgt' - sin wgt'):
s

€3x 2uwgeg cos Lg + gMUY,,

U = - €3y | + E%" -wieVyz Sin Lo cos Lo — gMUY¥y wijeT (5.9b)
ie

€3y ~2wgox €08 Lo
the last term here will give a 1.56 n.m. maximum error for t' = 84
minutes when T = 20 minutes and wggz = 10 meru.

The coefficient matrices for the last two time functions are
given in (3.294, e).

Comparing the position error expressed in equations (5.9a, b)
with (5.4a, b) in paragraph 5.1, it is evident that we get a smaller
error when realigning the platform after the compensation signals
have been applied, provided that the random misalignment terms are
small, The reason is that the misalignment caused by the gyro drift
rates in the U, matrix is not removed because this matrix cannot be
estimated during the preflight test run.

5.3 Compensation without Realignment Using both Position and

Accelerometer Error Data

At the end of the preflight test period, the indicated accelero-
meter error given by equation (4.4) is an almost direct measure of the
misalignment, provided that adequate filtering of the accelerometer
signals is performed and that possible compensation signals fed to
point 2, Figure 5.1, are corrected for. By applying the corrected
value of Af2 at t = T at point 2, the total misalignment of the plat-
form is ideally compensated for. From the accelerometer signal or
from the position error data, the equivalent constant gyro drift can
be determined and compensated for at point 4 in the same manner as
described in paragraph 5.1.2 or ﬁ3 is applied through integrators to
point 2 as in paragraph 5.1,1. This last method will be used here.

Similarly, the velocity and position integrators are also reset at

56



t =T,
The errors indicated by the accelerometers at t = T can be written
as:

a _ 1
AfT = g{él + U5 wieT + Uy 3 wie?T?
The estimated value of Af? after filtering can be expressed as:

A2(T)2 = g{K, + U, wieT + U, 'Zl'wiesz + E) (5.10)

where E is the difference between the filtered A, and K, matrices plus
measurement uncertainties,

(W' (T) + €'y ex
E = |[(Wr'y (T) + ¢e'y =| ey (5.10b)
sh . .
89/g + 32 + (WILT) + €', €z

where (u)r'x(T), k = x, vy, 2z 1is the residual of the filtered distur-
bance acceleration at t = T. At t = T, we can insert éﬁa at point 2,

~ ~ Q
Figure 5.1, -g wieU, through integrators to 2, §£(T)a'at 6, and 8r(T)?2
at 5.

An equation similar to (5.8) can then be derived from Figure 3.3

for a navigation run lasting less than one and a half hours.

sr(t)a’ - §r(0)a' = -8r(Ma’ cos wg(t-T) + i- §V(0)? sin ugt
s
- El gé(T)a'sin wg (E=T) + r45 U, (1 - cos wgt)
S

- To é;(T)a'/g (1 - cos wg(t-T))

s
+ T, L& U, (wgt - sin wgt)
o=
s
Yie ~ . .
- _ag U, [wg(t-T) - sin wg(t-T)]
2
ws
¥ 1o =25 U, [5 wg’t? - (1 - cos uwgt)]
oz =
s

l . 3.3
+ro_g_5'é-wlet

(5.11)

By inserting equation (5.8b) for §£(T)2', (5.8¢) for §xr(T)2', (5.10)
for A%(T)a, and (4.8c) for U, and denoting t' = t-T, equation (5.11)
can be written for t > T as:
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1] Y
gg(t)a = (§£(0)a' + EE(T)a') cos wgt' + %‘EE(T) sin wgt!
s

Pie

- rg E (1 - cos wgt') + r4 — [-E3 + U, wieT]

S = =
2
. ie 1
(wgt' - sin wgt') + ro —E;T u, I3 wg?t'? = (1L - cos wgt")]

1 343
+ I, U, 7 wie't

(5.11b)

where the following terms have been omitted because they give a neg-
ligible contribution:

- — = , 2m2 * ]
o =~ Us 5 wie T sin wgt',

- ro Ug & 03e°T¥(1 - cos wgt'), and

[t

. 3m3
- Yo Us 7 Wie'T

N+

Comparing equation (5.11b) with (5.9) the improvement obtained
is a reduction of the coefficient of the (1 - cos wgt') term because
the compensation of the misalignment error can be made more accurate
using the accelerometer data.

Comparing equation (5.11b) with (5.4), where alignment was used
after compensation, a reduction in the misalignment error could be ob-
tained using the accelerometer data and not realigning the system,
but the equivalent drift terms propagated with (wgt - sin wgt) have
increased by the amount of U, wieT. The matrix cannot be determined
during the preflight test run. Therefore compensation cannot be
generated, and the only way to reduce the effect of these drift rates
is to realign the system.

One way of mechanizing this system is shown in Figure 5.2. Here
T is the length of the preflight test run.

Afa'(T) = K+ U, wiel + E
' (5.12)
éia =U, wie ¥ E

where the U, term in equation (4.4) has been neglected.
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Figure 5.2

Possible Mechanization of Compensation Signals

The filter box can consist of a counter counting the AV pulses
from the accelerometers for a time interval 1, holding this value and
resetting the counter, and then repeating the cycle. Because the band-
width of the information and the disturbances is widely separated,
adeqguate filtering can be obtained by letting 1 be several seconds.
The value of ia' has to be computed every T seconds. Given 1, g, and
Lo this computation can be done prior to the test run. The value of
the filtered acceleration error, zza', at t = T, denoted Aﬁa'(T), is
fed to point 2, Figure 5.1.

From the éﬁa' value one can, by various techniques, derive an es-
timate of the t degendent term by neglecting the higher order terms.
This estimate of éia' is then fed via integrators to Figure 5.1 after
proper scaling. The effect of neglecting the term U, % wie?t? in the
expression for the acceleration error will have the following effect
on Afa';

883" = U, wie + U, wie’t
Taking the mean value of this expression for the test interval, we get:

[U, + U, 3 wieT]

a' .
Af = 5

_— ie
Using the maximum uncertainties given in Table 3.1, this last term

gives only 0.5 x 10-3 for T = 15 minutes, compared with 10 x 10-3 for
the first term, Thus the assumption made by neglecting higher order
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time functions in (5.10) should be valid.
It is also necessary to compute ii(T) and E;(T) to reset the two
integrators in the navigation computer. These two values can be com-

puted prior to the test run and depend only upon Lo, provided that T
is fixed. '

5.4 The Use of Data from the Alignment Phase

The signals which could be made available during the alignment
phase are the accelerometer signals and the command signals to the

gyro torquers. It is only necessary to study these signals under
steady state conditions.

5.4.1 The Gyro Torgquer Command Signals

Using equations (2.3a, b) we can write:

w? w? + w2 = 0? + ol o+ W8
—ia —CMD —do —C —in —~do

a a n a
[ C w, + w
~ia -n —in —-na

where Qi denotes the signals coming from the alignment electronics and

E?n denotes the constant earth rate compensation signals.

Rewriting the equations above we get:

a _ a _ n a _ a

we = (G - Dy + Yha - Yo (5.13)
Dealing only with the steady state, the an matrix, given by

(2.5), can be set equal to zero. Inserting equations (2.4), (2.6),

and (2.1) into (5.13) yields:

Weox Cy sin LO deX
92 = |wey |= WYie [-Cz cos Lo - Cx sin Lo| - |%doy (5.14)
Weg CY cos Lo Wdoz

The command rates consist of fixed gyro drift rates and compo-

nents of the earth rate due to misalignment, faetors which are not com-
pensated for., Referring to the values listed in Table 3.1, the gyro
drift rates are expected to be the predominant terms for system 1.

This justifies the following eguation for gyro drift estimates:

B0y = 45 - vk (5.15)
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where
E, = {egx, €4y €471 (5.15a)

are the errors in the estimates caused by gyro torquer uncertainties,
measurement uncertainties, and errors caused by limit cycles or tran-
sients not taken into consideration in the steady state analysis.

By using equations (2.18a, c) for system 2, equation (5.14) be-
comes:

Cy sin Lg Wdox
22(2) = Wi |-Cez COS Lo| - 0 (5.15b)
Cy cos Lo Wdoz

The best estimate of the gyro drift rates will then be:

Wex E4x
~a _ o
Wez €4z

If the drift estimates are derived just before the alignment phase
is finished and the compensation signals applied at point 4, Figure 5.1,
at t = 0, we get the following constant drift rates valid for the navi-
gation mode:

1g = & _ na
%38 %30 %40 (5.16)
or
Cysin Ly + €4x 0 0
'a
Wgo = Wie 0 + Wwje [~CzCOS Lo ~ Cxsin Lo + €4yl + | Wgoy
Cycos Lg + €4y 0 0
1) (2)
(5.16a)
where

ga = {Cy, Cy., Cz} is given by equation (2.11) for system 1 and
(2,16) for system 2
The effect of this compensation of the error propagation during a
maximum one and a half hour run can be found from equations (3.29a, b,
c, d, e) by replacing 930 with equation (5.l6a). This gives the fol-
lowing result:
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U, propagating with ry (1 - cos wgt) remains unchanged.

W s
The uncertainty matrix propagating with rg L< (wgt - sin wgt) is
w

changed. S

By using equations (3.31) and (5.16a) we get:

C'Z w'doy
1
g; = 0 cos Lo + - -w'dox (5.21)
ie
-C'y 0
, . Wdo
0 Zrzcos Lo - Cxsin Lo + €4y C'zcos Low
ie
_q; = "Cysin Lo el €4x + 0 + 0
-C'x cos Lo 0 0
L . 1) (2
'a
where C = ga + Qi was used. Inserting equation (2.18a) and (2.18c)
and making the same simplifications as were done for equation (3.29¢),
we get:
-6fy/g sin Lg Crz €08 Lo - Lex sin Lg + €4y
u, = (8fx/g = Ceoy) sin Lg = e4x] + 0
~(8£fy/9 + Tx) cos Lo 0
(1)
Lz cos Lo = Ly sin Lg
+ - 0
0
(2)
(5.17a)
Th . i 4 with Bie" 1 L.,
e uncertainty matrix propagated with rg Bg? [5 P (1 -

cos wgt)] can be found by equations (3.29d), (5.16a), and (2.18a, c):

©'doz MUYy, 0
w
yr = 208 Lo 0 |+ g% |-muvy |+ |2 sin 1,
T Wie ie le
~w'dox 0 0

(2)
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Cy cos Ly + €44 MUY, 0

= Ydo .
u. = 2cos Lg 0 + mg— MUY, | + _ETX sin Lo
ie ie
~Cy sin Lo - €44 0 0

(2)

or finally:

(-8fx/gticy) cos Lotey, MUY, 0
, w
U’ = 2cos Lg 0 + -2 ~MUY | + —ggxsin L
—r W w4 O
ie ie
—(—Gfx/g+;cy)cos Lo-€4x : 0 0
2)
(5.17b)
The uncertainties propagating with rg % wieat3 can be found by
using (3.29e) together with (5.l1l6a) and (2.18a, c¢):
' 1
~w'goy cos Lo - 3 Wie Vg + gMUY,
3cos L .
g = —~BT——9 W'gox €08 Lo - w'goz sin Lo
ie
w'doy sin Lo - gMUYy
MUY —wdoy(3cos2L—1)
ut - 3g cos Lg 0 + w} 0 (5.17¢c)
- Wie le
-MUYx 3wgoycos Lo sin Lg

(2)

where neglecting terms giving less than 260 feet during a one and a
half hour run when values given in Table 3.1 are used.

Comparing U}, U, and U; with U,, U,, and U; given by equations
(3.29¢c, d, e), it is evident that a decrease in the uncertainty ma-
trices has been obtained. The reason is that Cx, k = %, y, z for
system 1, k = x, y for system 2, are approximately one tenth of
wdoy/wie when the values of Table 3.1 are used. The greatest relative
improvement has been obtained for the U} matrix. The x and y compo-
nents of this matrix can be expected to be reduced by a factor of 10
provided that E, is less than 10-3, The relative improvement of the
U, and U} matrices compared to U, and U, is less because the mass un-
balance terms remain unchanged, but the effect of the constant gyro
drift rates has been reduced.

If (5.15) had been used to estimate the y gyro drift rate for

system 2, the expression for H;(z) would be the same as for g;(l).
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An improvement would then be obtained if the €4y uncertainty is much
less than fgz or fyx. This would be the best way of using the informa-
tion gained by measuring the y gyro command signal. The other uncer-
tainty matrices would remain unchanged by using wey as a compensation
signal.

Another possible scheme could be to derive the drift estimates
and make the compensation and then continue the alignment until the
steady state is reached. It should then be possible to reduce the mis-
alignment due to gyro drift in system 1 and thereby reduce the wwx and
wwy terms in the expression for U,, equation (3.29b). By recording
the gyro command signals when the alignment is finished, one could
check that the correct compensation signals had been applied. This
scheme would give an increased alignment time, and the benefit obtained
by reducing the misalignment error caused by gyro drift could also have
been accomplished by increasing the gains in the alignment loops. Be~
cause the gyro command signals do not give any information about the
y gyro drift rate for system 2, and because it was assumed that the
loop gains in the x and y channels were high, the elongated alignment

would not give us any advantages for system 2.

5.4.,2 The Accelerometer Outputs at the End of the Alignment Phase

When the alignment phase has reached the steady state, we can ex-
press the outputs from the accelerometers by using equations (2.17) and
(3.14):

fno= @+ AH @+ "+ ef?
(5.18)
fno= £+ @+ et e oag?
Inserting the equations (2.8), (2,18b) and (2.2) yields:
. .
\bwy +oly (u) rx
a _ _ - .
£m = g wwx 'y + (u)ry (5.18a)
§fx/g - (l+ay) () Ty

By filtering the accelerometer signals and subtracting the gravity

from the z accelerometer signal, we get

1)
wwy + v + €5y
é_f_ = g —wwx - C'X + €5y (5.19)

’\bfx/g = ag + Gg + ESZ
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The misalignment terms, 'y, kX = x, y include only the fok terms,
caused by alignment electronics offsets, and "slowly varying" limit
cycles and transients which are not filtered out. The misalignment
term described in point ¢) in connection with equation (2.174d) is,
of course, not included.

The error terms, €5y, kK = X, y, 2z, comprise uncertainties in
measuring Aga together with improper filtering of (u)g terms.

Applying (5.19) as a compensation signal at point 2, Figure 5.1,
when the system is switched to the navigation mode, we get the follow-
ing error propagation during a one and a half hour run from equation
(3.29);

Propagated with r (1 - cos wgt):

3fx/g + Aty + e5x
U, = |3fy/g - ALy + €5y (5.20)
Sh
69‘ - 2-]-;(—)—“‘ ESZ

where AZx = Zx - &'k» k=x,v, =z

The other uncertainty matrices U,, U, and U, remain unchanged.

The advantage of this method in determining the misalignment is
that a minimum of computation is required because the accelerometer
outputs can be used without any coordinate transformations.

The disadvantage is, of course, that the changes in the bias
levels and in the platform attitude due to the switching of the system
to the navigation frame are not detected. Because these changes are
caused by imperfections in the electronics and not in the inertial com-
ponents, efforts should be made in reducing these effects instead of
building sophisticated test equipment in order to detect the changes
in a preflight test run.

When using pulse restrained accelerometers where the outputs are
in the form of velocity increments, we get the same requirements on
the length of the test as depicted in paragraph 4.3. That means that
a test time in excess of ten minutes is necessary in order to detect
misalignment terms down to 20 prad corresponding to a maximum posi-
tion error of 820 feet (Refer to Figure 3.2).

The information derived from the alignment phase, equations (5.14)
and (5.19), together with the information gained from the preflight
test run, equations (4.8b, ¢), is still not adequate to determine all
the I.N.S. uncertainties. The only additional information gained from
the alignment phase is the z gyro drift rate.
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5.4.3 Position Error Propagation Using Only Data from the Alignment
Phase

By using both the accelerometer data and the gyro command sig-
nals, the uncertainty matrices valid for a maximum one and a half hour
run are given by equations (5.20), (5.17a, b, ¢) for Uy, Uiy Uss
and Uy respectively. The error propagation is given by equation
(3.29) when U; is replaced by Hi, i=2, 3, 4, 5. The effects of the
uncompensated uncertainty terms can be found from Figure 3.2. For con-

venience, the major terms are listed in table 5.2.

Item Units Position Error
42 min |63 min {84 min

SV(0)y, k = %, vy, 2 | ft/ft/s 0 800 0
3fx, k = x, y, Sg ft/ug 42 21
Ay, k = %, ¥ ft/urad 42 21

§fk, k = x, ¥y ft/mg 2720 4950 5450

Tkr Cckr Crker K = %, v, 2Z ft/mrad| 2720 4950 5450

€4x, €4y (1) ft/10-4] 384 698 767

gMUY¥y, k = X, ¥y ft/meru 210 688 1404

wdoy (2) ft/meru 148 488 2984

€45 ft/10-4 30 98 194

gMUY z ft/meru 46 151 360

Lo = 45° 1 mrad = 3,44 min 1 rad = 0.2 sec

Table 5.2

Effect of Uncompensated Uncertainties Using Alignment Data

As can be seen from the above table, the uncompensated gyro drift
rates will give the most significant error terms. Comparing this table
with table 5.1, derived for the case where a preflight test run with a
subsequent realignment was used, it is clear that many of the major

error sources are the same,

6. CONCLUSION

The propagation of the position error valid for at least one and
a half hours was derived for navigation on a stationary base. For an
actual flight with low speed aircraft, only minor changes are ex-
pected in the equation for the error propagation. Thus the conclu-
sions derived should alsoc be valid for that case, provided that the

alignment and the test run are made on a stationary base. The
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equivalent block diagram valid for this error equation is shown in
Figure 3.3, The I.N.S, uncertainties enter the Schuler tuned loop in
the following way:

(a) With no integration: Platform misalignment and
bias shift

(b) With one integration: Fixed gyro drift rates and
misalignment

(c) With two integrations: Acceleration-sensitive gyro
drift rates for the y gyro,
together with cross coupled
fixed gyro. drifts

(d) With three integrations: Acceleration-~sensitive gyro
drift rates and cross coupling
of the fixed gyro drifts

From the preflight test run lasting less than 20 minutes, only the
error inputs mentioned in (a) and (b) can be detected using maximum
values of the uncertainties given in Table 3.l1l. As explained in para-
graph 4.3, the test run should last at least 10 minutes, preferably
15 minutes, in order to determine the fixed gyro drift rates when 0.1
ft/sec velocity increments from the accelerometers are assumed. Ex~
tending the duration of the test run to 20 minutes will not give re~
liable estimates of the acceleration-sensitive gyro drift terms using
a simple curve-fitting method.

The I.N.S. uncertainties can be estimated using properly filtered
accelerometer data or using the position data. For a test run lasting
less than 15 minutes, the position error is essentially the double in-
tegral of the acceleration error data.

As explained in Chapter 4, it is not possible to determine all the
major I.N,.S. uncertainties from a simple preflight test run. By also
using the information gained from the alignment phase, we still do not
have enough data to determine all the uncertainties separately.

Five different methods of applying the estimated data are des-
cribed in Chapter 5. 1In paragraph 5.1 a realignment of the platform
is performed after the compensation signals have been applied. A com~
bination of the methods used in paragraphs 5.1.1 and 5.,1.2 seems to
give the best results provided that the change in the uncertainties
from alignment to alignment is small. These methods require a con-
siderable amount of computation, and the realignment is rather time
consuming.

In paragraphs 5.2 and 5.3 the uncertainties are compensated for
without a subsequent realignment using position data and filtered ac-
celerometer data, respectively. The last method seems to be the most
accurate and requires somewhat less computation.
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In paragraph 5.4 a method using only data from the alignment phase
is described. This method requires a minimum of computation and there-
fore deserves serious consideration. This scheme fails, however, to
detect changes in the I.N.S. uncertainties when the system is switched
from the alignment phase to the navigation phase.

The effect of not compensating for the acceleration-sensitive gyro
drift terms can give as much as 2.3 n.m. position error when exposed to
a 10 meru/g gyro drift for a one and a half hour run. The effects of
initial latitude and altitude errors and deflection of the vertical
(on a stationary base) have all proven to be negligible compared to
the other error sources given in Table 3.1.

It seems from this work that a space stabilized IMU is not es-
pecially suitable when a preflight test run is necessary in order to
determine the I.N.S. uncertainties due to the amount of computation in-
volved. Another argument against using a space stabilized platform is
the effect of the acceleration-sensitive gyro drift rates which could

have been neglected when using a local vertical system.

Reference

Britting, K.R., "Analysis of Space Stabilized Inertial Navigation
Systems,” M,I.T. RE-35, Experimental Astronomy Laboratory,
November, 1968,

68



