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ABSTRACT

A Finite Element Displacement Method of analysis is developed,
in conjunction with a modelling technique, to determine the response
of a box-type structure to sonic booms. Both techniques should be
regarded as being complementary. Both are developed systematically
in order to assess their accuracy at each intermediate stage.

The basic formulation of the Finite Element Method is
checked by comparing the natural freguencies and mode shapes of a
freely vibrating box with known solutions. A theoretical
descriptionvof the flow of an arbitrarily shaped wave over a box~
type structure is then formulated. The resulﬁing theoreticdl wave=
forms are compared with the forms of sonic booms observed on different
faces of a structure in order to test the validity of the simplifying
assumptions. ‘Then the response of the box's mathematical model to
this theoretical flow is checked with the experimental model results.
Subsequently, the effects of varying the model and wave properties
are discussed in detail.

The usefulness of both models is assessed by predicting the
dynamical behaviour of a full scale structure and compariné the
predicted response with experimentally observed results. This
procedure requires a knowledge of the important structural and
loading pafameters in order to develop scaling laws for the
experimental model. Conversely, the mathematical model only requires
different COﬁputer data describing the material properties and
physical dimensions of the full scale structure's components.

The results are used to predict a safe damage criterion for
the walls of a single storey house which are subjected to a sonic
boom. Although this criterion is based upon damage from blasting
operations, it gives results which are consistent with known damage

from sonic booms.
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NOTATION

Acoustic properties:

&
o}

speed of propagation of the shock front
trace speed across the structure

free field wavelength of the sonic boom
time characteristics of the sonic boom

rise time of the sonic boon

incident pressure
velocity potential

internal backpressure

equivalent mass/volume

R of acoustic wave 1lnside
speed of sound
the enclosed cavit

wavelength v

L —

excitation frequency

peak positive pressure

peak negative pressure

angle of incidence of the shock front with respect to
the structure

angle of inclination of the shock front with respect to
the horizontal

Structural properties:

PaT
pV
L

{6 Iaa

< B

o)

mass /area

mass/volume

trace length (i.e. the maximum structural length in the
direction of the sonic boom's propagation)

damping factor of rth mode
acceleration due to gravity
Young's modulus

Polsson’s ratio

thickness



3

D = ———Eﬁh——7?~ flexural rigidity
12(1 ~ v9)
2 — 2 N
U = Pap¥ /Dg frequency parameter
W transverse displacement
fll fundamental freguency
M overall mass matrix
Mc constrained mass matrix
g overall stiffness matrix
§c constrained stiffness matrix
£} constrained forcing vector
QX,Qy shear forces
anMy bending moments
M twisting moment
xy
{F} nodal forces and moments of a rectangulsr finite element

Acousto-structural property:

n ratio of the internal acoustic to mechanical stiffness
of the structure.

General:
t time
X, V.2 global co-ordinate system

Suffices:

M model quantity
P prototype quantity.

P



- CHAPTER 1
INTRODUCTION

An aircraft flying supersonically produces g pressure
disturbance on the ground which is commonly known as a sonic boom
or bang. With the prospect of supersonic passenger-transport in
service within the next few years, the annoyance of people and the
response of buildings to sonic booms are of immediate conceran. This
thesils considers the response of single-storey houses to these booms.
People inside buildings will only hear that pressure disturbance
which has been transmitted through the structure. Consequently, a
,knowledge of the structure's response is also a prerequisite to
assessing people’s reactions to sonic booms. -

At a great distance from the source of disturbance and under
idealised uniform atmospheric conditions Whitham (1) showed that the
shape of the pressure—~time history could be described by a capital N.
This explains why the sonic boom is sometimes called an 'N'-wave.

In general, the shape of the wave will be modified by aircréft
manoeuvres (2), atmospheric conditions (é) and reflections from the
ground and neighbouring buildings, ete. %

Methods for determining the structural response to these wave-
forms fall into two categories. From a practical point of view, it
is important to develop a simplified analysis which is easily and
guickly applicable to any structure. Such a method should use a
minimum number of parameters and give a gross estimate of the
structure's response and possible damage from a sonic boom. More
refined methods are needed to assess the validity of the simplifying
assumptions and to determine the magnitude of any additional
amplification factors. These two categories are essentially
complementary although most of thé published work to date falls in
the first class.

Early work (4) assumed that the significant dynamical response
of a structure was entirely dué to its fundamental mode. The
structure was idealised as a set of independent subéleménts. Then

the response of each subelement was determined by considering the



response of an equivalent single degree of freedom system to an
N-shaped wave. The assumption that the interaction between
structural subelements is negligible is common to all the simplified
analyses. Crocker and Hudson (5) extended essentially the same
analysis to include experimentally observed waveforms. Cheng (6,7),
using a Fourier transform technique, and Crocker (8), using the
Duhamel integral, independently derived the response of beams and plates
to normal and travelling N-waves. Craggs (9) subsequently developed a
numerical techniquehbased on the Duhamel integral to deal with the
general case of a travelling arbitrary shaped wave acting on an inclined,
simply supported plate. Both Crocker and Craggs showed that the higher
modal contributions can be neglected in the estimation of the plate's
displacements. The higher modes, however, provide a significant
contribution to the plate's strains and accelerations. .

Experimental and computational methods are presented in this thesis
which determine the response of a box~type structure to travelling
arbitrary shaped sonic booms. The computational method assumes that
the pressure inside the structure can be neglected. Thus, there is no
internal acoustic coupling between structural subelements. In order
to assess the limitations of this assumption, the magnitude of the
pressure inside the structure must be known. This internal pressure
usually provides an additional contribution to the stiffness of each
individual structural subelement. The most flexible subelements will
be most affected by the internal pressure. Hence, the present theory
is mainly applicable to the response of the stiffest subelements such as
walls and ceilings rather than flexible subelements such as windows.
The method can be extended to include the effects of internal gcoustic
coupling. In conjunction with this work, P.G. Vaidya (10) has
computed the form of the pressure-time history due to an incident N-wave
inside a rigid, rectangular structure cdntaining an opening. Using
similar techniques to those employed in this thesis, A. Craggs (11) has
computed the effect on the structure of the pressure inside a rigid, rectan-
gular enclosure with one flexible wall. Their conclusions agree with
the assumptions outlined above.

Fig. 1.1 describes the subroutines used in the formulation of the

computational, finite element method. This figure also illustrates

the general layout of the thesis. In order to check the finite element



formulation, the natural frequencies and normal modes of a freely
vibrating box are evaluated and compared with known results in
Chapter 2. This formulation is extended in Chapter 3 to include the
transient response of a box to a travelling sonic boom which has an
arbitrary shepe. The mathematical model idealises the system's
loading and responsé.as a set of second order differential equations.
These equations can then be solved on a high-speed digital computer.
Experimental results are presented in Chapter k. These results were
obtained from tests conducted on a physically scaled-down version of an
actual structure. The results from the experimental and mathematical
models are compared and discussed in Chapter 5. This comparison
provides a useful cross check between both sets of results.

Both the experimental and mathematical models have their advantages
and disadvantages. Within the limitations of manufacture, the
experimental model may have any desired form compatible with an actual
structure. The mathematically idealised syétem may not have the same
degree of similarity as the experimental model but it has greater
flexibility. Changes in material properties, structural dimensions
and the introduction of structural discontinuities can easily be
‘accommodated by using different data in the computer programme of the
mathematical model. The model must represent an actual structure
within reasonable limits in order to be useful. Full scale sonic boom
tests on actual buildings are not only expensive but they can cause a
great deal of inconvenience to the general public. Simulation
techniques, on the other hand, are not only comparatively cheap but
their nuisance-value can be localised. They can also provide much
useful information about the main boom loading and structural response
Pparameters. Consequently, advantage was taken of the explosive
techrique developed at E.R.D.E. (12) for simulating full scale sonic
boous .

The relative merits of various types of simulated booms are
presented in Chapter 6. Practical difficulties encountered in
evaluating the structure’s response to these booms are also discussed

in this chapter. Scaling laws are introduced in Chapter T in order



to compare the model and full scale results. The validity of the
simplifying assumptions used in the médel work is tested. The
results are then compared to results of actual sonic boom tests
which are obtained from other sources in order to assess the
accuracy of the simulation techniques. Subsequently, a simple
damage criterion is developed which is applicable to the walls of
single-storey dwellings.

Chapter 8 con?ains a review of the ilmportant conclusions of

this thesis.
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CHAPTER 2
FREE VIBRATIONS OF RECTANGUTLAR PLATE SYSTEMS

Matrix methods of structural analysis have been developed in the
last fifteen years in the fields of Aeronautical and Civil
Engineering. The fundamental assumption of all these methods is that
the structure may be represented by a finite number of basic elements.
The analysis of the individual elements and the assembled structure is
formulated in the notation of matrix algebra in order to utilise the
facilities of a digital computer. Using one of these methods, the
Finite Element Displacement Method, the procedure for analysing the
free vibrations of a box-type structure is developed in this chapter.

The general procedure for analysing such a problem may be
summarised as follows: ’

(i) The idealisation of the structure into a finite number of
individual elements, interconnected at a finite number of
nodal points. '

(ii) The evaluation of the properties of each element.

(iii) The analxsis of the whole structure in terms of the unknown
displacements.

The idealisation process approximates the box by an assemblage of
triangular, rectanéular or quadrilateral elements. Only rectangular
elements are considered in the following analysis. Careful
consideration of the required characteristics of displacements or
forces must be taken into account in performing the box's idealisation.
The free vibrations of a simply supported plate are analysed using
different finite element approximations. Then the approximate results
are compared with an exact solution. This comparison provides an
assessment of the relative accuracy of the plate's vibration
characteristics for a given finite element idealisation.

The basic finite element formulation for a box—type structure is
checked by comparing the box's natural frequencies and normal modes to
those obtained with a series solution. ‘The evaluation of the box’'s.
natural frequencies and normal modes should be régarded as an

intermediate stage to computing the box's transient response.



2.1 Finite Element Representation of Rectangular Plates

The total energy involved in the transverse motion of a flat,

" uniform plate is given by

2 9xoy

2 2 2
A ox oy

Ogq®

2g

wo o dA - fwah . (2.1)
A A
For free vibrations, the forcing funection f(x,y) is zero and the two
remaining integrals in equation (2.1) correspond to the strain and
kinetic energy integrals for thévplate. Using Hamilton's variational
principle (13), the required solution is given by the displacement
function w(x,y) which makes the energy expression stationary. In
applying the finite element technique, an approximate form is chosen
for the displacement function in each element, such that the un-
known constants make expression (2.1) stationary over the entire plate.
Assume that the deflected shape of an element (with side lengthé
a and b) can be written in terms of the truncated series

2(n+1)

W<X:y.) .= ig-_l aiin(X/a)fj(Y/b)- (2.2)
=1

The function fi(r) is defined by

P n+l nzP (m+n)! m
fp+l(r)' T opt (1 - ) mZO m! n! a
£ (r) = (-1)% £ (1-r1)
pn+2 : ptl
for p=0, 1, 2, «v. 1 (2.3)

and O<rgl .

Then the unknown constants, aij’ can be uniquely determined in terms

of the element corner displacements. Note that the maximum number of



A

degrees of freedom per element is U(n + 1)2.

Mason (1L) showed that the function which has cont%nuity of
oW

3y’ ?
adjacent elements gives much more accurate natural frequencies and

displacement (W), slopes (%%- and " and twist (g£§y) between
mode shapes for rectangular plates with either simply-supported or
ciamped edges than the function obtained by excluding the twist. He
also found that no significant increase in accuracy was obtained by
including the curvatures of the element as additional unknowns. In
view of these results, the problem is formulated using sixteen degrees
of freedom per element (i.e. n = 1).
Consequently, the displacement function (2.2) may be written in
-matrix notation as

L .
- T
wiz, y) = ] a; 55 (NE(Y) = twp “{fy £y) (2.4)
i=1
J=1
where X = x/a, Y =y/b, {We} is a vector containing the displacements
at the corners of the elements and ‘{fX fY} contains thevreqpired

product of functions (2.3) and element dimensions a and b. The

kinetic energy integral in equation (2.1) then becomes

2 N T T
v (x,y)dA =} {w_} {fe 8y} £, 8} axdy {w}
A e=l '

e

= M v (2.5)

where {w} 1is a vector containing the nodal displacements for the
whole plate. The summation process is over the N elements into which
the plate has been idealised. The overall mass matrix, M, is
obtained by applying continuity conditions at the element nodal points.

The strain energy integral can be similarly evaluated as



: 22 2

[P -2 [ S (BT e
ox oy

a

N

) fw }

=1 ¢ A

f [rene sy {ehe ¥+ (eany (eemF

e
: e

17 sy T 1wy’ ] T

+ \){foY} {foY} + v{foY} {foY} +
ro2(1 - v) {eer} {ereryt Jan (w )
XY XY e

{w}T

s {w} . (2.6)

S denotes the overall stiffness matrix for the plate. The dashes
indicate differentiation with respect to x or y as appropriate.
The only non-symmetric matrices.in the above expression are the third
and fourth products. These last two products can be integrated by
parts and summed to produce a symmetric matrix.
Using equations (2.5) and (2.6), equation (2.1) can be written
in matrix form as
. P w2

5= {w' [2 _S__-%g—.yx_] v} . (2.7)
The displacement vector {w} now contains all the possible nodal
displacements. Some of these nodal displacements may be constrained
to be zero in order to include tﬂe plates edge conditions. Then the
quadratic energy matrix (2.7) can be partitioned and reduced in size
to produce

2
Pgm

= T rd -
By =tk l:2 Se 2g

n

M, v} (2.8)

where {wc} is the vector containing only the non-zero nodal displace-~
ments. §c and M are the constrained stiffness and mass.
matrices respectively for the whole plate.

The total energy En is made stationary by differentiating
equation (2.8) with respect to each of the nodal displacements in turn

and equating it to zero. This procedure produces the eigenvalue problem



(s P51 M ] w}l = {0} (2.9)
= =~ Dg ¢ Vel T : :

The solution of equation (2.9) is discussed in section 2.4.1. 1In
“practice, there is no formal differentiation since the constrained
mass and stiffness matrices are unaffected by the differentiation
process. .

Solutions of the eigenvalue problem produce the natural
frequencies and displacements of the constrained system. The mode
shapes of the original system are determined by reinserting. all the

zero nodal displacement constraints.

2.2.1 Evaluation of the shear forces and bending moments

In the Finite Element Displacement Method, the system's force-
like quantities can only be approximated in terms of the system's nodal
displacements. Timoshenko and Woinowsky-Krieger (15) give the force-
like quantities (the shear forces, bending moments and twisting moment)

in terms of a plate's transverse displacement as

2 2

3 o W oW
Q = -Di= (=5 + =% )
pid ox ax2 3y2

2. - 2
M = _D(_a__W_ o+ \)U.)
X 2 2

ox oy

2W

MXy =  D(1-v) 5%y (2.10)

Similsr relationships can be obtained for Qy and My. Using

equation (2.4), equation (2.10) can be written in matrix notation as

_ T L L
o, = -0t (g« Ly (g )
a ab
M o= -Diw T e (e} X [rem} )
X e a2 XY b2 XY
M, = Dasv) 4y gy (2.11)

10



The force-like quantities can now be computed at any point of a finite
element in terms of that element's nodal displacements. In practice,
the force-like quantities gre only evaluated at the elements? nodal
points. This gives some idea of the degree of discontinulty of the
force-like quantities across element interfaces.

The functions defined in equation (2.3) take the form

]
]

(1 - r)2(1 + 2r) £.(r) = (3 - 2r)

)2

£, (r)

(1 -2

£,(r) r £,(r) = °(1 - 7) (2.12)

for a rectangular finite element with sixteen degrees of freedom.

These functions have the limiting values shown in the table below.

Table 2.1

r 0 1 r 0 1 r 0 1 r 0.1
fl(r) 1 0 f°l(r) 0 0 - f']‘_(r) -6 6 fg"(r) 12
fe(r) 0 0 fé(r) 1 0 f'z'(r) Y 2 fg'(r) 6
f3(r) 0 1 fé(r) 0 0 fg(r) 6 --6 fg’(r) -12
fﬁ(r) 0 0 fﬁ(r) 0 1 fﬂ(r) -2 L f,'_;*(r) 6

Substituting these limiting values in equations (2.11) gives the
nodal force-like vector, {F}e = {QX Qy MX M& »Mxy}e , 1in terms

of the nodal displacement vector, as

F}, = -pw )} [2] . (2.13)

[P] 1is & 16 x 20 matrix defined in Table 2.2.

11



2.2.2 The Relative Accuracy of the Dynamic Plate Parameters
for a given Finite Element Representation

This section assesses the accuracy of the force-like quantities
obtained‘using the Finite Element Displacement Method. Bending moments,
shear forces and twisting moments were evaluated for simply supported
plates of different aspect ratios B (=a/b). These approximate results are
‘compared with exact solutions. | ,

For a simply supported plate with sidelengths a and b, the

exact normalised transverse displacement w 1s given by

w = sin Eg& sin E%X (2.14)

when the plate is vibrating in its (m,n)th mode. Using equation (2.10),

the exact shear forces and bending moments take the form

3
Q = B (m3 +'mn232) cos X gin 2V
X 3 8 b
a
Dﬂz 2 2,2 mrx nry.
M, = —% (m" +vn"g") sin =" sin =
a
Dﬂ2 mnx nny
Mxy = —;5 (1 - v)unB cos = cos (2.15)
Similar expressions can be obtained for Qy and My. From these

relationships it can be seen that the higher modes induce much greater
shear forces and bending moments in the plate than the lower modes.
Thus, for any arbitrary motion, these force-~like gquantities will
depend critically upon the highest modes excited.

Throughout this thesis, the percentage error is defined as

( Exact value -~ Approximate value )
Exact value

100% .

The percentage errors in the maximum shear forces, bending moments and
twisting moments are shown in Table 2.3 for various plate aspect ratios.
For each aspect ratio, the elements are of equal size. ‘The

shear forces and bending and twisting moments tend to converge to thelr
exact values with an increasing number of elements. It should be noted

that, unlike the natural frequencies, the approximate values of these

12



force-like quantities can be either under or over estimates to their
exact values. The percentage error increases for the higher modes.
Consequently, more elements are needed in the higher modes to obtain
an accuracy for the force-like gquantities which is comparable to

that in the lowest modes.

The twisting moment can be evaluated much more accurately than
either the bending moment or shear force. The twist is included as
one of the unknowns in fhe four unknown displacements at each nodal
point. Consequently the twisting moment can be determined directly
from the eigenvectors of equation (2.9). On the other hand, the
displacement derivatives which determine the bending moments and
shear forces have to be obtained indirectly from the eigenvectors
by differentiation. This extra process is bound to introduce

additional errors to the already approximate eigenvectors.

The percentage errors in the maximum values of the bending
moments are often greater than those of the shear forces. This is a
surprising result because the bending moments involve approximations
to lesser order derivatives of the eigenvector fhan the shear forces.
It should be remembered that the maximum shear forces are evaluated
at the edge of the plate whereas the maximum bending momenﬁs occur at
the plate's centre. Some of the components of the eigenvector are
determined absolutely at the plate’s edges due to the imposition of the
" boundary conditions. Thus the basic information from which the maximum
shear forces are obtained is more accurate than that for the maximum
bending moments. This greater accuracy seems tb have more .than compen-
sated the error involved in an additional differential approximation

which is necessary to compute the maximum shear forces.

Table 2;3 shows that the bending moments are less sensitive to the
geometry of the finite elements than the shear forces. For greater
overall accuracy, it seems advantageous to take square elements wherever
practicable. The (1,3) and (3,1) modes have equal eigenvalues for a

square plate. Wilkinson (16) shows that any vector in the subspace

13



spanned by the two correct eigenvectors of equation (2.9) will also
be an eigenvector. The errors in the bending moments and shear
forces are greatest in these two modes because the mathematical
solution of equation (2.9) cannot differentiate between the two modes.
Using Mason's results (14), it can be seen that the eigenvalues
and vectors can be more accurately determined, for a given finite
element representation, than the shear forces and bending moments.
Careful consideration must be given at the outset to decide upon the
required vibration characteristics of the plate. There are two
alternatives using a displacement approach, if the higher order modes
are significant and the bending moments and shear forces are required.
Either the number of finite elements must be increased or the higher
displacement derivatives in the unknown nodal displacements must be
included. Both alternatives require more computer storage and it is

a matter of conjecture to decide upon the better of the two alternatives.

2.3 Application of rectangulsr finite elements' to box-type structures

The box structure is assumed to be built up from rectangular
plates. Bach plate is considered 4o be perfectly elastic, homogeneous
and isotropic. The displacement of each plate is assumed small
compared with the wavelength of flexural vibrations. Stretching of the
middle surface of the constituent plates is taken to be negligible.

Base edges of the box are either fixed or simply supported. The
remaining common edges are free to rotate so that adjacent plate edges
remain at right angles but do not move in translation. Thus, corner
deflections are disallowed.

Using these assumptions, Dickinson and Warburton (17) not only give
a comprehensive survey of the possible analytical approaches to the
problem but they also develop a series solution. The series approach
becomes impracticable for the analysis of complex structures whereas
the introduction of structural discontinuities and non-uniformities
presents no inherent difficulty with the Finite Element Method. Even
so, the series approach provides useful results with which it is possible
to check the accuracy and convergence of the approximate finite element

results.
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The box may be treated as a flat, cross-shaped plate if, in
addition to the previous assumptions, the corners of the box are not
" allowed to twist. Then the only difference between a three-
dimensional box and a two-dimensional flat plate analysis is that
additional box constraints have to be applied to the flat plate.
These constraints stipulate that corresponding points on each side
of the jolnts have the same displacements. Not only is the theoxy
of section 2.1 applicable but, with minor modifications, most of the
subroutines developed by V. Mason for the analysis of flat plates can
st111 be used. The flow diagram and an accompanying description of
the subroutines used in formulating the box problem are shown in
Fig. 1.1. The flat plate approach to the box problem has the added
adventage that the transformation of the element matrices from a
relative to a global co-ordinate sysﬁem is simplified.

It is implicitly assumed in this theory that the effect of the air
enclosed within the box is negligible. Dickinson and Warburton showed
thdt this was a reasonable assumption for the particular box they

considered.

2.4 The eigenvalue problem and storage difficulties

There is a great deal of literature which deals with the problem
of determining the eigenvalues of equation (2.9). The two practical
methods of solving equation (2.9) are the iterative and the
transformation method. It is more convenlent to use an iterative
method if only a few eigenvalues are required. Such a method evaluates
det[é%z— u2M£} ) u2 = pSTwe/Dg5 for some choice of wu. Using this
method, full advantage can be made of the planar storage scheme (18) for
-the sparsely populated matrices §c and M . This method however has
the disadvantage of being inefficient. If all or a large number of
eigenvalues are required then equation (2.9) is usually reduced.to the

standard form

[zhe ™ - ] o

il
~
(@]
—

where {z} = g{wc} and M = LL . (2.16)

—c _
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This reduction is accomplished by a Choleski symmetric decomposition
of the positive definite, constrained mass maxtrix -Mc (19). The
eigenvalues are then evaluated with a transformation technigue such
as Householder's method (20). Although the transformation method is
a relatively fast computer process 1t has the disadvantage that the
matrix _Q’J'§Q(Lfl)T is fully populated. Hence more storage space

is required than with the iterative method.

Experience has shown that both methods are sensitive to numerical
overflow problems when the order of the constrained mass and stiffness
matrices are greater than fifty. The computer simply cannot cope with
numbers produced by multiplying together a large number of matrix
elements. This problem still exists even if the modulus of the largest
element of matrix (Qﬁl)§c(§fl)T is reduced to unity. Overflow then
occurs due to the division of the matrix elements by the difference of
two nearly equal numbers. The problem can be alleviated by allocating
separate storage locations to the moduli and exponents of each matrix
element. This method is comparéble to using double precision
arithmetic which requires greater running time and computer storage space.
Thus, there seems to be a delicate balance between numerical stability
and computer storage requirements. Due to the overriding requirement
of numerical stability, it has been found essential to use the smallest
number of degrees of freedom of the mechanical system which is
compatible with an acceptable inaccuracy in the results.

It is possible to reduce computer storage requirements at the
expense of greater running time by using the symmetrical properties of
a freely vibrating uniform box. The assumption of symmetrical or
antisymmetrical displacements about the box's planes of symmetry reduces
the closed and open boxes to eight and four equivalent but smaller plate
systems respectively. This simplification reduces the eigenvalue
" problem to about an eighth or quarter of the size of the original problem

with a corresponding reduction in the computer storage requirements.
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2.5 Comparison of the eigenvalues and vectors of the series and
finite element solutions

Tables 2.4 and 2.5 show direct comparisons between Dickinson and
Warburton's series solution (17) and the finite element results for
the natural frequencies of a 9.6" x 12" x 1L.L4" x 0.125" six-plate closed,
and five plate open, steel box. The open box is essentially the same as
the closed box but with the 1L.4" x 9.6" face removed. All base edges
are considered to be simply supported. The series solution gives errors
of less than 0.1% and 0.5% for the closed and open box respectively. Hence
the results from the series solution will be assumed to be ‘exact' for the
present purpose of comparison.

A direct comparison of the finite element results for the open and
closed boxes using three (21) and four degrees of freedom per nodal point
shows the overall improvement in accuracy obtained by including the twist
as an unknown displacement. For example, consider the six lowest natural
frequencies of the closed box. If the twist is excluded at least twice as
many elements are required to give comparably accurate results. Thus
there are obvious advantages, in the light of the discussion in the
preceding section, of including the twist as an unknown displacement.

This observation is in agreement with Mason®s conclusions (1k).

Both sets of finite element results give an upper bound and converge
to the exact natural frequencies with an increasing number of elements.

In general, the percentage errors increase with increasing mode number.
The greatest inaccuracies occur when the mode shapes have nodal lines
whose separation is smaller than the dimensions of the finite elements.
In these cases, the estimated frequenéies can easily be improved by
increasing the number of elements.

Using four degrees of freedom per nodal point and the same number of
‘finite elements per individual plate sub-system, tﬁe closed box's natural
f“fequencies-always converge more quickly and are generally more accurate
than the corresponding natural frequencies of the open box. Exceptions
occur when the separation of the nodal lines for the closed box mode
become much smaller than that of the corresponding open box mode. The
deterioration in the accuracy of the open box results occurs becéuse the
boundary conditions for a free edge cannot be strictly applied. The
boundary conditions require that the shear force and bending moment be

zero gt the free edge. These force-like quantities must be translated
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to displacement edge conditions before they can be applied to

equation (2.7) as constraints (14). From equation (2.10) it can be

seen that the displacement conditions are (83w/8x3 + 33w/8x3y2) =0

and (Bzw/axg + Uazw/8y2) =0 for a free edge which is parallel to

the y axis. Similar expressions can be obtained for a free edge

which is parallel to the x axis° None of these higher derivatives

of displacement have been included in the three or four unknowns at

the corner of each finite element. Hence these displacement constraints
cannot be applied. When four unknowns per corner are used, it 1s

possible to revert to Polsgsson's condition for a free edge. In this case
the twist, agw/axay,. is constrained to be zero at the free edge. It is
impossible to apply even this constraint when three unknowns per corner

are used. Similarly it was found that the closed box's natural frequencies
were generally more accurate than the corresponding natural ffequencies of
the open box when three wnknowns per corner were used. Exceptions occurred
when the rate of change of twist over the closed box became much greater
than that over the open box.

Fig. 2.1 shows the good overall agreement between the mode shapes of
the open and closed boxes obtained wusing the series and finite element
solutions. A closer inspection of these mode shapes, however, reveals
that they differ in detall even for the lowest mode numbers.. Mode shapes
obtained for the open and closed boxes with the smallest possible number of
finite elements indicate that there is only a slight deterioration from the
agreement shown in Fig. 2.1. It should also be noted that a marked lack
of detail in the mode shapes obtained with the Finite Element Method occurs
when any mode has nodal lines whose separation is smaller than the
dimensions of the finite elements. '

Dickinson and Warburton obtained close agreement between their
theoretical and experimental results even though the mathematical model
did not fully represent the experimental edge réstraints. They also
showed that the frequencies of the alr modes within the closed box could
be accurately predicted assuming the box to have rigid faces. It can be
concluded that, in this particular case, the magnitude of the internal
air pressure was so small that it had little effect on the motion of the
closed box. Bending modes were experimentally observed for the closed
box which could not be predicted by the mathematical model. In these

modes the box was behaving like a short cantilever with its root at the
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base. This behaviour is similar to the racking motion observed by
Cawthorn (22) in houses with certain wood constructions. Although the
present theory cannot account for these modes, there is no inherent
difficulty preventing the inclusion of this type of motion in the finite
element formulation of the problem - if it is found to be significant.
Difficulties would occur however in trying to extend the series solution

. to cover this contingency. The main advantage of the series solution is
that the bending moments and shear forces are analytically related to the
assumed mode shapes. Even if the higher modes are significant, these
force~like gquantities can be accurately evaluated once the modes have been
determined. It has been shown in section 2.2.2 that this is not the case
with the Finite Element Method.

The purpose of this thesis is to extend the theoretical model in order
to predict the transient response of complex structures. Thus, the Finite
Element Method is used with the limitation that the shear forces and bending
moments are not evaluated due to the prohibitive number of elements
necessary 1o accurately compute these variables. It should be emphasised
that this limitation is due to practical and not theoretical difficulties.
The practical difficulties are caused by the excessive demands on the time
and storage requirements for the computer when a large number of finite
elements are used.

Dickinson and Warburton showed that, for certaln base supportis, the
open box‘'s fundamental mode corresponds to a torsional mode. This mode
cannot be predicted by the theoretical model because the base supports are
effectively 'free'. However, this mode will be relatively unimportant in
most singie storey, residential-type structures. The base edges of this
type of structure can generally be approximated by fully fixed edge
conditions. Hence the natural frequency of the torsional mode will be
usually much higher than the structurg’s fundamental frequéncy.
Consequently the contribution of the torsional mode to thé structure’s
overall response will be relatively small if thé structure’s lowest modes

are predominantly excited.

2.6 (Comparison of individual plate modes_and the flexural modes of the box

A practical structure should be reduced to the simplest idealised form
which is consistent with an acceptable accuracy in the computation of the

structure’s motion. The effort required to compute the theoretlical motion

will then be minimised. The comparative merits of computing the motion of
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a structure with a simplified plate theory or a more complex box theory
are considered in this section. Thus the natural freguencies and
normal modes predicted by the plate and box theories are compared as
the box's edge restraints are gradually relaxed. This comparison
‘gives an indication of the disparities between the results obtained
using one or other of the two methods.

Table 2.6 shows the effect of gradually relaxing the non-base edge
restraints on the First six modes of a uniform closed box. This box is
representative of a large windowless room which has relative dimensions
Lo : 28 : 11.5. ‘The floor of this room is assumed to be rigid and all
the base edges are considered to be fully fixed.

When all the joints are fully fixed the five constituent faces of
the box act independently. Hence the simple plate theory can be applied
to each of the individual walls. The six lowest modes inveolve a
predominant roof motion for this particular case because the roof. is
easily the largest single plate. Consider next the case where the roof
edge restraints have been relaxed so that the side walls are only coupled
through the roof. All the corners of the box are still considered to be
motionless. In this case the frequency parameter lies approximately
midway between the values obtained for the fully fixed and simply supported
edge conditions of the independent roof. The shapes of the lowest
frequency modes correspond to those of the previous model even though the
side walls are now forced to move by the roof’'s inertia. Hence it would
still be practicable to use a simplified plate approach for the lowest
modes .

Finally, consider the effect of applying the edge restraints of
section 2.3 so that there is 'complete' coupling between all five faces of
the box. The frequency parameter now decreases below the values obtained
for the independent, simply supported roof. This further decrease in the
frequency parameter corresponds to a decrease in the box's overall stiffness
due to the further relaxation of the edge restraints. Also, the modal
density significantly increases due to the increased subsidiary motion of
the side faces. This subsidiary motion, however, only affects the roof's
plate mode shapes in the higher modes. Thus, the main discrepancy between
the two theories for this set of edge conditions is the prediction of all
the box's natural frequencies.

Depending upon the relative sizes of the box's faces, not all side
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faces participate equally in a box mode type of vibration (see, for
example, modes 13 and 16 in Fig. 2.1). Also, a practical structure
usually has a high modal density in which the coupling between faces
cannot easily be determined. Hence it could be extremely difficult to
decide whether the plate or box theory is more appropriate for even the
lowest modes. Unless the walls have been specifically constructed to act
independently, a box theory should always be used if the higher modes are
considered to be significant. It is also advisable to use thé box theory
if the structure's modal spacing and density are considered tobe

important parameters.

2.7 Effects of structural discontinuities

In order to illustrate the flexibility of the Finite Element Method,

structural discontinuities were introduced into a uniform, five-plate
closed box. The base and vertical edges of this box were always
constrained to be fully fixed. Table 2.7 shows the resulting changes in
the factored frequency parameter, U X 10_2, for the first three modes in
which both m and n are odd. The material properties o and D used in
the calculation of u were always the same as the corresponding values
for the uniform closed box.

The motion in all three modes is dictated by the motion of the roof
in the case of the uniform closed box. Thus, the introduction of openings
in the side faces of the closed box has relatively little effect on the
frequency parameter of the two lowest modes. In these cases the loss of
mass inertla compensates the loss of stiffness. The motion of the faces
with openings then becomes progressively more significant due to their
greater flexibilities.

The main effect, in the fundamental mode, of introducing a central
opening in the roof of the closed box is due to greater loss of mass
inertia than stiffness. Hence the frequency parameter increases for this
mode. The frequency parameter is relatively uwnaffected in the other two
modes because the loss of stiffness compensates the loss of massg inertia.
On the other hand, halving the thickness of the uniform closed box's roof
reduces the frequency parameter by a factor of itwo or three. In this case
the loss of stiffness more than compensates for the loss of mass inertia.

In all cases; the changes in the frequency parameter are in guantitative
agreement with the changes predicted by intuitive reasoning. The
corresponding changes in the mode shapes, however, could not be so easily

predicted.
21



2.8 Conclusions

Providing the internal acoustic backpressure can be neglected,
'Dickinson and Warburton have shown that a simplified mathematical model

of a box~type structure gives good agreement between theoretical and
experimental natural frequencies and mode shapes. In order to extend
the same mathematical representation to more complex structures an
approximate finite element technique is used in place of the exact
series solution. It has been shown that four unknowns per corner give
more accurate results for a given number of finite elements than three
unknowns per corner. In all cases the finite element results give an
upper bound and converge to the ‘exact frequencies with an increasing
number of elements. More important, if only the lowest modes are
significant, good agreement is obtained for the natural freguencies and
mode shapes with only a small number of elements. Many more elements are
necessary for the same degree of accuracy, if the shear forces and
bending moments are required. In this case it would be advantageous to
use the serieg solution.

Difficulty could be experienced in deciding whether & simplified
plate theory or a box theory is more appropriate in a practical situation.
The best approach will depend critically upon the degree of coupling
between individual faces and the effect of the higher modes. In either
case, it is possible to intuitively assess the quantitative effects of
introducing discontinuities in the structure on the natural frequencies
but not on the corresponding mode shapes.

The evaluation of the free vibration characteristics of a box-type
structure was an interim stage to the more practical problém of
determining its transient response. In the direct evaluation of the
“transient vibration problem the stabllity of the numerical methods depend
upon the highest eigenvalue whereas the lowest modes usually dictate the
system's response. Thus, the transformation method of solving thé

eigenvalue problem was found to be more useful than the iterative method..
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CHAPTER 3

THECRETICAL FORMULATION OF AN ARBITRARTILY SHAPED
WAVE TRAVELLING OVER A BOX-TYPE STRUCTURE

The assumptions necessary to reduce a complex structure to an indepen—
dent set of simple subelements are briefly reviewed in this chapter. The
wave's convection is seen to have a significant effect on a particular mode
of a subelement when its convection frequency coincides with the natural
frequency of the mode. The concept of a convection frequency is subsequently
extended to a box-type structure whose subelements do not usually act
independently. Then the circumstances for which the wave's convection is
significant, for this particular kind of structure, are briefly discussed.

Difficulty is experienced in measuring an actual sonic boom's total
duration TE‘ It is comparatively easy, with modern analogue/digital techniques,
to evaluate the boom's Fourier transform or frequency spectrum. An excitation
frequency can then be defined from this spectrum which is more easily obtained
than T2.

The theoretical analysis of the last chapter is extended in order
to evaluate the box's rasponse to a travelling wave. The wave can have any
arbitrary shape, providing it can be approximated by a set of discontinuous
straight lines. Each pressure discontinuity is treated as an impulse so that
the nett response can be built up by the process of superposition. At any
given instant . of time, the wave is assumed to be acting normally to some
segment of the structure. Consequently the wave can be approximated by an
equivalent uniform pressure on this segment. This assumption however, will
only be realistic for those waves whose lengths are much greater than the
physical dimensions of the segment. By the introduction of suitable time
delays, corresponding to the wave's travel _ over the box, the pressure-time
variation over the various segments is developed for a digital computer. The -
pressure-time history over the entire box is obtained by assuming pressure
doubling on all the front face's segments. The validity of all the approxi-
mations is tested by comparing the theoretical pressure~time histories, on
individual faces, with experimentally observed waveforms.

The equations of motion are formulated assuming an approximate
viscous damping factor. Subsequently, the stability and convergence of the

numerical methods used 'to solve these equations are discussed.
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3.1.1 A brief review of the transient response of simple structural
subelements to an idealised sonic boom

The maximum response of & simple oscillator to an ideal, symmetrical
N-wave is presented in this section. The simplifying assumptions necessary
to reduce a complex structure to a set of discrete oscillators are then
briefly reviewed. The results are extended to the case where the same
N-wave travels over the structure. The wave's convection is seen to be
significant when its speed across the structure satisfies a relationship
which depends upon the mode of vibration. A convection frequency is deduced
from this relationship. Then the basic concepts are extended in the following
sections to a box-type structure which does not satisfy all the simplifying
assumptions.

Consider the response of an undamped oscillator to a symmetrical
N-wave which has the prOpérties

Tg = 0, T =T,=Tandp =op_. (3.1)

These variables are defined in Fig. 3.1(a). Cheng and Beneviste (L48) show
that the oscillator's maximum displacements for the forced oscillation

(0 £t ¢ T) and the free oscillation (t > T) may be written in the form

T = 3 % (3.2)
max 1
and
! = & 4
[Tn | = T3 ¢, (3.3)
max P,

respectively for zero initial displacement and velocity conditions. P is .,
the osecillator's natural frequency and C is a function of its mass and P
They show that ¢n and ¢n4 are simply the ratios of the oscillator's maximum
dynamic displacement (in the forced and free oscillations respectively) to
its static displacement wander load P, Thus ¢n and ¢n’ are called the
displacement dynamic amplification factors (daf) of the oscillator. They
are plotted in Fig. 3.2 against the non-dimensional period ratio R = 'I'/T
where T is the oscillator's natural period.

It ¢éan be shown that the maximum acceleration during the forced

oscillation is given by

2L



]T [ o= g . l cos {tan™t - ;;0} - L gin {tan? - ;~)}

Eg-max n TR TR TR
1 ten T -1

subject to the restriction 05 5= ( 'Fﬁ) < 1
otherwise

T |

§ o max = | cos (2R - ) -—ﬁ sin (2R —OI for 0s t T (3.4)
and, during the free oseillation, it takes the form

.y _

(II ‘v

n = ¢ for t > T. (3.5)

lE‘*lmaX n

C is simply the oscillator's peak acceleration to an instantaneous step
forc1ng function with magnitude p . Hence the acceleration dafs ¢" and
¢ may be defined in s manrer s1mllar to the displacement dafs. They are
the ratios of_the oscillator's maximum forced and free dynamic accelerations
to its maximum acceleration under the action of an instantaneous step foreing
function P, '¢£ retainsg the same value. QQ is numerically evaluated from
the first equation of (3.4). The inequality does not hold for this equation
when R is less than 0.392. In these cases ¢: is calculated from the modulus
of the second equation for constant increments h in t such that O € rh € T.
‘r is the total number of increménts. The resulting values are shown in
Fig. 3.2
The accelerations are measured in preference to the displacements in

the experimental work. Therefore the present thesis is mainly concerned with
the acceleration dafs. Observations from Fig. 3.2 can now be outlined for
these dafs as:

(i) the forced motion gives the absolute maximum acceleration daf for
R smaller than 0.48. The maximum value in this region is 1.33 and it occurs
at about R = 0.33;

(ii) the motion in the free_vibration period predominates for the accelerations
at most large values of R. But, for large R, the maximum accelerations which
occur in the forced motion for this W-wave are similar to those observed for an
instantaneous step pressure Ps
(iii) +the overall maximum acceleration daf occurs during the free vibrations

at R around 0.86. It then has the value of 2.20.
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These observations apply to an undamped oscillator. Cheng (L48) notes
that the presence of moderate damping tends to reduce sharply the peak
values of the overall displacement daf (max [¢n,or ¢;]) which occur for
values of R greater than 2.0. The humps at which these peak values occur
disappear. The overall acceleration daf (max [¢: or ¢;]) will Dbe similarly
affected by damping. Consequently, for values of R greater than 2.0, the
effect of damping is to bring the overall maximum values of acceleration
due to an N-wave closer to the values observed for an instantaneous step
pressure p_. |

A structure is composed of many components or subelements. IT the
structural and acoustic coupling between the subelements is negligible
then each subelement will act independently. The response of a subelement
may then be evaluated éeparately in terms of a series of its own normal
modes. The subelement is equivalent to the simple oscillator if it is
also assumed that it vibrates in a single mode and that the mode shape
has no influence on the time history of the forecing function. The last
condition 1s fulfilled when the sonic boom's direction of propagation is
normal to the subelement. If the first condition is also satisfied then
the dafs of the subelement will simply Have the same values as the dafs of
the oscillator for the appropriate value of R. The mode shape does have
some influence on the forcing function's time history, however, when the
boom travels over the subelement. Cheng (7) showed that, as a result of
the boom's convection over plates and beams, there is a critical velocity
to every normal mode which causes resonance to occur in that particular
mode. For example, the critical velocity,of a plate is shown to conform
to .the relationship

nrv,

Pn = I L (rads./sec) (3.6)

for the (m, n) th. mode. vT is the boom's speed of propagation in the

y direction and L is the plate's length in the direction of propagation.
Craggs (11) defined the same relationship in the frequency domain by
introducing a convection frequency

Pml’l nVT
(fc)mn = S = T - (c.p.s.) (3.7)

in order to emphasise that resonance occurs in a particular mode when its
frequency corresponds to the convection fregquency. Cheng (7) then assumed

that the subelement's displacement is dictated by its fundamental mode. A
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resonant condition will occur in this mode when its frequency coincides
with the fundamental convection frequency (n = 1 in (3.7)). The worst
possible case under these conditions was found to occur when a sonic

boom, having the properties defined in (3.1), travels in a direction which
is at right angles to fhe subelement. Consequently the oscillator's
displacement dafs will give an upper bound to the displacement dafs
produced by the travelling boom. The corresponding acceleration dafs
however were not evaluated.

The range of structures i1s extended in the following chapters to a
box-type structure whose subelements do not usually act independently. The
subelements of such a structure cannot be reduced to a set of discrete
oscillators because they are both structurally and acoustically coupled.
Thus the conclusions presented for the maximum responses are enlarged to

include this particular set of structures.

3.1.2. Definition of a sonic boom's excitation frequency

Actual sonic booms which are observed on the ground cannot usually
be described by a perfect N~wave. Their gross properties however are

still characterised by either the boom's total duration T, or its wave-

2
length A. Difficulty was experienced in measuring T, for the simulated

2
booms. For example, the full line simulated boom in the freefield wave~
forms of Fig. 6.2 shows that the easiest measurable duration is the time
between a boom's peak positive and negative pressures (Tl - TR). Cheng (6)

suggests an alternative method of defining T He introduces a frequency

. 2°
Wi of the N-shaped wave which is defined in terms of its total duration
T2 as
= 2T _
wy = T2 = EWfN. (3.8)

Fig. 3.3 (27) indicates that the frequency spectrum of a theoretical

N-wave with a non-zero rise time TR has many frequency components. The

only difference in the spectra of theoretical N-waves with zero and non-zero
rise times is in their high frequency contents above a frequency which
corresponds to l/'nTR (TR # 0). Thus the theoretical N-wave with TR =0
will have a similar low frequency content to that illustrated in Fig. 3.3.
fN’ as defined by Cheng, corresponds to the prominent lowest frequency peak
in this spectrum. For convenience, f, will be called the 'excitation' (as

N
it refers to the exciting N-wave) freguency. It should be noted however
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that the structure is excited by the N-wave, only for a limited duration
T2.

the structure’s response to the N-wave 1s analogous with its response to a

Hence the term excitation frequency should not be taken to infer that

harmonic disturbing force. Tgiis simply the inverse of the wave's excitation
frequency.

With the use of an analogue to digital converter, combined with s
digital computer, it is comparatively simple to evaluate the sonic boom's

frequency spectrum - and hence fN or T2.

3.2.1 Work done by a uniform pressure on a finite element rectangular
subelement

Consider a wniform pressure P, acting on a rectangular strip of any
one rectangular finite element. Suppose that the diagonal points of this

strip are (xo, yo) and (x ) where x, < x and y < ¥;- Then the

1> 1 1
forcing function f(x, y) over the whole finite element takes the form

f(x, y) = Y,V $ V¥, (3.9)

0 elsewhere,

The forcing integral in the energy equation (2.1) becomes

1N
I =p, w dxdy (3.10)
XO yO

- where the displacement function, w(x, y), is given by equation (2.k4).

Hence
1 1
= T '
I = p(x; - x )y v, w3 {le le} dX;Lle (3.11)
X—Xo y-—yo fe) [e}
where Xl = ;T—:—E and Yl = —,
1~ % Y179
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The following integrals are needed in the evaluation of the double integral.

1

2 ~ L
£laX, = (1~ k2) (1 + ky + 2k2) - kl(l - k2>(1 * Kt 2k2)
2.1, 2 2
+ kl(3 + 3k 3k2)
[o]
1
' _ 2,1 _ _ 2, 201 1
fngl = (1 - k2) (gkl + k2) kl(l k2)(3kl + k2) + kl(ukl + 3k2)
O
1
= 12 L 2 1 2.
f3Xm = k2(3 - kl - 2k2) + klk2(3 - 3kl - 2k2) + kl(l 2k, - 3k2)
O
1
- 1 _ 2 2, L 1 e
£)dX, = k2( 1+ 3k + k2) + klkz( 1+ 3k, + k2> + kl( 5t okt 3k2)
O
Xl-XO XO
where kl=-—-——-—- andk2=-;. (3.12)

For a uniform pressure over the entire finite element, x =0 and

X. = 8,80 that k

1 = 1 and k2 = 0. The sbove integrals then reduce to

1

it

£ dX £ ax

it
P

and

£_ax 1/12. (3.13)

i
I
Hy
=
=
il
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Subroutine UNPRES evaluates equation (3.11) using equations (3.12)

for each individual finite element.

3.2.2 Theoretical description of a wave travelling over a box-type
structure

In this section the general forcing function of an arbitrary shaped
wave which travels over a box-type structure is formulated,using the
results of the previous section. The validity of this formulation is
discussed in section 3.2.4 by comparing theoretical pressure - time
histories on different faces of the structure with experimentally observed
waveforms. A convection frequency is defined for a box-~type structure
which is analogous to that of a plate. Then the circumstances for which
the convection effects could be important for the box-type structure are
discussed.

The pressure-time history p(t) of the sonic boom shown' in Fig. 3.1(a)

can be written as:

= t
p(t) = P, - T O<t<Ty
R
P, _ _
p(t) (5 (I + ) - (1 + =)tk
1 R o) o}
TR < t < Tl
._p’— . ’
p(t) = (G——%) {T,~%t} T, <t < T,
2 1
p(t) = 0 vz T,
tg 0. (3.14)

Thé equations of the more usual N-wave are obtained from the second and
last of these equations when TR = 0 and Tl = T2.

The experimental free field waveform is approximated by a straight
line in a given time interval. Then the corresponding equation of the
pressure-time history is given by the second equation in (3.14) for any
time interval (TR, Tl). In this way any arbitrary shape can be approxi-
mated by a set of discontinuous straight lines. In practice the free
field waveform is usually approximated by three stralght lines in order
to minimise its computational description. This approximation is valid
providing the effect on the structure of the wave's high frequency content

is negligible.
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Conéider a sonic boom to be incident on a single plate. It will
generally travel across the plate with its shock front at an angle of inclina~
tion ¥ . The general forces are then not only functions of p(t), that would
be measured at a single point, but also of the convection veloecity and the
plate's dimension in the direction of traverse. It is necessary to account
for the convection effects in the formulation of the general forecing function.

For simplicity, considér the boom to be travelling parallel to the
plate's y axis (Fig. 3.1(b)). Suppose that the plate is divided into M
équal rectangular segments each with length & normal to the shock front.
If & 1s small compared with the sonic boom's resolved wavelength on the
plate, KT = A cosec ¥, then the boom may be assumed to be as if at zero
inclination to each segment. Next, consider the shock front to be just
moving onto the first segment. The wave actually moves across this segment
but 1t is assumed to act instantaneocusly over the whole segment. Hence the
magnitude of the initial theoretical pressure wave will be greater than the
true pressure magnitude by some unknown margin. An artificlal linear rise
time correction is applied to the front of the actual sonic boom in order
to compensate for this effect. It is calculated in the following manner.

If the shock front's speed of propagation is a, then the trace speed across
the plate VT will be
A = a, cosec . (3.15)

T .
There will be a time delay T +5L/VT before the actual wave's maximum positive

pressure p_ reaches the far gide of the first segment. The theoretical wave
is assumed to have the same positive pressure p, as the actual wave at this
time. This is achieved by replacing the rise time Ts of the actual wave with
the artificial rise time TR + Q/VT. The theoretical and actual wave then
have the same pressure-time variation between their respective maximum positive
and negative pressures.

The total time that the actual wave remains on any part of the first
segment is the total duration of the sonic boom T2 plus the time for the
rear of the wave to traverse the segment,l/VT.k The theoretical pressure
wave should be released instantaneously from acting on the first segment
after this time. But, in the Finite Element Displacement Method, the work
done by the forcing function over an element is calculated in terms of an

equivalent expression at the element's nodal points. For reasons which are
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discussed in Chapter 5, a finite element is not subdivided into smaller seg-
ments as in section 3.2.1. In this case, work will be done at the nodal
points which interconnect the first and second segments as the pressure
wave moves over the second segment. Hence another linear time correction
Q./VT is applied to the rear of the actual wave which corresponds to the
time taken for the rear of the actual wave to reach the far edge of the
second segment. This correction is used for all the segments. However, it
only strictly holds for the last segment if the boundary edge at the exit of
the wave is fully fixed.

The resulting modified pressure~time history is shown in Fig. 3.1(c).
It is described by equation (3.14) but with

TR - ‘I‘R + }Z,/VT

Tl - 'I'l + JZ,/VT

T > T+ 29/V (3.16)

2 2
for the idealised wave..

The pressure-time histories, for the idealised wave, on the remaining segments

of the plate will be identical to that on the first segment but they will act

T

at different times. These time delays correspond to the time taken for the
shock front to reach the leading edge of the particulaf segment under considera~
tion. The general forcing function of the whole plate is then built up by the
process of superposition.

Consider now the order of magnitude of the convection correction terms

Q/VT. It had been assumed that

<< (3.17)
and
o =
°
Thus, providingy #Oo for the actual boom,
Ap =Vo T, (3.18)
Substituting this expression in (3.17) gives
—g—-v-&T <<A Tzo (3019)

As VT and T2 are known from the properties of the sonic boom, & must be
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adjusted in the plate's idealisation so that inequality (3.19) is satisfied.
No restriction is imposed on the ratios of the correction teer;/VT to the
other time properties of the sonic boom (TR for example). The application

of such restrictions will depend upon the significance of their céntributions
to the plate's response. It is implicitly assumed in the present theory that
the overriding contribution to the plate'’s response is created by the actual
sonic boom's total duration TE'

The extension of this theory to a box is relatively simple if the box
can be regarded as being composed of a set of single plates at different
angles of incidence and inclination +to the shock front. A single angle of
incidence 8 and an angle of inclination ¥ of the wave's shock front relative to
the box, are defined. ¥ is always measured from the horizontal as shown in
Fig. 4.2. 6, however, can have two definitions depending on whether the
response of a particular face is being considered for all angles of incidence
or whether all the faces' responses are being considered for a particular
value of incidence. More detalls of these definitions are given in section
L.3.2.

The theoretical sonic boom’s shock front will always be assumed to be
at zero incidence to one of the box's side faces. Then the computational
difficulties, which are discussed in section 3.3, will be minimised. Each
of the box's faces are divided, as before, into a number of equal rectangular
segments. The roof and vertical faces normal to the shock front are divided
into segments which are at right angles to the wave's direction of propagation.
The modified pressure-time histories on these faces will then be similar to
'that on the single piate.

The front face of the box is that face, parallel to the shock front,
which is the first face to be acted upon by the sonic boom. Consider the
shock front to be at 90° inclination to the horizontal. If the front face is
initially assumed to be ‘'rigid', the total pressure magnitude on this surface
will be double that of the incident wave. The pressure-time history over the
whole front face takes a forﬁ'similar'to the actual sonic boom because the

boom acts normally to this face. (The phrase ‘'acts normally' is often used

in connection with a particular face of a box-type structure as a shorthand
form of implying that the wave's direction of action is completely normal to
this face. Thus, Fig. 4.2 shows that when the wave acts normally to the South
face of the model 6 = O° with respect to this face and ¢y = 90O This face
would also act as the model’s front face.) It is obtained by multiplying

equation (3.14) by a factor of two. In practice the front face is not rigid
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so that, depending upon this face's flexibility, the true factor is between
one and two. However, it is always taken to be two. A pressure disturbance
is created within the box when the front face is displaced.from its initial
position under the action of the incident wave. This disturbance is assumed
to have no effect on the box's response.

The pressure-time history over the whole of the back face is taken to
be similar to that on the front face with the exception that no pressure
doubling occurs on this face. The wave will directly force the back face
after a time delay corresponding to the time taken for the shock front to
traverse the roof and side faces.

Using the data from subroutine UNPRES, subroutine FORCE evaluates the
general forecing functidﬁ for the whole box. It is assembled manually in
order to account for the structure'’s boundary conditions. Listings of these
subroutines are shown in the Appendix.

The concept of a convection frequency is extended from simple
subelements such as plates and beams t0 a box-~type structure. Then the
circumstances for which the wave's convection can have a significant effect
on the box's response are briefly discussed.

It has been shown in section 3.1.1 that the wave's convection is important
when its convection frequency satisfies the relationship

nVv

(£, = eLT . (3.20)

This relationship can be extended to a box-type structure by defining L to
be its maximum dimension in the direction of the wave's propagation; VT to
be the trace speed across the box; and n to be the integer number of equiva-
lent half sine waves in the direction of the boom's propagation. The sine
waves are similar to the shape of a particular mode in that direction. It
is then possible for a particular box mode to have differenf values of n on
the roof and side faces. Consider, for example, a wave which is travelling
parallel to the 1L.4" x 12" sides of the uniform closed box discussed in the
previous chapter. Fig. 2.1 shows that the equivalent sine functions for the
complete roof and 144" x 12" sides have values of four and two, respectively,
for n when the box is vibrating in its seventh mode.

The convection frequencies will depend upon the shock front's angle of

inclinationy and angle of incidence 6 to the box. Fig. 4.2 shows that
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L a cos 8 +b sin 6 (3.21)
while

VT = a  cosec Y (3.22)
for the box.

Consider next the circumstances for which the convection effects
could provide a significant contribution to the generalised forces of the
box. The total time that the travelling wave remains on the box is approxi=~

mately

L
T

(A + L)

<

where A is the wave's wavelength. Then the manner in which the box responds
depends on whether A is greater than L, or vice versa, and how the terms
(x/VT) and (L/VT) are related to the fundamental period of the box T .

If X is much greater than L and (A/VT) is of the same order as T , the box
will effectively respond as though the wavewere acting normally to each
individual face of the box. The convection effects are small under these
conditions and the travelling wave is similar to a uniform, instantaneous
step pressure acting on each of the faces. _If L is much greater than A,

the box will respond as though the wavewere a moving line force on the roof and
those side faces which are not at zero incidence to the shock front. The box's
mode shapes will then have an impbrtant influence on the time history of the
generalised forces so that the convection effects can be significant. The
effects on a box's accelerations due to changes in A and L are investigated

experimentally in the next chapter.

3.2.3 (eneral observations

' The structure's maximum response may be plotted against_x/L. The
reasons for using A/L instead of the more usual perameter T/T are discussed
in this section. Then the details involved in the calculation of MA/L for a
particular boom/structure combination are given.

A sonic boom which travels over a box-type structure usually excites
many of its modes. This behaviour contrasts to that of the oscillator or
to the behaviour of the simple subelements in which only a single mode is
assumed to be excited. In order to understand the detailed nature of a
structure's response to a soﬁic boom, it becomes necessary to correlate the
structurd's excited modes with the sonic boom's frequency spectrum and with
its convection frequencies. This 1s a laborious and extremely difficult task.

It is much more convenient for a designer to obtain a gross estimate of the
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structure's response from the main parameters of the structure and sonic
boom. Consequently the structure's maximum response is plotted against the
non-dimensional parameter A/L in preference to the more usual parameter

f‘ll/fN (= T/t) used by Cheng. This is because it is easier to obtain a

gross dimension L of a general structure than its fundamental frequency fll'
It was not possible to calculate fN with analogue/digital techniques
until late in the research programme. Consequently T
(T, - Tp)
of the model and prototype structure'’s responses. Hence the calculated

o was replaced by

in equation (3.8) for the model experiments and for the comparison

excitation frequency of a simulated boom 1s always
1

f = (3.23)

Ne Iy - T
But (Tl - TR) is identical to T2 for an idealised N-wave which has zero rise
and fall times. Hence, the shorter the rise and fall times,the more accurate
ch approximates fN. Now

A _ %o, 1

T =) (3.24)

so that the calculsted values of this parameter are given by

A a a

=2 = (T (T - ). (3.25)

ZﬁVA

c
a  was measured to be 1100 ft./sec. and L is defined by (3.21). The values
of A/L were always calculated using (3.25) but, for convenience, the subscript
¢ was omitted. It is then possible to obtain a first approximation of the
structure's maximum response for a given value of A/L. Details of the
natura; frequencies, fij’ of the structure and internal cavity must be known
before a more accurate estimate of this response can be calculated.
Thus the fijs’ for the particular model/structure considered, are marked
on the abscissae of the various graphs. The values of (A/L)ij which
correspond to fij are given by

&) -©). ;l;- : (3.26)
Note, however, that L depends upon the shock front's angle of incidence 8

ij =

relative to the box. But aO/L is constant for a particular value of 6,
so that
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XL 1/, (3.27)
N

a
The ‘constant' of proportionality, o/

L, varies for different values
of 6 so that the (A/L)ij, defined by (3.26), will have different values for
the various 9. The minimum values of (A/L)ij, calculated from equation
(3.26) for the different 6 , are shown on those graphs which plot the

structure's response for various values of 6.

3.2.4 Comparison of the theoretical and experimental waveforms over the
box

Up to the present time, most experimental work on the flow of a shock
wave over a building has been done with blast waves (26). These waves have
no negative impulse and produce positive pressures at least an order of
magnitude greater than the anticipated peak positive pressure of the SST
produced sonic boom. Fig. 3.4 shows how the form of the blast wave is
modified as it moves over a closed rectangular structure. This modification
is due to the formation of vortices on the edges of the structure and the
creation of rarefaction and diffraction waves.

Fig. 3.5 (27) illustrates the combined effects of these phenomena on
the roof and front face of a full sized structure for sonic booms with
different wavelengths. It is assumed in the following discussion that there
is little change in the pressure-time histories observed on the roof and
front face.for small differences in the angles of incidence and inclination.
The effect of a shallow sloping roof on the modification of the free field
pressure-time history is also considered to be small..

A comparison of the pressure-time histories measured at stations 2 and
3-shows that there is a variation (up to 10%) of peak positive pressure with
height on the front face. This variation seeﬁs to depend upon the boom's
wavelength. The main modification to the free field pressure signature on the
front face is due to the reflected wave. The combined incident and reflected
waves produce an amplification of 1.4 to 1.5 on the free field's peak positive
pressure. Note that the vortices formed at the edges tend to produce a double
peaked shock front. The theoretical forcing function, however, takes the
amplification to be two. All points on the theoretical model's front face
are subjected to the same forecing function. Consequently there is no spatial

variation of the wave's pesk positive pressure over the front face of the
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theoretical model. In fact, all points on the front face are subjected to

a forcing function whose pressure-time history is identical in shape to the
‘free field's pressure~time history. Thus, for the experimental case Inder

consideration, there would only be a single peaked shock front.

The pressure~time history measured on the roof (station 1) shows that
the peak positive pressure in this position fluctuates but tends to be
similar to the free field's peak positive pressure. Also, the second peak
of the pressure~time history on the roof is less pronounced than that on the
front face. On the whole, the experimental and theoretical pressure~time
histories tend to be similar at a point which is close to the roof's centre.

The theoretical forcing function not only ignores the effects of the
vortices but it can be seen from Fig. 3.4 that the theoretically assumed
normal pressure distribution on the back face is far removed from the
practical situation. A more realistic theoretical model, although possible,
would require a significant increase in the number of segments on the back
face to describe the complicated movement of the three component waves.
However, the theoretical approach should still give some idea of the liberties
allowed in the description of the wave's shape.

The assumption that the building's dimensions are much smaller than
the sonic boom's wavelength should be valid for most residential-type

buildings with respect to an envisaged SST passenger aircraft.

3.3 Difficulties associated with the theoretical deséription of a
general forcing function

A wave travelling over a symmetrical box—tjpe structure at any angle
of incidence (such that 6 # 0° or 90° in Fig. 4.2) will excite the anti-
symmetrical box modes (modes with opposite side walls moving in phase) in
both directions. It then becomes necessary to consider the motion of the
whole box so that the computational advantages of the box's symmetrical
properties are lost. If, however, the wave is at zero incidence to one
of the faces then the antisymmetric box modes parallel to the shock front
will not be excited. In this case it is only necessary -to consider the
motion of half of the complete box.

Twice the number of finite elements must be used to describe the
whole box as half the box for the same degree of accuracy. Not only could
this present computer storage difficulties but at least six times more detail
is required in describing the general forcing function. This is because the
force corresponding to each displacement must be described at least three
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times dué to the discontinuities in the boom's pressure-time history.
Consequently, 1t is desirable to use a minimum number of finite elements
in the box's idealisafion. The actual number of finite elements, however,
will depend upon the required accuracy of the analysis.

3.4 Introduction of structural damping

Assuming viscous damping proportional to the system's distributed mass,

Hurty and Rubinstein (28) show that the Lagrange equations may be written as

M fw } o+ BM G} + K @} = &L (3.28)

The dots denote differentiation with respect to time, B 1s the viscous damping
co~efficient and {Fc} is the constrained foreing vector of the whole systen.
The overall mass and stiffness matrices are assembled and constrained as in
Chapter 2. In practice, a large proportion of the structural damping occurs
at the joints whereas, for convenience, the present theory artificially
'averages' this localised effect over the entire structure. As the actual
damping in a complex structure is by no means certaln the present approxi-
mation is regarded as adequate.

B is assumed constant for all modes so that the damping factor in the

rth mode, gr, is given by standard theory as
&g, = Bl2u. (3.29)

This equation implies that less damping is experienced by the higher
modes .

It can be seen from Table 4.1 that gr generally increases for the
higher modes of a Xylonite beam. On the other hand, it was found that the
damping of the full scale structure tended to decrease with increasing
frequency. The theoretical damping of the Xylonite box was always assumed
to be zero (8 = 0) in the computation of the theoretical results. Similarly,
gl was usually assumed to be 0.02 for the full scale structure. The particular
values for the damping constantB were selected somewhat arbitrarily because
the form and actual values of damping for both the model and full scale
structure were not known at the time of computation. In practice, the
inclusion of the damping term generally made 1ittle difference in the
overall forms of both the model's and the full scale structure's theoretical

responses. The main difference in either case occurred after the pressure
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wave had completely travelled over the whole structure. Then the structure's

response decasyed more quickly for higher values of the damping constant 8.

3.5 Numerical solution of the equations of motion

Equations (3.28) may be solved using the normal modes of the freely
vibrating system (28) or by step by step integration techniques (29). These
methods are all well known so that few details will be given.

The viscous damping of the system has been assumed to be proportional
to 1ts distributed mass so that, by expressing the‘displacements in terms of
the normal modes, the set of simultaneous differential equations (3.28) can
be reduced to an equal number of independent differential equations. Each
individual differential equation can then be integrated to obtain the normal
displacement of that mode. The system's total displacement is obtained by
summing for all modes the products of the individual mode shape and normal
displacement. Usually the lower modes of vibration will dictate the system's
response. In this case the higher modes' contributions to the overall response
are assumed negligible so that the number of terms in the displacement series
can. be significantly reduced. When the natural frequencies lie close together,
a large nﬁmber of modes affectsthe system's response. Then it is advantageous
to use a step by step integration technigque. This is due to the difficulties
associated with the solutions of the eigenvalue problem. A step by step
integration technique is always used in this thesis.

" Hildebrand (29) discusses the relative merits and gives details of the
various step by step integration techniques. The main disadvantage of all these
techniques is that the stability of the integration process depends upon the
highest eigenvalue of the complete set of equations. The particular method
chosen was the standard fourth order Runge-Kutta procedure. This method

rewrites equations (3.28) in the form

{w }
C

i

Wik (w8l ) o+ MHF)
(o] C (o] C -C [

or v} G(fw b, (7 }5(F_}) (3.30) .

for Mc non-singular. Truncation of a Taylor Series expansion gives the

approximations:

L (6 + 0} = {w ()} +h{§rc(t)} +

leN|=2

({v}O + {V}l + {V}Q)
and
(3.31)

{;N'c(t+h)} ={§vc(t)} +36L-({v}O +2{v}l+2{v}2 +{v}3)
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where

tvi, = nelw (6}, {w (£)}, {F (9)})
(vl = RGUw(6)) + B (8)), ()} + 3w}, (F (¢ + D)D)
vh, = RGO ()} + Zr (6)} + 1w}, (0 (8)} + 3w} ,{F_(t + 2)})
(vd; = BG(w (6)} + B (8)} + B L r (6)) +{vd,, {F (5 + n)})
(3.32)
for a step size h and initial conditions
tw (0)= i (00} = {w (0)} = {0}. (3.33)

This technique is employed in subroutines KUTTAL and D2XBDT written
by A. Craggs.(11l.)

The above method is egquivalent to a Uth order Taylor Series having a
truncation error of order (h5). If the step size h 1s decreased then
the truncation error will also decrease. In the limit, as h tends to
zero, this method gives a solution which tends to the true solution. The
effort required to compute the results over a given time interval depends
upon the step size h. A smaller value of h requires a greater computational
effort. Thus, it is required to optimise the value of h so that the |
conflicting requirements of accuracy and computational effort are satisfied

as far as practicable.

3.6 Discussion on stability and convergence

Classical fourth order Runge-Kutta theory stipulates that the highest

eigenvalue Hnax and the step size h must satisfy the inequality

oo < 2.8 (3.34)
for stability. This criterion only guarantees a solution which does not
diverge; it does not necessarily guarantee a good approximation to the true
solution. The most favoured method of checking the result's accuracy is to
repeat the computation with half the original step size and to compafe the two
sets of results 'by eye'. The results are usually regarded as being ‘accurate’

if the difference between the two sets of results is 'small'. The decision
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whether some 'small' difference is acceptable can only be based on an
assessment of the errors involved in the actual system's mathematical
idealisation.

From the consideration of a single degree of freedom system, Craggs (9)
recommends an 'accuracy' step size hacc satisfying the more stringent

inequality

U h < 1.0 (3.35)

max acc
for a 'reasonable’ approximate solution. In order to assess this cri-
terion for a set of dependent equations, maximum and minimum values of
acceleration were evaluated for a thirty two degrees of freedom system
using various step sizes and different damping ratios (Table 3.1). The
maximum and minimum values of acceleration were selected for two reasons.
Pirstly, by using only the maximum and minimum values, the amount of data
to be presented is drastically reduced. Secondly, only the experimental
accelerations were measured. Hence the assessment of the theoretical
model's accuracy could only be determined on the basis of a comparison of
the theoretical and experimental accelerations.

The accelerations which were obtained with the smallest step size
(b = O.26/umax ) will be regarded as the true theoretical accelerations.
Table 3.1 shows that the accuracy criterion (3.35) is a useful guide in
selecting the initial step size. The results, however, must still be
checked with the 'by eye method'. This statement particularly applies if
high values of the damping ratio El are used in the computation.

The damping factors (& of the Xylonite box and full scale structure

)
were assumed to be zero and 0.02 respectively. Consequently the theoretical
accelerations were always computed with step sizes corresponding to h = 0.52/
umax for the box and h‘= O.26/pmaX for fhe full scale structure. (Sincethe full
scale structure is non-uniform, the factor (pST/Dg) in equation (2.9) has

the corresponding constant value of the side walls. The elements of Mc

and S in equation (2.9) are modified in order to account for this constant
factor.) The errors in the peak theoretical accelerations, compared with the
true theoretical accelerations, were generally of the order of *0.5 g. The
results were always checked by eye. The peak theoretical accelerations of

the model, however, are quoted to two decimal places so that they can serve

as a check for any future mathematical model.
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CHAPTER L4

EXPERIMENTAL MODEL STUDIES

A device for simulating sonic booms under laboratory conditions
is described in this éhapter. Only small scale models could be tested
due to the limiting size of the working section. Themodel took the
form of a rectangular box which was made from a plastic material in

order to simplify the construction.

The dynamical properties of the material and model were
evaluated ekperimentally. Subsequently, the results of the model's

response to various booms are presented and discussed.

4.1.1 Description of the sonic boom simulator

The device for simulating a sonic'boom is essentially an
aluminium, conical shock tube about 47 £t long and with a 4 ft diameter
open end. It is convenient to describe the simulator in two parts:
the driver and the driven section (see the upper two photographs in
Fig. 4.1). In operation, the driver section at the apex of the cone is
pressurized with a gas until the diaphragm enclosing the volume of gas
is ruptured. The rupture produces a shock wave which propagates and
expands down the driven section and a rarefaction wave which moves
towards the cone's apex. The rarefaction wave is continuously reflected
from the walls of the driver section so that the overall effect is to
produce an N-wave characteristic in the driven section of the tube. More

details of the simulator are given by Webb and Pallant (30).

4.,1.2 Experimental limitations

The peagk positive pressure of the simulated boom, Poo is a function
of the diaphragm’s bursting pressure p,, and the ratio of the diameters of
the diaphragm and that of the section of interest. Mathematically,

b, = T - T (4.1)



where db and do are the diameters of the dlaphragm and section of
interest respectively. Early experiments with diaphragms made from
thin paper produced peak positive pressures far greater than those
anticipated from an SST produced sonic boom. ZEquation (4.1) shows
that the peak positive pressure p, can be reduced by increasing the
working section's dismeter do. This proved to be too expensive.
Consequently weaker materials such as polystyrene and metal foil were
developed to produce peak positive pressures as low as 1.5 lb/ftz.
These materials also have the added advantage that they rupture more
cleanly than paper so that they produce a cleaner N-sghape characteristic.
The simulated boom's initial rise time TR depends upon the manner in
which the diaphragm ruptures. At the moment this parameter cannot be
controlled although it can be arbitrarily varied by using different
diaphragm materials. These remarks also apply to the weaker rear

shock front with its associlated rise time (T2 - Tl)' This time was

invariably found to be much greater than Tp.

The duration of the simulated boom is governed by the length of
the driver section and the speed of sound in the enclosed gas. Using
alr, the wavelength of the simulated boom is about twice the driver
section's length. Consequently the wavelength can be changed by simply
adjusting the diaphragm®s position in the shock tube. For convenience,
the driver length is quoted in Figs. 4.5 to 4.7 and Fig. L4.12 because
there are slight variations in the pressure~time histories of the
simulated booms for any given combination of driver length and diaphragnm.
The quoted driver length will then give a measure of the simulated
boom's wavelength and duration. The simulator was limited to four
driver lengths which corresponded to lengths of 3 in, 6 in, 2 £t and 7 ft.
Thus the simulated boom's extreme wavelengths are 6 in and 14 ft. Their
durations are restricted between O.4 and 1L4.0 milliseconds because the

boom's speed of propagation in air was found to be about 1100 ft/sec.

The wave interaction between the model and shock tube was
minimised in order to simulate free field conditions. This was achleved
by restricting the model's physical size to less than 2 ft. It was
found impracticable to vary the angle of inclination (¢ in Fig. 4.2)

o
from 90" .
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4,2 Physical properties, natural freguencies and normal modes of the
model box

A 12" x 9" x 7" model box was constructed on a plaster foundation
(see Fig. L4.2) using Xylonite. Xylonite was used for ease of comstruction.
It suffers, like all plastics, from the disadvantage that its physical
properties vary with temperature, humidity, thickness and frequency (31).
A strict comtrol of temperature and humidity was impossible so their
variations were minimised, as far as possible, by using the same
laboratory. Using the apparatus shown in Fig. 4.3, the amplitudes of
vibration which were in phase and at quadrature to the excitation force
were megsured at different fregquencies for a free-free Xylonite beam
having the same thickness as the model. A typical example of the complex
receptance plotted on an Argand plane is shown in Fig. 4.L. The natural
frequencies and modal damping were evaluated from these plots using the

method described by Kennedy and Pancu (32).

Assuming negligible damping, the principle of conservation of
energy (33) gives the natural frequencies of a free, transversely

vibrating, uniform beam with cross sectional area A and length £ as

Wo = Q_dx (4.2)
2 n
[vaJ $2ax + ) mé ]
X
0 r= T
when the displacement of the beam is given by w(x,t) = ¢(x) sin (wt + o).
Dyy Dyy evee M, evees M 8TE added concentrated masses at points Xys Xps ene
X5 eseo X and ¢X is the value of ¢(x) at x,. As the mass of the coil
T

and strain gauge attachment is small and the mass-beam system is excited
purely in its pth mode, the mode shape of the mass-beam combination, ¢(x),
and its derivatives can be approximated by the free~free beam's normal
mode, ¢p(x), and its corresponding derivatives. Thus, for the pth mode

of the mass-beam combination, equation (4.2) reduces to
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w, = b (4.3)
: n 3.2 _ :
p AL + & W¢p (x = 2/2)

For a particular mode, Ap is a constant which depends upon the

beam’s material properties, and

rmzﬁ% [ 1 } 4 3.2 J4
E= |— {p A" + Weos (x =% )1 . (L.h)

For free-free edge conditions, Bishop and Johnson (34) tabulate
the beam functions

N %
Mode Number (Apz) ¢p(x —‘E)
1 500,564 -1.21565
3 14617.6 1.k2238 . (L.5)

Substituting the mass~beam's experimental natural frequencies (fp)c
for ﬁp in equation (4.4) gives the approximate Young's dynamic modulus
Ec for that frequency. Different values of (fp)c were obtained by using
different beam lengths £ . Each length was gt least seven times greater
than the beam's width in order to ensure that a simple beam theory was
applicable. The resulting values of E, for various frequencles are shown
in Table L4.1.

Tables 4.2 and 4.3 show the theoretical natural frequencies of the
closed and open Xylonite boxes. The open box is essentially the same as
the closed box,but with the 12" x T" face removed. These natural
frequencies were evaluated using the same mathematical model as that
discussed in section 2.3, In addition, the base edges of both
boxes were assumed to be fully fixed. The theoretical frequencies of the
open box are compared with the experimental natural frequencies obtained
from resonance tests in which two exciters were driven in and then bug of phase
on opposide side faces (Table 4.3). The two sets of results tend to show

reasonable agreement. The differences seem to follow the same trends as
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the variations in Table 4.1 of Young®s dynamic modulus. An additional
stiffness is superimposed on the experimental model's stiffness below
the fundamental acoustic cavity frequency due to the effect of the air
enclosed within the model. Although resonance tests were not conducted
on the closed model it seems reasonable to assume that trends similar
to the open model's would be observed.

Both the mathematical and éxperimental models are more represen-
tative of brick walls than stud-plaster board combinations which are
typical of American houses. In the latter type of construction the
individual walls move independently (36) whereas the models’ walls
move as single units. Hence, the present investigation is mainly
concerned with the resgponse of brick houses, although both models can
be extended to include other types of construction. A detailed discussion
of the loading and response parameters necessary for the experimental
model to simulate a single-storey house is given in Chapter T. Most
of the important parameters can be satisfied using Xylonite for the

model and alr as the enclosed gas.

4.3.1 Difficulties associated with the interpretation of
the results

The peak accelerations and internal pressures weré normalised with
respect to the sum of the moduli of P, and p_ in order to account for
differences in their values. Care should be exercised in the interpretation
of the results for the boom with the smallest wavelength (the 3 in driver
in Fig. 4.5). This waveform was effectively triangular with little
negative impulse, whereas positive and negative impulses were more or

less equal for all the other simulated booums.

At the open end of the shock tube a rarefaction occurs which produces
a reflected wave of almost equal amplitude but 180° out of phase with the
incident wave. The reflected wave may be ignored in determining the model's
transient response provided there is a sufficient time interval between the
incident wave leaving and the reflected wave reaching the model. This
proves to be the case for all but the largest wavelength (vat driﬁer)
where the general form of the transient response can still be observed.

It should\also be noted that the wavelength associated with the 7 ft driver
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has a much longer rise time (TR/Tl =~ 0.18) than the other drivers.

4.3.2 General observations

The acceleration-time histories at the centre of each face of the
model and the internal pressure fluctuations were measured for different
angles of incidence, wavelengths and peak pressures of the simulated
booms. Typical examples of these responses are shown in Figs. 4.5 to
4.7. The acceleration-time histories of the North, South, West and
East faces and the roof of the model are symbolised by N, S, W, E, and
R respectively in these figures. Similarly the internal pressure-time
history is denoted by M. The North face corresponds to one of the
9" x T" faces. Once selected, the same symbol is used for a particular
face of either the open or closed model. ¢ is not guoted in any of
these figures because it was not varied from 90°. The boom's angle
of incidence 6 is referred to a particular face of the model when the
responses of all the faces of the model and the internal pressure are
considered for a given value of 6 . This is the case in Figs.‘h,6

and 4.7 for example.

For Figs. 4.10 and L.11, the angles of incidence 6 are measured
anticlockwise from g reference line to the direction of the boom's
propagation. The reference line is taken to be that line for which
the boom's direction of propagation is completely normal to some given
face. The given faces in Figs. 4.10 and 4.11 are the West and North
faces respectively. The same convention 1s also adopted for the full
scale structure in section 6.7 but with the window face acting as the

reference face.

There was an inadequate number of oscilloscope channels to ascertain
the whole closed model'’s response to a glven simulated boom. Thus two
nominally identical tests had to be conducted for the same driver/model
- configuration. The response of at least one face of the model was
evaluated for both tests in order to check whether the two tests were
actually identical. For this reason there are two curves labelled N
for example in Figs. 4.6 and 4.7. It may be noted that the forms of these

curves are similar. There is an apparent difference, however, in the
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magnitude of the two N curves which are shown in Fig.4.6. This difference
is only apparent because the acceleration scale of the left hand curve

is twice that of the right hand curve. Thus the minute details in the
boom's general waveform have little effect on the model’s overall
response. These details correspond to the high frequency content of

the boom's frequency spectrum. It was also found that, within the
experimental limitgtions, the model's response varies linearly with

peak positive pressure of simulated booms produced by the same driver.

The peak acceleration for any side face occurs when the simulated
boom is acting normally to that face. The curves shown in Figs. 4.10
and 4.11 give the general trends of the closed model's peak normalised
accelerations with A/L. The added points on these curves relate to the
full scale structure and are introduced in section T.2 for comparison
with the experimental model results. They are not discussed in this
chapter. The general trends in these figures are obtained from the
experimental results in a way similar to that illustrated in Fig. 4.8.
The points in Fig. 4.8 are the actual experimental model results and
the curves give the general trends. Due to the limited number of results,
these trends should not be treated as conclusive. Further investigations
are needed to supplement them. They do show however that, irrespective
of the angle of incidence, the peak acceleration decreases with increasing
A /L.

The acceleration-time histories show a small amplitude, high
frequency burst when the simulated boom initially forces the front and
back faces. The load, due to the pressure differential across the model,
is transferred through the roof and side faces from the front to the
back face by a shearing action. This phenomenon is the same as that
observed by Dickinson and Warburton (17) to be a bending mode of the box.
The bursts are less prominent for the 7 ft driver. This is the only
driver which produces a wave with a finite rise time. Thus the
magnitudes of the bursts seem to be a function of the simulated boom's

rise time.

Longitudinal waves propagate faster in the model's material than
the simulated boom travels in air. ZEven so, there is still a short time

delay before the back face is excited. This delay corresponds to the
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time taken for the longitudinal wave to travel from the front to the
back face. Subsequently, the simulated boom excites the back face

directly but at much lower frequencies (Fig. 4.5).

The critical frequency of an infinite plate is the lowest
frequency, for any angle of inclination ¢, at which an incident
harmonic wave passes through the plate as though 1t werenot there.

Thus the plate is acoustically ‘transparent’ at this particular
frequency. The same phenomenon can occur in finite plates but at
frequencies which are lower than those associated with the infinite
plate (47) . For the purpose of definition, the boom is assumed to

be equivalent to the harmonic wave whose frequency corresponds to the
lowest predominant frequency in its frequency spectrum. Then the
critical frequency of the model is considered to be the lowest
frequency at which any of its component, finite-sized plates can
become acoustically transparent to the boom's equivalent harmonic wave.
It is assumed that this frequency is an order of magnitude greater than
the fundamental acoustic cavity frequency. This situation is typical

of most full scale structures.

Following Lyon's example (25), it is convenient to study the
closed structure's response and sound transmission in three fregquency
ranges: at ‘low‘excitation frequencies below the fundamental structural
frequency where the structure and enclosed gas are both stiffness
controlled; at ‘*intermediate’® excitation frequencies between the funda-
mental structural and acoustic cavity frequencies (in this region, the
structure is resonant whereas the volume is still stiff); at ‘hight
excitation frequencies above the fundamental acoustic cavity frequency

where the structure and enclosed gas both display resonant behaviour.
The acoustic cavity frequencies are approximately calculated from

the formula

n

n n 1
£, = 52 [D%+ D%+ (HE T (4.6)
b'd N2 z

given by Morse (38) for a rigid rectangular room. Then the fundamental
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acoustic cavity frequency fb is given by n.=1,n =0= n, where
i

o= 12 - (2x 0.36) = 11.28 in.

1s the closed model's maximum internsl dimension. Hence

fbi' = aj/2b = .585 c.p.s. . (L.7)
This frequency is shown as i in Fig. 4.8. The 3 in, 6 in, 2 ft
and T £t drivers produce simulated booms which correspond to high, high
or intermediate, intermediate and low excitation frequencies respectively

for the particular closed model.

4.3.3 Closed model's response at low excitation frequencies

The main frequency components of the individual faces acceleration
time histories were approximately estimated from oscilloscope photographs.
The resulting frequencies, which are shown in Table 4.k, indicate that the
model's accelerations are dictated by the six lowest modes at low
excitation frequencies. Fig. 4.13 shows that in the closed model's
fundamental mode the relative motions of the side faces are small
compared with that of the roof. Consequently this mode contributes
little to the motion of the side faces. Hence it remains undetected
on the side faces in the approximate analysis. Similarly, the contri-
butions of the next five modes to the roof's overall motionare relatively
small and they remain undetected on the roof. In general, the relative
modal contribution to the response of an individual face depends upon

the relative frequency and magnitude of the box modes affecting that face.

Fig. 4.7 is typical of the model’s accekration response at low
excitation frequencies. This figure shows that all the faces' acceler-
ations decay before the wave reflected from the shock tube’s opening
reaches the model. The effect of the simulated boom's reaf shock
front cannot be absolutely determined because of interference from
the reflected wave. Due to the model's symmetry, similar trends exist
for both the simulated and reflected waves leaving the model.
Consequently, the accekrations will not suddenly increase when the

simulated boom leaves the model. Although the accelarations increase
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due to the additional forces of the reflected wave, they are still
generally smaller than the initial accelerations. Hence, the model's
absolute peak accelerations will tend to occur before the reflected

wave reaches the model.

The combined effect on the model of both the incident and
reflected waves is representativé of the situation where a building
is situated close to the prototype structure. In practice, there
can be any number of reflected waves from nearby buildings affecting
the prototype's. response. Their effects will mainly depend upon the
distance and orientation of the buildings from the prototype
structure. The prototype'’s response will not have decayed to any
extent before the reflected wave reaches it if the building is
closely situated. Consequently, the response will increase above
that due to the incident boom alone. In general, the magnitude of
the increase will depend upon the relative direction and position of
an individual face's motion when the reflected wave reaches the
prototype structure. If the building is not close to the prototype,
the overall response characteristics will be similar to those of the

model .

Halving the rise time TR of nominally identical booms produced
by the 7 ft driver nearly doubles the front face's peak normalised
accelerations. The peak accelerations of the other faces are relatively
unaffected. Thus, apart from the front face, Figs. 4.8, 4.10 and k.11
show that there is little difference in the closed modelfs peak
accelerationg at low excitation frequencies, for different angles of

incidence of nominally identical booms.

Fig. 4.7 and Table 4.4 show that, apart from the initial high
frequency burst, the higher modes are not excited. When the boom's
wavelength is much greater than the model®s dimensions, the direct
forcing of the pressure wave provides a much greater comntribution to
the box's generalised forces than the forces due to its convection.

The boom is similar to a uniform step pressure which acts lnstantaneously
on each face. Such a pressure will force the box to vibrate in its

lowest modes. The main difference between the model's responses will be
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due to fhe uniform pressure not exciting the antisymmetric box modes.
Figs. 4.8, 4.10 and 4.11 show that these antisymmetric modes are
usually insignificant. The greatest discrepancy occurs for the West
face at swall angles of incidence relative to this face. In these
cases the West face is predominantly affected by the second mode.

Fig. 4.13 shows this mode to be antisymmetric.

Figs. 4.10 and L4.11 show that, for the lowest excitation
frequencies, the theoretical peak accelerations computed for a unit,
instantaneous step pressure on all faces give upper values for the
accelerations of all except the experimental model's front face, at
small angles of incidence. The greater response of this face is
probably due to the effect of pressure doubling on it. In computing
the theoretical values, the material properties of Xylonite were
taken to be

5

E = 3.1 x 10° 1b/in® ; by = 1818 x 1072 1v/in® ;

v=0.39 and g =0

for the mathematical model which is described in the introduction of
Chapter'S.

Fig. 4.7 shows that the internal pressure-time history is similar
to that of the simulated boom when the latter is forcing the model.
A frequency which corresponds to the fundamental box mode 1s superimposed
on the internal pressure wave's general form. This mode will tend to
dictate the model's mean displacement. Both these observations indicate
that the internal pressure is a function of the model's mean displace-

ment during the forced vibration period.

The closed model's fundamental mode is shown in Fig. 4.13 to have a
predominant roof motion. Hence the motion of the roof will tend to
dictate the model's mean displacement. But the roof’s response is
insensitive to changes in the simulated boom's angle of incidence 6°
(Fig. L4.11). Consequently itis not surprising that Fig. 4.9 shows that
the peak internal pressure is also insensitive to changes in 6 for very

low excitation frequencies.
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The closed model’s. stiffness is much greater than its internal
acoustic stiffness (n < 0.1). Both Pretlove (23,24) and Lyon show
that in this case the internal pressure would have little effect on

the model's. response.

4.3.4 Closed model's. response at intermediate excitation

frequencies

The important factor, which changes with decreasing wavelength of
a simulated boom, is the relative contributions of the convection and
direct pressure forces to the model’s generalised forces. At intermed-
iate excitation frequencies, the simulated boom's wavelength is usually
of the same order as the model's physical dimensions. However, for the
2 ft driver the simulated boom's wavelength is still three or four times
the model’s greatest dimension. Hence the boom's convection has only
a marginal effect on the closed model®s response. Thus Table 4.4 shows
that the first six box modes are predominantly excited again although
some higher modes are observed on the roof and, for 6 # 0° or 900a on

the side and back Ffaces.

Fig. 4.8 shows that when the excitation frequency is similar to
the fundamental box frequency (denoted by I) there is a large upsurge
in the model's accelerations. It is anticipated that there will be
similar upsurges in the accelerations when the excitation frequency

corresponds to the other natural frequencies of the model.

Fig. 4.6 shows that, during the forced vibration period, the form
of the internal pressure wave does ndt follow the simulated boom to
the same extent as before. Even so, it still depends upon the closed
model’s mean displacement. The mean displacement becomes increasingly
dependent upon the side faces! motions at the higher intermediate
excitation frequencies. Thus the fundamental mode no longer dictates
the detailed form of the internal pressure-time history in Fig. L.6.
Large rises in the magnitude of the internal pressure (and the model's
mean displacement) occur (Fig.L4t.9) when the excitation frequency T

N

has values similar to the first, ST., and the second natural frequencies

1
of the closed model. There is a significant drop in the peak internal
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pressure for excitation frequencies between these two values. The

overall peak internal pressure in the intermediate frequency region
of Fig. 4.9 gives the maximum value of n to be less than 0.1. Thus
the internal pressure should not generally affect significantly the

response of the closed model at intermediate excitation freguencies.

4.3.5 Closed model’s response at high excitation frequencies

Fig. 4.5 shows that the lower modes still dictate the closed
model’s oversall acceleration characteristics at high excitation
frequencies, even though the higher modes are excited. The acceleration
in each mode is approximately proportional to that mode's generalised
force and the inverse of the mode's generalised mass. The generalised
mass of a simply supported plate is constant for 2ll modes whereas the
generalised force for the (m,n)th mode is inversely proportional to the
product mn (9). Thus the generalised forces (and hence the accelerations)
are greatest for the lowest modes so that these are still predominantly
excited. Similar observations will be applicable to the model if each

face may be considered to be analogous to a simply supported plate.

The most striking feature of Table 4.k is that the predominant
~frequencies bear no resemblance to the high excitation frequencies,
which are generally greater than 600 c.p.s when produced by the 3 in

and 6 in drivers. Consider, for example, the cases where 6 equals 90°
(West face normal). None of the modes which correspond to even multiples
of the fundamental convection frequency will affect the motion of the
centres of the individual faces. Fig. 4.13 shows that, in the direction
of the boom's propagation, modes 1, 3, 4, 5, 6 and 12 have shapes which
are similar on at least one face to the assumed mode shape of the
fundemental convection freciuency. Only modes L4, 6 and 12, however,

have the same shape on the roof, North and South faces. Table L.k
indicates that, on these faces, the experimental frequencies of the
accelerations are similar to the computed nabtural frequencies of

the last three modes. The lower frequency modes are still

predominantly excited for the reasons already discussed.
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The excited modes have been shown to be dependent upon the simulated
boomfs convection forces. These forces depend upon the boom’s angle of
incidence. Hence the model’s response depends upon the simulated boom's
angle of incidence for high excitation frequencies. Higher modes are
excited which tend to cause the model to have less correlation between

its individual faces and to increase its peak accelerations.

It is difficult to generalise about the peak internal pressure for

high excitation frequencies due to

(a) the lack of experimental data, and
(b) the closed model's natural frequencies® being so

closely spaced within certain frequency ranges.

4.3.6 Open model's response

The main effect of introducing an opening in one of the closed models’
side faces is to increase substantially the magnitude of the intermal
pressure due to a given simulated boom. The open model acts as a Helmholtz
resongtor. Given the model and opening dimensions and assuming all its
faces are rigid, the Helmholtz frequencies can be determined using standard
theory (38). They are given in Table L4.5. This standard theory may be
used even for the highest excitation frequencies and the largest openings.
(The accuracy of the.standard theory usually deteriorates when the model's

dimensions are not small compared with the wavelength of the simulated boom).

The internal pressure-time history not only follows the boom at low
excitation frequencies but also has a contribution from the Helmholtz
effect. The 7 ft driver in Fig. 4.12 illustrates this point for a 6% x 3"
opening. Thus, during the forced vibration period, the internal pressure
is a function of the open model's mean displacement and the Helmholtz
effect. During the subsequent free vibrations, it is mainly created by
the Helmholtz effect. The internal pressure is similar to that already
discussed for excitation frequencies which are much greater than the
Helmholtz frequency. However, it depends upon the open model's mean

acceleration rather than its mean displacement.

The overall peak internal pressure occurs for intermediate

excitation frequencies. The critical factor at these excitation frequencies
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is the similarity of the excitation and Helmholtz freguencies. Conseguently,
for a given excitation frequency, the peak internal pressure depends upon
the size of the opening because the Helmholtz frequency depends directly

upon the opening's dimensions.

When the opening i1s in a face which is parallel to the boom's
direction of propagation, the cantilever action for the open model is
more noticeable than for the closed model. This action is particularly
marked when the East face is removed. Its contribution to the model's

overall response remains relatively small because it is guickly attenuated.

Introducing an opening into the closed model changes the ratio of
its natural frequencies to the excitation and fundamental convection
frequencies. The peak saccelerations of the open model, however, still

have the same general trends as those of the closed model.
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CHAPTER 5

COMPARISON OF THE THEORETICAL AND EXPERIMENTAL MODEL RESULTS

The inaccuracies and limitations inherent in an idealised mathematical
model can only be assessed by comparing the results from this model with
experimental values. Thus the errors associated with the experimental
results must be known in order to assess the mathematical inaccuracies.

The boom and prototype structure’s parameters vary with weather conditions
in an undetermined manner. Hence, for the purpose of comparison, experi-
mental results under controlled laboratory conditions are preferred to
field results. However, the usefulness of any model can only be assessed
by comparing the model results with field results observed on actual
buildings.

The 6 in and 2 ft driver results suffer least from the experimental
limitations. The simulated booms produced by these drivers are idealised
to booms which correspond to intermediate excitation frequencies for the
closed theoretical model. The 6 in driver was chosen so that the computer
time was minimised. The experimental free field pressure—time history,
produced by this driver, was idealised as the broken lines shown in Figs. 5.1
and 5.2. The theoretical pressure-time history around the mathematical
model was then formulated as in section 3.2.2. This idealisation was always
used in the formulation of the mathematical model's forcing function for
convecting booms. A symmetrical N-wave, which has zero rise and fall times,
is only introduced in section 5.2 so that the effect of small changes in a
sonic boom's pressure-time history on the zeros of its frequency spectrum
can be assessed.

It was found that artificial discontinuities in the mathematical
model’s forced response were created by subdividing the finite elements
into smaller segments. These discontinuities correspond to the discon-
tinuous time history of the theoretical forcing function as the boom
travels across the segments of a finite element. They were eliminated by
assuming a linear pressure rise and fall over the complete finite element.
In this case, the theoretical boom's wavelength is only twice the largest
dimension of an element. This could invalidate the assumption that the

boom effectively acts normally to the finite element. This problem is
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discussed in the present chapter.

The mathematical formulastion of the closed experimental model is
similar to that described in section 2.3. The open mathematical model
is essentially the same as the closed model but with one of the 12" x 7"
faces completely removed. The base edges of both the open and closed
mathematical models are always considered to be fully fixed. The material
properties, which are assumed for either model, are shown in the relevant
figure. It should be noted that the damping is always assumed to be zero
for both models. The idealised simulated boom is fixed at zero incidence
to one face so that the storage difficulties, which are described in
section 3.3, are minimised. Apart from section 5.5, where the boom's angle
of inclination ¥ is varied, ¥ is taken to be at 90O to the horizontal.
Details of the model's. configuration with respect to the boom are given
in Fig. L.2.

Results are computed for different Young's moduli of the mathematical
model in order to indicate the effect on the experimental model of its
stiffness variation with frequency. Once this effect has been assessed
for the experimental response, the only other extraneous effect - that
due to the internal acoustic pressure - is isolated. Hence this effect
can be quantitatively estimated. Nelther of these effects can be absolutely
determined because errors are introduced by the mathemgtical idealisation
of the experimental model. They can only be estimated by showing that the
mathematical model is a reasonable representation of the actual model. This
is shown to be the case.

Subsequently, the effects of the antisymmetric box modes, and the idealised
boom's. convection and changes in the angle of inclination are assessed for the
closed model. Then the effect of introducing a structural discontinuity (an

opening) into the closed model is discussed in detail.

5.1 Effect of the variation in the Young's modulus of Xylonite

Figs. 5.1 and 5.2 compare the compubed accelerations of the closed model
for the same N-wave bub two different Young's moduli of Xylonite. The mathematical
model assumes that a particular Young's modulus is constant for all modes.
Although the ratios of consecutive natural freguencies vemain the same for both
systems, the difference in any two frequencies of one system is obtained by
multiplying the corresponding difference of the other system by a constant

factor. This factor is the square root of the
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ratio of the different Young's moduli. The Young's dynamic modulus
however, varies with frequency so that this property varies for different
modes. Hence the experimental box's actual modal spacing differs from
that of the mathematical model. The mathemetical model should indicate
the effects on the experimental box of these variations.

Due to differences in the assumed and measured values of Xylonite's
Young's modulus and density, the egquivalent theoretical Young's modulus,
Equ should be

passumed
Eeq = Emeasured 5 (5.1)
measured
for the experimental and mathematical models to have eguivalent natural
frequencies. Eeé'will have the same variation with frequency as the
measured Young's modulus because both densities are independent of fre-
quency. Thus Eeq varies between 3.1 and 3.5 x lO5 lb/in2 in the
frequency range indicated in Table 4.1. Differences in the theoretical
results (computed assuming constant values of 3.1 and 3.9 x 10° lb/ing)
due to the different modal spacings should be at least as great as the
experimental differences.

Different Young's moduli of the mathematical model change the ratio
of the model’s matural frequencies relative to the excitation freguency.
This changes the relative contribution of the individual modes to the
model's transient response. Both Figs. 5.1 and 5.2 show that the accelera-
tion characteristics of the mathematical model do not differ significantly
for small changes in this ratio. The theoretical curves for each face
have the same form but with a time difference due to the frequency shift
associated with the change in Young's modulus. Also, the acceleration's
amplitudes remain the same. The magnitude of any mode's acceleration is
approximately proporticnal to the stiffness and displacement of that mode.
However, the displacement is roughly proportional to the inverse of the
stiffness so that the two factors compensate each.other. The displacement
magnitude will decrease in any mode for incfeasing stiffness (Young's
modulus ) in that mode. Hence the overall displacement magnitude of the
mathematical model will decrease because the stiffness increases in each
mode. The corresponding effect on the experimental model will not be so

marked because the stiffness can either increase or decrease for any mode.
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If the natural frequencies of the box modes are widely separated,
any small frequency shift of these modes relative to the excitation fre-
quency will make little difference to the individual modal contributions.
The variation of the experimental model's stiffness with frequency is
approximately 6% whilst its average modal spacing is about 83 c.p.s.
Consequently, the stiffness variation makes little difference to the
model's overall response. Detailed differences could occur when relatively

close modes,having similar mode shapes,are predominantly excited.

5.2 Effect of the internal pressure at intermediate excitation frequencies

The mathematical model neglects the internal pressure so that a
direct comparison of the theoretical and experimental accelerations should
indicate the significance of the internal pressure. If the internal
pressure is significant, only the model's volume displacing modes will be
affected at Intermediate excitation frequencies. The side faces respond
equally in volume and non-volume displacing modes. Thus the effect of
the internal pressuré on these faces 1s minimal and can be safely neglected
(n = 0.07). The roof's centre only responds in volume displacing modes.
Although it is more affected than the side faces, low internal pressures
can usually be neglected. Under certain circumstances however, even low
internal pressures can be significant. These circumstances are outlined
next and then a specific example is considered as an illustration.

Craggs (9) has shown that the free response in any mode is small
if the sonic boom has a small frequency content at that particular mode's

frequency. That is

—iwnt
0 = p(t)e dt
D, P
where () (T - (2 +§-)t} 0O<tgT
o
p(t) =
0 | >T (5.2)
for a simplified N-wave with zero rise and fall times(i.e. Tg = O and
T, =T,= T in Fig. 3.1(a).) '

1 2
Integrating by parts gives
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RS p2 - (p - l)f2 ~ ipgf
2.2
p-+ (p~21)°f
P 27w
where p =1+ — 3 1 and £ =uw T = = (5.3)
X -_— 14 - - ° »
Po . “W
Equating real and imaginary parts gives
2 2 2
cos f = B-—— — l)é 5 and sin f = — p I 57
+ (p - 1)°F p- + (p-1)°F
p # 1. (5.4)
Providing cos § # 0, egquation (5.4) reduces to
tan (£/2) = £/2 , p# 1.
1+2(p~-1)(p~2) (_i:)g (5.5)
p2 2

Consider two slightly different sonic booms in order to determine
the effect of small changes in a boom's pressure-time history on the zeros
.of its frequency spectrum. For convenience, these zeros will be called the
boom's zero pressure components. The two booms correspond to a symmetrical
N-wave (p = 2) and to an idealised experimental boom produced by the sonic
boom simulator. The latter boom is shown as the broken lines in Figs. 5.1
and 5.2.

When p = 2, equation (5.5) reduces to

tan (£/2) = (£/2). (5.6)

To an engineering approximation, the roots of this equation are given by

5]

2n + 1
—u.?. ™ ___l’_l___z___ n=1,2, 3, cos . (5°7)
)

This implies that the symmetrical N-wave has zero pressure components at
those frequencies which correspond to an odd number of half the wave's
fundamental frequency.
Tor the idealis,gﬂ\goom9 p = 4/3 so that equation (5.5) becomes
- _N f/2 .
tan (£/2) = ~+HF—— (5.8)
2 2
1- ) ‘

£
—~
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The roots of this equation are approximately given by
o n n = 25 3, l{-:, ) (5°9)

Both (5.7) and (5.9) are better spproximations for large n.

A direct comparison between these equations shows that slight deviations
in the boom's pressure~time history can give significant variations in
the zero pressure components.

Fig. 3.3 indicates the form of the freguency spectrum of a theoreti-
cal N-wave with a non-zero rise time. It can be seen that the spectrum
has large pressure components on either side of a zero pressure component.
Hence, a small frequency shift in this region produces a large variation
in the magnitudes of the pressure components. The extent to which any
particular structural mode is excited depends upon the magnitude of the
sonic boom’s pressure component at that mode’s freguency. If the fre-
guencies of a box mode and a zero pressure component of the boom nearly
coincide, then the model's response in this mode will be extremely

sensitive to small changes in the boom , internal pressure and model

H
parameters. The overall response of the model however, will only be

affected significantly if any face predominantly vibrates in this mode.

To illustrate this point, consider the accelerations shown in Figs. 5.1

and 5.2. There is good agreement between the theoretical and experimental
accelerations of all the faces, except those of the roof in Fig. 5.1 during
the free response. Even so, the roof's theoretical and experimental
accelerations have similar frequency contents so that the discrepancy is

not due to the mathematical idealisation of the experimental model. A
comparison of the two experimental pressure-time histories indicates that

the one in Fig. 5.1 has a lower frequency component (about 330 c.p.s.) than
the one in Fig. 5.2. Using equation (5.9), the first zero pressure component
of the first boom's spectrum occurs at about a frequency of 2 x 330) , or

660 c.p.s. This value is only approximate as the effect of the rear rise

time (T —Tl) has been neglected. It indicates however that the Tirst zero

2
pressure component of the simulated boom in Fig. 5.1 occurs at a lower
frequency than that in Fig. 5.2 because the rise times of the two booms are
similar. TFig. 4.13 shows that the closed model‘s fifth mode (at 488.% c.p.s.)

is the closest frequency structural mode to 660 c.p.s. which also affects the
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motion of the rooffs centre. Thus, of all the box modes which affect the
motion of the rooffs centre, this mode is the one which is most sensitive
to small changes in the boom's frequency spectrum. All the other faces?
accelerations have a small frequency content corresponding tothis mode
during the free vibration period. Fig. 4.13 shows that this mode dictates
the motion of the roof!s centre but has little effect on the other faces’
centres. This is Dbecause the box modes affecting the roof's centre are
more widely spaced in frequency than the modes affecting the centres of
the other faces. Consequently slight differences in the experimental and
theoretical boom's frequency spectra could give marked differences between
the roof's experimental and theoretical free responses, with little difference
in the other faces' responses.

If the particular mode is volume displacing then the internal pressure
increases this mode's natural frequency relative to the excitation
frequency. As the fifth mode is volume displacing, the internal pressure
could also be a contributpory factor to this difference - even though its
magnitude is still small.

5.3 Comparison of the theoretical and experimental acceleration-time
histories

Investigations to supplement the scarcity of information on the
precise waveform details as a simulated boom moves over a rectangular
model are now being undertaken. Preliminary investigations have shown (37)
that the pressure~time history on the front face of a closed rigid model,
having the same dimensions as the Xylonite model, differs significantly from
the free field pressure signature. It mainly coansists of two sharp, positive
impulses at the front and rear of the shock wave. Between these impulses
is a rounded signature enveloping approximatély the same negative impulse
as the free field waveform. The pressure-time histories on the remaining
faces of the rigid model are similay to the free field waveform.

The free field waveforms produced by the sonic boom simulator were
idealised_as the broken lines shown in Figs. 5.1 and 5.2. The theoretical
pressure-time history around the mathematical model was formulated as in
section 3.2.2,using four equal finite elements per individual face. Despite
the approximations of this theory and the variation in the experimental
model's Young's modulus, a comparison of the theoretical and experimental

accelerations shows reasonable overall agreement. The causes of the differ-



ences depend upon the position of each face of the model relative to
the incident boom's shock front. They will now be enumerated.

The greatest discrepancy between the theoretical and experimental
accelerations occurs on the closed model's back face. It is due to
inadequacies in the mathematical model and the theoretical description
of the forecing function on this face. All in-plane motion of the
individual faces has been neglected in the mathematical model. Thus,
the initial high frequency effect of the longitudinal waves is not
apparent in the theoretical accelerations. This high frequency com~
ponent quickly disappears from the experimental accelerations, and 1s
replaced by much lower frequencies, when the simulated boom directly
forces the back face. The discrepancies are then generally the greatest.
They are mainly due to the inadequate theoretical description of the
experimental forces.

The differences in the forced response of the front face are due
to the over-simplification in the theoretical idealisation of the experi-
mental pressure-time history on this face. The second peak of the
experimental acceleration is greater than the corresponding theoretical
value, due to the experimental boom's quicker release of positive pressure.

he magnitude of the subsequent experimental peak depends upon the matching
of the second positive impulse with the front face's motion. Providing

the theoretical and experimental displacement and velocity conditions are
similar when the boom completely leaves either model, the subsequent free
responses show no further deterioration in agreement. It should be pointed
out that the mathematical model had no damping. As the critical damping
ratio of Xylonite is about 3%, the experimental free response should, and
does, decay much faster than the theoretical response.

The experimental and theoretical accelerations of the roof and side
faces, parallel to the boom's direction of propagation,show reasonable
agreement; the theoretical foreing function being more realistic on these
faces. All these faces are at grazing incidence to the boom. If the
theoretical assumption that the forcing function effectively acts normally
to each face of the model i1s invalidated, the responsesof these faces would
show the greatest inaccuracies. This is not the case. Consequently, the
assumption is a reasongble approximation even when the boom's wavelength

is only twice the largest dimension of any one finite element. But no
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sighificant reduction in the number of finite elements was found to be
possible in the theoretical idealisation of the experimental model. Any
reduction resulted in an inadequate theoretical description of the hormal
modes which dictated the. experimental model'g response.

It is concluded that the differences between the theoretical and
experimental accelerations of all the model's faces, except the back face,
are sufficiently small to be acceptable. The discrepancy on the model's
back face is mainly due to the inadequate theoretical description of the
experimental forces on this face. The theoretical model is sufficiently
flexible, however, to allow for any forces when more detalls of the boom's
flow over the'mddel are known. But, for éonvenience, the simplest finite
element idealisation of the experimental model is used so that the back
face's theoretical response is usually neglected.

5.4.1 Variation of the theoretical accelerations and displacements
on the front face, at intermediate excitation frequencies

A comparison of Figs. 5.2 and 5.3 shows that points in Fig. 5.3
which are away from the centre of the West (front) face, are more
affected by the model's higher freguency box modes than the centre
point (which is shown in Fig. 5.2). These modes are not necessarily
the antisymmetric box modes. Their fréquencies roughly correspond .
to integer values of the fundamental convection frequency, while their
mode shapes indicate a large degree of coupling between the individual
faces of the model. Thus these effects are essentially due to the
boom's convection over the model exciting the isochronous box modes.
The theoretical model assumes that the boom is only convected over the
roof and side faces (the North and South faces) for zero incidence rela- -
tive to the front face. Consequently, the front and back faces will only
be affected by those isochronous box modes which have a largebdegree of
coupling between these faces and the roof and side faces. The centre of
the front face is less affected than the other points of this face because
the shapes of the isochronous box modes indicate a relatively small response
at this point. The effect of these higher frequencies is to substantially
increase the acceleration magnitudes. Fig. 5.3 shows that the higher fre-

quencies do not affect the displacements of the front face. They are still

dictated by the lower modes.
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5.4.2 Significance of the antisymmetric modes for intermediate
excltation frequencies

It is sometimes convenient to simulate a wave moving over a model
by similar waves acting simultaneously and normally to each individual
face of the model. Each of the simultaneous waves is assumed to have
the same free field pressure-time history as the travelling wave,but to
act directly on only a single face of the mathematical model. As each
of the simultaneous waves is acting normally to a particular face,
pressure doubling is assumed to occur on each face. Other than this
doubling factor, the pressure-time history on each face of the mathe-
matical model due to the simultaneous waves, is identical to its free
field pressure~time history. The theoretical conVecting wave,vhowever,
only has a pressure doubling effect on the front face. (See section
3.2.2.). Also, the simultaneous waves are not convected over the model.
This situation is a theoretical idealisation of an experimental model
enclosed within a booth which has loudspeakers producing waves from each
face.

A convecting wave will excite all the box modes whereas the non-
convecting waves, which act out of phase on the opposite side faces,will
only excite the doubly-symmetric box modes. Hencé the degree of correla-
tion between the mathematical model's response for the two simulations
will depend critically upon the significance of the antisymmetric box
modes. It has been found by experiment that the antisymmetric box are
more likely to be exclted by high and intermediate excitation frequencies
than by a low excitation frequency. Thus the more severe case of a
theoretical convecting wave which corresponds to an intermediate excitation
frequency (for the particular mathematical model under consideration) is
assessed in this section. This wave is identical to the idealised experi-
mental boom, (broken lines in Figs. 5.1 and 5.2) which is discussed in the
previous two sections. The significance of the antisymmetric box modes for
low excitation frequencies 1s subsequently discussed in the next section.
Experimental convecting waves are then compared with a theoretical uniform
step pressure which acts instantaneously on all the mathematical model's faces.

Fig. 5.4 shows that more modes are excited by the convecting wave
than the five simultaneous waves. Their frequencies are similar to the
natural frequencies of those box modes which have a shape corresponding to
the assumed shape of the appropriate convection frequency. The effect of

these modes is much greater on the accelerations of the roof and side faces
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parallel to the travelling boom's direction of propagation. Figs. 5.5 and

5.6 show, however, that the displacement and velocity of each face is unaffected
by these higher frequencies. Using the results of the last section, it is
concluded that the antisymmetric modes, excited by the boom's convection over

the model, significantly affect all the faces' accelerations. They do not

affect the faces' displacements and velocities.

It is important to simulate the model's peak response because this
parameter is used in the simple damage criterion of section T.4. Unfortu-
nately it is difficult to generalise about the magnitude of the model's
response to either form of excitation, because it is determined, at any
instant of time, by the relative amplitudes, phases and frequencies of the
excited modes. As the West face predominantly vibrates in the same modes
when acted normally upon by both forms of excitation, there is relatively
little difference in the magnitude of the two responses. Conversely, the
two correspondiﬁg responses of the North face show initial agreement and
then diverge. This is because the effects of the antisymmetric box modes
are more prominent on this face. Figs. 5.4 to 5.6 show that the magnitude
of response of the side faces to the convecting wave is greatest when they
form the model's front face which is acted upon normally by the wave.
Similarly the roof's response is greater for the five simultaneous waves
(as one of these waves is aéting normally to the roof) than for the grazing

incidence of the convected wave.

A closed experimental model usually contains a gas so that either form
of excitation would create a pressure disturbance within the model. But the
effect of this disturbance has been neglected in the theoretical model.
Thus, providing the internal pressure is insignificant, it is possible to
simulate the experimental model's displacement and velocity characteristics
due to a convecting wave with non-convecting waves. These characteristics
are unaffected by the high frequency, isochronous box modes excited by the
wave's convection. A detailed knowledge of the experimental model's natural
frequencies and mode shapes must be known before attempting a similar simula-

tion for the accelerations.

5.4.3. Significance of the antisymmetric modes for low excitation
frequencies
Fig. 5.7 shows that an experimentally simulated boom, which corresponds

to a low excitation freguency, only excites the modelfs lowest modes ~ even

though 1t travels over the closed model. Even the accelerations are unaffected
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by the higher modes associated with the wave's convection. Experimental
acceleration~time histories of & given face have the same form irrespective
of the wave's angle of incidence. The only difference is a time lag
associated with the difference in times for the shock front to reach the
point under consideration. This implies that those modes with a large
degree of coupling between adjacent faces are predominantly excited.

Fig. 4.13 shows that these modes are the doubly-symmetric modes. Hence
the antisymmetric modes tend to become unimportant for low excitation
frequencies. Consequently, the experimental and theoretical accelerations
(due to thé instantaneous, uniform step pressure) generally agree because
the wmiform pressure will only excite the doubly-symmetric modes. ‘

The uniform step pressure acts normally to each of the mathematical
model's faces. Hence the model'’s mathematical peak accelerations are
greater for the uniform step pressure than for the idealised convected
wave. They are still only half the value of the peak accelerations due
to the five simultaneous waves because of the push-pull effect of these

Waves .

5.5 Effect of changing the boom's angle of inclination

The effects on the closed mathematical model's displacement and
accelerations of independently varying the idealised boom's angle of
inclination are shown in Figs. 5.8 and 5.9. The North face is assumed to
e acting as the model's front face. The boom's shock front always remains
at zero incidence relative to this face. The theoretical free field pres-
sure-time history is taken to be the same as the idealised experimental
boom which is shown as the broken lines in Figs. 5.1 and 5.2. As the exact
pressure distribution around the model is not known, it is assumed to lie
between the two cases of pressure doubling on the front face alone and
pressure doubling on both the front face and roof. All the remaining faces
are forced by the free field's pressure-time history. It can be seen from
equation (3.22) that decreasing the angle of inclination Y increases the
wave's trace speed VTo Thus, for the same model configuration, the boom's
fundamental convection frequency is increased.

The 300 and 60O booms excite the same low frequency box modes as the
normally inclined boom. Different high frequency modes are superimposed on
the model’s‘overall accelerations. The frequencies are similar to integer
values of the fundamental convection frequency. Figs. 5.6 and 5.9 show that

the Taces' displacements are unaffected by these high frequency modes.
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The greatestresponse of any face has been experimentally shown to ocecur
when the simulated boom is acting normally to that face. Consegquently, the
roof's pesk response should tend to increase whilst the side faces' pesk
respounses should tend to decrease with decressing angle of inclination.

The theoretical results do not generally vindicate these trends for a
given pressure distribution. The pressure distribution around the model
will change for different angles of inclination so that the true model
response will depend upon the actual pressure distribution. Hence the
theoretical results only approximate the true response but the general

_observations still apply.

5.6 Effect of introducing a structural discontinuity

A comparison of Figs. 4.13 and L.1L shows that the theoretical,
in-vacuo mode shapes and natural frequencies change significantly when
the East face is removed from the closed model. It can be seen from
Figs. 5.2 and 5.10, however, that the same theoretical boom still excites
similar frequency modes. These modes, which dictate the overall response
at intermediate excitation frequencies, have natural frequencies which are
similar to the excitation frequency. Thus, the degree of matching between
the model's natural frequencies and the excitation frequency is the most
important single parameter for intermediate excitation frequencies.

The open model's fundamental natural frequency is about half that of
the closed model. But, due to the free edges of the opening, the assumed
wavelength of the equivalent sine wave (which is at right angles to a free
edge) of the fundamental open box mode is twice that of the closed model.
Or, the open model's fundamental convection frequency in this direction is
half that of the closed model. Thus the ratios of the theoretical boom's
fundamental convection frequency to the open and closed model's fundamental
natural frequencies are approximately the same when the West face is normal
to the boom's direction of propagation. In this case, Figs. 5.2 and 5.10
show that the theoretical boom's convection excites the high frequency modes
only slightly more for the open model than for the comparable closed model.
A contributory factor towards this difference could be created by the open
model having slightly greater structural coupling between its faces than
the closed model.

The open model’s theoretical and experimental accelerations (Fig. 5.10)
show good agreement. The major differences are an increase in the experi-

rental peak normalised accelerations and a frequency shift between the two

70



acceleration~time histories of the West face. The corresponding closed
model case (Fig. 5.2) shows that there are comparable differences between
its theoretical and experimental accelerations. But the internal pressure
has 1little effect on the closed experimental model’s response. Hence the
differences in the open model's experimental and theoretical accelerations
are inherent in the structural idealisation of the experimental model.
The closed model's peak normalised accelergtions are generally greater

than corresponding open model values because of additional forces on the

closed model's back face.

5.7 Conclusions

Reasonable theoretical estimates of a model's response to a
travelling wave can usually be obtained with a minimum description of the
wave and model characteristics. The experimental model's stiffness varia-
tion with frequency does not affect the model's overall response because
its natural frequencies are widely separated. Thus the main difference
between the theoretical and experimental results is due to the inadequate
theoretical description of the boom's flow over the experimental model.
This flow is most complicated over the model's back face so that this face
has the greatest discrepancy. It should be emphasised, however, that the
mathematical model is sufficiently flexible to allow for any flow when
more deballs are known.

The internal pressure does not usually affect the closed model's
response significantly at low and intermediate excitation frequencies.

The model's response 1is extremely sensitive to small changes in either

the travelling wave, internal pressure or model characteristics when the
travelling wave has a zero pressure component at a frequency which corre-
sponds to the natural frequency of a significant box mode. Then even small
changes in the details of the travelling wave and internal pressure will be
significant.

It has been shown that normally acting, non-convecting waves will
generally give a greater model response than a similar single wave travelling
over the model. The model's accelerations are much more sensitive to the
higher frequencies associated with the wave's convection than either the
displacements or velocities. Consequently, it is possible to simulate the
model's displacements and velocities, due to . a travelling wave,with
non~convecting waves. A detailed knowledge of the model's naturai fre-

quencies and mode shapes must be known before attempting a similar simulation

for the accelerations.
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The most important parameter,at intermediate excitation frequencies,
is the degree of matching between the frequencies of the box modes and the
excitation frequency.

If the internal pressure remains insignificant, the open modelfs peak
response, to the same boom will be less than that of the closed model. This
effect is due to the additional forces on the closed model's back face. It
will only remain true so long as there is reasonable structural coupling

between individual faces of the model.
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CHAPTER 6

FULL SCALE STUDIES

Resonance tests were conducted on a single brick wall in order to
assess the validity of the assumption that it behaves like a plate.
Subsequently, the natural frequencies and mode shapes of a full scale
structure were investigated as a preliminary stage to evaluating its
transient response to a sonic boom. Difficulties encountered in the
investigation are enumerated in this chapter. Data acquisitiou
techniques which are required to evaluate the structure's transient
response are then briefly described together with their associated
problems.

Sonic booms were simulated with explosive charges. The repeatability
of these simulations was checked. Then the structurefs response to
various forms of simulations was evaluated in order to determine the
importance of exactly simulating the pressure-time history of a sonie
boom. Differences in the responses of the opposite side walls were
appraised in order to test the validity of symmetry assumed for the
mathematical model. The forced and free response of a structural sub-
element to a given simulated boom were compared in order to determine any
important differences between them. Results were then presented for the
response of various structural subelements to different wavelengths and

angles of incidence of the simulated booms.

6.1 Natural frequencies and normal modes of the prototype structure

Webb showed that the natural freQuencies and normal modes of an
individual brick wall could be accurately predicted using a plate theory.
Subsequently, the single storey building (shown in Fig. 6.1) was
harmonically excited in order to determine its natural frequencies and
normal modes. The building had single thickness brick walls with
supporting columns, a plaster board ceiling suspended from equally-
spaced wooden beams and a large window in one of the walls. A sloping
roof was constructed over the ceiling in order to protect it from the

weather. Fig. 6.1 also shows that the test building was situated well
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away from neighbouring buildings in order to simulate free field conditions
as far as possible.

The structure’s natural frequencies were determined from vector
diagrams by a method which was the same as that described in Chapter L.
The resulting natural frequencies are shown in Table 6.1. It was found
that the window's natural frequencies were in close agreement with the
natural frequencies which were theoretically predicted assuming the
window's edge restraints were simply supported. Table 6.1 shows that the
structure’s modal density, a mode every 2.4 c.p.s., was extremely high.
It should also be added that there was a variation of up to 10% in the
structure's natural frequencies. This variation seemed to depend upon
the water content of the brick walls. The profusion of modes together
with the variation in the structure's natural frequencies created
enormous practical difficulties. Conseguently only qualitative
estimates of the structure's mode shapes were made because their
absolute determination proved to be too time consuming.

Experimental and theoretical natural frequencies were compared
as a check on the practical limitations of the idealised mathematical
model. The structure was reduced to its simplest form for the
theoretical analysis in order that the computational effort was
minimised. It was idealised by neglecting the effects of columns,
sills and doors and assuming symmetry about the vertical central plane
which was at right angles to the window. The ceiling’s beam-plaster
board combination was ildealised as a homogeneous, isotropic plate with
the beams contributing the total stiffness of the plate. The plaster
board was assumed to contribute only an additional mass to the total
mass of the beams. The whole building was assumed to be rectangular.
The results were evaluated using 22 rectangular finite elements with
4 unknowns per corner for two different heights of this fequivalent?
rectangular structure. These heights corresponded to the mean height
of the sloping roof (13.625 ft) and the height of the back wall (11 ft).
With these assumptions the box model described in section 2.3 (with the
base edges fully fixed) can be applied. It is interesting to not that
very little information is readily available on the dynamic properties

of building materials. The various material properties of the main
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building components were taken to be :

Material Property

Material v pST(lb/ing) E(lb/ing) a(in)
Glass 0.23 0.0212 10 x 106 0.25
Brick 0.15 0.2473 1.5 x 106 k.5
Wood/Plaster board 0.2 0.0955 1.3 x lO6 5.0

The main application of this box theory is the prediction of the
response of those structural subelements for which the internal acoustic
pressure is usually neglected. This internal pressure mainly affects
the least stiff structural subelements such as the window. It usually
has little effect on the stiffest structural subelements such as the
brick walls and ceiling. Hence the complete window was idealised with
only two finite elements. This idealisation is inadequate to determine
those modes which have a predominant window motion. Table 6.1 shows that
the mathematical model with a mean height of 13.625 £t gives the best
correlation with the experimental results. ZEven so, there are twice as
many experimental modes as theoretical modes. Discrepancies also occur
between the experimental and theoretical natural frequencies and normal
modes in even the lowest modes. A comparison of the two sets of
theoretical results indicates that small changes in the structurefs
theoretical description significantly changes its natural frequencies
and normal modes.

The theoretical box model was further simplified with the assumption
that each face of the full scale structure acts as an independent plate.
Only the natural frequencies of the rear, right and left hand side walls
for those modes which predominantly affect the motion of the centre
points of these faces were computed with the independent plate theory.
The ground edge of each plate was assumed to be fully fixed and all the
remaining edges were considered to be simply supported. Each plate had
material properties which were identical to the properties of the box
model's corresponding face. Then the formulae contained in reference (L6)
can be applied. Note however that the (m,n)th mode defined in (46) is
the same as the (m+l, nt+l)th mode defined in section 2.2.2. Although the

dimensions of the two side plates were identical to the corresponding
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faces of the 13.625 ft high box model; the dimensions of the rear plate
were taken to be the true dimensions of the full scale structure (11 £t x
15 ft). Table 6.2 compares the natural frequencies predicted by the plate
and 13.625 £t high box theories with the experimental frequencies observed
near the centre of the relevant face during the resonance tests. It should
be noted that the box theory gives additional frequencies to those shown
in Table 6.2 These frequencies correspond to those box modes in which

the centre of the particular face has a relatively small motion compared
with the motions of the other faces. The plate theory however gives

no intermediate frequencies because each plate acts independently. Thus
the box theory gives a much higher modal density for the structure than
the plate theory. Neither of these theories however give modal densities
which are as high as that of the actual structure.

Most structural coupling occurred between the opposite side walls
through the interconnecting ceiling beams. Table 6.1 shows that little
coupling was observed during the resonance tests at frequencies below
59 c.p.s. Thus it can be seen from Table 6.2 that the plate theory was
nearly as accurate as the box theory in the prediction of the structure's
lowest natural frequencies. The main discrepancy between the plate and
experimental frequencies occurred for the higher natural
frequencies of the rear wall. The box theory gave much better estimates
of these higher frequencies than the plate theory.

The natural frequencies of the actual full scale structure changed
with humidity and temperature in an undetermined manner. This phenomenon,
combined with the structure’s high modal density, made an accurate
prediction of the structure's natural frequencies and normal modes even
more difficult. Thus gross structural parameters, which only need a
minimum knowledge of the structure's modal behaviour, are required to
predict the possibility of structural damage from a sonic boom. Such

parameters are developed and discussed in the next Chapter.

6.2 Accuracy of data analysis

Due to the full scale structure’s high modal density, better modal
detection techniques are required than the "by eye® method applied to
the experimental model's results. Digital techniques were employed

which represent the time history of a given record in terms of its Fourier
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series. Signals were recorded on-site and analysed at the Data Analysis
Centre, Southampton University. The recordings were digitised by an
analogue to digital converter and analysed onadigital computer. Data
acquisition was initiated by a trigger pulse on one of the tape tracks.
The digital programme was a complete package which displayed automatically
the modulus and phase of the Fourier series in graphical form. To
obtain a convenient display format, the modulus of the Fourier series
was always normalised with respect to its own peak value. In other
words, the relative amplitude scale shown in each frequency spectrum
has no absolute wvalue.

The analogue to digital conversion can introduce two sources of
error. Firstly, a quantization error is introduced by the necessity
of representing the analogue signal with a finite number of binary
digits. The maximum quantization error was less than 0.1% for the
present investigation (39). Secondly, there is an aliasing error.
This error is due to an insufficient number of samples describing
the significant high frequency information. Gertel and Holland (L40)
suggest that

E = 100 (1 - cos-% ) % (6.1)

(where n is the number of digital points per cycle).

This gives reasonable estimates of the maximum aliasing error for a
transient signal. An initial investigation of the transient records
showed that the maximum frequency of interest was 300 c.p.s. Thus
the aliasing error was less than 10% for the least number of digital
points selected. The same authors also suggest that low frequency
variations can be expected when the dimensionless frequency parameter
of the shock satisfies the inequality ft < 1. £ is the frequency in
c.p.s. and 7 is the shock record's duration in seconds. 7t was fixed
at half a second for the simulation of free field conditions because
a significant wave was reflected from a neighbouring bulilding. Thus
low frequency variations should occur below 2 c¢c.p.s. This value is
sufficiently low that the variations cause little concern. |

The resolution (or frequency spacing of the displayed data) of

the Fourier series 1is determined by the inverse of the record's total
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duration 1/t . Hence the resolution is 2 c.p.s. and it is independent
of the sampling rate. Gertel and Holland indicate that there are large
variations in the local maximum and minimum values of the Fourier series’
amplitude which depend upon the selected sampling rate. Only qualitative
estimates were required for the present investigation because it was

only needed to determine those modes which dictated the structure's
response. Hence a sampling rate of 2,500 samples per second was found

to be adequate.

6.3 Repeatability

Sonic booms were simulated using the explosive technique described
in reference 12. Fig. 6.2 compares nominally the same simulated boom
observed on different days. Although measurements were only taken once
a day, they should give some indication of any grave discrepancies in
the weather conditions occurring on different days. These conditions

were observed to be

DAY 1 DAY 2
Wind speed and direction 8 kts. easterly 5 kts. easterly
Humidity (%) 66 57
Temperature (°C) T.5 20
Pressure (mm of mercury) 754.8 750.5

Thus the temperature difference has the greatest variation.

Fig. 6.2 shows that there is little difference between the frequency
spectra of the two booms. The differences could be due to either small
differences in'the atmospheric conditions or differences in the material
and packing of the explosives. Fig. 6.3 shows the corresponding
variability in the frequency spectra of the accelerations of various
structural subelements. It can be immediately seen that the side wall's
spectrun is insensitive to small changes in either the simulated booms or
theweather conditions. On the other hand, the accelerations of the
centre of the glasswindow have markedly different frequency spectra.

The same differences were also reflected in the maximum normalised

accelerations and displacements of these subelements (shown in Table 6.3)
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Although the window was seen to deflect under the action of wind
gusts, the gusts occurred on most days due to the site’s exposed nature.
 Table6.3indicates that the marked differences in the window's response
occurred consistently throughout the two days. This factor can thus
beeliminated. Loosening of the window's supports can also be eliminated
because the greatest responses occurred on the first day. The maximum
normalised internal pressures created by the longest duratién booms
(approximately 200 msecs) are similar. Thus the differences in the
window's responses are not due to the internal acoustic backpressure.
Changes 1in the dynamical properties of glass with temperature, age and
humidity could be contribubory factors affecting the window's response.
Further detailed investigations are necessary however to pinpoint the
root cause of these differences. In particular, the effects of the
non-linear behaviour of glass and its supports should be considered.

Present investigations are confined to the prediction and
analysis of the response of brick walls and ceilings. These subelements

are'relatively insensitive to small changes in the weather conditions.

6.4 Difference in the responses of opposite side walls

Fig. 6.5 illustrates the difference in the frequency response
of the right (RH) and left hand (LH) opposite side walls to a given
simulated boom. It should be noted that the relative amplitude of the
right hand wall (dotted curve) is L45% greater than that of the left
hand wall. This difference was apparent for all the simulated booms
whose shock fronts were at zero incidence to the window.

The maln frequency response of both side walls occurs at about
22 c.p.s. with an additional frequency of 38 c.p.s. being observed
only on the right wall for the nominal 200 msec boom. The greater
overall amplitude of the right hand wall's frequency spectrum for all
zero incident booms is also reflected in its greater maximum normalised
peak accelerations shown in Table 6.3. This difference in the opposite
side walls' responses was also observed during the resonance tests at
the mode corresponding to 23 C.pP.S.

The main differences in the two respbnses occur at low frequencies
in the region of 22 to 38 c.p.s. They are the result of stiffness

differences between the two walls which are due to the different positions
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of the supporting columns and lintels and the introduction of a door
in the left hand wall. It can be seen from Fig. 6.5 however, that
the theoretical assumption of the opposite walls being identical is

a reasonable approximation.

6.5 Comparison of the Mk.I and Mk.II simulated booms

The Mk.I simulated boom corresponds to an 'N'~shaped waveform
whereas the Mk.II boom consists of two distinct positive impulses.
Although the Mk. II boom does not simulate the exact shape of a sonic
boom's pressure~time history, the explosive charges are easier to
prepare and install than for the Mk. I boom. Only two lump charges
are required with a time delay circuit for the Mk. II simulation,
whereas explosive line charges hung lengthways on supporting stakes
are needed for the Mk.I simulation.

Fig. 6.4 shows both types of simulated booms (which correspond
to nominal durations of 200 msecs), together with their respective
frequency spectra. The relative amplitude of the Mk. I frequency
spectrum is 3.9 times greater than that of the Mk. II. The main

differences between the two spectra are :

(1) The Mk. I spectrum has a predominant frequency of 2 c.p.s.
compared with 16 c.p.s. for the Mk. II simulation.

(i1) The Mk. II spectrum contains discrete frequencies whose
amplitudes are similar to that of the predominant frequency.
The Mk. I spectrum, on the other hand, mainly consists of the

predominant freguency.

Fig. 6.4 also illustrates the differences in the acceleration-time
histories of the structural subelements due to the two types of booms.
The accelerations caused by the Mk, IT boom generally attenuate more
quickly during the second cycle due to the gquicker release of pressure.
The overall maximum accelerations usually occur shortly after the second
impulse. This behaviour contrasts with the structure's accelerations
caused by the Mk. I boom. The overall maximum accelerations due to the
Mk. I boom usually occur during the initial forced vibration period -
there is only a slight increase in the attenuated accelerations when

this boom leaves the structure. The overall maximum, normalised
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accelerations of the window and front wall however are significantly
greater for the Mk. I boom. In this case the increased acceleration
of the window creates an increase in the front wall?s acceleration
due to the structural coupling between these subelements. There is little
difference, on the other hand, between the overall maximum normalised
accelergtions of the remaining structural subelements caused by either
boom .

-Although the overall maximum normalised accelerations of the
side walls are relatively unaffected by the different simulated booms,
Fig. 6.4 shows that there is greater differentiation between the
excitation of closely spaced modes for the Mk. IT boom due to its
discrete frequencies. This figure also illustrates the fact that the
high frequency content (over 100 c.p.s.) of either boom does not
significantly affect the structure's response. The high frequency
content is due to the very fine details in the shapes of the simulated
waves. This observation agrees with the similar qualitative assessment
of the model's response to the comparable shock tube generated booms.

It 1s concluded that the general shape of the sonic boom is
important if it is required to determine the accelerstions of the
most flexible structural subelements. If the response of these sub-
elements significantly affects the response of the stiffer subelements
then the general shape of the sonic boom must be simulated. The
general shape of the boom is unimportant however if it is only required
to estimate the overall maximum accelerations of the structure's

stiffest subelements.

6.6 Comparison of the structure’s forced and free response

In order to discover any important differences in the modes
which dictate the structure’s forced and free response it 1s necessary
to compare the relevant frequency spectra directly. A direct comparison
is only possible, however, if they have the same resolution. The
resolution is dictated by the total duration of the sampled record.
Thus, zeros were substituted in place of the free response of the
original signal so that the total duration of the forced response,
plus zeros, was the same as that of the forced response plus free

response. Any differences in the amplitudes of the two frequency
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spectra are then entirely due to the action of the excited modes in the
free vibration period. It must be emphasised that the insertion of zeros
does not increase the accuracy of the frequency spectra. It only gives
equal frequency spacing of the estimated amplitudes.

The frequency spectrum of the forced response plus zeros 1s the same

as that of the forced response alone because :

F T
Flw) = £(6)e ™ av = | p(e)e O a4t
0 0
as £f(t) = 0 Tp <t g1, (6.2)

TF corresponds to the time of the forced response and T is the total time
of the analysed record.

Fig. 6.6 illustrates the differences in the structure's forced
and free response. It should be noted that the relative amplitude scale
of the forced plus free response is 1.58 times greater than that of the
forced response alone. The high frequency content in the structure's
response mainly occurs during its forced response. Although the structure's
damping factor decreases with frequency, the response's high frequency
components complete many more cycles in a given time than the low
frequency components. Consequently, the high frequency content of the
structure's response attenuates much more quickly than the low frequency
content. In fact, the structure tends to vibrate in its lowest modes

during its free response. These modes even dictate the structure’s

accelerations during this period.

6.7 Discussion of the experimental results

Fig. 6.7 illustrates the relative frequency response of various
structural subelements to a Mk.I simulated boom. Observations from

several of these records may be briefly summarised as :

(i) The internal acoustic pressure-time history always has
a similar form to the window's displacement-time history.

Superimposed upon its general form are small pressure
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fluétuations creagted by the effects of the pressure
disturbance within the cavity. Thus the internal pressure
will be coupled. to the window, It does not

significantly affect the response of the ceiling and side

walls.

(ii) A comparison of the results for the nominal 200 msecs
booms which were detonated on the same day (Tables 6.4 and 6.5)
indicates that the window's acceleration is sensitive to the
simulated boom's rise time TR. The window has a greater
acceleration for a smaller rise time. Its displacement and
the accelerations of the remaining subelements however are
relatively insensitive to TR. This phenomenon is in
‘qualitative agreement with the experimental model's response

to the longest duration (7 ft driver) boom.

(iii) The structure acts as a Helmholtz resonator when the
side door is open. The internal pressure disturbance still
mainly affects the window's response. As for the experimental
model, the Helmholtz frequency of T c.p.s. could be accurately
predicted by again assuming all the structure’s boundaries to

be rigid.

It is intended to consider in more detall the response of the window,
celling and right hand side wall to simulated booms which have different
durations (‘I'l - TR) and angles of incidence 6. (0 is measured anticlockwise
relative to the window face). The booms were all detonated on the same day
in order to minimise any possible variation in the subelement's responses
due to different weather conditions. They were designed to have nominal
durations of 40, 100 and 200 msecs. There were variations in these
nominal durations caused by small differences in the explosive material
and its packaging. For convenience, the shortest duration boom will be
referred to as the 40 msec boom; the longest duration boom as the 200 msec
boom; and the intermediate duration boom as the 100 msec boom.

Fig. 6.8 shows that, irrespective of the boom's angle of incidence,
the accelerations of the side walls tend to be dominated by one or two
modes for the 40 and 100 msec booms. These modes are the lowest frequency

modes in which the side walls have a relatively large motion compared with
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the other boundaries. The response of the side walls to the 200 msec

boom differs markedly from that already described. As well as the two
lowest frequency modes this boom forces the side walls to vibrate in
several other modes. This is particularly true at non-zero angles

of incidence when the structure’s antisymmetric modes are excited. The
relative amplitudes of these additional modes depend upon the relative
amplitudes of the simulated boom's frequency spectrum at the frequencies
which correspond to those of the modes. The important difference between
the 200 msec and 40/100 msec booms is due to the 200 msec boom having a
greater time to impart the wave's energy to the structure. Thus the
éubsidiary peaks in the range O to 50 c.p.s. of its frequency spectrum
have a significant effect on the structure's accelerations. Conversely
the structure's displacements and velocities are still mainly affected

by the two lowest frequency modes. Hence, if the structure’s accelerations
are of primary interest, it is important to simulate the pressure-time
history details of the 200 msec and longer duration sonic booms. The

same degree of simulation is unnecessary if only the structure's dis-

placements and velocities are required.

Similar trends to those outlined for the side wall's accelerations
are also observed in Fig. 6.10 for the effects on the window's acceleration
of changes in the duration and angle of incidence of the boom. More
modes are excited in the case of the window due to its greater flexibility.
Assuming that the window is simply supported, the modes which are excited
correspond to the (1,1), (3,1) and (5,1) plate modes. It is interesting
to note that the 200 msec boom also excites consistently the (2,1) plate
mode - even when the shock front is at zero incidence! This frequency
(13.5 c.p.s.) corresponds to a subsidiary peak in the boom's frequency
spectrum. The excitation of this antisymmetric mode could be due to the
shock front not being completely at zero incidence to the window. This
phenomenon is associated with the spherical and not plane shock front
of the simulated boom. Doubt is also cast on the wvalidity of the
assumption of simply supported edge conditions for the windowvbecauée
this frequency is observed at the window centre. Further investigations
are required into the effects of the possible non-linear behaviour of the

window and its supports.
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The modes which affect the ceiling's response are shown in Fig. 6.9
to be relatively insensitive to changes in the boom's angle of incidence.
This phenomenon was also observed for the experimental model. The
‘additional low frequency modes excited by the nominal 4O msec boom are
more likely to be associated with the effects of the boom’s. convection
than the internal acoustic pressure. The internal pressures for the LO
and 100 msec booms were simular in magnitude and frequency but the

additional ceiling modes were not excited by the 100 msec boom.

It is interesting to note that the lowest structural modes were
predominantly excited by all the simulated booms. Thus it seems possible
to use the independent plate rather than the box theory in determining
the response of the side walls and ceiling. The plate theory should
give reasonable results for the 40 and 100 msec booms but not for the
200 msec boom. The latter boom excites.the structure'ls antisymmetric
modes and these modeé involve opposite side wall coupling. Further
investigations are needed to assess the true accuracy of the plate

theory.
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CHAPTER 7T

COMPARISON OF MODEL AND FULL SCALE RESULTS

Scaling laws are developed in this chapter in order to make a
direct comparison between the results of a prototype structure and its
experimental model. Two approaches are adopted. Initially an
approximate method is formulated which requires a knowledge of the
important loading and structural parameters. This method assumes that
the model and prototype are geometrically similar. This assumption Row-
ever is not strictly correct. Hence a more refined, computer-orientated
method is subsequently developed. »

The responses of the mathematical model and prototype structure
are compared. The mathematical model has the advantage that, once
developed, it only requires different computer data describing the
material properties and physical dimensions of the structural subelements.

Finally, all the results are compared with published results in order
to determine their accuracy. A simple 'rule of thumb' guide to possible
structural damage from a sonic boom is then developed for the walls of

single-storey buildings.

T.1 Model scaling laws

A dynamic structural model should be a physical system which duplicates
the dynamic characteristics of the prototype structure such that measurements
on the model can be used to predict the prototype's behaviour. The model is
usually constructed of a material which is different from the prototype so
that it 1s essential to determine the relevant structural and loading
parameters. These parameters should be the same for both the model and
prototype. The model must also be constructed so that the mbdel/boom
parameters are within the simulator's. working range.

The simplified case of the response of a simply supported, flexible
panel to a non-symmetrical N-wave, whose direction of propagation is normal
to the plate, is considered. This pléte is assumed to form one face of an
otherwise rigid box. The theory accounts for the effect of the enclosed
gas and is a first approximation to a room with very stiff walls containing

a large window. The parameters obtained will be the most significant ones
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for the more general case of a room with flexible walls, providing they
can be represented as plates.

Neglecting the structural and acoustic damping, the equations of
motion for an N-rave With afiniterise time Tp, (as shown in Fig.3.1(a) vhen
Tl = T2 = T) whose direction of propagation is normal to a plate, may be
written as :

(i) For the plate

p pR/D 0 <t <« TR
L L 0 2 ;. +* D
oW 9 W o W ST 3w in b
T N D .2 -9 D Tge T <1
X Ay 9X 3y ot
P
g)
(5 t=t
where ) 3L. _ jﬂk
Py Py T, Py % 3%
T
R
1+ =
_ I —_—2 %
Pip = D = | - — () (7.1)
1.2 (b - Y )
T T

providing the internal acoustic pressure is not significant during the

rise time.

(ii) For the acoustic backing of the enclosed gas

2% 8% 9% 1 3%

+ + = (1.2)
3x2 3y2 822‘ ab2 3t2

subject to the boundary conditions

(a) simply supported edges parallel to the x-axis at y = b and parallel to

the y-axis at x = a respectively:

I 82W l l 82w l
\ =0=— and w|___=0=—x|_ _ (7.3)
y=b - ay2 y=b ix=a 3x2 Xx=a, »
(b) plate initially at rest:
=0 =¥ C b =
W=0= o att =0 (7.4)
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(c)

equal velocities at the plate and acoustic medium interface,
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with the boundary conditions taking the form

¢ = 0 = ﬁfél ! =0 = QEQI
n=Db/% 2ln=b/2 * tleg=a/n T 7 T sg2 E=alk (1.9)
SEEE AL (7.10)
and
£ by
30 = [1L) (2R} 22
98 l,5=g/% - [fc} [fc} 5T Ila_—.g/g . (7.11)

Note that the purely structural boundary conditions, (7.9) and
(7.10), are parameter free because the most critical case of a’free edge,
-which involves Poisson's. ratio, has been excluded by the initial assumptions.
The arbitrary structural length ¢ is now defined such that f, corresponds

to the fundamental internal acoustic convection frequency.

The equations of motion are now independent of size and must apply
directly to both the model and prototype structures. Taking the equations
in order, the required parameters are :

P
1. The modal and aspect ratio paramter , (—%2 zhfil) .

This ratio reduces to the plate's modal ratio paramter fll/fIrm

for complete geometric similarity because

P zh = Rmn (where Rmn is a constant depending upon
D ' :in the platefs aspect ratio)

for a simply supported plate vibrating in its (m,n)th mode. This parameter
will be the same for model and prototype if the model is geometrically
similar to the prototype and the inertia and stiffness distributions are

the same.
3
p L

2. The static stiffness ratio parameter, ( g

for complete geometriec similarity; dictabtes the magnitude of the response;

po- 2
). It reduces to (ir-{l - v}

but is relatively unimportant if the model and prototype. responses are

both linear and the effect of Polsson’s. ratio is small.
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3. The frequency ratio parameter, fll/fN. This parameter is the
ratio of the fundamental structural frequency to the excitation

frequency of the N-wave.

L, The ratio of the rise time to the fundamental N-wave duration, TR/T.
Intuitively, this parameter will be most important when the maximum
structural response occurs while the N-wave is still forcing the structure.
Craggs (9) showed that it is also important when the N-wave excites a

plate under isochronous conditions, (:E'll/fN =1).

5. The internal fundamental convection frequency ratio, fll/fc.

Apart from the isochronous condition, f‘ll/fC = 1, the internal pressure distur-
bance will be relatively unimportant for panels much stiffer than the

internal acoustic stiffness. In any case, the fundamental external con=-
vection frequency ratio associated with the N-wave moving over a flexible

structure, will be more important due to its greater pressure magnitude.

6. The ratio of the fundamental structural to the fundaméntal acoustic
cavity frequency, fll/fb.

Te The parsmeter M%/QST . TFor geometric similarity, this parameter
reduces to pb/pV which is the ratio of the internal gas and structural

densities.
Both Pretlove (23,24) and Lyon (25) have shown that the last two
parameters are important in the determination of the magnitude of the

sound pressure level transmitted into the cavity from outside the structure.

T.2 Comparison of the prototype and experimental model results

In order to assess the accuracy of simulating the prototype with
a model it is necessary to compare their respective results. There are
certain discrepancies in the present comparison because the doors, supporting
columns and window of the prototype were not included in the model. Also,
the model was not completely geometrically similar to the prototype

structure. It is implicitly assumed in this comparison that the side
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wall's response is insensitive to small changes in geometry and is
unaffected by the inclusion of structural discontinuities in the other
Taces.

The msterial properties and dimensions of the model and proto-

type (using a mean height for the sloping roof) are :

E(1b/in?) b (1b/in%)
ST
Model (Xylonite) 4.2 x 107 0.022
Prototype (Brick) 15 x 107 0.25
Model dimensions (inms.) 12 : 9 : 7 : 0.36
Prototype dimensiomns (ft) 17.25 : 15 : 13.625 : 0.375
vhile theilr fundasmental frequencies were found to be
o = b_ o~ =
(Lll)MA 243.5 cup.s. <*11)P 16 copes. (7.12)
The mean geometric scaling ratio is 18.3, so that
he 1
9, - 1803 (7013)

In order to account for incomplete geometric similarity, the

constant static stiffness ratio gives

(p )., D. %
o’'M M P\3
= == (=2)° = 0.87 (7.14)
Zpo}P Dp Ay

if it is assumed that the effect of Poisson's ratio can be neglected.

Consider the simplest case when the wave's shock front is at zero
incidence to one of the side faces of the model and prototype structure
. . o . . . . ‘
and is also at 90  inclination to the horizontal. As the prototype’s

response was only evaluated with the window face being the front face,

then,

- = 17.25 o
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The fundamental cavity frequency is given approximately by

if air is used as the gas enclosed inside the model. This formula is
obtained by assuming that all the structural boundaries are rigid so that
the fundamental acoustic mode can be approximated by a half sine wave
extending over length L. Note that this mode is the fundamental mode

because L &lso happens to be the maximum structural length.

The fundamental external convection frequency satisfies equation (3.20)

with n=l. This relationship, when used in conjunction with equation (3.22),

gives
(£) a a
0/ _ (o]
T, =0y /g - = 907

If the wave's. speed of propagation a, is the same for model and
prototype, both the fundamental external convection frequency parameter
and the ratio of the fundamental structural and cavity frequencies reduce
to

(fll)M _ E_li

(F0p Iy

But, using equation (7.12),

(f1)y  ou3s

. = = 15.2
(£)p 16

which is compared with the value of
s
Ly

This difference will not affect the structures® displacements and

= 17.25.

velocities as they are dictated by the lower structural modes. It could
become increasingly important for the accelerations, particularly at

high excitation freguencies.
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The ratio of the densities of the model and prototype gases

should be given by

)

(oyy )y 8y (ogp

M 18.3
z“j“'_= — " - = == = 1.6, (7.15)
°y’p 4 Pap’p 11.k

In fact, the experimental ratio is unity. Lyon (25) shows that the
magnitude of the internal pressure is approximately proportional to the
density of the enclosed gas for excitation frequencies below the panel's
critical frequency. Hence the magnitude of the model's. internal
pressure should be less than that in the prototype structure - all other

factors being equal.

The model and prototype are neither completely geometrically similar
nor are their inertia and stiffness distributions exactly the same. In
fact, the prototype's modal density is much higher than that of the model
due to additional structural components which were not present on the

model. The modal and aspect ratio parameter reduces, however, to

o
(,‘%? ghfil)m J0.002 1 12 1 -
°se ok = 0.5 ¥ 0.87 ¥ 18.3 X 108 .7 L.26 .
(-2 p*e2))

D ¥ 11’

If this parameter is assumed to be equivalent to the modal ratio, then this
relationship implies that the modal density of the model is greater than
that of the prototype. It must be emphasised, however, that this relation-
ship is only approximate because neithera model nor a prototype face is
acting entirely independently from the remaining faces. Its accuracy

will depend upon the similarity of structural and acoustic coupling between
individual faces of the model and prototype and the effect of structural
discontinuities. Below the structure’s fundamental frequency, however,

the structure is stiffness controlled so that the modal ratio parameter

is relatively unimportant, providing the boom's frequency spectrum has

a small high frequency content. It Will become important when the
structure is resomant. In this case more modes are excited for the proto=-
type than the model. These additional modes will be much more important

in determining the acceleration than either the displacement or velocity

characteristics. The last two parameters are relatively insensitive to
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all but the lowest modes.

For the same rise time and frequency ratio parameters, the non-~
dimensioned response will be the same for prototype and model. The

acceleration relationship is given by

2 2
Ly = (&L
572 1 372 ©
(7.17)
. 5
or o M (£11)y
. 3 o
Vp P{£]1)p
so thsat E
(— 2
M A Uy Ry g x 15.02 x L
O p (£2.) : (pO)M' 18.3 : 0.87
—) 11°P
p ‘P
O
= 14.5. (7.18)

In deriving this relationship it has been implicitly assumed that
the model and prototype behave in an identical manner with varying
peak pressures of the simulated boom. This relationship is approximately
linear for the model. No information, however, 1s available for the

prototype structure. Hence it is assumed to be linear.

Ratio (7.18) is compared in Table T.l with the ratios of the
model's accelerations (shown in Fig. L4.10) to the prototype wall's
accelerstions. It can be seen that this approximate analysis gives
reasonable agreement at very low excitation frequencies but not for low
and intermediate excitation frequencies. In order to extend the model's
abplication to the higher excitation frequencies, a more refined method-
which takes into account the different modal densities and geometries-—
is described below. The method inherently assumes that the internal
pressure affects the model and prototype in the same way and to the same
extent. Although this method does not require the faces of the model to
act independently, it still does not account for the different coupling
characteristics exhibited by the prototype structure from those of the

experimental model.
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Using the finite element representaﬁion of the box model in
section 6.1, the maximum theoretical accelerations of the prototype

structure were computed to be :

R.H. Wall Celling Rear Wall

Position with respect to
centre of &ach individual (0, +0.6875) (0, 0) (0, ~0.6875)
face in ft.

Maximum acceleration 0.04k g. 0.147 g. 0.041 g.
(Equivalent height of proﬁotype: 13.625 ft)

for a uniform, unit instantaneous pressure all around the structure. A
critical damping ratio, %
Edch of the theoretical points is sufficiently close to the centre of a

, of 0.02 was assumed for the whole structure.

face that differences in their magnitudes due to the effects of the
antisymmetric modes will be small. The prototype’s. acceleratiors due to
a simulated boom aré referred to the corresponding theoretical values
due to the instantaneous pressure. The factored prototype values are
then plotted for a given value of (A/L) in Figs. 4.10 and L4.11 as a
multiple of the experimental model'’s accelerations due to the uniform unit
step pressufe. For example, suppose the right hand wall of the prototype
structure has an acceleration of 0.kl g. for a particular value of (A/L)
and angle of incidence 6. (It should be noted that 6 is adjusted for the
prototype structure so that it is referred to the left hand wéll and notto
the window face. This notation is then identical to that used for the
model). This acceleration is ten times the theoretical acceleration due to
the uniform, unit instantaneous pressure shown in the above table. Then
the prototype's. acceleration is plotted in Fig. 4.1D as ten times the
value of the model's acceleration due to the uniform unit step pressure

for the same values of (A/L) and 6.

The prototype's. peak accelerations have the same overall tendency
as the model results to decrease with increasing A/L (decreasing
excitation frequency). This trend is also observed for actual booms.

Reference (41) states that :

'B-58 booms, when normalised to peak pressure, cause lower
response of wall and ceiling elements than smaller F106 or FlOk aircraft

in L out of 5 tests of sample data taken at Oklahoma City and White Sands’
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even though "no large differences in structural motions were visually

observable?..

The prototype's peak accelerations have the same magnitude as the
corresponding peak accelerations of the model below the model's
fundamental frequency (i.e. in the low excitation frequency region).
Large discrepancies in the magnitudes of the peak accelerations occur
above the model's fundamental frequency. They are due to differences
in the modal behaviour of the two structures which are caused by their

different geometries.

In general, the prototype'’s. accelerations follow similar trends
to the model's. accelerations for the same change in the boom’s. angle
of incidence. The greatest discrepancy occurs for the rear walls. It
is probably due to the difference in pressure flows over the two
structures. Fig. 4.10 shows that the peak acceleration of the model'’s
front face can be four times greater than the peak value on a rear face.
This factor occurs in the intermediate frequency range and decreases
to between one and two for low excitation frequencies. The last
situation is representative of both F1O4 and B-58 booms forcing most resi-
dential type structures. In this case it has been'statistically proved
at the 95% confidence level that the inbound response (of walls) in both
cases is more than twice as large as the trailing response' (L41). This

effect is mainly due to pressure doubling on the front face.

The same reference also states that the strains of a 10 ft x 5 ft
window were 300% greater for an inbound vector than a tralling vector.
This effect was due to the participation of higher modes. The window
was excited in the region of the intermediate and low excitation
frequency boundary where the ratio of the corresponding model accelerations
is about four. These results are in general agreement because the
accelerations are more affected than the strains by the higher modes.
The variation of the window's. strains and the model's accelerations with

changihg angle of incidence also agree.

Blume (42) noted that the larger B-58 caused large, low frequency
windows to displace twice as much as the F1O04, for a given angle of

incidence. This phenomenon occurs because the natural frequencies of
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these windows are more closely matched to the excitation frequency of
the B-58 than that of the F1Ok. The window's peak accelerations will
increase for the F104 as they are dictated by the higher modes which
correspond more closely to this plane’s higher excitation frequency.
The magnitude of the displacements,on the other hand, are ﬁeighted
towards the lower frequencies which are more efficiently excited by
the B-58.

Fig. 4.11 shows that the ceiling of the prototype structure is
relatively unaffected by changes in the boom's angle of incidence.
The maximum ceiling accelerations of the prototype structure, unlike
those of the model, are no longer governed by the initial impulse.
Instead,the variation with incidence of the ceiling's. peak
accelerations is similar to that of the side walls. The model
ceiling's accelerations are much greater than those of the prototype.
These differences are probably due to the simulated boom not forcing
the celling of the prototype structure directly because of the false
roof's presence, whereas the shock tube generated booms flow directly

over the model’s. ceiling.

T.3 Comparison of the prototype and finite element results

Figs. T.1 and T.2 compare the theoretical finite element
accelerations with the experimentally observed accelerations of  the
prototype structure. The tloretical box model of section 6.1 was used
agaln with a critical damping ratio gl of 0.02. Then the theory of
section 3,22 was applied. The Mk.I simulated bang, shown in Fig. 6.4,
usually resembles an N-shaped wave more closely than the booms formed by
the sonic boom simulator. Thus it was idealised as an N-wave whose

properties are given in Figs. 7.1l and T.2.

The accelerations of the side walls show reasonable overall
agreement. The theoretical accelerations, however, have a marked high
frequency content, due to the wave'’s. convection, which is hardly noticeable
on the experimental accelerations. Using equafion (3.29), the theoretical
damping factor for this mode is 5/(2 x 2 x 190) = 0.002 compared with a

demping factor of sbout 0.02 observed for the prototype structure. In
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general, the damping factor of the prototype structure decreased with
increasing frequency. It was found to be in the range of 0.02 to 0.06

for frequencies below 100 ¢.p«s. These values are higher than those
assumed for the mathematical model, particularly at high frequencies,

Thus, the high frequency content of the mathematical model's. accelerations
is much more prevalent in the free vibration period than that of the
prototype structure. Differences in the high frequency content of the
forced responses are due to differences in the theoretical and experimental

mode shapes.

This high frequency content is not so noticeable on the ceiling's.
theoretical accelerations as the ceiling’s motion in this mode is small
in relation to the side walls' motions. Although the celling frequencles
of the theoretical and experimental accelerations do not correspond, the
lowest freguency mode with s predominant roof motion is excited in both
cases., This difference is mainly due to the poor representation of the
beam-plaster board combination by an ‘equivalent? isotropic plate. The
magnitude of the experimental acceleration is less than the theoretical
acceleration. This is because of (i) the higher frequency of the
theoretical acceleration and (ii) the simulated boom not forcing directly

the prototype celling.

The response of the structure is mainly stiffness controlled as the
excitation frequency is well below the fundamental structural frequency.
The ratio of acoustic to mechanical stiffness of the prototype structure
is leés than 0.3. Most of the internal pressure is due to the window's motion
as the windowis much more flexible than any of the other structural sub-
elements. In this particular case, the window is independent of the side
walls. The internal pressure affects the window's response but does not
affect significantly the much stiffer side walls. This, in fact, accounts
for the reasonable agreement between these walls' theoretical and experimental
accelerations. The internal pressure provides an additional stiffness to
the structural components which will increase slightly their natural
frequencies. However, the ceiling's. theoretical response 1s at a much
higher fregquency than the experimental response. This difference is due

to the ceiling's. poor mathematical idealisation, and not to the effect of

the internal pressure.
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If the structure is linear, its displacements are given
approximately by the external force pattern divided by the structure's
stiffness. Fig. T.3 illustrates this point as the theoretical displace-
ments follow the N-waves during the forced vibration periédg Consequently,
decreasing the N-wave's peak negative pressure p_ from 2 to 1.308 lb/f%2
gradually decreases the magnitude of the displacement. Superimposed on
this motion is a frequency corresponding to the lowest frequency mode which
has a predominant side wall motion. This happens to be the fundamental
structural mode. Decreasingthe idealised structure’s height not only
increases the natural frequencies but changes the relative motion of
the individual walls, for a given box mode. Thus, the smaller (11 ft)
structure’s displacement magnitude is less than that of the 13.625 ft
idealised structure due to an increase in the effective stiffness and

a decrease in the relative side wall motion of the fundamental box mode.

T.4 Discussion on the possibility of damage

It has been cbserved (43) that the peak velocity gives the best
indication of possible structural damage from blast waves. A recommended
safe 1imit of 2 in/sec has been found to include 94% of the known damage
data. Only accelerations were determined in the present investigation.
For an accurate assessment of the velocity response, the accelerations
should be integrated using either an analogue or digital computer (Lk).

A simple damage criterion is useful however as a quick 'rule of thumb®
guide., It is only applicable to those cases where the sonic boom's peak
pressures are so great that instantaneous damage occurs as the aircraft

flies overhead.

Assuming a sinusoidal response, the corresponding safe acceleration

Jdimit is given by

P . : -
G%)P, = §§E%E W | = 3.25 x 10 2 g/cepes. (7.19) -

for a prototype structure. This gives an'energy ratio*s.(w/f)g , of 1.6

compared with a recommended safe value of unity (41).

Even though the ceiling of the prototype structure is not isotropic,

the maximum normalised accelerations of the prototype and model show
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reasonable agreement on all faces for low excitation
frequencies. | Hence the model results can be used to
indicate the possibility.of damage to the prototype structure for low
excitation frequencies. For the non~-dimensioned velocity, 9z/dT ,

to be the same for model and prototype

7 L (f£..) . .
M M 11°M W W
= - A - = (=), / (=), = 0.83 (7.20)
w, e Undp o Ep M TP
where w = S w o= EEE
Using this relationship in (7.19) gives
(ﬁ)_ _ _em (£ )y .
o M 386.L (f1)p 7P
For damage _
Wy = 0.83 W, = 1.66, (7.22)
hence
W, = = x1.66f = 2.7x10° (7.23)
M- 386.4 : M- : M C :

Difficulty is experienced in defining Iy because the response is
not sinusoidal and it is affected by more than one mode. This is
particularly true for the peak accelerations which are much more
affected by the structure's higher natural frequencies than the peak
velocities. A compromise criterion, giving a conservative estimate,
is obtained by using the overall peak acceleration and the lowest pre-
dominant acceleration frequency. This frequency will tend to dominate
the velocity response. For low excitation frequencies, Ty will correspond to
the fundamental structural frequency. Using this approximation the requirement

of a detailed knowledge of the structure's modal behaviour is unnecessary.
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For low excitation frequencies, fM = 243.5 c.p.5. S0 that

equation (7.23) becomes

vy = 2.7 x 10'2 x 243.5 = 6.57 g. (7.24)

Fig. 4,10 shows that the maximum normalised acceleration of those
. . . o . - L ; o
model’s side faces which are at 90~ incidence to the wave's shock front,
is 0.6 g/lb/ft2 in this frequency region. This maximum value occurs when the

excitation frequency Ty coincides with the model's. fundemental structural
frequency fthich is denoted by M, in Fig. 4.10). Thus, using eguation
(T.2L), there is a possibility of structural damage to this face if a sonic

It has been assumed that the structure’s response varies linearly with

boom has a peak positive pressure P which is gregter than
O <

increasing peak pressure of a sonic boom and that the boom has equal peak
positive and negative pressures. The safe limit value obtained from the
model results agrees with the value obtained for the prototype structure using
equation (7.19) and a fundamental wall frequency of 16 c.p.s. Fig. L.1ip
shows however that the greatest acceleration of a face of the model (and
hence the greatest possibility of damage) occurs when the shock front is
at zero incidence to that face. The maximum normalised acceleration is
then 1.7 g/lb/ft2m It occurs when the excitation frequency coincides

with the model's fundamental structural frequency. Using the same
assumptions as before, the safe limit of damage in this case will Dbe
reached by a peak positive pressure of 6.57 / 2 x 1.7 = 1.9 lb/ft2w It
should be noted that these values are evaluated for alsimulated boom whose
shock front is at 900 inclination to the horizontal. This angle is

compatible with an aircraft speed of Mach 1.

The natural frequencies of the walls of American and British houses
are gbout the same (7 to 25 csposa)geven though the materials and
construction techniques differ (45). The likely excitation frequency of
a future SST is agbout 3 c.p.S. so that most walls will be excited in the
low frequency region. For a fundamental wall frequency of 16 c.p.s., the
corresponding value of A/L in Fig. 4.0 will be greater than Cl% x 3 = 16)

_depending upon the angle of incidence. This reduces the previously
calculated maximum normalised accelerations by a factor of three or more
and consequently increases the safe limit peak pressures to 5.7(3 x 1.9)

and 16.5 1b/£6° (3 x 5.5).
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Edwards and Northwood (L4k4) indicate that damage is more likely
to occur at a peak velocity of 4 to 5 in.per sec. than the safe limit
of 2 in. per sec. This increased velocity level corresponds to a peak
positive pressure of between 11.4 (2 x 5.7) and 33 1b/ft (2 x 16.5).
At this upper velocity level damage is due to 'opening of old cracks
and formation of new plaster cracks, dislodging of loose objects?.
These theoretical results are in general sgreement with the damage
reported from actual booms even though they had different angles of

‘inclination from the simulated booms. Reference (L1l) states that :

'Other than the 16 day old plaster ceiling, which fell on a
12.1 lb/ft2 boom, a piece of ceramic tile which fell on 1k lb/f“t2 booms,
and glass breakage only very short hairlike extensions and some spalling
were observed in old drywall, stucco, and plaster under booms of up to
38 l'b/ft2 in strength®..
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CHAPTER 8

REVIEW AND SUMMARY OF CONCLUSIONS

This chépter briefly reviews the important conclusions presented

more comprehensively in the previous chapters.

The Finite Element Displacement Method has been applied to the
problem of determining the dynamical characteristics of a simple box-—
type structure. The free vibration characteristics were evaluated using
rectangular finite elements and the results were compared with an exact
solution. Excellent agreement was found for the natural freguencies and
mode shapes when only & small number of elements were used in the box's
idealisation. If the box's bending moments and shear forces are
required, however, many more elements are needed for the same degree of

~accuracy.

This method was extended to determine the time history of the
mathematical model's respénse to a travelling wave. All internal acoustic
coupling was neglected. The theoretical results were compared with the
experimental respoﬁse of a physically scaled-down model to a simulated
sonic boom. The comparison indicates that reasonable theoretical estimates
of the experimental model's response to a travelling wave can usually be
obtained with a minimum description of the wave and model characteristics.
Discrepancies occur, however, when a travelling wave has a small pressure
component at a freguency corresponding to the natural frequency of a
significant mode. Under these circumstances, the experimental model’s
response is extremely sensitive to small changes in the internal pressure,

travelling wave or model characteristics.

The main difference between the theoretical and experimental models®
responses was due to an inadequate theoretical descripbtion of the wave's
flow over the model. In particular, the theoretical description of the flow
over the model's back face was found to be too much simplified. Consequently,
the greatest discrepancy between the experimental and theoretical results

occurred on this face. It should be emphasised that the mathematical model
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is sufficiently flexible to include more precise details of the wave's

Tlow when they are known.

The evaluation of the full scale structure’s response in terms of
its normal modes is very difficult because its natural frequencies are
closely spaced. The freguencies also have a variation of about 10%
which seems to depend upon the water content of the brickwork. These
factors present difficulties to any method which tries to simulate the

response of the full scale structure in any detail.

It is convenient to try to simplify the theoretical analysis of a
structure'’s transient response by using an independent plate rather than
a box theory. The best approach depends critically upon the degree of
coupling between individual faces and the effect of the higher modes.

For the particular full scale structure considered, structural coupling
occurred mainly between the opposite side walls. A plate theory should
give reasonable approximate results for the shorter but not for the longer
duration (200 msecs) boom. Further investigations are needed to clarify

these differences.

Due to the complexity of a normal mode approach, it is advantageous
to use gross parameters which rely to g minimum on the structure's modal
behaviour. Even though there are detailed differences in the responses of
the experimental model and full scale structure, reasonable agreement is
shown between their overall normalised peak accelerations for low excitation
frequencies. Evidénce from blasting operations indicates that there is good
correlation between the damage experienced by a structure and its overall
peak velocity. Defining a corresponding safe damage criterion in terms of
an overall peak acceleration requires some knowledge of the structure's modes.
A conservative peak acceleration criterion is suggested which minimises the
required knowledge. The predominant structural frequency is taken to be the
fundamental structural frequency at low excitation frequencies. This
criterion gives results for the walls which are consistent with known
damage from actual sonic booms. It is not applicable to glass windows.
Large discrepancies in the magnitude of the window's response to nominally
identical booms were observed on different days. Further investigations
are needed to evaluate and predict the response of glass to sonic booms .

In particular, it is necessary to investigate the effect of non-linearities

on the behaviour of glass.
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It is intended now to make some observations about the extreme
limits of a box-type structure's response to a sonic boom and then to
review the important results which are only applicable for certain
excitation frequencies. A detailed investigation of the variation in
the overall peak acceleration shows that it tends to decrease with
increasing A/L. This was found to be the case for both the experimental
model (open and closed boxes) and the full scale structure. The
experimental peak accelerations of the closed model can be seven times
greater than its peak accelerations due to a unit, instantaneous step
pressure acting on all faces. The greatest acceleration on any face
always occurs when the travelling wave is acting normally to that face.
Introducing a large opening into the model's front face can increase
the peak accelerations of the back and side faces by a factor of two.

This amplification is due to the increased internal pressure.

The peak acceleration tends to be independent of the sonic boom's
excitation frequency, convection and angle of incidence at low
excitation frequencies. The rise time To is significant. Its effect
is mainly restricted to the structure's front face. Decreasing the

rise time increases the peak acceleration of the front face.

The most important parameter at intermediate excitabtion frequencies
is the degree of matching between the structure's natural frequencies and
the sonic boom's excitation frequency. There may be an upsurge in the
structure®s peak accelerations when the excitation frequency is similar
to any one of the structure's natural frequencies. DNot all the faces are
equally affected, however, because a givén box mode does not equally affect
the various faces of the structure. This parameter was also found to be
important for the full scale structure at very low excitation frequencies.
In this case, the sonic boom has a greater time to impart the wave's
energy to the structure. Hence its subsidiary excitation frequencies
have a significant effect on the structure's accelerations. The effect
on the structure's displacements or velocities still remains relatively

unimportant .

The wave's convection is most significant at high excitation
frequencies. Changes in the shock front's angle of incidence also affect

significantly the structure's response. Higher structural modes are
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exclted in the case of the model. The accelerations are sensitive to
these higher modes whereas the displacements and velocities are malnly

affected by the lowest modes.

At low and intermediate excitation frequencies, the internal
pressure depends on the closed structure's mean displacement. In the
case of the full scale structure, the mean displacement is dictated
by the displacement of the most flexible subelement - the window.
Introducing an opening into one of the side faces increases substantially
the magnitude of the internal pressure. The open structure acts as
a Helmholtz resonator at all excitation frequencies. The Helmholtz
frequency can be accurately determined using standard theory and
assuming all the faces to be rigid. This is true for even the highest
excitation frequencies and.the largest openings where the accuracy of
the standard theory usually deteriorates because the cavity's physical
dimensions are not small compared with the wavelength of the simulated

boom.
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ﬁﬂ is a (16 x 20) matrix which is defined by a set of (4 x 5) submatrices as

Bl = [x 125 IB5 [Py
P12 l X !P23 I P2’-I-
Pig | Py | X | Py

Py | By [ %y 17X |,

The submatrices are then defined by the following relationships:

0 0o 0l p.. = L2

- .2 '
Pp.=[ 0 -3 13- » 9 o 0
.6 6 2y 2
0 5 0] 0 O 0 = "% b 0
a b .
6 o -2 _2, 5 o9 o o o
2 a a 2
a b
. a a a L b b b J
-r L 3 -1)7
P, = - 0 0 (v - 1)
6 6 Ly N
o (-F+3F) 3 o 0
a b
éL-—-§~) 0 L ) 0
2 2 a -
a b a
12 12 6 _6v) (L6 _6v)
- — - — - — ot Sm— - — gy So— 0
L g3 b3 8  v2 be 82 -
cont/de.s
TABIE 2.2

Eﬂ matrix for the determination of & rectangular finite element's
force-like quantities. '
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(Table 2.2 continued)

Sk ! & - 1
P23-— -3 S 0 0 (v - 1)
6 , 6 Ly L
0 (= 5 + —54 i -3 0
a b
6 6 N Ly
(“5'*'75) 0 a = Y
8 b
12 12 6 _6tvy (L6 _ &
e a b a b b a -
= 2
Py, = = 0 0 0]
6 2v 2
0 = = = 0
b2 b b
6
— 0] 0 0 0
.b2
e b b "b -
D . L3 -
P32 B ) T a 0 0 (v - 1)
6 6 by L
0 -5+ 3l b b 0
a b
6 6 N by
%5 -2 0 -3 oy 0
a b
12 J12 Lb &) (L6 &y 0
‘ N a,3 b3 a2 b2 b2 2 _
I 2 —
P31# 0 a 0 0 0
6
0] 35 0 0 0
a
6 2 2v
2 0 a a 9
a
12 6 6v
3 0 2 5 0
e 8, a a -
cont/d...
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(Table 2.2 continued)

Py

O

0] 0
by i
" b )
. by
T a “a
6 6v 6 6v
(-& &y &8
22 272

X is a (b x 5) submatrix whose elements are all zero.
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Mode Qx Qy Mx My Mxy

% error % error % error % error % error

Aspect Number of
ratio, B elements

16 11 6.29 ~1.99 ~4.83 -4.80 -0.02
2-82 —Ot93 "'2-22 -2-22 OCOO
13 -13.46 21.77 -6.78 -23.89 -0.29
0.5 36 ~9.59 22.70 -3.58 ~15.h2 ~0.11
16 31 19.29 -24.,18 -25.03 =17.T77 0.86
32.56 -15.30 -15.85 -~10.99 0.00
33 18.52 -10.b2  -24.59 222,31 -4,10
23.97 -6.24 -15.77 =15.00 -0.80
11 2.17 2.03 -4,92 -4.87 -0.06
0.92 0.87 -2.32 -2.27 -0.05
} 13 -21.46 19.98 -10.97 -24.83 0.58
0.99 ~-13.8k 29.90 -6.4h -15.81 -0.06
} 31 19.95 -21.59  -24.8k  -11.15 0.60
30.03 -13.91 -15.82 -6.55 -0.06
33 16,14 16.02 -23,66 =23.62 -2.99
36 9.38 "8.87 ~15.52 =15.57 ~0.5k4
16 1 2.12 2.12 -4,82 -4.82 -0.01
36 0.90 0.90 -2.22 -2.22 0.00
16 13 ~TT.40 51.36 -=U412.01 39.46 0.64
36 28.55 49.13 -240.97 21.81 -0.01
1.0 16 31 ho, 72 92.27 30.78 ~558.77 0.64
36 28.62 8L.84 7.09 =276.11 -0.01
16} 33 16.09 16.09 =-23.58 -23.58 -2.94
36 9.15 9.15 =15.52 =15.52 -0.49
_ (Exact Value - Approximate Value)
% error = Exact Value x 100%
TABLE 2.3

Percentage error in the maximum shearing forces, bendlng moments
and twisting moment of a simply supported plate u51ng a finite
element approximation.
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Mode
no.

1

2

= w

o ~N O W

10
1
12
13
1k
15

,16

0 0 O
Percentage error

0
e

0

e

0]

0]

0

0

0

Series

solution

179
203
258
272
283
333
38k
397
L37
k55
186
499
570
STT
62k
648

Finite element solutions

Three degrees of
freedom

Total nﬁmber of elements

Oymmetric  Antisymmetric
'\\gf_~—*‘\/-_if§//
-3.0
-3.0
-4.8
T =2.5
=b.7
-2.7
- =3.1
‘—12.h
=k
-2.1
-2.9
-10.7
-5.2
-h.3

-8.3
-9.2

Four degrees of

2k

183.2
-2.3
206.8
-1.9
262.9
~1.9
277.8
-2.1
290.5
-2.7
342.8
-2.9
431.9
~-12.5
460.8
~16.1
480.3
"909
509.4
-12.0
551.k4
—13-5
581.0
~16.4
6ho b
-12.7
693.8
~20.2
T1l.1
-14.0

758 8
-17.1

freedom

Lo

181.9
-1.6
205.1
-1.0
262.4
-1.7
276.3
~-1.6
287.5
-1.6
339.7
-2.0
Lo8.2
~11.5
Lk60.1
-15.9
L76.2
-9.0
Le2.4
-1.6
5L46.1
=12.h4
503.7
-0.9
584 .8
-2.6
611.0
"'5-9

T05.7

"130 l
699.
=79

o\
(W]
)

N
1\

96
179.7
0.k
203.3
-0.1
258.1
-0.0
272.9
-0.3
28k,2
-0k
334.0
-0.3
386.0
-0.5
399.5
-0.6
439.0
-0.5
457.0
-0.4
489.2
=0.7
501.8
-0.6
573.9
-0.7
580.8
0.7
0.5
1.0
3.2
0.8

The O and e indicate whether the integers p, m and n are odd or even for the
particular mode using the notation of ( 17 ).

TABLE 2.4

‘Natural frequencies of Dickinson and Warburton'’s. ( 17 ) closed box(c.p.s.).
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Mode i Series Finite element solutions
no. T ® solution
Three degrees of Four degrees of
freedom freedom

Total number of elements
Symmetric Antisymmetric

W 20 148

1 0 0 ok 95.7 95.2
Percentage error -3.2 ~1.8 ~-1.3
2 e O 113 115.4 11h.6
=24 -2.1 -1.4

3 0 e 190 195.8 192.1
-2.3 -3.1 -1.1

I 0 0 219 225,0 222.3
b7 -2.7 -1.5

0 o 234 2h0,.2 238.7

-2.5 -2.7 -2.0

e O 246 253.5 252.1

‘ -3.7 -3.0 -2.5

7 0 0 287 293.9. 290.8
-4.0 2.4 -1.3

8 e e 298 350.0 301.8
-1.8 -17.5 -1.3

9 0 e 341 356.3 350.9
=3.7 ~k.5 -2.9

10 0 e 348 . k21,5 355.1
-3.8 -2.1 -2.0

11 0 0 370 385.1 381.5
~-4.9 -L.,1 -3.1

12 0 e 133 Lo6.2 438.4
-8.7 -14.6 -1.2

13 e e L5 52k .k 463.6
-4.8 -16.3 -2.8

14 0 e 504 58T7.3 518.6
-3.6 -16.5 -2.9

15 e O 522 580.9 s5hE L
5.1 -11.3 =h.7

16 e O 537 630.5 569.0
~17.k4 -6.0

The O and e indicate whether the integers m and n are odd or even
for the particular mode using the notation of (17).

TABLE 2.5

Natural frequencies of Dickinson and Warburton's (17) open box (c.p.s.)
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Edges Coupling Roof simply |[Roof mode [Complete] Mode description
fully |between roof|supported, |description |coupling R Subsidiary
. X . oof mode .
fixed Jand side sides fully - motion
faces only |fixed m n x 10 m |n of face with
-2 ) ) dimensions
x 10 x 10 x 10 (in.:
3.54 2.83 * 1.88 1 1 1.20 1 1
5.66 h,7T7 3.73 2 1 1.38 2 |1 28 x 11.5
8.5k 6.91 5.65 1 2 1.99 1 |2 kO x 11.5
9.20 8.00 6.81 3 1 2.56 2 |2 40 x 11.5
10,51 8.88 T.50 2 2 3.21 3 1
| 1,40 x 11.5
13.84 ‘12.16 10.59 3 2 3.50 3 |2 {28 < 11.5
n
3.91 .30 5.63 2.92 Ratio of —=&X
Ymin

Using the number of half wavelengths for the roof's mode description

TABLE 2.6

" Effect of relaxing edge restraints on the frequency parameter,

for a 40" x 28" x 11.5" closed box having no base plate and clamped base

edges.
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Uniform closed
box; base and

vertical edges
fully fixed.

Properties as

. -uniform closed

box but roof
half as thick.

Central opening
in roof. (Open
to remaining face
area being 1:L4).

Central, doorway.
Opening in both
Lo" x 11.5" side
faces. (Open to
remaining face
ares being 1:4),

2.83

8.00

12.30

1.20
3.21

5.5k

L. Ly
8.09

1h.75

2.57
7.89

8.73

Dimensions, edge restraints and material properties are kept the
same as the corresponding properties of the uniform, closed box.
Only the three lowest modes for which m and n are both odd

are considered.

Effect on the frequency parameter, p x 10~
introducing structural discontinuities in a

TABLE 2.7

ho" x 28" x 11.5" closed box.
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T Damping Meximum and Minimum Accelerations (g)
ratio El North face West face Roof South face
0.26 | O 10.59 9.01 7.02 11.17
=15.72 ~T.Th - =6.33 -11.94
0.52 | O 10.87 8.96 T.07T 10.70
-15,52 -T.71 -8.50 -11.50
1.0t | O 9.83 8.26 7.10 . 9.66
~15.11 -7.50 -8.1k -10.31
2.08 {0 9.61 7.91 - 6.87 10.05
-14,31 -8.28 -7.25 -1L4,29
0.26 | 0.002 10.51 8.97 7.02 11.16
~15.72 -T.67 -6.26 -11.91
0.52 | 0.002 10.72 8.92 3 7.06 10.69
' -15,52 ~T.64 -8.39 =11.37
0.26 | 0.02 9.8k 8.62 ! 6.95 11.09
-15.72 ~7.10 : -6.20 - -11.63
0.52 | 0.02 13.03 9.16 { T7.05 11.16
"15-52 "7'96 "9.15 “130 Tl

North face normal to N-wave

TABLE 3.1

Effect of step size and damping ratio on the peak accelerations.
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Frequency CePeSs Eclb/in2 £,
STATIC 2.76 x 10°
129.9 h,09 x 105 0.028
435.0 3.83 x 10° 0.033
608.7 k.12 x 107 0.031
70k .5 .20 x 10° 0.043

0. = 0.0222 1b/in®

gp= O

Thickness of beam, & = 0.36 in.

TABLE 4.1

Experimental results for the Young's modulus of Xylonite.
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Mode Theoretical natural

No. frequency c.p.s. o n
1 243,5 0 0
2 399.0 0 e
3 Lkoo.7 0 0
L k3.7 e 0
5 488 .k 0 0
6 548,0 e 0
7 624 .7 e e
8 688.2 e e
9 TL40.2 e e

10 851.3 0 e

11 91k,1 0 0

12 1039 0 0

13 1042 0 0

1k 1166 0 0

15 121k 0 0

16 1295 e e

17 1415 e e

18 1470 e e

19 1527 e e

20 1535 e e

21 1648 e e

22 1651 e e

23 1829 0 0

2k 1843 0 0

25 1924 0 e

26 2067 e e

27 211k 0 0

28 2303 e e

29 2354 e e

30 2529 0 e

31 2633 e e

32 2891 0 0

Overall modal density 82.7 c.p.s. per mode

E = 4.2 x 10° 1b/in® o = 00222 Ib/in®

Pg

TABLE k4.2

In-vacuo natural frequencies of the closed Xylonite model.

121



Mode Theoretical natural Experimental frequency

No. frequency c.p.s. m CeP<Sa
1 128.4 0 132
2 316.5 0 330
3 329.0 e 290
L 388.1 0 410
5 4%8.8 0 Lhs
6 510.3 e 390
7 552.1 e 470
8 582.5 0 560
9 654 .9 e *

10 752.5 e 850

11 856.2 0 - 875

12 982.8 0 950

13 1012 0 ®

1k 1087 e *

15 1225 0 . 1240

16 1261 e 1300

17 1285 e

18 1392 0

19 157 0

20 1501 e

21 1722 e

22 1767 e

23 1856 0

ok 1903 0

25 2058 0

26 2089 e

27 2155 e

28 2026 0

29 2302 e

30 2629 0

31 2764 e

32 2894 e

Overall modal density 86.4 c.p.s. per mode

* Modes not excited due to position of exciters.

E = 1.2 x 10° 1b/in? = 0.0222 1b/in®

Pgor
TABLE 4.3

In-vacuo and experimental natural frequencies of the open Xylonite
model. '
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g = OO 10 o] 10 900
Driver Wall (norz%rizji 22z 45 6Tz (west face
normal )
3 in. N | 490 455 475 475 475, 1430
high W | k55, 820 | 467, 1020 | W6, 776 | 416 384, Tk
excitation
frequencies S 6L45 650 665 685 475
R 1100 835 862 475, 1300 | 475, 835
E - 1000 1000 416, 1350 | 382, 835
6 in. N 488 475 483 475 483
high/ W | 4h5, 820 | 400, 1000 | k0O 386 k455, 1075
jhvemeds s | 65k 645 614 475 483
excitation| R L55, 1100 | 475, 1450 | 258 L5 400, 1250
frequencies| . _ 400, 1000 1440, 960 372 380, 1250
2 ft. N | 458 465 475 L75 475
intermed- | W | L488 453, 910 | k18 470 475
ilate
excitation 5 581 555 500 418 475
frequencies| R | 450, 1250 | 240, 665 | 260, 500 233, 475 | 238, 830
B - 757 L61, 910 W75 475
T ft. N L75 475 455 455 LT5
low W 3 435 364 376 370
excitation
frequencies S 490 455 500 370
R 225 240 246 238 238
E - 364 364 376 3ks
Fundamental con-
vection)frequen—
ey (n=1) in
direction of 520 453 b5 °11 T3k
boom's propa-
gation.
Note: An underlined value indicates the predominant frequency of the

two frequencies shown.

TABLE 4.4: MAIN WALL FREQUENCIES AT A GIVEN ANGLE OF INCIDENCE (6)
OBSERVED AT THE CENTRE OF EACH FACE OF THE CLOSED MODEL.
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Size of- Normally Dri Internal acoustic
. . river .
opening incident frequencies (c.p.s.)
face
High and inter- 3 in.
mediate excitation 6 in.} 12h.5 862
frequencies
2 Intermediate ex- 2 ft. 126.5 870
citation
frequency
3 x 11 in. ng-Z z}ecrciitatlon 7 ft. 126.5
Helmholtz quency
resonator
frequency [38] 3 in. 125.0 885
equals 6 in. 140.2 840
123.8 c.p.s. N
2 ft. 125.0
7 ft. 126.5
3 in. 3 3
6 in_} k2.7 89
W
2 ft.
v fJC.} 1Lk2.9
3 in., 188 89k
6 in. -9 9
B
2 . 200
T £t. 192.1
6 X 3 ino . ‘
3 1in.
Helmholtz 6 in.} 188 900
resonator N
frequency 2 ft.
equals T ft.} 187
183.5 c.p.s.
3 in. 186 93L
6 in. 195 93k
W
2 ft. 196
T £t. -

TABLE 4.5

Effect of a variable sized opening in the East face

12k
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Size of Normally Driver Internal acoustic
opening incident frequencies (c.p.s.)
face
3 in. 279.6 2500
6 in. 279.6
E
2 ft.
T ft.} 29k
No east face .
Helmholtz 2 iﬁ} 700
resonator N
frequency 2 ft. 29k 770
equals 7 ft _
276.9 c.p.s. :
3 in.
W
2 ft.
7 50,7 300

TABLE 4.5 (continued)
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Effect of a variable sized opening in the East face.




Mode Theoretical Frequencies (c.p.s.) Experimental fre-—
No. quencies (c.p.s.)
ggﬁ;ﬁi;??;c) 11 m 13.625 m Structure | Window
7.5}
1 24.8 o 19.9 o 16 . 10.3§
17.5 13.7
2 28.4 e 20.8 e Sg 21/22
| 24 .8
3 29.5 o 22.2 /o) 26.5 28.5
27
29
L 3h.7 o 30.2 o 30 33/3k
31
5 4.1 e 38.5 e
35
6 4o.1 o k1.6 o 36 42
T 54.5 e L7.6 e gg 48.3
8 63.8 o 51.0 e 39
o)
9 6,2 e 52,6 o} 50
10 Th.7 o 54.7 o 22 54
11 79.5 o 63.1 ) 59% 62
12 82.h4 e £9. e T1 66
13 83.0 e} Th.1 e T3 69
14 91.0 e Th.5 o 5% 15
15 oL .2 o 75 .4 o
16 95.0 e TT-T e 81¥ .
17 109.7 e 87.1 o 87 85
18 111.6 e oL.2 e oL
19 122.4 o 99.1 e gg
20 126.3 o 103.9 o 101
103%
21 130.3 o} 105.9 o 105 102
22 132.6 o} 110.9 e}
23 1464 e 11k.3 o
2l 150.3 e 115.9 e
25 156.7 o 125.1 e
Overall modal ~ ~
density
(c.p.s. per 5.3 L.2 2.k
mode )

The o and e indicate odd or even m using the notation of (17).
¥Large correlated box mode detected in resonance tests.

TABLE 6.1 Comparison of the experimental and theoretical natural
frequencies of the full scale structure.
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Rear wall Right hand Left hand wall
wall
Theoretical Theoretical
Resonance Box Plate Resonance§ Resonancei Box Plate
test h th t %
ests theory 117e§ - ests ests theory 1?°%%%g§y17 -
16 22.2 22.3(1,1) 23 20 19.9 15.2 (3,1)
37 h1.6 59 59 SL.7 50.4 (1,3)
49 52.6 5 75 4.5
59 63.1 68.2 (1,3) 81 81 75 .5 81.8 (3,1)
15 Th.5 98 98 103.9
81 75.5 123.8 (3,1) 105 105.9 123.4 (1,5)

(The integers in the brackets define the (m,n) mode of the theoretical plate)

TABLE 6.2 Comparison of the theoretical and experimental natural
frequencies (c.p.s.) which predominantly affect the

centres of the rear and opposite side walls of the
full scale structure,
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Zero incidence Normalised Normalised
AL FACE Model Prototype RATIO
(wor.t.window fae) Acceleration | Acceleration
(for prototype)
1'8 »
Intermediate SIDE FACES 1.1 10,112 9.8
excitation 10.052 21.2
frequency BACK FACE 1.3 0.0k2 30.9
3.5 {0.020 {37.5
Low excitation SIDE FACES 0.75 0.018 ihl.6
frequency BACK FACE 0.8 0.009 88.9
12.4 {o,o3h { 7.4
Very low SIDE FACES 0.25 0.022 11.7
excitation
0.027 9.3
frequency {o.oeo {12.5
BACK FACE 0.k 0.021 {19.0
0.053 7.6
TABRLE 7.1

Acceleration comparison of experimental model and prototype structure.
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Open box Closed box

Series solution. Finite el. solution . Series solution . Finite el. solution .
| Y4 box Ya box

rig. 2.] Mode shape comparison of the series and fini
_» Qﬁament solutions . ‘ ,



(@) N-WAVE WITH RISE TIME T
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(b) PLATE LOADED BY A WAVE TRAVELLING PARALLEL TO
THE y AXIS.
Pressure wave
Shock front
qually -spaced,
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10Log ( Energy Function)
10

SPECTRUM OF N-WAVE WITH RISE TIME TR

Fig 3-3
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Flight track

XB - 70
Free 22 ps.t.
4 i 1 ' i
S
tield
175
i r\l,\l\ H L i
\P_,s.__’—
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2 rf}'\“\j\r’{r l
3-05

2:64 pes. f
S e i H

124
4 e N f 1
\‘\/V
0-99

Horizontal
f————' 01 sec
scale

Fig.3-5 Form of the pressure

structure .
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EXPERIMENTAL SETUP

L

Driver

Fig. b1
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100%/x!Pat / Cipel 1p.t) —

67V2° incidence on north face.

385
6o 30-
‘f 5.04~ f.25
d 4.0 420
2 T3
< 30-C15
NS
;\%20— 1.0
S+
Q10 o5
o~ i 2 1162: 1o
L.’
. West face normal KEY
N Capital and small Roman
6o 30k T numerdls indicate appropri-
L Fowl ate structural and
*50- +2.5- : cavity acoustic frequencies
S r=sr 9;( respect ively
8 4.0 Q2 I .
:;49_3 i [Py | Modulus of peak
gao-g i internal pressure a
g oz microphone location M,
5 L
81'0- IPol,lp-] Peak positive
5 and negative pressures
ok . of simulated boom,
X | [
42— L
THighlnterme- Low EF
= EF diateEF
o
35 North face normail.

N,W,R Peak accelerations at
midpoints of closed model’s
North, West faces and Roof
respectively.

EF Excitation frequency NE
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| /(| 7o

Wl [ o) + |Rp ——

KEY

o]

43 Prototype
]
A 674 Full scale
West face . o) o RH
3.5 90 wall ) tests
@ LH
- ¢ wal] . .
3.0 Mr  corresponds to fundamental
0=0°
| U= ~ model frequency
25 , P, corresponds to fundamental
prototype frequency
2:0—
—— Model trends
1.5
10
05 Uniform unit
042 “step pressure
0 | ! i i i
14 16 18
"-04
<
=
>
35 o
- O 180 Full
]
3.0 : X 202% scale
_9=0° O 225° tests
[+]
2.5 A 47%
i 5 M
2.0 \ ——= Model trends
1.5~ 180"
2027
me
0.5 o. \\ ) Uniform unit
042 X o - step pressure
- O X o ° .
o) RTI| I.20Y NN ST O N S O Dt Uk R U S S O
2 4 6 8 10 12 14 16 18
T —

Fig.MOMaximum}clbscd model response with varying
angles of incidence .(6 given w.r.t. West facel)
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ie Freguency Mode Frequency
et {c.ps) number _ (c.ps.)
1 2463.5 2
3 4£20-7 IA
5 488 .4 6
N

\M
7 624 .7 8
9 740-2 10
11 914 1 12

£:4.210 1b/in Fsr=0-0222 Ibfin®

“ig.4-13 Computed mode shapes for quarter
of the cliosed Xylonite box



fMode ‘ ‘ T Freguency
wumber f S g .

5 LT/=F , ; 510.3

N " 9s2.8

| F=4.2%10° Ib/if Per=0-0222 Wb/in’
Fig. 414 Computed mode shapcs for half ihe
~ Xylonite model with no east face.



North face . West face .

-2 - -

-15 \ . — m. ; Min™(g}| Time M-{gy | Time

! Min™ () {r.fr\'sr/?&') Maxlg) (r'{x'?eec) n (q {rsec) 9 !(msm:)
e | = 1562 003 10-87 5-83 — T 3564 8.95 2:19
———- | = 1552 003 11-65 7-50 —_— et 318 8. 55 2:01
— | 1751 044 20:00 0-83 — ] -11. 80 369 12-58 2.24

South {ace .

7 Min™lg) | Time | Max™{g) | Time
msee msec

e | =150 565 | 10-70 0.93
— | ~15.49 678 9-89 5 65
——e | ~8.78 | 754 616 5-39

;Expciimn!a! ———

—e—E 231 % 10%0/in% E = 39 x 10% b/ in?

75} Comparison of theoretical and experimental
S free field loads.

4 ‘ i FIGS-ICOMPARISON OF THE EXPERIMENTAL AND THEORETICAL
: Experimental internal acoustic backpressure . ACCELERATIONS OF THE CLOSED ?Lmost BOX ASSUMING
?045[- DIFFERENT DYNAMIC YOUNGS: MODUL} .

-GS

North face normal, = 039, Psis 1918 uS’ab/m’) ‘@‘:O



20? West face
16~
Seuth fzce .

12}

x j

By ,l

\I\ |

Y !

- !

L
0‘ \‘ ‘W
i
wbp- /)
1

ol \ ’”,/

“fi { " /
o Min™ (g} | Time i
M | e Tran(g}] Time ,r {{msec}

DL Lo Evia ——{~76¢ | 333 ‘
N 5| 19 |22 —|-90s |59 | rer |2
20l ’ 1880 | 2:03 -- 2 g 33

-7
PN f 1w, Time s _ FT
Min™ (g} (mcc Max™ (g} (a2 3 Max™ (g}
w688 306 | 717 652 678 466
—— 15.4) §.57 | &82 §-90 9.05 418
: 645 4.26
———E 5 31 2 1000 i° £ 0 38 210/l = Experimental
Comparisen of theoretical and experimental
free tield lomds, .
Lo P e e u:,./r’\t
1 3 -4 5 8 7
\/-J M3 —mr
N Experimental internal acoustic backpressure,
0251 . ' .
lb}ﬂ’ L s oS B, o " FIGS-2 COMPARISON OF THE EXPERIMENTAL AND THEORETICAL
‘\,—1 2 3‘-\/& I \.—-./ef 7 ACCELERATIONS OF VHE CLOSED MODEL BOX ASSUMING
025~ -y DIFFERENT DYNAMIC YOUNGS MODULI .

West fece pormal, ¥ 39, @st= 1018 102 1b/ind, .B=@
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(Each curve is normalised wri. its own peak value.)
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(Each curve is normalised w.rt. its own peak value)
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(Each curve is normalised wrt, its own peak value)

Comparison of Mk I and Mk II bangs.
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(zacn curve 1s normausea w.rt, its own peak value)
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(Each curve is normalised wrt, its own peak value)

Comparison of acceleration frequency response
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