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ABSTRACT

The performance and complexity of implementation of the major
error-control techniques are ahalyzed, f%%e white-Gaussian-noise channel
and the generalized Gilbert channel are used in the performance evalua-
tions. The results allow comparisons among the major coding.techniques
to be readily made. A new technique, concatenation with inner-code feed-
back, is presented, and its performance on the Gaussian channel is
evaluated. Also, an upper bound or. the average digit.error probability
of a linear block code and the probability distributien éf the burst
iengths on the generalized Gilbertéhannel are derived. These results are

useful in evaluating the performance of error-control schemes.
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CHAPTER I

INTRODUCTION

Twenty years ago Shannon1 proved that if the source rateaig less

than a quantity called the channel capacity, communication over a noisy

channel with an error probability as swall as desired is possible with

proper encoding. Essentially Shannon's work states that sigmal power,

channel noise, and available bandwidth set a limit ohly on communication
rate and not on accuracy.
Gallager's refinements in the statement and. proof of Shannon's

theorem have given it the following fqr-m-.z

God_:i.ng‘ Theorem., The channel is considered to be discrete

and -mémor-yleas ‘with an input alphabet -ai,_‘az, "-,ak,' an

..-output. alphabet b1 e b2 N

ij=P(bj[a-k). For any cede -biqck length N, any number of

code words _M=eNR(R is the rate in nats, wr_tep__e 1 nat = I,c:gz-e_' bits),
_.and any -ﬁrobabil ity distribution on the use of the code

words, there exists a che- for which the probabil itj of

decoding error is bounded by

By = exp[ ..N_E.c__n)']-f O ¢ P
where
B(R) = max _}-p' n% [ Z 1""]”" O ¢ 9% 31
PsE = j'“-.' k=1 R o : P

sss,b, and transition probabilities . .. .. ..




b

§ ot

R

!‘zx'*-"l‘l-

dariiess .

~increase omly algebraically with N. =

and the maximization is over all p in the ré«nge 0<pxl
and all probability vectors 5'= (pl,ngn.o’pK), The com-
ponent pj of E'denotes the probability with which the
letter aj.is chosen from the input alphabet. The funetiagl
E(R) is called the errer exponent. It is positive, con=
tinuous, and convg;c for all R in the ramge O0<R<QC,

where C is the channel capacity.

Thus, for any rate R in the range O SR<GC, the probability of error is
an exponentially decgeasing function of the code block length N. An
arbitratily smgll error probability can be achieved by increasing the
codelblock lefigth enough. 1In many cases a problem which is encountered
is that the eomplexity'of the deéoder increases exponengially with N.
In this case the decod@r.eomplexity will become excessively large if N

is increased indefinitely. It is desirable that theﬁdecédet comple%ity
, i

In the twenty years since Shannon's c¢lassic paper much research
has been direeted toward finding efficientand.practi¢a1 coding schemes
for various types of noisy channels. Most of thé pfogress toward finding
practical schemes has come in the last ten years. From all this research
it is now clear that coding cén provide significant impfbvemanté over’
ceﬁtain channels in some apéiications. Much experimentai,erk is}being

done, and élthough coding is not yet in widespread use, the use of

- coding should become much more widespread in the next Eew_yaars.

-ngerally; either a probébilistié.or an‘algébraie ébbrbéeh has'béen'

‘used in coﬂing research. With the probébilistié épproach an attempt is

made to utilize the probabilistic structure of thé data~transmission

faeility in a deceding algorithm. Often random coding techniques are

Bl
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i; used in proving propertieé of the algorithm. The algebraic approach
l- .is to find codes whieh:have a certain amount of algebraic structure.
| This algebraic structure is then used in detefmining practical enéoding
{3 and decoding schemes.
; The type of coding strategy chosen depends upon the error statistics
l} of the commnication channel. Channels are ciassified into two cate-
: - gories, channels with memory and channels without memory. A channel
f [: with memory has errors which tend to occur in bursts, A'ehaﬁnel with=
7 out memory, i.e., memoryless, has independent errors. Coding strategiésa
: for the two types of channels afe.often altegether different in concept.
\5 In the past twenty years a 1argé number of technical papers have
—;i beén written on coding. However, few books have appeared on the subject,
IR and thé ones which-havghgppeared have proved to be very difficuitreading
_{}_ ﬁoéﬁmost communication engineers. The nature of these books has been
i - such that much attention is given to mathemat ical detaii in thé deriva- .
L was given to comparisons ofythe performance and implementation cemplexity

oy L

of these coding schemes, particularly over real channels. This tended
to wake these books too abstract to suit the needs of most communication
engineers, In this work a different approach is used. Mich attention

is given to the performance and implementation complexity of the major

) coding Schemes includiﬁg'éoding schemes for both independent and bﬁrst ) i,

errors. Although it is necessary to go into considefab}efmathématigal
detail to present the various encoding and deccding teahniquesiipﬁoafs -
which are documented elsewhere.geﬁeraliy are oﬁitﬁed but are refgrenged'

for the reader who désires a more complete treatment. So that the

communication engineer may make compa:iéons among the various techniques,
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[ extensive data on probability of error and implementation complexity
"~ is given. It is hoped that this approach will be enlightening for
[ those who find the study of coding difficult.
j, F In comparing the performance of coding schemes a channel model must

- be used., The white<Gaussian~noise channel produces independent errors,

E and it will be used in the perfoﬁnance comparisons of independent e-t_'ror.-.-'

correcting codes. 1t was chosen because the comparisons are easily

f made, since the loss in-rate due to the addition of redundancy is accounted
3 o for automatically. Also, it Is a good model of the space -éemmunicatian

- ehainnél. It should be emphas ized that. some codes which are not efficient
| E on the Gaussian channel may be useful on other channels. |
. The study of coding for burst-error c-ﬁ;;lnels is very important be-
T 4_’% cause many real communication channels are of this type. Telephone 1 inks,
; E high=frequency e'tfannels, and Iionosp'heri.c-scatter ahd troposPherifaseatter
: = channels all suffer from burst errors. In studying coding for t;;-rst- ]
: " efFor channels, the Gilbert channel model will be used. With this medel {

the channel is considered to have a good state and a bad state with

; specified transition probabilities between the two states. This model
[ “ was chosen because it is simple, it proi_fi&es insight into ﬁu-rst-error
t _ behavior, and it is a good model for 'some telephone ;i;ha'-pnjels.
[ Fairly general measures of implementation complexity 'w-:‘.]:.il be used
il ? gince the final design will deﬁend upon the appi ic.;Fioﬁ and the type of
[ hé-rdt.rare available., The totdl nu’mls..é.r. of cﬁmpu-tatioﬁi3 per decoded word .\‘;
E is calculated-,. where a compt.lt.ai::ion!'i‘.s an ope"at'-i,.-ori‘-'whﬁ"i‘(ch ela;_n be ﬁeff-ofmed .
- & _it‘,x.én,e unit of_'.ti-.me such as -an adé-i-_tiott 6r:_a Shi_.-.ftéjé a 'fegi.-st—_er. De- ° R

E ' pending upon the type of mltlpl:.cai:l.on un:.t used a mul é"ipflicati:on ina'y_ -
o ' be performed ‘as quickly a; ‘an addition, or it ‘may take s-eve-rai'-'t:i.;in.c_gs E

3

1 R B £ .
5




e o o - S U s e+ . i
é E as long. The number of binary storage elements is calculated as a

% & relative measure of decodeg complexity. There will be no attempt to
:; i ‘estimate the amount of control circuitry involved since the total num-
% P? ber of computations and the number of binary storage elements will

A

§ . provide a reasonable estimate of the control cireuitry.required. The

: } _
'% k; encoder complexity is critical in some applications, and the number of
% lfﬁ binary storage elements is calculated as a relative measure of encoder
% F complexity, The specific application will determine which of the three
5 E measures of complexity is most critical,

An 'intreduction to algebra and basic linear code theory is given

1(;':!‘“"’2!'.,

in Chapter II. Some readers may find this material difficult reading.
A thorough understanding of this section is neot necessary as a basis
for understanding the comparisons whlcﬁ\are made between the various

) .
: kY RS .

coding schemes. However, an understandlng of thls chapter is necessary

A T T T A e e g e e
lvﬁ% T [mx f‘

i in studylng the technlques of melementlng these codes.

ﬂ “ _
' l§ In Chapters III through VII f1ve of the ma jor codlng teehnlques
2 %
3

. are studied in detail. These are Bose-Chaudhurl—Hocquenghem (BCH) i

:
e

codes, opt Lmum: codes for the Gaussian channel, threshold-decodable

codes, concatenated codes, and convolutional codes. In.each_of these

césés performance on the Gaussian channel and implementation complexity

are studied. For certain decoding algdrithms, most notably SeQﬁentiai

decéding of convofﬁtional codes, performance can be computed only by

ooy,

extensive simulations. Due to limitations on computer time such simu-

lations were not performed, but results of simulations performed by

others are available and will be diQEQSSed. . 4 ?
In Chapter VIII the advantage to be galned by ‘the avallablllty of
.’ r‘"—‘—'—!

a feedback channel is examlned. After a survey of several $eedback

schemes, a-new_techn;que is presented. Th;s,technlqge Ls_cbncatenatlon

.
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able and easily understood comparisons among the major coding techniques.

#

with inner-code feedback. The error exponents obtained with this
technique using three inner coding schemes for the Gaussian channel
are presented. The derivation of these results is shown in Appendix D.
In Chapter IX several techniques are presented which are applicable
to burst-error channels, and the performance of these teehniques on the
Gilbert channel is analyzed. These performance calculétions are facili-
tated by the result of Appendix E which contains a derivation of the
probability distribution of the burst lengths on a Gilbert channel.
Several other appendices are also included. In one method of de-
coding BCH codes it is necessary to ré&uce a matrix to upper triangular
fqrmf The number of eemputationsjrequired to perform this operation is
caleﬁlated in Appendix A. In Appendix B the basie principles’ of opti- .

tum receivers are derived. In Appendix C an upper bound to ﬁhe average

digit error probability in decoding a linear block code is déveloped.
This bound is very useful in comparing concatené%ed codes with othq&

W
ek e s

The mainh purpose of this investigation has been to develop suit-

The ease with which these results may be applied in a comparison is shown
in the Conclusion. Some results of this investigation will f£ind other

applications. A new technique, coneatenatiéﬁ“ﬁith'iﬁner-cede feedback, .

'is analyzed, and it is sShown that communication at rates very near

channel capacity is possible with low erfor_probabiiity. In Appendix v
s g }

C a tight upper bound to the average digit error probability of a lLinear

‘block code is developed. This bound is very useful in comparing per- - _ ; 

formance of errér—coﬁtroi systems. In Appendix E a detailed analysis”

of the getieralized Gilbert chanmel which has not appeared elsewhere is
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!., presented. In addition the probability distribution of the burst lengths !

- 1

- on this channel is derived. This distribution is very useful in evalu- 3

i ating the_,pérformance of error-control schemes on the Gilbert channel. i
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CHAPTER 11
LINEAR CODES FOR THE DISCRETE CHANNEL

In this chapter the fundamentals necessary for a study of
coding will be introduced. Although the treatment will be complete,
it will not be rigorous dﬁe to the length of such a {reatment.

More rigorous treaﬁments of the topics discussed.in.this chapter
may be found in,Carmichael3 and Petersonu. A block diagram of

a typical error-control.system is shown in Fig. 2,1. 7The channel
is discrete with q inputs and q outputs, i.e., the chénnel con=
sists of both the modulator and demodulator asiwell as the trans-
mission link. The purpose of the encoder and decoder is to

reduce the frequency of errors in the data sent from the data

- source to the user. The encoder téﬁéé'blﬁékéwéf'k”iﬁféfﬁafiéﬁ'

digiis and a&ds redundant digiﬁs in a systematic, controlled .
manner. Then the decoder can use the added redundancy to correct.
some of the possible error patterns which may have ocecurred.

Linear code theory is used in finding good codes, in determining
their error-correcting capability, and in finding practical;kb”
encoding éﬁd decoding'methods; The algebraic properties of

codes form the basis for the study of linear codes, Scme funda~

mentals of algebra will be introducéd in Part A, and these

fundamentals will be arplied in Part B in the study of linear

codes.

s
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-~ with ﬁultiplication as the operation also form a group. The

10
A. Fundamentzls of Algebra

Algebraic systems, which are systems satisfying certain rules or
laws, play a prominent role in coding theory. The systems of interest

to the coding theorist are the group and the field.

Definition 2.1. A group G is a set of elements for
which one operation, addition.or multiplication, and
itz inverse, subtraction or division, are defined,
and closure holds, i.e., if the operation is applied

to two elements of G, the result is an elgﬁﬁﬁt of G.

Definition 2.2. A field F is a set of elements whiech

is an additive commutative group (a+b = b+ a), its
nonzero elements form a multiplicative commutative

group (ab = ba), and for which. .the distributive law

(a(b f;.g_) = ab + ac) holch, ‘ (e

It is not difficult to find examples of groups and fields.
The positive and negative integers with addition as the opera~

tion form a group, and bhe set of positive rational ﬁhmbers

set of all real numbers and the set of all rational numbers
both form fields. In each of these examplesﬁof groups and fields,
the number of elements is infinite.:

The Euclidean div-iSion algorithm for integers is used quite

frequently in devélopiag properties of algebraic gystems. = :
Euclidean Division Algorithm for Integers. For every i
pair of integérs s and d there is a unique pair of - . o SR oy

Ea
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' inﬁegers q, the quotient, and r, the re.mainder;f'_ such
- that
L.
s =dq+r, O<gr<id . (2.1)
o Although the examples of groups and fields whiech have been
l; given contain an infinite number of elements, the groups and
fields of interest to the coding theorist contain a finite num-
[ ber of elefents since_a code will cons isﬁ"'bf a finite number
r .~f code words and have an alphabet with a finite number of
- .sy'mbols'. Under certain conditions the set of integers modulo
[ p forms a field.
[ Befinition 2.3. The set of integers modulo p is the
set 0, 1, ***, p-1, with the following rules for
addition and multiplication:
_ 1. a+b=¢, Whe.'j;’e ¢ is the remainder term of
[ --——('a‘f. b) sy 0<e<p-l.
P -
{ 2, a°b=d, where d is the remainder term of 3_1;_9_ ’
0O<d<p-l.
I | The process in De;finii:ion 2,3 of keeping only the remainder
. o . A
t (residue) upon division by p is called a reduction module p. S _
The ,é,_e.t of integers which have the same remainder (residue) |
[ after division by p are said to belong to the same residue class.
" l Dé_f‘iﬁit‘io.n- 2.4. Two integersﬁa and b are said to be
congruent modulo p, denoted by =
[ axzblmedp) , @y ©
[ if they have the same residue after division by p.
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It is easily seen that the set of integers modulo p has p resiw«
due classes each of which contains an inteéer, s, in the range
0<s<p=-l. It can be éhown that the set of integers modulo p
forms a field if and only if p is a prime number.S This field
is called a prime field or a Galois field of p eleméntg, GF(p).

The integers modulo 2, GF(2), is the field most often used
in digital communication. Accordingly, most of the codes studied
in this work will be binary codes; although seme;codes will be
studied which use symbols from other fields. The field, GF(2),
plication of elements is followed by a reduction modulo 2. Thus,
the reader can easily verify that the addition and multiplication

tables for GF(2) are those shown in Table 2.1,

Table 2.1. Addition and Multiplication Tables for GF(2).

W oy
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The only example of a finite field, given thus far is GF{p)

with p a prime number. For every number q that is a power of

a prime number-(q = pm:with p a prime number), thefe is a field

with q'elementé. In order to introduce the,regfésentatioﬁjbf

o

this field several additional definitions a:e'neeged.,

- Ly
B : oy

Definiti@n 2.5. A polynomial with Eoefficients from
GF(p) is called irreducible if- it can be ﬁactared;né”/
further in GF(p) or, in other words, has fio roots

f_rﬂm GF (P) ®

" T ——— e ——— ="
o e P ey ey st e b
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called an extension field of degree m over GF(p). The field

....

-
(e,

Euclidean Division Algorithm for Polynomials, For
every pair of polynomials s(X) and d(X), there is a.
unique pair of polynomials q(X), the quotient, and’

r(X), the remainder,lsuch that
8(X) = d(X)q(X) + r(X) , (2.3)

and the degree of r(X) is less than the degree;bf

d(Xx).

In a manner analogous to that for integers the concepts of
residue classes and congruence a;so apply to polynomials. It
can be shewn that if d(X) is a pélynomial irreducible over GF(p),
the-set‘pf polynomials with ceefficients £rom G%%p) module d(X)
is a ré@feSentation of GF(pm), where m is the degree of d(X).

| A field formed by taking polynomials with coefficients

from GF(p) modulo an irreducible polynomial d(X) of degree m is

elements are tépreSented by polynomials of degree less than m
with eoefficients‘frpm GF(p). Since the field consists of all
polynomials of degreéﬂless than o over GF(p), thefe are pm ele~
ments in the extension field. It is also said that the field
GF(me has chataQteristie p and that GF(p) is a subfield of GE(p™):
- The éolynomial sz'li-i can be factored into 2%-1 linear
faetors |
m

2] = - ' |
X* "41 = (X#B,)*"(X+ g 2.4
pl ) pzmdl) . ( )

where the roots Bi are the nonzero elementsﬂbf-GF(Zm)a These

roots can be expressed as powers of a primitive root «, i. e., '”??:

> g
L

T

o
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the 2™-1 nonzero field elements may be expressed as

m .
0(,"(2,"","(2 -1 = 1 = "(0 . (2.5)

1f < is an element of GF(Zm), the mwinimum pgylynomial, mi(X), of £ is
the monic polynemial of smallest degree with coefficients in GF(2). It

can be shown that all the roots of mikx) are contained in the sequence
81 6

]
e
=
=t

As an example the polynomial x7+ 1 has three irreducible factors, i.e.,

7 2

X 41 = (RADE+X+ DX +X24X41) . (2.6)
i
If £ is a root of }_£3+X+ 1, the other roots are =<2 and J-‘ﬁu. The roots
of x3+x_2+x+1 are 43, =<5, and =<6, and the.root of X+1 is -<'7‘ =.1.
The nonzero elements of GF(23) are repre-Se:nte.d' in Table 2.2 by three methods.
Table 2.2. Representation of the Nonzere Elements of GF-(23).
«9_= 1 = (100)
Py ﬂ_g;(glg)mﬂwwﬂf,w,;,p,,,TT;HH,,-W,fijf ﬂmmmnm,,j,fZKTZKW$;m¥;W
2 = <2 = (o01)
'_.43 = 14« = (110)
L= us = (011)
| L= 1444 L = (111)
1 L1 +2 ="(101)'

In the first column the f£ield elements ére represented as pdw’rers_ of a
primitive element «, In the second column the field elements are repre=
sented as polynomials in « w:i._t-h degree less than three. 1In the third

column the elements are represented as vectors with eomp.o_nents equal

{f

to the coefficients in the polynomial representation.
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The concept of order is an important one.

Pefinition 2,6, The order, e, of a field element,

«, is the least positive integer such that

L=1, (2.7)

The order of a primitive element of :a field is equal to the
number of nonzero field elements.
A property which will »e useful in decoding is that with
elements from GF(2™) squaring is a linear operation, i.e., if
« and B are elements of Gr(2™,
-(-<+p)2 = 42+.ge+.<p+pz
=¢_(2+Bz . (2.8)

This result follows from the fact that GF(2™ has characteristic 2,

Codé wordsa@are generally represented either by polynomials in

. X with coefficients from an appropriate field or by veetors with

components from an appropriate field. Although the two rébreéenta-
tions are equivalent, the vector approach is éometiméé more convenient
in presenting the baéic properties oé codes while the polynomial
approach is useful in determining simple implemeﬁtétion schemes.

The material necessary for presenting the poljnomial approach has

already been introduced; however, some additional definitions are

i
needed before presenting the VEctor-apPrgach.
Definition 2,7. A subgroup H is a subset of elements

of a group G such that the elements of H form a group.

To determine if H is a subgroup it is necessary enly to check for

closure.
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; Definition 2.8, An n-tuple is an ordered set of n j
. - field elements denoted by (al, a2,---,an). Addi-
( tibn of n-tuples is defined by
& (31,32' ’a)"'(bls 9" '!bn_)
i - 3.1 1 ,82 b2 | ] ’an bn [ ] ol 9)

: i Multiplication of an n-tuple by a field element is

f : ) defined by

r |

5 [ e(al,az,-°-,an) = (cal,gaz,'--,ca“) . (2.10)

i % With these definitions the set of all n-ti:dles over a field forms

% . a vector space.

o -

f g The reader can alsec easily see that the set of all n=tuples

over a field forms a group-. If the field elements are from GF(q),

S
1

there are q elements in thls group, and thus the group is f: 1te.

A subspace is deflned to be a subset of a vector space wh1ch 13'

f . also a vector space. This is analogous to the definition of a
; ¢ . _ . . o :
N subgroup. To verify that a subset of a vector space is a subspace,
¢ . : _ P
f T it is necessary only to check for closure under addition and
i ; = _ _

-3

multiplication by scalars.
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Definitien 2.9Qﬂ A set of véctors.vi, vz,-«‘-',v.n is

linearly dependent if.and'only if there are scalars L i

Gys CpsevesC  MOE i}l zero such that

eV, +c_2v2.+ et v = 0. o c (2.11)
'A set of vectors which is nofiliﬁearly dependent is liheagly

. independent. . : . -
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1
; [ ‘ Definition 2,10, A basis of a vector space is a
; / ﬂlset of linearly independéent vectors such that every /
? é/ __vector in the vector space is a linear combination
f j’%/,/ -7 of the basis vectors. If there are n basis vectors,
%/jr | the space has dimension n.
¢ Definition 2.11. The dot product of two n~tuples
g is defined by
¥ ..
§ (a,5855°% %58 ) * (bysbyyersb ) = ab #a,b 4" +a b , (2.12)
b
g which is a scalar quantity.
% Defini.tli.on_ 2.12. Two vectors are orthogonal if and
: ﬁ ~only if their dot product i\s Zero.
E The set of a}.l n-tuples orthogonal to a subspace Vl of n-tuples
- forms a subspace V, of n-tuples called the mull space of V,. If
) 7 thedimensxonef Vllsk,thedlmens ion of V2 is n=k. The concepts
of subspaces, basis vectors, orthogonality, and null spaces are
E very importan_t in establishing the basic theory of .-'1 inear codes
E as the reader will see in the next section.
E B. Linear Code Theory.
Linear codes are most easily introduced by using the vector
approach. | |
. Definition 2.13. A l'inea;}i':ede is a set of vectors
wh:l.ch i:"orin"a__ subspace of the vector épaee of all
[ - o ~ n=tuples. P | |
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-V is by usifig the generator matrix G. To construct this matrix

18

Definition 2.14. The Hamming weight of a wvector v

denoted by w(v) is the number of nonzero components.

Definition 2.15. The Hammigg_distance between two

veetors v, and v, is the number of positions in

1 2
which they differ or w(vl-vz).

Since a linear code is a subspace, any combination of two vectors
is another code vector and vice vefsa. Thus, the minimum Hamming
distqnce between all pairs of code vectors for a linear code equals
the‘;inimum Hamming weight of its nonzero veetérs. The minimum
distance of a code is important sinece it determines the error-
correcting properties of the code.

A linear code is-a mapping of a k—tuplercontaining the:;ﬁfor—
mation symbolé into a n-tuple containing both informafion and

parity symbels.;-A convenient method of describing a linear ceode

a set of basis vectors for the linear code is found and used as
the rows of G. If each code vector is to contain k information |
digits, then the dimension of V is k, and G'has k rows. The code
vectors are all possible linear combinations of the rows of G. If
the field has q elements, there are qk code véectors. Such a éode
is called an (n,k) code. The code véctor v corresponding to ‘the
k=tuple Ve .
by the relation

of information digits ¢can be generated easily from G

v=ve . - | (2.13)

A matrix related to G Whieh_is also useful is the parity

check matrix. The null space of V denoted by V1 has dimension

And osiihs
i =

ki

g
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(n~k). The parity check matrix H is formed by using a basis for

V+ as rows. Since V, is the nuil space of V, all rows of H are
i .

1
orthogonal to all linear combinations of rows of G, or

B = 0 (2.148)

for all code vectors v. All solutions to the system of equations
(2.14) are code vectors. The parity check matrix can be used to
determine how to imjlement a code as will be shown later in an .
example. The process of determining the code word from the infor=
mation digits is called encoding. Usually the encoding process

is simple; however, the decoding process is often quite complicated.
For short codes such as the Hamming (7,4) code, decoding is not

complicated, but such a short code will not give a large decrease

in error probability. Large decreases in error probability can be

obtained only by using codes with long block lengths and considerabie

r

|-y

a decoder of cons iderable complexity.

One decoding scheme often discussed is maximum«-l ikel ihood
decoding. Assuming that a binary (n,k) code is being used over the
binary symmetri¢ channel and that all code vectors are equally
likely, the best decoding rule is td decode the.received vector into

a code vector that differs from the received vector ih the fewest

ot
—r

positions. This scheme is called maximum-likelihood or minimum
distance decoding. It could be implemented by having a list of

possible code vectors at the decoder and determining the Hamming

i :

~distances between the received vector and the possible code vector.

The code vector corresponding téiﬁhe miniiom Hamming distance would

' ) R '
be chesen. The complexity of th%s decoding scheme, however, is

"

r-correcting capability. The use of such codes in turn.requires ...
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proportional to the number of code vectors which is Zk. For large
values of k, the decoder complexity is unreasonable. It is desirable
that the complexity of the decoder increase only algebraically with k.
The algebraic structure of a code often leads to a deddding scheme of
reasonable complexity.

Knowledge of the number of errors that a particular coding and
decoding scheme is capable of correcting allows calculation of the
probability of error, Assuming that an (n,kffcode is used on a bi-
nary symmetric channei with transition probability p, the probability
that i errors occur in i specified‘positions of the received word ig*
pi(l -p)n-i. It’is also assumed that the coding and decoding scheme
is capable of cé%rectingwx(i;n) different ﬁatterns of i errors in n
digits. Then the probability of cerrect decoding is

n
P(c) = Z &(i,n)pl(l -p)n‘1 s (2,15)

2 TS

and the probability of error. is
P(e) = 1 ~-P(c) . (2.16)

For a code which can correct all ecombinations of t or fewer errors

and no combinations of more than t errors, the probability of correct

 decoding is

. t :
pe) = ) [F]eta-m™t . 2an
L -

From the maximum-likelihood decoding scheme is is obvious that to
correct t errors the minimum Hamming distance between codeée words

must be at least 2t + 1.
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The syndrome of the received vector is used in decoding.
L_etting the received vector, r, be the sum of a tramsmitted vec-
tor, v, and an error vector, e, the syr},dr:ome. is defined as

S = o . (2.18)

The syndrome is a vector with 2 number of compomznts equal to the

number of rows of H which is (n-k). Since

H(VT + eT)
HVT + HeT

Hel (2.19)

S

the reader can see that the syndrome depends on the error vector
but not on the c¢ode vector. Thus, there is a set of possible

received vectors the same size Vas the set of code words which all
have the same syndrome. Each set of received vectors having this

property is called a coset of the set of code vectors. The wvector |

"in each coset with the smallest Hamming weight will be called the

coset leader.
The standard array shown in Fig. 2.2 can be used as a decoding

t%ble.

1 2 V3. TtV

e v, te v, te +revy_+e

1 2. 1 3 1 r 1
e Ry S =Y V,bk e e +p

"2 2 T2 3 2 r 2

- - - - ":. )

- - L L] I =

, -4

- - . B ° ! .
e v, +te v,¥e nrev 4o o
m 2 3 o, m- ¥

‘3_1= (0,0,522,0), r =2, m=2 77-1' . e

Fig. 2.2. The Standard Array.
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All code vectors are listed in the first row with the all zeros
vector listed first. The first member of the second row is chosen
by picking an n<tuple, ) of minimum weight from the remaining
n-tuples. - For i>1 the member of the second row in the i'th
column is formed by adding e, to v,, the member of the first row
in the i'th column., The first member of the third row is chosen
by picking an n-tuple, e,, of minimum weignt from the remaining
n-tuples. For i>1 the member >f the third row in the i'th column

is formed by adding e, to vi, This proecess is continued until

- all 2" n-tuples are listed in the array. Each row is 2 coset and

each member nf the first column is a coset leader.

The standard array provides a convenient method of implementing
minimim distanee_decoding,‘ Ali members of a given row have the
same syndrome, and each row has a different syndrome. _The first

row has a syndrome of all zeros. If the syndrome is zero, it is

assumed that no error occurred, and the received vector is accepted.

If the Syndromé:is nénzero, thq{goset leader corresponding to the
syndrome is assumed to be the{érror ﬁéétaa%and'is Subtracted‘from'
the received vector to get the most probable transmitted vector,
That this is a‘minimum distance decoding scheme follows from the
Eact:that”eoset leaders were chosen to be vectors of minimum weight.
| As'an'example,impiementation of the binafﬁfﬂggming (7,4) codé
-ﬁill be discussed. The parity check matrix is ch;;en as |
06001111 1° B

m=| 0110011

1010101

)
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By using as the 1i'th column of H the binary representation of
the number i, a very simple decoding scheme is obtained, Letting

the code vectors be represented by

.V = (Pl-}pz!vlQ-Pg’vzivasvu) ] (2.21)

where Py, Py, and p, are parity checks, from (2,14) the following

equations for parity checks are obtained

Py = Vy+ vty oy (2,,22).

Py = Vy #Va*t v, .(2.2'3)
and

Py SV tVytY, . ' (2.24)

Decoding is straightforward since if a single error occurs, the
syndrome is equal to the column of H corresponding to the position

in error, which in this case is the binary representation of the

H(VT ¥ e'g)

T
6

8

= He

I

n
o
omocoooo!
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which indicates an error in the sixth position. This is a good

example where mathematical structure is. used to facilitate decoding.

Much research in coding theory is directed toward finding codes

23

_position in error. Thus, if there is an error in the sixth positioo . §
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with a mathematical structure that will lead to a simple decoding
algorithm,

An important sgbclass of linear codes is the class of cyelic cedes.
These codes have the property that if v = (ao,al,a2,°-°,an_1) is a code

vector, then v, = (an~1’a0’a1"'.’an-2)’ obtained by shifting the

1
components of v cyclically cne unit to the right, is also a code vec~
tor. Cyclic codes are very important since they are easily implemented
and have excellent performance. The polynomial representation is best
for these codes becaunse with this representation encoding and decoding
methods are readily derived. The eodé vector vjmentioned above can

be represented by the polynomial

= 2 oo - ; l'l""l )
£(X) = ag* alx+ a_2X + + an_lx . | (2.26)

A cyelic code can be specified by a polynomial g(X5 that divides

x"-1., 1f g(X) has degree r,'éhe code has dimension k = ner. The

Ne=rwl

With the%gméasis vectors each vector £(X) is a code vector if and
only if it is divisible by g(X). The polynomial g(X) is called the
generator of the code. The generator may alternately be specified

by specifying the roots 815 855 7y &, of g(X). Then if mi(x) is

2!
the minimum polynomial of a,, g(X) must be divisible by ml(x), m,(X),

ooy m (X) and hence by their least common multiple. Thus;

g0 = LoM [m (X0, my(K),eee, w0 ] L o (2a20)
Occasionally polynomials.will be tmultiplied resulting in
polynomials of degree n or greater. Sinece it will be desirable to

keep}the degree of all polynomials 1less than n, all'polynomials .

i

will be reduced modulo some polynomial n(X) of degree n. Of course,

:&

g(X) can be taken as basis veetors, .}
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this is done by dividing by n(X) and keeping only the remainder
(residue). By choosing n(X) = Xn-l, multiplication by X is the

same as a c¢yclic shift; i,e.,

- - . S & . n-l
XE(X) = X(ag+a,X4eecba X0)
3
_ L . =1 n
= an-1+a0x+a1x L +an_2x +a -1-(x -1)
= (a +a X+eeeda XV 1‘mod(x =1) . (2.28)

n=-1 0 n=2
Linear finite-state switching cirecuits are of much importance
in the implementation of codes, particularly cyclic codes. The

three elements used in building these circuits are represented in

| Fig. 2.3. These elements are the GF(q) adder, the GF(q) storage

device, and the device which multiplies its input by a constant A
in GF(q). The output of the storage device is the same as its

input one unit of time earlier. In the bimary case the adder would

_be a modulo=2. adder, the storage device-would-be-a-£lip=flop, and ~— =~ —==— = =

the multiplier would be simply the presence or absence of a connection.
Using these elements a circuit can be constructed for multi=

plying any input polynomial,

a(X) = ag+a, X+ +,ak_1x +a X", (2,29)

by the fixed polynomial,

hX) = hy#hyX#eeesn X Ten X . (2.30)
The product is | | |
a(X)h(X) ;.aoho" (agh, +a h o)X
+(a h2+a1h1-l-a h, )x2+ -V_!-
+(ak 2h +ak 1 rel akhr 2 xk*r-Z
+Ga b sah X T lea n YT .
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 Again the storage elements initially contain zeros, The coefficients
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A circuit for performing this multiplication is shown in”Fig. 2.4k, The

storage elements are initially set to zero, and the coefficients of a(X)

are shifted in, high order first, and followed by r zeros, The product

coefficienté are developed in the shift register as will be evident from

the following discussion, The first symbol a, is shifted in resulting in
K+r

khr’ which is the coefficient of X ~. At this time the stor=-

age devices contain akho'akhl’...’akhr-l‘ When the next i-np“t' ak-l' 19

an output a

shifted in, the output is akhr-l*' K 1h s Which is the coefficient of
xk+r-1

. At this time the storage devices contain ak-lho kho-l-ak lhl,ﬂoe

ah The operation continues in this manner. After r shifts

Klra2 ¥ ey Pray

the term akhO +* ak 1h1 + ‘ak 2h2 + eee b ak-l-r-lhr-l + ak-r

put, which is the correct coefficient of xk.

hr appears at the out-

A linear finite-state switching eircuit can also be constructed

for dividing the polynomial d(X) = dod-dIX¢'§@=4-ann by the fixed

~ polynomial g(X) = go.-t- g1x+ "'-F*'err. It is shown in...'%'ig. 2,5.

of d(X) are shifted in, high order first. The output will be zero for
the first r shifts, and the £irst nonzero output is d;g '1, which is
the correct first quotient coefficient, The second quotient output

_ -1

n-l-dng ), which is also correct as can be verified

.,—"*

will be g_~-(d
by long division, For eich quotient coefficient qj, the polynomial
qjg(x) must be subtracted from the dividend. This operation is per=
formed by the feedback connections. After n shifts all quotient coeﬁfi-

cients have appeared at the output, and the remainder is left in the

. shift register,

"By combining the two circuits that have just been discussed %, o :3;

Ncant

R

a single shift register circuit that multiplies by h(X) and divides

Reatmentro i S
o
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" which the k coefflclents of X

fied by using the circuit of Fig. 2.6 to multiply £(X) by hX) =

30

by g(X) ié obtained. This cireuit is shown in Fig. 2.6. 1t is
ass'wed that the degree of h(X) is no greater than-the degree of
g(X)., This particular circuit will be used later in calculating
the syndrome for shortened ecyeclic burst-error-correcting codes.

By using a special case of Fig. 2.6,a shift-register encoder
for a cyclic code can be constructed. Assuming g(X) is the gene-
rator polynomial of the code and letting fO(X) be a polynemial in
n-1 xn-z"._,xn-k are arbitrary

information symbols and there are no terms of lesser degree, then

by (2.3)
Eo(x) = g(X)q(X) + c(X) , (2.32)
where r(X) has degree less than n=k, the degree of g(x); Since

£ (X) «r(X) = g(X)q(X) , (2.33)

it is evident that f (x)-r(x) is a code vector beeause it 1s ’

divisible by g(X). Also since r(x) has degree less than n-k, the

information symbols are in EO(X), and the parity check symbols are
in =-r(X). Thué, to generate.the check symbols for a code wo%ﬁ
only the remaindgr, r(X), after di#iding fo(x) by g(X), need bg
calculated. 'k ”

Since £, (X) = xn-kf(x) where £(X) is a polynomial of degree less
than k, the calculation of the remainder, r(X), of (2.33) is simpli-
mﬁ
and divide by g(X). The circuit for performing this operation is
shown in Fig. 2.7. Teo operate the encoder the k information symbols

are shifted in while simulfanaoualy transmitting them over the

‘communication channel. When all information symbols have entered

the register, the rewmainder is stored in:the“regiSter.. The feedback
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circuit is then disabled at the gate, and the remainder is shifted
out with the signs of the symbols being changed as they leave the
register. These are the check sywmbols., Since the circuit of Fig,
2.5 is also a division circuit, it could also be used as an enco-
der. However, since there is no automatic premultiplication by
Xn-k, the information symbols would have to be shifted in followed
by n-k zeros before the rémainder is available. This is a distinct
disadvantage;ﬁgpd the circuit of Fig. 2.7 isyggnerally used.

A cyclic éode may also be generated bﬁrusing a feedback shift
register of length k. First, ghe polynomiéé |

x"-1
g(xX)

= = s khl k . ]
h(X) = = ho + h1X+ + hk_lx g X (2.348)

is computed and the feedback connections are determined by the

coefficients ho, h ",vhk, according to the diagrag of Fig. 2.8.

1
If the contents of the registers are shifted left, the input to

k=1
PR -Z hjai-i-j ’ (2.35_)
j=0

or

e

| Z haa;, =0, by =1 . - (2.35)
j=o | \ -

Thus the output of this shift register encoder iz a solution of the

recurrence relation or difference equation (2,35). Since the solu-

tions generated are deperdent on the initial values in the k-:shift

\'registe: stages;'a total of-qk different solutions are obtained.

This is equal to the number of differert code words in a linear

code over GF(q) with k information symbols per code word. In a

FTICRCA
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ters for storing the multiplier and multiplicand. This method will

r  thh-m£niﬁ§1.p61ynomia1 M(X) = X

mV-registers are shifted and ..

J

quite lengthy p:oof Which will be omitted here, Peterson shows

that the solutions éf the recurrence relation (2,35) have period

n and are code words in the lipear code generated by g(X).7 The
operation of this encoder is simple., The k informat;on symhols

are stored initfally in the k storage devicés, and then the encoder
is shifted n times. The first k symbols coming out of the éncoder
are information symbols, and the last n-k symbols are parity check

symbols, This method is not used as frequently as the one shown

in Pig. 2.7, Generally codes with a high rate are desirable so that

(n=k) <k; therefore, the encoder of Fig, 2,7 is simpler, In both
methods of code.generation the higher-order symbols of a polynomial
are transmitted f£irst. This convehtioﬁ’will always be followed.

In several.decoding algorithms it is required to multiply'two
elements of GF(2 Y. A very useful technique for implementing this-

multiplication described by Berlekamps requires two m-stage regis-

be demonstrated by an example. Letting « denote an element of GFQ?’)

S+%2+1, the multiplicand, U, is

stored in the feedback shift register of Pig, 2.9 which is wired to

replace U by U£ with each left shift. The-multipiiéf, V; is stored-
in the regilter of Fig, 2,10 which may be shifted eycllcally to the
right, The prcduct, Z = UV, is accumulated in a register to which -

the Usregister may be addeuﬁE Tha procedure is slmple. IE,V =1,

0.

the Uw~register is added to the -Zeregister, Then both the U and
0
the U-register is added to the z~reg15ter.: After 2 total of four

shiftl the multipllcatlon‘is complete. Thie method is particularly

35

is examined again to determine whether




36

i e Vi s b e e




[P

37

b




[

R ]

-4

ﬂ—

L

e

vy o,

2

-

#

[\""»‘mﬂ .

Lrtrimen

38
useful gince the registers of Figs, 2,9 and 2,10 can be used for
storage as well as the multiplication proceas,
7
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CHAPTER II1 “
BOSE-CHAUDHURY ~HOCQUENGHEM GODES

The class of binary codes consldered in this chapter were
10

discovered by Boge and Ghaudhurig and independently by Hoequenghem™ .,

These codes were generaiizéﬁ“ta,GF(q) first by Reed and Solomon'!

for the special case n = q~1 and iater by Gorenstein and Zlerlert?
for other values of n, This class of codes is generally aonéidened
to be one of the best clasges of linear codes for the correction of
independent ervora on the diserete channel. In thils chapter the
encoding and decoding procedures for the binary Bose=Chaudhuri=-
Hoequenghem (BCH) codes and their nonbinary generaligations, the

Reed~Solomon (RS) codes, will be examined. Also, figures displaying

performance and implementation difficulty will be P‘*?@“F?ﬂmﬂ?k*“smm

-p;aéible comparisons with other coding neehuiguea;"

A. Encoding a BOH Code .

BOH codes will be defined iﬁﬁterma of the roots of the generator -

polynomial,

Pefinition 3.1; The BOH code with aymﬁoig grom GF(q)
conaista of all vectors F(X) over GF(q) for which |

mom4l m+de2
J4 O yeee 4 O

\"‘h

are roots of P(X) where m, ia“agy-inggggr and « ia
any elament of GF(qm). The length, n, of the dode

i8 the order of #, and the minimum distance of the

diﬂ is d. :

z\ \

&F
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checks. Since each m1(x> has at west degree my the code has at most

40
In thia definition GF(q) is called the symbol gleld, and GF(q™) is
called the locator field of théjBGH code. This code is cyeclic since
it is defined in terms of the ébota of its generator polynomial, and
it can be shown that the code has minlmum distance d.13
The most important BCH codea are the binary BCH codes generated
by letting « be a primitive element of GF(2m). m, = 1y, d = 2t +1,

and n = 2"<1, In this case F(X) is a code vector if and only if

ay oo, A1

~ are roots of P(X), and the code is capabla of correcting t erzers,

The generator polynomial of this code is

g(X) = LOM [mICXJ.ma(x)."'amat..f£§3] ! (3‘¥’

i

where mi(x) is the wminiwum polynomial of <" and LCM denotes the leasat

common multiple. The degree of g(X) is n=k, the number of parity

" wt parity checks, To fand the exact number of parity checks for a

 glven code, the degree of g(x)'muau be determined,

The procedure of desigring an encoder for 'a BOH code of a glven

length and error-correcting ability ia simpla. Knowing g{X)ithe code h

can herjmptamenEQd using the k=stage shift reglsisr of th;fﬁ.s or ' @
the (nek)=stage ahift negteteonﬂ Figs 2.4, | ) ii

The ﬁaad-&olaman codas may ﬁa deéinad simila:tya

Definition 3.2t The RS eagg_with symbbla from GF(q) | I
f'.-qanniﬂt; of all vectors F(X) over GE(Q) for which

_:",.‘2'.""6-1:.

-

at

asa'iooud“ag'vtx), and 4 Lo anjélemeng of GF(q). The s

o
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b
F length, n, of the code is the order of «, and the
3 Y minimum distance of the code is d. When « is primi=-
‘j tive, n # q =1, the largest posaible value.
i
[f Reed=Solomon codes are very gdod codes as is evident from the
t‘ following definition, i
i i | Definition 3.3: A maximum code of length n, and
| jg minlmm distance, d, has exactly the maximum poss 3.ble._
t | number of information symbols, k = (nﬂ. -d),
i % Forney shows that the RS codes are maximum code.m This is
; ? an important prapertﬁ.ainca 1€ d/n is held ebhstant and n—*®, the rate
-y |
g \ 11!@ % @ 1lim M'%_'.(l
e n ko n*® p
b | "1edm o, )
.; F. does not approach zere, This is aigniﬁieant hacause Peterson has
; fs | demonstvatad that the benary BOH codes sufifer from a defect of woat
f !} | non=random aedtng aahamea {n that if the ratio. d/n i held conetant
) % l} as n - ®, the rate approaches aena.ls jthough it ia generally
.'i conceded thatxﬁor n < 10,000 the binary BOH codes are still good,
] % for very large valuea of n they aua not awong ‘the beat endea. In
i 'ovaraomlng this deﬂecu by uslng RS codea a dinadvantagegta enuountatad

in that alnce n < q, the aiaa of the field must be $noreased aT no B _% ‘ t“%{
is increased.. From thia di@auaalon it is obvicus that the RS qodaa g

F ahould heauned.whnn thawrequltad lensth ia U< Qo U n» QOQt“e
[ s

BoH codel ave aattlﬁantory pwavldlng n is ot too large, e | %@;

e e = 2

t | “
¢ .
2
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A BCH code word can be represented by

n=1 _ "’
PO = ) RN L (3.3)
1=0

: m, m *+l -mbfd-z_
Since F(X) has roots « , « g *%0y A y the set of equa=

™~

tions

nel
| Z Fi_-&i‘“ =0, m SMEM
i=0

——
og oo, A

°+d32 o (3.4)

;i is satisfiled., Letting Zt 8 %1, i=0, 1, ***, n=1, be the locatoer

- for poaition i of the code wovd. a BCH code word satisflea the system -

Lt e

of equations

Nwl %
m - - P
Z Fizi & 0. mo S_m ﬂ_me_* d 2 . o (3. 5)

[ et

i

]
:
. ;
" . \l
- i . Ry A
. i=0 2T o
" R A

N . o

| 7 In thia:aegytdn three procedures for decoding a btﬁary BCHwnode ” : ?.;””
| lé S wi ba_invaé%ié;téd. A new method discovered by Barlekampls will |
L ‘ be 1ﬁvaa£tsaﬁ$§.ﬂt§l;‘atnue it ia in general more easily implemented
} than the other wethode. The second method to_ha-pnéﬁented_ﬁ@ an

W which was htatortqalty’tha ﬁtﬁaﬁ nethod-~

3 - . algorithm due to Peteraon

I8

Sy,

found for daaoéing=nﬂu cedee, The third method preadnted s a

l} : wodification of Peteraon's algorithm introduced by netlekamp.la

} - | Assuming that the Enannmltteg_btnany 3ﬂﬂ.eeda word is

v . 8 i i
sr o . . . . “ - l ) . e )

n P e ) Bxt e
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the received word is

R(X) = F(X) « B(X)

nel n=1
- $ i

- E: F X+ z: B X' . (3.7)
1=0 $=0

Since. the cede word has eﬂj, j =1y 2y s, 2t as roots

n=1

<-<3) =0+ z ni
i=0

z glasy 31, 2,---, 2t , (3.8)
k=1
where the error locators 21. 250 % Za-denota the positions éhiah
are in error. The error locator for the i'th position is &.i".

Decoding requires several steps. First, the parity checks, sj.

jR, 2, *y-2 - tmat. ba naloulated,- -Second,-the erver-locationg - =n- o v

81, 259 ---, 2. wet be’ detarmi.ned Et‘om the .ayatem of equat‘.tm\a

Z Bl 2 8g dnl2ynen2e X
k = 1 D
These equations whava aevaral gol-uti.one ,Ieotmaponding to diffavent
error patterni in the same oaaet The decoder at.tempta tn find a

solution with as aman a vama of & aa possible to mini.mi,aa t.he

; prohabi.uty oﬂ arror, | y ‘I‘him, the errers tust be eanreqted. In

deeodi.ng a KR eode the gecond atep presentd the majm: problems:
The firat step i.n daneding la to aaloulate hl\a parity aheahﬁ, |
sj' ja 1,3,---,3\#. Thia aaleulat;i.on ia ai.mpuetad by waing a o

airguﬁx'oe the form of Fige 2.4 to calaulate the rems;ndar,:e(j)(x).




!. when R(X) is divided by m j(JC), the minimum polynomial of a(J, g
) {
( =1, 2, ses, 2. Since the code word is a multiple of the minimum
' polynomial of Aj, i=1, 2, ***%, 2¢, !
’ s, = (Pedy | | (3.10)
- i
' Once the parity checks are found the error locations 21, Zyy "ty B ]
=
muct be found from the system of equations (3.9). Peterson's method
involves using watrix reduction methods in this step which becomes
qaite lengthy. Berlekamp's algorit;tim is of a recursive nature. ]
L Berlekamp's algorithm. To introduce 'Berlekam?":‘& ‘:al,j'g_ori.thm, the | i ‘
error locator polynomial | e ;
e e ”
i o = [ | (=20 =1+ Z cjxj 3D |
5 i=1 j=1 | :
l" is defined. The o's and the S's may be related by introducing the .. "*
generating function : ‘
- l . N ‘ |
| 8(X) = Z "'ijj . # (3,12) "= g o
3 | From (3,9) | - o §
. . . .
- sw = ) )] ;
- i=1 i= 1
e | -~ ) z 1-2.X ° S R 3axn
X . “ . i - 1 . } 5 -
- Multiplying both sides of this equation by o(X) o clear the fractions,
i : ' '

L

s
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e -
Z2.X
SO0 o(X) = Z - - [ (1 -2,
1-2.X L= ey
; | T
\
e
i' =y zx [ | a-zx . (3.18)
| L7 3 |
| i=1 jEi
; Adding o(X) to both sides of this equation gives
[
e [1+500] o) = otx) + Z z,X | [a-z0 . (3.15)
- If the right-hand side of this equation is represented by m(Xf, where
WD = oK) + sz [T a- 20, (3.16)
l o
then (3.15) becomes
(1450 ] o0 = wxr . | (3.27)
i.-””"'m " since the ‘decoder knows only the coefflclents qf the flrst 2t
. powers of X in S(X), it does not know S(X), bLt only S(X) mod X2 1
1- | The relévant equation is
. N 1 . 2t + 1 -
} [1e500] o0 = 6% moa x , (3.18)
Skl ' _ ' S
which Berlekamp calls the Key Equation, Both O(X) and w\X) must be %;
- deternined froﬂ»this equation given:S(X). The polynomxals G(X)
R and w(X) both have degrees S e, the number of errors Which aetually
4¥*f “ _ eceurred. In decoding b;nary BCH codes the polynomlal m(x) is of

w10 interest.

. S;f * Since solution of (3.18) as it st&nds'is difficult, the solu=-

tion is obtained in & recursive wanner by considering the sequence

A




of equations %,

(k) 1-

¥ 2 o (Fpoq X610, (3.1%)

(1+8)

p—— -

Then for each k = 0, 1, 2, ***, 2t polynomials W

o(k) _ z o, gt (3.20)

i
i

ot
£ 3

and

o ot
[P

L Z wi(k)xi - (3.21)

H | i i
f (

can be found, which are solutions of (3.19). The development of the

W .

algorithm for the solution of (3.19), which is quite lengthy, can
19

P $gpreen

be found 1.1 Berlekamp™ ~, and only the algorithr will be stated here.

—

Algorithm 3.1, Berlekamp's Algorithm for Solving the Key

Equation over any Field. Initially define 0‘(0) =1, ,'E(O)= 1

§
E S "-"(0) =le(0) 2.0, D(0). =0,B(O)§Q., Proceed. recurs Y oo

sively as follows. Define Al (k) as the coefficient of

xk"' 1 in ﬁne. product (1+8) cr('k), and let

J—

»

-
Vamrtned
S

S

Le+1) L G G0y ()

1 N

& e

- and;

]
7

w_(_k-vl) = ¢’.‘(k)\g\\_ AI(k)m,(f:k) .

" Recpermem]

(k)

(k) =0, D(K)

0; if D(x)>EEL; or if A

N
-

2

.-If i) 1

0: set

and B(k)

D(s+1)

.1;‘ {

B(k+1)

fc(kfl_) =x—rﬂ_‘), | o | . |

e

and




polynom:.al o(X) is obta:.necl.

ﬁ . | After this algorithm has been performed the error locator

It is evident £rom (3.11) t-hat the,
: N
[

s 7 )
i 1[ ; - l, |
e i ) )
/ jﬁ
/!
/
P

(
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[~
( But, 1f?§alck) $ 0, and either D(k) < 5% or nek) = £
[ , and B(k) = 1, set
£ ' i
£ .
D(k+1) = k+1-D(k) ,
[ B(k+1) = 1=BCk) ,
Ges1y | o,
! ®
3 Al !
and
B (k+1) _ m-ck) .
§ A ¢ A (k)
1
"-% , | /f?’"r"“
T In the binary case this algorithm can be simplified. - A
z Algorithm 3.2. Berlekamp's Simplified Algorithm for
i Binary Bcﬁkai?)’iies. In:.t ially define o( ) 1 and
" b
] | T@) = 1, Proceed reculrsi.ve'ly”éis £ollows, Def ine
" (1+8) (”. Let e
i
[ B D) 2Dy A () :
8 an‘d | (\,"
W e . '
i U arl” ‘ ‘
1 SJ xz_’v:(Zk) if Al(zk) = 0 or if deg o'(zk) )
[ @D |
- I | xe20 =
‘ - | - Xg T (21:) . (2k)
S : . 1 -
| ' P (2t)
e " The des ired error locator poil vnom:.al is G(X) (x). .
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roots of of(X) = O'are the reciprocals of the error locators

X = zi'l, i=1, 2, ***, e. The error locators could be found by

substituting all n locators d?, i=1, 2, ***y, n, into the equa=
tion o(X) = 0 and picking the locators which satisfy the equatioh.

This lengthy procedure can be avoided by using a method proposed

by Chien which will be called a Chien search.z0

The Chien searcher computes the polynomials o(«) = z: diﬂi,
i

o2y = I: o *21 oA L) = I? o 4? *++ in a systematic manner..

For th;s purpese it uses t registers. At the k'th step these

reg;sters contain the quantities oidF,_cbd?k, vee, qedpk. In the

next step the register containing c{&ik isﬁmuitiplied by 4;. These
L
Y
multiplications in GF(Zm) are performed simultaneously in a single
clock cycle byrapprépriate feedback connections to the registers

‘containing clxk, czogk, e, g -<tk. As an example, mltiplication

t
by the wired constant « in GF(Z“) with dﬁ = &*-1 may be accomplished

1 . : § o

'determxned by the relation « = «+1, There are similar circuits

for mnltipiication by d? d? ven, xt. At each step the contents

of the registers are added to see if they total unity. If this
happena at the k'th step, then 0(**) 0 and « ok is a reciprocal :
root of the error polynomial, A one is .then added to the erroneous i

digit at location X‘k, whieh-is now 1e&v1ng the buffer. Kblock

R

,,,,,

outlined now. A block diagram of the entire;decoder is shown in

Fig. 3. 3 The operation of each of the blocﬁs has been explained

in detazl except for the central Galois Field processor. This
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p-rocessoéi cons i;ts of one master arithmetic and control unitand
(t +1) separate slave units; as shown in Fig. 3.4. The slav;s are
identical, each containing five registers and having the facility
to add or multiply two of them together and accumulate the result in
its slave aceumulator. Identical control commands produced by the-
master control unit are sent to eacii slave. Each slave aé-éumulator
is connected to a master e_gglder' whose output is accessible to the

master.,

The central processor begins operation when the remainders

r(I)(X), r(a)(x)’ ...., r(2t -1)(X) are transferred out of the regis-
ters at the left of Fig. 3.3 and into the appropriate slave units, f,’ .

One of the registers is then set to the wired constant, -<k, and it

computes « (k) *rl(k) & 2k lr0(1:) “1(.1«). 'F+r2(k) 2o B e,

0 .

S

until it éccumu-lates the parity checks Sk=r(k)'(oik). This requ%res (m=1)

Galois field multiplications. With all ala:res working simultaneously

eyecles, and in a similar manner S can be

t+1? Spane 70 8

2t »1
computed in another (m=1) clock cyc_le-s'.' The contents of the slave
regifaters at this point are shown in Fig. 3.5,

Berlekamp's élgorithm can be implemented by using five columns

of registers, Columns one and two contain t-tjje' parity checks, column .

three contains ai('k), column four contains q,.-_i(k) ) énd column five
is the aceumu’l:‘ater_. The error locator polynomial can be found by

| é-n 1I?i's_te\p'p-rocedure.. Let k be one 'l'e.s-s than the number 'of ti.me._s at

- 1o The 8 columns are shifted upward twice. If k=0,

sat @ 21, £(©

=1 and continue, If k=0, coitinue.

e
Lot
ol
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2. Each siave computes the product of its second
and third registers a:ud places the result in
its fifth register.

3. The sum of all registers‘in the fifth column is

placed in the master accumulator. This sum is

(2k)
A .

4. The contents of the registers in the fourth column

are shifted upward once which corresponds to

muitiplication of T(zk) by X.

(210
Al

6. Each slave multiplies the conterits of its T-register

5. is placed in the master multiplier register.
- by the contents of the master multiplier register,
adds the result to the o-register and places this

result in the fifth column. After this step the

fifth column contains 0(2k4»2). . ;
| otherwise go to Step 8.
S _ N (2x) ., . as
. 8a The inverse of Al is computed and multiplied

by the o-column.: The result is plaéed in the T-
column.

9. The T-columr: is shifted upward once. It now con- g' ?

- tains T(Zk'ﬁz).

- 10. Transfetr o(2k4-22?from the fifth column to the

Eeensidh b

third column.
11. If k=(t -1);'read out the error locator polynomial

.F’(zt)(x_). If k+#(t~1) go back to Step 1 and

- g
e W-W««a—a
-3 i

increment k by 1.




¢
[
L

56

The contents of the slave registers at a typical sfage of the
algoriﬁhm are shown Fig. 3.6. As the contents of the top-most regis-
ters of tﬁe'first'tﬁo columns are shifted out they are placed En the
botﬁém register of the adjacent S column.

The buffer must hold the bits of the word being decoded as well
as the incoming bits of the next word. A buffer of. length at most
2n is needed assuming the decoder decodes at a nearly éonstant_rate,
as this one does, Both the di&isian registers at the input of the
central processor and the Chien searcher at the output of the central

processor must operate in synchronism with the buffer. Since the

-‘eentral processor does not have to be,gynehronized with the buffer,

in an actual decoder buffer requirements could be reduced by making
the central processor as fast as practieable. However, it will
be assumed that a ‘buffer of‘leﬁgth 2n is required.

In computing the decoding delay the basic unit of delay is the

time ‘fequired to perfor‘:ﬁ an addition or shift & register. This e e g

basie unit will be called a computation. The method inirodﬁeed in
Chapter II for ﬁﬁitiplyingtthe contents of two registers réquireél
m computations. Although using a Bartee and Schneider type ﬁulti-
plication unit WOulé.aecomplish this with one-computation,_i%"wquld
be costly_ﬁo put one of these units in eae@ slave.21 fhe maximnun
number of computations requi;gd in the execution of the algorithm
can now be determined. The most leﬁgth&'pro¢edure after the teét
of Step 7 is to perform both Step 8 and Step 9. An inverse ing

calculated in Step 8. By usiﬁg_a method given'in-Berlekamp this

requires 4m+ 1 eomputatien3422-“A tabulation of the number of
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computations. -/

computations required in the various steps of the algorithm is
now shown  in Table 3.1.

Table 3.1. Number of Computations Required in the
Individual Steps of the Berlekamp Decoding Procedure.

Step Number of Computations
' \ A
parity checks ‘ 2m(m-1)
1 o
2 mt
3 | t
4 t
5 t
6 t(m+1)
7 t
8 t(5m+1)
9 t
1w T T ;
Chien search n

As is indieatéﬁ in Table 3.1 each of the Steps 1 through 11 is
performed t times. The total numg%% of computitions required by
the Berlekamp algorithm is the sum of the numbér of computations
required in tge individual steps of the algorithm shown in Table
3.1. If the total number of eémpufatiqnslrequiggd is dénoﬁed |
pyENc, the Berlekamp%algorithm reqhires

Ny =nem-zme7meellt’  (3.22)

St
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In formulating a measure for decoder complexity the number o

of binary storage elements will be required. This number will be

. { v Lo _ ' :

used 'as a relativé«measqre in comparing different coding schemes, °
: 1

In general it will give a good indication of the amount of control

. o
circuitry required. ’

The remainders,r(j)(x), are caleulated using feedback shifﬁ»94?
i i

registers with at most m stages. At most t such registers are

required. The central processor has (t+ 1) slaves each containing
!

" five m-stage registers. The master unit coatains an accumulator

register of m stages, a multiplier register of m stages, and two

- registers for computing multiplicative inverses consisting of

(2m+ 3) stages. Thus, the central processor eontains approximately
(5mt+ 9m+ 3) binary storage elemz 8. The Chier searcher requires'

t m-stage registers. The number of buffer stages required is 2n,

Letting N represent the approximate number of binary storage

elements required in the decoder, a Berlekamp decoder requires

approximately

N_SD = 2n+7mt + %+ 3 (3.23)

binafj storage eléments. |

Peterson's _algorithm. The Peterson algorithm was the first algorithm
proposed for .decoding BCH codes, and in some cases it is the simplest
to implement. All 6perationé'in a Peterson decoder are perférﬁed

in GF(Zm)? the locator field. The decoder has a Galpis.fieid adder

and a Galois field multiplication unit of the type described by

'Bartee and Schneider for whichﬁa‘multipiication requires only one

computation., Decoding is accomplished in three steps:
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1. Finding the parity checks. % ’
2. Finding the error locator polynomial. - . ~
: -‘ 3, Performing the Chien search,
. Jf The receiQed wordl ;
AT . n
T | ROO = ) RXT (3.24)
B - i=1
- f is stored in an n-stage register. Tbe odd numbered parity checks,
. | n
t s = Z g Alr-3)
y j i S
i=1
g
4L e
= J s e
; = Z z) , jodd , (3.25) :
k=1
[ can be calculated by an iterative method util iéing the Galois
field arithmetic unit, i.e., i
L Sj = [( 1% +R2)a<- +R3] S +Ru ves (3.25) . -
‘ In this case the locator for position i is Zi =L l, because the
erenr locator polynomial will be defined differently. Since
£ o

. |. e 2 e . | ' _ | -
: “k=1 k=1 . | -

the =ven numbered parity checks can be calculated by SZj = (35)2-

‘To calculate each of the t odd parity checks, (n-1) multiplications

S ‘
: & and (n=-1) additions are neéeded, but to obtain the even numbered
o parity checks only (t -1) multiplications are needed. The total
i . o - : . A
. & number of computations required in Step 1 is then
§ £ ’
BRE

Il =
“
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wmust satisfy the équation

_ hvcsmrased

= - +* -
Nc1 2(n=1)t twl .
= 2tn=t=-1 . | g (3.28)

The parity checks are power=-sum symmetric functions and are

\\" « ; 1

relatéd to the elementary symmetric functions o, by Newton's identities:
' .

8,-9 =0,

—810'14'20'2 = 0 ’

83014-8202 3163'”*% =0,

Ss'su°1+s a, -S 03 310'4"50'5 =0,

. L] [ ] L] - L] L] - L] L] - - - L] Ld L] » L J

Sy

S

It i1s possible to solve thé;se, equations and obtain correct solutions
only when the number of equations used equals or exceeds by one the
number of errors that actually occur, Onece the elementary symmetrie

functions oi are found, the error locators may be found since they

(2, -X)(2, =X)(Z, =X) = g =g 1x+ 4 g -2 (0% . (2.30)

Since the locator field has characteristic two, addition and

subtraction are the same operation, and also 2¢, = g, + g, = 0,

2 2 2
'I-Lc_ru = 2:0u+2cu = 0, ete, Thus, the second of equations (3.29)
gives no information about o, while the fourth of equaiions (3.29)

gives no information a-béut'—a;q‘. it is obvious that in solving for
the 0,'s only the ©dd numbered equations of (3.29) skpuld be used.

The problem then becomes that of ISolving’.'the system of ‘equations

O s A e e St S S
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— Ay [ ol - ' - .1
[ g 10 0 0 o, s,
S 8 1 0 o a » » of . 8 ;
{ 2 21 = 3 (3.31) |
: Su S3 82 S1 1 Ge o «0 | . : j
- a & &8 &4 &8 8 9 & ¢ ¥ ¢ % B W P .
l e R I T 1 B N | S2¢a
I Peterson shows that if e<t the "u_'_.énk of the coefficient matrix is
| (e+1).23 This rank is determined by reducing the system to upper
l: triangular form as shown in Appendix A.
Assuming e < t_}aé'(efl) x (e+l) system of equations,
{ e / - - ~ - ol -
1 9'& 0+ * * 0 o | 8
1) (1), ., . '
f o 81 [ 2 S,
| o o s@... N : (3.32)
. 2
I; . » 2 - L ] - L ] - L) * ’.
l ) . %ol Y9e+1
| | o o o-0 g [ . BT
L e - ) - W . ".--'
is solved for the o (qé+1 will be zero), If e = t, the upper
N f R  trianguler t x t system of equations obtained from (3.31). is solved. - e §oi
" From Appendix A the maximum number of computations invelved in Step 2 ey
K ig
[ Ng, = 2e2458) (£=1) + £2 + (2t-1) (2m=2) + £(£=1) (2t ~1) /3
- = (4t+5) (t-1)t/2
N | T .
N ‘% The last step in the decoding algorithm is the Chien search. This .
. requires a total- of ) | I o e ﬁ;
Nog =0 R €

e

computations. Then the total number of computations required in decoding

a BCH code usingIthe_PeterSOn_algorithm is

b

piemm— )

Ll il LU L sk L
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v o bntut®e15e? wu3e e 12en e 2t -12me 6
c o 6 .

(3.35)

Again it is assumed that a buffer of lenéth 2n is needed. Other
storage registers which are needed are (2t -1) registers for the stor=-
age of the parity checks, t(t+ 1) storage registers for the application
of Gauss's Algerithm, and t registers for the Chien search, All of
these registers have m stages, Also needed are 2 m-stage registers
for the cr(2™ adder, and an n=-stage register to store the received
word while caleulating the.parity checks., The total nggber of binary

storage elements in a decoder:using Peterson's algorithm is

N =3n-+m(t2.+ut4-'1) . | (3.36)

SD

's modification of Peterson's algorithm. In decoding

a binary BCH code using the Peterson method the system of equatiens

(3.31) must be solved. This involves trlangularleng the determlnant ﬁ

"of coefficients which has order t. For 1arge t this step ean be

quite lengthy. Berlekamp has found a transformation which efféctively

_ halves the size of this matrix.2 Writing the system (3.31) as
3 s]. 1 @ . 0 .0.. - .0- ] B 1 ’
; : : ! ' | (3.37)
S | S ® o & @ ; . @ ..S :‘:: 62
2t "'1 2t 92 t _1 A .
L . - ]
) o.t

a set of new variables Rk is Lntroduced whlch are formed by con-

volving the sequence S Wlth a sequence Ak' i.e.,
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Rk = z ’Aj Sk_zj,.whe.re A0=So=1 ’
3
and | (3.38)
A-i. = S-i =0, 1>0 .
Now if to each equation of (3.37) A1 times the previous equation,
A2 times the equation before that, etc. are addéé; (3.37) is trans-
formed into
- ' - i . .
Rl 1 G 0 0- ¢ -0
: - [ ] L . o‘
-R3 R2 Rl 1 0 0 1
..!...‘I..-... 0-2 =0. (3-39)
CRypa Ropat t vttt Ry | e
|— ) - -
%
|_ i
The Aj can be chosen in such a way that-the'Rzi =0 for all 1 =20
 bysetting . ..
i i-1 )
j=o = j=0

Then gi&en that A0 = 1 the rest of the Ai are defined recursively by
(3.40).

Now with RZJ'- = 0, the system (3.39) can be_ separated into two
systems of equé_i;ions. | Letting/ [N represeht the greatest int_-eger
less than or g.q_ual to A and rA'I ‘:‘%}}repre_s-ent the l-éa,st intege? ;-;ﬂeate.:r_

than of equal to A, the last |t/2 [l equations from (3.39) become

- (3.41) while the first t = Lt/2_] equations become (3.42). Thus

y

Y :
b .
% :
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- - —— -
e & & & s ¢ % & p e = s 1
RZt-S- e & 2 & & 3 ® & @
G,
R R *» & 8 ® & 2 ;
2t-3 2t-5 o =0 #3.41)
o4
i Rye-1 Roe-3 Ropos .
o]
i 2 LF/2J_
and
= - = [~ -
_ 0'1 : R]. 0 0 De-n o0 1
os = R3 R1 0 D¢ « »0 | 9
* - . (3.42)
. R: e & © ® & & e tR .
_ 5 2t=-1 1- ! R

The upper~-right~hand corner element of the coefficient matrix of

3

for the even numbered o;, then (3.42) gives the odd nymbered o

(3.41) is‘R1 if t is even or R, if t is odd. Once (3.41) is solved

direetly; Berlekamp alzo shows that for all i = o, A, = 0. This

'property will reduce the number of calculations needed to perform

the tramsformation,

The parity check calculation and the Chién search are performed
in the same manner as they were using_Petérson's algorithm. in
using Berlekamp's transformation the only modification is in the
method for Solving for the error locator pglynomial from the parity
checks. There are four steps in this procedure:

1. Computing.Al, AB; F**,-Ar, where r is the greatest.odd

integér less than t/2.
2. Computing Riy Ry *o%y Ry, .-

3. Solving (3.41) for dé, Gs s eé_LF/gJ .

4, SOIVing‘ (3.42) fOI‘ 0:19.:0-39 i

e I Aoeis e

&
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In caleculating the Ai note that A, = 32’ A_ requires one

1 3

addition and one multiplication, A_ requires two additions and

5
two multiplications, etc, After some thought it is evident that
zalculation of Ar requires rf/ﬁ] additions and rt/G] multi-

plications. Thus, calculation of the Ai requires a total of

ftr6]

NC1 =142 E: k
k=1
=1+ [t/67] ([t/6]+ D) (3.43)
computations. Similarly, in calculating the Ri’ Rl = Sl’ R3 requires

one addition and one multiplication, R_ requires two additions and

5

two multiplications, ete. Thus, calculation of the Ri requires a

total of

=
1

te-l1
oo = 14'2§E: k
e e

14 (t-1)t (3.44)

c¢omputations. In the third step a matrix of order [F/QJ must be
triangularized., The maximum number of computations is required
when the rank of this matrix is Lt/ZJ » From Appendix A the number

of calculations~required is

_ allez2)y + 15l /2]y

N - 37¢ ;:/2.. )+ 2um(le/al) =12m+12 o o

C3

By examining the cases for t odd ard t even the number of equations

in (3.42), t-L}/2J s ¢an be written as

t- Lt/2-_‘ = LL;-']'-_] . | (3.46)

a0
A
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The last step requires solution of (3.42), which is straightforward

and requires a number of computations equal to

t+1 t4]
Lz_l |.2_"1

- A
NCQ—Z k"'Lk

k k

[t'*lJ t+1 ?t+1J,
: ( + 1) + £ .

_L3 |. 2 j L2 . _ (3.47)

The total number of computations required when using this
procedure is obtained by adding the number of computations required
in computing the parity checks and performing the Chien search to
the number of computations required in the four steps of solving for
the error locator polyndmial. The total nuinber of computations

required is

_ 6n+ 12tn+ 6t> —12¢ - 12m+ 24
Ne = G

t+1 . -
R 5_(|_ 2 _J)z-:- 6(ft/6)% + 6(;.1:/_6]) +L_»(Lt/2J)3
_ . - .

,sclesald? - 37¢Les2d) + oumcle/2))

5 . (3.48)

Again it will be assumed that a buffer of length 2n is needed.

Also needed are 2t registers for storage of the parity checks,

~ 1 . .
Ltl? J storage registers to store the Ai's, t registers for storage

of the R.'s, Lt/2J (Lt/gz+ 1) iégisters to solve {3.41), anéd t

registers for the Chien search. All of these registers have m
stages. Other registers needed are two m-stage registers for the
GF(2™ adder, and an n-stage register to store the received word

while calculating the parity checks. The total number of binary

67
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Appendix B. The output of the matched £ilter is quantized into two.

levels, i.e. thelgggeiver wmakes a hard decision as to which of the
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storage elements needed in this decoder is
Ngp = 3n+ 3ut + m(|t/2] )24 [t/2)m+ I»t,:'l-l.m+ 2m . (3.49)
In this ;ection threéﬁ§c?5mes for decoding binary BCH codes
were preéented s and the imp:iementation complexity of these schemes
was analyzed in éetail. For each scheme Nc, the nmﬂber of compu=-
tations required;“and NSD’ the numbep of binary storage eléments i
required, was determined. These qhantities will be useful in n %
making comparisons, ,
G. The Performance and Complexity of Impleegnting BCH Codes %
In this section the performance and implementation complexity of
some repreaentative BCH codes will be compared. Tie performance cbﬁpeti--' f
son will be made using a binary symmetrie-chanmei created from the
white-GauSSian-hoise channel. Also, the performance of coded and ;
- - 3

The signaling scheme for the white-Gaussian-noise ¢heunel is the

antipodal signaling scheme with matched-filter reception described in

twdﬁpossible meaééges was gsent. This comﬂinationgpf gignal generateér,
Gaussian channel, and matched filter can be modeled as a'binary symnetric
channel. The transition probability of this cliannel is given by (B,39),

which is repeated here as
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where ES is the received=signal energy per symbol and Ne is the single~

sided spectral density in watts/Hz. The transition probability p is

equal to the probability of bit error for transmission over this channel.

If an (n,k) ccde is used on this channel, only k of n symbols are

information symbols, and thus the received energy per information symbol is

B, = EES . (3.51)

The ratio Eb/N0 is a measure of the energy required by a signaling or
coding scheme to communicate an information bit. The purpose of using
coding is to achieve a given error probability at a smaller value of
Eb/No or to achieve a smaller error probability at a giveﬁ value of
Eb/No‘ -In calcﬁlating the_performance of a te-error-correcting BCH code,
(2.16) and (2.17) are used with (3.50) and (3.51) to compute Pw(e) as

a funetion of Eb/No"

From an energxﬁStandpaint block coding over a binary-symmetrie

—-channel created-from a White=Gaussian=noise channel is not" éff]_é]_ent L T

for low rates and high rates when the required error probability is

fairly low, say 10-10 < Pw(e.) < 1_.-0-3. The high rate codes are efficient

- for higher values of’Pw(e), and the low rate codes are efficient at

lower values of Rwie). The BCH codes which will be studiéd-havéumedium
rates, i.e., code§ with two rates, 1/2 and 2/3,ﬂare to be studied.
The parameters oé'these codes anditheir.etror—eorrectingjcapability t

are shown in Table 3.2,
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Table 3.2. BCH Codes to Be Investigated.

n 4 t

,ﬁ“‘f M.i
] .

7 L
| 15 o1
15 7

N e

: 31 21 3

31 16
{ = 63 45
L], 63 30
o 127 " 85
e 127 6l 10
255 171 11
255 131 18
_ | 511 340 20
; | 511 259 30

L~

[ }

o

) 1023 688 . 36

! 1023 513 56

% & The probability of error as a function of E-b/N0 for the rate 1/2

£_ o p-,andqEQEQWE/BTCQdeS,isTShdwn;inﬁEigs,@BTZﬂandfaf&furespeetive%w%;~Therﬂwm~**ﬂf*?***' : e

:fJff-"'prob_a.«bil ity shown is the word e;rr.é;r probability, which allows the most
g - general cem?ariéon. Also shown in these figures is the probability of

bi£ error for uncoded transmission over this chanhel as determined by BT

LA bl ilanl B s Sl

[ :  (3.50). Many times the data consists of characters of b pits.' The

iy

-, prabébility of a b-bit wokd being  correct with uncoded transﬁiSSion,is

AT I TRTAN e S TR AT e, i

CR(e) = Q1 P, | (3.52)

s where p is given by {3.50). Then théfprebability of word error for

uncoded transmission is ' . o

o

WA T

Pe) =1--p° . (38

l.am-ml 3

Since

| s

P 1-a-m® o @sm o

i
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““giiown in Figs. 3.7 and 3.8 is the (1023, 688) code in Fig. 3.8. At
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the use of coding actually results in a larger decrease in error proba-
biliﬁy than is indicated in Figs. 3.7 and 3.8, but in the interest of
generality the no coding curve deLermined by (3.50) is shown., If coding
is to be applied to a system whick uses Qharacters of a specific length;
then (3.53) should be used in the eomparisén.

Several observations can be made from Figs. 3.7 and 3.8. At high
values of the specified error probability a smaller value of lgb/N0 is
required for no coding than with coded rystems. At sufficiently small
values of the specified error probability a smaller value of Eb/No.is
required by the coded system than by the uncoded system. Since the
probability §f error of the coded system decreases faster as a function
of Eb/N0 than that of the uncoded system, the coding gain increases as
the specified ﬁrobability of error is decreased. A comparison of Figs.
3.7 and 3.8 reveals that neithe: rate is better than the other for all

block lengths. The code which exhibits the best péerformance of those

a Speeiﬁied errér prebab;;ity-of 10-5 an uncoded system requires
E_N_ = 9.6 dB,while a system using the (1023, 688) code requires
Eb/N0 = 5.3 dB for a codﬁﬁg_gaim of 4.3 dB, -Hewever,reVen.at this long
block length Shannon's limit (Eb/N§ = =l.6 dB) detefmined by the channel
capacity is not clesely appreaehed.zs V@ﬁe reason for this is that by -
quantizing the output of the matched filter into just two ieVEis;muéh
information is lost which results in a degfadation'of.1.0'to.2.0 dB.
Another reason is that thE'iong_block length BGH.@odeé are not very 
good. since for a fixed rate t/n *> 0 as n =* %, -

in comparing two codes Wiﬁh the‘same block length, the code with.

the higher rate will be easicr to implement since its error-correction

i
|k
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by the other two decoders. At a block length of 1023 there is more than

‘This quantit§ increases with n for the other two deeodérs, At a bléck

-iength of 1023 both Peterson decoders must have logic which is 100 to
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capability is less., Thus, since the rate 1/2 and rate 2/3 codes exhibit
approximately the same performaﬁce, only the complexity of implementing
the rate 2/3 BCH codes will be examined in detail. Also, the encoder
for the rate 2/3 codes will be simpler if the encoder of Fig. 2.7 is

used. In this case an encoder consisting of

NSE = n-k (3.55)

shift-register stages will be required,

The number of computations required in"décoding these BCH codes
as given by (3.22), (3.35), and (3,48) for the three decoders is shown
in Fig. 3.9 as a function of block length. Thé number of computations

required by the Berlekamp deceder is much less than the number required

an order of magnitude difference and the gap widéens with increasing n.

This measure gives an indication of the total decoding delay. An indi-

‘T:eatianwof—%hewgpeedfadvantageTrequire&1of:the“decodéf:is*givaﬁ“by'fﬁé“T“““””””“‘ N )

. 4
number of computaticas per decoded infermation bit which is shown in : Ry

Fig. 3.16. Note that for n>127 the number of computations per decoded

information bit decreases with increasing n for the Berlekamp decoder.

200 times as fast as the incOmingfinformation rate, while the Berlekamp

decoder must have logic which operates only five to six times as fast.

The number of binary storage elements required by these decoders as given 7 _
by (3.22), (3.36), and (3.49) is shown in Fig. 3.11 as a function of n.

For long block lengths the Berlekamp __.d_ecédér requires the fewest storage

s

elements. For small values of n the Peterson decoders require fewer

storage elements, but the difference is small.

0o
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At first glance it would seem that the Berlekamp decoder should ;
almost always be used. However, there are simplifications which make :
the Peterson decoder more attractive in some cases. For small t the ;
system of equations (3.31) can be solved and the necessary determinants
evaluated before the decoder is designed, making the Gauss-Jordan
reduction unnecessary. With slightly larger t the same technique can
be used with the decoder employing Berlekamp's modification of Peterson's _ ;
algorithm by solving the system (3.41) before the decoder is designed.
For large values of t, say t>10, the Berlekamp decoder is the most

attractive to implement. i
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CHAPTER 1V

OPTIMUM CODES FOR THE GAUSSIAN CHANNEL

In this chaptef communication over the white-Gaussian-noise channel
will be considered. Block codes will be used with each code word con-
taining k informéfion bits. Decoding is.accomplished by an optimum
receiver (a correlation receiver). Since a correlation receiver is used,
the best signaling strategy is to select code words which are as mutually
uncorrelated as possible, Sewveral codes which have low crosscorrelation
between code words will be discussed including orthogonal, bi~orthogonal,

simplex, and bi-simplex codes.

A. Generation and Decoding of Optimum Codes for the Gaussian Channel

In selecting a waveform to communicate k information bits over the

Gaussian channel, a code wotdriémﬁirst_gepepgyed_byian_gncodgrg The n

symbols of thée c¢ode word detérmine the components of an n~dimensional ;
signal vecfor according to the mapping 0 > -1, and 1 = 1. The trénSmitted
waveform is synthesized from a set n 0§Lhogonal waveforms and the com=-
ponents of the signal vector according éo (B.20). 1In this case the ortho-
gonal waveforms are taken to be n time translates of afsingle Lasic
waveform, so(t), and the components of.the signal veétorgéfg either +1

or =1, If T is the time it takes to send each code word, the set of
orthogonal waveforms 1s {sc(t -jT/n)} y Jj = O, 1, '“',‘ n=l. The trans-

mitted signal has the form

o

S(e) = % g, (1) 5, (e - T/0) & ceetg (222 @

AR
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where the sign of each of the n terms is determined by the corresponding
code word symbol.

Since a correlation receiver is used, it is obvious that the lowest

probability of error is achieved by making the code words as mutually

uncorrelated as possible. In searching for codes which have low normalized

crosscorrelation coefficients, p, between code words, the definition

. number of agreements ; number of disagreements , (4.2)

where n is the number of binary symbols per code word , will be used,
Codes with small ¢ can be constructed from Hadamard matrices, where a
Hadamard matrix is a matrix in which each row is orthogohal to every

other row. These matrices can be constructed from the recursion relation

Acat A1
S N I
Ak—l Ak-l

{ 0 0 ]
A = "
1 L0 J. J =

and KLLI is obtained from A by replacing each O with a 1 and each 1

k-1
with a O,

Orthogonal codes have p = 0 for all crosscorrelations between cede -
words. An‘orth@gonai'eode with k information symbols per code word is
constructed by using the rows of Aﬁ'as code words, The lgngth of the
code werd is ﬁ= Zk. |

Bi-orthogonal codes can be constructed by taking a set of orthogonal

code words and adding to each word its compiement. Each bi-orthogonal

code word will then have zerd correlation with every qtﬁér code word
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except its complement with which it has a correlation of ~l. This code.
has an advantage over an orthogonal code in that one~half as many
symbola per code word are required, leading to a reduction in required
bandwidth of one-half (for orthogonal codes n==2k while for bi-orthogonal
codes n= Zk—l) .

In a Hadaiard matrix generated by (4,.3) the first column contains
all zeros, A simplex code may be constructed from a Hadamard matrix by
deleting this eolumﬁ and taking the code words to be the rows of the
resultipg matrix., A simplex code haé n= (2k-1) and a crosscerrelation
coefficient among all possible pairs ofpcoﬂe words equal to'—1/(2k§1).

, ;Since it can be shoﬁn that this is the minimum attainable erosscorrelétion
. coefficient between 2k sequences, simplex codes are 6ptﬁmmm.26 For large
k the crosscorrelation coefficient is not much less than zere, and in this
case these codes will have essentially the same perﬁormanee as orthogonal

codes. *

A bi-simplex code is constructed in a manner analogous to the cone
struction of a bi=orthogonal code by taking a set of simplex code words
and.adding to it the complement of each word. Again a:reduction in
required bandwidth of approximately one-~half is obtained since for a

kil_I.

bi-gsimplex code which.hAB 2k code words, n=2
The codes discussed above are all readily implemented using the
k—stage shift-register encoder illustrated iﬁ-Fig. 2.5. However, the
Eeedback connections must bé such that a:maximum-length‘sequgnce, i.e.;
n={2k-l, is generated. Sucﬁ a seqﬁence is generated if ?h.(}f) = (xP1) /200
is a primitive polynomial, i.e., all the roots of h(X) are primitive |
elements of GF(2*), An exeelleng‘discussien-of-maximum-length shift

registers and their applications may be found iﬁ'Golomb-27"

- .
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A simplex code may be generated by loading the k information bits
into the stages of a maximum«~length shift register and then shiffing
the register Zk-l times. The bi-simplex code is generated if the first
bit is used to determine whether the complemented or uncomplemented out-
put of the register is used. The last k-l information bits are loaded

into a (k-1)-stage maximum-length shift register, and it is shifted
Zk-l-l times. An orthogonai code can be generated by loading the k
information bits into a ‘k-stage maximum-length shift register, shifting
it Zk-l times, and adding a zero as the last bit. To.generate a bi-
orthogonal code the first bit i:¢ transmitted immediately; and the others
are loaded into a (k-1)-stage maximum~length shift register. The regis-
ter is thén shifted 2k'1~1 times with the complemented output being taken

if the first digit was a zero. Generation of these codes is very simple

since it takes at most a ke-stage shift register.,

B, Probability eof Errer =

In this section expressions for.the word error prob&bility“of orthqe
gonal and bi-orthogonal codes will be determined. Also ctrves displaying
Pw(e) vS. Eb/No.for the Grthogonal codes will be given.

In calculating the error probability for an @rﬁhogonal code,'theﬁ
code words are treated as a set of.m;=2k‘equa1-energy ofthogonél sign;i

vectors. If each signal vector has energygEs,

(> o)

S.+5. =f Si-(ti)sj.(t)dt z E_O,

s°1j

1 J

=00

a
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The unit vector along the j'th coordinate axis apd the direction of s-j

are represented by E;j"' i.e.,

- —_—- .
%3 " VE, ¢jﬂ J=0y1,00,M-1 . (4.6)

The received vector is denoted by r. Since

|;—_§-j|2 = |;|2+"|;j|2"”-*-?F' (\!E_S .55)
= 'r_|2+Es-2rj \/_ﬁ;,rj=-;-$j . w.7)

the optimum decision rule, which is to set # = m, if and only if

|- = Yo
ir-s. <‘;r-sj , all j+1i, (4.8)
reduces to
;> o all j#i . (4.9)
1f % ia. transmitted
By =no+\fEs, Y M. . 1 S
and

Wozeneraft and Jacobs show that if the additive noise is a zero=mean
white-Gaussian process with spectral demsity NC)/Z9 the {_nj } s J=0,

1, ¢+, M=l, are zero-mean Gaussian random variables with zero covariance A

and equal variance, F = N0/2.28 “Then

| [P(n1 < éo]hffl . (4.12)

The last equality follows from the fact that the {nj,} are statis‘ti.calljr

independent and identically distributed.
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Since
' P(ro) = P(no), ny=ry=JyE, , (4.13)
- then P(elmo) is given by
- m .l k.
* - = ‘ = ( - ‘ ;
f P(c mo) = f P(c:imo,r0 Q()P'r.ﬁ!, ‘o<)da<
: 4
- o 3
. f p(«= B) [P(n, <« | "ax
- 00
o M1 :
= f p(£= E)d< f p(p)dp ., (4,14)
-0 - 00
- where
H 1 2
7" C(4.15)
p(A) = == . 4.15
[ \l “NG .
- By symmetry . . -
- ' = . = " [
Pcim,) = Plelm) = B.(c) . (4.16)
N Equation (4.14) can be expressed in a slightly different form by making
w the changes of variable z = 5\/-2/1\10 and u = (o('-ES)\_-/ ?/No and by replacing:
- }E:s by -kEb, where E, is the received energy per information bit. Then
: - 1/2
" s [ ur AR G2 (2¢a
- P_(c) = j e dqu f T S 42 (4.17)
& - 0o J 27 e \fr;“_ '
‘ and the probability of word error is
¥ . . =1s 3 - ,.J . 4.. 8
Pw(e) 1=+ Pw(c) _ (4.18)
§
1
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The word error probability for bi-orthogonal codes can be calculated

in the same manner. The set of M = 2k bi-orthogonal code words is formed

from a set of gk=1

orthogonal code words and their complements. Thus
only Zk-l correlators are needed assuming that the sign of the output
can be determined. The optimum decision rule is to select the correla-
tor whose output has the greatest absolute value and determine its sign.
The correct code word is selected if and only if the absolute value of
the output of its correlator is greater than the absolute values of the

outputs of all other correlators and it has the correct sign.

~Assuming that s, is transmitted, the received vector is cleser to

0.
;6 than to -gb if and only if
£, 20 . (4.19)
In_addition, the received vector is cleser to ;6 than to EE if and only if
Ty > Ty 1=1,2,00,04/2)-1. | (4.20) |

0

0 than to -5; if and only if

Ty > ~Tgs 121,200, 0/2)1. , 4,21)

0

Given that gb is transmitted and that

ry = no-,l--_ﬁ; = £>0 , | (4.22)

the conditional probability of a correct decision is

-! - = = P( =~ « -.olo-"-- 7 '
P(eimy,rg= <>0) = P(~d<n; <&yeeemhangy oy o <=

[P(—‘-A <n; <)

] (M/2) -1

s

=[ f p(ﬁ)dﬁ](mﬂ)'l' \ (4.23)

" o
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where
() 1 -azm° (4,24)
P = —— - .
;’ﬂN
- o]
| Then
© « (M/2) =1
P(clmo) =f p-(o(-‘_rés)d-( f,p(ﬁ)dﬂ . (4.25)
0 -« ,

Again, by symmetry, B (e) = P(c%mo). Making the changes of variable
. o PR '
= (4u-Es) JZ/NO and z = 8 2/N°,‘then

L 1/2
o _ u+(2kE /N ) .
eﬁuz/z Eb ° e-zz/Z o 2k-1-1
P..(c) = m——— dy | e dz (4,.26)
w \f .2“ . e 2 v 2" i 2
~(2xB, /)12 -u-(zlg-gb/no)l’ ' LT
and

Viterbi has calculated the bit error probabxlzty for orthegonal and
bi-orthogonal cedes.zg For this discussion it sufflces to point out
that for orthogonal and bi-orthogonal codes the bit error probability

is approximately related to the word error probability by

_ L | |
Pe) = FB(e) . (4.28)

The expenential.behavi;r of.thé e?ror probahility for Qrthegéﬁél
sxgnallng can be derived by appropr;ately bounding (4. 18)._ It is |
conven;e1t to use normalxaed units in presentxng these results.

'Blnary antipodal signaling w;th a correlation detector is assumed. The

L

code consists of M = code words each of duration T seconds; and the
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. [Z signaling rate is R nats per second. In this case the units of rate

are defined to be nats instead of bits. Conversions can be made from

-y
!
PO

‘the reliationships

.

1 nat log2 e bits = 1.4 bits

»
-
v

il

(4.29)

1 bit 0.69 nats

In 2 nats

B e T SR XY SR

Then

RS ¢

5
™
—t
L]
=
%

-
n
'
I

3 , (4.30)

o
where M = ek . The channel capacity for this channmel is

) ]
C = =% pats/sec (4.31) 1

N
o}

ey

where Pav is the average transmitter signal power in watts and NO is the

- single-sided noise spectral density in watts/Hz.

L S e e, RN

In terms of Eb/No, the signal energy-to-noise ratio per information

" bit, C and be expressed as -

po gy pemny oy

?: C = EE logz . -
5 No T -
%r - _ Eb _k* , .

The normalized rate can now be defined as

e hosge ST VTR
'Lm" 5

. _R_1n2
‘_r'k = wm D S ,
- G E'b/mo

(4.33)

—

and the normalized length can be défined as

e By .

E”';;J h Lsn.f“‘-‘ s ]

n* = TC =

By boundiné (4.18) and using the normalized units, the error probability

2l

=
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is bounded by
Pw(e) < exp [-n*e(r*)] ’ (4.35)
where
((1/2-1%), 0sr* <1/ ,
e(r+) = ¢ (4.36)

\(1 -.,/;;‘)2, 14<r¥gl

The probability of error approaches zero exponentially with increasing
n* for all normalized rates in the range 0<r*<1, since e(r*) is posi~-
tive over that range. The quaniity, e(r*), determines the exponential
behagior of the error prebability and is called the error exponent.

The probability of word and bit errors for orthogonal and bi-orthogonal
codes has been tabulated@ for a wide range of values of k and Eb/No. In

Fig. 4.1 the probability of word error as a function of Eb/N0 is shown

for k = 2 through k = 8 for bi-orthogonal cedes. The performance of

bi";éfthégéha_l codes is slightly better than that of orthogonal codes,

but the difference is very small. For both types of codes PB(e)==Pw(e)/2.

C. Complexity of Implémentation

',IgAw;s.indigated previously that correlation detection will be used,
In this Qégiien a digital implementation scheme is presented, and its
complexity is examined, During the j'th bit period, 1< j<n, the trans-
mitted gignal is # éo(t-jﬁ%-T) depending upon whether the transmitted

bit is a one or a zero. In performing the correlation of the received

waveform, r(t), with the i'th message, si(t),_ the form of the result is

PP




ey T =

[RESE.

ot

I ey e }

Word Error Probability, Pw(e)
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Energy~to=Noise Ratio,.Eb/No4KdB)

Fig. 4.1, Performance of Bi=orthogonal Codes, 3:
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T T n
f r(t)si(t)dt =[ r(t) Z *s()(t--";l'i T)dt
0 - 0 j=1
T/n
= ¢f r(t)s(’)(t)dt*-"
0
T .
. n-1 .
* r(t)so(t--;- T)dt . (4,37)
5
n

n

This process is simplified by multiplying r(t) by Z so(t -J;—I T) and
j=1
integrating over each subinterval of duration T/n. The integrator

output is converted to digital form at the end of each subinterval.
Since the signs are determined by the code for Si(t)’ the output of the
analog-to-digital conversion for the j'th subinterval is either added
to or subtracted from the i'th accumulator depending upon whether the

. (1)

j'th symbol of the code word x is "1" or "0", Finally, at the end of

.t_'t{e n th' éubihterval the numbers in the M accumulators are compared, and

the largest is selected as the most probeiﬁle transmitted code word., A
block diagram of this decoding scheme is shown in Fig. 4.2,

The a-ppfdach described above requires quite a bit of hardware. By
using a serial approach, equipment complexity can be reduced considerably

at the cost of a longer decoding delay. This consists of stering the n

‘quantized outputs of the integrator for the n subintervals of each code

word. The additions and subtractions are then done for each word serially,
and the comparison is made with the previous maximum correlation value.

A block diagram of this implementation is shown in Fig, 4.3. While

correlations are performed on one received word, another word is being

PP

P el
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plete, decoding requires a total of . .

of 12 » 2* binary storage elements. The code word generator contains k

93

received, Thus, a buffer with a two word capacity is needed. Also,

two accumulators are needed, one to store the latest correlation value
and one to store thelprevious maximym correlation, The number of stages'
in these registers is k plus the number of bits in the quantized output
of the intégrator.

It is shown in Wozencraft and Jacobs that if the signal-to<noise
ratio is small enough so that binary signaling is efficient, then two-
level quantization of the integrator output results in a performance
degradation of about 2 dB while thrée-level quantization results in a
degradation of about 1 dB.32 .This indicates that- the quantization does
not have to be very fine te obtain a negligible performance degradation.
It will be assumed that the integrator output has been quantized to six
bits (64 levels), This will result in negligible performauce degradation,

The following estimates of decoding delav are derived with the

G-

assumption that decoding begins after the outputs of the integrator are . }
stored in the buffer. To decode an orthogonal cede, n = ok additions & 1
for each code word are required, and there are M = 2* code words. Also, g )

a comparisoh must be made for each code word. Assuming that an addition

and a comparison require approximately the same Iength of time to com=

N, = 4%

o + 2 .,'\,2;;‘. ‘. ‘ (4. 38)

computations.
;p'estimating the equipment complexity, the buffer contains two regis-

ters each consisting of aixipérallel registers of ¥ stages for a total

stages and must be fed by a counter with k stages. Also two accuiilators

with k+ 6 stages and a data register of k stages are neededu  Thus, the




rmﬁiii_hévé“appréiiﬁatelywthe&game complexity as the decoder for an ortho-

9

number of binary storage elements required in the decoder is approximately

_ a, ok*2 '
NSD-S 2”7 "+5k+12 . (4.39)

The number of binary storage elements required in the encoder is

For a bi-orthogonal code the decoder complexity is reduced somewhat.

k-1

Since n = 2 s only Zkhl additions per correlation need to be made, and

since only one correlation for both a code word and its complement need

to be made, a total of M/2 =‘2k-1

k=1

correlations must be made, Thus, a

kel

total of 4 additions are needed. Since M/2 = 2 comparisons are

also needed, decoding requires approximately

N, =4 ~+2 (4.41)

computations. Also, since n = 2k—1, the total number of binary storage
elements required in the buffer is 12 « Zk'l. The rest of the decoder

gonal code. Thus, the total number of binary storage elements required
is approximately

Ngp = 3 - *teskerz , (b.42)

The number of binary storage elements required in the encoder is

The number of computaticns teqﬁiréd'to decode orthogonal and bi- :
orthogonal codes is shown in Fig. 4.4 as a function of the number of

information bits per code word, The number of computations required

in decoding a bi-orthogdnai code is'approximately Oneif0ufth that re-

quired in decoding an orthogonal code with the same number of information
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bits per code word. In Fig. 4.5 the number of computations per decoded
information bit is shown as a function of the number of information bits
per code word for orthogonal and bi-orthogonal codes. The number of
binary storage elements required in the two decoders is shown in Fig.

4,6 as a function of the number of information bits per code word. In
this case the number of storage elements required in decoding a bi=-
orthogonal is approximately one-half the number required in decoding

an orthogonal code with the same number of informatien bits per code
word, In all three figures the measures of complexity increase expo=
nentially with k. From Fig, 4.1 it is seen that for large k only a small
increase in performance is obtained by inereasing k by one. Since
increasing k by one more than doubles decoder complexity, a practical
upper limit on k or nine is obtained.. For example, using a bi~-orthogonal
code with k = 9 requires that the decoder logic have a speed advantage -

of approximately 7,000 ovet the received data rate,

I T S
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. ‘
THRESHOLD DECODING
l Threshold decoding is a technique introduced by Massey by which

AR

decoding is accomplished by a majority count of the parity check bits

r ]
~ i asgociated with a given information bit.?3 This method is easily

implemented, but it can be applied only fo codes with special properties.

In this chapter the threshold decoding procedure will be described.

M

Also, the performance of some block cedes which can be threshold decoded

L RPN |

AR A AT
L -

will be presented, and their complexity of implementation will’be evalu=-

ated,

A+. The Threshold Decoding Procedure

1 *é All of the definitions and theorems in this section are due to
+ T Massey.> Two decoding procedures are presented. Majority decoding
; - is an easilf inplemented procedure, but a=posteriori=probability decoding
é' :i is a somewhat more complicated decoding scheme which utilizes channel
L statistics. |
i} | Majority decoding. Code words are‘reprgsenteé by netuples of the

form (£1, Eyy % fn)' where each £, is an element of GF(q). It is

o—y &
N __..—-a-..j

assumed that the code is in aystematic form, i.e.,

ﬁ - . k

fj = Z ejifi’..\\j‘gk+1.k+2,.u-,.n ’ | (5.,1)
i=1

where fl’ fz, "°; fk are information symbols, fk*l"

check symbols, and the c,, are elemente of GF(q) determined by the

) fh are parity

parity check matrix of the code. Since the channel adds a noise vector
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(el, egy % en) to the transmitted vector (fl, Eys *o0y fn), the

received vector (rl, Tpy *°°y rn) is determined by
‘ri = fi"'ei’ i=1,2,°°',l‘l . . (5.2)

Defining the parity checks,

k "
Sj = Z.cji.ri-rj’ J=ktl,k+2,000,n , (5.3)
i=1

and using (5.1) and (5.2),
k

Sj = Z ejiei-ej’ j=k+?1‘k+2,°", n (5.4)
i=1

which is a set of n=k linear equations in the n unknowns {ei} « How~

ever, the set of composite parity checks,

n

are more convenient for decoding purposes. From (5.4) and (5.5),

n k

A = z bij[ z cjhe-h-ej] . | (5.6)

jek+l “h=1

This equation way also be written as

n.
Ai = Z aijej s . i (5.7)
j=1 S
where o n . |
. ) h=k#l
agy® | |
; ‘bij! jE kel k+2ye0s,n (5.8)
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The majority decoding procedure is a technique of determining the
neise digits, ej, j=1, 2, ***, n. If the noise digit, ej, is included
in the equation for the parity check, Ai.’ it is said that ej is checked

by Ai.'

Definition %.1. A set of J cowposite parity checks is called

' ' orthogona’ on e if e, is checked by each member of the set,
but no wther noise digit is checked by more than one member

of the set. Thus, all J equations are affected by €n? but no

. other noise digit affects more than one equation,

- o ;
{ Theorem 5.1, .1f [:3/2‘] or fewer of the iej} that are 1

. P ,
v l— checked by a set of J parity checks iAi} orthogonal on e

are nonzero (i.e., there are LJ/2__| or fewer errors in the
s corresponding received symbols), then e, is given correctly

as that value of GF(q) which is assured by the greatest

fraction of the iAi} . (If no value is assumed by a strict

plurality of the {Ai} » and O is one of the several values

v S with most occurrences, the value e =0 is usged.)

The key to the proof of Theorem 5.1 is recognition that if |972) or

- _ fewer errors occur, then at most [J/2_| of the J parity checks are

affected; and therefore at least ['J/z'l- of the parity checks give the
i - correct value of e . The technique described in this theorem is called

wa jority decoding.

B A T N e i - e L Loty L

[1 For the binary case Theorem 5.1 reduces to the following theorem.

'
¥

| ? 'Jk'* Theorem 5.2. Given a set {Ai} of J patity checks ortho- k ;
e | |

gonal on e’ then the majority decoding rule is to choose
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i e, = 1 if and only if the sum of the Ai (as real numbers)

exceeds the threshold value ;J/é] .

Majority decoding is easily implemented once a set of orthogonal
\ parity checks is found. However, a useful set of orthogonal parity

checks can be found only for codes with special properties.

A-posteriori-probability decoding. Majority decoding is somewhat

} inefficient since it does not utilize the channel statistics. A-

_ posteriori-probability decoding (APP decoding) is a technique which

li utilizes additional channel information. {
E!

f Theorem 5.3. Given a set '{Ai} of J parity checks ortho-

gonal on e and that the noise seqQuence is additive with

e I aaEe e v e e

[j digit=-to-digit independence, then the decoding rule based

on {Ai} which determines en with the least average proba=-

bility of error is to choose e to be that value V of GF(q)

JrIoe {Jf» Bt sk b e

“for which
J
log [P(em=V)] + ) log [P(Ai em-"-V)] |
i=1

TR VPR S MU ¥ V1 SR B SO

is a maximum.

‘“ It is evident from Theorem 5.3 that the better performance of an

l—' APP decodef will be paid for with increased equipuent complexity. The {
performance of aﬁ APP decoding scheme is not easily evaluated since it o !

lﬁ _ must be caleculated by system simulatian;

i “An APP decoding algorithm suitable for use Qn thiz Gaussian channel

[ has been given by Mas-sey.as .If the set {Ai} of J parity checks is

1 = 1 is chosen when

i' {~ orthogonal on ey then e
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J
T w. A. > T. (5.9)
S, il

i=1

Otherwise, ey = 0 is chosen. The threshold T is

J
T =i Z w. (5.10)
2 i
i=0

The weights, Wos have a complicated form. Corresponding to the set

r b
- H \ - =
{Ai} » @ new set of equations icij is defined by

c, = Edij’ i=1,2,°",7 , | (5.11)

n
j=1

where if ej, j ¥ 1, is incladed in the parity check Ai’ then

a;; = -ln [1 -21;(ej=1)] . (5.12)

and

4,
ij

The weights are defined from the {Ci} by

w, =2 1In i[coth(cixz)] | (5.14)
and -~

wo = 2 1n [cotn(cy/2)] ., (5.15)
where.r

G, = -In {1 —2P(€-=1=1)] . (5.16)

A block diagraw of the decoder needed to impiement the APP decoding

— -~

algorithm for the Gaussian channel is shown in Fig. 5.1. The integrate-~

and~duwp filter has two outputs. The polarity of the output of the

“ filter provides an initial estimate of the received digit, and this

= 0, otherwise . (5.13)
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binary output is shifted into the data and syndrome registers. The
level of the output'is.ﬁsed to calculate the probability of this initial
estimate being in arfér. Also, when an error is corrected, the syndrome
is modified to remo?e tl.e effect of the error. Three types of feé&h

back are used with the dii’

1. Soft'feedback. As bits are corrected the dij are not
changed but are simply circulated in the register.
2, Hard decision feedback. After a bit is decoded its
error probability is set to zero, hence the corres-
ponding dij is zero. This causes some:difﬁiculty
near the end of each decoded block because the weights
anproach infinity. By assigning a low error probability
to each decoded bit this difficulty can be overcoite, |
3, Full APP feedback, After cach bit is decoded the |
-bit error probability.after decoding is fed-back L

5

compute its dij'

B. Threshold~Decodable Codes.

As mentioned before, only codes with special properties are thres-
ﬁold decd%able. Since threshold decoding 1é so easily implemented,
éhere is much interest in finding codes which:are threshold decodable;
In dbscribing the required properties of*arthrésﬁdiﬁ decodable code,

the ollowing definition is helpful.

Dafinifion 5.2} A h}pck.(n!k) ean be'completegyforfho-
- gonalized ie del pa;ity checks orthogonal on"each ej,
j=1, 2y ***, k, can be £ormed where d 1s the minimum

distance of the code.




e, can be formed, then d-l parity checks orthogonal on e2 can be formed.

A similar argument can be made for es,eu9 ,ek E 1t 15 not evident

106
It is easily seen from Theorem 5.1 that if majority decoding is used
with a code that can be completely orthogonalized and if there are no
more than [gglj errors, each of the noise digits corresponding to the k
information digits will be correctly evaluated, The k information digits
are determined from (5.2)., If the parity check digits are needed, they
can be obtained through the encoding process of (5.1).

Cyclic codes which can be completely orthogonaliéed have particu-
larly simple threshold decoding cireyits. The simple decoding circuits
result from the propebty that a cyclic code can be completely ortho=
gonalized if and only if d«~l1 parity checks orthogonal on e, can be formed.
This follows from the basic property of a cyﬁlic code that any cyclic
shift of a code word is another cadé word, .Then the parity checks on e,

must be of the same form as the partty-checks on e, with all indices

1
increased cyclically by one. Thus, if d-1 parity checks orthogonal on

at this point how this property will make implementation easler, it will ]

be evident later when implementation is discussed in greater defail. | B
Complefe;orthogonalization is generally not possible, However; for

some codes it is possible to perform a generalized orthogonal ization proe

ceduzz called L-step artﬁogona112at£on.. In this procedure star;ing with

the original set of parity checks cerrespon&ing to the parity cﬁénk ma -

trix H, sets of at least d=l parity éheeks orthogpna1 on selected sumg

of“noise.blts corresponding to the infowqgttoh~b1ta'are formed, Assuming

these sums Qre known (using th;éshold deéoding to-estimate eacﬁ sum) and

treating them as additional partty checks, hhey ean be combtned with the

original parity checks to Eorm a set of parity chccks corresponding to a

parity check matrix H(l). Stmilarly (%Qfﬂan be transformed into “(2)
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Finally, at the L'th step a matrix H(L)

is produced from which d-~1 parity
checks orthogonal on e, ean be obtained., If this can be done for all
ej, j=1,2,°++,k, the code can be L-step orthogonalized, Thus, complete
orthogonalization is equivalent to one~step orthogonalization. Although
a code can be threshold décoded if it can be L-step orthogonalized, this
does not mean the decoder will be simple. For large L the decoder will
be unreason&bly complex., For codes which correct few errors but which
cannot be otrthngonalized in a small numbér of steps, an algebraic de-
coding algorithm will be simpler to implement, Only codes will be con-
sidered which can be orthogonalized in a small number of steps.

Attempts have been made to f£ind classes of codes which can be

easily threshold decoded, Weldon's differences=set cyclic ¢ 'es are come

pletely orthogonalized.36 Rudolph's projective=geometry codes can be

orthogonalized in a small pumber of ateps.37 The class of codes to

be studied here is Weldon’s non-primitive ReeddMuller codes which containa %

both the difference-set codes and the projective-geomatry codes as
subclaases.ss The performance oﬂ_some of the better codes of this
class will be ekamihed, and meaaureé of the implementation éomplexity
will be given. u

Because the complete treatment of non-primitlve Reed=-Muller codea

- 18 quite lengthy and based on projective geometry, which has not been

‘Introduced, the codes will just be defined. and some of their pfoperties

given, Derivations of all properties given here may belfdund in Waldon..39
Pefinition 5.3, If the number v is represented in the form

T W |
v s b0+b12 * oee +xbm_12 | ’ _ ‘ (5.17) :

~where b, denotes o binary digit, then the weight of v ¢

N i
%Miﬂ is given by

B,

)
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me=1l
wiv) = Z b, (5.18)
i=0

where real addition is performed in (5,18),

- » A cyclic code is called non-primitive if every root of the generator
) : polynomial is a power of a given non-primitive element B of GF(2m).

The length, n, of this type of code is the order of B and must divide

2™ .1, Letting

r= -'-—’-. ’ | (5019>

Lo ¥ P v

then

oM
ne L . _ (5,20)

- e
E p 1-'.

r

Now the non=primitive Reed-Muller codes ean be defined, and some

g

of thelr properties can be stated.

Definiﬁian 5.4, The cyclic'([2m-1]/r,k) code whose gene=

rator polynomial centains all roots 4“1 -sueih that wirtl) sv

. ;,’J‘Jﬂ *’"1‘*%**.\*“-'“1
o

will be referred to as the v'th-order non-pfimitive Reed= - :

ﬂ;.%m,
f—

R N o S

e

The c¢odes which have -
i 33 N . f
- . {?‘ 8 ' :

fﬁbv some integer s have special propevtiea.' Only these codes will be

L]

=
-
%

gt o R B P P T v

; L e = :ﬂ
& discussed. 1In this case, sinee

: - | ' ‘ m_. - o : _
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In this cage the decoder is pavtieularly simple as shown in Fig. 5.2,
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m/s is an integer which will be denoted by z+1l, Then

A8(2Z=1)

ns=25%42 P A S (5,23)

The basic properties of the non=primitive Reed=Muller codes are summarized

in the following theorem,

Theorem 5.4, The v'th order non-primitive Reed=Muller
codes for which r = 2° have the following parameters:

™ ml

naz"-l'

number of i-ntegera':n less than 2" =1
k = which are divisible by 2% =1 whose
welght exceeds v, | ‘
and | - ,/
ap 2%Ma 2Bl iig®yg :
where h = v/s, The generator polyﬁamial of such a code
contains as roots every pover of < whose expoment has
weight v or less and is divisible by 2% a1,
Theae codes may be (z=h) -sytep orthogonalized where z = [-3- -1, Some codes

of this class with parameters of interest are shown in Table 5.1,

The cadea" in Table 5.1 with za=h = 1 can be completaly orthogonal ized.

When a word is received the D=P aw:l.tch 1s placed in the D position, and
the k-symbol data sequence i{s shifted simultanecously inte the syndrome
and data reglaters, After the data sequence is in the registevs the
switch is thrown to position P and the ‘(n--k)-agmbo_l parity check sequence
is ahi;ff:{séd into the ayndrome register forming t";t;a syndrome. At th:i.a |

po!.nt sinee the data register containa tha syndvoma. decoding can be

started. The out.put of the majority gat-.e equals the additive inverse
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Table 5.1, Non=Primitive Reed=Muller Qodes.
n k d 8 h ™ 2 2=h

21 11 6 2 1 6 2 1
73 45 10 3 1 8 2 1
85 68 6 2 1 8 3 2
85 24 22 2 2 & 31
272 191 18 4 1 12 2 1
WL 35 6 2 1 10 4 3
3l 185 22 2 2 10 4 2
s85 520 16 3 1 12 3 2
585 184 74 3 2 12 3 1
1057 813 3 5 1 15 2 1
1365 328 6 2 1 12 5 &4
1965 1063 22 2 2 12 § 3
1365 483 86 2 3 12 5 2
4161 431 66 6 1 2 1

18

of the noigse digit which was added to firat data digit., To. aorrect the

_ firat daua aymbol, the output of the majerity gate is.aimply addad 0

the received aymbol., As explained previcusly, due to the eycl;u ‘nature
of the code all errors in the received data symbola can be corrected

by repeating this process k timea. Performanee can be improved alightly
at virtually ne aoat by addins ‘the dotted connection and the adder -
indiqgted. By doing thia the effecta of corrected errors are vemovad
fvom:;he syndrome. Addition of this eannanttonrwill dilaw oaaneqttan
dﬂfmany error patierna whta& would not be corrected without the

connaction,
l\\\

0. Performance and Complexity of Implementatien

“The oompldxtty'aﬁ a maagr&uyéiasia decoder for codes which are
: - iy : : : ‘\\

a@ﬁpletely.oéthognnaxtathe\can ba eatimated in a straightforward ﬁ%ggég,
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Two syndrome regilsters and two data registers are used for buffering
purpesea. While one is being used. to decode a particular word, the
other will be receiving the next incoming word. Only one majority gate
{5 needed. Bach ayndrome reglster has (n=k) ahi!g-ragiatér stages -
wﬁile each data reglater has k stages. Thus, the decoder requires a_._

total of

Nsp

» 2n _ (5.2“)
binary storage slements. The decoder also requires one majority gate

with
My = de=) (5.28)

inputa, The inputa to the majority gate are elther direotly Btom*%ﬁé
syndrome regiaster or from modulo-2 adders ﬁheae inputa are from the éﬁﬁ&roma

register. The number of computations raqutf@d to execute the decoding

Ng "X, T (5.26)

This is extremely advantageoua because data raiaa q@ the same order of
magnitude as the decoder clock cycle can be used. | Thuu, high data
rates arﬁ*paaiibla. Since the codes are ayelic either of the encodera
of thu.43.7 and 2,8 can be used, The encoder contalna a total of
{ h gkﬁ tl-h ]
Ngg "9 - )

' ‘:“-k.:k’“rk ) : (5.27)

binary stovage alemants., Thase EOur mgatuwao of tmplamnntation aempleniny

have been evaluated for the codes of Table 5.1 which can be eampleteay

aruheuonnlluod and aAve tnbulatad in Tnblq 5424
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Table 5.,2. Measures of Implementation Complexity
for the Codes of Table 5.1 Which Can be
Completely Orthogonalized.

n k N Mi N N

sh C SE

2N 1 42 5 1 10
73 45 146 9 45 28
85 2y 170 21 24 2
273 191 546 17 191 82
585 184 1170 73 184 184
1057 813 2114 33 813 244
4161 3431 8322 65 3131 730

The codes in Table 5,1 with (z-h) >1 can be (z2=h)=step orthogona=-
lized. In this case the majority gates form a tree with (a-h)'leve_ls.
The form of this decoder ias shown in Fig. 5.3. In the majority-gate-
tree each of the majority gates has as ita input the outputs of (d-1)
majority gates from the lavel directly above it. Thus, the total number

of majority gates needed is

. a_éh-l

M= 2: (d -1.)‘-1 v (5.28)
j = 0
and each majority gate haa
y M’I = d=1 (8.29)

inputs. The operation of thia -decoger ia similar to the one of Fig. 5.1
which was pt.‘e,v_ibualy describeds Two syndrome and data regiaters will
be ugei.” Thus, the decoder requives a total of

Ngp = 20 E (5.30)

i
\i. ‘/

binary storage elewenta. A3 before the number of cowputations required

to exegute the dacoding procedure is

Ng =k o (5.31)
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These five measures of implementational complexity for the vodes of
Table 5.1 which can be orthogonalized in wmore than one step are tabu-

lated in Table 5.3.

Table 5.3, Measures of Implementation Complexity for the
Codes of Table 5.1 That Are Orthogonalized
in More than One Step.

n k z =h NSE M MT NSD NC
85 63 2 17 6 5 170 68
341 315 3 26 31 5 682 315 __
. 3431 195 2 46 22 21 682 195
}\ 585 520 2 65 10 9 1170 520 f
1365 1328 4 37 156 5 2730 1328
1365 1036 3. 3C2 463 21 2730 1036
1365 483 2 483 86 85 2730 483
I In making relative comparisons between majority=logic decoding and
l decoding methods that have been introduced previously, the majority- ?
logiz decoder will appear to be more complex than it actually is. Pre- %
- {f" e ~~vious algorithms have beenr quite complicafé&g and hence would teduife - :
exteansive control circuitry. Implementing the majority-logic decoding
[ algorithm requires only shifting of sh_i.ftﬁ. registers which obviously will

result in very little control circuitry.

This complexity of an APP decoder is much greater than that of a

majority decoderx ;‘.ffl The data and syndrome registers and the logic required S

to compute the orthogonal parity checks {Ai} are the same tor both

1 decoders. However, the APP decoder must have an intagrate-and-dump"
l E o filtar that has a finely guantized output and a table for relating the
quantized output to the {dijj\ . VAlSo, the set {dij } must be stored

[" " in a register, and logic for cowputing the {Ai} 1s required. Other

elements required are a threshold element with a variable thieshold,




Wi iy

1i6

an analog adder, J analog rultipliers, and J nonlinear elements which
have an output y = 2 1n [coth (x/2)] in response to an inpuft x, The
complexity of this scheme will not be discussed further because its
performance cannot be evaluated except by simulation.

The performance of the codes of Table 5.1 owver the Gaussian channel
when decoded by majority~logic decocding can be calculated from (2,16),
(2.17), (3.50), and (3,51). Only five of the codes of Table 5.1 have
medium rates which make thew efficient for use over a binary symmetric
channel created from a white-Gaussian-noise channel. The word error
probability as a function of Eb/NO is shown in Fig. 5.4 for these codes.
The small number of useful codes is the main disadvantage of this class
of easily implemented codes. It has been observed in simulations thuat
a l to 2 dB advantage can be gained by using an APP decoding algorithm

rather than a majority decoding algorithm.LLO Of course, this better

performance is paid for with an increase in decoder complexity.




Word Error Probability, Pw(e)

117

10_1:‘“\ss~ \\\\ .
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\ - (21,11)
(273,191))
(1057,813)
(73,45)
-7 4161,3431
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Energy-to=Noise Ratio, Eb/No

Fig., 5.4, Performance of Non-Primitive Reecd~Muller Codes.
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CHAPTER VI

CONCATENATED CODES

-~

Recently, Forney introduced the concept of concatenation, i.e.,
coding is accomplished in two or more stages..l‘tl The use of two codes
with moderate block lengths results ir a code with a very long over=-all
block length for which the probabilicy of error on memoryless channels
decreases exponentially with block length., By using two stages of coding,
the decoding operation can be performed by two deccders suitable for
much shorter codes. Although a certain loss in efficiency occurs with
concatenation, coding schemes with very long over-all block lengths

can be decoded with a decoder of reasonable complexity.

~A. The Process of Concatenation

If a block code of length N and rate R (nats) is used on a discrete,
memoryless channel with J inputs and J outputs, the encoder will choose
one of eNR messages for each block of data., Since the channel input
alphabet is J, the total number of possible input sequences of length
N is JN. The maximum rate is In J, and the rate of a code is therefore

bounded by

R<R =1lnJ . (6.1)
~max

If the dimensionless rate r is defined as

R

R
max

r = ) (6.2)

the number of code words in the code¢ can be written as

eNR - eNrRmax = JrN (6.3)
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For such a scheme the decoder attempts to choose Lhe correct transmitted
message and deliver it to the user, Ewven though coding has been used
to eliminate errors, some errors will inevitably occur. The encoder-
channel~-decoder combination thus could be viewed as a discrete memory-
T s NR , NR . L
less channel with e inputs and e ocutputs. It is then possible to
design a block code of length n and dimensionless rate r for this discrete
. NR .

memoryless channel which has e inputs.

The process of concatenation is illustrated in Fig. 6.1. In terms
of the original channel, two levels of coding are used which lead to an

nNrR

over=all block length of Nl = nN with e code words, The over=-all

rate is then R1 = rR (nats). The two codes are called the inner code
and the outer code. The combination of inner coder-channel~-inner
decoder can be renamed a discrete memoryless superchannel., Similarly,
the outer coder-inner coder combination can be .alled a supercoder, and
the inner decoder-~outer decoder combination can be called a superdecpder.
By using concatenation, the decoding problem is much simplified since

the two decoders are designed to decode codes of much shorter block

length than Nl = nN.

B. Coding Theorem for Concatenation

In this section the coding theorem for concatenation proved by Forney
will be discussed. From this theorem it will be clear that a loss in
efficiency results from concatenation.
In proving the coding theorem, Fornmey regarded the superchanmel
as a discrete memoryless channel to which the coding theorem for discrete ?

memoryless channels could be applied to determine the error exponent.

There is a problem, though, because the superchannel is not completely
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specified, since the transition probabilities are not available. He
eluded this problem by determining the error exponents for the worst
and best superchannels which then lead to the positive and negative
statements of the coding theorem.

The theorem is proved by using the true error exponent, E(R), of
the inner code, which is defined as follows. If for any N and R the
best inner code is defined to be that code for which the average proba=-
bility of rror p is least, then for R fixed the true error exponent

is defined as

E(R) = 1im sup Zl%.R , (6.4)
N —co

where for each N the p 1s that for the best code, The resulting coding
theorem given below expresses the error exponents of the over-all con=-
catenation scheme in terms of the true error exponent of the inner

code.

Coding Theorem. There exists a concatenation scheme with
over=-all length N1 = nN and over-all rate R1 = rR such that

the probability of error is bounded by

Pw(e) < exp [-NlECL(Rl)J . (6.5)
The exponent ECL(Rl) is a lower bound to the true error expo-
nent for the over-all concatenation schewme, and it can be

caleulated from the true error exponent of the inner code,

E(R), by

(6.6)

E(R) + min E(R),R} ]
2 -

ECL(Rl) = max (1-r) [
rR =R

1




R )

bk ol iatint L, . iz PR
; . . . ) . .

[f=—~eF 1Y

)

T e
PR

1 b

122

An upper bound to the true error exponent for the concatena-

tion scheme can be calculated by

EG(Rl) = max (1-r)E(R) . (6.7)

In determining the error exponents of (6.6) and (6,7) a maximiza-~
tion is indicated. For a given over-all rate Rl’ the maximization is
accomplished by varying the inner code rate R and the ocuter code rate

r subject to the constraint rR = R An example will serve to illus=-

1.
trate the procedure. First, EC(Rl) will be constructed. For a fixed

inner code rate R, EC(RI) is a linear function of R Then

1.
EC(O) = ER), r = R, =0

and

EC(R) =0, r=1orR =R .,

If the straight lines of EC(Rl) are plotted for all values of R, the
exponent is the convex curve which is the upper envelope of the family
of straight lines. In Fig. 6.2., E(R) is plotted for the binary symmetric
channel with p = 0.01 along with the construction of EC(Rl). The expo-
nent E, (R;) is also a linear function which equals [E(R)4-min [E(R),R]] /2
at Rl = 0 and zero at R1 = R. Obviously, EC(Rl) = EhL(Rl) for E(R) <R,
The exponents E(R), EC(Rl)’ and ECL(Rl) for the BSC with p = 0.01 are
illustrated in Fig. 6.3. "

For the Gaussian channel the true error exponent of the inner

code is given by (4.36) using normalized units, In this case the maxi-

mizations indicated by (6.6) and (6.7) can be performed amalytically

by using a Lagrange multiplier resulting in
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Exponent

0 0.2 0.0 0.6 0.8 1.0
Rate

Fig., 6.3. E(R), E (R.), and E. (R ) for the Binary
aymnetrlc &hannel Wl%h p = 0,01.
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(J1/2 -\[?1)2, 0Osr, <1/8 ,

e (r,) = (6.8)
¢ 1 1/3.3
(1-r )T, 1/8<r. <1 |,
\ 1 -1~
and
J”(l/u-r]), 0<r, =1/8
eGL(rl) = s (6.9)
(1~-r, )7, 1/8gr, 21 .

The exponents of (4.36), (6.8), and (6.9) are plotted in Fig. 6.4.

1t is obvious from Figs. 6.3 and 6.4 that the error exponent re=-
sulting from concatenation is smaller than that of the original channel.
This decrease in the exponents is actually a loss in efficiency where

the efficiency is defined as

T(R) = (6.10)

The efficiency then is a measure of the increase in over-~all length
needed with concatenated codes over that of unconcatenated codes. For

an efficiency of 0.1 the concatenated code must be ten times longer than
the unconcatenated code to achieve the same probability of error. Forney

shows that as R—C, m(R) >0, However, he also shows that if R, =G(1l-g),

1
the dropoff in efficiency as R=C is only linearly with € so the effi-
ciency slowly goes to zero. The reduced efficiency of using concatena-
ted codes requires the use of a longer over-all block length, but even so
the decoding problem is in general much easier since two decoders suit-
able for decoding much shorter codes can be used.

The coding theorem which has been given 1is merely an existence
It states that a coding scheme exists which will attain the

theorem.

performance of (6.5), but it does not give such a coding scheme. Forney
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showed that the choices of Reed-Solomon codes as outer codes is a good
one since they are maximum codes., In particular, he showed that in
using RS codes as outer codes with errors-only decoding (the RS decoder

performs error correction only) the error exponent EC(Rl)/Z is attained.

C. Decoding Reed~Solomon Codes

The Reed-Solomon codes were defined in Definition 3.2. They are
closely related to the HCH codes. In this section two methods will be
discussed for performing errors~only decoding of RS codes., The first
method is a generalization of Peterson’'s method for decoding BCH cod.s
due to Gorenstein and Zierler.u3 The second method is due to Berlekamp
and uses Algorithm 3.1.”4

Gorenstein and Zierler’' ¢ algorithm. In implementing the Gorenstein

and Zierler algorithm the parity checks are first calculated by the
iterative method of (3.26). Since a Bartee and Schneider type arithne-
tic unit is used, calculation of the 2t parity checks requires a total

of

2(n=-1)t + t

=]
"

C1
2tn -t (6.,11)

il

computations. In the nonbinary case (3.8) becomes
e
Sj = Z Ykzi, J=1,2,%020,2¢ (6.12)
k=1 '

where Y, is the error value at position 2 The decoder must find a

k k*

solution with as small a value of e as possible., The elementary symme-

tric functions as defined by (3.30) are related to the parity checks

by the system of equations i
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S1 82 S3- . -St O£ St+1
Sy, Sy m v a1 Si42

= . (6.13)

(¥ ]
.
.

L] - o - L - L - * 0-1 S_2t

3 St- n & & * @ » .SZt_l |

From Appendix A it is seen that the solution of this system requires

a maximum of

o = ut3-+15t2-37ta-2umt-33m4-12
ey, 6

(6.14)

computations. After the oi's are fourd the error locators may be de-

termined by using a Chien search which requires a total of

NC3 = n (6.15)

computations,
Once the error locators are found, they are substituted into the

system (6,12) which is now written as

z, Zy o+ -3 Y, 8,
2
Z12 2, s 2 ? ¥, 5,
e . =1 . (6.16)
e e 2 - -
B2 Z, | i v
L & _ . e |

To get the powers of the error locators needed in the coefficient ma-

trix of (6.16) requires at most

= L =
NCLL tgt_l) (6.17)

computations. Solution of the system (6,16) requires at most ch compu-

tations. Once the error values are found, they may be corrected as the

word is shifted out of the buffer. A total of NC3 = n computations are

required for this step. The total number of computations required in
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f decoding an RS code with the Gorenstein and Zierler algorithm is

Ny = Ngp * 2Ngy + 28oq + Ny, (6.18)

or

N = 6n + 6nt + 41:3 + 18t2 ~U3t+ 24mt =12m+ 12
C - 3. L]

(6.19)

Again a buffer length of 2n is assumed. Other storage registers

+ Taei kbl

needed are 2t registers for the storage of the parity checks, t(t+l)
registers for the solution of (6.16), (t+l) registers for the Chien

searcher, and t registers for the storage of the error values., Each of

these registers has m stages. An n-~stage register is also needed for

storing the received word while calculat'ng the parity checks. Finally

gy

2 m-stage registers are needed for the arithmetic unit. The total

number of binary storage elements needed is

NSD = 3nm + 2t2m+ 6tm+ 2m . (6.,20)

B A ]

Berlekamp's_algorithm. In decoding an RS code using Berlekamp's

Ferdaliadial,

algorithm a procedure similar to that for the binary BCH code is

followed. The remainders and parity checks are calculated, the Key

SRR 1

Equation is solved using Algorithm 3,1, and a Chien search is performed.

L i

At this point the error locations but not the error values are known,
The final step is to solve for the error values and perform the necessary
error correction,

From (3.16), w(X) is defined as

PR e

e

olX) = o(X) + Z zix] [(1 -zjx) . (6.21)
: i=1 j#i '

FPrr=wee

1 -1
i

If the error locations are known, then w(X) can be evaluated at X=12

A
t

?‘ obtaining
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<1, _ -1
m(zi ) = Yil l (1--2:jZi ) . (6.22)
jF i '
Thus, the error may be evaluated as

-]_)

m(Zi
1 ﬂ(l -zizi"l)

j¥i

Z.(deg oﬁw -1

z. ™

i i
zi‘l—[(zi wzj)

j¥ i

(6.23)

The degree of w(X) is equal to the degree of o(X), If the reciprocal
polyncmial w(X) is defined by

< s (6.24)
then (6,24) becomes
?‘J(zi)
YT 7.7 (Z.=-2.) * (6,25)
1 ! i 7]
j¥ i

An implementation of this error-correcting procedure in conjunction with
the Chien searcher is shown in Fig, 6.5.

The implementation of Aigorithm 3.1 for the solution of the Key
Equation is more complicated than the implementation of Algorithm 3,2,
which was explained in Chapter 1III, For the RS codes GF(Zm) is both

the symbol field and the locator field. The remainders r(l)

(2) (2t-1)
I r

x), Fa
(X), *e=, (X), are computed with t m-stage shift registers.
However, these are GF(2™) shift registers, so each stage consists of m
binary shift-register stages in parallel. The central processor will

be more complicated since eight columns of registers will be needed in-

stead of five as before., The parity checks are computed in the same

manner as described in Chapter 111, The contents of the slave registers
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after the parity checks have been computed are illustrated in Fig. 6.6,
The labeling of the columns of register  1s also shown. The over=-all
design of the central processor is the . ame as illustrated in Fig. 3.4
for the binary BCH decoder.
The following procedure can be used for solving the Key Equation
by Berlekamp's algorithm., The number k is one less than the number
of times at Step 1.
1. The S columns are shifted upward once, If k = 0, set
0'(0)=l, "::(O) =1, w(O)'-“l, Y(O) =0, D(0) =0, B(O) =0,
and continue. If k#¥0, continue.
2, Each slave computes the product of its second and third

columns and stores the results in the seveath column.

3. The sum of all registers in the seventh column is
(k)
1 L

4, Both the fourth and sixth columns are shifted upward

placed in the master accumulator. This sum is A

once. This corresponds to multiplication by X.

(k)
1

6. Multiply the contents of the fourth column by the

5. Place A in the master multiplier register.

contents of the master multiplier register, add

these results to the third column, and store the

results in the seventh column. The seventh column

. (k+1)

now contalms < -

7. Multiply the contents of the sixth column by the
contents of the master multiplier register, add

these results to the fifth column, and store the

results in the eighth column. The eighth column now

(k+1)

contains
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: +
8., 1If L\.l(k) = 0; if D(k)>li;—1-; or if Al(k) £0, D(K) =52—1-

and B(k) =0, go to Step 9. If not, go to Step 10.
9, Set D(k+1) =D(k), B(k+1l) =B(k). Already the calcu-

+
(k 1)==X1k Y(k+1)==XY(k) have been made

lations T and
by shifting these columns upward once. Go to Step 1l.

10. Set D(k+1) =k+1-D(k), B(k+l) =1-B(k). The contents
of the third column are multiplied by the contents of
the master multiplier register, and the results are
placed in the fourth column. The contents of the
fifth column are multiplied by the contents of the
master multiplier register, and the results are placed
in the sixth column.

11. The contents of the seventh and eighth columns are
transferred to the third and fifth columns, respec-
tively., 1If k<2t, increment k by one and go back
to Step 1. If k=2t, read out the error locator

polynomial oﬁ2t)(x).

Following this implementation procedure, step-by-step estimation
of the number of computations required in the execution of the a;goritﬁm
will not be difficult. The parity checks are calculated from the remain-
ders in the same manner as they were in Chapter III for the binary BCH
codes. It will be assumed that the result of the test of Step 8 directs
the decoder to Step 10, since this is the most lengthy procedure, The
error=correction procedure implemented as in Fig. 6.5 requires n shifts

of a shift register in addition to the calculations needed for calcu=-

lating the error values. Calculating EKZi) will require at most (2t-1)
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multiplications.and t additions. Computing the denominator of (6.25)

requires at most (t-1) additions and (t-1) multiplications. Of course,
to complete the calculation of (6,25) the denominator must be inverted
and multiplied by the numerator. This requires 5mt+l computations. At
most t such error values must be computed. 1In Table 6.1 the number of
computations required in the various steps of decoding an RS code with

this algoritiam are listed.

Table 6.1. Number of Computations Required in Each Step
of Decoding an RS Code by Berlekamp's Algorithm.
Steps Number of Computaiions
parity checks 2m{m=-1)
2t
2mt.
2t
2t
2t
2(m+1)t
2(m+1)¢t
2t
L4mt
11 2t

0 ~ > W F oW N

-t
(=]

Chien search n

error correction H+'3mt24'2t24-3mt
The total number of computations required in implementing this algo-

rithm is the sum of the entries of the second column. of Teble 6.1. which is

NC = 2n+ 3mt2+2t2+13mt+2m2+16t-2m . (6,.26)
For storage a buffer of length 2n is again assumed. Of course,

each stage consists of m binary storage elements, since elements of GF(2%)

are to be stored. The remainders are calculated with feedback shift

registers consisting of at most m2 stages., At most t such registers
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are required, The central processor has (t+l) slaves each containing
8 m=stage registers. The master unit contains an accumulator register
of m stages, a multiplier register of m stages, and two registers for
computing multiplicative inverses consisting of (2m+3) stages., Thus,
the central processor has approximately (8mt+ 12m+3) binary storage
elements. The Chien searcher requires (t+1) m-stage registers. The
error corrector needs m(t+1) binary storage elements for storing the

w, ¢ three

locators, m{t+l) storage elements for storing Wys W5 Woy ***y G

m~stage accumulators, and an arithmetic unit which can add, multiply,
and compute an inverse in GF (2™). A total of (2mt+ 9m+ 3) storage ele~
ments are required for the error corrector. Thus, the total number of
binary storage elements required in an RS decoder using Berlekamp's

algorithm is

NSD = Znm + mzt + 1lmt + 23m+ 6 ., (6.27)

D. Performance and Complexity of Implementing Concatenated Codes

Forney suggested two types of inner codes, BCH codes for discrete
channels and bi-orthogonal codes for the Gaussian channel. 1In 1-his chapter
the only inner coding scheme to be considered is bi-orthogonal coding
for the Gaussian channel.

The number of computations and the number of binary storage elements
required in decoding a bi-orthogonal code are given by (4.41) .and (4.42),
respectively. Sinece the symbol field of the RS code is GF(Zm), the bi-
orthogonal code must have m information symbols. The inner decoder must

process all n inner code words before the RS outer decoder can begin

to decode. Thus, the number of computations required in decoding a
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concatenated code using a bi-orthogonal inner code with correlation
decoding and a Reed-Solomon outer code with the Gorenstein=-Zierler

algorithm is

3 2
- - 6 o+ - - - &
l N = oo™ l(omrlyy . Bnt6nt Ut + 18+ w43t + dUmt - 12m+ 12

C 3 - (6.28)
The number of binary storage elements required is
{ NSD = 3nm+2t2m+6tm+ 7m+ 3 ‘2m+1+12 . (6.29)

The number of computations required in decoding a concatenated code using
a bi-orthogonal inner code with correlation decoding and a Berlekamp de=
( coder for the Reed=-Solomon outer code is

Ng = nzm"l(zm"l 4+ 1) +2n+ 3m1;2 #0282 8mt + 2m + 8t ~2m . (6.30)

The number of binary storage elements needed is

o
N = 2nm+ mt+ 1lmt + 27m+ 3207 14

sp 18 , (6.31)

P gty

Since the inner code words each contain m information bits, the

e )

inner coder is a shift register with m-l1 stages. The outer coder is

implemented either by the circuit of Fig, 2.7 or the circuit of Fig.

ek DS

2.8, depending upon which is simpler. Each stage of this shift-~register

=2

encoder contains m binary storage elements, since the symbols of the

Rl

f. outer code are elements of GF(Zm). The total number of binary storage

elements in an encoder for a concatenated code is

l 'm-1+mk » k<n=k ,

= 2
Nop (6,32)

f_ m-1+mn(n-k), k>n=k .
3 The performance of a concatemated coding system can be calculated

in a straightforward manner. If the word error probability of the bi=-

orthogonal inner code is denoted by p, this quantity is also the channel
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error probability for transmission through the superchannel, The values
of p as a function cf the energy-to-noise ratio on the Gaussian channel
are given in Golomb.45 For a concatenated code, the probability of word
error as a function of Eb/NO can be determined from (2.16), (2.17), and
(3.51).

In many applications including space communication the information
to be transmitted is grouped into characters. If each of these charac-
ters is transmitted by a single inner code word the error probability
of interest is the probability of digit error for the outer code. An
upper bound to this probability is derived in Appendix C. For an outer

code with an odd minimum distance,

n=-t-1

t+i) In i n=1i
PD(e) < 2: £—;—-(i) p (1 =-p)
i=t+l
Tl

n i n-i

+ ) 3] pta-mt (6.33) ,,

i=n-t

It is obvious that when errors-only decoding is being used, it is more
efficient to use an outer code with an odd minimum distance. The
probability of digit error as a function of Eb/No is shown in Figs. 6.7
through 6.11 for a number of inmer and outer code combinations. The
label on each curve is of the form (n,k,m), where n is the length of
the outer code, k ic the number of informatiom bits per outer code
word, and m 1s the number of information bits per imner code word. Each
figure illustrates performance for two coding systems, both of which
have the same outer code block length and the same inner code but have

different outer code rates. Of the two curves in each figure, the one

exhibiting the better performance at low error probabilities was chosen
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from similar curves as having performance better than or equal to that
of all other concatenated codes with the same inner code and the same
outer code block length. The other curve in each figure is for a code
with a slightly higher outer code rate.

From the standpoint of implementation complexity, outer codes with
high rates are desirable. This is evident from Figs. 6.12 through 6.,15.
In these figures the number of computations per decoded information bit
and the number of binary storage elements required for two codes are shown
as a function of error-correction capability, t, for the Gorenstein=-
Zierler and Berlekamp outer decoders. A high rate implies & small value
of error correction capability, t. For long outer codes and high values
of t, the Berlekamp decoder 1s much more easily implemented. For shorter
codes and small values of t the Peterson decoder can be easily imple~-
mented by solving the systems of equations (6.13) and (6,16) before the
decoder is designed, thus eliminating the need for a Gauss-~Jordan
reduction.

Since the complexity of the inner decoder increases exponentially
with m, the major portion of equipment complexity is due to the inner
decoder for m large. Also, for m large and an outer code with a high
rate, the speed factor for the inner-decoder logic must be much larger
than that for the outer-decoder logic. The exponential increase of
inner-decoder complexity places a practical limit on the over-all block
lengths which can be implemented in concatenating a Reed~Solomon outer

code with a bi-orthogonal inner code.
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(no,ko) in denoting a convolutioial code since it indicates the constraint
length of the code., From Fig. 7.1 it is seen that by letting m = 1 the
encoder simply generates an (no,ko) block code.

The connections between the mkO stages of the shift register and
the no modulo-2 adders in Fig. 7.1 are conveniently described by a set
of connection vectors. For example, the set of connections from the
modulo-2 adders to the j'th stage of the register is described by the
vector

= A
g5 = (gjl,gjzs---,gjn > . (7.1

0

The component gji.= 1 means that the j'th stage of the register is
connected to the i'th adder,whereas gji = 0 means that it is not con-
nected. The set of connection vectors can be written as a konom-
component vector

A —-— - —
= (gl’gz’on.,gmko) (7.2)

g
referred to as the generator of the code. A simple and practical search
procedure for obtaining generators which produce codes with good error=-

correcting capability has been given by Lin and Lyne.47

B. Threshold Decoding of Convolutional Codes

Thresheold decoding of convolutional codes 1s similar to threshold
decoding of block codes, i.e., a set of equations orthogonal on a given
error digit is used to determine the valus of that error digit. Again
.only certain classes of codes can be decoded with threshold decoding.
Codes which can be threshold decoded have been found by Masseyus.and
by Robinson and Bernsteingg. Both majority-logic deecoding and APP de-

coding can be used. The complexity of these decoders is comparable to
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that of threshold decoders for block codes,

The performance of threshold~decoded convolutional codes can be
evaluated only by simulation. Such a similation has been performed by
Neuman and Lumb in which the performance of two convolutional codes over
the Gaussian channel was determined.so The constraint lengths of the
codes were 24 and 44. Both a majority-logic decoder and a hard-decision
APP decoder were used with each code. The results of this simulation
are shown in Fig. 7.2, At a bit error probability of 10_4 only about
0. dB gain 1s achieved by increasing the constraint length from 24 to
44, but about 1.4 dB gain is achieved by using hard-decision APP de~-
coding rather than majority-logic decoding. Of course, the better per-
formance of an APP decoder is obtained through a large increase in
decoder complexity as discussed previously. The small increase in per-
formance due to increasing the constraint length is obtaimed rather
cheaply with the addition of some shift register stages and logic. The
maximum gain over no coding at a bit error probability of 10-4 is 3.0 dB,

which is achieved by the (44,22) code with a hard-decision APP decoder.

C. Sequential Decoding of Convolutional Codes

Sequential decoding is a technique whereby the performance of a
maximum=~likelihood type algorithm can be approached with only a small
average number of computations. Since convolutional codes have no fixed
block strueture, the groups of n output bits from an encoder may be
thought of as forming branches on a semi-infinite code tree, A trans-
mitted code word corresponds to a path through the code tree. Sequential

decoding is a tree-search technique for determining the most likely code-

tree-path., This is done by comparing the received sequence with possible
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transmitted sequences according to a distance measure generally referred
to as a metric, For binary quantization of the matched-filter output,
the Hamming distance is used. For close-grained quantization of the
matched filter output a genmeralized metric is used. The sequential
decoding algorithm most often used is due to Fano.51

Wozencraft and Reiffen have shown that convolutional tree codes
can be decoded by sequential decoding with an average probability of
error which decreases exponentially with the constraint length of the
code for all rates RN = ko/nO less than the computational limit Rcomp'52
This quantity is less than the channel capacity. For binary antipodal

signaling over a white~Gaussian-noise channel and binary quantization

of the matchad-filter output,

comp = 1.-log2 [1'*2J%(1-p) 1 ’ (7.3)
where
* 2
p = —— [ e "% Pau (7.4
@r- -t

MZRNEb/NO
For close-grained quantization of the matched=-filter output,

= 1-1log, [l-i—exp(-%Eb/No)] (7.5)

comp

is obtained.53 By using close~grained quantization rather than binary
quantization, the same performance can be obtained with 1 to 2 dB less
energy per information bit.

The principal advantage of sequential decoding is that for RN

sufficiently less than Rcomp’ the average number of computations per

decoded digit is small. 1In general, sequential decoding requires a

smaller average number of computations per decoded bit than other methods
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exhibiting comparable performance such as BCH codes. However, sequential
decoding has the disadvantage that the computational demand on the de-
coder is extremely variable. This creates a need for input buffering,
and since the buffer must be of finite capacity, there is a finite
probability of buffer overflow. It has been shown that the probability
of buffer overflow decreases only algebraically with the size of the
buffer.SLL This is a distinct disadvantage because it is desirable to
have a probability of error that 1s an exponentially decreasing function
of decoder complexity.

Two types of errors occur with sequential decoding. An undetected
error occurs when the sequential decoder decodes incorrectly, but the
buffer does not overflow, The probability of undetected error decreases
exponentially with the code constraint length. The other type of error
occurs when the buffer overflows., In designing a practical decoder,
the constraint length of the code is made long enough so tﬁat the proba-
bility of undetected error is negligible compared with the probability
of buffer overflow. The reason for this is that decreases in the proba-
bility of undetected error can be obtained rather cheaply compared with
the cost of obtaining similar decreases in the probability of buffer
overflow,

A sequential decoder is very complex. The design of the decoder
must be preceded by extensive simulation on a digital computer. This
must be done to determine the code constraint length, the decoder speed
advantage, and the decoder buffer size which are required in order to
achieve the desired probability of error, The buffer requirement is

generally 1000 to 10,000 tree branches. Also, the decoder must have a

replica of the encoder for generating the code tree and all the arithmetic
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and control circuitry necessary for implementing the complex Fano
algorithm.

Several simulations have been performed to evaluate the probability
of error of various sequential decoders. The results of a simulation
done by Wadden, Jones, and Bussgang are shown in Fig. 7.3.55 The cons-
traint lengths of the codes were 72 and 108, and both codes had a rate
equal to one-third. The simulation was done for the binary symmetric
channel, but the results were converted to the Gaussian channel by
assuming that each received digit was coherently detected by a matched
filter with a two-level output. Two runs were made for each code to
evaluate the performance of the decoder when tuned to different values
of the BSC transition probability p. However, this is not an entirely
accurate measure o% the performance of the decoder because the c:ocoder
was not allowed to overflow.

Much better performance with sequential decoding can be obtained
by using fine quantization of the matched-filter output. A simulation
of a sequential decoder utilizing 3-bit quantization (8 levels) of the
matched-filter output has been performed by Lumb.56 The results of this
simulation of a (50,25) code are shown in Fig. 7.4. As predicted, this
leads to much better performance than two-level quantization. A simu-
lation was also done for the same code concatenated with a (7,6) parity
check code. In this case the Fano algorithm was used to force the
parity check bit to be correct. The encoder was resynchronized every
224 bits, and frame synchronization words were also ineluded. The effect

of a finite-length buffer was simulated by placing a constraint of 12,000

on the number of node trials in any one frame,
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By comparing Figs. 7.2, 7.3, and 7.4, the better performance of
sequential decoding is evident particularly if close-grained quantiti-
zation of the matched-filter output is used. The (44,22) code and the
(50,25) code have comparable constraint lengths, but at a.bit error preba-
bility of 10-1‘L with sequential decoding, 2.0 dB less energy per infor-
mation bit is needed than with hard-decision APP decoding. Of course,

this better performance is paid for with a large increase in decoder

complexity.
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CHAPTER VIIIL

FEEDBACK METHODS

All methods previously considered have utilized error=correcting
codes over forward transmission channels. Many times a feedback link
is available, and it seems reasonable that this link could be used to
improve communication over the forward channel. Thus, Shannon's result
that the channel capacity of a memoryless noisy channel is not increased
by noiseless feedback is somewhat surprising.sz- However, the feedback
channel can be used to decrease the complexity of enceding and decoding
over the forward channel for a specified performance.

This chapter is primarily a survey of feedback methods to introduce
to the reader the advantages to be gained when a feedback channel is
available. Also, a modification of concatenated coding which allows
the use of a feedback channel will be analyzed. The complexity of the
schemes which are discussed will not be evaluated in detail, as has
been done in previous chapters, since the cost of the feedback channel
is highly dependent upon the particular application. The discussions

will be limited to schemes utilizing a noiseless feedback channel.

A, Feedback Schemes with a Single Level of Coding

In this section four schemes which utilize a noiseless feedback
channel will be discussed. These include a simple detection-retransmission
scheme, a scheme analyzed by Viterbi58 called sequential decision feed-

back, a scheme analyzed by Wyner59 which is a modification of the

Schalkwijk-Kailath60 scheme, and a scheme analyzed by Kramerﬁl.
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Detection-retransmission. One of the simplest feedback schemes to

implement would be to use an (n,k) cyclic code for error detection and
to request a retransmission whenever an error is detected. Transmission
over a binary-symmetric forward channel with a noiseless, delayless,
feedback channel will be assumed. If P(m,n) denotes the probability

of m errors occurring in an n-bit block,

P(m,n) = (g) p(1 ~-p)tTH ¢8.1)

for the BSC. The weight distribution, W(m), of a code is the number of
code words of weight m. If all error patterns of a given weight occur
with equal probability as is the case on the BSC, the probability of
erroneocus decoding 1is

n
W
P = E: (m) P(m,n) , (8.2)

m=d

g =

where d is the minimum distance of the code. It has been observed by
Pete.rson62 that the weight distribution of many random~-error-correcting

codes, such as the BCH codes, 1s approximated by

()

Wlm) = K’ (8.3)
2
and thus Pe is approximated by
n
. 4
P = Z P(m,n) . (8.4)
e 2n-k .
m=d
The probability of correct dereding is
P = P(0,n) . (8.5)
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The probability of detecting an error, Pd’ is therefere

P,=1=P =P . (8.6)

This system has a probability of word error equal to

2
Pw(e) (1 -Pd)Pe+ (1 -Pd)PdPe-!- (1 -Pd)Pd Pe+

[« o]

u i
(1-P )P >_‘ P,
i=0

1

= P . (8.7)
[

The average number of transmissions per decoded word for this system is

]

2
-— - ) L )
T (1 P1)+2P3(1 Pd)+3pd (L=-P_)+

(1 P ) o
_ 70 gﬁ n
TP ,,-'_.npd

d n=1

E m—— (8.8)
1 -Pd

If the BSC is constructed from a white-Gaussian-noise channel by using
antipodal signaling with matched-filter detection, the transition
probability, p, as a function of ES/NO, the ratio of the recelved signal
energy per symbol to the noise spectral density, is given by (3.50).

The received energy per information symbol for this system is

i
: - ; [ ] 8!
Eb - T ES (8.9)

With (3.50) and (8.1) through (8.9) curves of Pw(e) VS, Eb/NO can be
determined for the detection~retransmission system with a noiseless
feedback link.

A comparatively small amount of equipment is required to implement

a simple detection-retransmission scheme. The encoder is implemented
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with either k or n-k stages of shift register. The decoder will con-
sist of a syndrome register of n-k stages and two data registers of

k stages each. Since the number of transmissions per code word is
variable, a buffer will be needed at the encoder. The size of the
buffer will be determined by the code and p.

For values of n and p large enough the average number of trans-
missions per decoded word, T, becomes excessive so that the system 1is
not efficient. This situation can be remedied by performing some error
correction, The decoder examines the received word and determines
if it lies within distance t<d/2 of a code word. If it does, the
decoder performs the necessary error correction. If the received word
does mot lie within distance t of a code word, the decoder requests a
retransmission. The number of errors, t, which are corrected can be
any Iinteger in the range 0<t<d/2, and for a given code and p the
value cf t which results in the best performance must be determined
by trial-and-error. For this system the pfobability of correct decoding

is

P = Z P(m,m) . (8.10)

m=0

The probability of erroneous decoding is approximated by

(1)

n
0 ™ |
P = ;E:E-__ _EJ P(m,n) ’ (8,11)
m=d=t

and the probability of detecting an error is again given by (8.6).63
For this system (8.7) and (8,8) still hold if the values of P, and P

given in (8,10) and (5.11) are used. Again by using the appropriate
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equations, curves of Pw(e) VS, Eb/ND can be determined.
A decoder for this system need not be complex. If BCH codes are
used, and t is small, the Peterson algorithm may be solved before the

decoder is built making the Gauss=-Jordan matrix reduction unnecessary.

R e

A buffer will also be needed, the size of which is determined by the
q codey t, and p.

- The two systems analyzed above utilize a noiseless, delayless,

P Y

feedback link., When there is propagation delay a loss in efficiency

of communication occurs which is not too serious. However, a feedback

error will cause a loss of synchronization which is indeed serious,

[ If the feedback channel is noisy, the feedback data must be protected
by coding or by some type of retransmission logic so that a loss of

| synchronization does not oceur.

Sequential decision feedback . Viterbi has analyzed a postdecision

Pianmsny gy Tty

!
feedback strategy called sequential decision fe.edbaclc.G_F The feedback

channel is used only to inform the transmitter that a decision has been

2 Vit =y

made. The set of code words are M orthogonal signals si(t), i=0,1,
. sse, M-1, Correlation detection is used. Letting the received wave-
form be denoted by r(t), the correlatio: detector computes the M

quantities

t
Zi(t) i]— r(u)si(u)du, i=0,1,%0%, M=1 , (8.12)
0

The M statistics are compared with a threshold level L. As soon as
] Zj(t)E:L for some j, the receiver decides that the transmitted signal

I“ was sj(t), and it signals the transmitter to terminate transmission,

Of course, the threshold level L is determined by the specified probability
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of error. ZEy applying the units of normalized length and rate for the
Gaussian channel the error probability for sequential decision feedback

becomes

Pw(e) = exp {~n* [el(r*)4-sl(n*)] J , (8.13)

where 'c:l(n’“)'-> 0 as n* = 2 and vhere

2(/2~1) ~r* , O<r¥<1/f2

e, (r¥&) = (8.14)

(y1/r* —\/r—*)z, l/ﬁ<r*<l .

Using (8.12) and (8.14), Pw(e) can be determined as a function of
Eb/No for any wvalue of k, the number of information bits per code word.
Fig. 8.1 shows Pw(e) VS .o Eb/NO for integer values of k in the range
2<k<8, Comparing the curves of Fig. 8.1 with similar curves in Fig,
4,1, which show Pw(e) VS, Eb/N0 for bi-orthogonal codes, at a PW,(e)==1O"5
for k = 8 the system with feedback requires 1.4 dB less energy per infor-
mation bit. ‘'ite advantage to be gained by using feedback decreases as
k decreases until at k = 2 the system with feedback requires 1.0 dB less
energy per information bit. Thus, the use of sequential decision feed-
back offers significantly better performance than the use of bi~orthogonal
coding.

With sequential decision feedback the complexity of the decoder
grows exponentially with the number of information bits per code word
since correlation detection is used. However, the channel capacity
requirements of the feedback channel are small because only decision
information is fed back. There is a buffering problem at the trans-
mitter sinece the transmission time per code word is variable. The effect

of propagation delay is a decrease in actual information rate. _ i
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Feedback errors will cause serious synchronization errors which must
be combated by coding the feedback information or by some other means.

Wyner's modification of the Schalkwijk-Kailath feedback scheme. A

predecision feedback strategy has been described by Schalkwijk and Kai-
1ath.65 With this scheme the number of feedback iterations is fixed

at a number, say (N-1), to give a specified probability of error. The
forward channel is then used N times per message. After the j'th use

of the forward chanmmnel, the receiver obtains an estimate of the trans-
mitted message, which typically becomes better as j increases. An
advantage of this scheme 1s that the signals are formed by amplitude
modulating a single basic waveform. The signaling scheme is constructed
so that as the receiver estimate becomes better, the energy required

in the next transmission is decreased, and the expected transmitter power
per iteration decreases as j increases. The probability of error for

this scheme has a double exponential behavior, i.e.,

Pw(e) = exp {-exp T [Z(C-R) + eQ(T)] ] 9 (8.15)

where 82(T9-+ 0 as T » %, Thus, the error probability has wvery good
behavior, but there is a disadvantage since the number of uses of the
forward channel per message.grows exponentially with T causing very
large peak-to-average power ratios to be obtained.

Wyner66 considers a more realistic system which is identical to
that of Schalkwijk and Kailath except that a peak energy constraint is
imposed. For this scheme the average power (a random variable) is denoted

by P, and the corresponding energy is denoted by E = PT. The expecta~

tions of these quantities are P and E. Wyner's modification consists
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of terminating transmission whenever the scheme requires energy

E>aBE(a>1) and declaring an error. In this case he showed that

Pw(e) = exp [-n* [ez(a)4'83(n*)] ] ) (8.16)

H
}
[

where ea(n*) -+ 0 as n* — % and

2
e (a) = -(—&‘-a:é-l-)- , O<rF<1 . (8.17)

This exponent is a positive constant for all rates in the range O<r¥% <1
and thus is pesitive at r* = 1, an unusual property.

As shown in (8.17) any value of the exponent, ez(a)9 can be obtained
by choosing the appropriate value of a. For large values of a this
system has much better performance than sequential decision feedback.

The signals used in this scheme are easy to generate and to demodulate,
since they are constructed from a single basic waveform which is ampli-

tude modulated. The influence of propagation delay becomes negligible

 for large N, Use of the Schalkwijk~Kailath sch-me also involves several

disadvantages. Keeping a non~zero rate as T is increased involves
letting N grow exponentially with T, so that a very large number of feed-
back iterations is generally required. Even though this scheme operates
under an average power constraint and a peak-energy-per-code-word con-
straint, the ratio of instantaneous power during any given feedback
iteration to average power gets very large as N gets large. Finally,

if there is feedback noise, either a wvanishing probability of error can
be obtained with a signaling rate approaching zero, or for a specified
non-zero rate there is a minimum achievable probability of error dif-
ferent from zero,

7 . -
Kramer's feedback scheme., Kramer6 has analyzed a predecision

feedback scheme whi:h is a modification of Schalkwijk's68 center-of=-
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gravity feedback scheme. With Kramer's scheme the number of feedback
iterations is a fixed number, say (N-l). After each use of the forward
chennel, the receiver informs the transmitter via the feedback channel
which message has the largest a posteriori probability. The transmitter
then subtracts the signal corresponding to the correct message and trans-
mits the result. At the receilver the signal which was subtracted is
added in again. By doing this the probability of error is not affected,
but the average energy the transmitter uses can be decreased, Ortho-
gonal signals with correlation detection are used in this scheme. If

it is required to send one of M messages every T seconds, the signals
are required to be orthogonal over the time interval T = T/N, For this

system if the peak power, P is defined as the largest average power

pk’

over a subinterval T,

P

Bk _, 2N as T2 (8.18)

P
av

The error probability for large T is
= — * *
Pw(e) exp [ T [es(r )4-8q(n )] ] . (8,19)

where sq(n*)-+ 0 as n* = @ and

’

N/2 -r* , O0<r*<min(l,N/4) |,
e (r¥) = ¢ (8.20)

2 . B
[grfi”-\ r*] s min(1,NA)<r* <1 .,

.

This scheme has several advantages. It has an error exponent which,
for a fixed rate, increases with increasing values of N. For large values
of N this system has much better performance than sequential decision

feedback, The number of feedback iterations per code word can be fixed

independent of the desired error prcbability, and the ratio of the
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transmitter peak power to average power can be fixed and still have
arbitrarily small error probability for non-zero information rates.
If the feedback channel is noisy but the average power is above a
fixed (finite) rate, the error probability has the same asymptotic
behavior as for noiseless feedback, Also, i1f there is propagation delay,
modifications can be made so that performance is not altered much.

The disadvantages of this scheme are that for large N the ratio
of peak power to average power is large, and since orthogonal signaling
with correlation detection is used, the complexity of the receiver

grows exponentially with the number of information bits per code word.

B. QConcatenation Schemes for the Gaussian Channel

A block diagram of a concatenated coding system with noiseless,
delayless, feedback is shown in Fig, 8.2. This system differs from the
one proposed by Forney shown in Fig. 6.1 by the addition of the feed-
back channel associated with the inner code. Schemes utilizing outer=
code feedback will not be investigated because extensive buffering
would be required in any such scheme. 1In this section concatenation
schemes will be analyzed which utilize inner-code feedback. The inner
coding schemes to be used are those analyzed in the previocus section:
sequential decision feedback, Wyner's modification éf the Schalkwijk-
Kailath feedback scheme, and Kramer's feedback scheme. The concatena-
tion error exponents for these schemes are calculated in Appendix D
and presented in (D.8), (D.12), (D,14), (D.18), (D.20, (D,23), (D.24),
(D.29), and (D.30). |

Three sets of error exponents have been obtained which whem sub-

stituted into the Coding Theorem of Chapter VI merely shows the existence
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of an outer coding scheme which achieves the predicted performance.
Forney shows that by using a Reed=-Solomon outer code with errors-only
decoding an error exponent equal to one-half the upper~bound concatena-
tion exponent can be achieved. The Reed-Solomon decoder is readily
implemented especially if the error-correction capability of the code

is small, implving a high rate. Thus, if a Reed-Solomon outer code
implemented with an errors-only decoder is concatenated with sequential
decision feedback, Wyner's modification of the Schalkwijk-Kailath feed-
back scheme, and Kramer's feedback scheme, the error exponents eCI(rl)/Q,

eC2(r1)/2’ and e 3(rl)/2 can be achieved, respectively.

c
With sequential decision feedback used as the inner code, only one

set of error exponents is obtained, and this set is shown in Fig, 8.3.
Three members of the family of error exponents obtained when Wyner's
modification of the Schalkwijk-Kailath feedback scheme is used as the
inner code are plotted in Fig. 8.4, The upper~bound exponents are indi-
cated by solid lines, and fhe lower=-bound exponents are indicated by
dotted lines, except for a = 2 where they coincide. From the form of
the exponents and the fact that "a" may assume any value greater than

one, it is obvious that for any over-all rate in the range O<r <1,

1
any finite positive value for the error exponent can be obtained. Two
members of the family of error exponents obtained when Kramer's scheme
is used as the inner code are plotted in Fig. 8.5. Since N is equal to
the number of transmissions per code word, it may take on integer wvalues
only., Thus, not all values of the error exponents can be obtained as

with Wyner's modification of the Schalkwijk-Kailath feedback scheme,

but an exponént as large as desired can be obtained by taking N sufficiently

large.
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Concatenation introduce:s a degradation of the error exponent which

can be measured by the efficiercy of concatenation defined by (6.10),
For one of the schemes, Wyner's modification of the Schalkwijk-Kailath

feedback scheme, the efficiency is given by the very simple expression

n(rl) = 1l =r (8.21)

1
which is obtained from (8.,17), (D.14), and (6,10). This efficiency and
the efficiencies of concatenation for sequential decision feedback and
for the Gaussian channel with no feedback are shown in Fig. 8.6. There
is not much difference between the efficiency of sequential decision
feedback and that for the Gaussian channel. However, the efficiency of
Wyner's modification of the Schalkwijk-Kailath feedback scheme is con=-
siderably larger than either of the other two. The efficiency for
Kramer's feedback scheme coincides with that for the white-Gaussian-
noise channel for N = 1 and increases with N, For large N the efficiency

of Kramer's feedback scheme 1is

(N/2=1)(1 = rl)
nle ) = ,
1 N/2 -1

1

which is the efficiency of Wyner's modification of the Schalkwijk-
Kailath feedback scheme.

The concatenation error exponents obtained with the feedback schemes
can be readily compared with the conéatenation error exponent.for the

Gaussian channel with no feedback by forming the funections,

e..(r.)
: _ Gl 1
Ay () = ——-———ec(rl) , (8.23)

e T e
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e . (r)

G2 1

A (r.) = - . (8,24)
c2 1 eC(rl)
and

e_(r)

C3 1
Cc3 1 ec(rl)

The function Acl(rl) is shown in Fig., 8.7. It has a value greater than
4.0 for all rates in the range O°36iirjfilﬂ witich is a large improvement
over using no feedback, This improvement is gained at virtually no

(r.)

loss in efficiency of concatenation. The functions Acz(rl) and AC3 £y

are shown in Figs. 8.8 and 8.9 for several values of a and N, The fact
that these functions apprecach infinity as ry approaches one 1is somewhat

surprising. This happens because the error exponents e (rl) and e, (r.)

c2 C3 1

approach zero linearly as r. approaches one, while the error exponent

1
ec(rl) approaches zero somewhat faster. Thus, for high rates Wyner's
modification of the Schalkwijk-Kailath feedback scheme and Kramer's feed=-
back scheme can both offer an extremely large improvement in error ex-
ponent over that obtained when no feedback is used. Along with this
improvement in error exponent an increase in the efficiency of conca=~
tenation is also obtained.

By using the error exponents eCl(rl)/?, ecz(rl)/z, and ec3(rl)/2
for calculating the probability of error for these concatenation Schemes,
Pw(e) Vs, Eb/’No curves can be obtained. These curves for several
combinations of inner and outér code parameters are shown in Figs. 8.10,
8.11, and 8.12 for sequential decision feedback, Wyner's modification

of the Schalwijk-Kailath feedback scheme (a = 4), and Kramer's feedback

scheme (N = &), respectively. The label for each curve is of the form

(n,k,m), where n is the block length of the outer code, k is the number
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of information bits per outer code word, and m is the number of infor=-
mation bits per imner code word, It chould be noted that the two
predecision feedback schemes, Wyner's modification of the Schalkwijk-
Kailath scheme and Kramer's scheme, have considerably better performance
than the postdecision feedback scheme, sequential decision feedback,

The most important observation to make in examining Figs, 8,10, 8,11,
and 8.12 1is that by using concatenation with inner-code feedback,
communication at values of Eb/NC very near Shannon's limit (Eb/NO:=1.6
dB) with a low probability of error is possible. The performance curves
shown here are far better than any which have previously been reported
in the literature,

Of course, before selecting a scheme for a practical application,
the advantages and disadvantages of various schemes should be considered.
For two of the feedback schemes presented the decoder complexity increases
exponentially with the number of informafion bits per inner code word,
and for the other scheme N increases exponentially with T. However,
the complexity of the outer decoder increases only as a small power of
the outer code length, n. Thus, in a given situation several tradeoffs
will arise between the inner and outer code parameters of the various
schemes. Many factors will influence the final choice of inner and
outer code parameters ineluding the nature and quality of the feedback
channel, the maximum tolerable decoding delay, the limitations on peak-
to=average power ratios, etc. Althoﬁgh only the Gaussian channel case
has been analyzed, the concept of a concatenation scheme with inner-code

feedback should be useful with other channels including channels with

and without memory.
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CHAPTER IX

BLOCK CODING FOR CHANNELS WITH MEMORY

On many channels errors tend to ocecur in bursts and hence are not
independent, Such a channel is said to have memory. Typical channels
which suffer from burst errors are telephome lianks, high-frequency
channels, ionospheric-scatter channels, and tropospheric=-scatter channels.,
Burst=-error behavior is caused by such phenomena as fading, multipath,
impulse noise, and pulse dropout. The nature of the causes of these
errors 1is such that incrzasing signal power is not an economical way
to reduce the error rate, However, with a moderate decrease in data
rate, error control can be used to cobtain very low error rates,

A burst-error channel may be thought of as having two states of
operation, one which is very good and one which is very bad., A channel
based upon this idea has been proposed by Gilbertsg, and a generaliza~
tion of this channel has beeu suggested by Elliott70. It has been
shown that this channel is a good model for certain burst-noise binary
channels, In this chapter the performance of several block coding
schemes on this channel will be evaluéted"and compared. The implemen=-
tation complexity of these schemes will also be discussed. The schemes
to be considefed include detection-retransmission schemes, burst-error=~

correcting codes, concatenation schemes, and interleaving schemes.

A. Geaneralized Gilbert Channel

Gilbert's model of a burst-noise binary channel uses a two-state

Markov chain., The generalized Gilberi channel model i1llustrated in

Fig. S.1 is used to generate noise digits denoted bLy Z.a The channel
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has two states called G (for good) and B (for bad). In G the nuise digit

is =z

; = 0 with probability k and z; = 1 with probability (1-kK). 1In B

the noise digit is z, = O with probability h and is z, = 1 with Sroba.

i
bilit*r (1=h). Naturally, for the goodestate to be significantly better
than the bad state, the relationship (1-k) << (1=h)-must hold. The

only difference between the general;zed model and the original model

‘\

introduced by Gilbert is that Gllbert did not allow errors to ocecur in

pary TNm e gy ey ey e

G. It is indicated in Fig., 9.1 that the transition probabilities hetween jﬁ}ht ?
states are P = P(G—*B) and p = P(B~*G). Of course Q,= 1«P and q = 1=-p..- 4 ?
are the probabilities of remaining in G and B, respectively, i
'IE A burst of length m in eﬁezguenee ofilength n means that all non~- ?
:? zero bits in the sequence of n bits are eont%ined'in,eugequence of ;
[é length m bits having first and last bits-nonéero,.i;es, f
[% Z ;:(0K1...1OJ), ' | O (9.1) %f
§i¥wéz YEeEeJQLrepresents a sequence Of,L conqefeezve zeree, K = 0 1,°-‘? n-m,wwmmﬁ ;
i and J = nrm-K. In evaluatlng the rerfo;mance of bloek eeées on this o ; 5
? ehanneiahgme probability, Qb(m,n), of a burst of lengthm in a sequence ;
) of length n wil{ﬂgg useful, This probabilitf'is detepmined in Appendix i
'[§ E for the generalized Gilbert channel,
: \ Experzmental noise statistics for an actual channel may be matched
[} to L Giibert channel model by us;ng the eonditlenalxprobabillty, u(K),
= : , : .

of a run of K or more zeros followzng 2 oned i.ee,

=
,

L - ) = r(oK| 1)’" (9.2

The technique of matching experimental noise statistics to Gilbert .

[ﬁ channel parameters is,diseussed”in'eilber;71 an& ﬁill not be covered

here.
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In order to effectively use coding on a burst=error channel, one

mst have considerable knowledge of the eorror behavior of the channel.

- & For example, if a code capable of correcting all bursts of length c¢ or
[ 1ess is uweed on a channel which has a significant percentage of its
’ bursts of length greater than c, then very little improvement can be
E obtained by using this code. In many cases a feedback channel will be
| : necessary, particularly on channels which cotﬁmonly have very long error
/ E bursts, Thé probabilities, Pb(m,n), O<m<n, will be helgﬁul in selecting
ff | good codes, | \\
5 :. B, Detection=Retransmission Schem.{gs
t " 4
- Cyclie codes are well suited for error detection because they can
ﬁ . be designed for a wide range-of rates and error detection capaﬁil ities.
’ The bu;_at-e.rro;:de-t_ecting performance of cyelic codes is readily evalu~
} ated p_g_m;;aﬁe é'f a theorem due to Brown and Peterson which will be
g% e gtatedwltboutproof.72__ , o : e
S 5 | | . - I
g E Theorem 9.1, Every ‘(n,.k) cyclic code cin detect any | o /f
i | burst’ of léhgth (n=k) or less, and the Eggc-ti.qin of -
§i bursts of length m>n-k that are undetected is Zi(n-_k'l)'

? if m=n~k+l and _2-(n-k) if m> nektl

woa VR ET
l.‘._...M, !
-

the fraction of bursts of length m which are

o

If «(myn,k) is defined as

o DRI R T e R T e

1 ) i . lgﬁ. , 7 i
; {j Y undetected by an (n,k) cyelic code, then - #
: '{’é ) ' i '
".. : S # - o ' : : : . Fd ) : : - : \\\ :
{ _ 0 y 0smsn=k , kY
: _ - = A
; L o (n=k-1) | 'y
- - d(myngk) = ¢ 2!;'“- 9 M= n=k+l , " \\\},\ (9:3)
A g=(n=k) s Nekblcman .
g A .:" S
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-

The first system to be considered utilizes a cyclic (n,k) code

for error detection in communication over the Gilbert channel.;glf

g

all bursts of the same length are assumed equhlly likely, the probability

i of erronecous decoding is

F n

f P, = z -((m,n,:,ls)Pb(m.n) y (9.4)
m=0

where «(myn,k) is given by (9.3) and Pb(m,n) is given by (E.38) and

(E.39). The probability of correct decoding is

L

Ry

P_=B (Om) , | (9.5)

st

and the probability of detecting an error ?d is therefore

; S

& - - L] -\h\
Pd = 1 . Pc Pe . (9- b"‘f‘.

lé ' 1f this sybtem is modified to uﬁilize a noiseless, delayless, feed-

back channel, the situation is wore complicated than that énéiyzed in
B ' '
[i Chapter VI1I because the channel has memory. The system under considera="—"" ~~ "~~~

tion uses a cyclic (n,k) code. for error detection and requests a retrans-

puimte o

mission via the feedback channel when errors are detected; When a code

" word is transmitted, the prdﬂability of an undetected error and the

lm;mw; ! ke

probability of corﬁegt~decading_are given by (9.4) and (9.5), respectively,

b

The probability of a retransmission is simply the probability of detecting

an error which is given by (9.6). 1If a retransmissién is required;wthe

noise digits from the channmel will be dependent upon the state of the

ciiannel atrtﬁe‘beginning of the retransmisaion;_ The worst case is for

ey

the channel to be in B and since there were errors in the previous code,

p—

this is very iikely. The probability of error will be.hpper bdunded.by‘

assuning thht the channel is in B at the beginning of all fet:anamissions;
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The probability u,(K) = P(OKl-B) satisfies the recurrence relation
(E.18) with initial values |

u (9.7)
and .-
v 1) = ghspk . (9.8)

Defining v, (K) = p(ogg |B), v, (K) can be determined £rom u,(K) and
ul(K+1) with the aid of (E.23), The probability distribution, Pbl(m,n),

of tlie burst lengths given that the channel is originally in B is then

y neom |

| m=1
Py (mem) = ) vy (0 BB u(neneio 9.9 =
| K=0

' |
form =1, 2, see, n, and
- Thusy-th mPtOb&bilitymoﬂfundeteetedﬁeﬂnormﬁoeva:retpansmiggi&h:iglboundedm;;m_m”mwzx,m;;;_
. by L o N ,. “‘:[.,'."“n.
Pel s Z '«mon’k)Pbl(m!n) y - (9.31)
m= 0 .

and the propgbiiity'of detecting an error on a retransmission is

,{ ‘Pdl = 1-P (Ogn) =P el * : - (> | (9.12) j[
The over-all probability of: word error for the system is bounded by -
R (e) < (l-rd)r + P (1 P )P 41’&?&1(1 P '_)Pel"'
o . w K
= (1B P, +2 d’ﬁ“""dl’.z.’m .
' i=0 . ﬁ{"j)
BRIP4 PPy . ST an 1
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The probability, P given by (9.4) is a lower bound to P, (e). Compu~

tation of (9.4) and (9.13) for a number of codes and channel parameters

:'1ndlcates that the bounds are elose. In most cases (9.4) and (9.13)

differed by about an order by magnitude.
The average number of retransmissions per dscoded word for this

system is bounded by

Ts< (1-Pd)+2r (1=P,,) + 3P P (1'?61)*

d 41
P ET Jp {

- “"Pd""":"z"_ ). Lrg

. dl i=2 oy

iy |

B | 'Pdl _
A iower bound to T is simply o
ES ,’7 -4

f

less than gﬁe rate of the (n,k) code, A measure of over-all efficiency

of communication is the "throughput" which is the ratio of ;ﬁ% number

of information bits delivered to the total nimber of bits tranSMitted. _

Then the throughput of a detection-retransmisaion syatem utilizing an

(nyk) ccde is

x T*PUT =_% ‘ o o - (9,16)

i
i

_ Upper and Iawer bounds to the throughput may be obtained by applying

(9 1"‘) and ‘9 15) to (9.16)-

]

Estimation of the complexity of implementing this detections

'retransmission system is straighmforward. The enccder could be imple-

mented with either a k-stage or an (n-k)-stage ahiﬁt ragiater. Since

k\

__Sinee retransmisaions_ ar/a required, the actual information rate willbe

_/;:
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genéfally high-rate codes are chosen, the (n-k)=-stage encoder would be

Ty N

used. The decoder is implemented with an (n«k)=stage syndrome register

[
g PR ”

Sraiega b BT G R T T #"' paiai S : e

T S TR S S R AT T R R P e TR
— l

and two data registers each consisting of k stages. A total of 2n

g
‘Hw

binary storage elements would therefore be needed. Also, a buffer will

be needed at the encoder since data is received by the encoder at a

N

constant rate, and sometimes retransmissions will be néeded; The size 3

P~

of this buffer is dependent upon the code and the channel. If the

channel frequently has very long bursts, a large buffer will be required.

Vi, | F

C. BursteError-Correcting Codes

? In the preceding chapters error=correcting coding schemes have been .. g
- discussed which were constructed priwarily for correcting random error Q
fi . 3
. patterns, Houever,eodes can alseo be constructed for the correction of

errors which occur in bursts., A few good burst~error correcting codes

—

have been found analytically, but the most useful codes have been g@nerated

SO A e e Lt

N B . . ‘s '
i‘j by compiter search techniqués, "This is in contrast with the-anmalytical -~ —=wre
' development of the best random-error=correcting codes. ?

i

The capability of linear codes for burste-error- correction is .
73 o : %

B R o e iy T o e deabs i g

stated in the following theqrem;

“f-mwm,

Theorem 9.2. 1Ip order to correct all burst errors of

fon |

ﬁ | _ length ¢ or less, a linear code must have at least 2¢

parity check symbols, i.e.,

RS s LT AT ey
o g PN SRR bk Stk
b S Gt s it Jast i

e sEE | (9.17)

The most useful burst-error=-correcting codes are cyelic because they

are so easily implemented. One of the most well-known classes:of

| analytically-constructed*bu;at-error-cortécting codes is the class of

o
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Fire codes. |
Theorem 9,3. A Fire code is generated by the poly~-
nomial
g0 = p&** ey, (9.18) 3
Y,

\.3-;
where p(X) is primitive, has degree m>c, and has length :
LR :

n = LCM [2 -1,2c-'lj . : . (9.19)
This code is capable of correcting any single burst
of length ¢ or less.
Let o be defined by
o = n=k=2c . (9.20) 7
From 'Theorem 9.2, o A
i = \‘3 ¥5
c>0 . | (9.21) /g
-—-~The best burst=grror-correcting -codes have ¢ =.0,-and a large value-of. .. .4_
. L
c implies an ipnefficient code. For the well-known Fire codes ;
‘n-k = m=2¢c~1 , | (9.22)
and hence
o= m=1 ’ . . (9._ 23)
where m> c. Thus, the Fire codes are inefficient, particularly for
large values of burst-correction eapabiii;:g_ c This is also true for .
most ana-lyi:icallyacons'-tm'cted bu-rst—err-or-cerrecging codes.
B . '[/ o . - SRR
The best burst~error-correcting codes have_;;"bee-n found by triale- B B
and-error search pr-_ee,edﬁ-res. A number of good codes have I:geen given _ F, - 1-
by E‘.l-s,pa\_s75 and Kasami76. In these cases géng-rator .polynetﬁial-s were -
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,- found which generated good burst~error-correcting codes. -%J
|i Implementation of a burste-error-correcting cyclic code is straight~- ;
forward. For encoding, an (n-k)-stage feedback shift register will E
) '. generally be used, since high~rate cedes are desirable. A block diagram %
| of a decoder for a burst-error-correcting cyclic code is siiown in Fig. E
’ [: 9.2, The syndrome is calculated by shifting the received vector, R(X), z
f t B into a device identical to the encoder. At the same time the received S
vector is stored in the buffer. The logic unit tests the contents of ;
’ the shift register for a correctable error pattern. If the code is %
; capable of correcting all bursts of length c or less, a correctable
%' [? error pattern is recognized when the leftmost n-k-c stages of the register
% {f aré all zero. As long as no correctable error pattern is recognized, f
? - the register is shifted with no input, and syméﬁigygre read simultaneously ;
? ? [E | out of the buffer, When a correctable pattag% ; ﬂéﬁﬁgnized by the
; V; logic unit, the gate is opened. Symbols coﬁémé:ouéjﬁf“the shift register é
L " are then added to the symbols coming out of the buffer. The reést of -
the message is then read out of the buffer. If the syndrome is non- h
. v zero, and if no ecorrectable error pattern occurs by the time the entire
i ¢i ' received vector is read‘out\of the buffer, éﬁ uncoirectable error has
. - s
 ﬁ‘ . been detected. This decoder is very simple and requires very little 3
| control circuitry., After the transmitted vector is received, the only
[? operations that are required are n shifts of a shift register. At
é- ; ﬁost 2n binary storage elements aéé requirqﬁ;

In some cases becaus: bursts occur too often or for other reasons,

Ty
l P l.

v it is desirable to shorten a burst-error~correcting cyclic code. A code

;-I,‘ ‘_I__'i

may be shortened by setting seome of the higher=order information symbols

to zero and thus omit thém. Although the encoding and parity=check

P

o'

\% %P}m%z‘*%’M'ﬁ*Y;!u-r‘ e
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calculapions are not affected by the leading zeros, the decoding pro-
cedure is affected. Suppose it is desired to use a code with natural
length n but with r of the information.symbols omitted. In decoding,

r shifts corresponding to the omitted information symbols would be

required before the actual received vector could be shifted out of the

—

buffer., This procedure could be simplified by an automatic premulti-
plication by X" modulo g(X). For the full-length code the parity=-check

calculation is the residue of Xn-kR(X) modulo g(X). Thus, for the shortened

code the parity check calculation is the residue of Xn"k*rR(X) modulo
g(X). Letting n(X) be the femainder after dividing xoktr by g(X),
[ a(X) = X" Tnoa g(x) . (9.24)
[h The parity check calculation for the shortened code can be implemented
- with a circuit of the form illustrated in Fig. 2.6 fe;?muitiplying R(X)
e X by n(X) and-dividiug:by g{X), The ef:or correction is performed in-the
) shortened eyeclic code is similar to that of Fig., 9.2 with the -R=stage §
. fﬁ ~ encoder replaced by a circuit fér-multiplying R(X) b§ n(X) and dividing é
- . by g(X). | ‘ |
géz “=. The performance of thése codes on the Gilbert channel is readily L ;
™, ‘caleculated using the distribution of buvst lengths deriﬁed'ia{Appendix E
f; E. If an (n,k) code is capable of correcting all bursts of iength.c. é
? i or less, thén the pfobability of word error after decoding is ?
o L R@=) e, 6.2
SR ¥ | r ne cbl - B o | . _ | 1
!E: | where Pb(ﬁ,n2 iégiYéh.py (E.38) and (3_395; When uging.thes; éodes?
; ‘the throughput is smply . 7
Tt PUT =lfl- . . - (9.26)

........

= R RS e m——
R B8 == e
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: D. Concatenated Codes
On channels where very long bursts frequently occur a code with
a very long block length must be used in order to obtain a significant
’; improvement in the probability of error, The technique of concatenaticn
was introduce&iin Chépter_VI as a means of implementing codes with very
| lf long over=-all block lengthé.with-reasonable complexity., This technique
! ié - shows much promise for burst-errox correction.
; " 'Sinece a burst will generally cause many errors in/each inner code S
1: - word in which it oceurs, the inner code will be used only for error
| - deteetion, Cyclic codes such as Bdﬁ codes are well suited for efror
; j deteetion and will be used as inner codes;: The error-detecting properties
i e B -
% o of these codes are given in Theorem 9.1, 'Reed—Solémon codes wiii be used
% - as outer codes. Tike inner deceder will be a replica of the inner coder.
' g EE | £or calgulating the syndrome. If errors are.detectéd, that symbol will
% be eonsidered'an erasure., If no errors are detecte&; the symbol is
i
1 assumed correct., Thus, the outer decoder mist be capable of correcting = ]
é [? erasures as well as errors, y |
“g With certain modifications either Berlekamp's of Pef%rson's method
; '@ co&ld be.used in eofrecting érasures and errors;\ The cémplexity of éuéh
% N .a decoder has béen analyzed in the same manner as were the BCH and RS -
_§ - decoders of Chapters III and VI, :he ihneg+eode-parame£;rs are t"- n
al (N,K) = (N,m), where GF(2™ is the leeat;r field for the outer code,
: _

and the outir~code pariaeters are (n,k); An RS decoder employing the

Berlekamp algorithm for decoding erasurés and errors requires a number

- of computations equal to

N, = 2n+3d%n+ 202+ bam+ 2me + 202 + 124 6t =9n ,  (9.27)

la:-mej

8

L fi“ﬁﬁmmﬂwmwm=mnw'ﬂ% i S S e

where the minimum distance of the outer code is d = n-k+l. The total

deg
1
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0 . . . | ‘ . . } _ . .
§ number of binary storage -elements required in such a décoder is

adhr

g b Sre s
¥

N

gpy = 2m+ m%t + 3md + 9mt + 18m+ 6 . (9.28)

Since only error detection is performed by the inner decoder, all that

? is required is a syndrome register with
[ E* wf binary storage elements,
. N :
' % . A useful upper bound to the probability of error of this system on
§ '} a Gilbert channel using the distribution of burst lengths of Appendix E f
% has not yet been found. However, this probability can be determined §

?y simulation. Some simulation results will be ﬁresented later. The
J N : o
throughput of this scheme is ;

. T/PUT = Kk . (9,30) 5

i ~

Nn °

The performance of this concatenation scheme can be improved con=-

fsidetablywifma:ﬁeedbaekxchannel;is:ayailgg}e,:wSigggixhefgﬁgygfﬁQQEQE:,fy,;ﬂﬂﬁ_wﬂw,ﬁE::
code féedback would require a very largei;%ffer, only?SYStems utilizing ;;
inner-code feedback will be cceisidered. The inner code to be used is '

: .lE .the Simple-detectieniretransmis;ion scheme described in Part B of this ;

chapter. Since a retransmission is requested every timé the ifner

decoder detects an error, the outer decoder performs error correction

AR RSt e et

only; The complexity of the inner decoder is discussed in Paft B of ‘this
chapter, and t‘hE'éﬁ!gp'Iéx-itxfoﬁ ‘the outer-decoder is diseussed in QGhapter VI,

Bounds on the performance of concatenation with inner-code feed-

back may be calculated from the results of Part B of this chapter.,
A cyelic inﬁér cede-is a$sumea- The effect of-channgl,memofy is‘réé '

moved by assuming the channel is in B priorigo the tgahémiSsioﬁ of each
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inner code word, 1If an (nl’kl) Reed=Solomon outer code capable of
correcting t errors is implemented with an errors-only decoder, the

probability of word error is upper bounded by

n, | ‘ﬁ;:;ﬁ
n . n, =i o
_ S 1) 1[ ) ] 1t (9.31)
Pyle) = z ( ilfe1 t! %y
i=t+l '
where P _, is given by (9.11). The probability of word error may be lower

bounded by replacing Pel in this equation with Pe of (9.4). Upper and
lower bounds to the throughput may be obtained by multiplying the upper

and lower bounds to the throughput of Part B of this chapter By ki/hl‘
E. Interleaved BCH Codes S

If a relatively short randomserror-correcting BCH code is used on
a burst-error channel, there weuld he no significant improvement in pere

formance since when a burst eccurs the numbér of errors would exceed

the capability of the-eoée; However, if interleaving is used, random-

error-correcting codes can offer.an improvement in performance. By defi-
nition, with an amount of interleaving, I, the successive bits in each |
code word are separated in the channel bit stéeam-gé I-1 bits from I=-l
ether code words. By using a large amount of inteéleaving,.the errors
which ocecur with each code word bécome randomized, i.e., the effects of
channel memory are less prénouneed; With the proper choice of BCH code
and amount of interleaving, I,-much'ipprovement iﬁ performance on burste-
error channels can be obtained. 1If aﬁ (n,k), t-error-correcting, BCH code
is usea.with an amount of interleavihg I, the intérleaved code has an
-ovef—all constraint length of nI and is capable of correg;ing-all bu?s;s
of lenth up to £I in additién fo many other ergér'pattérns.

Enéédeps aﬁd=deeoéers for bihér& BCH cédes hhve béen_diécﬁssedfin

Chapter III, The only other implementation probiem is:tﬁat of interléaving.




; 201
o ’j _
) : Studies have shown that interleaving is relatively easy to implement
: [‘ and that the decoder complexity is strongly dependent upon the com=-
I S . 7 P |
. plexity of the BCH decoder. / It requires considerable storage to @
i (ﬂ implement‘interleaving, but very little control circuitry is required.
g . For this reason, the shortest code is generally“gélécted that can (with
N a reasonable amount of interleavifig)! give the desired performance. §
. [ No method has yet been found for analytically computing the per=~ ;‘rrpi
formance of interleaved codes on the Gilbert chamnel, However, if " é
‘5 an (n,k) t-error-correcting BCH code is interleaved by an amocunt 3
large enough to effectively randomize the errors, the probability of g
,E b AT word error ecan be approximated by 3
g ' 3
{? ™ '  n S E
(o) = () ieq_y=1
B i= ¢+l - 3
)
i’ = - : Y - - ‘.-;.
E' whére p is average bit error rate of the chamnel. This approximation 3
S S o et e e et e e e s e o ' : ) é
1 f represents an infinite amount of interléaving, i.e:, all effects of — = -
;U B n 1
¥ channel memory have been removed. The closeness of ‘this approximation ;
4 : can be determitied for a given channel, code, and amount of interleaving 3
v only by extensive study. :

F. Comparisons

e AT I P,
’.ﬂmm! 1-:-“.”‘,1! E -ﬂw:m*,

REh Ly age s

For detection~retransmission, bursteerror correction, and concatenaw
- tion with inner-code feedback, estimates of performance on the Gilbert
cﬁannel can be obtained ﬁ; using the diStributicn'éﬁ burst lengths de~
rived‘iﬁ Appendix E. In this section the performance of these schemes
‘on the Gilbert channel Wiilibé cogpare&; Cohn and others have.made |

extensive studies of performance of interleaved BCH codes and concatenation

R i3

with inner-code error detection using raw error data from a fading,
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high~frequency channel,’®

be discussed in this section.

specified by the parameters P=10 , p=,005, h=.70, and k=1,

The Gilbert channel to be considered is

=6

The resultswef,these similations will also
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From

(E.,13) the preobability of bit error on this channel for wuncoded trans=

mission is'PB(e)

= 5,0x 104

An upper bound on the performance of a

detection-retransmission scheme for this channel is given by (9.13).

In Table 9.1 an upper bound on the performance and a lower bound on the

throughput of several cyclic codes, used in a detectione-retransmission

scheme are shown.

Table 9.1.

Most of these codes are BCH codes,

An Upper Bound on the Perfrvmance and a Lower Bound on

the Throughput of Several Cyclic Codes Used in a Detection-
Retransmission Scheme for the Gilbert Channel Specifiéd by

P =

n

7
12
14

15
15
31
31
31
63
63
63
127
127

106, p = ,005, n =

k

113
106

T' PUT

571
97
568

»330
.835
- .669
+509
2797

1 703

,610
.873
.819

463

-70,_ and k = 1.

Pw(e)
2,71 x 107
4.61 x 1070 B
5,27 x 10~ -
ag%gg:xe%gﬂée. - . 3 3
1.25 x 107°
2.59 % 10
1.31 x 107
4.00 x 10~
1.20 x 1072
1.13 x 10-7
1.70 x 107
2,56 x 10711
3.50 x 1070
2.61 x 10”10

The 1mprovement in error probabxllty obtalned by the use of these schemes

is from one to seven orders of mwagnitude.

The performance and throughput of several burst-error-cerrectlng

|

. codes én the Gllbert channel are shown in Table 9.2,
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' [ Table 9.2, Performance and Throughput of Several
Burst~Error-Correcting Coedes on the Gilbert Channel.
Specified by P = 10=6, p = .005, h = ,70, and k = 1.
{ n k ¢  T'RUT P,,(e)
[ 15 5 5  ,333 1..%x 107
21 12 4 .57 2.00 x 107
Cor 21 9 6 428 1.9 x 107 ._
[ 21 5 8  ,238 1.86 x 107" i !
H- 21 3 9 .43 1.82 x 107
i [ 27 17 5 .630 2.06 x 107
317 20 5 .45 2.0 x107
- 38 2 7,632 2,13 x 0™
P 43 . 28 5  .651 2,21 x 107
e 46 24 10 .522 2,14 x 107
Lo 50 30 10  ,600 2,18 x 10~
o 55 35 9 .636 2.2 x 107
cou 63 43 9 683 2.32 x 10~
- ;75 55 5 734 2,52 x 107
C L 92 48 20 522 2.35 x 107
g H o T s : o T —— — ig__ e ’§6 s N
7 - The codes in this table have been given by Elspas : and Kasami .
§ ; Although an 1mprovement in performance is obtazned with each
U
£ code, the improvement is less than an order of magnltude‘
% g An upper bound on the performance and a lower bound on the
¥ :
- throughput fqgaSeveral concatenation schemes with 1nner—eode
PV feedback are given in Table 9.3. o _ o
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Table 9,3. An Upper Bound on the Performance and a

Lower Bound on the Throughput of Several Concatenation

Schemes with Inner=Code Feedback for the Gilbert

3 [%- Channel Specified by P = 1076, p = ,005, h = .70, and

i " k=1,

L

E n ok N K T'PUT P e)

; 31 25 15 5 .268 2,14 x 10710

! '} 31 23 15 5 .45 2.97 x 10733

P - 31 21 15 5 .2 3.04 x 10736

It [ 63 51 12 6 .403 1.85 x 107!

IRl 127 117 15 7 427 3,73 x 10712

o 85 71 W 8 L7 2,10 x 10712

- 51 37 W 8 .42 2,10 x 10712

L 51 33 1 8 .368 1.07 x 10716

s 511 491 14 9 .615 1.75 x 10°1°

% 73 53 14 9 465 1.75 x 10713

% LI The improvement in error probability obtained by the use of these schemes
% J is from six to twelve orders of magnitude.

4 _ : .

E; Cohn and others have perforied simulations using raw error data
E 7 from £Ading, hi_gh-ffeq—ueﬁcy chamels with' mterleaved-binargr BCH codeg — = =« ~womm e
? L and concatenated codes wit-h'inner-:&ode error d‘étecti.on? 1 The error data
i was such that bursts thousands of bits long were not uncommon. The

i B results show that the -pé.ffor:-mance of the two schemes is similar, Im=
o provements in performance of several orders of magnitude can be obtained

? - by using over-all constraint lengths of 40,000 to 60";00.0 bits. The

3 L ‘ : . : : o
b - long constraint lengths are required -since for these schenmes no feedback
k |} channel is used. It-is essential that any burst-error coding scheme
al which does not utilize a feedback channel have a constraint length

sufﬁiciently-lqng to span therduration'of the 1ong§5t gxpected‘errdr

’ [g | o -Pu-rst'.-_
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provide much improvement in performance is due to the relatively short
block lengths used. A large percentage of the bursts were longer than
the error=correction capability of the codes, Calculations of error
probability have shown that-for values of p near 0,5 these codes do pro=
vide significant improvements in performance since the bursts which are
generated are relatively short. It is not practical to attempt to £ind
very long, efficient burst-error-correcting codes througaﬂtrial-aﬁaﬂarrer
techniques; Such codes can be generated by using short, efficient,
burst-error-correcting codes with an amount of interleaving necessary

to achieve the desired length.

The detection-retransmission schemes and the concatenation schemes
with inner«code feedback both offer significant improvements in per=-
formance. The improvement in performance due to the use of*concéfenaf;on
over that ofzﬁhe:simple deteetion-retransmission scheme is not as much
as one might expect considering the increase in system complexity which
B at the beginning of each inner code word in order.to obtain the uﬁper
bound on perfdrmanee shown in Table 9.3 suggests that the actual perfofmapce
of the conecatenation scheme is closer to the lower bound. It is possible
that further study could verify this conjecture; -

A number of coding scliemes for -correction of burst arrors have been
suggeated'in'this chapter. Essentialiy th2y can be classified into |
two categories, schemes which utilize a feédpack channel and schemes

which do not utilize a ﬁegﬁbaek channel. The basic strategy of the feed~

back schemes g;i:s to use the channel whenit is in State G to avoid use
. i
. \ . - - . - - o = P - -, .. N . -
of the channeﬁ;when it is in State B. In this case mich improvement in
S { L ' . o
performance c&p be obtained with little coding efforts If no feéedback
N 2 L -
x\\ ,ﬁ P :
,ﬁ}' - 7
- ~
/L} //

Pt G R
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channel is available there are two problems, First, the channel must

<.

- be used when it is in State B, and second, the code must have a block §
. length sufficiently long to span the duration of the longest expected
error burst, Thus, in a practical application where no feedback channel 3

is available, codes with very long block lengths, say 50,000 bits, may

be required,

-
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- CHAPTER X

, CONCLUSIONS

| i

In this work extensive analyses of performance and implementaticn i

[ complexity of most of the major coding schemes have been performed. é
! ;
T { In addition, a new coding scheme, concatenation with inner-code feedback,

has been proposed, and its performance has been analyzed. The major

portion of this work has been devoted to coding techniques for correction

ke rdind o R Fi st L Dt

of independent errors. The Gaussian channel has been used in evaluating

the performance of these techniques., A chapter has also been included

in which coding techniques for channels with memory are discussed. 1In

: [‘ this case the Gilbert channel model was used in performénéé evaluations.

'; [} Generally, in selecting a suitable coding scheme for the Gaussian

? . channel, it is desirable to minimize Eb/No for a given word error proba=-

:;‘iéf' T bitity, Pﬁféi;”prbvidéd*that‘certain:constraints'onmeneoderwand:decede£~w-wrrrer_ﬂn~;f

complexity are satisfied., The results of the preceding chapters can be
applied in a comparison of block coding schemes for the Gaussian channel.

As an example, the complexity of several coding schemes will be evalu-
<5

: ¢ .‘. Do 4

ated as a funetion of the Eb/No required for Pw(e) = 10 °, The schemes

i 3

to be considered are BCH codes, bi-orthogonal codes, threshold-decodable

i

codes, and concatenated codes. For each of these schemes curves of Rw(e)
VS, Eb/No for several ‘codes have been presented in the preceding chapters.

Also, formulas have heen given for various measures of implementation

4 i

e e

. complexity for these codes. Each point on the curves to be presented

is obtained by determining the value of Eb/N0 required by a particular
-5 |

and the measure of complexity for that code.

code to obtain Pw(e) = 10

Ty T i W e S R
T B e e e e
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The points on each curve are connected only for clarity.

{ For the BCH codes, bi-orthogonal codes, and threshold-decodable
codes, the Ew(e) vS. Eb/N0 curves are shown in Figs. 3.8, 4.1, and 5.4,

[ respectively, For theiponcatenated codes, curves of Pw(e) Vs, Eb/ND

are shown in Figs, 6.7-%.11. Each figure contains two curves, one

for a high-rate outer code and the other for a medium~rate outer code.

Several measures of implementation complexity will be considered

here including the number of computations per decoded information bit

i and the number of binary storage elements required in both the encoder -
and the decoder, It will generally be observed in comparing the zom-

1 plexity of coding schemes that some schemes will appear more attractive

than others using oune measure of complexity and appear less attractive

using other measures of complexity. The specific application will
!' determine which measure of complexity should be the deciding factor,

It will be assumed that a Berlekamp decoder is used in decoding

~ 7BCH and Reed-Solomon codes. The total numbeT of computations required -~ = - wmrom

-,

gf in decoding a BCH code word, a bi~orthogonal code word, a threshold-

decodable code word, or a concatenated code word is givem by (3.,22),

i: (4.41), (5.26), or (6.30), respectively, The total number of binary
storage elements required by a BCH decodér, a bi-orthogonal decoder,

l_ a threshold decoder, or a concatenated decoder is given by {3.23), (4.42), ) é

(5.243, or (6.31), respectively., The total number of binary storage

elements required by the corresponding encoders is given by (3.55),

(4.43), (5.27), and (6.32).

{pun-u_ ro——ry
;
3

N Py
S
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The number of computations per decoded information bit as a function

of E.b/N0 for the four coding schemes is shown in Fig. 10.1, 1In this

figure and in the next two figures there are two curves for concatenated
codes, one for a high=-rate outer code and the other for a medium-rate
outer code., From Fig.10.1it is obvious that for medium values of Eb/N0
(6 to 9 dB) the threshold-decodable codes are much easier to implement
than the other schemes, using the number of computations per decoded
inﬁqrmation bit as the criterion. Over this range of Eb/N0 implementa=
tionrof BCH codes requires four to seven times as many computations per
decoded information bit. The bi-orthogonal codes require more computas=
tions per decoded information bit than the BCH codes, and the difference
iﬁcreases as Eb/No decreases. For values 6f Eb/Né less than 6 dB the
difference is several orderé of magnitude. Concatenated cbdes are use-
ful over a different range qf_Eb/No (2 to 5 dB). Operation at these
bow values of B/, is not readily achieved using the other techniques.
The high-rate concatenated codes are sligﬁtiy 1ess”;fﬁi§iéﬁttﬁéﬁ-theriw"
medium-raéé codes, since they require more computations per decoded in-
formation bit at a fixed value of Eb/No’ There is some OVBflap in the
curves in the vieinity of Eb/No = 5,5 dB. In this region_éﬁe concatenated
codes appear to be less attractive than the.Bcﬁ-and threshold-decodable
codes . bﬁt more att;aetivelth;ﬁ the bi-orthogonal codes.

'The number of binary gferage elements required in the decoder as
a function ofﬁﬁb/ﬁz for the four coding schemes is Shewn in Fig. 10.2,
In this casé the pronounced differences between the various quing.schemes
that were observed in Fig. 10.1do not exist. Threshold decoding is

attractive for values of Eb/N0 from 7 to 9 dB, 1In this range of Eﬁ/No

it would be the most easily implementeé scheme sihce.very little control

Firiiia oy
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Fig. 10,1. MNumber of Computations per Information Bit Required in .
Decoding Several Classes of Codes at a Py(e) = 1073,
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Fig. 10.2, Number of Binary Storage Elements Required in the .
Decoder for Several G-l.as'ses of Codes at a Pw(e) £ 10 7, .
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circuitry would be required. Throughout the fange 5.5=-9,0 dB, the bi-
orthogonal decoder requires fewer storage elements than the BCH decoder
by about a factor of two. Again the concatenated codes are attractive
for values of Eb/N0 from 2 to 5 4B, q
The number of binary storage elements required in the encoder as
a function of Eb/No for the four coding schemes is shown imn Fig, 10.3.
This measure of complexity is particularly impertant in space commni-
cation where there are restrictions on the size of the encoder. For
values of Eb/No from 5.5-9.0 dB bi-orthogonal coding is by fa; the
eagiest to implement. Also in this range the BCH eodes‘are easier to
implement than the threshold-decodable codes. Again.for low values of
Eb/No (2 to 5 dB) the coneétenated codes become attractive. The high~
rate concatenated codes are easier to implement for Eb/N°=-2.7 dB. At
E /N = 5.7 dB the concatenated encoder is only slightly more complex

than the biéorthegonal encoder and much less complex than either of the

Sequential decoding of convelutional codes would compare very favorably

with the block coding methods just diseussed. Since curves of complexity

VS, Eb/No are not available, this method ﬁill be discussed only quali=-

tatively. Sequéntial decoding has a small average number of computations

per decoded information bit so that it ﬁeuld appear to compare favorably

with BCH codes and threshold=decodable codes in Fig, 10Q.1, but sinée-the

number of computations is highly variable, a much larger deeeder speed

advantage is needed_ta obtain 2 negligible probability of buffer over=

flow. Operation of the sequential decoder at values eE‘Eb/No from 3_to-

4 4B is pdssible if the decoder speed advantage and buffer size are large

enough. Due to the large buffer requirement and complex deeoding'algorithm,




Boee— A .o s b ke e A PRER MR TR kb i 0 ve s s - il s

o

213

—

BCH Codes

Bi-orthogonal Codes

o= === Threshold-Decodable Codes

- == =—e——e= Concatenated Codes

! Y - :
o
L)

10°

e SR votmn |

\V Medium=
W=Rate Outer
\\ Codes

\&,
\\

YN
NN

e HigheRate N\

Outer Codes TN

i

|
pub
aw]
[y
. |

|

o 2

107 =

Number of Binq%y Storage Elements in Encoder, NSE

et

i

oo

‘Energy=to-Noise Ratio, E /N_ (dB)

RT3 WS RN R WA S

p——
o
&

Fig, 10,3, Kumber of Binary Storage Elements Required in the -5 : ‘ 5
‘Encoder for Several Classes of Codes at a Pw(e)==10 " '




‘ 214
. the cost of a sequential decoder is comparable to that of a concatenated
{ decoder. One of the principal implementation advantages of sequential

decoding is that the convolutional encoder is re-adi.ljr implemented by a
{f shift register which is typically 20-40 stages long. This could be the

deciding factor in space communication where the encoder complexity is

L strictly limited. As shown in Pig. 10,3, the concatenated encoder will
. be more complex.

Even in using concatenated coding to communicate at EI:./No = 2,0 aB,

Shannon's 1limit is still 3,6 dB away. At this time communication at

values of Eb/NO beiow 2,0 dB with practical systems requires the use
of a feedback channel. Concatenation schemes utilizing a feedback channel

were discussed in Chapter VIII, The curves of _Pw(e) vS. Eblﬂo for these

schemes were presented in F'igs,:;s:s.lo, 8.11, and 8,12, Operation very

near Shannon's limit is achieved by these 8chemes.

The coding schemes which have been diScussed are attractive to im-

 plement for different ranges of E /N . The ranges of E /N “whick Ehese

schemes are useful in obtaining a word error probabil ity in the range'

ey,
(. ¥

10'3<'Pw(e)<10-7 are tabulated in Table 10.1.,

Table 10,1, Coding Techniques for the Gaussian Channel Which
Are Ugeful in Obtaining a Word Error Probability in the Range

[ 107 < P, le) < 1077,
| Range of Eb/N o Techniqueq | ..
( E-b/N.o:»g a No coding. ) | W
5 dB< Eb/N <9 d8 There are several _schemes-;whiéh
b o ' can be implemented with reasonable -
(_ ! - | complexity (BCH codes, bi-orthogonal
' - codes; and threshold-decodable codes).
] o 2 dB<E /N, <5 db There are tWo very cowplex schemes |
. ' - (sequential decoding of convolutional :
Z.odes and concatenated codes).
|
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J -1.6 dB<E /N <2 dB There is a very elaborate coding

scheme requiring a feedback

P channel (concatenation with inner-

B code feedback).

i When coding for channels with memory, a different approach is used,

’ A detailed study of channel error statisties must be undertaken in order
[; ‘to determine the type of coding strategy which should be used. It is

4 important to know the expected length of the error bursté. If a feed~

.E back channel is available, it is also important to know the quality of
T this channel.

" If a feedback channel is available, system complexity can be reduced
.ﬁ considerably. 1In this case the strategy essentially'is to use the channel
when it is in State G and to avoid use of the channel when it is in State

i

(; B. The simple detection-retransmission scheme works very well for this

[? _ purpose. Use of the deteg;ien-retransmi&sion.Scheme as the imner coding

% technique in a eoncatenatiﬁn scheme results in extréemely low error proba-/
% e s e e et
. If no feedback channel is available it is important that the céding o
!f Schepeiselected~have a block length sufficiently long to span the longest

expecté& error burst. On many real channels error bursts which are

hundreds or thousands of bits long are common. This requires block

lengths which are tens of thousands of bits long. The techniques used

‘E

to achieve these long block lengths are concatenation and interleaving.

t- :-s—mva;«]

The main purpose of this investigation has béen to develop suitable

and easily understood comparisons ameng the majér coding_teéhniques.

Emphas is has been plaéed.on coding techniques fér the Gaussgizn channel,

The results of this investigation‘have been applied. in this chapter in

i
i

5

a comparison of coding schemes for the Gaussian channel at a Pw(e)==iof
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The simplicity of the resulting comparisen should be evident, Similar
comparisons at any other value of Ew(e) can be made using the results

of the preceding chapters. Comparisons for other channels can be made

by calculating the Bw(e) on these channels. In addition to the compari=-
sons which have been presented, several results of this investigation
will find other applications. A new technique, concatenation with inner-
code feedbaék, is analyzed, and it is shown that communication over the
Gaussian channel at values of Eb/No very near Shannon's limit (Eb/No==1;6 dB)
is possible with low error probability. In Appendix C a tight upper
bound on the average digit error probability of a linear block code is
developed. This bound is very useful in eﬁaluating_the performanée of
error-control systems. A detailed analysis of the géneralized Gilbert
channel is presented in Appendix E. The results of this analysis are
used in deriving the prdbabi}ity distribution'gﬁhthe burst lengths on

¥ R
this channel. This distribution is very useful in evaluating the per-

‘formanice of eFror-control schemes on EHE Gilbert chamnel. ~ == =« = =wmss o

There is room for future work to be done on seq3F31 of the topies
of this investigation. Further study of concatenationfwith inner=code
feedback is needed. Possible topice include effects of feedback channel

noise, effects of prOpagation delay, and tradeoffs between inner and

outer code parameters. Future work couid‘also includerfurther study

of the Gilbert channel. Possible topics include use of the distri-
bution of bufst lengths to evaluate the performance of coding Schemes

and matching real channel error statistics with Gilbeft'aﬁénnel parameters.,
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APPENDIX A
NUMBER OF COMPUTATIONS REQUIREP TO REDUCE

A MATRIX TO UPPER TRIANGULAR FORM

In decading using the Peterson algorithm a system of equations

of the form

o - - - - -
317 292" ° 8y, 9 5y

851 899 ¢ Ay % |8

81 %2 T e i 3
- - t - U2 wl

must be solved, where t denotes the maximum number of errors which the
code is capable of correcting. The number of errors which otecur in
the transmission of a code word is denoted by e. Then these equations

have the property that e is the maximum number of successive equations

 that are linearly independent.” This System i§ solved by Feducing the "= ~ - -

coefficient matrix of (A.l) to upper triangular 15(;)\1:111-.82

To begin the reduction of the system (A.1), % is eliminated from
all eqﬁations beginning with the second. This is accomplished by addiig

. a,.
to the second equation the first multiplied by =~ 32—1 s to the third equa~

a 11 _
tion the first multiplied by = ;ﬂ'— s ete, The result is the system
| 1
F 8.11 alzo . lalt .' 0'1 Sl .
o (1) . .. T (1)
0 292 B¢ 2

2 & @ 8 & & Ba@NE-

| 32§
RSO RINI G} S I R S
G"t'

s
)

(A.2)

"
8

0 a‘; 3

where

o a: L . ; | -

et o
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i

In determining the number of computations involved, division will

be performed by an inversion and a muitiplieation, and a subtraction

will be considered equal to an addition. The number computations

involved in obtaining the system (A.2) is one inversion, (t-1)(t+2)

multiplications, and (t-1)(t+1) additions. In the same manner g, can

ii
be eliminated from the last (t~2) equations. This requires one inversion, ]
(t=2)(t+1) multiplications, and (t£-2)(t) additions. Since the rank of 3
the coefficient matrix is e, after e steps in this procedure the system ;

r . o . N o i ]
a4 2, Bio® * * v v e e a8y, %G 51
(1 1) | . . (D 1
0 3y 2y 3¢ % Sy ]
o 0 e = oa(e-]') » o 5 o & @ oa(g-]') . = . (A.LI.) ]
ee et 3
(e) (e) -t * 1
0 T . & @ ;
0 0 e+l,e+l ae+1,t (e) |
- L L] L - L ] L ] L] - - » - - - - - [ ] : O’t Szt-l
l 0 0 t . .0 a(E) e @ Oa(e) - - | - ~
L tye+l t,t

is obtained.

In performing the successive steps ;f'tﬁétéigsritﬁﬁ:éééﬁ”ofnEﬁeff T
1) ale=1)
ee

1 %220 77

they were inverted. This requires a test before each inversion is

quantities a -had to be different from zero since

performed. Since :the rank of the matrix is e, thé quantity a(e) =0,
e+l e+l
which is the signal to stop the algorithm. The quantities o .. o ..,
e+l, ‘e+2
-o-,'ci, are set to zero, and then thé system of equations ;
1 12" " e 9 5
‘ (1) 1. ' (1
0 322 - °82e " 0.2 . 82 . .
. - - L ] L ] - » .. L ] » = L] (A.S)_
; (e<1) R | | - :
0 * e » e :
5 0 qee J P é(e-l)_-
) e | 2e-1

is solved. Thus
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s(e~1) S(e-l) _ a(e-2) 2

o = Ze=-l o . 2e=3 e e~l,e eto 4

!“ e (e=1) ? "e-l (e-2) ’ * :

a a 3

ee e-l,e-1 by

The total number of computations involved in reducing the coefficient E

matrix to upper triangular form can now be determined. The number of §

4

[ inversions needed is.Il = e, The number of multiplications needed is %

My = (£-1)(£42) + (£-2) (£#1) + v+ 4 (t-e) (t=e+3) ;

= Z (t+3-k) (t-k)

k=1

§ t £

. = (t7#3t)e - (2t43) ) k+ k :

k=1 k=1 ;

.2 e(erl) . e(e+l)(2e+1) G

= (t"+3t)e - (2t+3) 2 + 3 o (A.6)

;

The total number of additions is 1

: | Al = (E-1)(E#1) # (£-2)(£) + =+ o # () (t-e+2)
E ‘

= (t+2-k) (t-k) i

: k=1 ]

.,

e e ol b

{ = (t2+2t)e - (2t+2) Z k + Z kz 3

‘ k=1 k=1

{A = (t2+2t)e-—(2t+2) E&%ill + e(etlé(26+l) . (A.7) ;

_ | The maximum number of computations is needed whéen the rank of the v |

coefficient matrix is t or (t~1). After the algorithm is performed

(t-1) times,the watrix is in upper triangular form. The number of

multiplications required is

2 L Q2E3) Geo1) (), (1) (1) (2t=1) (A.8) .

+3t)(t=1) = 5 e

| (max) = (t
[ "
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The number of additions required is

Al(max) = (t2+2t)(t—1) 26433 Ce=1)Ct) | (£-1)(ed(2¢-1)

> g . (A.9)
To solve for the Oi’ Oé, "tts O requires a number of inversions
12 = e, The number of multiplications required is

Mz 1+2+oo.+e’

Mo

A (A.10)

and the number of additions required is

A2 O+1 424 204 (e-1)

ot mnsn S C. 0 & 9

The maximum number of compu*ations is required when the rank of the
coefficient matrix is t or (t-1), In this case Ié(max) = t inversions

are needed. The number of multiplications rzquired is

Mz(max) = =3 s (A.12)

and the number of additions required is

2 = - (a.13)
An inverse in GF(2™) can be formed by (2m-2) multiplications as

'\'~, T ’ s
shown in Bartee and Schneider.83 A total of 2e ‘inversions are needed

.

1

which can be accomplished by

s
i

i
3
%
S
R
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M, = (2m = 2)(2e) (A.14)

multiplications. The maximum number of inversions needed is (2t =1)

which requires

Ma(max) = (2m=2)(2t =1) ' (A.15)

multiplications,
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_ _ APPENDIX B
[ OPTIMUM RECEIVER PRINCIPLES
( "
', In this section the optimum receiver is derived for a communication
system with M equally-likely messages and additive Gaussian noise as
' L the disturbance. The development follows ciééely that of Wozencraft
: [ anﬁ}Jacobs.su Such a receiver is referred to as a maximum-likelihood
’ receiver. A probability is denqyed by P( ), and a probability density
function is denoted by p( ). le;é set of m_essagés is denoted by {mi} s
& i=0,1, ***, M=1, When the éessage is m = m,, the transmitter sends
‘ the N-dimensional-signal vector;
. b ?i = (sn,siz,---,fgw),w0,1,---,M-1 , (B.1)
_ over the channel. The M signalé‘ vectors {;i} can be visualized as M
* h? points in an N~-dimensional geometric space called the sign;i space,
- A oise vector 7 is added to the signal vestor in the chamnel, and
- the output of the channel is a random veétOr ;; i.e., -
T=(r,r,eer) (D)
The channel is defined by the set of"conditional ﬂrobability density. | g S
B Eunc'ti.-ohs . (Lp('; ‘ ;i)} s i =0, 1, veo, Mel, Usit}g its knowledge of | f
;; { ;;}_, and {:p(;.rgl)} s the optimum receiver determ;hes which é
ﬁé' | message has“maxiMMm a posteriori prob?bility.. Wiﬁh this Eriterion the %
v optimum receiver.sets'its estimate § = o s whénever
[ | Bm | D >R | D,i20,1,00 M, 18k . O (B.3) )

-t

When the -rece:i.\;ér sets @ = m_ic,___the conditiondal probability of a

correct decision is
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Pe|) = P(m ; T) (B.4)

Then the unconditional probability of a correct decision is

Qo .
Ple) = f P(c | Dp(rdr . (B.5)
- 0
Since p(r) >0, P(c) is maximized by maximizing P(c | T) which is done
in (B.3). Since this maximizes the probability of a correct decision,
the maximqua-posterisri—probability receiver must be optimum, If two

or more m, have equal a posteriori probabilities greater than all the

i
rest, then one of them can be arbitrarily selected without affecting
the probability of erreor.

The criterion of (B.3) can be put in a more convenient form by

applying Bayes' rule, i.e.,

P(m

F Dio(r) = ol(r | '
(m, | D)p(r) P(mi)p.(rlmi) . (B.6)

: ThuS, i e e

_ P mp) -
P(mil r) = T (B.7)

~When m = m, the signal vector ;= 51 is transmitted. Thus

p(;ii"fm.i) = p(;-".] E'i)- . (B.S)
I

Since p(F) and P(m-i) are independent of i, the optimum receiﬁeﬁ;; sets

W= m, whenever the decision funetion

p(r | ;i)si =0y1y000,M=1 | L (B.9)

-is maximum for i = k,

For additive Gaussian noise the received vector T and the signal

vector s are related by

o e s I LR e bt s AR T e
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r=s+n = (sl+n1,82.+n2,"',sN*nN) . (B.10)

Thus, if r is received when s = -S-i. is transmitted then n = r =3, .y and

p(?l's“i) = p(rTls"i),i="0,1,v--,M-1 R (B.11)

with n = ;-si. Now, if n and s are statistically independent which is

usually the case, p(n |;i) = p(n). Therefore, ’ '

The decision functiom, (B.9), then becomes

p(m) with n = F-asi . (B.13)

A s-impl'iﬁ-ica’tion can be made by assuming that the N cowpenents of
E'.‘are statistically independent, zero=mean, Gaussian random variables,

each with variance cz. The probability density function of the noise

is then
PR = A exp( - L Z n2) . (B.1%) i
(2%o™) 20" = J
ji=1
Since
N
- 2 - - - .
n_ =n°n= an‘_; ’ 3 (B.15) 1
j=1 i | 1
o® « —dreec-Bly L L Gae &
(2ng") _ 2g ) L - ER
Now n=r-s,, 80 the decision function of (B.13) becomes ° i"-:'-;
T e Si _ : : S
exp( = ' 2 ) . _ ' (B.17) L
209 ' S ' 8
~.
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The factor (21102) N/2 was discarded because it is independent of i.
The optimum receiver then sets i = o whenever“_(.B.U) is maximum for
i = k., Maximizing (B,17) is equivalent to f_,indi;}ig the value of 1

which minimizes
l7-5.]%. (B.18)
This decision function can be visualized geometrically, The term
I;-;il-z is the square of the Euclidean distance between the points
't and ;i in signal space.
The N-dimensional signal vector may be synthesized from N orthonormal

: )
waveforms, {¢j(t)'} s j=1, °**, N, By orthonormal is meant

* . II! j=1 |
f ¢J.(t)¢-1(t)dt = 651 = . (B.19)
-0

Uy i%1

Then the transmitted waveforms are
N'
EROE Z FEROELTRWTIR S | (B.20)

Thig produces the signal vector of (B.1). . The signal space is considered: =

to have N mutually perpéendicular axes ¢1, ¢2, cee, ¢N"
Recovery of the vectors {;i} from the signal waveforms {si'(t)}

is a straightforward process. Since the {tbj(t)} are orthonormal,

> . N .
fsi(t)dk(t)dt = f [ Z sijtbj(t)] ¢k(t)dt
ey -] | - 00 j:]_

T

yogoe 1 R

n
. i
e
o
L.'\\
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By multiplying and intvagrating for each ¢k(t), l<k<N, all components
of the vector,
8; % (841985597 %985) s (B.22)
are obtained. This procedure can be implemented with a bank of N
multipliers and integrators.
Using this bank of multipliers and integrators to operate on the
received random process r(t), the integrator outputs are
= ]
Ty = J r(t)cbj(t)dt, j=1,%°,N ., (B.23)
-
Together these integrator outputs constitute a random vector,
r = (.rl_,rz-,'",rN) . (B.24)
Sinece r(t) = s(t) +ult),
e EEEERO, 28
where ;
;-'l- = (nl,nz,"',n_N) 7 : (B.26)
and

[o o]

ng = fn(t_)-qaj(t)dt, j=1,000,N  (B.27)

- OO

Intuitively one would sus'péct that the 'véctor r bbta-ined in this way

contains all data from r(t) that is rel_evant'to the optimum determination

of the transmitted message. This is proved by Wozencraft and Jaeoibs.ss
The simplest implementation of thé optimum receiver follows by

- - |2 .

expanding the deci.siori£unct—iqn,= l r -,-s;i "y Lee.
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N
2 _ 2
|1"'8| = Z(r.-sij)
j=1
2
= r. =2r.8,.+s..
2: ( J lJ)
.j=1
=| i -2r-s-i+|s |2 (B.28%
where
N
.3, 8 rs.. . (B.29)
i j i} '

Since the term l?lz is independent of i, it may be disregarded. if
eqdél-ene.rgy signals are assumed, the term ";ilz may also ‘be disregarded.

In this case the decision rule is simply to maximize

r. +B5y 1=0,1000,Me1 (B.30)

optimum receiver is shown in Fig. B.l.

The quantities, r * ;i’ i=0,1,°**,M<1, can be determined in another
manner, which results in a slightly different.formulathion of the optimum
receiver, From (B.20) and (B.23), . : -
@ @ N : | '. | . . j.
rr(t)-si(t)dt = jr(t)[ Z ¢ (t)] : e |
-0 _ -0 j =1 e ]
o

f r(t)¢ (t)dt

-0 .

' I
R n M =

..  (BSD
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Actually, this is just a correlation process. The received signal is ;
3
correlated with each of the possible transmitted waveforms as shown q

in Fig. B.2., The decision as to which implementation of the optimum
receiver to choose depends on the relationship between M and N. 1If
N<< M, then the implementation of Fig. B.l is most desirable. However,
if N=M, then the implementation of Fig. B.2 is simplest.

The decision rule of (B.18) can be used for determining the proba=-
bility of error for various signal sets. The ones of interést here are
the binary an-tipocf_xal and binary orthogonal signal sets. A set of two
equally=likely apféi.podal signals are shown in Fig, B.3, From (B.18) and

Fig. B.ii'f :.t 1.8 obvious that the optimum decision rule is to set @i = o,

when ii.es to the left of the ?b-z axis or, in other words, when the noise

<d/2. 1If s, is transmitted, an error occurs if and only if

component n 1

1
n, < d/2. Thus,

Pleln,) = B(n, >d/2)' . (B.32)

Since n, is a zero-mean Gaussian random variable with variance NO/Z,

o 1 :_‘2/N°
Plefm) = j Lo %, (B.33)
| a/2 mo
Letting B = </ .2./N6,
plelny = [ dee® gl (B.3)
R = by,
ey
where
had 2 1.
o & Lo f.e_"f’ s . (B.35)
Jon J,
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By symmetry, the conditional probability of error is the-same for either

signal. Thus,

1
d
Ple) = P(m )P(e|m,) =P(elm ) =Q(-=") . (B.36)
;z;o i l i ™ J;E;

Actually, this is the probability of error for any two equaily-likely
signal vectors separated by a distance, regardless of their location in
signal space. For equally-likely antipodal signals d = ZJE;, and

2B_
PCe) = (| . | (B.37)
i (o]

A set of two equally~likely orthogonal signals is shown in Fig. B..4,
It is obvious from Fig, B.4 that d = JZES for orthogonal signals. Since
(B.36) is applicable to this signal set, the probability of error is

simply

P(e) = QE N ) . (B.38)

A comparison of (B.37) and (B.38) reveals that an antipodal signal
set needs only half the signal power that an orthégonal signal set does
to achieve the same P(e). Thus, antipodal signaling has a 3 dB advantage
over orthogonal signél ing. Because of this, antipodal signaling will be
used throughout this work.

The combination of transmitter, Gaﬁssian channel, and optimum receiver

just deseribed can be thought of as a binary symmetric channel with cross-

over probability p, which is shown in Fig. B.5. With antipodal signaling,

ZES
p= Q('ﬁ—-') . (B.39)
X _

This channel is used in comparisons throughout this work.
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APPENDIX C
AVERAGE DIGIT ERROR PROBABILITY IN DECODING
A LINEAR BLOCK CODE

In calculating the performance of a linear block cecde over a dis-
crete channel the word error probability Pw(e) is generally used and is
easily calculated from the'errbr-correcting capability of the code. The
probability of digit error demoted by PD(e) will be defined to be the
probability that a given digit at the output of the decoder is in error.
This.prObability may be desired in certair cases, but calculation of
it ;equires knowledge of the detailed structure of the code. In this
appendix a method will be derived for ca}culating an upper bound to
PD(e) which is dependent only on the minimum distance of the code. The
tightness of this boﬁnd will also be demonstrated, and an example where

 knowledge of Py(e) is important will be preserted.

The probability of digit error can be written as

PD(e) = P (e)Pw(e) ’ o (C.1)

D{W

(e) denctes the probability of digit error given that a word

g where PD|W : i

error has occurred., A distinetion will be made between channel errors ;
[. which occur at the output of the channe1 w1th probaulllty p and dlglt
errors which oceur at the output of the decoder with probability P (e). _ =

It will be assumed that-the bloek length of the code LB n and the mini-

mum distance of the code is odd and equal to d = 2 -+1 where e is the
‘maximum number offerrors which the code can correct. If the channel . {f?'

[ is memoryless, the number of channel errors in each block of n digits

is binomially distributed, i.e.,




73-‘:‘,’"?‘?*)"§:-!_'§.'"-\1‘:"-s'r-"'- N I ST

7’:5.':.:

-+ The digit error probability éan be written

. fairly easily. . .

of weight at most n. Thus,

- and
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)n-i

p, = (1) ptar-py™t (C.2)

where -Pi denotes the probability that i channel errors occur in a block

of n digits,%®

1f the code used over such a channel is capable of cor=
recting e errors, Pw-(e) is just the probability that more than e channel

errors occur which is

n .
P (e) = Z (:) pi(l -p')“"i . | (C.3) |

i=e+l

n

)
£

PD(e) = Z P(digit error i i channel errots)Pi ’ (C.4)

-

i=0

where P:‘. is given by (C.2)., An exact expression for the probability
of digit error given that i channel errors occur depends upon the de-

tailed structure of the code. However, this quantity can be bounded

In upperbounding PD(e), it is assumed that the all zeros word is |
transmitted. No generality is lost by ¢n~ing this since the code is
linear. If the number of channel errors is less than or equal to e,

the decoder decodes correctly. Thus,

P(digit error | i channel erro?é) = 0,i<ce . (c.5)

N e e

If there are i>eé channel errors, the decoder decodes into a word of

weight at most i+e. Of course, the weight of the decoder ou;.put word

is never greater than n so for izne-e the decoder decodes into a word

P(digit error | i channel errors) <2 , e<i<n=e ’ (C.6)
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P(digit error | i channel errors)<l,n-e<i<n . (c.7)
Substituting (C.2), (C.5), (C.6), and (C,7) into (C.4),
n-e-l '
(erd) ymy i, _ yn=i
ez ) LR (%) pla-p
1=e+l
n .
n} i, n=i :
SN H R (C.8)
i=ne-e
A similar development for the case d = 2e+ 2 leads te the result
ne-e=2 _
(e+l+i ny i. . n=i
Ppers SR (F) pla-p)
i=e+l '
n
- ny i, . ne-i
+ Z (_J p (1 =p) . (Ce®)
i=n=e=l

The %.»nd which has been presented for Pp(e) is for any of the n

" digits of the code word., OFten the digit error probability of interest -~

is for the k information digits of the code word, The bound presented

will hold in this case if the assumption is made that for i channel

errors the decoded digit errors are distributed proportionately between

the information digits and the parity digits., By writing out the stan=-

dard array for a number of short codes it can be seen that this condition

is very nearly satisfied by most codes and is completely satisfied for

some codes such as the (6,3) code genérated by

f1001107 . -
G = [010011 ] . (C.10)
001101 . -

Actually, from the law of large nhumbers it would be expected that the

agsumption would be better for n large.
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To determine how tight the bound in (C.9) is, consider the probability

P (e)
If a word error occurs, tﬁé":'_l}‘zaast number of digits whith can be in error

is d so that

d :

while the greatest number of digits which can be in error is n so that
P_|_w(e) <1, (C.13)

A much tighter upper bound on me(e) than that of (C,13) can be ob=-
tained by applying the."u.pper bound developed in (C.9) for 'PD(e) to
(0.11). Thus for d = 23"'1’

ne=egwsl

Dlw(e)"rce) Z %( ) fa-ptt

i=e+l

"B (e) Z ( )P - P’“ o, ' ~(Co1t)

i=n=e

and for d = 2e # 2,

neeg=2

pnlw(;.) < 5t Z —“"’1—”'1[1) Y -pyti

i=e+l

\
\-.

=) }_,HP“ P’”Q o cas

isneg =l

Fig, C. 1 ahows (C.12), (C,13), and (C.14) plotted for n-‘_=- 63 and several

values of e with d = 2e+;l. .The upper bound of (C.14) very nearly coine

cides with the lower bound of (C,12) for p<0.10 -'I'he‘s_atﬁe. results were
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obtained when (C.12), (C,13), and (C,15) were plotted for a ﬁumber of
codes having different lengths and minimum_distanees. Thié indicates
that the bounds given by (C.8) and (GC,9) are very tight at least for
p<0,10 which is the region of most interest,

An example in which knowledge of PD(e) is important is the cone
catenated coding system for the Gaussian channel consisting of a bi-
orthogonal inner code and a Reed-Solomon outer code. If the information
to be tranamitted is grouped into characters each of which is tran&mittedf
by a single inner cede wofd; the error probability of interest is the
PD(e) for the outer code, For example, qu an inner code with k = 6
information bits per code word, the eombinétion of inner coder, Gaussian
channel, and inner decoder can be thought of as a superchannel with
q = 26 = 64 inputs and 64 outputs. If the word error probability of the
bi-orthogonal inner code is denoted by p, this quantity is also the

channel error probability for tranéﬁission through the auﬁérchannel.

If a (63,49) outer code with d = 15 is used, Py (e) can be upper bounded ~
by (C.8) and Rw(e) is given by (C.3). The values of p as a function
of the energy=-to=noise ratio on the Gaussian channel are given in

Golomb;87

In Fig. a.z,(nw(e)-ana PD(e) are plqgggd as a Ephction of
Eb/No' where E, represents energy per information bit and N_ represents
single-sided noise spactral-dehaity. The difference between the two
curves is fairly signifiecant. For example, for an error probability . g
of.loiu, using the P, (e) criterion requires an energy~to-noise ratio'
of 3,55 dB whereas 1£_the-PE(e) criterion is uaed'the required.eﬁergy-.

to~noise ratio is 3,25 dB-or;a difference of 0.30 dB, Also in this

region af the curves, PD(e) = 0.24'Pw(e),. R fﬂ%
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ﬁrrdr Probability, P(e)

o 1 2 3 b
[ Energy=to=Noise Ratio, Eb/NO (dB)

System Using a (32,6) Bi-orthogomal = ) | o
Inner Code and a (63,49) Reed-Solomon ¢

| E . Fig. C,2. Performance of a Cencatenated Coding
Outer Code. : _ SRR _ &;m
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APPENDIX D
GALCULATION OF ERROR EXPONENTS FOR
CONCATENATION SCHEMES WITH INNER~-CODE FEEDBACK

In this section the.error exponents for the three concatenation
schemes discussed in Chagtaf VIII will be computed, These concatenation
schemes use inner coding methods which utilize a feedback channel. The
inner coding methods are sequenﬁial decision feedback, Wyner's modifie
cation of the Sehakwijk-Kailath feedback scheme, and Kramer's feedba%k
scheme which have error exponents given by (8,14), (8.17), and (8.265,
respectively.

For sequential -decision feedback the error exponent is given by
(8,14), 1If this exponent is substituted into (6.7), the upper=bound

concatenation exponent is

rr* =
1 t

Denoting the quantity to be maximized by Fl(r,r*),
(l=1) [2(,/—2.-1)-1'*] ’ ’i)sr*gl/f? R

Qo) i

The quantity Fl(r.r*) is to be maximized subject to the constraint

F, (ryr%) (D.2)

g = rr¥ 3"\‘_!31 . | | ' ' (D‘t\a)

The maximization is performed in a straightforward manner by usiﬁg

Lagrange multipliera; It is found that the first segment of (D,2) is

maximized by taking
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and
_[2r1(\f5-1)] 12 (b.5) ]
The second segment is maximized by taking ":
=1+ [r,724106]) 12 (D.6)
and
o= [2r o1 V212 (D.7)
Then the resulting upper=bound error exponent is
'
[(26‘2-2)1/2 '\f?].] 2 ] oirlﬁ : ]
| 8(f2 = 1)
eq (ry) = ¢ (D.8)
1/21]3
[ 3/2 = (2!‘ +1/4) ]
y Srmtm—— <1 <1,
‘ 2(2r, + 1/!4)1/2 nfz-1) T 1

The lower~bound concatenation error exponent determined by substituting

(8.14) into (6.6) is

cL1(”1

) =  max

R e e e (f*) * mi'\ e (r*) fk s W L i e e S e s L § £ e s
A= r) - '
red¥=p

L ] . (D.9)

1

The function el(r*) is strictly decreasing while r* is strictly increasing,

and since _el(t*) = % at r* = -'2-1,

]

r , 0srrgf2a1,
win o) (re),ov] = ¢ 2¢/T-1) - W fTe1srv 17, (D.10)
{m_&;]z. 1'/ﬁ5r*-_=_1 .

If the quantity to be maximized in (5,9) is denoted by F (r,r*), then
]

(l-r)(f-l) ’ 0<r*<J--1 ’ '
Fylryr®) = 1 (1) [24/Z-1) -r¢] WTe1smes1/fT (D11)

(1er) [fl/r* -./—] s UfTarr gl .
\ - |
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The first segment of Fz(r,r*) is a strictly decreasing function of r
and is independent of r*, Maximizing this segment amounts to minimizing

r with the constraint rr* = r This requires picking the largest

1.
value of r* in the interval O<r*< /2 -1, which is r* = [Z-1, The other
two segments of Fz(r,r*) are the same as the two segments of Fl(r,r*)
which have already been maximized. Then the resulting lower=bound

exponent is

/
(\/"27---1)---1'1 ’ Oirlg‘/—zz:-l ’
e (E) 7 ¢ (Zﬁ-z)vz- T |? -1 <r. < 1 (D,12)
cL1 "1 [ \/—1] » T2 15z
_-[axz-cz..-ln/u) 1/ 2J_'_
g 172 . S 5: <1 .
A TE LIS VOO LS " uyz-1)

For Wyner's modification of the Schalkwijk-Kailath scheme the error
exponent is given by (8.17). If (8.17) is substituted into (6,7), the

upper=bound concatenation exponent is

e(32'(‘51.) = max (1 r) (_a._.l?..__ (D;ia) e

r*=r1

Since the quantity to be 'maximized in (D.13) is a strictly decreasing
function of r and is independent of r*, it is maximized by letting r+

assume its maximum value, i.e., r* = 1, Thus,

2
_{a=1)
ety = EE-a-r) (D.14)

- It is easily verified that eg(a) =1latas 34-'2\/5. Then for

¢ 2
o ™, 0<r*5£-———au';n y
ain [ea(a),r*]._n ¢ | C o (D.15)
_ 2
{ a=1) <t <] ’
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and for a>3+2ﬁ,
min [ez(a),r*] = %, O<r*<l . (D.16)
To obtain the lower-bound exponent for 1<a<3+ 2J2_ the quantity
T 2 2
Q-r)i .,fa=1) . fa-1)
2 l_r Y s » OSERS T
Fo(r,r*) = (D.17)
2 2
(a-1) (a~1) x
o (-0 » Tgp o =rTEl,

must be maximized subject to the constraint rr* = r Both segments of

1.
(D.1X7) are strictly decreasing functions of r., The first segment is
a strictly increasing function of r*, and the second segment is inde-

pendent of r*, Both segments are therefore maximized by picking the

maximum value of r*, Thus, for 1sa<3+ 2\[2-,

2
(r.) = 221" ¢

“Similarly for am3+2f2,
e (r.) = max -(-l—"—!;)- r*-l-sa-—--p—z-. O<r*<l (D lé)
CL2 "1 cek=p. 2 ba P e = e *

1

is maximized by picking r* = 1, Thus, for a>3+ 2\[2_,

2 -
- (a =1)
ecpalfy) = [1/2+———8a ](1 -rl),' Osry 21 . (D.20)

In this case a family of exponents is obtained with eacﬁ wember deter-
mined by the eonstént "a't,

For Kramer's scheme the error exponsnt is given by (8.20). If this
exponent is substituted into (6.7), the quantit'yi:;.'b be maximized in

(6.7). is

T T T RN

e
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; [ (Qerd(N/2=-r*) , 0<r*<uin(1,N/L) ,
F, (r,r*) =« | (D.21)
{ (-0 [ W=y %, ain, v sev st
? By using Lagrange multipliers,
B r {\‘irli-/-é -E] 2 » 021y 5% min(l,Nz/lﬁ) ’
2 o eca{ty) = 9 (D.22)
[N1/3 -r 1/3] 3, 2 min(l.,N2/16)<r <1/ N .
L 1 N - ]-
§ For N>1 the Lagrange multiplier maximization does not provide the ex- a
) ponent for all rates in the range 05_1‘15 1. The remainder of the q 3(r:l) |
}_ curve is provided by. taking r* = 1 in (D,21). That this provides the 7
. correct maximam is clearly seen from Fig. D.1 in which F#(r,r*) is ;
I' plotted for N = 6, For a given valﬁe of r¥*, E‘u is a linear decreasing
function of ry which equals e3(r"-‘) at r, = 0 and zero at r, = r¥, If.
these straight lines are plotted for all r*, the exponent is the convex g :

- oUTVe 'Whi_:C?h"' is their upper -éhvel opes: - At the maximum.value of. .):I, Pro=. .. .. :
vided by the Lagrange multiplier maximization the straight line for r*x =1
lies above all others, and it has the largest slope. Thus, for 1<N<3, :

[ the upper-bound exponent is

7] S osnawe . o

= 1/3 1/3 3 . 1

| eC3(r}_) = < [N -T, J , N/8 5:‘1 il/ﬁ ' (D.23) %

{ - - \ . ]
- | [fN_-l ] (1-1:1), I/ﬁirlgl ; |
and for N34 it is | !

egalr) = | (D.24)
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ec3(r1)
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'y "_ Fig. D,1. Construction o£ tha'UpperiBound Concatenation
A : . Error Expoment for Kramer's Feedback/Scheme
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For 1<N<3,
¥, 5, 0<r¥<NMA ,
min [es(r*),r*] = | (D, 25)
[ (W=, nu<rrst
{
and for N>4,
min [33(';-*),:-/:]_ =k, O<rv<l . . (D.26) \'
If (8,20) is substituted into (6.6) and the quantity to be maximized
is denoted by F.-s(r,r*), then for 1<li<3,
Q=N , 0srksNM4
Bo(r,r¥), = { | (D.27)
” (.1-r)[f1~:'-j:’.—7f']2, NM<rk<l ,
\ g
and for N2 4,
Fe(r,r*) = (1 =r)N/, Csr¥gl . (D.28)
The first segment of (D,27) and all of (D.28) are independent of v¢ |
ﬁnd are monotéhically decreasing Eunctions of r. Picking the maximum . s
value of r* maximizes them. The second segment of (p.27) hae alreedy
been maximized. The comments made in determining the £inal segments )
of (D.23) and (D 24) also apply to (D.27). Thus, for 1<N<3,
[ 4=z, 0sE EN/E
| R PRV L 1/3,3
“ | (N =1) A-r)), 1fFzr 1,
and for N> 4, , o B | | K

As with Wyne-r"Ls modification of the Schalkwiéik-xailath scheme a family of

exponents is obtained, Each di.sti.nct value oﬁ N generates a diﬁferent

set of exponents.




l APPENDIX E
| THE DISTRIBUTION CF BURST LENGTHS i%
ON A GILBERT CHANNEL
In this section the distribution of burst lengths, Pb(m,n),-m =0, ?i
1, 2, eee, n, for the generalized Gilbert channel discussed in Chapter %
[é IX will be calculated. Computation of Pb(m,n) requires development of ?"
i the recurrence probabilities and the covariance function of the noise E
digits using recurrent-events theory (See Fellerse). These are gene é-
é eralizations of the recurrence probabilities and the covariance function | é
| which Gilbert deVeloped.sg” . ?g E
I% ' 1f £K denotes the conditionalprobahility given B that the first ) St\j }
- return to B will happen at step K, ’ ?
i _ 4
- g = P@ BB B (E.1)
7 | s i i i e ] ,5
v Then £, = q and E = ppQ"? for K22, The generating function of these f
T probabilities {s a |
] G Z ftt e aee BB L (E.2)
& _ K=1 -
 £ Gilbert shows that the probability s(K,m’ of exactly m returns to B in K

steps (but not necessarlly a return on step K) hes the generating function

B . H

Z ook = [ 1 -m;} [my] iy
K=1 CE | TR R

Zf_ul(K) denotea*tge conditional probability of K OF more zeros following

_an excursion into B, i.e., S e . | s

LAl

1 ' \:'c'\},‘ N

b
1




.’ .
[ .

—t i vrmipens

R i

u,(K) = PCO" |B) ,
then

[+ ¢)

u, (K) = Z s(K,m)n" ™

m=0Q

The corresponding generating function is

Q0
U, (£) = Z ul(K)tK
K= 0

Ltk 1
= | 1+ ‘ S ——
[ 1=Qtk ] 1 -2 peei)

or applying (E.2) to (E.6),

, _lf-k([)-'g)_g..
1 ~ (Qe*qh)t = hk(p-0) ¢

| Uy () =

Letting u,(K) = po* | @),

a0 = 2 o e oy e

Kol -—

’ T k7" pe?"18 | 6) pCo*"7 |B)
el ' .

351 -

= QX+ X lpmct-?
Kel

e z it i
=)

The corresponding generating Eunét'.i.on is

(> +]

Uy(t) = Z \:2(‘101:“ .,
' K=0 '

,1 P
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(E.4)
(E.5)
(E.6)
(E.7)
2
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or applying (E.8) to (E,9) yields after sowe manipulation

1+Pht111(t)
1«0kt  °

Uz(t) = (E.10)

The states G and B occur with probabilities

o
P(G) g (E.11)

and

P
P(B) = M (E.12)

The probability of a one occurring as a noise digit is then
' p{l~k) + P(1=h) y o
P(1) = &= g ) S (E.13)

The conditional probabilities of being in G and B given that a one has

occurred are

and

P{l-h

F Ay SR (Ee15)

P k3

g

By using, (E.14) and (E,15) the conditional pvobabili.ty of a run of K

- Or more zeros Eollowing a one can be written as

) p(o® | .

DT

= p(o® | ByPCR |1) +200% | eypee | 1)

= <xma|1tw ®PE |1 | (E.16)

The corresponding genarating Eumttan is

s

po |1 s ﬁr%ﬁ%m | (80 34)
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] 0CE) = U (£)BCB | 1) +1,(£)P(6 | 1)

[ g ﬂ[pm-h)(p-q)+ph<1--k>(p-q)]t+_[g(;;-n)+p<1-k>] e

[e¢1m + p(Lek) | [ - cok»«qhmﬁ‘l"‘”tz )

By expanding the left-hand side of (E.17) ih ﬁowers of t and equating

coefficlents of tK on both sides of the equation, the recurrence formula

, u(K) = (Qk+qh)u(Kel) + hk(p=Q)u(K-2) (E.18) -
o
} is obtained for K = 2, 3, v++, The initial values are
(. |
- ' u(0) = 1 (E.19)
and
I - . - (B.20)
Another probabiltiy of interest is the conditional probability of
gt ’ .
x the sequence O-KI following A ona, l.e., |
i | T i
| Since the event o ia the union of 10Kf11 and IOK, which are disjoint, T
Pt | 1) = peo® 1 |1y epc® |1 (E.22) 1
* or
u(K=1) = v(K=1) + u(K) (E.23)
‘Thus the prchability v(K) can be determined from u(K) and ufi(ﬂ), whieh
‘ can be found from (E,18), (E.19), and (8.20), The generating funetion e
v = Y v, | (B 24) i .

k=0
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The corresponding genevai’ng function Is
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and application of (E,23) to (E.24) ylelds

v(t) = }:- + &L yce)

= E%%% ’ <E025)

1

where

A = Pk(1=h) [ p-o+05h-ph_] # ph(1=k) [-P-qu-pu] .
B = P(1=h) [1-plc-qh] + p(1«k) [1-Ph-ole]
b, = p(1=k) +P(1=h), and |
D(t) = 1 = (Qk¥qh)t = hk(p=Q)t® .
The covariance function of the nolse digits can be formed with the
ald of the generating function (E,25), This covavtange funation ia juat:

the joint prebability

r(K) = Plag=lyae 1) (B,26)

R(t) & Z r(R)tF
K30 C

)‘ 9(}) [w(t)]

m-e
* TGT IR | -1t 122

The term [P(f) [ﬂ?(t)]m] in the eum generates the probabil ities of

one, Appltcation oﬁ (ﬁ 25) t:o (E an y!.elda

a2
i
A

finding g P}y with exactly wel of the digita’ Byy **%y “R -] ©qual to

s Y
e

i
L
‘.'E“

-"\“‘}:‘_\ /;"!.“ “

Y

A

.‘ j

*

14
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|
!' | P(1)D, D(t) |
4 R(t) 8 =g, (E.28)

" Alt *Blt*Dl
[* where

¥ A, = ph(l=k) (Q=p) + PK(1=h) (Q=p)

and

| B, = pC1-k)(ph=Qh1) + P(1-h)(pkoQk=1)

'ﬁ By expanding the left-hand side of (E.28) in powars of t and equating

‘ coefficdents of tX on both aides of the equation, the recurrence formula

(E,29)

: is obtained for K = 3; &, *++, The initial values are

[ r(0) = P(1) , ., (B, 30)

! :

s e

T L_‘

e S

0 “ . Pl
and
Lo ARG B R

| r(2) @ hk(Q=pIP(1) = mpermee = —E— (B,32)

l 1 1

[ . the probability
0 | w(k) = 20"y , (E.33)

. introduced by Elliott, will almplifly the calculations whiach ﬂunow.” = \t 1 .
L Sinee the forward and backward atete transition probabilities are
[‘} g;dent; ical, _ | . ‘ | N
i : ' _ - ' :Z"::ﬁ

i
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w(k) = p(10%)

= PPN | 1)

= P(Lw(K) . (B, 34)

The gene;ating functions which have baen derived, and the probabilities
u(K), v(K), and r(K), are generalizations of the formulas given by Gil=-
bert for the original channel wodel which he introduced. By letting

k =1 in these formulas, the corresponding formulas given by Gilbert
are obtained. |

The probability of the sequence 0“1---103; P(OKI"‘IGJ)o wust be

determined in order to determine Pb(m.n). Therafore, as the product of

three probabilities,

20 100020") = RCO“VIRCa ;Lo = vpee’ | 1) (E.35)

b
|

Using (B.16), (E.26), (E.33), and (B.34) with the relation

B AL LR TR P -

(B.35) becomes ﬁq
205100 10”) = ISR u()
“ S W(RIE (mel)utnemek) (B.37)

for m = 1, 2; sev, n, Since K can assume any of theff-‘val-uea-;”ib,l.2,-...,

nemy the probability, P_b-(m,.n), of a burat of length m in a sequence of -
| ) o 5

i
i
k

length n i - b

N=T

'ég'gmm) = z WOrmutnen=k)  (8.38)
* 'Kﬂo .

for m LR Y 2, *ssey ns The 'psébabtutiagﬁ a burat of lengtfim = 0 a -

U
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I P, (0,n) = P(O™)
|
| l’ = v, (n)P(B) + u, (MP(G)
= ua(n) (B.39)
[ The probability ua(n) satisfies the recurrence relation (E,18) with
initial values
1
\ al\d ) }
I.xi The envelope of the distributioen, Pb(m.n), with n = 63 is shown
&J ! in Fig. BE.,1 for two generalized Gilbert channels., Both channels have
- | P = ,0001, h = ,70, and k = ,999, but one channel has p = .01 while f
_ ! ]
Ce the other has p = , 001.. The channel with the swaller value of p = P(B-G) ;
: _ | has a tendency te .p_eﬁraiat in B for longer intervals. This tendency is
- 0 tllustrated by Fig. Bl since for p = 001 the longer burst lengths are .
more probable while the skorter burst lengths are less probable than
; ' those for p = ,01, The hump in the diattibutien for large m ia due to
: the probability of wultiple returns to B after the chamnel has left B,
z | A decrease in the distribution is noted at wm = 62 and 83 because a
; Jj;a burst of lemgth 62 can have eniy two péaitiona and a burst length 63
E f can have only one position in a sequence of lemgth ‘63.
N
‘ } li LN
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