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PREFACE

This report has been written in partial fulfillment of Contract
NAS 12-583 carried out by The Mathematical Sciences Group with the sup-
port of OCTA at NASA's Electronics Research Center.

The goal of work performed.under this contract is the production
of a digital computer program capable of identifying the dynamic char-
acteristics of a human operator from knowledge of Input-output data.

The component programs‘have been written and are documented herein.
A certain amount of analysis has been done with experimental data and these

results are also reported here.

We wish to take this opportunity to thank Dr. Richard Shirley for

the assistance which he has rendered by his interest and suggestions.
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INTRODUCTION

This report describes how the identification problem hAS*been
approached in this work. Many of the detalils have been reported pre-—
viously in Program Descriptions delivered to ERC. Parts of these a&e
included as report appendices to provide complete information about all
aspects of the analysié and computation. The body report concerns
itself with the broader aspects of the system, referring to the
appendices for deeper study.

Chapter I describes the .context of linear systems analysis in
which the problem is formulated, making specific our assumptions and
the conditions the identified system must satisfy.

There are two basic subdivisions of the system. These are:
obtaining the impulse response from the input and output functions and
obtaining a realization from the impulse response by application of
the B, L. Ho algorithm. Chapter II describes the mathematics involved
in these two processes.

Chapter IIT describes how these methods are mechanized as compu-
tational techniques.

Chapter IV describes our preliminary results in system

identification.



CHAPTER 1

Background and Problem Statrement

The ultimate goal of this work is the identification of the
human operator in the sense that we wish to obtain a linear constant
dynamical system which best approximates the human input—output be-
havior in a particular tracking task. In order to discuss the problem
abstractly, we will assume that the system to be identified actually
is a linear sationary dynamical system. By dynamical system we mean
here a completely controllable, completely observable, finite dimen-
sional system usually appearing as- a set of differential equations

relating the state x(t) and the control u(t) by
% = Ax + Bu

and an algebraic relation relating the state and the ocutput or vector of
observables ¥(t) by

y(t) = cx(t)

v

Thus, our dynamical system can be represented by the triple of constant
matrices [C, A, BJ. As is well known, this representation is not unique

since any similar¥ity transformation § of A gives a new representation

[cs'l, SAs'l, SBl.

1

We try to avoid this ambiguity by expressing the system in some canonical

form.



This set of equations has the solution

t .
y(t) = ce™x(0) + J celE"D4gu()ar .
0

Also characterizing this dynamical system is its impulse response

H(t) = ce™s |

or its transfer function

H(s) = G(sI-A) 1B = H(t) = a-lJ-—w

The input—output relations sometimes appear in the form /6F an-

integral equation

t
y(t) = f H{t-t)ult)dT .
o

In all practical cases we define an additional variable =z(t) which is

the state-dependent output y(t) corrupted by some "noise' v(i):

z(t) = y(£)'F v(r) .

These remarks serve to delineate the context in which our
] *

probiem is stated,

Problem 1:

a minimal

Given {z(t), u(t)}, defined on the interval [0, T], obtain

o~

realization [6, A, B] such that

& . (e 2
[ lz(e) - Jﬁe =08, (yae||? ae
0 0]

is minimal.



This problem does not consider the effect upon =z(t) of initial
conditions on the state at time zero. Therefore, it will provide a good
operating procedure only if =x(0) dis zero. Unfortumately, it is im-
possible to place a human operator, such as a pilot, in zero-state con-
dition. Furthermore, such a technique would limit applications of the
program, since there are great advantages to examining some part of a
long data run rather than only its initial phase. For instance, it
allows the system, human or machine, to h@ié a break-in or warmup pericd
before taking data for analysis., Furthermore, one could wish to examine
sequential data blocks in a long run to determine possible 10W~£iéduency
nonstationarity.

The most straightforward assumption which will enable such

operations is:

1

Assumption: The system to be identified is asymptotically stable.

3

- ~ - ‘:"-“‘\-, ' 7 . 1] ' ' . *
In addition we; will Jproceed on the basis that the eigenvalues,
initial conditions, and inputs are such that there exists a time tl <T

such that for computation purposes

t .
y(t) = J Hit-m)u(r)dr for t, st T,
. 0 ¢

We now state the problem to be solved.

Problem 2: Given functions {z(t), u(t)} defined on the interval [0, T],
r

~

obtain a minimal realization [6, A, B] such that



62 = IT ffz(t) - JtﬁeTAﬁu(t—T)dr|r2dt
£y 0
is minimal.
The norm ||*|| wused here is the usual Euclidean norm in
finite dimensional space.
In what follows the mathematiecal methods, their numerical

implementation, and recent numerical experiments will be described and

analysed in some detail.



CHAPTER II

Mathematical Methodology

Involved in Problem 2 are two distinct subproblems, solutions to
which we have programmed separately. The first is the definition of an
approximating kernel H(t) such that 02 of Problem 2, is minimal.

The second is the definition of a system [E, A, B] such that,
approximately,

f(t) = Ge™ .

1. Obtaining H(t):

Without loss of generality, we restrict our discussion to
scalar kernel functions h(t).

The method used is basically a Rayleigh-Ritz procedure.
However, important modifications in both the theory and the numerical
techniques are implied by the fact that we are performing what, from
an engineering viewpoint, might be called a second-level approximation
problem. What is really desired is an approximation h(t) which

ninimizes

e? = J 1B - newy || 2ae .
c

But our problem constraints are such that we must be satisfied with

solving Problem 2.



Problem 2 is mathematically equivalent (see Appendixijé
-
secfﬁ:ff}4), under the restrictions about stability which we have
hypothesized, to minimizing

t, t1 R R R 9
J J{ (A(1) - h(1))Q(T,s) (h(s) - h(s))dsdr = ||h - & Q"
07 0

Here

i3
Q(t,s) = [ u(t-7)u(t-s)dt

tlJ

is a nonnegative definite symmetric kernel which is singular {gi'u(t)
is a band-limited function. That is, we are minimizing with respect
to a pseudo-norm ( | x|| é = 058x = 0).

If nothiqg else, the digital implementation which we use

would serve to{?gnd—%%ﬁ%?ﬁ u(t) by the sampling theorem. Fortunately
the singularity of Q does not seem tec be a serious practical problem.
The nonsingularity of Q is a measure of the amount of information
about h(t) which is present in =z(t)., This is independent of additiwve
output noise of;dégfééfand our experiments with noise free data have
indicated that the inputs now being used which are isutis jof ten to
fourteen sinusoids are adequate for system determination.

We mentionm at this point —— it will be developed more fully
later ~— that proper selection of the input function u(t) can make

Problem 2 mathematically equivalent to minimizing the error between

the Kth fourier approximants of h(t) and ﬂ(t).



Returning therefore, to our Rayleigh-Ritz procedure for Problem

2, we assume that a set of functions {Ei(t)}i j¥8 - available such that

for each h(r)

with

satisfactorily
This

minimized with

That

and minimize

of interest, there exists a linear combination

K

h(t) = ] 8.2 (D) (2.1)
k=0

I8¢t - n() ||

small,

representation of h(t}) being decided upon, ﬂg? is

respect to the vector

Bo
‘511
B=1 .
BK
is we compute
. t . K t
z(t) = J h(Du(t-t)dr = } By I;gk(r)u(t_T)dT.
0: : k=o 0/,
T - 2
f fz¢e) - z(e) || “at (2.2)
ty

by hanipulating! 6.

10



Defining a new set {fi(t)}E of functions by
t
fi(t) = OJ £i(r)u(t—T)dT

we find that the equation to be golved in the least square sense is

K

I B f (1) =z(t) £ xtsT.
k=o

Under very general conditions on {zi}§ and u(+)} (Appendix
I section. I{-3) we can show that {fk(t)}E is a linearly independent
set and there exists, therefore, a unique minimum of (2.2).

The result on linear independence cannot be stated briefly,

but for

% M
u(t) = sin kwt, Ha #0
Kep K k=1 ©

then, usually, the set {fi}i' will be linearly independent if
K+ 1xg 2M

and {Ei}ﬁ is linearly independent.

A more detailed discussion of the effects of K and M is
contained in AppendixfI,section~liglalgﬂﬁﬁég§fﬁ M = 10 is adequate
for our purposes since we appear to obtain satisfactory approximation
with K = 16.

There are two programs for obtaining h(t). RZ is used to
compute examples —— that is sets of input-output data are computed

internally and h  then determined. XZ operates on externally generated

11



data. TFox'instance the input-output functions for a human may be

entered via punched cards.

i
A

2, Obtaining [C, A

Y
3

ﬁ] from ﬁ(t):

The B. L: Ho method, [Referencei;i, with somei@ajor modifications
to alleviate the effects of nois;, is used tolobtain the system repre-
sentagion from the impulse response.

In section 1 of this chapter we dealt with single-input, single-
output systems with no loss of generality. In computation of the repre—
sentation, however, the multi-input, multi-output system [ﬁij(t)] of
impulse responses must be handled as a unit.

Probably the most important change to the Ho procedure which
we have made is to work with the impulse response directly, obtaining
a discrete system, then taking logarithms to obtain the continuous time
represantation,

A complete description of the Ho procedure as we have mechanized
it in the Analysis program may be found in Appendixiiijiéééigég:iléizﬁ The
method for single-input, single-output systems will be outlined briefly
here.

A sequence ffék} is said to be of rank less than or equal to

ce th
n 1f it can be generated from n-vectors ¢ and b and an n  order

matrix A by the rule
g = cAk_lb .

The B. L. Ho procedure takes a se&uence (of finite rank),

determines its rank, and exhibits the matrices [ec;1A; b].
~

12



For h{t) = cetAb, the sequence

by, = h((k-1)8) = ek SAR-T

is of finite rank and the Ho procedure will therefore give a discrete

system gimilar to [ec, esA, b]. This can then be transformed to a

continuous system similar to [e, A, b].

On the other hand, if we expand h(t) in its Taylor Series

h{t) = :1} 1:lc

il t~1 8

k=0

then
ak = cAkb

forms a sequence which satisfies the given condition and leads directly

to a system similar to
[c, A, B] .

Generation of ak from ﬁ(t) involves high order differentiation
which is well known to be a poorly-conditioned cperation on experi-
mental data. In the past, both'procedures were available; however,
better results were obtained congistently with the sampled impulse
response {hk} than with the Taylor Series coefficients {ak}. For
this reason the Analysis Program is now -set up to h?ndle only the

discrete sequence {hk}'

13



The program implementing the B, L. Ho procedure (MICARE) is
described in Appendixfi%;the system logarithm program {(CPC) is described
in Appendix IIT. These two virtually complete the procedure; we have
omitted the very simple routines describing how the sampled impuilse
response is obtained from the coefficients {Bi}i. Input to MICARE
is a sequence and if desired the Taylor coefficients {ak} could be
entered, intermediate printout which now displays the discrete system

would then give the continuous time representatiomn.

REFERENCES

-f41 B. L. Ho, "On Effective Comstruction of Realizations from Input-
Qutput Descriptions,” Ph.D. Dissertation , Stanford University

(1966).
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CHAPTER IIIL

Implementation

The mathematics described in Chapter IT is very straight-
forward and the implementation is very simple. The serious problems
arise only in the presence of noise.

The first topic for consideration is: What should be the set

of basic functions {ﬂi(t)}E?

1. The Approximating Set

By our fundamental assumption, 211 h(t) under consideration
will decay to zero. It was felt therefore that the functions of the set
-{Ri} should alsc satisfy this condition. This ruled out fourier approx-—
imation and the usual polynomial approximations.

Several sets of appropriate functions appear in the engineering
literature (see W, H. Kautz, Transient Synthesis in the Time Domaigb IRE
Transactions-Circuit Theory, September 1954, pp. 29-39).

After considerable attention was given to these, especially

to the laguerre functiong, it was decided that none 'were satisfactory.

. T AT T T -
At present we are using a set of\gf?onentlais {e"1"} whose eigenvalues

— e e

_——t

Ife in that Yegio of the complex plane.betwsen Re\ = ~10 and Rei= —-0.1.

P U e e e T

Before describing the set of exponentials being used,.a brief

»

e

outline of the laguerre functions will be given which<maKes clearer the
arguments against them.
The laguerre functions were chosen}originally for two major

reasons., They can be generated economically by using their recursion

15



relations, and their properties are very well-known, particularly the
convergence of approximations using them (J. W. Head, Approzimations to
Transients by Means of Laguerre Serieg, Proc. Cambridge Philosophical
_Society, October 1956, pp. 640-651).

For arbitrary {real posgsitive) p, the first few functions

are:

2 (£) = /2p & PF

8,(6) = V2p e PE(2pt - 1)

2, (t) = /5 PE2p%e% — dpt + 1)

24(t) = V75 e P %-thB — 6p2t> + 6pt — 1)

24(t) = JEE-e—Pt( %—p4t4 - %?—p3t3 + 12p2t2 - 8 + 1)

25(t) = /iﬁ-ehpt( f%-p5t5 - ;g£p4t4 + %?-p3t3 - 20p2t2 + 10pt - 1).

Tn'the frequency domain these functions have a particularly

simple representation,

1
() = VI
(pts)

From this follows the interesting fact that the amplitude of the frequency

response is independent of n, |2n(iw)| = |2k(iw)

The set satisfies the recursion formula

(otl)e () = (2pt - 2n - L& () - ngn_l(t)

16



The imitial value is + v2p, Lk(t) has k relative extrema
of decreasing magnitude, and 2k(t) for p = 1 is computationally zero

at 2k + 7. The most serious oscillations of Rk occur meary zero, where

e-(2k+l)pt.

zk(t) behaves, to first order, like Table I shows the

. . . . —-At .
percentage error in Simpson's Rule integration of e for various
numbers of integration intervals per time ceonstant. (To avoid confusion
here, by integration interval, we mean the intetrval between function

evaluations, which is half of what is usually called the integration

interval in Simpson's Rule.)
Assuming that we wish to integrate with a relative error

=4 . . . .
of about 10 ', we see that the integration interval § must satisfy

1
< 7. 7p (D) C

In addition, to satisfy the decay property, Rk(t) =0 for t > ty

we must have ty > 2K+ 7 for p=1. Since p represents a linear

time scaling, we may scolve these relations for p = 1 and then modify

e

the integration interval by a factor of %-. :Ipié means that

1 t, > 26+ 7 .

§ < ST 1

In the computer program, the parameters determining t are &8 and

1
INTST, the number of points omitted from fitting, by the relation

t) = (INTST-1)%§,

Putting these together we find that

1 2K+7

2. 7CRe) 2 § % (awrer-») ¢

17



Solving this for K, and ¢ gives the following table

K INTST 8

0 19 .37

1 73 .123
2 150 .074
3 250 .0525
4 366 .041
5 510 .034
6 670 .028
7 856 .025
8 955 .022

. w——

At this point the hard facts of computer size intrude., We
- T

. ]

Lo - B

are--at-present limited-to-consideration-of - thefunction at 1600 points,
It seems wasteful to devote less than half of these to the fitting
interval.

In the light of all these factors, we .chose

§d = .025

o

! INTST = BOO

as a working parameter set.
For completeness we must also ask if this integration interwval

is adequate to integrate the input satisfactorily. ™

}zﬁm - ‘
For rveasons which are explained in Appendix/Al, section TI=4
! i T

the fundamental period appearing in the‘input'shOuld equal the fitting
T-t

10

have 80 points used for integration. The following table shows relative

and

interval T - £y Therefore, the shortest period will be

error in integrating sinusoids by Simpson's Rule, showing that we are

easily within our desired error of 10_4.

18


http:limited-to-considerat-lon-.of

Intervals/period Relative error

4 4.7%
.23%

12 4.3 « 1074

16 1.3 - 107

The selection of parameters having been made, we must examine
the systems which can be approximated satisfactorily. For this we refer

to Head's paper, op.cit., to find that for arbitrary o and p,

o<
-at _ V2 D=0 k
e ¥ =22 ¥ 2, (£)
otp pHo k
ki
0f course p, the eigenvalue of the laguerre functions is
positive (or has positive real part) in oux application, so this series
is convergent if and only if o has positive real part, i.e., if our
fundamental assumption of asymptotic stability is satisfied. However,
we limit the series to seven terms; therefore, to satisfy our arbitrary

desire for 11.0»"4 relative error {approximately four significant digits)

we must have

6
a-p| . 10—4
otp

This implies that

The points o which satisfy

a-p
oFp

=T

19



lie on a cirele of radius

and center

Unfortunately this does not cover nearly the desired area in
the complex plane. For instance, in Figure 1, we show two circles to
indicate the types of regions we could consider.

The preceding analysis has led us to an impasse which tells us
that under the existing conditions we camnot approximate the desired
spectrum of functions with a fixed set of laguerre functions. To il-
lustrate, to encompass both « = 10 and o = 0.1, the best choice of

4

p dis 1 and the value of ¥ will be In order to obtain 10~

2
11
error, nearly 50 terms would be needed, requiring & < .004 and at the

same time E:fit inteﬁé@ of 100 seconds (250Q0 points).

It was thiscproblem tﬂat led to dropping use of the laguerre
functions. The laguerre functions were used for a period while additive
output noise was invesfigated, but for production use, the present system
of distributed rools was adopted,

Several possibilities for modified use of laguerre functioms
suggested themselves. Figure 2 shows how four sets of laguerre functions
could cover most of the desired region while staying within the computation
consﬂféints. Figure 3 shows an alternate configu%?tion which while

!
»J .
covering fewer oscillatory roots, blankets the real roots extremely well.

20



These choices of basis weaken the rationale for choosing
laguerre functions. They use jseveral sets which would require separate
applications of the recursion formulas and complicate the analysis of
convergence.

Therefore, in spite of the attractiveness of pioneering the
use of laguerre functions with complex parameter p, this basis was
abandoned,

Naturally the use of orthogonal expoﬁentials was investigated,
but there seemed to be no particular advantage for this application since

the orthogonality which is needed is with respect to the kernel

T
Q(il'_-z,s) = J u(t=-m)u(t-s)dt
e

(see Chapter%ii}i?}:&).

The set of eigenvalues now being used is:

-1.0

~0.52

-1.93

~0.269

-3.7

-0.722 + i 0.25
~1.39 + 1 0.45
~2.68 + i 0.85
+=0,374 + 1 0.12
-0.193 + i 0.08
-0.2 +1i0.2

This set is not optimal, numerical experiments have shown that
fitting error (mormalized L, norm) varies widely on the real axis,
ranging from 0.09 at -10.0 to ~.02 at -C.l. The region in the

complex plane with error norxm less than 0.02 is shown in Figure 4.

21



The integral error on the real axis, for instance between -0.269 and
-3.7 is much smaller than this, less than 0.007.
The present distribution is in geometric ratio on the real

axis, with complex roots adjusted to give depth to the region at low

damping. It is heavily weighted to fit well in the wvicinity of -1.0.
- With no increase in the number of roots required a minimax distribution

could he approximated to give a larger region analegous to that shown

in Figure 4. In slightly less than full generality, the problem may

be posed as follows:

3
N

Modified Distribution Problem: Given a probability density function
P(s) defined on the left hand-plane and symmetric about the real axis,

find n complex numbers {Ai}i such that

e

n ALt
E | min_||e°F - T ae t ||
{a 1" i=1 *
i L
is minimized.
The roots listed above have been performing satisfactorily, giving
much better approximatioﬁlcapabilities than the laguerre functioms. The
' .
number, of basis functions used is bounded above by twice the number of
ginusoidg in the input (See Appendix A). To insure good computational
independence of the basis functions we keep the number of roots somewhat
less than twenty when using z ten sinusoid input signal,
Integration accuracy hés been examined for individual eigen-
functions. ¥From Table T we see that there should be at least three

integration imtervals per time constant; we have seen previously that

there shoulé}be at least twenty integration intervals per period. TFor

22



the present function and present input set, these constraints are sat-

isfied when & < 0.04,

2., Integration Methods:

Trapezoidal integration was used initially but proved inac-
curate. A procedure designed to convolve a tabulated functicn with
laguerre functions was programmed and tested but was found to be no more

accurate than trapezoidal integrépidn because it required taking differ-

ences of large numbers. The integration now in use is Simpson's Rule.

» L]

Our computational object 'in the beginning was to be able to
identify all eigenvalues with real parts between -10 and -0.1 and
"reagsonable" imaginary parts. To obtain satisfactory integration accuracy
we should have an jntegration interval of about 0.03 and should have a

total f£it interval [tl,T] of length about 30.

- e Te——

The integration interval isfgpmpqtible with that p

reviousl&j)

——

determined by the basis functions. The total fit interval of
800 + 0,025 = 20 seconds is less than the three time constants which

would be ideal but does provide two time constants for the (worst case

—"
"

(~0.1 eigenvalue).

3. Ho Procedure Modifications

Several modifications have been introduced into the standard
multi—variable“H? procedure. 'Tpe principal changes were designed to
provide an overdetermined system, thus reducing noise effects, and to do
this with the least additional computation cost.

To see most simply how this is done, consider a single-input,

single-output system with sequence {ak}. The usual procedure is to

23



iﬁ?ﬁ?1Hankelqnatri§§§jUH of increasing dimensions (2, 3, -*+) until

rank H no longer increases. TFor the low order systems which we usually
consider, this means that only the first ten or 20 members of the
sequence are used., When computing from exact data this is quite satis-
factory. However, with noisy data it provides n¢ averaging process.

For some time we were using Hankel matrices of order about
twenty, thus using four or five times the data points actually required.
Qur experiments showed that we obtained better approximations with more
data. Because the computation time was increasing with these large
matrices, the following method was adopted.

Instead of using a Hankel matyix directly we usedfﬁﬁé;first
fifteen columns of the Hankel matrix. (The maximum system order allowed
N L
vig/fifteen.)

We take a large number of points, at present 98, and thus have
a 98 by 15 matrix S composed, of the leading columns of H. This method
is possible only because the numerical procedure used to transform H
works by orthogonalizing the column vectors of the matrix, Using such
a program, we obtain the same system as obtained from the full Hankel
matrix, but at considerable saving in computation.

The use of a large number of points gives a smoothing effect
and in particular assures that lightly damped roots will appear to be
stable. This is a serious problem. With short time spans in a noisy
environment, lightly damped roots can easily appear unstable.

For multi-input, multi-output applications two initialiéing

steps are required. The system is transposed if necessary so that there

24



are at least as many outputg p as inputs g. Each input is then assigned
[15/q] columns and each output [98/p] rows. In each column, the
elements associated with a given output component are grouped together

in a block as in the usual Ho procedure. In each row the input number
varies most quickly in order to provide more numerical significamnce.

(It is computationally preferable to have independent columns coming

first in the 8 matrix.)

These two changes, greatly overdetermined system ‘and rectangular
representation,are the principal distinguishing features of our mechan-
ization of the B. L. Ho procedure.

While we get good smoothing in the computation of system poles,
very little smoothing appears to take place in computation of the system

numerator. Even in theory, there appears to be little that can be done

gbout this problem once the fit has been established. For instance the zero-

-time response of the system to an impulse is given by one number, a s arid.

fﬁét ﬁumﬁér_must appear as the coefficient of the highest numgr@to;”powé;

:ig_;hgﬁsggtéﬁtfransfer function.

Rank (system order) is controlled by a zero threshold deter-
mining linear independence and by IDﬁRK; an input number specifying
maximum rank allowed.

Single-input, single-—output systems will be printed in

companion form.

4, Nonlinear Kernel Functions

A very simple scheme for identifying nonlinear kernels has

been mechanized in the RZ (self-generated) fit program. This assumes a

25



third order Volterra expansion with separable kernels whose basis elements
are those used in the linear expangion.

Using the Velterra representation implies that the noise free

output is

t t t
v(&) = J hl(t—Tl)u(T)dTl + J J hz(t—Tl, t—'rz)u('rl)u('rz)d'rld'r2
0 0 0

t t t
+ OJ 6[ OJ h3(t_T19 t_Tzs t_TB)U(Tl)U(TZ)u(TS)dTldTZdTS .

If the hi are separable, then y(t) has the representation

y(£) = y(0) + ¥, (£)7,,(t) + y,5; (D)y5,(B)y4,4(E)

where each yij(t) is the output of a linear system.
Such a representation can be used to approximate a large class
of systems and is an exact model for systems having output which is the product
of linear system outputs. The program has been checked on such systems.
By making the additional assumption that the linear kernels
hij(t) are drawn from the basis functions ﬁi(t), mechanization of the

nonlinear identification has been done with very little additional com—

putation.

The problem of representation for such nonlinear systems is
gtill open., The fit program gives only the coefficients of the expansion,
a nonlinear analog of the B. L. Ho procedure is not available.

In addition to nonlinearities in the differential equations

Whichﬁcian,"é._f_: least in theory, be handled by the nonlinear kernels as
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described above, there is another phenomenon appearing stromgly in the
human operator which cannot be represented in this way. This is the
time delay caused by acquisition and processing time, This problem cam
be handled in the XZ TFit Program by shifting the system output with
respect to the system Input by an integer (LAG) number of integration

intervals.
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Number of intervals

Relative érror

per time comstant

0558401411:&.8396420078
532111865432211111976

.

123&.56_/89 123&.56789
111111111122222222223

TABLE I

by Simpson's Rule.

At

"Relative error in integrating e
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CHAPTER 1V

Numnerical Results

The results reported here will give an idea of how well the
system works on externally generated data. This is essentially noise-
free operation with only the small errors introduced by the analog
computer and recording devices affecting the accufécy. In addition
two runs on human operator data are presented. Some brief comments
concerning operation in the presence of noise and sensitivity of eigen-
values and system functions will be made.

System 1: This was a test run, using a system,

X 1
(s+0.52).(s¥1. 93)

which could be fitted exactly with

g, = 0.71, B, =-0.71

2 3

and all others zero.

Taking the approximating impulse response obtained by averaging
three sets of B's, each from a run of 884 points, we obtained a second
order system (with a zero tolerance of 0.001l) having transfer function

0.018s + 1.02 0.018s + 1.02

52 + 2.49s + 1.03 (s +.523)(s #21'97

This system has frequency response and impulse response varying

only slightly from the correct wvalues. The impulse response varies about
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http:s+0.52).(s+tl.93

three per cent of peak near time zero. The phase and amplitude are less
than 17 in error for frequencies below 4.36 rad/sec.

The startling aspect of these good results is that they were
obtained with extremely poor values of the B vector. If self-generated
data had been used the f£it would have obtained 62 = —33 = 0.7 very
closely, The table below shows the leading B8's for each of the three

sets and their average.

By B, B

3
Run #1 -85.57 - 26,10 - 63.86
Run #2 2.98 -140.99 5.60
Run #3 498.04 502.74 ~192,91
Average 138.48 111.88 - 83.72

This shows how very low noise levels translate into large

deviations in the B' vector. Fortunately these 8 errors do not
aiways imply large errors in identification.

Computation of Taylor coefficients and their use in the B. L.
Ho procedure has been dropped because of the inherent accq;gpz”problems.

>

To illustrate this we show the first few Taylor coefficients {sk}, for this

system —- exactly and as they were approximated.
h ék_(exact) sk(fiFted)
0 0 - 0.018
1 1 86.
2 -2,45 15.
3 5. 106,

This shows how very bad the point approximation .(that is, the

evaluation of the function and its derivatives) is“a? time t = zero, even

-~ when the approximant £follows the functiOvaeiy:closely._ Indeed as we

pointed out on page 25, the error at time zero is usually the largest error.
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System 2: This system

88
(s + 0.11)(s + 8.)

was entered to see how well the system handled a large eigenvalue spread.
Recall (see Chapter III) that 0.11 is near the boundary of the 0.02
error region and 8.0 is well beyond it. Actually the fitting error for
0.11 and 8.0 are, respectively, 0.0Ll3 and 0.045.,

Taking the approximate system obtained by averaging three sets

of 884 points, we obtained a second order system

-0.010s + 0.804 -0.010s + 0.804

32 + 7.12s + 0.896 (s + 0.128) (s + 6.996)

This system very closely approximates the impulse response,
the errors being greatest for large time because of the difference
between 0.11 and 0.128., The frequency response is algo qulte satisfactory,
amplitude ratio has less than 4% error below 4.36 rad/sec, but phase is
not that good. Table 1 shows the frequency response, the columns are:
input frequency in rad/sec; the amplitude ratio for the original system;
the amplitude ratio obtained by the method of fourier coefficients from
the experiment input and output functions; the amplitude ratio for the
approximating system; and the three phase angles — exact, experimental,
and approximate.

The responses are€ almost indistinguishable when éraphed, exceapt
at the highest frequencies.
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The rcot positions of the basis set are sufficient explanation

L

for why the system roots pinched in to?}.,&nd 0.13; there are no roots
farther apart than 0.269 and 3.7.

The range of: B for the three sets is again noteworthy.

8y By By
~590.7 372.7 114.9
_155.4 5.2 74.1
170.6 32.3 -17.1
~191.8 136.7 57.3

System 3:

2z
32 + 25 4+ 2

Taking the approximate impulse response obtained by averaging
. A}
three sets of 884 points we obtained a second order system (when using

a zero tolerance of 0.001) having transfer function

_=0.029s + 2.12. _ _-0.029s + 2.12
% + 2.21s + 2.046 (s + 1,10+ .091)

This system has an excellent impulse response, differing from
the exact values by less than 1% at peak and by 9% (less than 1% of
peak) at the first minimum (.4 seconds). Frequency response also matched
well showing a steady 4% error in amplitude and less than 2° in phase to
8.72 rad/sec. Table 2 presents the frequency response.

The three B wvectors were analyzed individually and gave
reasonable values, though not as good as the average, one set gave a

"third order system.

- —

When the zero tolerance was reduced and the average data rezun,

a third order system was obtained



~0.02952 + 1.92s + 17.87

53 + 11.1482 + 19.77s + 18.09

T (s + 8.28)(-0.029s + 2.18)
- (s + 0.21) (s + 1.015 + .967)

9.28 ~0.029s + 2.16
9.91 2

- s +
s *+ s + 1.982s + 1.97

This system had an amplitude error of about 1% and slightly
better phase than the other, The impulse response was essentially
unchanged., Table 3 presents the frequency response.

System 4: The general block diagrom for human operator experiments is

Human | | Plant

? e(t) )lfOpe—rét—ofc' = Dynafiics o(t) =S

Tilt)

;ﬁjﬁére@ and also in System 5, the block marked "Human Operator"
represents a traimed pilot.

For the first run the plant dynamics were 1/s and we were attempting
to fit the response o(t)/e(t). This vioclates the program rules somewhat
since o{t)/e(t) has a pole at zero. However, thé results were
interesting.

Using the coefficients obtained féom averaging over 11 sets of
884 points at 0.02 second intervals, the analysis program was applied with

rank limitations of 2, 3, 4, and 5.
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As the allowable rank was Increased, the impulse response of the
system obtained by the Ho procedure generally zpproximated more closely the
impulse response as obtained from FIT. The frequency response varied greatly
for the second, third, and fourth order systems, but the fourth and fifth
order systems were the same to about 1%. This indicated that we could use
the fourth order system as a good approximatiom.

The transfer function obtained is given in Figure 1 as is the
frequency response from the experimental data and from the approximating
transfer functiomn,

System 5: Using the same allowable rank, the human operator test case wasg
run again, this time with plant dynamics of l4é?.

The transfer function we obtained is shown in Figure 2 as is the
frequency response both from the experimental data and from the approximating
transfer function. )

Both of these fits compare well with results in the literature when.
we consider that these results are obtained fromngqu:éﬁéiﬁéigjgﬁﬁ;;
of 216 seconds.

Noise problems:

From the beginning, this approximation scheme has had difficulty
in fitting the impulse response in the presence of noise, We have seen in
System 1 that the 8 vector is wildly distorted merely by dealing with
"clean" experimentzl data where signal to noise ratio is better than ten
to one. Briefly, even small errors in output cause perturbations which

the program attempts to fit.

The use of a prefilter was investigated but provided no better
resulte in a noisy environment. :This\is to be expected. Since execution
of the fitting process compares the output of the urknown system with

the output of the basis systems to the same input, any additive function
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which could not have originated by passing the given input through a

linear filter will be excluded automatically.
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Frequency Responses Associated

TABLE 1

with System

2

s + 8.1l1s + 0.88

w AR (exact) AR (expt) AR (FIT) ¢ (exact) ¢ (expt) ¢ (FIT)
0.1164 0.687 0.702 0.664 - 47,5 - 48.1 -43,3
0.1745 0.533- 0.539 0.531 - 59.0 - 60.7 55,3
0.2909 0.353 0.354 0.361 - 71.4 - 71.4 -68.8
0.4363 0.244 0.245 F0.2527 " - 79.0 - 80.3 -77.5
0.5818 0.185 0.185 0.192 - 83.5 - 83.7 .82,
0.8727 0.124 0.124 0.129 - 89.0 - 90,5 ~89.4

1,309 0.083 0.083 0.086 - 94,5 ~ 95,0 ~96.0
1.745 0.061 0.062 0.064 - 98.7 -100.6 -101.1
2.618 0.040 0.040 0.041 -105.7 -106.9 -109.7
4.363 0.022 0.023 0.022 -117.2 -123.3 -123.5
6.545 0.013 0.013 0.013 ~128.3 ~129.5 -136.9
8.727 0.009 0.009 0.008 -136.8 -145,4 ~146.9
15.71 0.003 .0.603 . 0.003 -152.6 -160.7 -167.1
26,18 0.001 0.002 0.001 -162.8 -178.8 -183.6

0.88



iy

0.1164
0.1745
0.2909
0.4363
0.5818
0.8727
1.309
1.745
2.618
4,363
6.545
8.727
15.71
26.18

AR (exact)

1.000
1.000
0.999
0.995
0.986
0.935
0.759
0.549
0.280
0.104
0.047
0.026
0.008
0.003

AR (expt)

1.000
1.000
0.999
0.998
0.985
0.934
0.761
0.550
0.281
0.102
0.048
0.028
-0.007
0.003

AR (FIT)

1.035
1.033
1.027
1.014
0.992
0.915
0.728
0.532
0.282
0.109
0.049
0.028
0.009
0.003

¢ (exact)

- 6.7
-10.0
-16.9
-25.8
-35.0
-54.6
~83.8
-106.7
-132.8
-152.9
~-162.2
-166.8
=172.7
-175.6

Frequency Responses Associlated with System

TABLE 2

8 4+ 28 + 2

6 (FIT)

[
|
w

.

-11.
-18.
-27.
-37.

-84,
-105.
-131.
-153.
~165.
-172.2
~184.1
-194.9

|
wn
~J
.
Gy 0 O W th O P m O
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w AR (exact) AR (expt) AR (FIT) ¢ (exact) ¢ (expt) ¢ (FIT)

0.1164 1.000 1.000 .988 - 6.7 . 6.7 - 6.6
0.1745 1.000 1.000 .989 510.0 -10.1_ © 299
0.2909 0.999 0.999 .989 ~16.9 -17.1 . -16.7
0.4363 0.995 0.998 .988 -25.8 Z26.0 ~25.5
0.5818 0.986 0.985 .982 ~35.0 ~35.3 ~34.7
0.8727 0.935 0.934 .937 54,6 -55.1 _54.6
1.309 0.759 0.761 765 -83,8 -84.4 ~84 .4
1.745 0.549 0.550 .550 -106.7 -107.6’ ~107.9
2.618 0.280 0.281 .278 . -132.8 71343 ~134.3
%.363 0.104 0.102 104 -152.9 ~154.8 ~154.6
6.545 0.047 0.048 .047 _162.2 ~163.6 L1649
8.727 0.026 . 0.028 027 - -166.8 -171.5 ~170.8
15.71 0.008 0.007 .009 -172.7 21799 _182.2
26.18 0.003 0.003 .003 <175.6 -191.1 -193.3
2

Frequency Responses Asscociated with System S2 4 95 4 2

TABLE 3
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APPENDICES

These appendices contain functional descriptions of the programs
and analysis of the operations which they perform, Procedural modifications
such as transfer to the 360 are continuing at ERC. Therefore detailed

program writeups were not included.
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APPENDIX I

The Fit Program
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1. Purpose

The purpose of this program is to generate the coefficients

B

i’o in a finite expansion

K
PR @

i=0

for the impulse response of an asymptotically stable, linear, stationary
dynamical system.

The data on which the program works is the input functiom u(t)
to the unknown system and the’ output =z(t) which is the system response
corrupted by noiSE.' Here te[QjT].

The problem is solved by assuming the impulse response to be
represented in the form (1).

This function then is convoluted with the input to produce an out-

put which is a function of the finite vector

This is compared with the actual output function 2z over a subinterval
{tl,T] to allow the effect of initial conditions to decay and a least
square solution obtained for 8.

The actual mechanization works with discretized functions {ui}

and {z,}, u, = u((i-1)§).
1 i

The program described here works in a testing mode where the imnput
and output sequences are generated internally from a known system. ~ The deck
described here uses a generalized inverse routine to solve fo¥ g . Other
versions of the program, easily obtained from this one by medification, get
the input-output sequences from externally generated cards and obtain g by

inverting the normal matrix.

1}
W
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II. Mathematical Analysis

1. The Procedure.

Given the linear stationary dynamical system

X = Fx + Gu
y = HX (2.1)
z=vyv+v,

where v 1is observational noise, we know that the output can be

writiten as

. H
2(t) = He"Fx(0) + [ e D eu(ryar + v
0

By a change of variable, this can be rewritten as

t

z(t) = HetFX(O) + J HETFGu(t—T)dT + v .
0
EV? ﬁﬁxom a knowledge of z(t) and u(t) only on some interval

hY ~

[0,T], we want to obtain an estimate h(t) of

h(t) = He TG - .

In order to do this, lacking knowledge of x(0), we assume that

is asymptotically stable and that there exists a tl < T such that in
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[tl,T}, HetFx(O) is wvery small compared with

E
J HeTFGu(t~T)dT
0

That is, we assume that on [tl,T],

t
TF
z(t) = JHe Gu(t-1)drt + v(£) ,
o
and we then try to determine ﬁ(t) such that

T

2 £ 2

g = j 1 J hitu(t-t)dr - =z{(t)]" dt (2.2)
g, 0

is minimum.
Basically we use afﬁégiéigﬁ—Ritz technique, that is we select a set

of functions {zi(t)} » Which are "suitable" and represent h by linear

combinations of the %i

R K
h(t) =} B84, (8)
i=0

This reduces the problem to determining R such as to minimize 02

t K t
J A(t)u(e~t)dr = Z B, f Ri(T)u(t“T)dT
0 H

i=0
We call the integrals above new functions
t

fi(t) = f £i(1)u(twr)d1 . (2.3)
0
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Then it is the (nonorthogonal) basis set fi(t) upon which we

will project =z{(t) "to determine pA. We are fitting the function

z(*) on [tleJ with the expansion

K

Naturally we are interested in the linear independence of {fi}f .

In addition we should determine whether or not the system (7.1) can be

uniquely determined from a knowledge of only 2z and u.

These two

questions are intimately connected as the development in 3- will show.

Assuming the functions {fi}ﬁ to be independent, however, we can

proceed.

Rewriting 7.2 in terms of the fi(t) gives

T
o = J[z(t) - T e (007 a,

§=0
£y

which is then solved for the minimizing £ vector.

2. Numerical Implementation.

. (2.2a)

A) The convolution integration in 2.3 is performed by Simpson's

Rule, obtaining fi(t) at N2 - INTST points on [tl,T}.

To expedite

the mechanization, we insure an odd number of points on the interval

[O,tl] by making INTST odd, and we make the number of points at

which fi is computed even by making N odd.

B) (2.2a) is minimized by using a generalized inverse routine to

solve the linear finite system

[fij] B= z,
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where fij = fj(lﬁ) and 2, = z(i8).

3. Linear Independence of {fi(t)}i .

In order to investigate this we will -consider only wu(f) of
the type which we use, i.e.

M

i
u(t) = z c, sinw t , le, | = 1. (2.4)
kel k 2 k

We further assume that all Qi(t) are impulse responses of asymptotically

stable, linear stationary dynamical systems; this is in fact a sine qua non

for being "“suitable" to our problem. Because we are looking only at

steady-gstate output z(t), t = ts after initial transients have subsided,

. the analysis is somewhat simpler. TFor any asymptotically stable system
(2.1) the steady-state output y(t) for input- sin-%_t is

o h ek Lk

v(t) = Ak sin 5 ¢t + Bk sin 5 t . {(2.5)
Since the, wi(t) are impulse responses, fi(t) may be thought of

as the output of a linear dynamical system to the input u(t) and there-

fore is the sum of terms like (2.5).

Therefore we have

Lemma: A necessary condition for the Ffunctions {fi(t)}f to be

K+l

independent is that in (2.4), Mz 5 .

Proof: {fi(t)}g is a set of vectors from the 2M dimensional space

spanned by

.k Iy, oM
{sin > £, cos ﬁvt}l

/
7
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therefore if K+ 1 > 2M, the set is linearly dependent.

In fact, we can write the vector

as f = Av (2.4)

where

and A is a constant matrix. Then {fi}g is linearly dependent

if there exists a comstant vector p + 0 such that

Since A is (K+1) by 2M it is clear that such a vector

exists if K+ 1 > 2M .
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It is tempting to hypothesize that the {fi}f are linearly

R+l
) and the set {21}5 is linearly independent. -

independent if M 2
Unfortunately this is not true.

Counterexample:

and

9. = (n=2) (u L) oTHE o O (n%41) e
1 2 2
(n=u) (A7+1) (n—u) (A+1)

have the same steady-state response to sin t , i.e., fo(t) x fI(t)
for t large.

Since this implies that the systems

H=1 F=-2 G=1
and
iy —
= 5
(=) (n™+1)
2
s g -u 0 (n=-w) (A7+1)
H =“[1,1;: F = G = 9
0 -n (-1 (0D
2
(n-u) 7+1)

!
- have the same steady-state response to uft) = sin t , it is clear
that we do have problems also in determining the system uniquely solely
from input—output information.

Both questions can be answered easily however with the help of the

following.
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Corollary: Let h(t) be the impulse response of a ¢.c. - €.0.

3

asymptotically stable linear stationary dynamical system. Let

d#(?h(t) =-§%§% :

Then the steady-state response £(t) ~of the system to u(f) ,
that is
t

£(£) & Jh(t—r)u(r)dt for large t ,
0

ig. zero 1f and only if wu(t) satisfies the homogeneous differertial

equation represented in the frequency domain by

p(s) ,

. -1

1.e.,}t (p(s)) ult) =0 .

Proof: This is a corollary to the much more general theorem by Leonard
Weiss [17 .

Applying this to our case, we take the Laplace transforms of

X
P.
{E,}K . —= and compute, for all {a_}K
10 qiD 1 0

K .
p&) _ 7 , L
ae) 420 * 9y

If deg p(s) < 2M then the functions {fi}i form a linearly independent

get., In particular:
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Case 1: The laguerre functions,

Py(8)>  Pyls)y
T+

q(s) ~ (s+1)

Therefore deg p(s) <K+ 1, hence 2M % K+ 1 is both necessary

and sufficient for linear independence.

Case 2: The Kautz functionklb& .
For the Kautz functions deg p g deg Py x K+ 1 for K odd
and deg p = deg Pg=1 =K+ 2 for K even. In any case then,
we have the same result, 2M > K+ 1 is both necessary and sufficient

for linear independence.

Case 3: Arbitrary pole selection.

If we select

g
fwi(t)
221 = e cos Wit
for 1= 0,n; w, 20,
=%, ()
22i+l = g sin Wit
"
. - ‘?\'it
and ‘li = e for i=2n+ 2,...,K

. 1 . . O TP
with w, % v for i 4 j and Ay + Aj for i fFj, i, 3 32n+2
then deg p{s) <K+ 1. Again we have that 2M > K+ 1 is both

necessary and sufficient for linear independence.
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4, Tniqueness of Identification.

We wish to determine what system estimates

R K
h(e) = ] B8, (1)
i=0

can be obtained with fixed M and a set {zi}§ , K+ 1 g2M,
such that {fi}g are linearly independent.
The counterexample in (3) can help our thinking about the problem.

Letting A =1, u=2, n= 3, we find that the systems

and

[—2 0] [ 5 }
H, = [l,l] F, = ) G, =
2 2 0 -3 2 -5

have the same response to u(t) = sin t. However they have impulse

responses

~t 1
€ hl(s) T ogt+l

and

-2t -3t

Se ~ Se =)

(s+2) (e+3)

h, (£) . By(s) =

.

%

Figure 1 shows hl(t) and hz(t) .

. o — . 1
In their-expansions in 5 ve have
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hl(s) v, -1, 1, -1, 1, ...]
h2(s) % [0, 5, =25, 95, =325, ...] .
This shows that we can get an exact fit of the input-output -

relations and be very far wrong in the impulse response.. We -attempt

to circumvent the preblem by increasing M. For instance if in .

the previous example, we let wu(t) = sin t + sin 2 t, . then we

obtain the algebraic system

2 3 [ 1]
5 10 2
1 1 B 1
5 10 = 2
By
2 3. 1
8 13 5
2 2 _2
8 '13 5]
AN N

L

- 1
Here %go and Bl are respectively the coefficients of the functions

L =ea and 21 = et which will minimize (2.2). The optimal Bi

1

= 4.01572

w
|

B. = 3.62093

and the impulse response appears in Fig. 1.

The most unfortunate aspect off the procedure is that the error

]

&2 = J () - h(r))2de

0
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. . 2. .
is not a monotonic funetion of ¢, imn 2.2, for fixed K. For

» . , . . e 2
instance in this case the vector which minimizes ¢ is

o
uv Wl

The impulse response for this fit appears in Fig. 1 also.
Note, in fact, that 52 does not necessarily decrease for
. . . YA .
fixed M as K increases. In fact we can obtain a better ¢ fit

with Bo = %—, Bl = 0, which is the minimum 02 fit for

1l

K=0, M= 1 than by minimizing 02 for K=1, M= 1.

Remark:

” 2
-t -2t -3t
J(e - Boe - Ble } dt
0
N 2 2
; rl5Bo + 248081 - 4080 + 108l + 3081 + 30
60 '

Now we see that there are two aspects of the uniqueneés question.
Let us take an asymptotically stable system (2.1) of order n and record
its steady-state output for 2ZM = n. Then there is only one system
of order n which will give that output.

On the other hand if the eigenvalues are unknown and we use some
arbitrary set of functions {ﬁi(t)}g then it is not necessarily true

—d e,

that we are fitting the impulse respomse,more closely as. K dncreases

LURSIE

with M remaining fixed, even though the functions {fi(t)}f are

_linearly indepéndent. The example above shows this very.cleariy.. . _.
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Mor?ovg? it is clear that Fheﬁ K+1 = 2M ;'Fhep 02 caﬁihe made
zerc w@?lg:;ez remains large.

Before attempting any conclusions gbout uniqueness or operational
procedures we should obtain a better idea of the mathematical principles
which underlie the process we are using. That will be done for a
slightly idealized variation in the development which follows.
>

The idea may be stated easily. Instead of minimizing ||L8 - hl

where
L= [2 (B);...,2. ()],

we are minimizing [ILB - h||Q , Wwhere (Q 1is a non-negative definite

symmetric kernel,
What our program does is to minimize
t
o2 = f [F8 ~ z(t)1%at ,
£1

where F dis the K + 1 — component new vector with

t
Fi = J u(t*T)ﬂi‘l(T)dr .
5 ;

, e . 2
Using the definition of F we can rewrite o  as

t
f J [BL(t)-h(%) Jul{t-T) J u(t-s) [IE)B8-h(s)]dsdrdt .

th
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We now assume explicitly that L(t) =40 = h(t) for t=z= t

and that ty z ty- Interchanging integrals then gives us

t, t, T
J J [BL(t)-h(T)] J u(t-T)u(t-s)dt [L(s)B-h(s)]ldsdr
0 0O tl

t2 t2

[BL(t)}-h(T)1Q(T,s) [L(s)g~h(s) ]dsdT

Or—
o

Q(r,s) is clearly non-negative definite symmetric. Furthermore,

with

M
(t) = \Z, sink ot ,

u k=1
if T - tl is a multiple of -%% , then the components of u(t) are

2 . . .
orthogonal, and ¢ associated with uM+l(t) is less than uM(t) .
(This follows from the fact that the eigenfunctions of QM(s,t)
with nonzero eigenvalues are orthogonal and coineide with a subset

of the eigenfunctions of QM+1(s,t) o)

One thing that is not clear from this is the speed with which

116 - nly > I8 - ]l -

Treated ag 'a periodic function, those components of L which are nonzero
at Zero have a discéntinuity at zero-and .therefore have copsiderable high fre—
‘quency power, In fact because of:this:disgontinuity,-we cannot prove simply that

|28 - by + llz8:- x|
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' 1
and we canmot expect convergence better than ¥

We can draw some recommendations from this amalysis for use in

our operational procedures.

1) The input should contain a constant.

2) The lowest frequeney, w, appearing in u should be such that

T - = §(N + 1 - INTST)

£

is a multiple of -%E . o

It is interesting that when

=

u= g

sin kot

e
1l £

1

then the procedure, in effect, takes the Mth order

approximant L ofﬁ-ﬂ} and minimizes I]iB - hl|}f .
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APPENDIX IT%

The Subroutine Micare
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SUBROUTINE MICARE (SSUBR, N, TOLI, NST, H3, IDERK)

I. Purpose

We are given the N vector S = {Sk} and wish to find an
r—dimensional, constant linear dynamical system, [c, ¢, y] in companion

form, with ¢ = [1, 0, ..., O] such that, approximately,

This is the primary task of subroutine MICARE - the implementation
of the B.L. Ho procedure.

In addition, however, it .calls subroutine CPC (see Appeﬁdix I1I)
in order to obtain an r-dimensional, constant linear dynamical system

[e, A, b] 1in companion form, with c = [1, 0, ..., 0] such that

koA

ce’™h k=0, ..., N-L.

T Sp41?

Essentially CPC finds the continuous—time system [c, A, b] from
which the discrete system [c, ¢, y] arises. This is under the assumption
that the input vector s is the discretized (at interval ¢ ) time history
of the impulse response of some linear coustant dynamical system.

It can happen that the vector s contains the leading coefficients
of the expansion in powers of 1/s of a transfer function (the laplace
transform of the impulse response). This is, in fact, the originally
planned mode of operation for the procedure. In such a case the call to
CPC is -superflucus. The applicati;n for which MICARE was written usually
requires the use of CPC, however, and furthermore CPC provides the eigen-—

values of ¢, so0 no provision was made for avoiding the call to CPC.
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IT. Mathematical Analysis

1. The B. L. Ho Procedure.

Definition: An infinite matrix is said to have rank r 4if the maximum

rank of any finite submatrix is r.

Propogition 1: Let [e¢, A, b] be an nth order c.c and c.o stationary

system, with impulse response c¢(t)b. Denote ¢(8) by ¢. Let

H= [hij], where

hij = ep((i+j-2)8)b = c¢i+j"2b R

be an infinite order matrix. Then rank H = n.

Propositiom 2; Let [c, A, B] be an nth order c.c. and c.o. stationary
system with impulse response c¢(t)b = £(t). Represent £(t) in its

taylor's series expansion

o~18

o
k=0 '

let H = [hij], where
B =

ij = %442

Then rank H = n.
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Proof: Clearly a, = cAkb, since a, = f(k)(O). Therefore

i+j-2

h,, = cA b .

L]

Also the matrices

W¢ = [b, ¢h, -, ¢n—lb]

and

W, = 1b, &b, *** , A b]

are both nomsingular by complete controllability, as -are the comparable
observability matrices. These remavks reduce the two propositions to one.
We sﬁall‘prove proposition 2.
The n xm matrix (m » n)

W= [b, A, A%, o0 ]

has rank =n, as does the m *n wmatrix M,
t T TAT 1‘21’
M' = [c', ATe', AT7c?, «=+ ] .

Let “ij dencote the elements of MN. Then

Vi Tt e NS L b

That is MY = H.
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Sylvester's inequality states that
rank M + rank N - n £ rank MN € min(rank M, rank N) ,
in this case
n £ rank MN £ mn.
Therefore for all m > n, rank H = n.

Remark: Let F(s) =dCf(t) = Zgzg .

Then deg p < deg q. If TF(s) is expanded in powers of s_l R

vk

F(s) = ] =% >
kO Sk—l—l

then the ak are the previously defined taylor coefficients of £(t).

This follows, of course, from the fact that

LK

=

1 be an (infinite) hankel matriz (i.e.

Proposition 3: Let h = [hi

j

for some sequence {vk}) with 0 the maximum rank of any

Ris = Vitgoo

submatrix. Then there exists a triple [c, A, b] such that

= eatti=2,
Byg=ca b= Vipso

Lemma: For such an H, the first n rows {Ri}? are linearly independent.
Proof of Lemma: Since every (n+l)-rowed submatrix bas determinant zero,
the first nt+l rows are linearly dependent. Therefore there exists a

number r ¥ nn such that Rl’ RZ’ s Rr are linearly independent and
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From the cyclic character of a ﬁéﬁke¥;matrix, we see that

r-1
N =k§0 A4 Ryrqe1

and therefore every row can be expressedin terms of the first r rows.

o

It follows that r = n.

;jiaag;of Proposition 3: Let [ao, a be the vector defined

AL an—l]

in the proof of the lemma, Then

= cAkb

Yk
where c= (1, 0, «+« , 0O)

| I i o
bh =YV s V1)
and A is the companion-form matrix with last row

[ao’ 810 777 . an~1] :

Our conclusion from these three propositions is that a hankel
matrix has finite rank =n d4iff its sequence is generated by an nth order
dynamical system. This is all that is required for the application of
the Ho procedure to single-input, single-output systems. However for the
nulti~input, multi-output case we need one further theorem, the general
theorem underlying the Ho procedure, which we give without proof.

Let [C,A,B] be an m-input, p-output, rth order dynamical

system and let

¢ $(k8)B = by

where hk = [hijk] is the §(Xﬁ1 matrix which is the impulse response at

)

time k§.
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Define

and

and

whetre ci is the [1+(i-1) (n+1)]th column of § and Uri is the

§=108,.] , =a péi%l) by m(nt+l) matrix,

1]

L = [ZijI .

In“addition, define

oy
B = [cl, Cops vee ?cm]
—
% =
T
P

[1+(i-1) (n+l)]th row of S .

where

b

Compute nonsingular matrices
W
T
PsQ = .
o 0
e
Then
A .
PIQ = |. .. .

indicates arbitrary elements,
70
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Then:
the system [C,A,B] dis a

For { ;sufficiently large n(a > t),

Theoren:
[C,A,B].

minimal order representation of

2, Computation.
Let H be a hankel matrix of rank n and let S be its first

h .
n® order principal submatyrix

PR

v ) n-1

Va1 """ Vopo2

By an extension of the lemma, this has rank n.
L and R such that

Compute nonsingular matrices
LSR = 1 .
n
1
=RL .

It.follows that §

Let

9
%
]




denote the second nufh order principal submatriz of H, and let

- .
bt =Ty, vy * Vp-1

We know that
S& = AS

where A 1s the matrix defined in proving proposition 3.

Compute

ct =b'R ,

b* = Lb ,
and A% = LS%*R =.LASR. Then

c¥b* = b'RIb = (1, 0, ==+ , O)b = v_

c#A%kb% = b'R(LASR)XLb = b'RL(ASEL)Xb = cakb

To provide additional smoothing, we compute with a rectangular
matrix having more rows than columns, with a maximum of 15 columns and

100 rows,

m-1

v /¥y
=_"r-l‘ ﬁH‘_j"— 2
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ST A L
Here we have ~.r_ *>n = rank H m3z n.

We find matrices T and R of rank =n such that

LSR = I
n

and
SR=1L" .

Lemma: SRLS = S.

Proof: Since SR =1L' and rank L = rank §, L is nonsingular on

range S, therefore the fact that

L{SRLS - 8) =18 -~ LS =0 ,

implies that SRLS - S = 0.
Let
Vi ©"" Vm
S§* = ::\.“T::}
AL | .

~

We can define an m by m matrix "A such that S#% = AS. In

the 3 *3 case, if

0 i 0
A= 0 0 1
a b c
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0 1 0 0 0 .
0 0 1 0 0 .

4 = a b c 0 0 .
0 a b 0 .
0 0 a b c

to the size required.

The important thing is that b is the first column of § and
Ekb is bk+l’ the (k+l)St column of 8 (or the first m rows of the
(&+1)%Y columm of H if k3 m).

We compute

e* = b'R ,
b* = Ib ,
A% = L8*R = BASR.,

Then
c*b® — b'RLb = v
by the lemma.
c*A*b* = b'RLASRLD - b'RLAb

by the lemma,

.

But Ab is the second column of S so b'RLAb = v again by

13
using the lemma.

In general

cxAxkbx _ b IR(LASR)KLL = b'RL(ASRL) Kb,

By induction we can show that

AsRL) b = by, .
Since bk+1 € range (5), it follows by the lemma that
b'RLbL = v

kt+l k7
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Remark: Notice that BRL need not be the generalized inverse of S5 but

must satisfy only

SRS = S .,

In the multi-input, multi-output case we change the construction
of the hankel matrix from that described in section i by rearranging the
columns. The rearrangement puts first in S the columns [Cl’ cz,"',cml
which we used to define B in 2. The rest of S is then filled out
with the successive matrices ﬁ%,'i?ﬁ, ete,

The routine we are using to compute E and R has a bias toward
accepting the -early columns of a matrix as linearly independent and
therefore this rearrangement was performed in order to imnsure that inputs

other than the first will have good numerical significance.

3. Mechanization.

Starting with an § having NST columns, we find matrices TL’ TR

such that

where T 1is an n-dimensional identity, TL and TR are saved.

Increasing the dimension of H by one we replace TL and TR
by their new values if the rank increases.

If the rank is unchanged, either because of the constraint IDERK
or because the rank is the same within the tolerance TOLI, we use the TL
and T_ from the previous dimension KMl as follows.

R

The matrix 8% of dimension KML is formed
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Then the system matrix is ¢+ = TL S® TR, the output vector is

c* = [Sl’ s SKMlJTR’ and the input vector is

KMl

The .impulse response & = c# ¢*k_l v* of this gystem is

k

compared with Sy the gystem is put in companion form, and the logarithm
system computed.

If a reasonable approximation between S and S was found, we
RETURN. 1If a term was too much in error, the dimension-of 5 is

increased to include that term in the next system. This proceeds until

a good fit is obtained or the S wvector is exhausted.
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APPENDTIY &I

Program CPC
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SUBROUTINE CPC (S, IRANK, B, C, DT)

Purpose: We are given the n xn companion form matrix ¢, vectors
G and H, and a time increment 6. We wish to find an n X n companion

form matrix A and vectors B and C (C = 1, 0, 0, ...01) such that
ce®%%s - me¥e, k= 0,1,... .

Basically we wish to find the logarithm of ¢.

Restrictions and Commentary:

1) ©Naturally ¢ must be nonsingular.

2) ¢ cannot have repeated eigenvalues. In practice this is
not a very serious restriction. Numerical difficulities may occur when
roots are close to each other.

3) .-Farly in the program; eigenvalues ) = x + iy are assumed
to be real and positive if they satigfy

_,_iilh__—- < 10_7

1077 + |x|

Theoretically this is a wvulnerable point. If there'is a complex pair of

¢ with small imaginary part, trouble can occur. However, this is essen-
tially covered by the restriction that roots must be distinct. Perhaps
more important, a complex pair in F can, for proper values of the time
increment, give rise to a coincident pair of negative eipenvalues of ¢.
Howaver, we do not expect this to occur because good engineering practice
will dictate that the time increment used to generate ¢ will be selected

less than half the natural period.
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Besides which the condition is highly improbable under any
circumstances.

4) This program, because of the application which evoked it,
assumes that the pair E;H, ¢]+ is completely observable. This is clear
from the.-output form of C and A.

Procedure: Since ¢ is given in companion form, the characteristic
polynomfal is immediately available. This is factored to obtain the

eigenvalues of ¢. If the eigenvalue A= x + iy satisfies

1‘\I!!}I- LD

SLABNNEE - e
10’ + Ix] :

the eigenvalue is taken as reazl and positive, otherwise as comp}ex.

We set up a complex n-vector with the complex roots first
and the real roots last.

The eigenvalues of ¢ are printed. The number of complex
roots is printed.

The generalized Vandermonde matrix T is constructed which

transforms ¢ to its real diagonal form, R.

T 4is inverted to form T_l.

HT and ¢T are formed.

1

- -1
T G and T ¢T are formed.

-1 . . . ,
T 9T is printed. The computation and subsequent printout of
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T_1¢T is. done purely as a numerical check since T_l¢T will be assumed,
to have the correct real diagonal form R and its computed valuevdesgroyed

after printing:

M= log R 1is constructed and printed. Following this, the

matrix

is formed, and finally the desired matrices

C = HTS T
A - sust
B = ST71G~

are printed.
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Mathematical analysis:

1) Real diagonal form and generalized Vandermonde:

If a matrix ¢ has only real eigenvalues, its real diagonal

form ﬁ; is its -diagonal form and the matrix T transforﬁi%g to A 1s

the Vandermonde

LI
Where t., = .
3 4

If there is a single complex pair

1 0
., T =
a b
0 1
. ¢ =
u{az+b2) 2a
a b
7 i =
[_ ~b a

We call this the real diagonal
if there are r

direct sum of r

at

form for this

such 2 x 2 matrices and an

bi then we take
1 0
.2 1
b b

In general,

b,

complex roots, the real diagonal form for ¢ is the

{(n - r)-dimensional

diagonal matrix. The jth column of the generalized Vandermonde T

corresponding to a real root Aj is tij = A;_l
and 2, corresponding to the pair Al = a + ib

81

. The columns, say 1

and A, = a - ib

2

are



_ i-1
til = Re(?\l )

1

- i-
tiZ = Im(ll Y .

The first such column starts
1, a, a2 - bz, a3 - 3ab2, vee

the second such column starts

3

0, b, 2ab, 3a2b - b7, ...
2) Logarithm of the real diagonal form.

Let R denote the real diagonal form.

The logarithm of the diagonal parxt of R dis very simple
being the diagonal matrizx M whose elements are the logarithms of the
(positive real) diagonal elements of R.

The rest of R is the direct sum of 2 x 2 matrices of the

form

et

The logarithm of this matrix is

log(a2 + b2) tan_1 %

1

-tan log(a2 + b2)

W |

The nondiagonal part of M d4s the direct sum of such 2 x 2

matrices.
As is well know, the logarithm is not uniquely defined. Naturally

we take the smallest value of the imaginary part which will give the correct
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exponential., Our justification for this is again the assumption that the

§ used to generate ¢ was smaller than half the smallest natural period

appearing in the spectrum of A.
3) Companion form.

An nth order matrix A 1s said to be in companion form if

a sl - L o

the characteristic polynomial of A is

n n-1 XJ
x -+ j£0 an,j+1

L)

and all other aij’ besides the last row and the first upper diagonal,

. are Zero.

It is easy to show that if the matrix

is nonsingular, i.e., if ({H, ¢ ] is completely observable, then

nst = [1, 0, *++, O]

and S¢S_l is in companion form.
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