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ABSTRACT

This report contains a study of the dynamic response
of a spherical shell colliding with our elastic surface.
The analysis is based on the membrane theory and the bend-
ing Fheory with transvérse shear deformation taken into
account. The fundamental properties of the stress waves
in spherical shells are investigatéd. The solution of
the impact problem is developed in the form of a natural

made series and by the method of characteristics.

ii



|
,;? TABLE OF CONTENTS
§ Page
"EABSTRACT e e e e e e e e e e e iié,
'PELIST OF TABLES. . + . . v . . . .h,A, C e e e e e e Vi
 §LIST OF ILLUSTRATIONS . + o v v . o v v o v v v v v v v Vi

ELIST OF SYIV,[BOLS e ° ° ] 3 © [} ° @ ® o e @ ¢ ® ° A4 o e . X

Chapter

1

I o INTRODUCTXON; . v ® ) -.a . . © e @ ° @ ° o e @ ] ° 1

General
Previous Work in Problem Area
Methods of Investigation

Applications and Possible Extensions

IT. EQUATIONS OF THE PROBLEM. .+ « & v ¢ '« o o o« ¢ & 8:

2 Equations of Motion of the Shell |
Stress»Displacement Relatioﬂé for the Shell
Equations of Motion in Terms of Displacements

~ Membrane Theory

Load-Displacement Relaﬁion

ITT. NORMAL MODE SOLUTION. v o ¢ o v o o o« o o o o o 108
Introductory Remarks

! o Free Vibration Solution

Forced Vibration Solution

Ioed-Disnlacenent Relation

e 0 s



Iv.

Y.

'VI»

i

Determination of & (%) and <b;%(t>

Computational Procedure’

Closing Remarks ”
CHARACTERISTIC SOLUTION . . . . . . .

Introductory Remarks

Determination of Characteristic Equations

General Solution of Characteristic Equations

Specilfic Sclution of Characteristic Equations

Computational Procedure--Shear Theory

Compﬁtational Procedure-~Membrane Theory

NUMERICAL COMPUTATIONS. R
General
Description of Examgles
Preseﬁtation of Results
CONCLUSIONS . « « « v o o o o ¢ o o s
General RN
Compsrison Between Solutigns

Critique of Assumptions

iBIBLIOGRAP}{‘fo 2 < . ¢ a 03 ° ® ° ¢ . ‘o .o ‘s e ¢ .

iAppendices
A. LAPLACE TRANSFORM INVERSION . . o e e

B.

General Case
Forced Vibration Case

MODAL~MEMBRANE PROGRAM DESCRIPTION.

iv

°

®

. 102

106

. 110

Page

. 117



General
Main Program (SIMPAC)
Subroutine BNTAU |
Subroutine XJGEOM f
Subroutine FNTAU
Function QLOAD (XKgli) |
Function WDEFL (XK)
Subroutine LEGFNJ (N, X, PN) ;
Subroutine HYPFNR (A, B, C, Z, EP, F)
| FORTRAN~Listing e
. .C. CHARACTERTSTIC EQUATION DERIVATIONS . . . . . . 167

Eigenvalué Computations H..'
Eigenvector.CompﬁtatiGns i
Solution of Charactefistic-Equations for
N @ =0 and $ = T ?
‘Dn MEMBRANEuCHARACTERISTIC”COMPUTER PROGRAM. . . . 175

General

Program Description

FORTRAN Iisting |
E. DERIVATION OF SHELL EQUATIONS . . o'; o e o e e 204E

'General

Equations of Motion

Middle Surface Strain-Displacement Relations

General Strain-Displacement Relations

Force~ snd Homent-Digplocoment Reletions



LIST OF TABLES %
“'Table Pageg
1. Subroutines Used in SIMPAC Program. . « « « . . . 39i

2. Description of Exemples « « « o « o o o o o« o0 o 77!

LIST OF ILLUSTRATIONS %
‘,Figurei j 1 Pagei
1. Coordinate System . . . e S
2. Sign Coriventions. « o ¢ o ¢ o o o « o o o o o .. 10
3. Relations betwéen shell and impact surface. . . . 16
I, Flow Chartm«SIMPAC PrOGraie o o« « « o o s o o . 38§
5. Characteristic directionsg~~Shear theory . . . . 48§
6. Characteristic directions--Membrane theory. . a:. 52@
7,"‘Genera1 solution to characteristic equations. . . 53|
8. Characteristic solution grid point layout . . . ,”'602
9. Layout at interior grid point . « « ¢ ¢ o o o o o 61€

10. ILeayout for grid points near =7 . . . + « . . . 065

11. TIllustration of shell-surface contact area. . . . 69;

12, Flow Chart--SHLWAV Progrel. « « « o + « o o o o o Th
13, Case I~--Description of shell-surface contact area 803

| 14. cCase I--Radial displacement as a function of time 81

15. Case I--Radial and tangential displacement. . . . 82

16, Case I-~Radial displacement at T =0.3 . . . . . 84

i,“Mmuwmmwfhd»mw“_uw“uwn-."umvi-uw._A



‘Figure

-1 30,

L~-Radisl
I--Radial
I--Radial
I-~-Stress
I~-Stress
T-=Stress

I»mstrass

o
park
7
il
O
Ul

displacement
displacement at © = 1.0 . . .
displacement at T = 1.5 . . .
at T = 002,.;-0 o e e e e

at T = 0.3, ¢« « v o o0

a-t T 0096 e L L4 ° o * ¢

il

at ’t’ = 1950 < ° ° @ © @ @ [

IT~-~Description of shell-surface contact

IT~-Radial
IIJwRédial
II~-~Radial
IT--Radial
IT--Radial
II~~Stress
Iiéastress

If-~Stress

displacement as a function of
and tangential displacement .
displacement at T = 1.0,
displacemen%raﬁ_’t = 1.5, .

displacement at T = 3.0,

!

at ’t’ = 1 e.o @ a. ] o ® ° e @

84t T :.—-""105 ° ® ° ° ° e‘e.e' ;

at T = 3.0 . . v 0 e e e

Detailed flow chart--SIMPAC program e o e

17. Case
18. Case
19. Case
1 20, Case
| 21. Case
22, Case
23. Case
2L, Case
25, Case
26. Case
27. Case
28. Case
129, case
Case
31¢} Case
32. Case
| 33,
| 34,  Flow
35. Flow
36. Flow
37. Flow
| 38. ‘Flow
39. Flow
4o, Flow

Ch&rt~»5ub
Charte-Sub

Chart--Sub

Toutil’le BNTAUO s LR ° ° e e
routine XJGEOM . . o % « . . .

I‘Olltil’l@ FI\TT.PAUQ o e PR l'o‘ ¢ ® e

Chart--Function QLOAD. .« « o o o o « + .

Chal"*t"'“FunC'tiOfﬂ L\TDEFLO ° © o ® . ° 3 @ °

Chart--~Sub

Chart--Sub

Y‘Outil’le IJEGFNJ L3 o ® ° [} ° & -

I’O\lti‘ﬂe I{Y’PJ’?”}IR & € ° ° e e e .

Covii

P

area

time

age;
85
86
87
88
89
90 !
oL

QU
95
96
97
98
99 .
100 -
o1
119%
127?
1322
134

135
137
139

141



5Figure

é 41, FORTRAN Listing--SIMPAC program . e e e e e
Lo, PORTRAN Listing--Subroutiné BNTAU . |
L3, " FORTRAN Listing--Subroutine XJGEOM. . . . . . .
44, FORTRAN Listing--Subroutine FNTAU . . . . .

45, TFORTRAN Listing~-Function QLOAD . . . « .« . « . .
46, FORTRAN Listing--Function WDEFL . . « « « o « . .
47, FORTRAN Listing--Subroutine LEGFNJ. . . . . o
L8. FORTRAN Listing--Subroutine HYPFNR. . . . . . .
49, Detailed flow chart--SHLWAV program . . . . . . ;

50.  Flow Chart--Subroutine NONE . . . . « . . . . . .
51, Flow Chart--Subroutine NGEN . + « + « o o o o
52. Flow Chart--Subroutine NLST . . . . « « 4 o . . .

,f,.53° Flow Chart--Subroutine DISPLD . « . + « « + o .

54, Flow Chart--Subroutine OQUTPUT . e', e e

55. FORTRAN Listing~-~SHLVWAV program . ¢ « o o o o o -4

56, FORTRAN Listing--Subroutine NONE. . . . . . . . .

57. FORTRAN Listing~-Subroutine NGEN. . . « ¢« o « « .
58, FORTRAN Listing--Subroutine NLST., . . . . « . . .
' 59. FORTRAN Listing-~Subroutine DISPID. . . . . .
| 60. TFORTRAN Listing--Subroutine OUTPUT. . . . . . . .
61, Middle surface deformation along meridian o e e e
620 Middle surface deformation along parallel circle.
63, Deformstion of arvitrary point along meridian . .

- 6h. Orientation of o, StTress .« . ¢ ¢ .+ ve o« 4 o .

v

e UNAAL



i

" Figure

65,

Page -

Shesar deformation along meridian. . « . « « « « 217

-
»



LIST OF SYMBOLS

- tangential displacement time function.
radial displacement time function.

rotation time function.
equivalent sound veloclity (inches/
second) . ‘

radial load tinme function,

= bending stiffness parameter (inch-

' pounds).

geometric relation (inches).

= non-dimensional geometric relation.

it

i

tangential load time function.
modulus of elasticity (pounds/inche)o
geometrical relation time function.
:generalized modal expansion time

function.

non~dimensional impact surface stiff-
nesgs parameter.’
generalized modal expansion time

function.

X



K
- k'h
K = o
. b
k. = 5
. P — v
K, 7T,
M,, ()
My (&, ¢)
Mg (&, &)

rﬂ@(é)n‘"t) = ( —_QZ/M@

N, ()

Md} <<§).) JC)

it

it

i

‘geometrical relation

shell bending moment

frequency constant.,

shell thickness (inches).
generalized modal expansion time
funection.

impact surface stiffness parameter

(pounds/inch3)°

non-dimensional impact surface
stiffness parameter,

transverse gshear stress distributign

coefficient.

¥

time function.
geometrical'relation time function.
shell bending moment in ¢ direction
(inch~pounds/inch).

direction

in @
(inch~pounds/inch).

= non-dimensional shell bending moment

in <§> direction,

non-dimensional shell bending moment

in €@ direction.

geometrical relation time function.

shell force in ¢> direction (pounds/

XL




inch).

Z
B
N
-
e nd
N
H

shell force in @ direction (pounds/

inch).

’ - !"“\yz 3 . . . . oo .
n¢&%m)~6ggjﬁg)k% = non-dimensional shell' force in ¢

.direction. !

2
h@((i))’??)=(l[;g)(§f>f\§@ = non-dimensional shell force in Q
" direction. |
! = mode number. ;
Y e ..o :
e (e, +) = tangential load (pounds/inch®).
"1 F>(¢)%):= pﬁj/ﬁé = non-dimensional tangential load.
- fzz
. N
P(é,%)ﬁﬂ—w)ﬁg)pﬁn non-dimensional tangentisl load.
EDﬂ (X) = Legendre polynomial of the first kindei
i I
E>n (X} = Assocliated Legendre polynomial of the

first kind. !

;i

C%% ($, ) radial load (pounds/inch?).
#

( = .

a(e,t)=q/k

2

Q& )= (‘~VZ)(§) q
Qp (9, +)

I

non-dimensional radisl load.

i
1

non-Gimensional radial load. g

it

it

|
transverse shear force in @ direction'
’ !

(pounds/inch).

i

!~ﬁ : . .
% @¢T3z<m-)(~)C*: non-dimensional transversge shear
H Eh AR/

force in ¢ direction.

il

tangential displacement time function.

Qp (T)

CXAR .



Q. (x)

Wi, 4)
w{g, )= u?/ﬁh{

il

it

it

fi

3
H

i

‘radial displacement btime function.

non-dimensional tangential displace-

“initial vertical velocity (inches/ i

Legendre polynomial of the second
kind.
assoclated Legendre polynomial of the

second kind,

‘shell radius (inches).
rotation time function. i

time (seconds). é

tangential displacement (inches). [

ment.

H
!
3
]

tangential displacement space function.

i

second) .

nori~-dimensional variable defined in
characteristic direction.

radial displacement (inches).
non-dimensional radial displacement.
radial displacement space function.
cos ¢ (Note: This quantity is used |

interchengeably with ¢ as the argu-

ment of several variables).

impact surface displacement in the
direction of w* (inches).

non-dimensional impact surface

<t R A



S A . Vo :
\L<(j§3) T:)JLN 1;5

ﬁ)z A /rc,

CP;(T) and. (?o (‘T)

W, ()

.t

B ()
A, ()

i

displacement in the direction of w.
product of physical variables and
ctn & .

non-~dimensional initial vertiéal
velocity.

rotation angle of shell element
(redians).

rotation space function.

radial displacement time function.,

‘rigid body motion time function.

function of n.

non-dimensional ‘shell frequency.

-Poissonts ratio.

shell density (poundwsecondsg/inchk).~‘

non-dimensional time.
angle (radians).
angles denoting limits of contact

area (radians).

tangential displacement time function.
p :

redial displacement time function.

non-dimensional shell frequency.

XAV

.tangential displacement time function.



Pt

TRTRODUCTION

General

In this investigation, the response of a complete
5 I I

D

(=8

!,_.l

Ty

¢

spherical shell is devermined as 1t impacts & specia

L)

of elastic surface. Small, elastic deformations are
assumed to occur. ‘

Solutions are obtained both for a shell theory which
includes bending, shear, and rotatory inertia effects and
for one which considers only extensional (membrane) effects.
However, numerical computations are restricted to the
membrane thedry solutions.

The shell is assumed to have an initial vertical
velocity Jjust prior to impact. Since the shell is axi-

syrmmetric about the impact point, only axisymmetric loading

i

)

o,
o,

¢

o

eformation parameters need be considered.

The impact surface is assumed to be of the type first

I

introduced by E. Winkler in 1867 (5:1). The reaction

[y
forces of this surface are assumed proportional at every
point to the radial deflection of the shell at that point.
Considering some practical applications (e.g., a
Il R P

o) PN - [l 2 e o} -
A a T A R R R R A : ol m S ey ey e P A L
O MOSLUTT O U8 LTTIE8C]Nad gurtiaces LS LoT




known and 1s probably very ¢
tion used in this work is ma

simplest Tthat one can make

supporting elastic surface,

minimal.

<

reviou

P
There are a considerab

on the dynamicge of spherical
recent review by Kelnins (8)
problem of free vibrations.

this work 1s the solution to

problem by Baker (1) and the

including shear and rotatory

The problem of the response of

&

and Kalnins (15).
In a recent paper
5

& By

san (16) studied the

revolution as they impacted water surfaces. This work

not consider the effects of

shell during impact.

harmonic forecing function has been

no

omoplicated. VWhile the assuwp-~
thematically by far the
egerding the nature of a

the errors introduced are often

Viork in Problem Areca

le number of published papers
shells. As discussed in a
, most of them deal with the

Of particular interest for

the free vibration membrane
discussion of spherical shells

e

inertia effects by Prasad (12

(

a spherical shell to

)

v

v

studled by Wilkinson

Wilkinson, Capelli, and

response of certaln shells of

ai

stress wave propagation in the
) »

Murthermore, the shells studied

numerically were shallow in nature and were not complete

shells. The problem studied

. <y o - R PPN -
prezsure-velocity boundary r
- Tyl o~y S
resulted in a solution of a

in this paper uvilized a

i3

clavion

(PP, R
conslaelx



3 i =

ed snape of the shell

ci-

than that studied hnere. The deflec
was notv too important in thils ovproblem since the water
s

vressure was computed for a flat disc rather than a deform-~
aovle body.
The problem of wave propagation in spherical shells

has been studied in two limited applications. First

o2
o

membrane theory, Huth and Cole (6 ve considered the

-

waves produced by pressure loads on a sphericael shell.
Second, Medick (10) has considered the initial response of

L3 o4

a shallow spherical shell to & concentrated force at the
- .
apex.
No prior solutions are available for the problem of
the impact of a deep spherical shell against & rigid or a

deformable surface.
Methods of Investigation
The theories used in this investigetion assume a

shell which is thin, of uniform thickness,; and made of an

elastic, isotropic, homogenesous material. The normal and
tangential components of the inertia forces are considered.

ithin these assumptions, analyses are performed using
. : %

I}

membrane theory and bending and transverse shear theory.

Analyses are not performed using classical bendin

1]

N

theory since the application of this theory results in

stress waves of infinite velocity. Such an analysis woulad

T I £ gy ey Tn < g e gy e e O T T [
only De apprroprieve 1o wlines long enougn aifter lmpaci sucn



e reason Tor infinite velocity stress waves vhen
using bending theory can be explained in the Tollowing
manner. The essential differences be

ing~snear theorie

1]

is the omission of rotetory inertia
exrects and the assumption of infinite shear rigidity in

ot

3

the bending theory. With these omission 1]

5

n

e

()

the problem are no longer hyperbolic. It has been shown b3

Courant and Hilbert (3) and others that waves only prop--

cguattions or

-egate ot finite velocities in systems defined by hyperbolic

equations. It is noted that the membrene theory system of
eguations is hyperbolic (ue Chapter IV for derivetion).

The equations of the shell theory used in this

h

o
°

research are essentially of Love~Timoshenko type and
generally conform to the equations used by Baker (1) and
Prasad (12). The notation and development of these

equations generally conform to that presented by

=4
Y

ghai (11).

)

The most significant contribution of this work to th
study of the dynamic behavior of sphericeal shells is the

solution of a new boundary value problem. This problemn,

L

tne problem of dynamic contact between. an elestic spherice

shell and an elastic surface, results in a time-dependent

AN e

coupling beitween the contact stress and the displacements

- -
e M Sy T e oy
PR SRR G SN Vrlaco.,

=]
)
O.

oolox

ne ¢

Ak

nature of the solutions recquires the use of numerical



L

Solutions have been obtaeined using botnh the classical
normal mode expansion method and the method of character-
istics. The normal mode expanzion method 1s best used to
describe the response of the systen at relatively-long
times arlfter impact. To properly describe the behavior of
the shell immediately &after impact, the modal expansion

5

method reguires the use of a large number of normal modes.

1,

The use of the method of characteristics has the

e

advantage of accurately describing the behavior at the wave
front within the limitations inherent in the use of
numericel integration techniques. Both methods of solu-
tion give an identical description of the contact surface
as a function of time.

Using membrane theory, both methods have been pro-
grammed on & digital computer. As shown later, reasonable
correlation exists between the solutions although the
computer time with the method of characteristics solution
1s significantly less.

The cna““cteflsuics solution considering sﬁear ana
rotatory inertia effects has been prepared. Wnile sthis

solution has not been progremmed, the necessary numerical

procedures have been described.

Applications and Possible Extensions ;

N O VR Sy o e ) P N . o~
R NAS SeVerGl &Uplilailtlions, pw'biCu¢@ LY U0
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atlion would lie in

f‘n

) PR + I A B .
the serospace industry. One such anpl

& spnerical capsule ©o survive toucndown on

.

elitner the earth or some otvher planet when impacted with &

Other applications might include the effect of landing

¢

o
=
3
jSv]
@]
i
O
o
cr
o
(6]
T
o
oy
<
)_J
O
by
O
}\.
}_J.
B
(ars
o
[
=
&
}_’
-
(o
=
O
8]
D
Q
(@]
@
o}
U
<
bt

~ Ral

components and the effect of pyrotechnicelly initiated

transient loads on spacecraflt components. In some of these

understanding of the behavior of a stress as it crosses the
interface between a spherical shell surface and another

A relatively simple extension to this work would be
to include the effects of an internal pressure in the shell,
With this solution, it might be of some interest to study
the behavior of a basketball during the play of a basket-
ball game. Perhaps some such study would result in the
improvement of either the ball or the playing surface.

The theorieé developed in»this study éonsider the
effects of both radial and tangential Shell'lgéding wnere
practical. Because of this, this work could easily be
extended to consider the efﬁgcts of a more refined impact
surface. Such a surface might consist of elther a
different form of & Winkler suriace or a surface with

. . . . - o - ~
B e I T o P L T R s PR T B SI L R Be ~ L ey T A f:\
[GOIORVER SV Lrl\/r l\ e. X an GLaneLe ol J.,J..L\-m‘\.‘.—"vu) VIR o ajA_.. ,(:):J\Ja\,- SR



shell by making certain minor mo

.

b
Py
o
o}

S
n

.de
o
(o4
Pa
e
0O
Q0
}_J
}-.J

anding ceopsules under current study

5

are not of spherical ‘shape

Ry

Thus, a reasonable extension

s

of this work would consider the study of shells of revo-

sonetries.

8]

!
02

[¢¥]

lution with non-spheric
, o

Other extensions to this work would consider the use

of dinelastic materials and finite deformations.



CHAPTER IXT

=

EQUATIONS OF THE PROBLEM

Egquations of Motion of the Shell
In the following discussion, the eguations of moticn

el

4]

presented for the axisymmetric motion of a spherical

sy

-~

shell. A complete derivation of these equations &and a
discussion of the sheil theory used is given in Appendix E.
The effects of'shear, bending, and rotatory inertia are
considered in additioﬁ to the extensional effects.

The equations are written in the following form usin

oo

the notation and sign convention shown in Figures 1 eand 2.
(S
o

+Wp=Nodetng + Q= phR 5% — Rp”

C?é?)(? + Q‘; crnd — G‘{dﬁ' N@) = P;”‘QSL%‘ - QC}; (2.1)

oL -
Q(5+(M M)CJI’?C> 1:2 ;’ -~ 17 By

It is noted that ecguations 2.1 can be found using those
presented by Prasad (12) and others if we assume axial
symmetry and /R << .

%

Equations 2.1 can also be found using the general

tneory developed by Naghdi (ll . In this case we must meke

the additional as sumptlons that (&) the epplied loads act
on the middle surface of the chell and (b} the effect of
transverse nornael siress 1s neglected.

8



Figure 1. Coordinate Systen



SUOTAUDAUOC) UITIS ‘2 04nITJg

V-V U0i3oog

ﬁw i

e T
@Z ﬂ”«k k;mch \ @Z

. J 0y




7 “

Eo! Bl T - S S e o et vy oy
tne following non-dimensional

S ! : —
Ny o+ (M=) cmné + g . =

b e
L . , N o - -
qus' o Goctn & ~ (n ot = W Q
' —
Moo + (Mem M) cing = ¢ = €[, o

where

o= (L:Ef
e T Eh

M,

3
-
©
I
ny
s
~
<

3
It
T
q
~
P
0
A S NI . N
ya

Stress-Displacement Relations

SRR

o]

equations, which

LT e . P
I0.10Ws, gguaTtlons

Trom the equations presented by

are derived in Appendix E,

1

Lond
¢

2.1 are generall:

form.

(2.2)

Cem e T o2 SR
Caoory (AL > N B OSGFING
NN

are written in



12

u:¢-+ il chnd + (1+1r)ir”j

[
L
[uvc«n¢ uié‘+ (+u) w®]

ES

i
e
o

2 [, £

<
@
i

23
(@(P ctn <‘5 -+ U‘z./:) <P>

a7

[.Eﬂza } (‘*nib
2(1e0) kg R T'p¢>

) U'z
where =
D 12(1—-1)“)

2
It

The non-~-dimensional form of equations 2.3 may be

H
]
ci

ten as follows using the parameters previously defined

after equations 2.2.

s

Ny = WU,, + vuctndg + Ofvﬁw

Mo = wctng + v, + (1+r)w

=
i

& £ ( ﬁ)q.})(‘é + U‘Qb ctn qb) (24>
5<Q?dﬂ¢ +Lr%¢)

9,= K Lue+ (B)6,]

2 —t
where K = ‘/W
5 2k,

~

- . - o N O S LI ) 9 A

Touationsg 2.2 and 2.4 are vresented in a suivable
AN Fal P T S | B P iy e Sy .y - B =z —
Torm for & solution usingz the mevnod of cnaracceriscics.



(and applied loads) are the only variebles.

The non-dimensional equations of motion found by

1

- may be written in the

~

combining equations 2.2 and 2.
follovwing form:

cthd — w v+ c~i~n2_6}7) - (lev)wr,

U\_)(?{P'T‘ L:. 'CP

>

w [u, + (£)B] = o

vl
A, ,-—L\.—; s- pov— & P ';L i
i[/‘?’ﬁb‘-:') %‘ ﬁ(‘?} 9‘9 ST (') JC? ( (Vo C\ ﬁ CP)
L2 [ (,Q) 1
— enn ¥ , L. P —
e s Se T T tﬁd f)<> e

- Membrane Theor;
The various eguations previously presented can De
greatly simplified 1f we neglect shear, benéing, and
rotetory inerties effects. To do this we must assume that

rey, =
&b

e, ® @ This assumption infers that & = ‘== O.
1] -

The resulting membrane theory eguations are presented
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ng of motion are taken from eguations
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scuations 2.6 and 2.7 mey be combined to form the
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following equations of motion in terms of displacements.
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Load~Displacement Relation
The impact surface is defined as a surface that

Geforms under a radial shell load %}(¢>{~) in such a

manner that
y (4,4) = = —— (2.9)
b Loy A&

displacement of impact surface (positive into
surface) (inches)

kf = impact surface stiffness parameter (pounds/
inch/squere inch)

Tne surface defined by eguations 2.9 1is commonly known &s
. M »

a Winklier surface.
Equation 2.9 may also be written in the following
non-dinensional form:
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ting the shell to the

~

Tne various parameters relsa
impact surface are shown in Figure 3. As seen from this

Tigure, we may write

= 3 ¢

t oI o= ‘ L L ‘

wolet) y (6,8) + d7(d) (2.11)
for a2ll points on the shell which are in contact with the
The geometrical quantiiy cﬁ(@) is seen to be of the

Torm:

d¥(e) = R ~R = Q(w§i> = Q('"X> (2.12)

cos ¢ Cos ¢

where X = cos & .
Bquations 2.11 and 2.12 can be written in the

following non-dimensional Tform:

W=y d (2.13)
v NE('“‘”S‘{’> - E(.’:f.) !
« = 5 cosd h % (2'11”’)

Substituting equations 2.10 into equation 2.13, we

= K(d-w) (2.15)
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As developed here, this relation is valld over the entire

ey o oy~ Lo v o o L b e -~ 3 O LY o o L —
contact area between the shell and the impact surface.

Since the shell load can only occur over that portion
of thie shell in contact with the impact surface, we see

thet the shell load boundary condition

0
il
-

(2.16)

¥
or in the equivelent form

E G(d-w) , & ¢ ¢ &4,
Q = (2.17)
)' O o< b < N RS & £

? o ) 1o
A2
where G = K (1-v )(w7
i h
¢ (v) = largest angle over which the shell is loeded, &and

o,

st angle over which the shell i1s lozde
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The angle ég(T) will be found to be zero except for
certein times after the apex of the shell has rebounded.

hat the use of the special Winkler sur-
-, ) B 2 : A Y I PR A Ly PP S} ;EI !
face defined apbove infers thal the tangential loaq ;>(@)t

the various solutions develo
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the succeeding chapters do include this load wherever

pracoical., In this way extensgions to th



AORMAL MOD= SOLUTION

One solution to this problem can be developed using
the classical normal mode expansion method. The genera

procedure followed in thilis solution is described as

b

follows.

First, the elgénvectors or normal modes of the sgystenm
are developed from the homogenesous or free vibraetion
solution to the displacement form of the equations of
motion., Only the space dependence of these normal modes
is determined although the procedure is deécribed Tor |
obteaining the complete modes. Each of the displacement

s

and applied load variables are then defined ag an infinite

appropriate eigen=-

®

series expansion of the product of th

vector paraneters of the system and an arbitrary time

A conventional forced vibration solution to the
vroblem now leads to a solution for the displacements in

terrs of an unknown load distribution and an unknown shell-

impeact surface contact -area. These unknown quantities are

18
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devermined by an énpropriate epnlicaition of the load-~
displeacement bounaary condition described in Cnenter II1
and the vertical equilibrium of the shell at each point in
tine,

The solution which is initially developed incorpo-
rates bending, shear, and rotatory inertis effects.
However, the final normal mode determination and the
numerical computations are carried out for a solution that

)

considers only membrane theory.

Free Vibration Solution
The eigenvectors or normel modes of the system may
be determined from equations 2.5 if we assume P = @ = 0.
Assuming thet the separation of variables tbcz¢1OUC cen be

used to solve these equations of motion, let us define
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Substituting equations 3.1 into the homogengous form
of the equat
Ul wo + U v crmd =U (5o et ( v

i, HS 1, & CTIR Uk G , \f
[ 5 0, O h< K ) Q - I(H'{’) 0 L{ } el ¢>
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. (3.2)
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If eguations 3.2 are truly sevparable, then the
tions multiplying Qs Ry and Sn must be independent of
(i.e., constant). Therefore
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ne proper solution for U , W, and [5, 1is one which

3 whnile at the same tTime
A congoent.,  This solution is
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U=xDU, ., —x U+ {n(w—z-f) ~ —}U = O (3.4)
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Equation 3.4 is recognized as Legendre's Associated

Bquation. The solution to equation 3.4 may be written

U, ) = E@BG) + En) QL&)
where P (x) = Associated Legendre polynomial of the first
kind,
CQ‘OO = Assoclated Legendre polynomial of the second

kind.

. I PN - .
Since <§g(x) has infinite singulerities at x = +1 and
since the physical displacements at x = +1 must be finite,

we must assume that F(n)= O . Therefore the final

solution for U, (x) is

U x) = P (%) | (3.6)

if we include the arbitrary coefficient F(n) in tne

function Q. {%).
»
Tne elghth of eguations 3.3 can be put into the same

Legelare polynomi als.
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b= v = g (B) K=t (5:8)

The Tifth of eqgueations 3.3 can be put intc the same

form as eguation 3.4 if we define

A o= —ns) KS — 2@¢+0) (3.9)

The solution te this equation is

W) = B 0,60 + B0 Q&)

-
where H«<X) = Legendre polynomiel orf the first kind
Q. (x) = Legendre polynomial of the second kind
ki i

N

gain considering the fact that CQh(x7 has infinite
singulerities at the poles of the sphere, we find that

W60 = B(x) (3.10)

function R, (t) .
e now have solutions for J, , W, and 5 and the

3 d Fa Jra Y 3 At ~A \ . o=
consTanT coerricients AI 5 >\5 ana A Using the

&

o
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results, the remaining coefflcilents AL are determined in
the Following manner,
Substituting equations 3.6 and 3.10 into the second
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Similer sgubstitutions into the remainder of ea

resulit in the solutions

.= K

P I GEA DR EATY (3.13)
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. m(n+x)§<;:(év (3.18)
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(3.15)

Using equations 3.5, 3.8, 3.9 and 3.11 to 3.15,

equations 3.2 may be written in the following form which

b
9}

seenn to be independent of & :
)\iQH + >\Z Qr’x - }‘,) ‘gzﬂ = O\ﬂ)’g:'x
)\4_6?“ + >\5 Qh

A

.»;.
>/
(:\
n
£
it

] Q‘n, AT (3. 16)
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Eguations 3.16 may now be solved, using conventional

methods, for the functions &, K, , and S, in terms of

certaein amplitude ratiocs an

(o

the natural frequencies of
the system. Substituting these results and the previously
n

Getermined solutions for U, , W, , and

. (D

quetions 3.1 will lead to a definition of the normel modes

Pl

of the system.

Even though the natural freguencies and normal modes

et
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need not and will not be cerried out here. The previously
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The genereael solu developed above 1is now carrie
o By

]

out for the membrane theory case. The present solution
can be developed either by using the generel solutlion
developed above with the proper applicetion of the

assumptvions of membrane theory or by the direct solution

of the homogeneous form of the membrane theory equations of

motion (eguations 2.8).

In either case, we find the solution to be independ-

ent of the rotation angle 6d, . With this in nind, we may

cdefine the displacement variables &as
‘ % o
ule, ) = 5 U, (¢) Q)

;I)

w (¢, w) = >—: W.(¢) R, ()

1!

(3.17)

[2)

where the variebles U, , W_ , Q, , and R, have

i

solutions similar 1n nature to the same parameters used

-

previously,
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As Dbefore, we see that 1L cguatlions 3.10 are truly

o3
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separable, then the funciions wmultiviying G. and N,
o - - L ) - s R . N 3 ) S )
rust be constent. These functicns are seen to be identical
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cerivation ceveloped previously, we find theat

Using this result and the general theory developed

D

previously, the remaining coefficients are seen to de
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Using equations 3.19 to 3.24, equations 3.18 mey nowv

be writiten in the following form which is seen to be
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As discussed before, & solution to equaltions 3.

I

e T A I & R VN [ P A RS - s s n Dm sy YA e S e
would lead tTo tThe compuitation of The natural freguencies

=N e}

andé normel modes. However, these computations need n

and will not be carried out here. A detailed examination

Forced Vibration Solution

Using the solution developed in the previous article

™)
O
=
i
j)
62}

pace dependent portion of the normel modes

(it.e., U, , W, , end P. ), the complete solution t

|

gitions of motion in terms of unknown applied loads

Again assunming that the seperation of veriables

o

technigue can be used to solve The equations of motio

W) = Y P(x) A ()

o)

tThe

0,

w(x,v) = z B.&) B o) (3.20)

stribution on the shell

&8s

of normal mode functions:



i 57 "
MNAGE AB MG = DL - D, (3.28)

ArD, A C

The coefficilents }W. in equations 3.28 are as determined

.
1)

3

(V

[e4

for the free vibration solution.

Taking the Laplace transform of eguations 3.28, we

(2)

E=0A,- A -AC, = E + s A + Ao

: 3.29
N+ (F-0 VB - NC = D+ sB () + b S
P TASTAg I, T A N F Lt S0, "D,

—~— ©

1Co= sC (o) + C, (o)

The solution to eguations 3.29 1s recognized to be of the

A ()= 7‘:, (z\-&)s) D.(s) + g

Be=L0,9D6) +

— - .= B —
C.&=L0.s)D6 + 50 E & + R(,s)

L
The inversion of eguations 3.30 will lead to the convo-

I's . ‘:} . ot
“the dot in A, D.(e), ana C
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wnere ?i and G, are harmonic functions end Hj are

3
Tunctions of the initial conditions., The detailed compu-
AN a - i C N H 1] Db ’
tation of the functions s Gy and ;  will not be

‘carried out for the general shear theory case. Rather,

The membrane theory sclutvion is developed 1in & mannar

similer to the above if we neglect the effect of ﬁQ .

comparison with the free vibretion solution, the membran

theory form of equations 3.28 is seen to be

- Ay
e T \
A, = L)
“
L . e A T T o e £ o eYe
Teking the Laplace transiori of eguations 3.32;
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oy write
/.2 n =X :
(=2)A, ~ AD = sA@+ Al + E,
s N ~ (3.33)
=M A (0D, = sB) Bl + D,
Solv ecuations 3.33, and using the cppropriate relations

SAL) LA+ E] + sew2h -5 (9]
()2 (A o+ E ) (6.l + D, N

SB(0) + %Z[‘é)‘(o +D 1+ 5{n(n { ()~ (1) & (O;“3 (i ») (O/'3

L)J
\/

) n N
5 (o) +rlns) BO) £D, - G (£.0)+ )j (1- v‘)(\:z(o +7,)
ols) =
n
s¥ 4+ G (n) & + G (n)
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S
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The inversion of equations 3.34 will give the required
solutions for Ah('t) and B lz).
However, prior to carrying out this inversion, let

us consider une iz *"1wl conditions of the problenm. If we

consider the shell to have zero displacement and an initial
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w(x,0) = m@(;)sv;q = “"@(§>R(*> (3.35)
E] f:' 2 -

o(x0) = P(Rjeesé = B(E)RG)

Substituting eguations 3.35 into eguations 3,26, Ve
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Since ¥ (%) end P (x) are not necessarily zero, these

conditions imply that

A“(O) = 6‘,‘ (O) O
2
. 6{3‘) r= -
. FAR /0 ‘ (3.306)
Blo) = —A (o) = {
(@) (o) 1 o he

3.3 may be written

»
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The inversion of eguations 3.37 is carried out in

Appendix A and results in the equations

't T

AL =-8 )+ %(T-Q)D (3)&5 + j P (), () dy

g | (3-38)

B&) = 6,6) + j 7 @D dy + (0o @) dy

‘where

Se) i 35 )T n (3-39)

!-s—u*) sin wJjT
3+ (28]

ey =5 L] -——-——L~S’” e T 1 (.3.40).

(H—\J‘)( smco't' _ sm H’t’) n>1
G, () Wy Hon 2

e ) N = O

A{Jﬁ(ﬂ - 33-(5;2),‘0‘?-1— Z’t‘) , =1 - (3.41)

| {—{Z(HV)“w’“zlsinw;t +I_<‘_}{)_ﬁ_]s;n/xh} nyl

Qé(n) Wn

- s'nzu T ~, n=0 i
‘q('t:)'z ‘ —%(—_—-——ZS.'”LO'T +’2:> , n=| (3.42)
n

L, N

RS h(n+1) -1+ V-t SN +iﬂ(ﬂ+')“+b-—ﬂnz SINUT n> |
'.Ge(“){{ w ] e - P } A

n

@) N ~néO

2(3%‘9_13,4t) , n=1 (3.43)

[ncmnow—)](san wT _ sin ;L;c—) ny |
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It should be noted that equations 3.38 repreéent a
:rathér general solution for the forced vibration of an
impacting spherical shell, However,"future computations
‘will be restricted to.the_special'case where the impact‘

‘surface is as defined on pages 14—17. For this case, 1t

¥

is seen that E(x)E0.
:Load—Displacement Relation
A relation between the applied radial load and the
displacement‘of the shell will now be defivéd.”
- The shell load boundary condition haé been determined
in equation 2.17 tobe - |

Q[d@)~uﬂ&rﬂ , X éX$X*'

Q) = . ,
O. , X &x &1, -1 &X <%,

(3.44)

>
‘where the notation X=cosd has been used to define the
‘engles ¢ , ¢ (), and 4{(%) and the relation

o - B ()

»

3

Since d(x) is only a function of x, equation 3.4k

may be written in the form

Q®) = Glda) —wm)] L mex gl (5
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if we redefine d(x;r)_as the time dependent function

R(l—x) K ¥
g LA Xa é X é Xo
dx,¢) = { h\V *x /72

. (3.16)
W(%,T) , KE&X €1, -14XEX |

»This form of the shell load boundary §ondition will be used:
in the followiﬂg discussion. |

The shell displacemenﬁs and applied loads have
previously (see equations.3.26 and 3.27) been defined as
~series expanéions of normal méde functions. The relaticn
d(x,T) will now be defined as a similar expansion with

the form

dx,t) = i B Fy (t) (3.47)

It is a well known fact (7:116)7that Legendre poly-
‘nomials are orthogonal over the range -l < X< 1 and
'satisfy the relation

z , n=m

L |
f'P,Jx) P_(x)dx = zn ' (3.18)
-1 ' Q , N+ m .

‘Therefore, after multiplying P (x) through equation 3.47,
;integrating'the result over the orthogonality range of the
‘Legendre polynomials, and using equations 3.46 and 3..48,

;we find that '
o) = Lo(e) + My () + N, ) (3.49)

wnere



‘be written

- ”

L (’r).. 2”“ L w(X T) P, (x)dx (3-.50)
-t (s o
Noe) = (B2 wixw) B (x) ex (3.52)

S S

Since X (%) will have a value closer to one than to

-minus one, it will be more convenient to write equation

'3.50 in the equivalent form

Zn+l l "
L( ) ( )U (x'c)P(x)dx ij,'c) Pn<><)?’>‘1
¥ X

(4

This relation may be simplified through i:he use of

equations 3.26 and 3.48 to become

} : o
' Zn+| - ' ’
L) =D() - (“%—)S w(x,%) B, &) dx (3.53)
' X ) ' Lo S
Using e'qualtions‘ 3.51 to 3.'53, equation 3.49 may now

X”J’

=B+ (ZnH)Lo{(i)(‘" ) ~ wr(x T)}P Wdx .(3.54)

o

M. ('t) can be determined from equatlon 3. 51 provided

‘that the angles d)o('c) and gbo('t) are known. The evaluation
;of these angles will be discussed later. On the other

‘hand, the determination of N &) and L (®) requires that the

displacenment LU'(X)t') be known in addition to the angles
& (r) and &7(t). This unfortunate result reflects the
inherent coupling between the load distribution and dis-

placement of the shell. As a result of this coupling, the
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'exact solution to the problem may only be aﬁproached
through an iterative procedure.

We are now in a position to writé the desired
relation between the applied radial load and éhe displace-
ment of the shell. Substituting equaﬁions 3.26, 3.27, and

3.47 into equation 3.45, we get
Zm@imm~cdaw~a$ﬂ}=o
‘Since this relation must be valid for all values of Xx, we

-see that i

D& = Gl R® - B (3.55)

For the special case of a rigid impact surface

(i;é.,Q==oo), equation 3.55 reduces to the forn

F(x) = B.(r) | (3.56)

Both equations)3.55 and 3.56 are seen ﬁo'réflect the
‘desired relation between load and displacement since the
‘load function I%Cf) is an integral part of the diSplacement:
‘function B, (7). 7
 Determination of #g(f) and éf(?)

Equqtions 3.55‘and>3.56 nay bé soived for thg unknown
load distribution provided that the angles %%(T) and éf(%)
‘are known. The condition necessary to determine these
'angles is now presented. |

As seen from Figure 3 and equation 3.46, the



'boundaries of the contact area between the shell and the

;impact'surface may be defined by ‘the relation

R - X

‘This relatiéh may also be written in the equivalent but

computationally more convenient form

The root (of roots) of equation 3.57 give the cosine of
“the desired anglei(orlangles). |

| Certain Enformation that will help in formulatiﬂg a
‘computational technidue to solve, egquation 3.57 is'available;
First, the angle <%f@ﬁ will only have a nonzero value if
‘the apex of fhe/shell rebounds prior fo:other portions of
-the shell. Thus, this angle will initially and, éérhaps,
for all»time be zero. On the other hand, tﬁe angle égtt)
will have a nonzero value for all timéA(after the initial
~time) until the shell completely rebounds-from the iﬁpact

-surface. Initially, it is seen fhat-¢;@ﬂ=€?.

Computational'Procedure
The complete solution to the problem can be obtained
from equations 3.26 and 3.27 once the values of D, (%) ,
¢ (t) , and éj(r) are foﬁnd. These parameters can be
determined from n equations of the type given by equations.
_3.55 or 3.56 and equation 3.57.

A procedure is developed here to determine the
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unknown‘paraﬁeteféﬁﬁfffﬁéwﬁ§6blem. In this procedure the
impact surface will be assumed to have a finite rigidity
thus allowing the use of equafion 3.557 This assumption is.
fnot considered unduly restrictive since hard impact
Jsurfaces with stiffnesses of up to 100,000 pounds/in3 have
‘successfully been evaluated_using equéﬁion 3.55.

‘The problem solution is obtained through the use of
-various numerical technigues and a digital compptér
program. This prqgram, whose flow chart is shown in
Flgure b, is bhilt up of a series of éubprograms. The
subprograms are listéd ‘in Table 1. A complete FORTRAN
listing and a detailed descfiption of each of the progranms
is given in Appendix B, .

As previously stafed, the inherent relation between
 the applied load and the displacement requires that an
A_iterative procedure be used to solve the problem. In the
~present program only one such iteration is used during
. each time interval. ThisAsimplificationkis Justified if
. sufficiently small integration intervals are used.

The solution procedure considers the following

' general steps. First, various initial values are.éssumed.
Second, the displacement functions, E@(wﬂ , are determined.
5 Third, the angles ¢ () and éf?k) are determined. Fourth,
the iodd functions, Ik@ﬁv, are determined. At this point
the solution for a particular time is complete'ana the

applied load and displacement relations may be evaluated
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for an arbvitrary point on the shell. As a final step, a

new time T =T+dt is selected and the procedure returns to

.the second step.

Closing Remarks

The detailed solution carried out in this chepter is

 based on the membrane theory of shells, However, a

‘similar solution considering bending, shear? and rotatory
‘inertia effects could be directly obtained if the functions
fF% and HS in equations 3.31 were avaiiable. It is'seen

that the discussion presented in articles 3.4 to 3.6 is

directly applicable to this latter solution.

Even though the membrane solution 1s presented

.primarily as an example illustrating the feasibility of

~the solution, it should be an acceptable solution in some

situations. These situations would arise for cases’where

the shell is sufficiently thin and where the total impact

~time is sufficiently long so as to minimize the effect of
~large changes in dispiacement nearvthe apex of the shell.
It is to be noted that‘the example cases}discussed in
-Chapter V do seem.to fit this'special category of ,

'solutions.



CHAPTER IV
CHARACTERISTIC SOLUTION

Introductory Remarks

There are several undesirable aspects of the normal

‘mode expansion method as applied to this problem. In

general, these aspects relate to the inherent difficult§
in describing an abrupt wave front'by the sum of orthogonal’
series relations. In order to get accurate results, it is

necessary to take many terms in the appropriate series

relations.

The method of characteristics is another method by

which the problem solution can be obtained. With this

‘method, the results (deflections, stresses, etc.) at or

-near wave fronts are readily and accurately described.

The general procedure followed in this latter method =

is described as follows.

The various equations of the problem are first

: . : . ' . . . s
cwritten as first order partial differential equations and

are then reduced to their normal form. The normal form of

the equations'(i.e., characteristic equations) are seen to

' be ordinary differential equations when defined in certain
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characteristic directions on the space-time plane.

The solution to the problem‘is’now readily obtained
by integrating the characteristic equations in the appro-
'priete characteristic directions. While obtaining this
:solﬁtion, certain speciél conditions must be prescribed at
‘the apex of the shell.

The solution is essentially'é step—by—step integra-
tion éfocedure. The load-displacement boqndary condition
‘described in Chapter II, pages 14-17, is used to determine
the shelleimpaét,surface contact area at each point in
:fime. | |
| A solution incofporating bending, shear, and rotatory
:inertia effects ig determined. However, numericalkcompuf |
-tations are restricted to a solution that considers only

membrane theory.

Determination of Characteristic Equations

Shear Theory--The shear theory characteristic
-equations are determined from equatiéns 2.2 and 2.4 uSing
: the following procedure. This pfocedure;is deVeloped by
- the method described by Courant and Hilbert (3:425)»

The following new variables will be used in this

~derivation:

U = U..),c,
b = W, (&.1)



and Yl = L C’{'ncb
Y?_ = (nc‘s-—ne)c%néa
Y, = b ctn _
> T 2R Cing (4.2)
Y, = (rm?—- m,) ctnd
\; = «%¢ ctn

The equations of motion (equations 2.2) may now be

written in the form

"ot Up = Y, + qp + P

L

"ot Up = % = () 4 Q (4.3)
“Hp gt ‘E_f%,»c = Y T %

After differentiation with respect to non-dimensional

time, the stress-displacement relations may be written

—W,, + Mgy = Y + (+v)w

—u@)¢+n9},t = Y, + (1+uv) wr

“Epé_,i; + mﬂ,c = U

Y, (4.4
"U'e‘{b@,dg + me;t = \g

. z - , _ . 2 g o
4<5w3<3> + c%«?,'r: = Ks(h)&?
Equations 4.3 and 4.4 may also be written in the
lf‘orm of the matrix eqﬁa'tion.
oV Vv
A= + = = e
¢

o - (B5) |
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‘where (0o o o o o - o o]
© o o o o -v. o o
o o o o o o o -l
6 o 0 o 0O O O -r
Al 6 0o 0o 0 o K o
-l o o 0o o o0 o o
o o o o -l o o o
o o -l o 0o o o o
(g, ] (oY o+ ((+0) & 7
Mg Y, + (1+ ) wr i
nqg LFY;
m, Y,
il DA SRR B0 >
C};cp s V h &P-
o \Q+%¢+P
1w Y-—(n¢+n)+Q
\qap“s’J - Y4'~%‘€7 J

If stress waves are to propagate through the shell,
equations 4.5 must be hyperbolic. This system of equations;
‘is hyperbolic if there exist eight linearly ihdependent

. 8 oin s
eigenvectors 1° for which

L o= A L e

S

and A, are the roots of the algebraic equation

A=Al =0 (4.7)

Equation 4.7 is evaluated in Appendix D.  The values

- for the eigenvalues As are seen to be

e (8

)\s =0,0,%],x1, £ K;
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The eigenvectors of equation 4.6 are determined in
Appendix D. These eigenvectors céan be written in the form
of the following transformation matrix whose rows consist

of the various eigenvectors:

- | 0 0 0 0 O o)

o O -vU ("oo o O

| o 0o © 0o -1 0 o©

1 o o o-o0o | o©O O :
T=lo0 1 o o 0o o -l (9) )

©c ot 0o o o o I |

o 0 o o | o -K o

0o o 0 oI O K o

The normal form of egquation 4.5 is found by multi-
fplying T through equation k.5, The resulting set of eight

-equations are written as follows:
2 ' .
5 (Fun, +n) = (=Y, + w)
)
é%-(-vm¢+m9)=(l—u})\g
(—E—-LE—)(n W= vY-Y + (+)dr-q, - P
a<> STINVeT T 12 D

——~r )(%-l—LL U‘Y +Y +(i+lf)w‘+00¢ +P .
(4.10)

(5;*‘5;)(%‘%): "Ya“ e T De
CEr5lmyrel,)= v+ Y, ~ %

(K2 + 53)(% ,~K) = Ks[ks(é)é¢—Y5+(n¢+ %) -Q]
(122 )(a + K9)= KK ), V- (npem) + Q]

by



Equations 4,10 are the desired characteristic
requations written in terms of the physical variables.
‘These equations may be put into another form which is more
appropriate for numerical integration through-the intro-

-duction of a new set of dependent variables. Therefore,

let

-

%:r%—x&

%=é¢+& ,
V3=%¢—1<sd; | )
_\/4=c5¢+l<‘5dr‘ X ,
V5=m¢"?—€’¢' (4.11)
%,= m¢g-e@$

V, =~un, + ng

\V, =-umg, + my

Using equations &.ll, the following relations for

~the physical variables may be written:

_ncp = %(Vl +'Vz)

Mg = V8+%(V5+.Vé) N
% =+ (\V, +\,) (4.12)
&= L(y-v)

LN



Using equations L4.11 and 4.12, the characteristic

equations (equations 4.10) may now be written

ji = (I- U)[Y+ (V \/)]

dV, ’
il LA

s A DR Coh VR

| ALY Y- %(——— )V+ (’W—H) + P

ds, 2

« u (4.13)
ds, = oY, - Y —z—(\/.?+V4)
:g'[_\s%zv\{a‘*\(e- z(V+ 4)

48 - [SEX0 Y+ (), 2]

B RS U -(20)+ 4 )

where
4 _2.2
ds, 96 %
d = —;—‘-(--%—

ds, 8¢ 2T
d 2, @2
ds, k;2¢-ka%
4 __;(s.a__ 32
ds, e ' T
The characteristic equations given above are defined
for the directions shown in Figure 5. Since the slopes of

the various characteristic directions in the space~time

T
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plane represent wave velocities, it is apparent from the

'figure that waves travel through ‘the shell at the two non-

‘dimensional velocities ¢ = 1 and cg = Kg.

The wave which travels at the velocity c = 1 is made

up of two parts. One part is essentially an extensional

wave while.the other is predominantly a bending wave. The

~other wave, which travels at the velocity cg = Kg, is

essentially a shear wave.

Membrane Theory.--The shear theory characteristic‘-

~equations have'been developed in the first part of this

section. ,Similaf‘éqﬁations will now be derived for a shellf
which undergoes only extensional deformations (i;e., ‘
membrane theory). | |

The membrané theory characteristic equations can
either be‘developed from equations 2.6 and 2.7 orAfrom'the

previously developed shear theory soldtion. This latter

~method will be used here.

As discussed in Chapter II; pages 13-14, membrane

theory equations can be determined from shear theory

.equations if it is assumed that My, = Qe = o,

Furthermore, this assumption infers that & = K , = O,

Using these assumptions, equations 4,10 reduce to the form |
5 L, )
= (-un,+n,) = ((—~U’ )Y, + o)

(525“5'%)(”«?‘@)? oY =Y, + (sn)ir - P (k.12)



-+at)(n s0) = oY 4 Y+ (lw)ur + P

-5
-'(nep""ne) + Q

As with the shear theory characteristic equations,
_equations 4.14 may be written in terms of a new set of
variables if we let
Vo= ng- .
. 1
V, = ng, + 1L (4.15)
V, = -Uh, +
Using equations'ﬁ.lB, the‘following relations for

the physical variables may be defined:

¢—%O’+V) |
ne = Vo + %(V, +Y,) (4‘;6)
o= z(%-Y)

Using equations 4.15 and 4.15, the membrane theory
 characteristic equations (equations 4.14) may:now be

written

Vo o =N (rv) W - P

ds, ST
LN (e P |
S, ~ - (5.17)
AV ' . '
Zr}l = (1*U'Z)<\(;+ “r)

i

R CRUARI AN
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where ds; and d52 are the same as in equations 4.13.

Equations U4.17 are defined for the characteristic

directions shown in Figure 6. It -is apparent from the

-figure that waves travel through the shell at only the

non-dimensional velocity ¢ = 1. This phenomena 1g to be
¥

expected when only extensional effects are considered.

General Solution of Characteristic Equations

When written in the form given by equations 4.13, .

. the characterigtic equations become ordinary differential
~equations. These equations can be easily integrated in

"their appropriate characteristic directions.

For example, if points R; and Rg (see Figure 7) are

an infinitesimal distance apart, the fifth of equations

'4.13'can be integrated to get

. S|<R.) .
V()= y(R,)+ ﬁ . [GS2 L4+, ds, (h16)

.This equation can be evaluated provided that the variables

N, s Yo, Voo, Vg, and V, are known at the point Rp.

Similar equations can be written by integrating the

rest of equations 4.13 resulting in a set of eight

. equations in terms of the physical variables and the

applied loads. Therefore, in theory at least, the

_complete solution at point Ry can be found provided that

~2ll the variables are known in the region A,



“Figure 6. Characteristic Directions--

Membrane theory

52
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T4

Figure 7. General solution to

characteristic equations



Vi or the physical variables.

5k

It is noted that there are essentially ten unknown
‘variables in equations 4.13. Thegse include the loads P

and Q@ and the set of eight variables represénted by either

The quantities Y; are

‘related to the physical variables through equations L4.2.

The unknown variables can be determined throughout

'region A provided that they are known along those portions

‘of the boundaries =o, &=%, and T=o that border on-

-

the region.
| Using a ﬁréscribed set of initial conditions all of
the variables can be"détermined alpng_thé boundary T=0.
Assuming that the applied loads P and Q can be

expressed as functions of the other physical variables,

°

.only the variables V; (or the physical varlaoles) are

affected by the boundary conditions along d> © and ¢=77.

Along the boundary $=¢©, the variables V Vi, and
¥ s 25 Vi

Vg can be determined by the direct integration of equations

L,13. ‘The remaining variables can be determined through

‘an examlnaulon OI tne relaolons Y as defined in equations

4.2, If the relations Y; are to remain bounded at &= 0o ,°

it is seen that

-

w = 0O

n? = Ny -
ep,= © (4.19)
mé?:“me

a,= O

be -
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since (c+nc§)¢=o = 0o . Fquations 4.19 are recognized
as the usual boundary conditions for the apex of a
fspherical shell.

| Equatioﬂs 4.l9lare sufficient to define the remainingi
‘unknown variables'along the boundary $=o. However, the
indeterminate quantities Y; must be evaluated before these
‘remaining variables can be defined. As shown in equations

c.20, (Y, )4) are defined by the relations
=0 . .\

Y = 2%

! b ,
=~ _

Y, =-2¢ -

N 2 - t

Y, = _.E_@é (4.20)
- qus

er' ;4,
= 29 4 2w

‘\(5“ Zn¢ -Q “32; * o

It is further shown in equations C.20 that

22 = (1+0) (Y, + &) (4.21)

9 “’~ (1+0) Y,

Using equations 4.19 and 4.21 and computational
jtechniques to be discussed later, the right-hand side of
ﬁequaﬁions L,20 may always be computed.

A procedure similar to that discussed above for the
boundary ¢=c> may be used to determine the variablés Vi

‘along the boundary & =% . In this latter case, the
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variables Vl,“V3, and V5 may be determined by the direct
integration of equations 4.13. Since Q{gqg)&_n = -0
.the remaining variables are again -determined through'the
‘use of equations L4.19 to L.21.

Using the genergl procedures outlined above, it is
seen that the completé soiution for tﬁe point Ry and, for
:that matter, for all points in thé space—time plane can
always be determined.» Detailed numerical procedures and
the application tQ the impact of a spherical shell on a‘
;defo:mable surface will be'discussed later.

A procedure similar to that discussed above for the
general shear theory caﬁ be'developedvfor membrane theory.
In thigﬂpase,'éQnQitgqnsmalong the boundaries ¢=o and
. ¢ =% require that 3 |

w = o
(L.22)

n¢=_-: Ng
:Furthermore, along these boundaries‘if is seen that

Y___QLL

VY
- _%% _ D 11
N, = % P (k.23)

s (en) (Y + @) ;
oT .
Along the boundary &=o , the variable Vo can be
~determined by the direct iﬁtegration of the second of
equations 4.19. In a similar mannef, the variable Vi can

be determined along the boundary &=% . The remaining
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‘variables can be found by the solution of the last of

equations 4,17 and equations 4.22 and L4.23.

Specific Solution of‘Charaéteristic Equations
As discussed in the'previous article, 2 solution
‘using the method of characteristics can be determined
Qprovided that the necessary initial conditions and load-
displacement relations are prescribed.
o The initial conditions for the impact of a spherical
shell on a deformable surface may be de¢1ned as
4 LL(dD)O) = ur(¢ <>)
n¢@@cﬂ = na(¢,o) =
ty, (¢, ©) = mgy(d, o)
qu(P,0) = ©
@,(C‘P,’ o) = O

and, using equations 3.35,

W (P 0) = —ﬁ( )sin
w (s, 0) 6(5—) cos

r"he 1oad -displacement relatlon for this proolem is

(&.24)

I

i

;glven in Chapter II, pages 1U-17 as

P =0
G(d-w) , &< <4 (4. 25)
, 0¢ ¢ &, b

As will be seen in the next article, the angles'ﬁ%

!

K
O

and d&? can be found directly through the use of



equations 4.25.

Computational Procedure-~Shear Theory
The numerical.procedures‘neéessary to solve the
:problem will now be described. Solutions are giyen‘for
both shear theory and membrane theory. The complex nature

of these solutions requires the use of a digital computer

~in thé carryingugatMSf the cbmputations..

In the next article, a computer program based on the
>membrane theory solution will be described.l NUmerical |
computations will Be.carried out only for this.solution.

Various first order ordinary differential equations
‘must be integrated during the problem solutién. In

‘general, these equations are of the form

af (uy) ‘
A L g ()
‘where W represents the various physical variables,
-applied loads, and functions of h and dh represents incre-
‘ments in the various characteristic directions.
The integration of equation 4.26 from.point 1 to

‘point 2 results in the fqllowingAsolution for ¥ZC&L3) :
L) = £ + g(u)dh

If the function qh(uﬁ} is a function of ¢ rather than of

h, equation L4.27 must be written in the form:

CRGw) = Rw) g ludde ey
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Using the general theory described above, the shear

- theory solution will now be presented. In this case,

' solutions are found for each of the grid points defined in

Figure-8. Since’ﬂr“is”genéfally not an even multiple of
- - ] . R ’ . - -
AT , the interval between points n__ -1 and nh__ . will
require special consideration.
It is noted that the grid point numbering system is

repeated at each ‘time T, . ‘This scheme is used to minimize

-

" the required computer storage during numerical computations.

P . 1 - <+ . .
In the derivations which follow, the- L h time is

the one currently being evaluated. The previous time is

denoted by the subscript (-1 .
The solution of equations 4.13 fof a general point nl}

may be found using existing solutions at the L-1 time

"(see Figure 9) and integrals of the form given by

equation L4.27. Therefore,

Vi) = Vi(n-1) + oY) <Y, (o1 - 5 (“"f )\4( )
5 (551 V(e ] o "

= Vet Y4 [+ i D e )
L) lnei )] ot \

V) = Vo) + K2 (B)Vnog) - n-g)] + Y (a-g)  (4:28)
+(E) )+ Y a-x)] -Yiln-5) - Q-9 o

Vi = V(nu)uz{‘%/ O () = (i) - Vofnes)
(M) g + o) ¢ QEreg) ov
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= ¢

Figure 9. Layout at interior

grid point
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o
Vs<ni.) =V5(l‘l-l‘.__!)+ {U—\g(n'li-) —\Q(n_fi-:) +i[%(n'li~a) + \{'r(n"(u‘.—x)l} At
\é(ni) - \é(mli_,)-y {U‘\(a(n+!£_‘)+Y4(n+l(_‘)—i{\é(m{i_‘)-i— V‘,r(nﬂ.w)}} AT
I
V= ) (- ) (U )- Y )]} o
\/8(nc)= \/8(n'___‘) + (1-v%) \G(”a-‘) aT .

The physical variables hd,(n;) , 'ne(h‘._).) m(.?(n,;) ;
myn) %cp(ni)’ a(n) , win) , and 6{54,(0,-_) are readily
t found through the use of ‘equations 1}.12 once the variables
| VS(”Z) are known. The displacements w(n;) and w(n;)
can now be computed through the integration of W and LI)".W

These relations may be written in the form

w(n) = win,_) + éz’E [L}.(n.) & a(ni_lﬂ .
. ' - (&4.29)
win) = win,)+ %{W“J + u}(na—:ﬂ

Using equations 4.25 and 4.29, the radial Ibad Q)
can now be written in the form

Gld)-wi)] 5 win) > ()

( i) =
e, wt ¢ A (20

‘where _RTV- cos &)
| a(n) = h{ <55 n) 1

‘The arigleé_, cb’:(ﬁ:“) and ¢0(T1) are defined as those values

‘of & just to the left and just to the right of the loaded

i‘area of the shell. '
Except for the points where <{>‘=o and & =T, the

quantities Yj(”t) can be readily determined from



‘equations 4.2 once the physical variables are known.
The values of the variables at the points n—"é) and
+%  are found using the interpola"ciqn relations
_-i:(n-ts,) K, -f-(n-li_l) + (i-Ks)-g(n.L_.) -
' L.31
flasg) = (1= $(n,.) + K St ) (4.31)

i}

]

Solutions for the points correséondihg to b=o and
_ =0 require special consideration. In each of these |
‘cases, the general procedure outlined on pages 51-57' must
be followed. Therefore, if é=0, n=1 and V(l) V(!)
“and V (\7 can be founa by ‘the direct anp‘llcatlon of
equations 4.28. | |

The remaining variables areAfouhd through the use of

~equations L. 19 to L.21. Using these relations, it is seen

that
(1) = w(z) _.
(1) = 1, (1) +(!+U)['Y‘<!ﬂ-').+ w0 )] ar (L.32)
my(1) = my (1) + () V(1) o |

,_and‘ o . | P R S
MORE-< .
NG = n%,(l ZTnb(z)

RAGEE (4.33)
YJ‘J - fﬂb(!A)L meg(z-)

!

,,<z> () - w0
v AT

Y0 = 2n<x)—Q<1)
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Using equations 4,19 and L4.32, solutions for the
remaining variables VG(\L) can be found from equations
‘L,11., The displacements and applied loads are determined
as in the general case. Therefore, all variables_are
‘known at the point n = 1 and the problem solutioh-can
li'proceed. |
| A similar procedure can be followed if ¢>=Tr(n=§uwx}
However, since AX{ AT certain additional computations
gmust be carried out for these points. )

As described_on page 55, \4<“nmx;).: Vg(nﬂmxi) s
"and Vg(n ‘

‘equations 4.28. However, to do this the variables must be

) can be found by the direct application of

max ¢

“known at the points n-g and n-y (see Figure 10). The
jvalues of the variables are found at'these points using

“the interpolation relations

g - (2R )b ) XW}HW;’J:

AT+ AY AT 4 AX
L("‘ ) (AL AY)'{‘(nmax - | ( )I( mex L~ )

The remaining variables are found through the use of

(4.34)

‘equations 4.19 to L.21. Using these relations, it is seen

‘that

ll')’<nz~.—zm<£) w(nmax“ 2;,)

n@<nmaxi) = n¢><nmaxi_l) + <‘+V>[\‘/l(nma-' )+ U‘)-(nmax lﬂ AT

m&,(nmax-‘) = m¢(nmax ) + <lTU‘)\( (nmax ) AT

o :



(% e

(®)

) AT
=3 - 2N
- n .
Dnax maxj
A
l—
<
)n—}-‘r]
L n+§
J L )
Tn -2, A
| “max i1 1 / Dmaxj_1
. ‘D =T
AT Ax 1@
L3 P o

Figure 10.

Layout for grid points .

near & = M
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, ] -2,
Y(nmaxi) == ( Do )

AX 4+ AT

( )__ nc?(nmax" ZL) - nr3> (nmaxa)
Tmax X + o%
eﬁ'z‘? (nmax" ZL)
Y,(n, e (4.36)
< ) = m#?(nmax— ZL) - m&(”mox{)(
ma%y AX + A

NeOia) = 20500 = Q1) + 2 1)y Sl )

o

Using equations 4.19 and 4.35, solutions for the

- ¥ . . . X
remaining variables Vg<nmaw) can be found from equations
: ) - . AR 9 ) ' .

:@.ll. !The displacements and applied load are again deter-

mined as in the general case. Therefore, all variables are

iknown at the‘point n=ng, and the-problem-solution can’
;proceed | | F ” | :

The solutions for the variables V(n \/(mmx c
~and \[(n, 1) are also special casos since Ax<iAt (see

'Figure'lo). To get uhese_results, the solution for point

A, must first be obtained. Then the required
L . - 4

wvariables can be computed from the relations

V1) = V(o) + [ Gre) +Y<n+4)—-(‘+°’ )\/ ()
+z(‘—%—:—f+ \) V4(“+’Z)] AX

ROREARYCRSAL 3 [ RO BACE S CRE o
(s Vsg)] + Yolors) + Q)] aR

) =V (n+7) + {w\(a(m‘/z) +Y, (nen) 'Alz i\/a(nwz)'-%\ﬁ(nwzﬂ} Ax

»

Vi

6

max
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N
where
K ar ) K at & ax
AR = '
AX ,  Kiaxw > ax
The values of the variables at the pointé n+g and k1+q
are found from the interpolation relations '
. A% - KAt (1+\$)A'c'}
-i(n'g) ( AT+ AX )4( mai 2. )4' AT+ 8K S'(nmax- ) ’ VSATé ax
Tg )= -
, KAL-A! AX
( K AT ){< max; (K A‘t)i( max, ) K AT AX (4.38) ,
AT- AX
Eo= (S, +(E) )
The computation procedure for each tlme T >0 will
l(:> be to find the solution for each'grid'point defined for

‘this time. The solution for the time T, —-dr will be used
;in this computation. By proper manipulation of cbmputer
core storage, only the solufions’for thé;timeé T, éand
‘ - dT need be retained at any one time. It is noted that
' the values of the variables at T,=0 are foﬁnd‘frOm‘the .

initial conditions. |

The procedure is-now complete. However, two addi-
itional comments are in order. First, sincevthe shéll lqad
' cannot physically occur at an angle ¢5>%F'

_blows up at dx.-— > 1t is prudent to check for these

and since d(n)

unlikely situations in the numerical procedure.
Second, for many of the examples which could be

studied, the shell completely rebounds prior to the time |
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that the fastest stress waves reach &=% . Therefore, to
minimize computation time, some points in. the space-time

‘'plane need not be computed.

For example, if the problem solution were as shown

in Figure 11, only those points in the region bounded by

points A, B, C, and D need be computed. It is noted that
values for points along'the lihe AD can be determined from

the initial conditions.

Computation Procedure--Membrane Theory

The computaﬁioﬁ.procedure for the membrane'theory

‘solution will now be'presented ThlS procedure is

essentlally the same as the one developea in the last

’art1c1e for the shear theory solutlon

A computer program has been develoned uO carry out
this solution. The numerlcal results from this program.arei
dlscussed in Chapter V.

The grid numbering system used‘for‘this solution

‘will be as shown in Figures 8-10 with the exception that

the points n-Z and nt+g are no longer required.
The solution of equations L.17 for a general point-
. LS

N, may be found using existing solutions at the [

time and integrals of the form given by equation 4.27.

Therefore,

V() f\/‘ (n-1_ )+ {‘v\’l(n-'z DY )+ (50 ) e (4.39)



Figure 11. Illustration of_shellésurface»

contact area
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Vz(“a) V=V2(n+£;__l) + {U'\{l(n.“;-;) ’*‘Yz(““a..) +.(i+*f> U'U’(n;"‘g.hl aT
V)=Vl ) + (=0 ) + (g N e
=t )+ (o ) U Y () + Qe

The remaining physical variables ngy(n.) no(hL)‘ , and
aln) are reédily found through the use of eq{iations L. 16
‘once equations ‘4.39 have been evaluated. The diSplaceﬁents
w(n;) and 'w—(n.;_)A, the radial load Q{n)), and the anglés
Tck:f(,nt) and ¢:(n;) can be compu'ted. from eciuations L.29 and
 4.30 just as in the shear theory solution.

ngcept' for the points where =0 and ¢=’h’, the
quantities Yu(hi) and Yz<”;) can be reac’lily dé‘cermined from
equations 4.2 once the physicél variables are known.
;Solutions for the points corresponding to $=o and ="
-require special consideration. In each of these cases,
the general procedure outlined on pages 51-_-57_ must be
followed. _ . |

Therefore, if 2;:’5, a=1_ and V,(n) can be found by
:t’dé direct application of the second of equations L.39.
The remaining variables can be found through‘the use of
:equat'ions'4.22, L.23, and the last of 4.39. Using these

‘relations, 1t i1s seen that
(1) =, 0 ) + (Y )+ (1 )] e

| (b.50)
L(r(t.‘) - U'f(‘a-l)'*{" (‘—;‘_"-’){\/‘(li_l)+\/z(ii_l‘13—v7(li_‘)+Q(li_l)} AT



| a(Z)
N = AT

l

Y - 0 n
Using equationé A1+.22.and L Lo, solutions fbr the By
‘remaining variables V(1) and \/70‘) can apparently be
found from 'equations k.15, On the other hand, a"fur"cher
examination of equa‘cibns 415 shows that .s/,inc.e w()=0,
then V(1) = V(1) . | |

It is abparen’c that flve equaulons are available for

L3

The computation of the four variables Vg('i) 5 Vz(l;) 5
'V (1)) and o ( \-) The accuracy of the‘nuiner‘ical
‘computation denenas on the best selectlo"l of four equatlons:
':to comnube these varlables Experience has shown the _bestq.i
results to occur when Vz(li) is computed using the |
,relations' V(L) = V(1) . |

| The procedure used here to compﬁté Vl(li) > Y, (1) s
‘:‘V-, (1), and: u'f(l;.) is summarized as follows. V., (1)
jf‘auv'l‘d w(l;) are computed from the relations given in

- equations 4.39.» V,(h) and Vz(li) are thén found from
:equations k.15 wherein ny(i)= n,(l;) and w(t) =

' The numerical computation. of Y(i-) and \((1;_) may
._Lead to erroneous results 1f‘ the variation of & and r‘qu

with respect to dp is ramd or approx1mately zero near the
Elol(h)
o¢

assume that Yz(\-t)—:_:O .  This assumption has been used in

apex of the shell. Since =0 it seems reasonaole to
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all numerical.computations presented herein to minimize
the possibility of computational ‘error.

Finally, the displacements and applied load-are
determined as:in the general case. All wvariables are then
known at the point n = 1 and the probleﬁ solution can I
‘proceed. " | |

A similér procedure can be followed if‘¢=7r(n==nmax),

éHowever, since ax$ ar , certain ad@itional computations
;muSu be carried out for these points; As described on
‘%Dage 56, V, (nmax) can be found by the direct application
5of the first of equations 4.39. .However, to do this the
Avarlables Vi, Yy, Yg,‘and w must be known gt the point
(:> n-7 . These variables are determined at this point
through the use of the seconduéf equations 4.34.
The remaihing veriables can then be found through

the use of equations 4.22, 4.23, and the last of 4.39.

: Using these relatlons, it is seen that
Myl max) U (Menag, ) + (140) [Y(nmav D eur(n, ﬂA't
ur(nrm) w-(nm‘ )+{ (E;_—V){\/i(nmxm)-{- V(n, a&_‘ﬂ
-V (e, ) + Q(n,mi_l)} A
\((nmxgz= - )

(b.1)

! X+ AT

Uy Pl = o)
2z max AX + A’t’

Using equations 4.22 and 4.41, solutions for the

remaining variables Vz(hmwi) and \_/—,(n,,,,a”) ~can be
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theoretically found from equafions 4.15{_ Again, five

equations with only four unknowns are seen to exist and

j"‘che procedure outlined for n = 1 must be used to continue

- the computatibn. | |

The displacements,and ép§liéd'ioad~are again deter-
mined'as in the general case and the problem solution can

>§proceed. N

| The solution for \QG%M;Q) is also a special case

“:since AX § AT . To get this reSﬁlt,fﬁhe solution for péint

Opgy,  Hust first be ébtaihed. Then the variables Vo, Yq,

‘Yg, and w- are found at the point n+% using the second |

of equatibns.H.SS. The desired variable may néw 5e

. computed from the relation

—li) = \/Z<h+7z) + [U-Y‘(m.;z) +\/2(n+71) + (H—U’)tb"(n.).;?)] 47{, (L’r .42)

max

\n

As with the shear iheqry solution, the computation
‘éprbcedure for each time T,»0 will be to find the solution
éfor each grid point defined for this time using the |
%éolution for the time T,- 4% . In this manner, only the
%soiutions for the times 7T, and'T%-dT need be stored in
;the computer at any one time. The values of each of the
‘varisbles at T;=0 are found from the initial conditions.
The computer program used to carry out the above
computations is shown schematically in Figure 12. The
deteailed development and FORTRAN listing for this‘program

is given in Appendix D..
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Read and Write A
Input Data ) e
'3 : =
Determine Set Up Initial b
Constants : Conditions

NPCH = 0 NPCH # 0 ' S
T=dT - I )
Corﬁpute Results Restart Program
—* for All Grid Points p#——————— Using Previously
at Time 7 Computed Data
. Determine |
¢o'and 4)«;

'

T abulate
Output

max

S _ Punch Data for L ,
- Ao Restarting Program . g ' :
: at T = Tmax * dr ‘ s
P
‘ | ] S
I
7\ /_ i .. Figure 12, Flow chart--SHLWAV program



CHAPTER V
NUMERICAL COMPUTATIONS

Genefal

The complexity of the methods derived in Chapters III
and IV requires that a digital computer be used for the
various problem solutions.'.The two methods based on thé
-'shell membranéitheory equétions have been programmed.  The ?
fnbrmal mode program is called SIMPAC and the character-
;istics program is called SHLWAV. The results obtained
ifroﬁ these programs are described below.
| As is often the case with computer solutions, many
more results have been obtained than ére presented. Only
;the results that significantly describe the behavior of an |
impacting shell are included.

The following types of'information are presented:

'(a) Radial displacemenﬁ at the apex of the shell

(b=0) as a function of time. |
_(b) Shell-impact surface contact area as a function

of time.

(¢) Radial displacement and internal force as a
function of & for various significant times.

Three different computers have been used in carrylng -
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out the computations; An IBM}162O computer with a 40,000

character core was used for some of the normal mode solu-~
 tions. The remaiﬂder of the normai.mode soiutions and the
- characteristic solutions were carried out on either the
“U. S. C. - Honeywell H—BOO computer or the~UNIVAC 1107

- computer owned and operated by the University Computing

Company of Ei'Segundo, California.

Description of Examples i
The computer programs discussed above have been run
for certain example cases. These examples, wnhich are

described in Table 2,‘reppesent both situations where the

various theory assumptions are valid and situations where

assumptions may ndt be valid. A critique-of these

assumptions and the situations wherein they apply is given
in Chapter Vi.

The example cases have been run for both the normal

‘mode and the characteristic solutions. Other examples,

not presented, have only been run for the normal mode

- solution due primarily to computer operating time limita-

tions. Computer operating time limits the use of the

:characteristic solution to cases wherein the shell rebounds

at a non-dimensional time of the same order of magnitude
as the maximum contact angle éz.

The various solutions are based on the use of the

- non-dimensional variables K, B, v, and R/h. The
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dimensional parameters X , E, h, and p are only given in
Table 2 as illustrations of shell and surface parameters
tthat will match the apprdpriate non-dimensional paraﬁeters.‘
Both cases I and IT ufilize a very thin shell with |
R/h = 1000. For case I, the initial non-dimensionsl impact
‘velocity is_{P.= 0.1 (i.e.’, ~VYg.=.0.) .f-c..) . This very high
‘velocity ;s contrasted with the low velotity of @>==b.ol
‘used for caselll, The stiffness of the surface ﬁsed for
case I is two orders of magnitude harder than that used ~

#

for case II.

Presentation of Resuits

Representativé results from the examples described

in Table 2 are given in Figures 13 to 32. These examples
~have been selected for presentation since they illustrate
‘most of the advantages and disadvantages of the ﬁwo analysis
-techniques used.

For case I, thevshell is seen to rebound from the
‘point‘cb = O prior to complete rebound from the surface. A
'tendency to exhibit this same behavior 1s seen‘to gxist in
:the case II solution although computer time limita§ions
‘have prevented this latter case from being carried to
‘complete reboﬁnd. o

IT the impact velocity is large, as in case I, the

assumptvion of small chahges in displacement with respect

shell angle ¢ may be violated after the time of ¢ = 0
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rebound. However, this violation should not affect the use.

i

of the resulting data in correlating the normal mode and

characteristic solutions.

The case I example is described on Figures 13 to 23.
The shell-surface contact area as a function of time is

shown on Figure 13. Good correlation is seen to exist

-between the normal mode and characteristic solutions even
“though the normal mode solution is based on a minimum
‘number of modes and the characteristic solution is based on

“a relatively ldrge integration interval.

The radial dispiacement of the shell apex is given in

Pigure 14 for various case I solutions. It is seen that

good correlation exists between the solutions when 20 modes

B

‘are used in the normal mode solution and a small integra-
tion interval is used in the characteristic solution. The

‘normal mode solution using only 10 modes is seen to be

somewhat different from the characteristic solutions. This

behavior tends to support the hypothesis that a large

number of modes must be used to obtain an accurate normal

mode solution.

Radial and tangential displacements are presehted in

Figure 15 for various times using characteristic solution

data. Stress wave propagation effects are particularly
noticeable on this figure in that the region affected by

the stress waves and applied radial loads exhibit distinct

~
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“correlation between results from various integration

e “gs

displacement patterns while the unaffected region exhibits
pure rigid body motion.

Radial displacements at various times and for both

the modal and characteristic solutions are given in
"Figures 16 to 19. These results indicate generally good
correlation between the methods. All apparent differences

‘between the methods are seen to be reduced by increasing

the number of modes used in the modal solution or reducing

the integration increment in the characteristic solution.

A comparison between the meridional and hoop stresses.

'in the shell is given in Figures 20 to 23 for various times’

-and characteristic solution integration increments. Good

:increment solutions is seen tg'éxist with geﬁerally
ismoother curves resulting from solutions using smaller
“increments. It 1is fﬁrther seen that the compressive hoop
stress is smaller in absolute value than the meridional

"stress. In some cases the hoop stress is positive.

The case II example is described on Figures 24 to 32.

‘The results for this case are similar in most respects to

those given for case I. However, certain interesting

.differences in behavior do appear. These differences are

"described below.

The differences between the case I and case II

o

solutions can be altributed largely to the facts that for
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Figure 16. Case I--Radial displacement

at T = 0.3
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case II (a) complete shell rebound occurs much later and
(p) the shell-surface contact area is much smaller.

The small sheli—surface contact area and the large
rebound time combine to limit the maximum time for which
it‘ne case II solutions can be carried out. However, 1t is
seen in Figures 24 and 25 that good correlation exists
:between the 20 mode normal mode and chéracteristic solu-
tions for noh-dimensionai times‘of up to 3.0."As with the
case I solution, results for the 10 mode normal mode
:solution'are ndt nearly as accurate as thosé_for the 20
mode solutions. ; | )

Radial and. tangential displacements are presented in
tFigure 26 for various t;mes. A comparison between radial
‘displacements found using both the modal and characﬁeristic;
solutions»is given in Figures 27 to 29.for various times.
An inspectioﬁ of these rcsults shows goéd correlation
between the methods of analysis.

Stress distributions' in the sheli are illustrated in
Figures 30 to 32. Good correlation is seen to exist

N\ ’ .
:between characteristic solutions using different integra-
:tion increments for.regions away from ﬁhe sheli’apéx.
Diffefencés in the stress levels at the shell apex can be
attrivuted to the fact that the total stressed area is of

the same order of magnitude as the integration increment,

particularly for the case where 47T = 0.05.
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CHAPTER VI
CONCLUSIONS

General
The most significant result 6f this work is tae;fact
‘that a method of solution of the problem of the dynamic
féontact between two elastic bodies has been explored.
;Specifically, ?he'problem of the dynamic contact between a
'spherical'Shell and a deformable surface has béen'solved
vbusing two methods—éfhe method of characteristics and the
'normal mode expansion method. As discussed in Chapter I,
11t 1s felt that solutions using these methods can be
extended to many other dynamic contact problems.
Since numerical computations have only been carried
~out for the membrane theory solutions, all conclusions
concerning specific ekamples are based onbfhis theory. Of
~most significance here is the fact that the initial shell
;rebound often occurs first at the apex of the shell (i.ev,
}the initial impact point). .
It is seen that the maximum stresses in the shell
‘ oceur 'at this point well after the initial rebound time.
}Furthermore, for most of the cases studied, the stresses

in the shell are well below the critical buckling.stresses

X002



of the shell has left the surface.

"the shell response evén after the passage of 200-300 time

‘intervals is quite smooth.

‘rebound occurs at times of the order of magnitude of the

-time it takes a stress wave to go entirely around the

103 N

until after this initial rebound time. This result
suggests that if buckling 1s to occur as the result of

“impact, it will probably not occur until after the apex

Comparison Between Solutions o

The method of characteristics is best suited for

examples where shell rebound occurs at small non-dimen-

fsional times (say T<3). For longer times, too many time

intervals and, consequently, too long a computer operating
14

~time, are required to make the method practical.

_ ’ _ .
However, the method of characteristics appears to

‘give excellent results for the appropriate short time

:loading problems. As seen from the case I and II results,

On the other hand, the normal mode expansion method

ives rather poor results for problems wherein shell
_ S DX«

‘shell. This result should be anticipated as it is well
‘'known that behavior near a discontinuity such as occurs at

the weve front cannot be well represented by a small number

of normal modes. Furthermore, the total contact area in
such cases 1s generally quite small. With such a small

loaded area, a situation arises which-is quite similar to



-Similarly, the computation of radial;displacement does not

seem too sensitive to the method used. I

~of deformable surface.

. 104

that of a concentrated load on a beam or a plate. It is

~well known that many modes are required to describe the

response of such systems.

Certain results do not appear sensitive to the method

" used. Good correlation exists between the methods, for
most of the examples studied, on the description of the

" shell-surface contact area as a function of time.

In summa%y, it may be concluded that the method of

characteristics is an ideal tool for describing the short

- time behavior of a spherical shell impacting an elastic

' surface. It is further concluded that the normal mode

expansion technique is only praciical for cases where the

shell remains in contact with the surface for times long g'

~enough to minimize stress wave propagation effects.

Critique of Assumptions

The solutions derived in this paper assume a thin,

~elastic shell, small deformations, and a particular type

»

As discussed in Chapter 1, the assumed surface
characteristics are felt to be sufficiently representative-
of some practical mediums as to be useful. |

The assumption of a thin shell permits one to neglect

stress variations through the shell. - This assumption



-
N’

" should be valid if the shell thickness is such that

h/RC0.1 (14:354).

If the elastic displacements of the shell become

large in comparison with the shell thickness and, moreover,

. 1f the change in disp;acgment (i.e., slope) becomes 1arge1,

the assumption of small deformations may become invelid.

- Such situations do occur when a sheil is impacted at a

Lsufficiently high velocity, especially at the apex of the

shell after its initial rebound. Care must be taken to
properly interpret the results for these cases.
Numerical computations have only been carried out

for the membrane theory solutions. If the shell is

sufficiently thin (e.g., R/h > 100), the effect of bending

~and transverse shear should be minimal.

11t is noted that the displacements used 1in this
work are absolute displacements measured from the initial

~impact time and may, therefore, have large values wwthout

the corresponding slopes becoming large.
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APPENDIX A
LAPLACE TRANSFORM INVERSION

General Case

Laplace transforms of the general form

3 2
4,5 + d,s + a5 + 4,

ST+ G, (n) s* + Gg(M)

[n(fﬂ = (a.1)

occur during the development of the normal mode-membrane

theory solution. - The inversion of this transform is

developed below usihg equations given by Levy (9).

From Levy (9), the following inverse 1s seen to.

‘exist:

i‘_‘{ N, (s) E_m cos (w,t~¥)

(Ero2)(S+ p1 )] w, (- w?)
 +_thgf%-(C;f
T (@)

r(8)
Y =t ()

C= RN, i,
CZ“:. LN, (s)] s;awh
C, = RN (s) \ s=ip, |
C= TN,

(&.2)

cos (pur-4,)

i

It

]

5=C/u.n
e 110
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3 2
NiY=a,8" + as + as+ a,
) 3 2 LI
Equatiohs A.l and A.2 are seen to be identical
.provided that
G, (n)
Gy(n)

Solving equations A.3 for w,” and M5, we find that if

W+ ~
© (.3)

#t

z
Wy

and fLr are to have independent values, then
©n = %(.G&t(”)’ + G(,(f")] (A.L)
Ho = —%[C’-@“) - G (] '

. 2 /2 |
‘where G (n) = {[C«,ﬁ(n)} -4 Qg(n)} (4.5)
In Chapter III, we have defined -

G (n) = n(n+t) + [+ 30 (.6)
Golm) = (1= ) n(nen) - 2] |

If we use the fact that CJSU’$%, we immediately see from

.

. equations A.6 thaﬁ_@b(n) is a’real,’positi§¢ number for all
fvalues of n. Furthermore, except for the case where n = 0,
it is seen that C’.f.(”,) )G‘,’(rx). Therefore, lwe ccan_ ‘say that
. the frequencies ¢q1jahd }iniare'all>reai except fo£ the
ifrequencyu/xo. The iméginary frequency /uo has been shown
ﬂy Baker (1) to be spurious and cause no motion.
" The various coefficients in equation A.2 are now

seen to be of the form
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C = a,- azw:
C, = w,(a,- aye)
G = aq—.az/u_:
C = /“_n(as’ as/‘*:)

= ,‘l‘an-l{ac»" azw: | )} (&1

w,(a, - a,w?
Y= fan {ao._ Ay fn® }
¢ /L'Lh(at— G:,/'an)

%The required inverse is now completely described provided

-
{

~that values are available for the coefficients a;_ in
_ : p _ : ,

N,(s). The inversion corresponding to e particular set

of these coefficients will be determined below.

Forced Vibration Case
| _

a. The Labiace transformed equations given by

_equations 3.37 may be written in the form

A(s) == B+ & @D + LoE® |

— _ _ _ - (A.8)
Dis) = 6.6 + 1.()D () + [L (5)E () :
' where .. s + 3(l+y) %
O(s) = _ )
| ‘ "(S? { s*+ G.(n) 8*+ G, (n) E_)“w
T = (+u)
@“@ sT4 G () 6% + Gy )
T ey S+ 2(i+v) (4.9)
£ sT4 Goln) 8%+ Ge(m)

— Chnnet) =1+ v
( ) - S +n
T ST+ Gy stH G,(n)
- —h(ﬂ».\-l>(3+l)">
M ,5> S G ST Gy




AEach of the transforms defined by equations A.9 are seen
to be of the same general form as equation A.1.

The first of equations A.9.can be put .inyto' ‘the same
form as equation A.1 if we let |

q, = 03 = O
a, = E)n(o)
a, = 3(l+1) B, (o)

Using these relations, eqguations A.7 become
= C‘;_ = O

C, =[30+v) —w? } B, (o)

¢ = [3(e0)- 2] B

‘H qu = +4an”' (o) =

2

i

the inverse is seen from equation A.2 to be

:The.refore,
n= 27 -

‘or, since COs(g;fE' siny and wk- )u.n G (h),

C([30+) - 0] bt )} .
8 (v)= { o G(,(n)' ’ sl con't‘
. { [3(l+v~)z—;§§] E’Mo)} Sin p,
Hen G, (1)

(4.10)

Using equation A.10, the remainder of equations A.Q

mey be inverted by inspection to give

) : (1o v) .
(A W% /}S‘”‘f’f’?f Mnem] ATy



S

2 NN .
&T)n(’l‘) :—&M} sin wn't—{-iz—g‘—-@——ﬁ”— s (A.12)

. &, C’fb(n) /un G.Q,(n)

o = Cnlne)-lHo-w,2 ] e ML

Yl'n(t) { won G () }Smwh"c-%[ /linéié,(”) }sm/xn’r: (A.13)
_ alns)(H+o) dn@x_smﬁﬁ .

L @)= G [ o a, X (A.14)

Recognizing that the convolution integral resulis
.from the inversion of the product of two transforms, we

émay now write
! ~ » e
AW)=-9 )+ | & (gD (y)d SLY’B)E 4
&=-9,e) jg 0D | LEIEDE
T
B = ©,(x) + j 7,0 Do)y +[ 1, 0L, hely

b. Some of the relations developed in pért a. may
5e'presented in‘a simpler form for certain vélues of n.’
These forms are deVeloped below. |
' Using equations A.4 to A.6, we méy determine the
gfolldwing relations for the spécial cases where n = 0 or
;n = 1. First,’for ﬁ =:O,
| G&(o) = |+ 30

Ge(O)' =7~2((f‘l.f'z)

G, (o) = 3+v (A.16)
(,uoz' .,_-_'.Z(l-z-_u—)

) f&: ='-Q(L~v) = spurious frequency

Seéond, ifn=1,

G(10 = 3(l4v) _
()= o (A.17)
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G, (1) = 3(+v)

wf = 3(+w)

M= Q9
-In the following discussion, we will also make use of the
fact that A |

0e_ -1 [ Sin ax -

&f?é( > ) = A | (4.18)

" We have determined in Chapter IIT (eguation 3.12)
gthat

. pl) , ne

B (o) =

o , N
‘Using this relation and relations A.17 and A.18,
equation A.10 may be written
b(%)? , n= | |
\ a.(t) = 5 st (4.19)

Using relations A.16 and ignoring the effect of the
. spurious frequency K , équations A.11 to;A{14 may be

‘written in the following form Tor the case where n = O:

i(,c) ) (H-v) sth Wt .

T3+ W,
) - ST (#.20)
N (v)= O

Using relations A.17 and A.18, equations A.11 to A.1L
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may be written in the following form for the case where

ns=1:

N _ L [sinor
{R(L)— 5{ w, L}
_&‘(L) =3 ) +2.P_{,

_ 1 f2sinwT | ;. (A.21)

?Z(T’)— 3 {—-—-———w‘ + L:&. .

) o 2] sinwT
,'n‘x(l’) “5{ W, lt’}
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APPENDIX B
MODAL MEMBRANE PROGRAM DESCRIPTION

General

The various computer programs and subprograms used

in- the normal mode-membrane solution are described, in
~detail, in the following discussion. The various numerical’
procedures used in the development of these programs are
- ] . - . L ;

-presented. In addition, a detailed flqw)chart and a

complete FORTRAN listing is‘presented for each program.

Main Program ( SIMPAC)

This program, named SIMPAC, computes the coupled

, » - *
variables B (T), D (%), 4;(?3,,and $. () for various
"discrete times during the impact of the shell. In

addition, the variables u:(o,5=o;::') and Q(é?w,'t) are also

computed. The program requires the use of various sub-

croutines which are described later in this Appendix.

An option is includeé in the program to insert pre-

~computed values for B, (v) end D,(%) where TYT; and the

‘next time interval to be examined is T =7, +dt . Using

this option, it is permissible to stop the program, use

the computer for other operations, and restart the program



and w,= [2(1+V)
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at a later date without recomputing all previously

computed data. The input data for this option is placed

.on punched cards during the program operation.

A detailed flow chart for this program is shown in

Figure 33. As seen from this flow chart, the solution

. procedure considers the following general steps.  First,

various initial values are assumed. Second, the displace-

S

‘ment functions (E%ft%tM=O Nooo) are determined. Third, the

) hax

angles ¢ (v} and ¢ff® are determined. Fourth, the load

; : , L ~
- functions (DE(T),n=cg Niex ) are determined. Fifth, the

quantities w($=0,T) and Q(¢=o%) are determined. Finally,

‘a2 new time T=T+dT is selected and the procedure returns

to the second step.

Subroutine BNTAU

Tnis subprogram computes E%(T) from the relation

~ (see equation 3.38)

B,(¥) = €, + | 7,(-4) Do) ly (3:1)
'where ' | -
| ﬁ(gh‘ , n=|
e, = | , .
o o, n#l
S LT :
s "-w——-———-—- ) n::.O
) = ° ‘
‘%K ) {Bf)an#;t+-ﬁfﬂ$ncmx , nyl

The resulting value for B, (x) is returned to the



‘ - . o ! g B . . . . . -
oLl R A : e N e . . . .k B : . .
o . P . Lo . . . . . X A - . . o i X o 5
. C e . - ‘ .
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f

~-SIMPAC Pro
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s T EE “ oy v
ey ek - v .




-—— - o e — — —— B

Read: Input ‘Data
(5 cards)

¥

EK

% _EK
K" =5

"
w
Q

Write: Shell and Surface Parameters
Physical Properties

Analysis Parameters ‘"

{

N=1

4

= N(N + 1

Y+ 1+ 3v

G, = (1 _vAINm 1) - 2

2
G6 :\/(G4\) - 405
G,,=N(N+1)-1+v

12

N =N+1

N>1

1 (Gi2

1
B,(N) = -5~

Write: N, HN, (J)N: BI(N): Bz(N)

|

T A T, L5 g

P



' CAssume Initial Values)

= dx . w(l, TI)= 0 Ao

i
.
1

"
p—
-0

o}

"
(2

Y]

o

(Compute BN(TD
¥ .

Rewind Tape 5

£

Write: )
.- &

Compute BO(TI) . R

(Subroutine BNTAU) SV

Compute BN(TI)
(Subroutine BNTAU)

N [N =N+1]
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1

+1

done
T.+dTr

Read: Card Blank except
for Columns 77-80

&

Card
Blank ?

Read: W(l, 'TI)

I)

N=N+1

Read: BN(TI), DN(TI_)




¥
‘x(;'" =X

(Subroutine XJGEOM)

@ompute x_and x ) '
o o

X =X
o L

e

Write: Xy Xg o é , b

3

KKKK = 9999
Punch: KKKK
Ty, X, x*, Date, Run
I' 7o o .

R e DT
: - T TR S s ey - g e s g

i < 10
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[P
o

Compute FO(TI)
(Subroutine FNTAU)

v

D, (7)) = GIF (7)) - B, (7))]

I

Write: N, B (TI), D ( ), F ('r },, MM, dx

Punch:’N, BO(TI)' Do('rl), P (TI), T Date, Run .

®

Compute FN('rI)
(Subroutine FNTAU)

¥

D (7) = GlFN('rI) - BN(TI)]

e - ’ Write: N, BN(TI), DN(TI): FN(TI), MM) dx

)

PunCh: N’ BN(TI)’ DN(TI)’ FN(TI)) Ti', Date, Run ’ i: .

o )

N =N+1 o




"y
’ TeL
...A.‘.. '. - .- s .. . A .- e . - g Bt et S -,‘,, ol o el et . Tt
. T b e e e t— s <+ - - - Y it i
v v N

?
et

Gompu‘ce Qf1, 'rI), Ww{l, TI_))
P

xK=1

¥

Q(1, TI) = QLOAD(XK)
W(l, T))= WDEFL (x,) B

WSO‘ w-Q(l,'rl)zo

W>0
Write: Q(1, ), W(l, 7) ST
; _ S
PunCh: TI, Q(ls TI): W(l, TI), Date, Run 3 . L
i @esolve Problem for Time T+ d‘z)'
I=1+1 B RO PR
T, = IdT

]
Call SSWTCH (1, J)

, :

{Punch Tape 5




j'a%,,'b

TR

, k e
Ry L K
L0 I TR
———— ——e T —— Tl
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(n)

‘T‘ln COMMON by the SIMPAC program..

Equation B. 1 is integrated numerlcally u31ng the

8 trapez01dal rule and the constant 1ntegratlon interval d'“ '

1}AIn computational form, equatlon B.1l may be wrltten

. " . f . N N
1O, =1 ,'t1# l

b({t&)dt > 'i':.' )”? nh=\
272 (= 'C)D(‘t)d'c 5 W2  ', nt | |
Lﬁ’( )T +ZV(’C’ 'C')D(_':;')d.t, ‘L?-ln l'l=l :. D

K4

The flow chart for this subprogram 1s shown in

:Flgure 3M ‘f:‘v;/"‘ o ﬁ{ tfsg5 “ngx_ﬁjﬁﬁ;ff;;'

-Subrouﬁine XJGEOM T

ThlS subprogram finds the c031nes x(v) or’ x (T)

.  as roots of the equation (see equation 3 57)

The required cosine X, is found from equation B.3

"Lo«jusing the method of successive approximations. In this

procedure, a trlal cosine X, is first assumed. An

1mproved value, xK+| s is then found from equatlon B 3

- when written in the form

., and E)GQ for nxl have previously been stored

B main program by way of ‘COMMON storage.: The quantities Mnos

o '.(B.Az)A

i
i
H
N



. " Flow Chart--Subroutine BNTAU:

34
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< Subroutine BNTAU)

Rcriadiativbd} T

N R

F1 = sin [wo('rl- TJ)] PO(TJ)

F2=F1+F2

T+ dT
J+1

[
it
[

o
n

% ) — : Bo(,TI) =

T IERANA :




i .
[
3 : -
: N

- z A S

.. 12.9

Bl('rI) = 91(TI)“+

'F4

dr
3

{TI- TJ +

2 sin [wl(

R

“

)]
.

)

i

"
Lonad o

J>1-1

R

eturn

I-1

BN(TI) = de'r

i

it

'{Bl (N) sin [}.LN(TI - -rJ)] + BZ(NV) }SViI’.lA[mN‘,(TI - TJ)]}DN(TJ)

Fl +'F2

.

L




. | This procedure is repeated using a new trial value X, =

;ﬁ'The iteration is repeated until either

D1 Xiea

ithe main program through COMMON storage.

t'lteratlons are required for the solution. However,
i':if-.l}e'xperience has indlcated that equatlon B.k converges
j“*%rapidlyAtO'the desired result with “the possible exception
| of some cases ‘where the change:u1 X from one time to the

next is very large.‘

cosine of an‘angie cannot be greater than one. X, cannot
fbe less than zero s1nce th1s would 1nfer that “the shell i?f
fwas 1oaded to an angle <p>—g Whlch is an unattalnable ’ -

_ condltlon.

'“'f[i"are both found by using thls subprogram. The procedure by

which. the two c051nes are dlstlngulshed durlng the compu~p'

! appear as a root of equation B.l4 until such time as the

-apex of the.shell.rebounds prior to the complete rebound

e S e s e e e e e e e e ey e e e e e ¢ e et e+ eovs e e e e et eamn
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Xwn’

X ., — .
ﬁ)l(-———x—“‘ £ Error or

30 iterations have been completed. The final value of

is theidesired coSine. This value is returned to~”

An error statement is glven for any cese where 30

:t

In the computatlon of X, (or x ), we must 1nsure.A

.that c><x < I. Xt cannot be greater than one since the E

©

It is noted that the two cosines X Or) and x*(T)

tation is predicated on the properyselection of the trial

cosine X

It is further noted that the cosine X Cr) will not




SO S S RS S m et g . H [N R

. 131

R the shell.

' The flow chart for this subprogram 1s shown in
Fgre 3. LN
Subroutlne FNTAU

This subprogram computes F:(t) from the relatlon

. (see equatlon 3.54) . ﬁt}i} gffjji7é?néﬁr,ﬁ]ﬁj :

»
F(v)*b() (zm')j
Ly
~xf7where E%&r) is taken from COMMON storage, uﬂ%mﬂ is
vifcomputed using the functlon subprogram WDEFL, and I’(x)
,ﬁ:ls computed using the subprogremzLEGFNJ, -The resultlng A
?nvalue for F;c:)iie returned te’thewmain program-througn"L.
l“COMMON storage. | o R | |
The 1ntegral in equatlon‘B 5 1s 1ntegrated numer1;
Lfically using the trapez01dal rule. The integration 1nterva1‘-

;-dx is selected in such a manner that 1t is smaller than

.l the distance between two_adgacent.zeros of B .(x).

Since the distance between X = 1;and\fhe largest

¥‘zerojof‘f;bo is smaller than the distance between any two

i . ladjacent zeros of‘zE;(x)‘l; a.conservative_vaiue for dx may

B :.be' foundi in the manner of Sz‘ego (13:119, ~equation 6.2.17) |

ﬁ"’?‘:i to be

R g
e

s dx = e c . ‘5"n> ’.7ﬂ”'* fe, (B.6).

L lCompare-With-(7‘118$ Figure 64)

g o |
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‘ Subroutine XJGEOM)

S

=L K+l

> Error | Print: Error Statement

J

P 1.> 1
Print: L, X X

[ Prnt: Headings l
) X

K' "K+1

S

L>30

N
SRR . , [ B
i ‘Figure 35. ' Flow chart--Subroutine XJGEOM
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o 1ntervals are used in the 1ntegral the maximum value of

*

fildx 1s taken to be dx = 0,05, and m= Zzﬁiﬁ;
fffbe an integer value. L
" Using the above 1nformatlon, equatlon B. 5 can be

o wrltten in the follow1ng computatlonal form::,nf.

K=t

.“-("Ki"‘ (%ﬂ)[(ﬁ)('}f %)~ “wt, m] <><> DV e

The flow chart for thls subprogram is. shown in
Flgure 36 | ' - e _‘ : a
" Function QLOAD (XK 1) |
This subprogram computes CQ(X?ﬂ fTom the relatlon |

i (see equation 3. 27)

Q(X v) = Z > (x) D, (ﬂ "(3-8)

>ff where E>(x) is computed using the subprogram LEGFNJ and

| I? (T:) is taken from COMMON storage. .

The program is wrltten as. a FUNCTION subprogram with

7 | the arguments XK and I representing the space variable and

o L time interval, respecfively. - The flow chart for thlSA

. subprogram is shown in Flgure 37.

R As further restrlctlons on dx, a minimum of 5 integration |

is deflned tor"jﬁ:“

F(«:) - b,,(«:) ; (“X*) ey i(x) : “’Q]d_ e

!
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< Subroutine FNTA U)

Determine Integration
Interval

y

K=1

XK = Xc;"- dX

F1= 0

K>M-1

K=M-1

Compute PN(XK)
(Subroutine LEGFNJ)

¢

Compute PN(XOF)

o . PriX)

{(Subroutine LEGFNJ)

K

= SO (525 o ]y

XK=XK-dX

K=K+1

Y

o5
1
—
N
2
Lt
—
S
—
—_—

o

rye () [(R) (55

B4

o]

o .
) - W (Xo' TI)] PN(X

o:::' "
) - W (Xo' TI)]PN(XO

B )

o)

y \

lfN(TI) = B(7)) + (F} + Fj+ Fy)dX

i

e

i
|
f
i
!



-
'
9 B
: N 3 z-
: A
.
[
[ 3N o

CFunction QLOAD (XK’I))

£

Q= DO(TI) o o

J=1

| QLOAD(X,,1) = Q

Compute PJ(XK)

Return

' . N - '
T T T T T e o W e e .o - .

(Subroutine LEGFNJ)

dQ = DJ(TI)PJ:(XK). N

|

Q=0+dQ
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Function WDEFL (XK)

This subprogram computes lUO(t) from the relation

“; (see equatlon 3. 26) _1;;:th;
i uf(x)'c) = Z Booblv) (B.9)

%f;where E’(x) is computed u51ng the subprogram LEGFVJ and Nf;’
’f B,(T) is taken from COMMON storage. o
- The program is written as a FUNCTION subbrogram-with?.
ﬁf the argumentNXKArepresenting.the space_veriable. dThe flcwx
;aiéhart(forktnie*eubprcgramfie shewn'in Nigure 38,N' o
Subroutlne "LEGFNJ (N X, PN)

Thls subroutlne computes the Legendre polynomials,

ii P (x), of real argument u51ng the hypergeometrlc serles.ié
:%;The arguments N, X and PN represent the degree, argument,\i

f;and value of the polynomlal respectlvely.

The accuracy of these computatlons depends on the R

B accuracy of the computatlon for the hypergeometrlc serles.f

U51ng the hypergeometrlc serles computed from the sub-

"*”fi routine HYPFNR, we are restrlcted to Legendre polynomials

f}_of degreeyless than'30.~_For'nj>30, either»the subprogram ',

" |HYPFNR must be modified or the Legendre polynomials must

"'ﬁmtp be derived from some other method sucn asdthrcugh the use

of asymptotlc formulae.

The partlcular equatlon used to determlne 'P (x)
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4 G‘unction WDEFL (X))
4 ;
3

BO(TI)

| WLOAD (X, )= W

Compute PJ(XK)
(Subroutine LEGFNJ)

dw = BJ(TI)PJ(XK)

W=W+dW

Return

.
b
et

s i e an v e b ermsa s o ety e



. |depends on the values of n and X. Fo_r‘ the‘spe'ciai ca'ses,

“.lof n=0 and n = 1, we have that '

]

""’7a"p1?<X)

RGO =x, -l ¢x'g .y;

"‘1’":;- For the spec1al cases of x l and x ;’-lg, ‘;we hé.vex that |
£> \ i"»-'¢"faxifﬁf,f*s%a‘ii;fgﬁi::fjr%;,:f‘};;f. S
n ' ‘ L
(1. (1) 3

If 08 ¢ X (L\ ' ,ﬁf’w’e' use the Bat‘ezn’an ieoluti_‘onj (2:124,

'equation 3.2 (14)) e ) .

P<x> F(—'n,’n-t-f’s N (312)

Ir o $ x Lo8, we use ’che rela’clons (2 150,

equatlons 3.6.2 (15 and 16)

3l n - zZn ] L K . ‘
(Z) (nl ) - R E)
,2n+{,. (z)zn (n!)z :_‘ '

If —l <X <o s We use the approprlate oné of

| equatlons B 12 to B. 13 and the relatlon (2 151)

R = e ch) | B BRCEDE

Using equatlons B. 10 to B. 1?4 the program compu‘ces

-Ithe Legendre polynomials according to the procedure

outlined in Flgure 39
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( Subroutine LEGFNQ
EP = (10)"' )
> A -
N>1 N:1 N=0 PN(X) =1
PN(Y) =1 Return
' Y
A=1
1-Y
P (Y) = F(-N, N+1;1;——- ﬁ
Aol N (-N, 2 )
L, = N/2 (Integer) |
S R B P (X) = -P,(X)
A =N N N
1A L
J

Xy =F (7' =Y
(Subroutine HYPFNR)

N N+1 1

2 r (N Ny 3,
) pN(X)-F(Z,ZH.Z,

{Subroutine HYPFNR)

v?)
x

v

PN(X) = AAAPN(X)

!

By (X) = A A YA P(X)

-4

Figure 39;

“Flow chart--Subroutine LEGFNJ




_i Of real argument and returns the result to the calling
- “5 program The hypergeometrlc functlon may be computed from‘,"

; the equation

| Fapicsa)- FWer Gy

; where

" The various arguments of this subroutine are A, B, c, and |
:?Q Z as deflned in equatlon B. 15, an allowable error EP, andv"

,ﬁffthe output functlon F.

“'lf; and its subroutinesfis given in Figures 41 to U48. The
o program is uritten in the FORTRAN IV language and as
“:1listed has been fun_on the Honeywell H-800 computer,

.'.*..‘ | E

2 e IT
. el — . e
ko |

‘Subroutine HYPFNR (A, B, C, Z, EP, F)

This subroutlne computes .the hypergeometrlc function

[ S

"°<9Lvr! u;gﬁﬁfinlﬁ

The series glven by equatlon B.15 is evaluated 1n

the manner shown on the flow chart given 1n Figure 40.

FORTRAN Listing
The complete FORTRAN listing for the SIMPAC program

The main program is named SIMPAC. The subroutines

BNTAU, XJGEOM, FNTAU, LEGFNJ, and HYPFNR and‘the function i

' C
subprograms QLOAD and WDEFL are used durlng the computa— :
tlon. ;7},,;*‘_ ;‘ fj"mgf ’ L f ?

] ) G



Lol :
e r 3 3 Y B i R
: 3 2, <
g e e
. . 1k
a a
'n

63 B
I

!

Print Error Statement

3]
TI:)

- =S AB z

1171
171 (c

— S, =

m QW >

il
=
|
QO
Q

)
n

Print Error
Statement

QW o»

1 o lIEP| = 001

Q
n

Q
+

I< 30

|EP,[ < 0.01

Figure 40. Flow chart--Subroutine HYPFNR
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-



FORTRAN Listing--SIMPAC

h1,”

- Figure

Program




143

T CT3AD/SNIaVYE=3NI L . e
C T3AD%V138=QY3ZA . ;]
HxHY=SnIiavy . ,

. ST PR “.ﬁHoa*Moan.ﬂv*oxm,\ 98€x3) 1¥YO0S=T13AD M
T T L AR b P L H/ONIYdS%3=4411S - ;
o S RO e I A S NES (#1)LVWHOS %G |
R R S P AR R P NNYY (#SNI)QV3Y | i
SRR AR C e e PRSI U I (Z1€)LVWYO4 €5 - | .
R T T T B PO NPT . YVIANCAVANSHINOW(EG NI )IAVIY : e
e T (R e I ERTR A ISP S (g*842¢T°83)LVYWY0Od 02T - | 7
o A R e T T T T e HéOHY¢3(02T¢NI)QV3Y ..
RPN T o PO T (g*gde1® 934G°849¢*8 461 1¢X% ) LYWHOS 26 -
C : - R T It T - XQCHOHYIC LACXVWLSXVWN(ZGENIIQVIY. -
S : S _ (H1¢2°8449°84¢1°832)1VWH04 1§
Lo R T SR TICHYC10d VL8 ONINdS (TG NIIAVIY T -
T e S YIGWNN NNY - & QuVD
i . S IR e o AYIACAVACHINOW ~ ¥ 'Q¥VvD

.
;
o
;
!
;

(SR VAVRVEVEV)

SR S ‘ : : HeOHY¥¢3 - € Q¥VD
A . Sl T HOYYI¢ LA*XVWLSXVWN - Z Q¥vD I
e N m., . . HY¥€I0d*V1IECONINIS - T Q¥vd .

LR LR RO SR (S AT AL A \ : ViVa LNdNI S
SR S 1g_7: Lol a;. . \om,oomxmq.HJ,\m 2/LN0¢NI Vviva o S
T i B T [ A et : 1n0 ¥3931INI - b
PRI IAEE R R i : 29 L W04 NWI NG QY01G*ZAV01a/¥3LSYW/WW XA ¢ 1IXT A S

coe o .»zu.mwx INGENSILSI¢rXeZNG® mommm,ko.x<zz HY¢ 10d¢VL3G/NIVW/NOWWOD = &
R O AR © (6T)IVLIVANI®(0€)2Z8T - |
o “ ,ﬂom,ﬂm.aom,zom.homvnzm,Aomvzm (002¢0€£)AV01Q¢ (002)ZAv01Q NOISN3WIA
SRR o DVJAWIS SI IWVYN WVIO0Ud

B - R NOILNT0S 3INVYEW3W 1VAOW
R T . : wu<um:w uuhm<4m NV NO 773HS T¥D1¥3HdS V 40 LOVAWI ONI¥NG
ST IN3W3DOVY1dSIa_ANV_ o<04 31NdWOD Ol WVY¥90dud_




e et i e e

| (770N053S/SIHSNT HRT L H T =AIT50T3A TVILINTALTZ
XG¢ HT/ANOD3IS/SIHONI H#T¢L*%T3¢=ALID0TIA GNNOSHGTXL® HI//3WIT
L IYNOISNIWIGNON % HZZ€L*#T3¢=(SANOD3S) 3IWIL IVIYHOZSXZ¢ HT)LVWYO4 €21
,_ ONIZA€TIADCIWIL(EZTCLNOI ILIYM
S (/S3HONI HLL*#T3=SNIAYY 113HSHETT
X6¢ HT/ZNI/NI/S81 HIT¢L°%T3¢=SSINJ3ILS IDVIUNSHET Xy ¢ HI)LVWYOd 221
s : - SNIAVY$ 44115 (22T ¢LNOIILIYM
S . (/S3HONI HLG*84¢=SSINNDIHL TIIHSHITZ
oo ¢X9¢ HT/9/ENI/SEBT HOTG*84¢=ALISNIAHBXHT¢ HI/ZNI/SET HBST°83T
¢=ALID11SV13 40 SNINQOWHZZ* HI//SITLYI0¥d TVDIISAHAHET® HI)LVHIOH T2l
a S o , HeOHY¢3(TZT¢1N0)ILIYM
% o e 4 (//2°84%=H/dHPXES HIT
/9°84¢=10dH¢XE¢ HT/T°83¢=VLIIBHGEXZS HI/T*83¢=ONIUdSHL® HT)LYWYO4 96 |
o | HY¢T10d*VL39¢ONIYdS (9G4 LNOIILINM -
(/SY3LIWVHVA IOVINNS ANV 1I3HSHEZ® HI//%1¢ NNY HGSZI¢/HTZ
“ZI/HTZ1¢ DVAWIS WVYOOUdHST¢ HI/NOILNTOS INVHEW3IW - IVAOWHSZ® T
Iﬁ\wu(um:m DILSVI3 NV NO 1713HS IVDINWIHAS ¥ 40 LOVAWIHEY THI) LYW4Od §§
z:m¥,m<m>¥,><aujzhzozﬁmm.h:ovmhwmx

. e T e

W .
PR

LS

'

;
!




bl e D e o e e

o - , JANTLINOD
((L°HTISXTEL*yTICXZIZCEI¢ HT)LVYWEOS

‘szmm.szﬁm.”szOmaﬁzvzzmazﬁh.pDOVMFme

e - o T

,.;:

oo\ﬁﬂzvbzmlazvazm\mﬂovlﬁzvﬂm

9 0L 09

*o=(N)TId

Gé¢pey(1~NY 41

[0d+°*T1-ZN3=219

A.N\ﬁ©®+¢ov. L1Y0S=(NIWOS
(*2/7(99=-%9)) LYOS=(NINW4H

R (G9%°7-79%4%9) LY¥YDS=99
— (*°2-2N3)%210d=69
E JIOd%°€+°*T+IN3=4%0O

€
L
99/ {{NIWO4~-(NIWOL/219)-=(N)28 9
S
K

o KA (*T+N3)%xN3=2ZN3

N=N3

XVHN¢I=N € 0OQ
({10d*10d)=*1)=210d
(7(1

zvaIm‘xoﬁanszmIm»XNoﬁ<ouzovzmronxo‘ADZVZ<I0.Xm.ZIH xHa Iﬁvk<zm0w Z

: SR - i i i i

L (7/7L°%13¢=0HZ¢Xg*

AN.FDOVMFHMB :
(/SINVISNODHG6¢ HT)LVWYO4L omN

(062¢1N0)3L1IYUM

HT/G°84¢=XQHESXY¢ HI/T*83¢=40YYIHO*XT*T

IH\m wmalkormax¢n HT/€°8d¢=XVIWLHGXZ¢ HI/®I¢=XVWNHG*XZ* HT)LlVWdOd 01

D¢XQCYOHYIC LAXVWLIXVWN(OTCLNO) 3L IYM
(/SY3L3NVYVd SISATIVNVHGTC HTILIVWYOS 8
(8¢LNO)3LIYUNM
Im*Im*AHOQ*HOQI.ﬁV*OZHmam 9
SINVISNQD . mkDQEOU




. e . A s i i i s an 0 mmn e e e
i s s . .

(FéN)IQYOTIG (NING(BOZ¢NI)QVIY

XVWN¢T=N 602 0d
L R (L*4T3Z¢X%7) LVWY0S
RN AﬂvNo<oJo.szﬁwomﬁzHvo<mm
R R S : (L°%#T3€)1VYWYO4L

e e e DT e T 6T OL 09
LT e L 60299024602 (WNS TSI
L e e T | (A)VLIVANI+WNSI=WNS I
61¢T=% %02 04

B B Tt S A i TUT O N EE SRR 0=WNS1
el P T T s T N e e e e e . (#161)1VWYO4H
B 5 TR NS S (6T¢T=%¢(X)VIVANI) (£0Z¢NI)QVIY
, , T 3NOQI¢T=r 202 0d
T e (%#1)1VWNYOH
e INOQI(TITZeNIIAVIY
8T Ol 09{(0°D3°1) 41

o V1VQ d31NdW0OD3¥d 1NdNI OL NOIldO
(L°%T13¢=0¥3ZIHd .xoﬁ.».¢ﬁm.-ommux IVILINIH®TSOHT ) LVYWYOS

(NVL) NVLIV={IHd
CX/(CX%CX=*T) 1¥O0S=NV1

I ) SANTINOS

S T T e epxerx¢1L(L0Z NI )AVIY

FIHdSrX(06¢1N0)ALIYM

202

602

802

Lo
90¢
Gq0¢

%02

€0l

112

Qs

T L °0=IM
ST T *0=SI"1Hd
*1=SrX
I=1
»a*<»mmt.ﬂ rX
1d=11
Xa=7d :
mmDJ<> AVILINI 3WNSSY 2
_W3780¥d 3HL OL NOILNTOS 2




.Omwa 404 <»<o 3JONIOYIANODHIZOHT ) LYWHOH 69
S R R (69¢1LNO)YTLIYM
S S FX=1X €9
= o Azomonx INILNOYENS) O¥3IZX 3LNdWOD
: - {NV1) NV1V=SrlIHd
CSCX/(SOX%SOX=2T1) -LY0S=NVL
L ﬂ IX=SX
,NJ.szZOmwax TV
73=Xa
T=hh
Ahm<hm,omuNx 404 <k<a IONIOUIANODHZEOHT ) LYWYOL %9
(#9¢1N0) 3L IUM
- S SrX=1X 29°
. . . C . £9¢€9¢29(TM)I 4]
Azomoﬁx.mznpaomm:mv O¥IZNON 41 (¥V.LS)IOY3IZX 3ILNdWOD
_ INgG=(NING TI
ﬂNJ.HJ“Nm.ﬁm WO4SNW4¢avV01a¢Zav01aINV.ING 1V
XVYWN¢T=N 1T 0Q
LNg=2ZNg
.Nq.ﬁq.mm.ﬂm WO4¢NW4¢QY0Ta¢ ZAv01a)AVANG 11¥D
0=N .
- » fhxm mwuuzmzﬁp mouizowhaqowxmﬂ Hxﬂvh<£mou 02
N : H»hom.paovmkmmz‘wm;w;»é,
P SR : G ANIM3IN
B _ “3<pzm INILNO¥ENS) (L1)NG 31NdWOD ]
e e e T , (L*H%T3¢X82)LVYWIOL 912 n

TM(GTZENI)AVIY
_ 1a+Il=1I1L

1+3N0OQI=1

L

e



.
=
A

szmhzou

NOYACHVIANS ><oxaIkzozﬁH» INJC(I¢N)QVOTQc (NINGEN¢9Z HIONNd
XGSWWEINIC(TICN)QVOTIQ*ININGEN(GZeLNOIILTIYM
({NING-INd)%9=(1¢NIAVOTd

(CAeNINVIND T7VD

XVYWN¢T=N LZ 0Q

A¢H,Nmm,u<aszmo.x¢,p #134%¢4%1) LVWIOS

z:mgam<m>x AVAASHINOWS IL¢INJ4(1)ZAVOIQ*ZNG*N¢9Z HDONNJ

(L ¢Hu.xH ISXTOL HTISXZC (L HTICXTIZHI¢ HT)LVWYOS

. Xa* zz.kzm.aHvNo<04a.sz.zAmN.PDOVMFHmz

{ZNG-1INd)%9=(1)Zavo1d

) (ZINGINVLING 1TVD

. 0=N

”¢H.NHm.u<asz:o,xNN.> #13€) LVWYO4

. NOYA AVIANS ><ox.xhzoz.mﬁx.nx.mp.¢m HONNd
(#1¢X9L)1VWY04d

R : WAMN€O0TT HONNJ

. o S < 6666=34%M
M . (/XQHZT
CXHOWHT S xHH.ﬁpvzmIm,xHﬂ.a»,zo:m,xoﬁ.A»vzmxm.xm.zxﬁ XZ¢ HI)LVWHO4

‘K

(€2¢4iN0)3LIYM
(7L° ¢Hw.uﬁm<vaomuN~IaI¢Hnxﬁah #13¢=0T1

mwNHIaIww HI/L® %13¢= hx<vaOmuNXINH XE¢L*HT13¢=043ZXHI*X2Z*¢ HT)LVWYHOS

SCIHd*MIHd SOX¢rX(22¢1lN0O)3LIYM -

A\onhqummo anv o<04 ‘404 SW¥3L NOISNVJX3 SIIYIASHOYCOHT ) LYWYOS

(T2¢1N0O)3LIYM

@,. AVINA mthDOmme ONISN (1ING 3LINdWOD
N {NVL1) NVLIV=(IHd
..A”u.mmm@. CX/CX%CX="T) meWIZ<k
AR S o . ﬁmqmzmvEOwOﬁx JJ<U
“T==KWNW

L

9z

174

vz’

01T

X4

NN,
ﬁm_




ChE

T R . ‘_.f Hi..fw & A

R e T o S TTEeOE e (TMI AT N
I R UL TR SO (27¢NE<IX) T3GM=TH . “
_

e R I 0L 09
S T R (G)¥HONAd 1TV 61

1

o e T N 6T8T<8T(XVWL-11)41
SERRE Bt T S 6T OL 09(1°03°r)4]
T T T I T L P (FSTIHDLIMSS 1TV

. c S Lo “1Q+L 3WIL ¥04 W3180Yd u>.6mum >
ST ,..‘_\.. e ”¢H.NHmnu<aszIoa XZ¢XANVOHG*XGT¢L*4T3€)LVWYOd 62 “
{

S R . NNYNCUVIANC AVANCHINOWS TM TOCTL¢62 HONAD
ol (Le4T3¢=(ILSTIMHBXTSLoT3¢=(1L¢T)OHBCOHT) LY WO 82

b gt e L e e o .*0=10 0¢€ m

T (27¢17¢AY01Q¢ZAV0IG  ¢3X)AVOI0=T0
T . : *T=MX .
T et ) oo AISTIM GNY (I€T)0 31NdWOD

LxTV=IL o

THETO(82¢1N0)3L1uM TE R

Sl 4 e ot e o 4 i e A s s




IR iy LB
S P N T
Q
9

gure U2

. Fi

FORTRAN Listing--S




Y

€INJCSPXCLNGENCTLS]
€12 T8 (21IW04 (2

(21¢T

o

ZWO04/24%1d=1AN8
1g+11l=11
Z4+Td4=¢4

ﬁvNo<OJQ*AﬂHhIHHv*NZOuy NIS=T14d.

B . T1¢1=r 8 04
- *0=24
A6H0a+ T)%°2)1405=ZW0O4

me» 430¥0 0¥3Z TVE3IN3D 3ILNdWOD

.
’

ﬁnx.sz.mommw.k
)W IS

Jmmm.ﬁmaZOm.DEm

NN.HNaONﬁﬂ N)dI
I-I=11
13=T11

v“awm.a¢:n,_‘.;: - N8Nl3d

I11l%v138xHY=1NG
NINniL3d
°0=1N8

ceheg (I~-N)JI

ETCT(TI~-1041 "

WWeXQ¢TIXT
QS XVWNCHY ¢ 10d€VL38/NIVW/NOWWOD

© NEnL3Y

¢

0e

- &

(¢edl

.NJVO<OJQ.AHJvNo<OJQ NOISN3WIA
(NV1ING JLINdWOD 01 WVyO0dddns
.G<OJO.NQ<OJQVD<»zm wzH»DommDm

o




A i
y
-
- 3
YER |

B T B T TR I S S S - 1Q+Tl=T14 L

T . L Tl T . 14+24=24
‘wmﬁw‘.. . ¥ o . SR o . (ret

R S NIQVOTIa#( ((TL-TL)*(NIWOLd) NIS*(NIZG+({TL=-IL)»(NINWH) NISx(N)TIG)=T4d "

- I S : . L : BT . i , TI¢1= L. .0Q

s U P o R *0=24 22 ,
e m%,}a :ﬂ..f& N . Wd3al mmomo Ihz AVY3N3D 3L0dWOD A D

B Y ;_v;.a‘u._ (*€/93%1Q+T3)=UNG = .o & Lo
ST e AT T IR L+Ti=T1L 9 v | oo
C e e T 3 _ €d+yd=Hd - |- i T
S O T R TR - (FT)QV0TIA*(Z24+Td)=¢d R B
T T T (T)H04/ (Td#(1IWO4) NISx*z=2d S
SRR T s FA LI R T1-11l=Td Gt T

RPN WP

R E I T | : . HYxIlxV138=13 12 B

L i R ;%z...zmwllﬂwoﬁ01hwm~uu4<mmzw® whDaZOUJ1ﬂJMWJ1L L




. . § (U .

IS

. “"FORTRAN Listing--Subroutine XJGEOM -

Figure U43

{
e




,.
i s
\
P
i
H
b
!
i
i
.
d
i
i
'
s
H
.
A \

L e T e L /€/1N0 V1vVQ
P R . 1NO ¥393INI
“INJSSCXSLINGSNCILS I X$ZNG* mommm,ko,x<zz,xm.Hoa.<»mm\zH<z\zozzou
g ) _ (27)NG NOISN3WIA
SNOILYWIXO¥ddY 3IAISS3DIONS 40 QOHL3W 3SN -

wzo~»<Jum IYOIYLIWO03D ONISN (L)FX INIWYILIA 0L Wvyooudans
ﬁwd.zmszMowx.mzthOmmaw

i o . WWeXQ¢IXT

” o N.H,ﬁﬁmommwa.xx\ﬁJx -%X)) SgvIdl LT
e S R R L A (ZT¢NETIX) TA3AM% IX%YH=*T=4X §T
T S S LT OL 09
- T IR C X4Q/X4=IX=MX .
B ‘ m+x3+xo\4x*~AN4 NE¢1TX) 1430M~XM) =X 4Q
o T e R 5 (IX=*T ) xHY=-XMxIX=Xd
e b e T T o T e ] L (ZTENGTIX) 143 aM=XM
R TR e g e _ X@=IX=11X 91
T Lome S D 9T¢“9T¢ST(WW)3I g
TR S e s HY/ *T=YH
\ T : 0=1




. ST T _ - R <1V
R T : Co - T NdNniL3y
: CIANNILNOD 12
. " 100°0=7X 02
. -T2¢02¢02(X) 41 11
) _ 0°1=1X 21~
| ‘ NH.HﬂaHﬁhoalngmH

R (//7/7L°%13¢= Aoquxxp.ﬂ L o
CXTOL HT3%=(62)IXHLEXY® HTI/L°%T3¢=SAY¥L O€ ¥3ILJV HOYHYIHOZCOHT)LVWY¥O4 9 coon
= ) el 3 o AXCIXEIXI(9¢LNOIILTYM - L
I , IX=AX=TIXS ¥ .
s T e T G Ol 09
R S 1 S ST g 0L 09 e
el e D e S et T *2/70IX+*T)=1X 01
LR NP R 0Tfece(dx)dl g - 10
S I e S ¢ 0L 09 - P
L T n e T e e s AX=AX L+ 1
Gl e T BeLI(PT-WX) (WX 4T € -
Dl e HEHeC(0E-N 41 ;
Gl _wm; _¢_g..u A, K An~.¢ﬁm.xﬁvw.mH. HT)lviWdod €01+ |
U e e T DR AXEIX¢T(E0TCIN0IILIYM 6OT - ° |
o R ﬁﬂzmvaxxn.xm.AOJoquxh XETIHT¢XZ¢ HI)LVYWIOS 201 ﬁ
o , , (ZOT¢LNO)3LIY¥M 40T P
S SOT*%O0T¢%0T(T-1)4d] S

’

L .  I+1=7 2
...  BON39Y3ANOD ¥Od SAYL O€ 4O WAWIXVW D




N . . o . . S o .
L E . L .y s .

broutine FNTAU

ing--Su

FORTRAN List

o

=
g
&
3




SRR R WiW=W3
AR A J<>meZH ZOHk<mOMHZH hu<xm MHDQZOU
AR T oL ,_ . g* m::mlzzvmm
- S ’ XA/ (CX=STX) =W
WJ<>mthH ZOHP<mwuk2a G 40 WNAWINIW d0d4 AD3HD

; . . (NI*N3)/62°1=Xa
2 N n.w_ _U.p..u — . € 0l 09
S MO B A S D I E R . G0°0=Xa
T A ST ER T 28 TST(L-N)AI

TIVAY3LNI ZOHH<moszH ANIWd3L3d
WW¢XdeIXT

Aawzm.mﬁx.»szZmHh.Hnﬁxaszﬁmommmaho.x<zznImaHoaa<hmm\zu<2\zozzou

, (21)NG NOISN3WIQ
| - NOILV¥OILNI ONI¥NG 37N¥ vA1073dvdL 3sn
qux., ,_n._m._., ﬁpuzmuknazouokz<moomam:w

zm\ﬂwx wwx.xxaa

(27*N8)NVINd 3INILNO¥ENS

e o e

e s S L e



.
.
y
t -~
% . .
- . .
,
N -
5
. AR S N AT N

Nini3dy

AT e T LT T T xo*ﬁ¢u+mm+HmV+Fzm INE
T R TR E e . - (NINS=INS.

6 0L 09
ZN8=1N9

A Rt R SO L *Z/{*T+N3%*2)=TN3
T T I | o *0=14

P wLT T XA=-SrX=%X
| S SRE : :  T-WW=TW

ZOH»<MOMHZH ZmOmmwa

-,"

aN3

\ 8¢LSLIN)AI
*2/TIN3I%2dx% ({rX)T33AM=( X/ (FX=*T) xHY) ) =% 4
“Z/IN3xTdx((SPX)143AM=(SOX/ (SPX="T) xHY) ) =€
’ : (2dSrX¢NICN493T T1IVD
o (TdSIXEN)PNA93T 779D
el T XQ=dAX=3%X
| SRR o | Z4+14=14

SRR . INI*Nd* (OIX ) TITAM= (IX/ (AX=*T) xHY) ) =24
A Co L e o (Nd¢WX¢NIPN493T 1IVD

H -

2

e EU...« ST




'i5_9l

,__xﬁ.,.”m_uq_.wsfrn. g.m, _. R ‘NJ.HJ.Q<OJO.NQ<OJQ .zxvo<04o NOILONNS.

T VA S URERSN  S NiNi3y

1¢2¢2(¥0¥¥3-(1XNO/DQ) SBV)4I
o . S OG+LXNO=1XND
T e Nd*(I1¢)Qav0la=0d4a
e T (Nd¢AX*r)MN493T 1TV
A . “XVWN¢TI= T 04
S (1)Zav01Q=1XNO
S _ _ WWEXQ€IXT
CINSSOXCLNGONS TLE T X ZNGS HOUYT LA XVWN S HY € 10d € VL 38/ NIVW/NOWNOD
o (T7¢27)av01a¢ (11)ZAvo1a NOISNIWIA
dX=X LNIOd 3HL 1V (1¢X)D 31NdWOD 0L WY¥904dans .

-

LXNO=QV010 2
IANILINOD T




e ae o ki - e

o
v
C

uoT3oUNg~--BUTISTI NVHINOL *gf oanSTd . :

aN3
N¥N13Y
LXNM=T43aM Z-
B INNILINOD 1
L L . H.N.Nﬁmommm (LXNM/MQ) S8VI4I-
S MQ+LXNM=LXNM -
G e e T s Nd# () Ng=MQ
B AP RN (NdSXSrIrN493T 17VD
et e s XYWN*T= T 0Q
N .4 .;.n. o B SR ZNG=1XNM
o : W XT€IXT
¢ INACSLXE ING NS 116 16X ZNG HOUYTC LS XVWN ¢ HY ¢ 10d ¢ VL35/NIVH/NOWHOD

. " : (27)NG NOISNIWIQ A
L o AX=X INIOd 3HL 1V (1¢X)M IINdWOD OL WVYD04d8NS

2

{2IENGeAX)T430M _NOTLDONNS

© e




. . .

m.w .,. .,‘. B . o . .

3 CoL g

() .U. T . - .
R ool '

b .;. ‘. PR A -
H - s T . :
of PR U

o : .

P S O

(4] S e —

ol -

T . .,..,N.. ... . H,. . :

o. PRSI ,



oI ~2V=2V
‘ *1~IV=1V
(*Hx2V)/IVxV=V

13¢1=C 6 00

11=2V

N3=1V

Z/N=17

*I=V

8°0 NVH1 SS371 A
GsT Ol 09

hza.aw..N\a>l.ﬁv.on.ﬂ+zwazmlvmzma>I 1vD
w ) Z<Ik d431V3¥9 ing 3INO OL 1vND3 LON A

'

L¢8¢L(°1-A)dI
7e¢Hh¢g(8°0—-AYd]
*Z/N3=¢H

C/N=TH

(X) s8v=A

mzo NVHL ¥31v3d¥9 N

NYNLIY

PR X=Nd
R I=N

S N¥N13Y

*T=Nd

. 0=N

€62 T(T-NIAI

N=N3

L=30°T1=d3

(NdX¢NIFN4937 3INILNO¥ENS

(IHd)S0D=X INIWNOUYVY ANV ¥Y3AQ¥Y0 ¥393LINI 40
WJ<MZOZ%JOQ wmozmowq m*:azou oL INILnoddns




vk et i S w2 L

- E

BTCLT BT(ZH-TH)ILI 91
’ LTeLT¢9T(X)31 61
X m>wk<wmz 404 MUuIU

S S _H->

T S T ST 0L 09

Nd%V#VV=Nd
ﬁzaaaw.m**>.m o..N\ﬂ T+HNI Y *2Z/N3-)dNIdAR VD #1
N3aA3 SI N
sl Ol 09
TV#Nd*AxV2VYV=Nd

- hza.au.m**>,m H..H+.N\zm,.N\Azmc.Hvvmzma>x 1IVD €T

dao SI N

21 0L 09
*1-=yvY 01

OT¢TT¢0T(29-19)41

*2/2V=29

- 2/17=19

ST L e N3NL13y¥ LT

ET¢WTETIZH-THILI Z1
*I=vV 11.

11=2v

A : ‘.
. . .
. - —
~ :
D




« - B . N . . . s
- . i . . ' i N B . ' . B -

T P . N . . o E AN} Looe e B .

. : s . N IO B NN T N v
L M . N . . K - V o -
P . . ; . L e BESN Lol . I

- . B N - o o . . e . i - I
P

FORTRAN Listing~~-Subroutine HYPFNR -

s e

= T

= 1

& 1

.o :

o . ‘ A
| , J




el e s ki ad
ba e e e = i

4/71S=1d3
I1S+d4=4d
(9/21%2S=1S
’ I12/15=¢S
19%2S=1S
TIV%x1S=¢S

*1=9

*1=1S
-2=12
g8=14d

V=1V

*1=4

. 0=l
LIX3 11vD

“wzo oL vNo3 mo Z<IH mm»<wmw mzma>I.mo_hzmzbom<xh¢.OIth<zmou

(d¢d

f

AR A

(€¢lNO)3LIYM

T(*T~(2) Savidl

/e/L0N0 vivd
1NGC ¥393INI

F¢Z¢0¢geVIUNIdAH ANILNOYENS

"y

v hZMZDO&( 4<mm 40 ZOHPUZDm uwmhmzouomma>r kaQEOU 0l wzHPDOmme

(2 U




[ PO,

166

o
B _ SR T | Y .
e - \ . _ NYNL3Y ¢ L
s 4 (/7/7L°%13¢2 - DA
i SIVNO3 MOUYZ 3ILINT0SEY HIZ¢ HI/L*HT3¢ SIVNOI HO¥Y3 JATLYI3YHZZS HIT
b \AIH ;£7713¢ STVN03 INIWNOYY) 3INILNOY ¥NAdAH NI HOMYIHI%COHT)LVWYOS 8
a : : . S L 2d3°Td3¢Z(8°1N0)3LIAM -
: . _;ﬁw.‘;.rn,,u SRR : : IS=2d3 L. .-
! R TV T , h,w.mhﬁo.onﬁﬁauv SgviIdI 6
e GO R e 6°6%%7(0g~1)41 g
H . \ ) oﬁ+OHO 4
: M e *1+18=189 L
3 T *I+IV=1V _ M
ﬁm T+1=1 9 ]
§ o.o.mﬂam huamv mm<~mmx ; b
| ) ;




- P I . e B ’ - L A N e . !
R R . A . PRI AT S o N .
P . et . R M L. L LT . i ‘ -

et

"« "I Therefore, thétrequirgdAeigenvalues‘aré n

o A o e ot > ime

| APPENDIX C .

|~ < """ CHARACTERISTIC EQUATION DERIVATIONS =

. Eigenvalue Computations

The eigenvalues of the A matrix defined in

7 f| equation k.5 are determined here. The required eigen-
_|values are the roots ‘A, of"équation‘h.Y.& This determinant .‘3

‘| 'equation may be written S S D e

‘ 0 :

"-oj.x~~

0 0-0 0
S

0 0 0

00000
0 00 >0 Of'oz

O ¥ 0005 —
U\NN
0 0 05

> O

o.

0000 > 0-

oo | o 00 0o A

' EXpanding'equation‘C-l> it is SeenLthat',.°””

ClATL= N (1 ,*2)2 (- k) = o

T

)\s = 0, O: j-'t-u\‘, yE I,k Ks» . "'.-‘(Cfé)‘

o Eigenvector Computations

’j Thé eigenvectors of the A matfix defined in

e v o)

. 167
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riﬁiequatlon L, 5 are determined here. The elgenvectors may be

. 'found from equatlon 1, 6 when wrltten in the form

RCRROE ;;;;diff5¥fdf 3

s._‘- TSRl

Each elgenvector is assumed to be a row matrlx of

n ] e

\”The components of each eigenvector are found by multlp1Y'. ;Lw
ﬁffing equatlon C. 4 through equatlon C. 3 once for each “

‘ﬂeigenvalue A

"vmultlplylng 11 through equation C 3

M

A+ vd,

T S

"X +vl, = O Tor 15 =-ud,

'ifT”lTherefore, the(de31reddeigenvectoriis;seen to be

\.,-

.f‘j': {-ﬂrﬁz ,’fi’z ,:‘-,;:14,'14;&)',0,0',O}" o (c.5)

| Assuming that the arbitrary coefficients 9;:: and JL==

the eigenvector correSponding to A, is seenito be
/e = {—U‘,'l , @, O, Q, O, O, O } o (C.6)

It is noted that the eigenvalues A andﬁjk are

.iboth zero. An independent elgenvector corresponding to A

B [
. R S 3 : : K <
L 1 T AL *+ . + -

If )\ =©O , the follow1ng equations are obtalned by ‘r‘_. n




o may be found from equatlon C 5 if the arbltrary coeffi-

St may be wrltten

s multlplylng 13 through equatlon c. 3

R Therefore, the de81red elgenvector is seen to be B

v the eigenvector corresponding to A, 'is seen to be

|cients are deflned as f -0 and J —l f ThlS eigenvector

T TR

A= {O,o,‘—u-,; |, o,‘o,o,o} S ‘,(0.7)

If A = | , the following equatlons are obtained by

s T
: b ,,,,A__ .
ot ¥ ».-‘: Lo R . ot T
ST JI w A o T e
R B el . < IO | st e e L
. R T | R LTy A
S . o R ¢
. RS "
s

v;f:,Q+vJ+J A |
:;J‘The solutlon of these equatlons leads to the relatlons ‘:';
4~ j . T - ,
—d,= A, = o
A= 4, J’zl’*o

A= {J/ o, ,{g, |  _ L},o..,“"_’,gg } | (c.8)

.f'i Assuming that the arbltrary coeffidients-JL=l and" 18==C>;A'

13:‘{‘"0: O’-Q-':O) _| .)‘ O) O} o (C'9)

As with A and ), , it is seen that A, and ) are

L‘N_A . N - N - = . - . 1+ - . N .. - . et
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S|

= duplicate eigenvaiues. An’ independent eigenvector
. -Lecorresponding to )\ =| may be found from equation' c.8 if
the arbltrary coefflc:Lents are deflned as X O and j .

- | This elgenvector may now*be wrltten :
=19,9, 1, 0,0,0_,O,.—l (C.lO)

If )« =-—| s the follow1ng equatlons are obtalned by

3"“',;' mltiplying lh through equatlon C 3
A dee |
- _1,_ = A, —.-.c
'-.15 + j., = Q ;
fovh-d =0
| gy + vdy - 4 = © e )
: The solution of these equations ‘_1eads.. to,"'the rel‘ations_
e
e Myl e

f
0

¥i . S S
s 'I'herefore, thls elgenvec’cor is’ seen 'bo be Of ‘the form

Jz{&ﬁn&;ogyj o J} :}lxmu;'

Assuming the arbltrary coefflcients ja,‘ t . a.nd .,f o ', the

elgenvector corresponding to )\4 1s seen to be

4 ] : . z ) -" ) :
J:{I,o,o_,o,o,\,o,o} . | (c.12)
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Again, A, and ), are seen to be duplicate eigen-
~:ivalues. An independent eigenvector corresponding to

fjf)%==—l may be found from equation C.1l if:the arbitrary o

2”affycoefficiente\ereldefined‘ag“ﬂl=cfland11;=l:,‘ This eigen-

.| vector may now be written

| {" 0,1,0,0,0,0, ‘-} I )

oI A=K, " the folIOW1ng equatlons are obtained by .
- {multiplying 17 through equatlon C 3: fﬁ?ﬁgﬁ~ﬂflﬁ.rfjff o
“'V'k A+ d, | et e

. -K:Js
Lad - d

2 '3
Therefore, if the arbltrary coeff1c1ent is assumed to be

i

A=A e

. 8

.js== i » the requlred elgenvector may be wrltten

. . L T Qw - ',-":'}z]
4 .-:{O’ o,0,0, |\ ’O,...\(S,o} R l,(C.ll#)

Ir A =¥k;,‘the following relatiens are obtained by
i : .

»\;/ ' multiplying 18 through equatlon C. 3

.“‘.{



*-|The solution of

Iy + vdy — K dy = O R I :
‘these equations leads to the relations

’

CheKdy Tl
ded=d-bhad-d-0

3 ‘8

vTherefore, if the arbitrary ,coefficien‘c 'is as-sumed' to be

AL = { ', the required eigenvector may.'be written

ot 3
.z

. « e .
Sk L Pt

~jeigenvectors 1% may. now be written " Inil) e

v 10 o 0 .o,

o 3

[
>

1
600 600

00 00 0"

|
3~

V?(
Qo

0 00 0
,-"-o Q00 0 00
0 00 0 0 ©

The trensformation matrix whose rows consist of the |




S if 'bhe quan‘bltles Y are to remaln bounded

. ads determined below for‘poin‘cs albng these boundaries

” My = O+ Y,

173
Solution of Characteristic Equations
 for b=0 and $="
E Along the boundaries 49— 0 and <l> =M, the qua.ntltles

Yy defined by equations4, ‘2 become indeterminate.

‘ A
solutlon for these quantities and the physmal variables

Since (d‘né) —-oo' and (c.+ncb)

=~<>0A', it is .
seen from equa‘clon 4 2 that TR

u")'t’

From equa.’clons C 1’7 11; follows that

u
0

- &#,'&E o

|

ao¢'c= © o

at the points 4:—0 and 4> "r’

Using the relations glven by C 17 and C 18

equations 4. lO may be wrltten in the form

o = (1) (Y 4 w—) |

=
&
"

n‘“r\-—w +n¢,t=trY Y+(l+v*)uf P Lo




R

m - £ﬁ¢¢+ Mpne = U‘Y Y
".‘—m¢¢—-sﬁ¢¢+m¢;,v‘—.; u-Y \( RERNT
<o %¢—K5 (034," w"t’ .'= --\(5 + 2n¢ _ Q

ﬁ or defined as a functlon of the phy51cal variables,

‘it is seen that f,"

) ‘, iy
Ye=-fgg - P .
| Y%= b, e
\Q LY (c.20)
 ,\; = Zn¢'; Q - -

| ~On4,‘,tr = (l-l-\r)(Y + w')

Tk
e Y vy, + Y, +(|+,u*).6.r‘+?_ 2 '

%4”? Ks +w;,b,=Y—2nd,+Qf"'
Assumlng that the radial load 1is elther prescrlbed
quatlons c. 19 can be solved for the elght unknowns Y 'Y

l’
3, 4’ Y 5 n¢ Y mq>; and w. On perform;ng thls solutlon,e

“(‘

= (I-Hr)Y

. 3
g
q

!

Using the last two of equationshc 20‘ the various
derivatives with respect to .4 on the right side of

equations C 20 can be determlned ,Vﬂe ';{1:

2’,.:75?]



¥~ _MEMBRANE - “CHARACTERISTIC COMPUTER PROGRAM

‘@'the membrane—characterlst;c computer program are given in

Y 'this appendix.
and, as listed, can:be run on the'UNIVAC 1107 computer.

* | NONE, NGEN NLST DISPLD “and OUTPUT are used to carry out

'?'repetltlve operations in the main program v 'f'"

e analysis for thevresponse of a spherical~shell impacting

T - lan elastic surface. The computational procedure is as

is glven in Flgure 49 The computatlon of the var&ous
B problem varlables is carried out with the use of the

' subroutlnes NONE, NGEN, NLST, and DISPLD Detalled flow

. . o , 175 R
. . . A TR A - . L : o
BTN RN N N . . 3 B FE - -

' ' APPENDIX D

General
. The detailed development and FORTRAN listings for
The program is written in the FORTRAN IV language

The main program is named SHLWAV The subroutlnes

e

Program Descriptionvw"

The program'oarriee out the method of characteristics!

described for the membrane theory.solution‘inaChapter Iv.

A detailed flow chart for the main program, SHLWAV

charts for these subroutlnes are glven in Figures 50 to 53.

The desired results are written using the OUTPUT

1
]
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A
. s o ‘ Input Data ) ¢
g P
- : Read: Problem Description
. N R Non-dimensional Parameters
Ll T e Control Parameters
EE AR EE O Dimensional Parameters
NCOUNT = 1

!

E = E(10)6
« EK
K=" 3

386E | Write: Problem Description
p(1 -v2) Non-dimensional Parameters
Dimensional Parameters

]
"
Py
=]
S’
=2

1
R (Determine Constants) )
c

<
n

-
o

= 3,1415926536 [=
(N x-l)»d‘r

=
!

ma

. dx = dv
. ¢max = ¢A
; | Write: Control Parameters
, | Pnax = T . ‘ ’ F ¢
‘ y ¥
d71 - dx ¥
: 1
: dx
: ; Bk =ar
i
. ds = d7v2
; 2, [R\?
| ; G=K(l-v )(-}*:—‘)
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(Set up Initial Conditions)
)
$=0
R
Y =-(f)e
=0 S S

POl N

"

-l

2
e
0
)
0n
&

'X;coscp ¢ =

Om) = -B(prsing

$+ dj‘
= N+1

(N) = £ (B)cosé

\'rlB(N) = - U(N)

V,p(N) = U(N)

Write: N, ¢, X, d(N),
ctny, UMN), Wy(N)

V’IB(N) =0 4
W(N) =0
U(N) = 0
Q(N) =0
‘ ‘ ctno. = 0 L]
d(N) = (10)° =
N< N >
max
. S cosid
| ein 1])N prETEN

S eaee——— RS S S
i TR v T .

e e s
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¢ =¢+dr

>4

Read: DESCR'

L NB’ Mmax' Ncount
Yl’ YZ’ Y,, Y

34

N=M
max

o e e e e e v

Read: V) 5(N), V,o (N), V, 5 (N), WE‘N" Q(N)

(N, U(N), WIN), d(N), ctn b

|N=N+li

max max

max

U = 0@)lr- avl o
W(J) = v'vB(J)[ T-d

J=J+1

¥
‘ Compute Rcsults) .

Kol

2 &

.“.o

© o

i

O = e O e = OO

= N
max

N< N__ .
max

Call NONE

Call NGEN Call NLST

PH
NA »
N
\ A
¢
Call DISPLD
l
i
H ?
e~ N Rt A AR S
i AR D .
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@—@(Determme b 2nd ¢ )

Lpgp # 0

Q(N) =

Q(N) £0
e Lppyp =

Q(N) £ 0

Y

<) N=N+1
: et T e
‘d = +dT

. P

+1

Lo N =
count count

<
. D

Call Output
N . =
count
AT ,t“ E oy AR s
A ; L S AU A &
S
- <

e et e A i
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( Sct Up for Next Tim(‘)

N, = Maximum of NB+ 1, NA

N = Nmax

Vyg(N) = V), (N)
V,p(N) = V,, (N)
Vop(N) = Vo, (N)

WB (N) = WA(N)

Punch: DESCR

N

™ 1, NB' N count

Y1 , YZ’

max’
Y3 , Y4

N =N+1

N=1
End

N>N
max

max

N<N
max

Punch:

VBN Vo (N), Vo (N), Wy (N), Q(N)

U(N), U(N), W(N), d(N), ctn oy

o
- L
A

_.,_.,._,.‘..,_«._......

e e e o s
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(Sub routine NONE)

W () -y (M) 4 {_

V7A(N)

ViaM =773

YV, (N) =V, (N)

(1+v

2

Z . :
| Vo p (N) = Voo (N) + (1-v Ny, +WB(N)] dr

)[VIB(N)+VZB(N)] - V5 (N) + Q(N)} dr

.
J—

. . .

¥
Return
B PR -\ TR ‘_‘-":,'.1,: A

e e S
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((subroutine NGE\Q ' .

. v N
3 .
: .
t [}
.
B ]
P v
.
1

I
1

Y =-12-[VB(L)- 1B(L)]ctn¢

L2 = {(1_}1) V) g (1) + Vg (L)}

-V B(L) }ctn d’L

=
!

vd
f

5(K) - 1B(K)] ctn ¢

(K)+ B(K)]- 7B(K)]ctn<b

A
w2~ {(5%)
!

V. A(N) = VIB(L

Wy (N) = WL (N)

Vya(N) = Voo (K) + [v¥p +Y,

- 2
Vo (N) = Voo (N) + (1-v ){ v, . (N)-V,

Y+ Doy - L+ L (L) dr

2+(l+v)v'\rB(K)]d-r

2" 2B
+{- (v, g0+ Va0l -

s (Nctne + W (\r)}

00+ ar

N < NB

(N) = VIB

A(N) =Vis

W, (N) = Wy (N)

(N)
(N)

N 2 NB
Voa(N) = Vo)

e e e e

o ey e e o)+ min )

B T

Figure Slf

Flow Chart--Subroutine NGEN.
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CSubroutine NLS']D

e e e e L

Via)
Voa (M)

V_7A(N) = VopMN)

!
<

158

I
<

25N

W, (N) Wy =(N)

' Vm

Return

. Figure 52,

T

 Flow Chart--Subroutine NLST
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(Sub routine DISP L@

Ug = UN)

n¢(N) = -%[VIA(N) +'V2A(N)]

ng(N) = V., (N) + -‘é[le(N) + Vy, (N)]

ON) =3[V, () - v, (V)]

b

UN) = UN) + 5[0

g + UM dr |

W(N) = W(N) + %[V.VB(N)+ W, (N)] d

0

Q(N) = Gla(N) - winyl

185
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subroutine. This subroutiné, whose flow chart(is given in

Figure 54, causes results to be wrltten for only those

SR ‘grid p01nts through which the inltial stress wave has

L T T
ST . ’

'FORTRAN Iisting.

'and 1ts subroutines is glven in Flgures 55 to 60.,41“'

The complete 'FORTRAN llstlng for the SHLWAV progran. R

(I
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_ 1 (Subroutine OUTPUT)
T | Nppo = Maximum of NB¥ 11, NA+10, 1411
i NprT = Nmax

Write: T, Yl’ YZ’

-t ots
_
X0 *o * éo’ d>o

Y3, Y4.

Write:

3, ¢, Q), UQ), W(J),
U(3), Wy (0), my (1), my(3)

v

¢:¢+d‘l’
J=J+1

{ Return >

S g b e eae e e 1
- T t— ey

Ay

Figure 54, 'Flow Chart--Subroutine OUTPUT
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FORTRAN Listing--Subroutine OUTPUT
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"“ff‘DERIVATION OF SHELL EQUATIONSZ

General ‘{»;g;

The equations of motlon and force— and moment-j'

(S SV R

f{ dlsplacement relatlons for a complete, symmetrlcally o

" lloaded Spherlcal ‘shell are derived in this appendix.

. The equations thus derived are based on a theory

Q.which assumes a thin shell and small deformations. With

}T‘thls theory, the applied 1oads are. cons1dered to be actlng

on the mlddle surface of the shell and the effect of .

:{:gl‘transverse normal stress is neglected. Total dlSplace-
.q?ﬂ.ments, 1nclud1ng rigid body effects, may be 1arge.
‘L{.However, ‘changes in dlsplacement with reSpeCt o shell

% ’ang1e $ are assumed to be small.

The equations can be made’identical to those used

:..by Naghdi (11) and Prasad (12) 1f the above assumptlons

are anplled to their more complex theorles.

‘Equations of Motion

The equations of motion for'a_symmetrically loaded

';spherical shell have been derived by many authors.

',fHowever,:the derivation is repeated here for completeness.

The infinitesimal element shown in Figure 2 will be

20k " N A
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- lused in this derivation. This element has a length Qd<;>
~'1in the meridional dlrectlon and ‘'R sin 4: dé in the o

S c1rcumferent1al direction.

The equatlon of motion for forces parallel to

4 ’may be written as follows

—N pRsing de + (Md', A¢)[Qsin¢+9~(25in¢)d¢}dé

~"--H ?d&de coscb + Ry Rsmcb de( (El)
(Q¢ 5% d¢>{?sm¢+ ¢(Rsm¢)d¢}de<‘%> -

+de4>Rsm4> de ehR svn¢d¢o\e Q-bz ~

Neglecting all terms in Wthh dc}: is of hlgher than flrst
K order and leldlng through by T?sm & d4> de ,' equatlon E. 1

: may be wrltten , ,."

KI¢'¢+(M¢» He)c+h4>v+ R, =V(’\"R agtz 'QP% | (E-E) |

The equatlon of motion for foroes parallel to Cﬁ

| -|may be wrltten as follows

- Q«b Rsm4> de 4 (Qq, 5% ckb)&Rsmdp + ¢(R smtﬂdﬂde

| ._’-}J Rd¢des\n¢ - N, ?smcbde(dcb) A

_(M + alcb)lﬁs“(@ + = (Rs(nd>) CHD] do <éé>
+chsmc{>o!e Rdb = (J\wfzsmcb dQ Pc\cb A

- '\(303)

#

ENeglecting ell terms in which dé is of higher than

first order a.nd leldlng through by Rsmrb d<f> de .



M, Rddb ¢os4> doe - Mq, R sind ae

) l equation E.3 may be writ’ceh _

¥ s
Do

Qe + Qpetnd - (u¢+ N )— (a\'\R I -Rq "(E.u)_

The equatlon of motlon for moments about an ax1s

b orthogonal to P and % is as fOllOWS‘Y

g2 o et ()

e

= (L ; ' 9(%'-'_-”?”"
(lz)f’R $hn<l> dehp d‘batz N

‘ 't:{ﬁ Neglecting all te.rms-in which' de . is of hig,her than first

% ) Order and dividing through by R sm4> d<}> de s E “equation’ o
E. 5 may be wrltten | E | et 4

4 (M M)¢+n¢ zzq (.ahrzafz L me

Equatlons E. 2, E )-L and E. 6 are seen +o be identlcal

to equations 2.1.

Middle Surface S’.crain-Dispiace'ment Relations
The strain-displacement rélationé for a symmetrically:
loaded'spherical ‘shell may be d'er'ived in two steps. First,

in this section, straln dlsplacement relatlons are’ deter-

'mlned for elements on the middle surface of the shell




N ' O S é&z
J‘;Second, strain-displacement_relations for'eh‘arbitrary‘
 "; point, located a distence z from the middle sﬁrfece? are
\}i'determlned in the next section. '

_ _ The derivation presented here generally follows that
ak?i-glven by Flugge (4 85) ‘ |

Using quantltles shown in Flgure 61 the merldlonal '

‘| strain is defined. as::wf~_———;” ?

Fee |

“iwhere T

“”dLAb : R 4 . o o . . :

. : : « v,

g = [ 5 )3 (2]
(A, <>:<1>)(R*“‘*r ){s +%(’ﬁ%rj( y

“ )z(f%'a‘?cp)z} | ,_

n

~

Expanding ‘equa,‘tion E-6,

Ru

& = {H (ur*‘+ “:)"4?) + —-——22 }(H v ) ‘ (E7) ..

T B ¥
N ) H“:-‘" ) . Where ? ) (—w&———) ;
- R+w / \R+ g /

If the displacements:and'rotationstare'smali; it can

|lbe assumed that .

5 g hg;gho
; (Eiﬂ?) = O
; R . -

| Using relations E.8, equation E.7 may be written

.'f(E.8)
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.:Middle surfacejdéfqrmafion

" Figure 6L.
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Ni_is4defined as
o dlae

YN a“—N ) =(‘ -+ wWeosd + w sfnd))dLAc_

E-EXpandlng equatlon E. lO, RREC

,g'thé>system.f'

H
1

i i
N ) i

- W . o . .
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S e 1 g [T T

SR TC AT O

Using quantities shqwn:ihrFiéure.62,~the hoopistrain

A —dl,.

5 (B.10)

Qsm¢ de

13

R sing

The shear strain Y. =o due to tﬁé’Symmétry of ":

$e™

' General Strain-Displacement Relations

The strain-displacement relations for an arbitrary

point located a radial distance z from the_middle»surface'f
of the_éhéll are now determined. This derivation uses

.the previously'computed middle surface straih;displacement ;

%

relatlons and generally follows the procedure given by
Flugge (4:315). | - A

The desired straln dlsplacement relations can be

%written in the form of equations E.9 and E.11 1f‘+g s Wy

i
H
|
{

Land R are replaced by w,, w, and R+z, respectively.
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1iFigure»62.“_Middle‘surface deformation_x
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. - .‘«,ﬁ
o1
o:’Therefore,
. Wi + W, | T .
: £¢ = . L N E 5, ;_f;z'"";.’.-"""lr - ,:“.‘.,?'1 e
Rez 0 TSR e
g = Lacing F ”“ el (Bae)
= O
%;6

—_— Trae..

In order to use equatlons E. 12, Uy ‘and ur must be

o wrltten in terms of the middle surface displacements ¥

t‘:off.and w® and the element rotation ﬁ¢ .- Two assumptlons are

" made when performing this operation.

First, normals to the middle surface before deforma-

. |tion are assumed to remain normal to the middle surface

Vforshear force (&, are neglected

Second, the distance =z of the arbltrary p01nt from |

k'~the middle surface of the shell is assumed constant during

R the deformation. This assumption infers that stresses

" land strains in the z direction are zero and is valid if ‘

the shell is sufficiently thin.
_The desired relations between w, end w; and u,

Jw¥, and @¢ are seen from Figure 63 to be

Bm | u’(R+Z) ﬁ%

o S

3

! w, = W

o after deformation. In doing this,odeformations due to the ,u-
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*lff?Figure;63.” Deformation of arbitrary

~ point along meridien’
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Substltutlng equations E.13 into E.12, the de81red

i straln—dlsplacement relations become

& R+7_ R+z

?zi..p w” + Zﬁ%mz

Force- and Moment-Displacement Relations

The force- and moment-displacement relations for a "

; “ symmefrica’lly loaded ‘spherical shell are now determined.

: “:.“,::j:"The shell is assumed to be a homogeneous, 1sotropic body

Lo

such that the str ess- Straln relatlons may be wri‘bten

e (o) e

\-v?
_ E—\Q.e o
beo z(l-nr) -

Assum:Lng the shell ‘thlckness to be h the normal
. {forces H¢ and Ng can be found from the relations
.\\Kq,Rsian:dQ = J % dz. (R+ z).:sincbz d6

o ~b .(E.l“6)
Ny R i .-.'ngaz_(mz) b
Zh '

_LThe shell geometry relations used in these relations can



e e o e e iy e e e 2 e e n s ekl g

o1k

- lp?32i be.seen from Figure 64, Substituting equations E.14 and

i" E 15 1nto equatlons E. 16 the. d651red normal force-

S dlsplacement relatlons are seen to be

(D) e + n

= (E“ )(R) [u ctn +m,¢ +(:I+ v)w‘ ] (2.17) -

?* \rv

The bendlng moments hA¢ and kAe can be found from

i

the relatlons

' M Q&n¢d6 j. 'de<R+Z)5m4>d9':‘
O e Me Rdé = J oz dz (1?+ Z) d‘i? L |

‘ ‘ Lo ;'A . z » . ' - B ’ B

| Substituting equations E.14 and'E.lS into equations E.18,
t*h'fhe desired moment—displacement-rélations are seen to be

R L e

;-;M4, - {E’M*' vﬁ,c’m& rz ( +den¢)}

| - - (E 19)
, ,Me : {ﬁ, c+n<{> + U_(Sd" o R(u, Ch’)(fp + U‘U»,&)}
12(1- Z) o o

If R is large relative to uq¢ and W c+n¢ s

\LuiZMQe~D;

*A“,equations E.19 can be written in the form

«r‘“(@¢+“h°“¢> ‘nnckl n@@m_g
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" |seen to be

.:"§49 = g? <b&?.:+n<#stb U‘ﬁ%4,>

The relation betWeen.the shear force C&, and the

“ishell dlsplacements can be found as follows. As seen from

l;f Flgure 65, the shear straln due to CL# is approx1mately '

L, e, (s¢ - o @y

N ." LI

»;5:Assum1ng the shell to be a homogeneous, 1sotrop1c body, .‘f

% the shear stress straln relatlon may be wrltten
oK .= _.E__}ﬁ’.i. :
e 2+

| On integrating;this shear streSSkover the “thickness of

~i the shell, the desifedlforcefdisplacementfrelation'is

h

el

——

2

stress dlstrlbutlon

“4?'It is noted that a value of k.= % is used by Prasad (12)

Equatlons E 17, E 20, and E.23 are seen to be

identlca.l to ‘those glven in equatlons 2 3

= | w*‘“ oo BN
z= [z(lw)k]( ﬁp) (E 23) _)

Do wh_ere'kS = averaging coefficient for_non-uniform shear
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