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ABSTRACT

The dynamic and static behavior of a gas lubricated bearing,
consisting of stretched foil sectors, is analyzed. General equations
describing the fluid film and valid for shaft excursions of the ordzr of the
clearance, are derived on the basis of planar motion and negligible fluid
inertia., The analysis is then specialized to the case of a bearing con-
sisting of three equally spaced foil sectors. For the static equilibrium
condition, tensions and gaps are calculated and graphs are presented.

For the dynamic case, the basic equations are linearized, and equations

for the in-and cut-of-phase steady-state response to sinusoidal excitation
are derived. This s2rves as an illustration of foil-bearing dynamic behavior
as well as for stability investigation. For the cas= of zero radial load,

the effects of speed, rotor radius, foil thickness, wrap angle and initial
tension on the coefficients of damping and stiffness are graphically

presanted.

Within the range of parameters investigated, the following

distinct characteristics of the foil bearing have been found:

a. The bearing is stable.

b. The stiffness coefficient is not sensitive to half
frequency excitation nor to excitation at any other
frequency.

c. The damping coefficient assumes nearly zero values
whenever the ratio of frequency of excitation to
frequency of rotation is an integral multiple of 7/©,
where © is the wrap angle.

d. In contrast with other fluid-film bearings, the increase

in mass has no unstabilizing effect,
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NOMENCILATURE

Distance betwezn rotor center "O" and line connecting points

of tangency with the guides (Fig. 2)

Zeroth approximation of the perturbations of aik’ aek (Eq.11)

from their no load, zero-velocity values.

Arbitrary integration constants

Distance between points of tangency of foil guides (Fig. 2)
MNormalized form of B; B = 3/61/3

Damping coefficient

Compressibility parameter of kth foil sector, Ck = pa/(Tk/ro)
Foil thickness

Out-of-phase component of tension transfer function (Eq. 31)
Young's modulus

Subscript referring to the exit region; also eccentricity
Frequency of excitation

Clearance perturbation of kth foil sector (Eq. 23a)

Laplace transform of fk

Perturbation of asymptote displacement of kth foil in the inlet

and exit regions

Components of resultant force of foil support system on the

rotor

viii
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NOMENCLATURE (Cont)

Foil-bearing clearaince
Clearance distribution of the kth foil segment

Distance of kth foil asymptote to rotor in inlet and exit

regions
Clearance in uniformity region of ktl‘l foil sector
Steady state dimensionless clearance

Dimensionless clearance of kth foil sector Hk = hk/r0
2/3
(GP-U/TS) /

Dimensionless distance of the kth foil asymptote to rotor

Dimensionless clearance in uniformity region of kth foil

sector
Subscript referring to the inlet region
Integral number of perturbation wavelengths in central region

Bearing stiffness per unit width. Also subscript referring to

kth foil sector.

In-phase component of tension transfer function (Eq. 31)

Zeroth order approximation of perturbations in ‘1k’ Lek' {k
respectively

Total foil length between points of tangency with foil guides
Magnitude of foil length Lk when tension is To.

Partial foil length, defined in Fig. 2

ix
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NOMENCLATURE (Cont)

Rotor mass, per unit width of foil; also root of characteristic

equation

Critical rotor mass (Eq. 45)

Moment of kth foil on shaft

Number of foil sectors of multisector foil bearing
Position of rotor center at zero speed and no radial load (Fig.2)
Local film pressure, absolute

Ambient pressure, absolute

Speed parameter (Eq. 38a)

Radius parameter (Eq. 38b)

Length parameter (Eq. 38c)

Tension parameter (Eq. 38d)

Dimensionless damping per unit width (Eq. 38g)
Dimensionless gap (Eq. 38e)

Dimensionless frequency (Eq. 38h)
Dimensionless stiffness per unit width (Eq. 38f)
Frequency ratio (Eq. 38i)

Tangential force of kth foil sector on rotor
Radial force of kth foil sector on rotor

Radius of rotor
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NOMENCLATURE (Cont)

Polar radial coordinate from shaft center referred to kth foil
sector

Subscript referring to steady state; also, complex circular
frequency (Laplace transform) of kthfoil sector (subscript k

omitted for simplicity).

Time

Initial tension per unit width of foil

Steady state tension per unit width of foil

Tension per unit width of kth foil segment
Dimensionless tension (Eq. 10c¢)

Surface velocity’ of rotor

Components of displacement of rotor center (Fig. 1)
Component of dispiacement of rotor center in the kth
auxiliary coordinate system (Fig. 2)

Dimensionless coordinates (Eqs. 10f, 10g)

Inlet angle, defined in Fig. 2, referred to the kth foil sector

Exit angie, defined in Fig. 2, referred to the kth foil sector

Arbitrary angle at which solution of foil bearing equation is
matched with a straight line (Fig. 2)

Foil bearing number € = GpU/'I'sk for kth foil sector

k
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NOMENCLATURE (Cont)

Angular polar coordinate of kth foil sector. The subscript

k is omitted for simplicity

Polar coordinate of inlet foil support referred to the kth foil

sector

'-
Polar coordinate of exit foil support referred to the k'h foil

sector
Angle of wrap

Viscosity
2r w
Dimensionless circular frequency of the kth foil 58 ‘k 173
U
Dimensionless pressure (Eq. 10b)

Tension perturbation of kth foil sector (Eq. 23b)
Perturbations of resultant force componel.cs on shaft
Density of lubricating fluid at ambient pressure

Dimensionless time of kth foil sector. The subscript k is
omitted for simplicity (Eq. 10e)
" . ¢ __ 8 th
Stretched" coordinate £= 1—73- of k= foil sector.
(6pU/TS)

Subscript k is omitted for simplicity.

Shaft position parturbation in x direction
Shaft position parturbation in xk direction
Shaft position perturbation in y direction
Shaft position perturbation in Yy direction

Circular frequency of excitation

xii
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1.0 INTRODUCTION

In many applications, in which thin webs are transported over
guides, it has been found advantageous to support the web over a thin fluid
film. Several analytical and experimental investigations have been devoted
to gaining an undersianding of associated phenomena. References [1 - 8
describe representative works in this area. These works have largely
been motivated by problems arising in the computer and tape recording

industries.

The converse problem of supporting a high speed rotor nn
flexible foils has not received, however, much attention. At a first
thought, such a bearing may perhaps seem impractical for not providing
sufficient shaft restraint. Further cor.siderations, however, reveal that
in certain applications the foil bearinc offers potential advantages over
the usual solid-surface gas-bearings, while shaft confinement can be
brought within acceptable limits. Two anticipated advantages motivated
the undertaking of research in this area. First, it was intuitively expected
that "half frequency" whirl, which generally plagues gas bearings, would
be absent in foil bearings [9 ]. Second, self aligning characteristics,
resulting from the flexibility of the surface, were envisaged. The absence
of half frequency whirl in a weightless environment would offer the all-
important advantage of stability while the self-aligning and distortion -
accommodating properties of the foil bearing would make it particularly

useful as a support for high-temperature, high-speed turbomachinery.

*Numbers in parentheses refer to list of references. !
)
i
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With the impztus given by these expsctations, an experimental
and analytical effort to study the characteristics of a foil rotor support was
carried out and reported in [10]. The analysis in [10], however, was
limited by certain approximations, the most important of which was the
assumption of quasi-static film behavior. It is the purpose of the present
paper to present @ more fundamental analysis, which includes the dynamic

behavior of the fluid film,

The analysis will be restricted to the planar case, and it
will be assumed that the conditions for the validity of Reynolds' equation
exist. This implies, as is well known, the neglect of fluid inertia effects.
The foil will be considered perfectly flexible and massless, and the foil
tension will bz taken as time-dependent, but spatially uniform. The
problem will first be formulated in general terms and then simplified by
retaining only terms of the order of magnitude customarily kept in lubrica-
tion studies. The derivation will be carried to its completion only for the
case of a rotor supported on three, equally spaced foil sectors, with wrap
angles the order of unity. This seems to be case of greatest practical
interest. The static characteristics of the system will be investigated
on this basis, and the relation between steady-state gap, tension, and
shaft position will be found. Then, the dynamics of the system will be
studied by means of a linearized small perturbation theory, from which
stiffness, damping, and stability characteristics will be deduced. Numer-

ica! results will be presented for the zero-gravity case only.

RR 69-12 2
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2.0 FORMULATION

Consider n "infinitely wide" foil sectors, spaced at equal
angular intervals and supporting a shaft (Fig. 1). In the absence of foil
tension, radial load, and fluid film, the shaft center will be located at O.
If a tension To per unit width of foil is introduced in all foils, the position
of the shaft will remain unchanged because of symmetry. The foil length
between the supports, at this tension is denoted by {'o' Next, suppose
that the shaft is brought up to speed and that air films form between the
supporting foils and the shaft. When steady state is reached under
rotational conditions, the shaft center-position does not change, but a
new foil tension TS is established. Under load, or unsteady conditions,
however, the journal position may shift. Assume that at some instant t
the shaft is located at a point x, y (Figs. 1, 2) in terms of a fixed Cartesian
system centered at O. Consider, further, a set of n auxiliary coordinate
systems xk, yk, with an origin at O, such that yk is directed along the
bisector of the kt foil arc away from the foil, and xk is normal to it. The
radial clearance distribution between the kth foil and the shaft will be
denoted by

o

/Rk(e,t) = n(et)-r (1)

RR 69-12 3
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Point O is the
No-Load, No-Rotation
Equilibrium Position

3rd Foil Sector

2nd Foil
Sector

1st Foil
Sector

Fig. 1 Schematic Diagram of Foil Bearing Configuration

RR 69-12 4
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Shaft at Origin O. No-Rotation Condition

Shaft Displaced From O to (xk,yk\

Fig. 2 Schematic Diagram of a Single Foil Sector

RR 69-12 5
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where (r, 8 )are nonrotating polar coordinates with an origin attached to
and translating with the shaft center. The reference for measuring 8is

the bisector of the wrap angle of the foil sector under consideration. *

In the following, the problem of finding the bearing forces
on the shaft for a given position x, y and for a given clearance distribution
hk(e, t), will be formulated. This system of equations will then be
supplemented by the relations necessary to find x, y, and h, i.e., the

equations of motion and Reynolds equation.

The angle between the kth and first support sectors is

(2)

The coordinates , V. can be expressed in terms of x, y by the relations
k' Yx

Xk= X CoS x\(.‘. 7 S‘MXL (33)

Y- xS+ Y o (3b)

* To simplify the notation only dependent variables will be subscripted with
k. It should be understood that th2 independent variable e.g. 6, corresponds

to the same foil sector.

RR 69-12 6
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At time t, the resultant force of the kth foil sector on the

shaft may be resolved into two components Rk in the radial direction (yk) ;

and Qk in the tangential direction (xk) . In addition there will be a frictional

torque Mk' These components are expressed in terms of the tension

Tk (t) by

R (4) = Tk(t3($.'“ oLy, + StmX) (4a)

Qk('ﬁ) = Tk(Jc)(CoS MiL _ Cos o(c‘() (4b)

M 1) = Tk(f)(h - A (4c)

Here the subscripts i and e denote the inlet and exit regions. The

resultant force and torque of the whole system on the shaft can be expressed

in terms of the individual foil forces and torques, as follows:

(5a)

S- ERpen - 260 oo

Rl = 2R B es + Z Qb sy, s5)

|

M (t) = é‘ Mk Lﬂ (5¢)

RR 69-12
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The length of the kt]’l foil can be given in terms of the

corresponding clearance distribution by

8,4 (t)

bo- [ [ted - Va

“Gu )

where eik(t) ; Oek(t) are the instantaneous polar coordinates of the inlet

and exit points of support of the kt}'l foil (Fig. 2).

The instantaneous tension in the kt foil is given by the

h
stress-strain relation

-1 4L

= 7 (7)

where E is the modulus of elasticity and d denotes the foil thickness.

Finally, the following geometrical relations will complete

the formulation

-i—’-)(k-,(‘.l‘ CoS D(‘k + (V; +/Q\;'L.) Sin °<d<

(8a)
% ax, = Ay cos %t (Gt Ay i ot (8b)
k

RR 69-12 8
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B -y, = Aoy sin oy - (R ed ) cos oty (8a)

To summarize, for a given shaft position x, y, (either
prescribed or found from the equations of motion) and for a given clearance
(found from the elasto-hydrodynamic equations) the set of 11n + 3
equations (3 - 8) can be solved for the unknowns Fx’ Fy, M; xk, yk, Rk’

Qk' Mk’ Tk’ aik’ aek’ {'ik' Lek’ Lk' wherek =1...n.

RR 69-12 9
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3.0 SIMPLIFICATIONS

It is well to recall at this point certain aspects of previous
foil-bearing studies. The most important foil-bearing characteristic is

the small parameter € = GpU/Tsk, in which the subscript s refers to the

k
steady state cor ditions. In reference [11], equations were derived, of

which the following constitute the zeroth order terms of expansions in

power of € 2/3
k
OH
- — Tk
m-T (1 5o (9a)
=2 {FP ¥, [, (1= ;—-LH‘)«» ck“
- < — -) *>
S L
= 2 = f_ 2T ) {1 e
aﬁ“k{"l(‘ 'a§~)+ckk *m{“uh(‘ 'ag*) u)k
where Hk' "k' Ek denote the zeroth order approximation of the dimensionless

clearance, pressure and tension.

R, (et)

- 1 (10a)
== e:h Hkg’ft) + O(Gk )
PLB.t) - fa sk (10b)
=ﬂ'(§/(:)+ O e_k\
—rs-\(/'-o k'S, (. )
RR 69-12 11
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T(#) - />
= = T +o(e ) (10¢)
sk
=3
-ifa
+ zv-,eu = T (10e)

The above equations describe the clearance and pressure dis-
tributions in the planar, perfectly flexible foil-bearing and will be applied
to the foil sectors k = 1,..n. In the following derivation, shaft motions
the order of the clearance will be allowed. Here, it will be consistent

to define dimensionless shaft perturbations of order unity and to expand

them in powers of 62/3. When Xk, Yk denote zeroth order approximations:
X e-z/.B X + O(é /s
Yk -2/ "/3 (10
A - g)
= W T (<)

2/3
k
deviations of the foil angles and foil length from their values under no-load,

The next step is to make similar expansions in powers of € for the

zero velocity conditions. Again, capital letters refer to the zeroth order

approximation.

RR 69-12 12
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o ) — Ok
g1e

) Aak('t) N o(e‘:/’) (11a)

Zil‘ (t) - (,(,— @r.)/z (11b)
r, e*® —L (1') + 0(6‘/‘

Analogous relations can be used for the exit region, denoted with the

subscript e. In addition

L)-¢, /s
k ° = L, [t) +0(€ )
r, e L) 0(4 (11c)
In the above relations, Alk’ Aek’ Lik' Lek’ Lk denote zeroth order approx-
imating terms. Substituting Eqs. (11) into Eqs. (8) and collecting terms
of equal powers of €k2/3 one finds (coefficient of Eko):
‘3 zo/ro -© © )
= Cos — 4+ s\n =
ar, g 2 2 (12a)
a Lln-0 0 0
Y 2 2 P = (le)
and (coefficient of 65/3)
_® .0 A /r 28 cin ey s
_xk. Li\( Cel = ¢ ,qik (c.os - - Sm HJ‘ n (13a)
RR 69-12 13
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® o L/rh-06.,0 .
Xk- Lek (-0'5;_ *ﬁeL(CDSE o= = Sin ;)“' He(‘&n ?_ (13b)

s > /(,/9‘@ @ " j
Y- Lysin Qe Ay (s Lele=Poc®)- Hyas® 30

z 2

YL, g.‘“@: " Hek(g"@ N Lolve —© CoS?)—H,_LCoS% (13d)
k —

Using Eq. (13) one can deduce the relations:

-2Y, Cos g + Hy + He

A;L & 'qek i f,/ro - O e
2
g * gy = =2, Sin ?_ - (A *Aet) (14b)

Given the exact expression of }k( 8, t), Eq. (6) represents
accurately the foil length. In attempting to sxpand Eq. (6), however,
one must face the fact that what is known as the clearance distribution is
merely the princinal term of the expansion of hk (6, t). Furthermore,
even this representation is valid only in part of the range of the integral

in Eq. (6), namely the lubrication zone (see Fig. 2)

_((5-;0(.&) < B <« (‘»-»o(“ (15)

RR 69-12 14
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where the magnitude of B is elaborated upon later, Actually, in the exit

region of the kth foil, for example, the clearance is described asymptotically

by the equation of a straight line:

R
»ﬁk(e,&)= . e (16)
Cos (6— O(c(‘)

On the other hand, the clearance in the lubrication zone is described by
the solution of Eq. (9). This solution, however, being the principal term

2/3

of an expansion in powers of € , does not approach asymptotically

k
Eq. (16), but rather, the first term of the expansion of Eq. (16) in powers
of €k2/3. The boundaries of the region defined in Eq. (15) consist of
the somewhat arbitrary matching points chosen in the common region of

validity of Eq. (16) and Eq. (9).

In the evaluation of the foil length from Ea. (6), one must,
therefore, take account »>f different representations of the function hk( 6,t)
in the asymptotic parts of the inlet and exit regions and in the lubrication

zone., Expanding the radical in Eq. (6), one obtains:

ﬁ(*) ) /e‘-/‘ () _ /2.1/\«) f‘mﬁ

"o re 't
“ek(e) “'(’" i
SR FEIC- IS U
L xul®)+p]
2 M - (\+ @‘_\ tdv\%
rO 2
RR 69-12 15
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Using the €- expansion in Eq. (17) and making use of Eqs. (11) and (14),

Eq. (17) becomes:

-Q'/a +B

2¢,

{H(g;c)*l[a_“@_l I -

S =
v

LL('C) = 1Yk(f) sin% + &

i 3
- [Hék(’f) R Hek(t)}gei -£B €

1/:3 L
wherein tan B was expanded in a power series and B = B/€ / . Itis inter-
esting to note that to the order of approximation considered here, Lk (1) is

indepandent of the distance of the guide posts from the shaft. Furthzarmore,
the magnitude of Lk (1) is quite insensitive to B, provided B is chosen
judiciously. This may be seen from Eq. (18) by considering the effect of
increasing B, Bearing in mind that for large £, the first terms of the

(5]

asymptotic representations of Hk(E, T) are of the form

| a2
Hk(§"c) ~ Hy (O« 23 (19)
it follows that added contributions of the integral for large B are cancelled

by th2 last two terms of the equation.

Using Eq. (7), the instantaneous tension can now be found:

RR 69-12 16
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T, () -7; - _
k o _ Dl _ i ®
cd 7 S { QAR
i—%‘;/s* ?
+ é'/b DH . L (20)
k E { H @)+ LL(T}‘SE) }o%
- (1%:, *3>

y ;
= [ M (©) + “e\((’ﬂla G:— %Bbé\‘/b E

In addition, the steady state tension Ts can also be found from Eq. (20)

k
by substituting the steady state values of the clearance distribution Hsk(éj)

and the equilibrium shaft position Ysk'

Equations (4) therefore bacome

L )
K (c)= 'I;(’C){ 2Sin f_:) *'COS,C%) € [A;k(’c) + Aek('c)X+ o(é{( ) 21a)

1./3 q/s
9 (t)- T (t) Sin g[ A (®) 'Aak(f)l € o(€, ) (21b)

RR 69-12 17
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When the shaft is displaced toward a foil sector, the radial
force Rk is increased by three contributions, namely, increased tension,
changes in the angles aik' aek and tension differentials due to fluid shear.
The first two contributions are included in Eq. (21a). The third contribution
has been neglected by virtue of the assumption of spatially uniform tension ¥
Henceforth, thes discussion will be limited to the most important case, i.e.,
that of @ ~O(l) and n =3, In this case, the first term of Rk(T) is dominant,
and the tangential force (Qk (1) is negligible in comparison, Upon substitu-

tion of Eq. (21) into Eq. (15) and retaining first order terms only, one finds:

E) - 3 sm@ [T -T) i
. T'b
[-_7 (T) = 2 Sw % [T.('C) '1:_7(_9_ _(—;)X (22b)

To summarize, given the shaft position X (1) , Y(T) (either prescribed or
obtained by solving simultaneously the equations of motion) and given
Hk(g' ™ T=0'

clearance distribution Hk (£, 1) and for the tension Tk (1) in each foil.

the set of equations (9) and (20) is used to solve for the

The total forces on the shaft can then be found at each instant of time

from Eq. (22).

*In reference [10]the shear term was found to be of order

B 2 V3
Tk('C) Z sin © 6“

2

RR 69-12 18




4,0 LINEARIZED ANALYSIS

The problem described by Egs. (9a) and (20) can be solved
numerically for specific cases. Considerable insight can be gained,
however, from a linearized treatment, which is the subject of the present

section.

Let it b2 assumed that a steady state has been established
with a given Tsk' Hsk (&), Ysk' YSk for each foil sector k=1, 2, 3.

Now consider small perturbations from this state

H(&,0) - Hsk@)*&&fc) o< wa) @

T (o =T R AC) YA (23b)

IR TR

7\( (t) = XL + 'Y(k('c) Y]k<< Yo (23d)

F (,C> - F, + q)'(fc) Y& F, (23e)

Fy ()= F o+ \\>7(‘c) ~.\>7 <3 F—‘75 (23f)
RR 69-12 19
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Equation (9) was linearized by Barnum and Elrod [12]. The following

equation, which is different in form but not in essence, has been used in

the present work.

; Bk X
%é"' F;*O Q) + g'}: F30(§) ag* on(§) ; F\o (ﬁ) *

3 (24)
34, A,
g"k (§) ggi_)_c -u (%) * 2T FDI(%) =

2L By + .3

where (with the subscript k omitted)

@) = = B (1= 1wy )

Fa (@) = =31 W (1 -, +c7+2.H M, + W
Faolt) = M, HORD + W 4 o

Fo @) == (14 3usn" Y(1= H. +<)

Fan [8) = - (6 80 Y 0 WY Y1 W) + BT WY 4
P ()= s

Fo (&) = - (1 = H+C)

$(8) = (1= H)Hs

G [§) = OHW (1= + £ -2 WL 4 112 (~wieE)N

—HgH, v (=) v

w |E\

RR 69-12 20

e e e




S — AMPEX

With the boundary conditions

_DEL E’tﬂ—'o as §_,10°

9 » -
Eq. (20) becomes @
J.—é,-"‘/'+6
T, b o d Kl 3{,‘]
LPk sz 6“ {-7_"]“5m = + €, J‘[ﬁﬁ-g-g- 9{‘ J§
€
o | — +B
(1“'4‘ ) (25)
\/5
“3(\% o ek)ék
Egs. 22 become
Y =3 sm% [303 .- ¢ ‘T;,) (26a)
| G _ BT
‘Py - lSm(% (f Te=~ = _BLBS \26b)
5
RR 69-12 21
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5.0 SOLUTION

The problem will be attached by the frequency response approach.
This technique was previously used for obtaining stability thresholds in
solid-bearing problems by Pan [13 ], Castelli and Elrod [14]and others.

The following notation will be used for the Laplace transform

ton- Lfnsh [ r ok

Transforming with zero initial conditions, Eqs. (24) - (26) become

4 ol ‘. It
— 1k T .| 20 (é) +S Fz_| (%) *
0‘&" F’fo (E) J $3 3" J [ X

o”k E () §L lkﬁi +s<}g)1 (27a)

With the boundary conditions that for £+ +

S—|
=
Q| s

(27b)

RR 69-12 23

e e et e T e —— e ey s



—- - AMPEX -— —

° k
Z%Ibﬂg, _ (28)
T 0““5 "‘Fu T3 >
(L )[ HTLZE]’Q -e(f+ L)€
2 "8

A 73_3 - ﬁ 7;.) 28]

:ez
\
™
(ﬁ.
=
I®
Qe

(29Db)

~:€1
|
P
v,
3
R0
=
_—S?
Wl
|
|

It may be observad that Eq. (27a), subject to the boundary conditions (27b),
can be solved independently of Eqs. (28) and (29) in terms of the clearance

~

transfer function (clearance fk

‘ELQ'S\ = @ (30)

- ¥

as output with tension a' as input)

~

It is also to be noted that since hk depends upon the physical parameters
1/3

pa/(Tsk/ro) and @/ek

to another (hence, the subscript k).

, Fk varies in general from one foil sector
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When ff (€,s) is available, the tension transfer function
(tension u as output with component of journal displacement 'nk as

input) of the k e foil to the shaft excursion can be found from Eq. (28):

"h(s) 1 Sin (;'3

~ ’ / 548
1)&() ) %:6;1/5 /3J‘ ;_"L,k Al\kJ +B€13{R‘L I )

-[o/ag? +8)

D

(31)

Finally, by substituting Eq. (31) into Eq. (29), the transformed bearing
forces Ix' Ey can be found in terms of ﬁ(s), E (s) and the physical
parameters. Bearing in mind the zero initial conditions assumed for the
film in conjunction with Eq. (27a), one may use the formulation to solve
the initial value problem of a rotor released from a state of equilibrium
(i.e. zero initial values of ¢, 7, é: . Alternatively, one may solve
for the asymptotic steady state response of the rotor to periodic excitation.
In the latter case it is assumed that the film transients die out and do not

contribute to instability, if any [13].

The task pursued here will be to find the stability threshold,
in the course of which the damping and stiffness cozfficients as functions
of frequency will be ohtained. The first step of the procedure is to assign
a zero value to the real part of the complex frequency and to prescribe the
imaginary part i w. This is tantamount to the imposition of a prescribed
sinusoidal motion at a frequency w on the journal. Then, the in- and out-of
phase steady state response of the three-foil system is found as a function
of frequency. This response can be substituted into the equations of

motion and one of the dynamic parameters, usually the rotor's mass can be
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found at the threshold of instability from the characteristic equation. It
is to be noted that the actual frequency is to be interpreted as excitation

1/3/U.

of each bearing sector at a dimensionless frequency of Uk = 2rO w (k

With thz solution of Eqs. (27a,b) the right hand side of Eq.(31)

is a complex number denoted by K 4 D. i, which can be determined for any

k k
frequency and a given set of physical parameters. This number depznds
neither on the journal excursion from the equilibrium position nor its

velocity.

Evaluation of the results will be limited in this report to the
case of zero gravity, i.e, of no radial load. In this case the tensions
and th= parameters K, D are aqual for all three foils. Bearing this in
mind, and using Eq. (3b), Eq. (31) gives the tension perturbations in each

foil sector:

p o= (K+ Di)7] (32a)
{é - (K+Di-)(‘[£§? T2 ) (32b)
‘E - /K*Di)[KiE?-‘;z) (32¢)

Substitution of Eq. (32) into Eq. (29) results in

~ ~

\/{ I g (/“_Dz) 7s f‘ (33a)
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l;‘V), =2 s 2@ (/(+D;)7; 7 (33b)

By analogy to spring-dashpot system, one finds that in the absence of
radial load the bearing is isoelastic and that the stiffness and damping

coefficients are then given by:

l{ . 0 "1/3

=—?>$mi K7;6. Y, (34)
. -1/3

¢ =-3 sfn@Z:D’Cf /w".) (35)

The procedure of solution car bes summarized as follows:

(1) For a given geometrical arrangement, initial tension and
rotaticnal speed, or the corresponding dimensionless para-

meters (see Egq. (39) below), find the equilibrium tension.

This requires a complicated iteration in Eq. (20),
since the gap is related to the actual tension through
the parameters 61.1U/TS and paro/TS, while the tension
is tied to the length of the fcil, which in itself is a function
of the gap distribution. Two additional factors cause the
solution to be laborious. The inlet and exit equilibrium
solutions are solved separately, while the matching of the
inlet and exit values of H* is accomplished by trial and
error [5]. Furthermore, the roots of the characteristic
equation are also functions of paro/Ts, i.e., of the steady-

siate tension.
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(2) For a given equilibrium state, solve for the complex response
of the perturbed film equations (27a) to sinusoidal tension
excitation. This part of the problem has been solved by

Barnum and Elrod [12 ¥, It involves the following steps.

(@) Obtain the roots of the characteristic equation of
(27a) in the uniformity region, as a function of
frequency.

(b) Obtain, for the inlet region, linearily independent
homogeneous solutions and a particular integral.

(c) Superpose these solutions to fit the inlet boundary
conditions.

(d) Repeat (b) and (c) for the exit region.

(3) Having established a relation between the tension perturbations
and the film behavior, use Eq. (31) to find the corresponding
shaft perturbations. Here complex foil-length perturbations
are required and are obtained from integration of the results

arrivaed at in step (2).

(4) Finally, find th= stiffness and the damping coefficients from
Eq. (34) and (35).

*Further details are discussed in Appendix B
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6.0 RESULTS AND CONCLUSIONS

Using Eq. (20), the steady state tension can be expressed

in the form
T WA U AT R EAL ) e

Although the density Da does not appear in the formulation,
it is included here since the dimensionless groups are designed to include
inertia effects in anticipation of future studies. The bearing stiffness
coefficient in the zero gravity condition (xs = ys = 0) can be expressed

by means of Eqs. (34, 35) in the form

/<=A[V,/.,@,U,/",ﬂ,f.,&',ﬂ/,ﬁ)w) (37b)

The damping coefficient ¢ depands on the same parameters as the stiffness.

In order to simplify the oresentation of the results, the
parameters were incorporated into dimensionless groups. The number of
parameters is, nevertheless, too large for the nresentation of a complete
parametric map. More limited objectives, therefore, have been set in
planning the graphical presentation. The effects of varying speed, radius,
initial tension, extension characteristics and wrap angle appear to be the
most important variables for geometrically similar bearings. The foregoing
consideration is reflected in the choice of the dimensionless variables

used in presenting the numerical results.
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Following reference [10 ], the dimensionless groups involved

are
U
P = T Speed parameter
W
V o/t
g
’Pr e e Radius parameter
J AP
) . Ed .
= - ength parameter
L i hff
—
PT = Tension parameter
; 8
5 Pa/ €a
J&*
? T — Dimensionless gap
h 2
A
== /e( Dimensionless stiffness
k TDA per unit width
C
Pe & — Dimensionless damping
}1 coefficient per unit width
R = "‘L Dimensionless frequency
2
RR 69-12 30
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e e Frequency ratic (38i)

For the case of no radial load (xs = ys = 0), the equilibrium

tension, gap, stiffness, and damping parameters can be expressed as

follows:
P-B (P, %, 0, R,P) (39)
P =B (B R, 0P ) (40)
B=P(® % 6% 7 &) D
Fe= R(® %, 0,7, B ®) (42)

In the graphical presentation of results, values of pertinent
dimensionless parameters and of corresponding characteristic physical
variables are stated next to each curve. This dual representation is
intended to facilitate the physical interpretation of the results. In select-
ing the sample values, the following magnitudes of physical parameters

have been used:

pa = 14,7 psi
P, = 0,075 lb-in/ft3 H
-8 2
T = 0,265 x 10 ~ lbf-sec/in
6 4
E = 30 x 10" psi 3
5
Lo/ro = 1,985 !
RR 69-12 31
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The effect of variation of speed, initial tension, foil thickness,
journal radius and wrap angle on the steady-state tension of the foil are
shown in Fig. 3 and follow the intuitively anticipated trend. The same
holds true for the gap width in Fig., 4. In Fig. 5, the stiffness coezfficient
is shown to increase with frequency in an undulatory fashion to an asymp-
totic value. Analogously, the damping coefficient is shown to decrease
to zero with frequency in an undulatory manner, (See Fig. 6) It is particularly
noteworthy that no sensitivity to excitation at half the rotational frequency

is exhibited.

The asymptotic and the undulatory behavior is discussed
below. In order to be specific, the approximation is made that the major

contribution to foil length variations stems from the central region. (i.e.
B =0 in Eq. (31).)

Each frame in Fig. 7 shows perturbations of gap width at
four sample time points, wt=0, 0,57, m, 1.5 7, It can be seen that the
higher the exitation frequency the greater the number of waves within the
region of wrap. The latter travel at approximately U/2 from the inlet to
the exit as shown analytically [11 ]and verified experimentally by Licht [15].
The wave transit time from inlet to exit is approximately 2®ro/U. With the
period of exitation 2 m/w, the condition that an integral number of waves be

contained within the region of wrap is:

P = = : 1 T
“U Ul 6 )75 o

For the particular case shown in Fig. 7, ®= m/3. For a frequency ratio of
P u.'_- 3, one full wave is seen to be present in the region of wrap. For

P u*t 6, two full waves are accommodated and so forth.
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When an integral number of waves is present with w one

can write approximately:

ohd) ok ot

f¥o‘§ = ’fa{§= g:@:o% (44)
- @/(9. 6'/)) = 9/(16'/’) B @/(‘é/s)

It follows that for frequencies given by Eq. (43) the right hand side of
Eq. (31) is real. Consequently, the damping coefficient vanishes for
these frequencies and the stiffness coefficient is essentially the same
for all values of j. Hence the undulatory behavior. Approximate stiff-

ness formulae are given in Appendix A.

The fact that the damping constant vanishes at discrete
freguencies, denoted as "critical", has an important design implicaticn.
If the rotor mass is such that resonance occurs at one of the critical
frequencies, the resonance is undamped. In reality, some external damp-
ing will exist in the system, but the critical frequencies may nevertheless,
be dangerous. "Critical" values of mass should, therefore, be avoided
in design. For example, using the approximate value of stiffness given
in Eq. (Al10) of the Appendix, the critical mass, based on the lowest freg-

uency at which damping vanishes, is:

~2/»
ssn@Te v |
w = & - (45)
R P L @)(wv V) |
Ed Vv, 1+ C ®
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Fig. 7 Spatial distribution of clearance perturbation at
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Additional critical mass values are mc/22, mc/32, etc. Referring to
Fig. 5 and 6, it will be noted that an increase in the rotor mass above the
critical value will shift the resonant frequency into a region in which film

damping is higher. This practice is recommended.

In the case of response to imbalance m+e, the "amplitude

ratio" is

(46)

Where the subscript ¢ denotes values at the lowest critical frequency.
The ratio of shaft amplitude to static deflection in the case of response to

a constant periodic excitation is:
~
3

)
st \/([%/ %J””i)‘% - %;t((f %; )L (47)

[J

Eq. (46), (47) are described graphically in Figs. 8a and 8b and illustrate

the above effects.

At high frequency the stiffness approaches a constant value
while damping tends to zero. Again, this is what one would expect as the
film becomes locally trapped in the gap, without appreciable side flow.
Approximate values of stiffness in the limits of low and high frequencies
are given in Appendix A and are indicated in Figs. 5 and 6. The approximate

values are in good agreement with those based on more exact calculations.
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One essential factor missing in the present formulation is
the effect of fluid inertia. This effect is very important [10], and further
work is in progress to account for its influence. Because of this deficiency,
the results given herewith are accurate for low speeds of rotation, but may

serve as a guide in conjunction with results reported in reference flol.
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APPENDIX A
APPROXIMATE TREATMENT OF LIMITING CONDITIONS

It is possible to obtain in a simple manner, approximate
results for certain limiting cases. If one limits attention to the central
region, where the equilibrium solution predicts uniformity of clearance,

Eq. (27a), when written in terms of the variable defined in Eq.(30) becomes:

J% R v Aé Jf sk *Z!?O«)J*s('*c) - sH”

In addition, a simplified relation between tension fluctuations

and shaft excursions is obtained by substituting B=0 in Eq. (31)

“Pk - 2 S;uc-;% (A2)
7 _ ‘: l -2/5 s 3/(16'/5)N
-@/(:Le'/’)

When F{k is known in the uniformity region, Eq. (A2) can be

evaluated., Two extreme cases will be discussed below.
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Quasi Static Limit

The solution of (Al) is composed of a linear combination of
four exponential terms (corresponding to the roots of the characteristic
equation of the homogeneous part of (Al) ) plus a particular integral. A
study ot these solutions [12] reveals that three of them are insignificant
in the central region whereas the fourth root of the characteristic equation
can be expressed in the limit of small frequencies as

m= -~ vq -
Consequently, h assumes in the central region and in the

limit of low frequencies the form

~ ~(V'eiv) :
e il &

\+C

where A is a complex coefficient. Since the disturbance is very slow
one cannot expect any lag in the response. Thus, the imaginary part of

h (&) must vanish with v-=o0. Therefore, in this limit the perturbation

is real and uniform throughout the central region. This is the usual
situation, when for zero frequency there is no damping force, but never-
theless the damping coefficient does not necessarily vanish. The constant

perturbation-amplitude may be found from the steady state solution

P (ﬂ%’-)%m (aa)

i

where
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Taking the differential, one finds

z 2 Hk =7 o__L“f
-- (3% T a@ ”9
Thus, Eq. (A2) becomes
\ﬂ( C 2 Sin % J , (A6)
= = T 0, -1/5_ _;___H*__\____‘_)

k — @(5 - q dE

For the central position it follows from Eq. (34) that

s /
(,Sm% 613
T Io = _‘_._.‘l" .

No information about the damping coefficient ¢ can be found, however,
from this consideration. The reason is that the damping coefficient is the
limit of the ratio of damping force to the circular frequency as the circular
frequency tends to zero. The evaluation of this limit requires knowledge
of the damping force not only at w = o but in its neighborhood. The above

does not provide such information.
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Very High Frequency Limit

The roots of the characteristic equation of (Al) in the limit
of v-== imply that none of the homogeneous solutions of (Al) affect the

uniformity region. Therefore, the limiting behavior in this region is

x

B H
2 Q) e (A8)

Physically, this is the behavior encountered generally in gas bearings in
the limit of high frequency i.e. local isothermal compression. Under

these circumstances, Eq. (A2) becomes

‘P(( = —‘15(‘h Q
d Tk fo B H @ (A9)
'v]k Blv, %t

I+ &

In the central positior the stiffness and damping coefficients become

-2/
k- gs.-sg S
= AlQ
P‘ 1 'L H:&@ (A10)
Ed Y; e

L =+0 (A11)
F
Case of ?w= 3@/’“" (;\:L,'L...)

Under the above conditions, the number of wavealengths
present within the angle of wrap is integral. Using Eq. (44), Eq. (31)

becomes, approximately:
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\F\,_ < 2 SwmT
:;}‘ ek !__e e_.‘_h, (A12)
k Ed %

In the central position the stiffness is then,

PR

v ®

Sin

SN

k.
ek ;

P

(a13)

...

YO

and the damping coefficient vanishes,
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APPENDIX B

SOLUTION TECHNIQUE OF EQ. (27a)

The solution of Eq. (27a) is summarized below mainly for the
sake of completeness. The equation was solved previously by Barnum and

Elrod [12]and the technique used here is essentially the same.

The solution is obtained separately for the inlet, exit and
central regions and matching conditions are applied. Eg. (27a) can be

re-written in the form g

~ WV ~ W —t ‘
£7F Q) ~ & R) + X [R.G)+ivR®)
(B1)
! ~ =
S XY AL REFCREE AL
In the central region a simplified form of the coefficients is valid:
~ 5'\' P : ~ \
Aqaﬁ_d*e‘ 1\_ _i&.;‘) .'.éi‘--a;;-"
¢ AR W A& Wl AR
e ‘ (B2)
B—x
N O
The general solution of this equation is:
~ A *
»€=2Aie,1§_ 2 (B3)
4 i
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where mj are the complex roots of the characteristic equation:
3 - L
m m (‘DH ) ) %
mlc__ - e - -ym,_q.-.{'l)H):o (B4)
HA (140) B (1+C)

where m i are the complex roots of the characteristic equation of (B2).

The subscript j refers to the index shown in Fig. 9. The particular form
of the solution desired for (Bl) is such that it does not "blow up" in the
central region. This implies that the complex coefficients A3 and A 4
vanish for the representation of the central region as one approaches the
inlet. It would imply further that Al and A2 vanish in the representation

of the central region as one approaches the exit. Al must, however, be
retained for low frequencies due to the smallness of the real part of m

and it thus provides the link between inlet and exit.

~ These restrictions on the form of behavior in the central
region provide initial conditions for numerical integration of (Bl) which is
done separately toward the inlet and toward the exit, The remaining
degrees of freedom (i.e. A.1 and A2 for the inlet solution and A3 and A 4 for
the exit solution) must be determined from the boundary conditions, which

state that far out in the inlet and in the exit regions

fN‘ Nll

F SRS e — (85)

2

This is conveniently done for each region by generating
numerically two linearily independent homogeneous solutions as well as
a particular integral of (Bl) and superposing them so that Eq. (B4) are
satisfied.

In Fig. 10, sample curves of magnitude and phase of h are
shown as functions of frequency aind may serve to further illustrate the

dynamic behavior.
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