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ABSTRACT

Title of Thesis: The Ratio of Surface to Bulk Nucleation Critical Fields,
H ’/Hc , for Pure Superconductors in the Non-Landau-
G%nzburg Region

Hame of Author, Degree Sought, Date: Chia-Ren Hu, Doctor of Philosophy,
1968

Thesis directed by: Victor Korenman

The ratio of surface to bulk nucleation critical fields, Hc3/Hc2’
for semi~infinite pure superconductors separated from a vacuum or an
insulator by a specularly reflective plane boundary, is studied for both
T = 0°K and near the Landau~-Ginzburg region (as defined by TC - T << TC).
Gor'kov's microscopic formulation of superconductivity theory is employed.
A generalized image method is first developed to obtain the normal
electron temperature Green's function pertaining to the given sample
geometry. The appropriate linearized gap equation for such a sample
is then derived. For T = 0°K, this linear homogeneous integral equation
is then solved by a variational method using a gaussian as the trial
/H

wave function. The result HC > 1.925 is obtained, compared with

3" c2

Saint-James and de Gennes' result, v 1.7, for this ratio in the Landau-
Ginzburg region. The result is then extended to small but non-vanishing

T by a perturbational method, and the leading term in the temperature

dependence of the vatio is found to be 0.05 Tz In T for small T. For

/H .. 1In the first

T = Te., two approaches are employed to calculate HC o2

3

approach, the conventional assumption that the pair wave function is




everywhere slowly varying inside the sample is made. It leads to a
simultaneous, microscopic derivation of the linearized Landau-Ginzburg
equation and its supplementary boundary condition, for samples with a
boundary, when TC - T <« TC. This approach is shown to be not self-
consistent for temperatures below the Landau~Ginzburg region. The
second approach, allowing for the rapidly-varying nature of the pair
wave function near the sample surface, is then used. We find the lowest
two non—-trivial orders in (l—t)l/2 as corrections to the result
HC3/Hc2 = 1.7, when T gets slightly below the Landau-Ginzburg region,
and find that HC3/HC2 decreases as the temperature is lowered in this
region. We speculate about the qualitative behavior of this ratio in
the whole temperature region below TC and believe it to possess a
minimum at some temperature not very far below Tc. Comparison between
our calculation and some other presently existing theories are also
made, Finally, two criteria concerning the optimum nucleation modes

are studied.




THE RATIO OF SURFACE TO BULK NUCLEATION CRITICAL FIELDS,

H ./ FOR PURE SUPERCONDUCTORS IN THE NON-LANDAU~-GINZBURG REGION

c3 HCZ’

by

Chia-Ren Hu

Dissertation submitted to the Faculty of the Graduate School
of the University of Maryland in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
1968




ACKNOWLEDGEMENTS

I wish to express my sincere gratitude and thanks to Professor
Richard A. Ferrell for suggesting this problem; and to both him and
Professor Victor Korenman for their most helpful guidance and advice
throughout the course of this research. I am particularly grateful
to Professor Victor Korenman for his careful reading of the manuscript.

Mrs. Wendy Magi typed the manuscript; I would like to thank her
for her excellent work.

Acknowledgements are due to the U.S. Air Force Office of Scientific
Research for financial support of this work under Grant No.'s AF-AFOSR-
735-65 and AFOSR-68-1459, and to the Computer Science Center of the
University of Maryland for making the IBM—7094'computer available for

numerical calculations under the NASA Grant NsG-398.

ii




TABLE OF CONTENTS

Chapter Page
I. INTRODUCTION AND SUMMARY ..covevssccoococaseconos B |

II. REVIEW OF PREVIOUS WORK AND FORMULATION
OF THE PROBLEM (cicecccronacerocrsncerasecntsansscsssosnnns ceeens 8

III. THE NORMAL-ELECTRON TEMPERATURE GREEN'S FUNCTION ...ceonenneees 25

IV. THE LINEARIZED GAP EQUATION AND CALCULATION OF HC3
FOR PURE SAMPLES NEAR T = 0°K ...cvecnccacnnns . 11

V. CALCULATION OF H FOR PURE SAMPLES NEAR THE
LANDAU-GINZBURG ﬁﬁGION tessensccsasens cesecorecaneennas - 11

VI. GENERAL CRITERIA FOR THE PHYSICALLY MOST

FAVORABLE MODES OF NUCLEATION +.vvvevevcoesnsacsnasnnsnsanssoes 85
VII. CONCLUSION AND DISCUSSION ...... cesrenenacs Ceeenrsersesececen s 95
APPENDIX

A. BOUNDARY CONDITION FOR A SPECULARLY REFLECTIVE SURFACE ........105

B. GENERALIZATION OF HELFAND AND WERTHAMER'S IDENTITY ............l1l1

C. VARIATIONAL CALCULATION OF Hc//(go=0) AT T =0%eeuinensn. B B X
D. ON GOR'KOV'S EQUIVALENT CUT-OFF PROCEDURE ......... P ¥/
E. UPPER BOUND OF HC/V(CO) and H o ..... et etas e ..126
F. DERIVATION OF THE SURFACE LAYER TERMS ...cvccuveneevnnononcns ...130
G. EVALUATION OF o) ..o i i ... e el 134
FOOTNOTES ¢vevvnvvcecannns G et ecr ettt RO I ¥
BIBLIOGRAPHY ....cvovveovevenaneons Cereeeeaae ceeeee e ieeeaaes PR K14

"
(%N
[




Figure

LIST OF FLGURES

. Page
T
a. The integration paths for {+ (the direct path) and
; ar‘;
{9 (the reflected path via rl).
‘T
b. The integration path for %ﬁ e etereteeceeeretsesosaarennn 144

Minimization of E.V. (= ln[e/(th)l/z]) w.r.t. the
variational parameter o for various values of g+ cerreeeess 145

C/V(L )/H Vs Q1(= QO/VEB where ¢, is the "center of

nucleation' parameter characterizing the nucleation modes
with y-independent pair wave function ...... P X

mln(c Jvs gl(— Z, /¥2) which gives the Zs -dependence of

the approximate pair wave function y(¢) ee expl-ag /2] ceeeeas 146

Qualitative interpolation of the critical field ratio
Hc3/<l'695 HCZ) at intermediate temperatures. Also

shown are the high (T NOT ) and the low (T 2 0°K)

temperature results of thé present theory (for specularly
reflective surface only), as well as Liiders' predictions

near Tg for various surface roughness conditions: p = O.

specular reflection; p = 1, diffuse reflection; O<p<l,
intermediate. ........ Ceeeseena fe et rsenans Cerecessennse ceees 147

iv




CHAPTER I
INTRODUCTION AND SUMMARY

The phenomenan of surface superconductivity was first predicted
to exist by Saint-James and de Gennes in 1963,1 on studying ideal
superconducting samples in the Landau-Ginzburg (L-G) region, i.e. when
the temperature T is very close to the critical temperature Tc' At
that time, it was already well-known that the bulk superconducting
states can only persist for magnetic field strengths below certain
critical values, namely HC for type I superconductors, and HC2 for
type II superconductors, and it was assumed that above these critical
fields the whole system will return to normal. But Saint-James and
de Gennes discovered that for a quite large class of superconductors,
including some type I superconductors and all type II superconductors,
a thin sheath of superconducting region can continue to exist on some
part of the sample near its surface, when the magnetic field strength

is above these critical values, namely HC or H if the magnetic

] c2?
field is applied parallel to the surface. (For terminology and a
good introductory course in superconductivity, the reader is recom-
mended to the book by de Gennesz). This new superconducting state,
called surface superconductivity, was predicted to persist until
another critical field is reached, which is called HC3.
We remind the readers that HC, called the thermodynamic critical
field, dis the magnetic field at which the condensation energy of a

homogeneous superconductor is exactly compensated by the total free

L




energy increase due to the exclusion of magnetic flux from inside
the whole sample. On the other hand, HaZ* called the upper critical
field or the bulk nucleation critical field, is the magnetic field
at and below which a localized superconducting region, usually a
thin layer, can exist deep inside a bulk sample. A superconducting
sample is classified as type I, or type II, depending on whether Hc2
is smaller, or greater, than Hc.

The newly discovered critical field, H can be defined in

c3’
close analogy with the critical field ch. That is, it 1s the

magnetic field at and below which, a localized superconducting region,
usually a thin layer also, can exist near a sample surface, which is
parallel to the field. It is therefore named as the surface nucleation
critical field.

The phase transition, that occurs at H = like the one at

Hc3’

H = ch, is found to be of second order, which means that the super-
conducting pair amplitude, or the magnitude of the order parameter,
will drop to zero continuously, before the surface (bulk) super-
conducting state disappears, as the magnetic field H reaches Hc3
(ch) from below. The magnitude of the order parameter is therefore
infinitesimally small, everywhere inside the sample, for H in the

vicinity of HC (H

3 CZ)'

This fact allowed Saint-James and de Gennes to compute the exact

value of HC in the L-G region, with not too much difficulty. They

3

found that the ratio of HC3 to ch is always equal to 1.695, or

roughly 1.7, independent of the characteristic parameters of the

sample, such as its critical temperature TC, its zero temperature energy




3
gap Aog its BCS coherence length g09 and its L~-G parameter k, etc..
(see again refﬁz for the definition of these quantitles.)

For type I superconductors, with their ch smaller than HC,
there also exists the possibility for Hc3 to be smaller than Hc'
If this happens, surface superconductivity will not exist in such
a sample. But if one reduces the magnetic field gradually from
above to below Hc’ and if non-uniformity of the sample, of the
applied field, of the temperature distribution, and small external
disturbances are all carefully avoided, a metastably supercooled
normal state may be obtained until a lowest possible field is
reached, which is defined as‘the supercooling critical field. For
the case when H is perpendicular to the sample surface, this super-

cooling critical field is H since at this field the normal state

c2?
becomes unstable against spontaneous nucleation of infinitesimal
superconducting regions. But for the case when H is parallel to
the surface, Saint-James and de Gennes pointed out that this super-

cooling critical field should then be H since for this case

c3?
nucleation near the sample surface is easier, and therefore occurs
earlier, than nucleation inside the bulk,

The discovery of surface superconductivity and the relationship
HC3 =1.7 x HC2 lead Saint-James and de Gennes to successfully explain
a number of discrepancies between theories and experiments (such as
the apparently too high values of the measured supercooling field of
type I superconductors), and between experiments of different types
(such as the disagreement between the values for the upper critical

field of a type II superconductor, as determined by vanishing of the

magnetic moment and the appearance of resistivity). (References on




; C . Iy e .
these can be found in their original paper. ) Their results are

thus considered

as well-established. (see the discussions in ref.

and the abundant references cited there.)

Subsequently, the result Hc3 = 1.7 H , was further extended

c2

to all temperatures for dirty superconductors (i.e. when the electron

mean free path due to impurities, 1, is << go), by Maki4 and by

de Gennes5 independently.

Saint-James and de Gennes' theory is valid for weak couplin
y g

superconductors

only, so are Maki's and de Gennes' extensions to

dirty superconductors. Recently, however, Eilenberger and Ambegaokar6,

as well as Yorke and Bardasis7 have shown that even for strong coupling

8
superconductors,

region.

JH . = 1.7 still holds in the L-G

the ratio H
c c2

3

The experiments of Rosenblum and Cardonag, and of TomaschlO

indicate, however, that they might have observed a deviation of the

ratio HC3/HC2 £
are pure Pb and
strong coupling
relatively pure

Since the

strong coupling

rom the predicted value 1.7. The samples they used

Pb with a few percent of Tl, which belong to the
category. Their conclusions were drawn from data for
samples outside the L-G region.

possibility of this apparent deviation being due to

effects has been ruled out, we suspect that it could

be because the samples are not in the L-G region nor in the dirty

limit, especially since HC

3 in this case has never been explored.

It is to this question that we have addressed ourselves in

this thesis. Unfortunately, to study superconductivity in the low

temperature, pure limit is much more difficult than other cases. To

study surface nucleation, we must consider samples with boundaries,




which complicates the problem even more. We therefore can only
calculate HCS for pure samples at two limiting temperature
regions, 1.e. for T < 0°K, and for T near the L-G region. For
the former case, HC3 can only be estimated by a variational ap-
/H

3/Pep 18

> 1.93 with a vanishing initial slope w.r.t. T; while for the

proach, which indicates that at T = 0°K, the ratio Hc

/2

5
are exact to order (l-t) R

latter case, the results we get for Hc3
where t = T/TC is the reduced temperature, which indicates that as T
just begins to drop below the L-G region, the initial tendency of
the ratio Hc3/Hc2 is to drop below its value in the L-G region, i.e.
1.7, with not a negligible rate. Comparing this conclusion with our
low temperature results, we find that as T is further reduced below
TC, the ratio HC3/HC2 is necessary to increase, pass the value 1.7
again at some TX < Tc, and finally approach some value roughly equal
to, or slightly larger than, 1.93 horizontally, as T approaches 0°K.
We emphasize that these results pertain to a semi-infinite sample
separated from a vacuum or an insulator by a specularly reflective
plane boundary parallel to the applied magnetic field.

Let us now briefly summerize the major contents of the later
chapters:

In chapter II, we first review some previous work which is
closely related to the present calculation. It includes the

Saint-James and de Gennes' calculation of HC in the L-G region,l

3

5 o .
*” vyery briefly mentioned, Gor'kov's

. ) ey 4
with the dirty limit case

, C PP B X . .
microscopic theory of superconductivity which forms the basis of
our present calculation, and Helfand and Verthermer's calculation

. 12, .
of HCZ at all temperatures below T {(for pure samples only), which




serves as an illustration of the use of Gor'kov's theory, and as a
guide to our present work.

In chapter 111, we find the thermal Green's functionl of a
normal electron in our semi-infinite sample, by means of a generalized
method of images.

In chapter IV, we use the thermal Green's functions found in the
previous chapter to obtain Gor'kov's linearized gap equation13 (LGE)
appropriate for studying nucleation phenomena in such a sample. The
lowest eigenvalue of this homogeneous ihtegral equation 1s related to

H A boundary condition (B.C.) is found from this equation, which the

c3’

pair wave function order parameter must always satisfy. The equation is
then shown to be not equivalent to Helfand and Werthamer's differential

equation for H 12 plus any B.C.. Finally, the equation is used to

c2?

calculate HC and the ratio Hc /A ., at T = 0°K and for T =2 0°K, by

3

variational and perturbational methods respectively. Some discussions

3" e

on the current-carrying nucleation states are also made.

In chapter V, we turn to temperatures near L-G region. We first
show that our LGE is equivalent to the linearized L-G equationla, and the
B.C. used by Saint-James and de Gennes1 for calculating HC3 in the L-G

region, if (1-t) is negligible compared with 1. We then calculate cor-

rections to Hc

1/2

3 and Hc3/H02 to the first two non-vanishing orders in

(1-t) , when the temperature is slightly below the L-G region. At
the end of this chapter, we present a comparison of the results and
conclusions of this chapter to some presently existing theories.

In chapter VI, we discuss two criteria that characterize the phys-
ically most favorable modes of nucleation, the proofs from first princi-

ples in the L-G region, and the possibility of extending them to, and usg-

ing them at, lower temperatures.




Finally, in chapter VII, we collect all major conclusions and
results from all previous chapters, together with a discussion on

the possible extensions of the present calculation.



CHAPTER II
REVIEW OF PREVIOUS WORK AND FORMULATION OF THE PROBLEM

HC3 in the Landau-Ginzburg Region and in the Dirty Limit

. . . 1
We first review the work of Saint-James and de Gennes, on

the calculation of HC in the L-G region (i.e. when TC—T<<TC).

3
In the L-G region, it is well known (see for example ref.z)
that superccnductivity is governed by the phenomenological L-G
equation,14 which is in general non-linear. For discussing the
nucleation problem, we assume the strength of superconductivity to
be everywhere infinitesimally small, since we are asking for the
field at which it is just possible for superconductivity to be

present. We can therefore start from the linearized version of the

E:C equation which we write in the following form:

1 = e __l_ > B
- Zﬁ.lvr + 2ieA(x)|"A(x) = 2 (1-v)alx), (IT-1)

where m and e are the magnitudes of the electron mass and charge,

8}

and t = T/TC. We use units in which # = ¢ = kB = 1, where kB ig the

Boltzmann constant.

. . . ; . . . . 15
This equation is written in a form first obtained by Gor 'kov,

when he derived the L-G equations from his microscopic theory of

superconductivityel1 It differs from the conventional form by

using (2m) and (2e) instead of the phenomenological effective mass and

charge parameters: m* and e®*, and by using the microscopically defined

- B




9
“"gap function', or better the '"pair wave function order parameter”,

A(z) (see section 2 for microscopic definition), instead of a
phenomenological order parameter w(‘f)c In fact, A(r) differs from

¢(¥) by a numerical constant. But normalization of A(;) or w(?) does

not interest us for our present calculation. R is merely a temperature-
independent constant. For pure samples, it is equal to 7;(3)€F/6(HTC)2,15
with ¢(n) being the Reimann zeta function. If we introduce now the

BCS coherence 1engthl6 go = VFAQNTC)(notice the slight difference from
its conventional definition. Instead of 0.18, we have (ZW)—l as the
numerical factor), we observe that B is of the order of mgoz.

The nucleation critical field is the field in which a local
superconducting region can begin to grow, it is therefore the highest
field in which eq. (II-1) has a non-zero solution. We first consider
an infinite sample in a uniform magnetic field H along the positive
y direction. Choose the gauge (called gauge A) such that Z(;) =

(Hz, 0, 0), we find the eigenfunctions to be of the form:

a(r) = expli(kx + ky)1£(2), (11-2)

where f(z) satisfies:

.2 9
2., - (2m) w , k
_1 d7f(z) L o, .2 S
im az T 5 (z Zo) f(z) = [—~E—*- 4m]f(z), (11-3)
with w o= (2e)H/(2m), and ZO = — kx/(ZeH).

Eq. (II-3) is nothing but the Schrddinger equation of a harmonic

oscillator of mass (2m) and characteristic frequency Wy s with the

potential well centered at z In order for %q. (I1-3) to have a
, k
non-zero solution, the "eigenvalue' [~l—~:£~= ] must be equal to an

B 4m
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odd integey multiple of %-ng which relates H and T. The bulk

nucleation critical field, H being defined as the largest field

c2’
among all possible nucleation modes, for which eq. (II-3) has a

non-zero solution is therefore given by the ground state solution of

(IT-3) with ky = 0:

eH02

m

1 1
0 = 7 (-0, (11-4)

which is degenerate w.r.t. z ot kx’ as is expected from tramnslational
invariance.

We now turn to the case of a semi~infinite sample occupying
the half-space z > 0 with H still parallel to y-axis. The region
z < 0 is assumed to be a vacuum or an insulator. In this case eq.
(II-1) is valid only in the region z > O and we must have a boundary
condition (B.C.) on the surface z = 0 in order to find unique
solution. It was suggested in G-L's original paper through general
considerations on the total free energy of the sample, that the
B.C. should be, to a good approximation:

[v, + 2ie Az(§>]A(§>iz=o =0, (1I-5)

independent of the detailed nature of the surface.

A more rigorous justification of this B.C. will be supplied
later. For the present moment, we can simply take it as a plausible
assumption.

Going to the special gauge as before, we get again the type of
solutions given by (I1-2) with f£(z) satisfying (II-3) in the region

z > 0 togetrher with the B.C.
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v, £(z) = 0. (I1-6)
z=0}

This is equivalent to the quantum mechanical problem of a
. ; : 1
double harmonic oscillator (see, for example, Merzbacher, / Ch. 5).

Defining the dimensionless variables:

.= (emyi/? 0, = (2em) /2 ., (11-7)

the ground state with ky = 0 has eigenvalue %ﬁ (CO)wL, and eigenfunction

given by the parabolic cylinder functionzo (un-normalized):

£(z) = D (V2(z-t ), (11-8)
ez )-1]

with e(;o) -+ 1 as go + both o and . e(go) possesses a minimum at:

2

g = = 0.59010.1 Using the

o coM = 0.76818 where E(LOM) =g =

o] goM

notation HcA/(Co) to denote the critical field for the particular
nucleation mode characterized by Co’ It is seen that the surface
nucleation critical field Hc3 is given by the maximum value of Hc”

(CO) as ¢ varies between =» and +~. The function Hc3<T) is therefore

given by

_é_ (1-t) . (I1-9)
Comparing (II-4) with (II-9), we conclude that

=1 r}-
HCB/H = ¢ =

2 o 1.695. (1I-10)

This is where the magic number 1.695 (often referred to as 1.7) came
from. As is seen, it is intrinsicly related to the differential

equation (II~-1), and the B.C. (II-5).
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It is worthwhile at this point to make the following few
remarks:

1) An equivalent procedure in making these two calculations is
the following:

We start by choosing the following gauge (gauge B) so that:

AT = (H(z-z), 0, 0), (II-11)
and we can then limit ourselves to eigenfunctions A(?) which are
actually functions of z only, so far as the nucleation critical fields
of the physically most favorable modes are concerned. Egq. (II-3) can
then be reproduced (with ky = 0), but this time it is an equation for
A(z) itself. Eq. (II-6) also becomes the B.C. on A(z). All of the
results of the first approach follow again in this new approach. In
fact, it can be shown by general arguments based on gauge invariance
and translational invariance.along directions perpendicular to the
surface, that this equivalent approach is always valid whether the
system is in the L-G region or not. From now on, we shall always
calculate things in this new gauge. The reader should always keep
in mind the origin of the parameter z in gauge B by referring back
to gauge A.

2) For an infinite sample, the center of nucleation is exactly
given by Z For & semi-infinite sample, this is still roughly true,
except when zo < 0, for which the pair wave function can at most peak
sharper and sharper at the surface, when z is further reduced. From
now on, we shall always call z "the center of nucleation' whether
the system is in the L-G region or not. The reader is cautioned not

to take its meaning too literally.




3) By locking at the solutions, we see that for both the
infinite and the gemi-infinite sample, the pair wave functions for

the optimum modes possess the following property:

[V, + 21eh(D 1,0 | v 05, D s (D], (I1-12)
everywhere inside the sample, where 1 = x, y, z, and

£g(T) = (2eH)'1/2. (II-13)

In fact, by examining the differential equation, we can see that this
property is possessed by all low lying nucleation modes, for all sample
geometries and field arrangements, so long as T remains in the L-G

(1)

region.

Since in the L-G region, 1l-t<<l, gH W go(l—t)_l/2

>>g0, we shall
call the pair wave function "slowly varying at " oif (11-12) is
satisfied at ?, and "everywhere slowly varying' if (II-12) is
satisfied everywhere inside the sample. This nomenclature will be
used even when the temperature is slightly too small to be in the

L-G region, i.e. when we are only 'mear'" the L-G region. Notice

that the statement (II-12) is gauge invariant.

It will be shown later that when T is only near the L-G region,
the bulk nucleation modes still have this property everywhere inside
the sample, but for surface nucleation modes, this property no
longer holds within a distance of the order of éo from the surface,

/2

V3 o .
as terms of order (1-t) gets no longer negligible compared with 1.
We now turn to the dirty limit case. 1.e. when the impurity

mean free path % tends to zero compared with go‘ Without going

through all of the details this time, we shall only point out that




14
both de Gennegs and Makia have shown that in the dirty limit, super-
conductivity is again governed by an equation of the type given by
(I1-1), for all temperatures below TC this time, except that a more
complicated function of temperature should replace the factor %—(1—t)
in the right hand side of (II-1). An immediate consequence of this
discovery ig that although both ch and HC3 change their temperature
dependence, their ratio is nevertheless again given by the simple
expression (II-10), and this time it is true for all temperatures

below T !
c
Gor'kov's Microscopic Theory cof Superconductivity

To calculate HC outside of the L-G region and the dirty limit,

3
we must rely upon some microscopic theory of superconductivity. The
, ; i1, .
best one available to serve our purpose is due to Gor'kov since it
allows spatially inhomogeneous situations.
We outline below the major steps that lead to Gor'kov's theory
13 Ce .
(see ref. for a systematic introduction).
R . . R el + >
Employing the second quantization scheme, let wd(r) and wu(r)
denote the electron annihilation and creation operators of spin

state o in the Schr&dinger representation. A model Hamiltonian was

first proposed for the system of electrons in a pure metal to be:

i - 2 ) ‘
R (R OO T R

4

+ +
where (P ) = ¥ v , A = -l

-

The second term in H is assumed to fully represent the phonon-

mediated interaction that actually causes the appearance of super-
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P ) » ., 18, .
conductivity for most cases (Frohlich 7). Its flat-spectrum,
though very convenient to work with, is nevertheless too strong to
give any finite result. A frequency cut-off at the Debye-frequency
is therefore needed at later stages in order to make this model

realistic.

The temperature Green's function of a single electron in the

metal is then defined in the standard way (see ref. 13 Ch. 3 for a

nice presentation.):

Y

(@HN-E) /T SN
te LECCIDIRTNCINE:

GOLB(Xl’Xz) = - SP

av
= —<TT(wa(x1) we(xz))>s

= .
with x (r,T) and TT being the imaginary time 1 ordering operator.

Y]
% and ¢ are defined as

~(H-uN) 1

v = ET, @ e ,

INERD

v -
v, (T,

i}

TouN) T 4 >y ~(HopN
BT Ry oW
N + A N
(Notice that (wu(r,T)) = wa(r,—r) # @a(r,T)) and @ 1is given by
e(Q+uN—H)/T}

SP{ = 1.

The Green's function possesses the following general property:

% > - - > .
GaB(r,T; r',r') = GBa(r',—T'; T,-1).

Or, since the temperature Green's function can only depend on t-1',

0
« ~
¥

b - i > s .
Gas(r,r s o1=T') = GB@(r',r; =1y,

The Green's function can be Fourier analyzed w.r.t. 1 according




to:
-diw T
G(rx) = Tze " ¢
o W
n
so that
/T dw T
Gw = J e O G(t) drv,
n 0

with w = (2n+1)nT. (II-14) then becomes

] = ‘>.'—)
G (r,r") GBu,—w(r ,T) .

Gor'kov's major contribution is to discover that for the

(I1-15)

(11-16)

(11-17)

superconducting state, the following anomalous Green's functions are

also non-vanishing:

Pla(xpsxy) = <T (U () ¥y (),
+ =z z
FaB<X1’X2> = <T 0 (x) we(x,))>.
These are related to one another by Fzs(;,¥';T) = F;a(r',r,w).
Or, after Fourier transformation w.r.t. 1, Fzs’w(;,?') = qu’_w(;',;).

. . . . . -+
By applying the anti-commutation relations between ¢y, ¥ , and H,

A~

and by introducing a generalized Hartree-Fock type of decoupling scheme,

Gor'kov has been able to obtain the following coupled set of differential

equations for these Green's functions:

(- %;‘+ 5%‘l§r + ieA(;)lz + ) G(x,x") + A(?)F+(x,x') =

<~8~§;+ "2}% v, - teA(D |2+ F (t,x") - 8@ 6x,x") =

. . = X 2
= ¢ T om Pr )s

§(x-x"),

0.

(I1-18)
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where the spin-dependence of the Green's functions has been separated
out according to the recipe:

GOLB(X’X ) = éuﬁgf(}(,x s

I F+(xx'),

+ 1
FQB(X,X ) B

' = 1
FuB(X’x )y = IaBF(X’X ),
. . _ 2 - ook
with IaB determined by IuB IBu’ and (I )uB 6@8’ The ''pair wave
function" is in turn defined to be
AGF = lim [A|F(F,T;5 T,1'). (11-19)

T'>r1+
Eqs. (II-18) and (II-19) form a complete set of equations for the
pailr wave function A(?) to satisfy. The equations are seen to be
non-linear in general. For studying the nucleation problem, we can
again linearize them. This coupled set of equations can then be
replaced by the following single integral equation:

2@ = [KE I a@na, (11-20)

J

with

(G2 = Al s Gi‘)) .5 GEZ) G, (11-21)
n

0 - = . R
and Gi )(r,r') being the normal electron temperature Green's function

which therefore satisfies:

{1w +-%— ¥+ dea® |2+ w9 G@ Ty = s@E-Tn, (11~22)
m T w

with a similar equation on the variable ;', which need not be considered

if the general property (II-17) is satisfied.

Eq. (I1-20) is usually called the "linearized gap equation (LGE)"
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(o)

T
and K (r,vr') its kernel.
For a sample which possesses boundaries, eq. (I1-22) is satisfied
only within the sample, and we need B.C.'s to be satisfied by
(o) ;7 =, . e
Gw (r,r') on the boundary surfaces. Referring back to the definition
' < ) (o) /7 =,
of Green's functions, we expect that the B.C. for Gw (r,r') should be
the same as the microscopic B.C. for the normal conduction-electron
wave functions. If the sample is separated by the boundary surface
from a vacuum or an insulator, and if the boundary surface is specularly

reflective in nature (i.e. perfectly smooth), we propose the following

gsimple B.C. to be at least a very good approximation:

R TY = 0. (11-23)
03 ->
|r on boundary
Again there is a corresponding B.C. on ¥' which need not be considered
if (II-17) is satisfied. 1In Appendix A we shall give a more detailed
analysis of the choice of a proper B.C. We would like to mention
another choice of the B.C. here which is also discussed in Appendix A:
ae [V + 1eA(D1 ¢\ G, I = o, (11-24)
r W i
|r on boundary

where n is a unit vector normal to the boundary. It turns out that
with this B.C. the problem is also solvable as a bonus case, and in
fact, it gives the same results for Hc3'
It will be the text of the next chapter to solve for these

Green's functions with these B.C.'s.

Hc for Pure Samples at all Temperatures

N

We illustrate the use of the LGE by reviewing the calculation due
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. 12 . , ) .
to Helfand and Werthamer of HCZ at all temperatures below TC, This
work is also very helpful for guiding our later development. The
original version of this paper covers both the pure and the impure

cases. We shall only consider the pure case for simplicity.

To start, one needs the normal electron temperature Green's

function géol(;,;') for a pure sample in a uniform magnetic field
3
R 19
H(/v), which has already been obtained by Gor‘'kov in 1960.
He pointed out that if one set:
E
e G, = gV E,E) exp (i3 i) -dd], (T1-25)
» W W r

where the path integral in the phase factor follows a straight line

> >
connecting r' and r, then by using the following operator identity:

> -

- - [ > = e - = i
[V, + 1ek(r)Jexp[-ie|7, A(s)+ds] = exp[-ie(%, A(8) +as)x[V_+ =5 Hx(r-")]
- J

(I1-26)
(A generalization of this identity will be proved in Ch. III, see eq.
(I11-10) and the proof following it.), one can get the following dif-

ferential equation for gio)(;,g'):
. 1 = ie > = = 2 (0)—»»—'} -
[iw + ia-lvr + ~§-Hx(r—r')| + u] g, (r,r"') = &(r-r"). (11-27)
This equation involves quantities of three different orders:

-1 2., P y
O(m “pyg >|g£°)l, O(ngFHgLEO)T, and 0<——~12>lg£°)!
0 mé
o}

g?;'i 2 O(go), a fact which

(for studying superconductivity, we require |
can be checked a posteriori, we also ignore the difference between 0(&0)
and O(iH) = 0 ( ) here, since they are now being compared with

v 2eH
(0)1

w

-1 .
0 (pF }). The [iw g term clearly belongs to the second order. To




L . . . [ 1.+ .2 (0)]
get a non~triviel solution, we must require §§§¢vrt ik)g

A O{nfjL pFZ)jg§O}[ so that the u dependent term can be cancelled out.
W

The dominant order in (II-27) is then the 2nd order which comes from

the cross terms in the expansion of ]Vr + %E-ﬁ % (;—?')12. The H2

term, being proportional to (mgoz)_l which is a factor (pF go)—1%10_3

to 10—4 smaller than the dominant order, can therefore be neglected.
Under this approximation, Gor'kov finally observed that eq.

(I1-27) is simply satisfied by the corresponding zero-field Green's

function:

gio)(?,?') = gio)(i§;gv;) = - %?-T;%;TT-exp [(ipF T§~'— l%i)x]?—?'}],

(11-28)

which satisfies (II-22) with A(r) = 0. Indeed, if one substitutes
(I1~28) into (II-27), the cross terms (the only non-negligible H-
dependent terms!) simply vanish due to the fact that

v géo)(i;—¥'!) « =ty L Hx (F-t")1
Having obtained the Green's function through (II-25) and (II-28),
the kernel kH(;’;‘) of the LGE for an infinite sample in a magnetic

field H can then be obtained through (II-27):

T
- > L > . f - >
1G5 = kO (E-E)) expl-21e || aS)-dd] (1T=29)
/r'
where k(O)C|¥—¥'{) is the corresponding zero-field kernel :
k(‘g)(kf’__‘—\'t‘s - 5 k(‘o)(;‘)_—*v") = "T_ﬁ)z 1 5 [_(Zzw[’;—;‘,)]
r-r'|) = 2k -1 A (ZW o Lexp Vi
R
(I1-30)

The Debye frequency cut-off is required to be properly taken

care of in (I1-30). However, 1f one ignores cut-off for the moment,




(11-30) can then be reduced to the following simple form:

‘ §TTTT P . In—/ I _}H < - - R
Oz = lrgd J. (11-31)
m cr o 2 20T = -+
jr-r'|” Sinh (—=|r-r'}|)

Vr

To introduce the frequency cut-off, we sum over W only up to

the Debye frequency Wy s k(o)([;—?'i) then acquiresan extra factor of
20
D i+ -, .
[1L - exp (- — |r-r'])].
Vp
Having obtained the kernel for such a sample, one can now turn

to the LGE itself:

=

A(m> = [ (o), T . [ r 1oy 40
r) = | k7 (|r-r']) exp [-2ie Jé‘ A(S)-dS]a(r")dr'. (11-32)

T
Helfand and Werthamer12 then proved the following identity

(assuming that A(rY) is infinitely differentiable):

- ;I’ - - -
exp [T 2ie A(8)-aS1a(e")
J;'
- (r - > b ~ > > >

= exp [F 2ie | A($)-dS] x exp[(Z'-D)+V 1a(8) |,
‘rf ° lo=r

= exp L(£'-0)V 10|, .

fo=t

where %r = gr + 2ie Z(;). (I1-33)

So that eq. (II-32) is changed to a differential equation of infinite

order (with constant coefficients):

0 = | a DR explReV 18, (11-34)

4

after a change of the dummy variable (;—;‘) to R.
By symmetry reasoning, the operator on the right hand side of

(II-30) can only be a function of the following two scalar operators:
| 62 and v (= wﬁwaﬁ ). That §

<’

r will occur can be seen by expanding
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out the exponential operator in (II-34) and carrying out integrations
: . s . .
over the directions of [:

A(T) = aOA(;) + im-azi§r;2A(§>

31
1 A N
T []%r[ + (2eH)“]A(x)
* %7'36 [15r16 + 5(2eH)2|%r12 - 2(2eH)2%H2]A(;)
M (11-35)
= [ zn (o) > >
where a_ = l IRI™ k77 (] R|) dR. 136

2 and V., can be simultaneously

Since the two operators jﬁr] -

diagonalized, eq. (II-34) can essentially be solved by finding the

simultaneous eigenfunction of the following two eigenvalue equations:

V1P A = cQema(d, (11-37)
Vo) = %ya<§) = ikya(%), (11-38)

where the coordinate system is chosen as before.

In practice, one can set ky = 0 for calculating nucleation critical
fields, so that A(;) becomes independent of y. We thus have reduced the
solution of the same type as the linegrized L-G equation. Indeed, if
one substitutes (II-36) and (IL1-37) with ky = 0 into eq. (II-35), the

following implicit equation for HCZ(T) is then obtained:

2
9)

- . .E_._ N .
1l = aO(T) + o aZ(T)x(ZeHC

1 .2 .
2) + ET'(E +1) aa(T)x(ZeHC

e 2 . . 4
+ 7?-(g +5) 36(1) X (ZeHCZ) + .. . (11-39)

From the analysis in section I of this chapter, we know that
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£ = 1 is the ground state eigenvalue of (I1-37) (compare egs.
(I1-1), (1I-4) and (1I-37)). The evaluation of an(T) are well-known

(see for example ref‘,lj9 Ch. 7). The vesults for a,s @ and a, are:

2
a = 1= [AIN()in %—-, (11-40)
c
7 N 2 ,
a, =L N g M1, (11-41)
a, =32 c(5) 1[N [£ (1", (11-42)

where N{(o) = mPF/(2ﬂ2), and iO(T) = VF/(ZHT). We thus can invert

eq. (II-39) to get ch(T), say to second order in (1-t):

p 2 a
o 1 -1 2x(31) 4
2eHC2 = (ao—l)[g-az] [1 + = 5 (ao—l)]
)
Vo 12 -2 —_— _ 2
= T % (1-t)[1 + 0.135 (1-t) + 0((1-t)7)]
(for (I-t)<<l), (I1-43)

which agrees with Tewordt's calculai:ionez’7

For temperatures further below Tc’ eq. (II-39) is no longer
convenient. A closed form valid for all T < TC has been given by
Helfand and Werthamer, which implicitly relates ch and T, but at the
expense of involving a two-dimensional integral which can not bé

evaluated by analytic method. For our purpose, we need only to

write down the expansion of that expression near T = 0°K, to order

t2 In t. The result is:
h (T) = o” «[1+2%8 2t +012)]
() = 5y % 3t Mt o))

- 1,037 x (14 0.65 €2 In t + 0(t)]

(for t<<l), (I1I-44)
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o 2 v )2
where hCZ(E) S 2eH , 6 7, € E t/(h) and In y = C = 0.577 ...

is the Euler's constant.

We notice that eq. (IT-44) has also been obtained by Gor'kov 19
using a variational approach.

Egs. (II-43) and (II-44) wilil be used in Chapters IV and V,

together with our corresponding results for Hc3’ to get high and

low temperature behaviors of the ratio HC3/HC2.




CHAPTER 11l
THE NORMAL~ELECTRON TEMPERATURE GREEN'S FUNCTION

In this chapter, we want to obtain the normal-electron temperature
Green's function for a pure semi-infinite sample separated from a
vacuum or an insulator by a specularly reflective plane boundary,
when a uniform magnetic field is applied parallel to this boundary.

According to section 2 of the last chapter, we should solve
eq. (II~22) subject to the B.C. (II-23), and the general requirement
(II-17). We choose the coordinate system as before, so that the
sample is occupying the half-space Z iO, with its boundary surface
at Z = 0, and that the uniform magnetic field H is pointing along

. . . s O) > =

the positive y direction. We have used the notations gé l(?,r')
b

(0) .7 >y . , ' )

and g, (r,r') to denote normal-electron temperature Green's functions

for an infinite sample when a uniform magnetic field is on and off,

) , . } (o) 7 =y (o)
respectively. Let us now use the notations GH “(r,r'), and Gw
g W

o
(r,r")
to denote the corresponding temperature Green's functions when the

sample geometry is as described in the beginning of this chapter. The

Green's function gio> is the simplest one, it is given by (II-28).
The Green's function géoi is shown in Ch. II, section 3 to be related
B

to gio) by (I1-25), to a very good approximation. Physically, we

o, .
( ) corresponds to the semi-

say that the expression (II-5) for 8y
$

classical approximation, where the curvature of the electron orbits

are neglected, so that the only effect of the magnetic field is to
cause a phase factor to be accumulated as the electron propagatesi( The
curvature can be neglected because we are only interested in electrons

=25




which lie very close to the Ferml surface, so that theilr velocities
are on the order of the Fermi velocity). We now turn to the Green's

function G Without the magnetic field, the ordinary method

(o)

of images works, so that Gw is simply given by:

RECRIPINIALCR: 5l

IR, (r,r")

e D ET ) - g R F D, aT-

where the reflection operator Rz' changes z' to -z'

This expression clearly satisfies the required differential
equation (i.e. eq. (II-22) with A = 0), the B.C. (II-23) at z = o,
and the general property (II-17). In fact, the second term in
(I11-1) satisfies the same differential equation as the first term
does, except that the source is now at the image point, i.e.
6(;—;') is now changed to é(g—Rz,;').

At this point, a simple suggestive question arises: Can we
( )

obtain the Green's function G by somehow combining the semi~

classical approximation that leads to géol, and the method of
5
images that leads to G( ). To answer this question, Abrikosov3 in
1964 proposed the following expression for Géoi:
. 3
T
0) - B [ - > .
(O)(r iy = Gio)(r,i') expl-ie | A(3)-dd], (I1I-2)
’ Cv)i
T

which, however, we do not believe to be correct. In fact, if we

substitute (III-2) into (I1I-22), and follow the argument that leads

(o)

to (1I-27), we must now require 8, (1r R ,>‘i) to satisfy eq.

(IT1-27) with &(r-tr") replaced by the image source 6(§~R2;§'), But
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this time the H=dependent cross terms no longer vanish since
= (o), .~ T N ; ) L
vrg (Jr=R_sv'|) =« (rmKZ;r } is no longer perpendicular to
w Z

> L %‘,
Hx (r=x')1

To make the image method work, we must therefore modify the
phase factor of the image term in (III-3), so that Gor'kov's argument
that this is the solution of the differential equation will again
apply. We must not, however, lose the boundary condition (II-23) and

the symmetry property (II-17), which eq. (I1I-2) does satisfy.

The correct expression for G(O), is the following:
H,w
. T
> R | >, -

G(O)(;,r‘) ‘O)(ir—r‘|) expl-ie A(S) -dS8]

H,w w Jz;

(©) (1zp 21 BT,
-8, (|r—RZ.r |) exp[-ie 4 A(S)-dS] (I11-3)
i - s o
(r i it N
where T» = |, + |, (each following a straight path), and r, is
Jr‘ Jr' ,;r'

the intercept of the straight line connecting r and Rz';" with the

'+!
boundary surface. Explicitly, ?l has the components (Esi;?ii R

zy'+z'y . . _ e , . .
T e 0). It is easy to see that the new path of integration
involved in the phase factor of the image term is nothing but the
classical orbit of an electron going from r' to r, via a specular
reflection on the boundary surface (see fig. la).

We now show one by one that eq. (I1I-3) does satisfy all of
the requirements.

We first check the symmetry property eq. (ILI-17), as it is the
easiest. For this purpose, we need only check the new phase factor
involved in the image term, and the answer is clearly ves since ;l

is a symmetric function of r and r'.
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We then check the B.C. (I1-23). TFor this purpose we set

- - >

72=0 g0 thatr r lies on the boundary. But with z=o, we get v.=v and

The phase factor of the image term therefore reduces to that of

o) . ) .
( ? becomes identical in

the direct term, and our expression for GH ,
5 W

this case to that proposed by Abrikosov which satisfies the B.C., as
it is proportional to the zero-field function.

Finally, we must check that eq. (III-3) satisfies the differential
equation (II-22). There is no problem with the direct term. We, there-
fore, need only check that the image term satisfies eq. (II-22) with
the image source. To achieve this, we would like to first convert the

phase factor of the image term into the following form:

N
rr S s ‘
exp[-ie = A(S)-ds}i, (I11-4)
ST
where % = + , and the vector potential has been
Zy ) ! T
‘Y ‘Y ‘R yr

extended into the negative-z region according to the following recipe:

H(r) = -0 (Rzg)s (III-5)

¢

i.e., the magnetic field in the negative-z region is exactly opposite
to that in the positive=-z region. For convenience, we also require
that the gauge of A in the negative-z region is so related to that
in the positive=z region that the vector potential K is continuous
across the boundary.

Under this extension of A to the negarive z-region, we now prove
that expression (I1I1-4) is identical to the phase factor of the image
term in (III-3). The new path of integration involved in (II1I-4) is

shown in fig. 1b. Comparing this path with the reflected path shown




fae
Wl

i
in fig. la appropriate for 4+ , it is easy to see that the total

i

flux enclosed by these two paths is always zero due to (111-5), which

means that

> P R ,r' >,
r"f 9 N - f 1 2z f . N
[fr, T; A(S)+dS = | J;' +-J;1 + JRZ‘?,]A(S)~dS
= (total flux enclosed) = 0.
If we now define:
- f; = -
X(r,ro) z - ;» A(S) -dS, (I1I-6)
‘r
]

we observe that the direct term and the image term of the Green's

function Géoi can now be written as:

exp{le[X(r b - X(r ,r ] ( >(|r—§'l), (I11-7)
and

explielX(F,R ,F') - X(E', R 5]} (°)<|r R LI, (ITI-8)

respectively.

We then prove the following identity:

- > e ‘]_—)ﬁ ’/““)v) 2> =
v X(r,ro) = —Vr o A(ro + d(r—ro)) (r—ro) de
> -
: , v A, (¥ +6(r-v )) |
! > > =4 [ <> >
= —|Y ARG+ e(#-%))de - |l L0 S (¥-r ). 8de
jo o) 1o 3T o’i
Y fp QA(r +6(r-r ) °
= -A(E) + }O = 6d6
: e d
I1 aAi(¥O+e(r—r )) .
_,J (r-r ). 6d6
) > o'l
dxr
H;O
I U N Db > > _
A(r) + 5 H(rgro) x (¢ ro), (I11-9)

where
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]

This result immediately leads to a generalization of eq.

(I1-26):
[Vr 4+ deA(r)) exp[ieX(r,ro)]

ie

. > Z e s s
= exp[leX(r,ro)J X [vr t 5 H(r,ro)x(r—ro)] (III-10)

Using this didentity, we find that in order for eq. (III-B)
to satisfy the differential equation (II-2) with the image source
6(¥—Rz,;'), the following equation must be proven to be merely an
identity:

i 1 - _l_é . >4 o ) 2 .
{iw+ o [Vr + 5 H(r,RZ,r Yx(r Rz,r Y1° + ul

x g (ER,ITD = 8GR LED. (111-11)

According to Gor'kov's19 analysis, we again neglect the term
guadratic in the magnetic field. To reduce eq. (III-11) into an
identity, we must therefore get rid of the following two terms which

are linear in the magnetic field:

-
i_g - -, A->'~ > - (o) e Stk
- [H(r,RZ,r )x(r Rz,r )] Vr g, (lr Rz,r |)

. ie_ - : - ~‘r' T, —}— >y (o) —)v_ R _

+ = [Vr X H(r,Rz,r Yle(x Rz,r ) g, (| RZ,r ). (TT1I-12)

The first term in (III-12) is again vanishing due to orthogonality.

The second term comes about because of the non-commutativity between
el

'Vr and ﬁ(;,Rz,z'), and therefore is absent in Gor'‘kov's original
analysis. TFortunately, this term can be simply dropped because it is

small. To see this point, we notice that, as is pointed out in Ch. II,
Pp
a term is not negligible if it is on the order of EE_.’ where the factor
o

Py can only be obtained by applying the operator %r on the Green's
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function itself. With §r operating on H, the second term in (IIT-12)
4 . . . .1 . . . . I
is seen to be of the ovrdexr of www§~wh1ch is a factor of (ngo)

. mé
v 10 3 to 10 “ smaller than the dominant order, and is therefore

negligible,

We thus have established mathematically that eq. (III-3) is

(0)

. We now
H,w

indeed the correct expression for the Green's function G
want to give a heuristic argument to show that this expression is
also a reasonable one from a physical point of view.

The Green's function is a propagator. It's role is to carry
information from the "source point" ¥', to the "field point" . In
the semi-classical approximation, we can picture the electrons
carrying information along their classical orbits. Without a boundary
and neglecting the curvatures of these orbits, the electrons can only
arrive at ; from ;' via a straight path. With the boundary present,
the electrons can also follow a reflected path. If there is no magnetic

field, the "information receiver'" at the ''field point" can not tell the

difference between an electron that came through a reflected path from

(o)

one that came directly from the image point. This is because 8,

depends only on the total length travelled. And this is why the or-
dinary image method works{ With the magnetic field on, the situation
ig different. Since the electron does accumulate phase as it pro-
pagates, the information receiver can now tell where this electron
came from, and what orbit it has followed.

(o)
H .

g U

Since the image term G is really due to those electrons which

follow the reflected path, the phase factor that accompanies it should
naturally involve a phase integral along the reflected trajectory! And

(o)

this is indeed what we have found for the correct expression of GH .
w
3




9]
]

Finally, we want to make the following remarks about the
expression (IT11-3):

i} We notice that our derivation of (III-3) is independent
of any requirement that i be parallel to the boundary surface, so

that (III-3) is still valid even if H is pointing in an arbitrary

el

direction, including the case where is perpendicular to the boundary

except that for this case, the two phase factors become identical,

(o)

and our expression for GH ‘
s W

reduces to that given by Abrikosov.

ii) Our proof for (I1I-3) is also independent of whether i
is a constant, in magnitude and/or in direction, so long as
ivrﬁ<¥)i is negligible compared with O(pF)]ﬁﬂ. That is to say, as
long as the magnetic field H does not vary significantly on the
scale of atomic spacings.

iii) Since our proof is everywhere gauge invariant, we expect

that (IITI-3) is true independent of the choice of gauge for Z(?),

iv) We observe the following very interesting point that if

we denote Géol symbolically by
3
(o) . (o) H (o)
O Z 8y~ Ry By y o (11I-13)
where géo: igs given by (II-25), and the generalized reflection
3
operator Rg, in the presence of magnetic field does a much more
f\j
complicated job, we can define a new Green's function Géol simply
9
by changing the sign of the image term:
v(o) . (o) H (o) .
Cpu ™ 8,0t R By (11I-14)

This new Green's function clearly satisfies the differential

equation and the symmetry property. However, it no longer satisfies




the B. C. (1I-23), instead, it now satisfies the B.C. (II-24) on
the surface z = 0t

v) We also observe that ocur generalized method of images
clearly has the same range of applicability as the ordinary image
method, no matter whether (II-23) or (II-24), or possibly a even more
involved expression, is our B.C.. For example, a simple extension of
our formulae (III-3) and (III-14) will be for the case of an infinite
slab of finite thickness, where we can introduce infinitely many image
points as in the ordinary image method case, and then properly take
care of the phase factors of these image terms according to the same
physical argument that leads to (II1-3), as these various image terms
clearly correspond to various possible paths that an electron can
travel from T to ; via all sorts of multiple scatterings from the
two boundary surfaces. These and other possible extensions of the

generalized image method will be further explored in the future.




CHAPTER IV

THE LINEARIZED GAP EQUATION AND CALCULATION OF Hc3

FOR PURE SAMPLES NEAR T = 0°K

In the last chapter we have obtained the appropriate normal

(o

electron temperature Green's function GH i
b

for a pure semi-infinite
sample separated from vacuum or insulator by a specularly reflective
plane boundary, as is given by eq. (ILI-3). The kernel of the ap-
propriate LGE for such a sample can therefore be obtained simply by
substituting this Green's function into eq. (11—21). The so-obtained
kernel clearly satisfies the same B. C. as the Green's function it-
self does, i.e. it must vanish when either ; or r' lies on the
boundary surface. This property of the kernel in turn implies that

the pair wave function must also satisfy the same B. C., i.e. it

must also vanish on the boundary surface. However, since the Green's

(o)

function G
H,w

contains two rapidly oscillating terms both of which have

characteristic wave lengths of the order of PF

, the kernel thus ob-
tained will have a smoothly varying part, with go characterizing its

spatial variation, and a rapidly oscillating part, with the same

.characteristic wave length as Géoi. The former comes from the two
. .
o o e ) (o) _ (o) .
direct terms in the multiplication of GH o with GH —w? while the
3 3

latter comes from the two cross terms. To study those energetically
more favored modes of nucleation, it is reasonable to assume that the
pair wave function is a rather smoothly varying function, with a

characteristic length of its spatial dependence > &O, except in a

—34-
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very narrow region near the boundary, with a thickness of the order

o4 . ) . - , ;
of PF , where the pair wave function must somehow drop to zero very

rapidly, from its "inner value', in order to meet the microscopic
boundary condition., Since the pair wave function is expected to ex-

tend much deeper into the sample (with a depth VEy ir£o> than this

surface region (notice that gOPF " lO3 to lO4 for pure samples!), we

expect that all physically measurable quantities involved in such a
nucleation problem, including H(239 depend very little on the behavior
of the pair wave function in this narrow surface region. It should
therefore be sufficient to solve for the pair wave function in the

region Z >> P

P and for this purpose, we can simply neglect those

rapidly oscillating terms in the kernel and get:

K(O) (‘)~ 7y - (O) T T R rr > e
0 r,r') = k (jr=r'|) exp [-2ie 16 A(S) +dS]
V ‘r!
(o) ,:> 5 “E N Y
+ k° ('R, 2D exp [-2ie 4, A(S)-df]
q'r"

E ké°>(§,%') + Rz, k(o)(E,F'), (Iv-1)

(o)

where kH

has been defined in ch. II, section 2 by eq. (II-29).
We immediately recognize the similarity between (IV-1) and

(1I1I-14). Thus if we assume that (IV-1) is valid everywhere inside

P _l, we find that our ap-

the sample, including the region Z < F

proximate kernel satisfies the following B.C.:

PR G s 1)+ 2tea (D) K GED = 0. (1V-2)
| z=0 Z=0

Using this kernel (i.e. eq. (IV=1)) in our LGE, we then see that the
pair wave function must also satisfy a similar B.C.:

Vo A(r) = 0. (1V-3)

Z

i

i
P
| 4TV
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The reader should keep in mind that egs. (IV-2) and (IV-3) really
describe the behavior of the kernel and the pair wave function in

o §

the region P, Toew Zoex £y

It is worthwhile to remark here that should we have started with
the microscopic B.C. (II-24) instead of (II-23), we would have to use
(I11-14) instead of (III-3) as the appropriate normal electron tempera-
ture Green's funétionp However, after neglecting those rapidly oscil-
lating terms in the kernel, the result is easily seen to be given again
by (IV-1). Egs. (IV-2) and (IV-3) therefore remain valid. In fact, it
is clear that the two calculations from here on coincide. This is why
we claimed in Ch. 11, section 2 that the B.C. (II-24) is a bonus case.

We now go back to the kernel (IV-1), and write down the cor-

responding LGE:

e

~> f; 3 i fr——r - - - -
Mr) = | O (771 |) expl-2ie | ZA(S) ~aS]a(z ") dr”
<z ' >0 v
[ (o), ~ > r]—; = > > .
KR ') expl-2ie 1, A(8)-aSla(z"ydr'.  (1V-4)
‘z'>0 !

The first thing we would like to examine about this equation is

to find out whether we can also coanvert this equation into a differential

equation of infinite order as Helfand and Werthamer did to the LGE of an
infinite sample case12 (see ch. 1I, section 3). Indeed, the identity
(I1-33) discovered by Helfand and Werthamer can be generalized to curved

path~-integral cases:
-
{'f

exp[-2ie P A(S)-aSlexp[(r'=) ¥ 14|,
,‘r! Q [Q:r
= T expl- T dsev Ja(e) ] | (IV-5)
,r? [ ipzr
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denotes the
¥

w¢ (a2

>
(A proof of this identity is given in Appendix B), where E
4
?

>
path integral along an arbitrary curved path connecting v' and v, and T

is a "time ordevring operator' which requires operators characterized by
earlier times to act earlier, where the '"time' variable is defined to

be propogtional to the total length traveled along the path, i.e.
. . -
£(8) « l$ |dS|, for any point on the path represented by the vector S.
Jr|
Using the identity (IV-5), we can now convert eq. (IV-4) into

the following form:
f (o) >

AT) = J ar' lr r'()exp[(r —7) oV }A(p)fﬁ .
z'>o ‘p=r
+ ( dr' k<°)<1§}-R . '|)exp[(r -%) . % ]
‘z'0
x exp[(?-}?l)-%‘ 1860) | (1V-6)
9 |g=#

> I3
where ry is the point of reflection on the boundary surface as is

defined in ch. III. Eq. (IV-6) can also be written as

/ - g > :j S
8@ = | @ D (ZDexplpV 1o
! - > 5 e A
+ l27<0 dr! k(o)(ir—r'|)eXp[(Rz,r1—r)'$p]
x {exp[(R_, T "-R_ ,r ) V J—exp[ (r' R .r ) V ]}A(p 13 >
i L
(Iv-7)

which explicitly shows the bulk term and the surface correction term.
Unfortunately, eq. (IV-6) or (IV-7) can not be solved as easily
as for the infinite sample case because it now involves the following

- > > ’ >

N vy \ H AV Y ~ Ty ~
three scalar operators: |V_|7, V : V ), and V_(=n<V_, where n is
T %ﬁi n r
|

T
the unit vector normal to the surface) which can not be simultaneously

H =
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diagonalized. However, we notice that eqs. (IV-6) and (IV-7) possess
the very peculiar property that although they are differential eg-
uations defined on the half space z > O, they do not require a
separate B.C. on the boundary surface z = 0, since they still
guarantee the automatic satisfaction of the B.C. (IV-3) as cen be
easily checked. We decide, therefore, to study these equations a bit
further. More specifically, we think that the following possibility
ought to be checked:

Since an ordinary differential equation does not carry the
information about what B.C. its solutions must satisfy, could it
be possible then that eqs. (IV-6) and (IV-7) are redundant in the
sense that they could be simplified to a significant extent so long
as we ''promise' to add the B.C. independently to it? Especially, since
our LGE reduces to that of the infinite sample case as z >> &O, could
it be possible then that eq. (IV-6) or (IV-7) represent nothing but
Helfand and Werthamer's infinite order differential equation (i.e. eq.
(II-35)), plus the B.C., (IV-3)? This conjecture sounds so plausible
that one is very apt to accept it. However, it turns out to be wrong,
and a rigorous justification of this conclusion can be supplied. To
see this point, we first go to the special gauge named gauge B in
ch. 1II, section 3. In this gauge we have A(r) = (H(z—zo), 0, 0)
where the parameter Zo is closely related to the center of nucleation.
Now should eq. (IV-6) or (IV-~7) reduce to Helfand and Werthamer's
equation plus the B.C., the problem could then be solved in close
parallelism with ch. II, section 3, except that we now would have to
solve (I1-37) subjected to the B.C. (IV-3). We notice that for the

particular mode of nucleation with 20209 the B.C. 1s trivially satisfied
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by all even solutions of (I1-37) under no B.C., including the ground
state solution which is nothing but the scglution for the bulk nu-
cleation mode. This means that should our eq. (IV~6) or (IV-7) be
equivalent to Helfand and Werthamer's differential equation plus the
B.C., we could then make the following conclusions:

(1) that HCAV(ZO=O> should be equal to H_,,

(2) that the spatial dependence of the pair wave function for
the particular surface nucleation mode with zo=0 should be the same as
that of the bulk nucleation mode, which is simply the ground state
solution of a simple harmonic oscillator type of wave equation, and
therefore is given by a simple gaussian function.

In Appendix C, we studied our LGE (IV-4) a variational approach
on the particular nucleation mode with z,=0, at T = 0°K, using a
gaussian of adjustable width as our trial wave function. We find a

(zo=0) which is slightly less than-§ HC Now,

V4 9

should the exact solution for the pair wave function be also a

lower bound for HC 9t
gaussian according to conclusion (2) of the last paragraph, we ought

to obtain the exact value of Hcll(zOﬁO) as our lower bound to it. But
according to conclusion (1), the exact value of Hcﬁy(zo=o) can not be
less than S-HCQ because it is simply equal to HCZE This therefore com-
pletes our proof that cur LGE (IV-4) is not equivalent to Helfand and
Werthamer's differential equation (II-35) plus any B.C..(as all choices
of the B.C. other than (IV-3) have already been ruled out by the fact
that our LGE (IV-4) implies that (IV-3) is satisfied.) This conclusion
is also expected from another point of view: It is found that if one

really proceeds to solve Helfand and Werthamer's differentisl equation

together with the B.C., one will find that the solution is divergent
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except for the two special cases when z ig = 0 or «»! However, this
fact alone cannot serve as a rigorous justification of the conclusion.
The physical origin of the divergence lies in the fact that Helfand
and Werthamer's infinite-order differential equation '"sees' the
asymptotic behavior of the pair wave function for both Z - + ~ , while
the B.C. (IV-3) impels the pair wave function to diverge as fast as
exp(+c22) when z » -=»(notice that the solution is explicitly given
by (II-8)), which cannot be overcome by the convergent factor in the
kernel of (II-32) which drops at most as fast as exp (~C'|Z'|) when
Z' - + =,

We now understand that our LGE (IV-4) can not be solved by Hel-
fand and Werthamer's trick. This practically rules out the possibility
of solving (IV-4) at all temperatures below Tc’ as inexact methods
must be employed to attack the problem. We shall therefore only
consider two limiting cases, one is when the temperature T is equal
or very close to the absolute zero, which we shall consider in the
remaining part of this chapter; the other is when the temperature T
is only slightly below the L-G region, which is considered in the next

chapter.

i<

We now proceed to calculate HC at T 0°K. In Appendix C,

3
we have reduced our LGE to the forms given by (C-12) for T # 0°K,
and by (C-13) or even {(C-14) for T = 0°K. We first consider the

case when T = 0°K. Again, we choose our trial wave function to be

a simple gaussian function of width jmé., as is shown by (C-16).
Denoting the kernel in Eq. (C-14) by K, we shall vary the parameters o

and CO(=ZO/§H) in <A|K|A>/<AlA> to find the smallest possible upper

1/2

bound for the eigenvalue ln(%—eeh~ Y. Thus:
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e T N SIP W
ho 172 [ exp(= S(c=c')jove’=2¢ ]

(i < —EGH2 expl- 2(c2+0' %) 1de " de
?V/*t - il ) (é“(; ) 2
1 . o
© g 1, 2, 42 e
; ; - -2¢ (¢te')]
gg_l/z[ i expl- glee 0 VI N
- ( ) JO T expl 2(; +¢'7)1dc'dg.
1 1

We also change variables to u =.7§T(Q+Q'), v =;§f(€*§'):

ln(~EE-) Zz)l/Z ( §%~exp[— ~V2] ( exp[—-% uz—vlu—/f'gol]du
2vh e V2 SV
20.1/2 [ d o 2.(" , 241, 2. 2. =
_(_;) JO —%-exp[— 7 u ]Jo exp[~ %—u —li(u +v)-vV2 gou[]dv.

(1v-8)
We can perform one more integration in this expression. However,
the result is much more involved:
e o 5

ln(ii;ﬁo < ln[fa*l (/2@ + Yot+1) ] GEQ; In(v2+1) —izl Ji(u,co), (IV-9)

fm exp(/?wgov)~l

- -1 _2
where Jl(a,co) E JOdV 7 expl- —5——-V 111~ erf(7a= i,
V2 2
J. (o, ) = { QO gy—exp[- o -1 v2]
27770 Yo Vv 20,
v o-1

xiexp(-Vatov)[erf(V&to~ ;%i)—erf(;%izv)]

. _ v otl
- exp(+/2gov)[erf(fago+ /§g~)~erf(j§a‘v)]},

(oo exp(V?tou)-l

o+l 2
J,(o,0 ) = Vf exp[~ 5= u”)erf (V{otliu)
3 © Yo 1) J v 2 ( 2 )
2 ] -1 2 = N -y =1
3, (ase,) = } o n%r[exp(m 93_-u -V2¢ ) V(g%ét (95_@ u)
O

—exD (= _mlw V2r WY o
exp ( w7 W (O+l§erf(V( : ) w ],




42

and

,2%§§O
PN du el 2 = 7o ——=
Js(oc,(;o) E .me, 3 [exp(~ 5o -v2 QOU) F(-«—”—3 ;,!u(Q,x/Zz;O“-u))
V2e
o
- exp- EE W T w [ ert (V2 W 2vT_~u) 1,
fb } 2
where f(a,b) = | exp [-ax"] dx
‘0
—711 erf (Va b) for a>0
1 2. —
JTa] &P (la|b")F(v|a| b) for a<0,

(X

and the function F(x) = exp(—xz) exp (xz)dx is called Dawson's integral

(o}

o’

(see, for example, p. 298 of ref. 20).

We notice that Jl and JZ come from the first term in the R.H.S.

3s J4 and JS all from the second term.

Clearly, the integrals involved in these J functions can no

of (IV-8), while J

longer be performed by analytic methods. We therefore evaluated these
integrals numerically through a 7094 computer, for various values of
o and 40‘ We then pin-pointed the minimum of the R.H.S. of (IV-9) to

be located at:

o ., = 0,52
min 5
and
(Co)min = 0.68, (1vV-10)
and at this point
e

ln(/m) < 0.0192,

which predicts:
HC3/HCZ > 1.925 at T =20 K, (IV-11)

using again the fact that hcz = %?»(see Appendix C).
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We can now compare our results with those of the L-G case. There

the exact calculation of Saint-James and de Gennes gives:

it

(go)min 0.768
at T -T<<T
C (&4

and (Iv-12)

(exact result).

]

H _/H 1.695

c3’ el
It is better, however, to compare our results with those from a similar

variational calculation in the L-G region using the same trial wave

function as we used here (see for example refs. 2, 3), which reads:

%in 0.603
at TC—T<<TC (1V-13)
(variational result).
(go)min = 0.727
and
H ,/B_, > 1.658

We notice that the surface nucleation critical field Hc3 is

roughly 16% higher at T = 0°K than is the L-G region, i.e. when T is
very close to Tc. Using this percentage increase and the exact value

of HC in the L-G region, we estimate that the exact value for Hc at

3 3

T = 0°K will most probably be centered aroung 1.97 HCZ'
It is interesting to point out here that the pair wave function
corresponding to this surface nucleation mode has a smaller s but a

larger width at T = 0°K than in the L-G region

Referring to Appendix E, we notice that we have also an upper

i

bound for the value of HC at T 0°K which reads:

3

/HC < 5.22. (IV-14)

Hc3 2 —

As is pointed out in Appendix C, we expect that this upper bound is




hi
roughly two or more times lavger than the exact value, so that its
physical significance lies mainly in the fact that it allows us to
feel safe in using a

variational approach to estimate H instead

c3’
of helping us very much in pinpointing the exact value.

We now turn to estimate the first order correction to the
For this

ratio of HC3/HC2 as T gets slightly above absolute zero.

purpose, we can start with eq. (C-12) derived in Appendix C:

R v expl-1 (5~ ) ()]
A z In = -
7 S NS o
#/hy : “Q.>olg—o'!281nh<')3 CARD
fc—c"|>e
2,2
. L FC : 1
exp[-1i(F—2—+ - ¢ )(g-¢")]
+ — +2§§+4 Lo T bp(chds', (1V-15)
ip—RZ.o'l Sinh(t}p—Rz.p'j)

which isyvalid for T # 0°K.

We shall follow very closely Gor'kov's work on the calculation

of ch at low temperatures.19 In fact, we can also use the identity:
m ; 2
. W
[T exp|=-iag] , _ f Jo(ac b
! ) ST dedn = 2n | e R b du,
S p ] Sinh(blp|) 1

as 1s used by him, where4g = (¢, n, ¢) as before, and Jo

. th
is the zero

f T A § ¥
Ky pleselapehdet.

order Bessel funcition, to simplify our eq. (IV-15). We get:
' —
LY, T TER —o ) (e ) AEET
b (2) In( = - = { de'ale') | du
2/h 2 T '
150 1 u Sinh(t|g-z'|u)
AR
o 52-«}-;'2 7
! f §zzngj-wéo)(é+é')Vuzml] 1! ,
+ | detal')|du - b= 5 ) Ky ple,eh)
Z'>0 1 u Sinh(t(g+z')u) ‘0 ’

(IV-~16)
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T = Ki,o + éKi,T for 1 = 1,2,

Let us then define h,, = h + &h, K,
i\ o i,
where ho covresponds to the value of HC3 at T = 0°K as hT does to the
value of HC3 at finite T. We alsoc define AT(Q> = Ao(g) + A(z), where
AO(C) is the corresponding solution at T = 0°K which has just been
obtained. Eq. (IV-16) can then be symbolically written as, to lowest

R v
order in t:

aMoin G L w2k () + K, A(c,c) 1A Dag!
7 & 2 1,0 2,0
[o] (o]
= l—h'l sh A (g) - l—{f [8K, ..( Y 4+ 8K, ( "1a (¢')de']
7 Do Shpt (0) = 3 U LoKy plese 1,7 006 Ji8pL6 At
(o]

(IV-17)

This is an inhomogeneous integral equation. Since it must
possess non-trivial solutions for A(g), we require that the source term
(i.e. the R.H.S. of (IV-17)) is orthogonal to the solution of the cor-
responding homogeneous equation, which is simply AO(Q). We therefore

get

o

—

-1 - ‘ . . . ' * P '
h “éhy, f J [8K) p(eyc) + 8Ky n(c,2") 18 (e)8 (gh)dede’,
00

if AO(Q) is properly normalized according to

oo

02
| [aCe)|™ de = 1.
o
: T - <
Symbolically, we can write: ho éhT = <6K1,T> + \6K2’T>.
Now for l;+g'—240} > %, we have

~ - _l_ 2_ |2_ ety
v2 expl- Flc ¢ 2¢ (g=¢") ]
3 [g+c'—2go s

[

P

2. .2
’Q Te

and for e

- ZQO | >>t, we have

] 12 2. ,
V2 exp[- = |+ =20 (gt ]
8K, (g,0') = e 2 >
2,T°7° 3 2,42
| & +¢,
ot

- 2@01
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2. .2
o ) T B S - Sl Y
Within the regions |¢+¢ 2go) st and | e 2401 <t for KlﬁT
and K. . respectively, the expansion procedure is not valid, and

2,1

aKl,T’ SKZ,T are therefore much more complicated. However, it is not
hard to see that within these regions, éKl,T and 6K2,T are of the
order of %, so that the contributions from these regions are of the
order of %2. If we are only interested in lowest order contributions,

. . N2 g
which are proportional to t~ 1n t, we then have:

© @ 1,2 2
¥2or exp(- F¢7-¢""=2¢_(g-e")[]
= - — 1 1
0Ky 17 5] AT A (2)b (g')dzdg!,
0o 0
o .
lete'-2¢ | > ¢
and
@ o 1,2, 42
vz expl- FloTHeT-2g (creD [l
E —_ —— 1 \J
K17 3 J ] 7.2 A (g)a (g')dede’.
g+t
°o | - 2¢,]
Lre o}
2, 42
l@ +C “2@ k 5 %
ot o' —

Using our variational trial wave function:

Va

b (@) = (% Ejnexp(— % occ?‘) ,

we can now get a rough estimation of <6Ki T for 1 = 1,2. In fact, to
5

v u
order of t~ In t, we have simply:

© o o 2 2
AP ¥2 ( i exp[- 7 (¢™+¢' )] e
276 1,77 34 JO lc+e' - 2¢ | et
v
ey ¥
lete'-2¢ | > ¢
, 2 7 2 2
/n Gr. > = _ & { { exp[ = 5 (¢"+¢'7)]
2V, 2,T 300 drde'.
2. 2
§€2+€' -2r |>c SC +¢! ~2¢
ot o~ cte! o
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We can then evaluate <6Kl T> in the new coordinate system:
T
. 4 v 2, e a2
- = L : <8K. >= = [exp(~a rf (Vo 1 .
2@0, v c-¢' to get: 5KL$T> 3 lexp( oL yer (;@go)]t n t

u = okt

The second matrix element <6K2 ¢ can be evaluated in the polar co-~
%

ordinate system: r2 = §2+Q'2, 6 = tan_l(g'/g) plus a subsequent change

of variable from 6 to u = cosb-sind. The result is:

2 .
16 % 2 (1 — 220 N2 o
<6K2,T> T V- - [exp(—4uco ) lo V2-u exp(ZaCo u)dult” 1n t.

e

If we now define kz = agoz and

w(A) = %{exp(—kz)erf(k) + éé exp(—4k2) {i V2=u? exp(212u2)du], we see

b J
H (T)
Ly M2 v 2 c3 _
that <6(K1,T + KZ,T)> = w(l) t° In t + 0(t”), and thus Hc3(°) =
H (T) .
1+w) 2 im0, or =2 =1 420 25, ¢ 4 0d.
Hc3(0) hc:3(O>

From our earlier variational result at T = 0°K, we have found

that (eq. (IV-10)):

o

A= Vo S 0.49.
A numerical integration then gives:
w(y) = 1.39.
We also need:
h_,(0) 2
. c3 vq=1 e -1
[hC3(O)] = [hcz(o) x th(O)] = [1.93 x 4Y] = 0.50.

Our result is therefore

Hc3(T)

HCB(O)

Y 1 40.70 2 1n t £ 0(t2).

} ) : 1
Compare this result with Gor'kov's corresponding result ? on
HQZ at low temperatures (which is also recovered in Helfand and

Werthamer's calculationalz see Ch II, eq. (II-44).)
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HCZ<I> L2 2

- L2 | a2
ﬁWT6T = L+ 3 ELZ 1in ng + O(tc?)
c?Z
Y 1 40.65¢% In t + 0(t%), (IV-19)
we then obtain:
By , 2 2 .
= = 1,93 [1 4+ 0.05 t7 In t + 0(t£7)]. (IV-20)
ch(T)

This is only a very rough estimation of the lowest order
correction term of the ratio HCB/HCZ due to slightly non-zero
temperature. But it indicates that the ratio HCS/HC2 has a vanishing
slope w.r.t. t at t = 0. We also notice that the coefficient of the
correction term is very small which means that most of the temperature
dependences of HC

and Hc cancel each other when they form the ratio

3

leaving this ratio to be only very weakly temperature de-

2

Hc3/

pendent. We therefore expect HC

Hc2’

/H to be rather flat in the low

372

temperature region and not to drop very much until T becomes a large
fraction of TC,

Finally, we would like to discuss briefly the current-carrying
nucleation states. We do not attempt to solve this problem completely
even at T = 0°K. Instead, we shall only make some remarks on this
case, and supply some information available from our present calcu-
lation which we think are helpful to those who are interested in this
problem and attempt to investigate it.

Clearly, in gauge A in which Z(?) z (Hz, 0, 0), the most general

current-carrying state has the following pair wave function:

s(r) = e e £(z). (TV-21)
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In gauge B in which A(o) = (H(zwzo}, 0, 0), eq. (IV-21) is reduced to

N ik v _
ar) = e 7 A(z) (1V-22)

if we choose ZO = —kX/(ZeH). However, we must emphasize that for
samples not in the L-G or dirty limit cases, the relation between
kX(or zo), ky, and the total current I carried by the sample is a
complicated non-local expression involving seven or eight dimensional
integrals which is very hard to carry out (see Ch. VI, egs. (VI-25),
(VI-27) for the current density). For ky = (0 and kX (or Zo) equal to
its optimum value, we shall show in ch. VI that I = 0. TFor kx and ky
slightly deviated from these optimum values, some perturbational ex-
pansion procedure clearly can be applied to the current expression so
that it will be simplified to some extent. The result ig,expected to
be a polyﬁomial in kx and ky with temperature- and magnetic field-
dependent coefficients, which are, however, still very hard to evaluate.
Besides, we must not forget that the magnetic field - the critical field
for these current-carrying nucleation states, is still a function of T,
kx’ and kya

For the present purpose, we shall be contented with characterizing
the current~carrying states by kx and ky’ leaving the values of the total
currents of these states implicit.

Eq. (IV-4) or eg. (IV-15), is correct for all nucleation states.

For ky # 0, the reduced one-or two-dimensional integral equation (e.g.
eqg. (IV-16) for T # 0, and eq. (C-14) for T = 0) must now be modified.
The modification is, however, not very difficult, if the following point
is observed: For ky = 0 case, we evaluated the following two-dimensional

integral in order to reduce our integral equation to a simpler form:
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[ ) o ;
| ?fp?[ lagf - dedn, (1V-23)
¢ Jp|” sinh(tip])

C+C)' QZ,;_(;vZ
with a = (-§-« QO), and (5722275 - go), for the direct and the

image terms of the kernel respectively. For ky # 0 case, this integral

is changed to

[ exp {i[E n - at]
b d&dn. (IV-24)

| ‘__,,2 . N
4 |p|® sinh (t|p])

Clearly, this integral can be reduced to that of the
2,1/2
) /

where k_ = k .
y yiH
former case (i.e. (IV-23)), except for the change a+(a2+Ey , if we

perform the following change of variables:

i

" (a2 + §5H7Y2 [ag - K, nl

and

n' (a2 + Ez)-l/

2 -
k + an].
[ g
This indicates that to go from the ky = (0 case to the ky # 0 case, we

need only make the following changes:

A(g) ~ (o),

cte ' Lopeltet N2 L p 2,12
Ee - ) - [ - )7 + B
and
2. 4,2 2. .2
LAty L ke T 32 g 2412 -
(2(Q+Q') CO) l(Z(C+C') QO) + ky ] (Iv-25)

and egs. (IV-16) and (C-14) will again become valid. Thus it is seen
that the case with ky # 0 is not much harder than the case with ky =0,
and can be attacked by variational method, at least for T = 0°K, in
just the same way as we did in this chapter for the case with ky = 0.
This will lead us to the dependence of the parallel critical field on

c|

kx and ky’ i.e. the function H ;(kX,ky), at least for T = 0°K. However,
J
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due to the fact that the expression for the current is too complicated
for computational purposes, we shall not be able to obtain the de-
pendence of the parallel critical field on the total current flowing
inside the sample, which is of more physical interest. (We must
remember, however, that the total current is always infinitesimal, so
long as the gap equation is linearized.) This point combined with the
fact that even Hcil(kx’ky) can only be calculated by numerical method
which requires enormous computer time, lead us to conclude that this
problem is not rewarding enough to be worthwhile for us to carry out
the computation. The case with ky = (0, however, have been studied by
us for quite a range of kx, which is in fact a by-product of our
variational calculation of the surface nucleation critical field Hc3'
We therefore supply below all the information we have on these ky =0
nucleation states (corresponding to states with current flowing only in
the direction perpendicular to the applied field, and parallel to the
surface). These results are for T = 0°K only, and they are variational
results using a gaussian function centered at the sample surface as
our trial wave function:

A(gz) = N exp[~- %—u gz], (IV-26)

In fig. 2 we first give some typical curves showing how the

i

"eigenvalue" E.V. ( ln[e/(th)l/z], see eq. (IV-9)), is minimized

w.r.t. the parameter o, for various values of go(= Zo/gH = —kxgH).

The minimized E.V. is related to Hcli(go)through h = (2eH)(vF/2ﬁTC)2
as is defined in the beginning of Appendix C. The quantity Hc3 is

of course obtained by further minimizing Hcii(co) w.r.t. the parameter

Cs In fig. 3 we plot CH(C,O)/HC2 as a function of Lo and in fig. 4

we plot amin(correspondlng to Hc|§<éo)) as a function of oo which shows
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the dependence of the approximate pair-wave~function on the parameter
Ly through eq. (IV-26). We also summarize these results in the

following tables:

=172 u = a/(l+a) E.V, = Hc[[(Co)/HCB
C1*2 %o (error: + 0.05) “nin ln[e/(2yh)l/2] =2exp[-2xE.V.]

3 0.55 1.22 0.415 0.872

0.05 0.50 1.00 0.344 1.005

0.10 0.50 1.00 0.273 1.159

0.15 0.50 1.00 0.209 1.317

0,20 0.50 1.00 0.154 1.470

0.25 0.45 0.82 0.107 1.615

0.30 0.45 0.82 0.073 1.728

0.35 0.40 0.67 0.045 1.828

0.40 0.40 0.67 0.030 1.884

0.45 0.35 0.54 0.020 1.922

0.50 0.35 0.54 0.021 1.918

0.55 0.30 0.43 0.025 1.902

0.60 0.30 0.43 0.037 1.857

0.65 0.25 0.33 0.056 1.788

0.70 0.25 0.33 0.073 1.728

(Notice that Hc}f(co = ®) = H02 corresponds to E.V. = ln(Zl/z) = 0.3465,
The Co = (0 state is also studied in Appendix C, where we find the fol-

lowing set of more accurate data: u = 0.5316, O in T 1.1350, E.V, =

0.4145, HCH(O)/HC2 = (0.8729).
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To pinpoint the optimum state, we have studied the region

0.40 __2”1/2 o < 0.50 in more detail and with better accuracy:
_-1/2 u = o/ (1+a) | E.V., = Bl (eo? Mteg

Gl_ Co error: + 0.01 “min ln[e/(2yh)l/2] =2exp[-2xE.V.]
0.40 0.38 0.613 0.0286 1.889
0.41 0.37 0.587 0.0263 1.898
0.42 0.37 0.587 0.0243 1.905
0.43 0.37 0.587 0.0228 1.911
0.44 0.36 0.563 0.0213 1.917
0.45 0.36 0.563 0.0204 1.920
0.46 0.35 0.538 0.0196 1.923
0.47 0.35 0.538 0.0192 1.925
0.48 0.34 0.515 0.0192 1.925
0.49 0.34 0.515 0.0193 1.924
0.50 0.33 0.493 0.0197 1.923

We remark that our variational approach is not valid for large
Co states, for which our trial-wave~function is very poor. We there-

fore expect a >~ 0 as QO + », Near the optimum state, however, we

believe that the chosen trial wave function should be quite good.




CHAPTER V

CALCULATION OF Hc3 FOR PURE SAMPLES

NEAR THE LANDAU-GINZBURG REGION

In this chapter, we want to study Hc for pure samples in the

3
high temperature limit. We have adopted two approaches in attacking
this problem.

We first present an over-all view of these two approaches, as
the details of them are quite tedious:

In both apprraches, we shall start with the LGE found in Ch. IV,
i.e. eq. (IV-4), which has been shown in the earlier chapters to be
appropriate for studving surface nucleation in a sample described in
the beginning of Ch. III. It is therefore only the ways we treat
this equation which are different in the two approaches.

Two characteristic lengths are going to play very important
roles in both approaches. We therefore restate their definitions:
EO(T) = VF/(ZWT), and QH = (2eH)—l/2. Later we shall identify H
with HC3(T), gH will then become a definite function of T. We have
in this chapter limited ourselves to T v Tc' In this temperature
range, we expect HC3(T))& (1-t) (assuming that our results will
agree with Saint-James and de Gennes'l‘in the L-G region, a fact we

can check a posteriori). We therefore have gH o Eo(l—t)_l/2 >

>

o
A good expansion parameter is therefore given by the combination

(go/gH> which is @(l—ﬁ)l/zb

In Chapter II, section 1, we have made the following definition:

B
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A function F(¥) is said to be "slowly varyving' (henceforth referred

to as “SV') at 7 oif:
[V F@] = [V, + 2ie AD)] F@ » e PO | (V-1)

We now add the definition that - function F(¥) is "rapidly

varying' (henceforth referred to as'RV'") at T oif:
N 1
. - - ~>
IVE@ | vogg [F(r)]|. (V-2)

Both eqs. (V-1) and (V-2) are gauge invariant statements.

In our first approach, we shall only seek for those solutions of
our LGE which are slowly varying everywhere inside the sample (hence-
forth referred toa"ESV") - a strong limitation which we do not know
a priori whether it will lead us to anything. Using this limitation,
however, we can expand our LGE in the way Gor'kov15 obtained his
microscopic derivation of the L-G equation. Our expansion parameter is

£y /by ™ (1-t)1/2

, as is his. We remind the reader of the result of
Ch. II, section 3, that in the infinite sample case, as considered

by Gor'kov in his derivation of the L-G equation, the expansion of

the LGE to any order gives a finite order differential equation of
constantrpoefficients, whose solutions are "ESV". Gor'kov's expansion
is therefore self-consistent.

_When we expand out our LGE to any order, we always find some extra
terms (called surface layer terms), in addition to those in the cor-
responding differential equation found for an infinite sample to the
same order (called bulk terms). The surface layer terms involve ?—de—

pendent coefficients which are non=vanishing only for Z < io. They are

therefore necessarily "RV" at Z < EO& The solutions of such an equation
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are in general also "RV at 7 < £o To see whether such an equation
does admit "ESVY sclutions, we must examine whether these surface
layer terms vanish when we enforce the "ESV'" pnature of its solutions.
If they do, the conclusions are consistent with the original assumption,
and are therefore valid. 1If not, the results must be abandoned.
In this way, and by expanding our LGE only to order (io/EH)z,

or (1-t), we have obtained a gauge-invariant, completely microscopic,

simultaneous derivation of both the linearized L-G equation, i.e.

eq. (II.1), and the "standard B.C." for it (as Liiders21 calls it),
i.e. eq. (II-5). To see how the B.C. will also come out, the reader
is reminded that in Ch. 1V, we have pointed out that the exact LGE,

eq. (1I-4), implies the automatic satisfaction of the exact B.C.

fid)
(IV-3), which is nothing but the "standard B.C." for the L-G equation.

After the expansion in this approach, we shall show that this peculiar
property is still retained (to the order of interest) by the complete
differential equation including the surface layer terms. To second
order the surface layer terms are then shown to give vanishing net
effect to those "ESV" solutions of the complete differential equation
using the fact that they must satisfy the exact B.C. The surface
layer terms can therefore be dropped at the expanse that the exact
B.C., eq. (IV-3), must now be added to the equation as an independent
requirement.

In the next step of this approach, we extend our expansion of

the LGE to order (&O/éH)3 or (l-t) for HC To this order, however,

3
we find that the surface layer terms no longer vanish for nucleation

states in the neighborhood of the optimum one. Our first approach

is therefore invalid from this order on. We shall use the phrase
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"-G region' to mean the temperature reglon in which Saint-James and
de Gennes' results are valid. Our fivst approach 1s therefore valid
only in the 1-G region. An exact criterion for the "L-G region' will
be given later. For the present, it only means the temperature
region in which the LGE need only be accurate to 0(l-t).

For T not in the L-G region, we need our second approach. In this
approach, we assume that the pair wave function is made of two components:
a "ESV'" component, and a "RV component vanishing except when Z < E»
This assumption is valid because our LGE, eq. (IV-4), reduces to that
of the infinite sample case when Z >> go. We can then expand our LGE
as in our lSt approach, for the ESV component only. Separate the
"SV"- and the "RV'"- parts of the LGE, we get two coupled equations:

To any finite order in (l—t)lfz, the "ESV" component, called

the bulk component, is defined to satisfy the same differential equatioﬁ;
as is satisfied by the complete pair wave function in an infinite sample
case, i.e. eq. (II-35), with no';—dependent surface layer terms. The
"RV" component, called the surface layer component, will then satisfy

an inhomogeneous integral equation with source terms proportional to

the bulk component of the pair wave function and its derivatives. This
integral equation can no longer be reduced to any differential equation,
because it no longer contains any small expansion parameter such as

(€ /6y) -

In the L~G region, it can be shown that the second equation admits
only the trivial solution. The pair wave function therefore contains
only the "ESV" component. Our first approach is therefore necessarily
valid in this region. This proves that in the L-G region, the solutions

of the L-G equation (I1-1) plus the standard B.C. (II-5), exhaust all
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possible solutions of the exact LGE, eq. (IV-4).

In the non-L-C regilon, it is found that the second equation no
longer admits the trivial solution. Our LGE 1s thevefore a genuine
integral equation to any order higher than the second, contrary to
the infinite sample case, for which an approximate finite order dif-
ferential equation can always be obtained by truncating eq. (II-35) to
any order of interest.

In the non L-G region, we must then solve the two coupled equations.
The coupling is rather implicit, as the first equation does not ap-
parently involve the surface layer component. The coupling comes about
because a B.C. 1s required for the bulk component to be well-defined.
The most general B.C. that can be accepted is then discussed. In gauge
B (see Ch. II, section 1, for definition), it can only contain an un-
known constant., This constant is determined by the second equation,
as there is only one value for this constant, for which the second
equation admits finite solutions! The first equation is then solved
together with this B.C., by a perturbation scheme. It is shown that
this perturbation scheme is easily applied to two orders beyond the
L~G region. This allows us to get a fourth and a fifth order cor-

rection term to HC (not third and fourth, even though these are

3
the extra orders considered in the LGE beyond those for the L-G region).

is CL(l-—t)z. Since Hc in the

Thus the lowest order correction to Hc 3

3
1-C region is already «(1l-t), it indicates that the L-G region can be

. . . iii
defined by the criterion (l-t) << 1, so far as Hc3 is concerned,( )

Our fourth order correction (%(let)z) of HCS turns out to be

. . . . 22 ) L .
identical to that obtained by Liders, which predicts that the ratio

H . /H

3 should drop linearly from 1.7 as T gets slightly below TC (for

c2
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pure sample with specularly reflective surface only). We, however,

also find a fifth order term in Hc3 which in fact dominates the

2

fourth order one for (l-t) 10 7! This term alsc predicts that

iy

H ,/H

3 will drop below Tc - with an even faster speed! Comparing

c2
these predictions with our low temperature results (HC3/HC2 > 1.93
with a vanishing initial slope), we find that HC3/HC2 for pure samples
with specularly reflective surface cannot be described by a simple,
monotonic function in the full temperature range 0 < T < T .

C

We now begin to present the full details of the calculation.
The First Approach

We first write down our LGE:

AE) = | Kéo)(E,E')A<€') ar'
= JZ,\O £ (|F-F']) exp[-2ie ;%,A(§)=d§] A(E")dr!
e k(o)(;§—RZ,%']) exp[-2ie %E,A(é)udé]A(f) dr'.

(V-3)
For k(o), we can use eq. (II-31), as the frequency cut-off needs
not be taken care of at the present moment.

For T°T_, ()

({R|) vanishes for iﬁ]>>£o. For our present
approach, we assume A(Y) to be "ESV". As is mentioned in the
outline, we attempt to expand eg. (V-3) into terms of different orders

in (go/gH)u For this purpose, we use the alternative form of eq. (V-3),

i.e. eq. (LV-7):
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A(r) = { ar 1 (R expiﬁe%rjg<§)
’ 5 o' oS s - f .
+ ézaodr k( >(iR[) exp{(rzwr}»vsj
- , -;»‘_-r } “Lj v Aeﬂ'_ﬂ . .':: o _
‘xtexp[(szr ty) eV I-expl(r’-r,) Vs]}ﬂ(s>!+ s (V-4)
|s=r
> - > _ > Z >y z' > . - - L
= - - R = . = . °
where R r-r', r, R_4xy o T p——"—— with r T 2(zZ+r)

-

v > &>
and V. =V + 2ie A(r).
r r
We remind the reader of the discovery in Ch. IV that both egs.
(V-3) and (V-4) imply the automatic satisfaction of the following
exact B.C.:

[V, +2ie K(®)] s@| =0. (V-5)
| z=0
In eq. (V-4), we can expand all of the exponential operators
(as we did to eq. (II-34) to get (II-35), since %r acting on A(;)
&>

will give a factor of Eﬁl, while all lengths such as iﬁ[, frz—ri,

fRz';'“; and f?‘-? are of the order 50 due to the short range

2| 2|

nature of the zero-field kernel k(o).

After the expansion, we shall call all of those terms obtained
from the first term at the R.B.S5. of eq. (V-4), "the bulk terms";
while those from the second term at the R.H.S. of eq. (V-4) are ”%he
surface layver terms'. Notice that the bulk terms are also in the
corresponding expansion for the infinite sample case (see eqs. (II-34),
(I1-35)), and they will involve differential operators acting on
A(?), with constant coefficients. On the other hand, the surface
layer terms are entirely due to the boundary, and they will involve
differential operators acting on A(%)9 with space-dependent coef-

ficients, non-vanishing only in the surface layer Z < éo?
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To second ovder, the expansion gives:

AEY = a (@) +Ea |V |2 A +suTan, (V-6)
O O Z I8

where SLT(II), the surface layer terms to second order, are computed

in Appendix F:
Ay > Y -
SLT(II) = —in(z)VZA(r) + zle(z)vz A(r), (V-7)

[

Jz‘<o ' k(O)

>y
dr' =z

with Xl(z) ([;—;'[), and the constants {an} are

defined in Ch. II, eqs. (II-36), (II-40) through (II-42). To our
present order of interest, we can write:

a = 1+ A N @-t), (v-8)

e .

a

N~

, (3N ) € (V-9)

Eq. (V-6) therefore becomes:

1 %2
el

JP e a-ond® - 2mhine ) e d - e - o

(V-10)
We notice that should the last term in the L.H.S. of this

equation be absent, we would have got the linearized L-G equation,
viz. eq. (II-1), whose solutions are "ESV'. But with the extra
surface layer terms in it, which are necessarily "RV" due to the
appearance of Xl(z), we are no longer sure that eq. (V-10) will
still admit "ESV" solutions. - However, we also notice that since

Z 1is restricted to the neighborhood of Z=0 in these surface layer
terms, we can further expand A(?) and its derivatives in a Taylor

series, in the gauge in which AZ = 0, ]VZA(;)i g )%ZA(?)) v aél’A(z)i.

m.zl

Thus to order gH :
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2103 = 19,-27, 718G

W A
[6 -zV
z "z

i

o o , ) 2 . ) )
i[VZ A(r)Jz=o B ZLVZ A(r)J2=O T
IR

] e

[v, A(T) = [%Z NGO Y (V-11)

2=0

]z=o
On the other hand, if we apply §z to both sides of eq. (V-6),
and then set z = o, we get:

VI _ N _1_*wa2~>
v A(r) . = a [VAmI,  +3 az[vzfvr{ 6(e)1, o

2 @1, x a®1, - 206 x T 80,

+2x @ ¥ am) = 0 (V-12)

to order Eéz, where use has been made of the identity [%;'Xl(z)]z=o =

% ays as is given in Appendix F. This means that our approximate LGE,
eq. (V-6) and hence eq. (V-10), still implies the automatic satisfaction
of the exact B.C., as does the exact LGE eq. (V-3) or (V-4), except
that this time it is true only to order E;Z.

Combining eqs. (V-11) and (V-12), we see that we can simply drop
the surface layer terms in eq. (V-6) or (V-10) as their net result
vanishes to the order of interest.

In this way we have proved that to second order, our LGE can

simply be replaced by the linearized L-G equation:

>

el LB R YCO N -% (1-t) A(Z). (V-13)

" lm
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But during the process of deriving it, we have lost the information
that the exact B.C. should always be satisfied, we therefore should
now add the B.C. to equation (V-13), as an independent condition:
i e ’
vZ A(r)tz=o = 0, (V-14)

This completes our simultaneous derivation of the linearized L-G
equation and the '"standard B.C.'", for a sample with a boundary, with
a solution which is "ESV", thereby justified the self-consistency of
iy ﬁ e . . (v
our initial assumption. As 1is seen, our derivation is gauge invariant,
and completely microscopic.

From the derivation, we see that eq. (V-13) is valid everywhere
inside the sample, in describing the pair wave function, except for

YA < PF where the kernel of our LGE is inaccurate (see the
derivation of the kernel in Ch. 1V, and also footno%%i%z

We also notice that if we define a scalar product in the present
problem by:

(f,g) = J{zﬂ»o ar £ e@), (V-15)
then we observe that our exact LGE, eq. (V-3) or (V-4), is an
hermitian equation, =0 are our final equations approximating the
exact LGE, viz. egs. (V-13) and (V~14), even though eqs. (V-6) and
(V-10) do not look apparently like to have this property.

Before we go on to extend this approach to higher orders, we now
want to caution the reader about the exact meaning of the phrase '"to
nth order". We have derived the linearized L-G equation (V-13) and
the standard B.C. (V-14) by expanding our exact LGE to 2nd order.

But actually, these equations can already give Hp to 3rd order

3
) n 3/2. . . o
(i.e. to Of(1l-t) i), The reason 1s the following:
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Eqs. (V-13) and (V-14) together are essentially equivalent to
eq. (V-6), except that for the latter, we must restrict ourselves

to "ESV' solutions. In eg. (V-6), the bulk terms are also accurate

to 3rd order, since the lowest order term neglected there is already

h
of 4t order. The surface layer terms are only accurate to an order,

but they are already sufficient to determine all global properties

of A(?), one of which is HC3, with a third order accuracy, because the
surface layer terms are non-vanishing only in the region Z N go, and
therefore become one order smaller after being averaged over the full
range of A(?), which is ng.

This shows that Saint-James and de Gennes result for Hc3’ which

3/2

is proportional to (l-t), is already accurate to O[(l-t) ], indicating

that the L-G region can be characterized by the criterion (1-t)<<l, so

far as HC3 is concerned-.

; , th ,
Let us now be interested in HC3 to 4 order. According to the

analysis made above, we should now keep the bulk terms in the expan-

sion of eq. (V-4) to Ath order, and the surface layer terms to 3rd

order only. We therefore get:

o _ o 2:_ ;\> .2 >
A(r) = aOA(r) + 7 azlvr[ A(r)

4

I~

vira, [V 1%+ @em?®] a(d) + sLTQID,  (V-16)

Ut

where SLT(I1I) = SLT(IIL) + S[SLT(III)]}, and

JSr— P . x ;2’\, -

S{SLT(IIT)] = - Xz,l(z)]vL‘ VZA(r)
2 1 w3 -
-1z xl(Z) 3 xB(Z)J v, A(x)

Rt
+ \129

) 2iel)V  A(E), (V=17)
2 X
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¢ P TS 1 .
) - G B { ._) ¢ oo {EAY Za =
with “<X‘) (z) = | . dr £X) ' k«}) (}r““r'l)s
iy 11 jz <o (g £
(z-z')
x_ (z) = x*°)(z) and x_(2) - x_ _(2) (V-18)
m,n M, n o,n *

as can all be found in Appendix F.

Just as we derived eq. (V-12) from eq. (V-6) (except that it
becomes more tedious this time), we can again prove that eq. (V-16)
together with (V-17), (V-18) implies the automatic satisfaction of

the exact B.C. (V-5), to Brd

order in (5O/gH),

Again we have to prove that SLT(III) = O to the order of interest
in order to establish the self-consistency of our "ESV'" assumption
about A(;). (Notice that we should not prove §[SLT(III) = 0, since
SLT(II), with a third order accuracy, is no longer given by eq. (V-11)
which is only correct to an order.) What we are allowed to use in
this proof are the "ESV" assumption, the exact B.C., and one more

relation:

AGF) = e(2eH)A(T), (V=19)

with ¢ being yet an unknown eigenvalue. This equation comes from
the fact that should we be able to prove SLT(IIL) = O, then eq. (V-14)
reduces to eq. (II-35) (truncated to Ath order), and can therefore be
solved by the simultaneous eigenfunction of eqs. (II-37) and (11-38),
together with the B.C. (V-5). Eq. (I1-37) is just eq. (V-19), and
eq. (II1-38) is ignored since we shall only be interested in those
solutions which are independent of y. As a self-consistency check,
we are therefore allowed to use eq. (V-19) in advance.

We again go to the special gauges in which AZ = 0, %ZA(;) =
A(;)g so that

B U |
‘a’zl—\(l”) gH
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SLT(III) = “2X1<2>{{VZA]2~ 2V on) o+ %i'[v%Ajzmg + o)
+ 22y, (2) 1{W22AJZ;O + Z{VZBQjZZO o
- Xz,l(z)lngz v el o+ -}
- iz2xl(z) + %-XB(z)] {[VZBA]Z:O + )
+ x;f;(z) (2ie)V (A + +e+)
= -2, (2) [V,8]_ fXz’l(z”iﬁ [v,81, o
S RO (2ieH>X§f;<z){%XA]Z=
(V-20)

rd .
to 37 order in (go/EH).
The remaining steps are best done in the special gauge (called
—> .
gauge B in Ch. II), in which Z(r) z (H(z—zo), 0, 0). 1In this gauge
we can limit our interest to those pair wave functions which are

functions of z only. Thus eq. (V-19) gives:

VZZA(z)iO = (2@3){(2eﬁ)zoz—a]A(o) (V-21)
v 3az)| = (200)](2eH)z Cmel[V.6(2)]
z lo ! o "7 0

= 2(2em)? 2 8(0) - (V-22)

We should also use the exact B.C. (V-5) which becomes
VZA(Z) 0 0 in gauge B. However, anticipating the later need, we

shall first assume that A(z) satisfies (in gauge B) the following B.C.

O I | _
. )30 = ofy Alo), | (V-23)

with o assumed to be a second or smaller ovrder quantity. By setting
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o = 0, we can certainly go back to the exact B.C. at any stage of
our derivation.
Substituting (V-23) into (V-20), and remembering that

& 0[(go/gH)2], we get:

Iy

A B Lk (V-24)

and

i

I
N
laal

VZ3A(z)'O LOA(O). (V-25)

where Qo = zo/gH as is used in earlier chapters.
We can now further simplify eq. (V-20) to give

SLT(III) = {—2xl(z)5§l“ + [xéf;(z)

+

2,1 & £ 1A
(V-26)

to third order in (go/gH).

e

Setting o = o, we find that SLT(III) 0 only if A(o)&O(go/EH)

or co < O(go/gH), which correspond to the two limiting cases Z, >«

and Ly ™ 0, respectively. For the optimum mode, which is related

lie

to Hc3’ we expect that Zo ™ Cou 0.77 (see Ch. II, section 1), so
that SLT(III) does not vanish to third order in (EO/EH). This shows
that eq. (V-16), for ¢, near the optimum value, does not admit "ESV"
solutions, hence contradicting our original assumption.

Our first approach is therefore invalid if accuracy equal to

or higher than (go/gH)q, or (1—t)2, are required for Hc3'

The Second Approach

In the 1°° approach we have shown that the "ESV" assumption is

. . th . ; . ,
invalid to 4 or higher order in HC For this accuracy we therefore

9
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assume that

- i S.L.
A = AP@ @, (V-27)

with AB and pSe L being called the bulk component and the surface

. . . B
layer component of the pair wave function, respectively, so that A

can be assumed as an "ESV" function, and AS'L'

# 0 only for Z < Egs
which is therefore necessarily '"RV" in this region.

This assumption comes from the fact that for Z >> io, our LGE
becomes identical to that of the infinite sample case, whose solution

has only the "ESV" component.

Using (V-27), we rewrite our LGE as:

AB(;) + AS'L'(;)
- {Z.>0Ké°)(¥,¥')AB(¥')d¥' - f k(@505 @nar
’ 'y o0
(v-28)

The an term in the R.H.S. of (V-28) is easily seen to be "RV'" and
non-vanishing only for Z < go. For the first term, we can apply

exactly the same expansion procedure as was elaborated before. This

5/2

time, we shall be interested in Hc to order (EO/gH)S, or (1-t) s

3

as we shall soon see why. Thus, following the way eqs. (V-6) and

(V-16) are obtained, we now have:
f > - -
JKéO)(r,¥')AB(r')dr'

= abi(r) +¢ a2|V r|

2 B,» 1 R 2. B -+
AC(T) + g;-aA[lﬁr} + (2eH)“1A° (%)

+ SLT(1IV), (V-29)
where SLT(IV) = SLT(III) + S[SLT(IV)], with SLT(III) given by eq.

(V-17), except for the change & - AB, and
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o B LY 232 B
SISLT(IN] = 2 x, @)V |7V, 47(D)

1 .3 : ) v 4 B>
A . 1 -
3 } Kl\z} + z XB(Z)J vz A ()

2 (1)

+ [z XZ,l

(z) - 3z Xéf%(z)]<21en)§x L)

-2 )

> (z) - z x§f§<z>1 2ier)? 43 @).

(V-30)

We shall formally write eq. (V-29) as:

S.L.

[ 0) &~ > - = > 5
]z|>OKéO)(r,r') ABGEy art = pPABE) + 2B @, (V-31)

+

where DB and DS'L' are differential operators which, when applied to
AB(¥), give us the bulk terms and the surface layer terms in (V-29)
respectively.

In view of our "ESV'" requirement for AB, we now define it to
satisfy the following differential equation:

2BEy = AR, (V-32)

which is the same differential equation satisfied by the whole A(?)
for an infinite sample case (see eq. (II-35)), when the same accuracy
in (l—t)l/2 is required.

Combining eqs. (V-28), (V-31) and (V-32), we find that AS'L'

must satisfy the following inhomogeneous integral equation:

S.L

ASe .(;) _ S.L.

LK @i anas = 0t AP, (v-33)

Egs. (V-32) and (V-33) do not look like a genuine set of coupled
equations as AS’L° does not enter into eq. (V-32). However, we must
remember that we want to define AB through (V=-32), which is not quite

complete, since a finite order differential equation defined for z > O
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needs enough B.C.'s at z = o in order to give a unigue solution
o 5 >
(assuming A(r) - 0 as z » =),
) . ; e S mE th
Since eq. (V-32) is nothing but eq. (II-35) (truncated to 4
order), we can follow the analysis there to solve it by the simultaneous

eigenfunction of the following two eigenvalue equations:

Y .2 B
-1v_|

N ) = eema®), (V-34)

Ey 2B = ik B (V-35)

Again we assume no y dependence in sB so that (V-35) is trivially
satisfied with ky = 0, Eq. (V-34) is a 2nd order differential equation,
it therefore needs only one B.C. relating VZA(;) and A(?) at z = 0.

Since iAi is infinitesimally small for a nucleation situation, the
B.C. must be linear in both va(;)iz=o and A(?)'Zzo. Due to gauge

‘+ 3 3 »
invariance, we must require VZA(r)‘ to appear in the combination

Z=0
A

: >
VZA(r) z=0" Also, H can still enter into the B.C., but no longer

> :
A(r). If we further consider the translational invariance along

directions perpendicular to the surface, we conclude that the fol-
lowing is the most general B.C. that eq. (V-34) should take:

v AR5

| -1
z {z=0

=£"H

f L > B > i -+
Jol(r, -r, ") (r')iz'=o dr,',
where

I, = r-2(2°1) = (x,5,0). (V-36)

In gauge B where_i(;) = (H(z~zo)s 0, 0) and A(;) can be limited
to a function of Z alone without loss of generality, Eq. (V-36)

becomes simply:

vaB(z)fo = af - AB(O)g (V-37)

H
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where o can in general be a function of H (which can be expressed
through aH)’ and ZO (which can be expressed through iy = ZO/g
The Zowdependance of o in gauge B is equivalent to non-locality of
eq. (V-36) in a general gauge, since, for example, in gauge A
(see Ch. II, for definition) ZO plays the role of the x-directional
wave number of A(;), kXs except for a proportionality constant.

We must now find a self-consistent method to determine o -
necessarily, through the an equation, i.e. eq. (V-33). We first
notice that eq. (V-33) is a Fredholm integral equation of the second
kind (see for example ref.23 for definition). Tt must therefore
obey the following theorem (see Thm 3.7.2 of the reference cited
above): "A Fredholm integral equation of the second kind can
possess a finite solution only if its source term is orthogonal
to all solutions of the corresponding homogenecus equation'. Apply ing
this theorem to eq. (V-33), and noticing that the corresponding
homogeneous equation is nothing but our original LGE, whose solution
is simply A(;) (not just AB(;)i), we thus get the following
criterion for o:

f & >
a7 2 (& pobe

E

BE = o. (V-38)

This looks like another self-consistency scheme, since A = AB + AS'L'

can be determined only if o has been found through (V-38). However,
the situation is not that bad if one makes an order analysis to
eq. (V-38).
. . S.L. B,~». . . .
First we notice that D 47 (r) is just the surface layer terms

(SLT). To any order, we can simplify it in the way eq. (V-26) is

obtained from eqg. (V-17), since AB in this approach behaves very much
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iike the A in the first approach (AB is ESV, eq. (V-34) corresponds
to eq. (V-19), and eq. (V-37) corresponds to eq. (V-33), all of
the three conditions used there to simplify eq. (V-17) are also

available here). Thus to third order we get: (cf. eq. (V-26)

S LB @) = e @t + DY) @) S ag@leg 4, (v-39)

(in gauge B)

\ S.L. B, > .
and to lower than the third order, we have D A (r)= a. This

means that to lower than the third order the L.H.S. of eq. (V-38)

is « o. Hence

e (V-40)

(n)
[0

. th
means o with n~ order accuracy),

(2)

and u(n) # 0 for n > 2, (V-41) since beginning with o , an accuracy

of DS'L’ AB(?) with non-negligible o(-independent terms are required.

%*
independent of what is 4 (

Thus in equation (V-38), the lowest order in

DS'L' AB(;) = [fl(z)u + fz(z)] AB(o) (in gauge B),

(V-42)
is the 3rd order, while fl(z) is of lSt order and smaller. This

indicates that if one is interested in o to (2+n)th order (n > o),

%*
one needs A 1in eq. (V-38) only to nth order, and in fact:

' * , (3+n)
a(2+n) i —j daz [A(n) (2) £, (z)]

J az [A?n) (z) f§l+n) ()]

(in gauge B) (V-43)

where all parenthesized super- or subscripts denote the accuracy

required.

Eq. (V-43) shows that for accuracy up to a(a), one needs at

most AACQ) which is still the result in the L-G region and has already
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been given in Ch. Il, section 1. 1In fact, to this accuracy 4 = 4
is "ESV", and since in (V-43) all integrals involve only the region

Z < go, we can expand A(z)(z) to give:

2
8(o) +2 8'(0) + 2T 8"(0)

i

biay®

A(o) (in gauge B), (V-44)
where A'(o) = 0 because of the exact B.C., and A'"(o) = 0 is valid
only for the optimum mode (see Ch. VI for more detailed analysis on

this point). Thus for n < 2,

. - | az £ (3+0) 7y
(24m) _ 2 .
o = 1 ) (in gauge B), (V-45)
| dz £, (2)
4
which requires no knowledge about ACE) .
(3)

In practice, we shall only be interested in a , withn=1

in eq. (V-45), for reasons we shall soon explain. Eq. (V-45) then

gives: [
o | £, @)
| dz £,°77(2)
To find fl(z) and f2(4), we have to extend eq. (V-39) to one order

higher accuracy. This can be done by manipulating eq. (v-30) in
the way we obtain eq. (V-26) from eq. (V-17) in gauge B, using

egs. (V-34), (V-37) and the "ESV'" nature of AB. The result is

B LuBE) - @ et o+ L@+ @ie e,
R e DC ) DN C DD S PN
5%y @ 2y 53(2) Zxy (8] gyt b7 (0)

to &th order in (gO/EH), (in gauge B). (V-47)
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Comparing eq. (V-47) with (V-42) to get 552) and f;q)
(3)

evaluate o

, we then

in Appendix G using eg. (V-46). The result is:

and the B. C. (V-37) becomes:

. 3 _
4 B 3L c(5) o 9 c(6) ‘0,3, B _

to 4th order in the LGE, where ¢ = Z/£H as is defined in Appendix C.

We can now solve eq. (V-32) with the B. C. (V-49) to find

" H to Sth order in (éo/gH) or (l—t)l/z.

c3 (That this will give H

c3
th . ,th . b
to 5 order instead of 4 will soon be exhibited.)
We first prove that only up to this order, we can ignore any

change in o for the optimum mode from its corresponding value in

= 0.77 as is found in Ch. II, section 1:

the L-G region, i.e. coM

For o and 6@0 = éo—coM small, we have

\ Je de
Se(c ,0) = &¢ +ax ()
o} 0 Bc QoM,O oc QoM,O
. 2
(0C0> 326 2 az 328

+ ( ) tax (8¢ ) x ( + 5

2 ac02 (’,OM’O 8(; aa Con, 02 . Con,
+ o0 (V-50)

where 6a(go,u) = a(go,u) - a(QOM,O) is the change of the eigenvalue of

eq. (V=34), which can in turn cause a change in HC3 from its L-G

)y = 0 gsince ¢ for the exact B.C.
o “oM,
(0=0) is minimized at COM (see Ch. II, section 1). Thus if we let

— w ., dg
value. TFirst we notice that (@Q
o

o be given by eq. (V-48) which contains only 2nd and 3rd order terms,
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; , nd Lxrd .
and if we are only looking for 2 and 3 order changes in §e, we

. 2 C e e . 5 . .
can then neglect the o term in (V-50). This allows us to reqrite

(V=50) as:
8 )2 2 2
se(e, o) = OL(%—;)QOM ot ( ;°> x <az Dot (Gco)x(azoga>%M,o
° (v-51)
Minimize d¢ w.r.t. 640 to find the optimum mode, we get:
(60 yu (2% P = 0 (V-52)
o} 3@02 goM,O Bgoau QOM,O

indicating that dco « g is also of an and 3rd order, which means that
both the (6@0)2 term and the a(égo) term are negligible in eq. (V-51)
and we have simply
: ) - se _
OE(QO,Q) = oxX (au) (V-53)

QOM,O

to second and third order. Clearly this proof will fail if either

] th st : \
o contains O or 1 order term, or one more order in o and 8¢ are
considered.

Thus to our present order, one can use eq. (V-53) to compute Je.

To find (239 , we trace back to the definition of o, i.e. eq.
sa’ ¢ 0
oM,
(v-37), or
B, .. '
9—%—%1! = 0s®(0). (V-54)
lo

We then notice that AB(Q) ig the solution of eq. (V-54) which becomes
> 2 B B , _ ) a

[« —= 4+ T%] 47(z) = €A (Z) under the new variable ¢ = g- Co This
dt

differential equation is no longer Qomdependent, its solution is

therefore uniquely characterized by the eigenvalue e. Explicitly, we

) B, . B, — . ) ) ) .
can then write A (Q,Qo,a) A (¢,e), with € being still a function of
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Qo and o.
If we now fix QO = QQMS we then have
as| _at %" x 8e. (V-55)
dg |¢=0 ¢ |¢=0 " dcde|
la<<l fixed |a=0 $€=“éo

Compare eqs. (V-54) and (V-55), and follow Liiders22 to write:

2.B
B 37AT|
C =z A= . V-56
%c;=—co / 9Cde|T==c ° (V-56)
0=0 0=0
we then get:
¢ = Ca , (V-57)
B
where use has been made of the fact that 32—44’0 = 0 which follows
| o=
trivially from the definition of o. o=0
|
We also notice that AB,a=O is exactly the appropriate solution
l: =
Qo QOM

for the optimum mode in the L-G region (in gauge B), it is therefore

exactly the expression given in eq. (II-8), or

B - f—
A (Q)I =0 = D (v2 7). (V-58)
Lo=
I = e -1]
o oM 270
Thus 2 -
o D1 (-v2 QOM)
_ i(Eo—l)
c = —Dl ’(-/2 QOM) Y (V=59)
§(€O~1) o oM

. 2 . . o .
with CoM =€ = 0.59010, is an intrinsic property of the parabolic
cylinder function. To find the numerical value of C is far from
e i . v o 22 .. ; .
trivial, but fortunately, according to Luders it has been extimated

by H. Schultens to be:
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C = 1.36. (V-60)
We shall assume this value to be correct.
From (V-57) and (V-48), we have:
) Ago 2

=)
ty

(@8]

1 ¢ (

5
¢ (3)

|

§e = C[7 1. (V-61)

, 9
¢ *Th EE) =

<

th o
We can now evaluate HC3 to 5 order in (go/gH).

First we substitute eq. (V-34) into eq. (V-32) to get:

-2 1,2

£ - — - -
(a,-1) = gaygg-57 (8 + D a, g0, (V-62)
which can be inverted to give:
2 2 a
=2 N € -1 (317 ™+l 74 _ 3
2eHC3 i (ao—l)[6 az] (1 + =5 52 - 5 (ao ] (V-63)
2

We then compare éq. (V-63) with the corresponding equation for HCZ:

’ 2 a,
v 1 -1 2x(31) b,
2eH02 = (ao—l)[6 a2] [1 + 5 5 (aO 1]
a9
(see eq. (II-43), (V-64)
to find:
2 a
: S A €1 ) R L
HC3/HC2 ¢ [1+ 51 (e 7-1) 2 (ao 1]
a
2
R L (3D (21 —5 @ Dy (-65)
B £ 51 B0 T 2 (ao
o 0 a

2
We can now use the Saint-James and de Gennes well-known result that

- _ 172 : . .
€, 0.5901, QO =€y , and the values for as 8y a4 given in eqs.

(II1-40) through (II-42) to get:
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e

1 - 0.105 (1-t) - 1.031 (1-t)>/2. (V-66)

To find the temperature dependence of HC3 itself, we use eq.

(11-44) or
H dH .
€2 . €21 (14 0.135 (1-t) + 0[(1-t)°]]
(1-t) de | __
where
) 12 1
_ - (), (V-67)
dt lt=l 7¢(3) 2eg
to get:
H _ dH
¢3Sl x [1 + 0.030 (1-t) - 1.031 (1-¢)>/?]
(1-t) de | __
t=1
with
di .| dH |
- C3| = 1.695 [~ CZ; ] (V-68)
dt dt
| e=1 | t=1
The following are the conclusions of our present approach:
Conclusion I
From eq. (V-40) we see that in the L-G region (i.e. when
(l—t<<l))AS'L' z 0 and A = AB is "ESV" so that to this order of

accuracy all solutions of our exact LGE are also solutions of the

linearized L=G equation plus the standard B.C..
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Conclusion 1L

From eq. (V-41) we find that below the L=G region (i.e. when
(1-t) is no longer negligible compared with 1), none of the solutions
of our LGE are "ESV", and a finite order differential equation plus

an effective B. C. can at most describe the surface nucleation critical

field HC3, and the pair wave function in the region Z>>£o. For the
region Zf&o 5 A(f) is necessarily described by an non-local integral
equation.

Conclusion III

Using our 2nd approach, we have been able to calculate Hc3
to two orders in (IL—t)l/2 beyond the accuracy of Saint-James and
deGennes' result for the L-G region. Besides, we could in principle
have also obtained the exact behavior of A(;) in the surface region
Zééo to two non-trivial orders since to this accuracy .eq. (V-33) can
easily be solved by using Fourier cosine transforms. (To this
accuracy Kéo) in (V-33) can simply be replaced by K(o).) We did not
carry out this calculation only because it requires tedious numerical

integrations which seems to be not worthwhile judged from the present

experimental need.

Conclusion IV

Conclusion I should be subject to the following remark: From

: . o ) th ) th
eq. (V-38) we find that to accuracy higher than 4 order in o, or 6
order in HcB’ the effective B. C. can no longer be obtained without

really solving a genuine integral equation.
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Conclusion V

Even though we have cobtained two orders of correction terms for

H ,/H alone, we believe that the region of validity of

c3' e2

these results can not be significantly better than (l—t)éO‘OZ, as,

and for H

c3
for example, in eq. (V-66) the last term begins to dominate the second
term at (l—t)%lO—z, so that the neglected order is expected to become

. : . -2
important after t is reduced by another At~10 7.

Conclusion VI

In Ch. IV we have found that for Tv0°K, the ratio HCB/ch is
roughly equal to (or may be slightly higher than) 1.93 with a
vanishing initial slope. In the present chapter, however, we also
found that as T is decreased slightly below the L-G region, the

initial tendency of HCB/HC is to drop below 1.7 - the value in the

2
L-G region. Combining the two predictions we therefore see that in
the whole temperature region, Hc3/Hc2 can not be described by a
monotonic function. We shall not, therefore, attempt to find any
quantitative interpolation formula in the whole temperature range
but will only try to guess its qualitative behavior in the inter-
mediate temperatures, through a graphic method. (See fig.
where we have also shown our high- and low temperature results as
well as a comparison with Liiders' predictions.)

Wé now compare our results of this chapter Qith some presently
existing theories:

On the microscopic derivation of the linearized L-G equation

and its supplementary B. C. for a sample with a boundary: The original




81
. . N , ) , 15,
microscopic derivation of the L-G equation due to Gorkov is only

“"standard B. C." was obtained and

1]

valid for an infinite sample. Th

I~

|
justified by Ginzburg and Landau  and by deGennes

(v)

A o 3 . . )
heuristic arguments. Abrikosov™, using his somewhat incorrect kernel

3

only through

for the LGE, had also arrived at our eq. (V-10), from which he pro-
posed a different procgdure from ours in obtaining the linearized L-G
equation and the standard B.C., which, however, is rather misleading
at lower temperatures since his procedure did not point out the
necessity of a self-consistency check on the "ESV'" assumption made

at a very early stage of his derivation. Schdler and Lﬁders'zs’26
analysis is perhaps the first rigorous, microscopic treatment of
this problem appropriate for a sample with a boundary, which is

self-consistent. Since his method can also be generalized to lower

temperatures we shall discuss it in the next paragraph.

On the generalization of the linearized L-G equation and

obtaining an effective B. C. for temperatures slightly below the

L-G region: A differential equation generalizing the L-G equation
beyond the L-G region to describe the spatial dependence of the pair
wave function is possible only if the exact behavior of the pair wave
function within a distance éo from the boundary is ignored. The

B. C. for such a differential equation can therefore be at most
effective, This picture has been un-ambiguously found in both
Scholer and Liuders' (as cited above) and our theories, but not in
Tewordt‘527 theory. The reason is that Tewordt's theory is not
appropriate for a sample with a boundary, and he has ignored the

possibility of a surface contribuition to the total free energy of the
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sample. Obtained from applying variational principle to his free
energy form, his generalization to the L-G equation can be considered
as correct (except for the remark made in the beginning of this para-
graph), but his B. C. is necessarily wrong. Scholer and Liiders'
theory agrees with ours in many respects: (1) the pictures about

the pair wave function conveyed through our conclusions I and II

and partially stated in the beginning of this paragraph (except

that Scholer and Liiders simply used A(;) to denote what we called
AB(;), and their variational approach did not make it clear when the
exact pair wave function A(;) has been replaced by its major component
AB(;)), (2) the generalized L-G equation for AB, and (3) its effective
B. C. to the lowest non-trivial order, and perhaps also to the next
two higher orders, but most probably not further, for reasons we

shall soon explain. The major differences between the two theories
are: (1) Their theory is not completely microscopic. Especially,
they treated the boundary surface classically, instead of quantum
mechanically as we did in our theory. (2) Their theory can not lead
to our conclusion IV, and the second half of our conclusion III con-
cerning the "RV'" component of the pair wave function. Expecially,
their theory seems to have contained a misleading concept that to

any finite order in (l-t)l/z, an effective B. C. can always be ob-
tained without solving a genuine integral equation (one which does
not contain a small expansion parameter such as go/gH, and therefore
can not be replaced by an finite order differential equation). What

they will obtain for the effective B.C., we believe, is most probably

nothing but our eq. (V-38) with A" replaced by ABA, which i1s correct
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only if they limit their interest to the lowest three non-trivial
orders, beyond the results for the L-G region. The reason is that

their approach involved an expansion w.r.t. the operator

> > e
\ A% s _ Y . ‘ \Y .
Tal V. (where |V| = Vps @ = (2n+1)wT, so that Tl LB

when it is yet acted on the complete pair wave function

A = AB + AS°LG, instead of being merely on the "ESV" component AB.

Their approach, with truncation of the expansion as a necessary step,

S.L. )
can not treat the A component properly, and therefore cannot give

the correct effective B.C., whenever the exact behavior of the AS'L'
component becomes important in obtaining such a B. C., which occurs

at n = 3 in eq. (V-43). This indicates why their approach cannot give
correct results beyond the lowest three non~trivial orders in the

correction terms to HC and Hc3/Hc2 below the L-G temperature region.

3

On the results of HC
.25, 26

3 calculation in the L-G region. Both

Scholer and Liders and our theory on HC in the L-G region

3

reduces to Saint-James and deGennes' prediction; Both theories have
been able to make it clear that for pure samples with specularly
reflective boundary surface, the L-G region for surface nucleation

should be defined through the condition (l-t)<<l so far as Hc3 is

concerned. But one point not clear in Scholer and Liiders' theory

is that the linearized L-G equation really cannot describe the correct
behavior of the palr wave function within a distance of the order of
Fermi wave length from the boundary surface, and .the 'standard B.C."
describes actually the extrapolated behavior of the pair wave function

from the region P

; S Zos go’ The L-G equation, however, will give
-1

correct description of the palr wave function in the region Z > PF .
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contrary to the non-~L-G region and non-linear L-G equation cases,

for which the limitation must be Z > €,

On the results of HC calculation in the near L-G region: The

3

first such attempt was made by Tewordt, but as mentioned before, his
o 2 . . e
results must be abandoned. Ludexrs 2 then, using the theory ®y¥ Scholer
and Luders (as cited before) on the generalization of the L-G equation
and the B.C. to lower temperatures, has recalculated the ratio Hc3/HC2
in the near L-G region. For specularly reflective boundary case, his
. s . 1/2 .
result to lowest non-trivial order in (1-t) , agrees with ours. We,

however, have computed HC3/HC and Hc alone to one more order

2 3

accuracy (we believe that most probably Liiders can also obtain this
result by extending his calculation to the next order, and will agree

with us), which is found to dominate the Liders' correction term for

T - T < 1072
{\/.

. TC, indicating that both Liiders' result, and our extension

to 1t, do not have a very good region of validity (perhaps good only
for 1-t < 2 x 10_2), But we also found that Liders' Ath order correction

term to HC3/HC has such a small coefficient mainly because it involves

2

an almost cancellation of three contributions - two from the effects on

. th .
H and HC respectively, due to the 4" order correction term to the

c3 2

linearized L-G equation, and one from the correction to the standard

B.C. which changes Hc alone, not HC All of these three terms are

3 2°
proportional to (1-t), with coefficients roughly equal to 3.1, -1.6,
~1.6, whose net result is roughly -0.1 as is shown in eq. (V-66). This
indicates that perhaps the smallness of the Liider term is in a sense ac~
cidental, and our extension to it might have a better range of validity

than his result. (To say, (1-t)~0.05; but not significantly better, we

beleive, in view of our conclusion VI.)
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CHAPTE®R VI

GENERAL CRITERIA FOR THE PHYSICALLY

MOST FAVORABLE MODES OF NUCLEATION

In this chapter, we discuss two general criteria that
characterize the physically most favored modes of surface nucleation.
In principle, therefore, they can be used to reduce the number of
variational parameters in a variational calculation. In practice,
however, it turms out not to be guite the case as is discussed at
the end of this chapter.

We shall call the two criteria "The vanishing overall surface
current criterion" or simply ''criterion A", and '"The pair density peak
position criterion'" or simply "criterion B”.(Vii)

We first state the two criteria:

Criterion A: The optimum or physically most favorable state
of surface nucleation is always such that the over-all surface super-
current vanishes.

Criterion B: The optimum or physically most favorable mode of
surface nucleation can be found by requiring that the peak position
of the pair density is just about to depart from the boundary surface.

We first prove these two criteria in the L~G region from first
principles. It also serves as an illustration of the meaning of
these two criteria.

Proof of Criterion A in the L-G Region: The sample geometry,

field arrangement, and coordinate system are all assumed to be the
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same as before. Since we are in the 1L-G region, the super-current

density is described by the second phenomenological L-G equation:
I o= - @Yy m eV ), (VI-1)

where w(;) differs from the pair wave function order parameter A(;)
13

only by a multiplicative constant.

The criterion A in our present case requires

da+j(z) = o0, (VI-2)
'S

where S is any cross section of the sample perpendicular to the

surface. This is equivalent to the following statement:

j ao v %rw - w%fw* - 4iek@[v[?] = 0 (VI-3)
S
We clearly can not have a net current flowing perpendicular to
the boundary surface. TFor studying physically most favored mode of
nucleation, we can also require A(%) or W(;) to have no y~dependence

(y is the direction of the magnetic field!) so that jy z 0. Thus all

we have to prove is:

dydz x gx(z) = 0, (VI-4)

zZ>0

for the optimum state of nucleation.
1f we choose again to work in gauge B, eqs. (VI-4) simply

becomes:

(o]

r ,
dz % (Z“ZO) wz(z) = 0, (VI-5)

0
remembering that in this gauge ¢ is real, and can be considered as a
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function of z only.

It is in this form (i.e. eq. VI-53) that criterion A was first
pointed out by Saint-James and de Gennesl to be valid in the L-G
region.

The proof of (VI-5) from first principles is simple: first we
write the first L-G equation (linearized) in the following shorthand

form (see eq. II-3):

Hy = oy (z) + e(z-z )’ y(z) = ey(a). (VI-6)

Differentiate both sides w.r.t. z, to get:
dy _ _ _
[H=¢] 3z, 2¢ (z=z )b, (VI-7)

where use has been made of ES—'E = 0, for the optimum mode. Multiply
o)

both sides by ¥, and then integrate over z, we get:

f f f
(z-zo) wz dz « J w[H—e]%%—-dz = ag—'[H—E] ydz = 0
) o

J ”

where Hermiticity of the operator H has been used, which can be easily

av|
dz‘O

Criterion A is therefore established in the L-G regiom.

proved using the standard B.C., = 0 in our present gauge.

We now shift our attention to criterion B:

Proof of Criterion B in the L-G region: We first rephrase the

criterion into the following mathematical statement:

2
d -
) H’(r)}

dz | z=0

?

§
o

(VI-8)

where ¥ corresponds to the optimum nucleation mode. In gauge B, ¢ is
real, thus eq. (VI-8) becomes simply

2
av = 0. (VI-9)

v
2|
dz | z=0
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To understand why eq. (VI-9) is equivalent to the original
statement once we are in gauge B, let us consider the family of

solutions characterized by the continuous parameter z,- All solutions
2

must satisfy the standard B.C. %%i = 0. If some mode has d g <0
|o dz
at z = o, this mode has a local maximum, or peak, at z = 0. If
2
another mode has é—%— > 0, the point z = o becomes a local minimum.
dz

Clearly the particular value z , of z s which is determined by egq.

oM

(VI-9), separates these two classes of nucleation states. So if
zo is continuously increased across ZOM (the direction of change is
hinted by the fact that z, = corresponds to the bulk nucleation
mode, which necessarily peaks deep inside the sample), the local peak
begins to depart from the surface when z, is exactly equal to Z M
Since the optimum nucleation mode corresponds to the ground state
solution of eq. (VI~6), this local peak is also the only peak of
the whole pair wave function.

The proof of eq. (VI-9) from first principles is also very
simple in the L-G region:

We first point out the following simple identity:

f . 1 12
| w''dz = -5 [¥'(]" = 0. (VI-10)
o

Using eq. (VI-6), we convert this identity to:

o

f
Ve - e(zz ) 1Y dz = 0. (VI-11)

‘0

We now differentiate (VI-6) w.r.t. z:

VT 2e(zmz) o= Le - c(ZWZO)z] v’ (VI~12)

Multiply both sides of (VI-12) by y, integrate over z from 0 to =,
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and apply equation (VI-11) and the criterion A in the form of eq.

(VI-5) to get:

''dz = O. (VI-13)

<
<

Partial integrate once and use eq. (VI-10) to get w'"| = 0, or
simply eq. (VI-9), since we must assume y(o) # O. (w(os = 0 plus
the B.C. y'(o) = 0 lead us to the trivial solution y = 0, which we
are not interested in.) We thus have justified criterion B in the
L-G region. We notice that the proof above has used criterion A, so

it is valid only for the optimum state. We also notice that this
Qv
dzio

the proof for criterion A, a more general type of B.C., g%— 0 = ay(o),

proof has used the standard B. C. 0 in gauge B), while in
will be sufficient to serve the purpose (to justify the hermiticity of
H), so long as o (real) does not depend on z In fact, the criterion
B simply no longer makes any sense if y does not satisfy the standard
B.C..

We now examine whether these criteria can be extended to lower
temperatures. First we shall show that criterion A is in fact true
for all temperatures below TC and also for all impurity concentrations,
if the magnetic field is equal to the surface nucleation critical field.
Abrikosov3 has suggested that criterion A is actually true even at lower

fields satisfying Hc <H<H

5 = His line of reasoning goes as follows:

c3’
The condensation energy for surface superconductivity is only a surface
term (i.e. proportional to the surface area, but independent of the
total volume). If a surface nucleation mode does not have a vanishing

overall surface supercurrent the field strength inside the sample is

necessarily different from the external field strength. The total free
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energy of the system 1s thervefore raised by a magnetic term which is
proportional ito the total volume. For a bulk sample, no compensation
of these two free enevgy terms could happen, as they belong to dif-
ferent orders. Such a surface state must therefore have a total free
energy higher than the normal state, and can not exist physically.

This argument can be considered as rigorous. However, finding
a microscopic proof to support it is always better than not. (For
example, it can serve as a check of Gor'kov's microscopic theory of
superconductivity.)

Unfortunately, our proof is only limited to the case when H = HC3.
All attempts to extend this proof to lower fields have failed. We now
present our microscopic proof of criterion A as follows:

Proof of criterion A for all T - TC, and for all impurity con-

. iidi
centrations, at H = H _:<v ) . . . .
c3 Without averaging over impurity con-

figuration, the linearized gap equation is as follows (Notations as

in Ch. II):
- . f ° e ° - > - - .
A(r) = |AalT ) | Gio)(r,r') GEZ)(r,r')A(r')dr' (VI-14)
U.) v
where the normal electron thermal Green's function Gio) satisfies:
- 1 ’32 > (o)~—>~~> > >
tio + 5= |V |7~ v(@) +ub e (r,x") = 8(x-x"), (VI-15)
with V(?) = Z u (?—;a) being the total interaction potential between
r
a~> -
an electron at r and all impurity atoms at {r_} .

a

With sample geometyry, field divection, and coordinate system as
before, we again employ gauge B where K(;) = (H(z~zo), 0, 0). The pair

A > < © o N < . o
wave function A(r) is again limited to be a function of z only.
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In equation (VI-14), we can either fix T, and consider H as
the eigenvalue; or fix H, and let T be the eigenvalue. In any case,
the optimum state is characterized by a stationary eigenvalue, when
z, is varied. Thus when we vary Z both T and H can be considered
as constants. Write eq. (VI-1l4) in the form:

(iAlzd? = |alT § ({A*(;)Gw(;,;') G_ (F,r)a(r") dr dr', (VI-16)

w)J

and vary Z s to obtain, symbolically:

J(aa*>A v [ 570 = in ] el JJ IENENCD

W

[
+ J] o [8(G,G_ )1A]. (VI-17)

Varying (VI-14) and then taking scalar product with A, we get:

J 2%(60) = |t ! [;j ORI JJA* 6{e 2 snyy.  (v1-18)

Taking complex conjugate of it, we also get:

{(GA YA = [T T[(jAE[é(GiO)GEZ))]A + J(éa b G(0> <°) Al. (VI-19)
W 4 Pl

Combining (VI-17), (VI-18), and (VI-19), we then get;

x|t ¥ JJA*(;)G[Gio)(;,;')GEZ)(;,;')]A(;')d; dr' = 0. (VI-20)

w
Now varying (VI-15), and using the fact that in gauge B, A =

- Hx, we obtain:

[~
. ;Lﬂ_ Y ieH - > >y _
{iw + oo [Vrl V(r) + u}éG (r P Y - —a-VXGw(r,r Y = 0, (VI-21)
or equivalently:
> > ieH >y 5 >
§ ! = ¥ -
Gw(r,r ) ” J Gw(r,s)vS Gw(s,r ) 48 . (Vi=22)

X

r 1 < : - . 3 I3 I3 5 > g
Taking complex conjugate of this equation, and interchange v and r',
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we get:

~ieH ! o
m ) 5 W

|
o
P
0}
m
-
<
o
—
[
w
-~
[
@

56_ (1,7 (VI-23)

where the symmetry property (II-17) has been used.
Substituting (VI-22), (VI-23) into eq. (VI-20), and changing

w to (~w) in part of the expression, we obtain the following final

expression:
> . ieT & o (0) ;2 Zey 1y -
f dr fﬁ{" (VX,—VX)X E 5Gw (r,r')}[ﬁ' , = 0, (VI-24)
W |r'=r
where
se, = - JG£°)(?,i)A(i)cio)($,¥')A“<m)cfg>(E,E)di dn. (VI-25)
Now the current density is given by:
<> > i 3 %
H = X& v _ ' -
3 = = (= V)eGxD ; (VI-26)
r' =r
' -1~>0

where G(x,x') satisfies eq. (II-18).
Applying standard expansion technique to eq. (II-18), with the

(o)

use of the normal state Green's function G , it can be shown that
to lowest order in superconducting pair strength, Gw(;,;') =
Gio)(;,;') + éGw(;,;'), where 6Gw is exactly what is given in eq.
(VI-25) (for detailed proof, see for example ref. 13 Ch. 7).

Since the current in a normal metal is always zero in a constant

magnetic field, eq. (VI-26) is simply:

i = 2w, -7)

= (V. . R (Vi-27)

R e
6Gw(r,r')

£ o~

|t'=7
to our orders of interest. Comparing (VI-27) with (VI-27), we there-

3 -5
fore get: [d; jx(r) = 0. As for our sample geometyy the current is
s

necessarily independent of x, it becomes
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| dy dz 3 (D) = o0, (VI-28)

or, the overall x-directional surface current vanishes.

As is in the L-G region, we again need not worry about y,z-
directional currents. We thus have proved criterion A for lower
temperatures, for all impurity concentrations, and at H = Hc3'
However, the criterion is now described by eq. (VI-28), with K(?)
given by eqs. (VI-27) and (VI-25), it is therefore much more com-
plicated than the corresponding equation (VI-3) or (VI-5) for the
L-G region.

We now turn our attention to criterion B. Should it also be
possible to extend criterion B into lower temperatures, its
mathematical form must still be given by equation (VI-8), indicating

that this criterion is probably more useful than criterion A, if

established. Since we have shown that the pair wave function order

-
parameter A(r) satisfies the exact B.C. at all temperatures, the

possibility of such an extention is therefore not zero. Unfortunately,
all of our attempts in achieving such a proof have failed. Nor have
we succeeded in disproving it. We are forced, therefore, to leave
this equation open.

We now turn to discuss the significance of these two criteria.
There is no doubt that these criteria help us to get a better under-
standing of the optimum nucleation modes. But we are more interested
in their practical use, for example, as we have pointed out in the
beginning of this chapter, they could help us to reduce the number of
variational parameters in a variational calculation, in principle at

least. We shall not be interested in the L-G region where exact
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soclutions are possible. At lower temperatures, unfortunately,
criterion A becomes too complicated to make its use advantageous.

How good is then to approximate the exact criterion by the local
expression (VI-5) (in gauge B), when the temperature is not in the
L-G region? Examining our variational solution at T = 0, we find
such an approximation is very bad indeed, as eq. (VI-5) requires, for
the trial wave function exp[- %~u52], that ugoz = w—l = 0.32, while
our variational result gives agoz = 0.24, a roughly 257 deviation!

As for criterion B, since it is not yet justified at low temperatures,
there seems to be no grounds for using it. Besides, we have another
doubt in using these criteria. As even though they have been proved
to be satisfied by the exact solution, there is still no reason to
believe that a trial wave function, which satisfies them, could give
better estimate of the eigenvalues, especially if the criterion
itself is a local property of the pair wave function - such as our
criterion B, since it is more or less the global behavior of the

pair wave function that determines the eigenvalues. Our conclusion

is, therefore, that the two criteria will not lead us to a royal

road in a variational calculation.



CHAPTER VII
CONCLUSION AND DISCUSSION

The surface nucleation critical field, H for a pure semi-

c3’
infinite superconductor with a specularly reflective plane boundary,
has been studied in two limiting temperature regions, namely, when

the temperature is very close to absolute zero, and when it is only
slightly below the Landau~Ginzburg region.

The basis of this calculation was Gor'kov's microscopic theory
of superconductivity. However, first we had to develop a generalized
image method to find the normal electron temperature Green's function
in a sample described above, in order to obtain the appropriate
linearized gap equation for studying such a nucleation problem.

The resulting equation was a linear homogeneous integral equation
whose lowest eigenvalue was related to HCBF At absolute zero tem-—
perature, this equation was solved by a variational method using a
simple Gaussian function centered at the surface as our trial wave
function. It was found that in this case the ratio of HCB/HCZ

should be roughly 14% (or slightly more) higher than the corresponding
well-known result, namely 1.695 or roughly 1.7, in the Landau-Ginzburg
region, as was predicted by Saint-James and de Gennes.l The result
was then extended to slightly above absolute zero temperature by a
perturbation method, which gave a vanishing initial slope to the
ratio. It was therefore speculated that this ratio would stay signi-
ficantly above 1.7 for quite a fraction of the temperature range

between 0 and TC(
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In the high temperature limit (i.e. when T ~ Tc)g we have
tried two approaches to attack the problem. The first approach
was conventional, involving an assumption that the pair wave
function was slowly varying in the whole sample, so that some
expansion procedure could be applied to the equation. The ap-
proach, however, was shown to be valid only in the Landau-Ginzburg
region which lead to a gauge invariant, completely microscopic,
simultaneous derivation of the linearized Landau-Ginzburg equation
and its supplementary B.C. for a sample with a specularly reflective
boundary. For temperatures slightly below the Landau-Ginzburg regionm,
we modified our first approach into our second approach so as to allow
the pair wave function to vary rapidly at distances of the order of a
BCS coherence length or less from the surface. The result contained

d /2

two orders (the 2"¢ and the Brd) in (1 - T/TC)1 , correcting the

value 1.7 for the ratio H ,/H ., when the temperature is not in the

c3' T e2

Landau~-Ginzburg region. The first correction term agreed with Lﬁders'zz
prediction which is obtained from a quite different approach. The
second correction term was found to dominate the first for temperatures
only 1% below TC. We therefore speculated that our high temperature
results, as well as Luders' (in the specularly reflective surface case
only), can not have a very wide range of validity. Both of our results
are still interesting though, since they predicted that for samples
with specularly reflective surface, the initial tendency of the ratio
Hc3/H

high and low temperature predictions, we find that this ratio does

2 is to drop below 1.7 at a non-negligible rate. Combining our
not behave monotonically in the whole temperature range below Tc’

instead, it will possess a minimum at some temperature, say Tm < Tc’
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and then it will rise up to pass the value 1.7 again at some still
lower tempervature, say TX < Tm, &0 that as T » 0°K, the ratic can
approach a value roughly equal to or slightly larger than 1.93
horizontally. Unfortunately, due to mathematical difficulties, our
results can not be extended to the intermediate temperature range
to give us a quantitative estimation of these two characteristic
temperatures, namely Tm and Tx’ We can only speculate that probably
these two temperatures will not lie very far below Tcg

On the other hand, we expect that it should also be rather
difficult for our predictions to be checked experimentally, since
must

to achieve this, simultaneous measurements of both HC and HC

3 2

be done in a relatively pure sample with negligible amounts of im-—
purities and defects (a technical difficulty), whose surface must
yet be specularly reflective in nature (another technical challenge).
Besides, there is also the unavoidable fact that almost all pure
superconductors are type I in nature (except for Vanadium, V28, and
Niobium, Nb,29 whose pure samples are type II) which implies that

the determination of HC will in most cases involve supercooling

)
situations, thereby making the distinction between 1.7 and 1.9 for
/H

the ratio HC an even harder task, letr alone the detection of

3" 2

the mild temperature dependence of this ratio predicted in our
present calculation. One way to get around this difficulty is to

measure H and then to use the theoretically predicted relations

and HC to estimate the values of H_ ,30 But then there
. o

between H
c 2

2
is the question of how good are these relations themselves in

describing the facts and how wide are theilr ranges of validirty.

Besides, these relagtions themselves will involve other characteristic
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parameters of the sample studied, which will also have to be
determined experimentally, thus introduces more uncertainty into
the final conclusions. In cases when strong coupling supercon-
ductors (such as pure lead) are used for such an experiment, the
above mentioned method will be even less favorable because the

predicted relations between HC and Hc could be torally inadequate

2

for such a case, while our predictions about the ratio HC3/H‘C might

2
still give a good qualitative or even semi-quantitative description
of such a system. This point of view is reasonable in view of the

fact that in the Landau-Ginzburg region, the ratio HC3/HC2 does not

o 1,5
depend on the characteristic parameters of the system™ ’” and whether

57

the system is weak- or strong coupling in nature, while the ratio

: 19, 12, 31 . . ,
HCZ/HC clearly does. ~* ! From the above considerations, we
expect that the best choice of a superconductor for performing such
an experiment in order to check our predictions is vanadium, with

C A ; . . ; 28
niobium being the second. (Vanadium is a weak coupling superconductor,

- C s ; . 29
while niobium is half way between weak~ and strong coupling.””) The
remaining difficulties for these metals are then only on how to make
them into highly pure and defectless samples as is characterized by
a large low-to-high-temperature resistivity ratio, and on how to
make their surfaces to be specularly reflective in nature. But
these are not completely impossible to overcome, we therefore still
see some chance for our predictions to be seen experimentally.
In the introduction we have pointed out that both the works

- .9 o 9 . .
of Rosenblem and Cardona,  and of Tomasch™ indicated that for
= 1.9 fitted better to their

/1

relatively pure Pb, the ratic HL an
L

3

experimental data than 1.7. But their data are too crude to be con~
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) (o 3 —_ 32 ..
sidered as a positive evidence of our prediction. De Sorbo first
reported that he had observed a consistent increase in the ratioc

H /H from the value 1.7 for annealed pure-niobium samples (at

c3' 2
T = 4.2°K, while TC = 9.25°K). In a subsequent paper33, however, he
reported that Hc3/Hc2 = 1.7y was observed for pure Nb and for Nb
containing oxygen in a concentration below the solubility limit
(also measured at T = 4.2°K). We now want to point out the fol-~

lowing two points concerning his work: (1) In his first paper,

Hc3 was identified as the smallest field at which the resistance

of the sample attained the normal-state value. While in his second
paper, he turned to use critical current measurement to obtain Hc3'
As is pointed out by him, the former method can not give a good
accuracy because the sample resistance restores to normal asymptoti-
cally. But we want to point out that his latter method will

systematically give smaller values for HC The reason is that

3°
theoretically the critical current is the largest current the

system can carry without showing any resistance, and HC3 is the

field at which the critical current vanishes. But for practical
reasons, he had to identify the critical current as the current
which gives minimum detectable voltage. Besides, he also identified

HC3 as the field at which the critical current IC becomes equal to

the normal current I, as the minimum detectable voltage is applied

to the sample. It is easy to see that HC measured in this way

3
should always be smaller than the exact value. In fact, for H less

than the "apparent HCSH’ his measured values for IC {named by him as
jc when divided by the cross sectional area of the sample, and JS

when divided by the width of the current carrying superconducting
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surface sheath) should be quite accurate vegardless of his "bad"

definition for IC, We can therefore extrapolate hig data, at least

i

crudely, down to lc = 0, to find the "correct' value for Hc . From

3

the only plot of JC vs. H curve for an outgassed and annealed pure

niobium sample published in his second paper, we found that while

i

3
very probably be some value within the range (2.0 + 0.1) chg (2)

the "apparent HC "ig (le,7l + 0.03) HC , the "correct HC could

3 2
While he did not describe the nature of surfaces of their samples,

it is strongly doubtable that their sample could have almost
specularly reflective surfaces, which can only be obtained, we
believe, by careful polishing processes. His measurements are
therefore most probably beyond the region of applicability of our
theory. These two points indicate that his results do not consistute
a disproof of our predictions.

Fischer“%’(ix>

recently published some accurate measurements
of HC3 (but not HCZ) for two pure Pb samples. He found that the

curves of HC ve. T are concave upward near TC@ However, he inter-

3
preted these data as to correspond to samples with surface roughness
characterized by P = 0.48 and 1 respectively, so as to fit nicely for
T > 1.5°K with Liiders' formula

H (6 ’
c3 o 172
17595 ch(t) = 1+ 0.382 P (1-t)

(P>0)

for samples with rough surfaces, where the parameter P is so defined
that P = 0 corresponds to & specularly reflective surface, and P = 1
indicates a completely diffuse scattering surface. We now want to

point out that the set of Fischer's data corresponding to the sample
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assigned to P = 0.48 actually fits slightly better to our theory
(which corresponds to P = 0!) than to Liiders', even though ours is
only semi-quantitative. We first notice that Liders formula with
P = 0.48 actually lies everywhere very close to ocur interpolated
curve (see fig. 5 ). The deviation at low temperatures could be
less if one remembers that our low temperature results are only lower
bound estimations. The high temperature deviation of the two curves
from each other is the major difference of the two theories. We then
point out that Fischer also published in the same article a plot of
HC3/(TC—T) vs. T for the two samples of pure Pb mentioned before.
Data are measured within the temperature range between V1.5°K and
~5.9°K, but an interpolated point at T, = 7.2°K is also shown in the

plot. TFor T z 5°K Hc is expected to be roughly proportional to

2
Tc_T (as is explained in the article). Thus for T > 5°K, the plotted

curves should reflect the behavior of HC3/HC2, which, according to

l/Z]Q

Liiders' formula, should be proportional to [1 + 0.382 P (1-t)
But this is apparently not the case since the formula predicts an
infinite slope at TC, while the curves apparently do not show such a
behavior. The curves are seen to be compatible with our predictions
but no definite conclusions can be made on this point, especially
since P is not measured independently.

Our conclusion is therefore that even Fischer's precision measure-

ment of HC can not be considered as a positive evidence for our theory,

3

nor is it a disproof. It is therefore very desirable to see more

precision measurements of H _, as well as HC on high purity super-
[

3 2

conductors with extremely smooth surfaces, preferably on vanadium or

niobium, in ovder to check our predictions.




102

We now turn to discuss some of the theoretical difficulties
encountered in the present calculation, so that the readers may
understand why we did not perform our calculation for a wider class
of cases. In the meantime, we shall also point out some of the
possible extensions of our present calculation.

We have mentioned before that it is only due to mathematical
difficulties that we did not solve the problem at the intermediate
temperature range. Our formulation of the problem is valid for all
temperatures below Tc“ In fact, a lower bound estimation of Hc3 is
possible at all temperatures below Tc’ except that too much computer
time will be needed for it to be worth carrying out. The formalism
for including the effect of non-magnetic impurities has been well
established. Thus our formulation can certainly be generalized to
include the effect of non-magnetic Iimpurities. However, the solution
of the resultant equations requires the finding of a new basis in
which the kernel of the linearized gap equation for the pure limit
case is diagonalized. This is equivalent to finding the exact
solutions of all possible nucleation modes for the pure limit
case — a situation which is possible for the infinite sample case,
but not for the semi-infinite sample case as we have studied here.
We therefore have given up the attempts to calculate Hc3 for all
impurity concentrations. At low impurity concentrations, it is not
hard to see from the general formalism that the lowest order cor-

/H

rection to HC is & linear term 1in A = &O/i where | is the electron

3" el

mean free path due to impurities. It is not very easy to compute the
coefficient of this correction term, but we can still speculate that

the qualitative effect of impurities is to gradually reduce the
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mild temperature dependence of the ratio H¢3/Hg2 to a flat 1.7 as

1+ 0. We also expect that this smoothing effect should be roughly

half-done at 74 - go'
In our calculation we have also limited ourselves to specularly

reflective surface. To generalize our microscopic calculation to

samples with rough surfaces, a reasonable starting point will be to

assume a roughly plane surface with small randomly-distributed bumps

and kinks. We must require our normal electron Green's function to

vanish on such a surface. Using this Greens function to construct our

kernel for the linearized gap equation, we can then average the kernel

over the statistical behavior of the surface roughness to reestablish

translation invariance of the kernel along the surface. (This procedure

is closely analogous to the treatment of randomly distributed impurities,

see references cited in the last paragraph.) Using this procedure, it

is clearly seen that a similar calculation of HC3/HC2 for the diffuse

scattering surface case is much harder than for the specularly

reflective surface case. However, we still think that such a funda-

mental study on the effect of surface roughness to HC is possible, and

3
we shall attempt to solve this problem in the future.
Another possible extension of our present calculation includes
the calculation of HCB/HCZ for various types of sample geometries,
e e 1 1 . ;
such as infinite slabs of finite thickness,” cylinders of radius
35
>> EO, or even samples that occupy one or three quadrants of the
space, ~ a study of the last case can probably cast light on the
effect of large-scale surface roughness, or even periodic surface

gratings. As is remarked at the end of our chaprer IV, we expect

that our generalized method of images can be successfully applied to
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these simple geometries to obtain the appropriate normal electron
Green's function, and hence the linearized gap equation for such cases.

Our final generalization involves the study of the effects of
dielectric or metallic coatings to the surface, and we expect that our
generalized image method will also work for such cases, if properly
simplified models are proposed for such systems. Experimentally, these
surface effects have been studied by wvarious groups¢36 Theoretically,
calculations have been made only in the L-G region.37 A microscopic

study of such a problem is therefore quite desirable.



APPENDIX A
BOUNDARY CONDITION FOR A SPECULARLY REFLECTIVE SURFACE

In this Appendix, we analyze what is the exact effect of a
"specularly reflective boundary surface'" on the electron wave
functions in a piece of metal, and therefore answer the question
of what is the microscopic B.C. or B.C.'s that could be assigned
to such a surface, so far as electron wave functions are concerned.

Consider a semi-infinite sample occupying the half-space
z > 0. An electron of momentum ﬁ, if not scattered by the boundary

e ik,-¥ ik r
surface, is described by the plane wave elk.r z e + e 27
Let kz < 0 go that the electron is moving to the left. What is
the scattered wave function if the boundary surface is present?
The classical definition of '"specular reflection'" is that an
electron coming toward the surface with momentum (kx’ k., kz)

y

will leave the surface after scattering with momentum (kx, ky’ ~kz).
Quantum mechanically the electron wave function can also gain a

. 2i¢ . C s
phase shift e during the scattering process, where ¢ in general
can still be an arbitrary real function of k. An electron of

momentum ﬁ (with kz < 0) before scattering, should therefore be

described by the following complete wave function:

ik z

ik, +t ik z Ly
1 /
z" e21q>(k) o z

W = e e Iy (k< 0), (A-1)

if it is in & sample with such a boundary. Let us now use the
momentum after the scattering to characterize the wave function.

=105=
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Since an overall phase factor is irrelevant to the wave function,
expression (A-1) can also be written as:

""?

ik ot
wﬁ(r) = e sin[kzz + o(k)], (kz > 0). (A-2)

Collecting all wi(;)’ of the form given in (A-2), for all A
with kz > 0, we get a complete orfthogonal basis for the Hilbert
space that contains all the states we are interested in. Let
w(?) be the wave function of an electron in the sample studied.
Then, regardless of what state the electron is in, we must have:

ik, er
- A >
y(r) = %! AE e sinfk z + ¢(k) ], (A-3)
z
where %' means summing over all k with kz > 0.
What B.C. does this w(;) have to satisfy? To attempt to answer

this question, we first notice that:

N L ik ¥
W(r)\z=o = 3! Ay Sin [¢(k)] e > (A-4)
and
d > N iﬁ;-;
Ez-w(r)iz=o = ' Ay kz cos [o(k)je . (A-5)

In general, no simple B. C. can be obtained from these two expres—

siong by eliminating all Aﬁ's. But if

ky cot o(k) = £(&,) (A-6)
is independent of kz, we can eliminate Aﬁ's by first applying an
inverse Fourier transform to eq. (A-4) to get:

L ~ik -7

[ d Id,v ‘»!'I

i

Z'kZAi sinle (k)]
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and then substituting this result into eq. (A-5). We then get:

d >t : e T T S o

e w(r)‘zzo = J S(r,~-r, ") w(r’)*z,zo dr, ', (A=7)
where

ik e(r,-r’ )
> LTl
S(GF.-r. ') = 2 - f(R) e (A-8)
PR ) k L
(2m) L

Thus all B.C.'s described by the general form (A-7) can be
assigned to a specularly reflective boundary, which are not yet
all that can be so assigned as eq. (A-6) is not necessarily true.

We remark that all B.C.'s of the form (A-7) satisfy the
condition that no net total current (but not current density at
a local point) flow out of or into the boundary surface. To

prove it we can use the simple fact from (A-8):

sY(F,-%,") = S(z,'-%,).
> -1 . 3 > > >y,
1f £(k,) = a = is further independent of k,, S(xr,-r, ) then

reduces to the local kernel a_l 6(;L—;L'), and the B.C. eq. (A-7)
becomes:

d e -1
S v@ |, = 2t v®d],, (4-9)

Eq. (A-9) then guarantees us that even the current density
normal to the boundary surface vanish everywhere on this surface.
If a is further set equal to zero, we then get

V|, = 0. (A-10)

This case can be realized by setting all ¢(§) = 0.
Another situation is when ¢(§) = /2 for all ﬁ, we then get

a = », and eq. (A-9) becomes:

d =
@, = 0. (A-11)
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Physically, the B.C. (A-10) is for the case when the surface
is characterized by an infinite potential wall at z = o.

If an infinite potential wall is at z = -a with "a" very small
(more rigorously, "a' must be so small that kza<<l for all kz that
correspond to a non-negligible AE>’ we then have ¢(§) = kza, and the
B.C. is simply that given by eq. (A-9).

Equation (A-9) with a reasonably small "a'", can also be crudely
identified as the B.C. for a metal-insulator-metal sandwich, if the
potential barrier established by the insulating layer is not only
high compared with the energies of all states that participate in the

-expansion of ¢(¥) with a non-negligible probability amplitude, but
also wide compared with the mean decay width of the electron wave
function inside the barrier. And even in this limit, the identi-~
fication can only be considered as an approximation, as the exact
situation clearly can not be represented by a single parameter.

The B.C. (A-11) is even less realistic in the physical world.
However, in the main text of this thesis, we shall also use it as
a chosen B.C. to work with, not because it has any physical im-
portance, but because it can lead us to a bonus soluble case
(see Ch. II, eq. (II-24) and Ch. III, eq. (III-14), where the B.C.
has been slightly changed to incorporate gauge invariance into the
expression).

Finally, and most importantly, we analyze a realistic situatiom
where a semi-infinite metallic sample is separated from a vacuum or
an insulator by a perfectly smooth plane boundary. Such a boundary

can be represented by a step potential:
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0 for z»0
Viz) =
VO>O for z<0 . (A-12)

We shall only consider electrons in states with mean energy
roughly equal to the Fermi energy EF' (This is sufficient for
studying superconductivity phenomenon, as only states in the

neighborhood of the Fermi level with |E-E the Debye fre-

Fl % “pe
quency, are involved in superconducting condensation, and we have

w, << E_.) The quantity VO—E is usually called work function, whose

D F ¥

magnitude is usually equal to a small fraction of EF'
The electron wave functions and hence the phase shifts for

such a case can be solved exactly, and the result gives

]

/2m(VO—E§)

= 1
kZ cot q><k) ’—[/1—

wzm(vo—EF)’ = at, (A-13)

R b

The approximation makes kZ cot ¢(K) a K-independent quantity,
so that we again obtain the B.C. (A-9). Since the work function is

usually equal to a small fraction of E_, we find that "a'" is roughly

P’
equal to a few Fermi wave lengths. This means that the electron
wave functions can have an exponentially decreasing tail extending
outside of the boundary surface to a distance roughly also equal to
a few Fermi wave lengths. Since the electron mean wave length in
the z direction can be any value between 0 and O(pF—l), the cor-
responding phase shift can therefore be any value from 0 to some-
what larger than 7/4. This indicates that "a" is not small so far
as electron wave functions are concerned. However, we must remember

that we want to apply all of this to study properties of superconduct-

ivity, where the important characteristic length is the BCS coherence
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length an For pure samples, this length go ig on the order
103 to 104 times mel, This dmplies that the only effect of a
non-vanishing "a" in the B.C. (A-9) is to appear through the
combination a/go, which is negligibly small,

We are therefore justified to consider the a » 0 limit in
the B.C. (A-9), and to use eq. (A-10) as the proper B.C., so
long as we are studying superconductivity phenomenon for pure
samples. It is concluded that if the sample is dirty enough so
that the coherence length becomes much reduced, then the presence
of a non-vanishing "a" in the more exact B.C. (A-9), should at

least be examined, or proven to be not important if it happens

to be the case.




APPENDIX B
GENERALIZATION OF HELFAND AND WERTHAMER'S IDENTITY

The identity found by Helfand and Werthamerl2 reads

>
exp [+ 2ie J% A(s) ds] exp[(r ~F) s V ]A(p)
r' o=T
= exp[(F'-D)+(V_+ 2ie K@@ |,
° |o=r (B-1)

where the path integral follows a straight line connecting the

end points. This identity can be generalized so that the path
integration, instead of following a straight line, will now follow
an arbitrary given curve. If the curve is given by the parametric

> > ' >

T

equation 3 = g(t) where 0 < t < 1, so that g(o) =r', s(l) =

then the generalized identity reads:

- L& e ST
exp[+ 2ie { dt EE-'A(s)] exp[~ dt EE«V 1a(p )l_> N
‘o ‘0
1 dg > > > -
= Tt exp[- ( dt EEJ(V + 2ie A(p))]A(p)lﬁ .
‘o P [p=t (B-2)

where the time ordering operator Tt requires that when we expand

ds
dt

the exponential operator expl-

i
dt D (£)], wh D (t) =
o p( )], where p( )

o

(ﬁp i_Zie‘K(S)), we should always rearrange the operators
{D (t)}, in any term involving a product of the form Dp(t ) D (t )
D (t ), in order of decreasing t (i.e. to make t. > t, > > tn>’

1 9 Zoees 2

This means that operators characterized by earlier times must always

operate earlier.

=111~
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In the main text, we shall write eq. (B-2) in the following

form, (see Ch. IV, eqg. (IV-5):

-

= J[r > i ~ Bt —r
exp[+ 2ie ?9' dg°A(s)] exp[(r'—f)-VD]A(p) .
T p=r

-3

[ > > > >

= Texp [-F, ds-(V + 2eh(s))16(0)
‘r

=
o=t (B-3)

where % denotes a path integral along the given curve, and the
"time'" parameter for the operator T is now implicit.

In the following, we give a proof of eq. (B-2) which is a
straight generalization of Helfand and Werthamer's original proof

for eq. (B-1), (it includes the original proof as a special case):

First we define:

- rt dg >
P(8) = "Je dt e ‘Vp s
f = o
Q,(e) = —Jl at & o1+ 21e (),
- 6
and V() = Tt{exp[P(e) + Q+(6)]}exp['P(9)],
so that
~4Q,(®)
dav(e)/de = T {exp[P(8) + Qi(e)]}T exp[-P(8)]
dQ+(9)
= V() exp[P(6)] —55— exp[-P(6)]. (B-4)
We then notice that:
aq, (&)
exp[P(0)] —=— exp[-P(6)]
- > - > dg(e) ) o > > >
= exp[{s(B) - s(l)}~vpj e [in21eA(p)]exp[—{s(6)—s(l)}'Vp]
= 9500) iy gie B + S(0) -0 T, (B~5)

ds
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which dimplies:
dq, (o) dq, (8 ")

[exp[P(8) — 5 exp[~P(6)], exp[P(8")] ”“%%T””‘QXP[°P<9')]} = 0,

so that eq. (B-4) can be integrated without worrying about 6-ordering.
Noticing that V(1) = 0, we get:

il dQ, (8)

V{0) = exp {—J de exp[P(8)] —E%L——~ exp[~P(6)]}.
o

Converting this equation into the form:

T, {exp[P(0) + Q,(0)118(p) l;;:;:r

= exp{—Jo d8 exp(P(8)] ~—%;——

— exp(-P(8) 1} exp[P(O)IAGD) [,

p=T,
we realize that this equation is nothing but eq. (B-2).
We notice that this proof holds for arbitrary A(;). The

magnetic field, therefore, does not have to be a constant.




APPENDIX C

VARTIATIONAL CALCULATION OF Hc/

y (50 =0) ATT = 0°K

We start from eq. (IV-4). In gauge B where K(?) =

(H(z—zo), 0, 0), we find

Y
Fys > z+z'
A(s)+ds = HI[ 5 -z Je(x—x"), (c-1)
and
- > -
T, > -> [r - > [r > >
%— A(s) «ds = J A(g) «ds + }‘ A(8) +ds
I >y T
r Y r
2. 4,2
= gratz . _ . (x—x" -
H[Z(z+z') Zo] (x-x"), (c-2)
> _  zx'+z'x  zy'+z'y
where r, = ( g s ST 0) has been used.
, (0) 1> =, .
Using (II-30) for k (Jr-r']), we get the following form
for our LGE:

f P B i - >
8z = |1’ D), UEE 2expl-2]ufvy T[FE']]
n-‘z'>o

X exp[—2ieH(z;Z‘ ~- zo)(x—x')] + i?—Rz,¥'}—2 exp[—ZIw}vF_l‘¥—Rz,¥'[]
2+z'2 >
X exp[—ZieH(%inETB - zo)(x-x')]}A(z') dr', (c-3)

where A(;) has been limited to be a function of z only,
Introducing the notations N(o) = mPF/(ZﬂZ), gO(T) = VF/(ZﬂT),

1/2

so that go = gO(TC), gH = (2eH) , we can then define the

following dimensionless quantities:

=114~
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o - , 2 )
€ = T/T_, h= (2eH) (v /20T )" = (£ /e)",

v -1/2 - -l =gt

t = th s b= @H r = (gs N, &) QO gH Zoa

5 = '3, and A(3) = 2eA(Dgy, (C-4)

so that (C~3) can be cast into the following more convenient form:

b0 = G @ L 118 Pexp (- (2D E 33" )

n- _,
¢ -0

x expl-1 (S5 - ¢ ) (66 + [3-R 18|77 expl-(2utDE[S-R 3" []

2+C'2

R 1)

- ) (E=EN 1A do'. (c-5)

If we ignore the Debye frequency cut-off the summation over n

can then be carried out to give:

exp[—i(czc' -LO)(E—E')]

- N
ACg) = (4m) 1‘)‘IN(O)tJ {->—°> (2 Vi
150 lo-p"] Sinh(tfp—p'{)

24+
exp[—i(izzzzﬁj'-CO)(E-Q')]

+ Ya(c'ydp'. (C-6)

. 2 B . R
|o-R, (6" | sinh(t]o-R 0] )

At T = 0°K, this equation reduces to:
ot

1, exp[~1(EF5 —¢ ) (6-£"))
80 = Gm) AN () f i R e
c'>o }p—p l
Q2+C'2
exp[-1 Gy -2 ) (6-E")] N
* 2t o b A’y dp! (c-7)
lp—RQ'O'

We now want to reestablish the proper frequency cut-cff by

introducing an equivalent space cut-off, say, (g—g'( > ¢. That
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this is possible has already been established by !Z%c)r‘lfcav.'i"9

Instead of finding the functional dependence between e and the

Debye frequency w he pointed out that the unknown cut-off para-

DS

meter £ could be eliminated by using the following identity:

1 m”A ( D au | Sln(uR/vF)
)

(8] . R 3
D\ﬁ‘ Z”T4 | T "*—‘l;im Kl(RAO/VF) d R, (C—S)

that determines Ao’ the zero temperature energy gap of an infinite

superconductor in zero magnetic field. Writing in terms of dimension-

TN VI -
C

less variables R = £y , u = u/(ZnTC), and w, = wD/(ZﬂTC),

D
eq. (C-8) becomes _

. )
{ P 45

U e "
Sin(tCuR) t
|

K. (=S R)aR, (C-9)

- TR 1V2y

-1 2 =1y
AN 1™ = e
where lny = ¢ = 0.577 is Euler's constant.

Gor'kov pointed out that if one set w_ =«~in (C-9), one could

D
>, >
get an expression which is also logarithmically divergent at p'=p,
-
if one identified R as S-S'. He therefore proposed that one should

use this expression with ;D = = to eliminate [A[N(o) in (C-6) or
(C-7). One could then introduce proper space-cut-off's on both sides
of the equation to get cut—off-independent finite results.

So much is given by Gor'kov, and indeed he has been able to

obtain correct results on the calculation of Hc for pure samples

2
at T = 0°K, using this equivalent space-cut-off procedure. However,
the application of this procedure is not yet so straight forward.
Careful examination of Gor'kov's later expressions, after he has
used this procedure, indicates that while he used the cut-off

ig—c'{> e for eq. (C~7), he seems to have used the cut-off ﬁz > 2¢

for eq. (C-9), and only in this way does he get the right results!
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This means that one should identify
R o= 2(p-p'), (C-10)
instead of simply (SwS')g in order to use the same space-cut-off
|z-¢'| > ¢ for both sides of the equation.
In Appendix D we shall supply a rigorous justification of why
the identification (C-10) is necessary and correct. Here let us

simply accept it as the right way to do it. So let us set BD = o

in eq. (C-9) and introduce the cut-off R > 2¢ to it, we can then

carry out the integrations w.r.t. u and R to convert it into the

following simple equation:
Y
et €

AN = - a5 = - 9. (c-11)

2vh

Eliminating {ixiN(o)] between this equation and (C-6) or (C-7), we

get
o v exp -1 (5= ~¢ ) (5-5")]
A(g) In(—) = A f > 2 . N
2/1'-; J{;'>o !p—-p ] Slnh(tip—p l)
le=¢'|>¢
2. ,2
Lo+t o
exp[-1( o~ o) (E-gN)] N
U 0 ) 6 (for T # 0°K),
!p—RQ.p'l Slnh(tlo-RC,o'l)
(c-12)
and e
e 1 expl~1 (555 ~¢ ) (£-€")]
b(2) In(—) = - 7= { > 5,3
2/ e lo=o"|
lg-¢'|>e
2. ,2
EXP[”i(é?%EETj'"Co>(€“é')] S
+ = — i3 oa(gty dp’t (for T = 0°K). (C-13)
[Q"R, vpt
4

We now limit ourselves to eq. {(C-13). Perform the n' and &

integrations successively, we obtain:
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i ‘ exp[=|252— ¢ |*|c=¢"|]
B In(-2H = -1 { T
ey J [o=¢ "
t'eo
le-¢"[>¢
exp[-l%<c2+c‘2>—co(c+c')K]
+ } Alg") de! (for T = 0°K), (C-14)

[cte |

which is a typical eigenvalue problem of integral equation type, with
its eigenvalue being identified as ”ln(—gé?”. We therefore see that
2vh
the lower is the eigenvalue of a particular eigenstate, the higher will
be the critical field of the particular nucleation mode corresponding
to that eigenstate., We should therefore look for the ground state
solution of this eigenvalue problem if it exists. That such a ground
state does exist for all =-w <t < + « is then proved in Appendix E,
by showing that there exists a lower bound to all eigenvalues corres-
ponding to any fixed Cos and therefore an upper bound to the value of
HC (co) for the particular nucleation mode specified by the given
value of Co' We are then very safe in using a variational approach to
calculate the eigenvalue of this ground state, which can in turn give

us a good estimate of H for any particular Lo In this ap-

C//((;o)’

pendix, we shall only consider the particular nucleation mode with

r = 0. Setting Co = 0 in (C-14) we get:

[o)
1, 2 ,2
exp[- 5|c"-¢'7]]
MY = - 1| R
2vh ‘t'o0 c=¢'|
lz-¢' e

exp [~ %Jc2+c'2]}

+ boalg') deg! (for T = 0°K). (C-15)

ISEAN
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We now follow the guidance of similar variational calculations
. . 19 _ ) } ,
in the L-CG regilon, and choose our trial wave function to be simply

a gaussian function centered at the origin:

B(c) = Nexpl- o ¢’ (c-16)

We then normalize this wave function according to
12
la@) | ac = 1, (C-17)
‘o
which gives

1/4.

N = (w/4a)” (C-18)

Using this trial wave function in (C-15), we get

ee 4o, 1/2 O expl- %‘42_Q'2>] o, 2. 2
ln(;:%? j_-(*a) [ f ) exp[- E‘(C +7'7) I1de'dg
‘e ‘o

1,2 ,2
ho 1/2 [ JQ exp [~ E(C +2'7) ]

_(bo a2, 42 '
( ﬂ) J (42 ") exp[ Z(C +¢'7) 1dede .
o o
3 l 1 l . \J
Change to new variables u = —(¢+¢'), v = —(¢-¢ ), we get
L V2 V2
[ { -
In(—5) < -(2‘%)1/2 | | gﬁé—ﬂ] EXP["% (u*4v%) Jdudy
— 4
2/h e/v2 v
20,172 [ (Y1 1+ 2.2
—(~%§ / | ! E~exp[— S~§gl-(u +v7)] dvdu
JO JO
o) 9 v
= - ( exp[- ﬁEL:ll.vz][l - erf(ﬁil.v)] dv
20 — v
‘e V20,
o (1/2 [ okl 2 atl du
- (l+u) J EXp[— “Eﬂ‘ u ] erf( “E*'u) —E‘.
0

We then use the following two formulae:
[ 4 2 ] . , — — ,
§




(see eqs, (5.1.1), (5.1.11) of vef. 20},

and

i' — N - i} T—"

} 6xp[~ax2]erf(/bx) éi— = %-ln [13ih~i~ig—], (¢-20)
0 Vatb - /b

which can be derived from the formula (see eq. (7.4.19) of ref. 20):

_b_
a at+b

, , . , 2
by first integrating w.r.t. a, and then letting t = x .

J

f expl-at] erf Gbe) de =
o

Our result is:

e o1 f— o
1n(/§ﬁ;)_3 Inly/ 55 (V2o + VodD) ] =/ =5 1n(/241). (c-21)

The right hand side of this expression goes to intinity as both

o > 0 and =, as it possesses a unique minimum which is determined by

/2 -%+§—=huﬁ+n (C-22)
V2u + 1 Y u

where u = [o/(atl)].

Solving (C-22) numerically, we finally get:

. = 0.5316
min
or
o . = 1.,1350 (C-23)
min
and
In(——) < 0.4145
v2vh
or
H, K(co=0)
a0 > 0.8729 (for T = 0°K) (C-24)
cZ
eZ
where we have used the fact that at T = 0°K, th = Z;—(see eq. (1I-44)).

We thus have found a lower bound to Hcﬁ/(éozo) which is slightly less
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then §~H
c

9 c2°

We also notice that o o is slightly greater than 1, which
means that the palr wave function of the nucleation mode with

Ly = 0 is slightly wider than half of that of the bulk nucleation

mode.




APPENDIX D
ON GOR'KOV'S EQUIVALENT CUT-OFF PROCEDURE

In Appendix C we have used Gor'kov's equivalent space-cut—-off
procedure to replace the standard Debye frequency cut-off in treating
our LGE. The essential content of this equivalent cut-off procedure
has been given in that appendix. As is pointed out there, Gor'kov
has mysteriously identified R of (C-9) as 2(3—3'), when he introduced
the space-cut-off |z-¢'|>c to both the LGE (eq. (C-6) or (C-7) for
our present problem) and the identity found by him (eq. (C-9)), so that
the two equations combined, by eliminating |A|N(o), will give the cor-
rect result, as if the standard Debye frequency cut-off has been used
in the LGE. 1In this appendix, we address ourselves to supply a
rigorous justification to this mysterious step. We guess that Gor'kov
must also have found such a justification except that he did not bother
to have the details published. Nevertheless, we still think this
appendix to be worthwhile in assuring that nobody, when using this
equivalent cut-off procedure, shall be misled.

We shall supply proof only for the simpler space-cut-off
l;—g']>€. That a parallel but slightly more complicated proof exists
also for the space-cut-off |¢-z'|>e, or any other space cut-off which
aimed at an infinitesimal neighborhood of the origin, is then clear
if one realizes that the only singular point of the integrands is at
the origin.

Letting SD » » and setting R = g(gmg') in eq. (C-9), we

eliminate |A|N(o) from this equation and eq. (C-7) and then introduce

~122=
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the cut-off ;Smg*§>az We then get:

“u o . ;e ~
. BE. [ 40 ! . Sln(gzcug:ﬂo*;) gt .
A . ¢ ¢ du ¥ f
alp) x 2 | I do FENE K G lese 1)
¥ o 'D-‘D,f>€ o=p
> -
LN O
exp[-i a(o)+do] expl-1i f» a(o)-do]
- _l___ 1 [ "g' ; ‘p! } A(—}l)d—}l
" T = PR
xR fp—o'| lp=R 0"
lo-p"|>e (D-1)

where we have gone back to the general gauge with notations following
that of Appendix C.

Now should we have introduced the frequency cut-off in the
correct way, the upper limit of the u integration in the L.H.S. of
eq. (D-1) should be ED = wD/ZnTC instead ;f © , while the R.H.S.
should have an extra factor of [1 - exp(- ~§Q-|¥—;'|)], or in our
dimensionless variables {1 - exp(- ZQD%CfS-S'[)], in the numerator
of the first term of its integrand. Strictly speaking, we should also
have an extra factor'[l - exp(~ 25D%C]Z—RZ,S'|)] in the second term of
this integrand, but this factor can be simply dropped without any harm
since this term is not singular in the integration region. Similarly,
the space cut-off [3~S'§>e need not be dropped even though it should
be, because its existence will not do any harm either.

We can now compute the errors involved in both sides of eq.
(D-1) due to the neglect of the proper frequency cut-off: Let us
denote the error of the right (left) hand side by ERRr (ERRl), where

ERR = WRONG - CORRECT. We then have




ERR =

[ S—

r'>o

e

lp-p"|>e
But since w_ >> 1 (BD = wD/ZﬂTC v 10 to 102 except for strong coupling

D
1/2 n 1, we can drop the

¥ -
superconductors such as Pb or Hg), and tC = h
limitation ¢' > O, approximate A(p') by A(p), and neglect the phase

incoherence. We finally get:

[

l_. - »»_», -3 5 g ,9_+' Ty B - -

ERRr v A(Q)J o lo-p0"| exp| Zthc\p o' 1de" ln(2watce)A(p).

lo=p'|>¢
On the other hand,

g% . Sin(g% _13 E[) g%

) . oo ujp-

ERRI = A(g) % J ij'_li ! dgl ,__)C_# 5 Kl( zclg_g'])

4Ty - Yo s lD‘D'[

lo—p"|>e
c

— — v
Again, since u i_wc >> 1, and gtC v 1, only the integration region
> . : 1
e<]p=p'| << 1 are of interest to us. We can approximate Kl(x) by -

(see, for example, eq. 9.6.11 of ref. 20) to get:

o= Sin(g% GiS—Z'!)
ERR. " A(3) x —= du dp' <
1 PR TR B 551>
D ]p-p'l>€ p-p
_+z(°°si_§»w-
= -A(p) x o 81(gtcue)
“p
N [ .
= -A(p) x -J ~ si(x),
-
gupt,
where si(x) = - { E%EEA dt = 8i(x) -~ w/2.
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But since

00 o0

| Eosi = siGolnx |+ | lnx 2 gy
J X s Jo X
8
= L m _ 20
+ 5 Iné + 5 lny = 5 Inyd,
ERR. = -In(gyw.t €)
we get 1 = nigyw, ce .

We thus see that ERR, = ERRr only if we set g

1 2. So far

we have proved the identification (C-10) only for the case T = 0°K,
but it is easy to see that this proof can be extended to finite
temperatures without much modification. Besides, the same proof can
also be given for all sample geometries and field arrangements, since
the whole proof is independent of the image terms in the kernel, and
the details of the field (except for the conditions discussed at the

end of Ch. III).

e

-1

We also notice that should we have set e = (2y5 ) for

Dtc
. [

the cut-off fg-p'l>e, or § = VF/(Zwa) for the cut-off i?-¥'}>a, we

would have caused no error at all, and no compensation is therefore

necessary through the use of eq. (C-8) or (C~9). 1If the cut-off

|z-¢'|>e or |z-z'|[>6 is used, we should then take ¢ = (2ey5D%C)—l

or § = vF/(2ewa) to avoid any error.




APPENDIX E

UPPER BOUND OF HCAV(QO) AND HCS

In this appendix, we want to show that for any given Eo’ eq.
(C-14) implies the existance of a lower bound to its eigenvalue
1n(—§§0, or an upper bound to the nucleation critical field H (z ).
2/h e/ "o

The highest one among these upper bounds will then naturally give an

upper bound to HC To proceed, we first write (C-14) in the form:

5
1.
o expl- =|cle|-¢" e |-2¢ (g-¢")|
Allc]) = = - l—f 2 — ° Al |)az!
2/h 2w B
le-c'|>e
1, { [] [ , ]
L exp[- Slclc|-c' o' |-20 (g-2") ] '
= -5 adch J B3l de

-0

lo-z'|>e

(o8]

-3 |

J om0

expl- lc|e]-c' e |-2c (e-c") ]
lz-c']

adz'H-a(c])) dg'.

Multiply both sides by A(ig[), and integrate over g

In (§€%9 ( la(je)|? ac

4

oo

[ 1eieh 12 ac = f

4

expl= Fcle|-¢' o' -2 _(c-2")]
le-c']

dz'

]
1
N

le-g'|>e

la(le-a(z )] ? dcac'.

©  exp[- chicl—c'\c‘!~2c (c-2") |1
1 [ 2 o

+.....
4 lo-c']

=126=




127

The second term is positive definite, so we can conclude that:

o0

C ICelelaled | a

|-

In (SS;) ..>._ 3 H
2 J ladeh? ac
where
1 [} v 1
N expl- slelel-ete" =20 (=g ]
I(lel,c) = - §~J_w dg =3l
le-¢'|>e
L el [l %-e22¢ _(fe]-s "]
- 5'J a Tel—"]
lg]-c'[>e

1

1 {w \
+1 0 4
2 ), % TTel+]

2

x {exp[- %W!clz—a‘ —Zzo(!c|+c'))]—exp[- %Wlc12+c'2-2co(lcl+c')l]}

= I, {clhe) + I,(ele ).

1 . 1
For I.(|z|,z ) we define n = — (Jz|-¢ ), n' = —= (¢'-¢ )
1(lele VZ el vz °
to get:
0 2 2
_ 1 v expl=|n"-n'"]]
I]_(‘C’,CO) - - 2 [—-w dn [n_nll

In-n'[>/v2
This integral has been studied by Gor‘kov.19 From his results,

we get:

2
In|-t
, 1 YE . o)
,dzlz) = 5 IG5 + o ( =

|

where
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P

5(n) = expl-n"]] rdn' > 0 for all n.

nj-n -

R
<

o

P
R
=
=3
ot
o3

We can therefore throw away the term involving ¢(n) again to get:

f wlz(icl,co>fﬂ(?cl>§2 de
) > — . (E“l)

Ze
/2vh | 18Cle))|? ac

4O

Up to here, we are in close analogy with Gor'kov's derivation of

an upper bound to Hc In fact, the two terms that we have thrown

9
away are very similar in form to the two terms that he has thrown away

in his derivation. However, instead of obtaining (E-1), he found the

simpler result In( S 0, from which he concludes that h , < hU'B',

m— c2 — “¢2
where hEéB' = e2/2y turns out to be twice as large as the exact value
of hc2'12 (The superscript "U.B." means upper bound.)

We now go back to eq. (E-~1). From the definition of IZ’ it is
easy to see that for all Co < 0, we have 12 > 0. This implies that we
can have hE'B'(co) j_ez/ZY for all 2 < 0, which strongly suggests
(but doesn't prove) that no surface nucleation mode with %o < 0 is
physically more favorable than the bulk nucleation mode, a fact known
to be true in the L-G case.

For Co > 0, I, is no longer positive definite. However, if we

2
can prove that there exist some u(;o) > 0 such that Iz([c],co)zfu(go)

for all 0 < |g|<= , we can then conclude that:

e

V2vh

in( ) R u(co),

which implies that we can have:
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2 20(z )
[ O

Be, oy L &
hc L) oy

That such a value a(co) exists for any given to > 0 is easily
seen from the fact that Iz(jgl,go) is a well-defined and centinuous
function of ¢ in the whole real line (~w,~) and Iz(lgf,go)+ +0 as
lc] > » . To estimate a(co), however, we must employ numerical
method. This has been done using a CEIR computer of the physics
department of the University of Maryland. Since these numerical
values are not really very useful, we shall not give all the details
except to point out that
i) a(go) -+ 0 as both to + 0 and <,

ii) a(co) is a continuous function of Lo

111) o = Min a(c ) exists and is found to be o = 0.479 + 0.001,
Z, E
so that In(———) > - 0.48, and therefore h , < 2,61 =— = 5.22 h ..
AR T 3T A 2
c3

Comparing our procedure in getting this upper bound for Hc3
with Gor'kov's one in getting an upper bound for ch’ we feel that our
upper bound is looser than his one, due to our replacement of

IZ(]L},CO) by Min Iz(jgi,go), while knowing that it should be some
c
weighted means of Iz(ig{,go) w.r.t. ¢ over the width of the pair wave

function that determines HcAV(go). Since Gor'kov's upper bound of
ch is exactly twice larger than the true value of HCZ’ we expect that

our upper bound to HC is more than twice larger than the true value

3

of H ., which gives a rough estimate of HC

to be around 2H
c3 c

3 2°




APPENDIX F
DERIVATION OF THE SURFACE LAYER TERMS

In this appendix, we present a systematic procedure to get the
surface layer terms to the first few orders in the expansion of the
LGE under the "everywhere slowly varying" assumption. What we want

to expand is:

] - (o) > a > >
SLT = Jz'<0 dr' k (|x-r]) exp [(r2~r).vs]

- -
+'_» .% _ +'“+ ;M >y _
x {exp [(RZ, Y rz) VS] exp[(x rz)vs]} A(s) D (F-1)
We use the notation SLT(I) (SLT(II), ...) to mean the expansion of

ot

SLT truncated at the 17 (an

s +«..) order in (go/gH), or equivalently,
in the arguments of the exponential operators. The following functions

will appear in the expansion:

[ > -t My 1 -
Xéﬁi (z) = 10 az! (x X ) Z k(o)(lr—r'l)
s J (Z—Z')
(F-2)
C (o) . :
Xm n (z) = Xm (Z) and xn(Z) -~Xo’n(2).

They possess the following properties which are needed in the main text

(with a_ defined in Ch. II section 3, eq. II-36):
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d , 1
& X2ﬁ+1(z)§zzo+ = 7 %,

d :

= X (2) | _ =D On+D) 1Y

dz Pm,2ntl T o0 T 20m + 2o F DI 22(wkn)

d @) _ (m@m-DIY [2(@-p)-1]tt

aZ *om,2n 20t [2(mtn-2) + 111¢ 2(mtn-2)  (F-3)

(n, m, ¢integers; for the last equation, n >4 # 0),
(Qo+1)tt = (2n0+1) (2n-1) ...1, (=Lt = 1).
Other properties of x's can be easily derived from their definitions.

Before we expand SLT, we first convert it into a more convenient

form by using the commutation relations [%,, %,] = 2ie e,,, H , where
i 73 ijk "k
i, 3, k = x, vy, or z, and Eijk is the completely antisymmetric rank -
3 tensor:
f . .
SLT = |, dr' O (ZE
JZ <0

b

>y > .‘)’\T . zz' 1
{exp[(Rz.r -r) VS] exp[(21ieH) o (x'"=x)]

exp [(G'-D)+V 11 4|, (F-3)
8= .

Expanding this expression, we get

i) SLT(0) = O.
i1) SLT(I) = 8[SLT(D)] = -2x,(2) %ZA(¥).
14i) SLT(II) = SLI(I) + 8[SLT(ID)], with §[SLT(ID)] = 2le(z)%zzA(¥).

iv) SLT(III) = SLT(II) + &[SLT(III)], with
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e B - (o) 1> =, . L Ty LY 3
S[SLT(ITI)] = l2t<o dr’ k (Je=x"]) x {6 [Rz,r' ] vs]
1 > ~ 3 > ¢ . zz' . R
=g [@'=0)-v 17 + (R yr'-r) V_(2iel) == (x'-x)} A(s)i+ N
S=Y
= [ @ g o« B Gy D, @DV, i)
= 2'<o 9T r-r x I3 r, -r gr (¥p -t o z s+

4

g \
%-(~z')3 %83 + (2ieH) —2Z

z-z'

(x'-x) V.1 A,
8 S=Y

+

o -
Xy 1B V12V, )

@%@ + 3 x3) V7 8@

+ Xgl)z @ (aiem) ¥ 2@,

where the notation {A, B, C, ... }+ is defined to be the sum of all

possible distinct ordering of the operators in the curved bracket.

Thus
{A, B}+ = AB + BA,
{A, A, B}+ = AAB + ABA + BAA,
{A, A, B, B}+ = AABB + ABAB + BAAB + ABBA + BABA + BBAA ,
~
etc.. (Note that for correct counting we must consider (ZVS) and
~
(Z'Vs) to be distinct operators.)

v) SLT(IV) = SLT(III) + S[SLT(IV)], with




[
S[SLT(IV)]

o (0) 17 g 1
' o dr' k (Je-x"}) {2

=

LR, [HER Ak
L [(;'~¥)°§ ]4 +-l [(R Trer) . b ] (21eH) (x"-x)
24 s 2 !
+ 2 iem? 207 &0’ 8@,
Z Z - >
|s=r
- @ kO iy @D, G @D ¥
Jz|<0 s A H] o s’
(-z')% } +-—— {(£'-1) - v , (=zY)Y (ezD)Y =z}
z + z, Sz, Sz +
1 , zz' ' ' . ' n
+ E—(Zleﬂ) = (x'-x) {(x'"-x)V - (Z+2Z )Vs
X, z +
+ 1 iem? 2?0 @),
s=

2y @1, + 3120 @ 42, @1 F

+ (21en) [22 Xgli(Z) .y (1)(2)]
-1 em? 127 @ - 22x<2)(2)]} A (D),

where the following operator identity has been used
(A,AB,8). = 6a%% + 124B[B,A] + 3(B,A]°
if [B,A] commutes with A and B

9
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EVALUATION OF u(3)

 For this purpose, we need to evaluate two integrals:

I, = JO dz fl(z)(Z) and I, = fo dz f2(4)<2), where fl(z) and f2(4)

are found by comparing eqs. (V-47) and (V-42) to be: fl(z)(z)

-1
- ng Xl(Z)’ and

i

i

(4) -3 (l)
£, @ = 5,7 ¢ [xy 5@ + 5 @]

-4

+ iy [2

7° (2)(2) - Z é%é (z) -2 xélz(z)]-

oz O (FE

|
S,
N
A

Since xl(Z) =
= | a2 ) dr :-(Z—R) 10 (IR
L iy z Z i

and fo dz Jz dRZ (Z-Rz) F(|Rzl)

= (o dRZ (ORZ dZ(z-RZ) F(‘RZ‘)

dR_ (—'5 R, ) F(le[)

il
—
(o}

1! 2
= ZJ dRZ RZ F(|Rz‘)’
we get
[, @ = -3 ] a@e2 @R
l oy
= e EE 32 = - 24 Q(S) g lxl N(O)
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3 »
so that I. = Z-L(3) (MQMDIAI N{c). (The values of a, and a, have been
1 12 gH 4

given in eqs. (II-41), (IL1-42).)

2

Similarly, we get:

L (1) 1z o2 2 (0 .3
(1) fo dz X2,2(Z) = ~6—de R°R Kk (R])
1 31 4oy,
= TS—-'X6—a4 2 '@C(S) EO ])\IN(O)3
as.:
. 204 1 f2n
%;—f dQR RZ2 sz = l%%—-f_l fo c0826 sinze cosz¢ d cos¢ do
>4 L
R 2 2 1
= -LZL— J_l ¥ (1-x7) dx = 1§~[R[4 .
(ii) fo dz x4(2) = - %-f ar RZ4 K () (R
R P R BTG R R {OF
(i19) | az (22 xéf;(z)] - %6 J dR sz Rz3 k9 (&)
Rz>o
- 1 v 21 5,
= %8%30 8.5 = 178 ¢ (6) gO l/\lN(o)a
w 5
v \ m, 2 u
as a5 = 4ﬂl/\ch ('ﬁ' JO Sinh(u/(zo) du
T 505
= = 6) ¢ x| N(o).
(iv) fo dzz X;?;(z‘)] = - —2-(15[ dR sz RZ3 O (7))
_ 3 " (2)
= T o 42y, @)
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fOO
i

(0, 1 (23,003
(v) lo a7z (2 ¥, ()] = T3 JdR R" Rk (R
o5 [ 2 (2)
= 3 JO dz 27 Xy o (Z)1.
Combining the results in (i) through (v), we get:
£ 4 £ 5
- 31 -0 -2 0
H
H
From eq. (V-46) that u(3> = - 12/11, we get:
L3 3) feya 9 £(6) Coy3
70 T(3) ‘g, o 8 TO) gy



FOOTNOTES

(i) For high quantum nucleation states, we still have:

][3r + 21eK(?)]iA(¥)lwagl(l—t)_l/z

/2

8@ | > e ],

is now further longer than Eo(l—t)l/z.

but £, (1) = (2em) T
In order for (II-12) to be still true in this case, we should

then interpret O(gﬁl) as O(g;l ) or O(g;l Y. This comment is

c2 c3
still true for nucleation modes with ky # 0, since from eq.
(I1-3), we see that ky is limited above by [%—n}-(l—t)]l/2 "
-1 1/2
e ta-o 2.

(ii) We have used two names for this very one B.C. to emphasize the
two different roles it is simultaneously playing. As a
"standard B.C.", it is supposed to be modified in the non-L-G

. 27 L. 22
region, as Tewordt, Luders, and we too (see our second

approach) have all aimed at. On the other hand, as an "exact

B.C.", it should in fact be valid at all temperatures!

(iii) The criterion (1~t) << 1 for the L-G region is also true if
the pair wave function is concerned. But for the LGE one
should only neglect third and higher order terms. This is
understandable if one notices that to zeroth order the LGE
is merely an identity so that its first order is actually the
lowest non-trivial order. We also notice that the L-G region
is usually defined by both (1-t) << 1 and (1-t) <x< KZ, where

« = A(T)/E(T) is the ratio of the penetration depth to coherence
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(iv)

138
length, both measured at T - TC. For pure type I supercon-
ductors with « <<l, the second requirement is much more
restrictive than the first, indicating that the L-G region
for nucleation situation is much wider than that for the
bulk superconductivity states with finite order parameters,

in case that such type of samples are concerned.

For convenience, we have derived eq. (V~11) in the special
gauges characterized by AZ = 0, which is, however, not necessary.
Thus, in a general gauge, we can proceed =2 follows:

Let ¢(z) = 2ie Ji A(z)dz (with its x, y dependence suppres-

sed), then:

]

[V ~2¥ 218 = expl-6() 11 -2V *1a()

@ n
= expl-0(0)] T Z- (v PV -2¥ 21a(H))
n=o n: z z 2 Z=0
o Zn v on " N2 >
= 1 I V" expl-0(2) 11V -2V “1a(0)}
n=o ™’ 22 z=0
R N > gn-t
v nzo Ya {[;z—n- exp(-¢(2))] _ x[V a(r)] _ + n[dzn_l exp(—cb(z))]z___o
B 2@ - e8] x(V 28] )
X Z £ Z=0 n z Xp ¢ z Z=0X Z r z=0

dz

| Y] >
= exp [0V 4D _
which is slightly different from (V-11) (a result not very
surprising since eq. (V-11) is not really gauge invariant),
but will not affect our conclusions. In this derivation use

has been made of the following generalized Leibniz's theorem:



(v)

(vi)

(vii)

(viii)

(ix)
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m
d

Cz x| -

0 dz

it o1

v ME()g(2)] =
’ m

£(2) 17 " g2,

which is very easy to justify by mathematical induction,

According to a remark made by E. A. Shapoval (Soviet Phys.
JETP 20, 675 (1965)), an unpublished microscopic derivation

of this boundary condition was also given by Gor'kov.

T wish to thank Professor G. Liiders for sending me a copy of
this note from which I learned the basic ideas of Scholer's

thesis.

I wish to thank Dr. E. Helfand for pointing out to me the

possibility of the existance of the second criterionm.

A somewhat different version of such a proof has also been

given by G. Luders (see ref. 26, V).

I wish to thank Dr. G. Fischer for sending me the full
detail of his work concerning his publication cited in

ref. 3&4.
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