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ABSTRACT

Title of Thesis: Rates of Convergence for Iterative
Methods for Nonlinear Systems of Equations

Robert Gary Voigt, Doctor of Philosophy, 1969

Thesis directed by: Professor James M. Ortega

The rate of convergence for iterative methods of the

form

+ -
(1) xkl=G(xk....,ka),k=m,m+l,...,

is considered. Linear convergence theorems are given and
applied to some well-known iterative procedures, and necessary
and sufficient conditions are given for superlinear conver-
gence.

Several higher order rate of convergence theorems are
given for procedure (1) including sufficient conditions for
obtaining the precise order of convergence. These theorems,
as well as other techniques, are used to give the precise
order of convergence for the secant method and Steffensen's

method, in particular.
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INTRODUCTION

In this paper we shall be concerned with iterative

methods of the form

+
(1) k+1 k k

I:x = G(x ,...,X —m),k =m,m + 1,...,

o m . .o . *
where X ,...,X are given, for finding a point x such

* * * * * 2 m
that x =G(X ,...,X ) , or perhaps, X = G(X ,¥ ,...,Y )
where the yl are arbitrary. We shall primarily be
interested in the case when the arguments of G are elements
of R" , but many of the results will hold if the arguments
of G are elements of an arbitrary Banach space.

We shall investigate the rate at which the sequence

k , *
{x '} generated by (1) converges to the point x . To
facilitate this investigation we shall use three measures of
* *
the order of convergence denoted by OR(I,X ), OQ(I,X )
*

and OWQ(I,x ) . The R and Q measures have been
thoroughly studied by Ortega and Rheinboldt [1970], and
since many of their results will be useful in our analysis,

the chapter of their forthcoming book containing these

results is reprinted essentially in total in the Appendix.

1




irst chapter and

h

The WQ measure is developed in the
stems from a measure used by Ostrowski [1966].

hapter I we shall be interested in distinguishing
between linear and superlinear convergence of the process
(1). 1In particular, we shall give linear convergence
theorems for (1) and apply them to several well-known
iterations, and we shall also give necessary and sufficient
conditions for (1) to have superlinear convergence. A
certain amount of work in this direction has already been
done; for example, Ostrowski [1966] has given a convergence
theorem for the process (1) when m = 0 , and Ortega and
Rockoff [1966] have given the rate of convergence and a
necessary and sufficient condition for superlinear con-
vergence in the R measure for the same procedure.

In Chapter II we shall be concernedeith the precise
order of convergence of process (1). Almost all convergence
theorems found in the literature provide only a lower bound
for the order of convergence. As well as giving results of
this type for (1), we shall also give sufficient conditiOns
for the order of convergence to be precisely the lower bound.
To date the only result on precise ordef may be found in

Ortega and Rheinboldt [1970] where sufficient conditions are



given for Newton's method to have precisely quadratic
convergence. We shall give a similar result for an
n-dimensional secant method. Korganoff [1961], Schmidt
[1966], and Ortega and Rheinboldt [1970] have all given
convergence theorems for the n-dimensional secant method
showing that the order of convergence is at least l%¥5 ,
but even for the one-dimensional secant method the precise
order apparently has not been given. In addition, we

shall analyze other methods including a procedure given by
Traub [1964] and Steffensen's method which has been studied

in n dimensions by Chen [1964], Wegge [1966], and Ortega

and Rheinboldt [1970] among others.




CHAPTER I
LINFEAR AND SUPERLINEAR CONVERGENCE THEOREMS
Section 1.1
Introduction

In this chapter we shall be interested in local con-
vergence theorems for single-step and multi-step iterative
procedures. By a multi-step iterative procedure we shall

mean an iteration of the form

k+1 k —m-+
(1) I:x = G(x ,...,xk m l),k =m - 1,M ...,

m n,m n i
where G:D < (R) = R and xl €D for i =0,c6es,m =1
are m given starting points. Throughout this paper D
denotes the cartesian product of D m times, and if

x € R" then x = (x ,...,xn)T . A single-step iterative

1
procedure is given by (1) when m =1 .

Of particular interest will be the asymptotic rates of
convergence of these procedures with emphasis on the

difference between linear and superlinear convergence as

measured by two concepts, the root and guotient convergence

4



5
factors denoted by R and Q respectively. A complete
discussion of these factors is given in the Appendix which
is basically a reproduction of parts of Chapter 9 of a
forthcoming book of Ortega and Rheinboldt [1970].

It should be pointed out here that in many of the
results in this paper involving the R factors a specific
norm is chosen to facilitate the proof. According to
Theorem A.2.2 the R factors are independent of the norm
so that this in no way limits the generality of the result.

As was mentioned above, we are only interested in
convergence theorems of a local nature. By local convergence

*
of the process (1) to a point x we mean that the iterates

* me
of (1) converge to x whenever xo,...,x 1 are sufficient-

*
ly close to x . This is made precise by the following
concept (see Ostrowski [1966]) .

Definition 1.1.1. Let G:D"c (R™M™ o R” . Then

*
b4 is a point of attraction of the iteration (1) if there

x
is an open neighborhood DO of x such that DO < D and

for any xo,..,,xmml € DO , the iterates {Xk} defined by

*
(1) all lie in D and converge to X .

Before continuing we give some notation which will be

used throughout this paper. If X and Y are Banach
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spaces, then £(X,Y) denotes the set of linear operators

from X to ¥ and is abbreviated &(X) when X = v .

Thus S(Rn) is the set of nxn matrices, If A ¢ £(Rn)
then we denote the elements of A by ai,j y 1,3 =1,...,n ,
and the columns of A, ai s i =1,...,n . If A is a
diagonal matrix, then we write A = diag(dl,...,dn) , Or

diag(di) if the value of n is clear., If A ¢ g(Rn)
has eigenvalues xl,...,xn then the spectrum of A is

denoted by o(a) = {xl,...,xn} and the spectral radius

of A by p{A} = max ‘X.l . If a, . = 0(=0) for
. i i,3
l<i<n
i,j=1,...,n , we write A 2= 0(<0) .

For x € X and r >0 we define the set S{x,r) =

{vex : |x-y|l<r} where ||-|| denotes a norm on X , and

S(x,r) will denote the closure of S(x,r) . The most

frequently used norms on R will be the “infinity" norm
n

x| = max |x,| and the "one" norm Hxnl = Z \xi‘ .

l<ign i=1

If the norm is not specified it may be chosen arbitrarily.
It will occasionally be necessary to refer to a point x
in the interior of an arbitrary set D ; this will be done

by the notation x € int(D) .



We shall conclude this section with some results
from the theory of Frechet differentiation. A complete
discussion of this subject may be found in Vainberg [1964]
or Dieudonné [1960].

Definition 1.1.2. Let F:X - Y where X and Y are

real Banach spaces. If for some x € X and A € £(X,7)

|F (x+h) -F (x) -Ahl| _

lim
o ™
then F is said to be Frechet differentiable, or for this
paper differentiable, at x with the derivative A denoted
by F'(x) and the differential Ah by F'(x)h .
It should be pointed out that if F:R© - R® then

F(x) is represented by (£ (x),...,fn(x))T and F'(x)

1
afi(x)

G

We shall frequently be interested in partial derivatives;

i

is the Jacobian (ajfi(x))

if G:X" - Y then the partial derivative of G with respect

to the ith vector variable will be denoted by giG(xl,...,xm) .
We shall also be interested in higher derivatives. We may
obtain the pth derivative of ¥ by applying Definition 1.1.2
to F[pml](x) . In this way we obtain the second differential

of F which may be represented by




N s UL R ] i X T T
[F" (x)hk]" = (h Hy (kb H, (0K, ...,h Hn(x)k)m

where Hl(x};a,o,Hn(x) are the Hessian matrices of

f ,e0.,f at x ¢ that is
1 n

H (x) = (aiaij(X)) .

Note that in keeping with the above notation the pth

partial of G with respect to the ith variable will be

denoted by BEG(Xl,...,Xm)

We conclude this section with the Taylor Expansion
theorem which will be useful throughout this paper.

Theorem 1.1.3. Suppose that F:D c X - Y is p

times continuously differentiable on a convex set Do < D .

Then for any x,y € DO we have

p-1
PG = Fly) + ) 2 FO () ot
i=1

1 p-1
+ 0 i%;%%yrﬁ F[p](x+t(y—x))(y—x)pdt .
0 !

Here F[i](y)(y—x)i denotes F[i](y) operating on (y-x)

i times.



obtaining, when p = 2 for example, the following expansion

m
1 m 1 mo, 1 M3 3
G(x ,coo,X ) - G(y Ioooly ) + ZJ@_J-G’(Y :-..:y )(yj—xj)
J=1
1 m m
27 T 1.1
+ j (1-t) 2‘ ZIQJQJG(Xl+t(y -X ),...,xm+tbﬁq455)
0 T
i=1 j=1

(yi-xb) (yI-xd)at .
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Section 1.2
Linear Convergence Theorems

In this section we shall give linear convergence
theorems for multi-step iterative procedures. The first
theorem is based on the following well-known single-step
result; the convergence statement is due to Ostrowski [1966]
and the rate of convergence statement is due to Ortega and
Rockoff [1966].

Theorem 1.2.1. Let G:D < R" - R" . Suppose that

* * *
there is a point x € int (D) such that x = G(x ) and
* *
G 1is differentiable at x . Then if p = pf{G'(x )} < 1,
* . \ . . k+1 k
X is a point of attraction of the jiteration I:x = G{(x)
* *
and Rl(I,x ) = p . Moreover, if o > 0 , then OR(I,x ) =
0 (I,x) =1
I,x = o
Q
We now give the multi-step result analogous to
Theorem 1.2.1.

Theorem 1.2.2. Let G:D" ¢ (Rn)m -~ RT . Suppose that

* * * *
there is a point x € int(D) such that X = G(X ,e..,%X )
. * *
and G is differentiable at (x ,...,Xx ) . Let

* *
H., = BiG(X yeooyX ) for i =1,...,m and
i [
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bt
o
@
®
@
]

(1) o= ' ‘ L

*
Then if p = p{H} <1, x is a point of attraction of the
kS
iteration 1.1-1 and Rl(I,x ) = p . Moreover, if p >0 ,

* *
then OR(I,X ) = OQ(I,X y =1 .

k k-m+
Proof. Set 2z = (xk,...,x m l) , for k=m - 1,m,...,

* * * k
and z = (x ,...,X ) where Xx is any sequence generated

by G . Define E}:Dm c (Rn)m by

. 1 m 1 m 1 -1
GV ooy ) = (GY s1eeesY )Wy ,...,ym ) .

Then zk 1 = G(zk) . Since G 1is differentiable at

* * ~ *
(x ,...,x ) , we have that G 1is differentiable at =z

~ x *
and G'(z ) =H . Thus p{G'(z)} =p <1, so that by

*
Theorem 1.2.1 z is a point of attraction of the iteration

PN * *
12:2k+l = G(zk) and Rl(Iz'Z ) = p . Hence, x is a

point of attraction of the iteration I and we now show

*
that R (I,x) =p .

Let ‘xk be any sequence generated by G and set
szH = max kaniﬂ . Then ka‘X*H < Uzk—z*ﬂ . hence,
O<igsm~1

Rl{xk} = lim sup kaax*ﬂl/k < lim sup sz_z*nl/k

o0 T -0

= p -




12

) ] k ,
Now assume that 0 <« Rl{x 1 = g <p . For any 1 satisfying
0 < i=<m- 1, notice that
-5 % i kei  k
log @ - 1/k log ka tox | = log a - kii log HXK tox I
il o kei %7
* k Lk-i Hx N 4 -
Hence, log ¢ - lim sup % log ka_l—x*H =0 ; or for any i
koo
—_ *
satisfying 0 < i £ m - 1, 1lim sup ka Tox Hl/k = o . But
k=
*
p = lim sup sz—z Hl/k
k-
~ - : *
= 1lim sup { max ka Tox H}l/k
ko o O<ism-1
= o

which is a contradiction. If o« = 0 one can show in a

k=i )k

completely analogous fashion that 1lim sup ||x 0

ko

for any i satisfying 0 £ i £ m - 1 , and hence again

reach a contradiction. Thus Rl{xk} = p and since {xk}
*
was arbitrary we have that Rl(I,x ) =p .
Moreover, if p > 0 we have immediately from
*
Definition A.2.5 that OR(I,x ) = 1 and by Theorem A.3.1
* *
that Ql(I,x ) >0 . Then if Ql(I,x ) < » , by
*
Theorem A.1.3 Qp(I,x ) = for all p > 1 , and by
*

Definition A.1.5, 0y (I,x) =1 ; likewise, if
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% %

Ql(I,X Vo= e, OQ(I,X } = 1 , Hence we have shown that
3 *

if p > 0 , then OR(I,X Y o= OQ(I,X } =1 . Q.E.D.

We shall now consider various special conditions on
the iteration function G which guarantee that p{H} < 1
where H is given by relation (l1). We first give a lemma,
an elegant proof of which may be found in Weinitschke [1964],
about the roots of a particular polynomial.

Lemma 1.2.3. Let ai,i =1,...,m, be complex numbers

m
which satisfy the condition Z \ai\ < 1 . Then all of the
i=1

roots of Xm = alxm—l R o ~are less than unity in

modulus.

We now have the following result as a corollary of Theorem 1.2.2.

m
Corollary 1.2.4. Let G:D C (Rn)m - Rn . Suppose

*
that there is a point x € int (D) such that

* * * , . . * *
X =6G(X ,...,x) and G is differentiable at (x ,...,x ) .
* *
Set «, = HgiG(x yeeesx )|, for i =1,...,m , and assume
m

!

that z.di < 1 or, more generally, that all of the roots
i=1

of U = alxm“l F oo ot o are less than unity in modulus.

&
Then x is a point of attraction of the iteration 1l.1-1

*
and Rl(I,x ) = p{H} where H is given by relation (1).
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m
Proof. IE Z o. < 1 , then by Lemma 1.2.3 all of

_ m m- v ; :
the roots of )\ = A . tooot a are less than unity in

%

modulus, so we may proceed with the proof under this

assumption.
CTUEEE
10.-..0
0. . .
Let H' =(. . . . . |- Then by hypothesis
0 ...01 0
p{H'} < 1, so there exists a norm |+|| such HH‘HI <1,

Now we define a norm on £{(Rn)m} in the following way.

Let A € £{(Rn)m} be given by . . where

A coe A
\ m,1 m,m )

B 5 € £(R™ for i,j3=1,...,m , and set

S I - S

Il = | . : :

la, yl e la

It is easily verified that |l-]|* is indeed a norm. Thus we

have



I»_‘.!
o
o

|-
Jo. . .01 0

and consequently p{H} < 1 . The result now follows from
Theorem 1.2.2. Q.E.D.
. . * *
We now have a condition on HgiG(X peeesx )
i=1,...,m , to guarantee that p{H} < 1 , and it is

natural to ask if a condition can be given in terms of

* *
p{giG(x yeeor,x )Y , i=1,...,m ; that is, does

* *
p{giG(x yee.,X )} <1 imply that p{H} <1 . The
1

[~1 =

il

i

following example provides a negative answer.

Hl Hz 0 1

Example 1.2.5. Let H = I 0 where Hl =10 0
0 0

= . + = H ]
and H2 y 0 Then p{Hl} p{Hz} 0 ; however, it
. . . : 1/3

is a simple exercise to verify that p{H} = ¢ . Hence,

m

\

* *
we can have L p{QiG(x yeeesX )} =0 but p{H}
i=1

arbitrarily large.

Thus in order to insure that p{H} < 1 we must add

an additional assumption. This we now do with the aid of



i6

the following lemma, the proof of which may be found in

Polyak [1964].

Lemma 1.2.6. Let A € £{(R)™} Dbe given by
Al,l ot Al,m
A = . . where A, i € S(Rn) for i,j = 1,...,m
eos A
LAmrl m,m

Assume that the A, . , i, =1,...,m , are mutually

14

commutative. Then for every )\ € o(A) there exist

A. . €o(A, ), i,3=1,...,m , such that ) € o¢(B)
1,] 1.7
,1 0 Mo,m
where B = R . .
Xm,l o Xm,m

Corollary 1.2.7. Let G:D" < (Rn)m - Ré . Suppose

*
that there is a point x € int (D) such that

* * *
X =6G(X ,...,¥x) and G 1is differentiable at

* * * *
(x ,...,%x ) . Assume that the giG(x R

i=1,...,m , are mutually commutative and that

* - * *
giG(x reeesX ) <1 . Then x is a point of attraction

1

>~ B

i

%
of the iteration 1.1-1 and Rl(I,x ) = p{H}! where H is

given by relation (1).
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* &
Proof. Since the QiG(x peeesX ) o, 1= 1,...,m ,

are mutually commutative we have by Lemma 1.2.6 that

Myr -ee xm“

_ 1 0o. . .0
for any X € o(H) , X € 0|0 . . . for some

° ° ® ° °

0o . . 010/

* *
Ay € o(giG(x yeooesX )) for i=1...,m . But

m
Z |A;] <1 so by Lemma 1.2.3 all of the roots of
i=1

Xm = Xlxm—l +...+ xm are less than unity in modulus.

Hence, p{H} < 1 and the result now follows from
Theorem 1.2.2. Q.E.D.

It should be pointed out that the condition that
m

b

* *
Z p{@iG(x ,...,%X )} <1 1is by no means necessary for

i=1
o{H} < 1 , for consider the following example.
H) H, 1/8 0
Example 1.2.8. Let H = I 0 where Hl = 0 1/2

3/4 0
= o T = °
and H, 0 1/4 hen p{Hl} + p{Hz} 5/4 > 1 ;

however, it is easily verified that
o(H) = {7¢ (1+,/193,1/4 (1=/5) ;.

Hence, p{H} < 1 .

As will become evident later, many practical multi-

step iterative procedures satisfy the following kind of
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fixed point condition.

(2) ¥ = G(X ¥ seeesV )

for all yj €D,j=2,...,m , where G:D" < (Rn)m - R and

*
X € int(D) . This condition clearly insures that

* * \

QiG(x yeeesx ) =0, i=2,...,m , and hence the commuta-
tivity condition of Corollary 1.2.7 is trivially satisfied.
We summarize this in the following result. (We also note
that a more direct proof, without using Corollary 1.2.7,
and hence Lemma 1.2.6, is easily given.)

Corollary 1.2.9. Let G:D" (Rn)m - rR™ . Suppose

*
that there is a point x € int(D) such that

* * 2 m j .
x =6 ,v ,ee.,y) forall y" €D, j=2,...,m, and G

* * *
is differentiable at x . Then if o = p{giG(x L e X )} < 1,
*
X is a point of attraction of the iteration 1l.1-1 with
RI*
l(:X)'—p.

It is frequently of interest to consider iteration

1.1-1 in the following implicit form

-m+
(3) G(xk+l,xk,...,xk m 1) =0, k=m=-1, m,...
+ +
where G:D" ! c (Rn)m t R" . For the corresponding single-
k+1 %k .
step procedure, G(x , %X ) =0 , Ortega and Rheinboldt [1970]

have given the following result which requires less differen-

tiability than a similar result of Ortega and Rockoff [1966].
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Theorem 1.2.10. Suppose that G:DxD « R'xR" - R" is

continuously differentiable on an open neighborhood Do c D .

&
Assume that there is an x € Do such that

* k3 x *
G(x ,x ) = O,QlG(x ,X ) 1is non-singular, and

* k1 * %
p = P{—[élG(X yX )] QQG(X ,2X )} <1 . Then there is an
k+1

*
open ball S = S(x ,8) < DO such that the seguence {x 1
is well-defined for any x° € S where G(xk+l,xk) =0 ,
*
and X is a point of attraction of the iteration

*®
I:G(Xk+l,xk) = 0 with Rl(I,x ) = p .

We now give the corresponding result for iteration (3).

1 n,m+1 n

Theorem 1.2.11. Suppose that G:Dm+ < (R) - R

is continuously differentiable on an open neighborhood

+ + *

DZ 1 c Dm 1 . Assume that there is an x € Do such that
* * * * . .

G(x ,...,x ) =0, glG(x yeee:X ) 1s non-singular, and

p = p{E} < 1 where

( -1 -1 1
(Hl) H2 . . (Hl) Hm+l
I 0. . . . . . .0
0o . . .
(4) H = . . . . .
L 0 R . . 01 0 )

& &
with H, = QiG(x peeesX ) 1 =1,...,m+ 1

&
Then there is an open ball S = S(x ,8) < Do such that

{Xk+l

the sequence 1 is well-defined for any
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GOl g kL kel

& .
k =m - 1l,m,..., and x is a point of attraction of the

+ —met *
iteration I:G(xk l,xk,.,,,xk m L) =  with Rl(I,x ) = o

Proof. Define G:D"xD™ c ®RM)™x@®@MH™ - ®R’MH™ by

A 1 2 i 2 1 2 1 2
Gy ,y') = (G(yl,y ),y2 - Y reeer¥ T ym—l) where

i i i * * *
yl = (yi,...,y;) € Dt for i = 1,2 . If z = (%X ,ce.,%X )

n,m A k% . . e
€ (R) , then G(z ,z ) =0 . It is easily verified that

le 0. ....0)
0 1. :
S ° © M ° M
glG(z,Z)= . . .
I - T Lo
(0 .. ...0 I

where glé denotes the vector partial derivative of G

with respect to the entire vector variable yl . Hence
. . , * *

G(z ,z ) is non-singular since glG(x reeo,X ) 18

non-singular. Furthermore,

Aok k] A k%

(—l \ 4 N\
Hl o ... O H2 H3 .o Hm+l
0 I . -1 0 .
= - . . . . . =I . .
. . . 0 . . . .
L 0. . .0 I 0 0.-I O
/ \

il

~ * ® ._,l ~ * * —
Hence, p{«[@lG(z .z )] QZG(Z .z )} = pl{H} p < 1 . Thus

by Theorem 1.2.10, there is an open ball S = S(x ,8) < D
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k+
such that the sequence {2z 1} is well-defined for any
R A N V

z° = (Xm l,gee, C)) € s™  where G(zk 1,zk) = 0 : that is,
. e em+1 k41
if we denote zk by (Xk,””@ka m 1) . Z is given by

<+ k -m+2 1, . e
(xk l,x ,...,xk m }  where {Xk } satisfies

+ ~m+

G(xk l,xk,...,xk m l) = 0 . Moreover, by Theorem 1.2.10,
* . . . . , ~ k+1 k
Z is a point of attraction of the iteration I :G(z L Z)

1

* *
= 0 , and Rl(Il,z ) = p ; therefore, x is a point of

attraction of the iteration G(Xk+l,...,xk_m+l) = 0 and, by
an argument completely analogous with the one used in
Theorem 1.2.2, Rl(I,x*) =p . Q.E.D.

It is clear that we could give corollaries to
Theorem 1.2.11 which would be completely analogous to
Corollaries 1.2.4, 1.2.7, and 1.2.9, providing sufficient
conditions for p{E} < 1 where H is given by relation (4).
However, in order to avoid unnecessary repetition, we shall
formally state without proof only the following result. It
is included here because it will be used in the next section.

1 n, mt+l n

+
Corollary 1.2.12. Suppose that G:Dm < (R) - R

is continuously differentiable on an open neighborhood

*

DO < D . Assume that there is an x € DO such that

* ]

* 2 m ;
G(xX ,X ,¥ +4...,¥ ) =0 for all y~ ¢ Do,j = 2,...,m ,

* * . _ * x -1
3,6(x ,..x ) is non-singular, and p = p{—[glG(x yeeorX )]

* ®
QZG(X ,...,%X )} <1 . Then there is an open ball
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., o o e o e kL
S = S{x ,8) C Do such that the sequence {x bois
well-defined for any (Xoyﬁ&a,xmml) € Sm where

k+ k-m+
G(x l,xk,...,x m l) =0 for k=m-=-1,m,..., and

*
X is a point of attraction of the iteration

+ -m+ *
I:G(xk l,...,Xk m l) = 0 with Rl(I,x ) = o .
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Section 1.3

Some Iterative Processes

and Their Asymptotic Rates of Convergence

In this section we shall use the results of the pre-
vious section to determine the asymptotic rates of conver-
gence of several iterative processes for approximating a

*
solution X of the equation F(x) = 0 where F:D C rR® - rR"

This has already been done by Ortega and Rockoff [1966] for
a collection of procedures, two of which will be used here
for comparison purposes. The first of these procedures is

the Jacobi-Newton-Process given by

+
(1) Il:xk L Gl(xk) k= 0,1,...,

. n . .
where the ith component of G,:D < R - R is given by

f.l(X)

i
]

9., (0 =% - T F x
b -

-
'

the second is the Extrapolated—Gauss—Seidel—Newton—Process
given by

+
(2) e 5Ly =0, x=0,1,...,

2 2
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. 2 ‘ :
where the ith component of GZ:DZ o {Rn) - rRY s given by

il

9o (6¥) = 08 Oepuecenxy o¥yeeeenyy) (357y)

+ o wf. (2, 0e.,X. Vs e e }
¢ 1 l“l'yl’ lyn

with ® a real constant.
Before presenting the procedures of interest in this
section, we impose the following conditions on the function
F(x) . Assume that there is a & > 0 such that F is
*
twice continuously differentiable on S(x ,8) ©« D . In
*
addition, let F'(x) = B(x) - L(x) - U(x) for x € S(x ,¥8)
where B, L, and U are diagonal, strictly lower triangular,
and strictly upper triangular matrices respectively with B(x)
*
non-singular for x € S(x ,8) . We shall assume that F satis-
fies these conditions throughout the remainder of this section.
Now it is easily verified that
* -1 * * *
Gl (x) =B "(x )[L{x)+U(x )]
and that
* ok __] * % * * -1 * *
-[3.,6,(x,x )] 72,6, (x ,x) = [Bx)-0L(x)] [ (1-0)B(x ) +wU(x)] .

Thus 1if

I

(3) oy = pl6](x)} <1, and

* X __l * *
(4) = p{-[2,6,(x ,x )1 72,6,(x ,x)} <1

)
*
then by Theorems 1.2.1 and 1.2.10, x is a point of

attraction of the procedures Il and 12 with

* *
R (I,,x ) = and Rl(IZ'X ) = Py s respectively. This

171 Py
result may be found in Ortega and Rockoff [1966].
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Procedures Il and Iz were found by composing the
Jacobi and the Extrapolated-Gauss-Seidel processes with
the one-dimensional Newton's method. We shall now obtain
additional procedures by using other well-known one

dimensional processes in place of the Newton process. Thus

we have the Jacobi-Secant-Process given by

(5) T s B, k= 1,2,
3 3
) 2 n, 2 n . .
where the ith component of G3:D c (R)” - R is given
by
. (yi—xi)fi(X) cor
LR (e Xy ¥Ry g X)) -F (X) v, # % .
g3i(X.y) =
fi(X)
- —x  F =
Xi “3.f (n) OF Yy T X o-
R

Likewise, the Extrapolated-Gauss-Seidel-Secant-Process is
given by

+ -
(6) I4:G4(xk l,xk,xk l) , k=1,2,...,

3 n

where the ith component of G4:D c (Rn)3 - R is given by

£, (2)-£, (¥)

(xi—yi) + wfi(?) for z, # Y,

Z., =Y. i i
(x z) = i fi
Tgq \Fr¥Yr2) =
aifi(y)(xi—yi) + wfi(y) for z, =Y,
with zZ = (Xl,...,Xi_l,Zi,Yi_'_l.---:yn) )

y = (Xl""'xi—l'yi""’yn) , and w a real constant.
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Clearly, in procedures I% and ig » the secant method has

replaced Newton's method in procedures I, and I. . We
4 P4

now give a convergence theorem for procedures 13 and 14 .

Theorem 1.3.1. Let I3 and vI4 be the iterative

procedures defined by equations (5) and (6), respectively.

Assume that and satisfy relations (3) and (4)

Pl Ps

*
respectively. Then x is a point of attraction of the

*
procedures I3 and I4 , and Rl(I3,x ) = Py and

*
Rl(I4,x ) =Py -

Proof. From equation (5) we see that G3 has the form

Gy(x,y) = x - A (x,y) e (x)

i

with A3(x,y) diag(di(x,y)) , Where

fi(xl’""Xi—l'yi'xi+l'°°"Xn)_f'(X)

V. =X,
i Y, # x,

di(x,y) =

aifi(x) for y:.L = Xi .

and from equation (6) G4 has the form

G4 (XIle) = A4 (X,Y,.Z) (X"Y) + U)—ET(XIY)

i

with A4(x,y,z) diag(di(x,y,z)) , where
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and with the ith component of F given by
£ xy) = £.(y)

where 7z and ; are defined in relation (6).
* *
Then clearly x = G3(x ,v) for all vy € D ; likewise,
* %
G4(x ,X ,2) =0 for all =z € D . Furthermore, it is

easily verified that

-1

* * * *
3. G (x ,x) =1 -B(x) F'(x)

=173
* -1 * *
= B(x ) "T[L(x )+U(x )]

and that

[ * * ® _l *) * *
- glG4(x yX ,%X )] §2G4(x y X X )

Il

[B(x") 4o, Flx,x ) 17 =B x )+, F(x %) ]

* * -1 %* %*
[B(x )-oL(x )] "[(1-w)B(x )+wU(x )] .

*  *
Hence, by hypothesis, we have p{glG3(x X )} = Py < 1 and

* 0k % -] * Kk K _ - _

p{-18,6,(x »x ,x )] 72,6, (x ,x ,x )} =p, <1. en using
*

Corollaries 1.2.10 and 1.2.13 we have that x is a point

of attraction of the procedures I3 and 14 with

&

and R1(14’X ) = p, - Q.E.D.

*
R (13,x ) 5

1 L
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It is interesting to note that although the order of

convergence of Newton's method is at least guadratic

1+/5

ethod is at least 5 .

while that of the secant

=

whenever the two are composed with the Jacobi or
Extrapolated-Gauss-Seidel processes, the resulting pro-
cedures have precisely the same rate of convergence. Thus
the use of Newton's method would appear to offer no
advantages over the use of the secant method:; in fact,

if the derivative evaluation were troublesome, the secant
method would be superior.

At this point one might be of the opinion that no
matter what process was used in connection with the Jacobi
and Extrapolated-Gauss-Seidel processes, the resulting
procedures would have the same rate of convergence as when
Newton's method is used. 1In order to show that this is not
the case we shall now give the procedures obtained when
Newton's method is replaced by the linearly convergent
method of false position. Thus we have the Jacobi-False-
Position-Process given by

(7) 15:xk+l = Gq(xk) kK =0,1,...

where the ith component of GB:D c R? - R" s given by



29

(z.-x.)F.(:
(z; xl} l(x}

K, e -
i £fAxX,,c000%, Z ., X, eee X J=f,{x
1( ll & lmm}_’ l? 1‘{“:}_’ & n) :L( )
gsi(x) =¢{for z3 # X,
fi(X)
X, = m———————  for 2z, = X,
i 3. F. (x) i i
\ 1 1 .

with =z € D a fixed vector. Likewise we have the

Extrapolated-Gauss-Seidel-False-Position-Process given

by
+
(8) T e 555 =0, x=0,1,...,
6 ©
) 2 n, 2 n .
where the ith component of G6:D c (R) - R is
given by
£.(2)-£, () _
_—— (xi—yi) + wfi(y) for Z, =Y s
i“i
g6i(x,y) =

aifi(y)(xi—yi) + wfi(y) for z., =Y. ,

with Z and y defined in relation (6) where z € D 1is

a fixed vector, and with ®w a real constant.




30

We now give a convergence theorem for procedures

IS and 16 .

Theorem 1.3.2. Let I, and I_ Dbe the iterative
o O

procedures defined by equations (7) and (8), respectively.

satisfy relations (3) and (4),

respectively. Then there are points zl and 22 €D

Assume that Py and P,
such that x* is a point of attraction of the procedures
: * *
I5 and I6 . Moreover, in general, Rl(IS’X ) # Rl(I3,x )
* *
and Rl(I6,x ) # Rl(I4,x ) .

Proof. From equation (7) we see that & has the

5
form
G (x) = x - A_(x) "F (x)
5 - 5
with AS(X) = diag(di(x)) , Where
fi(xl,...,xi_l,zi,xi+l,...,xn)—fi(x)
zlox,
1 1

0.f.(x) for z. = x
i7i

and from equation (8) G6 has the form

il

G6(x,y) A6(X.y)(x—y) + wﬁfx,y)

with A6(x,y) = diag(di(x,y)) , where
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fi(E)mfi(§7

2 i’
274
d.(x,y) = .
it = 2 _
aifi(y) for z, = yi,

S

and with the ith component of F given by

£, (xy) = £, (y)

where z and y are defined in relation (6). Then it

easily verified that

* * _]_ * * *
Gi(x) =1 - A (x) [B(x )-L(x )-U(x )]

and that
[ * * _l * *
- glG6(x /X )] §2G6(x /X )
* % * ._l * ® * *
= —[A6(x , X ) =oL(x )] [-A6(x ,X V+o (B(x )-U(x )] .
. * * % *
Since AS(X ) and A6(x ,X ) are approximations of B(x ) ,
since (3) and (4) hold, and since the eigenvalues of a
matrix are continuous functions of the elements of the
matrix, there exist points zl and 22 € D such that
{ \ * < d * * _l * * l
) GS(X )1 1 an p{—[§1G6(X X )] QZG6(X ,x )1 < .
*
It now follows from Theoremsl.2.l and 1.2.10 that x is
a point of attraction of the iterations I5 and I6 .
*
Furthermore, since, in general, p{Gé(x )1 # oy and

{-[ *x17 6 (%% h that
p{-L2,6,(x ,x )] 3,6, (x ,x )} # p, we have tha

* * * *
Rl(I5,x )y # Rl(13,x ) and Rl(I6,x Yy # Rl(I4,x ) « Q.E.D.
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From the previous theorem it is clear that the rate
of convergence of procedures 15 and I6 depends on the
. 1 2 . ,
points =z and z , respectively. Depending on the
problem in question, it is possible that the choice of the
. 1 2 . .
points =z and =z could either improve or worsen the
rate of convergence of procedures I5 and I6 as com-
pared with I and I, .

1 2
To this point nothing has been said about conditions
which will guarantee that relations (3) and (4) hold:
however, it is possible to give classes of problems for
which these relations are satisfied. This is done, for

example, by Ortega and Rockoff [1966] for problems of the

form
F(x) = Ax + o(x) =0 ,

where A € £(Rn) and @:D C rR? - rR" .
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Section 1.4

Necessary and Sufficient Conditions

for R-Suerplinear Convergence

In Section 1.2 we were concerned with theorems which
gave a linear order of convergence for an iterative pro-

cedure: that is, if I denotes the iterative procedure

+ k-m+ * * *
xk 1 = G(xk,...,x m l) where x = 6(x ,...,Xx ) we gave

* *
theorems in which 0 < Rl(I,x ) 1 and 0 < Ql(I,x ) € =

In this section we shall be concerned with theorems which
pertain to an R-superlinear order of convergence for an

*
iterative process; that is, theorems in which Rl(I,x ) =0 .

In later sections we shall discuss Q-superlinear convergence.

In Theorem 1.2.2 we saw that if G:Dm c (Rn)m - R is

* * * *
differentiable at x € int (D) where X = G(X ,...,X )

and p{H} < 1 where

( )
Hl 'l ® s o Hm
I 0. ... . .0
0 . .
(l) H = ° s o .
0. .. .01 0
\ J

*® *
with H, = giG(x bee.sX ) , 1 =1,...,m ,




34

k4
then Rl{Iﬁx ) o= Q{H} . Thus Theorem 1.2.2 gives us an
immediate answer to the question of when a procedure is
*
R-superlinear; that is, RT(I,X ) = 0 if and only if
p{H} = 0 . Notice that this gives no information on
* * *

Ql(I,x ) , for by Theorem A.3.1 Rl(I,x Y < Ql(I,x Yo
In fact, the following example shows that a procedure
may be R-superlinear but only linear in the Q measure.

Example 1.4.1. Let G:R2 - R2 be defined by

2, T * T . .
G(x) = (x2,xl) . Then x = (0,0) is a point of
+
attraction of the iteration Il:xk L. G(xk) and
R_ (I x*) = 0 l] =0 Hence the procedure is
1\ 1 = Pllo o : pro *
R-superlinear. However, consider x° = (a,O)T with

lal<| . Then

2k/2 T
,Q> for k even,

‘/
ka
= K+l

5 2.7
<O,a > for k odd .

Thus for %k odd and |x|| = Hle we have
k+1
k+1 * 2 2
|x -x || _ | o \ -1
| k__* k+1 )
I ==
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k+1 _*
Hence lim sup ﬁg—im:%mﬂ > 1 and since we have exhibited

ke HX e 3 “
o PR TR k AY
a sequence for which Ql({x 1) > 0 , we have that
. ,
Ql(Il'x ) >0 : that is, the procedure is linearly con=-

vergent in the Q measure.

It should be pointed out that in the previous example,
and in many of the results to follow in this chapter, a
particular norm is used; however, as was pointed out in
Section 1.1 for the R factors, by Theorem A.1.6, the
relation Ql(I,x*) = 0 is independent of norm so the

results remain valid for any norm.
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Section 1.5

sufficient Conditions for Q-Superlinear Convergence

It is possible to give a very simple sufficient condition

for a procedure to have Q-superlinear convergence; that is,

*
for an iterative procedure I to satisfy Q(I,x ) =0 .
%
Let G:Dm c (Rn)m - R" with x € int (D) satisfying
* * * k
x =6 ,...,%¥X ) , and assume that every sequence {x 1
+ -m+
generated by the iterative process I:xk . G(xk,...,xk m l)
satisfies
k+1 * k *
[l

for all k = ko . Then it is clear from the definition of

*
Q that if 1lim sup o, = 0 , Ql(I,x ) =0 .

1 Koveo

k
This kind of result is cumbersome in that it requires
knowledge about the behavior of every sequence generated by
the iterative procedure. It is much more desirable to have
conditions on the iteration function G itself rather than
to have a condition which must be satisfied by every sequence.
As was pointed out in the previous section, Theorem 1.2.2
provides the more desirable condition on G for the R
measure, and the remainder of this chapter is devoted to

investigating such conditions for the Q measure.
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In Example 1.4.1, we gave an iteration function G for

*
which p{G'(x )} = 0 but G was not Q=-superlinearly con-
*
vergent. As was noted G'(x ) ¥ 0 ; the following simple
*
result shows that if G'(x ) = 0 , then indeed G is Q-

superlinearly convergent. This result may be found in
Ortega and Rheinboldt [1970].

*
Theorem 1.5.1. Let G:D < R® - R® with x € int (D)

* *
satisfying G(x ) = x . Assume that G is differentiable
* * * ,
at x and that G'(x ) = 0 . Then x is a point of
+
attraction of the iteration I:xk 1 = G(xk) and

%*
Q. (I,x) =0.

Proof. The point of attraction result follows from
Theorem 1.2.1.

Now let {xk} be any sequence generated by G which

*
converges to x . Then

k+1 * k * L x %
lim sup ﬂE_E_:f_ﬂ = lim sup le(x™) -G (x L-G*(X ) (x-x )|
k= o HX -3z H Koo Hx —x H

=0
: X . *
since G 1is differentiable at x . Since {x } was
*
arbitrary Ql(I,x ) =0 . Q.E.D.

It is natural to expect that Theorem 1.5.1 can be
extended to multi-step operators where the condition
*

&
G'(x ) = 0 1is replaced by ‘éiG(x peeesX ) =0 1= 1,...,m ;:

however, the following simple example shows that the
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% *
condition giG(x peeesX } =0, 1= 1,...,m , is not
% + -
sufficient for QL(I,X } = 0 where szk 1 = G(Xk,ogg,xk m+1) .
2 2 2 .
Example 1.5.2. Let G:R = R - R be defined by
2 4.7 * * * %
G(x,y) = (xl,yz) . Then for =x = (O,O)T , X = G(x ,x)
* ok ) o] T
and giG(x ,2Xx ) =0 for i=1,2 . Let x = (0,0) ,
4 . ) . ) +
x' = (¢ ,O)T and it is easy to verify that if I:xk Lo

G(xk,xk_l) then

k+1 2k
et )T for k even

for k odd ;

thus if |a\<]., the seguence {xk} converges to %

However, for %k odd and |x|| = HXH@ ,
k+1
k+1 * 2
lim sup ﬂ§—£~:§—ﬂ 2 lim sup LQ—E:IL =1,
k- =" =x || k- o Iaz |

and Ql(I,x*) 2 1 .

Thus we see that Theorem 1.5.1 provides a sufficient
condition for Q-superlinear convergence for single-step
operators which is too weak for multi-step operators;
however, the following theorem shows that for multi-step
operators of a particular form, the condition is sufficient.

%
Theorem 1.5.3. Let G:Dm c (Rn)m - rY with x €

. . . * * 2 mw |
int (D) satisfying x = G{x ,v ,...,v ) for all y- € D ,
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i=2,...,m . Assume that QiG exists on DO < D and
o % m
is continuous at (x ,...,x ) € Do , and that
* * & . . .
glG(x v e..,x ) =0 . Then x is a point of attraction
. - k+1 k k-m+1
of the procedure I:Xx T = G(X T, ...l X }  and

%
Ql(I,x )y =0 .

* *
Proof. It is easily verified that giG(x ,eeesX ) = 0
2 * . [ »
for i=1,...,m , SO X is a point of attraction of

procedure I by Corollary 1.2.9. Furthermore, if {xk}

*
is any sequence generated by I converging to X we have

by the Taylor Expansion Theorem 1.1.3 that

HXk+l—xfﬂ'= HG(Xk'"°'Xk_m+l)—G(x*,xk_l.....xk—m+¥Lﬂ
Kk _* 16
e o
1
) Y Hé'lG(X**’t(Xk—x*), e KLy
I

* *
- glG(x ee.,x )]lat.

* *
Thus by the continuity of 3.G at (x ,...,x ) we have

1
Xk+l_ *

lim sup m f =0 ;
N e

*
hence Ql(I,x ) =0 . Q.E.D.
Although, as has been pointed out, the condition that
* * 3 ] 0 . .
giG(x Jeeesx ) =0 for i=1,...,m 18 not sufficient, in

*
general, to imply that Ql(I,x ) =0 where I is a multi-

step iteration, the following example shows that the




is a point

X

*

condition G'(x) = 0 1is actually not necessary for
&
Ql(I,x ) = 0 where I is a single-step iteration.
Example 1.5.4. Let @:R2 - R2 be defined by
2 4 2.7 * T
G(x) = (xl+x2,xl—x2) . Then for x = (0,0)
* * * 01 *
X =@G(x) and G'(x ) = 0 0 Z0 , so x
of attraction for the iteration I:xk+l = G(xk) . Let
{xk} be any sequence generated by I converging to
and let ||x| = I=ll, - Then
+ * *
| [P le () —a(x") |
lim sup R— = lim sup I
R e =
PR
< lim sup lo* Ge =l | lim sup oHXkH
k
k- LS koo
2
) %2 () 2
£ lim sup L 2
k.2 k
ko |(xl) +le
< lim sup ](xk)z—xk|
1 2
k-
X
Hence Ql(I,x ) =0 .

*
Thus we would like to weaken the condition G' (x )

‘but still obtain a result that would extend to multistep

operators.

*
condition p{G'(x )} = 0 , and since, as was seen in

*
Example 1.4.1, p{G'(x

)} =0

is not sufficient for

The natural thing to do is to return to the

0



O-superlinear convergence, impose additional assumptions on
G . The first condition we impose is that the second

. . . * *
derivative be singular at x , that is, G"{x }hh = 0

n . o

for some non-zero h € R . However, the following example
shows that this is not sufficient for Q-superlinear conver-
gence.

Example 1.5.5. Let G:R2 - R2 be defined as in

* T * *
Example 1.4.1. Then for x = (0,0, G(x ) = x and all
derivatives greater than the second of G at X are 0 .

Now

26 =090 9]

*
which is singular, for G[2](x Yhh = 0 if h is of the

form (O,hz)T where h2 #£ 0 . As was seen in Example 1.4.1

k+1 k
X

*
for I: =G(x), Ql(I,x ) = 1 . 1In fact the previous

example shows that even a stronger condition is not suffi-

cient, namely, requiring that the second derivative be

*
singular at x and all succeeding derivatives be zero at

Crmm——

*
X .

Thus we are led to demanding that the second through
*
the mth derivatives of G be zero at x however, the

following example again shows that this is not sufficient

for Q-superlinear convergence.




42

2 2 . ;
Example 1.5.6., Let G:R -~ R be defined by

N . *
G{x) = (X?=X2,X2) where wm 1is even. Then for x = (0,0)E
g *
Gi{x ) = % and all derivatives greater than the first of
* *
G at x are zero except for G[m](x ) . Let %< = (O,o,)T
+
and it is easy to see that for I:xk 1o G(xk)
k
, T
(O,am )y for %k even,
xk =
B not mSop
(o ,o ) for k odd;

thus if \a‘ < 1 the sequence {xk} converges to x .

However for k even and |x|| = Hwa
k
k+1 * m
lim sup HE_E_:f_u z lim sup lﬁ_il =1,
ko ] e

*
and hence Ql(I,x ) 2 1 . It should be pointed out that for

*
m odd, an analogous argument shows that Ql(I,x ) =21 for

. . . T .
the iteration function G(x) = (—x?—xz,xg) with

x® = (0,a)" .

Again we have shown that an even stronger condition is
not sufficient, for there is only one derivative of G other
than the first which is non-zero. Thus we are led to
assuming that G is infinitely differentiable at x* with

*

-all derivatives, other than the first, zero at x . Amazingly

enough, this is still not sufficient for Q-superlinear
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convergence as the following example shows.

2 2 .
Example 1.5.,7. Let G:R - R be defined by
Gx) = (xz,f(xl))T where £(0) = 0 and f is infinitely
differentiable with all derivatives equal to zero at x, = 0 .

1
* T * * *
Then for x = (0,0) , G(x ) = x and since p{G'(x )} =0,

* . . k+1 k
s is a point of attraction of the process I:x = G(x)

so we may choose ¢ so that the sequence generated by I

*
with x° = (O,oz)T converges to X . For this choice of
x° we have x' = (f(a),O)T ) %2 = (O,f(f(a))T ,
X = (f(f(a)),o)T , and it is easily seen by induction

that for k even, xk = (O,f(x]]{__l))T and xk+l =

(f(x]f.l),o)T . Thus if we assume that %k is even and
let x| = Hme we have
k+1 _* If(xk'l)!
. llx -x_|| . 1 _
lim sup I z lim sup SN 1,
koo [lx-x | koo |G |

*
and hence Ql(I,x ) =21 . It is not difficult to satisfy
the conditions on £ for it is well-known that

2
e—l/x

f(x) =
0 for x =0,

is infinitely differentiable at x = 0 and all derivatives

are zero at x = 0 .,
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Considering the previous example it is clear that, at
least in the area of superlinear convergence, the Q
measure may not give a realistic measure of the asymptotic
rate of convergence. The definition of the Q measure
requires that one consider a ratio of successive terms, and
in view of the previous example and other examples in this
Chapter, this appears to be too restrictive. Thus we are
led to the following measure of convergence which relaxes
the requirement that the ratio of successive terms be used.

Definition 1.5.8. Let {xk} c R? be any convergent

*
sequence with limit x . Then the quantities

k *
[0 if x° =x for all k = k.

k+1l *
- *
lx x | if xk # X for all but

finitely many k ,

k .
er,p{X 1= { lim sup

koo [ ||P

\ ® otherwise ,

defined for all p € [l,») and all integers r = 0 are

the weak quotient convergence factors of {xk} . If I is
) ' . * *

an iterative process with limit point x and C(I,x )

is the set of all sequences generated by I converging to
% % k k *
x , then wo p(I,x ) = sup{WQr p{x 11{x }eCc(1,x )} are the

weak quotient convergence factors, or WQC factors, of

%
I at =x .
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Ostrowski [1966] has considered the WQC factors with
p = 1 and uses the term weakly linearly convergent for any
process whose WQC factors satisfy WQr,l(I'X*) < 1 for
some r =2 0 .
We shall call a process weakly superlinearly convergent
if WQr,l(I'X*) - 0 for some r =0 . In keeping with this,

we have the concept of weak gquotient order.

Definition 1.5.9. Let WQr

*
p(I,x ) be the WQC fac-

14

*
tors of the iterative process I at x . Then

*®
» if WQr p(I,x ) =0 for some r =20 and

all p € [1,®)
* ‘ *
OWQ(I,X) =1{ sup{p€ l,w)\WQr’p(I,x ) = 0 for some r z 0]}

*
1 if WQr p(I,x )# 0 for all r = 0 and all

[

p € [1,=) .

*
is the weak quotient order of I at Xx .

In keeping with the usual conventions, if OWQ(I,X*) = 2
we shall call I a weakly guadratically convergent process.
In terms of the weak quotient order we are able to give
sufficient conditions for weak superlinear and higher weak
orders of convergence of an iterative process in terms of
the derivatives of the iteration function. Before doing this
we give the following lemmas about the derivatives of com-

posite operators and products of operators.
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n , ,
Lemma 1.5.10. Assume that G:D ¢ R - D is differen-

tiable on D . Then [GI]'(X) = G‘(Grml(x))G*(Grmz(x)),..G‘(x)

for every x € D and any integer r = 1
Proof. The proof is by induction. The result clearly
holds for r = 1 . Assume that the result holds for

p=1l,...,r = 1 . Then

(6”1 (=) = (e H1 (x

and by the Chain Rule which may be found, for example, in

Vainberg [1964]

(61" () = e (@ ) e (%)
= e (@ e 6T ) .. .6 (6 (x)6" (%)
for any x € D . This completes the induction argument and

the proof. Q.E.D.

Lemma 1.5.11. Assume that Ai:D c R® a(g(Rn) are

differentiable at x € D for i = 1,2 . Then the differen-
s A 3 1 ]
tial of the product l(X)AZ(X) is Al(x)hAz(x)+-Al(x)A2(x)h .

Proof.
HAl (x+h) A, (x+h) -A, (x) A, (x) -A] (x)hA (x) -A] (x) A} (%) hil

oo o

la, (x+h) A, (x+h) -A_ (x) A, (x+h) -A! (x) hA_ (x+h) ||
< 1lim 1 2 thH 2 1 2
Ihjj-0
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A (x)hAa_ (x+h) -A! (x) )l
i 1(§/ihA2\Y h—) 1.( )hp‘z(}}‘
lInl

+

&\Al(x) A, (x+h) -A, (x) A, (x) A (x) A} (x)hl|

" T

Ja: ) || lInll 1A, Gerh) A, () |
< lim L Hth 2 = 0,

Ai(x)hAz(x) + Al(x)Aé(x)h

is the differential of Al(x)AZ(x) . Q.E.D.

Lemma 1.5.12. Assume that G:D < " - R is p - times

differentiable on D where p = 2 , and that there is a
. * * * [k] *
point x € D such that x = G(x ) and G (x ) =0 for
ro[kl, * .
all kX =2,...,p . Then (G7) (x ) = 0 for any integer
r =1 and all k = 2,...,p -
Proof. Let k be any integer satisfying 2 < k < p .
Then by Lemma 1.5.10

1 2 [k-1]

5 ¥l = (e (e he (7. 6] (x) .

Using Lemma 1.5.11 and the Chain Rule repeatedly we have

2

& = e e @ H FH e (e (TP et ()

v o @ T onye @260 (5
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(6 (G52 (x)) .. e ()] +...
r-1 k
+ {c' (G (X)}GGOG'(G(X))}G[ ](x) .
) * & [k_l *
Thus using the fact that G(x ) =X and G (x) =0

. r, tk *
gives (G )[ ](x ) =0 . Q.E.D.

We now characterize weak convergence in terms of the
derivatives of the iteration function.

*
Theorem 1.5.13. Let G:D c R® - R® with x € int(D)

* *
satisfy x = G(x ) . Assume that for some integer p = 1,

*
G 1is differentiable at X up to and including order p + 1

. * [i], * . : :
with p{G'(x)} =0, G (x ) =0 for i satisfying

[p+l] D *

2<1is<p, and G continuous on . Then x is a

point of attraction of the iterative process I:xk+l = G(xk)
and the weak quotient érder is at least p . Moreover, if
in addition G is infinitely differentiable at x* with
all derivatives greater than the first equal to zero at x*,
then the weak quotient order is infinite.

Proof. The point of attraction result follows from
Theorem 1.2.1. Let {xk} be any sequence generated by I
converging to x* and let p be the integer for which the
hypotheses are satisfied. Since p{G'(X*)} = 0 there is

N

an r > 1 such that [G'(x )] =0 . Then by the Taylor

'Expansion Theorem 1.1.3 we have
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i
=
(]
h
[ -
=~
=
%_,.J
o
.-{».
M~
[
0]
H
[ —
'
I_J
j .
b
*
X
-
4
+
E""
!
K
]..J

* *
Using Lemmas 1.5.10 and 1.5.11 and the fact that x = G(x )

gives
b
* NG * _ * 1
(l) ka'*‘l_x ]I SH[G (X )] k r+l )+ Z Bl(X ) (Xk r+l_x )lH
i=2
iy s (LTI H G v T PP [
p ° 0st<l
where B (X ) (x k- r+l)l represents the ith differential of

*
Gr evaluated at x . From Lemma 1.5.12 we have that

* . . (i, *
Bi(x )y =0 for 1i=2,...,p since G (x ) = 0 for
i = 2,c0e,P &

Consequently,

(2) £ =X < (p+l) !
k-r+l * po
llx -x ||

[p+l](X*+t(Xk—r+l_x*))H

sup H[Gr]
O<tgl

ka—r+l * pwpo+l

") .
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ki
Hence, WQ o (I,x ) =0 forall p =< p , so by

i
T

%\"
Definition 1.5.9 OWQ(I,X )

Now we assume that G is infinitely differentiable at
* . . 13 . *
x with all derivatives, greater than the first zero at X

and that for some P there is no r =2 0 such that

*
WQr p (I,x ) =0 . Then relation (1) with p replaced by
"Fo

Py leads to a contradiction in relation (2) . Hence, for

*
all p =1 there is an r =2 0 such that WQr (I,x) =0,

14

and thus by Definition 1.5.9, the weak quotient order is
infinite. Q.E.D,
Notice that if G 1is analytic with all of its deriva-
*

tives, except the first, zero at x , then inequality (1)

can be written as

ka+1_x*” _ H[Gr]' (X*) (Xk-r+l_x*) +Z Bi(X*) (Xk—r+l_x*)i‘

i=2

k=r+l *_ i
X -X )

Then as in the theorem, Bi(x*)( = 0 for all i

* *
ka+l—x | = 0 , and hence, Qp(I,x ) = 0 for all

so that
P 2 1 . However, the infinite order of convergence for such

a process is uninteresting since the assumptions on G

imply that G is linear.
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Section 1.6
Necessary Conditions for Q-Superlinear Convergence

We have already seen that one condition necessary for
Q-superlinear convergence is that p{G (x Yy} =0, for
otherwise we have Q (I,x ) = R (I,x ) = p{G' (x*)} >0 .
However, as was pointed out by Example 1.4.1, there must be

a stronger condition which is also necessary. We have also

i

seen in Example 1.5.4 that G'(x*) 0 is not a necessary
condition for Q-superlinear convergence. Therefore, as in
Section 5, one might be tempted to impose additional condi-
tions on the higher derivatives of G , but in view of the

following examples this would seem to be a difficult task.

Example 1.6.1. Let G:R2 - R2 be defined by

*
G(x) = (xzm-x ,(xzm—x )Zm)T . Then for x = (0,0)T
1 2 1 2
* * * * .
G(x ) = x and since p{G'(x)} =0, x is a point of
+
attraction of the iteration I:xk Lo G(xk) . Now let

*
{xk} be any sequence generated by G converging to X .

Then we have
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l}i‘i( *\ kl
< lim sup 2 xk)x | + lim sup o(kaH)
ke e
k.2
[(Xk)Zm_x ] m
< lim sup lk o 2k
Koo \(xl) ~x2!
k+1l *
where ||| = Hx“oo . Thus lim sup Yoo o L 0 and hence
Koo HX -X H

*
Ql(IrX ) =0 .

It is particularly interesting to compare the previous
example with Example 1.5.6. In Example 1.5.6 the iteration
was shown to have Q-linear convergence, yet an examination of

' *
the derivatives of the two iteration functions at x shows
that they are identical up to the 2mth derivative, being
2mth . .

0 ; from the 2mth to the (2m) derivative they are
again both 0 ; and in both cases all derivatives above the

2mth \ . . . P
(2m) derivative are O . Thus by increasing m it is
possible to give two iteration functions whose derivatives
agree to an arbitrarily high order, yet one has Q-linear
convergence while the other has Q-superlinear convergence.

Another interesting aspect of Example 1.6.1 is that

.gj(x) is a factor of qz(x) . One might think that this
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is a significant fact in obtaining the superlinear con-
vergence, but the following example provides an iteration
function whose components are not factors and yet it has
Q-superlinear convergence.

Example 1.6.2. Let G:R2 - R2 be defined by

4 T * T * *

G(x) = (x2+x , X +X2) . Then for x = (0,0) G(x ) = x
17271 "2
* *
and since pf{G'(x)} =0, x is a point of attraction of
+
the iteration I:xk . G(Xk) . Now let {xk} be any
*

sequence generated by G which converges to x . Then

as in Example 1.6.1 we have

| k+l_ * Hewt * K
lim sup kﬁ-i—ﬁ;ﬂ < lim sup le (i )|
e T .

Now since gz(x) > 0 we may assume that x§ 2 0 so that

if x| = l|x|l_ we have
TS l(x§)4+(xk)2\
lim sup JE—E—:f—ﬂ < lim sup ) 2k
oo e kee ) 2 |
4 2
Il
< lim —— .
x-0 ‘ X1+X2 ‘
| [y
We shall now show that lim —5——— =0 .

l

x-0 \X1+X2v
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Let ¢ satisfy 0 < ¢ < 1 and assume that Ix!l < ¢ . Then
4 2 2 2 2
[xl+x2\ = \s Xl+eX2\ < e‘lexzi
so that
4 2
+
\xl le
2 =
+
| %]+, |
. k .
whenever ||x|| < ¢ . Since {x} was an arbitrary sequence
* *
generated by G converging to X we have Ql(I,x ) = 0 .

In view of the previous examples no attempt will be
made to give a necessary condition for Q-superlinear con-
vergence in terms of higher derivatives of the iteration
function G . However a necessary condition can be given
utilizing the Jordan Form of the matrix G'(x*) .

Theorem 1.6.3. Assume that G:D C Rn - Rn is

differentiable on the convex set D and for some constant L

le' () -c' (x| = Llx-x |

*
for all x € D . Assume that x € D is a point of attrac-

, \ , k+1 k
tion of the iteration I:X = G(x ) . Furthermore assume

that

] * ml_
PG'(x )P = (ai,j) 20



is in Jordan Form with a. . = g, ) =, ,.=a ) = 1
P g s J L1 1,3+l
Jyr3ytd Jardy I I

and all other (a. .) = 0 . Let

#

* ‘}
X,
Jm+l

*
X -

*
S. = ED; . N 2 . . & o & o g .
i {x \xl Xl‘ | = ]l..;.l\ ‘X]m+l

-
jqtl
i=1,...,n, i # jl + l,...,jm + 1 , and

*
Do = {XED;{Xk}={Gk(x)} converges to x } .

*
Assume that Ql(I,x ) = 0 . Then for every x € DO there is

a ko such that Gk(x) € P-lS for every k =2 ko where

k *
1im sup JeGN GO _

k * °
kw5
* * -]
Define a norm |-l by |zl = ||P "z|| . Since by Theorem A.1.6
Ql(I,x*) = 0 1is independent of norm

k £oo*
(1) lim sup lelex-cx) 1l _ .

Koo e (-x) ||

" by G(y) = PG(P—ly) . Then from (1),

* *
with yk = ka and y = Px ,

£

Define G:PD < R' - R
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PG (P~ ) _pa (e x|
0 = lim sup y k *i* Zd
n k. oA k%
NG (v) - )
= lim sup Gy ) G,EY*'IH
ke Iy =y |l
I k+l_ *H*
= lim sup 24 kV * % °
koo ly =y |l
* ~
Thus Ql(Iz,y ) = 0 where 12:yk+l = G(yk) .

Now we assume that the statement of the theorem is

false; that is, there exists an x° € Do and a sequence of

indices kﬁ for which G Q(xo) & P_lS , or there exists a

yo = px° and a sequence of indices kZ for which

k
PG 2(P_lyo) Z S , or there exists a yo € PDO and a
k
sequence of indices kZ for which G g(yo) £ S . Thus the
k k k
subsequence {y 2} of {y} satisfies y % g€ S for every
k
2 =1,2,... . Therefore, the sequence {y *} contains a
k

subsequence, which for simplicity we also denote by {y 2} ,

satisfying
K, K,
ly "=yl = lvyiggmv50]
for some 3j' € {jyr---.3 } where lyll = llyll, . Then by the

Taylor Expansion Theorem 1.1.3 we have
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* .7,
0 = Ql(Iz’y Y = 112qiup b

Hé(d3—é(y*)ﬂ

= lim sup
k *
ke ly™ -y |l

ALk k¥
+ tin sup 181 GED
ko Ny =y ||

1 . ~
Hj [G'(y*+t(yk—y*))—G'(y*)](yk—y*>dtu

- lim sup
k &
ke vy -y |l
k
A' * Ql *
> 1lim sup e (vk)(v -y )|
2 o0 | 2 %
ly "=y ||
k *
‘Y% i ‘
> lim sup i+l "7+l 1.
£ o0 k *

ly .y . -y \
jl+l j|+l

Since this is a contradiction the theorem is proved. Q.E.D.
Now the following example, which is quite similar to

Example 1.4.1, shows that the conditions of Theorem 1.6.3

are not sufficient to guarantee Q-superlinear convergence.

Example 1.6.4. Let G:D <& R2 - R2 be defined as in

Example 1.4.1 where D = {XERZ;x12x22xi} . Thus D 1is a

convex subset of R2 . Let Do = {xED;Xl<l} . Let

o 2.7

T
x® = (,8) € D_ . Then 6(x°) = (B,0") €D_ .




. . . k+1 k
Hence G:DO 3 DG so that the iteration T:ex = G{x)

k
is well defined for x° € DO and, furthermore, {x }

k3
converges to x = (O,O)T since
( 2k/2 2k/z -
(o B ) for k even,
=
k-1 k+1
2 2
2
| (o .Bz ) for k odd.

00
G(xk) € S for all k . Hence the condi-

* 0
Since G'(x ) = ( i}, S = {xED;xlzxz} . Thus for any

b
m
o
bt

It

tions of Theorem 1.6.3 are satisfied, but as was shown in

*
Example 1.4.1, Ql(I,x ) =2 1 .

The following theorem extends Theorem 1.6.3 to multi-

step operators.

Theorem 1.6.5. Assume that Gg:p™ < (Rn)m - r is differ-

. m . .
entiable on the convex set D and satisfies, for some constant

L,
* *

HG'(xl,...,xm)—G'(x*,...,x*)n < LH(xl—x yee x=x )]

1 m m * , .
for all (x",...,x ) € D . Assume that x € D is a point

+ ~m+
of attraction of the iteration Il:xk 1 G(Xk,...,xk m l) .
Furthermore, assume that
-1
PHP = (a. Yy £ 0
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is in Jordan Form, where H is given by relation 1.2-1,

with aj 541 = ., = aj ,q+1 = 1 and all other aigj: 0
1 1 g g
Let
o m * * * \
S, = 1ze€D ;lz.-z.| =2 |z,  ,-Z. S | ro
i « i1 jl+l jl+l 32+l 32+l J
* * *
i=1,...,mn , i # jl+l,...,j£+l where z = (X ,...,%X ) ,
and
Do = {(XO...a.Xm_l)GDm7{Xk} = {Gk(xo,...,xm—l)} converges

*
to x 1 .

*
Assume that Ql(Il'X ) = 0 . Then for every =z € DO there

is a ko such that

k k-1 k-~ T -1
(G (z), (2),...,G  "(z)) € P S
mn
for every %k =z k where S = UGS, .
o X i
i=1
Proof. Define the sequence {sz by Zk = (Xk,...,xk—n&l),
+ o . —m+2
Then zk L. G(zk) where G(zk) = (G(zk),xk,...,xk mrey .

A * ~
As in Theorem 1.2.2 G'(z ) = H so by hypothesis G satis-
fies all of the conditions of Theorem 1.6.3.

Now let {zk} be any sequence generated by 12 converg-

ing to 2 . Let |zl = max HxiH where 2z = (xl,...,xm) .

1<ism
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%
Since by hypothesis QT(IT’X ) = 0 there is a k_~ such that
k+1 %
s -x

i

&%
< kamx Il for every k = ko . Hence,

\ Zk+l—=Z* ka—m““z_x*“
lim sup i———————ﬂ = lim sup = 0.

ka—m+l_x*“

A A

*
Thus Ql(Iz’Z ) = 0 , and by Theorem 1.6.3, for every =z € DO

there is a k_~such that &k(z) € p1ls for every k = k_ i

or using the definition of é , we have for every =z € Do

there is a kO such that

(@ (z), & @), ., E @ T e pls

for every k = ko . Q.E.D,

At the beginning of this section it was noted in
Example 1.6.1 that it was not necessary that G'(x*) =0
for Q-superlinear convergence; however, one might wonder if
this is true when the iteration function has a particular
form. For example, we are generally interested in finding
a zero, x* , of F(x) and the iteration function frequently
has the form G(x) = x - A(x)F(x) where A:RT S(Rn) .
Unfortunately even for so special a G it is not necessary
that G'(x*) = 0 for Q-superlinear convergence as the

“following example shows.
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2 2 , . .
Example 1.6.,6. Let F:R - R be twice differentiable

and satisfy F(0) = 0 , fl(x) = X

azfz(o) = 1 . Define G:R2 - R2 by G(x) = x - IF(x) .

1 ’ alfz(o) = -] s and

Then G'(0) = [2 gJ # 0 and (O,O)T is a point of attraction
+
of the iteration I:xk 1 G(Xk) . Let {xk} be any
* T
sequence generated by I converging to x = (0,0) " . Then

{xk} is of the form (O,ng)T and as in Example 1.6.1 we

have

K+l _* L%k
lim sup I “=x | < 1lim sup e (xk)xﬂ
I

. x
m R L n s Ix 1 p o ([lx"|)

koo

T
< 1im sup Q1L

k-0 \\(Ola'k

= 0.

0o .

Il

*
Hence Ql(I,x )




CHAPTER IT

PRECISE HIGHER ORDER OF CONVERGENCE THEOREMS
Section 2.1
Introduction

In the previous chapter we were concerned with the
concept of superlinear order of convergence for iterative
procedures. In this chapter we shall again be interested
in superlinear convergence, but the emphasis will be on
giving precise values to the order of convergence as opposed
to the general results of the previous chapter which simply
allow one to distinguish between linear and superlinear
convergence.

We shall be particularly interested in the two-point

*
secant method for finding a zero, x , of F(x) where

F:D c R - R - This method is given by

(1) T e T 1,2,...,

where G:D2 c (Rn)2 -~ rR" is defined by G(x,y) =

X - Jel(x,y—x)F(x) with the jth column of

2

7:0° <« ®Y)? . g @®"

)
given by

62
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j=-1
o l r { \—j - e - e
T LF B ), (y;=x;)e;+(y, Xj)ej)
3] i=1
j-1
J.(x,y-x) ={- \ - ,
5 (xry ) F (x+B Z (yi xi)ei)] for Y5 # Xy
i=1
j-1
1] + ‘ — =
F'(x Blzl(yi xi)ei)ej for yj xj '

i=1

for B8 € [0,1] . Korganoff [1961] has given a convergence

theorem showing the order of convergence to be at least

l%¥§ for the case B = 0 , and Schmidt [1966] obtained
similar results for the case B8 = 1 . In Section 3 we shall
attempt to give the precise order of convergence of procedure
(1) for any 8 € [0,1] .

The remainder of this chapter will be devoted to con-
vergence theorems where the order of convergence is super-
linear and to applications of these theorems to specific

iterative processes.
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Section 2.2

An Order of Convergence Theorem

for Multi-Step Iterative Procedures

We begin this section with a theorem which is useful
in determining the order of convergence of multi-step itera-
tive processes. The result is due to Ortega and Rheinboldt
[1970] and is based on results of Ostrowski [1966] and the
following lemma, the proof of which may be found in Ostrowski
[1966] or Traub [1964].

Lemma 2.2.1. For any integer m 2 1 , the polynomial

+ , L
pm(t) = t® 1. £ - o has a unique positive root T for

o =1 or 2 . Moreover L € (1,27 , T > T+l ’ and

lim+ =1 .
m

m—o

The proof of the following theorem is given in A.2.9.

Theorem 2.2.2. Let I be an iterative process with

*
limit x and let yj,j =0,1,...,m , be non-negative con-
stants. If for every sequence {Xk} generated by I with

*
lim xk = X there is a ko depending on {xk} such that
k -0

(1) ka+l«x*” < kaux*“ Z YjHXk_j«x*H

j=0
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*,
for all %k = k@ , then OR(i,X } = 1 where 7 is the
: L - m+l m . .
unique positive root of t - % 1 =0 . 1In addition,
L . i k
if there is a B >0 ., a k_ . and some sequence (X }

(o}

. . k * k ¥
generated by I with lim x =X such that ||x -x 1| >0
k—oo

for all k = ko - m and
(2) 1) = p x| 5ok for all k = k

#*
then O_(I,x ) =171 .

R

perhaps the first thing that one notices

about Theorem 2.2.2 is that it says nothing about

*
OQ(I,X ) . One might expect that if 2.2-1 is satisfied

*

then OQ(I,x ) =2 v ; however, the following example shows

that this is not true.

Example 2.2.3. Let I be the iterative process

defined by
(3) xkxk_1 for k even ,

k+1

X = 1

K. o -
¥t EY for k odd
+/5

where xo,xl € Rl and o satisfies 1 <o < T % 12 .

Then for \xo\,\xl\ < 1 the sequence {xk} generated by

*
T converges to x = 0 and satisfies
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k+1 k k=1
=7 71 = =7 x|
for all kX =2z 0 since :%T > 1 . However, we shall now

%
show that OQ(I,X ) £ o . Consider the sequence {xk}
generated by I satisfying (3) with %k even. Then
k+1 * k k-1
x| ="

®
Q (I,x) = lim sup Xk = lim sup
o o
koo |x -x | ke

Eal
k-1
2 lim sup _lE___L

%571
|Xk—1“xk—2\q—l

= © e

2 lim sup

¥k -0
*
Hence OQ(I,x ) € o < 7,

Theorem 2.2.2 can be used to give a lower bound for the
order of convergence of the two-point secant method given
by Equation 2.1-1. This is done in Ortega and Rheinboldt
[1970].

As has been pointed out in previous sections, it is
frequently advantageous to impose conditions on the itera-
tion function to obtain convergence results rather than on
the sequences generated by that iteration function. It is

‘this approach which is taken in the following theorem.
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Theorem 2.2.4. Let I denote the iteration

k+1 k —=m+ i .
% = G(xk,.gs,x m l) where G:D - R" with D an

. n . .
open subset of R . Assume that there is a point

& *® k-
x € int(D) such that x = G(x ,y2,...,ym) for all
yj ED, J=2,.0.,Mm, that glGh exists as a differential

on D and satisfies

H_a_lG(yl,...,ym)h—_g_lG(x*,...,x*)hH = ) a,lly-x [l

i * *
for all yl epD, i=1,...,m , and that glG(x yee-sX ) =0 .

*
Then X is a point of attraction of the procedure I and

*
OR(I,x Yy 2 v+ where 1 1is the unique positive root of

t -t - 1 =0 . Furthermore, assume that G exists

3 Bl
* *
as a vector partial derivative at (x ,...,x ) and that
* *
s 3.6 ... ,x)n™ %0 for all mL,n" € R", ni,n™ £ o .
=1 :
®
Then OR(I,x Yy =71 .

* *
Proof. It follows immediately from X = G(x ,y2,...,ym)

* *
that ng(x ,e.asx ) =0 for j=2,...,m , SO by

Theorem 1.2.2 x* is a point of attraction of the procedure
I . Let {xk} be any sequence generated by I which con-
verges to x* . Choose ko sufficiently large so that

HKTML e p for all k=2 k_ - Then by the Taylor Expansion

Theorem 1.1.3




1k M+ * ke —m+1,
{’1) REXP l"mx Eil = NQ;(XkyWGOpX}{ : 1) “’G(X yxk lﬁ@@a.;xk m}dl) X‘E
. * k * k-1 k-m+1
< D llfa 6Mx +e (T =x ) ,x7 7, ... ,x )
"0

3,60 e x ) 16x) lat

I

where al,...,am are the Lipschitz constants for giGh .

Thus relation 2.2-1 is satisfied for all k = ko , SO by
*
Theorem 2.2.2 OR(I,x ) 2 ¢+ where «+ is the unique posi-
tive root of " - tm_l -1=0.
* * 1. m
Now assume that 3 3.G(x ,...,x )h™h # 0 for all
“m—1

hl

* *
™ e R®, nh,n™ £ 0 . Then since |3 3.G(x ,...,x )hlhmH
“m=1
is a non-zero, continuous function of hl and hm on the
compact set {hleRn;thu =1} x {hmERn;HhmH = 1} , there is
. * * . 1l,.m
a positive constant C such that HgmglG(x yee.,Xx )R 2
1 m
CthH Hhmn for all non-zero h ,h € r" . Returning to
equation (4) we have
k+l * 1 * k *
x> "-x || = Hy LglG(x FE(X =X ), X s ee.sX )
"0
* - -m+
- 3,6(x %" Lo xR
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- élG(x*,..,,X*)](xk—x*)dtH.

k-m+l ¥ k
X -x )

* * *
Adding and subtracting _gmglG(x seossX ) ( (x-%x ) ,

and using the Lipschitz condition for _@lG on the first

m - 1 differences of _@lG gives

k+1 *
X —

x || = Glx o) L) (x|

(5) |l 1221 |

*  k-m+1l

* * *
- H@iG(x yeeerX X ) = 2,6(x ,...ux )

- gmglG(x*,...,x*)(xk—m+l—x*)u ka—x*ﬂ
m-1
1 k _*,2 k _*, U k-3+1 *
Ll 1 e DA e
i=2

* *
Now since G exists at (x ,...,x ) there is a kl z k

ém"a-l e}

such that for every k = kl

* k-mt+l

* * *
HﬁlG(X yeeesX X )=2,G(x ,...ux )

* * o kem+l ¥ Cc ; k-m+l _*
-2 2,6(x 4. x ) (x -x )| = 7 lx -x || .
Furthermore, since by Theorem 1.5.3 Ql(I,x*) = (0 , there
is a k, =k, such that ka“jax*ﬂ < énxk-m+l—x*u for

2




i o=0,1,...,m -~ 2 and all k = kz where & is chosen so
m—~1

that 6{% yl+ Z dj] < C/4 . Returning to relation (5) we
j=2

may now write

<L BT s = ST x|

x| = c <

m-1
- ka_m+l—x*u ka—x*H6[%'al+ Z aj}
j=2

c

=TT |

= for all k = k2 .

Hence relation 2.2-2 is satisfied and we have by Theorem 2.2.2
*
that OR(I,X ) =717 . Q.E.D,
‘o * * 2 m
The condition that x = G6(x ,v ,...,y ) for all

'yj €D, j=2,...,m , is, of course, very restrictive.

*
However, many iterative procedures for finding a point x

* +
to satisfy F(x ) = 0 are of the form xk 1.

xk - A(xk,...,xk—m+l)F(xk) G(Xk,...,xk—m+l) where

i

A:Dm c (Rn)m - £(Rn) . Then it is clear that

* %* ;
x = G(x ,yz,...,ym) for all yJ €D, j=2,.e.,m . In

particular the two-point secant method given by Equation

2.1-1 falls into this category with A(xk,xk—l) = J—l(xk,xk_l_g% )
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In the next section we shall attempt to apply Theorem 2.2.4

to this method.

There is another broad class of operators which satisfy

N O

the condition x* = G(x*,y ,...,ym) for all yj €D,
j =2,...,m , and that is the single-step operators, the
case when m = 1 . We shall now.apply Theorem 2.2.4 to the
single-step operators obtaining a result which may be found
in Ortega and Rheinboldt [1970] wunder slightly stronger
assumptions on G .

Corollary 2.2.5. Let I denote the iteration

+
xk 1 = G(xk) where G:D - Rn with D an open subset of

*
R® . Assume that there is a point x € int(D) for

* *
which G(x ) = x , that G is differentiable on D and

G satisfies

le* (x)h-G' (x )h|| = allx-x || [n] .

* *
and that G'(x ) = 0 . Then x is a point of attraction

*
of the procedure I with OR(I,x ) 2 2 . Furthermore,
* &
assume that G" exists at x and that G"(x Yhh # 0

%
for all non-zero h € R .  Then OR(I,X Y = 2 .

Proof. The conditions of the first part of Theorem 2.2.4

*
are easily seen to be satisfied for m = 1 ; hence, x is a




point of attraction of the procedure I with ORiigx*) > T
where 1 is the root 0of + - 1 - 1L = 0 . Thus OR(I,X*) = 2
Likewise the conditions of the second part of Theorem 2.2.4
are satisfied so that OR(I,X*) =2 . Q,E.D,

It should be pointed out that the version of Corollary
2.2;5 due to Ortega and Rheinboldt [1970] also gives informa-
tion about OQ(I,x*) , namely, from the first part, that
OQ(I,X*) 2 2 and, from the second, that OQ(I,x*) = 2 .,

This result cannot be obtained from Theorem 2.2.4 because,
as was shown in Example 2,2.3, Theorem 2.2.2 gives no
*
information about OQ(I,x ) .
One might wonder if the condition giving the precise

order statement in Theorem 2.2.4 and its corollary might be

* *
G(x ,...,x Y)h # 0 for

weakened to requiring only that émgl

all non-zero h € R . The following example shows that
this is not possible.

Example 2.2.6. Let G:R2 - R2 be defined by

m, T * T
G(x) = (O,X1X2+X2) for m =z 3 . Then for x = (0,0)

) * * * ,
G(x ) = x and G'(x ) =0 . Thus x is a point of

. . k+ k
attraction of the iteration I:x 1 = G(x) . Now let
{Xk} be any sequence generated by G which converges to

* k mk""'l

X . Then for any k =2 1, x = (0,v )T

for some constant

v with |v| < 1, so we have immediately that
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Since {Xk} is any sequence generated by G converging to
*

* *
x , we have Qm(I,x ) =1 so that OQ(I,X ) = m . In

addition we have

k k-1 ., k
*
0 < R {x"} = lim sup ka_x Hl/m = lim sup |y™ ‘l/m <1,
" —® k-0
* * *
so that since O (I,x) = OQ(I,x ) » Op(I,x) =m . However,

note that

o) =[5 o) 3l

0 h2

*
so that G"(x ) h = ( l #0 for h # 0 . Hence

0 hl

*
G"(x )h # 0 for h # 0 is not sufficient to guarantee
*
that OR(I,X ) £ 2

The same kind of example may be given if G is a

multi-step operator for let G:R2 X R2 - R2 be defined

m, T .
= -+ .
by G(x,y) (O,xly2+x2yl x2) Then as in the above

* &
example it is easy to show that nglG(x ,X ) h # 0 for

* o+
all non=zero h € R2 , but that OR(I,X ) = OQ(I,X } = m




. . . . k+1 k k=1
where I is the iteration x = G(x ,x )

As was pointed out in Chapter I it is not
& * &
that G'(x ) =0 or 3.G(x ,x ) =0 to have
convergence. A slight modification of the abo
function yields an even stronger result. Let

A
be defined by G(x) = (O,xl+xlx2+x§)T and G:
be defined by a(x yv) = (0,x +X.y . +X_y +xm)T
! 1 T1f2 21 2

* A * * Ol
Then G'(x ) = glG(x ,X ) = [O 0 # 0 , but as

verified for the iterations Il:xk+l = G(Xk)
A k k-1 * _ * _ *
G(x ,x 7)) , OR(Il.X ) = OQ(Il,x ) = OR(IZ'X )

* A * *
Thus even though G'(x ) # 0 or glG(x X ) #

an iteration with an arbitrarily high order of

74

@

necessary
Q-superlinear

ve iteration

2
G:R2 - R
R2 X R2 - R2
for m= 3 .

is easily

and I :Xk+l =
2
%
- OQ(IZ'X ) -
0 we may have

convergence.
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Section 2.3

A Sufficient Condition for the Precise Order of Convergence

of the Two-Point Secant Method

In this section we shall attempt to determine the
precise order of convergence for the two-point secant method
introduced in Section 2.1. Therefore we shall be concerned

with the procedure I given by

k+1 k k-1 k

(1) x = Gg(x ,x ) = x - J_l(xk,xk—l—

Xk)F(xk)

where J(Xk,xk—l—xk) is defined by relation 2.1-1. As was

mentioned in the previous section, Ortega and Rheinboldt

[1970] have shown that the order of convergence of procedure

(1) is at least . Before attempting to show that this

1+/5
2
is the exact order, we shall give a lemma pertaining to the

partial derivatives of the iteration function.

Lemma 2.3.1. Assume that F:D C Rn - Rn is twice

*
continuously differentiable on D with x ¢ int(D) such

* *
that F(x ) = 0 and F'(x ) 4is non-singular, and that

for some constant dl




76

(2) 17" G0 -7 () | 5 [l

for all x € D . Let G:DxD c RUxr™ - R" bpe defined by
G(x,y) = x - J—l(x,y—x)F(x) where J(x,y-x) is given by
Equation 2.1-1. Then there exists an r > 0 with

— % '
S(x ,r) € D, and constants Ll and L2 such that

* *
() 366 9h - 3,66, y)h| = L fx=x"|| |n|
and

(4) 2,2,66 )0k = 3,866, %"V mk| < £y ]| x|

— *
for all x,y € S(x ,r) .
Proof. It is clear that J(x,y-x) is continuous at
* * * ,
X =y =x and J(x ,0) = F'(x ) . Thus there exists an

¥ > 0 such that F'(x) and J(x,y-x) are non-singular for

— *
any X,y € S(x ,r) ¢ D . Clearly,
-1 -1
(5) 3,6(x,y)h = h - _a_lEJ (x,y-x) JhF (x) - J " (x,y-x)F' (x)h

provided that Ql[J_l(x,ymx)] exists. We shall now verify
that _Ql[J-l(x,y—x)] does indeed exist and is continuous on
)

S(x ,r) . Applying Lemma 1.5.6 to the identity

Jul(x,y—x)J(x,y—x) = I gives
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-1 -1 -1
(6) 2,03 "(x,y-x) Jh = -J (¢, y-x) 2,3 (%, y=x)hI "~ (x,y-%)

— %
for all x,y € S(x ,r) , so we need only calculate QlJ(x,ywx)

Since J(x,y-x) is a matrix, 3.J(x,y-x) 1is a bilinear

1
operator composed of n n x n blocks, and one obtains the
jth column of the ith block by taking the partial deriva-
tive of the 1i,jth component of J(x,y-x) , denoted by
ai’j(x,y—x) , with respect to the first vector variable.

From relation 2.l1-1 we see that

fi(X(j)+(Y--X1-)ej.)—fi(X(j))

5
a. .(x,y=-x) =
i, —=X
J y] J
j-1
for yj # xj where x(j) = x + 8 > (yg—xz)e2 , so by direct
=1

computation the k,jth component of the ith block of
QlJ(X,y—x) is given by

[akfi(x(j)+(y.—xj)eﬁ)—kai(x(j))]

(]-"B) ’

for k < 3 .

£, @)y mx)e ) =F, (x(9)  34E; (x(5)

(7) 2 a. .(x,y-x) = —
S (v,-x) 2 vy

J
for k =3

2, F; (X () +Hy -x,)e.) -3y £, (x(3))

(y.-%x.)

b ]
for k > j
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where 3 denotes the partial derivative with respect to

the thh variable.
Now if yj = xj the differentiation cannot be done

directly; however,

lim %[ai
t-0 !

It

- + - -
5} ai,j(x,y x) j(x tek,y X tek) ai

*x

j(XrY_X)]

[

= lim %[ajfi(x(j)+tek-8tek)—ajfi(X(j))]

£=0
(8) = akajfi(x(j))(l—B) for k < j
£, (x(j)+te.) -f, (x(3))

I N R | ] i .
axjai,j(x'y‘x) e I T - ajfi(x(]))]

e AL 2 :

- 1l:l-»mo [2 ajfi(x(3)+9tej)tJ for o € [0,1]
(9) =L a;.zfi(x(j)) for k = 3§ .

In the same manner that we obtained equation (8) we have

(10) ax ai'j(x,y—x) = 3

3.fF. (x(§)) for k >3 .
X 1

k™)

From equations (7), (8), (9), and (10) it is easy to see
—_— %
that 9 a, j(x,y-—x) are continuous on S(x ,r) for all
i,3,kx=1,...,n . Thus Qlai j(x,y—x) exists and is con-

—_ %
tinuous on S(x ,r) with the components given by equations

(7), (8), (9), and (10).
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Since F is twice continuously differentiable on D ,

there is some constant @2 such that

(11) [F' () -F* (0 || = a,llx-v]|

— *
for all x,y € S(x ,r) . Now consider the i,jth component

of

%* *
J(x,y-x) - J(x ,y-X )

*
where i < j and Xj # yj # Xj . Then using the integral
form of the Mean Value Theorem and Lipschitz condition (11)
we have

£, (x (9 +(y -x) e ) =E, (x(3))

) 3 -1

f * j"’ * + E3 f * 3"“ *

i(x +8 Z (yl—xg)eg (yj—xj)ej)- i(x +8 Z (yg —xz)eg)
g =1 ] 2 =1

1
= Xo[ajfi(x(j)+t(yj—xj)ej)

j=-1
£o(x 4B Y *e +t i ']dt
-3y s (x 48 Z (y, -x,)e, (yj—xj)ej)
2 =1
1 ]_l j_’l
o % * % 73 *
< X l|x-8 2 xgegmtxjejux +B Z xqu+txjejudt <5 +8> Nx-x ||

P o =1
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In an analogous fashion we may obtain a similar ineqguality
when 1 = 73 or i > j ; it is even simpler to obtain the
same type of inequality for the case Xj = yj and all

i,j=1,...,n . Thus we have for some constant a3

(12) g (x,y-x) - J(x*,y—x*)H < U3HX'X*H

J— % _l
for all x,y € S(x ,r) . Now since J (x,y-x) exists and
—_— %
is continuous for all x,y € S(x ,r) , we have from the

Lipschitz condition (12) that for some constant o,

o7 kv =07 L y-x ) |

< HJ_l(x,y-x)H HJ(X*,y—x*)-J(x,y—x)H HJ_l(X*,y—x*)H

(13) < ayllx-x |

— *
for all x,y € S(x ,r) .

*
Then from equation (5) and the fact that F(x ) =0

we have

HQlG(x,y)h—glG(x*.y)hH = H—glfJ_l(x,y—X)]hF(X)—J_l(x,y—X)F‘(X)h
+ J—l(x*,y—x*)F'(x*)hH

(14)

= -2, 137 G,y ThllF (0 -F () |

*

# 0 ey =0Ty || IE GO | in

b o " y=xD ] E ) =P o || Il
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Now using the fact that Q}[Jml{x,ywx)] is continuous, we

1

. s *
may bound gﬂ[J l(x,ymx)] on S{x ,r) : likewise, we

- * * —— *
may bound F'(x) and J l(x ,y=x ) on S(x ,r) . Then

using Lipschitz conditions (11) and (13) in inequality (14)

we have for some constant Ll

l2,6 G y)n-2, 60 b < L x| ]

for all x,y € E(x*,r) .

Now we turn our attention to the Lipschitz condition (4).
In what follows we shall need an expression for QQJ(X,y—x) .
By means of the technique used to obtain equations (7)., (8),

(9), and (10), we have that the %,jth component of the ith

block of QZJ(x,y—x) is given by

[akfi(x(j)+(y_.)—x_})e_.}) —akfi(x(j)) ]

p— B

J o3
for k < j

= i)+ (y.-x.)e.

2. ; (x(3) (y1 xj) 1)
V. ~X.
s Bl

. £ (x(3)+ (v -x.)el) -£, (x(3)
_ L I , for X

2
(yj—xj)

0 , for k > j
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3 ajfi(x(j))B , for k < j

k
(16) 3 a, .(x,y-x) ={=3%F. (x(5)) , for %k = j
vy 13T T 2 Oyt e e =
0, for k >
where x, =y, . It is clear that 3 a, .(x,y-x) are
3 Yy 143

—_ %
continuous on S(x ,r) for all i,j,k =1,...,n . Hence,
—_ %
QZJ(x,y—x) exists and is continuous on S(x ,r) with the
components given by equations (15) and (16).

Now as in equation (6) we have

(17) gz[J_l(x,y—x)]h = J_l(x,y—x)QZJ(x,y—x)hJ_l(x,y—x)

— —_— *
so that QQEJ l(x,y—x)] is continuous on S(x ,r) . Let

e > 0 be arbitrary and choose |k|| < r . Then from equa-

- * *
tion (5) and the fact that QZEJ l(x ,2Y=X )] exists, we

have

* * _l * *® , *
HéiG(X ,y+k)h—§lG(x ,y)h+§2[J (x ,y-x ) JkF' (x )hl|

= -0t x L yk-x ) P () hed T (kL yex ) F () h

-1 * * *
+3,03 “(x ,y-x ) ]JkF' (x )h|
< HJ_l (x ,y+k-x ) -t (x*,y—x*) —gz[J—l (X*,y=x*) 1kl

CE O | IRl = ekl E ) Il
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Thus since & was arbitrary we have that
* -1 * * *
(18) 3,3,Gx ,y)hk = —3,10 “x ,y-x )1k F! (x )h

-— *
for all vy ¢ S{x ,x1).
Now by means of a technique analogous to the one used to obtain the
Lipschitz condition (12), using relation (2) and expressions (15) and (16)

we obtain for some constant us
* * * *
(19) |39 y-x") = 3,3t 0 | < ag Jy=x |
-— *®
for all y ¢ S(x ,r). Then from eguation (17) we have
..l * * ..l *
l2,037 " x yy=x ) 1h = 3,15 “(x ,0)1n]|
_l * * * * ...l * *
= -7 "(x ,y-x) 3,dx ,y=x )h J (x ,y—x )
-1 * * -1 %
+3 7 (x ,0) 3,3(x ,00h J " (x,0) |
_l * * _l * * * ._l * *
(20) = 0T yx ) =T T(x ,0] 3,3(x ,y-x )h T T (x ,y-x )
-1 * * * * -1 *
-3 “(x ,0) {[3,9(x ,0)-3,3(x ,y=x )]h J "(x ,0)
* * —l * * _.l *
- 3,0 yx VIT Tk ymx )=T T (x 01

Then by means of the technique used to obtain the Lipschitz condition {(13)

we have for some constant a6

(21) HJ_l(x*,y—x*) - J_l(x*,O)lls o “y—x*H




84

™

e fe
for all vy € S(x ,r) . Furthermore, using Lipschitz condi-

tions (19) and (21) in equation (2) and bounding the

. : * # -1, * *
continuous functions QZJ(X ,Yy=x ) , J T (x ,y-x )} , and

1 * — *

J “(x ,0) on S(x ,r) gives for some constant o

(22) 12,037 6 y=¥)Th-2, 007 (<, 0) Il < o lly-x |

—
for all y € S(x ,r) . Then using expression (18) we have
| * * %
(23) 13,3,6(x ,y)hk-3,3 G(x ,x )hkl|

< J|-a, 07 G Ly =x ) Tk, Lo ,0) Tkl| JE ) | [l

Or from Lipschitz condition (22) we have for some constant

122,60 y)hk-p,2, G0, x ) hkl| 5 Blly=x || (0] x|

— *
for all y € S(x ,r) ."Q.E.D.
Now we return to the two-point secant method