
COLLEGL 

U N I V E R S I T Y  O F  I L L I N O I S  A T  C H I C A G O  C I R C L E  



CHEMICAL REACTION I N  A TURBULENT FLOW FIELD 

NITH UNIFORM VELOCITY GRADIENT* 

PAUL M, CHUNG 

University o f  Illinois at Chicago Circle 

* This work was supported by NASA RESEARCH GRANT NGR 14-012-01 2, 



ABSTRACT 

A s i m p l i f i e d  s t a t i s t i c a l  theory f o r  t u r b u l e n t  shear f lows p rev ious l y  

i n i t i a t e d  by the present  author i s  developed u n t i l  i t  i s  completely s e l f -  

containing i n  the f l o w  reg ion  where the  turbulence Reynolds number i s  s u f -  

f i c i e n t l y  l a rge .  The theory, there fore ,  app l ies  i n  the reg ion  ou ts ide  o f  

the  laminar  sub1 ayers. The homelogous f l o w  and concent ra t ion  f i e l d s  are 

f i r s t  analyzed f o r  t he  chemical ly  f rozen case. From the analyses, t he  

r e l a t i o n s h i p s  between the mean ve loc i  t y  and concentrat ion grad ien ts ,  and 

the Reynolds s t ress ,  turbulence energy, t u r b u l e n t  t ranspor t  o f  chemical 

species, and the mean square f l u c t u a t i o n  o f  the  species concent ra t ion  a re  

establ ished.  The comparison o f  the  present  r e s u l t s  ~ 4 t h  the a v a i l a b l e  ex- 

perimental  data i s  made, which shows a s a t i s f a c t o r y  agreement, The non- 

equi 1 i brium chemical r e a c t i o n  was found t o  c rea te  an inhomogenei t y  i n  the  

concentrat ion f i e l d  which, among o ther  th ings ,  causes the  mean square f l u c -  

t u a t i  on t o  var,y nonuni form1 y w i  t h  respect  t o  the Damkohl e r  number and the  

f l o w  reg ion .  



The conventional phenomenological approaches t o  the chemically reac t ing  

turbu lent  shear flow problems have been developed t o  near t h e i r  maximum ca- 

pac i t ies .  These approaches have been very useful  i n  analyzing the nonequi- 

l i b r i u m  chemical reactions i n  various turbu lent  f low f i e l d s t i n  the absence 

o f  a be t te r  t rac tab le  method. A few o f  the examples are those given i n  Refs, 

1-4, 

I t  i s  known, however, tha t  the cor rect  descr ip t ion o f  a nonequit ibr ium 

chemical reac t ion  i n  a turbu lent  f low f i e l d  i s  outside the inherent l i m i t a -  

t i ons  o f  the conventional phenon~enologieal theories, Basical ly ,  i t  i s  be- 

cause the r a t e  o f  the chemical react ion i n  a turbu lent  f low f i e l d  i s  coupled 

w i t h  the turbu lent  f l uc tua t i sns  so t ha t  the average chemical reac t ion  r a t e  

a t  a given po in t  i s  not equal t o  the r a t e  based on the averaged propert ies, 

such as the averaged chemical species concentrations, 

5 A s imp l i f i ed  s t a t i s t i c a l  theory was developed by the present author i n  

which the most important s t a t i s t i c a l  quant i t ies ,  such as the turbu lent  trans- 

p o r t  tensor, turbulence energy, and the average chemical react ion rate,  were 

described i n  a t rac tab le  manner, The comparison o f  t h i s  theory w i t h  the oth- 

e r  ava i lab le  theories,as wel l  as a b r f e f  state-of- the-art  review of the con- 

ventional phenonienological and the c lass ica l  s t a t i s t i c a l  theories i n  r e l a t i a n  

t o  the present theory, was included i n  t h a t  work. 

I n  add i t i on  t o  the development s f  the general theory, the turbu lent  

Couette f low o f  a chemically i ne r t ,  s ing le  component f l u i d  was analyzed i n  

Ref. 5,  The theory as appl ied t o  a chemically i n e r t  s ing le  component f law 

was shown t o  be sel f -contain ing up t o  the d iss ipa t ion  funct ion,  The experi- 

mental ly avai l ab le  d iss ipa t ion  func t ion  was employed i n  the so lu t ion  of the 



Couette flow, A simple expression for  the d iss ipa t ion  funct ion,  however, 

5 was derived subsequently which was based on the "universal equi l ibr ium" 

concept f o r  h igh turbulence Reynolds numbers. Phis express1 on was shown t o  

approximate the experimentally ava i lab le  d iss ipa t ion  funct ions c lose ly  f o r  

the Couette, pipe, and boundary layer  flows, and the f ree  je ts ,  It was suy- 
5 gested t ha t  an incorporat ion o f  t h i s  d iss ipa t ion  concept i n t o  the genera3 

theory would make the theory completely sel  f -conta i  n i  ng f o r  the chemical 1y 

i ner t  , s i  ngl e component $1 ows . 
I n  the present paper, the simp1 i f  i ed  s t a t i s t !  cal  theory developed pre- 

5 v ious ly  w i l l  f i r s t  be made completely sel f -contain ing f o r  the turbu lent  

f lows o f  b inary mixture o f  chemically react ing f l u i d s  when the molecular 

Prandtl  and Schmidt numbers are o f  order one, and when there i s  no laminar 

sublayer, The d iss ipa t ion  func%ion deriyed Prom the "universal equi 1 i brium" 

concept i s  v a l i d  only i n  the region where the turbulence Reynolds number i s  

s u f f i c i e n t l y  1 arge, Therefore, the sel f -con la i  ned t h e o ~ y  t o  be developed 

herein i s  not  v a l i d  i n  the laminar sublayers, As i t  was the case w i t h  the  

previous work,hwe sha l l  consider t h a t  the f low i s  incompressible.. 

The theory w i l l  be employed t o  analyze the fo l lowing se t  o f  problems 

w i t h  no laminar sublayers. 

We sha? 1 f i r s t  analyze the s ta t ionary  homogenous turbulence f i e l d  w i t h  

a uniform ve loc i t y  gradient (homologous f low f i e l d ) ,  We sha l l  es tab l i sh  the 

re la t ionsh ips between the mean ve loc i  t y  gradfent, the Reynolds stress, and 

the turbulence energy, These resu l t s  w i l l  be compared w i t h  the ava i lab le  

experimental data obtained behind a nonuniform grid,b and a t  the center o f  

a Couette f low 7 3 8 9 9  where the mean ve loc i t y  gradient i s  uniform. 

We sha l l  then superimpose a uniform mean concentration gradient  of a 

chemical species onto the homologous turbulence f i e l d  i n  the absence o f  





I 1, FORMULATION 

Phis section will begin with a brief discussion o f  the general theory de- 
5 rived previously . This theory will then be developed u n t i l  i t  i s  completely 

set f-contai ni ng for the turbulent flow fields ~ ~ i t h  no mean pressure gradients 

and laminar sub1 ayers, b u t  contain-ing a chemically reactive species, 

A physical turbulence field consists o f  all  size eddies which are super- 

imposed on each other and i ntenni ngled together. The f 1 uctuats'ng property 

of a fluid element observed a t  a point i s  a manifestation sf the combined in- 

fluence of the various size edd-ies of which the fluid element i s  a part. 

Another description o f  the turbulence field i s  that i t  i s  comprised of a n  

infinite number (continuous spectrum) o f  degrees o f  freedom. The i nf tuences 

of these degrees of freedom on a fluid element a t  a paint are determined 

through the spectrum analyses o f  the pertinent correlation functions derived 

from the Navier-Stokes equation. 

The existing spectrum analyses ~f such as the two-point velocity cor- 

relation ~ f u n c t i ~ n ~ ~ ' ~  have established the following information o f  the dy- 

nami cs o f  turbulence when the turbulence Reynol ds number i s  sufficiently 

1 arge, The turbulence energy and the other observable statistical properties 

caused by the turbulent fluctuation, such as the Reynolds stress, are pre- 

dominantly due t o  the low-wave-number degrees of freedom, The high wave- 

number degrees s f  freedom are i n  equilibrium, The low wave number region of 

the spectrum is statistically separated from the h i g h  wave number region a- 

cross an inertial subrange, The characteristic times of the low wave numbers 



(low-wave-number degrees of freedom) are much longer t h a n  and separated from ' 

those of t he  high wave numbers, 

In the simplified theoryP5 the turbulence field described above, which 

consists o f  a spectrum of degrees of freedom, i s  replaced by a nonequil ibrium 

degree of freedom representing the low-wave number region of the spectrum and 

the high-wave number degrees o f  freedom which are always Sn equilibrium, The 

turbul ence energy and the other important s ta t is t ica l  propertj es caused 

by the fluctuation are considered t o  be due t o  the nonequilibrium degree o f  

freedom only, The hi gh-wave-number equi l i brium degrees sf freedom are con- 

sidered t o  cause the evolution of the nonequi f ibrium degree of freedom Loward 

an equilibrium state through their interactions with the nenequil ibrium degree 

of freedom, and t o  dissipate the turbulence energy contained in this  degree 

of' freedom. 

The model of the turbulence f i e l d  described in the preceding paragraph 

sa t is f ies  precisely the general ized deFinStion of the Brownian motion (see 

14 for instance Prigoyine ) The Brownian motion describes14 the evolution of 

a few degrees o f  freedom of a large system towards s ta t is t ica l  equilibrium 

in situations in which a31 other degrees of  freedom remain i n  equilibrium. 

Before we begin the farmulation o f  the present problem, according to the 

turbulence model af ter  the Brownian mo't3'sn, we skal 7 briefly discuss the 

basic governing equation of the Brownian motion i t s e l f ,  

A rigorous stat is t ical  treatment of the Brownian motion, in particular 

the evolution of one degree s f  freedom representing an anharmonic osci 1 lator  

in solid, was carried out by ~ r i g o ~ i n e ' ~ .  A comparison o f  the results o f  the 

rigorous treatments and the classical Langevin I s  stochastic equations 14,15 

i s  given theretn, The two are shown to be identical in certain "weakly coupledi' 



cases, whereas they  are found t o  be o n l y  approximately t he  same i n  o ther  cases. 

The Langevin's s tochas t i c  equat ion i s  rnueh s impler  and i s  more amenable t o  

s o l u t i o n  than the  equations r e s u l t i n g  from the r igorous  treatment,  Fur ther-  

more, the  Langevin's equat ion f o r  the var ious simple cases has been solved 15 

and the  r e s u l t s  have been shown t o  be e s s e n t i a l l y  c o r r e c t  i n  comparison w i t h  

the  avai  l able experimental data. 

Mow r e t u r n i n g  t o  the  present  problem, the  s t a r t i n g  p o i n t  o f  the present  

turbulence theory described e a r l  i e r  i s  the Langevin's s tochas t i c  equation, 15 

dui i- 

a f  = -@(")u 4- Ci ( t )  + Ki ( U )  

where the  index i denotes the  f i r s t  o rder  Cartesian tensor,  I n  view o f  the 

present  turbulence model and the  general d iscussion o f  the Brownian motion 

g iven before, t h e  meanings o f  t he  var ious terms o f  Eq. (1 ) are as fog laws, 

The term on the  l e f t  denotes the  t ime r a t e  o f  evo lu t i on  (decay) o f  the i n -  

stantaneous absolute v e l o c i t y  ui a t  a p o i n t  $, where ui i s  due t o  the  non- 

e q u i l i b r i u m  degree o f  freedom represent ing  the low wave numbers o f  the  t u r -  

bulence spectrum. The f i r s t  term on the  f i g h t  represents the decay o f  ui 

due t o  the long p re fe r red  memories o f  the low-wave-number nonequ i l ib r ium 

degree o f  freedom, whereas the second term denotes t h a t  due t o  the  f a s t  ran- 

dom f l u c t u a t i o n s  o f  the  e q u i l i b r i u m  degrees o f  freedom. In Eq. ( I ) ,  Ui i s  

ui - <ui' where the symbol . denotes the appropr ia te  ensemble average. The 

f u n c t i o n  ~ ( 2 )  i s  the  c h a r a c t e r i s t i c  decay r a t e  o f  the nonequ i l ib r ium degree 

o f  freedom which w i l l  be definedmore p r e c i s e l y  l a t e r .  F i n a l l y ,  Kj i s  t h e  

body f o r c e  app l ied  t o  the  f l u i d  element due t o  the  molecular v i s c o s i t y  o f  

the f l u i d ,  which w i l l  lead t o  the eventual d i s s i p a t i o n  o f  the  turbulence energy. 



Equation (I) thus describes the evo lu t ion o f  the nonequi l i brium degree 

of freedom, Since i t  has been assumed i n  the present turbulence model t ha t  

a1 1 the observable  s t a t i s t i c a l  propert ies are e n t i  r e l y  due t o  t h i s  nonequi 1 i brium 

degree of freedom, the mean ve loc i t y  and the turbulence energy, f o r  instance, 

are simply given by cuy> and <UkUk> respect ively.  

The Fokka-Planck equation appropriate For the present turbu lent  f low pro- 

5 blems was derived i n  the previous paper which i s  w r i t t e n  below f o r  the cases 

wherein there are no mean pressure gradients and laminar sublayers. 

I n  the above equation, t i s  time, and F ( ~ ) ,  where P 2 0, i s  the P-th order 

d i s t r i b u t i o n  funct ion o f  the chemical species defined by, 

where d 6  = du dv dw w i t h  u, v, and w wi thout  indices denoting the x, y, and 

z Cartesian components o f  the ve loc i  t y  respectively, The symbol n represents 

the mass f r a c t i o n  o f  the chemical species, The funct ion f i s  the d i s t r i b u -  

t i o n  funct ion o f  the f l u i d  e l  en~ents which expresses the occupation probabi 1 i t y  

o f  a f l u i d  element i n the phase c e l l  d i  d$. Equation (3 )  gives, f o r  instance, 

where t he  symbol < 9 i s  used henceforth t o  denote the moment, 
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= < u > ,  and L i s  the charac te r i s t i c  length  o f  the flow f i e l d  such as the  

ha l f -w id th  o f  the  Csuette f low and the boundary layer  thickness. The sub- 

s c r i p t  denotes the reference vaf ue, and A i s  the charac te r i s t i c  length o f  

the la rger  eddies i n  the l i m i t  o f  small auo/ay. 

The charac te r i s t i c  t ime o f  the equi 1 i brium degrees o f  freedom, unl i ke 

tha t  o f  the nonequil i brium degree o f  freedom, i s  not  c lose ly  re la ted  t o  the 

character is t ics  o f  the f low f i e l d  which generate the l a rge r  eddies. Hence, 

i t  cannot be defined i n  a simple manner as E q .  ( 7 ) .  The e n t i r e  Brownian 

turbulence model, however, which has been formut ated herein i s  based on the 

known dynamics12s13 o f  the turbulence f i e l d s  described i n  the second para- 

graph o f  the preceding subsection. The dynamics o f  turbulence, when pushed 

t o  i t s  l i m i t ,  leads t o  the "universal equ i l ib r iumu theory which s ta tes  

t ha t  the r a t e  o f  d i ss ipa t i ve  processes which are due t o  the high wave num- 

bers (equ i l ib r ium degrees o f  freedom) 5s i n  fact  cont ro l  l ed  by the charac- 

t e r i s t i c  t ime s f  the low wave numbers (nonequil i brium degree o f  freedom). 

The equilibrium degrees o f  freedom, i n  the present model, i f  we accept the  

"universal equ i l  i brium" theory, d iss ipate  the turbu l  ence energy and the che- 

mical species f l uc tua t i on  only as f a s t  as they receive them from the non- 

equi 14 b r i  um degree o f  freedom, The nonequi 1 i brium degree o f  freedom, there- 

fore, i s  the ra te-cont ro l  l ing degree of freedom i n  the d iss ipa t i ve  processes. 

We shall  consider t ha t  t h l s  universal-equi l ibr ium concept o f  d i ss i pa t i on  

holds f o r  the homologous flow f i e l d  t o  be studied herein. 

We now express the d iss ipa t i ve  terms Kj and M o f  Eq. (2)  i n  terms o f  

the charac te r i s t i c  time, I / $ ,  when the molecular Prandtl and Schmidt numbers 

are s f  order one, as 



Governing Fskka-PI --- anck E-ions 
P 

Glith the use o f  Equations ( 3 ) ,  ( 6 ) ,  ( 7 )  and (8), Eq* (2) gives the 

fo l lowing two self-contained equations governing the functions f and n 

respect ively.  The equation f o r  f i s  derived from Eq. (2 )  by se t t i ng  n  = 1  

and by discarding the chemical react ion term. 

a f --- a f 3 f  + - a t '  *j 5. au 
J j 

anf anf anf , , - + --- -- 
a t  j ax4 a ~ ;  

Equations (9) and (10) are i n t eg ro -d i f f e ren t i a l  equations since <UkUk>, 

uo , and no represent the in tegra t ion  w i t h  respect t o  u, v, and w .  These 

equations will be solved by an approximate moment method f o r  the f low prob- 

lem o f  the present i n t e r e s t  subsequently. As a preparation o f  the so lu t ion,  

we der ive the general $zed moment equations i n  the fol lowing, 

General i zed Moment Equations -- 
"+ 

We l e t  Q be a  general funct ion o f  U, g, and t, Then as we m u l t i p l y  

Eqs. (9) and (10) by Q and as we in tegrate  them w i t h  respect t o  d d  ; dUdVdW, 

there resul  t a f t e r  some manipulation, 



AS i t  was done i n  reference 5, one can read i l y  show tha t  the various 

p a r t i c u l a r  moment equations derived from Eqs. (11) and (12) are essen t i a l l y  

the seme as the corresponding moment equations derived f r o m  the Edavier- 

Stokes and the species conservation equations i n  the c lass ica l  s t a t i s t i c a l  
13 turbu l  ence studies . 

IIT. FLOW FIELD 

The turbu lent  f low f i e l d  w i t h  u n i f a m  mean ve loc i t y  gradient  (homolo- 

gous f low f i e l d )  w i l l  be analyzed i n  t h i s  section(see Fig. 1). 

So1 u t i o n  

Equation (9) w i l l  be so l  ved by the moment method, a f t e r  ~ o t t - § m i  thl', 

and L i u  and ~ e e ? ~ ,  as was done i n  the previous turbulence anlaysis5. For 

the d e t a i l s  of t h i s  moment method, the readers are re fe r red  t o  the ~e fe rences  

16 and 17, 
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When Eqs . (1 3) and (1 4) are substituted in Eq. (1 5) f o r  f , there results 
for the homologous flow, where v, - 0. 

Equations (16), (17) and (18) become with the use of Eqs. (13), (14), 

and (19) as, after some manipulation and nondimensional ization, 

11 2 
(Qe) [$ + 821 

9= "2 [I- 
dY . 

-- --- 
A % (T)e2+ [:) ($el [$ + e 2 ) " 2  J 

where 4~ = 'Jol - U02 
uo" 

9 



and C1 i s  a constant o f  i n teg ra t ion  of Eq. (16).  

Equations (20), (211, and (22)  comprise the governing equations f o r  the 

three funct ions o f  $, a, and 4, which together describe the f l ow f i e l d .  

The funct ion 4 i s  re la ted  t o  the mean ve loc i t y  uo through Eqs. (13) 

and (23) as, 

1 d4 duo/uom In a homologous f l ow f i e l d ,  therefore,  2. = ;jy-- i s  constant. Hence, 

dm , Eqs. (21) and ( 2 2 )  cons t i t u t e  f o r  a given mean ve loc i t y  gradient ,  

two coupled algebraic equations which would determ'ine the unknowns + and 0 

whSch should be a1 so constants. These values o f  $ and o w i l l  then g ive the 

constant C, , which determines the Reynolds stress from Eq. (20), thus 

cornpl e t e l y  sa t i s f y i ng  the three equations, Eqs , (20), (21 ) , and (22) . 
For a given constant value o f  d~ /dY,  E?s, (21 ) and (22) can be readSly 

solved t o  give: 

and 

E q u a t i ~ n  (20) then gives, w i t h  the use o f  Eqs, (13), (25), and (261, 

Sol uticsn of Eqs, (20), (21 ) , and (22) i s  now complete. The turbulence 

energy i s  r e a d i l y  obtained from the so tu t ion  as, 



Discussion o f  the resu l t s  and the comparison w i th  the ava i lab le  experimental 

data w i l l  fa l low,  

Discussion o f  the Flow F i e l d  

Equations (25) through (28) show tha t  the re la t ionsh ip  between the mean 

ve loc i t y  gradient  and <UV>/u&, and <UkUk'/u& depend on the characeeri s t i c  

length  r a t i o  x/L. As i t was def ined ea r l i e r ,  A i s  the charac te r i s t i c  length  

o f  the nunequil ibr ium degree o f  freedom ( large eddies) i n  the l i m i t  o f  the 

small mean ve loc i t y  gradient, whereas L i s  the charac te r i s t i c  length o f  the 

f low f i e l d .  

In the homogeneous f i e l d  generated by two pa ra l l e l  plates, t ha t  i s  a t  

the core region o f  a Couette flow, x and L are f a i r l y  wel l  defined,and we l e t  

x/L = 1 where L i s  the ha1 f - ~ i d t h  o f  the Couette f low f i e l d .  The reFerence 

ve loc i t y ,  uow, i s  the ve loc i t y  a t  the center o f  the Couette f low. The 

so1 i d  and the broken 1 ines i n  F ig .  2 show the present solut ion,  Eqs. (25) 

through (28), f o r  h/L = 1 , 

There are two pub1 i shed experimental works7 '' on Couette f l ow whi ch 

g ive  the re la t ionsh ip  between the mean ve loc i t y  gradient  a t  the center o f  

the f low f i e l d  and the surface shear which i dea l l y  should be equal t o  <UV> 

a t  the center, These experimental resu l t s  are shown i n  Fig. 2, 

8 Reichardt showed only two experimental points, whereas Robertson 7 

gave a ra ther  la rge  number o f  data. 
8 Reichardt employed two pa ra l l e l  be1 t s  running i n  the  opposite direc- 

t i ons ,  

In the Robertson work7, the f low f i e l d  was generated by using a he1 t 



p a r a l l e l  t o  a  f i x e d  w a l l ,  Robertson noted t h a t  the v e l o c i t y  a t  t he  center, 

uoos was l e s s  than one h a l f  o f  the  be1 t v e l o c i t y  t. due t o  the  s ide-  

w a l l  e f f e c t s  ( t h r e e  dimensional e f f e c t s ) ,  By employing a blower a t  t he  

i n l e t  t o  the  f l o w  region,  uom was brought up t o  h a l f  o f  t he  b e l t  v e l o c i t y .  

F igure  2, therefore, shows two se ts  o f  Robe~ tson ' s  data f o r  the  two d i f -  

f e r e n t  values o f  u,,/ (u,)~,~ There i s  subs tan t i a l  s c a t t e r  i n  the data, 

The readers are  r e f e r r e d  t o  the  o r i g i n a l  f o r  the d e t a i l e d  

d e s c r i p t i o n  of t he  experiments as we1 1  as the analyses o f  the  data, 

As t o  t h e  comparison o f  the t h e o r e t i c a l  r e s u l t s  w i t h  the experimental  

data, F ig ,  2 shows t h a t  t he  present  theory p r e d i c t s  t he  c o r r e c t  o rder  and 

var ia t ion ,w i  t h  respect  t o  duo/dy,of <UV>. Beyond t h a t ,  we may say t h a t  

t he  present  theory seems t o  agree w i t h  the  Refchardt 's  r e s u l t s  much more 

c l o s e l y  than the  Robertson's data. 

The experimental r e s u l t s  o f  a homologous f l o w  f i e l d  generated by a non- 

6 un i fo rm ly  spaced g r i d  l oca ted  i n  a channel are g iven by Rose . Here, t he  

ana lys i s  o f  t he  f l o w  f i e l d  i s  much more cornpl i ca ted  than t h a t  o f  the  core 

reg ion  o f  t he  Couette f low,  I n  the  Couette f low,  x/L i s  c l e a r l y  one s ince  

t h e r e  i s  o n l y  one c h a r a c t e r i s t i c  l eng th  of the  f low c o n f i g u r a t f  on. I n  the  

problem o f  ~ o s e ~ ,  t he  c h a r a c t e r i s t i c  l eng th  and v e l o c i t y  governing the  

o v e r a l l  f low,  L and uo,, are, as were the  case w i t h  t h e  Couette f low,  the  

h a l f - w i d t h  o f  the  channel and the  center-1 i ne  v e l o c i t y  , respec t i ve l y ,  How- 

ever, t h e  c h a r a c t e r i s t i c  length,h, i s  governed by both the  g r i d  spacings 

and t h e  channel w id th ,  I n  a  f l o w  behin$ a uni form g r i d  w i thou t  the con- 

f i n i n g  wa l l s ,  k i s  equal t o  the  g r i d  spacing, I n  the Rose's work, t he  g r i d  

spacing va r ies  across the  channel, and a l so  the  e f f e c t  o f  the  wa l l  i s  i n -  

c reas ing l y  f e l t  by the  eddies as the  f l o w  developes through the  channel . 
Even i f  we consider  t h a t  the  e f f e c t  o f  t he  w a l l s  on the  eddies i s  neg- 

6 1 i g i b l e  i n  the f l o w  reg ion  where the  measurements were taken, the  value o f  
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A a t  a given po in t  i s  affected by a l l  d i f f e r e n t  values o f  the nonuniform 

spacings o f  the g r i d .  The f a c t  t h a t  the measured values o f  <UkUk) end <UV> 

were r e l a t i v e l y  uniform across the channel a t  the regions s u f f i c i e n t l y  

downstream o f  the g r i d  indicates t h a t  a1 1 s i ze  eddies produced by the various 

g r i d  spacings were s u f f i c i e n t l y  mixed i n  these regions, producing a uniform 

value of x ,  Therefore, f o r  these regions, we take A equal t o  the maximum 

value o f  the g r i d  spacing auts ide the wal l  boundary Sayer, where the mean 

6 ve loc i t y  gradient  i s  uniform. This value according t o  the d j s c r i p t i o n  s f  

the g r i d  i s  about 0.17L. 

By using x/L = 0.17, the present theory, Eqs. (25) through (281, gives 

dlV>/u;_ = -4.6 x l o m 5  and 4!kUk>/~gm = 2.5 x l o m 4  f o r  the on ly  experimental 

6 tb e I y  employed value o f  ( L /uo~duo /dy )  = 0.135. For,same value o f  the mean 

ve loc i t y  gradlent, Rose measured ~Ul/>/u& o f  between about -3.5 x and 

-4.2 x 1 0 ' ~ ~  and <UkUk>/u,& o f  about 3 x l o s 4 *  l'herefore, the agreement 

between the present theory and Rose's experimental data i s  sat is fac tory ,  

Analysis of the f low f i e l d  i s  now completed. We sha l l  now study the 

t ranspor t  of chemical species w i t h  homologous flow f i e l d .  

I V . HOMOGENEOUS SCALAR FI EkD 

We sha l l  study the t ransport  and f luc tuat ion o f  a chemical species 

i n  the absence s f  chemical react ion (chemically frozen case), This case 

i s  equivalent t o  the heat t rans fe r  problem i f  we consider the species 

mass f rac t ion  n t o  represent the  temperature instead, The chemically 

react ing case w i l l  be analyzed i n  the subsequent section, 

The mixing layer  f o r  n i s  homogeneous only i f  dno/dY i s  uniform and 

the chemical react ion i s  frozen, 



We f i r s t  seek the solution of Eq. (10) for n sub je~ t  t o  the constant 

dn,/dy and frozen chemistry. Consistent with the moment method we employed 

for the flow field, we shall obtain this solution by salving an appropriate 

number of particular moment equations t o  be derived from Eq, (12) which i s  

the generalized moment equation sf Eq. (IU), 

In order t o  be consistent with Eq. ( $ 3 ) ,  we f i r s t  express n by, 

where, 
for V 2 0  - 

and nl and ng are zero for V < O and V , 0 respectively. With the expression 

of E q .  (291, the transport and the mean square fluctuation of n are given by, 

As i t  i s  seen from the solution o f  the flow field, Eqs. (25) through (281, 

the various statistical quantitjes caused by the fluctuations, such as <UV> 

and <UkUk?, depend only on the mean velocity gradient and n o t  on the mean 

velocity i tself  in a homologous flow field. Otherwise, since the mean vela- 

city varies linearly with y, the statistical properties such as < U V l w i  11 vary 
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where 

Now we consider the  frozen chemistry of r = 0, 

For the present case wherein nl  and np  are functions of y only, we have, 

Therefare, for a given uniform mean concentration gradient, Eqs. (35) and 

(36) can be readily solved, and there results,  

The turbulent transport and the mean square fluctuation are obtained from 

Eqs. (25) ,  (26), (31), ( 3 2 ) ,  and (39),  as, 

Above s ~ l u t i o n s  show t h a t  the  turbulent transport, in a homologous flow 

and concentration f ield,  i s  porportional t o  the mean concentration gradient, 

whereas the mean square fluctuation varies with the square of the gradient. 

Also, the increasing mean v e l o c l t y  gradient, for d#/dY ; 2, increases the 



transport whereas ? t  decreases the mean square fluctuation. 

From the resul ts  given i n  Eqs, ( 2 7 )  and (401, one may readly derive 

the r a t i o  o f  the turbulent mass (or heat) t o  momentum di f fus iv i t ies ,  

E ~ / E ~ ~  where these diffusivi  t i e s  are defined i n  the conventional manner 

by the equations, 

The r a t i o  simply becomes 

The t ransient ,  decaying, low Reynolds number turbulence f i e l d  w i t h  the 

uniform veloci ty  and temperature gradients was studies by Deissler 10~11.  R~ 

i t  was mentioned in section 1 ,  the problems considered by Deissler, as well 

as the similar problems considered by others, are  bastcally different  from 

the present one, and no direct  comparison can be made, However, a quali- 

t a t ive  comparison can be made of the r a t io  E~/c , .  ~ e i s s l e r ' l  showed tha t  a 

large mean velocity gradient has the e f fec t  on the turbulence spectrum some- 

what analogous to  that  o f  a large Reynolds number, and that  the r a t io  

approaches one from above as the we1 oci ty gradient i s  c~ntinuously increased, 

when the molecular Prandtl number i s  order one. This Ss essent ial ly  consis- 

tent  w i t h  present r a t i o  given i n  Eq, (43), 

We have new completed the analysis s f  the homogeneous concentration 

f i e ld  which i t s e l f  has no characteristic length. The r a t i o  x/L i n  Eqs, (40) 

and (41) i s  arbi t rary as i t  was i n  Eqs, ( 2 9 )  and (28). As we have seen i n  

section 111, these character is t ic  lengths become defined only as we consider 

a homo1 ogous f1 ow and concentration f ie ld  generated by a particular physical 

conf i gumti on, 



A concentrat ion f ie7d w i t h  chemical reaction cannot be homogeneous 

because a chemical react ion depends on the real t ime, Therefore, a l l  the 
8 .  

character i  s t 1  e 1 engths must be defined JI 

The i nhomogeneous eoncentrat i  on f i e f  d generated by a chemi ca l  react ion 

w511 be considered i n  the hext section, 

V. CHEMICAL REACTIONS 

As i t  was mentioned a t  the end o f  the preceding section, a charac te r i s t i c  

length  must Be defined before a chemical react ion can be analyzed. We sha l l  

i n  the fal lowing, f i r s t  def ine a physicaS system such t h a t  the f low and scalar  

f i e l d s  are both homologous i n  the absence o f  a chemical reaction, The 

solut ions obtained i n  the preceding section, therefore, describe the f lew and 

chemically frozen concentrat ion f i e l d s  o f  t h i s  system. The e f fec t  o f  

chemical react ion on 'the scalar f i e l d  w i l l  then by analyzed. 

I n  order t o  provide a charac te r i s t i c  length  without c reat ing laminar 

sublayers, we consider the hypothetical homologous f law f5e ld  o f  width L 

created between two isotropic1'  streams w i t h  the mean ve loc i t i es  uol (0) 

and u02(L) respect ively,  and w i t h  the equal turbulence energy o f  E. .The 

f low i s  sketched i n  Fig. 3. We are assuming t ha t  the pf anes a t  1 and 2 

(see Fig. 3) are pe r fec t l y  pervious t o  momentum and mass (s l ippery) .  

The so lu t ion  o f  the f low f i e l d  proceeds exact ly  as i t d i d  f o r  the i n -  

f i n i t e  homologous f i e l d  o f  sect ion 111, and we obtain Eqs, (27) and (28) 

w i t h  d$/dY given i n  terms o f  the present boundary conditions, uo, (0) and 

u,*(L), as, 



where 

In the above solution, we set A/L = 1. The u, i s  an arbitrary reference 

velocity, which we may set  equal to uO1 (0) far convenience. Since the planes 

are slippery, there are velocity s1,ips a t  these planes, instead of laminar 

sublayers, as seen from E q ,  (45). 

Now, we must prescribe the necessary conditi~ns on n for the two iso- 

tropic streams. Since the values of n a t  y = 0 and y = L may be s t i l l  

functions of ICI '', i t  i s  not sufficient just t o  prescribe values o f  <qpe 

There are infinitely many function of $ 1  which would give the same en,. 

Physically, this means t h a t  the concentration field between the two 

p.li~nes i s  dependent upon the fluctuations o f  n, as well as upon the averaged 

values o f  n ,  in the two bounding streams, 

Again proceeding exactly as we have done for the infinite homologous 

concentration field of section ZV, we find t h a t  the boundary conditions on n 

a t  y = 0 and y = L must be specified as constants i n  order t o  obtain a homo- 

geneous field with a uniform dno/dy between the two planes. Therefore, i n  

the present problem, the constant values of a1 (0 )  and a 2 ( l )  are specified. 

The solution of the scalar field i s  then, again, those given by Eqs, (40) and 

(41) w i t h  d(nO/n,_)/dY given in terms of the present boundary conditions as, 



The homologous Flow f i e l d  a;nd the chetrij ca l l  y frozen, hoir~slogous eoneentrat io~r 

f i e l d  have now been described, 

The condi t ion tha t  n must be constant i n  the two i so t rop i c  bounding 

streams impl ies the fal lowing, Each f l u i d  element o f  each stream must con- 

t a i n  exact ly  the same mass f r a c t i o n  o f  the chemical species, and therefore, 

2 1 there must be no f l uc tua t i on  s f  t h e  species I n  an usual i s o t r o p i c  stream 

w i t h  a scalar  quant i ty ,  say temperature, such as tha t  generated by a uni formly 

heated gr id ,  there i s  a spectral d i s t r i b u t i o n  o f  the temperature f i e l d  which 

resu l t s  i n  a f l uc tua t i on  o f  the temperature, This i s  because the t rans fe r  o f  

the scalar  quan t i t y  t o  the f l u i d  elements a t  the g r i d  i s  not  uniform but  i s  

re la ted  t o  the generation o f  the turbulence i t s e l f .  If, an the other hand, 

a chemical species (or  heat) 1s  uniformlay mixed i n t o  a f l u i d  in ,  say, a 

s e t t l i n g  chamber, and i f  the r e s u l t i n g  uniform mixture i s  then allowed t o  

become tu rbu len t  by passing through a gr id,  then the r e s u l t i n g  i so t rop i c  stream 

w i l l  have a constant n, 

The n- f luc tuat ions given by Eqs. (48) and (41) are caused by the mix ing 

of the two streams w i th  constant bu t  d i f f e r e n t  n's i n  the mixing layer  between 

the two planes, 
3 

When n i n  the two i so t rop i c  bounding streams are made funct ions o f  I U f  , 
the resu l t s  show tha t  the scalar  f l c l d  between t i le two planes i s  inhomogeneous, 

Quant i t i es  such as .NV> and <N*> are found t o  be d j f f e ren t  from the present 

resu l ts ,  Eqs, (40) and (41), and they vayy across the mixing layer.  The case 

o f  the mixing layers formed by two  streams w i th  the i n i t i a l  n- f luc tuat ions 

w i l l  be considered i n  a fu tu re  paper. 

Now, we sha l l  see the e f f e c t  o f  chemfca'f reactions on the concentrat ion 

f i e l d  which i s  homologous (homogeneous w i t h  a uniform dno/dy) when the 

chemical react ion i s  frozen. 



The equations governing the concentration f le ld  between the two planes 

w i t h  chemical reaction have been a1 ready derived, These are Eqs. (35) and 

(36) w i t h  x / C  = 1 for  the present system of Fig. 3,  For convenience, we l e t  

the reference concentration nom he equal to  the average cancentration o f  the 

1 ower bounding stream, n l  ( 0 ) .  

Solutions of Eqs. (35) and (36)  have been obtained in the present study 

by the use of a digi ta l  computer, for  the second order chemical reaction, 

a = 2 ,  

The solutions are shown i n  Figs. 4 through 7 for  the two different  f low 

f ie lds  o f  (L/uom)duo/dy of 1/4 and 1/2 respectively. Each figure shows the 

solutions fo r  the two Damkohler numbers of r = 0 and r=  - 0,0281. The boundary 

conditions for  a9 1 cases shown are: 

a1 (0)  ' 1 

a2(1 5-81 

Figures 4 thorugh 7 show f i r s t  of a l l  that  the overall reaction i n  the 

mixing layer i s  substantially reduced as mean velocity gradient is Sncreased 

from 1/4 t o  1 /2. As i t  can be icnferred from the chemical 1 y frozen solution, 

Eqs, (40 ) and (41 ) , an i n c ~ e a s e  i n  the velocity gradient tends t o  increase 

the species transport, whereas i t  tends to  decrease the mean square fluctuation 

of the species. The chemical reaction rate i s  proportional to  the mean square 

f1 uctuatisn, as \~rl;ll as t o  the sqare of the mean, of the species concentration 

Z n the present second order reaction, Therefore, an  increasing velocity 

gradient tends to  reduce the chemical reaction rate and, a t  the same time, tends 

to  reduce the residence time by increasing / <NV> I . These two tendencies 

together, therefore, tend to  freeze the overall reaction i n  the flow f i e ld  as 



the velaci ty gradient i s  increased. 

Figures 4 through 7 show that  both mean square fluctuations, <N"/n om 
and €N2>/n0,  are drast ical ly  changed when there i s  a nonequil ibrium chemical 

reaction, Inferring from the frozen solution, Eqs, (40) and (41), we see 

tha t  <N'> tends to  .vary with the square o f  the mean concentration gradient. 

The present resul ts  show tha t  the variations w i t h  respect t o  Y of the mean 

square fluctuations, < ~ ~ > / n ~ ~  and cN2>/n0, qual i ta t ively re f lec t  that  o f  the 

mean concentration gradient i n  the cherni call  y nonequi 1 i brium case al so, 

However, the magnitudes of changes i n  these fluctuations caused by the chemi- 

cal reaction a re  rather surpri s ing ,  

Let us consider the recombination praeess given by the present chemical 

kinetics rn2 where v i s  a negative constant, The equilibrium s t a t e  as r 3 

i s  n = Q, as can be seen from Eqs. (35) and ( 3 6 ) .  Therefore, i n  that  limit, 

cN2>s as well as no, vanisher. Therefore, i n  the upper region cf the present 

flow f ie ld ,  say Y .75, 4th jncreases a s l r l i s  f i r s t  increased, The con- 

tinuaus increase intrk however, will eventually cause 44" t o  pass through a 

maximum and will cause i t  to  decrease toward zero, For the other values o f  

Y, on the other hand, the chemical reaction causes a monotanic decrease o f  

<N2>. 

No general conclusion, of course, can be drawn from the present 1 imited 

study, We may say, however, t ha t  the chemical reaction will a f fec t  <N2, 

nonunifarmly w i t h  respect t o  the Damkohler number and the flow f ield.  

V1. CONCLUDING REMARKS 

A simp1 i f  ied s t a t i s t i c a l  theory was in i t ia ted  i n  the previous gaper 5 

which can be employed to  analyze the chemically reacting, turbulent shear 

flows, This theory, which was self-containing only up to  the dissipation 



function, i s  developed in the present work until  i t  i s  completely se l f -  

containing for  the molecular Prandtl and Schmidt numbers of order one. 

This self-contained theory i s  f i rs t  employed t o  analyze the homologous 

flow and chemical -species concentration f ie lds  in the absence of chemical 

reaction. The effect  of chemical reaction on the concentration f i e ld  i s  

then enalyzed. 

The relationship between the Reynolds s t ress  and the mean velocity 

gradient obtained i n  the present analysis i s  compared to  those experimentally 

measured a t  the center o f  the Couette flows, and behind a nonuniform grid. 
7 The present theoretl cal resu l t s  agree el osel y w i t h  Rei chard%' s data of 

Couette flaw, With an appropri a t e  extimate of the character< s t i c  length, 

the present resul ts  also agree sa t i s fac tor i ly  wi t h  the nonuniform grid data 
G 05 Rose, 

From the analysis of the chemically frozen concentration f i e ld ,  the 

r a t io  of the mass t o  momentum di f fus iv i t ies  has been determined to  be 4/3.  

The di ffusivi t i  es are defined i n accordance w i t h  the conventional phenomeno- 

logical theory. This r a t io  is  only for  the homologous flow and concentration 

f ie lds .  The turbulent transport, as well as the Reynolds s t ress ,  will vary 

from the homologous case when the fSe1ds are  inhomogeneous. A second order 

nonequil i brium chemical recombination i s  considered in the present study. The 

reaction creates an inhomogeniety In the concentration f i e ld  such t h a t  the 

wan square fluctuation of concentration varies nonuniform1 y with respect t a  

the Damkohler number and flow fief d. 

Xn certain region of the f l ~ w  f i e ld ,  the fluctuation i n i t i a l l y  increases 

with the Damkohler number. With the continuous increase in the Damkohler num- 

ber, the f1 uctuation wi 9 1 pass through a maximum and then wi l l  decrease toward 

the ckemieally equilibrium s t a t e  which, for  the present particular chemical 



k i n e t i c s ,  i s  zero. I n  t he  o the r  f l o w  regions, on the  o the r  hand, the f luc -  

t u a t i o n  decreases monotonical l y  as the  Oamkohler number i s  increased. 
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f i n i t e  extent ,  

The d i s t r i b u t i o n  f u n c t i ~ n s  f o r  the  two streams are Maxwel l i a n  w i t h  



respect t o  the mean velocities uol  and uo2, respectfvely. 

20. The values o f  n f o r  the two streams are functions o f  the abso lu te  

values s f  0 because both the f l ow  and the  concen t ra t i on  f i e l d s  are 

21. I t  can be r e a d i l y  shown that  <N2, = d 8  - [ j F ( I )  d$]2 (I i f  

n i s  constant. 



Fig. 1 .  Homologous Flow and Concentration Fields o f  Inf in i te  Extent 

F ig .  2, Homologous Flow a t  the Center of Couette Flow 

Fig. 3 ,  Shear and Mixing Layers Formed Between Two Isotropic Streams 

Fig. 4, E f f e c t  o f  Chemical Reaction on Concentration Field 

Fig, 5. Effect o f  Chemical Reaction on Concentration Field 

Fig. 6 ,  Effect o f  Chemical Reaction on Concentration Field 

Fig. 7 ,  Effect o f  Chemical Reaction on Concentration Field 



FIG. 1 Homologous Flow and Concentration Fields o f  In f in i t e  Extent 



FIG, 2 Homologous Flow a t  the Center o f  Couette Flows 





FIG, 4 E f f e c t  o f  Chemical Reaction on Concentration F i e l d  



FIG. 5 E f f e c t  o f  Chemical Reaction on Concentration Field 



FIG. 6 Effect  o f  Chemical Reaction on Concentrat ion Field 



FIG. 7 E f f e c t  o f  chemical Reaction on Concentration ~ i a l d  




