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Thus f a r  i n  our d i s c u s s i o n ,  t h e  Bami l ton ian  h a s  been e x p l i c i t l y  

independent  of t ime,  Now we wish t o  d i s c u s s  t h e  r e s p o n s e  of a  sys tem 

(atom o r  molecu le )  t o  a t ime dependent  e x t e r n a l  f i e l d .  Thus we wish 

t o  s o l v e  t h e  t ime dependent Schroedinger  e q u a t i o n  

(XXII- 1 )  

where i s  t h e  t ime independent  i n t e r n a l  Hamil tonian of t h e  i s o l a t e d  

sys tem (we t h e r e f o r e  assume we can  s e p a r a t e  o f f  t h e  c e n t e r  of mass 

motion) and r e p r e s e n t s  t h e  e f f a c t  of t h e  e x t e r n a l  f i e l d .  I n  

p a r t i c u l a r  we w i l l  be concerned w i t h  s i t u a t i o n s  i n  which t h e  e x t e r n a l  

f i e l d  is  s u f f i c i e n t l y  weak s o  t h a t  a  s t r a i g h t  forward p e r t u r b a t i o n  

approach i s  a p p r o p r i a t e  ( s i n c e  we have inc luded  on ly  one o r d e r  of 

p e r t u r b a t i o n  i n  ( 1 )  our formlism w i l l  be s t r i c t l y  a p p l i c a b l e  o n l y  i n  

t h e  c a s e  of a  t ime dependent e l e c t r i c  f i e l d .  However, t h e  fo rmal  

m o d i f i c a t i o n  needed t o  i n c o r p o r a t e  a  magnetic f i e l d  should be q u i t e  

obv ious ) .  

We w i l l  be p a r t i c u l a r l y  i n t e r e s t e d  i n  s i t u a t i o n s  i n  whichP\hl i s  
k d  +l?-4& 

s imple  harmonicV w i t h  f requency (r-) and i n  which i n i t i a l l y  = #o 

where \C6 i s  t h e  normal ized ground s t a t e  wave f u n c t i o n  f o r  \+ : 

(XXII - 2) 

( X X I I  - 3) 
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A l s o  we w i l l  treat EQ as nod degenerare.  T R s r  i s  e i t h e r  it i s  n w  

degenerare or, for reasons of symmetry, khl doen no t  mix qo with  the 

other  degenerate  ef g e ~  -ufu;?ctlozs, To  make the  problem reh l l s e i s .  we must 

spec i fy  how i s  "cwned  on". ?Ire kind of phenomena > ~ l ~ k ~ i i  r e s u l t  

can o f t en  depend  fn d e t a i l  on ul-~is InTsxmar i o n ,  B e c a u s ~  s f  i t s  ~ L L -  

t r i n s i c  i n t e r e s t  i n  c o n i ~ e e e i o ~  v ich  the  index of refraccFon f u r  d i l u t e  

gases,  and because i t  is the e a t u r a l  ex tens ion  of our  earlier d i s c u e s i s n  

of s t a t i o n a r y  s t e t e s ,  5.e.  energy of e fgens t a t ea ,  w e  w f l P  l a r g e l y  son- 

f i n e  our a t t e n t i o n  t o  t he  m x  s t a t e  - of the system t o  the  

simple harmonic perturkmkf on, (The genera Efzat ion t o  s e v e r a l  f r e -  

quencies aga in  should be obvious i n  low orders .  ) 

This however r a i s e s  a problem. For a r e a l  system rhe  t o t a l  r e -  

sponse c o n s i s t s  of a t r a n s i e n t  response p l u s  a  s teady  s a t e  response,  

and the  t r a n s i e n t  response,  wllfch depends very much on how yLW i s  

turned on, d i e s  away En time because s f  some n a t u r a l  damping rnechanisrn, 

Thus, whatever the  i n i t i a l  condi t ion ,  one can i s s l a t e  the  s teady  s t a t e  

response s imply  by v~ipaitbng long enough. However, i n  our model of an  

i s o l a t e d  system I n  e given e x t e r n a l  f i e l d ,  t h e r e  i s  no n a t u r a l  daraping 

-- no c o l l i s i o n s ,  no quanta,  no r e a c t i o n  on tbe  sources s f  the  f f e l d ,  

Thus i n  order  t o  isolate the  sseadp s t a t e  response i t  behooves u s  t o  

t r y  and e l imina te  the  t r a n s i e n t s ,  Fo r tuna te ly  the  method i s  w e l l  

known. One imagines  t he  f T e l d  t o  be turned on very  s l o w l y  ( " ad i aba t i -  

c a l l y " ) ,  s t a r t i n g  a t  t2- -& Thos fo r  a simple harmonic p e r r u r b a -  

t i o n  we take hwts be s f  t.he form / 



" ,  J .  with 3 , I  J T 1 . - h e  . : , .- k' 

vector referred to s s v  f i c e d  osLg in ,  

ordb>a$es.  For  a ~0~n-n~~1s. tra .1,  -ystem,:ge vou.Ed fncS.uii8e o~mly 
-=%: the  internal, p a r t  f 0 .Z Z @&,3& .&A !$d 

5 
Prc2blsrre: C o n -  -- 

s i d e r  an a t ~ m i c  inn, Us:ina the usinel cosrdFnates (center of -- 
mass, n u ~  l e u . ~ ,  ele~~rsna re Ea t ive  to r~uc  Peus ) f Pnd the 
internal pare. of 0 . E O  i~he same f83: s d i a t ~ r n f ~  DIB~$cu~~ . : ' !T  

f an  u s f ~ l g  some s u l t r e b % s  csord5wate system, 

P r ~ b l ~ m :  c o n s i d e r  a n e c t r a l  ai-ora fr: a s p a t i a l 8 y  uniform -. - .  
magnetic fbeLd, 4 , % &.e :z?terna% " p e ~ t v , l : . b a t i < ~ r ~  (see 
E ,  BreEtenberga ;~ ,  J , ~ ~ , , S , A ,  58 1.314 (i368)>, 

-d 



t Pax 

- <, ., 
page 41, e t . .  . . ( 1 ,  fie i>G:El:t: et a%, ec~z, , i;or,Zc\.:. z~!tj bi eac.?:~ ti:.:;:%), 

ir, w%lB be _?, .- ,.<i.swe ... t v ~  gene ra l  t?.eorcs,s, alrlalsgous to the sor t  

.7 ,, of  thesrgr,i. .-?JC j ...,,,,,,,,* ~ .i Fs q q ;c, ,-% ,:! 1 e a r l i e r  far. the  tkae indep~nde r i t  case., 

. > 

(A)  co:laes;\i..cl..r-. .. >-..- - .?  ~ ~ . - ~ ; l ~ , ~ , ~ ~ ~ ; ~ : ~ , ~ ~ ~ y ~  
-----=-=.-=- ---.------.---- 

'- ,", 

csi)2g clie f~ ,< ; t  V>:,E 5 3  'h_l-er7:!,ci<;zl $ossy S ~ ~ ~ J ~ J  ( ~ ! r o ~ ? ~ , e k a  ---. 

i 



" .. Thus in p~&.j-)~:=_:?~?~x- ~- ,3; i :q~,~.~zak- iQ i s  preserved irk ti.me and S O  is or tho -  

4. ---"- .. 
gonalkty,  . Lx.i .l- .3) 22d (XXPL- 7) chen thf a in.eane t h a t  far our 

prsblern 

( B )  s ; c e  3 g : ) e ~ i ~  --=-- c Hell - 

Coivfder  +g,:l,.. L9-e ef ise  of a s p a t i a l l y  earrffo.g.rtt e l e c t r i c  f i e l d ,  

Then zhe q ~ z a a t i  e-f  oi ~ 3 h ~ s i c a P  bnteres t in determtning index oL r e f a z z t l  on 

p"nenoitaerL% i,, tZh- - ,I?c:u~ ~ 5 5 p o I e  n~oment of t h e  syeceilr and,  evFdenily, if ~ i r n  

" - -3 (XXHE-G), this ;--. bc pr oportPsna.1 to 

We now 7.2qa cke Sl- iz  3e ' inger  equaticsn t o  sirrite this i n  another  form., 

F i r s t  of 211 we ETL$ve tke i d e n t i - c y ,  with (3- an  a r b i t r a r y  r e a l  pararraetei 

w%lie% c n v l l  2r $L in j ~ m  ~ i c u l a r ~  

which, f r s l l  f:E<e Sc?~z;r*lLnge-r equat ion,  we can rewcfte as 

8x1 the o-c?~;.  -1-e c 3 2  a l s o  use  the Schrcsedinger equetfon be fo re  we 

differe.~tiatt. ;-<L? --er;leck: co W end wrtket: 



Equating tlhas: r a g t ~  hatid s i d e s  of (3 )  and ( 4 )  then we have 

whielz .Es the t i,:e depe dent :  He 1lrnan-c~-Feynmar! &hear ern (kiayes and ~ a r * ~  

J. Chem, Pk2s, 43, I831 (P3bE),b 

/ 
g b l e ~ e :  65iuo tha t  i n  t h e  s t a t i c  case, arid 9 an energy 

\ 
\eigenfunctinr, chis reduces  t o  t& Hellmann-Feyninan theorem. 

XXLV. DErscc Solucisn -- The Method s f  VarFarion of Cunstanrs 

With all thFs behtnd us i t  is now e a s y  to see, a t  least  f o r m a l l y ,  

how t o  solve our pra5iem.  I f  we expand $ i n  a p e r t u r b a t i o n  series 

then f rom (XXLI-1) we e v i d e n t l y  f i n d  
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S i n c e  c o n d i t i o n  (XXIE-7) i s  independent  s f  i t  t h e n  f o l l o w s  t h a t  

e""' +"&, e-i eo& 

To s o l v e  t h e  r e m i n i n g  e q u a t i o n s  we w r i t e ,  

(XXLV - 6 ) 

where t h e  &LC) a r e  f u n c t i o n s  o f  t i m e ,  t h e  a r e  t h e  t ime - independent  

-rz 

cornplete or thonormal  s e t  o f  e i g e n f u n c t i o n s  of , and t h e  kk a r e  t h e  

e i g e n v a l u e s  : 

(As i s  customary we have used a  d i s c r e t e  n o t a t i o n . )  To s a t i s f y  t h e  

i n i t i a l  c o n d i t i o n  we t h e n  r e q u i r e  t h a t  

0 ~k..+o (XXIV -6) 
e-+-~b;, 

I n s e r t i n g  (6 )  i n t o  t h e  n s t h  e q u a t i o n  of t h e  sequence ( 2 )  - - - 
and u s i n g  ( 7 )  one r e a d i l y  f i n d s  

whence, u s i n g  (8) we have 



2nd hen!ce d e r i v e  ("3 e x p a ~ ~ d t n g  L I n  a pez~tuz:5atian 
series. If NJ%Q the2 the form ( + e l ,  w%th Che 

m - cozstanz, y l e ~ a : e  t%e general  a o h t P o n  of (YXI:i-l), Hence ,/ 
, ~ z t L e > n  nf  e o ; ~ s t a n t . s " ~  

1 
the name "va?-' J 

Bosgevek tJ=s.f,. approach is ~ ~ ~ a i ~ s f e c t ~ ~ ~  o.ti ~ Q J C ~  a j : ~ ~ ~ i . ~ ~ t ~ ,  r s L  :OX '-' 

a l l  it y i e l d s  the sslvitj,sn i,n a atsum ~ ~ e - t .  g&,a-te f 6 p r y n f C  W : ; ~ T : C ~  1 ~ i r 3 . e s g  i,.nc 

sun ter~nfnakes,  we have only- 8 formal  s o l u t i o n  of the  sort which w e  have 

discussed in connection with the  analogous formuleeion o f  stationary 

state perkurbairfu:!a rheary, More itreportant, a l though  c a r r y i n g  out the 

time Pneegrae ia r~sfe  in prclnciple straightforward, it: een bes~i i~ i?  .verji. 

m&sy evec in the simple hzrrnonic cz se  vhere on ly  s i m p l e  . fun~: t i t~ns  

appear .  %a t%e next st?ctio.sa. xe ~ n 7 % 1 1  d i s c ~ s s  an a?I%ter~ate appn=t"~~hach .till 

which, f o r  the siriiple hs.rmsnLc case, we essentially guess the time 

-\Ah3 
dependence of Lhe 9 az~d then  are Left with differential eqcat ions  

to so lve  f o r  the s p x t f a i  dependeaee, dEf ferentFaP equa t ions  mfiueh like 

those we hzca d%scusae?. La co~nection with sratio~2ar-y state problems 

and to which we may a p p l y  a l l  the techniques developed chere, 





1.4 7 
L%b3 

~,,.; --s- C_ - " , - ?  ,iu81.epE.2<:,,a:lc. of t" ~ . m e ~ f s  then evLt3entl.y s u g g e s t e d ,  and 

we see tZ,.:c :.~:d~.~!!l: cFiLs 5 - ~  a c o n w i s t e n t  C B L Q ~ C ~  in that by i n s e r t i n g  ( 2 )  

. " i n t o  (I)  an,::^ +?,;rr;?,.:~g te~rris yi. th ".Eke tizae dependence we a r e  l e d  t o  t h e  

k8) 
'.A; - -  -& 

"a 
P i  : - ;  ) (E).) Note t.batGlh \k2 gixsil by 
(5 ), ~g i3 r:1:..~.~~.;7,4ized k 5 r o ~ g t ~  f i r ~ t  o rde r ,  (Pr r~ j?  Belll: P ~ o v ~  ---- 
t h i s .  '? ~ Y C J ~ P  .-lea t11a.t: the  g e n e r a l  s s lu t ioz r  sf ( I )  .E.s 
L%\ .p 'Z e &&$% where t h e  kt& are  eonstan- is ,  
presence :.:f t.ex-ru ~ 5 t h  %$O wou1.d eyi .dent ly  E r r p l y  t h a t  the 
sys tem irss made 53:ne s o r t  of t r an~%t , i , a3n~  and hence a r e  p a r t  
of tllc tx-a:;~ient response, 'The g:ers~i with @--SO can  sjl,rrhply 
be : ? 4 ~ 3 ~ l i $ Z  2.n a, ph ase f a c t o r  if we require:  that be 
norFn,s li::.pd. 

\ 
I 

Now I ~ c  c1c2  CUP^ 1-0 the  second o r d e r  equdtiun, U s i n g  ( 2 )  r t   cad^ 

an3 thi.s reeps t.0 --.-.- ---- ..qLd.k i.n t h a t  we 8:re led to t i l e  L&injg &depe.r idec 

. " d ~ f f e r e n ~ ~ ~ q ~ ~  dq.jq,c:.c:,ns 



However now we see a d i f f i cu l t y .  Namely equations (8)'and (9) a r e  

per fec t ly  consistent  inhomogeneous d i f f e r e n t i a l  eq&tions with , forma 1 

solutions 

however (10) a s  it stands i s  inconsistent. Namely, viewed as  inhomo- 

geneous d i f f e r e n t i a l  equations there  i s  an e s sen t i a l  d i f ference between 

(8) and (9) on the  one hand and (10) on the other -- the homogeneous 

par t  of (10) has vO as  a solution,  while (except for very spec ia l  

values, which we w i l l  avoid -- they yie ld  the resonances mentioned 

e a r l i e r )  the  homogeneous par t  of (8) and (9) have no solut ions  (more 

precise ly  no accept ible  solut ions)  since f o k ~  w i l l  not be an 

eigenva lue . 
I f  now we take the  sca la r  product of (10) with we then derive 

the  wel l  known r e s u l t  t ha t  when the homogeneous equations has a solution,  

then the inhomogeneous par t  must be orthogonal t o  t ha t  solut ion:  
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which is  cer ta i .n ly  impossible s ince  from (5) rhe l e f t  I-~and s i d e  i.s 

4- 
which, remembering char \li 'w*) we call wr i t e  as 

9 

9 

\ C*%I,\ut %w7\ .\ 2. 

.-. 2 ---------=- - 2 \ Lq,j,b~.-+k)i 
LC- 

- - 
E+-Q~.-W g e-go 3-14 

which i n  gene ra l  won tr vanish. 

Evident ly something has gone wrong wi th  OUL dnsacz,  'Lhe cl,ae ,:a 

see ing  how t o  rescue  the  s i t u q t i o n  i s  Lo  eonsdiieL lrhe 

W -0 . What do we expect t h e r e ?  The answer give t i  'by '.lie: fdl!ai>Ls 

a d i a b a t i c  theorem: En the  s t eady  s t a t e  s t a r t i n g  tram a ~ l o ~ i r ~ l l r e d  a-uil- 
# - 

degenerate  e igenfunct ion  of L* , w i l l  be come the correspondtng (la 

the  sense of pe r tu rba t ion  theory)  normalized e igenfunct ion  of c-&* 

where 

and 

Now expanding (14) i n  powers of we see cha t  there a r e  terms i l ; ~ e a r  



i n  t , quadra t ic  i n  t , etc .  represent ing  the  energy s h i f t  brought 

about by the  per turbat ion .  Now the  point  i s  t h a t  we may expect s imi lar  

"permanent" energy s h i f t s  even with non zero frequency -- the  so-called 

"lamp s h i f t M . f S e e  fo r  example Jones and Verschueren, Phys. Rev. B, 

42 (1968) .I Most na ively  suppose we ( incor rec t ly )  apply s t a t i o n a r y  

s t a t e s  energy formula 

t o  a t i m e  dependentW . Then we s e e  t h a t  i n  add i t ion  t o  o s c i l l a t i n g  

terms there  appear, f i r s t  i n  second order, terms which a r e  independent 

of t (terms which don ' t  vanish on averaging over a period) a r i s i n g  

from cross  terms involving a s  many b+ a s  ; terms therefore  

which a r e  suggest ive of &.permanent energy shift#'  brought about by the  
I 

per turbat ion  VJ . P 
This l i n e  of argument then suggests t h a t  we amend our ansa tz  (7)  t o  

read 

where i s  some constant  which is t o  be determined. I n s e r t i n g  t h i s  

we then f ind (8) and (9)  a s  before, but  now ins tead  of (10) w e  find 

(Problem : Derive t h i s )  

whence we w i l l  have consistency i f  



r ~ o t e  c h a t  from (13) i t  f o l l o w s  t h a t  i s  r e e l l %  The formal  s o l u t i o n  

of (18) i s  e v i d e n t l y  

where t h e  r e a l  p a r t  of t h e  constant  can be  found by r e q u ~ r i n g  Lhiit 

be normal ized through second o r d e r  .[ PA a ,$,;p. 

' B  Prob leg :  Corfipare with t h e  t i m e  independent  lse~rrn i n  
\ 

E above. 

Problem: Show t h a t  t h e  inaaginary p a r t  o t  does  n u t  con- 

\ 
t r i b u t e  t o  e x p e c t a t i o n  v a l u e s  through secor~d  o rde r ,  1' 

Let  us  a g a i n  c o n s i d e r  the s t a t i c  limit b - + o  an3 f o r  s i m p l i c i t y  

- let  u s  p u t  bd+%&-ll" bjLw Then from (13) we see t h a t  

1%) T h i s  r g i s e s -  t h e  q u e s t i o n ,  where does  t h e  rest of eonre f -~otnl  

Also where i s  ' ? The answer t o  t h e  larcer q u e s t i o n  can  be s e e n  

from (XXV-5). Namely i n  t h e  k i m i t k 4 ~  we s e e  t h a t  



1x3 
and the resC of eu3 s , y ~ s e s  ,3 ~ : ~ ; ~ , ~ ~ , ~ ~ ~  $~:27j , ( e i i b l e m :  

" 1 .  

We T ~ W  r a t e  the!. rhe ho$ha-rso:ne tei-~ts the $ Ke-crDs j.11 '$ tlt.rz 
bd 

b'b% 

terms Lo k , i;d . . car? be .hnag!~!-i a:f 2 s  aiisi:fig fi'<>i!i t h e  r:qaijijii., 

Sbo~g the t  the $ tfer-',- 2 -\ 1-9 caT7i l J 6  tit,$> lygj.lt L j f  2 s  L d  i ~ 1 . 0  i r Y i  Y 

#c..-ts mi tFng j,n c h i s  x,yayl, hence e5i.s sit~p:~. 

o f  t i m e  mly. H a . v % ~ g  done this wa ~ ~ o u L d  eke i~  t r y  L O  d e a l  segrara~eiy  , zii 

11 and w i t h  , e x p a l d i n g  each iu power seri.es in + , i l i i i  ?.?or i u r  Lher  

-&B I 

expanding & Fear  her s i s c e  @ f - rea 1, o r L I y  cdg is ~ii2ei3~~i i il 

compute expectation values ,  

However jus t_  co ~ ~ ~ f t e  (1 )  does not geC e-s very  f a r  s- ioce give- 9: 

$ and 8 a r e  ant b:>ecf f f e d  u?j.qvely, H o ~ ~ e v e r ,  here our desires fo r  

a s%mpl.e s t a t i x  IFbn129,t suggest a prescrfptia~l, namely w r f  te 

whi.cEa ensu res  that is r,"?~lq:??.i.z.eE3,, and theil :i.iltp?se tiic- a s i d i t  f o n d !  

requirement that 



whence 
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so t ha t  i n  t h i s  l i m i t  e does include g& of the energy (including E o  ). 

Thus we can expect t ha t  i n  the nonsta t ic  case w i l l  contain nei ther  

1. -w LJ terms nor terms involving , t etc .  F ina l ly  note t h a t  i n  the 

s t a t i c  l i m i t  

i e. , becomes the  energy eigenfunction i n  intermediate norma l i z a t i on .  

*+% 
We will. now show &IXQ&, by use of the  Schroedinger equation,Jwe can 

determine i n  terms of 4 and be l e f t  with an equation for 

alone, an equation which we w i l l  then solve by a perturbation expansion. 

We w i l l  then show subsequently tha t ,  i n  accord with the above remarks, 

we w i l l  encounter no inconsistencies when we make the  obvious ansatz 

t ha t  the  involve only periodic terms, i . e .  terms of the form 

To determine and derive the  equation for  we wri te  (2)  a s  

where s &, &-" Then 

whence 

yie lds  



Now we cake the  scaler  p r u d c c f  of ( 7 )  w i t h  *o and u s e  6+Q)$) = \ r, 

and berice b $ ~ , a & ) = o  , t n  t i n d  

whence w e  may i n t e g r a t e  ( 8 )  t o  f i n d  

-6;. 

and kher e f o r e  
L 

- v-* where we have i n v o k e d  the a d i a b a t i c  t u r n  or% i n  c j ~ d e r  t o  e n s u r e  ~ h d t  tilt; 

i n t e g r a l  exis ts  and sshbre our choice o f  cons t an t  of i .n tegsa t ion  i n  j i 0 )  

has been such t h a t  the in i . k i a l  cond i t i on  on 9 is now s i m p l y  

fi.ukfl3 f rom (71, (81, and ( 9 )  must  a l s o  satisfy t h e  d i f f e r e n t i a l  

Note t h a t  t h i s  e q u a t i o n  does  n o t  r r q u i r s  cha t  t$o !$ ) =1\ b u t  i t  



nr - 
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guarantees t h a t  ie LqQ1&)r i n i t i a l l y ,  a s  it does from (12), then it 

w i l l  s t a y  equal. t o  1 . (Problem: Prove t h i s ,  Also d iscuss  the  s t a t i c  

l i m t t  or (13)$ 

Also note t h a t  although we used the  ad iaba t i c  turn  on i n  der iv ing 

(12), eq, (13) involves only instantaneous quan t i t i e s ,  hence it s t i l l  

allows t h e  p a r t i c u l a r  so lu t ion  approach which we used before and it i s  

t o  t h i s  t h a t  we now turn, 

Making the  per turbat ion expansion 

and using (9) we read i ly  deri$e the  sequence of equations 

e tc .  Further,  the  condit ion t~o ,@)=~ becomes 

1 * 
I n s e r t i n g  (XXII-4)  (17)8b,uggests t h a t  for k30 

2 ,  

which i n  t u r n  leads t o  

CH- E~ Q.h: - + CVJ+- ~ q o , b z u ~ 3 g ) ) q ~  





From (28) it &en foil:iws, 9 ~ ,  a c e a d  wE-xrh our gemr  a 1  drguraent a5ove, 

Pix c,niqon?.y. ( g u e i c :  '[$rit.e d ; ~  t h e  formal soi.u,t:i.ons ro (28) 





-B.pr\-? 

Then, u s i n g  [$03$ ) ~ 1 3  w e  have 

\ 

+S"v CEb'/ 6'"j 

v=f-" cqbJ) q-?) + Q2--'; 911\ 1 7 
cp" r @177) +ix -31 4 ~ & y  ip?) 3- ~4$$~~7) pG7 1 
+. --/ 

P u t t i n g  t h i s  t o g e t h e r  .rile. then have 



where of course, 

Problem: Verify (5) and (6). 

Of pa r t i cu la r  

g rea tes t  physical  

* formal i n t e r e s t  t o  us though not necessar i ly  of ' \;nw 
i n t e r e s t  w i l l  be the  termswwhich a r e  time independent. 

1 
A s  we w i l l  begin t o  see  i n  t h i s  section,  they have proper;ies much 

l i k e  the  terms i n  the  energy expansion of s t a t ionary  s t a t e  perturbation 

theory and eventually (Sec. XXXIII) we w i l l  show tha t  we can derive 

them from a va r i a t i ona l  pr inciple ,  t ha t  i s  t h a t  we can hope t o  calcu- 

l a t e  them approximately with an e r ro r  of second order. 

Let us then look a t  these terms. I n  wo there  c l e a r l y  are  none, 

1%. 
nor a r e  there  any i n  \.W or i n  \wlu'. (Problem: Show tha t  there are  

tnn) 
no such terms i n  'W with n even.) On the  other hand there a r e  such 

terms i n  \sJ" and WJL", namely 



C a &  [ t42, -p&L- 

+ terms which invalve &? and +b only - 

where ( )T can be understood t o  indicate  an average over a peri.05 

%"" VQ 
Problem: Prove that in fact (\to) w t  d'\") - end @to,lu_ gh:) 

are res 1. How about the - . 
T o  - 1 

To evaluate (w'> we need '-$ and 9'2 while t o  evaluate rW 
Q - 

- 

3 
we apparently a l so  need qy ) and 42) We will now show that 

i n  fact w e  don't need +'z . A s  we w i l l  see later, this result  is 

analogous$ to  the fact that in  time independent perturbation theoryJ 

 UP 
that to evaluate E we need only %''I 4 4  4l~j d m '  t need 

@33 e ' ~  Qw> and indeed the proof proceeds Ln a sfrnflsr way. 
P 

Namely we have the %ollowisg equations 

-. ' 
and 



4 3) 
NOW the  cerrns il ( \w \h19'). lL;i1 i o J I J ~  ~z -+  an be 

7- 
"- 

m i t t e n  

1.1) %\ cqQl IW+- l~,,b,~~)l+?e\_'i )t Cq9 -L\V-- lxky, Ul-%j 1 e,, , 
- ( ~ w - ~ ~ ~ ~ ~ ~ Q ~ ) ] ~ , $ ? ~ )  * c L  b~+--  

where we have used ( &oi ) = 0 Now from ( 9 )  t h i s  eqbals 

which f rom (10), u s i n g  \ , can be wi. teen as 

$9) 

i. t e r m  i m o l r i o g  only ++ and qD 
=- 



and hence we see that as rannorsnced 

+ terms involving only $' and % - 

\ /-leg%: Can you make a similar reduction i n  the' time de- 
pendent terms i n  wL32 1 Can you eliminate in favor of 

i n  \QJ\C) ? +j= 3P / 
+L 

Now l e t  us turn t o  a m e  detailed exemination of wM in the case 
8 ,  , - 

of a uniform electric f fe ld t 

Then we have 

where from (=I-23) I - qm 



Thus one r e a d i l y  f i n d s  

&=.% 
which de f ines  t h e  p o l a r i z i b i l r i t y   enso or 

For ta] J ~ Q  it beconies t h e  s t a t i c  po ldz izab l  I; t y p t s i i  as we k n o ~  lswz haxc 

a v a r i a t i o n a l  p r i n c i p l e  fo r  j c s  dia-orla l e l e n l e n t z ,  The saotc ~f i l 49'- 
s h o r t l y  be seera t ~ a  R e  t r u e  f d r  geateta.1. and w i l l  E ~ S C  i>ri t h t :  

observa t ion  tha t  

Note a l s o  t h a t  (14) i q l e s  t h a t  arm can isciivci a l l  u f W  from <d"\ - /+ 
and, a s  noted e a r l i e r ,  i t  i s  fo r  cW'$ t h a t  wz w i l i  E i i d  a vaciational 

<a*> 
primcip l e .  I n  higher  o rde r s  tlowever 8k.j cnrttains o t h e r  t e r  nis wh icl! 

* S \ W K )  cannot be  recovered from N&'m ~ 9 t ~ . e a ~ i c )  

A s  is c l e a r  from (131, i f  i s  the  ground s t a t e  t he  d iagonal  

c7-9 
elements o f  % (which a r e  the quan t i  t i e s  involved i n  (12%~ a r e  p o s i t i v e ,  

and t h a t  a becomes i n f i n i t e  when CU .z E w  -EQ This i n f  i n i t e  

response i s  of course j u s t  the behavior we r e f e r r ed  t o  in Sec, XXI1, 

Ln l i g h t  of our subsequent i r lvest igat ior l  t he re  i s  one aspec t  vjhish m y  

appear odd however - -  namely why do the resonances occur a t  W -  EL-?zU ? 
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m a t  happened t o  the stlamp shif t"?  One answer of course is  t o  say t ha t  

the s h i f t s  a r e  a t  l e a s t  of second order and hence y ie ld  a higher order 

ef f ee t .  However t h i s  i s  r e a l l y  no answer s ince  it should be f a i r l y  

c lea r  tha t  however f a r  one goes i n  the perturbation theory resonances 

w i l l  be predicted only a t  these and s imi lar  posi t ions  s ince  one w i l l  

always have denominators of the form 

( h+] can be thought of a s  due t o  the  absorption of M-. quanta. ) 

The r e a l  point  i s  t ha t  t o  see the s h i f t  of the resonances one must r e a l l y  

abandon straightforward perturbation theory and use some method which i n  

e f f e c t  permits a p a r t i a l  re-summing of the perturbation s e r i e s  i n  order 

to, so  t o  speak, "put some r 's i n  the denominator". (For a systematic 
C&B 

approach seed Kroll  reference i n  Sec. XXII. ) 

/ 
T 

\ Problem: Show tha t  through th i rd  order <'bA/I") and sane of 
the terms a r i s i n g  from the ( Cig", @b>) 3 term i n  
<w@'>~ can be cqmbined t o  exh ib i t  a sh i f t ed  resor  

nance EscrQo-u+ Q P - ~ V - ~  -0 What i s &  ? Does i t  equal 

\ 
of Sec. XXV a s  we expect? / 

Fina l ly  one other point  which may be puzzling -- how can a normal- 

ized wave function become i n f i n i t e  everywhere? Clearly t h i s  i s  a l s o  an 

a r t i f a c t  of s traightforward perturbation theory s ince  for  example 

s tays  pe r fec t ly  f i n i t e .  However yb' i s  not the only term which reso- 

nates; there  a r e  terms i n  each order, hence t o  do the  job cor rec t ly  



a g a i n  c a l l s  f o r  a rea r rangement  u f  t h t  perturbation s e r i e s ,  Also t o  

i n c l u d e  r e a l  physica  l daeriping one s ~ ~ o u l d  explic~t Ey knc l u d e  photons in 

t h e  t h e o r y .  F a r  d e t a i l s  we again r e f e r  t o  K-coLL. 

ALE sf this d i s c u s s i o n  can be surmnartzed by the obvious  erna arks 

t h a t  s t r e i g h t k o r w a r d  p e r t u r b a t i o n .  theory i s  inadequar-e near a r t S c J l r 2 ! ~ l C E ,  

$ l u  W&L~N& 

and i f  t h e  larap s h i f t s  a r e  no t  small compared with t h e  Level spsciiigs, 

W W I L I .  Exact S o E u ~ i o n - o ~  r . 7 ~ ~ :  Df%re-pentiol %at ions  
--=a- 

is kmlr~n f o ~  hydregen ici  a s p a t i a l l y  u o i f u r ~ ~ ~  r i c c r ~ i c  t ~ r i d  

However i t  i s  s u f f i c i e n t l y  compl ica ted  i n  t r u e  t u i  e t ha r  vJe have r e  le-  

& 
&& ,mb b-4 <i% r w p d w ]  

ga ted  i t s  d i s c u s s i o n  t o  an 8pper~di.x. The e s s e n t i a l  C I ~ ~ ~ L C U L L  )) i.,- t:idt 

even though one can i r m ~ e d i a t e l y  r e d u c e  the 't)~obL~~it LC, a i ~ d ~ a l  piub:r'itr, 

t h e  independear  s o l u t i o n s  of the homogerieovs t'quct t i o m  tire q t a L r  ceri.- 

p l i c a t e d  f o r  +C?, . For low frequencies  huwevtir, t h e  s-ituation b r -  

t-r comes more t r a n s p a r e n t  i n  t h a t  i t  i s  r e a s o n a b l e  t o  expand ++ f n  - 
powers o f  tAp (cor responding ly  0 6 % ~ )  w i l l  he r e p r e s e n t e d  a s  a power 

'b" 
s e r i e s  i n  ei, ) Thus w r i t i n g  

we c l e a r l y  a r e  l e t  t o  e q u a t i o n s  of t h e  form 

C!-- ED) +'lk' =. terms i n v o l v i n g  'lower o r d e r  f u n c t f  ons - 

Such e q u a t i o n s  a r e  of c o u r s e  e x a c t l y  of t h e  type  wELi.ch we encounte red  i n  

s t a t i o n a r y  s t a t e  problems and nay be r e a d i l y  d e l t  w i t h  i n  che c a s e  af 

hydrogen, See Dalgarno and Kingston, Proc,  Fey, Soc, PZq4, 424 (1960) 

f o r  d e t a i  ls. 



The expansion i n  power of: a ' reqe i res  t h a t  \& b )  and 
ew--ev 

hence w5l l  fa91 near and above the  f i r s t  resonance, 5.e. \wBX E3-e~  . 
However one might extend the  range by proceeding a s  follows: F i r s t  of 

a l l ,  assuming t h a t  one knows , one can i n s e r t  the  f i r s t  resonance 

"by.handl' i . e .  one can write 

Then s s a t s f f i s  - 

3'" 
and one c o u l d  now expand .p in powers of Cr) which will again y5eLd 

equations of f ami l i a r  form, or a s  an a l t e r ~ g t e  one might rearrange the 

s e r i e s  and expand yJ :!in power of 2 3 W-Ls r e9) - T h  one w i l l  

get  the  same s o r t  of equation but now with replaced by El . i .e.  

= known things 

Aside from hydrogen however the  p o s s i b i l i t y  of exact so lut ions  

seems remote and hence one must r e s o r t  t o  approximation methods, i n  

p a r t i c u l a r  v a r i a t i o n a l  methods. Before discussing these techniques 

however there  i s  m e  m a r e  topic  whkh we wish t o  take  up. 

2 

Here we w i l l .  simply r e f e r  t o  Hirschfelder, Brown and Epstoiin i n  

Adv. i n  Quan. Chem. I. Be 0. L h d i n  ed. (1964), pages 323-324. For an 

app l i ca t ion  t o  H a  see  Musulin and Epstein, Phys. Pev. 136, A966 (1964). 

For an extension t o  complex frequencfes and for other appl ica t ions  see  

papers by Kestner and col labora tors  i n  J. Chem. Phys. 45, 4014 (1966); 

49, 3392 (1968) ;, 2, 3398 (1968). - 
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where 

and 

- c w2,~- -C cld2,we%,I $7) 
bLw,3 

Note t h a t  analogously t o  yLw) and 7'2 ) i n  L + , i s  t h e  exacr 
R - 

func t ion  and i n  qo and @d m e  t h e  exac t  func t ions .  We now - 
0 

d i scuss  some gene ra l  p r o p e r t i e s  of these  func t iona l s .  (Problem: Write 

61) 
down the  v a r i a t i o n a l  func t iona l s  a s soc i a t ed  wi th  & and 4: and - 

0 

c a r r y  through an  analogous d i scuss ion  f o r  them). 

, \ 

A!=--) *\%? 
( A )  with d p l :  $2 - and @ * -  &? we s e e  t h a t  the numerical - 5 - 

A" 62-9 " L O  '3 
values of L L and L .r a r e  a 



f%enct%ons and get: 8. r e s u l t  ~,$i;l~,i.& d i f f e r s  f rorn  tb..e exact resu-j.r. l j i i  t e i  

o f  second order .  

@= taq P B b 7  
(B)  If + - 5 $2 @2 w i ~ h  b r I  rrsr o r  pire irnagjnary acc 

(") b$-J 
allowed verbat ion:  of  @'+- end f f  a r e  a 1  lnwnyeei 

&\-7 3; 0 
variations of qc ' then one f i n d s  (Prt319len1,: P i l l .  in tlne deta-f 3s) that-  

44-9 At-&) 
I 

A ,, and L +  m e  g5ven by f s r ~ ~ ~ l a e  l . k e  ( 4 )  - ( 6 3  b u t  wick in - 5 

approp r i a t e  places.  

,y\ u*n43;.ju (Sr 
fib) (@I EE 4 @G. -&?I qp i s  w alioweZdwith 6 5  r e a l  or p u r e  imaginary 

flbl R"9 -&.I 4o 
then we wi 11 heva (By 4 + \ 0 . S ~ r n i  lar l y  C) CPL 

allor,ied y i e l d s  v 0 . (FrohPL: Prove a l l  thLs.  ) 

( FW eb t h e  g o a n d  st,3t~e it 2s  easy  to show (Pr*bl .g~:  Do this) 











EQ") ~6&%2 bg-> 90) lW s a t i s f y  var ious  sum rnbes .  For exaiclple, 

and 

t h e  lat$,er, 5.n the case of the s p a . t i a l . 1 ~  u,niform e l e c t r i c  f i e l d ,  5;-.Fxg 

the  farnocs T!~^~orn~s - ~ e i @ h s - ~ v h n  sum r u l e .  

We no-17 esk, do the  approximate genera k ized  o s c i  b la to r  s t r eug tha  

sa t i s fy  ria;?.r rules! Thzt i s  do we have ( r e c a l l  "6/ = 1 

and 



i n  p a ~ & & c c k s  s%?ee the TRK sum r u l e  is, as i s  w e l l  know, linked 

to +b-  C* 5 % one might ,  i.n \ x $ ~ J  of the discussion a.t the  

end of Sec ,  VITL; d o l ~ b t  the  va l i d f t y  of ( 3 ) .  We w i l l  now show t h a t  

J\FL~ 
( 2 )  a:rd ( 3 )  s~ s ~ ~ i s f i e d  i f  \hl+% & kd \o  L P ~ J  j ~ ' d ~ v ~  Naifiely 

b 
intr&clnci>sg t h e T  o p r e t n r  of Sec. ~1x1, w e  c e r t a i n l y  have, for 

example, thae Cpg;b'B_ei:a: Prove this) 

Bur. now t o  say t h a t  Q+-qg is in the 5 ALL means that: P 

whence we hili7e 4 2 ) .  S i m i l a r l y  (Problem: PiLL i n  lshe de-cails) 

Problem: Discuss  the status of the sum rules F~~vo lv i rag  

c& &.- EQI and h_P-e8)9 



So f a r  sdr discussion of sum ru les  has been h~$ba.;&) t o  the case 

of l inear psrameters onPy. I f  we introduce non-linear parameters as  

well, then of c a n s e ,  the simple form ' (4) w L l l  be destroyed -- 
the  approximate generalized osc i l l a tor  strengths wFl1 ,  so t o  speak, 

QLI 
become frequency dependent. However for L + one has 

whence we can s t i l l  ask. i n  a general way *or not a s  W-4) onehas  

We w i l l  now show tha t  t h i s  w i l l  almost cer ta in ly  be the case i f  

with br r e a l  or pure imaginary, a r e  a l l  allowed vartatiops,  as was 

of course mtae in the l inear  case which we heve just  discussed. The 

point is  simply that  i n  order t o  guarantee that  these var ia t ions  be 

allowed the space s f  t r i a l  functions w i l l  presumably be made up of 

functions s f  the fmm 

l e  

where (? , % and C a re  a rb i t r a ry  var ia t ional  parametersland where 
he 

can be anything so long as  it does not depend exp l i c i t l y  on t' 

/B rw 
la, 

, b 0 %  c But now with X fixed we have a l inear space with 

% and kt 99 members, whence (4) be sa t i s f ied ,  and since it w3ll 

be s a t i s f i ed  for any 2 it w i l l  a l so  be sa t i s f ied  by the optimal choice 
A 

X * 











2 m 

We w i l l  no3u show that@ ) ' d i f f e r s  from by second order quan t i t i e s .  T- 
M 

(-: Shew thatQa is&$ and per iodic , )  Thus i f  we average (6) 

over a period we wElk have a. v a r i a t i o n a l  expression with which t o  

approximate . To show t h i s  we w r i t e  

Then using (5) we f ind (m: F i l l  i n  the  d e t a i l s .  ). 

n9 
Now l e t  us average over a period. Since ')L a n d y  a r e  both periodic,  

a s o  therefore  is  , whence t h e  average of n-L%A) w i l l  vanish and 
3 

we" have, s ince  L 1 $ constant  

as announced. 

Thus t h e  ~ e i n r Z c h ' s  v a r i a t i o n a l  method can be s t a t e &  a s  f01Pows: 

We introduce the  f u n c t i ~ n a l  

% a. f-b Bh, n, 
with 'F. per iodic  and with [$, T 1- . Then % and a r e  

determined by 



t h i s  geaere l  r':~-rnc:v,l;?:ti~~:ri~ To Chis end we m:it:li. 

and 

n P 
the ;lo-i& of L ) IY~  he constant, bu t  fo r  the  moment re i g n o r e  then. I, 

now we c a l c ~ % r ? t +  ~4, c@-Z&)$) then rhroogh second o r d e r  ~ h ;  a: 1, 

terms fr1~3ey~s,Jer:o .a! tiae, i.e. the. o n l y  terms which will star~7iwe t l h ~  

averagin$$ cvhr i piii03~ are  

C ~ D )  BPo) 



S\u "9% 

t $ , ~ n  ; s ~ ~ c e  [vlyi] ;rJ~,ll ",-- L ) ~  made.. c e > s t ~ n k  we t zve  

P f i  f i  
N o w  the  cccdiiri-1 tb.st  LTi?$) be independent of time requires Char 

~ ~ o ,  Pi 1 +-&? s h m ~ , l d  vanish. QProblern: Prove thEs. ) In 

- 0 ecf;.urd c ~ : i t >  cefr esr.i.=r deiii.ni.tf,=n c.f 2 which r n , e k e g ' ~ ~  = &? - - 
, s ui91 sk.cr-2gt5~~c rc:s m d  recp5L re  t k a t  





* " T'? 

L;,& 2: :.., L 5 * . J . t , l *  c: - ., , t? -~ , . 63 ,.,- 
L C .  s , i . .ICiiJ?I = 



We w i l l  simply prove the theorem. The applications are very 

similar to those discussed in  Sec. W I  I for the analogous theorem 
+@== 

stationary states.  ~ r o n  S AX\]\--&^ 

also 

A - C C ,  C 4 - b  e@ &,+I - z2, $) 
3% (XnnXXV- 2) 

,&,~&+,#d && $ orp )lgl;vW &+OUI ~+I+).co 17,31 ww IY* 

4lP'ld. 
Now let 

Then (1) and (2) yield 

But 



I% - 
Now sverage over a. p e r i o d  a n d  remember t h a t  ('Y-~Y) is iridepaiident r . i  

then 

Proqided tha r  t h e  c2mn sverige of E )  One now 

r e a d i l y  sees t h a t  even if 

then th%s wLL1 be ~ 5 ~ s  case i f  8 = Allowed variation in t he  ~einrich's 

vsriatlcmal 2r iocipLr + 0 Qr2 '3%) 

has bee-. widaly ase3, bce s ~ k ~ i e h ,  i n  E. sense, is not a var Ldt iona l  

p r i n c i p l e  3.t aPI  q l ~ z e  I t  cannot be p u t  i n  the  form S q v a ~ i a t f n n  of some- 
B - 

c h t ~ g  e q ~ e k  ta zero ' \  R a t h e r  it Is more like a. method o f  toomerrts 



eqzla t i st,. 

In pa,rt5cr."Lk!r c;)ce t ha t  (1) can be wcftben 

s * thus  showLng i'aLrlj7 convincingly t h a t  it is no t  5.n. the  form i r f  'sva7;.ia~:t::ror? 

of scnetht:g .- C "  Or1 the other hand i f  we i n t e g r a t e  (31 over time esld 
4 

r e q u i r e  thaft 89 va:lEsh at the end points, then we d o  have a more 

s t a z ~ d a r d  s u c ~  of .ver:.Fetfona 1 p r i n c i p l e  

which is k?he ace w'kI;!~ i 5  us3alI.y introduced in connection with S i s -  

cuss%ons c f  the ScF~rsedEnger equat ion as a f i e l d  theory. However (4') 
6% 

is not of asct use rr. GS.  W i t h  tl-= - M the cond i t i on  @& tP@QL o 

would make senee -- w e  cou ld  r e q u i r e  that a41 our t r i a l  funett~ns 

satisfy the prclper i , E + k e l  conditions. However what does one do a b o u t  

bW 7 A g e n e  i L i r ~ r i i ?  of ( 4 )  has huwevec found use  i n  the theory ok 

t r a n s i t i o n  p r u 3 r b 9  lo t ies  (see DemkovDs book 9Va.riatisn P r i n c i p l e s  i : ~  

the 'I'besry o f  G o l B i ~ l ~ x ~ s ' ~  M a c c M i l l a a ~  P963), 
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I n  the simple harmonic case however, we have exhibited a va r i a t i ona l  

p r inc ip le  -- the  Heinrichs va r i a t i ona l  prfneiple  -- awd hence it is of 

i n t e r e s t  t o  see t h a t  it is contained fn the  F r e n b l  p r inc ip le  under 

appropriate eondltions, Let us i n s e r t  i n  (I), the  by now familiar  form 
A 

,2b 

A P\ 
6$ e-Ac e m e  

62- - a  set y e-" 

P 
with @ seal ,  whence (1) becomes 

P- A '2 -69 ) C ) -( * i;t-tv .L~Y)]=~  
3 t 

Now l e t  as suppose that 

f i  A yr 
Note t ha t  since 6' i s  r e a l  t h i s  implies t ha t  C - , ? )  i s  independent of 

ti?% (Eobleq: Prove t h i s .  ) Then we have 

0 .  c ~ + ,  CH- - +  I W - Z , ~  
at- 2 )$s$) =a 



0 

I f  w e  use %%near va r i a t i og~a l  parameters 

with the  &R independent of time and independent of then c l ea r l y  

the Frenkel va r i a t i ona l  method t e l l s  us  t o  solve the  

V problem exactly. In  pa r t i cu la r  i n  terms of the  l inear  combinations of 
Pb 

the  which a r e  eigenfunctions of . *the  expansions 

of the  r e s u l t s  i n  powers of w i l l  y ie ld  formulae having the same 

s t r uc tu r e  a s  the  exact  sum over states formulae except t ha t  the sums w i l l  

be f i n i t e .  (This assumes t ha t  a s  an i n i t i a l  condttion one w i l l  na tu ra l ly  
A e.-z8,t 

use A %g . ) I bel ieve  t h a t  eSsenatially t h i s  approach was 
--a 

used by S i t z  and Yarfs (J. Chem. Phys. 49, 3546 (1968)) i n  t h e i r  calcu- 

3at ion of higher order s u c e p t i b i l i t i e s  for  Hydrogen and Helium ( i n  the  

l a t t e r  case  4: i s  an approximation t o  4, but 13 is  e f fec t ive ly  

replaced by the Sternheimer Hamiltonian s o  t ha t  whatever one uses for  

Inc iden ta l ly  t h i s  'Ti n i t e  s t a t e "  problem has been much studied 

(partLcularly for  &=%) i n  connection with non steady s t a t e  behavior. 

See for example Shirley,  Phys. Rev. a, B979 (1965) and references 

given there.  



f i  e - wllers &Bqlq)-=~  en it f 1 8 1 1 0 ~ ~  t h a t  

whi.ch i n  C a r c  m e m i  t h a t  the  A& terms' contribv.t:Lon t c i  the l e f t  harid 

s f d e  - of  (XK%T$- 1 ) vanishes Fdentl.caB1y since that: C O S I ~ ~ T . : ~ . ~ U ~ % O ~ : I  i.5 

h A 
~" Thus w, LC?.; ~ r . ~ r k ; ~ e  a t t e n t j : ~ ) n  t o  6% ~ir'hj.ch are or thogona l  i.0 9 

and f 3 r  tl':e:c3 % u . , e  we are :i.rf~posing no fgrt:tey rea ?. i t7 corldit:%c,ns, we 

may use &he Frmke?; ,  prlncl .pl .e i.n the  form tw%b2), i , e ,  



6 A 

For $ A ~  then we i n s e r t  a S l a t e r  determinant which d i f f e r s  from % i n  
f i  

t h a t  one spin-orbital ,  say, $as been replaced by a sp in -orb i t a l  

34, which i s  orthogonal t o  a l l  the  occupied spin-orbi ta ls :  

Evaluating the  left hand s ide  of (3) one then f inds  

f' 

which, by comparison with ( 4 ) ,  s ince  6\1[5 i s  otherwise a rb i t r a ry ,  

imp l i e s  t ha t  

where the% a r e  for  the moment a r b i t r a r y  funorions of time. 

(Problem: F i l l  i n  the de t a i l s .  ) Now t o  ma$& everything consis tent  
h 

the  T s ~  ws t be chosen so t h a t  the  gs a r e  or thonorma 1, and we see  

t ha t  we can $0 t h i  s most simply by put t ing CS* More precisely,  
A 

under these  condit ions i f  vs a r e  chosen t o  be orthonormal i n i t i a l l y  

they s t ay  orthonormal, ( : Prove t h i s .  ) which, c lea r ly ,  i s  633 

much as we can expect from a d i f f e r e n t i a l  equation, i . e ,  we must supply 

the  i n i t i a l  conditions. Thus we have, for  t he  "canonical o rb i t a f s"  



/&@ 
(a 

j : : ;;ire? t F ~ t  o;tho:srea 1 set  v% 
\ 

we can find Paany % 

" f i  
astp:sz eqx::,;Iz: i . a ~ , k  sets fi v5 uz 2 Us4 VT where the UM F o r m  

" ., -3 
q 7 -3 .,* 3 

O C  - ., 
..._.,. , , , , , , ~ : : . I I , E P ~ ~ ~ ~ ; ~ S ~ ~ ;  1% t i m e  depenc3en.t: rnatz-Fx -- show thz t  t h e y  

setLs:fv e.ii e q ~ a ~ ~ ~ ~  of the farm (51, : (TJsrfa- 
-,--- -- 

tlsn per "~:~ha~,: '_t:~:~, theory t&rozagl?. f ?r st tc,rde~ f o-<: He,  he,, and 
I\Te i;z>-.-:%e-':. 9::zl~~.~g?i by Kavees"-iva~, tit, al, I'hyys. Rev. E4, 
35 ,( 2, ,"z , LB. .r!Lss done ? ~ y  Da"_,gara:? and V f . c b o s ,  P r n c ,  Roy, 

( A )  T$mc. depe.cdzn% He. ll,mann-Fey'nr~l.%~. The~l$ tn . ,  

and 

are  sl l .uwed tbec 3 s a t i  s f5es the  kine dependent H e  llrnaacan-Feynmw 

theoren, To see ths3 we note  t h a t ,  insex t f n g  (I) Fnto (X-XFl?S- l )  y i e  Ids  

The derfvarPon nou fo l lows  the p a t t e r n  of Sec, I$. &-: F " l 1  in 

the de~-aLls ,  

To s g t ? k f y  ? d l  these conditions then O C ~  would choose the r r  iaL 

functfo~s 5-1 8 Lndependent way, and al low them to have 6 - . r L i i r a ~ y  

(complex) sc?!ie, No-, the f i r s t  reqv%rement i s  m e t  by o u ~  TDURHP t h e o r y  



" - . n r , . - .  C ' T p ; ?  and th - . ,~ j ,~  43)  as b~,,...:,3-...-.~.-. Howevers we restric$ed &be n o r m  OF ou:c 

t-kal fn-ct% 2y.s t-;: :~e Lez;e ~qhence o.c:~. p.8~ wonder a",aut tT:ie v a l i d i t y  o f  

- * 4 s.ndeea -r l .s cE5a.r that. iif we use (7LXY3JE-63, then (&:j ..ismot be 

ar:d l,z::.~.li tlr;.e l$elf;pd",na-Feynm~Ln t3aorea .r.:s~?'t k.e s a t - i s f l e d ,  

and w e  kn07.7 tl-:at 

rsf time. The r,e-, oxbif",bs wF4.L then d i f f e r  frorir the ones d e f  ned by- 
,At ,,@)kJ 

(XXXVI-$1 Ey t2-e ri,ree dependent phase fac~i r r  7d1e~ ce t l ~ e  
id 

new de te r rn i?a~~t  will ? i f f e x  from the o l d  by a.nves;e.retia~ phase factrsr, 

The new deterlr,$aant wf 11. setf  sf y C N & ~  C P ~ ;  = HWT 

then ( 4 )  wiJ,% bc; sa,t:~,af~e:j: and we will have t h e  t h e  i ieper~dent Bell.irla;lri- 

: PEEP i n  the detai Is. ), 



\kWF L t  eke URHF funcrion f o r k " ~  ., If 1 2 l i t  is 
t r ze ,  df:ca:5i t5e ;ig-fffcance o f  the yyR t l e ~ r e n  in 
TrdRhT 0 &so && @-T& % L.$P . ; 4 p, , _ 2 +. r 9 - ,$',,)" A\% = )  - 

ProBlla:~: sk~cit~7 k.kt,at :i,$ i,n the 1i:nea-d. variattonal ~.!.ethod t he  
*&T;e %ndeg;le:x3ent of W then the time -dependent He I." ~,ri:azm- 

Fe:flyn~,n t2-.asze;:c - j j i P B  be s a t i s f i e d ,  Show t h a t  the Ijieir?l:-l.c"tzs 
0 " ? i  varicr,t..ional Fir z-;:czy . ~ e  wi.I.1. be sa . t ls f  Sed, Dfacuss  %he app 1i.c- 

\ 
a b i l L t y  cf EBe theorern x" 

- -, . with  6 1  r e i i  272 H e r n : i t l ~ ~ i  is a,;lop;,&. Then f rm ')$(l.-l) we 



which we can wri te  a s  

which i s  the generalized Ehrenf e s t  theorem. 

1 f ( w - 2 )  appl ies  then, under the  same conditions, we can derive 

the  stronger r e su l t  

We w i l l  now show i f  U i s  a one p a r t i c l e  operator t ha t  (7) and hence 

(8) hold i n  the unres t r ic ted Hartree-Fock approximation whatever the  

- f i  
choice of the Lns so long a s  they make the  Vs orthonormal. A s  

i n  t he  analogous discussion of hyperv i r ia l  theorems i n  the  time inde- 

pendent theory i t  i s  not c lea r ,  from the  discussion t o  date, t ha t  (6) 
fi  

i s  allowed. However, we can argue a s  fbllows : b$ with U a one 

p a r t i c l e  operator (we w i l l  omit the  subscr ipts  HI?) i s  a sum of S l a t e r  
/' 

determinants, each with one o r b i t a l  changed from 3 . It then follows 

from (XXXVI-3) t ha t  the p a r t  of each of these determinants which i s  
h 

orthogonal t o  w i l l  make a zero contribution t o  the  l e f t  hand s ide  
h 

of (7). Thus we may i n  e f f e c t  replace  U 3 by 

6 

(remember t ha t  9 i s  normalized). 

I f  we i n s e r t  t h i s  i n to  the  l e f t  s ide  of (7)  we find 



Prob l g x  : ?rove t : 3 ' ~  .-,t i f  the r h 4  ace etisse:? as :in (6) then 
P 

(9) is sa,t2sf$ed0 

.- A s  en sp? l.:c,~!5is:r: csn;i,der the L- cii,poke sb$eld- - -. 

cs-ns t s n t  for en aL w 2 T I  t r e a t  the nuc l.eus as i~ i f ' i . -~~%t.e  ly 
\;p:eR * W b i V  *I FOR* 

heavy?'Me bathe the   tom in a s p a t i , a l l y  m i f o r m  sjigplr haririinfc 

e l e c t r  fe fLeLd,  ,:cd c a i z u l a t e  the n e t  f i e l d  at the nucldus,  

The force  sn ohe nucleus, i f  it has charge Z i s ,  as in t he  

s t a t i c  esse w52.ch we  considered e a r l i e r  Gee. XI-B) 

2 4 
where f is t h e  e l e c t r i c  f i e l d  and Fe,d is the force on the  

nucle-1s d m  k~ the electrons, On the other hand the net. force on the 

e%ec t rons , f f  chere are N electrons,  is a l s o  as  before  

But wow the lYorce-on-the-electrons" is the  avfiircge v a 1 ~ e  of t l ~ e  
-4 

opera.tor i E@ ,7 3 where i s  the  t o t s 1  e l ec t ron ic  morneilrurn. 
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F=+ 

aad s5zcs Ls % L L ~ .  e lec t ron  opera tor  this holds  i n  TB@IP, Fu r t5e r  

-9 -4 + 
w e  5ac-e i x & % l  wheree& is the dipole n~sment. Hence 

r-9 

and gFnce & Is r--,Zzc:) 3 e .~e  e l e c t r o n  opera tor  t h i s  ho lds  in TDYJRF, 

Thus we finally hawe &he f d m i l f a r  r e s u l t  

whence t o  lowest u~c7.e-r in rhe e l e c t r i c  f i e l d  

Returning t o  (4 1-1 w g  kdve 
&& 

whence, fro.- (1.0) 

<?? 
which de f ines  rke ek~ ie l id ing  tensor  r e  
Thus i n  TDUEF o m  s h c ~ l d  f i n d  

which i s  a qlseS.'-;:E check on the ca leuhat ions  and which generelizes trze 

r e s ~ k t  w e  f o u r 9  e a r l i e r  for  s t a t i c  f i e l d s  cb==oq 

C l e x  l y  tEe s m e  r e a ~ l t .  w 5 l l  £0 k l o w  i f one requires ciorjble spin 

occrrpancy bv-f allcws f ree  variation of s p a t i a l  dependenc:e (i. e .  T D S E ~ \ ~ )  



:I -, I ::3;_~,3 TLiSgP 5n gf.jnear.a :L and reat..r'_.;ced Eartrae-Fock.  

, I  

(G 1 &g~se,ge::dkr;,c Er B "Liou2.n ' s Theor err? - ---- . 

see ,.. p. .,.,,,,~..~~ c 7 7  3 .:. aa.6. Epet,e:En, P%)7s. Rev, x, A966 (1464) -- Appendix., 

GoscLnski, k t ,  J, Q. Chert. 2, 7 6 1  (196E); P o  Ro%?asan ((to 'k pwb- 
$a8 $a 

lished)]. H i ~ l ~ i r e t  r h e k  rescltsvseern use le s s  fur & &= cd lcu1a- - 

lperl:apa the riatrsr i o - ~ r ~ ~ ~ r l , a t i o n  would use  &-&6;IX * 7 Hence we w i l l  

n o t  dbsc.i:.;s o:r\a:l i : ~  d e t , % i l  here,  Thefr. marn u s e  has been t o  d e r i v e  

bounds f a r  ~ ( \ g d )  C E S . T ~ S  of its WBTPQUS (exact) derivatives at: Q--D 

a 

and sbnil,ar q ~ , e : t k ~ t ~ c s ,  Such bcnunds have al.so been found in other  ways 

by EanghoiE acd K a . r ~ ? , u s ,  Phys. Rev. Le t t .  2, % 4 6 l ( 6 : 1 9 4 7 ) ;  by Gordon, 

J. Gheer~.. Phys. 39%9(1968); and by Fukre lPe  and McQuarri,e, 

PRys,  lei-,^, 2, 223 31968). See a l s o  Weinhold, J. P?:~ys.';~4, ,- 2 65.5 (%968), 

f requ.ecci .e~, (1st b 4 -  b8$, 3 ,  S ~ O V J  t h a t  i.t y i e l d  2, sta- 
\t5o.;:ay y a._y-.~:ces 55sal j& d g t w )  bu t  En general  noL a = $ ~ ~ i i . d .  / 



Appendix A (Sec, M J )  

Ic r h i s  .,p;>r-dfx we w i l l  p r e s e n t  t h e  r e s u l t s  which one f i n d s  when 

one c a r r i e s  our  the  program of Sec,  YXIV through the f i r s t  two o r d e r s ,  

and compare rkem wi CR t h e  a n s a t z  s f  Sec, XXV, (See a l s o  Hammer and  

kJb\&, J. Math. Phys. 6, 1591 ( 1 9 6 5 ) . )  Carry ing  o u t  the i n t e g r z t i o n s  

is stssight?cscward bui cedislzs. I n  f i r s t  o r d e r  one f i n d s  f o r  k 3 ~  

We now l e t  @+---+ +-O and ~%&O/SLM- t h a t  w i s  unequa l  t o  any o f  t h e  

and also tha.-t w i s  n o t  e q u a l  t o  z e r o .  Then s i n c e  t h e r e  

a r e  no p o s s i b l e  s i n g u l a r i t i e s ,  w e  can s i m p l y  p u t  d -0 whence 

w e  a r e  l e f t  w i t h  

P f  we now i n e e r ~  t h i s  i n  (XXZV-6) w e  f i n d  

w h i c h  i s  cvfdenrly i n  complete  agreement wCth (XIW-2) and ( W - 5 ) .  



T u r n i n g  now t o  second o r d e r ,  one f i n d s  f o r  t7  0 



NOW for &+u ard Gd t o c  equal, to a resonaxce vs lue  t h e r e  i s  no 

o *  * p o s s i a s i P t y  o f  ~ ~ : r : < u L s r  _> i-@,.-;i~s a ~ d  w e  can f r ee ly  pu.t: d x Q  tc; f i n d ,  

-+ :;SkT?i, t%!gg b u t  with b+-+U- L--4w+ ""d GB"+.-l-d 
B 

; U&e---eo> ks 
 or 5 : ~  ixcst 5e more c a ~ ~ t i o u s ,  ~otiag that -I + k 

Ew-+ e43 C t Ek- e$) 
we find, p a t t  Lz~g d-=o wherever t h i s  i s  no change of a s i n g u l a r i t y  

-P- s3cr.e ~Zii ;~g but  wi th  bI, *b,, \w,-+W+ and GPEB 



Then n o t i n g  tha t  

we have fina1J.y 

(A- 3) 

+ same t h i n g  but  wi th  k* b-lL- -+kt and G.J -+-,d 

We leave i t  as an e x e r c i s e  fo r  t h e  reader  t o  show t h a t  ( A - 2 )  and (A-3)  

a r e  i n  eompl.ete agreement wi th  our ansa t z  

where f?: a r e  given by (XXV-ll), e by (XXV-19) ,and by (XXV-20) - 
wi th  the  r e a l  p a r t  of C chosen s o  as  t o  normalize 9 through second 

order ,  and ~ 5 t h  the  imaginary p a r t  of C proportional,  t o  Ihus  

we have j u s t i f i e d  our  ansa t z  through second order .  




