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Sourid. ~:.d.ix",d. f'r..::::; j .nl@t nr:d T:,;:. oti~?i?t  o f  tu rbof  ar? engines gives 

a ma joy ~ o l l b r - ~  I--- '  ,~u~..~.oi: .' to pe~:..c:iivi.c! aircraft .  !t(~i.,se fin t h e  groilnd, 

rrr r y ~ r t i t i i i a u - ~ . ~  d i l r i ~ j g  art:j~~>cl-i . .J ~ n d  lancr'ri.ng, ~ . h x s  sol-~iid. or.l.gLrratea in 

the  fa?-i :;taci?s of Lhc: engine crninpl-~:ssor. By t rcad i r~g  in ie l ;  r m d  

f a n  d u c t  i i i t l i  sound a b , ? o r b i n ~  l i n i n g s ,  t h e  sound can be n t t enna ted  

in it$ I I I - O ~ S ~ R ~ ~ O P :  33thc Such l i n i n g s  a r e  built up from h number 

of per~pior-rs l a:vr+s of  d i f f e r e n t  per~etiSif  j LJ. and llurnber of air* 
I 

spaces c.f d i f f  crcrlt; dep ths ,  l'tih pastictrlar c o ~ b i n a t i o n  of p~rvj.oris 

b n y ~ r s  and c i r  sl>a.c:c-e deet:rwincs t he  raae11itu6.c. and frequency rrrrlgc 
I i 

I 

a r e  r e l i e d  upon. Since the  r~uniber of  l i n i n g  parameters ,  t h a t  taka 

he vbri.ed, is  very l a r g e ,  a co i~~pu te r  technique  was developed by 

which a pre-se lec t ion  sf ~? iu l t i - l aye r  linings could  be performed, 

I 'These l i n i n g s ,  se l ec ted  t o  be t e s t e d  exper i t~ len ta l ly ,  ar& synthasizeil  I 
I from perv ious  l a y e r s  and ai r  spaces ,  t o  give optimum attenuation, I 

T'e c r i t e r j o n  for optimum attenuation of a given engine spectrum 

is ~ ~ ~ ~ x i n u r n  r educ t i on  i n  perceived noise l e v e l ,  i,e., an e v a l u a t i o ~  

sf  t h e  sound s ~ e c t r u r n  weighted for t h e  s u b j e c t i v e  response t o  the 

d i f f e r e n t  f r.equerii:ies of t h e  sijec t rum,  

0 
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the d u c t ,  A nierpj.t fixn:si;ion a1Lioxin.r ~i o ~ t i . r r ? i z ~ t i c n  over  anj. fz.-eq:icri(:y 

range is used, I 
The Clp14 chript f o r  d e t e ~ r n i n i n g  a n  opti.rnized 1 i n i . n ~  is =hewn ir_ 

t 
I 

Table 2 . The cor!pui,er program f o r  s t r ~ i g h f ; ,  r e c  C;a.x~gt.l'?az~ due k~ 
I 
t 

is described i n  R e f ,  7 of t h i s  doculrlent, and the progsarri fcjr 1 
t 

I enlainiag duct  s113ptls in Ilef, 8, . Typical ded .gn  &roble~tis and 

t h e i r  s o l u t i o n s  a r e  ~ l s o  presented i n  I!eEer.;nci:j 7 and 8, 

'4'1~2 purpose of csaputer iz ing  the design of acoust? c- li.nS.ngs with 

optimurn a t t e ~ i u a t i o r s  h.as been a.chieved, . Various duct geonleirzies can 

be handled,  The rlethod is l imi ted  to " loca l ly  rr;l.ctirigW l i n i n ~ s ,  i , e , ,  

lj nirigs f o r  clliiich t h e  h ~ u n d a i - y  condi  ti or-is j n  t;te dlrct  csn be ' cpr;eif!k*r"c 

compl-ete? y by thc  nut-~lal  incrderlce f aipedance of LIie liairag, 
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I 5 i,{.;~~j~,e c;.k 3- !;p:cif:i.i:ij 0bs::r~tlr 

loc.:ztj.c?n i"c2r. r.tr1 a i r c r a f t  \ e l  th . ~ n l . i n e d  dixcts, I 
I 

PiGI,) f r o n  a n  ;i;.cr~..f t v i  t B  l i n e d  2.11ct~ 

Evaluate  a wei.ghted rceri.t f u n e t i ~ n  (PHLb and c 

porfnsmea by optirnizatj.an prosram MINUM,  see R e f ,  1, 
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ii!e"i,ocl f OF o p t  j r ~ u t ! ~  :. cleri,inn_ ci:l be 4 i v j  tied i r r  t h e  following 

(properky of the  duc t  wall l i j i i - f i t ; )  2.s s w e i f i c d ,  

i r i d iv idua l  l i n i n g  e!-elilentss, such as Forisus layers sad hir 

space:;, 

c ,  G a l c ~ l ~ t i o i l  of totz3.. attenuation i n  t h e  dxct  t a k i n g  a31 modes 

t h a t  can propagate i n t o  account s imul taneous ly ,  

d ,  Calculate a value of a merit ful tct ion,  i,e,, a f u n z t i 3 ~ 1  

t h a t  g ives  s measure a f  the e f f i c i c n c g  of t h e  l i n i n g  ? n  

ati:e~~v.at.ing so~aitd, 

c ,  0ptirnS.ze 15.ning by choice of 'l..i.ning slemeilt parameters k i k ~ i c l i  

gjve  a luinkn;ain va lue  t o  the merit f i lnc t ion ,  

R e t u ~ n  t o  a, and r e p e r t  oeqlrel~ce a spec i f i ed  number of t imes ,  
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yvie C ) , r , ~ k t ~ x : ; , c i i ~ : i ; p ~ i t  of CIIe ri':C:o:;f;ti :; x;::'~ eq>i:> *... . i ., i ( 2 ~  i r ;  .,.,., eta-- . .-d 011 Ref ercfice 2 ,  

The a(::u~st. i~ TAS.VL ~.:!~::,,.tj-~~ri~iri prese:.c.c of  s i o w  r-rnj.cii.rcc~.r_:rr~t~ gas i 
f.taw, be d.i:rived fzsum t h e  equ:itiori of' s t a t e ,  the ccl:"r;inu.iiy ec!uation, 1 

i 

I where, fop small sound ampli t v d e s ,  I 

i 

(c b e h g  tha  spec!  cf ~ o u c d  i ;~  t k c  > + 

I i 
Since p is a constc-lnt: 

0 

dp ;: cip 
1 

i 

I h e  d c r s i t y  and i t r i  dcri~ulive car, be wrirton with  0 =s(; as > l. I 
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- f = ~ ~ + f ~  - r 0 + 6 f  
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i s w  - ( rr 1 --A 5' 27 

Neglec t ing  second orde r  terms, Equat ion can be iQewpitLe 
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To crbtni,l Cu: leros  ecjilation of rxi~t-isn, the pressirlvs forces  3.n one 

d i r e c t i r n  on cl+>roeatary volume a r e  equated t o  the iner t ia l .  fo rces  
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I 

U'X! - *1'7 ' dx' dxn;ide r. - &t cixdyde -".--.-.-L;-A- 
d x as 

t 
n 
Uf 

i 
, i 
2 1 
c3 
Q - -- - --  - - "  -- 

~dpP~>~~ry;~- -8 , , .  I NO 96 - 2 I> 3 5 CIT'! rz F V 5:':!, -LL - I - -  

/ P ~ L  I $  
1, .000 
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J;,'f~,ll~Cio;l (3.0) can be soJ.7i.ed b ~ -  ::jeparnf,ion 0-f var iablec :  

Substituting X, Y, Z and T ini.0 Eq, (LO) and u s i n g  

results in 



Eq, ( Z l n )  becones 

I 
or, integrating, 

I 
B - -. PN 

"1 i w j b c  
d c o n s t a t  (3.2 1 

If s2 is de f ined  as t he  displacement of a fluid par t ic le  i n  the  

f r ee  stream riear tie duct; l i n i n g ,  then  

= s2 

because, at both s i d e s  of the in te r face  of l i n i n g  and f ree  stream the  

pa.~P.iclas  hzve t h e  sane displaceneat ,  !'he displ.acenlsi?t v e l o c i t y  i n  t h e  

f &cz stream is 

d a  2 
F.' - --- P -- d.t; 
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I i 
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1 

Similarly, if t h e  boundary is taken i n  t,h6 X-z ! 3 f & ' ~ ~ ~  s q ,  (13) \jec0li:~8 
1 
1 

S 
tall 0: 3:  - -2 

Y : - 4 -  = + ky -.-.--e--.%-----L 

C - Y- 

I 
k 

(14)  1 
S 

77 
1 -+- eL, tan (?: y )  t Y 

I 
3 I 

i 
y r e f ~ r % s  t o  ht;art;~dn~.y, 5Iqs ( 9 3 )  and ( 3 _ 1 + )  c,re the  bas le  e q u a t i o n s  1 

~"...IoE~ v~i . th  Eqc (11) used t o  detcr?:fnz :,oarti? a t i . t ~ n u a i i n r ~  i n  a rrctengu'ir:r 1 
d u c t ,  STrtS , C: apd c7 :irac: ePj.n:1iiitctc2 ~ l * , i n p  ~ i . ~ z , ;  bcr~~iiclnry co:l6:tions, 

x p x s  .i' 
. ,. 1 Re k, )J! m d  y knouin. v4nei: 7; is rriua) t o  ; : P I  17% i.5 ~ C J L I ~ ~ .  f158 

I I! 

Eq , (1 .T. 1 , k f r-alii Eq ( I l k  j a ~ r d  k f r p r l l  E:i. (?,I 1 'riben M i.s not  equo 1 
sr z - .  

I 
e , ,  ~ < : ? - i _ b ~  tJj.:l-~j i* -Co\: ca5t.s o, 1rsa.12 3.irLi:1[,; 15311 he :s':~j~eL! ~; i i l l~ i i .$  d L f C i ~ i ; ~  ~ Z ' I S ,  

a 

I 
0 

1 
IF ijje c r J c : h > i ~ ~  r~u:tb:xr* h i.ii2:- be u::zd "Ln I i t i <  tj1? s0i:iI.d t3.ttc2~?tS.3n i u l  t , i k ~  d u e t s  

CJ 
& 

ec - . __-__-__-_ _l_______l_____-l__ ___ __ _--I__- _ _  _-_- I 
- -  -- 

? I 
I 

ffr=f$ F>E,d56)6hyZS 1 ;% 0 0,; ,j CI 7 r f r - 8 

I 
R E V  SYM I---- --- 2-2.- 2 1 i- , I3,%CZ ;.-5 

< ;2 



_ "  II- -- - - 

I 
I 

y l i .  i;; L:: , G,-L i i , c  - i t  i ,  of ' ( I $ )  arid (.il'i jir 

cat kt ~ , , j ; , { ~ d  Ly i ' , t -  dj! wc,f,j~,t:. c,f pi:,,t:il~~ ~1; 'd5 . i ! , t  relativ:. tzo 

ikLc L C  : : ; j b t ~ : [ [ ! ~  'k z. 0 6 ;  1 . I  i t  Y - *  0 t j ~ e  f f i i 1 8 i i f ~  

~i g ? ; ~  ,;jF,p] j p ~ ; ;  z.t t:CIc r e s j , i c t J  vc l y  oiy.,io.;its ;:llillc i 11- pl U:: ~4 gn 

~p;>J - i  G S  

r t  l h c  f o !  l ~ w i u ~  j:, t c j  j i r l i  i,. u.c,rtani>cil { ' I -  drrci; ar-e ava iL ln?~ ie ,  Ill@ 

6z.s:- f cPjr z91-0 $lath ntg.r;bej+ i s  ! * z ~ d ] e d  be! +rsb~ te3y  i r i  ~ F C E  2,?,1,1 

; ::<.c~ 2,2.1,5 a ? ~ d  c,n .3.3al ~ + S t \ - i  ho-!utjsv;:: of i!?e ~2,9: -  1 
i i 
I equeLj.or, when t i l e  I.:.i~iL nv~;tje,- is  g~e;ii:i. "c!izrr ~ C X .  b u t  << I 
i 

i 
I 

i 
Cases when Kzch numbes 3s zcrc: ----- ____"I.__I_I~___ _ I _ - - -  ---- I 

Ctnc v p l 9  I jnclrl  t>: j I> ,  

I 
I 
f 

k t  x = O  1 =R, 

x -s 8. 

y "  0 I f C -  0 I 
Y - = b  1 I 
M - 0  

i I 

I 
Equa t ion  (13) bzcc-ms 

Sx 
it1k = i kx 7 

X I 
i 

and also i 
S 
r: 

tiu1 (ali ) - 7:; 
X C! .r k --------"-----.---. 

3, S I 
x 2 4 ---- 

C x I n n  (fikyj - - i 
! 

- - - _ - - - ---- - -- ----- - -> 
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Therefore 

t a n  fbk  ) 0 
2 



1 ,  2. A i j  jnct-;rl i..'a:l.ls Lj.l,t:<:' , 

, , .- .,, , i.;s, (::?I clay b.2 uk;iid Lo f! r r d  , t ,~hsll tycs nil  - ' ; ~ r * e n t  .f;;:?.j s c;:.e l i i i c J  
,J ' -' 

. . .. 
csi ie w;?.:l.:~, axl< cr 12i.oc::tll:r-c :;:.ini.j.&r.. Z;o t h a t  sllowrr i n  S<?C~~.O!I  

x 
. . , j .  : it,? f-0~- tjie ~ t i j a ~ e l ~ i .    ti ill^ A~suriiti 

-7 

t h ~ ~ b , t  g 0 t,lie n*'] ;j.i!li zg ]?as ;in -.c:-(ij.t riint:c ..[ = 4 , and 

= ; .  . . , 0 )  Eqi?.;iLio~i (1'1) may then  be 

1?fV SYM 

and 

S 
t a n  (hliy! - $ 

O = k  -- -L*-=p" %AT 
i S 
i 

D 

Y 
3. c 7$- tall (hk ) 

i, j. 
i 

Y 
S 

kga-in, eliminating 2 these  e q l t ~ t t o n s  can be combined t o  
I 

C 
I 

Y 

ib .8,k 1 (bk ) tan(bk f 
C 

(18 1 
Y Y 

Equations (15) alld (18) may be solved nurnerical.ly f o r  k and  k 

I 
X Y ( 

r e spec t ive ly .  k may again be cb ta ined  by subs t i . tu t i r ig  t h e  v a l u e s  
Z 

i 
into Eq, (171, i 

I 

2,2.1.3 Dro Opposite Walls l,ined 1rit.h l i n i  ~1j.s of ssrne admitt.artce, 

at x = O t A;: ,P 3 
X " X )  

Y i O ]  # + L o  

Y " " \  .I 
i 
f 

1< :- 0 
I 
t 

I i 
-- - - - - - - - -  -- _-- --- .--- - -- _ " ---.I_L-- ---=-------A 



=ik 
2 tin (-7x) 

tar, (,lk ) - -------- -*- ---- 
>& ;J ,a icy- 

] --tali [-  -) ' 2 

. . ( 2 3 . ) )  a r c  ;:#tzi:nc2, g;-Ticc k for  a:tci-nc*,c ;icder;, 
V A 

i o  i: ak nk 
X --- - --- - cot, (*---:5.) 

C rl e *. 



--- -- ---- 
-I 

i 
tr11*2iX CI is 3 '1 i i  i 

y 7- 11 ! 

i;, j I 
I 

(23 )  ! 
I *  , . 

I 
2 , ~ , L , k  ? b - i .  CIppo,s.i;v d:-jLiw L J J I * , ~  \ ' l f ; r  i . lr-l%r~;,: ;  of diffpi*t:r$, nd,ni-httr,ccr., i 

I 
1 1 

a t > : . - - o  - ~ j - - &  i 
d 

0 2-g 
i 

>:.=a , 
-* 3 

E"i-0 

Subztitu: ii;n of thcse boundary c o n d i t i o n s  2.11to Eq, (13) y i e l d s  

S 
X itik z Ic --- 

I 
i 

x e 
X 

I 
aid- 

s 
X 

X 

tali (ak ) 
X 

25 
1 

Su 
e l i m i n o i i n g  &-  * r; " 

x 

1 
t a n  (ck ) - ik(g1 +g3)  = 0 

X 
(2)r 3 

X I 
i 

- -- - _ -- -. - -. - --A*------ -" _-- - -- ---- -------.----..A 





- -  - - -  " - -  _ _ - _ _ *  I__1I^_ 
I - - -  -- I---- --------- 

*J;kle~*c % i ,*<,r. ,' * (7;;pt I 
I 

j i n, 1, -2 --:- 
1 

I ? 
1 

= ( I$  l$ .2,  3? e * e 

I 

?,?,1,6 TC:o ucii:3ccrit !:nl Ls l i n ~ c i ,  

a1 X r O  ,(--.fI 

I X - 
I 9 R = o  
I 

I 4 L: 1 y = = O  , , 
2 

1 
I 

& l z - 9  
I 

I 
t 

I 
I i n  this easc, Eq. (265 app i ies ;  b u t  instead 059 Eq. (161, a1-j e q u a t i o n  

I s in i3  a r  t o  Eq, ( 2 5 )  app l ies :  I 
I 1 
i A " 1, --- 2 2 .  k - H [ir? - (1-I(~) (kz + k t a n  (bk j ( 2 5 )  

~ ( L . - F ~  j Y 7 

I 

$.lso, i f  prefer red ,  the respective si.cic.s of Eqs  (26) arrc? (27) nisg kt? 

1 
I divided by each o the r ,  resulting j n  a new ~ q r ~ a t ; i  O n  wh1_~h w i l l  tci!ce +;he 

I 

0 
a 
li\ .-. 

place of Fq, (27) and msy be eas i r r  t a  program: 

kx k - 
i 

4 
t a n  (ak ) =. t a n  ibk ) 

" I ,  Y 
(2% 

I 
Ei.tizer Eqs  (26) anrZ (27) or. i:qs (25) r ~ n d  (28) n:ust: bc solved f o ~  

k 2 n d  1; . x Y 

1 
I 
1 
I 

2 L  - - - ---- -- - - -- - -. -- - --- -. - - --- -- - -- -- - - -- _i 
I 
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r? rx- , ,> 1";~' . , $.iA1" Z.C(>:I.:~:!,~C .d;tj~.stcr;: f o r  i~I.1. of _ 2 j.r,.ir. t i ! ,  - i-..,-...-~ , ,~.  .,,t:e L rTy (st~~ovn in 

' .  S c c  t?:.cin 2 $2 ,%) c:-in 'ije fo:!.*d i-:y I_iuin::r...c::l 1. ~ f ie j  h~ -I::;, ;iijle y;j.y<?yi p3.rtj.13cte?.5 

.. ' 
i u  the e:l?~atior.~s are I< ( r% .ilrjctlr- i u r i c t ion  of snund frequency), ( ~ 1 : t r  

ad~:iitl;;~r-ice 01 i.iult.i--!~:?.yi_.r lini,.rrg), :A 2nd b ( t h e  tlielensions oi. Lh:? duct), 

ri i, 2.nc ~iri>!.;lt.iii i s  Co ~ ~ > i \ f c  t h e  eq~: : t j . c?~s  f<,j: 1 I n  t h i s  s ~ c . l j . ~ n ,  oli:L2, 
2 I 

I 
the  scl-ut:lon oi' t,hr? rq!-i,rlt.i.or!s for 3~ z ~ i !  1.8 ~ . ~ s L " , L I . s ~ E ~ ,  k; rllay x Y Z 

he f o u r d  witl..ic~v.i~ co~api  icat:ions f ~ u m  ZceX arici 1~.$,. -. . 
I 

F\je:"f '3r: ' c: %CI"L&:Z~: :!< il:(tC! \<a& L " ) : ~ s ~ T I  L o  ~ ' i r i i j ,  S O ~ I X  ~ i o l l s  f o r  8.n unr < m i  kc d 

Iiil:,ir;z.F of triodes, I n  this r e p o r t  , (2111 5. casee fov  M = 0 are covcrcd, 

Sorne o f  the siuip?er cases with M)O m y  St. sol.ved by first f jn t i ing  

P- seolction x i t h  M - C: a n d  then i ~ s i r l , c  i i ; c ~ a t k . ; r  E E : ~ ~ P O ~ S  ti, f i n d  tilt: 

f i i13i  s o l u t i o n ,  

'he major problem e~cor;nter.ed &en ur;i.n~ Newtonts method. is t o  find 

su i t ab le  s t a r t i n g  po in t s ,  To f a c i l i t n t e  t h i s ,  a p lo t  of Eq. (15) is 

included which shows a n  zp~~roxirnatel-y c y c l i c  b e h a l ~ i o r  along the 

Re  i ak ) a x i s .  On the  grap3 (~ igu 'e  21, ak is denoted by z and 
X X 

ia i l k  by f . Both. z and f are  complex. The mode is  dnternirled 

1 by t h . ~  rc la tLvr  mngriiior:i of ile ) e s  Therefore, the  fundamental 

<zero) mode is t h e  f j-rst s o l u t i o n  of Eq, ' (15) f o ~ ~ n b  as one moves up 

a1or1i-y t h ~ ?  v e r t i c a l  axis. Aio d i s t l n c t  r eg ions  ai-e apparen t  i n  t h e  

p-grapir: ore i n  rhi.sh Ro { f 5 is neg- t i r e  snd o l e  i n  which Re  f f i  
is yci,i&ive. 'Pi~e posi"r,ve r e g i o n s  ~ T T ^ -  i~eI1-tef i l1ed pcckets  near 



Fig* 2 

' ~ i ~ j i ; i !  c j ~  ; I ,Ji th Re 3 c [ as p~rzeetsi- 
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os  iiir pzrin;e tp?- + I:-i.l;~~i*e j II~IR drttw11 ~ 1 1  fa. ie f 5 a s  tire pe~ ;~ r~c l : e r .  

The t , . c t ~  %e-i;s <;i; clir\Tcs are oyt,'.-c.,>= . a F'i.gar.e 2 sh: ;~s cir11-y the f.irst 

i qwaar -nn t ,  The th$ . r3  qu:idr*n:ii, i:; i:he sarce a.s t he  first  tui-ned a b o u t  

I the o r i g i n  th:-~~;:$h 180' (f r: 2; tan z r- -.:: t : ~ . l r ) . . ( - ~ ) ) ~  pLe SecOl-jd anti I 

I n e  i tel.at.iota equation for tk:(? ~.:.?~;,y.;eni; method f o r  s o l v i r ~ g  Eq, (3-5; I 
I 

f o r  z1;-- is 
II i 

12 
Z = z  - -  n-el n F t  (35 I j t 

blherc 
I 

f f 
1 F - (ak j L;?n(al.5, 1 - ia d,lc 

f 
X d l  

- - z t nn  (z,) - f n 1 

Ta 

i 
and Fq  is the  d e r i v a t i v e  of F x i t h  respect t o  z evalua ted  at z . E?, (39) 1 H 

1 
i 

rcag also be wr i t t en  as 

7, - 2 4- f!l +- co (22 1) "- --%-------,--- S---J--- (36 1 I 
n + l  2z t s i n  (22 ) n n i f 

I 
I &el; Re { f j  is p o s i t i v e  the s t a r t i n g  p o i n t  for all codes is chosen 

I near Re { f f  -- + m i  i.~., for t h e  fundarnentai mode, Re 1 z\ i s  

-- .05 znd Tm -3 is -02. For the  f i r s t  rnodc, Re 2 2 3  is I r 
increased by Tf" , while Im { z 5 in imchanged. Tiie s t a r t i n g  p o i n t s  

I fosa s 3 j  sucreeiil~g :noL;es o r e  ubthincd by jncreasfng the preceeding ! 





-- 1 

r 

idhen Re f 5 is negative,  the  saddle point  ( f o r  the  fundamental 

mode near Re i f J = -1.7) complicates the s o l u t i o n  of ,Eq. (15) 

f o r  kx . The' Newton method is not appl icable  a t  such po in t s .  

Therefore, a scheme of s t a r t i n g  points  must be chosen such t h a t  

I f o r  a t  l e a s t  one of them, kx f o r  a given mode is on the  same s ide  

I of the  saddle point.  This r equ i res  t h a t  the  number of s t a r t i n g  , 

I . '  
poin t s  f o r  a given number of modes (from the  fundamental up) exceeds 

I bhe number of modes. For the  values of f of i n t e r e s t  i n  acous t i c  

( l i n i n g s  i t  was found t h a t  t h e  following s t a r t i n g  points gave complete 

~ o l u t i o n s  of Eq. (15) for negative values of He { f 1 : 

Re i f 1 near  QO 

*. (REI 1 ~3 is yT + .05 , with n lr2t3t*.r i 

and &l { 13 fi e05) 

Re f ) near zero  

(Re z) is n T  - .05 , with n - l,2,3 ,... ; 
and I m  z f  again is .05) 

However, i n  some extreme cases ,  the fundamental mode was not found with 

these  s t a r t i n g  paints .  Therefore, another scheme was devised, t ak ing  

advantage of t h e  behavior of 4. (15) at l.arge values of Im {z). For 

.. . 
l a r g e  values  of 1n(z) , Eq, (15) can be s impl i f i ed  t o  

f = z tan z 
$ .  sin(2zP) + i s i n h  (22%) 

= (Z r + iZi) coa(2zr) + cosh ( 2 ~ ~ )  

% 

0 

w 
0 
U) .- 

.- - . . n 
=f 
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For h'e { ?.. \ < 0 the vs3.uec. of kr  w i l l  P ~ C I ? :  i - > - - , " . *  t€,..hlri!.y be i n  "Lie 
r n 

~)f-.dC?lh c?_^ ir_c:~e:~:;iz;; ~ ; ~ C 1 2 3  ; 21 GC) Z C C i  Y G  ! . ~ ; C S  OF l:: Z:l jz~E~&i-  i;;,Z?:y .. 
t-ar:es otFex- as 1-1 it? i r : c ~ * e ~ s e d ~  There fore ,  in coi:~puter prcjgi-arnr?,ir:gp 

a subprogi-am is ;.equil-ed -i,c el imir ta-kc:  clr~pli  c2i.e v a l ~ l c s  o-$ 1.; ant  
X 

t o  order. thi? r'ei!~tiirling iialuc:s of I: according- tto Cbe i.ncreas:ii~g 
X 

magnitu,dt  of Xe i k  i. 
X i  

I 111 gcni:ral ,  the ilDc:re sclic.:ic can iilao be uord to so!.ve Eqr; (20 )  and 



( i n  botii case I:n 1 Z \ ~ ~ O > )  

r-T i t le iteraiion equatio: For t h e  tzngcnt  c e t t ~ u d  for so lv ing  Eqs (21) 1 

bk and (23) fur (%) a i d  (-$-) res:?ectively, is 
I 

L. 

I 
I 







rn .~l?c :;olntI;on of Fqs (24) anil (25) for. k a1ic-i k , respectively, 
X ?r 

.i :ii-,!r~c?~.iilzz$ ;n~rtr- c i i f ' f  i.ci~,l t , I r ?  general, n e;rcrpIi, of t-l~ese eqr~:ii;iolj:r 

I ", 
:;c~v.ld l ook  1.j k-(2 F T i f T u r f -  2 w:i th t h e  peal . t ivi; zones zhif teci uprwnrd, i ~ t t ?  

e t n r t i l i g  - poin ts  f o r  t I ! c  iter-at:j.ve colutj.ort, of .:;~zch c ~ ~ u z t i o n : ; ,  ther.cj:ore 

r!> dcper1l.i o:r t h e  ~ ~ i l . t ~ e ~  t>f t h e  a d ~ f  t t ;ncps ,  b'~.lat:i.c:i 2:; V . : ? ~ Y  ~ ~ ~ % i i p . l f > : ~  

For k!li:; ?-e;."r?Y, ;.I! =!yyp-gz(:)\ d j  ff'ererjt. fronl the above siras u.s;ed, 

, ) t:es set  cc;:ul 'iio aol i fo Eqs ( 1 4  3 and ( Z j j ,  ,( ! r rs i ,ec~iz~;g,  A 
4 

to zero ,  w h i c h  reducer! l.!~ose e i jw i i  i on,.: t o  t1:e I"ol:ni of' Eq, (15), rcz;:ec.- 

I 
b u t  323-  r ~ r ~ 3 r k ~  a l s o  ? lo ld  f o r  Eel, (251, Equation (115) is sul~ic;Li ir i 
descr ibed  ahnve, a1313 k s o  folxnd i s  now the  s t a r t i n g  2sini; f r s r  " L h e  x 

i t e r a t i v e  so lu t ior l  of Zq. (2k), 

For- some v s l u e s  of & L h i t  w i l l  riot g ive  311 t l ln  t,?ui!cs, %ereforst., 3. 

the process i s  repeatcii., t h i s  time s e t t i n g  1 equal  f,c, zero,  I n  
1. 

sorile C i - S f S  (especiitII* hirere In fll ~ E E  i n  5 f . 1  a r e  l a r f e r  
L J  

than 2 ,  and where Re I fl\ o r  Re i f a \  or. Loth a-c i :osi t ive) ,  t l l r  

fundarnerit,al, f i:st , '2nd secald rrio~3es uzre  mi sr;inc, Here, the so3 ilkion 

s t a r t e d  from the  problem of a d u c t  ~ i t h  tile SAIIIP l i ~ i i n g  O;I opy~site 

walls. Trrst l i n i n t .  (./! or .[7 was chosen for this p ~ o c e d s r e  fc.r 2 2 



, ~ . , , , ( 'LTri(r :E.terai;lon ei;~rat;iei: for ishe 

, . , fCr i f  j ( 2  j d (2) f o r  iik x 3rd c'k Y 



The ax:i.syrir:.e tric arjd :~spmmetri.c ca.;cs are haadled , sepsl-at~l .y  eve11 
i 

thorrgti the axisyrna!.?:ri.c e;3.:5e is st ~ . r ; l i e c i~ l  solu2;iorx of the asgsnmetr j . ,~  
I 
l 
i 

. - -- 1 2.3.1 S3:y.';i.sr: cf the v:nve r,qy:.linn epr j  i A3zn2 r~ r  Cfir?:~Fr~~r:. i  
t - --- --~------ ----&I -A ---,a- ---- 

CquotS.on (43) can be so lved  by separazt-ion of vnr.i.ab'l_es: 

i Subs t i t l u t i ng  Eq, (44) knto Eq, (43)  r e s u l t s  i n  
I 
j 

f o r  t h e  pressure wave a long  the  d u c t  ax t s  one 11as 

i(w t-lrZz> 
Z'if I e (!if;) 



1 
i 

I 
I 

i I 

I 
I 
I 
i 

~ l . 6  1°F 

- 1 -  

i 
2,.k/c 

I 
;: I 

k - (1- - 1; , 
r z I 

gCT?xal e2.:~~ of :<q, (4; \ i a ti,er*cf~!-:! 
I 
i 

1 
p ; \.,.irn (icr1-) 4 BN  TI^ ( I' 4 + LC coo ( n l , ~ )  + i) S ~ E ( : ~ Y ) /  

I 1 

i ( k *  .--k,z) (jo: I 
i " E' I 

i I 
i 

I i 
The o r d e r  zrnd t l lp af-gu;ncli'r ~f tk-e ??eszei f v ~ l ~ t t o n ~  ln 

1\1 in nb8y be t'~liIi;jj O X *  I 
i 

2.3.1.3 r:y-Lj.71dricai Uuct *rii.,i~ .ini;yl~il~etr i c  18rcscurc M n t r i h u t ?  on 
I 
I 
i 

For t h i s  case, EcL. (50) cdn f,c s ; l~pl j - f ie?  %T 
i 

i i (k? t--kzz / 
@ - - A 3  C k r )  e 

3 r 

siri;lcu N (k r) gcei; t,c j r l f+ i r : i~y  ~t ?-  :- O arid M RZT * 

i 
0 iF 

I 

with the asswijoll t k i r . ~  V - O, Euler::: aquatioil  can be MI-5 t.!.en ac 
Z 

(:jee !!cetion 2-21 i 
a e?- 1 --- 

I 
23 .t C - , 3vP > 

I 07' 

1 - .. -- - ~ 3 - i ~  C 3:; > 
I 

a ivl1: -i t . ~ ?  f c% 
3 2- 

10 r: a r.-a 

0 I 
2 1-- - -- . -- -- - -- --- --- - -- - - - ----- 

I i 
-- _ _ ___---_ ...___. _-1 

&?-g,;,r"r"-i. *-,A*- e*sm.= & I p j t , .  E{,- 29v35;r?-1 
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-- - - - -  

I 1 j-;, ,! f 1 ,  a r , ~  :; '.i,; <;[I ,) ? it, f,:3 .:-cl < 3 r i c -  ~ C S  

I L (: ., - .- - ? - " - % -  (12) ("5) 
1 i i  E". '" 1 - 11 

1 -:* 

Er1~*1t . j  ,]LC ;"i-.;Ii~ QI ,-k: ( r ) ~ ~ )  ::]I?. (53) cird s a b z t i  t u t i n c  1-1 

, I ,  j I ,  , 1 1  I.: i- 1 2 I 'OUI~~~ : 

J, !;I., j i 
i d  P ,  P' ,i-(--,;iI-) <* (5" ) 

(3r P" I 

- i ,  4 2 -11 - 9 q (15). The l n t t o r  can be 

r e ~ ~ r t t t c l ~  :<:i 

i .  ) 
I 

L, . L -  

I 
>t 1;1<- z (ak ) *---- ,----\= (55) I 

ii CU., ( ->I \  / 
I 

Y 

r- Lne s~l~t 'c.iorl ot ??ye (3!i.) f o r  k f s t l o : : ~  C' %*a (55) f@" k r 

i 
1' X 

The stleiliri,tj on  on^ t h e  d u c t  sxis is ~ b t n i n c d  f1-0~ k* A 
which -i f i  

I 
I 

1 o;ll crrl& t e a  i ~ ~ i n g  i';qa {'lg) 
I 

l/2 
2 2 

1; = (k - kr) 
Z 

I 
( 5 6 )  1 

If the duct; has a. r k j . 4  wall (no linj.r?g), t h e n  from Xq,  (54) 

J (ak ) = 0 a 1' 
I 

In thSs c a s c ,  k iz real, r 

(57) 1 

For t h i s  dx:d all fol-lowing cases ii w i l l  be assumed tha t  the lining 

is the :;-tK!e 0x1 a1.l t ;alSs,  The on ly  cxcep'i ior~ occurs  when s t r u t s  in 

a n ; l u % ~  drrsts are litzed ( ~ e c t i o n  ~~3,l,5), I 
I 
i 

L7 

UI 
C' 
111 - 
il 
d 

I 
i 

__-__- _"_____ -- _-_- __-_ ^ - - -.- - - - - 
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If 1;'~;e r~, .d-j .uc~ 0.c .k,jle citlter cylj.ndel* is a. , and I?jc (52) and  (53) I 
a r e  u s e d ,  th-n one has 

i 

EquivaLc.ntly, for the  outer  suvface of the i n n e r  cy.'linZrr of r a d i u s  b 1 : 
t 
I 

;a I 
- ' v ~ ' ~ . - ~  - i w y 0  (-3) i 

r. y=.h i 
"C - =--- *" Cp), &- I 

" 9. 2 -U  1 
i 

and then  

Eljminoting A and B frem Eqs (591 and 1 6 ~ )  gives 
f 
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- "- 

1 
I 

I 
I - 
! 

o = Li (!  z) 11, ( z y )  J ( F ~ )  Ti. ( ?  z) 
.I r. (_i L) .I. 1' 

1)o 
J ( 2 , )  N (f  Z )  - J (f Z) r< ( A )  

0 0 r 0 1' 0 

I 
I 

C6,) 
F I. <? (.f z , )  !i (z) - 3 ( 7 )  N (r Z) 

o o r  i c) r 

R = J ( z )  i:.,(f z )  - J {f Y,) ;d.,(.cj 

I 
I o I A r 1 r .i 

c 7 . i k A  .A< 
I i 

f - b/. 
1 

2. 
I 

Z hk 
1' 

1 

TI the i r i : ; ~ ~ .  w a l l  i:; rigid, ~ i i , ,  (60) r , d u ~ e s  to 

i 
i 
t 
I 

R fJl{bk r 1 
-_71 .", --PP 

y . b k  r ( 6 4 )  r 

I 
1 

i 
i 

! i r t  A and B from Eqs (59) and (6-5) and using t h e  definitions 
I 
i 

in @, (621 results in a sic~plification of Eel, (GI): I 
i 

S 
0 

I 
% = -7, - (64 1 

If t h e  ou te r  wall is r i g i d ,  3q.  (59)  reducss  t o  

A 
FJ (akp> 
5 & 

1̂ I* - ..-,- 

1 
B -- J~ (akp )‘ (65, 

E3.ininating A and R frorn Eqs (60) and (65) r e s u l t s  in 
E 

i 
€3 f z z a r r r  

jt' 
(60 ) 

I 0  

If t he  iriilcr and Lht: outer. to~ . l a l l , c ,  arc: r i g i d ,  one has from Eq,  (59 )  I 
I 

t**T ( - 4 1 ~  1 + p,:{ (:&* 1 7 Q (67; 
(7 "I r 2 r 
'0 

I 
I 
I 

:i / .- I 
4 1 -- - - - -- - - ---- .-- -- ----- ----------- I 

R E'V L":'r.'. ii f ig-J<-ye~'~e; :  QO. I)(, * 2 q; r- :- r' p; -- -- -- - -- k -.*- 
P 

<--,s ,'> 



I 

fib\] ) -: . ) i T ,  ( k > i a L  ) -- c, ((,Z) 
1 .! :r- 

1 I 1 3:j.: b rc~11-1 t.,5 :i ,-L 

:= :- o (69 I 

I 
U I 1 

or  

I 

3 (z) 1 
J. if z) 

.I r 
I C - ,- ---A=-' 

S , L, , P: (1 2) 
I 3 r 

In this cLce k i s  r r a % ,  
i 

1' I 
i 

2,3,1,3 Gy i indyjt:c.*l i;iict b ~ i  Lki A~yrfirriet~ie 1'r.t .~& t? r9  L i i s t r i ~ u t i o ~ i  

In, L , , ~  azir.;.!u;iLal :f;e..,4r ri:vsl , -$ iL- . i i l iC:  ff iL - t , l l i ~   lit.(; ~ i ? d  Ks:, (51) 

I i 
1 

i 1 

is modi r ~ e d  t o  

y t: /*J (k r) cos m (y-. A) e i (y t-~k,r,) (70) 
ITr r 

i 
where anti. & are cr,nsi.ants of int .2gEit iofle 

I 
s ( 52 )  a n d  (53) one has then  

( i a $ k  .: rnrri! -- ak --- 171 1 f 

s:bere rn - 0 ,  1, 2, 3 ,  , ., m 1- 0 , D2,  ('/1)  revert,^ t o  (54) , I 
I 

For  a r i g i d  bia11,  Eq, (71 becorms 1 I 
I 

:T (skr! 
m + l  

a ak  --- ---.---. (721 
z e  J l ~ i k  ) 

1?1 I" I 
1 

n 
1L. -s m - 
n 

I 
6 

I _ -------I 



If inxler w a l l  is rigid, Eq,  (7l+) is so.i;ci~haL sirn:&cr: 

i 
If. i i n  Ll~c oiiter wall is a l s o  i d  Zq.  (7'1) becomes 

2 
4- El t; 1 + (33 pn,7+l~ := 0 "' Pm - f i l (G tE*4-lyLq (76 3 

iil,ri,bl 
I 



-- -- 

I - c 
L )  0,:jy T ~ * ~ L '  . t i i i  ~ ' i -  l ;  'I 1 in 1 I r i(!$ I*'( , ('jl*) ! , c c ~ ~ ~ I - c  i 

I . :i i \ - C q i : r ,  
r r 1 5 r q i >  * 17-: i + D t r ,  4 1  $ hz  

> . 0 
IS2 

I 
('17) 1 

2 3- 1- t) P + ~ i j . i ~ l : ? ~  I J I J ~ , ~  -: i ' L ~ ~  I < : A c ~ ~  27 S t ; ~ t j  L s2 
I 

Ai; i k i r  s L i  irP ,-+21J ~t y - 0 :  

t' 

1 8 ~  L .. 2 
(\, > ----. I .- (- - - ) : (F) - -* (78) 
n i t.s p I. 2 tfq 
i@ rrc J C: , yzo Y'Q " 'i 0 

I 

L'sind Ik, (7>), :,q. (;:?I l.ltc.,szsz 

'7 t 

I i k 
t a n  c:b ) =: -. -------- 

I'? 
(79) ! 1 

If the s L r u * L ~  arc eqtt~i1l-j ~ y ~ a c c d ~  artd a~ ,suming  a e g l i g i b l e  thicl tnkss ,  3 
2- 

i 
I 

one h.iz -t t h e  stn:t vcll 2-k i G  - r? 
i 

i 
i 

- --a=-- 
3- -% p 3 (->,--) A! 2 ( \ T I  - - = (9) --a n u -  Z T  i W S O  2w C f 0  

c 80 
I " ij- 

'"r"iv-"'  ,pa-. 
k -- lq -. ?<I 

itht.r.c N =i 2, 3? = number cf ~ t r ~ t s *  Subs t i t u ' t i cg  f o r  p , 
I 

Eq, (80) becones 
i 
I 

l. j 2 k  I 2 ;i- 1". 
t an  rq (--- -- A) =z ------- 

lu rn i d l i  1 
E l i n , i r l ~ ~ t i n g  rA between JCq, (79) and (811, otle has  F i n a l l y  

I 
Ti- 7-1- -5- - 3 )  t a n  - r n  ;. i 1 2 1 c  ;-7- 1% N id I r 

(12) 

Zile parsrnetci r ! ~  is, i f lerefore,  ; L'u;ic, 'ci~i~ of 4 Kot.;evc.r, t h e  

co3.ntSon cf 'Yq, (43) by sc p \ r a t i o n  of varicibles was based on t h ~  

I 
D 

t 

i 
--__ __"- _ ___ . __ -- -" - - 1 -  -- -- - ---- _1 
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/ 
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I 1  i,ri;r.yen,j.cnf; of r e  dhna, 

q ( 2  i , i I:,<Q M ~ E I ,  

,f-r r con.;t ;~;lt 
c: ( C j )  

1 1  L11e ~ L ' u :  1 c 1. 3 i I 02 0 1 1 0  i ~ i L A I ~ ~ f i ; i ~ t , u l 6 i i ~ g  iiiii-11 a 1 i i l i  fit;, 

??I(, pzrc1r ~ l t % r  m i:; a cc,!fij~!c*x i:~riili;c r ,  o n d  c v r s l  'Lliclugh Cq,  (74) is 

ap;)i irc:b'l e ,  i;ie B e n s c l  f onc t to l l s  o1.e Trow of co;aplcx o rde r ,  If t 1 1 ~  I 
si;r,lt:; a:':? i -<gid &nd act l f  re.2, Cq ,  (82j L<-cii:nas I 

3- 
k a ~  (-+ - rfi) = 9 (fi$ ) 

li i i 
0 I* 

I m = ? n  (85) 
1 
I 

! 
r~tiici~t? I$ = 0 ,  l * 2, 3 t t  = C, 1, 2, 3 ,  . . . . In this ~ 3 . ~ 3  ~n 1 
i s  i ~ ~ d e p e n d e n t  of r and a r e a l  in t ege r ,  Eq, (74) z p p l i e s  fo r  f i n d i n g  k . r 

lf' o n l y  t h e  o u t e r  cy l inde r  L,P:I~~ is l i n e d ,  rn is determined by E q ,  (85) 

and. k i~ d e t e r m i n e 4  by Eyilation (75). r 

I 

r7 

LO *i 

4 _" -- -_.I____p -- -- 1 i 
*[-T-'G>- ,,r* ,> ~:,--z? I N o  , jc ;><I is i-v svm , ,-7'-. A -- +- '-2 - - -  --- \h . *L 

f 

1'""' :j4 6- 70cr ' i  

If  only the i n n e r  wall is l i n e d ,  m a z a i n  is found frorn Eq, (851, 

and  k is  iound frorr, U q ,  ( ' / 7 ) ,  
I' 

If b o t h  c y l i n d e r  waI1:s are lined, m from E:q, (85) is ~ ~ S ~ t i t u t c i i  

i n t o  yiq.; ('74) to f i l ~ c i  k 
3- 

- A  Li no .,ails arc liri?d, ri from F;?. (85) is snbst , i tu?+ed i n t o  C q .  (76), 

: 



.- ...---a- 

i 
i 

i , , I C  t d L l  tra-t t ; j ivp sk,l-li<;:; ;:,yt: I;~?+, p<l?.:;:~j-.i.-.t : : t y ? - ~ ; ~ = ~ l ~  c;:.~:.! d ~ c t  ~ c ~ c ~ , : j - ~ ~  ~ , r i ~ ~ ~ : > ~ l . \ * j f i ~ ~  
,f - 

I I P 

zi ; <-p. I -. fi 1.. :; ):? c; :i f 5 ,r; .-:::.r,r.;f,f:yy. i . i r 5  :1 c: 0 : j ~  s.i;j.uk r.' i 

1-,- )<.:>\; ;>.1 i,.;l\ i;; i j<? i,;J.j,~;cyJ y ::. 9% t,hp ?>-k,hfi~: 5 .~2  :l.c>c::?.t:ed at, cz2 1 iz 63 $ 

k ~ i i  ere G ; ;" 1 . 1  ' *  cc;i--.-.c.-.-,i.r? i ..,,. L . . . . - -  i ;ice l ., c;.iyat ;5pcc;irlg rzit.?ih.ris, j.<qe (31 ) 

r\Oi.:' I .e<;~i?t?~ 

0 j r o  (853 > 
3 . ~ 1  (,:;- ri! 

C 
i 

o r  j 
-, 77" 
L .  . ' 0,- 

: > * 7 I"! 
t ( ( ~ 3 h )  1 

9 
b r i 

I 
s ca,c;e m a lil;:;ki).:.- , . ,,,,,,,., 1Ly ;7n itzt-c:-g<sr, i ni;t qGC0 ::C*J7*7 ' ? 

I 
2,3 , i , G  / ~ ~ ~ ~ u l ~ . . ~  ~ ) ~ c t ;  i.,ittl it,sy-,finetric lyessur;e Dist-.ri'out_iori, G a s  Veioci.i;y i 

I <>thc:r ';I'b..?.n; Zero 

1 I 

'&en ilie ve;.(:)i;ii;y LC - '- C ze1.c ,, ~ q .  (5Gj Lcc~m@s I 
i 

3 3 112 
--kf.$ -$" 1 i iL - - (1 - E.2)] 

jr *----* ~ ----- Lx (6fic) 
Z 3 1 .. :<!-- 

I 
I 
I 

. .  or a n  ar:,n?,zlar duct; k : j - t l l  aeymm--,rlc p-cc:;?.arc d i s t r i b u t i o n ,  Eq,  (74 ! 
I 
t 

s t i l l  h o l d s ,  except. C and 12 are l10'8 ciefincd by 
t 

1/2 
- 2 7  2 7 2 

= j I ~ I C  - M /.a li- - G (3- d ' j ]  
I 

,.-_ P___p_---__/---_I .--. -.- ^-.. ._=I1-O-C=tlEI.-".- -!! ?n i (gr;d j 2;;- 3 
I ,-. I<<- J I 

1 / 2  
2 ?  , Z .  

* @ r b:c -. :.i [I :  kc- -- 11 (.i. -A M ) J D , 2 ,  -.'" .---.. .-.-* m-'..~ ---_---*.._---*---- 
($35~) 

bk. I -, y p w  I 
F:q\iat,j.o:ls (75) (7~6)~ and <;)7j ri;sy also be so lved  ;:itb C and D 1 

df=:'jt-;c::j Kc;;? ( 8 . L d )  and I 
t3 

C3 

2 1 
" .  I e _____.__.__I___1_ - .- 

f.: V S't' i,>tS 
f -'? :jC:O 
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'J'4ia p : v ~ - ; i  > *. j ; ; . r ~ * ~ ~ . ~ t ~ > i i ~  i;] ttlc eq:,(a.t;:i~l-;:~ ~f tfls prei?ious sections 

1.: (;I :kiricar- j:iru~ci;inrs of sorind f'req?aeilcy:1, 8 ( t h e  a3rni.frtnnce cif lii11lt5.- 

y e -  i n  a ur-:d b ( t h e  r a d i i  of' the  cyl5.t14ricn.'l a.nd ;inn?,olou* 

C 7 ,  d u e t s ) ,  i ne  plwbleizl is Lo scil.re tttie eyu,c t i t rns  (Ta .b~e  ,3) for  k 
:: 

LL.: . . i. . I  : , . , : (;ir:d, wj.ies5ir ~ps ;+cp r j . a f ,~ :  
i* 

I 
m ) I s  dj.scrrz::er;, icl i:i round from Xq, (56) , 

2' 

J u s t  ;ts f 01- i.he rcc  t sligular duc;-L, Neiq:ton's t a n g e r : ~ ,  method was cknsez~ 

t o  f i r ! d  B C Z ~ U ~ ~ O ~ I S  an u::iilt?iZ.Leci ! I L ~ I I ~ ) ~ x -  of' modes, f?";tcjlit;lte i 

i 1 
4 * - . > , 7 ; , , *  ..".>%.".,H!,;: :!Ji::", sfo r . " ~  k?..r...<i\.o ~~1:tt.l; 3f k.Q, (:,&) - ---- I--(3 U "-.- I 

1 
Figures  6 a.nd 7 werc dr*ak:n, On the grsphs,  ak- is denoted by z 

J. 

and l a 1  i3: by f . Both z and E are complex. The mode, is 

deter;.iined by the r e l a t i v e  rnagiiitudr of Pe e 5 . Therefore, the  

f~lnd&i~::nta'l_ (zero:) mode is t h e  first solrut  ion of K q ,  (54) found a& 

one rno:.es up E L ~ O ~ I ~  t he  vertical axis. Yvo dis t i . r?c t  regioric a r c  

I 
apps.rcnt in t h e  greph: one in which K1 f P ?  i~ negat ive  an6 one I 

i.n wl~izla  it i s psi tive, %he p o s i t i v e  rcgionr;  are well-def ine6  
i 

pocbr ls  near  is f z 5 = 0 Lcli of these pockets curreponds t o  

G. I nlta tiegilt ~ V C '  r eg ion  I.8 cut ,nec led  ;or a33 n ,cx l ss  mi3 ex'tcfids 
1 

o u r r  all. v e l u e s  of Itii f a { Figuri? 6 iris Bruwli f o r  Hc ,I f $ & R  
I 
i 
I I 

I 
I 
: 1 

I 
t" 1 
" 
4 

i 
1 1 - - - -- -- .. -- . _ ,. -A 

.--- l r r.- r5 Ĉ  8 *-n?s 

IZI \I 5'e"r"n a * * .'< @*S, 1 F.G. P:>,-?e-155G*i1!j 
-" J t 

- -  - - -- - 
--:**- 

a" I"""" 56 
5-, uD!J 
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- - - -  

t]j?"k ~ i l > f >  1 5 0 i r , + ~ ~  Tf-j!* L ;t:>3'-cz 5 5 

T<> ( :* 7-- 0 4 :a=a- *- 

f 
I ':c :"j ! ' - ... - .01 

( {t* I s ( c p ;  
\:h<=i*e 

( i , i )  I 
pJ ; (L -- ?-,A+ 77- (Ry > 

6 & t 4 C  
:t?d c> : 1% i?$ :>? fl . 
I J  i:; t h ~ '  I I U ~ ~ I ~ C I '  of I ,CI':C s rcqu i j c  i 

I 

The r , ~ r ; ~ b c r  of t~~. r r , , .  j d  E::, ) be r r r t ~ j ~ r ' - ;  i s  ~ ,~ ' i t i~ i ; i l  0ri1.y 
I i 

?"?";ii-:-l;'ie ;,A'. @"* v...-c ";,?? c;,  9, S f 1  - 0 ! t j  f-:r. . - r -e;?,  c ( t o T - ; .  " I - & 

,-l;d-off f a c  io:r-!f j K c L ; ' ~  j l * > : E  t h ~  f Lr,st 1 h y c ~  ~ e r i s s  3 . t ~ ;  Ihc "s-l-- I 
I 

( - . 03 ) ,  Eq,  (85) becases I i 
f 1 ? i 

I'e 1 z l; - + - - ------a - 
-4 ,0% ($9) 

t $,?L+@,-, 
i 

I , i 
The imagil~ary p a r t  o f  z in t h i s  r4a.b~ it:id all fa l lowing  ones in 

rm 1 z = . O O ~  (93- 1 

\&en R e  I f i~ ------ I ~ P P . ~ ~ ~ v F (  ---- two f i t a l - t i ~ g  p o j n t s  ~ O P  each mode were 

chosen. ThFs ~:.as necessary b e c ~ l u ~ e  of t h e  presence cf  a sacid.1~ p~- i - "k  

i n  t h e  r e s i o n  of each mods - On(; s i , a r i jng  l i o i n t  I s  given  by Eq, !gilj, 

w i t h  t h e  proviso t h a t  it is ~ h j f r . c d  to the nzher  s i d e  o f  Re 2 f 4  = 0, 

t h u s  
i 

3. 
R e  { z \ - P + -q - -2L---- s .OX (32) 

-+yt p7 

G 
I" 

u' 
LII .-. 
c1 
4 i 

___-_--_-l̂ _llI- - -_ -~~- -__- - -_ - - - - -  -- ----------me----"- 
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i, 

a340 I 
.' /3 , S1/.fi 2 C 6):j 1 

.,,".l, 7'sf (Qy> :,I-;" ('31) F9pl>-*rt ,~d 
1 

i 
I 

r 
I The tei.rci 

j n 
5,s fuurrd P J ~  2ften.atio:r f ~ i ~ r t  

m* where is the v a l ~ v  07: 3'n 
a f t e r  each 5 l--ra tior,, in.: startillg 

jn, I i 
poi j l t  f o r  t h e  i t e r a t l c ~ n  i s  

j 0 
-- L,I (371 

Tabel  4 list,.; tile f irst  twen ty  s t z r t i r lg  poirits each !'or x4 - O I 
(Fqs (30) ant-1 (92)) nnr3 for 'kP = 1 (.Zrr, ( ~ 3 ) ) ~  TQe d a t a  d o  n o t  

i 
t 
3 

I 1  inc!.urjc t h e  atand-of f r'ar:lnr". kjhi.Ls t he  ~tarb ; i .ng  p0-1i)l;s are 

1i.r;t;ed u i t 5  respect  t o  sprc l f ' i c  rxodes ( c -11 ,  t k ; i c  d o ~ s  not mean 

t o  imply t h 3 P  when one sttil.ts i t u r ~ c i c n  from these  st-3:-ting p o i n t s  

the l i s t e d  nodes are  f o u ~ d ,  11, sor8::e cases of i n t e r e s t  the fur?dar!ientaI 

mode ri~c?:s or11 y be found 137 rra addi  ti in-nl  t,'r;rrt-i r i g  ],cjLnt, Fa-: 
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and 

Ref, 3 can be vsed t o  f i n d  the s t a r t ing  poknfx ffoz-. arly given value2 of 

f . The z e r m  oP C;i. (103) el-c 



Subir*;ieL t h e  sQuni:-oi"f factor fram Cfle r.j-ght side of' Eq. (10lt-j, Eqs 
I 
I 

r̂ poLt11, i n  t h e  foji~wing Cs:j:ls St is cnaerstood ~1tn-k Eq, (35) ic 
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.. 7 
L L A I  ;. ; : , j . x j ~ ; ?  < : l ~ L ; < . ~ j ~ ;  .&icl.; t.,j-(;,li;;3- pi,:) ]+'j Iii.. i i  J-.~>?&.ii!, * ::c>i, .- - -  

, p:;& 7.t.e : : ~ l ~ , ~ e  ~ - , ~ : ~ c ~ s  

For r;i,atjii;: Isoiilts ~ 1 :  -k;l.-. I c -~o?"~, , - .~: i r~g .I.. ktv): r;r!:,t?.<>i~::~ 
i 

.( ., 
, cjo~~oii,u of , (64) iO i r t a  I J .  ~.fiI.i. ? i n ~ b )  oiic 

i) ;? :< i r j  ;!;::I * ( 9:; ) 
5 

*-. 0 ( j :y; ) 
r: :: .f .+ Z "-' 

r, q 
8 CP . 3 F. t L; L"Z 4 3. -4 .  

-a 
f 

- --. - C - L I O )  
nit, q G I I 

I 
I K-', ..,..,- ij~-!- - . ,  4. fcl; i;: -j-.psl+rnk,jvo ;ol.aiior: 0: E:. (64) -1-r i'oli~6. 

. l i e  

! 
i I 

f ' roq f :: 3 ; I i 
(~1;. j I 

s 0 
0 I 

/ Eos ( 1 ~ 4 )  (105) iis+a with r,land-off Eirctor .Oi. ~ i h i - t ~ c i c ~  I 
i i 

. I  \ C - S  ; - ..: & ...-,, ,,A .,,-,:,>(I! fc,? 
frp.?; +.kr r< r+i .Ci id i3  cji. I::; , ( ~ . g ~ t  J for Re 2 .I y ;;!2.22 '..------ 

I 
i -, 

i?c 1 ( 2 1 -..-- n e F , ~ - -  LLL -,-.. v c e  Air of ~ q ,  (64) for f i ~gs2 .~& 

is found for  = igj Si;Jjsti.iution in Eq. (64) ;ii.elds 

( 1 . 1  1 
YG 

2- 0 

Or 

~t (f ;3jl,i { z j  - J Q ( Z ) P J ~  CJ ( f rz?  = C) (1-13) 
0 3 - 0  

~ q ,  . (lait) appl ies ,  b u t  
1. (s -- --)-blf 
2 p -"-xTj=--- 

(114) : v -1.1 P = L!5>,2.22,). $ 3 . .  A*-  4 I.. 2 --,- - 
cJ-/a-Lj i 

2 -63) Jt9 - (p,-1)()~-25) C fk 4- 6 ---*-,-. ..--m*-.-,-.,-7 -*-*..-- -* ---.a 

cl .- . --. - ---- / - -  - 
-? i 

6 (14 ) .2 ( ?\ ,-a :L 1 i 
I 
I 
I 
2 

_ . _ _ _ . _ _ _ ~ _ _ _ ^ -  ~- -_ e*--ll- _ 
] j&n2q3.5.5r-i3t{ 

iT"F&:?hg?*[-' j No. .-----.- ,._-, -; ,- - * . -%+, [:lt_'V S\(M :., ! ['""P f' 

I i p a C z F  E-S!jcr; 



I -7) - +-A (b2 -12) /A> - _-__ + j C l r - - \  --c*Ji 
1 

1 .- ;?- 
i 
Y 

-= 

s -: 1, 2, 3 $  e .  N 

) i,t.,iss .:, f f  fzcicr , r ig !~ t  ~ i i i ~  07 K q .  (IO'*) 

* .  api?:?:o:t of  r g ,  (66) ( i r lncr  cyliridei liiall oriL;y l i ; ~ e d :  ille 

8 
v > 1 sut-.citliris:ls i r r  r.,,, (9-4) L y e  

r; 
0 F -  i - % - -  (~rrj! 

Y1 r3 

C11G) 

I i 
I 

i>l' 

j 
I arlc b t ~  u.r a;~j-t<.lig ~ , i . i j i d i . . j  $S ~ b t ; ~ . i r i ~ G !  f ~ 3 ~  E ~ c ,  ~ 1 ~ 5  !LQ>); L~I'? 

$ 
I 

I 

Ci 

(" -.? 

L1 - 
L f  
Ci 

o t h e r  f o r  He 2 f 3  e&aL~& is obtained from f = i d or 

r. . - 8  
0 

(117) 

!f e) k'(z) - ~ ~ ( z )  N0(tpz) = O ( 1 3  81 
Jo r o o 

K q s  (1049 and  (1.14) apply ,  except  t h a t  the righi;  s i d e  of Eq. (10lt) 

is m u l t i p l i e d  by f and in Eq, (114) A = C. r * r" 

Equatioli  (69) (no %.hi ng) is so lved  d i r e c t l g  froa E y s  (10lt) and (1-05) 

Ha s t and-of f  f a c t o r  is used. 
t 

E q u m o n  (71) r~3a-y bc; solved by c ~ i l s - t i t ~ x t r i o ~  into E q .  (991 of 

s ( ; - )  
-- I;. t 1 71 
p' :- f - 2; .bT - (r, (1n9: 

n -, 
T! 31 

___ _ _ _ _  -_- _- _ - -  I-w--- 
1 -- -- - 

I 1 bJD T><-;):) 5r)ci 
R E V  S Y f A  - - - - - - - - -!,-- I , A  ( > t i  

f 

G i u; 



rcqu,xScd. The tab12 l i n t a  o n l y  v a l ~ ~ e s  ~ i .  Re 3 ra! for nr f~.oni 0 





I - C t , X *  I c i - , : G i , t , + ~116 ! 

i 
i 

E:. ",yl;iz~,rj -01 f f " : - ~ b , ~ ~ ~ - ' '  3: (-- , g ' i ) ,  'J'c, L bend t')l~ Litb,\l C. lit'~<>:-t$ $1 I- 8 I 
I 

i:r,T;/:\~ ~r /-:IB i b,,rr: pr6.r c-r'l;: c- 13~:; -1.cd~>fc,;", FQT tkLc fir;;f 

i - 7 )  . se t  o f  &av ti:,[; piil ; t6 t h 2  t!ii;cd t,c371ii OTi t:ii" L Ll;hi vf E y e   tic^ IS 

i 
f 

I I 
I Y C . ~ ~ ~ ~ ' ~ . ~ J  * _  A - Y _  b;; ( :  *01), ?;.,c r.Ccsnc set 31. ~ i ~ l t i ; i g  i_>C:i  ,?is f t, i-.:,; i t i ~ d  / 
i 1 
1 by r c p l a c i i , ~  '.r!:i\ t;: tfa (~:il) i r i  Cq; (f22) "' L I I I ' O U ~ ~ L  (225) 

I 

I 
T%c R O ~ U ~ ~ O K  o f  Eye (77) i s  r e l a t j v c l y  simple, Since rn is a 

rt:a:l n.urrlber, t ~ k _  j.s ;iT:+u 8 rea l  nu*il;cr, AlcoP since m is a 
I 

L t 
pnsi  t i ve riur.irScar t h e  i 'ce:.sl-i-c~i~ xn s o h *  Rq (~2) starts t d j  th E q s  

(1222) through (1251, 295 

I 
1 
I 

i 
L ~ C  z 1 = 2 (326,) 

Table:; i b  r _ l ~ d ' S  3 tt+y be i::il 5 ecd in:; t.e;;d, ~ I ' Q V ' ~  C I C ~  2 " ~ t a ~ i d - o f f  fact o r ' "  

I 
I 
f 

ef. (-,BI) 5:, r l ced ,  1 
1 
f 
I 
E 

I 
cs j 

't : i I 
:]sW.,:r) $y j ;\: 

I -- -- ----- -- - - ""- - - . ---- --- - -  - -- - --- -- -- - -  -~ 

[? 1: 11 ?'>{ jb)$ A - ,:"-$ - ---- P*";'. c,f;s. I . :.c ---4 - - - - ... F C *  

8" ' 
j r p l , /  1 /* 

r 3p:.13 



where z is t::lren as a r$:i1 ~ltmbe_r', Orte method of F i n d i n g  tile 
I i 

I zeros of Eq, (133) is t o  solve Eq, (150) fur i nc reas ing  v a b ~ e s  of 

z ( z = .0011., 1, 2, 3 ,  e r ) u n t i l  a z i 8;: reached f o r  wh5-ch the 

3.cf-I: side of Eq, (330) changes ~ i g : ~ ,  Then t k . i s  value of c is 

used r%s a s i , b r t i n g  point: i n  t h e  ta:?p;.n_t method, C-2Lllug the  1er"t 

s i d e  of Eq, (130) E' and d l . f fereni ia t ing  E' k ~ i t l ;  r c s p e ~ t  to z 

y i e l d s  

3 - z f  t 
X" n l m , m + l  

of' Eq, (74) Kay now ire folxnd by iteration of Eq,  (94) :+:fiere I' 

is def ineci by Eq, (1.32) and F f  dc?finc-,ci. by i;~:, ( 3 3 ~ ) ~  SIC s t a r t ing  



Equation (75) j-s s ~ i v e d  s i n i l a r l y ,  except  that D in Eqs  (132) 

and Eq, (131) is 

9 Z f F %  
ncl, ni - an ,m+l  

t 

I n  liic ot!ier .r trrtl r.g p o i n t  (epuivi?er: t  t o  Xq. (154)) is found f~=oni I 



- - --- .-. ."A -- - - -- .-. 

i 1 

, %  . - .  
l:c~::;t,:i.cx: (:~;i. J 1,:: t..: f'j_y.,,l :;~,.!.\;lj>;:; JJ:ns  (??) ~ i s ; i t , g  the  

.,.,<*< -,. ' 
L . - , - J t t  1~ (,b,;-i,tlL :.: l;i ;-.y3(i 1) :.~ ) [::," 2. ~ ~ , < ~ : ~ * ~ . < L j j ; ~  ~~0~~~~~ <J> H J S  (99) 

1_ 

(.l;:;?) 3!,d (.i-33) * 

( f L 3  - - ;  ; I J  , 1 ;  ('4) Sni;tj-l.ig J) 

eqt.:~] to kr.ii.!i % a r c : i ~ ?  l l l~rnber: 

3. LI '- ( ., f- ' * i' - A Pp:' 
i r  i 1_ 

29 1 
i:t B?i:- i . i  

:t:!d 
. ,> - zf " 

I 
I 

P . rn i 1, , (r!& J- 1) p, ,> - j z  +. c:> .- . t 
1 -1: ,.# . .,. , . 5. * ii? < I!- y CF:,->.? , ~i 1 

t' .i l: ) * S  * \ . i  7 

i 
i 
1 

T h i s  yi .elds -";a:t-t?-ng gisint:< 2p.r  . k d c i ~  (1.3?) and (133)~ \.rhtire now 
I 

1 - nrp ; ,  ) j I i : j , J i-iith 
i 
i 

i i 
1 &' - a the  o t h e r  Stlp.tT5~r:@ p i n t s  f~?.?.:.ld: 

E ' -  1rrp - z L  (l4I 2 
m m-c-L,rC 

P*,  ,,&2 
Fb.. (E':.-- ?I - 2) -p i rrz p-,", - Q (f L -tC t ( 1 ~ ~ 2 )  

L, - 13 ui F-2- 1 E~,BI+L ~ i 4  1,~14 
I 

Equatiotl (14.1) i s  sciltred Iilre ?St], (129) and t h e  x*c~s-t:lts are r:sed 

I 
I 
i 

l i k e  Zq, ( 3 _ j i c ) ,  
1 

For annular  ducts w i t h  s t r u t s  t h e  s o l u t i o n  of  t h e  wave equat ion  is 

similar t o  f o r  a r l n u l a r  di lc ts  vrj.t:'n as;tdni?~~etri~ pressure d i s t r i -  

bu t ion* The c>n].y di.f"fesenzcp is f:'k~a'c- i n  t he  former the  p.li.rrni.ssible 

vaX.uea of rn .re re:-rtricCed b y  E;q, ( 8 3 )  I 
0 

I 
v2 
cp 
Ln *. 

I 
C) 
< 

I 
i 
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-3 i' <2i;L i,,;, ~ ~ ~ ~ ~ r : ~ t t : * ~ ~ v  - !  ,- * (*,;- - , -=T r, ~ Y X ' F  S T *  r ~ - ~ , . z ~ ~ : ~ r r -  
i a - i  ."TJ - ' \  , 2 2. , , $ L ' z l ~ a  >.<, . , ,;.1< L.-,L,;~&b J,LJ J:!*,*L .L.)*I'i . 3 ~ l ~ , ; l ~ ;  

kr 
X C ~  i i i lci  81 can bc. d e l  ct-iilri ned i'l-otn the bn i l~~c ia ry  aond i t i  ons ,  

/ issucin<,~ 'ch.at all ;.rails are l i n e d ,  the t?ou!-idarji coildit.ions l e a d  t o  

t h e  fa3 lowing equc?Lioi+is, Jf t h e  l i n i n q  at r .I a. b a s  a norri:ril.ized 

adai ti snce la then t h e  p a r t i c l e  v r l  or2 ty nornial 3.-o r h t s  b ~ u l l  i s  



Fig. b 

CooydinaLe Sys tem for C~crved Dvic t  



of tlic lining at, 2: 2 g has a norri~a'i-i.zc<ci admit tance .g ,  the^ 
g 

S ~ ~ u a " i i o n s ( X 4 g )  and (150) are  co;i.ibiricc! 137 eii.mintil'bng -- 
C " 

T i ~ r i s  c;qe._?tion i.r, nf  t h e  sh1:i.i: fsrm as Cq,  ( ~ 4 ) ~  arid Ch12 be scY\~cd fo3 
i 
i 

kz k ye 
is f ~ i ; i i d  vs.iiig Fiq. (14'r! tir ! is subs i . i l u i rd  %riLo Eqs (146) 

n 
and a f t r r  ~ - 3 j i , - i : l a L j c ? r l  of -- 

P *  



fi7 r' ;!I . 

(; :- *.J (;.k )!:ql>),<,-) ee ,)-g(!;:: )I< (:ilc 
'm M 3, r;; 1- I" m i'" 

solye E q .  (152) f o r  ril 



a 
Lo rg 
UI -- 
G 
4 

p A c r  q'. * ?  

La., 
6-  9;totj 

)~;j, .j;jj-:sr i:; kt:;..j,j,f, >.J;J ~.J:\I:;! z. c j f  el,?: v!pL.i.c]i, ~.r<? 0 . - 

r ~ j  % .. I . J  ue u 5 r  sim,r:es, G I  t h e y  e;-;r, lie the cjirct \jn:,i , ~ i ~ t $ > : ; p  ~),j~.;~:?:;i~ c;ly; F$<.I:~I;? *% ' 

dj,ssipy,t:;.-:c: J,;ig:?;rhs -,ef jr~~.Lrxr;~;s i:,:>.ter*irz~~, If th.o l i n i n g  is " l ~ r ~ ; ~ : l . l . y  

r ~ a ~ t : h n ~ ~ f ,  2 . t ~  ef.['e.ci; (jfi ii::uusi;i.e tiavc,+; is ~o.:'~pI.e:.tely i i e s c : ~ i b ~ d  bx 

it2; t ~ ~ ~ ~ ; ~ - - . - - ' '  . i:,c..i. 19c;:j-di.r;;;e * :i.~r;p~.&~.?-,c;e", :?. 1 . i n i . n ~  . .3 3~s T ; ~ c : n l  :ly r.p:>.c t 2 . u ~  b!i?.;.n 

it is di.c;ided j D ~ Q  c_.o!i!pnl*'t t - : i ~ y - k - I ; s  whj.c]l ape perpr+i:diculi~r:: t o  i;k~c.* tilrzt 

r v  w ~ 3 . 1 3 ~  ;>tjelv I : ~ ~ a ; ~ . r ~ m e n ~ ~ ~  prc?.ueikt >;a\?!?s. f r . i ~ m  tri.cel.in,g Lnuj.dt-: t h e  

-. 9 1 i n j . n ~ .  j*n ~ ~ j . ~ ~ > ~ ~ ~ ~ ( : > ~ ) ~ t  ot,iler- til;jrk t.]L~;5i2 Llarijial %lAc d ~ ~ : t :  + ~''II? I 

. . snal.y,.;l.s wLl.1 tie Li,m<.tcG: 'in l.clca.!liy rericting I.riiningc, 

r l  Jke imperiance of a ~fii j; l t i - layer l i n t  r ? p  i:; calculated ueing e:lcci:.rical. 
4' f 

cna.i<:gj.ei+: Ka;:fi! inv;.l- 5 . ~ 1  tho  l i n i f i F  y-szi?.t.ded ?c;; e. f ~ b ; : " - l l t ) ~ : ~ _  and 1 
t h e  t o t a l  l . inLr~g w i l l  tl-i~:s be a cacicadc. of fo~rr-pol.es,  I r 

7 
21 

'i'1-1e inpu t  irnpedarice of t h i s  cascade i.s t h e  l in5 r rg  impedance, %xi% 

o u t p u t  of faur-paae No, 1 is cpen, indict-at,ir:g t h a t  t h e  l a y r ~ >  c i o s e s t  

t o  the  duc t  w n i l  termi.nat.ed by 811 i n f i n i t e  j.tr!pe:larice, v i a ,  t h a t  
I I 

of t h e  r i g i d  w a l l ,  

Two types  of S O ~ ~ ~ - . ~ O ~ C I S  IIIC ~ ; ~ . : i . s j - d t : ~ " ~ d ,  tori-esponding t o  two d i f f e r e n t  

typic; of Ia-iyers, It$iscrete e?].emt.rzf; type1: alld f icont inrro~;s  eleri;.eri"i.gpe". 
? 

I 
i 
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I 9 aped;iiice of the prec<>d 8 riz lj rlk, t i  h 6 1  . E L  1 0 3  .%?PC " 

I . .  c-9 f i ; i  r 

I defice on -i,jle ct;lCput of  kink fiuint~-,t..: r!, 1s aE?>:OtCC: 2:: 0 e A l l %  m-a 

1 use of i n p u t  slld out,pjt ar$ciittanc;-r instead of imycrinnc~~s- iradi; t o  

soz~ewhat: .rkLc?rt-.r exgressic.:~;;, thrr-: f o r  the jeput. admittance rrc. g e t :  I 

Ti7e v a l u e s  of Y Z . Y2 , which i n  geilrral are  a l l  corfiy?e:- i ~ i j m b ~ r s ,  
I 

car1 b e  dc . t e~  f i i$:l@d tk:cc8: c t i caJ . ly  oa- ex~er ia ien ' l ; a lw A ~ ~ l i p l l t e r  prOga'crm 

ezgam~+r;- jbio 96-.;";5>5Ipp{ 
A"s. __ _l_l^__ --_-. - -- -3 *- 

I 
i' 
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C ~ ~ I T C T C P  II Z C ( S  k3" its c l t - i ~ i ~ ~ i  t ri: ~ L c  ;~n~ui.-:i;:~lr,~ I$ p r ~ p ~ g a t i a f i  

Rewriting t h i s  express ion  i n  the 

g e t  

kJq , - i t a n ( i & & )  
1 1--- .- - ---------- 

Y~ .- II 1. - j H Y izZ-TipJ (158) 
m-i 

i s  a. reall number arid y a r e  i l l  general cotnpler n~~rntiere. Ehr ).' wz Psalre 
1 

v l i c~e  d is the  a t t p r t u a t i u n  ccuc: t int  arid p is thc phase cons t an t .  a 



I 

21ije3 I 
r j t !  - ' ~ ' , ,  , j c  i i.hc iiJI.o: j-npcdi:r.~i? o f  the frnW-pjlc 

I 
1 
I 

La.,ci3de, . , - _ r  _ . g - ,  ; j c i ~ = ~ p j t  t~ tire ~ z l - l , ,  i 
--, 

i 
,.,A.;LL*t; ,:,t;!<-,:;>.i$. ?!,( ?:-,-jj;$ ,;2.rJc c; < j f  ,.i;c7 $f2. j , -k .v  y :: 0 $ j.C> P;~lc~~!2:~4 i2qLI?::i:j.t:>~- <.! .., .* ,, 

I:> I 
% .  (1.5,) fC,!< t,he ?: ;5 ,~ ~ ; + o : ~ ; ~  ylc2:t t , ~  r. i t- ; j .d \A?:?]. be~><>Li?~S 

i 
I 

2, ? if 

y :. C S i  ~ 3 . 0  (ibf. j C.! &.%I. 1 I 
3 2. 

thL i ' n;c ,;,,- u.ioril: m,:c.tel.;in:! ne1c.t. t o  t,hir: ail* si~,sce changes 21 CIL 

I 
I 
i 

-. .- 
P--- -  - 

afirfijht,tancc f-0 t :hat pj 1;en ?ry Eq. ( I .ybj  rzihe~c 
js I"'1 vr-n ijy 

i I 

;2 *.% 1 t3 
..J 

gq * (161). xqliationi; (156) ;nd (158 j are n:;ed i i l te rnuic ly  t o  f i n d  

aL:ii;it.lance of ~,<:e~,es:i.J;t. ~.<.rlfing. 
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tIte i n p t i ;  I 
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i 
I 
I 1 
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Eo,uat,<on (11) f o r  kz has tvo  s o l i l t i o : , ~  diYfex;:!g E~-r.rn each oth;r 

by L s i g n .  Ye :nost choose the s n l u t i u i ,  i h n t  givec a wive uf  dcc:t:as- 

i n g  iml , l i t nde  alor lg t h e  p r o p i p  ij.on list h,  nnd t i r~ i ' r  fort wc call r c k r 3 - i  t e  



. - 2,,rs'p-j+7at:-;-Jy ..- . ,jpf,ili(:8-2 :;l::~;? c-ja f 4.1 ~,-,. :I. &.:LC 

!.! 

ri I.; c: t. 
i 

r rTrnrT.nJ- scju?,j-on f , l l ~ .  b)&l?e e q l i ; ~ t i l r , ~ ~ ~  5.3  kllt? diiift i:i a E;.tipilYa- P-.,'>,.. 

, , 1 5  : y ; 5 q (1021jc E3ch 

. s .  xi;& (15) ar id  ( l i i  ) f'nj-. k ] .  1.: Ilz.3 3~ :!.rhf 1~1:i.t.e ~ W T ~ I ~ C ' S .  of 
ii Y 

, L k i  jkurfiijci.r i;j,~ir sol~!lioii$; n :: 0 ,  2, . . and 

re &;;!pef;:i..ve.ly. ; 5 .  (m, n) thi!s  czorresporii~.~ n = I *  2 . .  - I 
-i;o c,. cn:,].l,~t;Fo?~ I- , x";q ((i.1, an,d k111.7. 12 rci.ierired -Lo 2,s irl 

i 
i 

"lill?du"i, The ;i.i;.tc:rAua.tio?ii.;, for. -:,he d i f f e r e n t  mnc?,:?:;c;;-e t;i:~.G . 
r1 i T.L ' i 1 

d: , ." - .*:, >.. / . s i j~ ; j ;~  t h a t  i-.& cnelagjS i.yl mr;de (m,il) at t h e  entry of 

( Q ) ,  Theyl t ire enbrgj; i l l  i,,jl;*.k r~ejcls  a dIs .ka~ l r= '~  2 
mrl  ! 

r"yJ.1 ;,?IF: c"r; t":' :..s 
I I 

( Z )  E ( 0 )  -IICJ-~~~F z/XO CLG? j 
m i l  m%; 

tlae t o t a l  eilorgy, made up  from all modes, we can write 

E ( ~ )  : 2 E (z) zz 
/ 
,.++- E ( Q )  10-&gnW'iO (168) 

lnrl mn 
E , rr M, rl 

T;i.le to ta l ,  a.lteg.sal..iac f o r  8 i3uc-i: sf 1eilgL.h. I; can t.hus be ~ l - i $ t e f l  
'7 
L 

I 
E(0) til i-i 

1)- = 10 3.0 Lop- --'=A------=- 
L 2.J ~ L Z  "LC 

E ( 0 )  10 
-Dfi,L/"l0 

m,n mn 

O F I cLG9> 

i 
I 

C) I 
!? 1 

I 
- . . - . . . - . 

p(" 2<3-2r.-i % - ,,. L, ,- ,,).>ti l i t  C,-y!v: .,-- \ 

$8 d 
' - 3.'" .>- I< ' \ .  , 



nufiller 3 8  s u f l i i  ie r i t j -y  !RF?:C.  

I ffhc c:lnber of nnrlps i.0 i s ~ c i u d s d  c-n te cst,innteC from E ~ B  (16) 

7 )  1 F . i ~  tlir ?>nijAncS: d u c t  k A a n d  k ?. &t~*e re&l i o r  d.1- 

modes, c3.s ccc be seen Erov Eye Thus or11 y modes l o r  ti,ri.ch 

whi.ci1 ~ q .  (171 ) h,,ldi. with S G a r  o!lrgin, i s ,  b a r e v e r ?  very lzrgc. 



+;her.;. t t , ~  s:1::t;2nkj.i.a shG;ild I!<; e:arr:ic;d ~.;*t pjvcy a l l  co~~-o:;)joj:~~.Ej~6- C, 

t o  frequencies i:.ith:i-rt b2.n~': j ( abv lo~r s  adj:ist.!~;ctnls Lia.ve t o  be i m d ~  

r i  f oz. a c  :i..ntei?;~~cl. ri tha t  i'al.:L~ in tigo d i f  fer'en.bL inter . i la3,~ j ,I , lhe 



- -- - - - - - -  - - -  

I 
I 

:in j c ;  i$ iylL;cd 4 1 : ~  3 i t ,, 
I 

:,,, ., , i . , o,,e o f f  : t ' 2 b;; t! c j ~ r - v " r . 1  rir~ L C  ;a 2.j ~ L L C Z  aiie utiai'ii- ciec?,  

I 
i c  i i t  ., ] + t i c :  c, ,.I i ,ilr- ? i _ f f c  2 r ~ i ~ i ,  f)-i7.q~,-;?c:; t,:irid,c; 0% ttjc forire= L i  

r , A + cbd of i b e  2 ~ . t t , c  2 hc 0,t zVrL) is? 11:i~e 
b .2 

T )  
if -- - G . /IG 

I -- 0 0 (10 
10 + 10 J" ) ( % * f i t  ) 

Let t ! ,~  p i t  r.1: (:v;~jci lS :~~F-:Gc~LITc;(;: eound :ipei-:tuuia l levcls a t  t l ~ e  gsuilk~d 

po2i  t i c i l l  f a r  ail ci:nit v i t h  i~nlri~:ecI. duci. bt: A.j . 9:l:en the  l e v e l s  
A 

ii a r e  c.~~lcu:la"icti n ~ : i ~ l g  i:q, (l_'i~>) ?fir XI, 
i 

/+ 7- 6' - Ti, (1 c/:,) 
5 4 

Now PNL can he ~ a E ( * ~ J i j t t $ c i  u s l n ~ ;  i:qc (3 7;1)--(1;'5). 171C1, 2 s  t a k e n  tfi - 
be thc: n,.arit f u n c t i o n  which is g ~ i ; i g  Lo be rriinintizr:d, I n  the 

upl,i a+ zntS ori p-.nccc2c-C , t h c  1-33 ,;cc of linLr:g pciTair1~$ers a r e  var ied  

i . . % v l + : 7  ., , - " -  . -  -'.- i-'*7 - -  1 1 r?, . ,  . A . t J L L L ~ J  pd_t.fi~~ie i e r s  g iv ing  ~n;inl~cli?rn 
i 

JJNL, are op"ctna1 i n  the  sense ttitat when used i n  t h e  des ign  of l i n i n g s  

f o r  a n  a i r c r a f t ,  t h i s  r - i r c r a f t  t r 5 , l l .  g ive minimum Linrroyance a t  f lpovcr ,  

when f i t t e d  w i t h  L in ings ,  I 

I 
I 

n 
a 

< : 1 
---.-----*-- - - -- - - -- - - ---- .- -- -------- ,-- ---- 

*- a- * $*- *' ,L #2 17dy 

REV ijY/s1, ' > - & A + &  ! '0 .  !'id -293f,671< 
--A *- - 

1 
1 ----- - -h%"= 

FFIGC 9% / 
I 0 - 7 0 i 1 0  



. . 'file :!ri,);j.jfii;f:j ~l.s.,:[-:j~: 6f t!~? itrll::tdon is f'~u?:d t>y c2 ~ ~ : ~ l i ; ! p . r ~ i j . ~ r "  ev?~.~u%q:~ .c~??  

g f  f;ke furjr::;j (:yi f o r  ~ ~ ? . l i y  IF&UC;S of t h p  : lcjr l : i ;~. ' IL~~d .vaz.S.aEtles, ?:'he 

f o l . i < , b ~ . r i ~ ; g  I'vura fijet:,o<;s arc: usad t o  ehenge the vr:lue:: of" the  variai>les, 

, . 
(1 i;r:i.dj.en.c; s t ep s  

. . . . 1. C ( 2 )  gx_r,d~rr. <?:.P:;~:L~QTL 52e125- t j ,  ~ ~ ~ . ! ~ ~ ~ ~ : ~ : ~ : , ~ s Y ; I ~  a s t ~ g  is t z l : ~ ~  i~ t h e  

npposi.tc directi.or;, 

( ~ j )  Av;:PB~E: diraect.i,on :;t.sp (the di.rcct.i.iln for t h i s  s t e p  i,- the average 

sf the  g~revious  f i v e  suacessful s t eps )  

I n  t h e  first; t.E-~ree rtiel.hodz;, the  stc;p s i z e  is  deuendent upon tlie 

ri1:riiber of' s v c c t ~ s s o s  and F a i l u r e s  i n  p r e 1 ~ i . o ~ ~  s t e p s ,  Tbc  ate at; 

vlijcii cnch r;,ct,ho;T. uscd  can b t  t ~ ~ i t i f i e d  by t h 2  u s e r ,  

'itlo o ther  r . :d  i ~ o c ? ~  ttcrs c k i n g e  t-lie ~:ii+iable.-:3 are used when the previou3 

r;ie:, was ne;i S- a i .mu~~dary,  T h e s e  a ]  e i..!lp mi r rored  sSep ar%d Liae 






