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ABSTRACT 

Differential  dynamic programming is a technique, based on dynamic 

programming r a the r  than the calculus of variations, for determining the 

optimal control function of a nonlinear system. Unlike conventional 

dynamic programming where the optimal cost  function is considered 

globally, differential  dynamic programming applies the principle of 

optimality in  the neighborhood of a nominal, possibly nonoptimal, tra- 

jectory.  This allows the coefficients of a l inear  o r  quadratic expansion 

of the cost  function to be computed in r eve r se  t ime along the t ra jectory:  

these coefficients may then be used to yield a new improved t ra jectory 

(i. e . ,  the algorithms a r e  of the "successive sweep" type). 

A c lass  of nonlinear control problems, l inear  in  the control var i -  

ables,  is studied using differential dynamic programming. It is shown 

that for  the free-end-point problem, the first par t ia l  derivatives of the 

optimal cost  function a r e  continuous throughout the state space,  and the 

second par t ia l  derivatives experience jumps at switch points of the 

control function. 

to i l lustrate these points. 

A control problem that has  a n  analytic solution is used 

The fixed-end-point problem is converted into 

-i - 



an  equivalent free-end-point problem by adjoining the end-point constraints 

to the cost  functional using Lagrange multipliers:  a useful interpretation 

for  Pontryagin's adjoint variables for this type of problem emerges  from 

this treatment.  

The above resul ts  a r e  used to  devise new second- and f i r s t -order  

algorithms for  determining the optimal bang-bang control by successively 

improving a nominal guessed control function. The usefulness of the 

proposed algorithms i s  i l lustrated by the computation of a number of 

control problem examples. 

The correspondence provides by means of a n  e r r o r  analysis justi-  

fication for the neglect of cer ta in  t e r m s  in  the derivation of these algorithms. 
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Differential Dynamic Programming Methods for 
Solving Bang-Bang Control Problems 

DAVID H. 

Ahtract-Differential dynamic programming is a technique, 
based on dynamic programming rather than the calculus of varia- 
tions, for determining the optimal control function of a nonlinear sys- 
tem. Unlike conventional dynamic programming where the optimal 
cost function is considered globally, differential dynamic program- 
ming applies the principle of optimality in the neighborhood of a 
nominal, possibly nonoptimal, trajectory. This allows the coefficients 
of a linear or quadratic expansion of the cost function to be computed 
in reverse time along the trajectory: these coefficients may then be 
used to yield a new improved trajectory (Le., the algorithms are of 
the “successive sweep” type). 

A class of nonlinear control problems, linear in the control vari- 
ables, is studied using daerential dynamic programming. It is 
shown that for the free-end-point problem, the first partial deriva- 
tives of the optimal cost function are continuous throughout the 
state space, and the second partial derivatives experience jumps at 
switch points of the control function. A control problem that has an 
analytic solution is used to illustrate these points. The fixed-end- 
point problem is converted into an equivalent free-end-point prob- 
lem by adjoining the end-point constraints to the cost functional 
using Lagrange multipliers: a useful interpretation for Pontryagin’s 
adjoint variables for this type of problem emerges from this treat- 
ment. 

The above results are used to devise new second- and first-order 
algorithms for determining the optimal bang-bang control by succes- 
sively improving a nominal guessed control function. The usefulness 
of the proposed algorithms is illustrated by the computation of a 
number of control problem examples. 

NOTATION 

The  following notation denotes the inner product of 
two n-dimensional vectors x and y: 

i=l 

A power series expansion to second order of a scalar 
V(x) about z (x an  n-vector) is represented in the 
following way: 

V(% + 6%) = V(%)  + (VZ,  6%) + $(6x, VZZ 6x) 

where VZ=dV/dx evaluated at % and VzZ=dZV/dx2 
evaluated at %. V, is an n-dimensional column vector 
and VzZ is an nXn  symmetric matrix. 

Further notational details are described in the text, 
when required. 

Manuscript received February 28, 1968. This work was sup- 
ported by the Office of Naval Research under Contract N00014-67- 
A-0298-0006 NR-372-012, and by the National Aeronautics and 
Space Administration under Grant NGR-22-007-068. The results re- 
ported in this paper are part of the author’s Ph.D. dissertation sub- 
mitted to The Center for Computing and Automation, Imperial 
College, University of London, London, England. 

The author is with the Division of Engineering and Applied 
Physics, Harvard University, Cambridge, Mass. 

JACOBSON 

The following abbreviations are used: 

DDP differential dynamic programming 
P D E  partial differential equation 
rhs right-hand side 
1.h.s. left-hand side 
w.r.t. with respect to. 

INTRODUCTION 

IFFERENTIAL dynamic programming is a 
technique, based on dynamic programming D rather than the calculus of variations, for deter- 

mining optimal control for nonlinear systems [I ]-[4]. 
In  each iteration, the system equations (which yield the 
coefficients of a linear or quadratic expansion of the 
cost function in the neighborhood of the system trajec- 
tory) are integrated in reverse time to yield an  improved 
control function. 

In  [3] and [4], i t  was shown that  some advantages 
could be gained over existing methods of solving non- 
bang-bang control problems [ l ] ,  [SI-[lo] by allowing 
global variations in control (strong variations in the 
system trajectory). In  particular, control inequality 
constrained problems of a certain class were solved. 

This paper extends the strong variation techniques 
described in [3] and [4] to bang-bang control problems. 
In Section I, i t  is shown that  for the free-end-point 
problem, D D P  can be applied piecewise between 
switch times of the control function. At  switch points, 
a special analysis is necessary to  determine whether the 
partial derivatives of the optimal cost functional w.r.t. 
the state variables x are continuous. In general, i t  is 
found that  the first partial derivatives are continuous, 
but  that  the second derivatives experience jumps. An 
example which has an analytic solution is used to  illus- 
trate these points. 

End-point constraints are introduced into the control 
problem and again i t  is shown that  dynamic program- 
ming can be used, if the end-point constraints are  
adjoined to the cost functional by Lagrange multipliers. 
A comparison is made between the D D P  results and 
Pontryagin’s Principle, and a new interpretation for 
Pontryagin’s adjoint variables is given for this class of 
problems. The analysis confirms the results obtained 
by Berkovitz [I l l  and Dreyfus [12] and extends these 
by obtaining new second-order conditions for bang- 
bang problems. 

In  Section 11, the preceding results are used to devise 
algorithms for determining the optimal bang-bang con- 
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trol by successively improving a nominal trajectory. 
New second-order and first-order algorithms for both 
free- and fixed-end-point problems are obtained ; the 
usefulness of these algorithms is demonstrated by the 
computation of a number of control problem examples. 

An advantage of these successive approximation al- 
gorithms over existing methods [13]-[16] is that the 
integration of the differential equations is done in the 
stable direction of motion, if the dynamic system is 
stable. This feature is present in the algorithms [1]- [7] 
and [lo] for non-bang-bang problems (Le., successive 
sweep algorithms). Up until the present time, algo- 
rithms designed for solving bang-bang control problems 
have been of the boundary value iteration type, re- 
quiring the integration of both system and adjoint 
equations in the same direction in time. 

Recently, and independently, Dyer and McReynolds 
[17], [18] have obtained results similar to those de- 
scribed in this paper. However, the algorithms pre- 
sented in this paper are simpler to implement in that  
the nominal assumed control function is not required 
to contain an a priori specified number of switchings. 
( In  fact, the nominal control need not even be of 
bang-bang form.) 

I. THEORETICAL CONSIDERATIONS 
A. The Problem 

The system under consideration is assumed to be 
governed by the following, set of ordinary differential 
equations:' 

2 = f&; t )  + f2(x; t)u; %(to)  = xo (1) 

where fl is a nonlinear n-dimensional vector function of 
the state vector x and time t ,  and f 2  is a nonlinear 
n x m  matrix function of x and t .  u is an m-dimensional 
control vector. 

The controls uj; j =  1 . . 9 m, are assumed to be con- 
strained in the following way: 

uP<uj_<u ," ;  j =  1 . e - m  (2) 

where the ujb and uja are constants. 

(2) and minimize 
The problem is to choose u( t ) ;  tE  [ t o ,  t,] to satisfy 

1, 

V ( x 0 ;  t o )  = s,, U x ;  t)dt + w4); t,) (3) 

where L and F are nonlinear scalar functions of x ;  t and 
x(t,) ; t,, respectively. fi, f2, L,  and F are assumed to be 
three times continuously differentiable. 

I t  2 well known that the optimal control function for 
the preceding problem is of bang-bang form. Bellman 
et al. [19], Lasalle [20], and Pontryagin et al. [21] are 
some who have studied conditions of optimality for 
problems linear in control. The problem of time optimal 
control of linear systems has been well researched, and 
1131-[16] are some of the available computational 

1 12 semicolon is used to separate the timet from other arguments. 

techniques for solving this problem.2 
Kelley et al. [22] have recently considered bang-bang 

thrust in rocket trajectory problems. 
Friedland and Sarachik [23] have attempted to ob- 

tain neighboring optimal feedback control laws for the 
minimum time problem by straightforward differentia- 
tion of the adjoint and system equations. Their ap- 
proach is, therefore, second variational in nature and is, 
in this sense, similar to the D D P  approach used in this 
paper. However, the question of differentiability of the 
adjoint variables was not satisfactorily resolved in [Z]. 

Define the Hamiltonian H in the following way: 

H ( x ,  u, v z ;  t )  = U x ;  t )  + (Vz,f1(.; 0 +fz(x; t1.u). (4) 

A necessary condition of optimality is that  H be mini- 
mized w.r.t. u;  this condition is satisfied if 

u .  , = , (fz'VJj < 0; j = 1 . - m  

(fz'Vz)j > 0; j = 1 . . . m. 
u . b .  (5) , 

The control law (5) is called bang-bang because the uj 
switch between their upper and lower bounds depending 
on the sign of (fiTVz)i. I t  is assumed that there is a 
finite number of such switching 

tsi; i = 1 * * * ns. (6) 

Further, i t  is assumed that the (fiTVz)j; j =  1 m 
are not zero on a finite time interval, as otherwise the 
minimizing ui cannot be determined using (5). Problems 
in which the cfiTVz)j are zero on a finite time interval 
are referred to  as "singular" and are not considered in 
this paper. 

The following question arises when attempting to 
study the preceding problem using dynamic program- 
ming: 

Do the partial derivatives of the optimal cost 
P ( x ;  t )  w.r.t. x; t exist everywhere in the state space, 
and if not, how does one use the Bellman P D E  which 
is derived, using dynamic programming, on the assump- 
tion that the optimal cost VO(X; t )  has continuous par- 
tial derivatives up to and including the second? 

Consider (3) and let uj=u ja ; j=  1 - . . m, say, for the 
whole interval [ t o ,  t,], Le., constant controls. The re- 
sulting cost V ( x ;  t )  has continuous partial derivatives 
w.r.t. x ;  t.3 Now consider the case when the controls uj 
are determined by ( 5 ) ;  it is not clear that  V ( x ;  t )  will 
have continuous partial derivatives a t  switch points of 
these controls. 

In view of the preceding, one can conclude that if the 
uj are constant then Bellman's P D E  is valid since 
V ( x ;  t )  has continuous partial derivatives. If there are 
switch times t,, present where the ui change discon- 
tinuously, then further investigation is required to dis- 
cover exactly what happens to V ( x ;  t )  and its partial 
derivatives at these times. 

2 Numerous additional references are quoted in [13]-[16]. 
a If the control is constant, it  can be shown that the partial de- 

rivatives of V(x;  t )  obey linear differential equations that have con- 
-tiniious bounded solutions. 
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B. Differential Dynamic Programming 
Differential dynamic programming is descri'bed fully 

in [2]-[4].4 For completeness, a brief resume of these 
detailed descriptions is given here. 

The  Bellman P D E  for the optimal cost is 

dVO 
-- (x; t )  = min [ ~ ( x ;  t )  

at U 

uE u 

+ (Vz"(x; 0 ,  fib; 0 + f i b ;  041. (7) 

Assume that the optimal control and state trajectory 
are unknown but that  nominal values i i( t) ,  Z( t ) ;  
tE [to, t f ]  are available. x and u may be written in terms 
of these nominal or reference trajectories: 

u = i i + 6 u  

x = z + 6 x  

where 6x and 6u are state and control variables mea- 
sured w.r.t. 35: and ii. Substituting (8) into (7), 

(8) 

av.  
at 

( z  + 6x; t )  -- 

= min[L(z + 6x, ii + 6u; t )  
6% 

a+au€ u 

+ (V,0(z + 6x; t) , f l(% + 6x; t )  

+ f2(z + 6x; O(a + SU))]. (9) 

Assume that  6x is, in some way, kept sufficiently small 
to justify a power series expansion for V0(3+8x; t )  up 
to  second order in 6x: 

v(z + 6x; t )  = V ( z ;  t )  + (VZl 6x) + +(6x, VZ,6X). 

Writing this equation in terms of the nominal cost 

V(Z  + 6x; t )  = V(Z;  I) + a(?; t )  + (Vzl ax) 

- 
V ( x ;  t ) ,  

+ *(6X, V Z Z S X )  (10) 

where a(3, t )  is the change in cost from the nominal 
when starting in state 2; t and using a control function 

U ( T )  = a(T) + 6 U ( T ) ;  T E [ t ,  tf]. (11) 

The  superscript o has been dropped in (10) because 
(10) is an expression for the cost subject to the proviso that 
6x remains smalL5 A method for keeping 6x small is de- 
scribed in detail in [ 3 ]  and [4] and briefly in Section 
11-B of this paper. 

Substituting (10) into (9), the following equation is 
obtained : 

-----/_. aB da dV, \ 1/*2av,, \ 
dl at \at ' -T\ ' at 6x/ 

= min[L(% + 6x; t )  + (v, + V,,SX, 
6U 

li+GUE u 

'fl(Z + 6x; 1 )  +f& + 6x; t)(a + 6u))l. (12) 

This is the basic PDE satisfied by the locally valid 
quadratic cost (10). Equation (12) can be used to  de- 
velop algorithms for finding the optimal trajectory by 
successively improving a nominal guessed trajectory.6 

C. Piecewise Diferential Dynamic Programming 

in (12). The  r.h.s. of (12) becomes 
Consider conditions at x = 3 at time t ;  i.e., set 6x = 0 

min[L(%; 0 + (Vz, f1(z;  t )  +f&; t)(a + Su))]. (13) 
6a 

ri+6UE u 

Carrying out  the minimization in expression (13) using 
the rules of (S), one obtains the minimizing control 

u* = ii + 6u* = u+, say (14) 

where the components of u+ are given by (5). Substitut- 
ing (14) into (13) one obtains 

L(3; t> + (Vz, fdz; t )  + f 2 ( %  t)U+). (15) 

Now consider allowing variations 6x about Z, i.e., 
reintroduce 6x into (15). Assume that  the minimizing 
u* remains u+, except in the neighborhood of switch 
points of u+ (these are studied in Section I-D), so ex- 
pression (15) becomes 

L(3 + ax; 1 )  

+ (V,  + V d x , f ~ ( Z  + 6%; t )  +fi(% + 6%; t)uf). (16) 

Expanding (16) to  second order in 6x and recalling that  
this is equal to  the 1.h.s. of (12), the following equation 
is obtained: 

87 /aV,, 6x\ - L/6x avxz \ ----- 
at at \dt / 2 \ ' - at 

= H + (HZ, 6x) + (V,,f, 6x) 
1 + (SX, (H,, +fiTVZz + Vzzf , )S~) .  (17) 

Equation (17) holds for all 6x sufficiently small, so 
coefficients of like powers of 6x may be equated to  
obtain 

da 
at at 

- H  

4 McReynolds [7] has used a similar approach to optimal control 
probIems. 

6 If ~ ( t ) , ~ i ( t )  are sufficiently close to optimal then this proviso 
is automatically satisfied; (10) then becomes an expression for the 
optimal cost V(Zf6x; t )  in the neighborhood of the optimal trajec- 
tnrv 

Vz, 
at 

- Hzx + f, TI.',, + V,, + Vzzfi 



664 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, DECEMBER 1968 

where all the above quantities are evaluated at 2, u*, 
and 

f = fdz; t )  +fz(z; ow*. (19) 

The  quantities V=T+a, V,, and V,, are functions of 
2 and t so 

L av, 
V ,  = - + Vv,,f(z, 22; t )  

at 

where superscript - denotes the cost for tst, in the 
region where u*=u-. One can consider V- to  be func- 
tion of the switch time t,, so let us consider t, to  be a 
parameter of V- and write i t  explicitly as such: 

V-(X, t,; t )  = L(x(7);  7)dT + V+(x(l,); t,). (25) 

Now let us allow variations in this switch time of at,, 
and let us  write x(7) and x( ts)  in terms of the nominal 
value z( t ) :  

S, t a  

V-(z(t) + 6x(t) ,  ts + 6 4 ;  t )  
t s + l t s  

= Jt L(g(t)  + 6x(t) f A%(T); 7)dT (26) 

since higher-order terms in the expansion for V have + V+@(t) + 6 x(t> + Ax(ts + 6&) ; t, + st,) 
been truncated. where Ax(7) is the change in state over the time interval 

7 - t  starting from z(t)+6x(t), i.e., 
Using (20) in (18) and noting that  -?=L($; t ) ,  

- ci = H - H(2 ,  21, v,; t )  

- fzz = a,, + f Z T V Z Z  + Vz,f, 

where all the quantities are evaluated at 3, U* unless 

Conditions are to be studied at time t=t,, so let us 
observe (26) at t=t,:9 

otherwise stated. A t  t = t f ,  from (3) one obtains V-(z(t,) + 6&), is + at,; t,> 

Vzz(t,) = F , z ( W ;  t,)' 

Equations (21) can be integrated backward from tr 
using boundary conditions (22) and u* =u+. 

There will probably come a time t, where a component 
of u* changes discontinuously (Le., switches) so that  
u* changes from u+ to u- say.* Conditions at t ,  must 
now be studied to  determine what happens to  a,  V,, 
and V,,. 

D. Conditions at Switch Points 

4- V+(z(&) 4- 6x(t,) + Ax(t, + 6t.J; t, + St,) (28) 

Expanding the r.h.s. of (28) to  second order in 6x and 
6t, about 3 ;  t,, the following quantity is obtained:lO 

v+ + (Vz+, 6x) + ;(6x, V',,+6x) + - a+)6ts 

(29) 
(6x, - a,+ V ~ z " ( f -  - f+) jS t s  

+ $(at- - Hi+ - (ET%-, f- -f+) 

+ (f-, a- - a,+) + (f- -f+, V,,+U- - f ) ) J 6 t s 2  

(quantities evaluated at Z ;  t,) where 

where superscript + denotes quantities for t>_t8. For 
t E  [to, t , ] ,  the cost is given by 

V-(x; t )  = L(x(7);  7)d7 4- V+(x(t,); 2,) (24) S, t s  

7 The fact that the P,, equation is linear means that there is no 
conjugate point condition for these problems. A way in which V,, 
could become unbounded is if strict equality holds in (35). 

8 In general, if more than one component (say r ,  where r <m) of 
u* changes at the same time t,, it may be necessary to consider the 
separate changes in switch times at,,, at,?. . for each control in the 
analysis to follow; this complicates the derivation. This paper treats 
only the case where one component of the control switches a t  time 
t,. 

V-(% t,; t,) + (Vz-, 6x) + V,*-6t, + (V,,,, 6x)6t, 

+ 6(6x, Vz,-6x) + $V1t,,,6t,2. (31) 

Equating coefficients of like powers of 6x and at, in ex- 

V-(&s)+6x(tll), t,+tts; t,) is the cost at time t=t, as a function 
of the parameters 2(tJ +8x(t8) and t,+& The semicolon separates 
these parameters from the actual time t = t, at which V- is observed. 
Thus, Vte-(2(t),t.; t )  is the partial derivative of V- w.r.t. the param- 
eter ts evaluated at 2(t) ,  ts ;  t .  So Vt,-(a(t,), t,;t.) is this derivative ob- 
served at time is. Vt-(Z(t), t,; t )  is the partial derivative of V-w.r.t. the 
time t evaluated at ~ ( t ) ,  h;t. So Vt-(z(t,), ts;  t,) is this derivative ob- 
served at time t = is. For convenience, and where the meaning is clear, 
%(t) will be written as 2. 

10 Details of the algebra of this expansion are to be found in the 
Appendix. 
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pressions (30) and (31) yields 

v-(%, t,; t,) = V+(31:; td)  
v, = v,+ 
v,, = Vzz+ 
Vt,- = a- - H+ 

v zt. - = a,- - a,+ + V,,+(f- -f+) 
vtst; = a, - at+ - (H,-,f- - f+) 

+ (f- -f+, Vzz+( f -  -f+>). 

(32) l1 

+ (f-, Hz- - a,+) 

The quantities in (32) are sensitivities of the cost V- 
w.r.t. the parameters x and t ,  at time t =t,. 

From (32) 

T/ t*  - = a- - a+ = (V,+,fz[u- - u+I). (33) 

vt, = 0 (34) 

From (33) 

since either uj- = uj+ or (li' V,) j = 0. 
Equation (34) is a necessary condition foi- V- to be 

minimized w.r.t. the switch time t,. A further necessary 
condition is 

'Vt,t,(31:, t s ;  La) 2 0. (35) 

From (31) 

av- 
- (31: + sx, t, + st,; 1,) 
at, 

= Vt,  + (vzt,, 8%) + Vt,t,6t8. (36) 

In  order to  maintain the necessary condition of op- 
timality (34) for the case where variations 6x are pres- 
ent, i t  is required that  

Vt,(% + ax, t, + st,; t,) = 0. (3 7) 
Using (37), (36), and (34), the following relationship is 
obtained: 

1 
st, = - - (V,,,, 6 4 .  

vt,t, 
(38) 

Equation (38) is an  optimal local linear feedback con- 
troller relating the required change in switch time 6t, 
to the 6x appearing at t,. 

Substituting (38) into (31) in order to  eliminate at,, 
one obtains 

l1 Obtained independently by Dyer and McReynolds [17], [18]. 
For simplicity of presentation, arguments are omitted. I t  should be 
understood that the quantities are evaluated at Z(t,) ; t,. 

Recalling (32) and renaming the 1.h.s. of (39) as 
P ( 3 + 6 x ;  t,), the following relations result: 

P(31:; t,) = V+(31:; t,) 

With no loss of correctness, the superscripts + and - 
may now be dropped to yield 

V ( % ;  tJ = V(31:; t8) 

The following points are noteworthy: 

1)  at t=t,, a(*; t )  is continuous since P =  V and 
V ( 3 ;  t )  is continuous 

2) at t = t,, V,  is continuous 
3) at t=t,, V,, experiences a jump of magnitude 

- 

AV,, = - V ~ t , * ~ t , J V t , t . -  (42) 

At  a switch point, the jump in V,, is readily computed 
using (32) and (42) ; (41) then becomes the new bound- 
ary condition for (21) which can continue to be inte- 
grated backwards, noting now that  u* =u-. 

The preceding analysis is clearly applicable to  a con- 
trol function u* having any finite number of switch 
times. 

The  preceding theory was developed for 3, ii non- 
optimal. On an optimal trajectory (a special case) all 
the results hold. 

E.  An  Example 
Consider the following control problem : 

X I  = x2; 

2 2  = u; x&) = x20 (43) 

x&) = 210 

I4 51. 

Minimize 

v = J t k t .  (44) 

Fuller [24] has analytic expressions for the optimal 
cost P(xl, a). (P is independent of t because tf = QJ .) 

The question now is whether the predictions tha t  
V,O is continuous at a switch point and V,," experiences 
a jump hold for this problem. 

Differentiation of the analytic expressions for 
lTo(xl, x2) does, indeed, confirm these predictions and,  
moreover, the jump in V,,. agrees with that  predicted 
by (42). 

For this problem, 

R(x ,  2.4, v,; t )  = x12 + V,,xz + vz2u (45) 
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where the minimizing control is 

u* = - sign VZ2.  (46) 

(The optimal superscript o is dropped, for convenience.) 
Fuller has obtained the following expressions for the 

optimal cost. VN(xl, x2) (the cost surface when 
is given by 

2 2 

3 15 
VN(n1, x2) = ~12x2 - - ~1x23 + - x25 

u = - 1 )  

(47) 

Vp(xl, x2) (the cost surface when u = +1) is given by 

2 2 
V (XI, 22) = - x ~ % Z  + - ~1x23 - - P 

3 15 X z 5  

On the switching curve, 

X i  = - 0.4446~2'; xq > 0 
(49) 

Consider only the case where x2<0. Substituting (49) 
into (47) and (48), 

= 0.4446~2~; x2 < 0. 

.e., V is continuous at a switch point of the control. 
From (47) and (48), 

2 
VZlN(x1, x2) = 2x1x2 + - 

3 

So, crossing the switch point along an optimal path, 
from N to  P, VzInl experiences a jump of 

AVz1,, = - 0 . 7 9 ~ ~  + 2 . 6 7 ~ ~  = 1 . 8 8 ~ ~ .  (56) 

Consider the expression for VZt,  and Vts t ,  given by (32) : 

so  

Vt,t, = - HzP(fN - f') + (f" - fP, V,,P(f" - f")) 
(59) 

= 2 V q P  + 4vz2z2p. 

Now 

TIz1z2p 

= - 2x1 + 2x2' - 
4 '  >"' (60) 

= 1.785~2~ at  a switch point 

and 

V Z Z S Z P  

= - 1 . 5 9 ~ 2 ~  at  a switch point. (61) 

Substituting (60) and (61) into (58) and (59), and using 
(421, 

(1.785)2 
- -- x2 = 1 .88~~ .  (62) 

( 1 . 7 8 5 ~ 2 ~ ) ~  
1 3 / 2  AVzlz, = - + --.0.764 5 (x, + xz2) (51) - 1 . 5 9 ~ ~ ~  - .1xz3 1.69 

2 
2 
3 

VZIP(XI, x2) = - 2 x m  + - X g j  

2 

Using (51), (52), and (49), 

VzlN = V z1 P = - 0 . 2 ~ ~ ~  a t  a switch point, (53) 

i.e., V,, is continuous at a switch point. I t  can be shown 
easily that  Vz,  is also continuous. 

= - 0 . 7 9 ~ ~  at  a switch point 

4 >'" ( 5 5 )  
P 

VzlZi(xl, xZ) = - 2x2 + 
= - 2 . 6 7 ~ ~  at  a switch point. 

The  predicted jump given by (62) is the same as the 
actual jump given by (56). Similar agreement can be 
obtained for the other elements of V,, and for parts of 
the state space where xz>O. 

F. End-Point Equality Constraints 

treated : 
In  this section, constraints of the following form are 

$444); if) = 0 (63) 

where + is an s_<n vector function. I t  is assumed that  
t j  is given explicitly. The  case where t j  is given implicitly 
is discussed later. 

Assume, for argument's sake, that  uj =uja; 
j = 1  . . . m for the whole time interval, and further 
that (63) is satisfied using this control. In Section 
I-A, i t  was asserted that  V(x; t )  has continuous partial 
derivatives for this constant control in the absence of 
constraints (63). Now, however, these constraints are 
present and so there may be variations 6x at time t ,  
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say, which are not allowed because they cause violation 

partial derivatives of V w.r.t. x may not be defined 
everywhere in the state space, even for the case where 
the control is held constant and there are no switchings. 

V-(Z + 6x, 6 + 6k,  t, + St,; tJ 
of these constraints. This is the same as saying that  the t1+6t. 

= Jt8 
L(% + 6% + Ax(7) ; 7 ) d ~  

+ Vi(Z + 6x  + Ax(& + St,), 1 + 6 k ;  t8 + St,). (68) 
One may, however, convert this constrained problem 

into a free-end-point problem by adjoining (63)  to  the 
cost functional using a vector Lagrange multiplier k of 
dimension s:12 

Expanding both sides of (68) to second order, and 
equating coefficients of like powers of ax, 6k, and at,, 
the following relationships are obtained :l3 

t f  

V(X, k ;  t o )  = s,, L(x;  t)dt + F(x(t / ) ;  t,) 

+ (k, J/(x(tr); GI). (64) 

For a nominal k = w ,  this is a free-end-point problem; 
assume that i t  has a solution. 

G. Piecewise Diferential Dynamic Programming for 
End-Point Constrained Bang-Bang Problems 

Consider V to be a function of the multipliers k and 
assume a second-order expansion for V about the 
nominal L(t) trajectory and the nominal multipliers 6: 

V(2 + 6x, 6 + 6 k ;  t )  = v + u + (VZ, 6%) + (Vk, 6 k )  

+ (6% V Z k 6 k )  + 3(6k,  Vkdk) 

+ +(6x, V d x ) .  (65) 

Substituting (65) into the Bellman PDE (7) and carry- 
ing out  a derivation similar to  that  of Section I-C, the 
following equations for the parameters of V are ob- 
tained : 

-a=a- a(%, 4, v,; t )  

-k = a, + VZdf -.f(Z, 8; t ) )  

H.  Conditions at Switch Points 
Following the same approach as that  of Section I-D, 

the following equation in the vicinity of a switch point 
results: 

V Z Z  = v, - vzt*. YtS~/Vt,t. 
P k k  = V k k  - Vkt,*Vt,k/Vt,t, 

Vkt, = v Z k T ( f -  -f+) (70) 

where 

and VZt, and Vt.ts are given by (32). 

and ax(&) :I4 

The following local linear controller relates 6t8 to  6k 

6 t a  = - Vi,tyl[(Vkta,  6 k )  + (Vxt,, SX)]. (71) 

I .  The Case Where Final Tame tf I s  Given Implicitly 
Here tf is treated in the same way as k was in Sec- 

tion I-F, Le., t/ is imbedded in V :  

V(x0, k,  tf; t o )  = L(x;  t)dt + F(x(t / ) ;  tf) 

(72) 

lot6 
+ ( k ,  J / ( X ( t / )  ; tr)). 

In a way similar to  that  demonstrated in previous 
sections, differential equations and jump conditions 
can be obtained for Vtf, VZtf, V k t f ,  and Vtft,. 

A relationship of the form'j 

6f, = - vr * t - l  [Vt,t,St, + (Vkt*, 6 k )  + (Vzt,, 6 4  (73) 

relates the changes in switch times to changes in x, k 
and tf. 

The implicitly given final time problem is mentioned 
only briefly here, because similar non-bang-bang, prob- 
lems and their solutions are to be found in [SI, [6], 
and [9]. 

J .  Dynamic Programming and Pontryagin's Min imum 
Principle 

In this section, certain comparisons are drawn be- 
tween dynamic programming and Pontryagin's princi- 
ple; in particular, a new interpretation for Pontryagin's 
adjoint variables h is given for the class of problems 
treated in this paper. 

12 Sufficient conditions to guarantee the existence of a set of multi- 
pliers k which results in the satisfaction of (63) are given in Section 
11-1. 

l 3  Section I-D. 
l4 Equation (71) is obtained in a fashion exactly analogous to (38). 
l5 Equation (73) is obtained in a fashion exactly analogous to (38). 
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For the free-end-point problem, i t  is clear that 
A =  VZo because VZo has been shown to be continuous 
and to satisfy the same differential equation as A. The 
case of fixed-end-point problems i s  not as simple. Con- 
sider the cost functionall6 

+ ( k ,  + ( X ( t / >  ; tr) >. (74) 

Equation (74) describes the optimal cost for the free- 
end-point problem obtained by adjoining $ to  (3), i.e., 
V is minimized and k is chosen such that  

+(x(tr); t / )  = 0. (75) 

Consider also the following cost functional : 

~ " ( x o ;  t o )  = Jtot'L(x; t )dl  + F ( x ( t f ) ;  t f )  (76) 

+(x(t / ) ;  I/> = 0. (77) 

Equation (76) describes the optimal costL7 for the 
fixed-end-point problem obtained without adjoining 
(77). Both in (74) and (76), tf  is assumed to  be given 
explicitly. 

Dynamic programming in its continuous form re- 
quires the optimal cost surfaces V ( x ,  k ;  t )  and V ( x ;  t )  
to  have continuous partial derivatives w.r.t. x ,  k, and t 
for the derivation of the Bellman P D E  to be valid. In  
this paper, i t  has been shown that  V ( x ,  k ;  t )  has con- 
tinuous partial derivatives, except at switch points of 
the control function where special jump conditions 
have been investigated. 

I t  is well known that  in problems with bang-bang 
control and fixed-end-point, the optimal cost surface T/o 
is nonsmooth across some switching surfaces in the 
state space. In  fact, VZo the first partial derivative of 
T/'o w.r.t. x is not continuous across some switching 
surfaces.la I t  so happens tha t  the optimal trajectory 
never crosses these surfaces (where V,O is not defined) 
but  travels along them [12]. 

I t  is the purpose of this section to  obtain an  inter- 
pretation for Pontryagin's adjoint variable X for this 
class of problems where the system trajectory is 
tangent to the manifold of discontinuous control. 

Berkovitz [ll] has related Pontryagin's principle to 
dynamic programming, but does not consider this 
tangency case. 

One is able to  convert the free-end-point formulation 
(74) into the fixed-end-point formulation (76) and (77) 
locally in the following way. 

In this section, optimal control and state values are denoted by 
u and 3c with no superscripts or bars. 

From (76) onward, superscript o on TI denotes optimal cost for 
the problem with fixed-end-point. No superscript [denotes optimal 
cost for the problem where the end constraints have been adjoined 
to the cost functional by Lagrange multipliers k. 

l 8  Some references of direct relevance are [12], [15], [24]-[26]. 

In the neighborhood of an optimal trajectory, one 
has to  second order 

V ( x  + 62, k + 6 K ;  t) 
= V ( x ,  k ;  t )  + (vz, 6%) + ( v k ,  6 k )  

+ (6% V Z k 6 k )  + $(6k ,  V k k 6 k )  

+ g s x ,  V,62). (78) 

Because the trajectory is optimal, 

V k ( Z ,  k ;  t )  = +(x(tr); t / )  = 0. (79) 

Now let us eliminate 6k  from (78) in such a way tha t  
the end-point condition is still satisfied, Le., determine 
6k such that  

+Wf> + Wt/); 4) = 0. (80) 

From (78), (79), and (80), 

VA(X + 6x, K + 6 k ;  t )  = VzkT6x + V k k 6 k  = 0 (81) 

whence 

6k = - 17kk-1'V,kT6X. (82) 

Substituting (82) into (78), 

l'(x + 6x, k - V k k - l V , k T 6 X ;  t )  

= V 4- (Vz, 6 ~ )  + $(ax, (V,, - V,kVkk-1VkJ6~).  (83) 

This is an expression for the optimal cost locally for 
the fixed-end-point formulation, so in view of (76) and 
(77) which represent just this problem, one may write 
(83) as 

V"(x + 6x; t )  

= V" + (V,", 6%) + $(6~, (Vzz - V,kVkk-1Vk,)6~). (84) 

Note that  VZo for this optimal cost function is the 
same as the V, for the optimal free-end-point problem, 
but that  

vzzo = v,, - V z k V k k - l V k z .  (85) 

However, (85) holds only if V k k  is invertible; so the 
transformation (82) cannot be done unless V k k  is 
in~ert ib1e. l~ This means that one cannot convert the 
free-end-point formulation (74) into the fixed-end-point 
formulation (76) and (77) in regions of the state space 
where V k k  is not invertible, and so V,O cannot be iden- 
tified with V,. Since the equations for Pontryagin's X 
are exactly the same as those for V, for the free-end- 
point problem (and also the same for Vzo when (82) and 
(83) are valid), one has the following simple interpre- 
tation for A. 

In  regions where V k k  is invertible, X = VZo = V,. In  re- 
gions where Vk;ck is not invertible, X =  V,. 

19 Conditions for this are given in Section 11-1. At this point, it  is 
sufficient to note that Vkr~ can be invertible only after at least S 
switchings of the control function. This is because V k k = O  and V k k  
experiences a jump at switch points of the control function. 
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The preceding section does, i t  is believed, help to  close 
the conceptual gap between dynamic programming and 
Pontryagin's principle. The difference in approach be- 
tween the preceding study and that of others (notably 
[26]) is that  X is identified with a quantity V, which is 
the partial derivative of the optimal cost for the equiva- 
lent free-end-point problem. The  usual approach is to 
try and identify X with a quantity associated with the 
optimal cost function Vo; this is difficult. Dreyfus [12, 
p. 2041 has this to say when considering the case of trajec- 
tories tangent to the switching manifold: 

The  classical multipliers cannot be  interpreted 
as partial derivatives of the  optimal value func- 
tion. In  fact, the classical multipliers apparently 
have no physical or geometrical interpretation. 

I t  has been shown in this section that X does have a 
simple physical and geometrical meaning. 

11. COMPUTATIONAL ALGORITHMS 
A .  A New Second-Order Algorithm f o r  Free-End-Point 
Bang-Bang Problems 

The parameters a ( t ) ,  V,(t), and V,,(t) of the quad- 
ratic expansion (10) for V(*+6x; t )  are easily computed 
backwards along a nominal trajectory using equations 
(21), (22), (32), and (41).20 What is now required is a 
method of using these data to improve the current 
nominal trajectory. A procedure which comes imme- 
diately to mind is the following. 

Apply a new control function computed from the 
expression 

j =  1 . .  .m. 

However, this procedure is unsound because VzZ(t)  
experiences a jump at each switch time of u*(t);  thus, 
V,+ V,,6x experiences a jump at switch times of 
u*(t) and this may cause u(t)  to switch when it  should 
not.21 

The  preceding difficulty is overcome by using the 
local linear controller (38) to compute changes in the 
switch times. The controller is given below in general 
form : 

6 t s i  = - j J t8 t8 -1 (2 ,  tsi; L J ( V z t 8 ( g ,  L i ;  t s J ,  6x(t,,)) (87) 

where tSi is the time of the i t h  switch of the control 

Equation (87) is used in the following way. Run for- 
u*(t). 

ward in time using the new controls 

uj(t) = ui*(t); j = 1 . . - m. (88) 

20 I t  is assumed that tf is given explicitly. 
z1 On the forward run,. the position of the switch times of u(t) 

should not coincide with those of u*(t) unless u*(t) happens to be op- 
timal. Friedland and Sarachik [23] used (86) for local feedback con- 
trol. The fact that it is an unsound scheme is illustrated by their 
numerical results which show numerous switching in the control 
functions for examples where there should be only one switch. 

then continue with moin 

Run forward in time using new controls: u , ( t l=u~( t l ;  
j=f.-..m. I f  t f  is reached, ga to 0 
When a switch point of  a cantrol uk ( t )=uE( t ) ;  
k€ { f - - . - rn ]  IS reached, calculate SX(tsl, and St, 
usinq (87) 

by amount Sts and set: Uk(t)' up,-, ,  tErt;,t;+Stsl 
uk(t) = uC(t:), tE [ tS- 8t~,t:]. 
Integrate forward to t=ts+ If t;+Sts> tf, then ,integrate 

Integrate forward to t =  t i+ St, 

I 

Superscr ip ts-  and+ denote t imes immediately before and af ter  t s s  
respectively. 

Fig. 1. Flow chart I :  obtaining a new control function. 

When a switch time t,, say, of a control u k ( t ) = u k * ( t ) ;  

kE { 1 . - . m )  is reached, measure 6x(t,) and calculate 
6t, using (87). If 6ts>0, hold uk(t) = u k * ( t s - ) 2 2  for the 
time interval 6t,; after this, once again set u k ( t )  = u k * ( t )  

and continue. If, however, 6t,<0, then backspace the 
integration routine by the amount at,, and starting at 
this time t,-6t,, set uk(7) =uk*(ts+) for t , - 6 t , 171 t s+  
and integrate forward again. After time t = ts+, once 
again set uk( t )  = u k * ( t )  and continue. 

The preceding procedure implements the local feed- 
back controller (87) directly; there is thus no chance of 
discontinuities appearing in u(t)  where there should be 
none, as happens if (86) is used. Fig. 1 summarizes the 
preceding procedure. 

Applying the new control on the whole time interval 
[ t o ,  t f ]  may produce 6x which are too large.23 The step 
size adjustment method of the next section must then 
be used to  limit the size of 6x to suitable values. 

B. A Step Size Adjustment Method 
The step size adjustment method has been described 

in detail in [3] and [4] .  A brief description and flow 
chart are given here for completeness. 

The improvement in cost on application of a new con- 
trol function is given by 

AV = B(x~;  t o )  - V ( X O ;  t o )  (89) 
where B(xo;  to )  is the current nominal cost and V ( x o ;  to)  
is the cost produced by the new control function. 

22 In  this section, superscripts - and + denote the time instants 
immediately before and after ts ,  respectively. 

23 The theory of Section I is based on the assumption that 8x is 
sufficiently small to justify the use of second-order expansions for 
V,  L,  and f w.r.t. x .  
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Obtain, from main algorithm, the time Neff 
when1 a(P,t) l  becomes greater than 
a small positive quantity 

u = U  on the interval [!,Nil and u as determmed by 

FLOWCHART I, on the interval [NI ,N1. Calculate the 

cost V (%,U and hence the improvement AV=vlxo;l)- 

V( x0;l). 

I 

IMPROVEMENT 
IN TRAJECTORY 1 

no 

Set C= 0.0 ATTAl NABLE 

+ 
Fig. 2. Flow chart 11: step size adjustment method. 

The predicted improvement in cost, using a new 
control on the interval [t, t f ] ,  is given by 

I 4% t> I * (90) 

If the old nominal control a( t )  is used on the interval 
[to, t l ] ,  say, and the new control u ( t )  is applied on the 
interval [tl, t f ] ,  in the way outlined in Section 11-A, 
then the new trajectory is acceptable24 if the following 
condition is satisfied: 

Fig. 2 summarizes the procedure used for determining 
a suitable time tl by subdivision of [to, tf].*5 

C. The Overall Computational Procedure 
The procedure is summarized in Fig. 3. The  step size 

adjustment method of Fig. 2 halts the computation if 
no further reduction in cost can be achieved or if op- 
timality is attained. A necessary condition for the 
latter is 

14% t o )  I < 11; t E [to ,  $1 (92) 

where 9 is a small positive quantity determined from 
numerical stability considerations. 

That is, the 6% produced are small enough. 
25 Because of the necessity of numerical integration, a discretized 

time scale [l, N] is used. That is, [ to,  tf] is divided into N-1 steps; a 
time N1 analogous to t l  is then chosen. In practice, it is necessary to 
ensure that the basic time interval t j - to/(N-1)  is small enough to 
guarantee that a time NI can be found such that (91) is satisfied. 
Normally, C=O.5, but if no NI can be found using this value, Cis set 
to zero. In practice (see [3] ,  [4]), i t  is necessary to subdivide the in- 
terval [ l ,  N,rf] instead of [l, N) where N,ff is the time a t  which 
la(3; 1)  I becomes greater than zero. 

Using a nominal control i i l t l ;  t e[to,tf1 run a 
nominal T l t l  trajectory. Calculate the nommal cost l- V (FOO;tOl. Store the X and ii trajectories and ii, 

backwards from I f  to lo,oll the while minimizing 

H w r t u to obtoqn u*.ond storlng u*(tl Calculate 
the jumps in VXx at switch times of u*ltl, and stare 
Pits,); I = I ns Note also the t m e  Neff when I alE,t)l 
becomes greater than Ti Ti chosen from numerical 
Stability considerations 

t 
Apply the ‘step size adjustment method’ I s  o m.1 to 
obtorn o new improved trajectory. I f  the current nommal 
control is opttmal or If on Improved control cannot be 
found, then s a m. holts the Computation 

t 

4 

I f  an improved trojectory IS obtained. replace the old 
nominol F, ii, and D by these new values 

Fig. 3. Flow chart 111: the overall computational procedure. 

D. Characteristics of the Algorithm 
1) I t  is believed that  this is the first time that  dy- 

namic programming has been used to derive a second- 
order algorithm for solving bang-bang control prob- 
lems.26 The approach explicitly uses the bang-bang 
structure to find a local linear feedback controller be- 
tween switch time changes and small differences in the 
state from the nominal. This controller is then used to  
generate a new improved trajectory. 

2) If a nominal control is given whose switch times 
are sufficiently close to the optimal ones, then con- 
vergence is quadratic in the sense that (87) is valid. 

E. Suficient Conditions for  a Predicted Reduction in 
Cost at Each Iteration 

Assume in this section that a ( t ) ;  t E  [to, t f ]  satisfies the 
constraints (2). For t E  [to, t f ]  

1) Lfi~(3; t )  v,(x; t ) ] j # o  on a finite time interval; 

2) except at switch points, 
j = 1 . .  . m ;  

E(%, u*, V,; t )  < 1 7 ( ~ ,  t?; V,; t ) ;  u* f G; 

3 )  VtSt , (2 ,  t sd ;  t,J>O; i=l  . . . n,; 
4) the solutions of the differential equations (21) 

are bounded. 

Proof: In  order that  u* be determined by ( S ) ,  i t  is 
necessary that  condition 1) be satisfied, since otherwise 
H is insensitive to uj on a finite time interval. 

For the jumps in V,, at t,,; i = 1 . . n, to be bounded, 
it is necessary by inspection that  . 

Vt,& is,; t,,) # 0. (93) 

Further, since V is to be minimized w.r.t. the switch 
times t,,, i t  is necessary that 

Vt&, L,; t s )  2 0. (94) 

Equations (93) and (94) yield condition 3 ) .  

26 Dyer and McReynolds [17], [18] have independently obtained 
similar results. 
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The predicted change in cost is From (67) and (loo), 

a(xo;  to)  = J ' O [ H ( Z ,  u*, v ~ ;  t )  - ET($, a, V,; t ) ld t .  (95) 

A condition for the negativity of a(x0; to)  is clearly that, 
except at switch points, 

tf 

H(3 ,  a", V,; 2) < H ( 2 ,  a, V,; t ) ;  u* # a. (96) 

In order that the quantities above be bounded, i t  is 
necessary that the solutions of (21) be bounded. 

F. A New First-Order Algorithm 

(10) is truncated after the first-order terms, i.e., 
A first-order algorithm is easily derived if expansion 

V ( Z  + 6x; t )  = V + a + (V, ,  6x). (97) 

The  following equations result: 

-6 = H - H ( 3 ,  a, V,; t ) ;  U(t f> = 0 
(98) 

-V, = a; V&f) = F,(2.(2,); t,) 

where the above quantities are evaluated at 2, u* 
unless otherwise stated; u* is given by (5) as before. 

The  new control is given by 

u(t) = .u*(t); 2 E [ t o ,  d. (99) 

The  step size adjustment method of Section 11-B is used 
to ensure that  6x remains small enough. 

The  algorithm is the same as the first-order method 
described in [3]; i t  is, therefore, not discussed further 
here. 

G. A New Second-Order Algorithm for Fixed-End-Point 
Bang-Bang Problems 

First, k in Section I-G, H, and I is set to  a nominal 
value of &. The 6, Vzl and V,, equations are integrated 
backward, and jumps in V,, are calculated at switch 
times. The computational procedure of Section 11-C 
is used to solve this free-end-point problem. Along the 
optimal trajectory, the following equations hold : 

-6 = 0 

The  differential equation for V , k  may now be integrated 
backward along this trajectory. At  switch points, (69) 
determines the jumps in v z k  and V k k .  Not that  v k k  

is a piecewise constant function of time. 
A t  t = to, 

P(x0, 6 + 6 k ;  to> 

= V(xOt 6; t o )  (J'k, 6 k )  + @ k ,  v k k ( 6 k ) .  (101) 

v k ( X 0 -  h ;  10) = $'(z(tf); tj). (102) 

In  order to reduce vk(t0) and hence P to  zero, differ- 
entiate (101) w.r.t. 6k and equate to zero: 

V k ! t o  + VkkltoGk = 0 (103) 

whence 

6 k  = - Et7/&-'V,'klt0 (104) 

where E ,  O < E <  1, is present to ensure that  6k is not SO 

large that  it invalidates the above expansions. For E 

sufficiently small, (104) ensures a reduction in V k .  

6 k  given by (104) is then used in (71) to compute the 
required changes in switch times which will result in a 
reduction in the end-point error \k. 

Equation (71) becomes 

6&, = - Vtst*-'(2, A, t q ;  & J [ ( V k t s ( %  6, LJ, 

- eVkk-'Vk1t3) f (Vzt,(%; &, & i ;  f a , ) ,  6x(&i))\. (105) 

H. The Overall Computational Procedure 
1) Set k = 6  and solve the resulting free-end-point 

problem using the method of Section 11-C; go to  
step 2). 

2) Integrate the V &  equation backward and com- 
pute the jumps in V,k and V k k  at switch times of u*(t). 
Use (105) to compute the new control function.27 For 
E sufficiently there will be an improvement in 
the terminal condition error. Check I a(xo ;  to) I ; if this 
is less than vl, repeat this step to reduce the terminal 
error further; if I a(x0; t o ) l  is greater than 71 repeat 
step 1). 

When I a(xo ;  to) I < v ,  and I I / ; c ( % O ,  k ;  t o )  I <72, stop the 
computation. 71 and 72 are small positive quantities. 

I .  Suficient Conditions for a Predicted Improved Tra- 
jectory at Each Iteration 

Sufficient conditions to  guarantee a(x0, 6; to) <0, and 
hence a predicted reduction in cost for the free-end- 
point problem with k = 6 ,  have been given in Section 
11-E. 

A sufficient condition for a predicted reduction in 
terminal error is, from (104), that  

V k k ( X 0 ,  w ;  t o )  (106) 

be invertible. Sufficient conditions to ensure (106) are 

1) there must be at least s switchingsZ9 of the control 

2)  s of the vectors V k t ,  (3, 6, t,; tSi) must be linearly 

Proof: From (66), (67), and (69), 

u*(t)  in the interval [tal if], i.e., n,>s; 

independent: j E  { 1 
1 n, 1 .  

Using the procedure of Section I I-A. 
z8 c is chosen experimentally. 
29 k is s-dimensional. 
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Because Vt,t, is assumed positive (Section 11-E) and 
the dyads V k t ;  V t , k  are positive semidefinite, V k k  is at 
worst negative semidefinite. If v k k  is negative definite, 
then i t  will surely be invertible. Clearly, for F'kk to be 
negative definite, i t  must have full rank s; thus, in the 
above summation, n, must be greater or equal to s, and 
s of the dyads must be linearly independent. 

J .  Computed Examples 
The computed examples in this section serve to  illus- 

trate the usefulness of the second-order algorithms. 
Example 1: The example is that  of Section I-E. How- 

ever, the upper limit of integration in (44) is taken as 3 
seconds: 

Initial conditions for (43) are 

Sl(0) = 1 

xz(0) = 0. 

The new second-order algorithm of Section 11-C was 
programmed ; a fourth-order Rung-Kutta integration 
routine was used, and the interval [0, 31 was divided 
into 500 steps. A nominal control 

a(t) = + 1; t E [ t o ,  t/l (110) 

was used; this produced a nominal cost of 12.1. 
Fig. 4 illustrates the cost as a function of iteration 

number. The reduction from 12.1 to  the optimal value 
of 0.383 was accomplished in five iterations. Fig. 5 
shows phase plane portraits for some iterations, illus- 
trating the movement of switch points from iteration to  
iteration. 

Example 2:  This example is one tried by Plant and 
Athans [I61 using a boundary value iteration method. 
Plant and Athans considered the problem of hitting 
the unit sphere centered on the origin of the state 
space of a linear system in minimum time. 

Here it is convenient to consider the following prob- 
lem formulation: 

f l  = - 0.5x1 + 5x2; 

f 2  = - 5x1 - 0.5x2 + u ;  

k3 = - 0 .6~3  + 10x4; x3(0) = 10. (111) 

x1(0) = 10. 

x2(0) = 10. 

f k  = - 10x3 - 0.6~4 + U ;  Xq(0) = 10. 

( u )  51. 
Minimize V = ( ~ ( t ~ ) ,  x ( t / ) ) ;  tf = 4.2 seconds. (112) 

1.5 

f. 0 

COST 
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\ 
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\ 
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Example 1 : cost versus iteration. 
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1 

t.5 
XI - 

Fig. 5. Example 1 : phase plane portraits. 

A Runge-Kutta fourth-order integration routine was 
used with 300 integration steps. A nominal control 

~ ( t )  = + 1 ; t E [0, 4.21 (113) 

was used and this produced a cost of 4.12. The second- 
order algorithm reduced this cost to the minimum value 
of 0.996 in two iterations. Fig. 6 shows the cost as a 
function of iteration number, and Fig. 7 shows the 
nominal and optimal control functions; note the dif- 
ference in structure between these two control func- 
tions. 

Example 3: For a fixed-end-point problem, using the 
same dynamics as (111) minimize 

V = x&) (114) 

subject to  
~ l ( t 1 )  = 2.3 

xZ(f/) = 2.4 (115) 
x&) = 1.5 
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Fig. 7. Example 2: nominal and optimal controls. 

where tf is set a t  2.5 seconds. 

grammed. The following nominal values were used: 
The  algorithm of Section 11, G and H was pro- 

~ ( t )  = + 1 ; t E [O, 2.51 
(116) 

K I  = w z  = A 3  = 0.50. 

Using the preceding nominal control, i t  was found that  

X l ( t j )  = 2.81; 
~ 3 ( t f )  = 1.99; 

X z ( t j )  = 3.06; 
X q ( t j )  = 2.51. (117) 

After seven iterations of the procedure, the following 
data  were obtained: 

~ l ( t f )  = 2.30; 
~ a ( t f )  = 1.50; 

X z ( t j )  = 2.40; 
~ q ( t f )  = 2.31. (118) 

The optimal values of the Lagrange multipliers are 

k1 = 1.07; k z  = 0.98; k3 = 0.99. (119) 

The optimal control has six switchings, Le., 

n, = 6 > s = 3. (1 20) 

0.20- 

P - 

0.10- 

ITERATION 

Fig. 8. Example 3: (xl -2.3)2+(xz-2.4)2+(xr- 1.W [ t j  
versus iteration. 

Fig. 8 shows the quantity 

versus iteration number; this illustrates the reduction 
in terminal error at each iteration. 

CONCLUSION 
In this paper, a class of nonlinear control problems, 

linear in the control variables, was studied using differ- 
ential dynamic programming. The  approach yields new 
insight into the behavior of this class of problems. In  par- 
ticular, for the free-end-point problem, i t  was shown 
that  V,  is continuous throughout the state space and 
that  V=, experiences jumps at switch points of the con- 
trol function. Equation (35) is a new necessary condi- 
tion for optimality in bang-bang problems. The fixed- 
end-point problem was converted into an  equivalent 
free-end-point problem by adjoining the end-point con- 
straints to  the cost functional using Lagrange multi- 
pliers; a useful interpretation for Pontryagin's adjoint 
variables for this class or problems emerges from this 
treatment. 

The approach yields differential equations and jump 
conditions satisfied by the partial derivatives of V along 
nonoptimal trajectories. In  Section 11, these results 
were used to devise algorithms for determining the 
optimal bang-bang control by successively improving a 
nominal guessed control function. The algorithms may 
be thought of as generalizations of successive sweep 
type methods to  control problems with discontinuities. 
The  ability of these algorithms to  solve actual numeri- 
cal examples rapidly was demonstrated by the com- 
putation of three control problems. 

I t  is hoped that  in a future paper computational 
methods for solving singular and state inequality con- 
strained problems will be described. 
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APPENDIX 

A.  Derivation of Expression (29 )  

For convenience, (28) and (27) are repeated here: 

v - ( w  + 6 4 t s ) ,  t, + 6 t s ;  t s )  

t s + l t s  

= J t 8  

L ( Z ( T )  + 6 X ( T ) ;  7 ) d T  

f v+(Z(t,) + ax(&) + Ax(t, 4- tit,); f, + st,) (122) 

where 

Ax(T) = (‘f(f(T1) + ~ x ( T I ) ,  u-; T ~ ) ~ T I .  (123) 
J 8.s 

I t  is required that  the r.h.s. of 
second order in 6x and at, about 

Consider the first term on the 
t*+lts l, L ( ~ ( T )  + ; T ) ~ T  

(1 22) be expanded to 

r.h.s. of (122):  
W,) ; t,. 

1 dL 

2 d f  
+ - - (*(is) + 6x(tS); t8)6ta2. (124) 

[Quantities in (127) and (128) are, unless otherwise spec- 
ified, evaluated at ?( t s ) ;  t,, and the superscript - on 
f and its derivatives has the same meaning as indicated 
in (126).] 

Using (128) in (127), the r.h.s. of (127) becomes, to 
second order, 

v+ + (V,+, 6x + f-st, + fz-6x6t, + + f f t 6 t S 2  

+ +fz-f-St,Z> + vt+st, + (V,t+; 6x + ,fst,>sr, 

+ 4(6x, Vzz+6x) + (6x, Vzz+f-)6t, 
+ $(f-, Vzz+f-)6ts2 + $Vtt+6ts2. 

(129) 

Define 

H y q t J ,  UT, Vz+(3(ts); 4 ) ;  4)  
= L(Z(ta); t s )  + ( v z + ( Z ( & ) ;  ts),f(Z(4), uT; is)). (130) 

Adding (125) and (129) and using (130), the following 
expression for the r.h.s. of (122) (to second order in 
ax(&);  st,) is obtained: 

v+ + (V,+, 6x) + $(Ax, Vz,+6x) + (H-  + V;t)St, 

+ (az- + V,z+f- + v,t+, 6x)6t, 

+ +[at- + vts + (a,-, f-) + 2( vzt+, f-> 
+ (f-, vz,+f-)J~l.?~ 

(131) 

[quantities evaluated at %(is); t,.] From (18), 

(132) 

(133) 

vt+ = vt+ + at+ = - B+ 

vzt+ = - a,+ - V,,+f+. 

Differentiating (131) w.r.t. time, 

d 
- dl (Vt+ + a+) 

a a 
= - (Vt+ + H+) +I- (Vt+ + H+),f+\ - 0 (134) 

at \ax /-  
whence 

v,t+ = - Hr+ - 2(Vzt+,f+) - (Hz+,f) 
- (f+, V,z+f+). (135) 

Substituting (133) into (135), 

vtt+ = - Ht+ + 2(Hz+,f+) + 2(f+, Vzz+f+) 

- (a,+, f’) - (f+, V%ZB+f+) (136) 
= - H,+ + (a,+, f+> + (f, Vzz+f+>. 

v+ + (Vz+, 6x) + $(Sx, vz,+6x) + (H-  - H+>St, 

+ (Hz- - Hzf + Vzz+(f- -f+), 6x)6t* 

+ + { H*- - Ht+ - (B,-, f- - P) 

+ (f- -f+, Vzz+V- -f+))j6ts2 

Substituting (132), (133), and (136) into (131), 

+ (f-, a,- - rrZ+) 
(137) 

[all quantities evaluated a t  z(ts) ; t s ] .  Expression (137) 
is exactly (29). 
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A Note on Error Analysis in Dif- 
ferential Dynamic Programming 

Abstract-In [1]- [4] new algorithms 
for determining optimal control of non- 
linear systems are described. This corre- 
spondence provides by means of an error 
analysis alternative justification for the 
neglect of certain terms in the derivation of 
those algorithms. 

ERROR ANALYSIS 
We shall consider the class of optimal 

control problems discussed in [3] .  Similar 
conclusions can be drawn for those de- 
scribed in [ l ] ,  [2], and [41. 

Consider the following control problem 
formulation 

2 = fi(Z,t) +fu(z,t)u, z(t0) = 2 0  (1) 

(2) V(zo,to) = Jtr L(z,t) dt + F(z(tf))  

Here, z is an n-dimensional state vector, 
and u is a scalar control. fi and fu are 
n-dimensional vector functions of z at 
time t. The functions L and F are scalar. 

The problem is to choose the control 
function u( .) to satisfy (3) and minimize 
V(zo,to). Assuming that the preceding 
optimal control problem is nonsingular, 
i t  is clear that  the optima.1 control func- 

Iul 2 1 .  (3) 

tion is bang-bang. 
I n  [1]-[4] a nominal control function 

a( . )  is presumed known; a nominal 
trajectory z(-) results on the application 
of LZ( .) in (1). Thecorresponding nominal 
cost is denoted by V(zO,tO). The derivation 
of the algorithms proceeds by writing the 
Bellman equation' in terms of the nominal 
functions *(.) and a(.), i.e., 

= min [L(z  + 62,t) +(Vz(Z (4) 

4i1" 6z,t),f(Z + 6z,fi+6u,t))l 

where, for convenience, 

f(z,u,t) =_ f1(z,t) + fu(z,t)u. ( 5 )  

The cost V(a+6z,t) is expanded in a 
Taylor series as follows: 

V(2 + 6z,t) = V(2,t) + (VZ,62) 
1 +2 (62,VzzSz) (6) 

+higher order terms 

and V(2,t) is written as 

V(Z,t) = V(2,t) + a(2,t) (7) 

where V(Z,~)  is the cost incurred when 
starting the system in state 2 at time t and 
using the nominal controls a ( ~ ) ,  T E  [t,tr]. 
The quantity a(2,t) is thus the change in 

cost produced by- the control variation 

I n  [1]-[4] i t  is assumed thatY6z is kept 
sufficiently small to allow one to truncate 
(6) after quadratic terms, yielding 

Su(T), TE [tjtfl- 

Differentiating (8), one obtains 

Vz(Z + 62,t) = v z  + Vz,6z. (9) 

Equations (8) and (9) are substituted into 
(4), yielding 

a 7  aa 
at at \ at 

----- 

ManuscriDt received November 8. 1968. This 

Applied Physics, Harvard Universitvl Cambridge, 
M&. 

1 The Bellman equation is valid in regions where 
the control is not switching, i.e., between switch 
points (see [31). 

- 
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The algorithms are derived from (10). 
It should be noted that  the term 

<; VZZ26282,f(3 + 62,a + 6u,t) > (11) 

is omitted from (10) owing to the fact that 
Vz(*+6x,t), given by (9), is accurate only 
to first order in 62. However, the term 
omitted is second order in 6x+higher 
order terms, and so i t  may appear as 
though the omission of this term causes 
the resulting algorithms, developed in 
[1]-[4], not to be accurate to second- 
order terms. This correspondence demon- 
strates by the use of a straightforward 
error analysis that the neglect of the term 
(11) is legitimate by showing that the 
error introduced into a(t)  is third order. 

If the term (11) is included in (lo), 
then i t  is easy to show that the following 
differential equations hold : 

-6  = H(3,U*,VZ,t) - H(3,a,Vz,t) 

- vs = H,(3,u*,Vz,t) + V,z[f(2,u*,t) 

- v z z  = Hzz(3,u*,Vz,t) + f z T ( a u * , t )  V,, 

- f (3JB,t)  1 
(12) 

+ V,,fz(3,u*,t) + - V,,, [f(3,u*,t) 
1 
2 

1 
- f(W,t) 1 + 2 V($,U*,t) 

- f(3,W) l ~ v z z z  

H(x,u,Vzjt) = L(zjt) + (‘CT,,f(x,u,t)) 

where 

(13) 
and 

u* = arg min H(*,u,Vz,t). 
u 

The preceding equations are identical to  
those obtained in [3] except for the 
appearance of V,, in the V,, equation. 
Note that 

f (Z ,u* , t )  - f(%,B,t) = fU(u* - a). (14) 

If the V,,, terms are neglected, then 
Aa(t), the error in the predicted change in 
cost, is clearly of order 

while a(t)  is of order 

because the problem is assumed to be 
nonsingular. For lu*-al of order E, 

A&) is of order €3 and a(t)  is of order E. 
Alternatively, for ( t j - t )  of order E, A&) 
is of order €3 and a(t) is of order E .  I n  
either case a(t) is an estimate of the true 
predicted change in cost, the error in a(t)  
being third order. 

Owing to the neglect of the V,,, 
terms, an error in the switch times of u* 
of magnitude 

At, = - Vtsts-lfUTAV2 I (17) 

is introduced.2 However, AV,, the error in 
V,, is clearly second order in E. The error 
introduced into a(tJ is, to second order 
in At8, from [3], 

1 
AtsVt, - Vt,t,Ats2* (18) 2 

At a switch time, Vt, = O  (see [3]) and so 
the error introduced into a(t,) by Ats is of 
order e4. The upshot of the preceding 

argument is that  the neglect of the Vm= 
terms in the V,, equation introduces a 
third-order error into the estimate of the 
predicted reduction in cost. The step size 
adjustment method described in [2], [3], 
and [5] ensures that this third-order 
error term is negligible, and hence that a 
reduction in cost occurs by applying the 
new control function a t  each iteration 
only over a time interval [t&], where tl 
is chosen to be sufficiently close t o  t f .  

CONCLUSION 
It has been demonstrated that the a 

priori neglect of certain terms in the 
development of the differential dynamic 
programming algorithms described in [3] 
introduces a third-order error into the 
estimate of the predicted change in cost. 
The preceding error analysis extends (see 
[5]) t o  the algorithms given in [I], [Z], 
and [4]. 

D. H. JACOBSON 
Div. of Engrg. and Appl. Phys. 

Harvard University 
Cambridge, Mass. 
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:ather than the calculus of variations,  for determining the optimal control function of i 

ionlinear system. Unlike conventional dynamic programming where the optimal cost  
:unction is considered globally, differential dynamic programming applies the principl 
>f optimality in  the neighborhood of a nominal, possibly nonoptimal, t ra jectory.  This 
sllows the coefficients of a l inear  o r  quadratic expansion of the cost function to be con- 
mted in r eve r se  t ime along the t ra jectory:  these coefficients may then be used to yielc 
L new impridved t ra jec tory  (i. e . ,  the algorithms a r e  of the "successive sweep'J w). 

A class of nonlinear control problems,  l inear  i n  the control variables,  i s  studi 
ising differential dynamic programming. It is  shown that for  the free  ;end-point probl 
;he first par t ia l  derivatives of the optimal cost  function a r e  continuous throughout the 
jtate space, and the second par t ia l  derivatives experience jumps at switch points of th 
:ontrol function. A control problem that has  an  analytic solution is used to i l lustrate 
;hese points. The fixed-end-point problem is converted into a n  equivalent free-end-pc 
3roblem by adjoining the end-point constraints to the cost  functional using Lagrange 
multipliers: a useful interpretation for Pontryagin's adjoint variables for this type of 
?roblem emerges  from this t reatment .  

The above resul ts  a r e  used to devise new second- and f i rs t , -order  algorithms fc 
letermining the optimal bang-bang control by successively improving a nominal guessc 
zontrol function. The usefulness of the proposed algorithms is i l lustrated by the com- 
?utation of a number of control problem examples.  

The correspondence provides by means of a n  e r r o r  analysis justification for th 
neglect of cer ta in  t e r m s  in  the derivation of those algorithms. 
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