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ABSTRACT 

This  repor t  contains  a study of the dynamic response 

of a spherical  s h e l l  co l l i d ing  with our e l a s t i c  surface.  

The ana lys i s  i s  based on the  membrane theory and the  bend- 

ing theory with t ransverse shear deformation taken i n t o  

account. The fundamental p roper t ies  of the  stress waves 

i n  spherical  s h e l l s  a r e  invest igated.  The solut ion of 

the  impact problem i s  developed i n  the  form of a na tura l  

made series and by the  method of cha rac t e r i s t i c s .  
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s-ohericzl shell i s  deCermlnzd zs i-i; impacts a; spec ia l  type 

of e l a s t i c  surface Srilall, e l a s t i c  deformations ai-e 

assuxec?. t o  OCCv.1'. 

Solutions are obtained both  f o r  a shell theory which 

includes bending, shear, and 1-ota-Lory i n e r t i a  e f f e c t s  za5 

?or ai22 which considers ~ n i y  extensioiizl  (rne~brzne) effects, 

Y O I ' T Z V ~ ~ - ,  numlerical conpu-ta'iioi<s zre r e s t r i c t e d  t o  t h e  

xenSra,ie theory solutions, 

L -  

The s h e l l  i s  assuifqe5. to have an . in i t i i a l  v e r t i c a l  

ve loc i ty  j u s t  prior 'GO impact. Since the s h e l l  i s  zxi-  

spc:ieSuriC about t he  im2ac-i point, only axisTp:ile-i;ric l ~ a d i n g  

znd deforrP." A I  G ~ i o n  * pararieCers nee6 be considered. 

The imgzct surface i s  assumed to be of the type f i r s t  

- 5ntroduced by E. TJinklei. in i867 (5:l) e T'ne ~ e a c t j o n  

1 
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Previous Plork i n  Problem Area 

There a re  2 consid.eraSle number o f  published pspez-s 

on t k z  d y n m i c s  of s p h e r i c e l  s h e l l s ,  As discusseci i n  2 ,  

recent review by Malnins (8), most of t h m  deal with 'che 

prob1e':i of free v i b r a t i o n s  ~ O f  par -b icu lar  i n t e r e s t  f o r  

this work i s  t h e  solu-Lion to t h e  free v i b r a t i o n  mei.?,isir.ane 

prob lex  by Baker (1) and -the d i scuss ion  of sphericG1 she l l s  

i nc lud ing  shear  and ro t a to ry  I n e r t i a  effects by ?rads&. (12). 

The p7oblex of t h e  response of a spheyica l  shell t o  

a ham-ionic f o r c i n g  func t ion  has been s k u d i e d  by Wilkinson 

and Kalnins (15). 

I n  a r e c e n t  paper, Wilkinsoiz, Czpel l i ,  axd 

Salzxan (16) s tud ied  t h e  rzsponse of cer'tain shells of 

revolution. as  they  iLt?actec? wa-ker surfaces, , T h i s  work 656 

n o t  considei- the e f f e c t s  of s'cress wave propagat ion i n  t he  

she l l  dur ing  impact e Furthermore, ths s h e l l s  s tud ied  
b 

numerical ly  were shal-low i n  na"iui-e and weye not conple te  

s h e l l s .  The problein s tu .d i ed  i n  t h i s  paper u t i l i z e d  ii 
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v?aves produced by pressure l ozds  on E?, sphcricz,l shell. 

Second, I4edick (10) hss considered the i a i t i a l  response 'of 

2 shallow sphcyical  s h e l l  to a concentrzted f o x ?  at t h e  

apex 0 

.t. - L:?e i x p a c t  of a deep sphei-ical s h e l l  agai-nst a r i g i d  or 2 

deformable su r face  e 

Methods of  Inves t iga t ion  

The theories used Lf i  t h i s  i n v e s t i g ~ ~ l i o n  assurce EL 

shell wlhic'n i s  thir?, o f  uniform t h i c h e s s ,  %id made of a? 

elastic:, i so t - roplc ,  hoymgeceous mztsriai The nornal a116 

Amlyses m e  no% peri"orm& u s i n g  cla,ssical  benciing 



i 
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t he  s h e l l  irmediz'cely z , f l e r  impzc-L, t h e  modal expms ion  

methad r e q u l r e s  t h e  use of a la,;r.ge numbel- o,f normzl m d e s .  

The u s e  of t h e  method of c h a r a c t e r i s t i c s  h;ts the * 

advali-iage o f  accurately desc r ib ing  t h e  behzvior at t h e  wave 

9 m n t  vzithiir? t h e  l i r f i i t a t ions  i n h e r e n t  i n  the use OS 

i i u r n e ~ i c z ~ l  i n t e g r a t i o n  techniques ~ Both methods of s o l u -  

t5on g2ve m identical d e s c r i p t i o n  of t h e  con tac t  surface 

2 s  a f u n c t i o n  of '~irfie~ 

Using rr,err-,brane 'iheoi-y, bo th  methods have been pro- 

gaiaeCi on a d i g i t a l  computer. A s  shown l a t e r ,  reasonable 

c o r r e l a t i o n  exis'cs between the  s o l u t i o n s  zl'cinou-gh t h e  

cornputerr -Line v!i-cGh t he  methcd o f  c h a r a c t e r i s t i c s  solu' t ion 

i s  s i g n i f i c a n t l y  less e 

T'ne c h a r a c t e r i s t i c s  soluCion cons ider ing  s h e m  2nd 

s o l u t i o n  has not been progrmmed, the necessary numeric&- 

procedures have been described. 



cocponents  and t h e  cffec2 of py ro techq ica l ly  ini‘cizted 

-bransiz~-L loads  on spacecraf-i; cor~ponents I n  sone of t h e s e  

z p p l i c z t i o n s  012s might h&vz eo come -bo some a d d i t i o n a l  
‘ 

cnderstanding of the behavior oi’ a s - t r e s s  as i t  crosses  t 3 e  

I n t e r f a c e  between a s p h e r i c a l  s h e l l  s u r f m e  and another  

A r e l a t i v e l y  s i n p l e  extension Lo this work would be 

t o  includie t h e  effects of a,r i n t e r n a l  p re s su re  4.n t h e  si-wXle 

Yith t h i s  so lu t ion ,  it li?ig;ht be of some interest to s tudy  

t h e  behavior of  a b a s k e t b a l l  dur ing  t h e  p l ay  of a basket-  

b a l l  game, Perhaps some such s tudy  woulci r e s u l t  i n  t ke  

l l ,pL -P ovement of e i t h e r  t h e  b & l l  or %he plzying  surface e 

The t heo r t e s  developzd i n  t h i s  s tudy consider  the 

e f f e c t s  of bo-th r a d i a l  2nd t a n g e n t i a l  s h e l l  loaC?ing r.ilr,ere 

p r a c t i c a l  I) Beceuse of‘ t h i s ,  t h i s  imyk could sasily” be  

extended t o  colzsider t h e  effects of‘ a more r e f i n e d  irrgact 

s u r f r c e .  Such. a su r fece  migln-b cons:ist of e i t h e r  a 

i 



I t  any sphe r i ca l  landrirg czcsules uader cui-rent s t u d y  

are  no t  or” sgherical  ‘shzpe. Tfius3 EL reasonable extenston 

of this 7;roi-k would conside’c t h e  s’c;udy of s h e l l s  of’ i-evo- 

lutioa with non--sph?r icd  geometries 

Other extensions t o  -this work wo’iild consider the use 

of i n e i a s t i c  mater ia ls  and Tini te  deformations. 



Eq'clations of' MotTon of  t he  Shell. 

In t he  following d i scuss ion ,  t h e  equations of r:o"iGn 

shell. A coi.ilple'Le d.erivz.tion of these equations knii a 

discussion of  t h e  s h e l l  theory used i s  given i n  k p e n d i x  

The  effects or" shezr, benS.ing, and r o t s t o r y  i n e r t i a  are 

considcred i n  addi'cion t o  the extension21 effectss. 

-7 B. 

Tlne equations a r e  wi5 t ten  i n  the fol loxing form us ing  

( 2 . i )  

1-k i s  noted that equations 2 . 1  can be fou.nd using those  

preseizteci by Praszd (12) and o t h e r s  i f  we assare a x i a l  

syrmetr-y and h/R 4 <  I . 
b 

Equations 2-1 czn a l so  be found using t h e  generzl 

theory  developed by Washdi (11.) e I n  t h i s  e s s e  we must mzke 
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F igure 1 e Coordinate System 



.. . .. . 
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( 2 . 3 )  

The non-dimensTonzii fori2 of equat ions 2.3 ixay be 



Q 

The var ious  q u a t i o n s  previously presented can be 

grez’cly s i x p l i f i e d  i f  we neglect shear, bending, and. 

(2.. 6) 



c 

I a l i o x i n S  ey-iratioss of rnotioa in t e r n s ’  of d i  splacenents , 

Load-Di splacement Re la t ion  

The impact  surface is de:;l‘ined as a surface ’C’nzt 

in such a 
.. c 

ief’orrris under i?, radial. s h e l l  l o a d  C;”(<b, -‘L 1 
nanner t ha t  

c 

(2.9) 

?$ 
-v.Fhere UJ = d i sp lacenen t  of impact  surface (positive i n t o  

surface) ( inches)  
<$ K = impacri; sui-?ace s t i f f n e s s  parazieter (-pounds/ 

inch/squzre inch)  



I 

i 

(2.11) 

for 211 points on tine s h e l l  whrich a e  i n  c o n t ~ c t  with the  

(2.12) 

where x = cos $5 . 

Eque'iions 2.7.1 296. 2.12 czn be wri-tten in $he 

I"ollo!cing non-dimensional foni: 

(2.14) 

(2.15) 
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lr( 
0 

d 
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i 

Since the s h e l l  lozd can only  occur over ~ h z t  p o r t i o n  

may be ex2,i-esseii in t h e  form 

F 

or in t h e  equivelen-l forxi 

(2.17) 

(2.16) 

is z e r o .  SwerLhcless the  vcr2o.U~ solutions d e v e l o p d  in 



Lhe c l a s s i c a l  norrml mode expznsion methoe. The generz.1 

grocedure  followed i n  t h i s  solution i s  described as 

r ' O l l 0 : ~ T s  a 

Firs"!, %he eigenvectors or normal rriodes of' t h e  syste-m 

are develoged from t h e  honogmeous or f r e e  v ibrz t ion  

solution t o  the displacezen-b form of the  equat ions of 

Y ~ o t i o i ~ .  Only 'ihe space dependence of these  ~ o r ~ a l  rzodes 

i s  deteril?ii?ed al'chough the  pi-ocedilre i s  described f o r  

ob tz tn inz  t h e  complete modes a Each. of -the d isp lacenent  

zfid z,p?lied l o z d  var izbles  ZYC then defined as &n i n f i n i t e  

s e r i e s  expansion of the pinoduct of the zpPropi-iate eigen- 

vec-to:- p.;traneteei-s of t h e  s y s t m .  znd an arbitrary time 

d ep end si= t ?u.n c ti on 

A conventional foi-zed viSrLtion solution t o  the 

?~-~>l.e:? no?: l e a i s  to 2 so lu t io i l  f o r  t he  displecexents i n  

18 



The eigenvectors or nor~m.2. modes of t he  system mzy 

be determined from equs-tions 2.5 i f  vie Zss -we  P = Q = 0. 

Ass~xLng thaC t n e  se~a;-a-Lion of vai-icbles -leckAclu.e cziq be 

use6 t o  solve these equa-lions of motion, l e t  u.s define 

h = Q  

n=o 



23 

i 

( 3 . 3 )  





The solution t o  this eqixLtion is 



( 3  2-5) 

equa-li-ons 3.2 m;ty be w r i t t e n  in t he  fol lowing form which is 

seer; to be iiqdepen6en-L 0% C) : 



C.3 (3.17) 

(3.18) 
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i 

(3.19) 

-- i l s l n g  this r e s u l t  a-cd t he  genere1 theory cievel.oped 

*- previously, m e  remzinlng coefficienGs are  seen 'LO be 

A, = - C i + Y )  (3.21) 

(3 .23)  



Using the so?,ution aevelo2,ed in t he  p r e v i o u s  a 5 i q l . e  

for the space dependen-: p o r t i o n  of the  norn~l nodes 

equa-bions of’ no‘cio-n in t e r a s  of unkno!.m a p p l i e d  lozds  is 

teci-micjlde c a : ~  be used to solve ”ihe equations of motiol’l, 

I? = Q 

(3.25) 



(3.29) 

The solution to equations 3.29 is recognized to be of t h e  

(3 .30)  
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(3 .32 )  
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( 3 . 3 3 )  

U.S consider the i n i t i a l  condi-Lions of -the probien,  If  we 



Y 

( 3 . 3 )  

Ti-a 

Sine2 ?'(XI E,nd ph(X) are not  necessaril-y zero, these n 

( 3 ' 3 6 )  



. . . - . . . . -. .. .. . - .. . . . . . . .. . . - . . . . __ . - .. . . . - . .. . 
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The inversion o f  equztions 3.37 i s  carried out  i n  

Apper,dix A and r e s u l t s  i n  the  equations 

. where 
JO '0 

(3.38) 

(3.39) 
z 

(3.40) 

(3.41) 
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It should be zoted that  equations 3.38 represent  a 

r a t h e r  general  so lu t ion  f o r  t h e  forced v ib ra t ion  of' an 

impacting spher ica l  s h e l l .  However, ' f u t u r e  computations 

. w i l l  be  r e s t r i c t e d  t o  t he  spec ia l  case where the impact 
6 

surface i s  as 

. i s  seen tha t  

defined on pages 14-17. For t h i s  case, it 
i 

E$) f 0 . 
Load-Displacement Relation 

A r e l a t i o n  between the  applied radial  load and the  

displacement of t he  s h e l l  w i l l  now be derived. ' 

The s h e l l  load boundary conditlon has been determined 

i n  equation 2.17 to . _ _  be 
- . __ --- 

I .  d(x) = R h (Y)  
Since d(x )  i s  only a ' 

may be wr i t ten  i n  the  form 

been used t o  def ine the  

and the  r e l a t i o n  
\ 

function o f  x, equation 3.44 
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T f  we redef ine  d(xl-t.) as t h e  time dependent function 

Tnis form of the  s h e l l  losd boundary condition w i l l  be used 

i n  t h e  following discussion. 

The s h e l l  displacements and applied loads have 

previously ( see  equations 3.26 and 3.27) been defined as 

s e r i e s  expansions of normal mode functions.  The r e l a t i d n  

$ ( x , T )  w i l l  MOW be defined as a similar expansion w i t h  

t'ne form 

d(>c,r) = 
___ 

It i s  

nomials a r e  

sat isTy t h e  

(3.47) 
- - .  _- - n= 0 --. -- 

a well knovm f a c t  ( 7 ~ 1 6 )  that  Legendre poly- 

orthogonal over t h e  range - /  < X C I and 

r e l a t i o n  

f 7  
/ '  L 

) n==m 

- 1  0 ) n+ rn 
(3.48) Znt-l  P,(x> Q m ( x ) d x  = 1 

Therefore, a f t e r  multiplying P,Cx) through equation 3.47, 

in t eg ra t ing  t h e  r e s u l t  over the orthogonality range of  t h e  

Legendre polynomials, and using equations 3.46 and 3.48, 

we f ind  tha t  I 

- - .. .. ... . . -. ~. . . .. . . - 

(3.49) 
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0 

(3.50) 

(3.51) 

(3.52) 

Since X,(T) w i l l  have a value closer  t o  one than to 

.aimus one, it w i l l  be more convenient to write  .equation 

3.50 i n  the  eqiiivalent forx 

This r e l a t i o n  may be ' s impl i f ied  through the  use o f  

equations 3.26 and 3.48 t o  become 

(3.53) 
"0 

Using equations 3 . 5 1 t o  3.53, equation 3.49 may now 

.be  wr i t ten  

h/f,(t) can be deterrfiined from equation 3.51 provided 

that the  angles b,(~) and qb'(~) aye known. 

of these angles will be discussed l a t e r .  

hand, t he  determination of /dn(t) and L,(T) requires  tha t  t h e  

displacement w(X,T) be kl?ohn i n  addi t ion  t o  the  angles 

C$~(T) and h"(T) .  1 0  T h i s  unfortunate r e s u l t  r e f l e c t s  the 

Tie evaluation 

On the  other  
0 

inherent coupl ing betweem t h e  load d i s t r ibu t ion  2nd d i s -  

.- 

placement of the  she l l .  -. A s  a r e s u l t  o f  t h i s  coupling, t he  
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exact so lu t ion  to t h e  problem may 

through an i t e r a t i v e  procedure. 

We a r e  now i n  a pos i t i on  to 
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only be approached 

wr i te  t h e  desired 

r e l a t i o n  between t n e  applied radial  load and the  displace-  

sent of t h e  s h e l l .  Subs t i tu t ing  equations 3.26, 3.27, and 

Since t h i s  r e l a t i o n  must be v a l i d  f o r  a l l  values of x, v?e 

see t ha t  I 

. (3.55) 
For t h e  spec ia l  case of a rigid impact surface 

( i . e . ,  4 = 00 ), equation 3.55 reduces to t h e  form 

(3.55) 
t 

BotQ equations 3.55 and 3.56 a r e  seen t o  r e f l e c t  t h e  

desired r e l a t i o n  between load and displacement s ince  the  
. .  

l oad  fi-inction Dm(.t.) i s  an i n t e g r a l  p a r t  of t h e  displacenent 

' func t ion  'f3Jv). 

Determination of $)(T) and +'(TI 0 
2 

Equations 3.55 and 3.56 may be soived f o r  t he  unknown 

, load  d i s t r i b u t i o n  provided tha t  t h e  angles $ o ( ~ )  and k'(r) 
are known. The condition necessary to determine these 

m g l e s  i s  now presented. 

A s  seen from Figure 3 and equation 3.46, t he  
_ .  _ _  - -  



\ 

0 

boundaries of t he  contact area between the  s h e l l  and the  

impact surface may be deTined by ' the r e l a t i o n  

T h i s  r e l a t i o n  may a l so  be wr i t ten  i n  t h e  equivalent b u t  

computationally more convenient form 

(3.57) 
The root (or roots) of equation 3.57 give the  cosine of 

the  desired angle (or  angles) .  
* 

i 
Certain information that w i l l  help i n  Zornulating a 

computational technique t o  solve, equation 3.57 i s  avai lable .  

F i r s t ,  the  angle c$:('t) will only have a nonzero value i f  

the  zpex of t he  s h e l l  rebounds p r i o r  to other  port ions o f  

%he s h e l l .  Thus, t h i s  angle w i l l  i n i t i a l l y  and, perhaps, 

for a l l  time be zero.  On the  o ther  hand, the  angle bQ(T) 
w i l l  have a Eonzero value f o r  all *time ( a f t e r  t he  i n i t i a l  

time) u n t i l  t he  s h e l l  c o q l e t e l y  rebounds from the  inpact  

surface.  I n l t i a l l y ,  it i s  seen that  $o(T)=O. 

Computational ?rocedure 

The complete solut ion to the  problem c m  be gbtained 

from equations 3.26 2nd 3.27 once t h e  values of D,(T) , 
dro('r) , and c)z(z) a r e  found. T'nese parameters cas be 

determined from n equations of the  type given by equat ions-  

3.55 o r  3.56 2nd equation 3.57. 

A procedure i s  developed here t o  determine t'ne 
- - - - - -. - . .  _ _  - _ _  - .  
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unkrom-parameters of t h e  problem. I n  t h i s  procedure the  

5 n p c %  sur face  w i l l  be assumed to' have a f i n i t e  r i g i d i t y  

thus  allowing t h e  use of equation 3.55. T h i s  assumption i s  

not  considered unduly r e s t r i c t i v e  s ince  hard impact 

'surfaces with s t i f f n e s s e s  of up t o  100,000 pounds/in3 have 

successfu l ly  been evaluated using equktion 3.55. 

The problem so lu t ion  i s  obtained through t h e  use of ' 

various numerical techniques and a d i g i t a l  computer 

program. T h i s  program, whose flow cha r t  i s  shown i n  

Figure 4, i s  b k l t  up of a s e r i e s  of subprograms. 

subprograms a r e  l i s t e d  i n  Table 1. 

6 

The 

A complete FORTRAN 

l i s t i n g  and a de ta i l ed  descr ip t ion  of each of t he  programs 

i s  given i n  Appendix B. .. ' 

t h e  

A s  previously s t a t ed ,  t'ne inherent  r e l a t i o n  between 

applied load and t h e  d i  sp l a c  ement requires  tha t  an 

i t e r a t i v e  procedure be used t o  solve the problem. I n  the  

present  p rogrz?  only one such i t e r a t i o n  i s  used during 

each time i n t e r v a l .  T h i s  s imp l i f i ca t ion  i s  j u s t i f i e d  i f  

' s u f f i c i e n t l y  small i n t e g r a t i o n  i n t e r v a l s  a r e  used. 

Tne so lu t ion  procedure considers t h e  follokiing 

general  s teps .  F i r s t ,  various i n i t i a l  vaiues are bassumed. 

Second, t h e  disglacement functions,  b,,(r) , a r e  determined. 

T'nird, the  angles +o(~) and +o'(~) a r e  determined. Fourth, 

t h e  load functions,  D,(%) , a r e  determined. A t  t h i s  po in t  

the so lu t ion  for a p a r t i c u l a r  time i s  coniplete and the  

applied load 2nd displacement r e l a t i o n s  may be evaluated 

.. 
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, 
. .  

f o r  s-n arbitrary poin t  on the  s h e l l .  A s  a f i n a l  ste;p, a 

r,ew time T='C+d't i s  selected and' t h e  procedure re turns  to 

t h e  second s tep .  

Closing Remarks 

The de ta i l ed  so lu t ion  car r ied  out  i n  t'nis chapter i s  

based on t h e  membrane theory of  she l l s .  However, a 

similar so lu t ion  considering bending, shear, and ro ta tory  

i n e r t i a  e f f e c t s  could be d i r e c t l y  obtained i f  t he  funct iocs  

F. and H. i n  eauations 3.31 were avai lable .  It i s  seen 

tha t  t h e  d iscuss ion  presented i n  a r t i c l e s  3 .4 ' t o  3.6 i s  

d i r e c t l y  appl icable  t o  t h i s  l a t t e r  solut ion.  

J J 

Even though the  membrane solut ion i s  presented 

pr imar i ly  as an exmple  i l l u s t r a t i n g  t h e  f e a s i b i l i t y  o f  

t h e  solut ion,  it should be an acceptable solut ion i n  some 

s i tua t ions .  These s i t ua t ions  would a r i s e  f o r  cases where 

the shell i s  s u f f i c i e n t l y  t h i n  and where the  t o t a l  impact 

time i s  s u f f i c i e n t l y  long so as to minimize the  e f f e c t  03 

l a rge  changes i n  displacement near t he  apex of the  she l l .  

It i s  t o  be noted that  the  e x a p l e  cases discussed i n  

Chapter V do seem t o  f i t  t h i s  spec ia l  category of a 

so lu t ions t  

. 

-. . . .. . .- - .. - -. . . . . . . . - .- . . . - . . . . . . _. -. . . . -. . . -. - . _. . - ._ . . ._ . . . . . ._ . .. . . - . . - 



CFAPTER I V  

CHARACTERISTIC SOLUTION 

Introductory Remarks 

There a r e  severa l  undesirable aspects  of t he  normal 

Rode expansion method as applied to t h i s  problem. 

general, these aspects  r e l a t e  to' the inherent  d i f f i cu l t ;  

I n  

i n  descr ibing kn abrupt wave front by t h e  SUM of orthogonal'  

s e r i e s  r e l a t ions .  I n  order  t o  ge t  accurate  r e s u l t s ,  it i s  

necessary to take many terms i n  t h e  appropriate  s e r i e s  

r e l a t ions .  

The method of c h a r a c t e r i s t i c s  i s  another rnetkiod by 

which the  problem so lu t ion  czn be obtained. With t h i s  

nethod, t he  r e s u l t s  (def lec t ions ,  ' s t resses ,  e tc . )  a t  o r  

near wave f r o n t s  a r e  r ead i ly  and accura te ly  described. 

The general  procedure followed i n  t h i s  l a t t e r  method 

i s  described as follows. 

The'v&ious equations of t h e  problem a r e  f i r s t  

wr i t ten  as f i rs t  order  p a r t i a l  d i f f e r e n t i a l  e q u a t d n s  and 

a r e  then reduced t o  t h e i r  nornal  form. The normal form of 

t h e  equations ( i . e . ,  c h a r a c t e r i s t i c  equations) a r e  seen t o  

be ordinary d i f f e r e n t i a l  equations when defined i n  c e r t a i n  
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c h a r a c t e r i s t i c  d i r ec t ions  on t h e  space-time plane. 

The so lu t ion  t o ' t h e  prob1ern.i.s now read i ly  obtained 

by in t eg re t ing  the  c h a r e c t e r i s t i c  equations i n  the appro- 

p r i e t e  c h a r a c t e r i s t i c  d i r ec t ions .  While obtaining th i s  

solut ion,  c e r t a i n  spec ia l  conditions must be prescribed a t  

the  apsx of t h e  s h e l l .  

The so lu t ion  i s  e s s e n t i a l l y  a step-by-step in tegra-  

t i o n  procedure. 

described i n  Chapter 11, pages 14-17, i s  used t o  determine 

the shell-impact surface contact  a r ea  a t  each poin t  i n  

time. 

The load-displacement boundary condition 
6 

i 

A so lu t ion  incorporat ing bending, shear, and ro t a to ry  

iner-Lie e f f e c t s  i s  determined. However, numerical compu- 

t a t i o n s  a r e  r e s t r i c t e d  t o  a so lu t ion  t h a t  considers only 

membraqe theory. 

Determination o f  Charac te r i s t ic  Equations 

Shear Theory--Tne shear theory c h a r a c t e r i s t i c  

equations a r e  determined from equations 2.2'and 2.4 using 

1 t he  following procedure. T h i s  procedure i s  developed by 

' t h e  method described by Courant and Hi lber t  (3:&25)%. 

The following new var iab les  w i l l  be used i n  t h i s  

, d'erivation: 

u. = U>T 

(4.i> 

. 

. .  . . . . . - . . . .. . 
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0 

L 

The equations 

written in the form 

of motion (equations 2.2) may now be 

After differentiation with respect to non-dimensional 

time, ' the stress-displacement relations may be written 

Equations 4.3 and 4.4 may also be written in the 

form of the  matrix equgtion 

= e  3v 
3T 
. . .. _. . . . .. . _-  . 
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where 

A =  

0 

0 

0 

0 

0 

-I  

0 

0 

If s t r e s s  

0 

0 

0 

0 

.o 
0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

- I  

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

- I  
0 

0 -< 0 
0 0 0, 

0 0 0  

" 1  0 0  

C 

waves are t o  propagate through the  s h e l l ,  

equations 4.5 must be hyperbolic. T h i s  system of  equations 

' i s  hyperbolic i f  t h e r e  e x i s t  e ight  l i n e a r l y  independent 

eigenvectors 1' for which 

S 

,!'A = X,B 

and As a r e  t h e  roots of  t he  a lgebra ic  equation 

l A - A I \  O (4.7) 
Equation 4.7 i s  evaluated i n  Appendix D.' The values ' 
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The eigenvectors of equation 4.6 z r e  determined i n  

kgpendix D. These eigenvectors cSn be wri t ten  i n  the  form 

or" t he  following t ransfor imtion matrix whose rows consist 

of t h e  var ious eigenvectors: 

0 

T =  

The normal form o f  equation 4.5 i s  found by multi- 

plying T through equation 4.5. 

equetions a r e  wr i t ten  as follows: 

The r e su l t i ng  set; o f  eight 

a a r  - (-urn+ * Me) = ( I - v') 

(4.10) 
b 

~ . . . . .. . . . . . . . . . . . . . . . . . .. .. -. . . . . . . _ _  . . . . . - .- . . -. . . - . 



0 

Equations 4.10 ere the desired c h a r a c t e r i s t i c  

equations wri$ten ln terms of t he 'phys i ca l  var iables .  

These equations mzy b e ' p u t  Tnto another form which i s  more 

Cgpropriate for nuinerical i n t eg ra t ion  through t he  i n t r o -  

duction of a new se t  of dependent var iab les .  Therefore, 

let 

VI= nQ- L 

Vz= n++ iL 
V3= $ 4 - K , b  
% =  %++ k p -  

v5= m+- €p* 
vb= MQ 4- €p+ 

. 

V 7 = - w n + ' c  ne 
V' =-wm++ me 

Using equations 4.11, t h e  following r e l a t i o n s  f o r  

the physical  va r i sb l e s  may be wri t ten:  

n4 = (v, + v ~ )  
I n, = v7 +(y f y,) 

M+ = $(v, a- V') 

M, = g + 5 ( v 5 +  Vh) 

(4.11) 

. .  
, .  

b 

(4.12) . 

.. 



I 

..... .-..- ...... . - - -  ~ .... ~ 

47 

Using equations 4.11 and b.12, the characteristic 

equetions (equations 4.10) may now be written 

5% d r  = (I-U2) [y +&&- v,,l 

where 

b 

The characteristic equations given above are defined 

Tor the directions shown in Figu-e 5. Since the slo2es or" 

the var ious  characteristic - directions in the space-time 



0 

c 

b 

I 
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plane represent  wave ve loc i t i e s ,  it i s  agparent from the  

f igure  tha t  waves t r a v e l  through' the s h e l l  a t  the  two ncn- 

dimensioxal v e l o c i t i e s  c = 1 and cs = K,. 

The wave which t r s v e l s  a t  the  ve loc i ty  c = 1 i s  made 

up of two parts. One p a r t  i s  e s sen t i a l ly  an extensions1 

wzve while t he  o ther  i s  predominantly a bending wave. Tne 

other  wave, which t r a v e l s  a t  the  ve loc i ty  cs = Ks, i s  

e s sen t i a l ly  a shear wave. 
- 

7 

Membrane Theory.--The shear theory cha rac t e r i s t i c  

equations have'been developed i n  the  f irst  p a r t  o f  t h i s  

sect ion.  

which undergoes only extensional  deformations ( i . e . ,  

nenbrane theory) .  

S i m i l a r  equations w i l l  now be derived f o r  a s h e l l  

The membrslne theory c h z r a c t e r i s t i c  equations can 

e i t h e r  be developed from equations 2.6 and 2.7 o r  frorn'the 

prevlously developed shear theory solut ion.  T h i s  l a t t e r  

I method w i l l  be used here. 

A s  discussed i n  Chepter 11, pages 13-14, membrane 

theory equations can be determined from shear theory 

equations i f  it i s  assumed tha t  m = -0. 
9 %+ . 

F'urt'nerrnore, t h i s  assu3ption i n f e r s  t h a t '  E =E K, k 0 .  

Using the'se msuriptions, equations 4.10 reduce t o  t he  form 

.( 4.14) 

. . . -  .. . .  .- - . -  .~ . -. 
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A s  with the  shear theory cha rec t e r i s t i c  equations, 

equations 4.14 r a y  be wr i t ten  i n  terms of a new s e t  of 

var iab les  i f  we l e t  

(4.15) 
= n,-k 

v* .= nq, 4- iL 

V, = -trn -t; n, 9 
Using equations’ 4.15, t h e  following r e l a t ions  for 

t’ne physical var iab les  may be defined: 

(4.16) 

Using equations 4.15 and 4.15, t h e  meEbrane theory 

cha rac t e r i s t i c  eqcations (equations 4.14) may now be 

wr i t ten  

(4.17) 

- ... . -. .. -. .. . . .. . . . . . , . ~ -  .__ ... .. . . _ _  __.._ _.  ... . . _... . .. . . ..-. _ _  
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where dsl and ds2  a r e  the  s a m  as i n  equations 4.13. 
Equatioas 4.17 are defined for t h e  cha rac t e r i s t i c  

d i r ec t ions  shown i n  Figure 6. It . is  apparent- frora the  

f igu re  tha t  wwes t r a v e l  through the  s h e l l  a t  only the  

non-dimensional ve loc i ty  c = 1. T h i s  phenomena i s  t o  be 

expected wher, only extensional e f f ec t s  are considered. 

General Solution of Charac t e r i s t i c  Equations 

tmen writt 'en i n  t h e  form given by equations k.13, I 

~ t he  cha rac t e r ip t i c  equations become ordinary d i f f e r e n t i a l  

equations. These equations can be e a s i l y  in tegra ted  i n  

t h e i r  appropriate  cha rac t e r i s t i c  d i r ec t ions .  

For exarqle, i f  poin ts  R 1  and R2 ( see  Figure 7) a r e  

an in f in i t e s ima l  d i s tance  agar-t;, t he  f i f t h  of equations 

4.13 can be in tegra ted  t o  ge t  

Tnis equation can be evaluated provided tha t  t he  var.ia3ies 

and a re  known at  t h e  poin t  R 2 .  

Similar 'equations can be wr i t t en  by in t eg ra t ing  the  

rest of equations 4.13 r e su l t i ng  i n  a s e t  02 eight  

. Equations i n  terms of t h e  physical  va r i ab le s  and the  

applied loads. Tnerefore, i n  theory a t  l e a s t ,  t he  

complete solution a t  poin t  *31 can be found provided tha-k 

a l l  t he  var iab les  z re  known i n  the  region A .  
- _ _  - - -  - _ -  . .  
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It i s  noted tha t  t he re  a r e  e s sen t i a l ly  teen unknown 

varizbles  i n  equations 4.13. 

and Q and t h e  s e t  02 e ight  varizbl-es represented by e i t h e r  

Vi o r  t he  physical  var iables .  

r e l a t ed  t o  t h e  physical  ver iables  through equations 4.2. 

The unknovm var iab les  cazc be determined throughout 

These include the  l o a d s  P 

Tne quan t i t i e s  Y i  a r e  

region A provided that they a r e  known along those port ions 

o f  t h e  boundaries +=e, +=T i - ,  and T = o  that  border on 
4 

t h e  region. 

Using a fires c r ib  ed s e t  of i n i t i a l  conditions a l l  Of 

t h e  var izb les  can be 'deterslined along t h e  boundary 2 =O . 
Assuming that tkie agplied 2oads P and Q can be 

expressed as functions of t h e  other  physical  var iables ,  

only t h e  var iab les  Vi ( o r  t he  physical var iables)  are 

affected by the  boundary conditions along += 0 and +=* .  
Along the  boundary = 0, t he  var iab les  V2, V4, and 

V6 can be determined by the  d i r e c t  in tegra t ion  of equations 

k.13. The reaaining var iab les  can be determined through 

an exaxination of  Yne - r e l a t i o n s  - Yi as defined i n  equations ' 
-_ _- - 

4.2. 

it i s  

ie 

Q n 

If t he  r e l a t ions  Yi a r e  -Lo remain bounded a t  

seen that 

+= 0 , ' 
b 

z o  

(4.19) 

0 r O  UQ 
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s ince  (.-tn+) = oo . Equations k.19 a re  recognized 

ES t he  usual  bouadary conditions T o r  t he  apex of' a 

spher ica l  shell. 

4= 0 

Equations k.19 a re  su f f i c i en t  to def ine  the  remziriing 

unknown va r i ab le s '  along t'ne boundary &=o. However, t he  

indeterminate quan t i t i e s  Yi must be evaluated 

remaining va r i ab le s  can be defined. A s  shown 

a r e  defined by the  r e l a t ions  

before ' these  

i n -  equations 

(4.20) 

It i s  fu r the r  shown i n  equz&i-ons C.20 that  
._ - _  __ 

(4.21) 

Using equations 4.19 and 4.21 and computatio6al 

techniques t o  be discussed l a t e? ,  t he  right-hand s ide  

equations 4.20 m2y always be corpwted. 

A procedure similar t o  tha t  discussed above for 

of 

the  

boimdary &=o mzy be used t o  determine the  ver iabfes  Vi 

along the  boundary + = T r  . I n  t h i s  l a t t e r  case, t he  
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var iab les  VI, V3, and V5 may be determined by the  d i r e c t  

i n t eg ra t ion  of eqbations 4.13. Slnce &,$,#), = --bo 

t he  rernaining ver iab les  a r e  again .determined through the  

use of  equations 4.19 t o  4.21. 

277 

Using the  general  procedures out l ined above, it i s  

seen that  the  complete so iu t ion  f o r  tGe poin t  R1 and, f o r  

that  matter,  f o r  a l l  points  i n  the  space-time plane can 

always be determined. Detailed numerical procedures and 
4 

t h e  q p l i c a t i o n  to the  impact of  a s2herical  s h e l l  on a 

deformable surpace w i l l  be discussed l a t e r .  

A procedure sirriilar t o  t h a t  discussed above f o r  t he  

general  shear theory can be developed for membrane theory. 

I n  this___case, conditions along the  boundaries C$-O and 
, .. 

Q =fr requi re  that  

l i s  0 
(4.22) 

n+ E n, 

Furthermore, along these boundaries it i s  seen t h a t  

Along the  boundary += 0 , the  var iab le  V2 can be 

determined by the  d i r e c t  in tegra t ion  of t he  second of  

equations b.19. I n  a similar manner, t he  var izb le  V1 can 

be determined along the  boundayy + = W  . The remaining 
._ _ _  - .. - . -  _ _  
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' v a r i ab le s  can be found by t h e  so lu t ion  of t he  l as t  of 

equations 4.17 md equations 4. 22 .and. 4.23. 

Spec i f ic  Solut ion of  Charac t e r i s t i c  Equations 

A s  discussed i n  t h e  previous a r t i c l e ,  a so lu t ion  

using t h e  method of c h a r a c t e r i s t i c s  czvl be determined 

provided tha t  the necessary i n i t i a l  conditions, and load- 

displacement r e l a t i o n s  are prescribed. 

The i n i t i a l  conditions f o r  the impact of  a spher ica l  

she l l  on a deformable surr"ace may be defined as 
- - ~ 

t 
_-- 

u(4,o) = W(4,O) = 0 

(4.24) 

The load-displacement r e l a t i o n  f o r  t h i s  problem i s  

2 given i n  Chapter, Ii, -pages 14- 17 as 

P = o  
1 

As will be seeE i n  thhe next a r t i c l e ,  the angles h 0 
and 4: can be -found d i r e c t l y  through t h e  _use_of  
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equations 4 , 25. 
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Computational Procedure--Shear T'neory 

The numerical procedures necessary t o  solve t h e  

problen w i l l  now be described. Solutions a r e  given f o r  

both shear theory and membrane theory. The complex nature  

of these  so lu t ions  requi res  t h e  use of a d i g i t a l  cozputer 

i n  t h e  carrying out  of t'ne computations, 
__ - ----- - -__ - _  .- - 

I n  the next a r t i c l e ,  a computer program based on t h e  

nenbrane theory so lu t ion  w i l l  be described. 

computations w i l l  be car r ied  out  only for t h i s  solut ion.  

Numerical 

Various f i rs t  order  ordinary d i f f e r e n t i a l  equations 

must be in tegra ted  during t h e  problem solut ion.  I n  

general, these equations a r e  of t he  form 

. .  

where uj re2resents  t he  various physical  var iables ,  

applied loads, and functions of' h and dh represents  incre-  

ments i n  the  various c h a r a c t e r i s t i c  d i rec t ions .  

The in t eg ra t ion  of equation 4.26 from<point  1 to 

poin t  2 r e s z l t s  i n  t h e  following so lu t ion  for Sz(\uj 1 : 

I f  the  fumction q,(uj) 
h, equation 4.27 must be wr i t t en  i n  the  form: 

i s  a function of 4 r a t h e r  than of 
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0 

i. 

Using the  general  theory described above, ' the  shear 

theory so lu t ion  w i l l  now be presented. I n  t h i s  case, 

s o l u t i o m  a r e  found for each of t he  gr id  poin ts  defined i n  

~ i g u r e - 8 .  Since %- i s  gene-pally not  an even mul t ip le  of 

A T  , t h e  i n t e r v a l  between poin ts  rimox- I and hmdK w i l l  

r equ i r e  spec ia l  consideration. 

It i s  noted tha t  t h e  g r i d  poin t  numbering system i s  

repeated a t  each ,time Ti. T h i s  scheme i s  used t o  minimize 

the  required computer s torage during numerical computations. 
4 

I n  the dk-ivat ions vtnich follow, t h e '  i +' time i s  

t h e  one cur ren t ly  being evaluated. 

denoted by t h e  subscr ip t  L - l  . 
The previous time i s  

The so lu t ion  of equations 4.13 f o r  a general  po in t  ni 

may be found using e x i s t i n g  so lu t ions  a t  the  i- I t ime 

. .  

I 

(see Figure 9) and i n t e g r a l s  or" t h e  form given by 

equation 4.27. Tnerefore, 

. . . . .. _. . . . - . . . . - - - . . . . ~. . . . . ~  .. . . . ~ 
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Tne physical  var iab les  n+(n,), .ne(ni) m+(ni) , 
.I,(ni’, %&), u ( n i )  , b ( n i )  , and E & ( n i )  a r e  readi ly  

.I”ound t‘nrough the  use of equations 4.12 once the  variabkes 

Vj (n L )  are know... The displacements u(ni) and w(ni) 

can now be computed through the  in tegra t ion  of b- and &. 

Tnese r e l a t i o n s  may be wr i t ten  i n  the  form 

(4.29) 

Using equations 4.25 and 4.29, t he  radial  load  Q(ni) 

can now be wr i t ten  i n  t h e  form 

h 

The angles +*(ri) 0 and %(‘ei) a r e  defined as those values 

of j u s t  t o  t he  l e f t  and j u s t  to t he  r igh t  of t he  loaded 

area or“ t he  s h e l l .  

Z:xce;?-L for the points  iWiere C$=O and = W, the  

. 

quan t i t i e s  y j (nL)  can be reaCLly determined from 
- . .. _ _  - - - - - - - . 
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equations 4.2 once the physical varizbles are known. 

”he values of the variables‘ at the points n-E, and 

are four,d using the interpolation relations n+$ 

(4.31) 

Solutions for the points corresponding to 4>=0 and 

&=P require special consideration. In each of these 2 

cases, the general procedure outlined on pages 51-57 must 

be followed. Therefore, if +=o, n= I and V . ( f i ) ,  ( ( I i ) ,  
2nd vb(li> can be found by the direct application of 
equations -4.28. 

. .  

The remaining variables are found through the use of 

equations 4.19 to 4.21. Using these relations, it is see3 

that 
- 

(4.32) 

(4.33) 

. - . . -- . . -. _. . .. -.. . - -  - - . . - .. . ... .. . ._ . - . . ,  . .. 

... 
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Using equations 4.19 and 4.32, so lu t ions  f o r  t h e  

remaining va r i ab le s  vi ( \ i )  can be found from equations 

'4.11. The displacements 

as i n  t h e  general  case. 

known at the  poin t  n = 1 

and apFlted loads a r e  determined 

Tnerefore, a l l  var iab les  itre 

and the  problem so lu t ion  can 

proceed. 

A similar procedure can be followed i f  + = TI- (n= nmdx). 

Kowever, s ince  Ax < A'* c e r t a i n  i d d i t i o n a l  computations 

aust be car r ied  out  f o r  these  points .  
# 

A s  described on page 55, v,(nmOXi) V3("mogi) 
' and vs( nmax;) can be 'found by the  d i r e c t  appl ica t ion  of 

equations 4.28. However, to do this  t h e  var iab les  must be 

known a t  the  poin ts  n-y and n-y1 ( see  Figure 10). The 

v a h e s  of t h e  var iab les  a r e  found at  these  poin ts  using 

the in t e rpo lg t ion  r e l a t i o n s  
8 .  

(4.34) 

The remaining var izb les  a r e  foand through t he  use o f  

Using these r e l a t ions ,  i t b i s  seen 8 equations 4-19 t o  4.21. 

t n a t  

(4.35) 
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Figure 10. Layoct f o r  g r i d  points 

near + = w 
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and 

7 

Using equations Qe19 and 4.35, so lu t ions  f o r  t he  

remaining var ikbles  vj( nmcrx;) can be found from equations 

4.11. 

mined as i n  t h e  general  case. Tnerefore, a l l  var izb les  a r e  

kno.clm a t  t h e  poin t  n = n,,, 

proceed. 

The displacements and applied load a r e  again de te r -  

0 and t h e  problem so lu t ion  csn 

The so lu t ions  f o r  t he  var iab les  Vz(nmaX-f i), T(nmSx- 1;) 

and 1/6(nmaat;) a r e  a l s o  spec ia l  cases s ince  A X  $ A? ( see  

Figure 10). To g e t  these  r e s u l t s ,  t h e  so lu t ion  f o r  point  

must f i r s t  be obtained. Then t h e  required 
M O X  i 

var iab les  can be computed fron; t he  r e l a t i o n s  

. ... ,_ , . . . . . . ~  ... ..-. . ._ .. ... . ..> 
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where 

The values of t h e  var iab les  a t  the  po in t s  n q  
a r e  found from the  in t e rpo la t ion  r e l a t i o n s  

and n+r 

The computation procedure f o r  each time Ti > 0 w i l l  

be to f ind  the so lu t ion  f o r  each gr id  point  defined f o r  

t h i s  time. 

i n  t h i s  computation. 3y proser manipulation of computer 

core storage,  only the  so lu t ions  f o r  t h e  times Ti and 

Ti-dT 

The so lu t ion  f o r  the  time TL-& w i l l  be  used 

need be retained a t  any one t i n e .  It i s  noted tha t  

' t h e  values of the var iab les  a t  Ti=O a r e  found from t h e  

i n i t i a l  conditions. 

The procedure i s  now complete. However, two add i -  
b 

t i o n a l  comments a r e  i n  order. F i r s t ,  s ince the  s h e l l  load 

carmot physical ly  occur a t  an angle o>F' and s ince  d(n) 

, it i s  prudent to check f o r  these 'li- 
, blows up a t  Cp= - 

2 

unl ikely s i t u a t i o n s  i n  t h e  numerical procedure. 

Second, for many of the e x a p l e s  which could Se 

studied, t he  s h e l l  completely rebounds p r i o r  to t he  time ~ 
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xinirni z e 
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Tastest s t r e s s  waves reach +=W . Tnerefore, t o  

coxputation time, soxe poin ts  in .  t he  space-time 

.plane need not  be computed. 

For example, i f  t h e  problem so lu t ion  were as shoim 

i n  Figure 11, only those poin ts  i n  the  region bounded by 

-points A, B, C, and D need be computed. It i s  noted tha t  

values f o r  po in t s  along the  l i n e  AD can be determined from 

the  i n i t i a l  conditions.  

Computation Procedure--Membrane Theory 

Tne computation procedure f o r  t he  membrane theory 
; 

so lu t ion  w i l l  now be presented. T h i s  procedure i s  

e s s e n t i a l l y  t h e  same as t h e  olze developed i n  the  las t  

a r t i c l e  f o r  the shear theory solut ion.  

A computer program has been develo9ed t o  car ry  out  

th i s  solut ion.  Tne numerical r e s u l t s  from t h i s  prograx are 

discussed i n  Chagter V. 

The grid numbering system used f o r  t h i s  so lu t ion  

w i l l  be as shovm i n  Figures 8-10 with t h e  exception t'nat 

t'ne po in t s  n-5 and n+5 a r e  no longer required.  

Tne so lu t ion  of equations 4.17 f o r  a general p o i n t .  
h 

Ri 

time and i n t e g r a l s  of t h e  form given by equation 4.27. 

may b e  found using ex i s t ing  so lu t ions  a t  t h e  'L- I 

Therefore, 

(4.39) 
. - ^.. ~ ... . . . . . . .~ . . . . - .. - - . .. _ _  - __  
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Q=G(d-w)  , 

Figure 11. Illustration of shell-surraceb. 

contact  area. 
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The remaining physical  var iab les  n+(ni) n,(nL) , and 

u(n3 a r e  r e a d i l y  found through t h e  use o f  equations 4.16 

oace equations 4.39 have been evaluated. 

L(ni)  

. &:(nil 

The displacements 

and w(n;)  , the  radial load 4(nL),  and the  anglEs 

and +;(ni) can be computed from equations 4.29 and 

4.30 j u s t  as i n  t h e  shear theory solut ion.  

Except f o r  t h e  poin ts  where +=o and &=V, t h e  

q u a n t i t i e s  '((ni) and %(m) can be r ead i ly  determined Prox 

equations 4.2 once t h e  physical  var iab les  a r e  known. 
> 

Solutions f o r  t he  poin ts  corresponding to +=o and + = T r  

regui re  spec ia l  consideration. I n  each of these cases, 

t h e  general  procedure out l ined ,on pages 51-57 must be 

followed. 

Therefore, i f  &=o, n= 1 and $(nil can be found by 

the  d i r e c t  a9pl ica t ion  of t he  second of' equations h.39. 

The remaining var iab les  cas  be r"ound through the  use of 

equations'4.22, 4.23, and the  l as t  o f  4.39. Using these 

r e l a t ions ,  it i s  seen t h a t  

i .  

. -  

.. . . 



Using equations 4.22 and 4.40, so lu t ions  f o r  t'ne 

rexaining va r i ab le s  y(li) and v..(/i) ckn apparently be 

found from equations 4.15. On the  o the r  hand, a f u r t h e r  

exaxination of equations 4.15 shows that s ince k(i) = 0, 
a 

\ It i s  ap'parent tha t  f i v e  equat ions 'are  ava i lab le  f o r  

the conputation of t he  four  var iab les  Y ( I ~ )  , ~ ~ ( 1 ; )  , 

0 

L. 

v7 ( \ i) , and 

computation depends on the best s e l ec t ion  of four equations 

to c o q u t e  t'nese var iab les .  Experience has shom t h e  b e s t  

r e s u l t s  t o  occur when vz( 1 ~ )  i s  computed using t h e  

r e l a t i o n s  V*(I;) = V, (t i)  . 

w ( I i )  . The accuracy of the numerical 

- -  
The procedure used here  t o  compute v,(li) , v,(I;> , 

v, ( 1 ; )  , and & ( \ i )  i s  swnxarized as follows. v, ( ! i )  

and w(l;) are computed from t h e  r e l a t i o n s  given i n  

equations 4.39. v,(l;) and v,(l;) a r e  then found from 

equations 4.15 wherein rt+(l i )~ no( l i )  and k((i) z b . 
The'numerical coaputation of y(\i) and ( I ; )  may 

iead t o  erroneous r e s u l t s  i f  t'ne v a r i a t i o n  of k 

with respec t  t o  i s  rapFd OT spproximately zero near t he  

-0 it seems reasondole t o  
JQOiI 

apex 02 the  s'nell.  Since -- 
24 

assume that  ~ z ( ~ ~ ~ ~ O .  T h i s  assumption has been used i n  . 

and n9 
I - -  - - 

'. 
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a l l  nuaerical  computatlons Dresented here in  t o  minizlze 

the  p o s s i b i l i t y  Of computational 'error.  

Final ly ,  the  displecements and applied load a r e  

determined as i n  the  genersl  case. A l l  var iables  a r e  then 

known a t  the  poin t  n = 1 and the  problem solut ion cain 

proceed. 

A similar procedure can be followed i f  b=W (n= m,,,) 
'However, s ince A X <  A P  , c e r t a i n  addi t iona l  computations 

must be carr ied out f o r  these points .  

page 56, v,(npmdx> 

of' t h e  first of equations 4-39. 

A s  described on * 

can be found by the  d i r e c t  appl icat ion 

However, t o  do t h i s  the 

var iab les  VI, YIo Y2, and & 

n-rc e 

through the use of t he  seconc? of equations 4.34. 

must be known a t  the  point  

These var iab les  a r e  determined a t  t h i s  point  

The remaining var iab les  can then be found through 

the  use or" equateons k.22, 4.23, and t h e  las t  of  4-39. 

.-.. Using these r e l a t ions ,  i t  i s  seen tha t  

. 

Using equations Q.22 and h.41, solutions for the 
r emin ing  var izb les  v&,,,xi) and v7 (nmor i) can be 



73 

t h e o r e t i c a l l y  found from equations 4.15. Again, f i v e  

equations with only four unlmovms a r e  seen t o  e x i s t  znd 

the  procedure out l ined f o r  n = 1 must be used t o  continue 

the  computation. 

The displacements and applied load are again de te r -  

mined as i n  t h e  general case and t h e  problem so lu t ion  can 

proceed. 

The so lu t ion  for q(nmcl.) i s  a l s o  a spec ia l  case 

s ince A % G  h T  . To ge t  t'nis r e s u l t ,  €he so lu t ion  f o r  po in t  
4 

%ax i, must f i r s t  be obtained. T'nen'the kar iab les  V2, Y1, 

Y2, and & 

of equations 4.38. 

a r e  found a t  the  poin t  n + q  using the  second 

The desired variable may now be 

conputed from the  r e l a t i o n  

A s  with t h e  shear theory solut ion,  t he  computation 

r procedure f o r  each time TL>0 w i l i  be to f ind t h e  so lu t ion  

I f o r  each gr id  poin t  defined f o r  t h i s  time using t h e  

: so lu t lon  f o r  the tirrie Ti- At-  . In t h i s  manner, only the 

solut ions f o r  t h e  times Ti and Tc-d? need be s tored i n  

the  corrputer a t  any one time. 

var izbles '  a t  T i = o  a r e  foznd from t he  i n i t i a l  conditions. 

The vaiues of each b f  t he  

The computer p r o g r m  used t o  car ry  out  the  above 

consstetions i s  sho7m s c h e m t i c a l l y  i n  Figure 12. The 
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CFAPTER V 

NULNERI CAL COMPUTATIONS 

General 

The complexity of t h e  methods derived i n  Chagters I11 

and I V  requires  that  a d i g i t a l  computer be used f o r  t he  

verious groblem solut ions.  
.( 

The two methods based 02 t h e  

. s h e l l  membranei theory equations have been programmed. Tirle ' 
nornal mode program f s  ca l led  SIMPAC and the  character-  

i s t i c s  program i s  ca l l ed  SHLYAV.. The r e s u l t s  obtained 

h from these  program a r e  described below. 

A s  i s  o f t en  the  case with computer solut ions,  many 

more r e s u l t s  h w e  been obCained than are presented. Only 

t h e  r e s u l t s  that  s i g n i f i c a n t l y  describe the  behzvior of an 

impacting s h e l l  a r e  included. 

The following types o f  information a r e  presented: 

'(a) Radia l  displ-acement a t  t h e  apex of the  s h e l l  

( 4 =O ) as a function of time. 

Shell-impact surface contact a rea  as a ?unction 

of tirrie. 

R a d i a l  displacement and i n t e r n a l  force  as a 

function o f  + f o r  various s ign i f i can t  times. 

(b) 

._ - --- __-- -- 

( e )  

Three Zi f fe ren t  compte r s  'have been used i n  carryifig 

. 

I . .  . . . ~  . .  75 . . .  . .  ....' . . . .  ~ : :...- 
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out  t h e  coxputations. Arl IBBM 1620 computer with a 40,000 

character  core wits used f o r  some'of t h e  normal mode solu-  

t i ons .  Tne remainder of t he  normal mode so lu t ions  and t h e  

c h a r a c t e r i s t i c  so lu t ions  were car r ied  out  on e i t h e r  t he  

.U. S. C.. - Honeywell H-800 computer o r  t'ne.UNIVAC 1107 

conputer owned and operated by t h e  University CoEputing 

Com;?any of E l  Segundo, Cal i forn ia ,  

Description of Examples 6 

The compyter program discussed above have been run 

f o r  c e r t a i n  example cases. These examples, which a r e  

described i n  Table 2, represent  both s i t u a t i o n s  where t h e  

var ious theory assumptions a r e  va l id  and s i t u a t i o n s  where 

a s s u q t i o n s  may not  b e - v a l i d .  A c r i t i q u e  of these  

assumgtions and t h e  s i t u a t i o n s  wherein they asply i s  given 

i n  C'napter V I .  

The exanple cases have been run f o r  both the normal 

mode 2nd t h e  c h a r a c t e r i s t i c  solut ions.  Ot'ner examples, 

not  presented, have only been run f o r  the  normal mode 

solut ion-  due pr imar i ly  
. 

to c G p u t e r  operat ing time 1 i m i t  a- 

t i ons .  Computer operaCing time l i m i t s  t h e  use of ,the 

c h a r a c t e r i s t i c  so lu t ion  t o  cases wherein the  s h e l l  rebounds 

a t  a non-dLn;ensional time of t h e  same order  of magnitude 

as t h z  maximum contact angle +o. 

The various so lu t ions  a r e  based on the  use  02 t he  

Eon-dhensional var iab les  K, e , w ,  and R/h. T'ne 
, .  . . . .. . . . . . . . . . . . - -. . . .~ . . . _ _ _  . . .. 
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dimensional parzneters  K , E, h, and a re  only given i n  

Table 2 as i l l u s t r a t i o n s  of she l l .  and surface peraxeters  

tha t  w i l l  match t h e  appropriate  non-dimensional parameters. 

Both cases I and I1 u t i l i z e  a very t h i n  s h e l l  with 1 

R/h = 1000. For case.1,  t he  i n i t i a l  non-dimensional impact 

ve loc i ty  is-(?)-= 0.1 (i.e.',.- V, = -0.1 .'c ) .  

ve loc i ty  i s  contrasted w i t h  t he  low ve loc i ty  of (3 = 0.01 

T h i s  very high 

used f o r  case 11. The s t i f f n e s s  of t he  surface used f o r  

case I i s  two orders  of magnitude harder than t H a t  u sed7  

f o r  case iI. ' 
' I  

Presentat ion of Results 

Representative r e s u l t s  from the  examples described 
I __ _-  . 

i n  Tabl-e-2 a r e  given i n  Figures 13 t o  32. These examples 

have been se lec ted  f o r  presenta t ion  s ince  they i l l u s t r a t e  

most of the  advantages and disadvantages of t he  two anelysis 

techniques used. 

For case I, the  s h e l l  i s  seen t o  rebound from the  

po in t  $ = 0 p r i o r  t o  complete rebound from the surface.  A 

tendency t o  exh ib i t  t h i s  safie behavior i s  seen t o  e x i s t  i n  

t he  case ii so lu t ion  although computer time l imi ta t l  1 ons 

have prevented t'nis l a t t e r  case from be ing ' ca r r l ed  to 

complete rebound. 

I? t he  impact ve loc i ty  I s  large,  as i n  case I, the  

assurrption of sixall changes i r ?  Cisplacement with respect  t o  

s h e l l  angle Q may be v io la ted  after t he  time of = 0 
_ _  - - _-- - - . _ -  - - _- _ _  - 
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rebound. However, t h i s  v i o l a t i o n  should not  az fec t  t h e  use 

of tine r e su l t i ng  data i n  co r re l a t ing  the  normal mode and I 

c h a r a c t e r i s t i c  so lu t ions .  

The case I exarcple i s  described on Figures 13 t o  23. 

The shel l -surface contact a rea  as a function of time i s  

shown on Figure 13. Good co r re l a t ion  i s  seen t o  e x i s t  

between t'ne normal mode and c h a r a c t e r i s t i c  so lu t ions  even 

though the  normal mode so lu t ion  i s  based on a mininun 

number of modes &d the  c h a r a c t e r i s t i c  so lu t ion  i s  basedd 

a r e l a t i v e l y  &ge in t eg ra t ion  i n t e r v a l .  

The radial  displacement of t he  s h e l l  apex i s  given 

O n  

i n  

Figure 14 f o r  various case I so lu t ions .  It i s  seen that  

good co r re l a t ion  e x i s t s  between t'ne so lu t ions  when 20 modes 

a r e  used i n  the normal node so lu t ion  and a small in tegra-  ' 

t i o n  i n t e r v a l  i s  used i n  t h e  c h a r a c t e r i s t i c  solut ion.  The 

normal mode so lu t ion  using only 10 modes i s  seen t o  be 

son?ewhat d i f f e r e n t  from the  c h a r a c t e r i s t i c  solut ions.  T h i s  

i 

behavior tends t o  support t he  hypothesis that a l a rge  

number of modes must be used t o  obta in 'an  accurate normal 

mode solut ion.  

Radia l  and t angen t i a l  displacements z r e  presehted i n  

Figure 15 ' for various times using c h a r a c t e r i s t i c  so lu t ion  

data. S t r e s s  wave prop agat  i on e f f e c t s  a r e  p a r t i c u l a r l y  

noticez'ale on t h i s  f igu re  i n  t h a k  t h e  region af fec ted  by 

the  s t r e s s  tuzves and applied r&id  loads exhibi t  d i s t i n c t  
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Figure 13. Case I--Description of 

. shell-surface contact area 
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Figure 14. Case I--Radial displacement 

as a function of t i m e  



Figure 15. Case I - -Red ia l  and Tangential 

displacement 
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displacenent p i t t e r n s  while t he  unaffected region exhib i t s  

pure r i g i d  body motion. 

R a d i a l  displacenents a t  various times and f o r  both 

the  modal m d  c h a r a c t e r i s t i c  solut ions a r e  given i n  

Figures 16 t o  19. 
cor re l a t ion  between t h e  xethods. A l l  apparent d i f fe rences  

between the  methods a r e  seen t o  be reduced by increasing 

the nmber  of modes used i n  t h e  modal so lu t ion  o r  reducing 

These r e s u l t s  i nd ica t e  general ly  good 

the  i n t e g r a t i o n  increment i n  t’ne c h a r a c t e r i s t i c  solutio;. 

A comparison between t h e  meridional and hoop s t r e s s e s  

i n  t h e  s h e l l  i s  givefi i n  Figures 20 to 23 f o r  various times 

end c h s r a c t e r i s t i c  so lu t ion  in t eg ra t ion  increments. Good 

co r re l a t ion  between r e s u l t s  from various in t eg ra t ion  
i 

increment so lu t ions  i s  seen t o  e x i s t  with general ly  

smoother curves r e s u l t i n g  from so lu t ions  using smaller 

increments. It i s  f u r t h e r  seen that t h e  compressive hoop 

s t r e s s  i s  smaller il? absolute value than t h e  meridional 

‘stress. I n  some cases t h e  hoop s t r e s s  i s  pos i t ive .  

The case I1 example i s  described on Figures 24 t o  32. 

The r e s u l t s  f o r ‘ t h i s  case are similar i n  most respects  t o  

those given for case I. Iiowever, c e r t a i n  i n t e r e s t i n g  

’ differences i n  behavior do appear. These .differences a r e  

described b elow. 

The d i f fe rences  between the  case I and case 11 

solut ions can be at”cributed l a rge ly  t o  the  facts thz?-L f o r  
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Figure 16. Case I--Radial displacement 

at T = 0.3 

.‘I. 
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Figure 17. Case I--Radial displacement 

at T = 0.5 
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Figure 18. Case I--Radial  d i s p l x e m e n t  a t  

z = 1.0 
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Figure 19. Case I--Radial drsplzcernent 

at r = 1.5 
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Figure 20. Case I--Stress at V =  0 .2  
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Figure 22. Case I--Stress at T = 0.9 
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Figure 23. Case I--Stress at T = l:5 
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case I1 (a) complete s h e l l  rebound occurs much l a t e r  and 

(b) t he  shel l -surface contact area i s  much smaller. 

The small shel l -surface contact a r ea  and the  h r g e  

rebound time combine t o  l i m i t  t he  maximum t i n e  f o r  which 

t'ne case I1 so lu t ions  can be car r ied  out .  However, it i s  

seen i n  Figures 24 and 25 t h a t  good cd r re l a t ion  e x i s t s  

between the  20 mode normal mode and cha rac t e r i s t i c  solu- 

t i o n s  for non-dimensional times of up t o  3.0. A s  w i t h  t h e  

case I solut ion,  r e s u l t s  for t h e  10.mode normal mode 4 

so lu t ion  a re  n6t  near ly  as accurate  as those for t h e  20 

mode so lu t ions .  
. *  

. >  

R a d i a l  and t angen t i a l  displacements a r e  presented i n  

Figure 26 f o r  'various times. A comparison b e twe en radial  

displacements found using both the  modal and cha rac t e r i s t i c  

so lu t ions  i s  given i n  Figures 27 t o  29 f o r  various times. 

Ax inspec t ion  of these  rc.;ults shows good co r re l a t ion  

-' between the  methods of ana lys i s ,  

S t r e s s  d i s t r i b u t i o n s . i n  the  s h e l l  a r e  i l l u s t r a t e d  i n  

Figures 30 t o  32. Good co r re l a t ion  i s  seen t o  e x i s t  

betxeen cha rac t e r i s t i c  so lu t ions  using d i f f e ren t  in tegra-  
\ 

t i o n  increments f o r  regions away from t h e  s h e l l  ap$x. 

Differences i n  the  stress l eve l s  a t  the  s h e l l  apex czn be 

a t t r i bu ted  t o  t he  f a c t  that  the  t o t a l  s t r e s sed  area i s  of 

t he  sa.ne order of ma,gnitude ils the  in t eg ra t ion  increment, 
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Figure 24. Case iI---Des-cription of shell-surface 

contact area 
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Figure 25. Case 11--Radial displacement as a 

function of time 
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Figure 26. Case 11--Radial and Tzngential 

displacement 



Figure 27. Case II--Rztdial displaceaent  

at T- = 1.0 
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Figure 28. Case II--RaCizl displacement 

at T = 1.5 
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Figure 29. Case 11--3adial displaeenent 
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Figure 30. Case 11- -S t ress  at r =  1.0 
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rL Figure 31. Czse 11--Stress at i = 1.5 
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CHAPTER VI 

CONCLUSSONS 

0 

General 

The most s i g n i f i c a n t  r e s u l t  of t h i s  work i s  t h e  f a c t  

t h a t  a method of so lu t ion  of t h e  problem of t h e  dynemic 

contact between two e l a s t i c  bodies has been explored. 

Spec i f ica l ly ,  t he  'problem of t h e  dynamic contact between a 
i 

spher ica l  s h e l l  and E+ deformzble surface has been solve2 

using two methods--the method of c h a r a c t e r i s t i c s  and the  

'normal mode expansion method. A s  discussed i n  Chapter I, 

it i s  f e l t  t h a t  so lu t ions  using these methods can be 

extended t o  many o ther  dynamic contact problems. 

Since numerical computations have only been car r ied  

o u t  for the  membrane theory solut ions,  all conclusions 

concerning s p e c i f i c  exarples a r e  based on t h i s  theory. Or" 
- 

mast s igni f icance  here i s  the  f a c t  tha t  t he  i n i t i a l  s h e l l  

rebound of ten  occurs f i r s t  a t  t h e  apex of t h e  s h e l l  ( i . e . ,  

t he  i n i t i a l  impact p o i n t ) .  
a 

It i s  seen t h a t  t he  maximurn s t r e s s e s  i n  the  s h e l l  

occur a t  t h i s  po in t  well a f t e r  t he  i n i t i a l  rebound time. 

I .  : Furthernore, f o r  most of t h e  cases studied, t he  s t r e s s e s  

i n  t'ne s h e l l  a r e  well below t h e  c r i ' t i c a l  buckl ing .s t resses  

. . . ... - . ~. . . . . . 102 . - -  ~.... ... : .. _.._ -. ... . .. _.__ _. 
'-__ \ 

. .- 



. ..... _ .  . . . . - . . - .  . .  

u n t i l  a f t e r  t h i s  in i t . i a l  rebound time. This r e s u l t  

suggests tha t  i f  buckling i s  t o  occur as the  r e s u l t  of 

impact, it w i l l  probably not  occur u n t i l  a f t e r  the apex 

of t h e  s h e l l  has l e f t  t h e  surface.  

Compari son Betwe en Solutions 
I 

The method of  cha rac t e r i s t i c s  i s  bes t  su i ted  for 

exzmples where s h e l l  rebound occurs a t  srnall non-dimer- 

s iona l  times (say T C 3 ) .  

i n t e r v a l s  and, consequently, too long a corrquter operating 

For longer times, t o o  many t i m e  

r 

time, are required t o  make the method p rac t i ca l .  

However, the method of c h a r a c t b i s t i c s  appears t o  

give exce l len t  r e s u l t s  f o r  the appropriate shor t  time 

loading problems, A s  seen from the  case I and I1 r e su l t s ,  I 

t h e  she l l  response even a f te r  t h e  passage of  290-300 t i m e  

i n t e r v a l s  i s  q u i t e  smooth. 
, 

On the o ther  hand, the normal mode expansion metciiod 
.\ 

gives rather poor r e s u l t s  f o r  problems wherein s h e l l  

reboucd occurs a t  times of  the  order  o f  magnitude of'  t h e  

time it takes a stress wave t o  go e n t i r e l y  around the  

she l l .  T h i s  r e s u l t  should be an t ic ipa ted  as it i s  wel l  

known %hat behavior near a d iscont inui ty  such as occurs a t  

t he  w v e  f r o n t  cannot be wel l  represented by a small nurriber 

o f  normal modes. Furthermore, t he  t o t a l  contact  a rea  i n  

such cases i s  generally qu i t e  small. With such a s m a l l  

loaded area, a s i t u a t i o n  arises which. is  qu i t e  similar t o  
- - - . - . . - - . . - -  



tha t  of  a concentrated load on a beam o r  a p l a t e .  It i s  

well kmow.. t h a t  many modes a r e  required t o  describe the  

response or" such systems. 

Certain r e s u l t s  do not appear s e n s i t i v e  t o  t h e  method 

used. Good co r re l a t ion  e x i s t s  between the  methods, f o r  

most of the  examples studied, on t h e  kescr ip t ion  of t h e  

' she l l - sur face  contact a r ea  as a funct ion or" time. 

-Similarly,  the computation of radial  displacement does riot 

seem too s e n s i t i v e  t o  t h e  method used. 

In suma'ry, it may be concluded that the  method of 

c h a r a c t e r i s t i c s  i s  &* i d e a l  tool f o r  descr ibing the shor t  

time behavior of a spher ica l  s h e l l  impacting a n  e l a s t i c  

' surface.  It i s  f u r t h e r  concluded tha t  the normal mode , 

expamion technique i s  only p r a c t i c a l  f o r  cases where the  

shel l  remains i n  contact with the  surface f o r  times long 

enough t o  minimize s t r e s s  wave propagation e f f ec t s .  

Cri t ique of Assumptions 

The so lu t ions  derived i n  t h i s  paper assume a th in ,  

e l a s t i c  she l l ,  s m a l l  de f ormat ions , and a p a r  t i c u l a r  

of de form& l e  surface.  
b 

A s  discussed i n  Chapter 1, the  assumed surface 

c h a r a c t e r i s t i c s  %re f e l t  t o  be s u f f i c i e n t l y  representa t ive  

of some p r a c t i c a l  mediums 

The assumption Of a 

s t r e s s  va r i a t ions  through 
- .  

as t o  be usefu l .  ' *  

t h i n  s h e i l  permits one to neglect  

t h e  she l l .  - T h i s  assumption 
. .  . .. . . _._ .... .. -~ - . ... .. . . 
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should be valid i f  the  s h e l l  thickness i s  such tha t  

h / R < 0 . 1  (14:354). 
If t h e  e l a s t i c  displacements of t h e  s h e l l  become 

l a r g e  i n  comFarison with t h e  s h e l l  thickness and, moreover, - 

i f  t h e  change i n  displacement ( i . e . ,  slope) becomes large1, 

t he  assumption of small deformations may become inva l id .  

Such s i t u a t i o n s  do occur when a s h e l l  i s  impacted a t  a 

- s u f f i c i e n t l y  high veloci ty ,  espec ia l ly  a t  t he  apex of the  

s h e l l  a f t e r  i t s  i n i t i a l  rebound. Care must be taken t o  

properly inte$pret  t h e  results f o r  these  cases. 

Numerical conputations have only been car r ied  o u t  

f o r  t h e  membrane theory so lu t ions .  If t h e  s h e l l  i s  

s u f f i c i e n t l y  t h i n  (e.&., R /h )  loo), the  e f f e c t  of bending 

and t ransverse  shear should be n2nimal. 

'It i s  noted tha t  t he  displacements used i n  thFs 
work a r e  absolute  displzcernents measured from t he  i n i t i a l  
impact time and. may, therefore ,  hzve l a r g e  values without 

' t h e  corresponding slopes becoming la rge .  

. .. _.. . ... .. .. . .. . . . ..... . . . . . . - ._ . . . . .~ .. . .  
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APPEhDIX A 

LAPLACE TR4NSFORM INVERSION 

General Case . 
Laplace transforms of‘ t he  general  form 

3 z 
ujs 4- u,s 4- u , s  -G u, 

s4+ q,(n) s2 + G5(n) 
- 
LJSI = ( A *  1) 

o c m r  during tDe development of t h e  normal mode-menbrane 

theory solut ion.  The inversion of  t h i s  t r .ms fom i s  

developed below using equatiors given by Levy ( 9 ) .  

From Levy (g), t h e  following inverse  i s  seen to 

e x i s t :  

i-! , 

. .  .... 

(A.2)  

..... ~ ...- ~ ..LIU . . . . ._ 
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0 

i 
I., 

Equations A . l  and A.2 a r e  seen t o  be i d e n t i c a l  

provided t h a t  

(4-0 3 )  

Solving equations A . 3  f o r  w,' 

W," 

and p,", we f ind that  i f  

and pt a r e  t o  have independent values, then 

I n  Chapter 111, we have defined 

I 
' I If' we use the  f a c t  t h e t  0 s  U-<z, we i r i e d i a t e l y  see  from 

equations A..6 t h a t  G,(n) i s  a r e a l ,  pos i t i ve  num3er f o r  e l l  

va lues  or" n. Furthermore, except f o r  t h e  case where n = 0, 

it i s  seen that G4(n)>G,(n).  Therefore, we can say t h a t  

t he  frequencies 
Lo 

and ) - L ~  a r e  a l l  r e a i  except fo; the  

* frequency pa. The imaginary frequency pG has been shown 

by Baker (1) t o  be spurious and cause no motion. 

The various 

seen to be of the 

coe f f i c i en t s  i n  equation A.2 a r e  now 

form 

. 



. 
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'-. 

0 

The required inverse is now conpletely described provided 

that values are available for the coefficients d: in 
? 

hlJ-5.). Yne inversion corresponding to 

'of these coefficients will be determined 

L 

a p a r t i c u l a r  set 

below. 

Forced Vibration Case 
I a. The Laplace transformed equations given by 

equations 3.37 may be written in the form 

where 

._ . . - - . . ... .- . _. 



-. 
i '.i 

Each o f  the  transforms defined by equations A.9 a r e  seen 

t o  be of the same general  form as' equation A . l .  

The f i r s t  of equations A.9 can be put  i n t o  t h e  same 

form as equation A . l  i f  we l e t  

Usir,g these r e l a t i o n s ,  equations A.7 become 

c, = c+ = 0 

c, = [ 3 h - v )  - Lon'] 6,(0, 

9 = q; = tan"(U3) = v y 

i 

C3 = [3(l+Lr)--/u,Z] b,lo> 

. I  
Therefore, t he  inverse i s  seen from equation A.2 to be 

o r ,  since cos(y-$)=siny and w,- 2 p,, z = G6(n'), 

I 

1 

('A. LO) 

Using equation A . l O ,  the remainder of equations A.9 
may b e  Inverted by inspect ion t o  give 

(a. 11) 



0 

c- 

(A. 14) 
. .  

Recognizing that  the  convolution i n t e g r a l  r e s u l t s  

,from the  inversion or" t h e  product of two transforms, we 

may now wr i te  - 

b. Some of t h e  r e l a t i o n s  developed i n  p a r t  a. may 

be presented i n  a simpler forrn f o r  c e r t a i n  values of n. . 

These forrm a r e  developed below. 

Using equations A.4 t o  A.6 ,  we may determine the  

following r e l a t i o n s  f o r  t he  spec ia l  cases where n = 0 or 

n = 1. F i r s t ,  f o r  n = 0 ,  

$(Ol = I d -  3v" - 

&$3) = - 2 (i- Lr? 
GJO) = 3-s b- 

cu,' = Z ( 1 - w )  

~ Iu,z = - ( I -  U) = spurioits frecpency 

@. 16) 

Second, i f '  n = 1, 

(A. 17) 
- ... . .. .. . .. ...._ -. . . - .. .-. .. ... . . . . . ..... .- ...... .- ..-- -. .. . ~ . . . - . . 
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-G 

I n  the following discussion, pie w i l l  a l s o  make use of the  

fact tha t  
- 

sin Q X  
l i m i t  ( ~ ) = 4 x-9 0 ( P.. 18) 

We have determined i n  Chapter I11 (equation 3.12) 

tha t  

Using th i s  r e l a t i o n  and r e l a t i o n s  A.17 and ~.18, 

equation A. 10 may be wr i t t en  

Using 

0 , nSI 
r e l a t i o n s  A . 1 6  and ignoring the  e f f e c t  

spurious frequency Po, equetions A . l l  t o  A . 1 4  may 

wr i t t en  i n  the  foLlowing form f o r  t he  case where n 

(A. 19)  

of the  

be 

= 0: 

%. 

(A.20) 

Using r e l a t i o n s  A . 1 7  and A.18, equations A . l l  to A.14 
. .. . .~ _.. . ... . _. -. .. . . . . .. ... . - -. . . ... _:_ - .. .-. - .. - . . . . _ _  
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(A.21) 
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0 
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APPEhDIX B 

NODAL V ? ? R A N E  PROGMM DZSCRIPTIOX 

General 

The various computer progrms and subprograms used 

0 

i.' 

i n  t he  normal mode-membrane so lu t ion  a r e  described, i n  

d e t a i l ,  i n  t he  following discussion. The various numerical 

procedures used i n  the  developxent of these  programs a r e  
I 

presented. I n  addition, a de t a i l ed  flow chart  and 8 

complete FORTRAN l i s t i n g  i s  presented f o r ' e a c h  program. 

Main P r o g r a  (SIMPAC) 

T h i s  program, naEed SIMPAC, compu-les the coupled 

d i s c r e t e  times during the  impact 03 t he  s h e l l .  I n  

... . additior,, the  var iab les  w(S=qY) and Q($=o,T) a r e  a l s o  

computed. The p r o g r m  requi res  the  use o f  various sub- 

rout ines  which a r e  described l a t e r  i n  t h i s  Appendix. 

An option i s  includec! i n  the  progrm- t o  i n s e r t  y e -  

computed values for bh(T) and D,(t-) where T<Tj and the  

next time ' i n t e r v a l  to be examined i s  Ti= Tj + d y  . 
t h i s  option, it i s  permissible t o  stop t h e  progrm, use 

Using 

the  computer f o r  other  operations , and r e s t a r t  t he  

. . - ~ . ~ .  ~. . 117. . . . ... :.-. ........... _.__ . .. . . 
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a t  a l a t e r ' d a t e  without recomputing a l l  previously 

computed data. The input  data f o r  t h i s  option i s  placed 

on punched cards during t h e  program operation. 

A de t a i l ed  flow chart for t h i s  program i s  shown i n  

Figure 33. -4s seen from t h i s  flow chart ,  the  so lu t ion  

procedure considers the following general  s t e p s . .  F i r s t ,  

var ious i n i t i a l  values are assumed. Second, t h e  displace-  

ment functions (bb(.c), ri=oJdmax) are determined, 

angles +&) and 4:&) a r e  determined. Fourth, the  losd  

functions (D, (&), n= o:, N,,, ] F i f t h ,  t h e  

q u a n t i t i e s  ur@=o,'c) .&nd Q(Q=o,T) itre determined. Final ly ,  

Th i rd ,  t h e  ' 

are determined. 

. a new time T =  T + c k  i s  se lec ted  and the procedure r e tu rns  

t o  the second s tep.  

Subroutine BNTAU 

T n i s  subprogram computes Drily) .from tine r e l a t i o n  

(see equation 3.38) 
T I 

. .  

and 

( B . l )  

Tne r e su l t i ng  value f o r  B,(.r) is returned t o  the  

. -. 

... 

- . . .., .- .. . .. . . . -. . . .. .. , -. .... . . . . . - .~ - - . . . . . . . . .... - . . .- -. 



a .  I 

. .  

. 1  

. .  . 

.. - 
. .  

. . . .  



. t  . 
. ,  . . .  

v = pc 
R t - -  - C  

G = K(l  - v  )(z) 2 'R2 

- -  

I_ 

. .  

d, I 
Write: Shell and Surface Parameters  

Physical Properties 
Analysis Parameters  , 

G4 = N ( N t  1)  t 1 t 3v _ _  _ _ _ -  - - -_ 

. .  
. .  

' .  

2 
G5 = (1 - V  ) [N(Nt 1)  - 21 . 

G12 = N ( N + l )  - 1 t v 

--I I 

I 
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. . _ _  . 

dL = dx W(1, TI)= 0 

4. x; = 1 

' .  

. .  

1 Compute Bo(7r) I 

max L 

. .  

. I  . _ .  _. 
I .  . t .. 
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M M =  1 

\ 

4. 

, xo = XL 

(Sub routin e X J G EO M) I 

1 

- ~, 

Punch: KKKK 
T ~ ,  xoy x z y  Date,  Run 

I 
... 

. .  

L ... . . 
z 1  

. .  . .  . . . . .  . . .  
. .: 

, I  

,. -. . . .  

I 

I .  

i 

I 



Compute FN(-r1) 

(Subroutine FNTAU) 

I 
b. 

. 

, 

, ' . .  . .  
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_. . I 
I '  . .  

. . .  

. .  
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Q 
I X K = l  I 

I I Q(1, T ~ )  = QL0AD(xK)  

I 1 W(1, TI) = W D E F L  (x,) 

I 1 Punch: T ~ ,  Q(1, T ~ ) ,  W(1, T ~ ) ,  D a t e ,  Run 

d & 

(Resolve P rob lem for Time T +  d T 1  

I = I t l  
-r1 = Id-r 
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main program by way of COMMON storage.  
(n 1 wn , D,lm', and 0) 

i n  COMMON by the SIMPAC program.. 

The quan t i t i e s  run 
for n>,l Have previously been stored 

Equation B.l i s  in tegra ted  numerically using the  

t rapezoida l  r u l e  and the  constant i n t eg ra t ion  i n t e r v a l  d- 
I n  computational form, equation B.1 may be wr i t ten  

. \ .  , 
i ' .  

. .  /' 

5 1' , 
I *  

Subroutine XJGEOM 7 1  

I .  

The flow char t  for t h i s  subprogram i s  shown i n  

T h i s  subprogram f inds  the  cosines %e(~i). or X"(2;)  0 

as roo t s  of t he  equation (see equation 3.57) 

x =, I -$) Y W o y Q  (13.3) 

The required cosine X, is' found fromc equation B . 3  

using the  method of successive approximations. 

procedure, a t r ia l  cosine X, i s  first assumed. An 

I n  t h i s  
\ 

improved value,. XK+, , is then found from equation B.3 

when wr i t t en  'in the form 
. I  

. . ,  . . .  . .  

. .  

. " . 
. .  . 

. .  . 

'. I 

. -  

, I  

. .  

. .  . .  
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J 
I 
I 

J = l  

rJ = T~ t dT 
7 

J =  J t  1 

I I 

' !  

/ .  

! 



Dl I 2 s in  lo, (TI - T ~ ) ]  

F3 [TI- TJ t 
0 1 

F F4 = F3t F4 

I '  

Return 7 

F2 = F, i- F2 



. .  

.. 

. .  

. . . I  

. .  

.I ' - .  . T h i s  procedure i s  repeated using a new t r i a l  value xK= X,, .I I 

i 
i The i t e r a t i o n '  i s  repeated u n t i l  e i t h e r  1 4 Erro r  o r  

1 ,  
I * i  30 i t e r a t i o n s  have been completed. The f i n a l  value of 

XK+ I i s  the desired cosine. This  value i s  returned t o  

the main program through COMMON storage.  
I An error statement i s  given fo? any case where 30 ! 

i t e r a t i o n s  a r e  required f o r  the  solut ion.  However, 

experience has indica ted  that  equation B . 4  converges 

rap id ly  t o  t h e  desired r e s u l t  w i t h  t h e  poss ib le  exception 

of some cases'where t h e  change i n  X, from one time t o  t h e  

next i s  very large.  

I . '  

* .  I * *  I - ;  

' i  

I n  the computation of %, (or  X," ), we must insure 

that  O-(X, < I 3(cp cannot be grea te r  than one s ince t h e  

cosine of an angle cannot be grea te r  'than one. 

be l e s s  than zero s ince t h i s  would i n f e r  that  the  s h e l l  

was loaded to an angle +>: which i s  ;an una t ta inable  

condition. 

X, cannot 

, I  ' .  

' 

- i  It i s  noted tha t  the  two cosines X Q ( q )  and XZ(pi) 

a r e  both found by using t h i s  subprogram. The procedure by I 

I 
which the  two cosines a r e  dis t inguished during the  compu- j 
t a t i o n  3.; predicated on the  proper se lec t ion  of  tkee t r i a l  1 

I 

cosine XK . 
1 

i 
i 
8 .  
! '  

i 

i 
t 

It i s  fu r the r  noted that the  cosine xz(q) w i l l  not  

appear as a roo t  of equation B . 4  u n t i l  such time as the 

Bpex of the shel1,rebounds p r i o r  Lo the  complete rebound j 
I 

. *  " I 
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:i . . 

The flow chart f o r  this sub'program is shown in ' 

* I  . Figure 35. . . 
_ . .  

1 - 1  
.I - 

Subroutine FNTAU 

where &(T) ips taken from COMMON storage, ur(x>~) is 

computed using the fqnction subprogram WDEFL, and P,(X) 

is computed using the subprogram LEGFNJ. The resulting 

value for F,(T) is returned to the main program through 

COMMON storage . 
The integral in equation B.5  is integrated nwneri- 

cally using the trapezoidal rule. The integration interval 

dx is selected in such a manner that it is smaller than 

the distance between two adjacent zeros of Fn(x) .  
-. . 

Since the distance between x = 1 and the largest 

zero of p,(x) is smaller than the distance between any two 

adjacent zeros of  <(XI  1 , a conservative value fo$ dx may 

be found in the manner of Szego (13:119, equation 6.2.17) 

to be . .  2 2  
I S .  



. 
ubrout ine XJGEO 

I 

A \ I  K+1 I 

R e t u r n  c-3 

L =  L t 1  LrJ 

P r i n t :  I ‘ i X K y  ‘ K t 1 1  

i 
i 
i 

. i  
I 

. .  
I .  .. 

... . .; . .  
. .  

. ,, . . .  

. .  
. .  . .  . .  , .  
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AS fu r the r  r e s t r i c t i o n s  on dx, a minimum of 5 in tegra t ion  

i n t e r v a l s  a r e  used i n  the  in t eg ra l ,  the  maximum value of 

dx i s  taken t o  be dx = 0.05, and m= ',"-& i s  defined t o  

be an in teger  value. 
dx 

. .  
Using the  above information, equation B.5 can be 

wr i t ten  i n  the  following computational form: . -  
I _  

(B.7) . 
4 00 m-t 

K=I . . . 
([TJ = Qi!J -4 [ ty-1 +E RX,, '+ 2 ] dx 

. . , '  ,. I 

r 

A: 
, .  

. '  
where 

.F(x,) = (F)[ 2ni-I (F;)( R T) I-X, - W(&J p, (x,) - . *  . 
. *  

The flow chart  f o r * t h i s  subprogram i s  shown i n  

Figure 36. 

Function QLOAD (XK, I) 

This  subprogram computes q(X, 'C) from t he  r e l a t i o n  
- .  

(see equation 3.27) 

. (€5.8) 
%a* 

Q h , d  = P,cx) D h W  
tt=0 

where Pn(x} i s  computed using the  subprogram LEGFNJ and 

I 2 - t ~ )  i s  taken from COMMON storage.  b 

The program i s  wr i t ten  as a FUNCTION subprogram w i t h  

the arguments XK and I represent ing the  space var iab le  m d  

time in t e rva l ,  respect ively.  The flow chart  for t h i s  

subprogram i s  shown i n  Figure 37. "' 

---.- 
, '  . .  -_._I- . .  

I '  

. .  

- a  , 

. .  

.. - 
, .  

. . . '  . .  .. 
. .  

, .  

. .  . 
, .  I 

. . .  

. .  . .  

_ .  
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Function QLOAD (XK, I) < 
I '  

. .  . .. . -. 

. .  



. . .  , . , .  

. .  

where Po(%) 

, . .  
Function WDEFL (XK) 

This subprogram computes Ur(X,'c) from the relation 

(see equation 3.26) 

1 -  

( B * 9  w(x,T) = P,oo B,k)  * .  , 

n = o  
.- 

is computed using the subprogram LEGFNJ and 

B,(T), is t ken from COMMON storage. 

The program is written as a FUNCTION subprogram with 

the argument XK representing the space variable. The flow 
I 

chart for this'subprogram is shown in Figure 38. 

Subroutine 'LEGFNJ (N, X, PN) ., 

This subroutine computes the Legendre polynomials, 

p, (x) , of real argument using the hypergeometric series. 
The arguments N, X, and PN represent the degree, argument, 

I .  and value of the polynomial, respectively. 

The accuracy of these computations depends on the 

accuracy of the computation for the hypergeometric series. 

Using the hypergeometric - series c_ computed from the sub- 
- -  I ~ 

routine HYPFNR, we are restricted to Legendre polynomials 

of degree less than 30. For n>3O, either the subprogram 

HYPFNR must be modified or  the Legendre polynomials must 

be derived from some other method such as through the use 

of ,asymptotic' formulae 

The particular equation used to determine P,(") 
9 .  ---._ I- -- 

. .  
. ,  

:, 

, .  

. .  

. .  
. -  

. .  
. .  . 

. .  
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depends on the  values of 'n  and x. 

of n ,= 0 and n = 1, we have t h  

P,od = I ) - 1  4 'x & I 

( x ,  = x , - I  & x * g  I ,  

For t h e  spec ia l  cases .of x = 1' 
I . -  

. p,Io = \ 
. .  

n 
(4). = ( - I )  

If' 0.8 6 X < e the  Bateman so lu t ion  (2:124, 

equation 3.2 (14)) 
(B.12) P,(x) = . F ( - n , n + ~ ' j  I ' j -i-> I-x 

If 0 6 X (0.8, we use the r e l a t i o n s  (2:l5O, 
._ _- -.___ - _- 

equations 3.6.2 (15 and 16) 

.(-\I (2n)! ~(-n,n+,- j 
( 2 Y  ( n ! Y  

pz,(%) = 

P (X I  = 
2n+l (2,'" (n!)" 

n \ I  j x*) 
. .  

(B. 13) 
( - I I ~ ( z ~ + I ) !  x F(-n,n+z 3 3  j z  j x') 

. .  

. .  

If - 1  < x (0 , we 'use t h e  appropriate  one of 

equations 8,12 t o  B.13 and the  r e l a t i o n  (2:151) 

P,(-X) = (- I Ih .Ph (x) [B. 14) 

Using equations B.10 t o  B.14, t he  program computes 

t h e  Legendre polynomials according t o  t h e  procedure 
1 ' .  

outl ined i n  Figure 39. 

.. . 

. .  

. -  

. .  
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. I. . .  , .  

. .  . ., 

A Y c 0 . 8  L Y f l  
A= 1 

A = 1  

L1 = N / 2  (Integed 

A 1  = N 

A 2  = L1 

J = 1  

. -  - __ 

1 

PN(Y) = F ( - N , N t 1 ; 1 ; 7 )  1 - Y  
. .. 

. 1 -  

AA 1 
4A2 

A = -  

A i  = A1 - 1  

A 2  = A2 - 1  

J = J t 1  

N E  

. Q I P,(X) = F (y, ; t 1;; ; YZ) PN(X)  = F (-7, y; .+ YZ) 
(Subroutine HYPFNR) I (Subroutine HY P F N R )  

f Figure 39. Flow chart--Subroutine LEGFNJ 
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Subroutine HYPFNR (A, B, C, Z, EP, 

This  subroutine computes . the  hy-pergeome 
F) 

r i c  funct ion 

. .  
1 .  . . . .  

. _  . .  
. . .  

. . The s e r i e s  given by equation B.15 i s  evaluated i n  

the manner shown on the flow char t  given i n  Figure 40. 

The var ious arguments of t h i s  subroutine a r e  A, B, C, and 

Z as defined i n  equation B.15, an allowable e r ro r  EP, and 

the  output funct ion F. 
I ,  

FORTRAN Li s t ing  

The complete FORTRAN l i s t i n g  f o r  t he  SIMPAC program 

a n d ' i t s  subroutines i s  given i n  Figures 41 t o  48. The , 

program i s  wr i t t en  i n  the  FORTRAN I V  language and as 

l i s t e d  has been run on the  Honeywell H-800 compute'r. 

The main program i s  named SIMPAC. The subroutines 

BNTAU, XJGEOM, FNTAU, LEGFNJ, and HYPFNR and the  funct ion 

subprograms &LOAD and WDEFL a r e  used during the  computa- 

. .  / .  . .  
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clGl 

F = F t S 1  
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Figure 40, Flow chart--Subroutine WPFNR 
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- ' CHARACTERISTIC-EQUATION DERIVATIONS -_  

Eigenvalue Computations 

. .  
x 0 0 0 0 1'0 0 

o o x o o o o l  
0 X . Q , O  0 W ' O  0 

The eigenvalues of  t he  A matrix defined i n  

equation 4;5 a r e  determined here. 

values a r e  the  roots  of equation 4.7. T h i s  determinant 

equation may be wri t ten  

The required eigen- 

0 0 0 0  I O X O  

0'0 \ 0 0 0 O ' x  
- 

. ,  

. Expanding equation C.l, it i s  seen that  
2 

I A - h I J  = A*(  I -  A') (A2-- Ksz) = O 

Therefore, t he  required eigenvalues a r e  
, .  1 

< 
. ((2.2) $ = O , O ,  & I , & ! ,  z k K s  . I  

I .  

I 
The eigenvectors of t he  A matrix defined i n  

I 

. - .  . 



iAssuming that  the a r b i t r a r y  coefficients Jz=I and = 0 ,j 

. .  I '  1 , 

i I 
1 

.!both zero. 

It i s  noted tha't. t he  eigenvalues' A,' a n d :  xi are  

An independent eigenvector corresponding t o  A, ________ __p__I__ - - ___ -. - - - __- . i_ 

. 1  ' 9  
I 

< ' .  

,\ , / .  . , '  
' *  ' ,  '. , . 
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may be found from equation C D 5  if the arbitrary'coeffi- 

cients are defined as 

may be written 

!*=O and d4= I .'* This eigenvector 

- __ - 
-_--- --- - _. 

' -  (c.7) 1 .  A= p,o.-v, I > o , o , o , o  

If A 3 =  I the following equations' are obtained by 

multiplying 13 thr 

The solution of these equations leads to the relations 

-1, = .& 
-J3 = R, 
R,  = R4 = J5 = 1, = 0 

Therefore, the desired eigenvector is seen to be 

( c 4  . 
Assuming that the  arbitrary coefficients Ib= i 

the eigenvector corresponding Lo A, is seen to be 

andb j g  = 0 , 

.. 

. .  , 

' .  .. . 

. ...\ . 
. .  





, .  . 
. .  

Again, A4 and &, a r e  seen t o  be dupl icate  eigen- 

values.  An independent eigenvector corresponding t o  

&=-I may be found from equation C.ll i f  the  a r b i t r a r y  

coe f f i c i en t s  -are  -defined-a-s-J'=o and Ae= I . 
vector  may now be wr i t ten  

T h i s  eigen- 

. (C-uj 1 ! = { o , a ,  I , O , ' Q , O , O , I  
G 

If A, = I<, , t he  following equations a r e  obtained by , 

. .  
' . .  " .  

I .  

. r . .  . 

l i  

Therefore, i f  t he  a r b i t r a r y  coe f f i c i en t  i s  assumed t o  be I 

i 

I -e5= , the  required eigenvector may be wr i t ten .  i 
! 

(C.14) R' = {o, o, o,o, I 0 ,  -cS*,  '03 
I 
I 
I 

If A8=-t(;> the  following r e l a t i o n s  a r e  obtained by 

. ------ i_ _ _  --I 
multiplying l8 through equation C.3:. 
- - -_ I---I_ ___ __--- -I__I- 

I 



. I  . .  
I .  ... $ . . ’  
,.’ . . , I  5 .  . .  

, - . /  . . /. , . . . .  . . .  ,... . . ._ ; : 
. I .  . 

’ . / /  , 

The solution of these equations leads to the relations 

1, = K, J5 

R, = J* = J3 4 .= J‘ = J8 
r -  

, -  

. .  
rherefore, if the arbitrary coefficient is assumed to be 

l5 = I ‘, the required eigenvector may be written 

18= io, o,o, 0, I , ‘0, K, (c.15) 

The transformation matrix wh onsist of the 
4 .  

eigenvectors 1’ maye now be written 

-r= 

, 

. .  :. , 
.~ . . .  . . .  

1 .  . .  - 1 . .  
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Solution of Character is t ic  Equations 

for = 0 and' 4 = "I- 

- Along t h e  boundaries + = O and 4 =h-,  t he  quan t i t i e s  

Yi defined by- equations-4; Tbecome indeterminate. 

so lu t ion  f o r  these quan t i t i e s  and the  physical var iab les  

is determined below f o r  po in ts  along these boundaries. 

Since (c+n+)+= Z O O  and (C.Cn+) lpS'h=-w , it i s  

A 
' 

. 

- 
%4,v = O * 

z t  t he  points  +=Q q d  + = W  . 
Using the  r e l a t i o n s  given by CL17 and C.18, . '  

equations 4.10 may be wr i t ten  i n  the  form 
b .  ? < . ** 

1 . Y .  .. 
1 .  

. . .  
= :  * 

8 .  .. 
> .. n4,- = ( I + d  (Y, + 64 ' 

. I  . >  
= (l+uY-( 

Q, 
m 

.. 

. .  
. .  
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----__c-- ---.-I- L- _I 

I 

i 
i 

1 de r iva t ives  with respect  t o  on the  right s ide  of 

5 equations (2.20 can be determined. 
i 
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APPENDIX D 

CTERXSTIC COMPUTER PROGRAM 

, T h e  de t a i l ed  development and FORTRAN l i s t i n g s  f o r  

The program'is  wr i t ten  i n  t h e  FORTRAN I V  language 

n on the  UNIVAC 1107 computer. 

he main program. 

Program Description 

A de ta i l ed  flow. char t  fo r  t h e  main program, SHLWAV, ! 
1 

. .  i 

. l is  given i n  Figure 49. The computation of t he  var3.ous I F i  
i 

" - 1  
! 

I 

I 
i problem var iab les  i s  car r ied  out  w i t h  t h e  use of t he  I 

subroutines NONE, NGEN, NLST, and DXSPLD. Detailed flow 
' I  . < I  

{ c h a r t s  for these  subroutines a r e  given i n  Figures 50 t o  53. '  

I The des i red  r e s u l t s  a r e  wr i t ten  using t he  OUTPUT 
I 

I 

, : 
. .  .~ 

. .. 
. .  . s  

* .  
1 .  
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Read: Problem Description 

- Control Parameters  - Non-dimensional Parameters  

Dimensional Parameters  
I 

I NCOUNT = 1 I 

Non- dimens ional Parameters  
Dimensional Parameters  

n = 3.141592653 I 



._^ _. . _ _ - - - - - -  .- . - . - - 7?% 

L 
+ = o  . . ~ , . '  

i ' 

y1 = -(f)P 

. . . .  

. .  
N = N t 1  

! ;  ' .  
\ . ,  , 

1 
. .  . . .  

. . . . . .  

! 

! 

h 

_______. ....... _ _ _ ~  I t  

............. 
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' .  

2 

N = 1  I I I I 
4 = o  





NB = Maximum of NB t 1, NA 
I = I +  1 

T =  r t  d r  
N = l  

I I 

. .  

. -  





Subroutine NGEN v . 

! 
i 

J -. 

I I 

VIA(N) = V l B ( L )  t i v y L l  - Y L z t  ( 1  t v)'kB(L)] d r  

V2*(N) =, VzB(K) t [vYKl t YK2t  (1 t v)GB(K)l d r  

V7A(N) = V7B(N) t ( 1  - v2){f[VZB(N) - VlB(N)lctn%t iVg(N)}dr 

*A (N) = GB(N) t [ - ( 7 ) [ V l B ( N )  t VzB(N)l - V7B(N) t Q(N)] dT 
l t v  

1 

i I 



~ * ( N )  = lkB(N) 

7 cl7 Return 

. .  

. .  



.. -. 
. ,  . . .  
. .  

. .. 
I .  , _ . .  

Subroutine DISPLD 
- 

16, = , C ( N )  1 

Q 

Q(N) = G[d(N)  - W ( M  L- l - - -J  

( Return ) 

h 
i 
i 
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subroutine. T h i s  subroutine, whose flow char t  i s  given i n  

Figure 54, causes r e s u l t s  t o  be wr i t ten  f o r  only those 

grid po in t s  through which t h e  i n i t i a l  stress wave has 
--------- 

. .  passed? -..-._- -- 

. FORTRAN Lis t ing.  

,- The complete FORTRAN l i s t i n g  for t h e  SHLWAV program 

. .  

. .  
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d spher ica l  s h e l l  are derived i n  t h i s  appendix. 

/ a r e  applied t o  t h e i r  more complex theor ies .  i 
i t '  

i 
b 

Equations of Motion 

The equations of motion f o r  a symmetrically loaded j 
I 

. 

I I 

i 
I 

- : spher ica l  s h e l l  have been derived by many authors. 

However, t h e  der iva t ion  i s  repeated here  f o r  completeness. I 

i 

I 

The inf ini tes imal .  element shown i n  Figure 2 w i l l  be 
1 

I 
-I__---- - _ _ _ I  -__ I___________-I__-___ -204 ___I_ 

a .  
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. .  
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. .  

used i n  t h i s  der ivat ion.  T h i s  element has a length 

i n  t h e  meridional d i rec t ion  and ' R  sin 4 d e  i n  t h  

c i rcumferent ia l  d i rec t ion .  

The equation of motion for forces  p a r a l l e l  t o  

may be wr i t ten  as follows:. 

-+ TR d+ R sir,+ . d ~  = phR'sin 4 d+ de J2k* 
. .  

Neglecting a l l  terms i n  which d& i s  of  higher than f i r s t  

order and dividing through by Rs;o  d4, d e ,  equation E.l 

'b* The equation of motion f o r  forces  p a r a l l e l  t o  

may be wri t ten as follows: 

(Neglecting all terms i n  which d+ i s  of  higher than 

1 f i rs t  order and dividing through by -R sth4 dcb d e  , 

. _  
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i 

1 
! in this section, strain-displacement relations are deter- 
‘mined for elements on t h e  middle surface of t h e  shell. 
I 
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Second, strain-displacement relations for an arbitrary 

point, located a distance z from the middle surface, are 
determined in the next section. 

The derivation presented here generally follows that - .  
% .  

given by Flugge (4:85). 

Using quantities shown in Figure 61, the meridional 

If the displacements and 

be assumed that . 

u r Y ;  A = O >  
. a  R' 

rotations are small, it 

L 

( E 4  

C a r i  

Using relations E.8, equation E.7 may.be - -- written I__ 

J I . .  .- - -__----I __----___- 
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i s  defined as ' 

dLAtc1 - d L A C '  
€* = 

dL AC 

- - _----.- where __ - - -- --.+ 

dL,, = RsinQ de  

U*LDS+-C d ' s i n +  
R sin &. 

Expanding equation E.'10, 

dl,7 = ( I  + 

59 - - R (XLtrl+ + w") 

. The shear s t r a i n  % = 0 due t o  the  symmetry of 
+e 

General Strain-Displacement Relations 

The strain-displacement r e l a t ions  f o r  an a r b i t r a r y  

point  located a radial  dis tance z from t h e  middle surface 

of t he  s h e l l  are now determined. T h i s  der ivat ion uses 

t h e  previously computed middle surface strain-displacement 

r e l a t i o n s  and general ly  follows the procedure given by 

Flugge (4: 315) . 
b 

The desired strain-displacement r e l a t i o n s  can be 
- 

- tw i t t en  i n  the  form of equations E.9  and E.11 i f  .u*, w4, I 
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Therefor e, 
* .  

* 
- wA $- %A,+ 

, .  
. .  Q+ z % - 

- u, ctncp + l.4, . .  . (E.12) 
~ I . - .  . "  

E* - R-k Z 

Ye= 0 
- 

~ - - - - -  _- - 

I n  order  t o  use equations E.12, uA and WA must be 

wr i t ten  i n  terms of the  middle surface displacements IA? 

,and w* and the  element ro t a t ion  p4 . 
made when performing .this operation. 

Two assumptions a re  

. F i r s t ,  normals t o  the  middle surface before deforma- 
I 

t i o n  a r e  assumed t o  remain normal t o  t h e  middle surface 

a f t e r  deformation. I n  doing th i s ,  deformations due t o  the  

shear force  Q+ 'are neglected.  . 

Second, t he  dis tance z of the  a r b i t r a r y  poin t  from 

the  middle surface of  t h e  s h e l l  i s  assumed constant during 

the  deformation. T h i s  assumption i n f e r s  t h a t  s t r e s s e s  

and s t r a i n s  i n  the  z d i rec t ion  a r e  zero and i s  va l id  if 

the  s h e l l  i s  s u f f i c i e n t l y  th in .  

. The desired r e l a t i o n s  between and q, ancj u?, 
t 
i 
i 

UT*, and p+ a r e  seen from Figure 63 t o  be 

i 
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Substituting equations E.13 into E.12, the desired 

strain-displacement relations become 

u c t n 4 +  Y + zp*ctn+ (E. 14) - 
' E, - 

U .  R+z . R+ z 

= 0 

Force- and Moment'-Displacement Relations 

The force- and moment-displacement relations for a 

symmetrically loaded 'spherical shell are now determined. 

rhe shell is assumed to be a homogeneous, isotropic body 

such that the stress-strain relations may be written 
- .  

i . <  .- 
% = (&+*+ %) ' ) '  

Ls = (%)(E*? V1E*)- ___ ' 
' . (E.15) 

\- W 

' C r  = ': 0 
+e 2(\$v-) 

Assuming the shell thickness to be h, the normal 
I 

? ]forces M, and u, can be found from the relations 
v i  

. I  
I ' k  1 

i h Z  - !, (~.16) I 
j hl,Rd+ = J* JZ ( R + z )  d+ 

b 

1 i Mq,Rsin+de - oj+ dz  ( Q c z )  sin+ de  

: 
I b I -2 

{The shell geometry relations used in,these relations can 
I 

\ 

. .  

. .  

, . .  
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Substituting equations E.14 and be seen from Figure 64. 
E. 15 into equations E, 16, the desired normal' force- 
displacement relations are seen to be . ,b 

i l .  

The bending moments M+ and M, can be found from 

the relations '., b' 

kl. 4 

' z  

,M+Rsin+de = z dz (R-cz)  s in+  de 

(~.18) z 

h/l,Rd+ = r z dz ( R + z )  d+ i, 2 '  e 

Substituting equations E.14 and E.15 into equations ~.18, 

the desired moment-displacement relations are seen to be 
_^-__ __ - - . _ -  --.. 

E h3 
12 (I - w") 

where . D c 

If R is large relative to uy+ and u!!ctn+ , 
equations E.19 can be written in the form 
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t r  

.= (p+ C+.+ -I- t.p+,+) 
The r e l a t i o n  between t h e  shear force  Q+ and the  

s h e l l  displacements can be found as follows. As seen from 

Figure 65, t h e  shear s t r a i n  due t o  G?+ i s  approximately 
- .  u 

. '  (E.21) R 
I 

Assuming the  s h e l l  t o ' b e  a homogeneous, i so t rop ic  body, 

the  shear s t r e s s - s t r a i n  r e l a t i o n  may be wri t ten , 

\ (E. 22) - - 
Tr+ 2( \+v) - .  

On in t eg ra t ing  t h i s  shear s t r e s s  over t h e  thickness of 

the  she l l ,  t h e  desired force-displacement r e l a t i o n  i s  

seen t o  be 

Ir. z 

Q+= J, b.' '4 dz c [2siij (2 + P+) 
-5 

where ks = averaging coe f f i c i en t  for  non-uniform shear 

s tr e s s d i  s-t r ib-utL0-n. 
6 

It i s  noted tha t  a value of k,= 5 
-_ -_ --. _-- - 

i s  used by Prasad (12). 

. Equations E,17, E.20, and E.23 a r e  seen t o  bb 

i d e n t i c a l  t o  those given i n  equations 2.3. . .  
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