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Abstract

An analysis of the stability of circular rings under a uniformly distributed
radial load is presented. It was found that, in general, the critical mode shapes
are a combination of in- and out-of-plane displacements and that they occur at
loads considerably below the classical (in-plane) critical load. The role of workless
constraints was also studied. The analysis shows that workless constraints lead to
an increase in the critical load.
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The Stability of Circular Rings Under
a Uniformly Distributed Radial Load

{. Introduction
A. Equilibrium Method

The criterion for stability of the deflected shape of an
unrestrained circular ring acted on by a uniform distri-
bution of radial forces was probably first established by
Levy (Ref. 1) using the equilibrium method. An account
of this work has been written by Biezeno and Grammel
(Ref. 2). More recently, Boresi (Ref. 8) sought to refine
the criteria using the energy method and a deflection
pattern not bound by the classical assumptions of vanish-
ing transverse normal and shear strain. In both analyses,
the form of the disturbance from the original loaded con-
figuration (the buckling mode) was limited to in-plane
displacements without twist,

Most recently, the possibility of out-of-plane buckling
modes was studied by Wah (Ref. 4). In effect, Wah’s
analysis was an extension of Timoshenko’s (Ref. 5), which
had been limited to in-plane disturbances. Wah follows
Timoshenko’s equilibrium method analysis and intro-
duces an effective load arising from the, circumferential
normal strain into the equations of equilibrium proposed
by Love (Ref. 6). The resulting equation§ are uncoupled

with regard to in- and out-of-plane displacements and
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yvield the classical criteria for the in-plane buckling modes
and a much lower critical load for the out-of-plane modes.
Walv's analysis was limited to rings with cross sections
whose principal axes were oriented parallel to the radial
and axial coordinate axis (Fig. 1).

Prior to the work of Wah, a general theory for bending
and buckling of thin-walled open sections was proposed
by Cheney (Ref. 7). The method of analysis was essen-
tially the equilibrium method, in that a set of differential
equations describing the nonaxisymmetric equilibrium
the loaded circular state was derived and solved to yield
the critical load. The cross section was not required to be
symmetrical as in Wah’s analysis, and the effect of
warping of transverse cross sections was included by
incorporating the warping function for straight bars. The
equations describing the nonaxisymmetric equilibrium
position were established by requiring that the first
variation of the change in total potential energy vanish.

The method followed by Cheney can be shown to be
equivalent to the energy method in principle. However,
a number of simplifications were introduced by Cheney
that might have an appreciable effect if one were to carry
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Fig. 1. Coordinate system

out a strict energy method analysis based on Cheney’s
assumptions for displacements. It is certainly not clear
that the strain energy density expression used by Cheney
is as adequate as that expressed in appropriate Lagrangian
strain components for describing a deviation from the
loaded circular state.

B. Energy Method

The object of the present study is the analysis of the
stability of a ring acted upon by a constant (in magnitude
and in direction—see Appendix D), uniformly distributed
radial load by means of the energy method. This method
was chosen because it readily allows the nonlinear
behavior of the structure (prior to buckling) to be
accounted for. Furthermore, it affords a conceptually su-
perior framework in which to analyze the axisymmetric
deviation mode. However, the analysis is not to be
carried out in the strict sense. It is felt that, for the
present, it is sufficient to explore the effect of a more
general energy density expression and the role of the
axisymmetric mode in a nonlinear analysis while neglect-
ing the effect of warping. Admittedly, while looking for
additional terms that might be significant, this one might
overlook significant warping effects.

In addition, it is of interest to obtain the stability
criteria for circular rings that are not free to deflect
arbitrarily, but must obey certain kinematic restraints.
For example, a ring used as a stiffener in a thin-walled

shell of revolution subjected to external pressure might
become unstable before the shell becomes unstable.
The displacements of the ring will depend upon the
relative stiffness of the shell in and out of the plane of the
ring. A reasonable method might be to restrict the deflec-
tions, during buckling of the rings, to those perpendicular
to the generator of the shell (Fig. 2). Thus, the problem
to be studied is the stability of a ring acted upon by a
uniform radial load and subjected to both in- and out-of-
plane disturbances that may be constrained. However,
the class of ring cross sections should not be restricted
to those having principal axes parallel to the radial and
axial coordinate axis. '

The general stability criteria used here are those
developed by Langhaar (Ref. 8) and applied by Boresi
in analyzing the stability of in-plane displacements.
For a circular ring acted upon by a uniformly distributed
radial force acting through the line of centroids, there
will exist, in general, both a uniform radial deflection
(of the line of centroids) and a rotation of the cross section
about the line of centroids. If the applied load acting
over a segment of the ring remains constant in magnitude
and is either constant in direction or continues to point
through the original geometric center of the ring when
the ring is deflected from- its equilibrium position, a
potential can be defined for the applied force and com-
bined with the strain energy to define a total potential

'y

)

Fig. 2. Coordinate system for restraint of ring
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energy. As shown in Ref. 8, the resulting conservative
system is stable if the second variation of the total
potential energy is positive definite. Furthermore, the
system is unstable if the second variation is indefinite,
negative definite, or negative semidefinite. The critical
load is defined as that for which the second variation
becomes positive semidefinite. In particular, Langhaar
shows that the second variation is positive semidefinite
if and only if the rank of the associated coeflicient matrix
becomes less than the order of the matrix. Hence, the
determinant of the coefficient matrix must vanish when
the second variation changes from positive definite to
positive semidefinite. This is equivalent to stating that
one of the stability coeficients (the coefficients of the
generalized coordinates of the second variation of the total
potential energy when expressed in canonical form)
vanishes.

The energy criterion for stability is essentially that
suggested by Temple and Bickley (Ref. 9). They argue
that if a system of disturbances is considered applied to
the ring, a practical condition for stability is the require-
ment that the strain energy acquired by the system
during the disturbance be greater than the work done by
the primary load (the distributed load) during the dis-
turbance. The stability limit is reached when the addi-
tional strain energy is exactly equal to the work done
by the uniform load.

In attempting to determine the value of load that would
cause the second variation of the total strain energy to
vanish, Langhaar (see Ref. 8) noted that Trefftz recog-
nized that the existence of a minimum in the second
variation was equivalent to requiring that the first
variation of the second variation of the total strain energy
vanish identically. This requirement leads to a set of
homogeneous equations whose coefficient matrix is the
associated coeflicient matrix of the second variation.
Thus, the requirement that a solution exist is that the
determinant of the coefficient matrix vanish identically
as before. It can be seen that this form of the stability
criterion is described by Ziegler (Ref. 10) as the dynamic
criterion. Clearly, the equation of motion for small dis-
turbances superposed on an equilibrium configuration
takes the same form as the equations suggested by Trefftz
in the limiting case of vanishing frequency.

Il. Description of the Displacements

As a preliminary step in evaluating the strain energy
in the ring, the displacements must be expressed in terms

JPL TECHNICAL REPORT 32-1421

of generalized variables that are considered a reasonable
description of the expected behavior. The form that is
used is similar to that used for straight beams and has the
property that the (linearized) transverse normal and
shear strains vanish at the centroid of the cross section.
As pointed out in Ref. 8, the resultant stability criteria
should lead to an upper limit to the true value (compared
to that for a more general set of displacement variables
and the same general criteria for stability) of the critical
load, since the model is stiffer than the actual structure.

The method of analysis followed in this report ulti-
mately requires that the expression for the total strain
energy in the ring be expressible in terms of as few
displacement variables as possible. However, the number
of variables must be large enough to give a realistic
description of the expected behavior. Because it is
important to retain in-plane displacements with the same
emphasis as the out-of-plane displacements when at-
tempting a study of their interaction during buckling, the
displacements of the ring are described in terms of the
displacements of the centroidal axis and the (twist) rota-
tion of the cross section about the centroidal axis.

In particular, let the displacement components of a
ring be expressed in terms of generalized variables similar
to those for straight beams, i.e., transverse cross sections
translate and rotate as a rigid body. The effect of warping
is not considered to be important. Thus, with coordinates
(& &) measured with respect to the centroid of the cross
section (see Fig. 1), a point originally located at

r=(R+ §&e, + Le,
will move to

r=r+ [U@) e, + V() e, + W(h)e,]
+ [13(0)83 + Kf(o)er + Kz(o)ez] X (ger + Cez)

As a further condition, let the linearized transverse
shear strain components vanish at the centroid. In ac-
cordance with this assumption, K, and K, are determined
to be

)

w - ( )l:%_

Kz: R >

Thus, the three displacement components u, v, and w
are expressible in terms of the four generalized variables



U,V, W, and (); ie.,

u=U+§/3
o=t - (1)
w=W— p¢

The strain components consistent with these displace-
ment forms are derived in Appendix A.

During the loading process, the uniform radial load p,,
acting through the centroid, is expected to produce a
uniform radial displacement U, and a rotation 8,. Be-
cause the loading is axisymmetric, there will be no cir-
cumferential displacement component. The deviations
from this uniform (unbuckled) configuration will be

denoted by U, V, W, and B; i.e.,
U6) = U, + T(9)
B(8) = Bo + B(6) (2)

V(6), W(6) = V(6), W(6)

It will be assumed that the disturbance displacement
components have the following form:

<—Z—,E) = E(A,.,B ) cos n b

(n£1)

) Sinn @ (8)

Ycosnd

2
2P

oS =<

At this stage, the configuration of the ring is described
completely in terms of the variables U,, o, As, Bs, Cy,
and D,.

The strain energy in a ring segment consistent with
the assumed form of displacement is presented in Ap-
pendix B. When terms involving deviation components
in the strain energy expression were expanded, only
quadratic terms were retained. This restriction applies
only to the order of the deviation components in any
given term, because quadratic terms in the deviation
components that contained U or 8 as a multiplicative
factor have been retained. Furthermore, the circumfer-
ential strain has been assumed small enough so that
1+ epo~1.

The strain energy expression for a complete ring,
expressed in terms of the displacement components of
Eq. (8) and subject to the above limitation, is presented
in Appendix C.

The expression for the work performed by the uni-
formly distributed radial load during a deviation from
the unbuckled state is derived in Appendix D. It is shown
that a contribution to the quadratic form for the total
potential energy results only if the load is assumed to
be centrally directed.

ll. Analysis of the Unbuckled Configuration

To apply the stability criteria, the form of the un-
buckled displacement U, and 8, vs p, must first be deter-
mined. Appendices C and D indicate that the total
potential energy in a complete ring, acted upon by a
uniformly distributed radial load that maintains its
original orientation during an arbitrary deviation of dis-
placement, is given by

7 UO 2 Izz rz 0)80 A Uoﬁo
~EAR {<f> (1 + I@) R° R ARZ BT T R
L. oR
A'+G,34+2Ao[ < AR2>__ BZ'BO+_E-'BZ—%_:|
2 Uo +E L. U,
+2Bo[,3 (ARZ'*“'E)\' R AE ,8) AR R :|+qu0(]0+2 qﬂKﬂqn)}

The generalized coordinates q, = {A,,

(4)

B,}T represent the axisymmetric deviation components, whereas g, =

{A., B., C., D,}" represent the out-of-plane deviation components.
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The equations describing the unbuckled equilibrium
state result from the requirement that the coefficients of
the independent deviation components A, and B, in
Eq. (4) vanish identically; i.e.,

U I 1. A R

L, 22U,  A+E N\ L. U, _
BO(A—W+E7{—+—E—B.,) AR R 0 (D)

In terms of the dimensionless variables

AR? (= AR? _A+E I,
I, =B €=TF AR,

—_Uo
P=R

Egs. (5a) and (5b) can alternatively be written as

—_— IZ’Z A' 112'2 Ra
? (1 * ARZ) - (1 - Et) AT, =L (@

A+ E 1% ap\ -
faTmef(”—EE)‘P:O (6b)

100

€=1/1600

50

%

|

ROTATION, #(p)

m/ f

4

-100

-3.0 -2,0 -1.0 0

LOAD, poRs/EI"

Fig. 3. Rotation of ring vs radial load

JPL TECHNICAL REPORT 32-1421

Furthermore, the displacement variable p may be elimi-
nated between Egs. (5a) and (6b) to give the following
equation for f(p,):

o Alizzlw [f<x 3 L 2%) +’3:|
+f(1+%%‘%§>—%°—?5=0
(7)

Because Eq. (7) is a cubic equation, it is expected that
multiple roots will exist for a particular range of the
parameters € and p, (Ref. 11). In fact, as can be seen in
Fig. 3, a single value of the rotation parameter f exists
for a given value of load p, up to a particular value of
load that depends upon the parameter €. At loads greater
than this value, the rotation parameter may exist at a
small positive value f; or at the larger values f, and f,
that are approximately equal in magnitude but opposite
in sign. The corresponding load-displacement diagram
is presented in Fig. 4.

The limiting form for € = 0 and I,, = 0 can most con-
veniently be seen by examining Eqgs. (5a) and (5b). In
the limit I,, = 0, Egs. (5a) and (5b) require

pR _PL, ;. A
TA—ar T T 5

. E 1. 2P\ _
ﬂo[ﬁo+—EH Zﬁ(” >:|_o

_b& -1.0
Ieer
m\
ol
o2
N—e= =
a €=0, ﬂo 0
<
e}
|
-2.0
-3.0
-4.0 -3.0 -2.0 ~1.0 0

Fig. 4. Load-deflection diagram (v = 1/3, ¢ = 1/400)



Thus, it follows that either

Bs=0
where
pR®  _
El,
or
L. 14 2Xp
f AR? E
where
pR® _ — (L—20) (1 +v) _
El, '~ (1-» v

The latter choice is possible only if

2\p

1+E<0

Note that the radial deflection p is given by

— oR3
P-4
for either choice at
__E_ 11
p 2\ 2 v

These alternative solutions (see Figs. 4 and 5) are
seen to form a forked branch extending from the point
p = —E/2\» = —1(v = 1/3) and extending parallel to the
curves fi, f;, and f; corresponding to €40. The point
p = —E/2\ will be seen to correspond to the limiting
value of p where multiple values of the rotation param-
eter f appear as e —> 0.

To determine the behavior of the solution on the
parameter €, examine Eq. (6b) near the point p where
multiple solutions for f(§) appear. According to Burington
(Ref. 11), the roots of f(p) change character when

2\p
— 1+
1/p\2, 1 E )
z(:) +E<T> =0 ®)
is satisfied. As —%/€ > 0 for p < 0, the roots of Eq. (6b)
are

2P\ 23p\
P S Wi o8 1T
o 3 € ’ 3 € ’

whenever Eq. (8) is satisfied.

0
= -1.0
|
m\
[-4
&
[=
=0
6( ﬂof 0 By
-
-2.0
-3.0
-4.0 -3.0 -2.0 -1.0 0

m

Uy { g2
DEFLECTIONS, —2 (AR )

Fig. 5. Load-deflection diagram for symmetrical
cross sections (v = 1/3)

Since € <1, it is helpful to examine Eqgs. (8) and (9) in
the limit e— 0. If the three terms in Eq. (6b) are to have
the same order of magnitude, it is apparent that

2)\’) e—0

1+ -0 as
Hence, when

1+ 2% = 5(€) (a0 + @8 + a5 + )

E
is substituted into Eq. (8), it is apparent that § = €*, and
G _ _ (1=Zv\® o__2,
8 4V ’ Qg - 3 0>
e_1 .,
2% 38 %

Furthermore, the roots of Eq. (6b) corresponding to

2p _ wl1 _ommf G w @\, ...
T = 1+ a€ l:l 2e 3 + 3¢ 3 +

(10)
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are

For the special case v = 1/83, g, = —1.890 and

p=—1—1890¢"(1+ 1.260€" + 1191 €% + --*)

0.7938

fu€) =~ (1 + 06301 & + 03970 + ---)

These relations have been evaluated for € = 1/400 and
1/1600; the results, together with the value of the load-
ing parameter at which Eq. (8) is satisfied, are presented
in Table 1.

Table 1. Solutions of Eq. (6b) at critical
point for v = 1/3

Load poR®/El~
Parameter ¢ Rotation f; Deflection p
f—# f=+f
1/400 6.392 —1.306 —1.147 —1.277
1/1600 9.816 —1.180 —1.092 —1.163

The load p, required at the given value of U,/R to
maintain the configuration f, and f; must be greater than
that for f, (see Fig. 4). In particular, the values of the
loading parameters corresponding to Egs. (5b) and (8)
being simultaneously satisfied are

= —1-—1.680€* — 2,646¢* 4 -

= —~1—-1.050€* — 0.265¢* + -

f=f,v="8

ET,.

In Eq. (4), the total strain energy should be examined
as a function of both U, and p,. If Eq. (4) is rewritten in
terms of the dimensionless  and f variables, and if

. nl ITT 2 X7
total strain energy = nEAR ( ARZ) \%
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where

it follows that V =V{(p,f,, €).

The function V(p,f) is determined once the solution of
Eqs. (5a) and (6b) is obtained. Results of such a calcula-
tion are presented in Fig. 6 with p « U,/R as the abscissa,
and in Fig. 7 with p, as the abscissa. The combined
presentation in Fig. 8 shows only the principal branch
of the V diagram, In Figs. 6 and 7, it should be noted
that the value of the strain energy, evaluated at the
point where the roots of Eq. (5b) change character (as
defined by Egs. 10 and 11), is given by

= I, \2[_ 1-—
rEAR(m) I:p2+a§Tv€%+ ]
for the branch f = f,, and

EAR () [ 5 — & 42 <
. m 14 —gao (l—v)E + -

for the branch f = f,. Specifically,

Vi{f,e = 1/400) = 1.648
Vif..e = 1/400) = 1.713
4.0
Vit
V(fa)
3.0
V(e
1>
>
2 2.0
z 1718 ed e
1.648 7=~ ~-=-=
1.0
0
-3.0 -2.0 -1.0 0

u 2
DEFLECTION,R—O (%)

rw

Fig. 6. Energy vs radial deflection (v = 173, € = 1/400)



ENERGY, V

4.0
- 3.0 = =\
_ ViF)
Vo)
Vit,)
2.0
1,718 -————-
1
I
|
1
1
1
-1.277
1.0
.
-3.0 2.0 -1.0

LOAD, pg R¥Y/El,,

Fig. 7. Energy vs radial load (v =1/3, € = 1/400)

4.0

3.0

ENERGY , V

2,0

LOAD, poRS/El"

-1.277,
-1.147,4-+
-1.0

-1.0 -2.,0 -3.0

U 2
DEFLECTION, _R_O <¢—R )

rr

Fig. 8. Principal branch of the strain energy
vs load-deflection curve

IV. Axisymmetric Instability of a Complete Ring

According to Langhaar (Ref. 8), the axisymmetric con-
figuration specified by U, and B, vs p, is stable provided
that the second variation of the total potential energy is
positive definite; i.e.,

9’ K, qo + 2 (qzK.q,) >0 (12)
n==2

This expression can be put in a more convenient form if
definitions are given for a complete generalized displace-
ment vector

9o
q:
qs

qns

and the corresponding coeflicient matrix

K, 0 0 0
0 K, 0 0
0 0 K, 0
K* =
L0 0 0 - K, _

Hence, the configuration specified by U, and g, is stable
provided that

A critical state exists at the load that causes the deter-
minant of the coefficient matrix K* to vanish. This is
equivalent to stating that one of the stability coeflicients
(the coefficients of the generalized coordinates when the
quadratic form is written in canonical form, i.e., the sum
of squares) vanishes identically. As

| K[ = Ko | | K, | | Ko |- | Ko

it follows that overall stability can be studied by investi-
gating the individual stability of each mode.

This section of the report concerns an investigation of

the properties of |K,|. The properties of |K,| will be
discussed in Section V.

JPL TECHNICAL REPORT 32-1421



In accordance with Appendix C, the determinant of K,
will vanish for § and f, satisfying

2\ - __E A
1+T”+€[3f2 m(l E>]_O
o (14)
The coefficients have been simplified with the assumption
that I.,/AR? « 1. Note that if € « 1, the determinant of K,

changes from positive definite to negative definite at
(2\/E)(p) = — L

In the limit € = 0, we must investigate Eq. (14) for the
two possible configurations that either

Bo =0, p arbitrary

or

E I, P NP
2 — — —
=T ARZ(I—!— E) 1+ 22 <o

As can be easily verified, both choices reduce Eq. (14) to
1 + 2xp/E = 0. Hence, a ring of symmetrical cross section
is unstable with respect to axisymmetric disturbances at

pR® _E
El., 2
where
= _E
P o

For € « 1, we expect that the simultaneous solution of
Egs. (14) and (6b) would be approximately

5o E O
P = 2,\) f—O(E)

The precise values of p and f, satisfying Eqgs. (6b) and (14),
can be obtained as the root of the following cubic equation
by eliminating ¢ from the set; i.e.,

Mol _ oA E N\ _,» _E
4t (1 2"E—zm> 5f* (1 ‘e m)

M E 1 €eE \ _
"6rm‘?<l "WE) =0 (5
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As can be verified (see Ref. 11), Eq. (15) possesses one
real root, provided that

bz a?
vy + 37 >0
where

3q — p? b= 2p® — 9pq + 27r
3 ’ 27

When p, g, and r are identified as

8 (1—v)(1—v— 42

G i (e y s e
fory =1/3
~_8_Q=w _
I=— 3 @+na-o 2
forv = 1/3
r=_(1—v)2 1—(1—v)e =——3—1—£
dve (1+v)(1—2) 4e 3
forv = 1/3
it follows that, for v = 1/8,
—{ =_3 (1=
SR T b= 4€<1 8)
and the criterion is easily satisfied for e« 1.
In order to determine this single root, let
14 22 = 5(by+ 8+ 8by + ), s=e

fz%(fo+f13+fz32+ )

The values f; can be obtained by substituting the expan-
sion for f into Eq. (15). A hierarchy of equations results



that gives the following values:

oo =/
0 (l —2)(1+ V)

I

o (L= 9/
N Y (R

The corresponding values of b; are most conveniently
obtained by substituting in the relation
- 1+ ef
p= f——-;)’:
l=xf

obtained by rewriting Eq. (6b). Then,

52_5_{ f(f”—)
t |:3f1fo (f1

BB

so that
b=_1—v 83— 8y — 42
o fo {1+ ({1—2W)
b__(l—v)a 3 — 8 — 82
L=

2 BAI—2Rd T

For v =1/8, we find

fo = (8/4)* = 0.9086, fi=1/4, f- =f; = 0.6192
15
bo= — L — _1g9 == -2,
0 7 1.926, b, 52 2971
so that

p=—1—19265— 22718 +

f= % (0.9086 -+ 0.25 5 + 0.6192 5 + --+)

These relations have been evaluated for € = 1/400 and
1/1600; the results are presented in Table 2

If the data of Table 1 are compared with those of
Table 2, it is apparent that the following occurs: the
axisymmetric deflection state becomes unstable at the
value of the radial deflection p at which multiple roots

10

Table 2. Critical deflections for v=1/3

Critical deflection Critical rotation
Parameter € -
Porit foris

7.029
10.93

1/400
1/1600

—1.303
—1.181

appear and at the value of the rotation parameter f cor-
responding to the vertical tangency point on the f; and f,
vs p diagram. This interpretation follows from the ob-
servation that the values of p agree within an error that is
proportional to e.

In summary, for a ring with a symmetrical cross section
€ = 0, the deflection states corresponding to that portion
of the load-deflection curve (see Fig. 5) for which

_E _(pR U, AR
2 < <EIM R In)<°

are considered stable with respect to axisymmetric
disturbances.

In the general case € 5% 0, the range of load over which
the ring is stable with respect to axisymmetric disturb-
ances is slightly larger than |p | < E/2x. However, as
the determinant of K, changes sign at this critical load, it
is concluded that the axisymmetric equilibrium configura-
tion U, and B, vs p, is unstable for loads corresponding
to (approximately) p = — E/2A.

V. Out-of-Plane Stability of a Complete Ring

In this section, the stability of the equilibrium state
specified by U, and 8, vs p, will be discussed with respect
to nonaxisymmetric deviations. In accordance with
Eq. (18), the determinant of the overall coeflicient
matrix will vanish if any of the individual 4 X 4 K,
matrices possesses a vanishing determinant,

As is suggested in Appendix C, the analysis of K, is
most conveniently described in terms of the elements a,;,
where

[ai;] = 2[ki;]
In forming the determinant of [a;;], it is important to
note that all coefficients a@;; are small (of the order of
magnitude of € or less) except a.1, @5, and ;3. Hence, in
order to work with a well-conditioned matrix, it is nec-
essary to essentially remove the third column of |a” |
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By appropriate multiplication and subtraction of the
rows of | ai;|, it follows that
] = a3, G|

where the coefficient.matrix [C;;] is symmetric and de-
fined as follows:

Ch=ay,;— s Co =Gy — ——
33 Q33
o3 Q1g _ 23 Q34
Cip=a, — ——, Cos = Gpy — —— (17)
Q33 Qa3
2
Q34 Q13 as,
Cis=ay, — —— Cys =Gy — —
Gz [/ZF

The significance of removing the third column of
| @:;| is apparent if it is assumed that the criterion that
the quadratic form changes from positive definite to
positive semidefinite is equivalent to requiring that it
possess a relative minimum, Hence, the requirement

(4, Kaqn) =0
is equivalent to
K,q,=0
or
[aij]qn =0

possessing a nontrivial solution. As the first and third of
this set of four equations is

A, +nC,=0

to order &, it is apparent that the deviation mode shape
is nearly inextensional in the circumferential direction.

Since a3; cannot vanish in the range of interest, the
stability criterion reduces to

The elements C;; can be expressed simply, since it has
been noted in Sections III and IV that the range of
interest of p and f corresponds to

JPL TECHNICAL REPORT 32-1421

Thus, since €& 1, the elements C;; become

- : . PA+E
Cyy = &n® — 12 <1”+% T

) + 0@ T%) + O()

Cp=&m — V)T, + 0@E>* %) + 1, 0@)

Cua = n2&nz — 1) I, + O ) + T, O(e)
ol G . ]
Coy=n%€{ 1+ T + O(e2 I*/3) + Of€)
Cay = n% ( o7 o E) + 0 %) + O(@)

If all but the leading terms in the coefficient matrix
C;; are omitted, the stability requirement of Eq. (18)
becomes

(19)

For I,, =0, the critical deflection parameter He.i: is
given by

Perie = — (1 — v)nL. (20)

and the two additional roots of the quadratic equation
P_\ p GJ e
21’ (1 — y> + (1 — y> [1 + n2 'EI_T': + 2V( EI,”.

oo @

+ (n? — 1)2

It should be noted that the mode shape corresponding
to Eq. (20) is an inextensional, in-plane displacement,
whereas the remaining roots correspond to out-of-plane
displacements. This uncoupling of the buckling modes
occurs for I,, =0 only.

1



For I,,5<0, Eq. (19) is equivalent to the following
cubic equation:

& 7-5 3 5 z

n2<1—v>+<1—v>

Y S Ao G . Gl \
LR IS =GRS -]}

+ <T§T> [(n2 — 1y o (e — 1) (1 + 20m)

- QG - = G,
+ zﬁ’— (n? + 2v)] + (T — ) (2 — 12 EI{ -=0

(22)

It should be noted that the effect of I,,540 is reflected
in the parameter (I, —12) or (1 —I2,/I,L.). This is
also a familiar property of the linear analysis of ring
structures. Furthermore, Biezeno and Grammel (see
Ref. 2) indicate that this parameter is always positive.

The roots of Eq. (22) have been obtained for v = 1/8,
1/4<T,,<30,0<1,.<08L, n=2 and n =3. In
all cases, the least root corresponding to n =3 has a
numerical value greater than the least root correspond-
ing to n = 2. The remaining roots may overlap. The
values of the least roots corresponding to n = 2 are pre-
sented in Fig. 9. It should be noted that the abscissa for

2,0

ﬁl E

)

=

3

=

Z 1.0

pr

=

[0]

=

<

=

<
0.5
0.25

0 /

-1.0 -0.5 0

2
CRITICAL DEFLECTION, 2R (—0)
I" R crit

Fig. 9. Critical deflection vs I,, for an
unrestrained ring v = 1/3, n = 2)

12

any curve I, (constant) cannot reach zero without causing

the parameter I, — I? to vanish,

VI. Buckling of a Restrained Ring

Since- the free ring is the exception rather than the
rule in structural idealizations, it is important to investi-
gate the effects of restricting the disturbance mode
shape. In particular, let the radial and axial displace-
ments of the centroidal axis satisfy the condition that
there be no component of disturbance displacement
along an axis inclined at an angle o to the z-axis (see
Fig. 2); i.e.,

6:e;,=0

where

e; =e,cosa 1 e sina

8= —ﬁe, +We,
In terms of the disturbance parameters, this condition
requires that

A,sina + D,cosa =0

Because D, is now dependent upon A,, the criterion

for stability derived in the previous section must be
modified. If the analysis is restricted to forces that main-
tain their original line of action after buckling, the only
modification that is necessary to the quadratic form is

the elimination of D, as a variable. In this way, the
holonomic character of the system is retained.

With regard to the nth mode, the substitution of
D, = —A,tanac

changes the quadratic form in the total potential energy
expression of Eq. (4) to

Ay
{An Bs, Cu} K ¢ B,
Ca»

where K(® = [k{9 ], and

k@ =k;; — 2k tana + ky tan®o
K=k kY =k

k@ =k, — kystana = k@

k@ = k;; — kystana = k(@

= = k(o
kég) = kas = kag
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The variable C, is essentially eliminated by removing
the third column. In terms of the coefficient C,; defined
in Eq. (17), the determinant of K{® can be shown to
vanish for

_|Bi|=0 (28)

where

B,y =C,; —2C;stana + Cystan®a 1
B, = Cy, — Cystana = By, (24)
B C f
For o = 0 and I,, 540, the criterion for stability is that
p satisfy
C1:C, — C2, =0

12

(25a)

Taking only the leading terms in the expression for the
elements C;;, we obtain the following quadratic equation
for p:

v P \? 2 GJ =
po (1 — V) + i— (1 + n? Vo + 2V'n21z'z>

+ (T —T2) + 0L g =0 (25b)

S I‘Bl

In the general case w40 and I.540, Eq. (23) re-
quires that

(Cllczg - CiZ) - 2tana (Claczz - C12C23)

+ (C2Css — C2,) tan®a = 0 (262)

Taking only the leading terms in the expressions for the elements C;;, we obtain the following quadratic equation

for p:
Nz _

(P Y n*tan® a n? . GJ o dmil,
o (——1 — V) [1 + 7 — 1)2] + 1=, {1 +n TL. + 22l T tano

_nttanza , GJ . GJ

+ = [1 +n TI. + 2 (n + TIM)]}
T T GJ] 7 T -
+ I, —I2, +n? I (Iz — 2. tano + tan?a) > =0 (26b)

Note that the above analysis presupposes that tan
= O(1), since A, is used as a variable. For restraint con-
ditions corresponding to o at approximately 90 deg, D,
would be a more convenient variable, and the analysis
would proceed in a manner analogous to that above.

The roots of Eq. (26b) have been obtained for v = 1/8,
1/4<1,.<80,— 08, < I,. < 08I, n=2, and a =0,
15, 30, 45, and 60 deg. The least of the two roots is
shown plotted in Figs. 10-14. A summary of the results
for a symmetrical, restrained ring is presented in Fig. 15.
Note that the effect of restraint for unsymmetrical cross
sections I,,540 is a general increase of the critical de-
flection parameter.

V. Discussion

To interpret the significance of the various stability
criteria established in Section VI, the load-deflection

JPL TECHNICAL REPORT 32-1421

diagrams should be reviewed (see Figs. 3, 4, and 5). For
a ring with a symmetrical cross section, the radial deflec-
tion U, is directly proportional to the radial load p,, and
the deflection increases with no rotation of the cross
section B, = 0. At the load corresponding to a radial
deflection § = — E/2), a multiple-valued deflection con-
figuration appears with no jump in the rotation. For
values of load corresponding to a radial deflection greater
than —E/2x, three different rotations exist for a given
radial deflection, namely,

—E I, 2P\ 1
i[,\+§ AR? (1+_E=):|

As shown in Section 1V, the point at which this multiple-
valued configuration appears is unstable with respect to
axisymmetric disturbances. Hence, it is unlikely that a
ring of symmetrical cross section could be loaded above
this point.

Bo =0,

13
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Fig. 10. Critical deflections for a restrained
ring (o =0 deg, n = 2)
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Z
w
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o -1.0 \
2,0

-4.0 -3.0 -2.0 -1.0 0
CRITICAL DEFLECTION PARAMETER , ch

Fig. 11, Critical deflections for a restrained
ring (o = 15 deg, n = 2)

For a ring with an unsymmetrical cross section, the
radial deflection U, is always accompanied by a rotation
B, for all load values, If the ring were loaded by a con-
strained, radial deflection device, the radial deflection

14

and the rotation would be single-valued functions of
the load up to a load value corresponding to a radial
deflection slightly greater than p = — E/2x. At this point,
three values of rotation can exist for the same radial
deflection. Hence, there may be a jump in the rotation
and a consequent increase in the radial load required to
hold the ring in the new position. The value of the rota-
tion that appears at this point is opposite in sign to that
which accompanied the radial deflection from the un-
loaded state. As the radial deflection increases from this
point, two values of the rotation parameter increase in
magnitude with the load (the f, and f, branch), whereas
the third value tends to decrease in magnitude with
the load.

2.0

Tsoo/

1
iy 4
e} o
\
=]
}
€
N
(5]

DIMENSIONLESS AREA MOMENT,

-4.0 -3.0 -2.0 -1.0 0
CRITICAL DEFLECTION PARAMETER, p

crit

Fig. 12. Critical deflections for a restrained
ring {0 = 30 deg, n = 2}

As shown in Section IV, the determinant of K, changes
from positive to negative definite at a load correspond-
ing to |p| slightly in excess of E/2). Hence, one must
conclude that an axisymmetric deflected state cannot
exist for loads in excess of approximately —E/2\. The
classical critical load is, therefore, impossible to achieve.

Strictly speaking, the actual value of the radial load
corresponding to the load parameter p, must be found
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T._=3.00
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2.00,

rz

DIMENSIONLESS AREA MOMENT, |

-3.0

-3.0 -2.0 -1.0 Y]
CRITICAL DEFLECTION PARAMETER, ch

Fig. 13. Critical deflections for a restrained
ring (o = 45 deg, n = 2)

by considering the length of the centroidal axis in the
deformed configuration. The form of the energy principle
used defines the distributed force per unit length of
centroidal axis in the undeformed state as p, and the
correspondence rule indicates that p, is also the force
per unit length in the deformed configuration. Hence,
the total load acting on the ring in the deformed state
is equal to the total load acting on the ring in the
undeformed state multiplied by the ratio of the unde-
formed periphery to the deformed periphery. Consider-
ing that the linearized circumferential normal strain e,
was neglected in comparison with unity in computing
the total strain energy, there is essentially no distinction
between either the periphery or the total load in either
the deformed or the undeformed state.

The results of the stability calculations made in Sec-
tion V apply only to very thin rings. In particular,
Eqs. 19-22 were written with the assumption that only
the leading terms in the coeflicients C;; need be retained.
This implies, in general, that terms of order €* = (I,,/
AR?)* were negligible in comparison with unity for
I,. = I./I,, =O(l). For I,, = 0, the assumption is that
O(€) is negligible in comparison with unity. Hence, if
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CRITICAL DEFLECTION PARAMETER, Perit

Fig. 14. Critical deflections for a restrained
ring (0 = 60 deg, n = 2)

improved accuracy is warranted for I,,540, the tech-
nique employed in Section V must be replaced by a
search technique wherein successive values of p and the
corresponding values of f; would be substituted into
]C,-]-| until |Ci,-[ vanished.

This procedure would require the simultaneous solu-
tion of Eq. (6b) (or a table of values of f vs p) for each
step. It is only for the limiting case described in Sec-
tion V for €1 that the terms in |C;;| do not involve
f1; hence, simple cubic and quadratic equations, Egs. (21)
and (22), result. An analogous procedure would also have
to be undertaken for the constrained ring, as the same
approximations were made in Section VI as in Section V
regarding € < L.

Furthermore, the radial load parameter p, in the
discussion above, was considered to be equal to the load-
ing parameter p,R*/EI,, of Eq. (6a). Since the value of f,,
corresponding to the critical value of p, has been shown
to be near O(1)/€” (see Section III), it follows from
Eq. (6a) that taking p ~ p,R*/EI,, also involves regard-
ing €” as negligible in comparison with unity. Hence, as
in the evaluation of | Ci; ], the explicit evaluation of
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Fig. 15. Summary of critical deflections for a

symmetrical, restrained ring

30 60

f vs p is only required when the assumption € «1 is not
warranted.

The results for the nonaxisymmetric modes based
upon Eq. (19) indicate that this analysis does not recover
the classical result achieved by Timoshenko (see Ref. 5).
The classical result is interpreted here to mean the
critical load corresponding to in-plane displacements
only. To obtain such a mode, one must examine the
limiting case I,, =0. Following Eq. (20), and noting
that p = p,R*/EI,, for I,, =0, and 8, = 0, we see that

o (BB 40—y — 2,y arbi
(Elzz >crit B (]- + V) (1 _ 21/) n 2" 4 arbltl‘al‘y
= 8.60 (v = 1/4)

The minimum value of this expression is 8.56 and occurs
for v = 1/5. This formula is essentially the result of set-
ting C,, = 0.

When comparing the minimum value with the classical
value (3.00), one should note that the result reported by
Boresi, as well as Wempner and Kesti (see Ref. 12), was
that the classical value corresponds to a hydrostatic
type of loading in which the load at a point on the ring
remains normal to the centroidal axis during buckling.
The type of loading studied here (see Appendix D) is
that identified by Wempner and Kesti as constant—the
orientation of the loading does not change during buck-
ling. The value of the critical load for constant loading
was found to be 4.00 by Wempner and Kesti using the
equilibrium method. Note that the identical result is
obtained here for v = 1/3, and that Wah obtained the
value 8.00.

The results of calculations based upon Eq. (21) for
nonaxisymmetric buckling of symmetrical sections might
be qualitatively compared with the results of Cheney
and Wah. The intention here is that the dependence of
the out-of-plane buckling loads on the postbuckling be-
havior of the loading be noted rather than that any
quantitative comparison be made. As can be seen in
Table 3, the results given for the constant load are con-
sistently about half the values obtained by Cheney and
Wah for the hydrostatic type of loading.

Salient characteristics of the numerical results of this
analysis are presented in the concluding statements that
follow.
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Table 3. Comparison of critical load for
symmetrical sections {I,, = 0)

Results
Area moment

[P - Present

»=1/3) Ref. 4
0.25 —0.5948 —1.467
0.50 —0.6800 —1.558
1.00 —0.8258 —1.688
2,00 —1.043 —1.842
3.00 —1.194 —1.929

The decreasing slope of the curves I, (constant) should
not necessarily be interpreted as a destabilizing effect
due to I,. 540 (see Fig. 9). A more instructive cross plot
might be made for a given cross section showing the

JPL TECHNICAL REPORT 32-1421

variation of the critical load with inclination of the
principal axis. In fact, such a cross plot would probably
be similarly inclined, but not as sharply because the
parameter I, changes with inclination. The same is true
for the restrained ring. With the latter, however, the lack
of symmetry of the results with respect to the parameter
1., indicates that there is a preferred direction for a given
cross section having a greater critical load.

Finally, it should be noted that the effect of restraint
(see Fig. 15) for symmetrical cross sections is true in
general; that is, the critical load for the restrained ring
is greater than the critical load for the corresponding
unrestrained ring. Thus, the behavior of curves for I,,
(constant) is qualitatively similar to that of the curves of
Fig. 15 for all values of the parameters studied in
Figs. 10-14.
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Appendix A

Strain Components in Circular Polar Coordinates

Let dR = e, dr + e, rd, + e, dz be a differential line
segment in an elastic material that becomes dR’ when
the material is deformed with the displacement field

8(r,6,2) = u(1,0,2) e, + v(r,0,z)e, + w(r,0,z)e,
As
dR’ =dR + db
= e, [(1 + u,)dr + (u, — v)df + u, dz]
+ e [vydr + rdp <1 =t %) + ozdz]
+ e Jw, dr + w, do + (1 + w,)dz]

and defining the components of the Lagrangian (Green’s)
strain tensor as

(dR)*—(dR)* _ ,, . 2
2(dR)2 l E’I"I‘ +m an +n Ezz' + 2lm E,—g
+ 2InE,., +2mnE,,
it follows that

E.r =ty + 5 (U} + 0+ ui)

Eoo = —i—(u + ve) + —l-[(ue — )2 + (1 + 0,)? + w?]

— 1 2 2 2
E..=w,+ 7(% + 0 + i)
1
2E,, = v, + T(u" — )

+ %[ur(uo —0) + o, (4 + V) + W, ws]

18

2E,, = u, + w, + (U, u; + 0,0, + W, w,)

9E., = v, + %we —I—;l;[uz(u., —0) + v, (44 Vs) + Wwe w,]

where I, m, and n are the direction cosines of the line
segment dR, ie., dR = | dR |(le, + me, + ne;).

In terms of the generalized coordinates U,V, W, and
B, the strain components become

=Ly (YZUY
we=glo+ () |
— oo 1 r (A ’ ‘_K ’
Eoo —eea<1 +7> +%{[§(U V) + g(p + R)]
-+ (W’ — SBI)Z}

_C_ w*”

_ _ A Y ¢
reoa—u+vo—U+§B+RV RU R

AT (WY
e =g(#+ () |

b WN_B W’ — &8 i %
2Ero - T (ﬁ + R ) r ( Eﬁ) -+ €Eoo R
—_— ! S 4
OF,, = R”2 (V — )

L W g UV, W
2Esz_ T(:B + R>($ ,8{) 1 B R €00 R
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Appendix B
The Strain Energy in a Ring Segment

The strain energy 6, < 6 < 6, in a ring segment can be Si; = AEw 8;; + 2G Ey;
written, following Fung (Ref. 13), as the integral of the
strain energy density p,W over the volume of the ring in

where A and G are the Lamé constants of the material, it
its undeformed configuration, i.e.,

then follows that the strain energy density takes the form

/ PoW(E:;)dV,
Vo

poW(Es)) = o (Ez, -+ B2, + E2,)
where
+ )\(Err Eoo + E,. Eqo + Err Ezz)
S“ — a(pﬂw)
s + G (B, + B2, + EL, + B, + B2, + B2,
are the components of the Kirchhoff stress tensor. For a
linearly elastic, isotropic material, where E = ) + 2G.

In terms of the generalized coordinates U, V, W, and g, the individual terms in the strain energy expression become

. 2\ BAB T . V—-U’\2 W'\
erA(E"+Ezz)— [,e +( - >+<R>+ ]
. U+Vv'\* , L, (U+U"\ _WN\E oL, (UHUN\/ . W
oraaen=an(Tem) 5 (Fr) w6 w) - F R (T
2 Py W’ 2 U 11‘2’+I:;
/;I’dAE” /rdAe +B.A*<R> (7{— ﬂW)

L. Wg' (U L.+1I3, I} U~V
+2F-—5 (’}T T ﬁlﬂ>+AU( )

zz 2 U I:‘# B I:‘rz
ﬁ'(R .. "R L. )

L, (., W\(V-U
+2H<B+—R—><

R 7)) \T.
U+V |, 1 (U =V
— 2 —
ﬁrdAEe,,(E,,JrEzz) ARB[ . +2< -
I (g WY L (WA AR UV (W
+2ARZ(’8+R>+2<R>]+2 R [(R)
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4/rdA(Eg, +Ey = (p
} R

”X')z + AR [(

14 L

)]

) (1 i) o

>+<V v
(

AR?

_2UB I,
R AR

SEYPHRATASLAN AT B L.
RG+BN e ()]

-+

w’ U _ Irz _ Irz—,BI'rr
| (e ) et

J

where terms in U’; V, and W’ of order higher than quadratic have been discarded, and e, and 82 have been neglected
in comparison with unity. Note that higher-order terms have been retained if they contain U or 8 as a factor. The fol-

lowing area properties have been used:
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. R

]:Irr+1zz,
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[oeay
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(Izz, Irz, Irr)
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Appendix C

Strain Energy Relations for a Complete Ring

If the form for the displacement components given in Egs. (2) and (3) are substituted into the individual strain
energy contributions of Appendix B, the following is obtained:

/” / rdgdAE?, + E2) = wAR,Bg{Bg + 48,B, + 6B + E[SB; + 2Dt (Cut nA,.)z]}
0=0 A n=2

2
=2/2ﬂ/rd0dAE,,Ezz
0 A
27
/ /rdedAejo =
6=0 A

U, L. 2L, (U, ' I
27rAR|:<T+A>(1+ ARZ)—A—RZ—(T+AO)(BO+BO)+ARZ (,30+B):|

L. L, oL,
1 WARE[ (An + G + 22 (02 = 1) AL + -0 (B, + 1D, ) + ez (nt — 1)A,,(B,,+n2D,,):I

" [rdodaE:, = [ [ rdsdAe:, + 1TARﬂE [(C,, + nAu)? +
=0 A =0 J A R n=2

A# _ B.R I,z—i-lfz)
A "2D5<1 U, AR

2L ., I, BRI, L. I3, | BR Ii.

+ Ay WD (1 "L T U L )+ AR® "233( L. T, RI,.,,,)

— 2I,, n(B + D )(C + nA ) I, _ BOR + I, ne (B +D )2 Iirkr + ,30 I;k” )]
ARz YT TMAEE Y\ L, U, AR® R U, RI,,

[ " / rd8dA Evo (Eyy + Euy) = wAR{ 2Us (8, + Byy? + 24, (82 + 28,B,)
9=0 A

+ o3 2 [02D2 + (C, + nAu) + 2B] + 28, 2 Bo(An + nCh)

n=2
2
+ 5 2 [(nA,, + G+ %:T (Bn + Dy} + nng]}

n=2

-lr]n2 2 i U Irz+,80 2z __ I‘rr+BOIrz
2{—43 (B.+ D) + o (B,.+D,,)[z (c —l—nA,,)( ol L T )

Uo Izz olrz Irz'— UI'r'r AR
B A
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L.\ _ 2Up, I.
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Hence, the strain energy in a complete ring can be written as a sum of contributions from each order n of the devia-
tion displacements. For reference, it is convenient to write the strain energy in the following form:

U, L.\ 2. UBy , I
Strain energy = ~EAR {( R ) (1 + AR2> AR® R + AR® B

ox Uy  A+G U, L. L.
tER T ﬂ““zA“[ BZ+T<I+A32)_ARZ'G°:|

AUy, A+E \_ L. U
+2B°[B°<AR2+_ET{_+ “F Bz) ARZR:I

ay Kot Y (af Ko}
n=2

The vectors q, and q, and the matrix K, are defined as follows:

A,

_fA _)B
9o B0 ’ ! {8 C

D,

(“ﬁa%) <E’ﬂ° ARZ)

0= =
27, L 22 U, | L. A E
(f‘“ Am) <‘E' R TAR T3TE 3?))

The 4 X 4 matrix K, is most conveniently represented as

2

3

K, = [ki;], 2ki; = ai;

where the elements a;; are

>
+
=

gy =1+ E[(nz — 19 L, + pn* = ] + %—W? +2nE I, (A EG f- EW%)

&
9
Il
a
L]
~
N

R At )

sy =n[1 + e‘ﬁ# +%?ﬁ2 +2'ézf2TizAEG 2@ %Tizfﬁ]

\

Gy = n?l,, 'e'[nz—l—e(p f))\—%“'esz(i’l_ﬂ ):l
T Irfz+ItTT - T
@y =E|: +—EE+ EI{r—l-enZ( T]— + 11, L. >+3 el +e E)}{r nzf”fz:l
_ =T2 — G G = =
@, — €nl,, [—é\f——EA——E——(p—f)"'?%_(ﬁIz—fIfz):l
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_ ® _ I* —_
a“:nzg{H GJ +E<_12A+G wpdt g, L

s [A+G . _fG = .=
ow=nt L[ 232~ p) + el L1 ]
_ G] _Ar+E __(If oG- . _
= n2 2 b
ays = N fl:n + EIL. +P o +pe(1” i L.+p
—_pr T A.'{"G -4 /\Irz Ifrr— fz) -
+ef1n(2 L~ A e ) g
where
—— e eIz,
" AR’ 1=,
A Izz’ r Irz
Iz_ ITT, Irz— ITT
and
—_ U, AR® f— g, AR (= MHE L
P=®R T, =B =TF ARrI,
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Appendix D

The Work Expression

The work performed by a uniformly distributed radial
load during a deviation from the unbuckled state depends
upon the orientation of the forces acting on a line segment
during the displacement. The most realistic distinction
seems to be that between (1) a force that retains both
its magnitude and direction, and (2) a force that is
constant in magnitude but whose line of action passes
through the undeformed center of the ring.

In general, a differential force dF acting on a line

segment R dé of the line of centroids will perform work
dW, during a displacement r, — r;, (Fig. D-1) where

de — /rz

For a constant load, dF, = p,Rdf e

dF-dr

%

Fig. D-1. Sign convention for work expression
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For a centrally directed load, dF, = p,Rdf e,

If dv = e, dr + e, 1d§ + e, dz, the differential work
expressions become

AW = p,Rdf e® (x, —r,)
dWéz) = po Rd0 (12 - 1’1)

Furthermore, if r, —
follows that

r, = Ue® + Ve + We, it

dW® = p,Rde U
Also, with 13 = (r, + U)* + V2 + W,
then

= 1
r,—r,=U++ o

(Vz + W‘z) + e
and

dw ® = pORdo[ﬁ+ %—(V%LW%) + ]
1

Finally, using the deviation displacement forms of
Eq. (8), we find that the total work expressions become

W® = 27p, R?A,

2
W = 2po R2Ay + TN (C1 -+ D)

7n=2
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Nomenclature

A area of cross section p nondimensional radial deflection
A, Fourier coefficient of radial deflection q, generalized displacement vector
a;; two times the elements of the stiffness matrix v radial coordinate
B;; elements of a coeflicient matrix R radial coordinate to centroid of section
B, Fourier coefficient of tangential rotation U radial component of displacement
Ci; elements of a coefficient matrix V  tangential component of displacement
C, Fourier coeflicient of tangential deflection W axial component of displacement
D, Fourier coefficient of axial deflection # axial coordinate
]_i‘_ Young’s modulus of material @ constraint parameter
E Il;liglflsgxgsft?;l:t(;fr iamla’cerial plus twice the shear g tangential rotation component
§ nondimensional rotation € dimensionless parameter
G shear modulus of material € slenderness ratio
I, area moment ¢ centroidal axial coordinate
I dimensionless area moment 6 tangential coordinate
] area polar moment k, radial rotation component
K, stiffness matrices k. axial rotation component
ki; elements of the stiffness matrices A Lamé constant of material
n Fourier wave number v Poisson’s ratio
po intensity of distributed radial load ¢ centroidal radial coordinate
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