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ABSTRACT

This thesis is concerned with a study of the application of two
general perturbations techniques to the problem of obtaining an analytical
description of the motion of am artificial satellite of the Earth. The
techniques (von Zeipel's method and a method of successive approximations
employed by Kaula in the developmenf of an artificial Earth satellite the-
ory) are discusséd ana their characteristics are illustrated by using them
to generate approximate analytical selutions for a simple dynamical system.

. The artificial Earth satellite problem is formulated and the appli-
cations of the techniques mentioned above prBrouwer (Ref. §) and Ingram
(Ref. 7) to the determination of the effects of the Earth's oblateness on
the motion of anm artificial satellite are discussed in some detail. A com-
parison of the solutions indicates that Brouwer's theory appears to be
- superior to Ingram's for the .deseription of long period motiens since
Brouwer's secular terms are more accuréte than those given by Ingram and,
in addition, Ingram's long period solutions are not compléte. The phenomena
of resonance is considered and a simple example is analyzed to demonstrate
that the resonance problem is essentially a difficulty in the mathématical -
description of the motion.

The study closes with some commgnts on gttempts to séive the Lunar
sateliite problem with the von Zeipel(mefhod. In particular, the well-known
result regarding the failure of this method in the determination of analyti-

cal solutions for long term motioms is noted.
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CHAPTER I

INTRODUCTION

For over 200 years general perturbations techniques have been employed
by astronomers in the study of the motions of bodies within the solar system.
In plamnetary astrénomy, these methods have been used in célculating ephem=
erides and have played important roles in the diséoverfes of new planets.

Fbr example, the existence ofrﬁeptune_was deduced by.Le Verrier and Adams on
the basis of otherwise inexplicable perturbations of the 6rbit of Uranus.
Also, the verification of an effect predicted by general relativity, the ad-
vance of Mercury's perihelion by approximately 43" of arc each century, relies
upon a discrepancy between the observed perihelion advance and the valu; cal-
culated from a gemeral perturbations solution of equations of motion of
Mercury that were derived under the assumption of thgﬂv§lidify”9f Néwtonianm_
”aééﬁaﬁics;. 6fﬁéf aﬁpliéatiqﬁgréf general perturbations techniques im astron- .

‘omy include studies of Saturn's rings, the motions of particles about the

o |

Sun~-Jupiter and Earth-Moon libration points, and the Kirkwood gaps in the
asteroid belt, as well as the development of a Lunar theory.

With the.adﬁent ef the exploration of space by instrumented probes, the
analytical methods which had been developed to solve problems in celestial
mechénics were applied with.greatISuccess to a ﬁew_problem, thaf of predict- lfé
ing theé motions of artificial satelliteé of the Earth. Cne of thé5garliest . '
solutions déscribing-the metions-;f artificial Earth satellites was' given by
Brouwer (Ref. 5).. This solution iﬁcludéd the effects of the second, thfrd;f
fourth, and fifth.zo;al harmbhics in the Earfh's gravita%ional poéénfiéland
was optaiﬁéd by a teqhnigye known as von Zeipel's ﬁéthod.. In.fhe degadé

i




since the pﬁﬁlication of the original artificial satellite theories,
: humerous addit;onal.studies and extensions of these theories have appeared
in the literature.

The maia purpose qf this thesis is to organize and présent the basic
informéfién requ’red fé;\an undérstanding of the von Zeipel method and of
,Brouwerfg#solution of the'hrtificia; Earth satellite pnéblem. Secondary
goals include a compérison of Brouwer's solution with the solution cbtained
by the method employed by Ingram in Ref. 7 and a review of the progress that
has been made in recent years in completing a theory of Earth sateliite

motion.

Outline of Study

Qhaﬁféf II is devoted to a review of relevant topics in celestial mé-~
ghanies, a discussion of a technique for representing the potential of anm
q:arhiﬁrary,body,waﬂdﬂa briefwexplanation,of the?appiieaxien-effeanenieal-
trénsfgrmation theory to the solution of proble;; in dynamics.

Two ggneral perturbations techniques, the von Zeipel iethod and a
method of éucceSSive approximations employed.by:Kaula (Ref; 6) and Ingrém
(Ref. 7), are introduced in Chapter III. Some important characteristics of
these techniques are illustratéd in Chapter IV where theif application to a
simple example problem (the noniinear spring) is considered.

Chapter V presents a éiscussioﬁ?of the material in Refs. 5 and 7 con-
cerning the application of the two general perturbations technigues to the
artificial Earth satéllite prob1¢m and a comparison of the results obtained
_-using each pf fhe methods« - Also, the reééﬁénée phenomgna is.inﬁestigated-
ﬁﬁith the éié.of the simple pendulum éxampléf 3Finallj,.spme commeﬁts-régaraah

ing the use of theAV@nngipel method in the study of the motion-of a Lunar

satellite are given in Chapter VI.
S .
o ‘//I//é" I
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CHAPTER II

PRELIMINARY TOPICS

. _The Two-Body Problem and Perturbed Motion

I
-

In attempting to determine the characteristics of the motion of a
dynamical system, it }s instructive to employ an idealized mathematical
model for which a solution can be cbtained analytically. Often, a stﬁhy
of the idealized ppob;em yields usefulaipformation.about the character-
istics of the solutioen of the original problem.

In the case of satelgate motion about an oblate planet, the ideali-
zation is the well known ;ﬁo—bcdy problem of celestial mechanics. This
is a consequence of the fact that the acceleratidgs experienced byléﬁch a
satellite differ only slightly erm £hose that would oceur if the planet

were spherlcal and of constant densmty N@t only caﬁ thé motion of the

'satelllte be approx1mated by two~body motion over short time intervals,

but also many relations arlslng in the solution of thls 51mple,problem
hold for perturbed motlon. For these weasons, a brief review of the two-

body problem is givea as am introduction to the more complicated prebléms

. Iwo-Body Problem

Consider two particles of masses M and m  that attract each other

according to Newton's law of universal gravitation. If ¥ is the posi-

tion vector of the mass m relative to M (see Fig. 1), the equations of

motion in a non-rotating coordinate system with origin at M are
" , . S S TR g .
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where u is the gravitational constant. The relative motion of the
particles has the following characteristics:
1. The particle m remains in a plane that passes through M

and is perpendicular to the constant angular momentum vector

2. The path of motion in the plane is a conic.

Since the equations of motion are a set of three second order
ordinary differential equations, a complete solution can be specified
by six independent constants of the motion. One commonly used set are
the Keplerian elements given below.

é - semi-major axis of the conic

e + eccentricity of the conic

I .- inclination of the orbital plane

© = longitude of the ascending jode

w —'aﬁgumenm»e£ perdcenter - - . L B v

tp - time of pericenter passage

The varié%les a and e determine the shape Qf?the conie, I , @,
and w (shown inggig.l) give the orientatiOn of the orbital plane, and
tp_ in conjunctioﬁ with the time t serves to locate theposifion of
the partiecle m along its péth. i

Another useful set of qﬁéntities are the Delaunay variables de-

fined below (Ref. 1).

L = ua g = E@ (tatp) :;

L a ‘::.7
| ¢ = LVi-e? g = w
£, H = Geos I h = Q




These variables, which arise in the solution of the two-body problem by
Hamilton-Jacobi theory, are a canonical set and are used in solving the
oblate planet problem by the von Zeipel method. |

The following important relations are obtained for the case of

elliptical motion (Ref. 1).

r = |B| = Treeos F ° a(l-e cos E) (2.1)
P = a(l—eQ) = h2/u- (2.2) .

tan £/2 ‘tan %-' L (2.3)

2 =E-esinkE = n = Eﬁ o (2.4)

a

Energy = - %E- = 5 ~-% (2.5)
9f . . a 2 R

=< = & (2.6)

-g—g = (%+ 2L _)sin £ | - (2.7)

' l-e

The derivations of Egs. (2.6) and (2.7) are given in Appendix A since many

celestial mechanics texts do not include them.

Perturbed Motion

Assume now that the mass M , rather than being a particle, is an
arbitrary body with a non-homogeneous mass distribution. The potential

due to such a body is shown in Seec. II.2 to have the form

v = (&£ +R)
r .




where R is the disturbing function. The equations of motion of the

particle m become

As before, the solution can be represented by the Keplerian elements.

For perturbed motion, however, the elements are not constants, but are
functions of time. The idea behind this technique is that, at each
point in time, the position and velocity of the mass m wuniquely de-
termine an instantaneous twé—body orbit and hence a set of Kepleriam
elements. -Since the particle is not undergoing two-body motion, the
instantaneous elements determined at different times need not be the
same; The differential équations-which describe the time rate of change
of the Keplerian elements, known as Lagrange's planetary equations, can
~ be derived by the variation of arbitrary constants procedure (see Ref. 1). o

The results are (from Ref. 2, p. 143):

s = 2. R _
" na 3¢ (2.8)
& = 1-52 = - iigf' 2 (2.9)
na‘e 9g ‘na‘e Juw 2.5
. _1-e2 3R _ 2 R .
O = T naZe e  na 3a (2.10) | u—_‘.'-
4. 22L& (2.11)
na?vi-e? .

% & - cot I E + Y 3_-'.'@'2 E_Ei (2 12) ‘ d
: T2z ol nafe ode ‘ -
na<vi-e _

L cot I R _ esc I 9R

— s % (2.13)
na2/ize? % na?/1e?
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Here, the variable o 1s defined as

A similar set of equations for the Delaunay variables can be derived with
the aid of Hamilton-Jacobi perturbation theory (see Ref. 12, Chaps. 8, 9,
and 11). They will be given in Sec. V.3.

The previcus method for reprgsenting perturbed motion has the ad-
vantage that many of the equationéiderived for two-body motion, in partic-
ular Egs. (2.1)-(2.7), are also valid along the perturbed trajectory.

One final comment must be made in regard to the equation for o
(Egs. (2.10)). The disturbing function R from Sec. II.2 depends explic-

itly on the variables a , e, I, 2 , w , and & where

2 = nt 40 . (2.14)

Thus, in fbrmingﬂ-%g-, the ‘dependence of & upon the semi-major axis

(through the mean motion, n) must be taken into account. Then,

IR 3Ry _ 9R 9%
2a (aa) * al 3da
A
3R 3n,. 2R
('552 2a’ 3%

The motation ( )2 is used to indicate that & 1is treated aﬁAPeing in-

dependent of the semi-major a#is in perfbrming the differentiation. |
Since the disturbing functiom is periodic in the variables Q , w

and & , the differential equation for o contains periodic terms with

amplitudes-that increase linearly with time. Terms of this form can not

be conveniently treated by many perturbation metheds. Therefore, the:




9
variable &£ is usually used in place of o . The equation for % can
easily be derived from Eqs. (2.8), (2.10), and (2.14). It is given by
the following expression:

. l--e2 oR 2 3R t
B T e T (2.15)
na e

The only change in the remaining equations is that 3R must be replaced

o0
by %%-. Also, the variables £ and a are now treated as being inde-
pendent.

7

II1.2 The Development of the Potential

Chapter V is concerned with the problem of the motion of a particle
in the gravitational field of an aséherical body. The term "aspherical®
means that the potenfialeieig generated by the body differs from that
produced by a homogeneous sphé‘;;ié_aﬁi-- body with the same mass. Since the
motion of the particle is described by Lagrange's planetary equations
presénted in the previous section, it is necessary to determine the dis=
turbing function R or, equivalently, the potential V due te an arbi-

traryfaistributed mass.

The Potential of an Aspherical Body

One very elegant method for obtaining the required potential is to

- solve Lﬁplaee's eguatianf

72y = 0

ya

et

in spherical coordinates (see Ref. 3). Another more direct technique is

employed in Ref. 4 and will be outlined here.

o

{&
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Consider the distributed mass with demsity D(p, B, A)

in Fig. 2. The potential at a general point P(r, ¥, ¢)' due to the

elemental mass dm is

av =

where G is the universal gravitational constant.

entire mass,

v = I
T

e}

_Gdm

(r2 + 92 - 2pr cos y);5

GD(p,8,1) p?sin B dpdRdA

If it is assumed that el 1,

(r2 + 92 = 2pr cos ¥

1 p

z 1 [
(r2 + 92 - 2ov cos y)?
T VP 2,72
) = 5(1 QrCOSY""{.Z’)

2
L+ P ooy s (o by D cos?
= Z[1+ S cosy + (- 5+ 5 cos ¥v)

r r

0
+ T 2
:
= = I (%-
L=0

3 (-2 cos Y +

g-cosay) + ov.]

L
) Pg(cos v)

10

as shown

Integrating over the

(2.16)

(2.17)

where the Pg(v) are the Legendre polynomials. The addition theorem for

associated Legendre functions Pg(v) . This yields

Pz(éos

+ o

Yy = PE(COS ¢) Pz(ces B)

L

L (em):

e
m=q CHHM)I

cos m({=2) Pz(eés'¢) Pz(cos BY .

umgphebical harmonics can be used to write these quantities in terms of the

(2.18)
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Relations for generating the Legendre polynomials and associated functions

are given in Appendix B. With the aid of Egs. (2.17) and (2.18), qu (2.16)

becomes
v = J {;-D(D,B,A) z (%J [Pn(cos ) Pﬂ(cos B) .
T 2=0 (2.19)
2 (g-m)t , m m s .
+ 2 mzl Toam)T °°8 m{y-1) Pg(cos ¢)P£(eos B)}Jp“ sin Bl}dpdBdA
or
" > uai m
vV = --; - 251 mfo r2+l ng Pg(cos ) cos m(w-wzm)
- N (2.20)
*® ‘Q‘ - S,
= - E + T r v . ;“1‘.
r Am i

1
i
I

2=1 m=0 i

- A .. =
The V defined by Eqs. (2.19) and (2.20) are_caaled surface spherical
harmonics. The quantities J, ~and 1y, =~ are rel%ted to the volume inte- e
. Efl

_grals appearing in Eq. (2.,19) and thus are paréﬂetérs describing the dis= ..

tributed mass for which they are calculated. In pﬁ@gpgce, these constants

cannot be determined directly for a given planet, bu%@stt be inferred from
experiments such as observations of the perturbing effect of the planet on
the motion of other bodies. The-constant.”éé 'is the mean equatorial

radius of the central body. : .
Some simplification of Eq. (2.20) results if the origin of the coor- -
dinate system is taken at the center of mass of the body. Then, from Egs.

(2.16), (2.17), and (2.20),

1l
v = z s G j - :
1 AV = - p cos ydm = 0
m-Q lm r?. " _ B
so that o .
o wooa Lova, m, '
Vv = = T Z. 2_ TaL Jlm PQCCOS $) cos m(ﬂ’-wlm)
: =2 m=0 p :

"
|
Sl i
6
7
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If in addition the body is axially symmetric about the Z axis, i.e.,

D = D(p,B), it is easily shown that

J 0 if m # 0

m

and the potential becomes

M 2 Hai
V 2 -o=- § —= J._ P (cos ¢) .
P o= r‘IH-.'L _izo £

Interpretation

Insight into the effect of the individual terms in the expansion of
the potential can be obtained by replacing the actual distributed mass with
an equivalent body of uniform density. The approximate shape of this equiv-
alent mass ¢an be determined from a study of the variation of the potential
with ¢ and ¢ at a constant radial distance r . Values of V that are

_less than =i will indicate that the equivalent body-has more mass in the

]

region than it would have if it were a homogeneous sphere. Similarly,
values of V greater than - %- indicate a mass deficit.

For the purposes of this discussion, assume J, > 0 and define.

2m
= Vzm m
'”Vﬂm = =g = Pzgcos $) cos m(w"wﬂm) f
Ba
A+l T tm
rl i

Then, Vkm can be used to demonstrate the dependesnce of V on ¢ or w}

For example,

7 1 3
Voo = P2(cos $) = - 4 5 cosT .

7 o o
ths quantity has its maximum value at ¢ =0 and 180" , its minimum at

ﬁ : | ' |
b :'900 s. and zeros.at cos ¢ = i,J%; or ¢ = 55°

Ay

and 125°. Plotting

s

&
O F
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Véo radially on the surface of a sphere yields Fig. 3a. The shaded areas

represent an excess of mass; the unshaded, a deficiency. For convenience,
Fig. 3a will Le drawn as shown in Fig. 3b. By a similar process, Fig. 3¢
can be obtained for 'Véo

> 0) or oblateness (J

. It is common practice to designate Vo, @8 the

prolateness (J < 0) and V ,» for obvious reasons,

20 20 30
as the "pear shape" effect.

Note that all of the terms in V for which m = 0 are axisymmetric
and this divide the sphere into latitudinal zones. It-is logical, there-
fore, to refer to them as zonal harmonics. The remaining terms are called

tesseral harmonics.

An examplé of a tesseral harmonic is V sketched in Fig. 4a. It

32

is apparent that these harmonics have zeros of both latitude and longitude,

That is, whereas the zonal harmonies are latitude dependent only, the tes- . ";3‘

seral harmonics depend in addition on longitude. A special case oceurs "
‘when & = m . The tesseral harmoniés for which this gOnditiog is satis-

fied are known as sectorial harmonics because they divide the sphere into

sectors. The sgctérial harmonic V22 is sketeched in Fig. 4b. Additional

information on the sphérical harmonics and procedures for determining sz

and wzm can be found in Raf. 3.

The expression for the potential given im Eq. (2.20) is not in the
forin employed in the analyéis that will be presented in the next chapter.
' The following paragraphs are devoted to a discussion of the necessary

modifications.

The Potential in Terms of the Orbital Elements . s
The form of the poterntial neéded”ﬁsfﬁgﬁgéneramfperturbations'solu—

tioﬁiié partially dictated by the partieﬁlar method used. The wvon Zeipel

“techﬁigue.appligd by Broﬁwer (Ref. S)Irequires‘only that the latitude ¢
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(¢) I,m= 3,0

FIGORE 5. Exaomples of ~~nal Harmonics



(b) I,m =2,2

FIGURE 4. Examples of Tessera | Harmonics
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be written in terms of the Delaunay variables and the true anomaly f , while
the procedure used by Kaula (Ref. 6) and Ingram (Ref. 7) necessitates the
development of the potential explicitly in terms of the modified Keplerian
variables a, e, I, §, w, and 2 .

In his well-knuwn paper, Brouwer considers only the effects of the

zonal harmenics V20 . VB‘O ) Vuo , and VSO

for the Earth. Thus, the potential of the Earth is approximated by the fol-

,» which are the dominant terms

lowing expression:

2
ua ,
i NN N
V"r 5 Jzo(.2+2cos¢)
r
ua _ _
_ 8 .3 .5 3
- - JS_O( 5 Cos b 3 cos ¢)
. " | (2.21)
ua . T :
e 3 15 2. .35 u
; ) 940'E T cos’¢ +1§ cos ¢)
naS . L _
| - ;}?— 'JSO(B cos ¢ Py cos ¢ * g cos $) .
Referring to Fig. 1 and applying a relation fromﬂépheﬁical trigonometry
yields
cos ¢ = sin I sin (w+f) = sfn I sin (g+f) . (2.22)

Substituting Eq. (2.22) into Eq. (2.21) and using the relationships between

the Keplerian elements and the Delaunay variahles leads to

L |
na’ _ 2 _ 2
v o= -2 3 'JQO( 2)[( =+ 9'“2) + (2 + 3 2)cos (2g+2£)]
r _ G .G “
uas_ -
e '3 .. 15 .8 .. . . | S
- ;-&- JSOL( 5 s:Ln.I t 5 sin I)sin (g«f) o (2.23)

©n

- -B- s.inaI sin (3g+3f)]
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4y ,

ua +2 R

e _ 15 H 35 H
] q

rs 4 G2 8 G

on 11l L4

(2o HE D H L, s (28 4 26)
6 3 G2 6 GM

35 35 H2 Hu

uas (2.23)
e 15 in 1 - 205 5031 ¢ 318 LinP1y si
- ;E" Jso[(8 sin I g sin I = sin I)_Sln (g + £)
35 . 3. 15
+ (3zsin’I - 35z sin °I) sin (3g + 3f)
63 . 5 .
+ 755 sin’I sin (5g + 5f)].
Replacing J20 R JSO . @40 ., and J50 with the constants defined below

gives Brouwer's potential exactly.

2 Y

e . . J20% L= uo%e

2 © 5 v 5 T
| (2.24)

A, = J. a A= J S

%% 30 e 50 50 %e

The derivation of the potential used by Kaula and Ingram is extremely
involved and will not be given here. For the interested reader, it is out-

lined in Ref. 3 and discussed in detaii in Refs. 8 and @, The final result

is . .
" © % uai L ©
V = === 31 I — I F, (I) I G, (e)s (w,M,2,8) (2,25)
r 951 m=0 a2.+1 p=0 imp gz Lpq Lmpq
where

14-m even
_ cos
s = d $
impq Zm :a:J.n,R'__m odd Lmpq

(2.26)

2mpq (2-2p)w + (2~2p+q)¥ + m(Q-6-2, ). .

o

The variable & is the angle between the body fixed X axissand the iner—'

tial axis used as the reference for & .
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Note that M is used to designate the mean anomaly to aveid confusion

ﬂmp(I)

and Ggpq(e) are given in Appendix C. Also, tables of these functions

with the summation index & . The expressions for the functioms F

can be found in Ref. 8.

Theoretically, the infinite series in Eq.(2.25) converges whenever
e ; 1. In practice, however, the summation on g and the summation in
Gﬁpq (which is a power series in e) ;re truncated to discard all terms
with e raised to higher than a specified power. The infinite series

then becofies a truncated power series in e that convérges only for

e < 0,6627... (see Ref. 10).-

I1.3 Canonical Tramsformation Theory

e

The last section of the present chapter is concerned with a brief
discussion of the theory of canonical transformations W@ich is the basis
of the von Zeipel methof. More extensive treatnents of this topic ap-
pear in Refs. 11, 12, and 13.

In classical mechanics it is shown that the equations of motion of

a dyﬁamical-system under the influence of forces derivable from a (possi~

-biy time dependent) potential can be writtenm as

P % ¥, 7T dp
ma -
f)T = =H = - E-I:I— .Q.Ii cen E.If‘_

where '@ is an n=vector of géneralized coordinates, p is an n-vector

of generalized momenta, and H is a scalar function of q , p , and t
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called the Hamiltonian. This set of 2n ordinary differential equations
of the first order are referred to as Hamilton's canonical equations.
The Hamiltonian representing the dynamical system is obtained from the

Lagrangian L(q, §, t) through the relations

H(q,pst) = p & - Llq,d(q.pst), t] -

Consider now the transformation of variables

Q(q,p,t)

O
It

P,Q) ~ nx1 (2.27)

g
1}

P(g,p.t) .

This transformation is called canonical if the eguations of motion in the

new variables (Q,P) have the canonical form, i.e.,

¥ o= K

. T

P* = K
Q

where K(Q,P,t) is the new Hamiltonian. Introduction of the function
S(q,P,t), known as the generating function, allows the camonical trans-

formation to be completely defined by the 2n + 1 equations

T |
= s . 2.28
P q ; ( )

T - o .
Q Sp | - (2.29)

‘ Hq,p,t) + 82 = K(QP,t) . (2.30)
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The procedure then is to specify K(Q,P,t) and to replace Q and p in
Eq. (2.30) with Sg and S: » respectively. This yields in general a non-
linear partial differential equation for 8 . After the generating fune-
tion has been found, Eqs. (2.28) and (2.29) can be used to obtain Egqs. (2.27).
Canonical transformation theory provides the following interesting
approach to the prqblem of determining the motion of dynamical systems.

Assume that the new Hamiltonian K is a function only of the new momenta

P . The canonical equations become

: ﬁT = -KQ = 0 =>P = C(Cons.
5 b T . v .
Q = KP ¢ f(P) = Cons. .

Thus, if a transformation that eliminates the coordinates from the Hamiltonilan
can be found, the probleﬁ:is solved. The von Zeipel technique accomplishes _/“

this elimination by a method of successive approximations. /

R e R

o
3
&
\




CHAPTER III

TWO GENERAL PERTURBATIONS METHODS

The perturbation technigues that have been developed for solving
problems which arise in classicalﬂgelestial mechanics cdn be divided in-
to two broad categories according to the form of the solution obtained.
The first category, that of special perturbations, isjﬁoncerned with the
use of computational algorithms to generate solutionéfin numerical form
(i.e., numerical integration). Such procedures have the disadvantages of
requiring large amounts of computer time to perform the calculations and
of being unsuitable for determining geﬁeral characteristics ¢of the motion.
Techniques in the second categorv, known as general perturbations, yield
solutions in analytical form and thus are not subject to the limitations
enumerated above. However, these methods are usually diffieult to apply
. and give aceurate results only over limited. periods of .time. P : : w~:%v

A subdivision of the last category can be made on the basis of the |
variables employed. Some techniques are formulated in terms of variables -fﬁ
which undergo large c@gnges in short perieds of time, such as Cartesian 5
:coordinates and VeléZities. Other approaches use quantities that change Tﬁ
only slightly over long periéds of time (e.g., Keplerian éiements). Va-
riables of the latter type are used in both of the procedures discussed

-below.

1ITI.1 Kaula's Method

The following approach, which appears to be a modification of a well-

known technique used in the developméht of plaﬁefary theories in classical

22
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astronomy (Ref. 12), was applied to the problem of Earth satellite motion
by Kaula (Ref. 6).

The method is used to generate approximate solutions to ordinary

; differential equations of the form
: E = €&f bd(é) sin 8 + ¢ z Bas(ﬁ) sin eaB o (3.1) N
7‘7. a a,B
i hn = €I ca(g)cos Ba + e I CGB(E)cos eaB (3.2)
. o a,B -
; g = w(g) +eIld(Eleos B +¢c I DaB(E)cos %8 (3.3}
3 a a,B
E where f%
ea = an (3.4)
. T T
15 Gas = an+Beg. (3.5)
g In the previous equations, E’ba’ and BaB are m-vectors, n , ca , and
a: Cas are n-vectors, and % , w(f) , da » and DaB are p=vectorz. The
- o and B are n- and p-vectors of summation indices, respectively. The
é scalar parameter € is assumed to be small so that the variables £ and
§ n are slowly changing. In partiéular, € 1is assumed to have a magnitude ;;
) such that the w(g) terms in Eq. (8.3) are large relative to the periodic

terms. Finally, it is assumed that net all of the elements of the B vec-

4 tor vanish simultaneously.
% ? The solution-to the problem can easily be obtained whem € = 0 and

is

£

4 E = Cons, = £ . 43.6)
i - o

3 n = Coms. = n 2{3.7)
4 z = Cons. +w(®t = T+w@Dt. - (3.8)
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For the unperturbed motion then, all the variables are constants except
the gy which are linear functions of time. It is expected that the so-
lution should not cﬁange greatly if e 1is allowed to take on a small nen-~
zero value, Thus, the expressions above could be used as a first approxi-
mation to the exact solution. A slightly better approximation is employed
by Kaula and can be developed as follows.

First, choose the unperturbed solution given by Eqs. (3.6), (3.7),
and (3.8) as the first approximation. Substituting these expressions for
£, N yand ¢ into the right hand sides of Eqs. (3.1) throﬁgh (3.3) and

integrating the result yields
E = £+ e[é ba(g) sin Ba]t

6(5)
- e g ———?—;-cos {ar n+ B [C + w(E)t]}
o, w(Z

n = n+ €[é cagg) cos Qa]t

c (%)
ve 1,2 cin{an+e [§ + w(i)t]}
a.B T
w(E)
o= T+ w®t+elsd (Deos 7 7t + 30L& J (e-E)dt
o o o d-g' i 3
€3] ) :
. e Dag'®? sin {a'n + B[T + w(Dt1} .
=B 8T w(E)

The terms in the solution that are multiplied by € to the first power
dw(E)

_ dz
panding w(g) about £ = E and retalnmng only the flrst order term in

comes from éex-

are called first order terms. The term containing

performing the integration. An examination of these results reveals that
both n and ¢ have first order terms that are linear in time and thus

become large very rapidly. Neglecting these termis in the trigonometric
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A - "arguments will produce first order errors in the frequencies of the
o trigonometric terms. In essence, the frequencies of the true solution
?' will differ slightly from those of the approximate solution. This will
;1: result in very long period first order errors in all the variables as
:i illustrated in Fig. 5. To eliminate these errors, Kaula includes first
. order terms that are linear in time in his first approximation, given
3 below (Ref. 3).
g = E (3.9)
: Y = N+ 3 = n+Rc .
n n+¢ co(E)t n + nSt (3.10)
e o= T [® +e (DIt
| (3.11)
= + CSt
é ' ©  With this first approiimation, the trigonometric arguments 3; and eaa
i become
%; A I
.! 6, = @ (n + A_t)
: P 08 = © (n + .nst) + B (C + cst)
o = , T, Ts ..
3 = Gt (a"h  + B'C )t .
5 | Substituting into the differential equations and integrating as before
% gives
| _ b_(E) o |
: £ = E-¢ & —Z—cosla (W+it)] :.:
i o _a'ns : _ (3.12) .
i B _(E) |
= - € I :ﬁﬁi______ cos A8 . + (ah_ + 812 _)t] &
S ak o ns'+6' ‘;S \\"\‘- ﬁ ;
_ ¢, (E) . g
nm = n+ntt+e I — sin [a"'(n + n t)] f
£ . s ) T. s ¥
a0 o n : %
§_ E o ( -_) (3.13) i
3:- - - T e » .
g t+ € I = B 7 sin [eas + (aTnS + .e_,T'-;S)t]
: a8 0 A ABL o .

I
)
)

"
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_ . i b (D)
g:g-}-;st— d.E{z -—-—z-sm[a(n-i-nt)]
a#0 (a g ) ,
B (%)
+ I ""'1'"'9'8""1-7—2' Siﬂ[@as + (G.Tﬁs + BTES)‘t]}
o,B (a ﬁS+S ES)
+ € I g 51n[a (m + n t)] -
30 o' n
s
@ N
+ £ I -T—OL@T_ Siﬂ[@aB + (aTﬁS + BTQSD'L']

a,8 o ns+B ;s
The following types of terms appear in the solutions.
| ‘1, Secular -- The equations for n and ¢ . ¢ontain linear functionms
of the time t , known as secular térms, that are the dominant

pertiong of the solutions for these variables. The secular terms

in gi are of zero order in é while tﬁoge in the ni are of

first order. Thus, the magnitudes of the ¢ variables will in- j%

créase much faster than those of the n  variables. -
.2....Short périod,-— ALl of the~equation3ween%ainpe?iediete%ms~hav= e ;;"““

ing leaB as the argument of the trigonémetric funetions. Since '.. _;

a zero order secular term CBTést) appea%s in 6 the periodic,

. GLB’
terms will ﬁroducefhigh frequency oscixiations in the solution.
They are therefore referred to as shorﬁ period.germs.

35 Long perlod """ = The equations for &, ﬁ, and *; include trigono-
metrlc functions with 6 as the argument The first order secu-

lar varlatlan of Ba (due to aTn t) Wlll produce oscillations

that are much slower than the short'perlod-changes described abové,

-~ For this reason, the'parts of the solhtion periodic in 3; are

called long perled terms.
The selutlons, then .are given as a superp051t10n of three different

- types of terms as 1l;u§traxe¢‘1n Fig. 6.

%
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Secular

Short
Perlod

a(t)

Period -

FIGURE 6. Representation of the Solutions
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:‘ An interesting phenomena is observed in connection with the long
?; period terms in the solution. Referring to Egs. (3.12), (3.13), and
Eg' (3.14), it is noted that terms of this type aPe-mulfiplied by the small
!51 ‘ parameter € and therefore appear to be of first order.. However, the
Eé denominators of these expressions are aTﬁs which is itself first order

in € . Cancelling the small parameter in the numerator and the denomin-
ator leads to long period terms of zero order (i.e. terms multiplied by

). Similarly, first order long period terms will be obtained in the cal-

f “-gulation of the second order effects. Thus, it is much more difficult to
iﬁ obtain first order long period terms than it is to calculate first order

secular and short period terms. The importance of this,éharacteristic will
become evident in the discussion of the Earth satellite problem.
The procedure for generating second (e?) and higher order approxima-

tions by Kaula's method is not presented here because it is not required in

: %tl.. “=%he:discussioﬁ-cf'Ingram*§'36lﬁfioné; However, it is hoted that the process
Ay is similar to the one used by Kozai (Ref. l4). That is, the first order so-
& : lution given by Egs. (3.12), (3.13), and (3.14) is substituted into the right

hand sides of the differential equations, the resulting terms are expanded in

Taylor's series about the first approximation (Egs. (3.9), (3.10), and (3.11))

; and, for a second order solution, only terms of second erder in € are re=
Q tained. Further information on this topic can be found in the discussion of

% Kozai's work im Ref. 15. A study of Kaula's solution and of Kozai's method

,ghaé led to the tentétive coneclusion that both techniques are equivalent to

the generalized method of averages (see Ref. 18). The higher order approxi-

mations obtained by the method of averages have the following characteristics:

o

T e
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1. They are combinations of secular, short period, and long period terms.
2. Long period terms of the nth order result from the calculation of ef-
fects of order n + 1 .

3. Mixed terms (trigonometric functions multiplied by time) do not occur.

‘The last question to be considered concerns the computation of the
barred gquantities (mean values) appearing in the solutions. The values of
these parameters depend upon the initial conditions for the original set
of differential equations. Thus, if go, Ngs and ;, are specified val- .
ues of £, n , and ¢ , respectively, at the initial time (t = 0), Egs.

(3.12), (3.13), and (3.1u4) (with first order long period terms included)

yield
_ b () . B@B(E') _
g = g + £ z - - CcOS O n + g ] — cns 0 A
o T. o T T aB .
a#0 o Ng .8 o ns+B 2 5

+ £ {(long period terms)

e (%)
P — Qr B . - —
n = n_+- € 1L —= S1N & N
o T
oaf0 o' n
s
=T - E 5 e - sin O + € (long périod terms)

T. T: aB
a.B a nS+B gs

s ®
_af ~ sin 0 ,}

af

b () __
d_i"_{z -3%.~‘—-25ina?+ A TR TR
dg¢ a#0 (aAnS)] a,B (a nS+B Zs)

o]
n
A
+
m

(%)
o » gl
+ € L f,'I..'fsll’l‘Dll':l"'5Z Te T.
a0 o nS a,B a nS+B gs‘

D . (E)
_GB Sin 6
af

+ € (long period terms) .

The previous equationé"can be solved for E', E', and T by an,

iterative technique. However, it generally sufficés;FO'neplace the
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barred quantities on the right hand sides of these equations with initial
values. This is permissible because the error incurred is of order higher
than the [irst.

This completes the discussion of Kaula's technique. The von Zeipel

method is presented in the following section.

II1.2 The von Zeipel Method

The problem of determining solutions of the system of canonical

equations
o T
= H.
q b
T
= -H
P q

was briefly discussed in Section II.S; It was noted that the_prebleﬁ‘is
trivial if the Hamiltonian is independent of the coordinates qQ . Thus,_ |
fhe éoiﬁfién céﬁ.gé.obtéiﬁéd Eyrfihdiﬁg'a:caﬁonical transformatidn to a
new set of variables such that the new Hamiltonian is a function of the

momenta only. In general, however, this procedure is difficult to apply

because the required transformation is described by a generating Ffunction

which is the solution of a nonlinear partial differential equation. The
von ZeipelJmethod is a technique for determining this generating funétion
by successive approximations. |

At this point the notation will be changed to make it correspond

more closely to that used in celestial mechanics. An the following para-

graphs, thée generalized coordinates will be designated by & rather than

'q » the generalized momenta will be designated by L , and the function

F(L,%) defined by
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P(Laﬁ) = ""H(RrsL)

will be used in place of H. Itis common practice in celestial mechanies
to refer to F as the Hamiltonian. Note that, without loss of generality,
the Hamiltonian is assumed to be explicitly independent of the time t

(see p. 531 of Ref. 1). With these modifications, the canonical equations

become

e
L]
3

(3.15)

=y
n
[

)

In the following discussion of the von Zeipel method, consideration
will be given only to Hamiltonians of the type encountered in the usual
problems in celestial mechanics. That is, F will be assumed to have the

form

F(L,&) = FO(L) + eFl(L,z)_+ 52F2(L,z)  oeus (3.16)

where € 1s a small parameter and the Fi(i £ 1,2,,..) are periodic of
peried 27 in the components of & .

The procedure, then, is to make a canﬁnical transformation from
(L,%) to (L',k') such that the new Hamiltonian % is indepgnd&pt of
%' . The transformation is te bé_specified by the generating function.

S(L',2) and is ‘therefore éiven bﬁ the equatioﬁs

L = §° . 2 (3.17)

n
)

Corstay = man . EERERT)




" With the previous assumptions, Eqs. (3.17) become

33

It is assumed that S and F* can be expanded in powers of the small

parameter e , l1.€.,

S = S +¢€8, + 28 4 ...
[} 1

2
(3.19)

% = % % 4 e2F% + ... .
F Fo + g Fl + g F2 + ;

Since the solution to the problem is known when € = 0 ,Eﬁhe canonical
transformation is chosen to be the identity tgaqsformatioﬁffor this zase.

- 137
so_ = (L')" ¢ .

as. \T 38, \F
y "1 2| 2
L' + ¢ (3E‘) + € (EE_> + ure

L =
o e L (3.20)
t = ‘ 3 . e |
z - £ + e a:L' + E aL' + [ I L

Equations defining S and F" may now be developed as foilows. Substi-

'tﬁting the expressions for L , &' , F , and F* from Eqs. (3.18),

(3.19), and (3.20) into Eq. (3.18) yields

(asl)T 2(3'52 ' . (BSl)T 25, \!
881 T ) 382-T ’ : _
2 ' 1 2 2%2) |
+ g Fz[p te\ag tef\ 57 Foeaea b+ 4.

= FR(L') + eF#(L') + e2FR(L') * ... .
o 1 , 2

Expanding each term in a Taylor's seriés about L=L' and 2" =g égives
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T ~ \T 2 . \T
Py s emo(on) , 2 o2} 1, 3 ¥ (35
° L' \3L LT \ 34 25 3 G2 \B*
o Lo (s YT
X . : '

#(L,! v (1! 2p8(l
FQ(L ) +e Fi(L ) + ¢ Fé(L') + ...

where, for example,

i oF oF

¥ -2 &z £

i T.! = ] *
: 3L A

Equations (3.22), (3.23), and (3.24) below then follow from Eq. (3.21) by

the process of equating terms containing the same power of the small param-

gter & .
F(L) = PRLY (3.22)
OF, (asl)T e
ey ——— ' ! - el . P3G ’
w2l ¢, 0 s R (3.23)
8F [as,\T 2s, 92F_ [3s.\T oF. /38 \T | 3
o (P2} L1 %% TR (051} Ey (0% 00 0 = (LY )
3L (az ) YT 2 (az ) t e (an ) + FplLts0) = FR(LY) (3.24)

The zerc order portion of the new Hamiltonian F¥% is obtained immediately

1 and Ff must be determined from Eq. (3.23).

R Howevef, this single equation is not adequate for determining these fﬁqpu

\‘h‘g_»',

- from Eq. (3.22). Both S

tions uniquely,
Equation (3.23) can be solved once either F? oy Sl is specified.
It may be possible now to exploit this arbitrariness by choosing P?' or

-Sii in such a manner that the amount of work involved in developing a

/
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solution is reduced or that the accuracy of the final soluticn is enhanced.
As will become evident in the discussion of the example problem in Chapter
IV, the second considération suggests assuming that 81 is periodic in the
components of £ , Inasmuch as Ff is a funetiomn of L' only, it may be
chosen to be the portion of the left hand side of Eq. (3.23) that is indepen-

dent of & , i.e.,

1 2r 2w 2n BFO 381 T
F* = - I [ "ase I [_ —"") + F ]dﬂa dn oo df
1 (2“)n o ° aL' \a¢ 1 1772 n

o

1 J2n IQﬂ I2w 5

= i "ae . F dﬂ. dgn L] odg = F ::

(2 )n ° o Jo 1 172 n is :

where Fls is called the "secular" part of F1 . Then, Eq. (3.23) is re- 'i

placed by the equations
e e e _”Fls”_iu F%...T e e _%E_

. T - 25 )
aFo(asi) /- (3.25) A
str\ag ) = “(Fy - Fyg) FCFy |

The quantity Flp is purely periodic in & and therefore is referred

to as the periodic portion of Fi . Saying that Flp is purely periodic

in % means

1, Flp is periodic in &

2. The secular part-of% F is Zero.

1p

Mathematically, these conditions are

1. Fip(L’ Bgs Rps vee &+ 27, i En) s Flp(L’ 2) for m=1,2,,..n

1 2m  e2m 2w - B -
2 . (2“)n Jo !o "o Io Fi}:"‘rdi;ln d22 ) - dﬂ.n = 0 .
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Note that the partial differential equation for Sl ylelds a

generating function that is also periodic in £ as was required., The

gclution of this partial differential equation can be obtained, for ex-

ample, by the method of characteristics (see Ref. 16).

t
With Sl known, Eq. (3.24) can be solved for 82 and F2 in the

same manner. The process is continued until the generatimg function and

the Hamiltonian have been determined to the desired order. Hence, if

% e _

F and S are given to order m in e , the solution is
: ] g T

L' = (1-"2,) = 0 =L' = Cons.
| PN (F*'5$ﬂs“' c = (L') + (L') +
- - L?‘i}[ - ons. - I'.Do - EZU.\l . "0
L m '
+ € wm(L )

;i = 4" = 8' + (0w + cw, + ... + £'w_ )t o
; o © e Tl T m o i
: o (asli - (asm)T
. . = ! e B | s
f L L' + ¢ \52/ * t e \357
: _ m (asl)T e
& = 1 : * ea. w - —_— - e S
g % Rt (w + ew, + &f 2t - €\ | E
i § : (as_)T*= ) /
] e _ em m . o
ir - s \oL'. * :

In common with the results given in Section II1.1, the solution is a
combination of periodic and secular terms.
It is important to note that undep certain circumstancgﬁzthe pro=

cédure presented above fails to produce'the desired transformatiéﬁ”to a

* new Hamiltonian containing momenta only (Ref. 17). Consider, for example,

W
i

a Hamiltonian of the form

2,)

2

F(Ll,L2,£l,£2) = Fo(Ll) ¥ € Pl(Ll,L,,zl,

il R S SO

(i)
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with Fl periodic of period 27 in 21 and 22 . The new Hamiitonian
%

F (Li,Lé) and the generating function S are to be obtained (through
first order) from Egs. (3.22)_and (3.23). From the first equation the

zero order portion of F is found to be

bR
~
-
~—
]

Fo(Li) .

o
Both Sl and F must be determined from Eq. (3.23) which becomes

1
3F 38
o -_l ' : o ¥ BER)
-Li anl (L ,ngl gﬁ) - El (L.,L2)
or
38, (aro)'l %
— 2 s | — L - F_ALY.L')] . 3.
N L] [F, (L] sk5 sy 44,) FJ (Ll,L2)] (3.26)

95

Since S, is assumed to be periodic in El » the derivative === is

Y 5N
purely periodic in this variable. It follows from Eq. (3.26) that

* 1 2m
Fp (Lyoby) = 3 J FL(LI,LE.0 50,08, . (3.27)
: Ry Lad Rl Rl |

But the average of Fl with respect to 21 may be a function of the co-

) . " :
ordinate 22 while Fl must contain momenta enly. Thus, if the fune-

tion obtained by averaging Py with respect to 2 contains 2, » Eq.
(3.27) can not be satisfied and the procedure fails, It is this diffi-

_culty which prevents the determination of a complete solution to the Lunar-

satellite problem by von Zelpel's metnﬁd (see Chapter vi).
Several good dlscu551ons of the von Zelnel method may be found 1n +he

literature. Glacaglla (Ref 17) has derlved expressions that éan be used

=

to determlne the generatlpg fJnctlon and the new Hamiltonian to . any order. -
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The relaticn between the von Zeipel method and the generalized method of
averaging is developad by..orrison (Ref. 18). In Ref. 19, Hutchinson gives

an introductory discussion of the method and applies it te a simple problem.

III.3 Small Divisors and Resonance

Inherent in the preceding perturbation techniques is a difficulty
that has not yet been discussed but which has been important in the de-

velopment of many theories inm celestjal mechanics. This is the problem

of small divisors or, as it is also known, the problem of resonance.  ;
Consider the solutions obtairied in Sec.. III.1. An examination of o
Eqs. (3.12), (3.13), and (3.1k) reveals that the expressions for the peri-
~ odic perturbations contain denominators of the form
In most cases, there are a“iarge number of valueésef'the indiees- 6. and ) ,5
B .in the range of the“ sumpations for whlch the quantlty Y is very -
Vnearlﬁ‘Zero. For these values of the 1nd1ces, the corresnondlng terms in ;

the so_utﬁons become very large and the convergence of the formal serles
expansion Is endangered. Thls leads to serious questloneﬁebout the va-
~lidity of the-series soiution..n

A similar cireumstance;can-arise in the de;;;nlnatlon of the generat-:
ing fuﬁbtiens.required in'#ﬁ; von Zeipel ﬁefhod (Ref 29?. For example,

assufie théﬁ Flp"fi Eg (3 25) is wepresented by Fourier cosine series

. expansion in the vaq;ables- 2. ,1 The partlal dlfferentlal equa-

l 2,..-
tion<fdr Sl becowés o - ) | ;ﬁ:'
L eEr o T T i (L) cos(ulﬁl+a?2’2+"""°*n-ﬁn).. .
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where
. oF
v = e
i - &L!‘®
i
The solution of this equation is
= C (L) .
S, = I - sin(a 2. + o, B o+ 0us + o ) ) .
1 a alvl+a2v2+...+anv 17 2

Again aihenominator that can become shall appears.

Browﬁé(Refile) has;gpalyzed the phenomena of resonance as-it ariseé
in the probiéﬁ;pf1§én&ulum motioﬁ in a uniform gravitational field. He
found:that two.distiﬁct types of motion are possible, resonant and non-
resonant. The pendulum is in a state of resoné;éé when it is oécillafing
about the stable equilibrium position. Non-presonant motigp corresponds to
the case in which the pendulum is making complete revolutiéns sbout its
gupportf ?rowp gh@ys thgﬁ_therfopmal series solution obtained for non-

resonant motion is not valid for resonant motion. Indeed, a small divisor

appears in the series as a resonant state is approached, Thus, the appear-

ance of a small divisor seems to indicate that the formal series solution =
is not valid in the region under consideration. This problem will be
treated further in the discussion of the artificial Earth satellite theories

in Chapter V.



CHAPTER IV

THE NONLINEAR SPRING PROBLEM

Familiarity with the general perturbations techniques described in

Chapter III can be gained by applying them to a physically'ﬁeaningful

problem for which an analytical solution can be obtained with a minimum

of algebraic manipulation. The following ﬂgragraphs are devoted to the

X déevelopment of the analytical solutions fbfaﬁhe motion of a simple dynami-
;' cal system and to cdmparisons of numerical results.

v.1 Problem Formulation

Consider the problem of determining the motion of a mass moving on

a smooth horizontal surface and attached to a rigid support by a nonlinear
. _sp‘ring- If the force exerted on the mass by the spring is proportional to
) a linear combination of the displacement (x) of the sﬁring from its equi-
5 _ ' i : )
v librium position and the cube of this displacement, the equation of motion
: of % +: %ias the form 7 :

e _ (4.1) ;

“where "k (# 0) and e (2 0) are parameters characterizing the stiffness

of the spring. It is easily shown that the system is couservative, the

" enérgy being given by

s

- . _ LW N _
: E = %2 + k%2 4 liex vo= constant . , (n.2)
Since € is assumed to be non-negative and k Eig'aésumed to he non-zeéro,
[ Eq. (4.2) indicates that the magnltﬁdgggr %X - is bounded.

4o
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As is evident from Eq. (4.1), the acceleration acting on the mass can

he separated inte two components, a linear term (—k2x) and a nonlinear

term (-exa) . The ratio of these accelerations is

3 2

~EX X
; 8 = 5 = g—-2—

-k"x k

= 4 = £ X2 .

S max 2 Tmax
k
. Now, for given values of k2 and x2 s & can be made as small as

o max max

‘desired by adjusting € . That is, € can be chosen to make the linear

portion of the acceleration dominaté the nonlinear portion. It is impor-

tant to note that the vaiue of € required to achieve this condition will

depend on the initial conditions for the motion.

The equation of motion of the spring mass system (Ed. (4.1)) can be

. rerittenas :
v X # kgx = *sxs . (4.3)
- Then, for small values of € , the problem can be treated as a simplé :
_harmonic oscillator subject to a small perturbing acceleration. The so-
lution of the perturbed problem is expected to differ only slightly from :
that of the unperturbed problem for this case. ©
Before the general perturbation techniques of thé previous chapter j

can be applied to this problem, the eQuation of motion must be put in ‘the

form required by these méﬁhod@;r-using an approach similar to the varia-

tion of parameters, define the new variables L and & by

’" . : B & = -;‘:—L- cos & : . (4.4)
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‘Hamiltonian as a function of *th

.or

42

% = -Y2kL sin & (4.4)

The:QQﬁﬁtities L and & are closely related to a¢tion-angle variables
(Ref. 22). Substituting Egs. (4.4) into Eq. (4.3) yields the differential

equations

2

€ E5-(sin 20 + é-sin L)
X 2

Eie
1

(4.5)

k + € Eé (§-+ cos 22 + é-cos he) .
2 8 m

e
]

Observe thaty for € = 0 , the solution of the previous equations is

L constant

L -~ kt +.coﬁstant..

1
»

~ For e #30_3_295-,(5,5)'are of the form required by Kaula's method (see Egs. - = = - ;%.m

(3.1), (3.2), and (3.2)).
In order to obtéin the canonical form regquired by the von Zeipel

method, the energy integral (Eg;-tsaa)) can be used to express the

Eﬁéblés L and & . Following astro-
nomical cpnvention; the Hamiltoniarn F is defined as the negative of the

total energy. Tbus,

H
|
-
[
!

é-cos ua) .

L 2]
P = -kL - ¢ LSy icos +_

2
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Comparison of Eq. ,(%."6) with Eq. (3.16) shows that the Hamiltonian given

above satisfies the required conditions. It is easily verified that Egs.

(4.5) can be written in the canonical form

In summary, for the application of Kaula's methd, the dynamical sys

tem is represented by the equations i

2

L™ . . 1 .
e =5 (sin 22 + 7 sin 42)

k + ¢ k (-3-'4- cos 24 + S cos WL)-
2 B m i

e
t

o
1]

P

For the von Zeipel method, the form of thFéqvalons is ©

. i -F, (4.8)

.
n

4
bR
"l

where

L

F = =kL - & ——-(%-+ %-ros 28 + cos 42) .

|-

2

~

In both cases, €& is assumed small.

Iv.2 Solution by Kaula's Method

Following the procedure of Section III.1, assume

L = L
(4.9)

L= Trdt o= THkQ+ep)t

r
~

where L and ¢ are constants. Substituting Eqs. (4.9) into the right

hand sides of Eq_s. (4.77).__ and ilnt'egrati;ng gives

o

L = L -c¢ g [cos 2(E+!'Zst) + L cos 4(T+iét)] (4.,10)

) i
s

G W gt D T




o

[sin 2(%+4 t) + %-51n 4(£+2 t)] . (4.11)

The quantities I and 7 are computed frum the known initial conditions

LE and Ap by using the equations below.
_ L2 ) : |
L = L, + g —==(cos 28, + = cos 4i.) (4.12)
E 2 BT Y E
2k7_ =
sE
- Lg 1
£ = 2 - g —=—= (sin 28, + 7 sin 44.) (4.13)
E 2: E -8 E
2l g

Here, 2 p is &g evaluated at epoch.

IV.3 Sclution by the von Zeipel Method

The Hamiltonian is

: 2

F = -kL%’EE—-(i-@-}-cos.QQ-f-}-'-cos42)

B _ - (4.14)
= E_'O + € Fl

‘where L is the generalized momentum and £ is the -generalized cooruinate,
Following Section III.2, a canonical transféﬁmafion to tﬁe new variables L'

and'fl' ,is made such that
_ J: | e ) m
EfL,E}-;E F(L') =. Fg(L') + sF?(L')-4 eng(Lﬁ) ¥ oee o (4,15)

The generating funetion s(L', 2} 1is expanded in powers of the Sﬁﬁll param= -
”-«eter and Egs. (3. 17) are used to wplre :L and 'I{J in térms of L' and 4.
”iSubstltutlng‘the results ‘nto EQ- (“ 15) and exnandlng in Tay_or s series’

; 4

’gyuelds the fel‘owlng relat;ons (thraugh second urder in e) whlch are anal-

T’ogoua.to Egs. (a.ﬂﬁ), (3u23), and - CS %),




[N
B
5

P=d

%’E
L

u5
' - TeR
FO(L ) Fg(L ) (4.16)
aro BSl
. ' = %(1,’'
sir -ty (L',%) Fl(L ) (4.,17)
3F 238 32F 3S.. 2 »F, 98
——--—2— l'- o ——]-'- —-—-—l ——l'* ' = F% '
From Eqs. (4.14) and (4.16),
Pg(L') = - kL' . (4.19)
Equation (4,17) becomes
98 2
IS O LAt WA SN | R
k ) k2 (B + 5 cos 2% + 5 cos 52) = Fl(L ) . | (4,20)

, is periodic in 2 is satisfied by choosing P?

to be the portion of the left hand side of Eq. (%.20) that is independent

The assumption that §

of %3 lies,

H L] ) . -
FA(L') = - EE..... . (4.21)
| 8 . :
B
Then ",“:-ﬁfii':-he equation for Sl is
a T 42 o
W ' ’B-R'.'L' z - -L——S- (cos 22 + %’- cos HR) o (#,22)
wh:,ch can easily be i;x.tegrafad te glve
©§ = = Zem= (sin 20 + > sin 4R) + S (L") . ' (4.23)
1 e 8" R . | .

“The arbitrary function of L', S (L') , can be taken as zero sinca its

value dcea not arfect the final results.

ét this polnt, Eqs. (3 ‘20) and (4., 23) can be used to ohtain the re-

lations between the primed and unprined vamables thmugh “:Lr's‘t cmder. They are

s
e e T

< i
R
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12 1
L = 3T C L' - ¢ -1 (cos 24 + T cos u2) (4.24)
2k

n
o]
§
[ o]

PP | |
= -lain 20 + E-sin ug) . (4.25)

2‘= v D A e g - X 1 1
- L » 2k3

The new Hamiltonian through first order is-
PH(L') = - kL' - g, (4.26)

The accuracy of the sclution can be increased by including the second order
secular term in % since neglecting this term leads to an ei:'r\or nf the
form €2t which may become significant in a short period of time. For

this reason the new Hamiltonian is calculated through second order. Choos-

ing FQ¥ to be the portion of the ieft hand side of Eq. (4.18) that is ii;*idef o

2
pendent of & yields

Moz oo kL' - g o e LYy L
2 . B ® kL' cFT R 5 N ._(4.27)

The differential equations for L' and- 0! .aﬁe

o= E 0= %' = constant | (4:28)

i
1
L]
o3
v
]
-
-
m
]
i e L
m
no
4
= ‘-"i
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Equations (4.24), (4.25), (4.28), and (4.29) represent a complete first
order solution of the nonlinear spring problem ("complete" means that second
order secular effects are included). However, Eqs. (4.24) and (4.25) are not

in the proper form for numerical calculations. The necessary change is the

replacement of % in the trigonometric terms with &' . This is permissible

begause the error introduced is of second order. The final results obtained

Ly the application of the von Zeipel method are

L'2 1
L = L' - g¢'== (cos 20" + = cos 4&')
3 §
: 2k
s wm ] L. . | ] l 1
s A= ' e -—3-(sin 20" + g sin W2 ) (4.30)
2K
i s g +k(1+e3-li'--- g2 E}-Eﬁ)t
- 4,3 B4 ks :

The consténﬁs L' and aé are evaluated by inverting the previous equa-

= tiops-a¥~%hafiﬁ%§ia%timew--

The jusfifiéafion for rgquiring that § be periodic in the components
of & now becomes clear. IFf thghvight hand side of the partial differen-
tial equation féﬂE.Sl (Eq. (4.22)) conralus a term that is a function of L'
only, Sl‘ will have a term that is linear in _Q_. lSince-.ﬂ increases rap-

idly with time, this term will cause §, to become large and the assumgfion
that ¢ Slh is of fivst order Qill be violated. Eéquiring § to be gériod;c
in the comp@aantﬁ of £ .prevants the appearance of such secular teyms.

The analyais given above was extended to obtaln a complete second

| opden aalutian so that the. effacts of including highan order paniodic terms

 could ba demanstvat§d. The second arder solution is
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L'2 1
L = §'-¢ —-3-(cos 28" + = cos HL')
2k 4
+ g2 =— L'a (17 21 -— cos 28' + 2 cou 4e! - é—-cos 6L')
2k5 32 16 ©°° 16
L' . 1, '
2 = L' + ¢ = (sin 22! + 7 sin 42t _ (4.31)
2k B
- g2 ﬁ (,':’E, sin 22' + L sin 42' - -l-si’n 62" - L in 84')
4B 8 " 32 g sim o 198 °F
2 -~
' - t 't
LY = R.C";,_,d- k(l # ¢ 3L - g2 -—51 L + ¢3 —'375 --—--L )t .

2 .28
4 ](3 6 kE 25¢ K

For convenience, the equations necessary for evaluating L' ‘and

2; through second order are given below.

2
LG .
' = ‘ 1
L Lo + € -3 (cos 20, + - cos M‘E)
2k |
L,
2 ~E .17 - §_ . -3_-
t et — (53 ucos?ﬂ = Ig cos 4&p)
2k
LE' | .
! » - — 3 r = el ]
bo F g - e —=5 (sin 2y + T sin 4p)
| - 5
. L2E 1
< €2 —=. (49 sin 20+ 5 sin 4L, + sin 62
Buk B2 E E

1 .
+ g sin e&E)

IV.4 Comparison and Interpretation of Results

The first and secondorder solutions of the nonlmnear sprlng problem

developed in Sectlan Iv. 3 were programmed for the UNIVAC 1108 computeh at

. the NASA Manned Spacecraft Centev and the results of the calculations were

compared with those obtained by numerlcal lntegrat;on of the equatlons of

3

,E'.-f:._f.f-' "
LR

}#@:ﬂ,;{m‘éﬂ:;&f&@u%_:.z.. B B T R e R AR A s ST



49

motion (Eqs. (4.5)). For this study, the following values were used:

LE = 1.0
Q'E = 0.0
k = 2%/10 = 0.6283184/sec.

'T5e values éf ¢ ranged from 0.0001 to 0.1.

. The.tréjectdnies generated by numerical integration of the equations
”eflﬁotion'wifﬁ e = 0.001 ovef a time interval of 50 seconds (5 cycles for
‘the unpertuﬁbg@ 6scillator) are given in Figs. 7 and 8. These figures
show that thg moﬁentum L undergoes periodic oscillations of constant am-
plitude'about a mean value of.approximatély 1.002, Also, the change in ¢
is primarily secular with & = 0.63/sec. as compared to & = k = 0.6283184/
--8eC. 'ferthévunpefturbedcaséi~"8uperimpeseden this secular change are-
7“perio§iC'o$cillations with amplitudes that are too sfiall to be seen in the
figure..

| The trajectorieé for other values of & appear very similar to the
one presented here, the differences being increasing amplitudes and de-
creasing periods of the oscillations &s & becomes larger, and an increase

- in the slope of the % vs. t curve. N

The first case for which a comparison of the exactlép@ﬁfirét order
general perfurbation solutions is made is e = 0.000&7;-fThe quantity AL
the true solufion minus fhe first order solution, is plotted over a time
ihféfvai of 50 seconds in Fig. 9. For both the s;lution by Kauia's method
and the solution by véq_Zeipel?s method, the error is periedic with neariy

 ¢ongtant amplitude over-the time interval considered. The amplitude of the
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error in the Kaula solution is approximately 5 x 10“8 whiie that of the
von Zeipel solution is 10-7. Consider now the second order von Zeipel
solution&hqs. (4.31)). The second order term in L-, which is not in-
cluded in the first order solution, is periodic_ép 2! and has a magnitude

. épproximated by

. )
3 . I
' 2 -
22— =S :-16¢2 = Lex107 .
k> k |

Tﬁis,'fOr %his valﬁe of.-s , both the nature of'the.errofs in the éirSt
order solution for?.L and their_magnitudes can be determined from the
second order térm.

A discussion of the relatively large bias in the error in tne Kaula

solution for L will be deferred until later. The only commerit to be made

-
~y

at this point is that the bias is'of.seaond'order (2 x'10_7) and therefore

negligible in the first order soilution. ™\ ™ ./

 Proceeding to the analysis of the errors in the coordinate % , one

observe°’frem Flg. 10 that both solutions yleld an error compenent which

i(

1s periodic and, 1n addltlon, the Kaula solutlon produces a secular com-
.,1 -

ponent. The“perloq%c error can be attributed to neglecting the second or-
der periodic term. This term in the von Zeipel solution for # has a

- magnitude approximated by’

)
._.‘.

s LL? . _-
2 Ea1662 = 1.6 %10
4 k k t

-coﬁpafe&'té éﬁ error of 1077 shown in the figuré. 4ince the secular
_ erron 1n the von Zelpel solutlon is very small, 1t mlght be expected that

the secular ezidor 1n‘;ne Kauaa solutlon nesults from neglectlng the sec-

ond en@er segular term. From the von Zelpel solutlon, this error after




K4
: {
N ! i i
: #}1 i o L
:!.!," ] ': i“,‘@ 5 3
2 =z (50) = 8 ¢2(50) = U x 10~ .
k
Again, the predicted error is in excellent agreement with the observed valué
: of 4.1 x iofﬁ . The third order sezular errof present in the first order
;T von Zeipel solution is predicted to be
L'? 3¢en -9
63 == (50) = 32 e¥(50) = 1.5 x 107" ,
k
a value that is too small to be noticeable in the figure.
Based on the discuseion of the errors given above, the following
observatibns;ean be made:
1. The first order error in L is periodic of nearly constant
amplitude.
2. Neglecting the second order secular term in & - produces a.
significant secular error which becomes ten times as large = . . . -
as the second ordérsperiodic error in this relatively brief
time interval. ;
3. The magnitude of the error can be predicted from the magnitude j
of the first neglected term in the solution. That is, for a &
first order solution, the error incurred is approximated by -
? ;j ﬁélmagnitude of thq.secon&‘onder terms. ;
So far, the previoﬁsréonclusiens are based entirely on the amalysis iﬁ
of the errors for € = 0.0001 . The effect of changing ¢ will now be 'é
) ) .i
. £
examlned. E
The error in L for the case ¢ = 0.001 is presented in Fig. 11. i
- The curves appear to have forms similar to those for € = 0.0001 , the:: E
imajor iifference being the slightly erratic behavior and increasiﬁgr l?
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amplitude in the error in the Kaula solution. The predicted error, given
by .

3
e2 L. 1.6 x 107°,

oy

ié in good agreemernt with the observed error.,;ﬁaté that the periodic er-
ror in the first order solution is 100 times as large as it was for the
previous value of ¢ . As before, the error in & is mainly periodiﬁ'
Ifor the von Zeipel soluticn, while the error in the Kauiarsolution has a

large secular component. The predicted value of the periodic error is

and the predicted secular error in the Kaula solution after 50 seconds is

2 .

' -

€2 2 (50) = 4 x 107",
k

both in close agreement with the observed values.
‘The preceding analysis leads to the conclusion that the tkree char-

acteristics of the errors enumerated for ¢ = 0.0001 also hold fgr £ =

0.001. A fourth observation resulting from a comparison of the magnitudes

of the errors in the two cases is:
4., The size of the second order error increases as € increases
(31nce it 1; pfoportlonal to 2).
Contlnuing to the case of & = 0.01 , two features are worthy 6}
note. .The first is the pronounced increase in the amplitude of the;error'
in-the Kaula solutlon for L (Flg. 13), the second is the appearance of |

the tchird order secular error in the von Zelpel solution for & (Fig. 14)

The magnltudes of all the errors except that in the Kaula'solution for L

E
5
i

i

L
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can be pﬁ;dicted frem the first neglected term in the solutions. The
growth of the amplitude of the error in L can be exglained_by consid-
eration of the case € = 0.1 . | |

The value ¢ = 0.1 represents a strongly pertufbed systeﬁ, the
ratio of the nchllnear perturting acceleration to the linear term havxng
a maximum of approxzmately 0.8. Thus, it is to be expected that a first
order'solution will be very inaccurate. This is verified by the results
givéh in Figures 15 and 16. For this value of ¢ , both solutions yield
periodic errors whase‘amplitudeé vary with time and both svlutions pro-
auéé large secular errors in 2 . The relatién between these effects is

indicated by Egs. (4.24) and (4.30), and by Fig. 17.

In Equation (4.24), the angular variable in the von Zeipel sclution

for L is & . In the solution programned (Eqs. (%.30)), the angular va-

riable & is replaced by &' , the secular variatfon of £ . Any error

“in &' will produce a secular change in the guantity % - &' . This; in

= turn, causes a phase difference betweenthe solutions for L obtained

from Eq. <4.24) and the first of Eqs.h(R.SO). Figure 17 shows that the

predicted phase difference does acfually occur. For the present case, the
true and approximate solutions are 180° out of phase after a period of 2%
seconds which should be eéual to the time required for 28 - 2&' to reagﬁ

180° or approximately the time’reqﬁired for AL to reach 90° (1.57 rad.).

' This conclusion is verified by Fig. 16. Such a phase difference can have

a slgnlflcant effect on the errors in L because, regardless of the

accuracy of the amplltude ef the solutlon for L , the error can have a . _f:,

~value equdl to tw1ce theuamplmtude.ef'the.osclllarmons'1n'the true. solu- -

tion. The prevmous characterlstlc, which will also appear for smaller

values Of E over longer perlods of tlme in conjﬁnctlon w1th the large'  =t

7
s
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gsecular erroréﬁiﬁ 2 leads tq}the conclusion that it is very important to
determine <%he seéular portion of the solﬁégon for & a&s accurately as
possible.

Unfbrtunétély, in most cases the accurate determination of the secular
u;ariatiop in 2 is difficult. F?P example,.for the present value of ¢ ,

the second and third order secular errors in & ave large and of the same

B

magnitude. Hence; an aaéﬁfate-solution for & would require the calcula- :
tion_bf secﬁiéf terms of muéh higher than third order. |

Afﬂ&his point the bias of the error in the Kaula solutiom for L men-
tioned eavlier will be considered im more d=tail.

o It ié suspected that the bias of the error in L is due to an error

in the mesniv=lu& of L . This mean value (T in the Kaula‘solution) from

Eq. (4.12)°1s"

2 |
T = L +¢ L (cos 20, + = cos L)
ST E. T 2. 07 . "TE 8 T TE
. 2Kk w
where :
L.
- 0 = ; . §. _E. N

In the expression that was programmed,' w was incorrectly tak:n as

' = = - o e { — : — . »
w!, b, = kte 2 (u + cos 28, + § cos HRE) ;

Since 'w and o' differ by a term of the fiprst order, the values of T
calculated with these values of w wili_difféf by second order.'~$he

‘magnitude of this error can be predictQﬁ'aﬁifolloﬁs.

o

Let L be the medr value of L based on w and L' the mean value

E E

based on W' ~Then, witp L,=1.0 and 2_ =0 ,
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?; The bias in AL for both the correct and the programmed solutions

is shown in Fig. 18. The biases differ by 1077 as predicted. Further

peduction of the error in the mean valué can be achieved by setting w = .| __

4 i T,

k . The equation fép_t%e mean value then is the same as that given by / o

7
;

Ef” the von Zeiéel solution;.and comparison of Figs. 11 and 18 shows thaﬁ{thegﬁﬁﬁj“ J?
o - o , I 4 Lo

i, a - . ; . * » “’.u-'.ﬁjff/ V
ey bias in thiz error is the smallest. However, the bias is of second order

.for pither of tﬁe possible values of "w and ié therefore negligible in a
,,;;mw.ﬁﬁu_Tfi?stngrdﬁrﬂsalutionJ_.Ihemﬁgmaind_g @i.thismgggﬁioﬁ;iS_ﬁ@veﬁed_ﬁﬂnamsigdy.u
of the nature of the errors over extended éeriods of time.

Figuré lgsﬁmggents fbe envelope of the oscillations in AL over an

interval of 5000 ssconds (500 cycles of the unperturbed oscillator) Fop .

) 'gé £ ='0.001.  The error in the.von Zeipel solution has aynearly constant

. ;amplitﬁdé while the error in thg:Kaula solutiecn experieﬁées'an inc¢rease
in amplitude whidh,Kfqr the 50 éecoq@ time interval discusged previously,

-was observed only for_higher values{;f; e . As before, thisfgmplitude
change is due te a phase d;ffgpencé caused by the second order secular

| erfor inf i .é The amplitude of AL will reach a maximum of 0.004 (100
times the pfediﬁtéd second order error) in the;time it takes AR .to

become .90° (approx. 200,000?seconds).
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Similar results are presented in Figs. 21 and 22 for e = 0.01 .
In this case, however, the third order error in the von.ggiggl solutioﬁ
is large enough éé produce an observable increase in thelﬁmﬁlitdﬁe of
‘the error in the solution for L . Theoretically, the error iﬁ.thé Kaula
solution for L should reach a maximum of 0.04 after 2100 secondgf This
prediction agrees well with the computational results. .J
Finally, Figures 23 and 24 present comparisons of the results of
”*éirSt and second order sSolutions obtained by the von Zeipél method for
€ = 0,001, The second order solution yields errbrs in L and & which
are signifiqantly smaller than those for thg}first order solution. As
before, the error in the second efder soluticn isiéﬁproximated by the.
maénitude of the first neglected term {(i.e., third ord v periedic and
fourth order secular terms).
The analysis presented in this sectiom leads to fh@ fqiiowing con=
‘clusions:
1. The magnitude of the error in the first order Solution‘in—
creases as € ~increases.
magnitude of tﬁe first neglected term if the effect of the
phase error in the selution for the momentum L is taken into
account. B ’
3. Secular errors in the coordinate & have the greatest éffect
on the overall accuracy.of fhe solﬁtion. |
4, _Thg increased aceuracy of the ven Zeipel solution as compared
to the Kaula solution is due almost éntirely to the Anclusion
of the seeond'Order secular term in the vor Zeipel solution

fgn L .
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CHAPTER V

THE ARTIFICIAL EARTH SATELLITE PROBLEM

One of the purposes of Chapters II, III, and IV has been to present
the material required in the following discussion of two existing general
perturbations solutiéns describing'the motion of an artificial satellite
of the Earth. The problem of selecting the perturbations to be included
in the analysis is considered in Section V.1. Sections V.2 and V.3 are
devoted to the developments of the general perturbations solutions with
comparigons of the results bgﬁng given in Section V.4, Finally, studies
of the phenomena of resonané; as it appears in this problem are briefly

reviewed in Seection V.5.

- ....-The forces influencing the motion of an.artificial satellite of the . . .. . ... . =

Earth are due to the following causes (Ref. 23):

1. the Earth's gravitational field,

2. the gravitational fields of the Sun, Moon, and planefs,
3. the Earth's atmosphere,

4, the Earth's magnetic field,

kY

5. solar radiation and _ : LY
Y

6. charged and uncharged particles (i.e., ions from the stn or

the atmosphere and micrometeorites).

The thi%d influence listed, athS§heric-dfag, is extremely difficult to

treat by analytical methods for several reasons. Since the characteristics

66
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of the atmosphere are not fixed, such things as density variations that
are dependent upon the position relative to the Sun (the diurnal bulge)

and those that are due to fluectuations in the intensity of solar activity

must be considered (Ref. 24). In addition, the drag forces depend in a i

very complex way on the shape, orientation, position, and velocity of the
satellite. Tﬁ;rgfor;, in the solutions presented here, the motion of the
satellite is assumed to occur im a region in which the accelerations due
to atmospheric drag are nééiigible.

The effects of the Earth's gravitational field will be considered
next. In Chapter II, the expression for the potential of an arbitrary
body was written in infinite series form ¥Eq.(2.20)). For the Earth, the
dominant term in this expansion is the first which represents the poten-
tial of an inverse gquare force field and will be called the central

force term. Of the remaining terms, the most important is V (repre-

20

“sénting the oblateness) which is a Factor of 10 ° smaller thanm the central

force term. All other terms in the potential are a factor of io'e smaller

than the dominant term (Ref. 25).

Compared to the central force component of the Earth's gravitational
attyaction, all of the other forces acting on the satellite (except pos-
sibly atméspheric drag which will.nbt be considered) are small, Thus,
these forces are treated as perturbations causing the satellite to deviate
slightly from the Keplerian orbit it would follow if the perturbations .
were absent. |

Of the influepces remaining, the only ones that can not be”negleciéd
in most imstances are the third bedy effects of the Sun and Mooﬁ. For a
satellite at an%altitude of approximately 1000 miles, these pertﬁrbing
forces are a factor of 10-7 smaller than the central force (Ref. 26) and

should be considered if the higher harmonics of the Earth's gravitationél

A P I T Ly P S o
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field are included in the problem. Since treating these effects only
complicates the analysis without revealing any new features of the tech-
niques, they will be neglected here. A discussion of such lunisolar
perturbations is given by Kozai (Ref. 27).

Then, the artificial Earth satellite problem considered in the fol-
lowing sections is defined to be the prpblem of determining the motion of
an artificial satellite under the influéﬁﬁe of the Earth's gravitational

field.

V.2 Kaula's Method as Applied by Ingram

Using a variation of the technique originally employed by Kaula (Ref.
6), Ingram (Ref. 7) has developed a solution for the motion of an artifi-
cial satellite which includes the effects of the attraction of a third

body and any combination of harmonics in the central body potential. Al-

though- the solution was formulated for propagating the orbital élements. .. ........

i

of Lunar satellites, it also has been used for Earth :satellite studies.
A modification of the solution %6 yiéld-more accurate results for the ef-
fects of the third body has been performed by Born (Ref. 28).

Ingram used a set of non-singular elements in.his analysis in ordﬁr
to avoid the zero eccentricify and zero inclination difficulties encount-
ered with the Keplerian elemgnts;uﬁﬁowever, the modified Keplerian set
(a, e, I, 2, w, and-M) is c£;SenAiﬁ the following preSentgtion to facili-
tate the comparison of the results with those obtained by Brouwer. In
addition, the treatment of the third body perturbations is not inecluded.

There weré two reasons for deci&ing to stu&y Ingram's solutions in-
stead of better known results such as.Kozai's (Ref..lu).- First, the

technique used to generate the analytical solution seemed%Veryrsimple

_compared to the von Zeiﬁel'method and yet gave accurate results. Second,
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the solutions are used for predicting the motidn of both Earth and Lunmar
éi satellites while, as will be imndicated in Chapter VI, the von Zeipel
method canﬁét be used to determine a complete solution to the Lunar sa-
tellite problem (at least not in terms of Delaunay variables).

The analysis begins with Lagrange's planetary equationsrgiveﬁ below.

: s = 2R
. " na M

D
]2

> . eos I R 1 3R

H
1

g =
W == B
2

s l-e~ 3R 2 3R
M = ne-= == —7% ;s
The disturbing function R is, from Eqs. (2.25) and (2.26), E

R = (Vv # 15) i

=¥ [ — ¢ P, (1D ¥ @, ()5 (w,4,0,6) (5.1) g
222 m=0 a*™t p=o P ge—w PP AWRQ T | #

cos

14-m éven
S!meq T Tim [sin]

@,
2-m odd mPa

szpq (2-2p)w + (R-2p+g)M + m(nae—xgm) .
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Note that the summation in R on the index g 1is to be truncated in
accordance with the discussion at the end of Sec.II.2. The variable

© appearing in ¢ is the angle between the X axis of the body

Lmpq
fixed coordinzces (Fig. 2) and the inertial reference axis for @ ,

"~ both axes lying in the equatorial plane. Thus, if the central body

is spinning about the Z axis with constant angular velocity 6 ,

where eE is the value of 6 at t = 0 .

Substituting Eq. (5.1) into Lagrange's planetary equations and let-

ting
L2 %
N @« @
r = r ¥ I 1
fmpq 2=2 m=0 p=0 g=-=

yields the following expressions for the rates of change of the elements.

2nai : -sinr
4 = [ &s&==—J F G (272p+q)[ ]¢ {5.2)
ampq an 1 "m” 2mp Rpq cos | impq |
_ nai [l—e2 1~§2 ' sin
& = £ —J, F, G, |=5= (2-2p+q) - ~=—=— (2-2p)| [" ] ¢ (5.3)
2mpq az im Amp &pq| e e 7] | cos &mpq _
. nai Gl : ' -sin:
1 = z -—J F J—P% [(R.-Q.p)_cot I - m ecse I] [ _ ] b (5.4)
tmpg aﬂ im Amp loa® ) cos Linpq o
L
i na ar, G cos | .
@ = I —==J —Efﬂa-csc I A [sinJ:¢2mpq (5.9)
fmpq a l-e | i
| ar, _ 8, \leos o |
b o= - T cot T g |l 0| 0 (5.6)
4l A 'Isin| “&mpq
-&
. na 2 dG F
M = n+ I -—E'JlmFim [Q(MJ:)G2 - Egﬁi dipg] [:?i] Qim (5.7)
Lmpq a P { Pd i pq
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It must now bé shown that these equations have forms corresponding
to those of Egs. (3.1), (3.2), and (3.3). Consider the equation for
M. For an artificial satelli%e of the Earth, the first term (n, the
mean motion) is much larger than the remaining terms. A term of this
magnitude appears only in Eq. (5.7). Thus, the mean anomaly M must
be analogous to % in Eq. (3.3) and, following the definitions of Sec.
III.l, the short period terms are those whose trigonometric arguments
contain M . These terhs are specified by the condifion L-2p+q # 0 .
The coefficients of the trigonometric functions in the short period
terms in the rate equation for  are functions only of the variables
E . 8ince the corresponding coefficients in Eq. (5.7) contain only a ,
e , and I , these variables must be analogous to the cqmpohents of the
£ vector, .The rate equations'for a, e ,and I will contain only
periodic terms becguse the coefficients of the terms vanish when the in-
dicesarehchésento makeﬁthertrigonometric argumeﬁtszéro,i.e., éhen

the following conditions are satisfied simultaneously.

1. 2 -2p¢q = 0
2. & -2p = 0 (5.8)

3. m = 0

The rate equations for § have the same characteristic so that the cor-
respondence drawn between a ,' é »and I and tﬁe components of § is
valid. |

The remaining variables, 2 and w , appear in the trigonometric
arguments of all the periodic terms and are therefore analogous to the E

componéﬁté of the n . vector. These variables are distinguished from

- the components of the £ vector by the secular terms in their rate

equations. As found ahove, such terms will not occur in Eqs. (3.1) but
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- can occur in Egs. (3.2) when all of the elements of the a vectédr are

zero. The conditions which will produce these terms in the equations
for 0 and & are given by Egs. (5.8).
" In the previcus discussion, the equivalences given below were es-

tablished.

Hence, Equatiens (5.2) through (5.7) are in the form required for the

| application of Kaula's method.

"y

The first step in the solution is. the determination of the secular
terms in the equations for 0 » W , and 'M . These terms are obtained
by selecting values of the indices satisfying Eqs. (5.8). For example,

for £ =2 and m= 0 the seculaf.rates are

hoo- ey T201 cse I "0
s g2 20 df \/::5
Bna
= aos I
2a°(1-e 2,2 "20
2 : | \ —— . a:
co. es (g Vi-e? %19 gy ot T €210
ws = =57y 201 5 I T
a : l—e
.3na§
= - (1-5 cos 1)
2(1-02)2 I20
; 2 _
na 2 dG
O _ 1=e® TP210
g = m 2 V2072018 Ca10 =~ T T )
mal L (s e’y
= m—E (1-e") 20" ; '
The expressions for LF201 and G210 _f?re taken from Rgf. 3 and are

(5.9)

(5.10)

(5.11)

=

e T e U SIS
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3 .2 1

Foop = meni-g3
, 3/2

Gpg = (1-e7) .

_In accordance with Egs. (3.9), (3.10), and (3.11), the variables
on the right hand sides of the differential equations are assumed to be

approximaﬁéd by

- a = a
e = e
— 5 !
I = I
- . - (5.12)
Q = Q+ Qs(a. e, I)t
w = w+a (3, e, Dt
M = M+nt
wheré the barred guantities are méan v&ides which are determined from .
the'initial cenditions. Following Ingram, the secular rate in M has
been chosen as n rather than"ﬁs . The gﬁantity n_ is given by
1
n o= (v_)2
o 3
a
. an-
with a_  being defined by the equation
B— = .J'u_. - | 7 C
5T = sz TR - (5.13)

As long ag R is independent of the time (i.evgontains zonal harmenics

ra : i

oﬁiy), .ao is a.constant which can be calculatéa from the epoch values
of the elements. However, Ingram uses a constant a, based upon epoch
conditions even though his disturbing function containﬁ;%ime. This turhs
out tg be.a good appr¢xima£idn-because'the a_ deterﬁined from Eq. (5.13)
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for the time dependent diéturbing function experiences changes that are
negligibly small over the time interval of interest. The justification
for choosing the secular variation in M in this manner is not clear
at this point and will be discusgéd further in Sec.IV.4 where B will
be shown to be essentially equiﬁalent to ﬁs .

Continuing with the procedure for generating the solutions, Egs.
(5.12) are substituted into the right hand sides of Egs. (5.2) through
(5.7) and the resulting equations are integrated with respect to time.

For example, the rate equation for the semi-major axis becomes

. Qﬁéi = - sin
& = & —=J, F, (I) @G, (e) (2-2pt+q) [“ ' ] o,
tmpq aﬂ-l &m” Lmp ipq ~eos } Ampg
3
- .P.—. Y
- (3
a
and = g
: ¢2ﬁpq = (2-2p)w + (R-2p+g)¥ + m(QeeE-lgm).
# [(2-2p)a_ + (2-2p+q)n_ + m($ -8)7t **
s ° S
.= '8
%mpq, ¥ %mpq t
Integrating Wi%ﬁ??espect to time yields g 5
_ .
- e . g = = £{2-2p+q) | cos
= . p m— B T 3 L *
; S a a+ . z . JﬂmFﬂmp(*) Glpq(e) 7&3 sin ¢Empq
W | mpg & Q,mpq_:

Recall that, as was noted in Sec.III.1, the variation of the mean
motion with the semi=major axis must be considered in integrating the

differential equation for M . This leads to a term of the form
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- %% J (a-Z)dt .

"_""- \ a t

The integral above can be evaluated after the approximate solution for
the semi-major axis has been obtained. Also, the secular terms in the
& solution for M are to be replaced by - nt .

The solutions for the case in which only the effects of the ohlate-

ness are considered are given below.

- T .8 o R = (2-2p+g)
a = at+t——14Jd,, E z P20p(1) Gqu(e) " cos %_015@ (5.14)
a p=0 q== | ‘pﬁ@pq A :
_ na_ 2 (I)G (e)
e = & +t=pm J,e T ¥ T20p — | _'_e (2-2p+q)
i a“ T p=0 gz $ e

20pq ' (5.15)

e (. .
(2-2p) jcos ®0pq

(5.18)

B
]

(5.17)

w = "m— # =7 i2 3 20(1 5 cos Dt ;‘.‘
¥32(1-2) - | | f

-2 - '

'lfla_e /l 62 dG2 q(e) : , ,::

t+ =— ] (I) (5-18) .

= 20| 20 i —

a e de

G (D) ,f‘
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M = M+nt
Q
-9 . , 7
nég 2 9 = (2-2p+q) — -
+—=J,. L % F, (IX3j2+=2287 7 g (o) (5.19)

;Q 20 20 qz=-c Op és 2pq
L 1?““ ®20pg
— -— 7 os

In the expressions above,
.?20PQ: = (2-2p) Qw+mst) + (2-2p+q) (M+not)u

and the summations on p and q in the equations for Q , w , and M
are limited to these values of the indices which do not simultaneously

satisfy the conditions

As before, the barred quantities in the solutions are calculated by in-

verting ‘the equations at the initial time.

V.3 Brouwer's Solution by the von Zeipel Method

The following paragraphs contain‘g discussion of one of the earliest
and best known solutions to the ar%ificial Earth sateilite problem. It
was developed by Brouwer (Ref. 5) and appeared in tﬁe same issue of the
Astronomical Journal as the contributions of Kozai (Ref. 14) and
Garfinkel (Ref. 29). 1In the original paper,ﬁféuwer_presented a complete

first order solution (i.e., second order secular terms were included) for

the effects of the second, third, fourth, and fifth zonal harmonies imn the
Earth's potential. Only the effects of the second zonal harmonic will be

eohsidefedmh%re since the effects of the higher zonal harmonics are
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relatively easy to determine. This does net mean that thése harmonics
can be neglected. In fact, as will be indicated later, they will yield

terms of the first order in the final solution.

The Equations of Motion

The orbit of the satellite is to be described by the Delaunay vari-

ables defined in Sec. II.l. The equations of motion are

L = FE, Ql = - FL
& = F g = - ¥,
H = F B o=-F,

where the Hamiltonian F(L,G,H,%,g,h) can be determined as follows.

From Eqs. (2.23) and (2.24) the potential for the problem is

uk L s w2 2 -
._w Yo L,8E,, 3 3H, .
v r 3 [( 5t 5 G2) + (2 t 3 Gz)cos (2g+2£)]
: o - €5.20)
: =—£aR.
¥ r
3? »  Since the petential is independent of the time, the system is cohserva=

tive and, following astronomical convention, the Hamiltonian is equal

to the negative of the total energy. Using the eguation

S T .
r + 3 r = VR
r

the total energy is found to be given by

E =. E‘-.‘.._

s

With the aid of Eq. (2.5) the Hamiltonian can be-writteh=asﬁ

F = -E = &—+R | _: (5.21)
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or, writing the semi-major axis in terms of the Delaunay variable L ,

| 4
2 uk.. w2 3 y g2 .3
P o= B+ 2o, 3852 (B2 8 oo (2g426)] . (5.22)
2 6 2 2 27 3 2 2 27 3
2L L G r G r

The form of the Hamiltonian given by Eq. (5.22) is the one employed in
~..the development of the solution. However, to show that the Hamiltonian
satisfies the requirements of the von Zeipel method, I must be written
explicitly in terms of the mean amomaly £ . Applying procedures given
in Refs. 8 and 9, terms of the form

(an cos m £ .

= >
where m and n are integers, déﬁ be expanded into Fourier series in

2. From Ref. 5, the expansions required here are

3 3 3
Eg, = -25 + L 2P.(e) cos j& = é%i+ o,
r R S R | e
a° ©
=5 cos (2g+2f) = % Qj(e) cos (2g+jL) = o, -
T : _ jj.TL-—m -

The periodic functions o, and o, are both purely periodic in £

1 2

since it can be showﬁﬁthat
QQ(e) = 0.

Then, the Hamiltonian is given explicitly in terms of the mean anomaly

by
4 7 -
| 2 . Wk, 1 32 1° 3 3 H
” N . o a 2 o

Choosing ké as the small parameter corresponding te e in Eq.
(3.16), the zero and first order pqrtions of the Hamiltonian are iden-

tified as follows:




79

l-12
F, = =3 (5.23)
2L
W'k, 1, 38%a . .3 3 H%a
F, = —;5— [(- Zt E-G—z-):é- + (3 - EG—)-;Q- cos (2g+2f)]
X (5.24)
u'k 2 3 2
2 1l 3 H L 3 s H
s —L[(-F+25) (Bx+0) + (F-2550,] .
LG 2 2 G2 G3 1 2 2 G 2
In contrast to the convention in Sec. III.2, the small parameter is re-
. tained in Fl so that
F o= F_(L) + F (L,G,H,2,8) - ¢3.25)

Inasmuch as Fy is a function of L only and F. is periodic in &

1
and g (h does not appear), the Hamiltonian satisfies the requirements

for the application of the von Zeipel method.

Outline of Brouwer's Method

Brouwer uses the von Zeipel method presented in See. III.2 to per-
form a sequence of canonical tpansformations from the original variables
to the new variables L", @&", H", 2", g", and h" in such a ian-
ner that the new Hamiltonian F** is a function only of L", G", and
H" . The integration of the resulting system of canonical equations is
trivial. The first transformation is required to yield a new ggmfltonian
P th;f contains the new variables L', @', H', and g', b;t not the
variable 2', through second order. A& second traﬁsformation:is then gen-

fefe o

erated to produce a Hamiltonian F containing only L", G", and H"

through second order.

The Short Period Terms

It is now desired to determine a canonical transformation from the

variables L, G, H*% g, and h_ to the variables L', G'?

kY
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. F2
H', &', g', and h' such that the new Hamiltonian F does not

contain &' . The transformation is specified by the equations

L. vos 8
G = %3 g = &, (5.26)
and
F(L,G,H,Q,g) = FO(L)+F1(L,G,H,R,g) = F*(L',G',H',g') . (5.27)

Applying the von Zeipel technique, the generating function § and the new
=
Hamiltonian F  are assumed to be expandable in power series in the small

parameter k,_, . Thus, using subsecripts to indicate the order of the term,

2
it
8§ and F are given by

s(L',G',H',2,g,h) = So_+ S, + 82 + ... (5.28)

1

% s % % %
F (L',G'",H',g') = Fo +_Fl + F2 + see | (5.29)

For k2 = 0 , the problem is trivial and therefore So is chosen as
S = L'S+G'g+ H'h . (5.30)

Further, sinée H is a constant (Because h does not appear in F), there
is no n§ed to transform this variable. For this reason h is assumed to
oceur iﬁn $ only in S, -

With the aid of Egs. (5.26), (5.28), (5.29), and (5.30), Eq. (5.27)

becomes




98 as :
1 2
t .. &
FO(L tsts t cee) .
BS a8 s 38
1 2 1l 2
r ' —— e — t —_—
+ (L tertspt - 5g + == T
= Fo + Fl (L',G',H',g + et et |

]
F2 (L',G',H"‘g + e o em— -ou) + s e

Expanding each term of Eq. (5.31) in Taylor's series through the second

power of k2 s the result is

3F /9% 38 32F /3s8.\2
B (L) + .o( 1, 2)1,% 0( 1)
5 .

1
3L' \ 3L = 3% o2 \ 3

oF . 38 oF. 938

l "l 1l

t !
+ F (L 5G' H' ;0,g) + T 5t saT 5
| oF. " 28
% % 1 1
= ; al 5 -t ot L
-Fo (L') + Fl (L',G' H',g) + TRE

F ]
+Fy (L1,G'H g + us s

The following equations are then obtained by equating terms of the same

order.
Order 0:
F(L') = F (L")
o o
Order 1: )
oF asl &
aL? TR FALIES H Lg) = Fy (L7,6',H,g)
Order 2:
QFO 382 . é.a F (381) .+ BFL BSl . BFl SSl
L' a2 BL'2 YA - aLT 2% oG' 9g
- or, " a8
. % 'l ' 'l
= F2’ (]}"sG' ,g) Ll v g "FGT

8l

(5.31)

(5.32)

(5.33)

B Lo s T s
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This process may be continued to yiel& analogous equations for higher
orders.

Equatioms (5.23), (5.34), and (5.35) can now be used to determine

% P % _ _ . .
FO ’ Fl . F2 ) Sl, and 52 . From the first equation,
:':( . (L 7 ]-,12
FO L ) - FO L ) - _'-"'2" M "(5.36)

oL

Following the procedure given in Sec. III.2, £q. (5.34) is solved by set-
i
ting Fl equal to the pcrtion of the left hand side of the equation
%

that is independent of & , i.e., Fl is chosen to be thé portion of

the Fourier series expansion for Fl given by Eq. (5.24) that does not

%
contain & . Equivalently, KFl is equal to

%
Fl = FlS(L',G',H',g)

where Fls is known as the secular part of Fl and is defined by

F2m

: : R S
FlS(L,G,H’g) - 2,"‘

F (L,G,H,%,g) d2 .
o

But this integral in its présent form can not be evaluated beéause, from

=y

Eq. (5.22), F, 1is explicitly a function of the true anomaly f rather

than the meaniéﬁomaly £ . However, the differential relation between
f and % given by Eq. (2,6) can be used to change the variable of in~

tegration. With the aid of this relatien, the'expression defining F

ls
becomes 2
K
. 1 Y
i =315 27 2 _ i
: 1 2, r r
Q S
21 utk 2 g 2 :
L L [(TRR o 1 8K a (8 3HDa oo ooyiae
= % 3 L 5 [ gt g Pa+ (g~ 577 cos (2pm2n)ar .
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From Eqs. (2.1) and (2.2) and the definitions of the Delaunay variables,

1 2n a 1 2n
o J T df = 2n [o Ate cos f ggs £ df
@ l-e
=-;'—1T-L—2'(f+esinf) ='L—2'
G ' le] G
Similarily,
1 2ﬂwna
S J “z;-cos-(2g+2f) af = 0.
o)
Thus,
u“k 2
1s L3G3 2 2 G'
and y
o Bk 1 " 112
F,' = g (- 54 -g-H——) . (5.37)
L' G! - @' ]

%
With this choice for Fi-~3=the-partiaifdifferentiai eguation for -

Sl is found to be

38 2=

1 L'

%
= --;—[Fl(L',G',H',z,g) - F, (L',6' ,H")]
U
a8

and ST is purely periodic in & since

2T : 21
1 o ¥ . 1 . _ '
5ﬂj (Fl'Fl)dp"énj Foda-F _ = 0.

o o

The. first order portion of thé generating function is given by

3
. _ L' *

As ‘before, Fl is explf;itly'a function of f so that the differential
relation between f and f is employed in performing the integration.

Then,
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@

[

[ 1]
' [

2 .2

12 2
S J [(~ - -3—-'-E-I'—)a + (é - g—h—-)- cos (2g+2f)]df
¢ 2 g2

= sin (2g+3f)]}

3
(X
+ \2 . 5

N
L
i
I
|..:
o
Kt
N
15°]
-+
N
. Fh
S
+
oo
0}
=N
o
~
N
m
+
th
S
+

and Sl becomes

2 -
u<k 112
__,_g {(-.%..,. g.g_é.) (f - & + &' gin £)
A G |
(5.38)

w
1t

1-1'2 i e' . ' . iaans
_E) [§ sin (2g+2f) + 7~ sin (2g+f) + = sin (Qg%af)]} .

oo
®

3
+(2—-

In Eq. (5.38),

and f is a function of e' &and & that is determined from the equations
- E-e'sinE = &  (5.39)
tan £ = (1'-'-"-?-;-) tan E . ’ (5.40)

Note that f <as defined above is not the "true" true anomaly and E is
‘not the true eccéntric anomaly since both are given as functions of e'

and 2 1rather than of e apd 2 .

J/

The equat:x.on_, f ransformatlon relating the primed and unprimed vari-

able_s ean now be .-,o'b}tained through first order by substituting the expressions

for ZSO andi,__s' “into Egs. (5.26). For example,

1
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as
1.
- t ——
L= Livar
) _
W k . - 12 |'3 |3 .
=y —2 -2+ 25 A - (5.41)
_ L' c 6! r G'
2 .3 *
3 3 H'".a'
+ (5- - 5;5) 5~ cos (2g+2£)]
- where
a' = b
U
and r» 1is given by
)
a'(l-e'”) _
I+e'cos £ (5.42)

with f a function of e' amnd & as above.
Since f(e',2) in Eq. (5.41) differs only slightly from the true

ancmaly f(e,%) , L differs from L' by short period terms of the first

i

‘order in k, . The same is true of the differences between the remaining
primed and unprimed variables. Thus, the first canonical transformation
Yields the first order short period terms in the solutioen.

. In calculating the partial derivatives of § required above it should

be recalled that S, given by Eq. (5.38) is an explicit function of the

1
variable e' which in turn is a function of L' and G' . The following

relations are therefore needed.

3 _ .%e' 3
aLT .~ 3L' Be'

T
o

o 9 . 9e' 3 -
3G - W Ber ,F

* ) - 'l‘r--:_,; "’\1!\ « ) .
1 and S1 determined above can now be substi- -

tuted inte Eq. (5.35) which can then be solved for F

The expressions for F

5 .and . 8,. Brouwer
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was interested only in a first order solution for the periodic terms and

. did not calculate S The development of these second order short period

2 '
terms, although very tedious, was carried out by Kozai (Ref. 30). Brouwer

did, however, use the equation noted above to determine F This was

%
2

5

done for two reasons. The first is that F is required in the calcula-

tion of the secular terms in the solutiom through second order. The sec-
ond reason is concerned with the determination of the first order long
period terms and will be discuSsed shortly. The funétion F2 is equal
to the terms on the left hand side of the equation that are independent of

%2 and is therefore given by

oF., 98 BFl 98

21 ‘
* 1 o ip 1 , 1
Fp = 57 L *aoa T g | (5.43)
where Plp designates the portien of Ei" that is purely periediec in 2 ,

i.evs

Tﬁe process of performing the averaging with respect to { can be simpli-
’{fﬁed with the aid of the following relation from Tisserand (Ref. 9) or with

Cayley's tables (Ref. 31). For n< -2 and m=z2 0 :

1 27 o
5 fo (). eos m £ d2
_ a3 _rD¥mt3 ‘
c & ey 2 g"z‘] (—n—?) ('-m+29) (g)zp_
2° T 0=0 \m+2p p 2 .
. : .. 3 n+m+3 - - N} .- . » o
In the previous equation, [-—5——J designates ti.; integér portion of
2 F
n)- ~ T'(ntl) T(m-n+l) &

-3
14
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where TI'(v) is the Gamma-function. The fimal result is
SO 62 5 T 6 2 4
23 3 W9 15 Lt 18 H' H'", . 31 H! H!
i Fy = —=l—Q-F——5+=—p+5=—7F0-8 + 9 )
L,lO 32 ars 5 a! e 8 G'G G'2 G,u
i 7 iy 2 L
ok S | Tt o -
- -J-;E-L— (1 -2 H—5 -7 E"T{” (5.44)
g G G
s 612 .
uok? 'S 07 12 ro bt '
+ __l% [- %6 (l‘—g - L—7) (L - 16 H—g- + 15 E“f)lcos 2g' .
.L' G' G' G' G'

Here, g has been replaced by g' . This is permissible because the error

incurred is of third order.

Ei. At this point, the shurt period terms have been calcuiated through
‘;% £
: first order and the new Hamiltenian F (L',G',H',g') has been determined

through second order. The equations for the rates of change of the new

variables are

- t T e = 0! = o —‘.—-.— i

‘2 L' = gr = 0 i T g
& %
G' = BF o1 = - éz—
g g ag"
% 0

| - L frow o 2 |
i ah' oH'

. - E ' :
Note that all of the quantities appearing in Fe (through second order)

éé h except g' and G' are constants. Thus, the problem reduces essentially
;é' to solving the equations

. s & a.Fs':

& &' = Eg'_ g o= - e

The solutions of the reméining differential equations can then be obtained

-
R RGE L

i
3

by quadratures. Howeéver, the differential3equations for G' and g' are
so complex that an exact solution can not be obtained analytically. For-
tunately, the new Hamiltonian is of such a form that the von Zeiﬁel method

 can again be applied to complete the solutionm..
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Long Period and Secular Terms

e u2 uq’k2 H 2
FFo=2 —5+—55 (3
2L' L' g G!'

As stated above, since L' and H' are constants, the system has been

reduced to one degree of freedom. Therefore, it is seen that Fl is
%
essentially a function of G' while F2 is periodic in g' and the

Hamiltqﬁian is of the form required for the elimination of g" by the
von Zeipel method.

Thé procedure, then, is to determine a new generating function

ki ' ' i
s (L",G",H",2',g',h') describing a canonical transformation from the

variables L',G',H',2',g', and h' to the variables L",6",H",2",g",
foe

and h" such that the new Hamiltomian F is a funetion of L",G",
& - amd H" only.
f The transformation is defined by the equations
: 38" 3"
Y W E2 o= g2
L Y L ALY
BS* BS*
L] = = " - L - -
¢ = 3y g = (5.45)
88* BS*
A - == 1 =
H B~ h 3——
# ) : 2
F(L',G',H',g') = F_(L') +F *(L1,6'LH) # F, *(Lr,6" H ,g") e
o T
. . es 355
= F (L",G" ,H") .
The functions S and F are assumed to be given by
% - L & o % o
s (L",6",H",2',g",h') = s, * Sl 8, + ... (5.47)
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S ) N
FO(L",G",H") = F_ +F  +F, + ... (5,u48)
%
where So is taken as
&
so = L"2' + @"g' + H"h! (5.49)

E £ o
and &' ard h' appear nowhere in S  except in So . Using Egs. (5.45),

(5.47), (5.u8), and (5.u89), Eq. (5.46) becomes

&% &
98 as
% ] 1: 2
" " " o = . T4
Fo (L)+Pl_ (L",e +3.g' +ag,.+...,H).
0 0
" a8 98
. j ; .
+ F2.(L",G" + ag% + ag? + oaey H'g') (5.50)
e Jasd _oel A
= FT 4 Fp(LM,GMHT) + By (LU,GNHEY) + ..

Expanding in Taylor's series through the second power in k, as before

yvields
oF, a8, ”
. ) * E - * . JEEE R . . AT S ...—-_'--V L s ’i‘ . o H T S
F (L") + Fp (L",G",H") + EE%"SE%"* F, (L",G",H",g") + ...

%k ek T
= F_ (L") + B (LV,G",HY) F2“ (L",G",H") + ... .

Equating terms of the same order gives

Order 0:
-] Yok o
FO(LM = Fo‘ (L") (5.51)
"Order 1: |
F s _ . :
Fl (L_" ,G" ,H") = Fl (L"’ ,G" ,H‘")_ ( 5. 52)
Order 2:
aF. " 3s." e -
) : o T R ;:"‘
—_—BG% - —'—"-ag‘]; + F2 (I-I" ,G_.".’.H"’g' ) = F2 (.L" ,G.“ gH") . . ( 5.53)
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ala

The zero and first order portions of F " are obtained immediately from

Eqs.(5.51) and (5.52) as

ek 2
Fo o= i (5.54)
° LM
y .
®d uk, 12
P - _..._3_2.5 (_%- -23-?-5) : (5.55)
L" GH G? - )

_ et
The quantity F that is independent of

2‘.
g' + Thus, from Eq. (5.44),

is chosen as the part of F2

61.2
B R RSUS LTl L LA B Al pe? gt
s 2 E2bhko -8R i 2 i(1-655+9 )
' (5.56)
3: G"7 G"? Gnu )
. ]
The equation for SL becomes
28 aF. " -
@T—' =-(3§,.—) (F2 - P2 ) _ (5.57)
so that
2 1 N '
u<k .G 2 L 2 Y 2 -1
e >ll " 11 " ."
st s AL - a-uni 30 -5 L) 1sin 2g.(s.58)
2
l L"q G"2 G"u 16 G" 2 Gll G"Q

mation relations between the primed and deuble primed variables through
first order. From the results the primed and double primed variables will -
~ be observed to differ by terms périodié in g' . Inasmuch as the period'
of g' 1is very nearly equal to the period of the argument of perigee g
which is muéh longer than the time required for the satellite to complete
‘a revolution, it istfound that this transformation has produced the long

period terms in the sclutions.

=




gl

Two important characteristics of these long period terms should be
mentioned. First, as indicated by Eq. (5.57), these terms are obtainmed

P
from F2 , the second order portion of thé Hamiltonian generated by the

_ %
first canonical transformation. The quantity F2 in turn results from

the interaction of first order short period terms as revealed by Eq. (5.u43).

Thus, at least part of the first order long period terms arise from the in-
teraction of the first order short period perturbations. It is also impor-

tant toé note that retaining the third, fourth, and fifth zonal harmeonics in
¥

the disturbing function would lead to terms due to these harmonics in Pé'

and therefore would produce additional long period perturbations of the

‘ . |
first order. Second, S, can not be determined from Eq. (5.57) if
oF . % oF %
' %
EE%_ =0 . In fact, S can not be generated by this approach if sa%,

is sufficiently small. This is the well-known problem of the "ecritical

ii inelination", so called because
i? 3F ] if
i implies =
f 2
ki : ; .
1';.5_[:1__2_ = 1_5c521n = 0
G.‘li

or

RS N VR
S AL I

For orbits near the critical inclination, special techniques must be used.

By K

Some of the attempts to handle this problem will be briefly reviewed in

Sec. V.5.
The solution is nearly complete, the first order short period and

first order long period terms having been found; only the first and second
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order secular terms remain. These are determined easily with the aid of

fhe Hamiltonian

e .
s w2 | WKy oy g ogn?
o= —mmt =g -3t 73
xr: 2L" L" G“ Gl'l -
61,2 .. ' -
o H 'k2 is L"5 18 H"2 H" 3 Ln-s Hu? H'_'u
t e E sl -T ot R s -8 5 —p)
L" . Gll Gll ‘ G" G" G" G"
. 7 2 A
]_..5 L“ : HH Hl!
B I e

fase
Because " , g" , and h" do not appear im F , the canonical equa-

tions for the double primed variables can be integrated to yield

% L" = cons. = L'
- G" = cons.
H'" = cons. = H
: 2, .
o L'G"3 2 2 GHQ
A Yq.2 ) -
; ] k2 2 (75 Lt® L 3L AN
& | L'a 32 gnd 2 @nb 32 4] '
L (5.59)
) L, L8l 5 i 116 EE.L'7 g2
i Gns Gns 16 G"7 an |
75 L0 27 L'6 315 L'7 H” , :
+ (73;—"— —_—— 2 x 32 q.]}
! oF - G" . G" G" G-" u:;‘i-é;'
i b
I 2
£ - u k - 2
6 | - 2, 1 5H
& LU y M T R — N = e
B g g, ¥ myt {3 o (-3+3 G,,2)
£ w2 .
y%- ' “'kz-[zg_L!§ . 9L’ 1@5.L'9
R p® 92 b g 32 8 (5.60)
£ - 5., 60
v _1s9p® Lt 135 110K
B j‘. 16 G"S ‘ G"? 16 G,,S‘Guz
i . (135-L'6 , 135 Lf7‘+ 1155 L'a)_f_]} | N
j 32 tha L]' G!l7 32 GIIB G"“
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. 2 )
n<k

. 2 H
. At = " - —
h ho + not {- 3 G"u a"
ES 4.2
Wky 271 op? 1518y

L' G" el 8 el G
: st 2w’ 105 pfEd
. 8 G"G 2 G"7 8 GHBJGHS

where
2
o L'S .

;? The constants L',G",H,zo",gd“, and ho" are calculated by inverting the

gsolutions at the initial time (see Ref. 32).
It is found that, as is true of tlke results obtained by applying
Kaula's method, the solutions consist of short period, long period, and

secular terms. For convenience, Brouwer also gives the solutions for the

£ modified Keplerian variables a , ¢, I, %, g ,and h and briefly ]

n
o
Bty
R
e
g
.
::};‘
i

discusses the procedures for computation.

Added Cdﬁﬁents_on the Secular Solution

Brouwer has given the expression for the secular rates in 2 , g ,

7; and h through second order in k2 . aHowever, it is easily shown that the
55 secular terms in the solution for 2 can be calculated only through first
ﬁ,,.

order using the equations in Brouwér's paper. This oc¢curs because n,
“which appears in the term of order zero im " (Eg. (5.59)) is a function
of L' and this quantity:dan be calculated 6nly throﬁgh first order.

Then, the second order error in L' produces a second order error im n

which leads in turn to a second order secular-error in & . There are at

least two ways to remedy this situation. One methed would be to extend the

<

solution to include the second order short period terms in L as
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recommended in Ref. 33. A simpler approach, however, is given by Breakwell
and Vagners (Ref. 34) and will be presented here.
From Eq. (5.59), Brouwer's expression for the secular rate in the mean

anomaly is

2. .
. Hk 2 |
B = on 148 —2c (- 24200 45 % 5 (L ,em,H)] (5.62)
Q L'G"' 2 2 G"2 2 2
with
2
n = B——- .
o] L'3

Consider now the original Hamiltonian F(L,G,ﬁ;ﬂ,g) . Since it is inde-
pendent of the time, F 1is a comnstant whose value can be determined from
the known initial conditions. Alsoc, the canonical transformations have
been chosen so that

t** &

fose . ‘
“Heneces; =Fia' is a known coenstant. - Define the constant - & by
U e u? w2k, 1 3“'52 oLt? . 3
24 2L'2 ngna 2 2 G"2 U2 2
Then, define 1fi by
1
SRRy e
=173} = w\23
a /. _ _
2 .
2 uok 1 2 12 g 32 :
= Lo —2 e 3 2 n T 00D
: Lta LI'GII' £ Gn uz Z . -
2
<k 2
_ 2 l,3H
- [l + 3 L|G"3( 2 + 2 G" )] (5.5”)
2
2 The'S 2 2
art % .
+n[§.-L:-._—--Fm 30 228(-1?+3H )]+0(k3)
= ‘1-12 2 2 L'<g" 2 2 G"
21 &
uk 2
= : : 2 1 ,3___ 2 1 oan : 3
= no[l + 3 ——-—-3- (- > + 3 )3 k2 nZ(L ,G ,H) + 0(](2 ) .

L.l G" G"
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From Eq. (5.64),

“2k2 | 1,38 H2 2 3
[1 + 3 — (- )] = fi+ k. “n. + 0(k.”)
L,G,,s 277 n2 2 Bo 2

so that the expression for 2"  can be written as

0w 2 : . 3 ; 3
' = A+ k2 (n2 *n 62) + O(k2 ) . (5.65)

The value of fi can be calculated exactiy and L' first appears in the
second order term. Therefore, the secular rate in 2 is given through
second order by the previous eéuation even though L' 1s determined only
through first order.

Several additional wérks applying the von Zeipel method to the arti-
ficial Earth sateliite problem should be noted. As mentioned previously,

Kozai has obtained a complete second erder sélution (Ref. 30). Lyddane

~ (Ref. 35) has formulated the problem in terms of Poincaré variables and = =

has generated solutions valid for'small eccentricities and inclinations.
Further, Giacaglia (Ref. 36) has extended the solutiéns to include the
effects of any zonal harmonic and Garfinkel (Ref. 37) has derived expres-
sions for the tesceral harmonic perturbations. A solution incorporating

the effects of atmospherlc drag 1s given by Brouwer and Hori (Refv 38).

This cencludes the discussion of Brouwer®s solution of thP A

Earth satellite problem. A compar;son of these results with thosey}btéined

in Sec. V.2 follows.

V i _0 Earlson of h lgolgtlgng

The Secular Terms S

\‘*-./

Through first order, the secular terms in g and h in Brouwer's so-

~ lutions qénfbe obtalnedégy 1ntegrat1ng the equations
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desk ,
where Fy from Eq. (5.55) is a function of the comstants L" , G" ,

and H" , But from Egs. (5.37) and (5.52),

e -0
= F (

Fl 1

L",G",H") - FlS(L"5G" ’VF,{")

or, from Egs. (5.21) and (5.25),

Fl' = RS(L",Gﬁ,H")

96

where RS is the portion of the disturbing function that is independe <t

of & and g . The equations for the first order secular rates become

. R _ BR_
8" = - 5w A" = - .

‘In terms of Keplerian elements, the partial derivatives in the previous

equations are

3

gE-Rs(a,e,I)y =
and
9 R (a,e,I) = B_RS ﬁ = BRS
BH s Tt 3T 3 a1
:#éfthat, considering Ré to be a function q£a13ﬂ~3< e" , and I" , the

secular rates are givem by
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3 | SN | S, 1'3"2 a.RS -
g = w = 2 de"
n"a" e
1 3R (5.66)
R = Q" = .
n"a"é;l—e” 8in I" al"
Since R 1is periodic in g and 2 ,
s . (X s, (R (5.87)
de \aes | 81~ \BI ’

As before, the subscript sf 'ﬁdicates that only terms independent of &

and g are included. fgff
‘Now, Brouwer's double primed variables differ from true values by

first'or&er. Also, Iagram's a, Z', and. f'.differ from the true values

of a‘, e , énd I by firsf order. Thus, @ , e , and I differ from

a" , e" , and I" , respectively, by terms of the first order. Equa-

tions (5.66) will therefore still be accurate through first order if the __”m;

double primed variables are replaced by barred variablés. Finally,

Brouwer's expressions for the secular rates im g and h become

(R 1] - d)‘" _ : ‘\/l_EQ _. (E : cot -IT- (ER_
o nats \se A 22 \oT |

m
[
1

Comparing these results with Lagrange's planetary equations (hgting that

| | _ | o)
Ingram's disturbing funetion is the same as Brouwer's through ffrst or-

'dér), it is seen that the first ‘order secular rates are equal to the

terms on the right hand:sides_oflﬁhe equations for @ and Q j%hat are

e . o
independent of w and & (or M) treated as being functions of the con-

f :
j

stants ”E?, e , and I . _This is precisely the way Ingram's secular
) ) 3 fr’ = . , . =
E . _ ( . B T :
rates &;’ and QS were&getermlned. Then, through first order, .
X '\\\‘;7 . - . ) .
\\\ - R . S . B ) i i
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N | - : A = -
g" = w h QS

and the first order secular terms in w and &£ in the two solutions are.
equivalent.
Consider next the secular rate in the mean anomaly. It has been

shown that Brouwer's solution for this quantity can be written in the form

o= o+ k22(n2 tn_ §,) 4 0(k23)
where
- "Tf **)3/2 =_‘§ £3/2 ‘
=l/_g(;_a r)3/2

with R being defined by Eq. (5.20). From Egs. (5.12) and (5.13), the
secular rate in Ingram's solution is

n (Z

o

- «F(za )3/? =£ u R)3/2

where ihe disturbing functions in the previous equations are the same
through first order (note that this o is not the same as Brouwer's).
Thus both methods produce the same secular term in the mean anomaly
threugh flrst order.

Finally, sinee the solutions for L , G , and H given by Brcéuwer
contain ﬁo secular term%uthfough firét order, there will_be no secular
terms in the corresponding solutions for a ; e , and I through first
 ovder, 'ézgain in complete agreement with Ingram's ‘pesults.

It is therefore concluded that the secular rates détermine&;by the -

two methods are equivalent through first order. However, Brsg%er also
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includes the second order secular rates in & , g , and h . Thus, as
far as secular terms are concerned, Brouwer's results should be more ac-

curate than those given by Ingram.

The Short Period Terms

The comparison of the short period terms proceeds in a manner simi-
lar to the analysis given above for the secular terms. That is, the cal-
culation of the short period terms by the ven Zeipel method is shown to be
equivalent through first erder to the techmnique used by Ingram.

The first eﬁder short period terms in Brouwer's solutions, designated

by &( )SP below, can be written as follows:

3S 3
8 = 3w * T Fp ° on [ T (5.88)
u o
VS S W (e ROPRR T N A
sp. - 3z - g 52 % g f 7 fip —
H (5.69)
e OF .
= = J —=L 3¢
n og
D,
B = 0 | (5.70)
SP .
38 - i
. .
_ ool 9 L'
M'sp B L Y 4[ u? Flp ds
| 3 3 oF
I B N AR AL 1Y - '
. - I:(L, e i) a IR CRS
5F
T 1 Fy
- -3 [ BL, 4% - ¢ I =2 dt
H Q
39S .3
l - 3 - L# .
begy, = " 3@ T T J 5 Fip ¢ | o
i dir u . (5372) -
. | 3F | | . |
= X ip 4
T . 3G
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3s. 3
“ 1 3 L'’
Ahsp - T 3H' T T 8" J 7 F1p dt ;
v (5.73)

C ¢ F
1 lp
- n, J sEr ot -

In the previous equations. Flp , the portion of Fl that 1s purely periodiec

in 2 , is taken to be a fumetion of L' , G' , H' , & , and g.
Consider, for example, the calculation of the short period perturba-

tions in the semi-major axis. From Brouwer's solutions énd the definition

of the Delaunay variable L ,

2
L X 2 2
= = = = (L' + AL + 0(k
a T ( SP) (k. )A
2L o)
= = S L+ .
Woooou Tsp 2 .
Ignoring second order terms, y
ST b -
a a' + g-E—-AL = a' + Aa__ . @
W Csp sp

Now. from Eq. (5.68) and the definition of F

l ]
: : oF ¢t OR
ol TR EE 3T 1 Tt
A I T
u 5p uno ag = : une 3L
= 1 2 _ (2R
T on J na'(!) ds
P _
and therefore
- 1 | _2_[2R}) 4 . -
Aas_p_ * 5 I =37 (M_) dg . (5.74)
© © P

The quantity Rp , which can be taken to be a function of a' , e' , I' , -

2 , and g , is the portion of the disturbing function that is purely peric-

dic in 2 and is given by
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Rp(a',e',I',g,E) = R(a',e',I'.g,l) - Rs(a',e',I') .

LT

Through first order, a' , &' , and I' in Eq. (5.74) can be replaced by

; : a, e ,and I , respectively. Then,
pa = L[ 2 (R 4

sSp - - — \ 3¢

n ‘ na P

= 2| 2 rEETe] av .
- n ‘ na
i But
i a o oaM o2 L2
= = =+ o(k2 Y = 4t + 0(k2 )

so that, still through first order,

 where the integration is pérformed by holding all variables constant ex- T

cept M which is given by
M = 8" +ft = ¥+ At + 0(k.) .
o 2
The variable w in the result can be replaced by

W o= o+ ot
s

with an error no larger than second order. Thus, the short period terms
in Brouwer's solution for fhe'sémi—majof axis can be obtained by integrat-
ing with respect to time the portion of the right hand side of the equation

for a fhat is purely periodic in £ with a , e , and I replaced by

a, e ,and I, respectively, w treated as a constant, and M being

. given by
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Also, w is approximated by

w = w+F et
s

in the result. This process is equivalent to the procedure used by Ingram
through first order since his allowing ® to vary secularly during the in-
tegration introduces terms of the second order.

As a second example, consider Eq. (5.71) giving the short period

terms in the mean anomaly. Introducing a' and RP as above, the equation

becomes
R
bR = -..__73“2 j ba_ dy.--nlé- J —P-éL,- as
P 2L P "o
But "
3w _ _8
2L'2 2a
and
3R 3R
9 : _ sa' p Jde'
5o Rplat.etllig®) = oo Hv o+ v oav
2 (k) . _1e'? (R
na' \3a'/_ 2, \oe'
so that
3n : :
PO -G S U
sp 2a n_ .o sp
: _ 2 '
1 || .2 (3R 1-e' 3R }
- = 1l | o T e— ] ds .
. n na'iyosa', 12, \ Oe
ol o p na'e P

Changing from primed variables to barred variables, replacing n, in i

pléée of % to designate the mean

4

anomaly, the result through first order is




103
AM =—3—n':—L-JAa an
Sp Py fi s
1 j 2 (B.R..)+ 1-s2 (1?.) a
nna\soa na e\?d
P P

Introducing t as the variable of integriation with the aid of the relation

M = ¥+ At + o(k23<..

gives
AMS = I 3_2 Aas_ dt - J :-2-_-_-(-8% +
P da P n a\aa A

Ww = w+wst

in the result will yield short period terms through first order that are

equal to those derived by Ingram. T N T :
Applying the above procedure to the short period terms in the other

variables will lead to the same conclusion. That is, the short period per-

turbations given by Brouwer and Ingram are equivalent through first order.

{r

However, Ingram's solutions are in the form of truncated power series
whereas Brouwer's are in closed form. Thus, even though the results are
the same, Brouwer's short period solutions are probably more efficient from

* a computational standpoint.

The Long Period Terms

1

_ # ) _ _ : ,
Since Brouwer's 8 is a function of L, G" , H" , and g' ,
all of the variables except L and H will contain long period terms.

Therefore, of the variables employed in Sec. V.2, only the semi-major axis
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- from 2 to £ in the process of evaluating S1 produces_a term in §
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will not contain long period terms of the first order in k, . However,
from Egs. (5.14) through (5.19), none of the first order solutions derived
by Ingram's approach have long period terms. This fact is not surprising
when it is recalled that the first order long period portions of Brouwer's
solutions result from the interactions of the first ofder short period
perturbations; such interactions are not taken into account in Ingram's

approach.

Summary

The following conclusions about the solutions presented in Secs. V.2

and V.3 have been reached.

1. The secular terms in Ingram's solutions are equivalent to the
first order secular terms in Brouwer's:SOlution. However,
Brouwer's secular_%erms are expected to be more accurate sgnee

" they are given through second order.
2. The short period terms in the two solutions are equivalent
" through first order. Brouwer's solution is probably computa-
tionally wore efficient because it is in closed form.
_Q{. Fifst order long perinod terms are absent from Ingram's solutionms.

T

One additional comment must be made‘zﬁout the relation between the
short éeriod terms in the two solutions. It can be verified that the short
period terms in the solution obtained in Sec. V.2§§re purely pe#iodic in the
mean anomaly (i.e., the average of the short periodﬁigrms with respect to M
is zeros while the short period terms obtained by Brouwer have a non-zerc:

average value. This occurs because changing the variable of integretion

L

)
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that is a function of L' , G' , H' , and g only. However, the resulting
terms in Brouwer's short period solutions are canceled by like terms arising
in the long period solutions so that the net result is short period terms in
Brouwer's solution that are purely periecdic in 2 and equal to the corres-

ponding terms in Ingram's solution through first order.

V.5 Critical Inclination and Resonance

As indicated in Sec. III.3, the phenomena of resonance can lead to
difficulties in the development of general perturbations solutions. In ar-
tificial Earth satellite theories, this problem is encountered in the study
of motion near the critical inclination where, as.éhown_in the previous seec-
“tion, a small divisor appears in the long period terms in Brouwer's solution,
and:in the study of the motions of synchronous and repeating groundtrack
satellites when the tesseral harmonics ape includedin the Earth's potential.

The mathematical and physical implications of resonance are clearly
demonstrated in Brown's discussion (Ref. 21) of the mation of a simple pendu—
lum. Furthermore, this elementary example is imporfant because the equations

describing the resonance motions of artificial Earth satellites often reduce

“to the simple pendulum eguation (see Refs. 39, 40, and Hl)f: These reasons
provide the motivation for the following analysis of the pendulum problem.
Let the pendulum éonsist of a particle attached to one end of a
weightless rod, the other end of the_rod being conngcted te a horizontal
axis about which the rod rotates without friction in a vertical plame. If
X 1is the angle betweeﬁ the vod and a vertical line drawn in the direction

of the unifopm,gravitatioﬁal aceceleration, the equation of motion can be

put in the form
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x+o2sinx = 0.

Multiplying this equation by % and iptegrating the result gives the

energy equation

i2 = C + 202 cos x . (5.75)

where C 1s a constant that is determined from the initial conditions.
An examination of the consequences of assigning various values to the energy
constant C leads to the separation of the problem into three cases. They

are:

1., If C » 202 » ﬁQ is non-zero for all values of x . .Thus,
the velocity never changes sign and |x| always increases
(i.e., the pendulum makes complete revolutions about ifé sup-
port). The resulting motion is called circulation.

2. If C = 202 ,» the motion is called asymptotic. It will bé

- shown that the pendulum approaches the unstable equilibrium

point X = 1 as t > #= ,

3. If -20%2 <C < 3&2 , there are two values of % in the vrange

Y . '

-7 < x <n for'which X becomes zerc. The maximum value of
Y '

|x| is bounded and the pendulum experiences an oscillatory

motion (called libration) about the stable equilibrium peint

®x=0.

Bach of these cases will now be céﬁsidered_;n detail.

Case 1: Circulatory Motion - o &

with ¢ » 202 , Eq. (5.7§J yields

i
e
;
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1.
(C + 202 cos x)é

x =
_ 3 (5.76)
: = A/C + 222 (1 - k2 sin2 %0

- where

2
k2 - Yq >
C+2a

< 1. ” ‘ (5.77)

The solution of Eq. (5.76) can be represented by an elliptic integral of

the first kind in the form

X b
‘- tg' -2 f? dt - .  (5.78)

er2a® Jo o (1-k2 sin2 1)*

A new constant n is introduced by the equation )
. 27
.i.’.'. = J o 9x - = (5.79)
T o (ret cos 0 o

where K is the complete elliptic integral of the first kind. Using Eq.

S (5.79) to write C in Eq. (5.78) in terms of n yields

B ¢ (1k? sin? 1)°

o Therefore, the solution of Eq. (5.76) becomes

X

. K,
sinz = sn 3 (nt+B)

oy
x.= 2 am % (nt+B) . (5.80)

" The function am is the amplitude of the elliptic integral of the first

kind. For ithe purposes of this discussion, the solution will be written as

P
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X = nt+ B+ 4 ¥ —-3—5—— sin s(nt+£) (5.81)
)
s=1 s(l+q" )

(see Ref., 42). The coefficients of the trigonometric terms in this equation
2

can be expressed as power series in 23, by an iterative technique which is
n
outlined below.
L7 AR The first step in the evaluation ~f the coefficients invclves using

the series expansion of q 1in powers of k2 (Ref, 42) to write each coef-

ficient as a power series in k2 . Fcr example, for s = 1 the result is

._5..2 = | yreg -1 +_“8(-1_€)+ 83('1'6') LI (N (5.§2)

oy

1+q
Next, the modu;gswﬁk_:mgst be expressed in terms of o? and n2 . From
Eqs. (5.77) and (5i79),
2 2
: k2 N -S 25 . - : :
. ., -“2 :.5.- -:. » . 2 B "1;'3.’.;‘-:‘:
- But the quantity == aiso can be expanded into a power series in k . 7
L Thus, k2 can be obtained as a power series in '%Eg‘by golving the equa-=

tion - P T A

k¥ - o)

Bygiteration.; Sﬁb§tituting the PeSuit intoe Eq. (5.82)vgiv§s

7~ 16 56
1+q 10 .
_f‘ Continﬁ%ig the evaluation of the coeffizients finally leads to the follow-
; inghﬁéﬁm of the solution for cifcq;atqry metion. - -
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- Case 2: Asymptotic Motion (C = 2a2) - s | e

s

" The solution of Eq. (5.8%) is
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2

$ (B2 — - === - ,,.)sin é{nt+6) . (5.88)

6
kO
+ (——-—5
n

LI-B - an-)sln 3(nt+8) + ‘e s

The two cohstants of integration in the solution are n and B . Note

,fhét”the form of this solution closely resembles the forms of the solutions

for &, w , and 2 in the Earth satellite problem.
Small divisors are encéﬁntered in this solution if the value of C

is allowed to.approach' 202 since k2 will approach unity and the complete

‘elliptic integral of the first kind wiliwbedq@e unbounded. Equation (5.79)

indicates that n will approach zero under these circumstances and therefore
the coefficients of the trigonometric terms in the solution will become very
large. The appearance of a small divisor in the previous solutior’ leads di- B

rectly to consideration of the problem with C = 202 ,

For asymptotic wotion, the expression for & becomes

k= /202 (1 +cos %) = 20 |eos 3] . (5.84)

Since % and X both become zero at x = *7 , the value of lx| cannot

exceed 7 and it Ffollows that

= ] /?/ . ‘.‘:\'.‘
X R o |
1' COS '2-| = COos "é" . _ “ Y
. b




110

k.3
7 .
R § I dr_ .
o} ) cOos T
T X
= = 1ntan (7 +3)
or
Loo-l |
x = 4 tan = [exp (at+y)] - 7. (5.85)

Clearly, the perdulum approaches the unstable equilibrium peint x = 27
as t » #» ., The form of the solution is quite:dif‘ferent from the form ob~-

tained for circulatory motion.

Case 3: Libration

The pendulum librates when |C < 202 , As before, the equation of
motion is

+

- 1
% = (C + 202 gos x)Y* .

i
i

cos X = = . % _ (5.86)

2&2
If the values of x satis"f'y;;ingi Eq. (5.86) are denoied by +¢ , the motion

of the pendulum is bounded by x = #¢(|¢| < 7} and, in additionm,
¢ = =232 cos $ .

The solution of the equation of motion éa:n then be written as

“t ¥ cons. 5 J - dw .
ST (=202 cos ¢ + 207 cos x)* .
L '" | (5.87)
s X j ___ _dnm :
- 1. [
§ 2a (s:m2 %- - sin® %)%
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®
The integral on the right hand side of the previous equation can be trans-
formed into an elliptic integral of the first kind by introducing the new

variable 1 defined by

Equation (5.87) becomes

t + cons, = é- l EEEe ¢dw G
J (1 - sin? §-sin2 )

. and the solution is

sin ¥ = sn a(t + cons.)

or

X = 2 sinil k [sn a(t + cons.)] : (5.88)

with k = sin % .

From Ref. L2,

kS

s+ o -
sin [(2s+1) §§-(t+cons.)] .

sn oft+eens.) = = p “§“§§$I
820 1-q

Defining the comstant p by the equation

. LA J“ A 2K
.. P o a{l-k? sin? 07 o
yields 7 o - ’
P o3¢ __ __ (5.89)

and therefore
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-
: 21 S*;&‘ ‘ .
sn a{t+cons.) = Fﬁ'szo Ij§§§;I sin (2S*I?fP%+&;«m-m“_‘$‘““hmﬁ

where & 1is a constant. The quantities q and K in this equation can

» » [ 2 .. [ _ a L]
be written as power series in k" . Substituting the resulting expression
for sn o(t # cons.) into the series expansion for the sin™t in Eq. (5.88)

gives the solution for librational motion in the form
x = ka(k?) sin (pt + 8) + k b(k?) sin 3(pt + 6) + ... (5.90)

where the coefficients a and b are power series in K2 . Note that,
from Eq. (5.59), the frequency p is a function of the amplitude of oscil-
lation ¢ Ehrougﬁ K. o |

The previous discussion has sh@ﬁg;that a complete deseription of the

metion of a simple pendulum requires three distinct solutions, only one of

~which is valid for a given set of initial conditions. The regions in which

the various solutions apply can be represented graphically by considering

éfin the phase plane (Fig. 25). Each curve is obtained by

plotting,f1 ﬂ}éiven C , values of % and & satisfying the energy equa-

tion

cos X .

Circulation occurs in the region'in which C >.2m2 . Since a level cufve
represents a path of the system in phase space,=i§ is evident from the fig- 7
ure that % will osciilate about some mean value and | %] wiil{continw-“
ousiy iﬁ&reasenin tﬁis region. The céﬁfqurs C = 202 enclose fhe libraLidn

region. Note that both = and % are hounded in librationak motion and

that the asymptotiz solution separates the regions of ﬁfﬁration and circulation.

i




113

FIGURE 25.

~ Level éurvea for the Simple
Pendulum
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The analogy between the motion of a simple pendulum and the mot ion
of an artificial Earth satellite can be demonstrated by considering the
level curves of the Hamiltonian obtained in Brouwer's solution by the elim-
ination of the short period terms (Ref. 20). Drdbping primes, this

Hamiltonian through-second order is

s KA uqu 1 3 H2
F (L,G,H,g) = Fo (L) +_3_3_ (_ -5 + 5_2)
LG el
+

k22 P(L,G,H) + k22 QUL,G,H) cos 2g

where L and H are constants. The general characteristics of the level

% .. ) . ~
curves of F  are approximated by the level curves of the function F

defined by

2 .
w _ L , 1  3H". , .
F = ‘:é (- §-+ 3-550 + k2 Q(G) CO§ 2g . (5.91)

In this equatiom, the ‘function Q(L,G,H) is denoted by Q(G) for conveni-
ence. Since

i

oF <3 H™,/ dQ .
— T er— (l - § —) + k. = cos 2g . -
3G ot g2 = 2% ) ;
. L ) - HQ“ 1
F has an approximate extremum with respect to G at -5 =T (i.e., at
\;E‘ i G

This extremum is a minimum because

2% -3 .4,
332“1'§i!= 1.6
A T g% = S :
Also,
‘ afn “:_. B | - J‘_"... .
-a—g' = -2}‘;2 Q(G) s1in 2g
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;?K so that F is extremized with respect to g at g = %ﬂa(n = 0,&1,&2,...) . |
;&; It is found by direct calculation that Q(G) > 0 in the vicinify of the eri- ﬁ; ;$
??_ tical inclination when the effects of the second and fourth zonral harmonics | H
i;? | of the Earth are included in the analysis. Therefore, the maxima of F wi@h'
%?' respect to g occur at g = mm and the minima occur at g = (2m+l)§-(m = O;bij .}- _
+1,£2,...).
;5 i The properties of F enumerated above indicate that tﬁe surfaae‘deé
? seribed by Eq. (5.91) when f, G, and g are plotted along the axes of an
;i orthogonéi Cartesian coordinate system will have absolute minima at G =+/5 H, J
.ig £ = veey - %3 %3 gﬂ-, ... and saddles at G = \5 H, g% ens 6w,d,w;... . f
12 The ievel curves of F ave sketched in Fig. 26. Clearly, these curves are ;
very_similav to these obtained in the analy;ié of the simple pen&ulum problem, :
The hon-resonant solutions discussed in Sees. V.2 and V.3 are va@id outside of
'z " the contours.ﬁassing through (G,g) =.(J§'H;'0)‘ and therefore répresent éir-
ﬁ%J ~ culatory motion (i;;.;' lg| increases with time). Within theééfcontours;ffhé' ‘j
}; satel)ite experiences libration and speciél tééhniques must be used to develop
'é' a solution, J
§  The material iu this secfion has beén presented to illustrate the physi- :
”%%Hﬁ cai and mathematical ;ignificanqe of the phenomena of_resoﬁance and no attempt
%1 has been made to investigate methods that can be ﬁsed fo*genevate ganefal per- ..

turbations solutions describing resomant motion.,” A discussion of a formal so-

lution of“the resonance problem may be found in a paper by Garfinkel (Ref. u4l),

;%{ Reéonaqt‘mdtions'of Earth satellites have been's%udied by many authora,f 80l 1y~
%: tions for the ﬁqtion in the vicinity of the critical inclination have been

o L ‘developed by Hori (Ref. 43) and Garfinkel (Ref. 40) and extensive studies of

? théycritical inclination pr%blem fq% the case of small ectentricity have been
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:i¥ male by Izsak (Ref. u44) and Aoki (Refs. 45 and 46). The effects of resonance
with the tesseral harmonics of the Earth's gravitational field on the motions
of synchronous and repeating groundtrack satellites are analyzed in Refs. 6
and 39, respectively. Vagners (Ref. 25) investigates the problem of resonance

with the tesseral harmonics by first determining the solutions for circular

- orbits and then perturbing these solutions with the eccentricity as a small
3 parameter,

/
7

: o EJF&,‘ 1“:_'n K .
. ';.
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CHAPTER VI

COMMENTS ON THE LUNAR SATELLITE PROBLEM

The success achieﬁéd,in the application of the von Zeipel method to
the artificial Earth satellite problem encouraged several investigators to
employ the technique in attempts to develop theories describing the motions
of artificial Lunar satellites (Refé.&?, 48, 49, 50, and 25). All of these
theories were generated;before the knéWledge of the Mo n's gravitational.
field obtained from studies of the trajectoriés of spacecraft in the Lunap
Orbiter series was available. Since fhis field has beén found to beihgre* .
complex than had been anticipated, possibly requiring harmonies thréugh |
eieventh order in the potéﬁfial for an adequate description (Ref. 51), the
models used in the aﬁélyses lacked the completeness required to yield re-
sults of thg'desired accuracy. More impontant'tg the diseussioh hére, how-
ever, is the failure of the von Zeipel method to ppovide a complete analyti-
cal solution to the problem even for the simplified mathematical mddé;s used
in the studies cited above. “ |

The basicadifferengéﬁﬁetwaen the Earth and Lunar saféiiite problems is
the reL;five maggitudes of ghe perturbing terms. As the discussion in See.
V.l indicated, é%e dominant perturbations experieneéﬁ‘b a near Earth satel-
lite are duve to the second zonal harmenic ?20 » all other perturbing terms
being of gsecond order in this quantity. TFor the Mooﬂ, however, the higher
harmonics in the éentral body potentiél_as well as fhe terms arising fvdm_ _

the third body effect of the Earth are of the same order as Jgé » Thus,

‘the ofders of magnitudé asgociated with the terms in the Hamiltonian f0p-§§”

Lunar satellite are quite different from those in the Earth satellite prdBlem.

E

118




119

Still, some pfogress toward an analytical solution can be made.
With the aid of the von Zeipel methcd, the short period perturbations
(periodic in the mean anomaly) and medium pariod perturbations (terms
with periods of approximately one month that result from the tesseral

harmonics and the third body potential) can be determined (Ref. 25).

At this point, as in the solution of the Earth satellite problem, the

new Hamiltonian‘is essentially a function of +the Delaunay variables

G *and g . Uh%ortunately, it is not inléhe'form required for the cal-
culation of the long period terms by the von Zeipel method. In fact,
sccording to Kozai (Ref. 47), Giacaglia (Ref. 48), and Oesterwinter
(Ref. 49), the redus;é problem can not be solved by any method of suc-
cessive approximations. Giacaglia succeed; in developing an approximate

.solution by using a special technique. Without exception, the authors

of the other theories either compute level curves or recommend solving

_the second arder system by nunerical integration. The latter process

is'sxpécted to be very efficient because the short and medium period
terms have been eliminated and lntegratlon steps on the order of a day
may be possible (Ref. 50). )

Therefore, at the present tinme, most of the avallable Lunar satel=
lite theories are semi-analytical in form, Since only the expressions

for the short and medium period perturbatlons have been obtamned ana-

lytlcalsy, the characteristics of the long 1"c-nc'm motions of Luﬂar satel-

lites are not well knowny o 2fk“a-ﬁ$f‘ ﬁi

Firbpt a0



CHAPTER VII

CONCLUSIONS AND RECOMMENDATIONS

Conclusions

A brief review of some toplecs from celestial mechanics that are
pertinent to the study of the artificial Earth satellite problem was
given in Chapter I. Two general perturbations techniques were then in-
troduced and used to generate approximate solutions for the motion of a
nonlinear spring. Some of the conclusions arising from a comparison of

these approximate solutions with numerically integrated trajectories

were:

1. The primary sources of error in the approximate solutions are
the neglected higher order secular terms. Ignoring these terms

not only produces a secular error in the angular variable, but

RS T

also produces a large error in the gengralized momentum over
long time periods by causing a phase shift between the approxi-
mate and the numerically integrated trajectories.

2. If the time interval is short enough that the phase error is
small and if the perturbing forces are sufficiently small, the
errors in the first order solutions can be approximated by the

magnitudes of the second order terms.

_The application of the general perturbations methods to the example
problem menticned abeove helped to prepare for the more difficult analysis
of artificial satellite motion. Chapter V was devoted to the formulation
of the artificial Earth satellite problewn and to a discussion of the mate-

rial of Refs. 5 and 7 concerning the determination of the effects of the
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Earth's oblateness on the motion of a satellite. The following well-
’I‘
known characteristice of the solutions were noted.

l. TFor non-resconant motion, the solutions for the osculating ele-
ments &« , e , and I consist of periodic terms with short
and long periods, while the solutions for the quantities Q ,
w, and M include in addition termis that are linear in time.

2. The second order terms in the Hamiltonian yield first order
long period terms in the scluvcions.

3. The appearance of a small divisor indicates that the series so-
lution is nct valid near the critical inclination so that other
techniques must be employed to obtain a solution in this region.

4. Brouwer's solution for the secular rate in the mean anomaly must
be modified to yield the correct value through second order when

using the theory to predict forward from an initial point.

A comparison of Brouwer's solution for the effects of oblateness with
those derived by uzing Ingram's approach was also given in this chapter.

The important conclusions resulting from this aualysis ave:

1. Brouwer's solution is probably the most efficient computation-
ally since it is in closed form in the mean anomaly while Ingram's
is iIn the form of a series in the angular variables w and M
with coefficients that are infinite series in the eccentricity.

2. The short period and secular terms in the two solutions are equiv-
alent through first order. Brouwer's secular terms are expected
to be more accurate, however, since they are given through second
order.

3. The mean motion used by Ingram is accurate only through first

order in J20 .
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4. Ingram's solutions do not contain the first order long period
terms which arise from the interactions of the first order short

period oblateness effects.

Finally, the possibility of applying the von Zeipel method to the
Lunar satellite problem was briefly considered in Chapter VI. It was men-
tioned that this technique has been used to obtain analytical representa-
tions of the short and medium period motions, but that at present the long
period motion must be determined from the level curves or by numerical

integration.

Recommendations for Further Study

Many relevant topics have not been considered or have been mentioned

only briefly. Some of the areas that merit further study are:

1. Methods for including effects that have been neglected here, such

LS

as atmospheric drag, in the solu. ms.
2. Procedures for studying motion in rescnance regions.
3. Techniques for deriving error bounds on the solutions (see Ref,

34, for example). It would be desirable to determine the time

b intervals over which the accuracy of the approximate solutions
is adequate by methods other than direct comparison with numeri-
cally integrated trajectories.

4, - Comparison of the first order long period terms in the solutioen
derived by Kaula (Ref. 6) with those developed by Brouwer (Ref.
5), Giacaglia (Ref. 36), and Garfinkel (Ref. 37) using the von

Zeipel method.

% 5. A more extensive comparison of Ingram's solutions for artificial

Earth satellite motion with those obtained with the von Zeipel
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methicd. Only the solutions for the oblateness effects have

been discussed here. Additional work has shown that Ingram's
solutions for the first order long period effects of zonal har-
monics beyond the second are not complete. The completeness of
the first order long period solutions describing the effects of
the tesseral harmonics and the third body remains to be deter-
mined.

The question of the validity of using Ingram's solutions to pre-
dict Lunar satellite motions. The short period and intermediate
period terms could be compared with results obtained by applying
the von Zeipel method. The regions of the motion and time in-
tervals for which the long period and secular terms yield accu-
rate results might be determined by an analysis of the level
curves describing the long term motion of the system. Indica-
tions are that these solutions will give accurate results over
long periods of time only for very restricted sets of initial

conditions.
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APPENDIX A

. . df daf
Demvatmns of T and rry

From Eq. (2.3) the relation between the true anomaly f and the

eccentric anomaly E 1is

1

%
£ _ l+e E
tan 3 = (l-e) tan = . (A-1)

Taking the total differential of both sides of this equation yields

3 3
1 2 f _ E .[lte 1 [1+e 2 E
5 sec” 3 df = tan 5 d(l-e) + 3 (.'L—e) sec” > dE . {(A-2)

Considering f to be a function of eccentricity and eccentric anomaly,

and E to be a function of eccentricity and mean anomaly,

_ B3f . . Bf
df = z=de + z= d&E
_ of f dE 3E
= e detp (g de t A
or
3f . of O 3f BE
af = (éz + 3 -B:)de + SE W daM . (A-3)
But from Eq. (A-2),
i 1. 2 E %’
i = Qta“_g_d 1re V2 . [1l+e\? 5°° 2 9E | . g
T | geo? £ \1-e l-e/ _ o2 £ de r
2 E i
1 E 1
, 5 Sec .
l+e .2 @& : o
* (l-—e) 5 o - (A-4)
sec E'
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Thus,
sec2E
4 Lre 2z (A-5)
dM l-e 2 f oM °
sec” =
2
Now,
2 E _ 2 E _ l-e 2 f
sec’ 3 = 1l + tan 5 = 1+ Tre tan >
2(1+e cos f)
(1+e)(l+cos f)
and
2 £ _ 2 £ 2
sec 5 = 1l + tan 5 Tvcos F °
Eq. (A-5) becomes
df _ l+tecos £ OE _ a f,_ SE _
& c — = - o l-e® == . (A-8)
-e
From Kepler's equation (Eq. (2.4)),
dM = (l-e cos E)dE - sin E de
or
_ dM sin E
I = o< E F Tecos

so that, using Eq. (2.1),

8 _ ___ 1 . &
534 ~ 1l-e cos E r °

:

. d
Therefcre, the expression for 35' becomes
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d—f- = 2-2- 1-32-
dM 2 ’
r

1 2 3 ;t.(l—e);’ 2_ .. E
+ 1 (1te § sec2 E % (A=7)
2 \1l-e 2 ode '

From Kepler's equation,

-BE-sinE-ecosEa—E-

de de =0
or
3E _ sin E _ a \
3e l-ecosE sin E
_ a . E E
= 2 - sin 5 cos 5 -

Eq. (A-7) becomes

%
sec2f ot = 2 tan§-+(}:—§-) %-Eitam-Ei

2 Qe 1-92 -e 2
2
= 2 k. + 2)tan £ .
G2 r 2

Finally,

2
éf- = L—-+isinf .
oe 82 r

:
3
]
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APPENDIX B

Legendre quynomials and Associated Legendre Functions

The following relations were taken from Ref. 52. The Legendre

polynomiils may be computed from the equation

T - 1 -
PO = I (1P (22-2n)! Jh-2n

nz0 2*n1(2-n)1(2-20)1

where m is %- or —Ei-, whichever is an integer, or from Rodrigue's

formula

2

.

Pz(v) = -E-—Q—z(uz-l)”’ .
274t dv

Also, they may be calculated recﬁrsively from the expression

(2+1)P (V) = (22+1)v P, (v) + 2P . (v) = 0.,
The first six polynomials are given below.
= 3

P (v) = 1 P.(v) = = (5v3-3v)
o] 3 2 |

i} = Liac 4_ap,2 :
Pl(v) = v Pu(v) = E{35u 30v4+3) :
P(v) = 2 (3v2-1) P.(v) = = (83v5-70v3+15v)
2 2 5 8

The associated Legendre functions are defined by

m - 2“\/21?1_
PR(V) = (1-v4) - Pz(v)

dv

with m >0 .
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APPENDIX C

Inclination and Eccentricity Functions

The following expressions for the functions Fzmp(I) and anq(e)

appearing in Eq. (2.25) are taken from Ref. 3.
1. Inclination Function

. (24-2t)! - sinz-m-zt 1
t ti(L-t)t(L-m-2t)12

™
« . (m) coss 15 (ﬂ-m-2t+s) ( m-s (_l)c-k
s=0 ] c ¢ p-t-cC

Fzmp(I) =

In this equation, k is the integer part of &%ﬂ s, t 1is summed

from zero to the lesser of . =z k , and ¢ 1is summed over all
values making the binomial c¢~al+¥is7zuts non-zero. The binomial

coefficients are defined by

m!
(m) - siim-s)] mzs
- 0 m<s
2. Eccentricity Function
6 (o = nlal qeey® glal 5 op o g%
pq k=g Pk ipak

The quantities B , Piqu y and szqk are defined as

follows:

Lo
]
(1}
M R o
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1
b b (21:'-22) (-1 [(E-2p'm')e ¥
Lpqk =0 h -r r! 2R |
k+q' g' >0
h =
k q' <0
B foop'\ 1 | (e-2pegle P
Q - T -<p d %-2p'+g e
Lpgk =0 her r! 2
k q' > 0
h =
k—q' q' < 0 .
In the previous equations,
L
P p=ssx Q@ Pps3
) - [] - 4
p = L q = 2
2-p P>3 -q P>z




APPENDIX D

Spherical Harmonic Coefficients

Many different forms of the expansion of the potential of an
arbitrary body in terms of spherical harmonics can be found in the 1lit-
2rature, each form having its own set of coefficients. The table below

gives the relations between the coefficients used in several of the ref-

erences cited in this thesis.

e Ry

kAR

3

amedE U D e el
’%\g SN

P

S A

o
Fia

2k A 8k A
Brouwer (Ref. 5) " 3.0 s 5f0
2 3 4 ]
a a 3a a
e e e
v _ _ _ _ .
Garfinkel (Ref. 37) J2 J3 Ju J5 J2 cos ma, ng31n mo
Giacaglia (Ref. 3%) - J2 - J3 - J, - 15
Ingram (Ref. 7) Ja0 Ja0 Iuo Jeo ngcos mA, . Jposin m
Kaula (Ref. 3) C2 03 Cl+ C5 sz Slm
. 2A A BA
Kozai (V.of. 14) - -—-% —% ——Liu
3a a 35a
e e e
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