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CHAPTER I
PROBLEM STATEMENT AND BACKGROUND

The problem studied in this dissertation is:
Under what conditions can we obtaiﬁ 8 rep-
resentation for a probabllity density
function (p.d.f.) or cumulative distri-
bution function (c.d.f.) when the func-
tion 1s described in terms of:
(1) a moment generating function (M.G.F.),
range, and continuity, and/or
(2) the first n moments, range, and con-
tinuity?
Further, how do we actually achieve this rep-
resentation in an efficient manner?
In Chapter II we will discuss what is meant by an efficient
manner,

Motivation for the current research effort comes
from the fact that system descfiptions in the form of
M.G.F.'s arise quite naturally when the system 1s described
as a Semi-Markov process or as a GERT network [33]. [42].
Thus, if these technigues are to be truly effective we must
have a general method to obtaln some sort of reasonably

accurate and useful expression for the corresponding p.d.f.



or c¢c.d4.f,

Actually, this problem has been solved theoreti-
cally, at least to the mathematiclan's satisfaection. BHow=-
ever, computationally no effective solution procedure has
yet been proposed. Thus, we address ourselves to the conm-
putational aspects of the problenm.

The problem statement implies that two distinct
approaches are possible. Suppose we are given ths M.G.F.
Then if the function is continuous on the positive half
line (0,») we can replace the dummy variable, s, in the
M,G.F. by -s and the problem becomes one of finding the
inverse Laplace transform. Alternatively the moments can
be obtained from the M.G.F. and a p.d.f. representation
constructed using the moments. 1In the latter approach
there are two subproblems: Flrst we must decide if the
moments describe a p.d.f. and if there is a mazximum number
of moments that constitute a description. For example,
assume four moments provide a complete description, then
serious difficulties will be encountered if we try to
approximate the p.d.f. with six moments. This portion of
the problem is called the reduced problem of moments when
the number of moments is finite, otherwise it is called the
problem of moments. After the number of moments 1s decided
on we can employ them to construct an expression for the
p.d.f. This approach is generally referred to as the
method of moments. Note that although the moments can be

obtained from the M.G.F. the converse is not true in any



useful sense. Both approaches are discussed below.

Historical Development

The problem of moments seems to have been flrst
investigated by Stieltjes in 1894 [2 ,v ], [18,ix]. How-
ever, a closely related problem, fundamental to probability
theory, was studied by Tchebycheff in a series of papers
which started in 1855 [18,ix]. Briefly stated the problem

is, given

o0 o0 2
~/‘ p(x)dx =jn fe*ax, n=0,1,2,...

@00 -

2
X Tchebycheff's work

can it be concluded that p(x) = e~
also started the research in the general field of orthogo-
nal polynomials. Only the classical orthogonal polynomials
of Legendre, Jacobl, Laguerre and Hermite were known before
Tehebycheff [18.1XJ. All of the technigues that we will
study in this paper either use or are strongly related to
orthogonal polynomlals.

As stated above we are interested in the reduced
problem of moments which 1s the problem of moments except
that we know only a finite number of the moments. Again
problems related to this one were formulated by Tchebycheffl
and investigated by Markov [18.77]. However, the solution
to the problem in a form which is of interest to us was
obtained independently by Achyeser and Krein [ 1 ] in 1938,
and Verblunsky [387] in 1949,

A more detailed exposition of the history of the



L
problem of moments can be found in Shohat and Tamarkin [18]

Many technlques have been proposed which use only
the moments and range of a distribution to determine an
analytical expression or table of values for the distribu-
tion. However, we will be interested only in certain of
the so called generalized frequency curves [17,46] which
will be discussed below. BRelated techniques are included
in an annotated bibliography, Appendix A,

There are two distinct classes of the generalized
frequency curves. The first is an infinite series in which
the first term of the series is one of the common p.d.f.'s.
This approach has its origin in the work of Gram which
appeared in 1879 [40]. His work, based on the Normal dis-
tribution, resulted in what is now called the Gram-Charlier
A series. Thlis series also iInvolves Hermite polynomials,
In 1905 Charlier derived the Gram series from a different
point of view and derived another series based on the
Poisson distribution. The latter series is called the
Gram-Charlier B series and involves the Polsson-Charlier
polynomials [17]‘ In 1924 Romanovsky [ 35] derived series
expansions based on the Pearson system of frequency curves,
The one of interest to us is the expansion based on the
Type III p.d.f. This expansion utilizes the Laguerre poly-
nomials., The Type III p.d.f. is similar to the Gamma
p.d.f. which also results in the Laguerre polynomials. The
second class of generalized frequency curves is the above

mentioned Pearson family of thirteen curves. The first



seven members of the family were given in a paper by
Pearson which appeared in 1895 [ 31]. Between 1895-1916
Pearson added the remaining six members and developed
techniques for fitting these curves to data. Pearson's
curves include the Normal, Exponential and Gamma p.d.f.'s
as special cases.

It is much more difficult to trace the history of
the problem of inverting Laplace transforms. The Laplace
transform was devised by P. S. Laplace in the 1820's, but
he seems to have had little interest in inverting them.

The first person to take an interest in the inversion prob-
lem was Heaviside in the 1890's, and he was motivated, as we
are, by the need for solving practical problems [19,V11].
His work resulted in the well known Heaviside partial frac-
tion expansion technique. The problems of interest to us
are not amenable to this solution technique.

In the 1930's mathematicians began to take an inter-
est in inversion formulas of the type that specify a p.d.f.
by evaluating its transform at selected points along the
real axis, for example see [227] or [39]. However, their
interest was not computational and thus the results lend us
little conmfort.

Two events set the stage for the efficient inversion
techniques currently available. The first was the appear-
ance of the now classical text by Gardner and Barnes [ 8
This book stimulated the use of the Laplace transform to

study the linear systems of interest to engineers and phys-



icists, that is, the need was created. The second event
was the advent of the digital computer., This provided the
means for solving the problem., Many inversion technigques
are available (3], [26], [29], [30], and [37]. The most
efficient of these [26] is derived and illustrated in

Chapter V.

Research Approach

The research performed for this dissertation led to
a two part procedure for solving the problem., The first
part is a combination, integration and extension of the
theories on the reduced problem of moments and the general-
ized frequency curves. In the second part, we use a numer-
ical technique for inverting the Laplece transform of the
unknown p.d.f. An introductory discussion of the reasoning
behind each part is given below,

It is well known that whenever a M.G.F. exists it
uniquely determines the distribution function. Since we
construct the M.G.F.'s of interest to us thelr existence is
guaranteed, and in many practical situations the function
of interest is defined on the positive half line (0,«).

This then is the reason for our interest in the numerical
inversion of the Laplace transform.

The convenience and ease of representation of a func-
tion by a power series makes them attractive, thus let us
discuss this basic approach. Suppose we wish to approximate
a p.d.f,, f(x), by the finite series g anxn, The coeffi-

N=0
cients, an, may be determined by the least-squares criterionm,



That 1s, we choose the an s0 as to minimize

<
_ 8 2
f [f(x) - £ a x®]7dx .
n=o N
OO

Differentiation with respect to aj yields

-2 [ [f(x) = g a_x%xd dx
n=o0 R ’

Setting this equal to zero we have

(o]

<0
B - - 8 n+j
ff(x)x dx = vJ —f ngoanx dx ,
200 P - ]

and the a, are determined as a function of the moments.
Note that f(x) may be zero over some part of the range
(o0, 00) .

Thus, we see that if two distributions have equal
moments up to order s they must have the same least-squares
approximation. The coefficients we will develop for our
series expansions are equivalent to those developed by a
least=-squares approach.

Another approach is to use the moments of the
unknown p.d.f. to fit it to one of the Pearson curves,
With the Pearson system, we select & curve based primarily
on the value of

8, (8,%+3)%
4(28,-38,-6) (48,-38)

where Bl = u%/cé , and 82 = uu/o4 .

Then the first four moments of the curve selected are then



set equal to the first four moments of the unknown p.d.f.

Throughout the research it has been assumed that the
amount of labor required to obtain the moments is much less
than that of obtaining the M.G.F. and putting it in the
proper form. This assumption adds to the attractliveness of
the generalized frequency curves. For GERT networks com-
posed entirely of Exclusive-Or nodes this assumptlon 1s
appropriate, since there is a computer program which yields
the moments as its output [417, [427. At present the pro-
gram gives only the first two moments but this could be
modified. With this modification the entire inversion proc-
ess could be automatic since the program developed in the
cdurse of this research uses the moments as input.

A basic concept used in much of the development is
that of unimodality. Usually a p.d.f., f(x), is said to be
unimodal 1if there is a unique m,, such that f‘(mo) = 0 and
f"(m0)<0. Similarly in the discrete case a probability mass
function, p(x), is unimodal if there i1s a unique m, such that
p(mo)g_p(x) for x = x,x*AXx, and x<m0<x+Ax. A more general
definition for the continuous case was first proposed by
A, Ya. Khintchine [9,157]. The definition given below is due
to Johnson and Rogers [27,433] and accounts for both the con-
tinuous and discrete cases.

Definition: The distribution function (c¢.d.f.) F(x)
is called unimodal, if there exists a number M such that for
all real numbers xl,...,xn satisfying
<x

X > < M < 13 < xu s

1



we have ‘
F(%Lxl+x2]) < %LF(xl) + F(xz)]
F(%[x3+x4]) > %[F(xB) + F(xy)] .

In other words F(x) is convex for x < M and concave for

X > M. If there is such an M it 1is the mode.

With this definition, distributions such as the unl-
form over a finite interval, the exponential, and the
improper or constant distribution are also unimodal.

Throughout the dissertation it 1s assumed that the
M.G.F.'s of interest are (or can be) expressed as the quo-
tient of sums of products of the M.G.F.'s of well known

distributions. That 1s, they take the following form

n

m
L | mopyM (s)]
h=1[1=1p1 1 n
ME(S) = A ?

t kgl[j-:lpjmj(s)] Xk

where the components Mi(s) and Mj(s) are M.G.F.'s of common

distributions, and Py and pJ are probabilities. Thus, the

expression for ME(s) can be very complicated,

Plan of the Dissertation

Included in this dissertation is a detailed presen-
tation of the research of many others. The amount of theo-
retical reseasrch in this area is immense. The original con-
tribution of this dissertation is the integration, exten-
sion, illustration and use of the previous research efforts

to construct a useful procedure for obtaining a p.d.f. from
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knowledge of its M.G.F. or moments. The form of the pres-
entation is given below.

In Chapter II we discuss the various techniques for
obtaining the p.d.f. and their limitations. Then the pro-
cedure for solving the problem 1s presented.

Chapter III begins with a presentation of some of
the known theory in the reduced problem of moments, and the
reduced problem of moments for unimodal distributions. The
theory on unimodal distributions is extended and then some
properties of moment generating functions are discussed.

In Chapter IV three serles expanslons are developed.
The first is the Gram-Charlier A series based on the Normal
distribution. The second 1s a Laguerre series expansion
based on the Gamma distribution. The approach and the
formulas for the c.d.f. are original in the Laguerre devel-
opment. The third serles is the Gram-Charlier B series
based on the Poisson distribution

Chapter V is a presentation of the remaining tech-
niques, Pearson'’s curves and numerical inversion of the
Laplace transform.

Several examples illlustrating the procedure and
some of its aspects are presented in Chapter VI.

Chapter VII is the summary, conclusions and sug-
gestions for future research.

Appendix A is an annotated bibliography of publish-
ed research related to the research presented in this dis-

sertation,.



11

Appendix B is a listing of the computer programs.

The writing style of the dissertation is conversa-
tional except in the mathematical portions which are gquite
formal. It is felt that this 1s the best approach to pre-
senting material of this nature. To facilitate future
research efforts, no steps or arguments were omitted fron
the mathematical presentation. The development given here
is more complete than anywhere in the literature known to

the author.



CHAPTER II
THE RECOMMENDED PROCEDURE

In Chapters IV and V we will develop three technliques
for obtaining a p.d.f. knowing its moments and/or M.G.F.
These techniques are: series expansions using orthogonal
polynomials, Pearson's system of curves, and numerical
inversion of the Laplace transform. There are difficulties
involved with each so that no one of them will golve all the
problems which arise, However, each has advantages (dis-
cussed below) which in combination with the others ylelds a
combination capable of solving a larger portion of the prob-
lems than any one of them 1s capable of alone,

In this chapter we will evaluate the techniques and
discuss their limitations. Then we will show how the tech-
niques are complementary to each other and recommend a gen-
eral procedure for attacking the problem we proposed to
solve, The most advanced mathematlics required to use the

procedure is algebra.

Evaluation of the Technigues

Let us begin by considering the polynomial expansions.
The various expansions have the same advantages which are:
1) they yield explicit expressions for the density and cumu-
lative distribution functions, and 2) numerical tables of

both the density and cumulative distribution functions are



13
easily computed (a computer program called TEST does this
automatically).

All of the expansions suffer from the same basic prob-
lem, that of not being positive semidefinite over the range
of the variable for some set of moments. That is, a given
set of moments may not yleld a useful polynomial expansion.

A theoretical discussion of this problem is given only for
the Gram-Charlier (G-C) type A series since it is much easier
and faster to simply have the computer check for negative
values as it computes values for the density function, and
then branch to the next stage in the approximation if a nega-
tive value occurs. When a small number of terms are used in
the approximation only the Laguerre expansion is suitable

for distributions that are not unimodal.

Now consider the Pearson family of curves. The advan-
tage of the Pearson system is that we may still be able to
obtain an explicit expression for the density function even
when a polynomial expansion falls to give a useful answer,

However, there are three basic drawbacks to this
system., First, it ylelds only an expression for the density
functlion and this expression is usually not easily integrated
to obtain the cumulative distribution function, We must
resort to numerical integration. Second, they are currently
based on only the first four moments. Thus, we are throwing
away some of the information we have about the unknown distri-
bution. This could be corrected by developing a simllar sys-

tem based on more moments. Third, the Pearson system does
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not work for multimodal distributions.

Finally, let us discuss the numerical inversion tech-
nique, The big advantage to this approach is that it can
handle multimodal functions and functions whose moments are
such that the other techniques fail to supply a sultable
approximation. Also, this approach will usually be the most
accurate.

This technique has several disadvantages. First, it
requires that a considerable amount of manipulation be per=-
formed on the M.G.F. before it is in the proper form for
inversion. In the case of a complicated M.G.F., this could
entall many hours of labor. Second, once we have an answer
it is only a table of values for the density function, i.e.
we obtain no explicit expression for the density function.
Third, a good approximation is obtained only after some
experimentation, and cases in which the unknown p.d.f. does
not have a value of zero at the beginning of its range
require many more terms to obtain a suitable approximation.
This will be demonstrated in Chapter V by an example using
the exponential distribution. Fourth, if a tablé of the
cumulative distribution is desired we must modify the M.G.F.
by dividing it by s, and then further manipulation must be
performed to obtain the form necessary for use in the pro-
gram, A suitable approximation of the ec¢.d.f. cannot be
obtained by adding values in the p.d.f. table (see example
in Ch.V)., Finally, this approach cannot be made to handle

distributions defined over the entire real line (-w,»), The
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proof of this is given in Chapter V.

The Recommended Procedure

Using the ideas discussed 1n the previous section a
general procedure which yields an acceptable solution to the
problem while attempting to minimize the amount of labor
required of the analyst has been constructed. Generally
speaking, the procedure first tries to apply one of the
series expansions. They yield the most information about
the unknown p.d.f., but their accuracy is not always what we
might desire. If the series approach falls the Pearson sys-
tem is tried. Here we do not obtain as much information and
the accuracy may not be too good. However, it is still rela-
tively easy to obtain an answer. The Pearson approximation
can be considered a failure if the curve selected does not
agree with the range and boundary conditions of the unknown
p.d.f. If the Pearson system fails we then try the numerical
Laplace transform inversion which requires a great deal of
work and yields only a table of values for the p.d.f. or
c.d.f. However, the accuracy is very good. There may be
instances where it is desirable to go directly to the numer-
ical inverslion technique.

Let us start by stating the assumptions upon which
the procedure is based. It 1s assumed that the M.G.F. is
available in explicit form, or that all of 1lts components
and the way they combine is known, and we know as many
moments of the unknown dlstribution as desired.

Having assumed that the above information is avail-
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able, let us first discuss the decision sequence comprising
the inversion procedure in the large., Then we will concen-
trate on that portion of the procedure which is accomplished
by the program TEST.

The procedure in the large. The first step should

always be an attempt to recognize the M.G.F. as that of one
of the well known distributions. Then the uniqueness prop-
erty of the M.G.F. may be used to obtaln the answer directly.
At this point we might consider inversion by means of a

table of Laplace transforms. If the M.G.F. is made up only
of Gamma distributions this can be done, with effort. Hence-
forth we shall assume that this 1s not the case, or the labor
involved is too great.

If we do not recognize the M.G.F. then we must deter-
mine the range of the unknown distribution. This is done by
examining the range of each component of the M.G.F.

The unknown distribution will have finite range only
if all components are of finite range, otherwise the range
will be (a,®) where -o < a < = depending on the components.
If the range is finite it can be determined by remembering
that the range of the convolution of two functions is the
sum of the range of each.

Suppose the range is finite, we must then determine
if the unknown distribution is discrete or continuous, This
is accomplished with the aid of Theorem 12 and Remark 1 of
Chapter III. OStated briefly, the unknown distribution will
be discrete only if all its components are discrete, If the

unknown distribution is discrete we are forced to maske some
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sort of term by term expansion. However, if it is contin-
uous we can use the Laplace inversion procedure,

Next suppose the range is not finite. Here again we
must determine whether the unknown distribution is contin-
uous or discrete. This information along with the moments
is then inserted into the program TEST. A summary of the
decision process is given in Figure 1.

Let us now proceed to a detalled discussion of the
program TEST,

The program TEST, The program must be supplied with

data on the range, the moments, and continuity or discrete-
ness of the p.d.f., see Table I. The program begins by
determining if there is a maximum number of moments that
specify the distribution. This is accomplished with Theorems
1, 2 and 4 of Chapter III. If a solution based on the
moments does not exist for the (-«,») case, no énswer is
obtainable from the procedure. If a solution does not exist
for the (0,») case, we must use a term by term expansion of
the M.G.F. for the discrete case or the Laplace inversion
technique for the continuous case.

If a solution exists the program then checks to see
if the distribution is unimodal. This check is performed
based on the results of Theorems 7 and 8, Chapter III,

If the distribution is defined over (=-ew,») and is not
unimodal we can not obtaln an approximation., If the distribu~
tion is defined over (0,«), continuous, and not unimodal the

numerical inversion technique must be used, If the distribu-
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FIGURE 1 Decision tree for the procedure in the large,
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TABLE I

INPUT DATA SPECIFICATIONS

Variable Field
Name Used Variable Meaning and Comments
Number of tests (set of data),
NOT Ih one card needed
N1 11 Number of moments plus one, one
card needed for each set of data
v(J) 5E14,.8 The moments to be tested
_J0 discrete distribution
Ic 13 Ic "<;.continuous distribution
Range of distribution under test
IR T4 Ir =J0 Tange (0,*)
1 range (-0, )
Value of parameter r in Laguerre
R F4.1 expansion used only when
IC=1and IR=0
NOTE: Input data is listed in the order it must be

assembled for use with program.
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tion is defined over (0,e«), discrete, and not unimodal we
must use a term by term expansion.

Suppose the unknown distribution is unimodal. Then
TEST checks the range and continuity of the unknown distribu-
tion. On this basis the Gram-Charlier A series, Laguerre
series, or the G-C B series is chosen.

Ir the B series is tried and fails we must again
resort to a term by term expansion. If either of the other
two series is tried and fails we then try to obtain an
approximation using the Pearson system. At this point in
the procedure the program TEST is exited and the analyst must
take over, If the Pearson system fails to yileld a reasonable
answer, the analyst will have to determine the suitability,
the transform inversion method must be used.

The decision process used in the program TEST is
shown in Figure la. Note that, although the Theorems 1 and 2
(Ch.III) are not stated in the same form with regard to the
number of moments that are known, the range of the indices
on the gquadratic forms is such that the quadratic form in
Theorem 1 is the same as the flrst one in Theorem 2. This
means that functions defined over (0,») must satisfy both
Theorems 1 and 2.

The theory used in the construction of the procedure
will be developed and illustrated in the next three chapters.
Then in Chapter VI examples 1llustrating the procedure will

be presented.
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CHAPTER TII

THE REDUCED PROBLEM OF MOMENTS, AND SOME PROPERTIES OF
MOMENT GENERATING FUNCTIONS

The label *'reduced problem of moments'! is by no means
universally agreed upon. One is Just as likely to find the
problem discussed under the names ‘truncated problem of
moments? or 'finite problem of moments',

Basically the reduced problem of moments is to deter-
mine under what conditions a finite sequence of moments,
Voreees Vs specify a cumulative distribution function F(t),
where

I _ .
v, _f tdar(e) §=0,1,...,m (1)

=€

and F(t) may be zerc over some portion of the range. In
general a distribution function is any monotonically non-de-
creasing function such that the integral in Eq.l converges
with j =0, 1i.e. A < e, Although the theory presented in
the next section is geheral enough to handle any value of Yo

we will use v, = 1 since we are concerned specifically with

0
probability functions.

In the second section we address ourselves to the
problem of whether or not the specified distribution F(t) is
unimodal., This is a vital point in the application of the

approximation techniques. The discussion is purely formal

and centers around presentation of the known theorems deal-
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ing with this problem.

These theorems do not provide a means for testing an
unknown distribution for unimodality. Thus, two theorems to
acconmplish this were constructed and they are presented in
the third section.

This chapter will conclude with a discussion of some

basic properties of Moment Generating Functions.

Necessary and Sufficient Conditions for the Existence of a

Solution
Let us begin with some definitions which will be
used in the proofs.

Definition 1. [20,102] If P (t) is the polynomial

s

Pn(t) = ait .

i=0

an operator M[Pn(t)], called the moment of P _(t) with respect

to the sequence vo,@,qgv is defined sas

n@

ME,(0)] =

a
0

v

iy ¢

| =]

If Vi has the representation Eq.l then

Mlp ()] = jh P_(t)aF(t) .

a0
Definition 2. [2,20] Qpq(h,¥) 18 & quasi-orthogo-
nal polynomial of degree n+l, and
Quea (Fo¥) = Q@ 1 (X)) = 3@ (1)
where y is a real number and the zeros of the polynomial are

denoted by Ay < Ay <eeoe< Apigs with ») = kk(n,y)a
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A quasi-orthogonal polynomial is simply an orthogonal poly-
nomial that is a linear combination of two other orthogonal
polynomials. For further discussion on guasi-orthogonal
polynomials see [2,107] or [18,34].

We will also need the following lemma [2,22],

Lemma 1, If Qn+l(z,y) and Rn+l(z’Y) are quasi-orthog-

onal polynomials, as specified in Definition 2, then

+
En-t“ltx'y’ - &= Z-)sk *

where

Q (A ,¥)
. = u}({n"’l)(y) = n+l' "k

k R! 1 (M y)
Finally, suppose that uk'kk and v, are as defined
above then, using a Lagrange interpolation polynomial

(2,227, [18,37], it can be shown that
n+l
v = ZE: wAl , (m=0,1,2,...,20-1) (2)
k=1
If y = 0 in Definition 2 the above relation is also wvalid for

m = 2n [2,23].

Now let us consider the case where the distribution
function of interest 1s defined over the entire real line
(w00,00),

Theorem 1. A necessary and sufficilent condition that
there should exist at least one non-decreasing function F(t)
such that

v, = j. tJdF(t) s (3=0,1.2,...,2n=1) (3)

J o0
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is that the gquadratic form

n

Z Ti+3%1% (%)

1,J=0
be positive (definite or semidefinite), or which is the same

the sequence v be positive.

0°**V2n-1
Proof: Necessity. Suppose that F(t) 1s a non-de-
creasing solution of Eq.3, and that P(t) is a non-negative

polynomial,

Then

i

M[(x 1E Feeatx b ny27

n n
Z ZviﬁxixJ .
i=0 j=0

M{P(t)]

But, by Definition 1

M{P(t)]

u{lﬁ}{ ) dF(t) > 0 ,

thus the quadratic Torm 1s positive.

Sufficiency. Assume that the sequence VoreeasVon 1
is positive. It can be shown [18,38] that we are always
able to find a quasi-orthogonal polynomial of degree (n+l),
determined by the sequence VooeeasVou 1o

Using this fact let us select an arblitrary number y

(=0 <y < w) and write the equation of Lemms 1
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n+l
Qutq (2)-5Q,(2) ) z u,
R ,(2)-yR (2z) ooz
where
A <SS g
and
w = u™) .
From Eq.2 we may also write
n+l
v, = Z u Ay, (k=0,1,...,2n-1). (5)
i=1

Now consider the step function Fn(t) which has n values and
its only points of increase are the xi. At each xi the dis-

continulties are the u i.e.

1’
ui = Fn(X1+O) - Fn(l1~0) ., (1=1,2,...,n+l);

then, using the Stieltjes integral, Eq.5 can be written

Vi =./n tk an(t) . (k=0,1,...,2n-1). (6)

-0
Thus, we have constructed a function Fn(t) which 1s a cer-
tain solution to Eq.3. Note that for y < « it can be shown
that Eq.5 and therefore Eq.6 are also true for k=2n [18,38]°
Next consider the case where the function of interest
is defined over the positive real half line (0,).
Theorem 2. A necessary and sufficient conditlon that

there should exist a non-decreasing function F(t) such that
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Vj ‘-'-'f tj dF(t) (j=09190.91n)9 (7)
0

is that‘the quadratic forms

[n/2] [n/2]

vi+jxixj (8)
1=0 J=0

and

[n-l
Z Z 1+3+1 13 (9)

i=0 j=0
should be positive (definite or semidefinite). The brackets
on the upper limits of the indices denote the largest integer
less than or equal to the leue within the bracket,

The proof of this theorem follows that of Theorem 1,
or alternately see [38,1].

Theorems similar to these may be found in many places
in the literature [2,30], [18,83], [28,224], [38,1].

It is important to note that neither of these theorems
establish the uniqueness of a solution. In fact the solution
will not be unique in general [20,126]. However, this does
not represent a problem because we are only interested in
establishing that a solution does exist using a certain num-
ber of moments, say n, which we are given,

If we restate the problem in strictly discrete terms
the uniqueness situation is considerably changed as can be
seen by the following theorem for functions defined on (0,)

(7,238].
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Theorem 3. The finite problem of moments

m

- P

= Z“JSJ (10)
=1

(p=0,1,...,2m=1; Uy > 0,.0., u, > 0; 0 <8, <8, < *°*°* < sm),

1 1 2

where vp are given real numbers and sj and uJ are unknown
real numbers (p=0,1,...,2m=1; J=1,2,...,m) has a solution if
and only if the gquadratic forms

m=1

PNRAEXS

1,3=0

m-1

Ez Vi+3+41%1 %y

i,}=0
are positive definite. The solution of the problem is always
unique.

It is interesting to note the simlilarity between Eq.10
and Eq.2.

In order to realize a useful procedure for testing a
given set of moments we use the following well known theorem
(11,2607, [20,1337.

Theorem 4. A set of necessary and sufficient condi-

tions for the form

n
I -
EE 1+inxj = x'V x

to be positive is that all the principal minors of V should

u[\/js

be positive, 1l.e.
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Yo'

V172

VaAVa o6,

0’1l n
Vi1Vo0 e+ Vi1

Z 0’0099

: > 0. (11)
Y n+1°*Von

Theorems 1 and 2 have been implemented in the program
TEST with the aid of the Theorem 4. These two theorems allow
us to determine if there 1s a maximum number of moments that
specify the unknown p.d.f. This is possible because the
theorems tell us that n moments specify a distribution if
and only if the corresponding guadratic forms are positive
which is true if and only if the resulting determinants are
non-negative., Thus, the maximum value of n, if there is one,
can be determined by allowing n to sequentislly assume the
values 2, 3,... up to the number of moments available. If
for some value of n one of the determinants is negative then
the previous value of n 1s the maximum number of moments
that constitute a description of the unknown p.d.f.

The conditions under which a distribution function is

unimodal will be examined in the next section.

Necessary and Sufficient Conditions for a Unimodal Solution

Very little has been published on this facet of the
problem. The principal works being Gnedenko and Kolmogorov
[9,157], Johnson and Rogers [27,%433], and Mallows [28,224].
Johnson and Rogens'! work 1s a rediscovery of the earlier
work by A. Ya. Khintchine as given in Gnedenko and Kolmogo-
Tov [ 9 ]. Mallows' work is an extension to distributions

other than those defined over (-, ),
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Theorems 5 and 6, and Corollary 1 will be presented
next, they are composites made up from [27] and [28]. Also,
it is important to note that even though A is not always
specifically mentioned it is assumed to be equal to one,

Theorem 5. Let n be one of the numbers 3,5,7,... .
Also let a real number Vo be given for each integer r with
1 <r <n. Then there is a unimodal distribution function

F(t) with mode M and with

o0

v = f tTar(t) , r=1,2,...,(n-1), (12)

if and only if there is a distribution function G(t) such
that

(r+1)v, - rhv__, =f t¥aG(t) , r = 1,2,...,(n=1). (13)

The proof of a very similar theorem is given by
Johnson and Rogers [27,4347] except that they use the equa-
tion

G(t) = F(t) - (£)F'(t)
to relate F(t) and G(t) instead of using
G(t) = F(t) - (t=-M)F'(t)
which would be required to prove Theorem 5,

Corollary 1. A necessary and sufficient condition

that there be a unimodal distribution function F(t) with

Mode M and

-]

v, =f tTdr(t) , r = 1,2,...,(n=1) (34)
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is that
2v., =M e (s+l)vS-’stS‘_l

1 1
3vg=2Mvy cee (s+2)vs+l-(8+l)Mvs

(s+l)vs-stS~1 (s+2)vs+l—(s+1)Mvs oo (23+1)v28-23Mv28_1
20 (15)

for all integers s with 2 < 28 < n or, what is the same, that

1 M MZ e MS+1

0 vy 2v; ... (sHl)vg

A 2vy 3V, ... (s+2)v 4| 20, (16)
sv._q (stl)v, (s+2)v_ 5 ... (28+l)v,

which will be denoted by
- J. _ s+l
Agvy = |l eg-1vy o] S50

where i1 is the row number and j is the column number.

For functions defined over (0,») we have the following

theorem,

Theorem 6. A necessary and sufficient condition that

there be a unimodal distribution function F(t) with mode M

and
-}
v, =~f~ tTdF(t) , r=0,1,..., n (17)
0
is that the determinants
=0,1,...,[n/2] (18)

AI'(V) ? r

and
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m (r)vy g | T5e0 0 T = 0uLh.l [in-1) /2] (19)

be positive,
Let us now consider two theorems which will sllow us
to test for unimodality without knowing the value of the

mode,

Two Theorens Useful in Testing for Unimodality

The theorems of the previous section establish condi-
tions under which a distribution F(t) is unimodal but they
are not suitable for testing a set of moments from a distri-
bution whose mode 1s unknown, Theorem 2 of Johnson and
Rogers [27,4347] suggested an approach which will allow us to
clircumvent this difficulty. The following two theorems are
the result,

Theorem 7. A necessary and sufficient condition that

the distribution function F(t) with mode M and

o0

v, =‘/p td ar(t) , 3

be unimodal is that there exlist a real number M such that
v, = 3v,=vd) <M < v+ B,V (21)

and that the roots rl, r2, and r3 of the cubic y,

0,1,...,n (20)

y = a¥’ + bMZ + oM + d >0 (22)
where

- 3
a = 4v3 - 12vlv2 + 8v1

o
]

2 2
8vlv3 + 9v2 - 12vlv2 - 5v4
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- _ - 2 2
c = 10vlv4 12v2v3 16vlv3 + 18vlv2

- 27vg - 16v2 - 20v2vu

d = 15v2v4 + 48vlv 3 1

273
satisfy the conditions:

r; <M (23)
if y has only one real root and a > 0, or

M<ry (23a)
if y has only one real root and a < 0; or if all roots are
real (ry <r, < r3)

ry<Morry <M<r, (24)

when a > 0, or

M < ry orr, < M

A

T, (25)
when a < 0,

In the case where a = 0, M must satisfy Helation 21, and the
real roots r, and r

1 2
satisfy the following conditions:

(rlgrz) of the remaining quadratic must

r, SM<r, (26)
when b < 0, or
M<ryorr, <M (27)
when b > 0, or if both roots are complex
b>0 (28)
must hold.
In the case where both a and b in Eq.22 are zero, M must
satisfy Relation 21 and
-d
M > = (29)

- C
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for ¢ > 0, or

M< S (29a)
C

for ¢ <0 .
In the case where a, b and ¢ are zero, M must satisfy Rela-
tion 21 and
a>0. (30)
Proof. Necessity. Suppose F(t) is unimodal with mode

M and moments Vie Voo v3, Ve Then by Corollary 1 with n=5

we have
1 M M2
0 1 2vy >0 (31)
1 2vl 3v2
and
1 M S
0 1 2v1 3v2
>0 . (32)

2vy  3v, MVB 59,
To show that Relation 31 leads to the Relation 21 we proceed
as follows.

Assume that the mode M 1s positive or zero (if mode
is negative the curve is easily shifted)., Then we write
1M >

z= (0 1 2vil 20

1l 2vl 3v2

which yields
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2

- 2
z = =M% 4+ 2v,M + 3v2 - uvl > 0

-

1
when the determinant is expanded.
Since the coefficient of M2 is negative, dzz/dM2 < 0 and z is
a concave function, see Fig.2. Thus, the M of interest must
lie between the roots of z, and Relation 21 follows by use of
the quadratic formula,.

In order to show that Relation 32 leads to the Rela~
tions 23, 24, and 25 we argue as follows,

Again assume that the mode M is positive or zero.
Then writs
1 M ¥ W

4] 1 2v1 3v2

1 2v1 3v2 4v3

2vy 3, 4v3 57y
which yields Eq.22 when the determinant is expanded,

We know that a cublc has either one real root and two imag-
lnary roots, or three real roots, If all of the roots are
real the two possible cases are shown in Fig.3a and Fig.3b,.
With any given set of moments we can determine the applicable
case by taking the derivative of y, y'. Now y' is a quad-
ratic and it will be concave or convex according to the sign
of its second derivative[yﬂ". Also y' 1s the slope of y at
any point. Thus if y' is convex it will be negative between
its roots and as a result y will be similar to Fig.3a. The
correspondence between y and y' i1s shown in Fig.4a. On the

other hand if y! is concave y will be similar to Fig.3b and
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Figure 2, A concave guadratic function

(a) (b)

Figure 3, The two possible configurations for a
cubic with three real roots.

36
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the correspondence is shown in Fig.4b. Differentiation of

Eq.22 shows that

yrov o= 6(l+v3m12vlvz+8vi) = ba .,

Therefore this relation along with the preceding argument
results in Relation 24 when y''' is positive and Relation 25
when y''' is negative. The case of only one real root can
be explained by examining the four possible situations as
shown in Fig.5 and 6. Arguing exactly as above we see that
a > 0 corresponds to Fig.5 and also that y > 0 occurs only
when M > Ty which is Relation 23. Pursuing a similar argu-
ment using Fig.6 leads to Relation 23a.

Let us now consider the case a = 0, whence y becomes

the quadratic

y=bM’ +cM+d>0

Now it can be shown, also 1t is implied by above argument,
that if b > 0, y is convex and if b < 0, y is concave, see
Figs.7a and 7b., Thus, if the roots are real and b < 0, M
must lie between the roots, Relation 26, or if b > 0, then
M<r

or M > r,, Relation 27, must hold for y > 0. If the

1 2
roots are complex we want the entire curve y to lie above
the M axis which occurs when y ia& convex, i.e. b > 0, Rela-
tion 28.

Next, suppose both a and b are zero, then y becomes

y=cM+d>0.

If ¢ > 0 the slope 1s positive (Fig.8a) and M must be great-
er than -d/c, Relation 29. If ¢ < 0 the slope is negative

(Fig.8b) and Relation 29 holds.
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r;\ M

Figure 6, Thé two possible cases when y has
one real root and a<O.,

/(\re\ M rl\ \//rg M

(&) b=< 0 (b) >0

Figure 7, The two possible cases when a = O,

/1 M Ty \\ M

(a) c>0 (b) e 0

Pigure 8. The two possible cases when a = b = O,
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Finally suppose a = b =c¢ = 0, then for y > 0 all

we need is d > 0, Relation 30.

Sufficlency. Assume that M’VI’VZ’VB’ and v, are real

nunbers satisfying Helations 31 and 32.

Proof of the existence of a unimodal distribution
function F(t) with mode M and moments vl,vz,v3,v4 can be
accomplished by proving the existence of a distribution
function G(t) having 2v

-M, 3v2-2Mv 4v3a3Mv2, and

1 1°
5v4-4Mv3 for its first four moments respectively.
From Theorems 1 and 4, G(t) is a distribution

function if and only if

1 2vl-M
> 0 (33)
2vl-M 3v2-2Mv1
and
1 2v1=M 3v2—2le
2v, -M Iv,-2Mvy 4v3-3Mv2 >0 . (34)
3v2~2Mv1 4v3=3Mv2 5v,+-—4Mv3

But relation 33 is equivalent to Relation 31 and Relation 34
is equivalent to Relation 32 by virtue of the equivalence of
Relations 15 and 16 in Corollary 1. Thus, the conditions of
Theorem 1 are satisfied and G(t) is a distribution function.

Since G(t) is a distribution function Theorem 5
assures the existence of the desired distribution function
F(t) and the proof is complete,

Note that in the proof of Theorem 7 we assumed that

the number of moments n was 5, n = 5. We must account for
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this and the result is that Theorem 8 involves the use of

the first five moments of a distribution.
Theorem 8. A necessary and sufficient condition that

the distribution function F(t) with mode M and

v, =~/A 9 dr(t) , J=0,1,...,n (35)
0

be unimodal is that there exist a real number M which
satisfies Theorem 7 and also satisfies all of the following
relations:

1. M<2vy . (36)

2. The roots Py and P, (pls p2) of the quadratic z

- 2
z=aM" +a,M+a; >0 (37)
where
a, = 3v, - uvf
ay = 6vlv2 - 4v3 (38)
a, = 8v.v, - 9v2
0 13 2
satisfy one of the conditions:
I. Both roots real (pls pP)
P S M <P, (39)
if a, <0, or
M<p, or p,<H (40)
ir 8, > 0,

II. Both roots complex

2(3v, - 4vi) >0, (41)



that is the entire cu

III. In the case whe
M>
if 8, >0, or
M <
if a1 <0 ,
IV, In the case wher
a, >
3. The roots rys Lo
y = aM3
where
RPN | 2
a = 27vy + 16v3
b = 18v2v5 + 30v
c = 48v v3 + 36v.v
d = /+8v1v3 5 + 1

satisfy the HRelations
Proof. The pro
we use Theorem 6 inst
Theorem 7 and

FORTRAN program TEST,.

42

rve 2 must lie above the M axis.

re a2 =0
~-a
9 (42)
'}
-8
9 (42a)
el
e az = a1 = 0
0. (43)
and r3 off the cubic vy,
+ M + cM +d > 0 (L)
+ 20v§vh - 15v,v;, - 48v 1V273
oy t 30v,v 3 36v2 3
- 90v3vu - 24v 5
172V 5 + 5v4 - le-v3 5 (45)
- 45v 5V - 40v1v3
20V,V,V), - 64v - 50v vu - 54v

2°3
23 through 30 of Theorem 7.

2V 5

of is the same as for Theorem 7 except
ead of Corollary 1.

8 have also been incorporated in the
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It is important to note that Theorems 7 and 8 do not
say anything about uniqueness., Thus, it is entirely possible
that a set of moments from a non-unimodal distribution could
satisfy them. This would indlicate that there also exists a

unimodal distribution with the same moments,

Some Useful Properties of Moment Generating Functlons

The properties, theorems,}etc. discussed here are
taken from characteristic function theory, but they apply
equally well to M.G.F.'s, if we assume the M.G.F.'s of
interest always exist.

First consider a theorem, for characteristic func-
tions [ 9 ,160], which is analogous to Theorem 5. Although
the theorem is not used here it does relate to the previous
discussion.

Theorem 9. The function F(s) is the M.G.F. of a
unimodal distribution function if and only if it can be

represented in the form

S
F(g) = %f V(u)du,
0

where V(u) is some M.G.F.

Now let us examine a group of theorems and remarks
[15] that are either useful when we are deciding on an
approximation technique, or contrlibute to our understanding
of the type of M.G.F.,'s we are interested in.

Theorem 1l0. Suppose that the real numbers

81185500058, satisfy the conditions
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8, > 0, :E:aj =1

n
=1

and that Fl(s), Fz(s),.,,,Fn(s) are M.G.F, Then

n

G(s) =,Z a,Fy(s)
J=1

is also a M.G.F.

Theorem 11l. The product of two moment generating
functions is also a moment generating funection.
* ¥, be the convolution of

1 2

1 and Fz. If either Fl or F2

Theorem 12. Let F = F

two distribution functions F

is a continuous distribution, then the convolution is also a
continuous distribution.

Bemark 1, Let F = Fl ¥* FZ be the convolution of two
distributions F1 and F2 and suppose that F is a discrete

distribution. Then both F, and F, are also discrete distri-

1 2
butions.
Thus, the only way we can obtain a discrete distribu-
tion is by starting with all distributions discrete.
Finally, conslider a much argued theorem concerning

the convolution of unimodal distributions. Proofs of ear-

lier versions of this theorem contained subtle flaws which

were not repairable, However, a correct statement and

proof of the theorem was finally given by Chung [247,
Theorem 13. Suppose that the distributions F, and

F, are unimodal with peak at 0 and absolutely continuous.
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Then the function F1 #* F2 is unimodal with peak at p if and

only if

Vl * F2 + V2 * Fl - Fl

% ? %
is a distribution function (continuous to the left), where *

V1 = Fi(x) - DﬁFi(x) (i=1,2)

is a distribution function.

'*D”Fi(x) is the left derivative of Fi(x),



CHAPTER IV
SERIES EXPANSIONS

In this chapter we will study series expansions of

the form
oo
f(x) = z a P (x) h(x) ,
n=0
where h(x) 1s a probability density function,

Pn(x) is an orthogonal polynomial derived
from h(x), and

8, is an appropriate coefficient.

Three types of series are developed, each suitable
for representing a function over a specific range. In each
case the series yields an exact representation of the
unknown function. However, we will use only a finite num-
ber of terms and thus the series representation will be an

approximation,

Gram-Charlier A Type Series

When it 1s desired to represent a p.d.f. defined over
the entire real line («e,), and only its moments are known,
the Gram-Charlier (G-C) series offers a convenient way to
accomplish the representation. There are restrictions, how-

ever, and these will be discussed along with the development
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of the technique,

The G-C series is based upon the Normal distribution
and its derivatives, and although there are meany ways to
derive this series a straightforward approach will be used
here,

We begin by differentiating the Normal p.d.f.

_X
g(x) = 2= e 2 (1)

as follows
1 (x) = - xg(x)
#(2)(x) = (x2-1)g(x)
53 (x) = - (-3)8(x)

©
&

and in general

p(7) (x) = (-1)7E (0@(x) . (2)

The expressions Hn(x) are known as Hermite polyno-

mials and may also be defined by the relation [12,181]

[

eXpEXtmtz/Zj = jz

n=0

B (x) £

ni

o (3)

This definition allows us to develop a general
formula for Hn(x), we proceed by expanding eXp(Xt-tZ/Z) in

two infinite series as follows
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expxt-t%]

i (it)n i( _ %)n E;f

T

n=0 n=0
© [n/2]

- ztn z (- l)k -2k

- 2 ki(n-2x)!
n=0 k=0

by use of the following lemma [16,125].
Lemma, Within the common interval of convergence of the

series being multiplied,

©o o oo [n/g:]

2n n n
Z &n¥ by = Z Z i P R A
n=0 n=0 n=0 k=0

The above expression along with Eq.3 implies that

[n/2]
_ 1,k -2k,
Bnx) = k§_:o (-2 ameaor )

where [n/2] denotes the largest integer < n/2,

Note that HO = 1 as a direct consequence of Eq,2,
The first six Hermite polynomials, computed from
Eq.4, are
HO(X) = 1
Hl(X) = X

H2(X) = X = 1
H,(x) = %x°- 3%
3
Hu(x) = xu- 6x2+ 3
Hy(x) = x7-10%74 15x
Hé(x) = x6-15x4+ 45x2= 15 .

Many other interesting properties of Hermite poly-
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nomials may be derived from Eq.3, Two which are pertinent
to our development are shown below,

First, differentiate both sides of Eq.3 with respect
to t. From the LHS, we obtain

é% eXpth-tZ/zj = (X=t)exp[xt-t2/2] ,

and from the RHS, we have

e n ke n
ii Hn(x)t _ :E:Hn*l(X)t
dt 1 1

n=0 n. n=0 e

Equating the derivatives, expressed in series form, we have

Y BT P RET. S eant

n=_0 n=0

or

CH ()t A H (x)th emH L (x)th
n n-1 - n+1
x ZZ n! - EZ (n-1)! 28 n! ’

n=0 n=1 n=0
Arranging all terms on the left side of the equal sign and
comparing coefficients of th gives

Hn+1(x) ) an(x) Hh-l(x) _

nt n! (n=1)!

or

n+1(x) - an(x) + an-l(X) =0 , m=1,2,... (5)

This recurrence relation is satisfied by all Hermite polyno-

mials and is useful in computing the higher orders of Hn(x).

Next, consider the differentiation of Eq.3 with

respect to x
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<0
d n
t exp[xtatz/zj = jz: =i, (%) %? .

n=0

Expanding the left side as before we have

= [n/2] k _n-2k n+l
t explxt-t2/2] = -1y X __n bt
P - 2) xi(n-2x)! nt
n=0 k=0 ‘ ’ ’

Comparing the coefficients of t" with those in the previous

expression yields

Eg?ﬂh(x) = nH, _,(x) . (6)

Hermite polynomials also possess the important prop-

erty of orthogonality, that is

f Hm(x)Hn(x)ﬁ(x)dx =

- ni,m=n .
This can be demonstrated using integration by parts.
Suppose m < n, then*

©o (-]

n dnﬂ
I = '/iw Hm(x)Hn(x)ﬁ(x)dx = (=1) .jiw - E;;dx
n-1,] ° dH n-1
g Dl [ O Dl s e
[ % ax™ ] o - dx”

Now, using Eq,.6 and the fact that the term in brackets is

zero because

g==) = g(=) =0

we have

*Note that for the sake of brevity the arguments have
been dropped from @(x) and H,(x).
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oD

n-1
- n-1 a
I= m(“‘l) f Hmal -é-;r-r:Iﬂdx ®

By continuing this process we find zero for m < n and for
m=n

o0

I.f Hrzlﬁdx .
=00

This can be evaluated as follows,
We replace n by n-1l in Eq.5, then multiply by ﬁ(x)Hn(x)dx,

integrate from -« to *« and

0 o0

f Q'(X)Hrzl(x)dx - f ¢(x)an(x)Hn_1(x)dx = 0

by orthogonality when m £ n .
Next, multiply Eq.5 by ﬁ(x)Hn_l(x)dx, integrate from - to «

and

o0 o0

-./” ¢(x)an(x)Hn”1(x)dx + n h/Q ¢(X)H§_1(x)dx = 0

again using orthogonality when m # n .
Combining the above two expressions, we have the recurrence

relation

(-] (.=}

f #(x)EL(x)dx = n f P(x)E,_; (x)dx .

Letting n = 1,2,..., n recursively we find that

oo

f ¢(x)H§(x)ax

il

n(n-1)... f g(x)H5(x)dx

nt: ,
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since Ho(x) =
Now, our objective is to be able to expand a p.d.f.

f(x) in a series as follows

co

f(x) = Z chj(X)ﬁ(x) . (7)
3=0 ’

However, we still must determine the cj, and this can be
accomplished in the same manner as the coefficients of a
Fourier series are obtained., Multiply both sides of Fq.7 by

Hn(x)dx and integrate from - to

‘jﬁ H (x)f(x)dx = ,/“ ES c H_ (x)H (x)g(x)dx .

Using the orthogonal property we have

2
[ Hn(x)f(x)dx = cnf Hn(x)ﬂ(x)dx

or

c. = L Jf H (x)f(x)dx. (8)
ni n

Denoting moments about the origin as vJ and substitu-

ting Eq.4 into Eq.8 a general expression for c, is

/2 .
c = L [nzj(- 1)k D Tno2k (9)
n_ v 2’ ki(n-2k)! °

The convergence of Eq.8 allows us to interchange the summe-
tion and integration operations. In obtailning Eq.9 the sum-
mation and integration operations were interchanged. This
was possible because f(x) is 2 p.d.f. with finite moments

and this assures the convergence of the integral in Eq.S8.
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These results yield the desired expansion

Vz—l v3=3v1
f(X) = ¢(X) 1l -+ VlHl + ==-=§-=H2 + mﬂé—mHB
v4—6v2+3
+ e @
+ o Hy, (10)

In order to obtaln the Gram-—-Charllier A series we
simply let #(x) = exp(—%[(x~u)/c]2)/42ﬁ ¢ in Eq.l which means
we replace x by (x~u)/c in the subsequent development. Now

the cn are

n/2]

o = L : (- L* __n /un‘Zk (11)

n  nt 2 k!(n~2k)3\0n-—2k ’
k=0

and the series becones
L
£lx) = #(x) [1 v B Ho(x) + u——-&-L“BO H, (%) + ] (12)

g;§ 3 240 b ’

where the uj are the moments about the mean. Eq.1l2 1s the
Gram-Charlier type A series.

Let us now consider under what conditions this expan-
sion may represent a p.d.f.

Many necessary conditions have been discussed in the
literature when the series involved is infinite [14,161].
However, in practice we are interested in obtaining a good
approximation using as few terms as possible [14,1627.

Some attention has been givenlto the case where only

the first five c, are considered [21,425], [36,59].

J
Although different reasons are advanced for examinling this
particular case, the fact remains that this is the largest
easily solvable case.

Thus, let us examine
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M=

f(x) = g(x) ciHi(x) ) (13)

i=0
Since all p.d.f.'s are positive we desire f(x) to be posi-
tive, and we know that g(x) is always positive thus, we only
need to examine the series expression, The desired condi-
tions for the series to be positive definite may be derived

by determining for what values of the ¢, the series will

J

equal zero, Since u,.=1l, u,=0 and u2=02, cl=02=0 from Eq.11,

0 1
then setting the series equal to zero, we have that

1+ CBHB(X) + cnﬁu(x) =0 ,

Multiplying through by 24 and expressing the ¢, and Hj(x)

J
explicitly yields

(8,-3)" + BB X0 + 6(-1)(p,-3)x% + 4(-3/F)x

+3(g,-3) +2b =0 , (1k)

where B, = uu/gLP and JFI = u3/03 .

-

This is the form of the general quartic equation [4,567.
Since we are interested in the nature of the roots of
this equation let us transform Eq.l4 into a new egquation

lacking the second term [4,56]., Using the notation from [4]

we have
yt o+ 6uy% + boy + (8,-3)2 1 - 32 =0, (15)
where y = (By=3)x + Jgi

]

H = -(8,-3)°- 8,
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G = 2(,/8;)°

]
{

= 6(8,-3)° + 24(8,-3) + 128, .
Finally, define
3= [(p,-3)%81 - 62 - wdY/(p,-3)7 .

Now, because there is no cube term in Eg.15 it will be
positive for all y if all its roots are imaginary. All the
roots will be imaginary if [4, 58]

13 - 2752 5 0 (16)
and 3(32=3)J - 2HI < 0 ,

These conditions allow us to determine whether or not
we wish to obtain a G-C expansion based on the values of the
first four moments of the unknown distribution,

Substituting the values of H, G, I and J into Eq.16

and rearranging yields the conditions in explicit form
[8(52-3) + 2(82”3) + 481]
2

and  4(8,-3)7 + 4gy(8,-3) > 42 + 38, (8,-3)% (8-, (17)
When these inequalities are satisfied the G-C expan-
sion Eq.13 will be positive definite for all x in the range
-0 <X <o,
We may also obtailn an expression for the distribution

function, if desired. This is accomplished as follows
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X

f f(t)dt

X w

f Z o JH, (£)g(t)at
=0 §=0

using Eq.7, Assuming convergence

€0 X
F(x) = chf Hy(t)g(t)at
370 * J o

which may be integrated using Eq.2, whence

0 X
chf (-1)=3g(3) ()at
770 Jo

X
> ey (=173l (e }
J=0 ~

i

F(x)

P(x)

1

- el
;cjum 1) 3tu L (08

= . jg:cjﬁjwl(x)ﬁ(x) . (18)
J=0

The calculations necessary for a G-C expansion may be
accomplished by & FORTRAN subprogram called ASER which oper-
ates in conjunction with TEST,

Ags an example of the G-C expansion consider the fol-
lowing problem. Suppose we convolve an exponential distri-
bution with a normal distribution, then the resulting M.G.F.
is



aems+ozs2/2
M(s) = 8 - 8 ‘

Let a = 4§, m= 2, and ¢ = 1, then the first six

moments are

v, = 2.250000 V), = 61.59375
v, = 6.125000 Vg = 218,9922
vy = 18.59375 Vg = 797.4883

We xnow the range is («w,») and that the resulting distri-
bution is continuous,

The moments along with the range and continuity
information are now inserted into the program TEST.

The output of the program tells us that only four

moments can be used in the approximation because

= . 54,6675 ,
V2 'VB VL,’ 'V5

which violates Theorem 1.

The program also tells us the resulting distribution
is unimodal.

The coefficients for the expansion are

cq = 0.0 03 . 004756

s 0.0 Cy = .000865 ’

and values of the resulting curve are shown in Table I1

along with the actual curve,

57



VALUES OF THE ACTUAL, f(t), AND APPROXIMATEQ%(t),

TABLE IT

DISTRIBUTION RESULTING FROM THE CONVOLUTION
OF AN EXPONENTIAL DISTRIBUTION WITH A
NORMAL DISTRIBUTION

58

t £(t) £(t) t £(t) f(t)
-3,10 ,000000 ,000000 .90 ,168205 .164825
-3,00 ,000001 ,000001 1.00 .,190135 .186540
-2.90 ,000001 ,000001 1.10 ,212859 ,209080
-2,80 ,000002 ,000002 1.20 .236010 ,232084
-2,70 ,000003 .,000003 1.30 .259169 .255137
-2,60 ,000005 .000005 1.40 .281875 .277780
-2,50 ,000008 ,000008 1.50 .303638 .299525
-2,40 ,000012 ,000013 1.60 .323957 .319870
-2.30 ,000019 .000020 1.70 .342341 ,.338321
-2,20 ,000030 ,000031 1.80 .358324 ,354409
-2,10 ,000046 ,000047 1.90 .371489 367712
-2,00 ,000069 .000070 2,00 381485 ,377874
-1,90 ,000104 ,000104 2.10 ,388042 ,384618
-1,80 ,000154 ,000154 2,20 .390982 387764
-1.70 ,000227 ,000226 2.30 ,390230 ,387229
-1.60 ,000331 .000327 2.40 ,385817 .383040
-1.50 ,000478 ,000470 2,50 .377874 ,375325
-1.40 ,000683 .000669 2,60 .366631 364309
-1,30 ,000966 ,000943 2,70 .352402 .350305
~1.20 ,001354 ,001318 2.80 .335572 ,333696
-1,10 ,001879 ,001825 2,90 .,316581 .314920
-1,00 ,002581 .002504 3,00 ,295901 ,294448

-,90 ,003512 ,003402 3,10 274022 ,272769
-,80 ,004731 .004579 3,20 ,251430 ,250366
-,70 ,006311 ,006105 3.30 .228589 ,227705
-.60 ,008337 .008062 3.40 .205929 ,205212
-,50 ,010906 .010546 3.50 .,183831 .183268
-, 40 ,014128 ,013665 3,60 ,162622 .162199
-.30 ,018123 ,017536 3,70 142567 .142268
-,20 ,023022 ,022289 3.80 .123867 .123676
-.10 ,028961 ,028059 3,90 .106662 .106563
.00 ,036078 ,034985 4,00 ,091035 ,091011
.10 044507 .043201 4,10 .077015 .077050
.20 ,054373 .052833 4,20 ,064586 064664
.30 ,065782 ,063990 4,30 ,053693 ,053800
40 ,078814 ,076758 4. ho ,0Lk253 ,044378
.50 ,093515 ,091185 4,50 ,036163 .036294
.60 ,109885 ,107279 4,60 ,029301 ,029431
.70 127873 ,124996 4,70 ,023543 ,023664
.80 147371 .144233 4,80 .018760 .018868




TABLE II (continued)
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t £(t) f(t)
4,90 ,014827 ,014918
5.00 ,011623 ,011697
5.10 .009039 ,009096
5.20 .006974 ,007015
5.30 .005339 .005366
5.40 ,004057 ,004070
5.50 .003059 .003063
5.60 ,002290 ,002285
5.70 ,001702 ,001692
5.80 ,001256 .,001242
5,90 ,000921 ,000904
6.00 ,000671 ,000653
6.10 ,000486 ,000468
6.20 .000349 ,000332
6.30 .000250 ,000234
6.40 ,000178 .000164
6.50 .000126 ,000113
6.60 .000088 ,000078
6,70 .,000062 ,000053
6.80 .000043 ,000036
6.90 .000030 .000024
7.00 ,000021 ,000016
7.10 ,000014 ,000010
7.20 ,000010 ,000007
?7.30 ,000007 .000004
7.40 ,000005 ,000003
7.50 ,000003 ,000002
7.60 ,000002 .,000001
7.70 .,000001 .000001
7.80 .000001 .000000
7.90 ,000001 ,000000
8,00 ,000000 .000000
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A tabulation of the cumulative distribution function
is also provided using Fq.1l8, see Table III. Note that the
approximation is such that cumulative distribution does not
attain the value of one. This might indicate that the
approximation is not too good in the tails of the distribu-
tion. However, examination of Table II reveals that the
approximation is good in the tails, and the greatest devia-
tion, about .004, occurs to the left of the mean and the
mode. Since the area under the curve is most sensitive to
deviations in the curve at the mode the resulting error in
the cumulative distribution function is not surprising., The
exact nature of the deviation is displayed in Fig.9, and
clearly illustrates the difficulty. The approximate c¢.d.f.
could be made to attain the value of one simply by normali-
zation., This should work quite well in this case since the
approximation underestimates the actual p.d.f. for most
values in the range of interest.

In actually evaluating the goodness of the approxi-
mation it would be more meaningful to plot the percent devi-
ation, which would correspond to performing a chi-square
test, This is not done here since in general the actual
p.d.f., 1s not available for comparison, and this particular
example cannot be claimed to be completely representative

of the error generated by the G-C A series approximation.

Laguerre Series

When the p.d.f. of interest is defined over the pos=~

itive half line (0,~) we may use an expansion analogous to



TABLE III
VALUES OF THE APPROXIMATE CUMULATIVE
DISTRIBUTION FUNCTION

t F(t) t F(t) t F(t)
-3,00 000000 .60 ,052218 4,20 ,940896
=2,90 ,000000 .70 063472 4,30 ,946629
-2,80 ,000000 .80 .076520 4,40 ,951380
-2.70 ,000001 .90 .,091502 4,50 .955283
-2,60 ,000001 1,00 .108541 4,60 ,958462
-2.50 ,000002 1.10 .127731 4,70 .961029
-2,40 ,000003 1.20 .149135 4,80 .963086
-2,30 ,000004 1,30 ,172778 4,90 ,964720
-2,20 ,.000007 1.40 ,198643 5,00 ,966007
-2,10 ,000011 1.50 .226666 5,10 .967012
-2,00 ,000016 1.60 ,256734 5,20 .967791
-1,90 ,000025 1.70 .288687 5.30 .968389
-1,80 .000037 1.80 .322315 5,40 ,968845
-1,70 .000056 1.90 .357369 5.50 .,969190
-1,60 ,000082 2,00 .393562 5.60 ,969448
-1,50 ,000121 2,10 .430577 5.70 .969641
-1.40 ,000176 2.20. 468082 5.80 .969782
-1.30 ,000254 2.30 .505728 5.90 ,969886
-1.20 ,000363 2.40 ,543130 6.00 ,969961
~-1,10 .000515 2.50 .579944 6.10 .970016
-1,00 ,000724 2,60 ,615847 6.20 .970054

~,90 ,001010 2.70 .650536 6.30 ,970082
-,80 ,001395 2.80 ,683739 6.40 ,970101
-,70 ,001911 2,90 .715225 6.50 ,970114
.60 ,002596 3.00 744806 6.60 .970123

-.50 ,003495
-, 40 004665
-,30 ,006173

3.10 .772338 6.70 ,970130
3.20 .797727 6.80 .970134
3.30 .820925 6.90 ,970137
-,20 ,008098 3.40 ,841928 7.00 ,970139
-,10 ,010532 3.50 .860771 7.10 ,970140
.00 ,013581 3.60 .877523 7.20 ,970141
.10 ,017362 3,70 ,892283 7.30 ,970142
.20 ,022008 3.80 .905172 7.40 ,970142
.30 ,027661 3.90 ,916327 7.50 ,970142
4,00 .925897
4,10 ,934035

Lo L o3Lh7k
.50 042606
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the Gram-Charlier A series., This expansion is based on a
form of the Gamma distribution. Once again a direct
approach will be used in the derivation.

First define

1 1 «-AX

F(x) ={ X8 0<x<ew, T>=-1,A>0
M(x+1)
0 otherwise,

the Gamma density function.
If we multiply through by x? and set A = 1 we have

the function on which the expansion is based, thus

xr+ne—x

M(r+1)

Actually A could be given any finite value or determined as

o (19)

y(x) =

a function of the moments of the unknown p.d.f. However,
in the limited testing of the Laguerre series approximation
during the research reported herein it was found that A\ = 1
gave the best approximation, in the least-squares sense,
with fewer terms. Also define

T -
a(x) = 5 . (19a)
[C(r+1)

The Laguerre polynomial of order n is obtalned as
the coefficient of g(x) by differentiating Eq.19 n times.

This is done for n = 1,2,...,n, Thus,
Y(l)(X) = g(x)[~x + ¢ + 1]
Y(Z)(x) = g(x)[xz - 2(x+2)x + (p+l)(z+2)]

v$3(x) = g(x)[~22+3(x+3) 2%=3(2+2 (243 ) x+ (1) (x+2) (2+3) ]
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and in general
N C I BLE S ACLICS I (20)

The expressions L;r)(x) are known as Laguerre Poly-
nomials of type r, and are usually defined by the formula
(12,1847,

X in
Lér)(X) = (-1)" & A [y e*], n=0,1,... (21)

X dxn

L]

which follows from (20),
Application of Leibniz's rule to Eq.21 with
n=12,... leads to the general relation

n ny (1+r)

(r) — (.10 21k n _k
L{™(x) = (-1) ;5; 0 | e (22)

where (l+r)m = (p+l)(r+2)(r+3) ... (r+m) .,

The first four Laguerre polynomials, computed from

Eq.22, are
Lér)(x) =1
’Lir)(x) =X =T -1
Lér)(x) = x° - 2(x+2)x + (r+l)(r+2)
L{(x) = 2 - 3(xe3)x” + 3(x+2) (r+3)x

- (2+1)(r+2)(r+3)
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Bl () xd + 6(x+3) (rts)x2

- 4(r+2)(r+3) (r+d)x

L&r)(x) = x

+ (r+l) (x+2) (z+3) (r+i4)
Laguerre polynomials also possess the property of
orthogonality, which may be demonstrated as follows.

Suppose m and n are positive integers, m < n, and

-]

I =~/ﬁ gL ()Ll (x)ax = (al)nh[* L (x)y (M (x)ax .
0 0

Let us now perform m successive integrations by parts with
dk--l

" EBETT L;r)(x) and dv = y(n“k+l)(x)dx
x

as the factors for the kﬁg step. It can be seen from
Eq.19 that the expression uv with v = y(n“k)(x) vanishes at
both 0 and e, which leaves

0

I = ("‘1)m+nf [Lélr)(x)](m)/‘((n“m)(x)dx , (23)
0

at the mEQ step.

If m < n another integration by parts implies that I = 0

because
m+1
Sy [, (0] = o.
X

That 1is, the (111-#-1)«’?‘--4)E derivative of an ng order polynomial

is zexro.

When n = m, Eq.23 becomes

® n
I = f gmsﬁ [:Ll‘(lr)(X)j Y(X)dXe
0 dx
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Since the coefficient of x* in Lé?)(x) is 1,

n
S [ (0] =

Let V(I) denote the value of I in this case, and

©

V(I) = n! ‘/’ v(x)dx
0

[-+]
ni T _=X
= f??:?? ~/; X e “dx

_ n!fﬂ(r+n+l)
T (r+1)

Thus, Laguerre polynomlials are orthogonal since

2

(=] O ] n # m
1 =f gL LT (ax = L mpene)
0 RETSY , m=m ,

Now consider the development of a recurrence rela-
tion useful in computing one Laguerre polynomial in terms
of two others. We begin with the generating function
definition of Laguerre polynomials [12318?j9

G(t) = —

nt

) () n

L (z) t
>t B a
n=0

Note that this definition differs from the standard gener-
ating function form in that the series contains the factor
(al)n@ Taking the partial of each expression with respect

to t we have
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aG e“Xt/(lu‘t) 1 %
ot (1-t)F+L [L-t (1~t72]

oo (r)
= - EZ (1-n)™ Ea:iifliw .
o ns

The first relation above may be rewritten as

2 ¢

g? == [(r+1)(1'-‘t) o= Xj G ,

(1-t)
or
(1-2t+t?) SG = [r+1-x]G =~ (r+1)tG .

Substituting the series expressions for G and @G/Ot in the

previous equation yields

eo (r) co (r) +1
=5 nt foer? ni
(r) n+2 (r)
L t L t
:E:(_ )P n+1(X) _ rr+1~X]:E:( _1)P nw_aifiwﬂ
ni
(r) £nrl
- (r+1)§£j( -1)7 “n (i) .
& nt

Expressing each series as a series in £h we have

(r) (r) n
(x)t? L (x)t
Z( RY Rt A Z(ml)n n E0

= (n-1)¢
(r) oo (r) n
(x)t" L7/ (x)t
n nnl - _ 13y Tn
:E:( -1) T - [r+1-x] :g;( 1) -
= L{T) (x)¢?
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Finally, equating the coefficient of t¥ in each series it

is found that

R IO AGHED
B 2 e
n! (n=-1)! (n=2)1
(r) (r)
L/ (x) L ~1(x)
= [ - n N
Cr+l-x] — + (r+l) ST

which upon rearrangement gives the recurrence relation

L (x) - [x-r-1-20] i) (x) + nlo+r] 1P (x) = (24)
The Laguerre series expansion of a function takes
the form

() = ) a4 L) &(x) (25)

where the dk are coefficients that must be determined. The
dk are determined by multiplying both sides of Eq.25 by

(r)
Lj

This yields

(x)dx, and integrating over the entire range of x.

4 - _l(x+1) 24 (x) £(x)dx
AT N N EE J

by the orthogonal property.
A more useful expression for dJ may be obtained by
substituting for L(r)(x) the expression given in Eg.22 and

J
integrating term by term, whence

(1+r)

J
_ (-1 3 .
dj - Jg(]_-kr.)'j Zo % (~1) (j-}ar;kl Vi (26)
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where the vy are the moments about the origin.

Before Eq.25 can be used to correctly represent a
function, known by its M.G.F. and moments, we must be able
to select the appropriate value for the parameter r.

At first this might seem to present an insurmount-
able problem since we do not even know what criterion we
should use to select r. However, a little thought reveals
that there are really only two types of p.d.f.'s that we
can encounter. That is, either the p.d.f. has a value of
zero at its left hand boundary or it does not. In any case
the serles representation should possess the same attribute
as the unknown p.d.f. This requirement is critical because
we are interested in using only the first few terms of the
series. Thus, our approach is as follows: (1) use the
initial value theorem from Laplace transform theory to
determine the nature of the unknown p.d.f.; (2) if the
initial value is not zero we set r = 0 which makes g(0) = 1
(see Eq.192), and the zdkLk(O) will teke care of the initisl
value; (3) if the initial value is zero, we set r = 1 which
makes g(0) = 0 and again the correct initial value results.
Note that we need not consider r > 1 since we are interest-
ed only in unimodal distributions.

An expression for the distribution function may also

be derived as follows



X
F(x) :%[n £(t)at
0
f de L(r)(t)g(t)dt
0

k-ﬂ.

Using Eq.25 Since the integral converges

0 X
F(x) = :Ejdk !fm Lér)(t)g(t)dt
k=0 0

id fx (-1)€ a* [ tr+ke°t] at
k +1 K
k=0 0 Pir+l) g

from Egs. 192 and 21. Now

X o X k
_ 1 r_~t k A%, r+k_-t
F(X) = r:;(ﬂ;:i-’-')' [doﬁ tTe dt -+ ;dk(wl) \[; ;ﬁﬁ[t e ]d‘tj

X

X = k-1
3 1 T =t ;z k d r+K_ -t
= (7 D) dOf” A+ 2, a1 (]
0 k=1 dt

0
but

i

an

dt

e

k-1 K-1
d [tr+kewt] a [tr+l+(knl)e»t3
at

= (1) = (k= 1) v+l ~t (r+1)(t)

from Eq.21, thus

X

_ 1 r_ -t r+1_-x (r+1)
F(x) —m[dof t*e”"“dt - Zldkx e (x)] .

0
The two ecases of interest to us are v = 0 and ¥ = 1.

Therefore we use:

70
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-]
F(x) =1 ~e™* ~ xe™¥ de Llif])_(x) . (27)
k=1
if r=20, or
F(x) = 1 - (xtl)e™® - 2% 'a, 1{¥)(x) , (28)
k=1
ifr=1.

The calculations necessary for the Laguerre expan-
sion are performed by a FORTRAN subprogram called LAG.

The Laguerre expansion will be illustrated by
approximating the distribution of the convolution of two

exponential distributions. The resulting M.G.F, is

M( s ) = oene _______
" (a-8) (b-8)

Let a

1.5, and b = 2.5, then the first eight

moments are

vy = 1.0666667 Vg = 37.6629730
v, = 1.7422222 Vg = 153.60101
vy = 3.868L4LL v, = 725,06225
vy, = 10.930252 Vg = 3893.4228 .

The resulting distribution is continuous and has
range (0,o), Also, since the initisl value is zero, that

is, é}g sM(s) = 0, we set r = 1. The above information is

used as input data to TEST.
The tests performed by the program tell us that a

unimodal distxibution is specified by the elght moments



given above. The coefficients for the expansion are

dl = -, 46666665 d5 = -,00023585
d2 = ,11185183 dg = .00002049
d3 = -,01832098 d7 = ~,00000155
d, = .00230140 d8 = ,00000010 o

Note that the last few coefficients are quite small in
magnitude which indicates that the approximation using
elght moments should be falirly good. The resulting curve
and the actual are shown in Table IV, and the approximate
cumulative distribution function in Table V.

The approximation remains positive up to £ = 10,0
where the actual value is 000001, and the approximate
c.d,f. sums to one, thus we can say that a reasonable

approximation was attained.

The Gram-Charller Type B Series

Let us now consider the case where the p.d.f. of
interest is discrete and defined over the positive half
line (0,«).

The Type B, or simply B, series 1s based upon the
Poisson distribution and its differences. Again we use a
direct approach in the derivation.

First, define

3T
p(x,m) =¢ e ™% | x=0,1,2,3,... (29)

1
@

M

0 otherwlise

the Poisson distribution. Next we difference the function



TABLE IV

VALUES OF DENSITY FUNCTION f(t) AND LAGUERRE
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APPROXIMATION f(t) WITH r = 1
t £(t) f(t) t £(t) £(t)
0.00 0.,000000 0.000000 4,00 ,009125 .009356
.10 .307152  ,304311 4,10 .007868  ,007988
.20 . 503578 . 501301 4,20 ,006783 .006802
.30 .619731  .619201 4.30 ,005847  ,005774
0 678496 ,679729 L.4ho ,005039  .00L4887
.50  ,696982  ,699470 4,50 .004342  ,004123
.60  ,687898  ,690989 4,60 ,003741  ,003467
.70 660614  ,663707 4,70 .,003223  ,002905
.80 ,621971 .624608 L.,80 .002777 . 002427
.90  ,576904  ,578796 4,90 ,002392 ,002021
1.00 ,528919 ,529934 5,00 ,002060 ,001677
1.10 .480458  ,480589 5.10 .001774  ,001389
1.20 ,433169  .432505 5.20 ,001528  ,001148
1.30  .388124  ,386812 5,30 .001316  ,000948
1.0  .345971  ,344187 5,40 .001133 .000782
1.50 .307056 . 304983 5.50 .000976 .000647
1.60 .271509 .269323 5.60 .000840  ,000537
1.70  .239315 .237169 5,70 ,000723  ,000449
1.80 ,210362 ,208380 5.80 ,000623  ,000379
1.90  ,184472  ,182749 5,90 ,000536 ,000323
2.00  ,161434  ,160033 6,00 ,000462  ,000280
2.10  ,141017 .139974 6.10 .000397  .000247
2,20  .122986  ,122311 6.20 ,000342  ,000222
2.30  .107111  .106795 6.30 ,000295 .000204
2.40  ,093169  ,093186 6,40 ,000254  ,000190
2.50 .080952  ,081265 6.50 .000218 ,000180
2,60 ,070269 .070832 6.60 ,000188 ,000173
2,70  .060943  ,061706 6.70 ,000162  ,000168
2.80 .052814  ,053727 6.80 ,000139 ,.000165
2.90  .045737  ,046750 6.90 ,000120 ,000162
3.00  .039585  ,040652 7.00 ,000103  .000159
3.10  .034241  ,035320 7.10 .000089  ,000157
3.20 .029604  ,030658 7,20 ,000076  ,000154
3.30  ,025583  ,026582 7.30 ,000066  ,000151
3.40  ,022100 .023019 7.40 ,000057  .000148
3.50  .019084 ,019905 7.50 ,000049  ,000144
3.60  ,016474  ,01718L 7.60 ,000042  ,000139
3.70  ,014218  ,014809 7.70 ,000036  ,000134
3.80  ,012267  ,012736 7.80 ,000031  ,000129
3.90  ,010581  .010929 7.90 ,000027  ,000122




TABLE IV (continued)
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A
t r(t) £(t)
8.00 .000023 ,000116
8.10 .000020 000109
8.20 .000017 .000102
8.30 .000015 . 000095
8.40 .000013 .000087
8.50 .000011 .000080
8.60 .000009 .000072
8,70 .000008 ,000065
8.80 .000007 .000058
8.90 .000006 .000051
9.00 .000005 . 000044
9.10 . 000004 .000038
9.20 . 000004 .000032
9.30 . 000003 .000026
9.40 .000003 .000021
9.50 .000002 .000016
9.60 .000002 .000011
9.70 .000002 .000007
9.80 .000002 .000003
9.90 .000001 ~.,000000
10.00 .000001 ~,000003




TABLE V

VALUES OF THE c.d.f. FOR EIGHT TERM
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LAGUERRE APPROXIMATION WITH r = 1
t B(t) t F(t) t F(t)

0.00 0.000000 3.40 0.985104 6.80 0.999761
0.10 0.016248 3.50 0.987247 6.90 0,999778
0.20 0.057294 3,60 0,989098 7,00 0.999794
0.30 0,113879 3,70 0.990695 7,10 0,999810
0.40 0.179227 3,80 0.,992070 7,20 0,999825
0.50 0.248470 3.90 0.993251 7.30 0,999841
0.60 0.318184 L,00 0.994264 7.40 0.999855
0.70 0.386043 4,10 0.,995129 7.50 0,999870
0.80 0.450534 4,20 0.995867 7.60 0.999884
0.90 0.510743 4,30 0.996495 7.70 0.999898
1.00 0.566193 4,40 0,997027 7.80 0.999911
1.10 0.616714 4,50 0.997476 7.90 0.999924
1.20 0.662353 4,60 0.997855 8.00 0.999935
1.30 0.703296 4,70 0.998173 8.10 0.999947
1.40 0.739818 4,80 0.,998439 8.20 0.999957
1.50 0.772247 4,90 0,998661 8.30 0.999967
1.60 0,800933 5,00 0.998845 8.40 0.,999976
1.70 0,826229 5,10 0.998998 8.50 0.999985
1.80 0.848479 5,20 0.999125 8.60 0.999992
1.90 0.868010 5,30 0,999229 8.70 0.999999
2,00 0.885126 5,40 0.999315 8.80 1.000005
2.10 0.900105 5,50 0.999387 8.90 1,000011
2.20 0.913201 5,60 0.999446 9.00 1.000015
2.30 0.924639 5,70 0.999495 9,10 1.000020
2,40 0.934623 5,80 0.999536 9.20 1.,000023
2.50 0.943332 5,90 0,999571 9,30 1.,000026
2.60 0.950926 6.00 0,999601 9.40 1.000028
2.70 0.957542 6.10 0.999627 9,50 1.000030
2.80 0.963305 6,20 0,999651 9.60 1.000032
2.90 0.968321 6,30 0,999672 9.70 1.000032
3,00 0.972684 6,40 0,999692 9.80 1.000033
3.10 0.976477 6,50 0,999710 9,90 1.000033
3,20 0.979771 6.60 0.999728 10.00 1.000033
3,30 0.982628 6.70 0.999745
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with respect to x as follows

Ap(x,m) = p(x,m) ~ p(x=1l,m) = = % [x-m]p(x,m)
2 2 rx(x=1) n°
Api(x,m) = e + o= |p(x,m)
x ;5[ S xm + %= p(x,m

and in general
a'p(x,m) = (-1)% (x)p(x.m) . (30)

The expressions Gn(x) are known as either Poisson-
Charlier or G polynomials. They have also been defined
[13,473] vy

n
%p(xem)
dm

— (.13B
“otX) = U ST
A general formula for Gn(x) may be developed from

the generating function definition of the polynomials
(14,1547,

X - r
1y = Y e & . (31)
r=0

We begin by expanding the left hand side of Eq.31 in two

infinite series

-t Tt %
e (1‘*‘;5)
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The last expression along with Eq.31 implies that

r
G.(x) = % Z)(-:L)J(rfj)@_‘:. . (32)
j=
The first four G polynomials computed from Eq.32
are
Go(x) =1
Gl(x) = % [(x-m]
2
GZ(X) = j% [(g} - (f}m + %TJ
- 31 X ' X X m2 m3
G3(x) = =5 [(3) - G+ (DF - 5 7
; 2 3 L
w0 = %) - (e ()5 - OB BT

Although the G polynomials possess many lnteresting
properties only the orthogonal property is useful to us.

The orthogonal property may be stated as follows

> 0, r#s
:E: Gr(x)GS(x)p(x,m) = L (33)
x=0 -, T =8,

ot

and is proven in Jordan [13,4767.
Qur desire is to be able to expand 2 p.d.f., known

only by its moments, in an infinite series of the form

77
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-]

£(x) = ) G, (x)p(x,m) . (34)
j=0

To accomplish this we must determine the bJ in terms of the
moments,

The bj may be determined, as before, by multiplying
both sides of Eq.34 by Gj, then summing from x = 0 to x =oo,
Then we have

2]

Z Gy (x)£(x)

x=0

i

Z ij[GJ(x)]ZP(x,m)
x=0 j=0

J

i
o

m

by the orthogonal property. Thus,

Dan

j o0
_ o
by =1 jg; 6 (x)E(x) (35)
X=

By substitution of Eq.32 into Eq.35 we can develop

a general expression for b S0

j'

DT DY CATEI o

assuming convergence so that we may interchange the sums.

Now, the expression

i(jfi)f(x)
x=0
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is known as the (jﬂi)zﬁ binomial moment of f(x), and can be
expressed in terms of moments sbout the origin via facto-
rial moments. We write

co

EZ(J i)f(X) (3= 1)' EZ (x J if(X)

x=0
where (X)jmi = x(x~1)...(x~j+i-1) and the sum on the right
hand side is the (j’-»i)l:-}i1 factorial moment which may be
written in terms of the moments about the origin byAexpandm
ing the factorial expression. Thus, from Eq.36, we have

the desired expression fqr bj

J 3 it
- . i m
= D D By D@ (37)
i=0 x=0
The first four bj, computed from Eq.37 are
bO =1

b1 = v1 - m

b, = 5 [vy=vy (1+2m) + n°]
b3 =:%! v3—3v2+2vlm3m(v2-v1) + 3m2vl _ m3]
bu = l%‘ [V4u6v3+1lvzn6vlw).|,m(‘\,303v2+2v1)

+ 6m2(v2_v1) - hmdv, + mnj .

1
To facillitate approximation it 1s common to set the
parameter m = Ve
The distribution function is obtained by summation

of f(x) over the desired range.
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The use of the B series is demonstrated with ths
following example. Suppose we wish to approximate the

Binomial distribution

p@ = (2 5 @p™ L =020

with n = 20 and p = .5. The first five moments are

v, = 10

1 vy = 1150 Vg = 153625

]

13072.5

The distribution is discrete and defined over (0,w).

Using the above as input date for TEST we find that
a unimodal distribution exists having the specified
moments, as expected. The coefficients in the expansion
are

b, =0 b

1 .83333

1

b2 = -2,5 bQ

]

2.8125 0

and the resulting curve along with the asetual curve is
shown in Table VI, The actual computation for the approx-
imation was accomplished by a FORTRAN subprogram called
BSER.

As can be seen the approximation is not too good
using only four moments. Thig is due to the fact the Bino-
mial has a zero ordinate at zeroc and the first term of the
series does not. So that in trying to ccmpensate for this
the expansion ig not positive semidefinite for values of t
in the talls of the distribution. The problem is similar to

that encountered with the Laguerre expansion.



TABLE VI

VALUES OF APPROXIMATE AND ACTUAL DENSITY FUNCTION,
f(t) AND f(t) RESPECTIVELY, FOR BINOMIAL
DISTRIBUTION WITH n = 20, p = .5

t r(t) £(t)
0.00 .0000 .000013
1.00 .0000 .000130
2,00 .0002 -~,000202
3.00 .0011 .000083
4,00 . 0046 . 003044
5.00 . 0148 . 014676
6.00 .0370 . 040539
7.00 .0739 .080208
8.00 .1201 124047
3.00 .1602 .156971

10,00 1762 .166918
11.00 .1602 151459
12,00 .1201 .118041
13.00 .0739 .078771
14,00 .0370 . 044183
15.00 .0148 .019717
16,00 . 0046 . 005732
17.00 .0011 -,000394
18.00 .0002 -,001974
19.00 .0000 -,001615

20,00 .0000 -.000825




CHAPTER V

PEARSON'S CURVES AND NUMERICAL
INVERSION OF THE LAPLACE TRANSFORM

In this chapter we will consider two techniques,
Pearson's curves and numericel inversion of the Laplace
transform.

Pearson's system was developed in the late 1800's
for fitting curves to empirical data, However, since it
uses the moments of the distribution to be approximated it
should fit our needs Jjust as well.

On the other hand the numerical lnversion technique
is quite new, being published in January 1968, It is, in
general, the most accurate of the technlques and requires

the most effort to obtain an answer.

Pearson Distributions

One of the most widely accepted techniques for
curve fitting is the Pearson system which consists of a
family of curves and rules for selecting that curve whiceh
best fits the given date., The development glven in this
section follows that given by Elderton [5]. An alternate
development has been given by Craig [2571.

Pearsonis family of curves are gensrated by the

solutions to the differential equation
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af(x) _ %g (x+ta)y (1)
dx T dx 2 ¢
bo+blx+b2X

It is interesting to note, although it will not be pursued,
that all orthogonal polynomials also satisfy this differen-
tial equation [12,1627,

Instead of solving for all the distribution types
let us consider the general results that are common to all
types, and the criteria for selecting each type. Then we
will simply list the types and discuss each. Rearranging
Eq.l we have

(bo+b1x+b2x2)dy = (x+ta)y dx

oxr

2
xn(bo+b x+b.x7) %%dx = xn(x+a)y dx .

1 2

Integrating both sides over the entire real line, using
parts on the left hand side and assuming that the integrals

exist, yields
o0 [+~]
- 2 -1 N LD
an(bo+blx+b2x )yl - ‘fﬂ {%boxn +(n+1) by x
e OO w0

+(n+2 )b?xnﬂ} y dx

0 o0

=[ Xn+ly d;ﬁ-a[ ®y dx .
o0 w00

Assume that the expression in square brackets vanishes at

+
the extremes of the distribution, that is _ lig x 2y 0

if the range is infinite. Then, substituting moments gives

~nb - (n+l)b - (n+2)b2v v +av,

Ovnml 1vn ntl = 'n+l
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or av, + nb.v + (n+l)blvn + (n+2)b2v

0'n-1 Voarl e (2)

n+tl = 7
Putting n = 0,1,2,3 in Eq.2 we obtain four equations
in the four unknowns sa, bO’ bl’ bz, and the first four

moments of the distribution we wish to approximate

a v, + blvo + 2byvy = =vy
a vy * byvy * 2byvq o+ b, v, = -V,

(3)
a v, + Zbov1 + 3blv2 + 4b2v3 = av3

a v3 + BbOv2 + 4blv3 + 5b2v4 = -V,
Let us now make a transformation that carrles the origin
into the mean of the distribution, with the result that

vl = 0, and denote the moments about the mesn as'ui.

Then Egs.3 become

a + b1 = 0
+ b + 3b,,u, = - u
2
0 272 (4)
au,, + 3b1u2 + 4b2u3 = - u3
auq + BbOu2 + 4b1u3 + 5b2u4 = -y

Solving these simultaneously gives

u3(u4+3u22)
a = =
' D
u, (4u,u;,-3u 2)
b. = 2 2°h 3
0= -
D
b1 = = g
2 3
. - 2u2u4m3u3 -6u2
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where

- 3 2
D = lOu2u4 - 18u2 - 12u3 .

If we use the Tirst and second moment ratios

Uy
B = and By = =
2

the expressions for a, bo, bl’ and b2 become

R M (B,%3)
a = =
0 D'
(5)
o o Juy By (8,+3)
17 D'
(2B,=3B,-6)
2 1
b, = - =
where
D' =

2(582“681°9) °

Substituting these expressions into Eq.l yields a
general equation for integration. The form of the integral
depends on the particular values of the coefficlents of x
in the denominator, i.e. the values of bo’ bl’ bza An
equivalent way of determining the form is to examine the

nature of the roots of b0+b1x+b2x2=0, This can be done by

computing the ratio b 2/(LH: b,), which in specific terms is
1 072

B, (B,+3)°
4(282”381“6)(452“351)

(6)
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Let us denote this ratio as k. Thus, according to the
value of k we may obtain one of the three main types.

The ten transitional types are determined by the k
values which do not specify one of the main types and other
criteria which will be given with each specific type.

First let us consider the three main types.

If k¥ is negative the roots are real and opposite in
sign, and we get the Type 1 frequency function

y =yl + 2t - X2 (7)
1 2
where ml/a1 = mz/a2 and the mode is at the origin. To com=-
pletely determine the distribution we must calculate the

following quantities in order:

r = 6(62“61“1)/(6+351°262) ?

1+e, %@/[Bl(r+2)2+lé(r+l)] .

i r-2 % r(r+2)v// Bl ]
1,2 = 2 sl(r+2)2+16(r+1)

where m, is the positive root when u3 is positive, and

o
+
o
I

=]
It

. 1 @ [ (my*my+2)
o~ m,+m,+1 °
(ay+a,) T 7 [Mmy 1) [ (myr1)

The mode is computed by

4 u 3 r+2
Mode = mean - B R
§u2 re2

The exact shape of thlis curve varies according to the

values of m1 and m2, A detailed account can be found in
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Elderton [5,5971. The range is from -8, to a,.

If k¥ is positive but less than one the roots are com-
.plex and this gives us the Type IV frequency function

2-111

-1
y = yo(l " 52) e~V tan —~x/a
a

(8)

where the parameters are

YT E,38,6
m=3 (r+2) :

r(r-2) J8;
v o=

’

/ 16(1‘-1)-61(1'-2_)?

N

2
Z J{é(r-l) - By (r-2) ,

and

v
1 a‘/* (cos G)?"m-2 e-vede .
-5

The mean is at -va/r and the mode is given by
Un(r=2
3( )

Mode = mean - .
TEER T B ()

The curve 1s skewed and ranges over the entire real line,
(w00, 00),

If k is positive and greater than one the roots are
real and of the same sign, and this yields the Type VI fre-

guency function



q ~q
y = yo(x-2) 2 (x) 1

where the parameters are given by

6(82“81”1)
T 6+38, -28,

Ja, /sl(r+2)2+16(r+1) ,

Qo0 -qs = r-2 t r(r+2) J/r Bl
2?7l 2 2 B, (1+2) “+16 (r+1)

Q,-q,~-1
g 1772

o
i
N

and

_ [T(ay)
-~ [M(ay-a,-1) [[(a,*1)

The origin is located by

Io

a(ql"l)
Origin = mean - ——ee— .
4y -45-2
and the mode by
UB r+2
Mode = an - g e— .
iode mean 2u2 o

The range of this curve is from a to e if u3 is
positive or from = to -a if u3 is negative. 1r is always
negative and a; > a5 If a, < 0 the curve is J shaped
otherwise it is unimodal with zero ordinates at the termi-
nals,

Next, let us consider the so called transition types.

It k=0, Bl = 0 and ﬁz = 3 we have the normal curve

of error
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Yy =73, eXp(wxz/ZuZ) (10)
where
YO = 1/ '\’zﬂ u2 ®
If k= 0O, Bl = 0 and 52 < 3 we have the Type II fre-

guency function

m

2
y = yo(l - E?) (11)
-}
where
m = 582—9
2(3_82)
2 2us8,
3-82
and
[Nt 1%)
Yo = AT ()

The origin is at the mode which coincides with the mean. If
m is positive the curve is unimodal with zero ordinates at
both ends of the range. However, 1f m is negative the curve
is U shaped.

If k=0, = 0 and 52 > 3 the resulting curve 1s

B1
the Type VII
5 =
yo(l + ) (12)
a

e«
]

where

582’9
2(32—3)

?
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and

[(m)
e [(n-3)

li

Yo

The origin is at the mode which equals the mean. The curve
is symmetrical and of unlimited range in both directions.
If k 1s very large, which occurs when 262 = 381+6,

the result is the Type III frequency curve

X oa -OX
y = yo(l+z) e (13)
where
_ 2u2
¢ = 5 ’
3
4
p=6a=——-—.l
Bl ’
2
N S T
u3 Uy
and
'y
pP*1

y’ e SR, - S S
O geP [M(p+1)

The origin is at the mode. The range is unlimited in one
direction (positive or negative as & 1s positive or nega-
tive), If p > 0 the curve is unimodal, but if p < O the
curve is J shaped. Some experience indicates that the Type
111 should be used whenever k > 5,

There is one special case of the Type III which is
of particular interest, it arises when Bl = 4, This means

that p = 0 and we then have the Type X frequency curve
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5e=—5X’X>O 6 > 0

y = (13a)
0 otherwise

This is the familiar exponential distribution.

If k¥ is equal to one we have the Type V frequency

funection

Y =Y, x P e-é/X (14)
where

8+4J4+el
P = Bt e N
By

b = (P"Z) 'JUZ(P"B) ’
and

Vo = o2~

0 [(p-1) )

The curve starts at the origin which may be located by

urigin = mean - .

p-2
The mode may be found frcm
Mode = mean - ——EE—— .
p(p=-2)

The curve is unimodal and ranges from 0O to o,

The remaining types VIII through XII are special
cases of the previous curves and will not be discussed here.
An account of them may be found in Elderton [5] or Kendall
(14,1427,

In fitting one of the Pearson curves, under the
assumptions of our problem, we would perform the following

steps,
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1. Compute the first four moments of the
unknown distribution, and from these

2. Compute k and other criteria needed to
determine type of curve.
3. Determine the parameters of the select-
ed curve,
The computations necessary for fitting one of
Pearsonts curves to a set of moments are performed by
FORTRAN subprogram called PSON., Examples of the Pearson

approximation are given in Chapter VI,

Inversion of Laplace Transforms

Recently many techniques for numerical inversion of
Laplace transforms have been proposed [3], [26], [29], [307,
and [37]. Each has some attribute éo recommend it over the
others. Among all the avallable techniques the one which
appears easlest to apply is that of Dubner and Abate
[26,115]. Their technique also has the advantage that the
order of magnitude of error is easily preassigned by selec-
tion of one parameter in the computation. The computer
program needed to realize this technique requires less than
twenty cards, an obvious advantage. Let us proceed with
the development of the technique, and then examine one
mefhod of implementing it for use on a computer.

Development of the Technigue. The Laplace trans-

form pair is defined as follows
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F(s) = f et r(t) at , (15)
0
1 atiec
st
f(t) = gr—rz e F(S) ds . (16)
g=31c0

Where a > 0 is arbitrary, but must be chosen so that it is
greater than the real parts of all singularities of F(s).
We assume that the integrals exist for Re s > a > 0,

We are free to choose the contour over which the
inverse transform Eq.16 1is evaluated, in fact any vertical
line with abscissa a > 0 provides a suitable contour. This
ability to assign the value of a is the basis of the compu~
tational technique, since the error in the approximation
can be made as small as desired by the appropriate choice
of a,

JYe begin by letting s = a + iw in Eq.l1l5, then

F(s) =f e-(atiwlt oy gt
0

o0

=\f~ e”2tr(t) [cos wt - 1 sin wt] dt
0

by Euler's identity.

Now, f(t) is always a real function, thus Eq.l5

becomes

Re [F(s)] = f e 8tr(t) cos wt at , (17)
0
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the Fourler cosine transform of a function having an atten-
uation factor.

In general we are interested in approximating f(t)
over some finite range, say (0,T). This suggests the use
of the Fourier half range cosine series (the finite Fourier

transform pair)

T
2 nmnx
c, = §~/‘ f(x) cos [-Tf}dx’ (18)
0
and
c -]
f(x) = ?O + ZCn cos(n-%r‘-x) . (19)
n=1

Thus, our approach will be to relate Fgq.l7 to Fq.l8 and then
use Eq.19 as the inversion formula. Since, intuitively
speaking, the inversion of Eq.l7 requires a knowledge of the
continuous frequency spectrum of Re F(s) while Fq.1l9
requires only a discrete spectrum the relationship between
Eq.1l7 and ¥q.18 will contain an error which is calculable,
Therefore, we will be able to approximate f(t) within some
calculable error.

Define a function h(t) as follows

0 t<O

h(t) = (20)

e 2tr(t) t >0 .

Let us now separately consider h(t) in the intervals
(nT,[n+1]T), n = 0,1,... . Using h(t) we construct an
infinite set of even periodic functions gn(t) by reflecting

each section of h(t) indefinitely through its boundaries,
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see Figure 10. Each gn(t) has a period of 2T, That is,

forn=20,1,...

h(t) nT < t < (n+l)7T
g,(t) = (21)
h(2nT=-t) (n-1)T < t < nT .,
In order to give a Fourier representation of gn(t) we
rewrite Eq.21 so that the functions are defined on the
interval (-T,T). Then for n = 0,2,4,...
h({nT+t) 0<t<gT
g, (t) = (22a)
h(nT-t) -T<t<0
and forn=1,3,5,.:.
h([n+t1]T-t) 0 <t < T

(t) = (22Db)
®n n([n+1]T+t) -T < t < O

Thus, we have the Fourler representation

[>=]

A
_ "m,o0 knt
gn(t) = =t ZAn,k cos (T) ) (23)
k=1
where
( T
k
2 0/— h(nT+x) cos (—Ez)dx n=20,2,4,...
T T
w2 o
n,k T § (24)
X
% ~/* h([n+1]T-x) cos (—5-)dx n=1,35.:.. «
. 0
Next let t = x+nT in the first expression and t = =[nT-x+T]

in the second, then Eq.24 becomes

(n+1)T
An,k = % \/ﬂ h(t) cos (Egi)dt . (25)
nT

In order to convert Eg.25 a finite transform, to a true

integral transform we must sum over all n, so



h(%)

go(t)

2T

3T

g1 (t)

/
|

gg(t)

Figure 10. The function h(t)
and its reflections gn(t)°

e”atf(t)

96
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n=0 n=0
2 kmt
= Tkla h(t) cos ('ﬁ") dt (26)
0
2
= ‘i‘ A(Wk) 9

and A(wk) is a Fourier cosine transform. Now sum Eqs.22

over all n and

) Alw ) co
Z Sn(t) = %l: 20 + Z A(Wk) cos (k.i;.f)] . (27)
n=0 k=1

Substituting Eq.20 into Fq.26 we see that A(wk) = Re[F(sﬂ ,
where s = a + 1(kn/T). Thus, Eq.27 becomes

o0

aty . =
zeatgn(t) - ZeT [;% [F(a)] + ZRe[F(a+E;E)] COS(E%E):,e (28)
k=1

n=0

after multiplying both sides by eat.

The 1l.h.s. of Eq.28 is almost the inverse Laplace
transform of F(s) in the interval (0,T), but it contains an

error., Using Eqs.22 we have

o o o
Zeatgn'(t) = Zeat h(2nT+t) + Zeat h(2nT-~t)
n=0 n=0 n=1
o
= £(t) + Z e~canT [f(ZnT+t)
=
- ezatf(ZnT—t)] , (29)

by virtue of Eq.Z20.
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Hence, the desired approximation is

oo

at
f(’c).’:.'zeT % Re[F(a)] + ZRe[F(a+1f%ji]cos(}i;E) . (30)
k=1

It can be shown [26,119] that the error term becomes suffi-
ciently small only over the interval (0,T/2). Thus, we
must keep this in mind when selecting T.

Dubner and Abate [26,119] show that if in general
f(t) <¢C t™, where C is some constant and m is any nonnegs-
tive integer, then the error in representing f(t) over
(0,T/2) by Eq.30 is given by

ERROR~C(1.5T7)%e™2T | (31)

our procedure will be as follows: (1) Determine the largest
value of t for which we desire to know f(t), then set T
equal to twice this value. (2) Having T and knowing how
f(t) behaves at infinity we then may use Relation 17 to
choose the value of a which yields the desired numerical
accuracy. For our problems f(t) --0 as t-»« in all cases.
This means we may let C = 1 and m = 0.

There 1s also an error which arises out of truncating
the series in Eq.30. This error is, roughly speaking, sbout
the value of the term at which the truncation is made. This
error is illustrated below.

Let us now consider some examples demonstrating the
application of the technique.

First, suppose we wish to approximate the Gamma dis-

tribution
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£(t)

The M.G.F. is

M(s) = (1 -8)7
and the Laplace transform may be obtained by replacing s

with -8, thus

F(8) = o .
(1+s)°
Let
s=a+1-lf-rl=A+1Q, (32)
then
1
F(s) = 5 , (33)
[(a+l) + 1 Q]
or in the most general form
F(s) = 2+ it (34)

T U+ 1V
Now, we are interested in the Re F(s) , so we must put Eq.33
in the form of Eq.34 and then rationalize it. Expanding the

denominator of Eq.33 we find
U= (&+1)° - 3(a+1)Q% + 3(a+1)% - @% + 3(a+l) + 1
and

v = q[3(a+1)% - Q% + 2(a+1) + 3] .

Rationelizing ylelds,

Re[F(s):] Uz _+ VI

0247

]

U ?
ey

for this example.
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Assume we desire the approximation to have an error
of the order of magnitude of 10’6, and we want values of
f(t) over (0,15). Then using Relation 31 we have

1076 ~ =302
=8~ .5 .

A FORTBAN program which will perform the calcula-
tions is shown in Fig.ll, and the approximation is listed
in Table VII along with the true values.

The total computer time required was 65.28 seconds
including input and the printing of 150 values of the
approximation, This time is for a CDC 6500.

As a second example consider the approximation of

£(t) = 256”25t |

The Laplace transform of this function is

. .25
F(s) = 5337 -

Substituting for s as before we find

.25(.25+A)
(.25+A)° + Q

Re [F(s}]= s .

A FORTRAN program very similar to the previous one
was written to perform the calculations and the results are
listed in Table VIII along with the actual values,

Although the value of T and a remain unchanged from
the previous example the accuracy is not as good. The
reason of course is the second type of error, truncation
error, We see that even with 2000 terms we have not reach-

ed the desired accuracy. Functions such as this one with

low contact at one or both ends of the interval of approxi-
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Lo

50
950
951
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PROGRAM BUNKIE(OUTPUT,TAPE 6 = OUTPUT)

A=,5
XU=15.0

DX=.1

T=30,

FL=1,0

FA=(FL/(A+FL))*%3

B=A+FL

F=0,0

X=0,0

WRITE(6,950)

NI=1000

DO 40 J=1,NI

PJ=J

Q=FJ#*3,14159/T

U=B#*#3.73, #B*Q##2

Vﬂ*(B. *B**Z— (Q**Z) )

Z=FL

Y=0.0

G=(Z*U+Y*V) /(Uk*24+7%%2)
=G*COSF(FI*3,14159%X/T)+F

DF=(2,*EXPF(A*X)/T)*(, 5%FA+F)
WRITE(6,951)X,DF

X=X+DX

F=0,0

IF(X-XU)20,20, 50

STOP
FORMAT(11X,4HTIME, 6X, 4HF(T),/)
FORMAT(10X,F6.2,F12.6)

END

Figure 11. Fortran program for
GAMMA distribution example.



TABLE VII

VALUES OBTAINED BY NUMERICAL INVERSION, f(t),

AND THE TRUE VALUES OF f(t) = t%e~t/2

1000 TERMS USED IN THE APPROXIMATION

t £(t) £(t)

.000000 .000001
.183940 .183940
.270671 .270671
. 224042 . 224042
.146525 .146525
.084224 .084224
. 044618 . 044618
.022341 .022341
.010735 .010735
. 004998 . 004998
.002270 .002270
.000034 .000032

L] < L) L) ° *

e ® 3 @

®

QO OOO0OQOTCOOOO

I
OO O~ OV EW N H O
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mation will require more terms to achieve the desired
accuracy.
Finally, let us approximate the c¢.d.f. of the pre=-

vious example, that is approximate
F(t) =1 - e"*25t |
The Laplace transform of this function is obtained from the

previous transform by dividing by s, thus

.25
F(s) = S(sF33) .

Again substituting for s and manipulating ylelds

.25[A(A+.25) - Q2]

re [F(s)] 5 >
FA(A+,25)-Q%7 + [Q(2A+.25)]

Values obtained by using this quantity are given in Table
IX along with the true values. Note that the accuracy 1s
better than that for the p.d.f., at the beginning of the
range, but worse for large values of t.

Thlis technique 1s not without limitations. It can
require a great deal of effort in terms of algebrailc
manipulation and can also require a lot of computer time to
obtain & suitable solution to complicated problems. For
example, consider the added algebraic complications when
terms such as e® are included in the denominator of the
M.G.F, This requires the use of Euler's identity. Also,
the results are strictly numerical, that is no explicit
analytical expressions for the p.d.f. and c.d.f. are
obtained directly. Finally, the technique is only able to

handle functions defined on [0,~). To illustrate the dif-
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ficulty suppose that f(t) is defined on [-a,») and we wish
to determine its Laplace transform. First we shift f(t) by
adding a to each value of the argument which yields f(t+a),
a2 function defined on Eo,w), Now we may take the Laplace

transform of f(t+a) which is

0

L[f(t-i"a)j:f £(t+a)e St ar
0

Next, let u = t + a, then

w[* f(u)e“s(uma) du

a

o
easf r(u)e™SY au

a
a
f(u)e™ ™% qu - \/‘ f(u)e™SY d;].
0

/.

The second term in the brackets is the finite Laplace trans-

L{f(t+a)]

[}

i

form and herein lies the difficulty. For the numerical
inversion procedure to work the finite transform must have
been included in the original M.G.F. from which we are

working.



TRUE AND APPROXIMATE VALUES
OF f(t) = .25e

TABLE VIII

'Y 25t
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Number of terms

2000 1500 1000

£(t) £(t) £(t) F(t)
0.0 . 250000  ,249430 . 249281 . 248861
1.0 194700 194704  ,194701 .194685
2.0 .151633 .151629 .151663 .151645
3.0 .118092 .118092 .118093 .118094
4,0 .091970 ,091974  ,091972 .091951
5,0 .071626 .071620 .071629 071645
6,0 .055783 .055785 .055788 .055794
7.0 LOoL3Lll 043452 043452 .043392
8.0 .033834  ,033815 .033848 .033879
9.0 .026335 .026363 .026373 . 026401
10,0 ,020521 .020542 .020559 .020352
15.0 .005880 .006136 .006336 .006906
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TABLE IX
ACTUAL AND APPROXIMATE VALUES
OF F(t) =1 - ™25t
USING 1500 TERMS

t F(t) B(t)
0.0 000000 .001013
1.0 . 221199 . 221199
2.0 . 393469 . 393469
3.0 . 527633 . 527632
L.o .632121 .632119
5.0 . 713495 .713492
6.0 . 776870 . 776864
7.0 .826226 . 826216
8.0 . 864665 . 864647
2,0 . 894661 . 894571

10.0 .917915 .917866
15.0 . 976482 .975875




CHAPTER VI
EXAMPLES

In this chapter we will examine five examples in
detall. Each example demonstrates one or more of the proper=-
ties of the recommended procedure. The sequence of the dis-
cussion in the examples follows the flow diagram given in
Fig.la of Chapter II and repeated here as Fig.1lZ2 for ease of
reference, Also the theorems of Chapter III will be refer-
red to frequently. These examples combined with those in the
previous two chapters provide a complete demonstration of
the recommended procedure.

Example 1.

Suppose we use a convex combination of the moments
of two unimodal distributions, that is we mix the two density
functions., Specifically let us mix an exponential having a
mean of one with a gamma of order 2 having a mean of three,

i.e. let
2

-t
£(t) = .1e"%+ .9 [E-g——] .

Since the function has a value of .1 at t = 0 we use the
Laguerre approximation with r = 0, Each of the components
of f(t) is reproduced exactly by the Lagﬁerre approximation.
Thus, let us demonstrate that the convex combination is also

reproduced exactly. The first five moments are



READ IN DATA

NO
APPROX ~
IMATION
POSSIBLE

LAPLACE
INVERSION

Y
USE USE .
TERM BY TERM GRAM - CHARLIER
EXPANSION A SERIES

)

USE USE
GRAM-CHARLIER ¢ LAGUERRE
B SERIES SERIES

NO SERIES YES PE::EON 0 SERIES YES
SATISFACTORY 7 i SATISFACTORY 7

| I

#PEARSON ™
SATISFACTORY
? p

USE LAPLACE INVERSION
IF RANGE PERMITS
OTHERWISE NO
APPROXIMATION POSSIBLE

Flgure 12. Master flow diagram of the procedure.
Portions of the procedure in heavy black lines
are not included in the program TEST.
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v, o= 2.8 vy = 54,6 Vg = 2280.0

11.0 vy, 3264

v

2 =

Using the above five moments the program TEST con-
structs and evaluates the following determinants

1 2.8 1 2.8 11

2.8 114 2.8 11 54,6 .

11 54.6 326.4
Both are greater than zero, thus Theorem 1 is satisfied.
Since the distribution is defined on (0,«), IR = 0, the
moments must also satisfy Theorem 2. Therefore, the program

checks the determinant

2.8 11

11 54,6 ,
Tfinds that it ié positive definite, and so Theorem 2 is
satisfied. Thlis means that there exists at least one dis-
tribution which has the given moments for its first five
moments,

Following Flg.12, we see that TEST will check to see
if the conditions of Theorem 7 are satisfied. This is done

as follows. The guantities a, b, ¢ and 4 of Theorem 7

(called D(1),...,D(4) in TEST) are computed as

a = 24,416
b = -354,84
c = 1181.376

d = -238.44

The corresponding cubic equation is solved and the roots are
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r, = ,215585266
r, = 4.71968031
Ty = 9.59782748

Since a > 0 and all roots are real the following inequali-

ties must be satisfled.
vy - 3(v2~vi) SMgv + J3(v2~v§)
or
-.278960864 < M < 5.87896086

and

r3 <M or Ty < M<r, .

We see that any M such that r; < Mg vy + 3(v2-vi) satis-

1
fies Theorem 7, thus since IR = 0 the program checks to see
if an M in this intefval can also satisfy the conditions of
Theorem 8.

The program now computes the coefficients Bss 94 and
2, (celled €(1), C(2) and C(3) in TEST) of the quadratic

equations in Theorem 8, We find that

a, = 1.64
8y = ~33.6
8, = 134.04
and
Py = 5.42665947
and

15.0611454

‘g
V)
]
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Since both roots are real and a, > 0, M must also satisfy
the inequalities

M < 2v, = 5,6
and

M < p; or M > Py

Now since Py for the quadratic is less than 2v, and easily

1
falls in the interval imposed by Theorem 7 the program next
computes the coefficients a, b, ¢, and d (called D(1),...,

D(4) in TEST) of the cubic of Theorem 8. The values are

a = 238,440
b = =3125,664
¢ = 4579.199

d = 25428,095

and
rl = -2,09132645
r, = 4,99857821
r3 = 10,2015554 .

Since a > 0
ry < M<r, or r3 < M
We can easily find an M in the interval [3,r,] that satis-
fles all of the previous inequalities and thus a2 unimodal
distribution can be specified by the moments.
The distribution of interest satisfles both theorems
and is continuous (IC=1l) so TEST calls the subroutine LAG

which calculates the appropriate coefficients, and these are
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dl =1.8 d3 = 0.0 d, = 0.0

d2 = 0.1’1’5 dLl’ = Oqo [
Substituting these into the Laguerre expanslion yields

et + 1.8(t-1)e"t + .u5(tP-ut+2)e~t

2 =t
.1 e—t + og[t : ] 9

which is exactly the distribution we wished to approximate,

£(t)

The distribution is shown in Fig.l3 and a graph of the cumu~
lative distribution function is shown in Fig.ll,

Now, examining Figs.l3 and 14 it is not clear that
the function ls unimodel according to the definltion given
in Chapter I, Fig.l3 would suggest it is not while Fig.l4
suggests that it is. Thus, let us snalyze the situation in
an sttempt to resolve the problem. We must check to see»how
many points of inflection the cumulative distribution func-
tion has, since the definition of unimodality allows only
one.

A theorem in calculus tells us that a sufficient con-
dition for x = a to be a point of inflection of F(x) is
that F"(a) = 0 and P"'(a) # 0. Using this result we differ-
entiate r(t) twice to obtain F'(t) and F"'(t) respectively.
Now

"t . Lus(2t-t%)e”t

Fr(t) = -.1 e
and
Fi(t) = .1 e”F + .L45(t%-ht+2)e” "

Setting F"(t) = 0 and solving for t yields
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t=1247/3 .

Substituting these values into F"'(t) we find that neither
makes the expression zero. Thus, we have two points of in-
flection and the distribution is not unimodal. Let us pursue
this discussion a little further. From the previous analysis
and by examining Fig.l3 we see that the distribution has a
mode at t = 0 and at t = 1 + J/7/3, 1.e. the modes are separa-
ted by 1 + 47/3 units. The relationship of the distance
between modes and the ability to distingulish unimodal func-
tions from bimodal functions via thelr moments will be inves-
tigated in Example 4,

Finally, we note that the shape of the p.d.f. ls that
of a function which ls very close to being unimodal. Thus,
it is not hard to imagine that there exists a unimodal dis-
tribution having exactly the same moments. In fact the
approximation with r = 1 is & possible example, see Fig.l1l3.
This observation serves to illustrate the uniqueness problem
mentioned in Chapter III.

Example 2.
Next, let us examine the approximation of the fol-

lowing distribution

Lo "'20 had
£(t) = .5(.375) [e1+5te ™25 ] 4 5™t
which 1s the convolution of two exponentials mixed with

another exponential. The first elght moments are
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v, = 1.0335 vg = 78.8300
v, = 1.8710 Vg = 436.8000
vy = 4.9340 v, = 2882.5000
v, = 17.4650 vg = 22106.0000

Based on these moments and the other data the program TEST
tells us that a unimodal distribution exists and that the

coefficlents for the Laguerre expansion with r = 0 are

d; = .03350000 dg = .00045174
d, = -.06575000 dg = -.00004774
dg = .01938889 d, = .00000424
d), = -.00344271 dg = -.00000032 .

The operations performed by TEST were exactly the same as in
the previous example. Here again the magnitude of the last
few coefficients indicates that the approximation should be
reasonably good. The actual curve and the approximation are
shown in TABLE X, The deviation of the approximation from
the true curve is plotted in Fig.l1l5. The actual and approxi-
mate c.d.f. are shown in TABLE XI, and the deviation is
plotted in Fig.l16.

Let us compare the deviations. Although the curves
are of different period, the most striking feature is the
difference in the magnitudes of the deviations. The maximum
deviation in the case of the p.d.f.'s 1s approximately four
times that for the c¢.d.f.'s. This 1s not surprising since it

1s reasonable to assume that it should be easier to approxi-
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TABLE X

VALUES OF f(t) = .5(.375)[e'1°5t-e”2°5t]+ . 5e
N
AND ITS LAGUERRE APPROXIMATION f(t)

£ 5 W WA AW LW W W N 1D I IV B0 D N N NI R

£(t) 2(t) t £(t) (1)

.00 . 500000 . 513192
.10 .605995 606324
.20 . 661155 .656259
.30 . 680275 674420
40 . 674408 . 669717
. 50 651756 . 649044
.60 .618355 . 617686
.70 . 578600 . 579653
.80 . 535650 . 537948
.90 491737 .4glh780
.00 448399 451740
.10 406664 409943
.20 . 367182 . 370136
.30 . 330328 .332787
L4o . 296284 ,298158
. 50 .265093 .266355
.60 .236703 .237377
.70 .210999 .211142
.80 .187830 .187520
.90 .167020 . 166345
.00 .148385 . 147436
.10 .131737 .130602
.20 .116895 . 115654
.30 .103685 .102408
.40 .091943 .090689
.50 .081519 .080333
.60 .072271 .071191
.70 . 064074 .063123
.80 . 056812 .056005
.90 .050380 . 049724
.00 . 044686 044181
.10 .039645 .039287
.20 .035183 .034961
.30 .031233 .031136
40 .027737 .027749
. 50 L024641 . 024747
.60 .021899 . 022084
.70 .019471 .019718
.80 .017319 .017614
.90 .015411 . 015740
.00 .013720 .014070
.10 ,012220 .012579

.010889  ,011248
.009708  ,010058
,008658  ,008993
.007726  ,008039
.006897  ,007185
.006159  ,006420
.005503  ,005734
.004919  ,005119
.004399  ,00L4568
.003936  ,004075
.003522  ,003632
.003154  ,003236
.002825 ,002882
.002531  ,002565
.002269  .002282
.002035  ,002029
.001825  ,001803
.001638  .001602
.001470  .001423
.001320  .001263
.001186  ,001122
,001065  .000996
.000958  ,000884
.000861  .000786
.000774  ,000698
.000696  ,000621
.000627  ,000553
.000564  ,000492
.000508  ,000439
.000457  ,000392
,000412  .000351
.000371  .000315
,000334  ,000283
.000301  .000253
.000271  .000230
.000244  ,000208
.000220  ,000189
.000199  .000172
,000179  .000156
.000162  ,000143
,000146  ,000131
.000132  .000120

L] L L] ® @

OO NTITI NI~y onononononononononononnninnlininlinin 8 E S E
® % ® @ & L] L) ? ® @ L) ® ® L] & () L] @ L ] o L] @ L] L] @ e L] [ ] L] o - L] ® L) ® @ &
WHOHOOUONIOMA LT W HOWVONON N EWVHOOVWO~NOM N EWNDHOY O~ FWIND

lejeololojoloNoojololojojolejolololololololojoNoloRelololoNoNeo oo loloNoNoRoNoNoNoNe]




118

TABLE X (Continued)

t £(t) T(t) t £(t) 2(t)
8.40 .000119  .000111 11.80  .000004  .000006
8.50 ,000107 .000102 11.90 .000003 .000005
8.60 .000097  .000095 12.00 .000003 .000005
8.70  .000087 .000088 12.10 .000003 .00000%
8.80 .000079  ,000081 12,20 .000003 ,000004
8.90 .000071  .000076 12.30 .000002 .000003
9.00 .000064 .000070 12.40  .000002  .000003
9.10  .000058 .000065 12.50 .000002  .000002
9.20 .000052 ,000061 12.60  .000002  .000002
9.30  .000047  .000057 12.70  .000002  .000001
9.40  .000043  .000053 12.80 .000001 .000001
9.50 .000039  .0000L9 12.90 .000001 .000001
9.60 ,000035 ,000046 13.00 .000001 .000001
9.70  .000032  .000043 13.10 .000001  .000000
9.80 .000028 .000040 13.20 .000001 .000000
9.90  .000026 .000037 13.30 .000001 -.000000

10.00 .000023  .000034 13.50  .000001 ~.000000
10.10  .000021  .000032 13.50 .000001 =-.000000
10.20 .000019 .000030 13.60 .000001 -.000000
10.30  .000017  .000027 13.70  .000001 =~.000000
10.40  .000016  .000025 13.80 .000001 -.000001
10.50  .000014  .000023 13.90  .000000 =-,000001
10.60  .000013  .000021 14.00  .000000 =-.000001
10.70  .000011 .000020 14.10 .000000 =-.000001
10.80 .000010 .000018 14.20 .000000 -,000001
10.90 .000009  .000016 14.30  .000000 =-.000001
11.00  .000008  .000015 14.%0  .000000 ~-,000001
11.10 .000008  .00001L 14.50  .000000 =-.000001
11.20  .000007  .000012 14.60  .000000 =-.000001
11.30 .000006  .000011 14.70  ,000000 -.000001
11.50  .000006  .000010 14.80 .000000 =-.000001
11.50 .000005 .000009 14.90  .000000 -.000001
11.60  .000005 ,000008 15,00 .000000 ~-.000001

11.70 .000004 .000007
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VALUES OF THE ACTUAL c¢.d.f. F(t) AND

TABLE XI

A
THE LAGUERRE APPROXIMATION F(t)
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t F(t) F(t) t F(t) F(t)
.10 .055797 .056391 4,30 .991256 .991125
.20 .119510 .119828 L,4o  ,992173  .992076
.30 .186831 .186586 4,50 .992992  ,992927
Lo .254735  ,253952 L,60  ,993722  .993688
. 50 .321155 . 319999 4,70 994374  ,994367
.60 .384730  .383406 L.B0  .994957  .994974
.70 JuLLE16 L443315 4,90 < 995477 .995516
.80 . 500344 499216 5,00 . 995942 .996000
.90 .551714  , 550857 5.10  .996359  .996432
1.00 .598711  , 598176 5,20 .996731  .996817
1.10 . 641448 L641247 5.30 .997065 .997160
1.20 .680120 .680232 5,40 .997363 997465
1.30 . 714972 . 715356 5.50 .997631  ,997738
1.40 . 746279 . 746880 5,60 .997871 .997980
1.50 774324 .775082 5.70 .998086 .998195
1.60 .799391  .800245 5,80 .998278  ,998386
1.70 .821754 822649 5,90 .998451  ,998556
1.80 .841675  .842561 6.00 .998607  .998707
1.90 .859399  ,860234 6.10 .998746  ,998842
2.00 .875152  ,875905 6.20 .998871  .998961
2.10 .889142  ,889791 6.30 .998984  ,999066
2.20 .901560  ,902089 6.40 .999085  ,999160
2.30 .912576  .912978 6.50  .999175  .99924k4
2.40 .922345  ,922621 6.60 .999257  ,999318
2.50 .931008  ,931161 6.70 .999331  .999384
2.60 .938688 .938728 6.80 .999397 999442
2.70 .94 5497 945435 6.90 . 999456 .999494
2.80 .951534 .951384 7.00 .999510 . 999541
2.90 .956888  ,956664 7.10  .999558  .999583
3,00 .961635  .961354 7.20 .999601  .999620
3.10 .965846  ,965522 7.30  .999640  ,999653
3.20 .969583 .969230 7.40 .999675  ,999683
3.30 .972900  .972531 7.50  .999707  .999710
3.40 .975845 . 975472 7,60 .999736 .999734
3.50 .978461 .978093 7.70 .999762 .999756
3.60 .980785 .980432 7.80 .999785 .999776
3.70 .982851 .982520 7.90 .999806 . 999793
3.80 .984688 .984385 8,00 .999825  .999810
3.90 .986323  ,986051 8.10 .999842  ,999825
4,00 .987778 .987540 8,20 .999857 .999839
4,10 .989073 .988871 8.30 .999871 .999851
4,20 .990227  .990061 8.40 .,999883  ,999863




TABLE XI (Continued)
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t F(t) P(t) t F(t) P(t)
8.50 .999895  .999873  11.40 .999994  ,999995
8,60 .999905  ,999883 11.50 .999995 .999996
8.70 .999914  ,999892  11.60 .999995 ,999997
8.80 . 999922 .999901 11.70 .999996 . 999997
8.90 .999930 .999909 11.80 ,999996 .999998
9.00 .999937  .999916  11.90 .999997  .999999
9,10 . 999943 .999923 12,00 .999997  .999999
9,20 . 999948 .999929 12,10 .999997 1.000000
9.30 .999953 .999935 12,20 ,999997 1,000000
9.40 .999958 .999940 12,30 .999998 1.000000
9,50 .999962 .999945 12,40 ,999998 1.,000001
9.60 . 999965 .999950 12.50 .999998 1,000001
9.70 .999969 .999955 12,60 .999998 1,000001
9.80 . 999972 0999959 12,70 .999998 1.000001
9.90 . 999974 .999963 12.80 .999999 1.000001

10,00 .999977 .999966  12.90 .999999 1.000001
10.10 . 9999729 . 999970 13.00 .999999 1.000001
10,20 .999981 .999973 13,10 .999999 1,000001
10.30 .999983 .999975 13.20 .,999999 1,000001
10.40 .999985  ,999978 13,30 .999999 1.000002
10.50 . 999986 .999980 13,40 .999999 1.000001
10,60 .999987 . 999983 13.50 .999999 1.000001
10,70 . 999989 .999985 13.60 .999999 1.000001
10,80 . 999990 .999987  13.70 .999999 1.000001
10,90 . 999991 .999988 13.80 .999999 1.000001
11.00 . 999992 .999990 13.90 1.000000 1.000001
11.10 . 999992 .999991 14,00 1.,000000 1.000001
11,20 . 999993 .999993 14,10 1,000000 1.000001
11.30 .999994  .999994
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mate a function that is monotonically non-decreasing and
asymptotic to one than a functlion which does not have these
properties.

Note that the approximate p.d.f. attalned a negative
value at t = 13.3 and remained negative, but never went more
negative than -.000001. Thus, for practical purposes we
would use the approximation up to t = 13.2,

Example 3.

Consider now the convolution of an exponential dis-
tribution with a Gamme distribution of order two. The
resulting M.G.F. is

2
M(s) = ab .

(a-5)(b-5)°

If we let a = 1.5 and b = 2.5 the first eight moments

are
vy = 1.4666667 Vg = 83.0982136
v, = 2.9155554 Vg = 353.03679
'V3 = 7,3671111 V7 = 1713.5653
vy, = 22.717630 vg = 9376.8324 .

We know the distribution is continuous, defined over (0,e),
and has a value of zero when the independent variable is
zero (so we set r = 1,0 in the input data),

The program TEST, followlng the same sequence as in
the previous examples, tells us that a unimodal distribution
exists having the given moments and that the sppropriate

coefficients for the Laguerre expansion are
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d; = -, 26666670 d5 = ,00038236
d, = .00962965 dg = -.00004598
d3 = ,00819753 d7 = ,00000446
d4 = -,00234650 d8 = «,00000037 .

The magnitude of the last few coefficients might lead
us to believe that a good approximation will be obtained.
However, examination of TABLE XII indicates that the
approximastion is not good in the tall of the dlstribution
and the approximation was terminated after t = 6.9 due to
negative values. The lesson here is that if we have reason
to expect the unknown p.d.f. to be asymptotic to the t axis
as t = and the approximation terminates, due to negativity,
before some reasonable value of t, depending on the mean, we
can assume that the approximation is not too good. This is
in contrast to the previous example where the p.d.f. went‘
only slightly negative and the largest c.d.f. values (TABLE
XI) were very close to one. In the current example the
largest c.d.f. values, TABLE XIII, are much greater than one.,

Since the approximation was terminated the program
TEST called the subroutine PSON to obtaln the appropriate

Pearson curve. Using the first four moments PSON computes

Bl = 1.61198510

B, = 5.5538114
which ylelds

k = 6,24526069 .
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Thus we use the Type III curve
pt+l ba
£(x) = B (1 + ) 7%
aePp(p+1)

Sa
b 4 =8
where
6 = 1,80167523

1.48141251

el
]

a = ,822241704

Y = .558665557 .

o

The range of the curve is (-a,») and this really doesn't
suit our purpose. We can translate the curve to one begin-
ning at the origin simply by replacing x with x - a, then
£(x) = b xP 7%
aP*Ir(pe1)
Values of this curve are given in TABLE XII, and the mean is

a + 1/6, i.e. v, = 1.377.

In order to compare the two approximations a graph,
Fig.17, was constructed. From this graph we see that the
Laguerre approximation is superior to the Pearson curve
except in the tall of the distribution where the Laguerre
approximation overestimates the true p.d.f. until going
negative at t = 6.9, This overestimation is reflected in
the c¢.d.f. approximation given in TABLE XIII.

Since there is disagreement in the approximations
the next loglical step is to use the numerical inversion

procedure. Replacing 8 by -8 in the M.G.P. yields the



VALUES OF TRUE p.d.f. f(t), LAGUERRE APPROXIMATION USING
EIGHT TERMS WITH r = 1, THE SHIFTED PEARSON TYPE III,

TABLE XII

AND THE NUMERICAL INVERSION TECHNIGUE

126

t £(t) £t
Type 111 Laplace.
Laguerre Pearson Inversion
0.00 .000000 .000000 ,000000 .000014
.10 .037754 .052050 ,090528 .037757
.20 ,121701 132569 ,211100 .121699
.30 .220797 .222510 .321444 .220797
A0 316691 .309596 .411098 . 316693
.50  .399463 . 386448 477819 . 399462
.60 464638 Al49163 L, 522779 64639
.70 .511144 496233 , 548590 . 511145
.80 .539913 . 527752 .558357 . 539913
.90 ,552954 . 544818 ., 555194 . 552954
1.00 .552752 . 549110 , 541981 . 552753
1.10 .541888 . 542585 ,521265 . 541888
1.20 .522819 . 527267 495214 . 522819
1.30 .497751  .505111 465633 497752
1.40 ,468588 477921 ,433988 . 468588
1.50 ,436921 Jabh7294 401439 436921
1.60 .404037 414605 368889 404038
1.70 ,370952 .381003 ,337019 .370952
1.80 .338441 347421 ,306325 . 338441
1.90 ,307073 .314591  ,277154 .307073
2,00 .2772L49  ,283066 .249733  .277249
2.10 ,249233 .253248 ,224192 . 249233
2.20 ,223177 . 225402 ,200588 .223177
2.30 ,199148 .199689 ,178919 .199148
2.40 ,177150 L176177  .159145 .177150
2.50 ,157136 .154867 ,141192 .157136
2.60 ,139027 .135706 ,124968 .139027
2.70 ,122720 .118598 ,110366 .122720
2.80 .108098 .lo3424  ,097272 .108098
2.90 ,095036 .090045 ,085569 .095035
3.00 .,083406 .078310 ,075142 . 083406
3.10 ,073083 .068067 ,065877 . 073084
3.20 ,063945 .059165 ,057665 .063945
3.30 .055875 .051456 ,050404 .055875
3.40 ,048764 LO44802 ,043997 . 048765
3.50 ,042510 .039071 .038356 .042510




TABLE XII (Continued)
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(t) fee)
t f(t =

. Type III Laplace

Laguerre Pearson Inversion

3.60 ,037021 L034146 .033397 .037021
3.70 .032210 029916 . 029046 .032211
3.80 .028000 .026285 .025235 . 028000
3.90 .024321 .023166 .021901 .024321
4,00 .021110 .,020482 . 018989 .021111
4,10 ,018311 .018166 . 016449 .018310
4,20 .,015873 .016162 . 014237 .015873
4,30 .013752 014420 .012311 .013753
L,40o .011908 .012897 .010638 .011907
4,50 ,010306 .011558 .009185 .010306
4,60 ,008916 .010373 .007924 .008917
4,70 .007710 .009319 . 006832 .007710
4,80 .006665 .008374 .005886 . 006665
b,90 ,005760 .007522 . 005068 .005761
5.00 ,004976 .006750 . 004361 . 004975
5.10 ,004297 006046 .003751 . 004297
5.20 .003710 .005402 .003224 .003711
5.30 .003202 .004812 . 002769 .003201
5.40 ,002763 .004269 . 002378 .002763
5.50 ,002384 .003769 . 002040 .002385
5.60 ,002057 .003309 .001750 .002056
5.70 .001774 . 002885 .001500 001773
5.80 .001530 . 002496 ,001286 .001531
5.90 .001319 .002140 .001101 .001318
6.00 .001137 .001814 ,000943 .001136
6.10 .000980 .,001518 . 000807 . 000981
6.20 ,000845 .001249 .000690 . 000844
6.30 .000728 .001007 .000590 .,000727
6.40 .000627 .000790 .000505 .000629
6.50 .000540 ,000597 ., 000431 .000539
6.60 000466 . 000426 .000368 . 000465
6.70 .000401 .000577 .000315 . 000403
6.80 .000345 .000147 .000269 . 000344
6.90 .000298 .000036 .000229 .000297
7.00 ,000256 .000196 .000258
7.10 ,000221 .000167 .000219
7.20 ,000190 .000142 .000189
7.30 ,000164 .000121 .000166
7.40 ,000141 .000103 .000140
7.50 ,000121 .000088 .000121
7.60 ,000105 .000075 .000107
7.70 ,000090 . 000064 .000088
7.80 ,000077 , 000054 .000076




TABLE XII (Continued)
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(t) £
t £t

Type 11X Laplace

Laguerre Pearson Inversion
7.90 ,000067 . 000046 . 000069
8.00 .000057 .000039 .000056
8.10 .000049 .000033 . 000048
8.20 .,000043 .000028 ., 000046
8.30 .000037 . 000024 .000035
8.40 ,000032 .000021 .000030
8.50 ,000027 .000017 .000031
8.60 .,000023 .000015 .000021
8.70 .000020 .000013 .000019
8.80 .000017 .000011 .000021
8.90 ,000015 .000009 .000013
9.00 .000013 .000008 .000011
9.10 .,000011 .000007 .,000015
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TABLE XIII
VALUES OF THE c.d.f. USING AN EIGHT TERM
LAGUERRE APPROXIMATION WITH r =1

t F(t) t F(t)
.00 .000000 3.50 .969254
.10 .002264 3.60 .972908
.20 . 011349 3,70 . 976106
.30 .029084 3.80 .978911
.40 .055750 3.90 .981380
.50  .090658 4,00 .983559
.60 .132566 4,10 . 985489
.70 .179968 4,20 .987203
.80 .231293 4,30 .988730
.90 .285036 4,40 . 990094

1.00 .339831 4,50 .991315
1,10 . 394497 4,60 .992411
1.20 LulB055 4,70 .993394
1.30 1499723 4,80 .994278
1.40 . 548909 4,90 .995072
1.50 . 595193 5.00 .995785
1.60 .638300 5.10 . 996424
1,70 . 678083 5.20 . 996996
1.80 . 714501 5.30 . 997507
1.90 . 747593 5.40 . 997960
2,00 777463 5,50 .998362
2,10 .804263 5,60 .998715
2.20 .828178 5.70 . 999025
2.30 . 849415 5.80 . 999294
2,40 .868190 590 . 999525
2.50 .884724 6.00 . 999722
2.60 .899235 6.10 . 999889
2,70 .911933 6.20 1.000027
2.80 .923019 6.30 1.000139
2,90 .932678 6.40 1,000229
3.00 .941083 6.50 1,000298
3,10 . 948390 6.60 1,000349
3.20 954741 6.70 1.000384
3.30 .960263 6.80 1.000405
3,40 .965067 6,90 1,000414
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Laplace transform

2
F(s) = ab .

(a+8)(b+8)2

Next, we let 8 = A + 1Q, expand, rationalize, and take the

real part of the result., Thus

2
Re[F(8)]= ~2B.U,
[e(e)] u? + v?
where
U = (A+a)[(A+b)2- sz - 20%(a+b) ’
V = Q[2(A+b) (A+a) + (a+b)2- Q%] .

Using a program similar to the one given in Chapter V with
A = ,5 and taking 1000 terms in the sum ylelds the desired
approximation which is also listed in TABLE XII.
Example 4.

Let us now investigate the problem of multimodality.
To expedite the discussion, and give some insight as to how
the problem might arise, consider the GERT network shown in

Fig.18.

The resulting M.G.F. is

t. 8 t,.8
1 2
M(8) = .be + .Ze ,
(1+s)
and the corresponding p.d.f. is
-(t»tl) a(tatz)
f(t) = .6u(t-t1)(t~t1)e +e4u(t-t2)(t-t2)e .

where u(t) is the unit step function. By varying the param-

eters tl and t, we can change the distance between the modes

2
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.6exp(tls)
(1 - 5)°2

K> > l

. exp(tes)

Mgure 18.GIRT network with bimodal output.
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and the amount the distribution is shifted from the origin.

First, suppose we let tl = § and t2 = 0, then
v, = 33 vy = 16245 .
v3 = 2473

The program TEST tells us that & solution exists for the
given moments and then begins the test for unimodality.
Performing the necessary calculations yilelda the coeffi-

clents of the cubic equation y in Theorem 7 as

a = =8

b = 16

e = 632

d = 128 .
The roots of y are

ry = =8,055

r, = .202

ry = 9.853 .

Since a < 0 and all roots are real thsre must be an M such
that
Mgry or r, =2 M < Ty
and M must also satisfy Belation 21, that is
101 < M <€ 9.899 .
This is easily done and the strictest restricstion is

T, £ Mg ry .

We now proceed to Theorem 8, and compute the coefficients
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of the quadratic Z as
-1

U]
i

18

o
]

ao = "81 ®

Since the roots are equal (p1 =P, = 9) and a, < 0 the
curve lies below the M axis but touches the axis at M = 9,
This value of M lies in the above interval and is less than
2v1 = 10, thus we compute the coefficients of the cubic y.
This yields

a = 128

b = 3312

c = 44896

d = -245488 ,

and the corresponding roots are

r, = 9,984

1t

7.95 + 1 11.36

=7.95 - 1 11.36 .

H
W
|

There is one real root and a > 0 80 ry <M must hold, that

is
9.984 < M .

This requirement is not compatable with the interval imposed
by Theorem 7, thus the p.d.f. is not unimodal.

Let us determine the distance between the modes., This
is done by setting the first derivative of the p.d.f. equal
to zero., We find that there 18 a mode at t = 1 and at

t = 5,97, Thus, the modes are 4.97 units apart.
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Now suppose we let tl = 0 and t2 = 3, then the first

eight moments are

v, = 3.2 Vg = 3373.2

v, = 144 vy = 26262

VB = 78 v7 = 226879.4

vy = 483.6 Vg = 2161926.8 .

This time we find that there exists & unimodal distribution
having these moments. The appropriate coefficients for the

Laguerre expansion with r = 1 are

4, = .6 dg = .00029167
d, = .1 dg = -.00006845
dy = -.025 d, = .00000734
d, = .00125 dg = -.00000045

and the resulting approximation along with the actual p.d.f.
is given in TABLE XIV. The approximate and true c¢.d.f. are
given in TABLE XV.

Examining TABLE XIV we find that although the
approximation is bimodal it is not very good. Of course
more terms would make it better. However, the c¢.d.f. approx-
mation, TABLE XV, is quite good as can be seen from the graph
Fig.19.

For this case the modes are separated by 2.78 units.
This combined with the previous case implies that 1f the
modes of a bimodal distribution are close together then the

moments could also have come from & unimodal distribution.



TABLE XIV

ACTUAL BIMODAL p.d.f. AND ITS BIGHT

TERM LAGUERRE APPROXIMATION
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e g

t £{t) P(t) t £(t) T(t)
.10 .054290 ,028753 2,60 .115867  .140671
.20 .098248 ,074706 2.70 ,108873  .145562
.30 .133347  .,124030 2.80 ,102161 .150607
.40 ,160877  ,168607 2.90 .095740 ,155587
.50 .181959 .204257 3,00 ,089617 .160315
.60 ,197572  .229435 3,10 .119985 ,164632
.70 .208566  ,244272 3.20 143762  ,168413
.80 .215678 249887 3.30 .161927 .171560
.90 ,219548 2479011 3.40 .,175333 .174004

1.00 .220728  .240155 3,50 .184721  ,175701
1.10 .219695 ,228399 3,60 .190734  ,176628
1.20 .216860  .214264 3.70 .193930 .176784
1.30 .212575 .199135 3.80 .194791  .176181
1.40 .207141  ,184137 3.90 .193731  .174849
1.50 ,200817 .170132 4,00 .191109 .172826
1.60 .,193821  ,157735 4,10 .187232 .170161
1.70 .186337 147340 4,20 .,182362 .166909
1.80 .178523  .139153 4,30 .176723 .163128
1.90 .170508 ,133224 L,ho .,170506 .158881
2.00 ,162402 .129485 4,50 .163872 .154229
2,10 .154295 ,127772 L,60 .156957  .149237
2.20 146260 ,127861 4,70 .149873  .143964
2.30 .138357  .129484 4,80 ,142717  .138471
2.40 .130634 ,132354 b.90 .135565 .132813
2.50 .123127 .136178
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TABLE XV
ACTUAL c¢.d.f, OF BIMODAL DISTRIBUTION AND ITS
LAGUERRE APPROXIMATION USING EIGHT TERMS

t F(t) F(t) F(t) F(t)

o

DO I DD DO D0 D = b e e e

.10 .002807 .001218
.20 ,010514 .006315
.30 ,022162 .016265
.40 .036931 .030959
.50 .054122 . 049686
.60  ,073141 .071459
.70 .093483  .095227
.80 .114725 .120005
.90 .136511 144951
.00 .158545 .169395
.10 .180582 .192849
.20 202424 .214996
.30 .223906 .235669
40 244900 .254827
.50 ,265305 . 272530
.60 ,285041 .288908
.70  .304053 .304144
.80 .322298 . 318450
.90 .339751  .332050
.00 .356396 . 345168
.10 .372231 .358014
.20 ,387258 . 370782
.30 .401487 .383638
L0 414935 . 396720
.50 427622 410140

439569  .423978
. 450804 438288
461353  .U453096
L7126 468407
L480511  .484205
491050 . 500456
. 504288 .517113
.519616  .534117
.536515 ,551402
. 554549 568893
.573347  .586516
. 592602 ,604193
.612055 .621848
.631496 .639405
.650750  .656794
.669676 .673949
.688163  .690807
.706123  .707313
.723488 . 723417
780210  ,739076
.756253  .754252
. 771596 . 768914
. 786226 . 783037
.800139  ,796602
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That is, we encounter the unigqueness problem.

Pinally, suppose we shift the above p.d.f. five units
to the right, that is let tl = 5 and t2 = 8, Now the
moments are

vy = 8.2 vy = 6428.6
VZ = 71.4 v5 = 66088.2 «
vy = 659

Again the program tells us that a unimodal distribution
exists having these moments. However, the magnitude of the
moments causes the Laguerre approximation to become negative
at t = .4, This results in the calling of subroutine PSON.
The attempted approximation continues with PSON com-
puting Bl’ Bz and k. The values are
B, = .389597311

B, = 3.19914933

k<O .
Thus, we use the Type I curve
m m
1 2
1 85 g*(m1+m2+2)
ml+m2+l
(a,ta,) (my +1 )" (my*1)

a < x B,
(1+§w) (lmé—;) R

f(x) =

where

9 652928}4‘62

B
]

m, = 12, 7443068

4

-1,01891088

H

19.8878033 .
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m
Note that we nmust compute all, an imaginary number. This

indicates that our approximation has encountered difficulty.
This difficulty can be circumvented by a linear
transformation which shifts the range of the distribution

from the interval (—al,az) to (0,a1+az). We replace x

with xaal, then
n, . m,
+ -
(x) = a8, r?ml m,+2) xm1 . x-8,
m, *m,t+1 e,

(ayta,) & 2 T(m+1 ) (my+1)

This is the form actually used in PSON. Note that since

m < 0, f(x) o as x 0, Also f(x) = 0 when x = a ta,.

So we see that this curve behaves somewhat like a negative
exponential (see Fig.20), hardly a bimodal distribution.
Thus, in this case we have actually found a unimodal dis-
tribution which has the same first four moments as the given
bimodal distribution.

Example 5.

For the finel example let us investigate the problem
of multimodality for functions defined over (-w,),

Suppose we take the mixture of two distributions each
made up of the convolution of a normal with an exponential,
Specifically, we have
a, exp(mzs+o§sz/2)

+ o 5 @
al-s &2=S

M(s) = .5 ay exp(mls+o§sz/2)
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Figure 20,Pearson Type I approximation resulting
from the moments of 2 bimodal distribution.
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Now let
8, = L 8, = 2
m, = 2 m, = 10
o =1 0, =2 s
then
v, = .5(2.25) + .5(10.5) = 6.375
v, = 60,3125
vy = 655.171875
v, = 7996.4635 .

As before, these moments along with the continuity and range
information constitute the input datae for TEST. Based on

the data TEST tells that a distribution does exist having the
above moments and begins to check for unimodality using
Theorem 7. First the coefficients of the cuble, Eq.22,

Chapter III, are computed as

a = 79.453145

b = -3243.82506

e = 26982.7161

d = 34678.1011

and the resulting roots are

ry = -1,12800495
r, = 13.6889205
Ty = 28.2659775 .

Since a > 0 M must 1lie between rl and r,, Or be greater than

r3° At the same time Relation 21 Chapter III tells us that
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M must lie between -<1.30716278 and 14.0571628. There are
an infinite number of values of M that will satisfy both
restrictions so the theorem tells us that there is a uni-
modal distribution with the given moments. Thus, we have
again encountered the uniqueness problen.

This sltuation prompts the following question. Can
we meke any stronger statement concerning the moments of g
multimodal distribution defined on (-s=,%)? Let us begin the
investigation of this question by reexamining Theorem 7.
First we express the coefficients of the cubic y in terms of
moments about the mean, whence

a=1#u3
b = =3ua - [5u4-9u§]

¢ = =3u,a ~ ub + u[5uu—9u§]

2 3

d = «a° = ya - u2b - ue + 3u2[5u4w9u§] ?

where u = v, {the mean}).

Rather than examine 21l possible cases let us consider
only one which will demonstrate the approach. Suppose that
the distribution of interest is symmetric which implies that
Uy= 0 and thus a = 0., Now, we are to examine y=bM2+eM¢ﬂ330
and according to Theorem 7 two situations are of interest to
us b < 0 and b > 0, Note that if a and b are both zero all
of the coefficients are zero. Next we rewrite the coeffi-

clents as
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b= - [5u4»9u§]

¢ = -ub + u[5u4w9u§j = =2ub

o
it

m(u2+3u2)b .
Using the quadratic formula we find the roots of y are
M=usz 3u2 .

Thus, if b <« 0 we see that Relation 21 and Relation 26 of
Theorem 7 are exactly the same, and if b > 0 the extreme
points of the interval described by Belation 21 coincide
with the beginning points of the two intervals described by
Relation 27. Also note that complex roots are impossible
since this would imply a negative variance. This means we
have been able to show that the first four moments of all
symmetric distributions will satisfy Theorem 7. Thus, the
first four moments from a symmetric multimodal distribution
are also the first four moments of a unimodal distribution.
Since u3 = 0 the unimodal distribution is also symmetric.
According to Theorem 7 only the first four moments are needed
to determine unimodality, hence, we may arbitrarily set the
higher order moments of a unimodal distribution equal to the
higher order moments of a symmetric multimodal distribution,
and the following theorem results.

Theorem 14, For any symmetric multimodal distribu-
tion defined on (=w,») there always exists a symmetric uni-
modal distribution, also defined on (ww,»), having the same

moments.



CHAPTER VII

CONCLUSIONS AND RECOMMENDATIONS

The conclusions fall into two categories. The first
category is composed of those definite statements that cen
be made as & result of the resesrch. The second category
is made up of those statements that must be linked with the
recommendations for future research.

First let us consider the concrete implications that
may be drawn from the research.

The collection of the techniques is important in
that it 1llustrates their interconnection, and the resulting
procedure is a useful research tool for understanding the
inversion problem.

In using the moments of a p.d.f. to construct an
approximation we must keep the uniqueness problem in mind.
The importance of this was clearly demonstrated in the
examples concerned with identifying bimodal distributions.
That is to say, although we developed necessary and suffi-
cient conditions that a set of moments from a unimodal
distribution must satisfy, the moments from a bimodal dis-
tribution may also satisfy them, indicating that there was
also a unimodal distribution possessing the same moments.
In Theorem 14 {(Chepter V1) we see one example of just how far

reaching the uniqueness problem can be.
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Examples 3 and 4 illustrate the faet that more then
eight moments are needed to provide a good Laguerre series
approximation. At least when the value of the p.d.f. was
not zero for t = 0,

Example 4 shows that trouble can be encountered in
using Pearson curves when a general idea of the shape of the
p.-d.f. is8 not available., That is the Pearson approximetion
of a bimodal p.d.f. does not meke sense. This difficulty is
of course involved with the uniqueness problem.

If a2 p.d.f. has large moments (i.e. the mean is
large) the series will reguire more terms to obtain a useful
approximetion, and thus more moments will be needed. When-
ever a p.d.f. 18 shifted to the right so that it does not
start at the origin, as was done in Example 4, it should be
shifted back so that it does., This translation will reduce
the magnitude of the moments about the origin and make the
approximation more accurate for a given number of terms.

The numerical inversion technique is accurate, time
consuming, and requires a great deal of effort on the part
of the analyst. At the present time it should be used when
great accuraey is needed, or the other methods fail.

The solution procedure as preszented is not the ulti-
mate answer. However, it is strongly felt that the basiec
approach is sound, and that the inclusion of the recommenda-
tions given below would yield a very useful toocl for solving
the problem.

Instead of terminating a series approximation, when
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the p.d.f. values go negative, it should be completed and
then a Pearson approximation made. These two approximations
should then be compared to see if they agree in kind., If
they do not agree one or both is inaccurate and we will be
forced to use numerical inversion. This was illustrated in
Example 3.

Tests should be made using the Laguerre series with
r > 1, particularly with respect to multimodal distributions
and obtaining approximations with fewer terms.

Three areas for future research are recommended.

Pearson developed his system using only four moments
because of the large error involved in higher moments obtaln-
ed from a sample. However, we have assumed that we know as
many moments as desired with complete accuracy. Thus, it
might be desirable to develop a system of curves simlilar to
Pearson's but based on more moments,

In actually fitting the curves it was found that
strict adherence to Pearson’s rules for selection did not
always yleld the most appropriate curve., This situation
should be investigated.

The relationships that exist between the moments of a
unimodal distribution should be more thoroughly investigated,
In particular the limits on the rate of growth of the moments
of a unimodal distribution should be determined, since the
growth rate may be critical only between the third and fourth
moments, for example.

The GERT program [427, [437] should be expanded to
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yield the first ten moments as output. Then an investiga-
tion of network types and output distributions made, along
with approximating these p.d.f.'s by the procedure suggested
in this dissertation.
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ANNOTATED BIBLIOGRAPHY

Bohman, H. "To Compute the Distribution Function When the
Characteristic Function Is Known," Skand, Akluartidskr.,
Vol.46, pp.Ul-46, 1964,

A function which is nonzero only in a finite interval
is constructed. This funetion is then multiplied by the
characteristic function of interest and the result inte-
grated. The integration yields two functions which
bound the actual distribution Tunction from above and
below,

« "What Is the Reason that Esscher's Method of
Approximation Is as Good as It Is," Skand. Akluartidskr.,
VOl.L}é, ppo 87"949 196"’0

Esscher's method (see reference 4 below) is derived
from a different point of view and the reasons for its
accuracy for large arguments discussed.

Charlier, C. V. L. YA New Form of the Frequency Function,"
Meddelande Fran Lunds Astronomiska Observatorium, Ser,Il
No.51, 1928,

The Type A and B series sometimes suffer from two
difficulties, (1) negative values for the p.d.f. and
(2) the coefficients in the series do not decrease in
regular succession. In order to circumvent these
difficulties the Type C serles is proposed

[ <]
f(x) = exp(rgo YR (x) ) ’
where Hr(x) is the Hermite polynomial of order r. This

approach eliminates the problems mentioned, however, if
the A or B series approximation has difficulties the C
series will not yield a good approximation.,

Egsscher, F, "On Approximate Calculation of Distribution
Functions When the Corresponding Characteristic Funce
tigﬁs Are Known," Skand, Akluartidskr., Vol.46, pp.78-86,
1964, :

The approach advocated in this paper is to approxi-
mate the distribution function, F(x), as follows:

F(x) = e—hx 4(n) j’x e“h(z‘X)dﬁ(z)

(=]
where @(h) = jﬁ ehx dF(x), and h a real number,

p— anfild
and F(z) is the first two terms in the Edgeworth series
expansion. The limited results presented seem qulte
good.,
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Hartley, H. 0. and S. H. Khamis. %A Numerical Solution of
thg Problem of Moments,” Biometrica, Vol.34, pp.380-351,
1947.

Using the first R moments, Sheppards corrections,
and finite-difference calculus a table of R + 1 equi-
distant values for the distribution funection is con-
structed., The method is not easy to apply when the
function is defined on an infinite interval and the
technique is good only for unimodal functions.

Khamis, S, H. "On the Beduced Moment Problem," Ann. Math.
Stat., Vol.25, No.i, pp.11l3-122, 1954,

The main result in this peper is a proof that if one
continuous c.d.f. ig & solution to a reduced moment
problem, over & finite range, then there exists an
infinite number of continuous c¢.d.f.'s which are also
solutions to the problem.

. "Sequel to a Numerical Solution of the Problem of
Moments," Bull.Int.Statist.last., Vol.39, Ser.ITI,
pp.481-490, 1962,

The numerical details of the Fartley-Khemis procedure
are extended.

Mallows, C. L. "Generalizations of Tchebycheff's Inequali-
ties," J.Royal Stat.Soc.. Ser.B, Vol.18, No.2,
pp.139-168, 1956.

This paper contains the best known inequalities on
distribution funetions. However, the bounds are good
only for unimodal distributions that are fairly smooth
and continuous,

Medgyessy, P. "On the Interconnection Between the Repre-
gsentation Theorems of Charascteristic Functions of Uni-
modal Distribution Functions and of Convex Characteris-
tic Punctions," Publ.Math.Inst.Hung.Acad.Sei., Vol.8,
Ppa#25m430, 19630

Using the definition of unimodality, given in Chap.I
of this dissertation, it is shown that Theorem 9 Chap.III
and the following theorem asre intimately connected.

Theorem. The function #F(s) is a convex characteristic
function if and only if for 8 » 0 it can be represented
in the form

g(s) = [ (1 -9 as(x)
8

where G(x) is some distribution function for which
G(x) = 0 if x < 0 and G(+0) = 0, and
for 8 < 0, H(8) = F{=-8).
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Mulholland, H. P. "On Distributions for Which the Hartley-
Khamis Solution of the Moment-Pyoblem Is Exact,!
Biometrica, Vol.38, pp.74-89, 1951.

In this paper it is shown that despite its apparent
dissimilarity, the Hartley-Khamis procedure is akin to
the series expansion methods, especially the Type A,

Zelen, M. V"Bounds on a Distribution Function That Are
Functions of Moments to Order Four," J. of Research of
the Natiomal Bureau of Standards, Vol.53, No.b6,

PP, 377-381, December, 1954,

Explicit expressions are given for the bounds on any
distribution function, defined on [&,b], when the
moments to order four are known. The ceses when
g = -, and/or b = » are also discussed.
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PROGRAM TEST(INPUT,OUTPUTsTAPFS5=INPUTTAPEE=0UTPUT)
DIMENSION A(15:151eV{111eR{1112c{111en(111sXR(I31AQ(33:XS{t)

1X1(aysAaC(a)sAR(3)sBR{3)sRT(3)sR{4)sRT(4)sXL(11)sF (115
250113eCcF(T11YsHITIIeVR(ITIT)sU(T11)G(1I1)
V{13=1,.0

NT=0
READ(5s988 )INOT
NT=MT<+1

122=0
1Z7=0
IE(NT-MNOT)12122900

12
14

IFINT-1)8:8514
WRITF{62989)
READ(829903 N1

585
590
59%

READ(5:9755({VIJ)sJ=2:sN1)
READ (59503 1IC
READ{5:98%35 (R

800

55

{T=0
IF(IRIBS 55558
WRITF{/s981)

56
57

GO TO 857
WRITE(892982)
WRITE(5:987)

1]

DO 11 TJ=1sN1
M=1J=-1
WRITE(8:988 1MV I(TJ)

aNeNe!

CHFCK FOR FXISTFNCF OF SOLUTION

n &~

NU={N1+1)/2
ND=2
DO 20 1=1eND

15

DO 20 J=1sND
IFITR115:15+17
IF(ITI1 717216

16

17

K=1+J
GO TO &
K=i+J—1

20

AlTsJ)=VIK)
CONTINUE
N=ND

30

CALL CRAMER(A:NDETERM)
IFIDEFTFRM)}99:99530
ND=ND+1

&5
48

IFIND-NUIB 5945
IF{ITYI46045:48
IF{IRI4Te&Te48

47

NU=N1/2
1T=1
GO 10 &

48

WRITE(8:994)
NM=N1-1
GO TO g

51
49
50

IF{1T349:469:104
IF(IR}180+50:106
NU=(ND=11}/2

99

1T=3
GO TO 4
1F{173901:3015102

101

NM=zK-13
NC=pn




G0 T6 103
102 NMxK=2

NE=NM+1 160
103 WRITE(8s996)NM
WRITF{(£2992)1NDETFRM

IF(NM=2)1055105551
105 IF{1IR}300,300,400
104 IF({MC+11-NF31106e1064107

106 HMM=NC
60 TO 100

107 MM=8F

C
C CHECK FOR UNIMODALITY
C v

100 WRITF(6+994)
1 N1 b EVILI=12FV(2)RV(3 )48, ¥ (VD) *%3)
WRITE(8:9721D11)

DI212B,FVID)EV{L) 40, ¥ (VI3 )RE2)—]2 K (V(2)#¥2 )%V (3) =5 #V(5)
DI3)m10%#VI2)1¥VI(B1=12 ,¥V(4)%¥V3)"16,#VI4 ) #(V(2)*%2)
1418, #VI2)#{VI3) #%2)

D{L)=15FVI31¥V{5)14+48 , FVI4)XVI2)FV(3) =27, F(V(3)#¥F)~18 F(V(4)FRD)
1=20 #VIB ) (VD) #%D}
CM=V{2)~SART(3, #{VI{3)~-(V(2)*¥%23)

CP=VI(2)1+SORTI 2, #({V{2)~(V{2)%¥%3)))
WR+TE(6sFT21(D(T)sT=244)
1F{D(131130+1105130

110 1Fip(2))1151115115
111 1IF(D(3))112+1145113
112 IF({-D{4)/D(3))-CM) 19793309331

113 IFt{-DI&}/DI(3)1=CP)334+337,197
330 CL=CH
ClU=sCHM

GO TO 198
331 CL=CM
IF({-D(4)/D{311~CP}1332+332,333

332 CU==DI(4)/DI(3)
GO TO 198
3393 ClU=CP

GO TO 198
334 IF{{=D{4)/D(3))~CM)338,3355336
33% _CL=CM

GO TO 333
336 CL ==D(4)1/D(3)
GO_TO 3313

337 CL=CP
GO TO 333
11 1FIN(%3)197.1085108

108 CL=CM
CU=CP
GO 7O 98

115 C(1)=D(2)
Ct21=D(3)
c3y=0(4)

CALL QUAD{C+XR{1])sXR(2)eX1I}
X1(2)==X1

WEITEle 072 )1XR{1)«XR{ 21X 1 (21
WRITE(6s9T72ICMLCP

IFIXT(21911691179116
116 1F{ci131197:198:198

117 TFIXR{1)-XR(2)111851185119
118 Ri=XR(1}




R2=XR(2)
GO _TO 120

119

120

Ri=XR{2)
R2=%XR(1)
1IF(c(131121121+128

161

121
12?7

IFICM-R1)12251229123
CL=CH
G0 IO 124

123
124
12%

CL=R]
[FlcP=R21125+1255126
CU=CPp

128
127

GO TO 127
CU=R2
IF(CL—=CU1198+198+197

128
129
130

IF(CM~R1)1985198+129
IF(CP~R2)197+1985198
CALL CURTC{DeXRaXT1)

XI(1$=OQO
XI1(3)y==X1(2)
WRITEF{8s9T72)1 {(XR(13eT7T=1s3}

WRITFE(6sOT721XI(3)
WRITE{6+:972ICM.CP
IF{X1{313180:186051%0

150
151
152

IFIP(13)1151+110187
TF{XR{11-CM)197+:152,152
ClL=XR(1}

CU=CP
GO TO 198

[aEala!

160

RANK ROOTS

IF{XR{II—XR(277)163,162:164

163
164
168

TEIXR(2)~XR(3)116%:1654:166
TFIXR{11—XR(313169:169,170

R1=XR(1}

RZ:XR(?)
R3=XR(13)
GO TO 173

166

187

R3=XR(2)
TF{XR{1I~XRt351167s167:168
Ri=®XR(1%

R2=XR (3}
GO TO 179

168 R1=XR{42}

169

R2=XR{1}
GO TO 173
Rl=XR(2)

R2=¥XR({1)
R3=XR(3)
GO _TOD 173

170

173

R3=XR({1}
TFIXR(2)=XR(3)§171s1716172
Ri=XB{(2}

172

R2=XR (2}
GO TO 173
Ri=XR(2)}

172

R2=XR(2)
1Z2=0
(5729174174224

174
161

IFI(N(1331161s1671s162
IF(R1-CM)1R0,500+500




500

CL=CM
ClU=R1

501

IF(R2-CP})5N1+8014198
CL1=R2
IF(R3-CP}502+:502+504

162

502
503

CU1=R3
12=1
GO TO 198

504

180

CU1=CP
GO TO 503
IF(R2=CM}1R2+50541873

508

504

CL=CM
IFIR3-CP1506:5069507
Cli=R%2

507

GO TO 198
Cu=CP
GO _TO 198

18?7
183
509

IF(R3-CMj197:505,508
IF(R2-CP31509:509,197
CL=R2

162
510

IF(R3=CP)506+5065507
IF(R3-CP})5105510+184
IF(R3-CM)511+5119512

511

CU=CP
CL=CM
GO TO 3198

512
513

1IF(R2-CM151195115513
CL1=CP
CUi=R13

514

12=1
IF(R1-CM)514:514+515
Cl=CM

518

CU=R2
GO TO 198
CL=R1

184

CU=R?
GO TO 198
IF({R1-CM1185:516s1056

516
517

IF(R2-CP)515+515+517
CL=R}
CU=CP

18%
186

GO TO 198
IF(R2-CM)177+518,518
IF(R1-CP1516+5169197

518
187
188

1FI(R2-CP 151448144511
IF{XR{11~CP)188:5188+5197
Cl=CM

197

CP=XR(1)
GO TO 198
1IF(17721297+4297,206

297
198
298

IF(1IR)206+2065400
IF(122)298979R+307
IF({TR12005,200,204

200

CS=2,%V{2)
WRITE(859T72IR1sR24R3
Cl(33=223, FY{23)1=L RIVI(D1 RO

Cl2)126,*VI(31RV(2)~4e*V (L)
ClR)=BRVIDIRV(4) =0, F(V(3)##2)
WRITE(A99721(3(T)aT=103)

301

1F{Cc(1393055301:9308
1F(C(2Y3320s310+315




310
315

IF(C(3))206+2075207
1F(=C(3)/C{23=CS1207+207206

320
208

IF(=C(3)/C(291206+207,207
cabl QUADTICsXRI1)Y e XR{2)sX 1Y
XI(2)V==X1

163

2085

WRITE(g£s9T2IXR{TIeXR{2)eX (2%
IFIXT(219205:199:205
1133208207207

199
201

TFIXR{1)-XR(232012015202
Ri=XR{1)
R2=XR(2)

202

GO TO 203
Ri=XR({2>)
R2=XR (1) '

203
216
520

IFlc(1y321422165820
1F{eS~R112186:5245524
IF(RI=CL}IB52>1s8315207

521
522
523

IFIR2-CUI2075207:522
IF(12-11822:208+206
CL=CL1

CU=CU1
1Z=1
GO TO 820

524
528
526

IF(CS-R21525:5753529
IF(RI-CU)I52695265527
IF(CS~CL152T752075207

527
528

1IF(123206:206+:528
CL=CL1
Cl=CU1

529

1Z2=0
GO TO 82%
CS=R2

204

GO TO 525
WRITE(6+993)
WRITE(899721R1sR25R3

204

CALL ASER{VoIK.NM)
TF(TKIZ2123212:999
[F({1321062105200

207 DU1)==15.#V(3)#V(5)~4R #V(2)*¥VI(2) RV (41427, ¥ (V{3) RE3)

1416 % (V4 ) #%2) 420, #(V(2)#%#2)%V(8)

WRITE(£»9723D(1)

DI2)=18s*V(3)1#VI(8)4+30,#VI(21 %V 31 ¥V (51432, FV{2)#(V{4) %%,
1=36 ¥VI4 ) FIVI2)##D ) =20 #VI4)EV(B) =24, ¥VIg ) (VD) #8D)

N(31==24 #V {61 %8V(g1 =45 ¥V(5)1X{V{(3)#F#21 40, #V{ 21 BV{4)1%VIR)

1468 FVI3)#F (VA ) HED 1228 2V IRV )XV (g 408 RIVIB) ##)D)

NI =bBEVIDVEVILIRVIAI4120 ., ¥V ) BV (4 1BV (B ) ~g4,FIVI4)#%3)
1-850 BV 2V R (V(E)##Dy~my FVIK)F(V(I)FHRD)

WRITF{6:972)(D{T1)s1=2:4)
CALL CUBIC(D+XRsXT}
X1(13=0.0

XI(3)==X1(2)
WRITE(69972) (XR(T}s1=1,3)
WRITE(£=9721XT (3}

220
221

IFiIXT{3112204723:220
TFID(15312212221:222
IEEXR{18-CL.41206:307307

222
223

IF{XR{1}-CU}307:307:206
{Z2=1
GO0 TO 180

224

CM=CL
CP=CU




12725
GO TA 3174
307 WRITE(65992) 16%

TF(TC312112211208
208 CAtL LAG(VeTKNM)

WRITEF(629723R1sR24R3
IFLIKYO00521259
210 WRITE(R9T71%

WRITE(65972)R1sR7PsR3
GO TO 699
211 CALL BSER(VsTKsMNM)

1IF(1K)210s2105999
212 CALL PSON({V)
GO _TO 999

300 WRITF{59970}
RFAN(8s997IR{ 1)
GO _T0O 9

600 WRITE{6:998)
GO TO 9
900 STOP

999 GO 7O ¢

950 FORMAT(I3)

970 FORMAT(//14Xs32HTRANSFORM TNVFRSION MUST BF USFD}
971 FORMAT{(//14Xs31HMUST USF TFRM BY TFRM EXPANSION)
972 FORMAT(/ F16.8/)

975 FORMAT(5F14.8)
9080 FORMAT(/6F10,27)
981 FORMAT(/174s25HTHE RANGE 1S (OsINFINITY))

982 FORMAT({/12Xe33HTHE RANGE 1S (=INFINITY,INFINITY)})

985 FORMAT(14)
987 FORMAT({//21Xs186HTHE MOMENTS USED/21Xs16HIN THFE TFSTS ARF./)

988 FORMAT(/18Xs2HVI{eT1251H}s2H =9F16.8)
989 FORMAT(1H1}
990 FORMAT(I1)

992 FORMAT{/14Xs2BHTHE VALUE OF THE DETERMINANT/,
114X 8HOF ORDFRsI3s3H 1Se1XeF16,.8)
993 FORMAT(/14Xs37HA UNIMODAL DISTRIBUTION EXISTS HAVING/

122Xs21HTHE SPECIFIED MOMFNTS//)
994 FORMAT(/21Xs17HA SOLUTION EXISTS/219Xs21HFOR SPECIFIED MOMENTS/)
996 FORMAT(//15X»28HA SOLUTION 1S POSSIBLE USING/»

115X 22HONLY THF MOMENTS UP TO:13:9H» BECAUSEs/)
997 FORMATI(F&4,1} '
998 FORMAT{//14Xs20HNO SOLUTION POSSIBLE}

END
SURROUTINE PSON(V)

DIMENSION A(15+15)sV(11)sB(11)sC(11)sD(11)sXR{3)sAQ(3)9XS{4&)s
IXT(4yYsAC{L439AR(3)1sRR(3)sRT(3)sRI41eRT(4)oXL(T11)er(11Y0
25011)sCF11)sHI11)VPI11)sU(11)G(11)

212 RI={(V(6)=3,¥VI2) ¥V {2 )42 ¥V )T 1 ¥Ry /((V(3)~(V(2)FED) ) RF3}
213 R2=(VIS) =4 FVI2 )1V {4146, ¥V ) ¥ (VD) #%oy -2 Kty (2)* %4y 78LVI3)
1=(V(D)x%2) 1 #%2)

WRITF{£:9723B1:B2
FR=(BI%{{B242: 1 #8231/ (4% (2 #B2-3 %P1~ ¥ (4, ¥BI~3,%B1 ¥}
AOK=ln# (2 o #BO2 =2 #BR] =R 1R (L #B2—3#B1 }

IF({AOK-,000001)216+215%5,214
216 IF(AOKjJ217+215+215
217 FK=-=30,0

GO TO 214
218 FK=2000.




214

WRITF(69973)FK
TF(FK)1910,2

1

R=6,#(R2-Bl=16)/{6s+3,%R1=B2¥%2 . 165
A1PA2=,.5%SQRT (VI3)~V(21 %% )#SQRT (BI#(R+2)1%¥XD2+16,%¥(R+141)
Z=R*¥{R%#2, ) %¥SQRT (B1/(R1*#(R+21¥%#2+16e*(R+1:31)

FM}_:Q‘S*( R-Z.*"Z)
FM?2=o8#(R=244+27)
Al=(EMI1*(ATIPA2Y/(FMI+EMP Y

A2=A1PA2-A1
YO= (A2%RFEM2) /{AIPAORE (PMI4FM2+1.))
YO=YOXGAMMA(FM1+FM2+42,) /{GAMMALFM14] o ) RGAMMA(FM2+1,))

iD=1
WRITE(4:9553 1D
WRITE(8+986T7IR(1)

WRITE(65960)FM1sFM23A15A25Y0
U3=V 41— 3 %¥V{2) ¥V (3340, F V(2 R%3)
WRITF{6970)U3

VAN

RETURN
IF(FK-1e)391%454
R=6:%(B2-Bl=16}/(2:,#B2~3,%B1-6.1}

FM=.5*(R+29)
Z=SQRT (18,*¥({R=14)=B1%(R=2,)%%2)
V1=R*{R—-2,)*%SQRT B1)/Z

W=SART (ZF(V{2)=V(DIR¥2})/16.}
ID=4
WRITE(&5955) 1D

WRITF(6+967IR(1)
WRITF(659861)1FMsWsV1
RETURN

IF{FK=Be)535546
R=6e#(B2-Bi=1e)/(6e+3%¥R1-2,.%B2)
Z=SART (B1*(R+2:)1*#24+1p,*(R+1,))

=g BRZRSQRT (V{3)-VI(D)#%2)
Q22 (R=26)1/De+(SH#RE(R4+2,1I¥SART (RT/(Z%%Dyy

Ql=={{R=2,1/2=(5%R#(R4+2,))*SQRT (R1/(Z%%2)}})

YO=[W*%#(Q1-Q2-1,) ) *GAMMA (Q1 )/ (GAMMA (Q1=-Q2=1,) ¥GAMMA(Q2+1 .1

1D=6
WRITF(65955)1D

WR+TE(6s967TIRI{ 1)
WRITF(8:9€3)IWsQ25Q1,Y0
RETURN

6
7

IF(RI~4e)1BeT08
I1D=10
_WRITF(A£:9%83 1D

WRITE(g+968B3VI2)
GO TO o
X2 HW(3)=VI(21 %823 F{V{4£1-3 . FV(A)EV(DV 42, RV({ D) R#3 )

p=4g/81"1 L
We (2 (VI3 )=V(2)%¥0 ) 28D /{VIL) 2, FV(A )RV (2)4D RV (D) ¥R y—1, /X
YO-DaR({P] 1 /{WREXP (PIFGAMMA(PL] 1)

D=3
WRITF (659553 1ID
WRITE{£:983)1XsPeW.Y0

10
11

RETURN

IF(R2-3¢311¢12+13
EM=o (8, #R2~0 . 1 /{2 . #{3.~B21)

A2=2 RR2H(V(3)=V{D)R%2)/(3,-B2)
YO=GAMMA(FM+15) /(SORT (A2%3,14159 ) #GAMMAIFM+1,. 1)
ID=9

WRITE(65s955) 1D
WRITE(65964)FMsA2:Y0




RETURN

12 URaV{3y=y{2)tss
WRITE(65965)U? 166

RETURN
13 FMz (5, #B2-0,) /(D #(RB2=2,}}

A222 JRR2X(VI3)-V(2§R%#21/(R2-7,)
YO=GAMMA (FM) / { GAMMA (FM=,5 ) %SURT (A2%3,14159))
ID=7

WRITE(§+9553TD
WRITF(6s9661FMsA2,Y0
RETURN

14 P=hio4+(8s+4 #SQARTF (44817 ) /B1
DEL=(P=2, ) #SQRTF{ {P~3,)*(V(3)=(V(2)%*%2)))
YO-(DFL**(P’lglJ/GAMMA(P*le)

Des
WRITE(85955) 1D
WRITE(A-9801P.DFL.YO

RETURN

955 FORMAT(//714Xs16HUSFE PFARSOM TYPFs13+/14Xs15HWITH PARAMETERS)

060 FORMAT{//14Xe6HM{1) =eF16e8s/16Xs6HM(2) =sFE18e8e/18Xs6HAIL) =,
1F16:89/146Xs06HA(2) =sF16,8s/14Xs6HY(0) =+F16,8)
061 FORMAT{I//14Xe3HM =sE18.89/14Xs3HA =sF16e89e/14Xs6HVI(1) =9FE16s8)

962 FORMAT(//714Xs3HA =9F16,89/14%Xs6HWE(2) =sF16,8s/14Xs6HA(1}) =5
1F16,89/14Xs6HY{0) =5F16,8)
963 FORMAT(//14X93HD =9F16, 89/14X93HP =eglb, 89/14X,3HA =9r16,8,

1/146Xs6HY(0) =9F16,8)
964 FORMAT(//714Xs3HM =2sF16.8s/14Xs6HA(Z2) =sF16,85/14Xs6HYI0) =3F16,8}
965 FORMAT(//14Xs15HUSE STDes NORMALS/14XsT11HWITH U{2) =+F1668)

966 FORMAT(//16Xs3HM =3F16e8s/14Xs6HA(2) =3sF16eBs/14Xs6HY{0) =9sF1668)

967 FORMAT(//14Xs3HR =5F16,8)
968 FORMAT(//14Xs28HUSFE pXPONENTIAL DISTRIBUTION/14X,

112HWITH MFAN OFsF164.8)
969 FORMAT{//714Xs3HP =5F16,8s/14Xs3HD =sF16, 89/14X96HY(0) =,rFl6,8y
9070 FORMATI(//14X+s6HU(3) =5F16,8)

972 FORMAT(//20X99HBETA(1)'=9Elée8/20X99HBETA(2) =9E16.8)
975 FORMAT{//20Xs3HK =3F16,8)

END
SUBROUTINE BSER{V,IK.NM)
DIMENSION A(15515)eV(11)sR(11)sc{11)sn(11)sXR(3}1sAQ(3)eXSl4)5

1X1(6)3aC(ay)sAR(3)sBRI3)sRTI33sR(4)sRT(4)sXLIT11)sF (11
25011)YscF{11ysHI11)YsVP(11)sU(11)9G(11Y
ID=1.0

TU=2060
KZ=0
M=0

NU= /M
NU=4
PO 10 I=1.MU

10 CF(13=060
WRITE{859C)
B{(13120,0

B{OY=eB R (V{3 )=V(2)1F (D ¥VI2541,34V{2)8%2)
Bl3)1={V{a}=3, %V (3142 2VI(2) =2 8V(21%¥(V(3)=V{(2)142.FV(21%%3} /8,
Blat=lVIB1<6.%V(43+11 . BV =6, FVI2) =4 #AVI2V1R (V41 =2, %V (3)

142, %VI{21 146 F (V{21 R#D ) R(VI3) V21 1=3,BV(2 ) #%4y /24,
WRITE(629023NU
WRITE(8:90233 (RIJKY o JK=2NU)

WRITE{699)
WRITE(6:12)




25 T=0,0
20 A1) ={T~V(2)11/V (2} 167

Gl2)=2 ¥ (FACTIT 92, )" VI2)RFACT(Tola)+o5%VI2)%%2)/(V(2)%*%2)
G(3) =6, ¥ (FACTITs3 )~ VI2V¥FACT(T92, ) 465 (VI2) XX ) ¥FACT(Ts1,9
1-(V(21%#%3) /e ) /(V(2)%%3)

Gla)=24:F(FACT{Ts4,,)=VI(2)¥FACT(T92e )45 {V(D)REDIRFACT(T2,)
1= (VI RF 3V FFACT (T 1,1 /6,+{VI2VHRL)/24 )/ (IV(2)FEL4)
IF(TY34034 235

34 P=EXP(=VI2})
GO TO 126
38 P={y {2\ ¥ ¥ T\ *FXP(~V{2)31/(GAMMA({T4+1.)1%

36 S(2)=0,0
IF(M)40540,570

40 DO 48 I=3 KU
K=J~=1
S{Jy=5(Ky+n(J)%G(J)Y
45 F(J)=P*(]1.+R(2VFG(23+S(J})

55 WRITFE(£9s901)YTo(F{JK) e JK=3 MUY
T=T+TD
JF{T-TYj) 30330550

&0 M=1
WRITF(8+904)
WRITE(8+905)

WRITF(699)
WRITE(6912)
GO _TO 25

70 DO 75 L=3,NU
N=L-1
S{L1=S{N1+R{1 I*#G(L"

FILY=(1e4+B(2)1%2G(2)4+S(LY1#P
78 CE(LY=CF(L}+F (L)
WRITE(£:9013Te{CE(KJ) sKI=3,NUY

T=T+TD
IF(T=TU)30s30,100
100 1F(¥21101+101102

101 I1K=3
RETURN
102 [K=0

RETURN

9 FORMAT{35Xs15HNUMRFR OF TERMS/)

12 FORMAT(6Xs5H TIMEs6X s 139X lHbs9X s 159X s 169X InTs9Xs 18/ /)
900 FORMATI(//14Xs22HGRAM=CHARLIER B SERIES//)
901 FORMAT(5X:F6,.2:10F10.6)

902 FORMATI(//746X:22HVALUF OF R(J) FOR J=2+513/)
903 FORMAT(/4XeBF 1R}
o044 FORMAT (1114

905 FORMAT(/14X+35MVALUES OF THF NPISTRIBUTION rUNCTION//Y

FNMD

SUBROUTINE LAG{VeIKsNM)
DIMFNSION A(15515)sV(11)1sBl111sC{11)sD(11)XR(3)1sAQ(3)sXS{4)5
1XT(Q\9A((&19AR(?\aRR(?)qRT(?\9R(419RT(§\9XL(11’9F(1119

25(011)eCF{111sH{1T)1sVP(11)YU{11)sG(11)
FORMAT(5XsF6,2310F10,6)
EORMAT(5Xs33HLAGUFRRE POLYNOMIAL APPROXTMAT$ON/)

FORMAT (1H1)
FORMAT(//14Xs35HVALUFS OF THE DISTRTBUTION FUNCTION//)Y
FORMATI//5X o285 HCOFFFICIFNTS D(NYs N = Jse12)

FORMAT(/8F12.,8//)
FORMAT (35X 15HNUMRFR OF TFRMS/)

VBN O N




FORMAT(6Xo5H TTIMFs6Xs 13 o9 s I8 sIX s 15 39X 16X s ItTsIXs 1B/ /7
FORMAT {F 4 o1}

WRITE(&s4) 168
MC=0
TU=18.

Q8

KZ=0
NU=N#M

97

T=0ae0
READ(5+s900)R (1}
DO 99 1=1NU

99

J=1+1
VI{Ty=vVid)
DIV =(FLE*V{1)~R=1.}¥FL/(R+Ta}

100

D2 Y= (VI2)RFL#RD=FL¥V (1) %2 ¥ (R4 ) +R#HDL3  #R42, )
P2)Y=D(2)%(FLEE2 /{2, % (R+1,)*(R+76 1))
N{3y={VI3)*(FLEX3 )~y ([ oy R (FLEF D3 %3 % (R43_ j4VI{11%3 #EL*®(Re2, ) %¥(R43, 4

101

1= (R+1)*(R42,,1%# (R43, ) 1#FLHFZ/ {6, F(R+11F(RE2, VR (R+3.1})
Dlay= (V4 ) R IFLERL =4 F(FLERZJFV(3 )% (Ras,)
1+6 F(FLEXS)RV(OJH(R42 ) ¥ (R+46) 4 ¥FLEVII)F(R42, V¥ (R+3, 1% (R44,)

24 (R+1 1% (R42 V¥ (R43 ) ¥ (R0 1) ¥ (FLER,)
DlaY=D(4)/(26,% (Re1 ) ¥ (R+2,)%F(R43,)*(Reg,))
NIGY=FLEXEX (VB )RFLERR—5 FV(4) ¥ (R85, JRELRFY

1+10 ¥ V(3 )X (Rali o ) ¥ (R45, ) EFLEF3Z=10, ¥ V(2 ) F (R332, ) ¥ (Rt ) ¥ (R45, ) XELFFD
248 ¥V(1) F(R42, 1 ¥ (R4 V¥ (R4+4, ) F(R+5, ) ¥FL
3”(R+19)*(R+20’*(R+39)*fR"’L}o)*(R'FSe)’

DIBY=D(BY /{120, *¥(R+14)1#(R+2, ¥ (R+3, 1% (R446 )1 ¥ (R85,
DIG)=FLEXGH (V) ¥FLERG—4 ¥ (R45, ) ¥V (5 ) ¥FLA¥S
14152 ¥(R+5, I H(R+G, V¥V L) RELFRy

220 #{R+4 6 1 R{R+5, 1 #(R+L }HV(2)RFL %%
3415 4 #(R+3 )% (R44 ) #(R+8, 1 ¥ (R+5 ) RVI2)RFLERD
L-0 ¥ (R42 1 #(R+23 1 #(R+4 JR(R+5 1 #(R+4, ) %*V(])IRFEL

S+ (R+16)1¥{R+2: 1 ¥ (R4+3 )% (R+4 1 ¥ (R45, ) ¥ (R+86 1))
D(6I=D(6)/(T20e#(R+1 ) #¥(R4+2s1#(R+3 )% (R+b4 )R (R+5,)1%*(R+6,))
D7) =FLERTX(VI{7)#FLR*7-T, % (R+7. ) *¥V{p ) *FL%¥g

1421 *(R+66 1H(ReT 1 ¥V(G ) RFLA¥E=5 % (R45, ) ¥ (R4, ) ¥ (R+7, )%V {4y BpL¥y
2438 ¥ (R+4 4, 1 ¥ (R85, )¥(R+8, 1 ¥ (R+T7 )V () HEL#%3
23=27 o ¥ (R+2 o ) #(R4+L g JE(R+5, I #(R+86 ) ¥ (R+T7o )HVI(D)HFL#%>

B+T o F(RE2 I HIREL)F(RE4, ) F(REB I H(RHE,IEIRFTLIFVITYRFL
B {R4+1e)*(R42 V¥ (R+3 1% (R44o 1 F(R+5 V¥ (R+81F#(R+761)
D{71=D(T7)/ (5040, #(R+1 ) %(R+2:)1¥(R4+3, 1% (R+4,)%*(R+5,1#{(R+61%¥(R+T7¢§3

BOB)=FL¥*BH (=56 % (R4, ) ¥ (R+5o )1 ¥ (Re6 ) ¥ (R+7, )% (R+B ) ¥V 3) ¥FL¥%3
186 (R+2 1 ¥ (R4+2 ) H (R4, V¥ (R+5, 1 ¥ (R45 ) F(R+T7, 1 ¥ (R+R ) ¥V (1) %*FL
2428, ¥ (R+3, 1R (R44, 1¥F(R48, 1 ¥ (R+8 V(R 1*(R4B, 1 ¥V (2) *FL%E¥)

3+ R+1IF(R42IF(R43 1 ¥ (R+4,1¥(R45,)#(R+66)¥(R+7,)1¥(R48,)
4470, % (R+B,1¥ (R466 ) F(R+T, 1 ¥ (R+8,)FVI4 i ¥pL*Ey
508 K(RIA VE(RET 1¥(RLBNFV(BI¥EL#Hg58 #(R47 . 1¥(RLR 1EVI{L I XL BRg

6=8o #(R4+B, ) ¥V T7)RFL*¥ 74V (8 #EL#%r) /40320,
PENOM=(R+1 1 #(R+2 1% (R+3 V¥ (R34, )% (R4+5, 1 ¥ ({R+8 J¥F(R+7,1*(R+8,}
D(AY=D(8) /DENOM

PO 108 I=1sNU
J=Ny+2-1
K=NU+j—1

108

viJy=v(K)
V(i,EleO
WRITE(R7INU

WRITElgs83(DITJYs T J=1sNUY
WRITE{(699])
WRITF{&a=12)

150

XL(1)=FL#T=R-1,
XLED)=(FL##D )R (THRD ) =0 FFLETH (Re2, ) +R¥¥243 ,%R4D,




NL=NU+1

no ‘!'RO JK =2 o N

JK1=JK=1 16
JKo=JK+1 ’
Fi= K

130
230
131

XL{JK2 1= {FL#T=R=9 ¥FJ~1 ( ) EXL(JK)~FIF(Rep I HEXL(IKY)
IF(R)II31:131132
Gl=eXPE(~T4%

132
133

GO TO 133
GT=TREXPF (=T}

30

IF{MCI30930640
DO 140 Ki=3,NU
K2=K1~1

SIK11=S(K23+D(KI1J#XL(K1)
FIK1Y=Te+D (1Y EXLI1Y+N{2)#XL(2)+5(K1)
ElK1i=E(KIY#*aGT

144
145

TF{T=-,1)146s146s144
TFIE{NUY+,000013145,1456, 148
TU=T=s1

146

KZ:}
GO 7O 180
WRITE(652) Te{F(JKY s JK=3,NU)

160

T=T+4+s1
IFIT=TU11505180160
WRITF(gs5)

WRITE(&96)
WRITE(899)
WRITE(6912)

T:Ogo
MC=1
R=R+%e

40

GO TO 150
CUMULATIVF DISTRIBRUTION FUNCTTON
DO 4% K=13,NU

J=K~-1
SIKy=S{J1+D(KIEXL(J)
IF(R=1.141+413862

41

472

CFlE)=1e=EXPF{=T)=GT#(D{ 114D 21 EXL(1}+S{K})
GO TO 45
CE(K =1 a~FEXPEl=TI®(T+1 . 1-T#GT#(N(131+D(2 )1 EXL{13+S{KY}

48
47

CORTINUE
WRITF(622)Ts (CFIJK) s JK=3sNU)
T=T+A1

199
200

IF{T=-TUY15051502199
IF{KZ23200:2005201
K=58

201

RETURN
1K=0
RETURN

END
SUBROUTINE ASER{V,sIKsNM)
DIMENSTION A(15515)9V{113B(113sc(11)eD(111sXR(3)AQ(3)5XS{4)>

1X1{aysaclaysaAR(35srRI3JeRTI3ysR(4)eRTII4)sXLITTYor (11,
25011)ecF (117 sHMIT1)sVP(T11)U(LI1)sG(11

2 FORMAT(5XsF6,2210F10,6)

3 FORMAT{/5Xs34HGRAM=CHARLIER A TYPF APPROXIMATION//)
4 FORMATI/B8Xe21HVALUE OF ClJ)s J = 299012//)

5 FORMAT{/5Xs9F 126/}

7 FORMAT(21Xe8F17266/)

8

FORMAT(2Xs4F12:4//)




9 FORMAT(35Xs15HNUMBER OF TERMS/)

10 FORMAT (181 170

11 FORMAT(/5Xs385HVALUES OF THF DISTRIBUTION FUNCTION//}

12 FORMAT(6Xs5H TIMEeb6Xe1H3o9X o 14 s INs1H5 99X o 1639 X9 1HT+O9X 1B/ /)
KZ=0

NU=NM
M=0
600 TU:?OQO

TDes1
VP11 =vI2)
NO 42 1=2 oMU

J=1-1
32 VP(1)y=VP(U)Y®V(2)

Ut2)=vi3)=vP (2}
Ul3)=VI4) =3, ¥V{2)#V{3)42  RVP (3}
Ua)=VIB =4 BV I * V(4146 FVP (D1 #V (13-4, %VP (4}

UlB)=VIE)I =S *VI2)1*VIB 1410, ¥VP(2)%VI4)~10 . #VP(3) ¥V (3 )44 ,¥VP (5}
232 U{g)=V(T)=6FVI2)1#VIg 1415, ¥VP{2)*¥VI5)1~20,#VP(3) ¥V {4}
1=B e #VP {8 )+15 ., #VP 4 ) ¥V (3)

S=SQRT (VI{a)y—=(V(2)%#%2y}
495 DO 500 JA=1,NU
500 UtJa)=U(JaY/(SR*JAY

WRITE(693)
ct1y=utl)y
Clo1=(1e/2 )% (U2 =T,)

c(331={U13)=3,%#Ul1}))/6,
Cla)=lUl4)=6,%U12)4341 /28,
C(5)=tU(5)~10,%U13)+15,%U(1))/120,

Cl6)1={U{61 =15, 2U{4)4845,%U(2)"15,1/720,
WRITE(694)NU
WRITE(6s85) (C{JIK) s JK=D,NU}

WRITE(699)
WRITE(8:12)
2° T=""l 030

30 TS=(T-V{(23}45/S
H{2)=TS#&2~1,
H(3)=TS*¥%3-3,%TS

DO 38 L=3sNU
J=L-1
Ji=t+1

FL=L
36 HJTy=TSH#H(L)~EL*M(Y
AX={EXP (—~(TS##21/2,.331/({SQRT (2.%¥22./7s11%

S(Z):0,0
IF{MIZ3T937:38
A7 DO 50 ¥=1»snNU

Kl=K=1
SIK)=SIK1)+C(K}#H(K)
EIK1=1+S({K)

40 FIKy=AXRF(K)/S
IF{F{NUI+,00001541642447
41 TUeTe,p '

KZ=1
GO To 580
62 WRITE(se21Te{F{J)nJ=2.Nli}

T=T+TD
IF(T-TU) 305304580
8580 M=

WRITE(5510)
WRITE(Es 11}




38

WRITE(899)
WRITE(ge12)

GO TO 29 171
DO 39 K=3eNU
KleKe

SI{K)=S(K1)+C(Ky*H (K1}
CFIK)=~(S{K))
X=TS

50

1IF{X=0,0350s%51951
X=X .
221 o /{1ata3PRTHXY

P={rXPF(—(X#%2)/2,3/SORTF(6,283186)1%( ,4361836%Z—,1201676%{Z7%%2}
1+69372980% (Z#%3))
GO _TO a9

51

2= e/{1et+:33286T#X)
Pzl ,={FAPF{={X®%¥2)/2,1/SQRTF(6,283186)1 1% (. 43561836%7
112018 76% {Z%%234,9372980% (Z%%13})

29

CFIRKY={P+AX®ECF(KY)Y/S
WRITF(é’Z’T9(C?(J)9J=?9NU)
T=T+TD

999
700

IF{T-TU} 30,305,990
TF(KZ}700,700,4701
1K=8

701

RETURN
I1X=0
RETURN

FND
SURROUTINF CURTC{DsXRsX1)

DIMENSTON A(155155sVI{11)eB{11)9C{111eD(111eXR(3)2AQ(3)XS{4)s
1X1(aYsAC{LYsAR{3) eBRI3)JsRTI3)sR{&4IsRTI (41 XLIT1YeF {11

2S(113ecF (113040 T13eVP{11YsUCT1)sG(11)

IPATH=?
FX=1e/%.
1E{D{LYIBelnt

XRfl)EOe

GO TO 24
AZ=Dl13#D(1]

Q{27 2A2%D(4) =9, ¥D(11¥D(2)1#D(3) 42, ¥DN(2)#¥3) /{84, FA2%D(1))

fTF{Q110:8¢14
Z2=0 .

10

T PATI=%

14

P=(3.*n(1)%#D(3)=N(21*N(2))/(Q,*A2)
ARG=P#P#P+Q%Q
1IF(ARGI1As1RBa20

16

ia

2==2,#SQRT (~Py*c0S (ATAN (SQRT (—~ARGY/Q)/3,)

GO 70 28
7= * (QREEX)

20

GO T0O 28
SARG=SQRT (ARG)
1E(BY29:24 5,28

27

24

2==({{Q+SARG)##EX+ (Q=SARG) #%#FX)

GO TO 28
Zz={ (2 201 REEX)

28
28

GO TO 28
2={SARG~Q1#E#EX~( {SARG+Q I #REX)
60 TOi20323.TPATH

20
32

Z==7
XR{U1)=(3,#N{11%#2=-D(211/{3,%¥N(1)}




34 AO(})”D(I)

{(23=pl2)aXR{33%#D(T}
A@(zs NDI3)4XR(1)1%AQ (D) 172
cALL QUAD(AQsXR(29sXR(3)sXT9
XI(2y=X1

RETURN .
900 FORMAT(4X5710,.5)
_END

SUBROUTINE QUAD(CsXR1+XR2sXT}

DIMENSTON A(1553153sVIi113oR(I15sc(1171eN{11)sXR(3)5AQ(3)+XS(L}s

1IX1(435AC LY sAR{31sBR(3)sRT(3)sRI&4)sRTI4)oXL(11)or (11
25(11)s¢cF(11ysHITI1YsVP({11)sU(11)eG(11)
Xla=c{(21 /(2. 2013}

DISC=X1*X1-C(3)/C(1)
IF(NTISCYI10420,20
10 X2=SQRT (-DISCH

XR1=X3
XR2=X1
XI=XD

GO TO 30
20 X2=SQRT (D1SCH
XR1=X14X2

XRD=X1=X2
X1=0,
30 RETURHN

END
SUBROUTINE CRAMER(AsNsDFTERM)

DIMFNSION A(15515)
K=?
=1

5 DO 10 1=KsN
RATTO=AlTsL)/Al{LsL)
DO 10 .j=KsN

10 Al1ed)=A(TsJ3=A(LsJY¥RATIO
IF{K-N}115520+20
15 L=

K=K+1
GO TO 8
20 DETERM=1,0

DO 75 L=1sN
25 DETEFRM=DETFRM®%A (L,L)

RETURHN

END d
FUNCTION C\MMA(A)
K1=0

IF(A=1,3205241
1 N=A=-0,0001
C=1e.

DO 10 K=1sN
10 C=C®*{A-FLOATF(K})
2 X=A-FLOATE(N)

G=CE(1,—e5T77191652%X4+,988205891#X#%2~,897056937*X**3
14,918206857#x#%4= TS5E6TOLOTBHX#%54+ ,482199394% %16
2=.103827RIRRYRETL  OIAKRARRLARXRRR)

GAMMA=G/ {A~FLOATF (NY)
1FIKIY494522
22 GAMMA=-3,184T159/(A%STINF(3.,14159%A) *GAMMAY

4 RETURN
2 N=0




C=1s
Go T 2

20
21

IF{AY219292
KI=1
A:-A

173

GO TO 1}

END
EUNCTION FACT{XaY)

IF{X=Y)129251
FACT=GAMMA (X+1e )/ (GAMMA({Y+1, ) ¥GAMMA (X-Y+1e1)
RETURN

FACTzlo
RETURN
END
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