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NOTATION 

Constants  

Modulus of  <2 

Chord l e n g t h  

L i f t  c o e f f i c i e n t  

Drag c o e f f i c i e n t  

Spacing between a d j a c e n t  b lades  

Cavi ty  l e n g t h  

P re s su re  a t  f a r  upstream 

Cavi ty  p r e s s u r e  

s Cavi ty  l e n g t h  i n  t h e  transformed p l ane  

u1 Flow v e l o c i t y  a t  f a r  upstream 

uz Flow v e l o c i t y  a t  f a r  downstream 

U Cavi ty  speed 
C 

U, V Per turbed v e l o c i t y  components i n  t h e  x- and 
y - d i r e c t i o n  r e s p e c t i v e l y  

w = ( u  - i v ) / ~ ,  complex v e l o c i t y  f u n c t i o n  

X, Y Ca r t e s i an  coord ina tes  of p h y s i c a l  p lane  

Yf P r o f i l e  of t h e  wetted b lade  s u r f a c e  

Cavi ty  shape 

a1 Angle of a t t a c k  

Flow a n g l e  wi th  r e s p e c t  t o  x - d i r e c t i o n  a t  f a r  
downstream 
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S t a g g e r  a n g l e  

Coord ina tes  i n  t h e  t ransformed p l a n e  

= t + i r l  

C a v i t a t i o n  number 

Denote t h e  r e a l  and imaginary  p a r t  o f  t h e  
d e s i g n a t e d  q u a n t i t y  
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INTRODUCTION 

Many cond i t i ons  of  o p e r a t i o n  r e s u l t  i n  ex t ens ive  c a v i t a t i o n  

w i t h i n  t h e  r o t o r s  of  turbomachiner ies .  The flow p a s t  a  supe r -  

c a v i t a t i n g  cascade of cambered b lades  has been d i scussed  i n  some 

d e t a i l  by Hsu (1969) .  The on ly  a v a i l a b l e  t h e o r e t i c a l  s t udy  on 

flow p a s t  a  cascade of p a r t i a l l y  c a v i t a t i n g  b lades ,  t h a t  i s ,  t h e  

c a v i t y  l e n g t h  i s  s h o r t e r  than  t h e  chord l eng th ,  i s  due t o  Wade 

(1963) who d e a l t  wi th  t h e  problem of t h i n  f l a t  p l a t e  h y d r o f o i l s .  

I n  t h e  p re sen t  r e p o r t  t h e  problem of t h e  flow of incompres- 

s i b l e ,  i n v i s c i d  f l u i d  p a s t  a  p a r t i a l l y  c a v i t a t i n g  cascade of 

cambered b lades  i s  s t u d i e d .  The a n a l y s i s  i s  based on t h e  a s -  

sumptions t h a t  t h e  flow i s  two-dimensional and t h a t  d i s t u r b a n c e s  

a r e  sma l l .  With t h e  a i d  of  conformal t rans format ion ,  i t  has 

been found p o s s i b l e  t o  p rov ide  a  s imple  method f o r  c a l c u l a t i n g  

such complex flow problems. 

MATHEMATICAL FORMULATIONS 

Consider t h e  flow schema t i ca l l y  i l l u s t r a t e d  i n  F igu re  1. 

The cascade c o n s i s t s  of  an i n f i n i t e  a r r a y  of i d e n t i c a l  t h i n  

cambered b lades  having a  s t a g g e r  ang le  y and an smal l  a n g l e  o f  

a t t a c k  al. The mean chord l e n g t h  of  each b l ade  i s  c  and t h e  

spac ing  of t h e  b lade  i n  t h e  d i r e c t i o n  of s t a g g e r  ang le  i s  d .  

The flow approaches t h e  cascade wi th  v e l o c i t y  U1 and i s  

tu rned  by t h e  aggrega te  e f f e c t  o f  t h e  cascade from i t s  o r i g i n a l  

h o r i z o n t a l  d i r e c t i o n  t o  t h e  d i r e c t i o n  a2 and v e l o c i t y  U2 a t  f a r  

downstream. The c a v i t i e s  o f  l e n g t h  4 < c  a r e  assumed t o  be 
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t h i n  and s p r i n g  from t h e  l e a d i n g  edge and t e rmina t e  on t h e  

upper  s u r f a c e  of each b l ade .  A s  a  f i r s t  approximation t h e  

boundary cond i t i ons ,  a p p l i e d  a long  t h e  x -ax is ,  may be  s t a t e d  

a s  fo l lows :  

On t h e  wet ted p o r t i o n  of  t h e  blade,  

on t h e  c a v i t y ,  

a t  upstream i n f i n i t y ,  

and t h e  c a v i t y  c l o s u r e  c o n d i t i o n ,  

body 
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where 

u , v  = p e r t u r b e d  v e l o c i t y  component i n  t h e  x- and 

y -ax i s  r e s p e c t i v e l y ,  

U 
C 

= c o n s t a n t  c a v i t y  speed = d= 'CJl 

Yf  
= p r o f i l e  o f  t h e  cambered b l a d e ,  

P1-P- 
C: 

0 = c a v i t a t i o n  number = 
2 '  

a  c o n s t a n t  
+pu1 

PI = s t a t i c  p r e s s u r e  a t  ups t ream i n f i n i t y ,  

= c o n s t a n t  c a v i t y  p r e s s u r e ,  and 

P = f l u i d  d e n s i t y .  

I n  o r d e r  t o  f i n d  t h e  p e r t u r b e d  v e l o c i t y  f i e l d  

i t  i s  exped ien t ,  f i r s t ,  t o  i n t r o d u c e  a  t r a n s f o r m a t i o n  f u n c t i o n  

which maps t h e  mul t ip le -connec ted  r e g i o n  i n  t h e  z -p lane  o n t o  

t h e  c-p lane .  The f u n c t i o n  has  branch p o i n t s  a t  c1 = e  i (7r/2-0 ) 

and c2 = a  (T/2+' ) cor respond ing  t o  up and down-stream i n f i n i t y  

r e s p e c t i v e l y  i n  t h e  p h y s i c a l  z - p l a n e .  By c r o s s i n g  t h e  branch 

c u t  t h a t  i s  p roceed ing  from one b l a d e  t o  t h e  n e x t  one, t h e  
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v a l u e  of l o g  (1-C/c1) o r  l o g  ( l - f , /cz)  changes by 2ni  o r  - 2 n i .  

The l e a d i n g  and t r a i l i n g  edges of  t h e  b l a d e  a r e  mapped t o  t h e  

o r i g i n  and t o  i n f i n i t y .  The problem i s  now reduced t o  t h a t  of  

f i n d i n g  a  harmonic f u n c t i o n  w ( < )  i n  t h e  <-plane which s a t i s f i e s  

t h e  fo l lowing  boundary c o n d i t i o n s :  

on t h e  wet ted s u r f a c e  
7 

on t h e  c a v i t y ,  

a t  t h e  upstream i n f i n i t y ,  i . e . ,  a t  f, = C1, 

and t h e  c l o s u r e  cond i t i on ,  

body 

where RR and I m  denote  t h e  r e a l  and imaginary p a r t  o f  t h e  

des igna t ed  q u a n t i t y  r e s p e c t i v e l y .  
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The cascade parameters  a r e  determined by t h e  fo l l owing  

equa t ions  

a -1  
t a n  9 = - t a n  y 

a + l  

C - - -  - (cos  y  en a  + 20 s i n  y )  
d  7r 

1 1-2s s i n  e + s2 
d  7r 

1 + 2 ( s / a ) s i n  e + ( ~ / a ) ~  

The v a l u e  of  t h e  c a v i t y  l e n g t h  s i n  t h e  transformed p lane ,  and 

t h e  s c a l i n g  parameters ,  a  and 4  can be computed once t h e  gear 

m e t r i c a l  c h a r a c t e r i s t i c s  of cascade c/d, J/d and y a r e  g iven .  

SOLUTION OF THE BOUNDARY VALUE PROBLEM 

The boundary va lue  problem i n  t h e  transformed c -p lane  r e -  

sembles c l o s e l y  t h a t  of  f lows p a s t  i s o l a t e d  p a r t i a l l y  c a v i t a t e d  

h y d r o f o i l s  and i s  a  s p e c i a l  c a s e  o f  t h e  Riemann-Hilbert problem 

f o r  a  h a l f  p l a n e  ( ~ u s k h e l i s h v i l i ,  1953) .  The g e n e r a l  s o l u t i o n  

may be shown t o  be  of  t h e  form 
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where 

H ( < )  i s  t h e  fundamental s o l u t i o n  which depends on 

flow behavior  a t  edge p o i n t s  < = 0 and < = s ,  

P ( C )  i s  a  r a t i o n a l  f u n c t i o n  which may have i s o l a t e d  

s i n g u l a r i t i e s  o n l y  a t  edge p o i n t s  [ = 0 and 

C = s  and a t  i n f i n i t i e s .  

The f i r s t  term of Equation [7] i s  t h e  p a r t i c u l a r  s o l u t i o n  which 

s a t i s f i e s  t h e  mixed boundary cond i t i ons  on t h e  r e a l  < - a x i s  whi le  

t h e  second term i s  t h e  g e n e r a l  s o l u t i o n  of  t h e  corresponding 

homogeneous problem. 

I n  accordance wl th  t h e  l i n e a r i z e d  f o r ~ u l a t i o n  i t  i s  r e -  

q u i r e d  t h a t  w ( < )  s a t i s f i e s  t h e  fo l lowing  cond i t i ons  ( ~ e u r s t ,  1959) : 

w(<) i s  f i n i t e  a t  = + a  ( ~ u t t a  c o n d i t i o n )  J 

The f u n c t i o n s  H ( C )  and P ( < )  t h e r e f o r e  t a k e s  t h e  form 

With A and B r e a l  c o n s t a n t .  The f i n a l  form of t h e  g e n e r a l  so-  

l u t i o n  i s  g iven  by 
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which should ,  i n  a d d i t i o n ,  s a t i s f y  

a t  = c1 (ups t ream i n f i n i t y )  

I m w  = 0  [ 121 

and t h e  c l o s u r e  c o n d i t i o n ,  

a b o u t  cl 
and c2 

Equat ions  [ l l ] ,  [ 1 2 ]  and [ 1 3 ]  de te rmine ,  un ique ly ,  t h e  c o n s t a n t s  

A ,  B and o. 
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For f l a t - p l a t e  b lades ,  i . e .  dy /dx = 0, t h e  complex ve- f  
l o c i t y  i s  of t h e  form 

which, t o g e t h e r  wi th  boundary and c l o s u r e  cond i t i ons  Equations 

[ l l ] ,  [ 12 ]  and [13 ]  may be shown t o  y i e l d  a  s o l u t i o n  i d e n t i c a l  

t o  t h a t  g iven  by Wade (1963).  

The l i f t  and drag,  exper ienced by t h e  b lade  a s  a  r e s u l t  of 

f l u i d  flow may b e  shown t o  a  f i r s t  o rde r  of approximation,  t o  be 

- l i f t  - 2 2  dz 
C~ - 

- - - R R  W ( Z ) ~ Z  = - - RR 
2 C C ~ ( 5 )  ,r dc 

fpuc  C 

- - 2 d  
- I m  w ( C 2 )  cos y c 

b l ade  

The c a v i t y  shape can s i m i l a r l y  be approximated a s :  



HYDRONAUTICS , I n c o r p o r a t e d  

The e x i t  f low v e l o c i t y  U& and a n g l e  cia a r e  approx imate ly  
C 

g i v e n  by:  

0. Q = s in - '  - I m  w ( S 2 )  - I m  w ( c 2 )  [ 2 I 

CONCLUDING REMARKS 

This  s t u d y  g i v e s  t h e  l i n e a r i z e d  s o l u t i o n  f o r  t h e  flow p a s t  

a s t r a i g h t  c a s c a d e  of p a r t i a l l y  c a v i t a t i n g  cambered b l a d e s .  From 

t h e  a n a l y s i s ,  i t  i s  p o s s i b l e  t o  d e t e r m i n e  t h e  l i f t  and d r a g  c o e f -  

f i c i e n t s ,  c a v i t a t i o n  number, c a v i t y  shape  and downstream f low con- 

d i t i o n s  f o r  any g i v e n  s p e c i f i c  cascade  geometry,  b l a d e  shape ,  

c a v i t y  l e n g t h  and i n i t i a l  i n f l o w  c o n d i t i o n s .  
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A s  i n d i c a t e d  by t h e  exper iments  of  Wade and Acos ta  (1966)  t h e  

f low i s  u n s t a b l e  a s  t h e  c a v i t y  l eng th -chord  r a t i o  i s  c l o s e d  t o  

u n i t y ;  t h e  a n a l y s i s  i s ,  t h e r e f o r e ,  meanless  i n  t h i s  f low reg ime .  

I t  i s  a l s o  n e e d l e s s  t o  s a y  t h a t  t h e  p r e s e n t  a n a l y s i s  i s  l i m i t e d  

t o  c a s e s  i n  which t h e  d i s t u r b a n c e ,  caused by t h e  p r e s e n c e  o f  

t h e  b l a d e s ,  i s  v e r y  small - an i n h e r e n t  r e s t r i c t i o n  i n  t h e  l i n e a r  

approx imat ion .  However i n  p r a c t i c e ,  t h e  b l a d e s  a r e ,  g e n e r a l l y ,  

q u i t e  t h i n ;  consequen t ly  t h e  l i n e a r i z e d  r e s u l t s  a r e  v a l u a b l e  as 

a g u i d e  i n  t h e  d e s i g n  of turbomachines and o t h e r  a p p l i c a t i o n s .  
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FIGURE 1 - DEFINITION SKETCH 
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FIGURE 2 - LINEARIZED BOUNDRY - VALUE PROBLEM IN z - PLANE 
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5 - PLANE 

FIGURE 3 - LINEARIZED BOUNDARY - VALUE PROBLEM INTHE 

TRANSFORMED 5 - PLANE 
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