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ABSTRACT 

The e f f e c t s  of constant  edge loads and of a uniformly d i s t r i -  

buted in-plane load on t h e  t ransverse  v i b r a t i o n a l  frequencies and 

e l a s t i c  s t a b i l i t y  c h a r a c t e r i s t i c s  of a simply-supported p l a t e  a re  

inves t iga ted .  Bounds f o r  the eigenvalues a re  obtained for var ious  

p l a t e  width-to-length r a t i o s  a s  funct ions of two parameters 

assoc ia ted  with t h e  d i s t r i b u t e d  in-plane load and the edge loads.  

The upper bounds a re  ca lcu la ted  by the Rayleigh-Ritz method and t h e  

lower bounds by the  Second Project ion Method of Bazley and Fox. 

I n  a l l  ins tances ,  the  gap between t h e  bounds over t h e i r  average 

i s  less  than a re  h a l f  of one per  cent .  Buckling load combinations 

a re  obtained by determining the  values  of t h e  loading parameters 

making the first eigenvalue equal t o  zero.  
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1. 

I INTRODUCTION 

For  many heavi ly  loaded s t r u c t u r a l  elements used i n  aerospace 

appl ica t ions ,  i n e r t i a  fo rces  a r e  of g rea t  s ign i f icance .  For  instance,  

t he  body forces  developed i n  the  mid-plane of a p l a t e  by an acce lera t ion  

component in  t h i s  plane a f f e c t  t he  p o t e n t i a l  energy of the p l a t e  and, 

consequently, i ts  n a t u r a l  f requencies  of v ib ra t ion  and i t s  s t a b i l i t y  

character  is t i c s .  

The e f f e c t  of in-plane loads on t h e  de f l ec t ion ,  na tu ra l  f requencies  

and buckling s t r e s s e s  f o r  p l a t e s  appears t o  have been considered mainly 

f o r  t he  case where these  loads a r e  uniform throughout t he  p l a t e .  

Bickley * colisidered a clamped c i r c u l a r  p l a t e  under tens ion  and 

invest igated t h e  e f f e c t  of t h i s  tension on the  normal displacements under 

pressure,  and on t h e  na tu ra l  f requencies  of t he  p l a t e .  

Conway and h i s  a s soc ia t e s  62 ' ''I determined the  e f f e c t  of combinations 

of uniform t e n s i l e  o r  compressive in-plane loads on t h e  de f l ec t ion  and 

s t r e s s  d i s t r i b u t i o n  of simply supported and clamped rectangular  p l a t e s .  

S t e in  and Neff (5)determined t h e  buckling s t r e s s e s  f o r  a simply 

supported rectangular  p l a t e  in  shear using the  Rayleigh-Ritz method, 

while McKenzie considered t h e  buckling of a rectangular  p l a t e  under 

combined b i -ax ia l  compression, bending and shear with two edges simply 

supported while t he  o ther  two edges were a r b i t r a r i l y  supported. H i s  

so lu t ion  was obtained by an approximate v a r i a t i o n a l  method. 

Johns (7) determined t h e  s t a t i c  i n s t a b i l i t y  of rectangular  or thot ropic  

panels subjected t o  b i - ax ia l  in-plane compression and l a t e r a l  loads 

dependent on the  panel def lec t ion .  

r e s t i n g  on an e l a s t i c  foundation and t h e i r  edges were e l a s t i c a l l y  

The panels were considered t o  be 

*Numbers i n  parentheses placed super ior  t o  the  l i n e  of the  t e x t  r e f e r  t o  
the  bibliography. 
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r e s t r a ined  aga ins t  r o t a t i o n .  

Wang and SussmanC8)considered t h e  e l a s t i c  s t a b i l i t y  of a s i m p l y  

supported p l a t e  under l i n e a r l y  va r i ab le  compressive loads.  

Rayleigh-Ritz method, they determined the  buckling c o e f f i c i e n t s  and 

presented them i n  graphical  form f o r  d i f f e r e n t  length-to-width r a t i o s .  

They concluded t h a t  t h e  average buckling stress i n  t h e  p l a t e  is less 

than t h e  uniform buckling s t r e s s  and t h a t  t h e  body fo rce  is a cont r ibu t ing  

f ac to r  t o  the compressive s t r e s s e s .  

Using the  

Weeks and Shideler  inves t iga ted  the  e f f e c t  o f  constant  b i - ax ia l  

in-plane loads on the  v ib ra t ion  c h a r a c t e r i s t i c s  of rectangular  p l a t e s  

with various boundary condi t ions.  Their so lu t ions  a r e  exact if  one p a i r  

of opposite edges is  simply supported, otherwise the  so lu t ions  a r e  

approximate. 

Further r e s u l t s  f o r  rectangular  p l a t e s  subjected t o  uniform 

in-plane loads can be found i n  references 1 0  through 1 2 ,  and in  re ferences  

1 3  and 1 4  f o r  skew p l a t e s .  

Hermann (15) appears t o  be the  only author having considered t h e  e f f e c t  

of a body fo rce  and un iax ia l  in-plane compression on the  fundamental 

frequency o f  v ibra t ion  of a s i m p l y  supported rectangular  p l a t e .  

force  ac t ing  in  t h e  plane of t he  p l a t e  may be due t o  its weight o r  t o  an 

acce lera t ion  of the  p l a t e  i n  i t s  plane.  

Hermann ca lcu la ted  an approximation t o  the  fundamental frequency and t o  

the  buckling load f o r  a p l a t e  with aspect  r a t i o  equal t o  3. A s  a first 

approximation, t he  l i n e a r  term was replaced by i t s  average. The frequency 

The body 

Using t h e  Rayleigh method, 

decrease was found t o  be piecewise l i n e a r  with increasing f r a c t i o n s  of 

the  c r i t i c a l  loading. 

I n  summary, one f i n d s  t h a t  i n  near ly  a l l  t h e  cases t r ea t ed  i n  the  

l i t e r a t u r e ,  the  in-plane loads have been taken a s  being constant ,  and 
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t h a t  i n  the  only t w o  instances  where the  body fo rce  has been considered 

the  e f f e c t  of t he  d i s t r i b u t e d  load on the  buckling load and on the  

fundamental frequency is obtained by approximate techniques. 

The objec t  of t h e  present  inves t iga t ion  is then t o  determine the  

e f f e c t  of a l i n e a r l y  varying compressive load on the  n a t u r a l  frequencies 

of a simply supported rectangular  p l a t e ,  taking in to  account t he  influence 

of the  p l a t e  aspect r a t i o .  The type of loading considered here  gives  r i s e  

t o  a d i f f e r e n t i a l  equation with va r i ab le  c o e f f i c i e n t s  whose so lu t ion  is 

impossible t o  obtain.  In order t o  f i n d  approximate so lu t ions ,  two methods 

a re  used: 

The Rayleigh-Ritz method is u t i l i z e d  t o  c a l c u l a t e  upper bounds f o r  

t he  n a t u r a l  f requencies .  However, s ince  t h e  qua l i t y  of these  upper bounds 

is unknown without ca l cu la t ions  of e r r o r  es t imates  or, what is  equivalent ,  

of lower bounds, t he  Second Project ion method of Bazley and F ~ x ( ~ ~ ) i s  used 

t o  complete t h e  p red ic t ion  of t h e  frequencies .  Brief descr ip t ions  of 

these mathematical methods a r e  given i n  Section 111. 

The determination of the  buckling loads is accomplished by f ind ing  

the  values of t h e  loading parameters f o r  which t h e  first eigenvalue of 

the p l a t e  goes t o  zero. Some of  t he  r e s u l t s  obtained here  a r e  compared 

t o  the  r e s u l t s  of Wang and Sussman (8) . 

Section I1 is concerned with t h e  der iva t ion  of t he  p l a t e  eigenvalue 

problem f o r  t h e  determination of t he  p l a t e  n a t u r a l  frequencies,  and the  

r e s u l t s  a r e  presented and discussed i n  Section IV. 
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11. FORMULATION OF THE PROBLEM 

Consider a rectangular  p l a t e  having uniform thickness,  h ,  small 

i n  comparison t o  i t s  length  a i n  t h e  ?-direction and i t s  width b i n  

the  5-d i rec  t i on .  

The p l a t e  is subjected t o  in-plane loads Nx, Ny, Nxy given per  

u n i t  of length ,  and t o  body fo rces  X and Y given pe r  u n i t  area and 

ac t ing  in  t h e  middle plane.  

The d i f f e r e n t i a l  equation governing the  l a t e r a l  de f l ec t ion  
- - -  
w (x ,y , t )  of t he  p l a t e  can r ead i ly  be obtained from reference 11 (p. 3 3 5 )  

by inclusion of t h e  i n e r t i a  term. 

reads 

In  the absence of l a t e r a l  loads ,  it 

where m denotes t h e  pla . te  densi ty  pe r  u n i t  a r ea  and D .is the  f l exura l  

r ig id . i ty  

The in-plane loads must s a t i s f y  t he  equilibrium equations 

aN, b h  
I + 2 + ) ( = 0  

he ai 

For t h e  p l a t e  subjected t o  a. un i fo rm compressive t h r u s t  P1, along t h e  

edge x = 0 and t o  a. d . i s t r ibu ted  body f o r c e  mg per  u n i t  a.rea, the 
- 

.in-plane 1oa.ds a r e  given by 
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The loading and the  geometry a r e  i l l u s t r a t e d  i n  Figure 1. That such 

a s t a t e  of stress is poss ib le  can be seen by s u b s t i t u t i o n  of these  

expressions i n  the  equilibrium equations (3). However, t h i s  s t r e s s  

d i s t r i b u t i o n  involves the  assumption t h a t  t he  p l a t e  i s  f r e e  t o  deform 

i n  its own plane. 

Upon s u b s t i t u t i o n  of  the  in-plane loads (4) i n t o  equation (l), 

t he  l a t e r a l  de f l ec t ion  of the p l a t e  is governed by 

The search f o r  e igenvibrat ions of t h e  form 

where 

frequency of  the  motion. 

8 , the  separa t ion  constant ,  represents  t h e  square of t h e  c i r c u l a r  

A t  t h i s  s tage ,  separa t ion  of the  va r i ab le s  and can be accomplished 

only if  t he  p l a t e  i s  simply supported along the  edges y = 0 and y = b.  

In  t h i s  case,  can be wr i t t en  i n  t h e  form, 



R " q  = Cn flyj 

wh.ile y must s a . t i s f y  t he  d. i f f  erent . ia1 equa.tion 

6. 

(9) 

Introduct ion of t he  pa.rameters 

%= "@ 
4/b, r 

= ?vf?-- = ?\ g/knzD where k ,s a numerica 

depending on r a s  defined by Timoshenko and Gere, (11) 

f a c t o r  

permits equation (11) t o  be wr i t t en  .in the  form 

(13) 

with t h e  bounda.ry condi t ions (for  simple supports a.t 2 = 0 and x = a ) :  
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The solut. ion of equa.tion (13) with boundary condi t ions (14) c o n s t i t u t e  

the eigenvalue problem t o  be solved. 

p l a t e  a r e  r e l a t e d  t o  t h e  eigenvalues h by t h e  r e l a t i o n  

The na tu ra l  f requencies  of t he  

where p and q give t h e  mode of v.ibra.tion, .i. e.  t h e  numbers of  ha l f  wa.ves 

i n  which the  v ib ra t ing  pla.te deforms i n  the  x and direct . ions respec t ive ly .  

The determination of  t h e  buckling loads w . i l l  be d.iscussed i n  Section 

I V .  Presently a t t e n t i o n  w i l l  be r e s t r i c t e d  t o  t he  determination of t he  

upper and lower bounds t o  t he  n a t u r a l  f requencies ,  i . e .  t o  t h e  bounds 

t o  the  eigenvalues spec.if.ied by equa.tions (13) and (14). I t  should be 

noted tha.t a.n e.igenva.lue problem of t he  form found here  wa.s considered 

prev.iously by one of t h e  authors i n  a d i f f e r e n t  a.pplica.tion. (17) 

To esra .bl ish the  ba.s.is f o r  the estimation of the  eigenvalues 3\ , 
the  mathema,tical problem w i l l  be c a s t  .in va.riat.iona.1 form. 

The d i f f e r e n t i a l  operator  appearing in  equation (12) .) and henceforth 

denoted by L, has a domain D cons i s t ing  of t he  s e t  of funct ions of 

c l a s s  C 4  defined over t h e  range 0 d '% 
L 

and s a t i s f y i n g  t h e  boundary 

conditions (14). Over t h i s  range, t h e  .inner product between t w o  funct ions 

f and g i s  denoted by a.nd given by the  Lebesgue . integral  .! 
J 

It can be shown by i n t e g m t i o n  by p a r t s  t h a t  t he  operator L .is 

self-a.djo.int ,  .i. e. 

up) = 

L' f o r  any t w o  funct.ions u and v i n  D 
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Now, a s  is well  known, a va r i a t iona l  p r inc ip l e  can always be constructed 

from a s e l f - ad jo in t  operator i n  such a way t h a t  t he  corresponding Euler 

equation is the  given d i f f e r e n t i a l  equation. If we assume t h a t  t he  eigen- 

values of  L a re  ordered i n  the  non-decreasing sequence 

x,,c A14 h,,c * e . *  (18) 

Courant's maximwn-minimm pr inc ip l e  (18) gives t h e  following charac te r iza t ion  

f o r  t h e  i? eigenvalue: 

where and t h e  s e t  of funct ions \hi} belong t o  %. 
The problem i s  now reduced t o  f ind ing  approx.imations t o  the  

sta. t ionary values of t he  Rayleigh quot ient  shown i n  equation (19). 
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111. DISCUSSION OF THE SOLUTION 

The number and va r i e ty  of techniques t h a t  have been used t o  

es t imate  eigenvalues of  s e l f - ad jo in t  opera.tors .is enormous. For  

review of t h e  1 i t e r a . t u r e  on t h i s  sub jec t ,  t he  reader  is r e f e r r e d  t o  

references 1 9  through 22. 

The methods used here  t o  bra.cket t he  eigenvalues a.re t h e  Rayleigh- 

R i t z  method and t h e  Second Project ion method of Bazley and Fox (16) 

A. Upper Bounds (Rayleigh-Ritz method) 

The c e n t r a l  i dea  .in t h e  Rayleigh-Ritz method c o n s i s t s  .in de te r -  

mining the  s ta t iona.ry values o f  t h e  Rayleigh quot ien t  over t h e  l i n e a r  

manifold spanned by a s e t  of n l i n e a r l y  independent funct ions 

sa . t i s fy ing  t h e  prescr ibed boundary condi t ions of t h e  opera.tor L. 

The problem cons i s t s ,  then, i n  find.ing t h e  funct ions u of t he  form 

k 

.i. e. i n  f ind ing  the  constants  c i ,  ma.king t h e  quot.ient s t a t iona ry ,  

and .its corresponding value.  The resu l t  .is t h e  general  ma. t r ix  

eigenvalue problem 

Now s ince  t h e  s e t  of funct ions u was r e s t r . i c t e d  t o  t he  f . i n i t e -  
4 

dimensional manifold, it is apparent thaV the  eigenvalues 

upper bounds t o  the  eigenvalues of t he  operator  L,  i . e .  
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Furthermore, it follows t h a t  a s  increases ,  t he  upper bounds 

w i l l  be improved s ince  the  Rayleigh quot ien t  w i l l  take i t s  

s t a t i o n a r y  value over a l a r g e r  subspace. 

I n  the present  study, the funct ions &;were chosen as  follows: 

(2 3) 

They a re  orthonormal, i . e .  

and they y i e l d  the  following inner  products: 

The inner  products were used t o  solve numerically t h e  matrix 

eigenvalue problem spec i f i ed  by equation (21) .  The r e s u l t s  a r e  

presented and discussed i n  Section I V .  

B. Lower Bounds (Bazley-Fox Second Pro jec t ion  method) 

I n  the  determination of lower bounds of a s e l f - a d j o i n t  operator L ,  

the  method of  intermediate problems introduced by Weinstein and 

Aronsza j n  (20) was modified by Bazley and Fox by the  in t roduct ion  of 

a second pro jec t ion  i n  order t o  reduce their  determination t o  f i n i t e ,  

l i n e a r  a lgebra ic  computations. Only the  ou t l ine  of the  method w i l l  

be given here .  For f u r t h e r  d e t a i l s  and proofs ,  t he  reader  i s  

r e fe r r ed  t o  reference 1 6 .  

We consider the s e t  of a l l  square in tegrable  funct ions 

defined on the i n t e r v a l  along w i t h  the inner  product defined i n  

equation (16) .  T h i s  s e t ,  along with the  inner  product defined, 
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c o n s t i t u t e s  a. separable  Hi lbe r t  space which w i l l  be denoted by H.  

The self-a .djoint  operator  L .in H is assumed t o  be decomposable as 

t h e  sum of two opera tors  

(26) 
/ 

L= Lo+ L 
where Lo i s  a. s e l f - ad jo in t  opera.tor with ea.s.ily solved eigenvalue prob- 

lem and L' .is p o s i t i v e  d e f i n i t e  and self-a ,djoint .  

We take  f o r  Lo t h e  opera.tor 

e.nd f o r  L'  

O L .is e a s i l y  shown t o  be se l f - ad jo in t ,  and i t s  eigenvalue problem, 

v i z  

has  t h e  solut. ion 

amd 

The domain of , h! 
C van.ish.ing a . t  x = 0 and x = 1. For any funct.ion 

c o n s i s t s  of t h e  s e t  of funct.ions of c l a s s  

2 
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Since t h e  boundary term vanishes,  

. i .e .  L' .is p o s i t i v e  def in . i te .  Furthermore, .it can be shown by 

integra.t ion by p a r t s  t h a t  L '  .is self-a.djo.int. 

Now s ince  L' .is non-negative and D coinc.ides with D 0, L L 

and consequently t h e  ordered e.igenvalues of Lo and L s a t i s f y  t he  

inequa l i t i e s :  

k=\ ,2 ,3  ... 
(3 4) 

Thus t h e  eigenvalues of Lo a r e  lower bounds t o  those of L.  However, 

i n  most  instances  (including i n  t h i s  appl icat ion)  these lower bounds 

a r e  f a r  removed from the  t r u e  eigenvalues h i  . In  order  t o  improve 

these  rough bounds, a sequence of s e l f - a d j o i n t  operators  L is  

constructed so  t h a t  they have t h e  same domain a s  Lo and t h e i r  eigen- 

values s a t i s f y  t h e  i n e q u a l i t i e s  

k 

In  the  Weinstein-Aronszajn construct ion,  t he  .intermed.iate operators  

L a r e  constructed using l i n e a r l y  independent vectors  i n  D 

we s e l e c t  a s  these vectors  t he  eigenfunctions e l  of the  

operator  L ' .  

Her e ,  
k 

Lf * 

The pro jec t ion  of any funct ion i n  DLI on t h e  

span of  t h e  f.irst k eigenfunctions of L'  .is given by 
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The k-th operator  Lk .is then def.ined by 

Its doma..in is D o and .it is  self-a.djo.int  a s  can eas i ly  be shown. L 
The i n e q u a l i t i e s  

being s a t i s f i e d ,  the  p a r a l l e l  i n e q u a l i t i e s  (35) a r e  a l s o  s a t i s f i e d .  

The determination of t he  eigenfunctions requi res  t h e  so lu t ion  of 

the  eigenvalue problem 

with 

The normalized eigenfunctions f o r  th . i s  problem a r e  

where Jo and J 

k.ind of order zero and one, and jo ,i a r e  the  zeros of Jo (x) e 

corresponding eigenvalues a r e  

a r e  respec t ive ly  the  Bessel funct ions of the  f irst  1 
The 

It is  read i ly  apparent t h a t  t he  determination of t he  spectrum of t he  

intermediate  operator  L 

however, t h e  e.igenvalue problem f o r  L presents  d i f f i c u l t i e s ,  and i n  

order t o  overcome them, Bazley and Fox (16) have mod.if.ied the  . inter-  

k 
gives lower bounds t o  those of L. I n  general ,  

k 
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lYk whose spec t r a  by introducing smaller opera.tors L 
k 

med.iate operator  L 

can always be determined by f i n . i t e  a. lgebraic computations. 
k 

For every p o s i t i v e  number x * y  t he  operator  L may be wr i t t en  a s  

Cons.ider t h e  inner  product < u , v )  defined f o r  any two funct ions 

u and v of H by 

Consider a. s e t  19;  of 1inea.rly independent funct ions .in H. 

The pro jec t ion  qe of an element of H on the  1inea.r man.ifold 

spanned by the  f.irst 1 vectors  of t he  s e t  is given by 

where 

and where the  - -  a.re t he  elements of t h e  matrix .inverse t o  

t h a t  with < 

Hence t h e  pro jec t ion  can be wr i t t en  a s  
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A s  1 increases ,  t h e  p ro jec t ion  increases ,  and f o r  any 

i n  H ,  

The opera tors  L 13k a.re now defined by 

They have the  e x p l i c i t  representa t ion  

In  v.iew of equations (48) a.nd (50) w e  have 

f o r  any 4) 
the  p a r a l l e l  i n e q u a l i t i e s  

i n  DL, and t h e  corresponding eigenvaluqs s a t i s f y  then 

The o r i g i n a l  problem now reduces t o  t h e  so lu t ion  of t he  e.igenvalue 

problem 

f o r  t h e  determination of lower bounds t o  the  eigenvalues of t h e  

operator  L ,  



1 6 .  

To f a c i l i t a t e  t h e  so lu t ion  of t h i s  problem, the  following 

spec ia l  choice of the  funct ions 4; can a lways  be made: 

where qz a r e  t h e  eigenfunctions of Lo given by equation (30 ) .  

With t h i s  choice, t h e  operator  LlYk t akes  t h e  form 

and t h e  e.igenva.lue problem under considera.t.ion becomes 

Its so lu t ion  i s  accomplished a s  f o l l o w s :  

If the  eigenfunction y h k  is  orthogona.1 t o  the span of 

, equation (56) reduces t o  

wh.ich means t h a t  LlYk has t h e  sa.me e igenvahes  a.nd eigenfunctions 

I f ,  however 

wr i t t en  a s  

is  i n  t h e  span of , it may be 



1 7 .  

Subs t i tu t ion  i n  equa.t.ion (56) y i e l d s  

which i n  view of t he  l i n e a r  independence of t h e  eigenfunctions 

y i e l d s  

For non- t r iv i a l  eigenfunctions , t he  determinant of t h i s  

system of equations must vanish: 

1 ,k This c h a r a c t e r i s t i c  equation gives  t h e  eigenvalues of L 

corresponding t o  t h e  eigenfunctions in  t h e  span of 

These can then be ordered with the  o ther  eigenvalues obtained from 

equation (58). 

The major labor  involved in  t h e  determination of t h e  eigenvalues 

l i e s  i n  t h e  computation of t h e  elements 4,i . From Bazley 

and Fox (16) and Fauconneau (I7) we f i n d  t h a t  they can be computed 

from t h e  equation 
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The p o s i t i v e  parameter v’ appearing in  t h e  formation of L 19k 

has been shown in  reference 1 6  t o  have an optimum value f o r  t he  

determination of 15” such t h a t  ’x”n,, - x‘ = 4 . Since 
pIL 

>y is  not  known, 2% must be chosen from an est imate  of 

. Such an est imate  was  supplied here by the  Rayleigh-Ritz 

procedure. 

In the  followjng sect. ion,  t h e  d e t a i l s  of t he  numerical procedure 

used a r e  reviewed, and the  r e s u l t s  a r e  presented and discussed. 
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I V .  RESULTS and DISCUSSION 

The procedure used i n  the  ca l cu la t ion  of t he  eigenvalues of t h e  

p l a t e  was a s  follows: For a given aspect  r a t i o  a h ,  and f o r  given 

values of t he  parameters , t h e  bounds f o r  t h e  eigenvalues a 
defined by equation (12)  were computed f o r  f ixed  values of t he  

. This parameter i n d i c a t e s  t he  number of ha l f  waves i n  

the  mode shape i n  the  y-direct ion.  The range of d i s c r e t e  values 

considered was from 1 through 5. The c i r c u l a r  frequencies were 

then ca lcu la ted  using equation (5).  

The upper bounds were computed using 15 x 15 m a t r i x  s i z e s ,  and 

the lower bounds were obtained from intermediate  operators  with 

k=1=8. Thus, f o r  f i xed  aspect r a t i o  and f ixed  loading,  a sequence 

of eigenvalue problems (one f o r  each value o f & )  was solved 50 t ake  

i n t o  account the  poss ib le  combinations of h a l f  waves i n  the x - and 

y- d i r ec t ions  giving the mode shapes of t h e  p l a t e .  Consequently, 

f o r  each case considered, the  upper bound method yielded a matr ix  

giving upper approximations t o  the  eigenvalues of the  p l a t e  f o r  com- 

b ina t ions  of i t s  f i rs t  5 ha l f  waves i n  the y-d i rec t ion  and i ts  f i rs t  

1 5  ha l f  waves i n  the  x-direct ion.  S imi la r ly ,  t h e  Second Pro jec t ion  

Method yielded lower approximations t o  the  eigenvalues of the  p l a t e  

f o r  combinations of i t s  f irst  5 h a l f  waves i n  the  y- d i r ec t ion  and i t s  

f irst  8 half-waves i n  t h e  x- d i r e c t i o n .  By inspect ion of t h e  two 

r e s u l t i n g  matr ices ,  it was then poss ib le  t o  order  t he  bounds t o  the  

eigenvalues i n  ascending order of magnitude, and t o  observe the i r  

corresponding mode orders .  
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This procedure was followed f o r  f ixed  values  of t he  parameter 

and increas ing  values  of t o  t h a t  value of f o r  which the  lowest 

eigenvalue became equal t o  zero.  This c r i t i c a l  value of 

i nd ica t ion  of the  reduct ion of t he  c r i t i c a l  constant  edge loading 

brought about by the d i s t r i b u t e d  in-plane load of magnitude 

corresponding t o  t h e  given value of 

The following geometrical  and loading condi t ions were considered: 

a/b = 0.5 f o r  a range of from 5.0 t o  30.0; a/b = 1 .0  f o r  a( ranging 

from 5.0 t o  65.0; a/b = 2.0 f o r g r a n g i n g  from 5.0 t o  60 .0 ,  and 

a h  = 3.0 f o r  ranging from 5.0 t o  60.0. 

The e f f e c t  of t he  in-plane loads  on t h e  two lowest n a t u r a l  

frequencies of t h e  p l a t e  i s  i l l u s t r a t e d  i n  Figures 2 through 9 f o r  

the var ious  aspect  r a t i o s  and loading condi t ions s tudied.  

Examination of t h e  f i g u r e s  ind ica t e s  t h a t  t he  va r i a t ion  o f  the 

frequencies with the  loading depends markedly on the  aspect  r a t i o  of 

the p l a t e .  Two d i s t i n c t  types of behavior a re  evidenced, depending 

on whether the  aspect  r a t i o  i s  l e s s  than o r  g r e a t e r  than 1 .0 ,  

1) Aspect r a t i o  less  o r  equal t o  1 .0 :  

A s  i l l u s t r a t e d  i n  f i g u r e s  2 through 4 ,  f o r  a/b 4 1 . 0 ,  t he  n a t u r a l  

frequencies decrease l i n e a r l y  with increas ing  values of , i e  with 

increas ing  values of the edge loads,  f o r  f i xed  values of the d i s t r ibu ted  

in-plane load parameter . It  should be noted t h a t  i n  Figures 3 and 5 ,  

which represent  t he  v a r i a t i o n  of the second n a t u r a l  f requencies ,  t h e  

curves have been terminated a t  those values of f o r  which t h e  p l a t e  

became e l a s t i c a l l y  unstable .  
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For p l a t e s  w i th  aspec t  r a t i o s  0.5 and 1 . 0 ,  the  lowest frequency 

always corresponds t o  the (1,l) mode which i s  a l s o  the  buckling mode 

of the  p l a t e .  

The l a r g e  e f f e c t  of the d i s t r i b u t e d  in-plane load on t h e  

frequency va r i a t ions  and on the  c r i t i c a l  values  of the  edge load 

parameter 1 i s  i l l u s t r a t e d  by the  wide spread between the  curves 

corresponding t o  f ixed  values  of the parameter& . 
2) Aspect r a t i o  g r e a t e r  than 1 .0  

For aspect  r a t i o s  g rea t e r  than 1 . 0 ,  t he  frequency va r i a t ions  

with the  loads  a r e  markedly d i f f e r e n t  than those exhib i ted  by p l a t e s  

with aspec t  r a t i o s  l e s s  o r  equal t o  1 .0 .  Figures 6 through 9 i l l u s t r a t e  

the va r i a t ions  of the f irst  two frequencies of p l a t e s  wi th  a/b = 2.0 

and 3.0. A s  the  graphs ind ica t e ,  the mode (1,l) i s  not  always the  

one corresponding t o  t he  lowest frequency of the p l a t e .  Indeed, f o r  

small values of 8 the  f irst  mode o f  v ib ra t ion  i s  the  (1 , l )  mode and 

the  frequency v a r i a t i o n  i s  e s s e n t i a l l y  l i n e a r  f o r  up t o  approxi- 

mately 0.5. However, a s 3  increases  beyond t h i s  value,  t he  lowest 

frequency switches t o  another mode. Figure 10  i l l u s t r a t e s  th i s  phenomenon 

f o r  a p l a t e  w i t h  a/b = 2.0 a n d g =  50. I n  t h a t  f i gu re ,  the va r i a t ions  

of the  frequencies  associated wi th  the (1,l) mode and the (2,l) mode 

a r e  i l l u s t r a t e d .  F o r v  l e s s  than 0.64, the  lowest frequency i s  

associated wi th  the  (1,l) mode, and it decreases with increasing values 

e The frequency associated with the  ( 2 , l )  mode a l s o  decreases 

with increas ing  values of e However, f o r  = 0.64 ,  the  two modes suddenly 

exchange r o l e s :  the  lowest frequency now corresponds t o  the ( 2 , l )  

mode which eventual ly  becomes the  buckling mode a s  reaches i t s  

c r i t i c a l  value.  It should be noted t h a t  a f t e r  th is  mode interchange, 

each one continues the  va r i a t ion  t rend  i n i t i a t e d  by t h e  o ther  one. 
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The dashed l i n e  i n  Figure 6 i nd ica t e s  the locus of t he  mode t r a n s i -  

t i o n  po in t s  f o r  t h e  var ious values  of o( p lo t t ed .  

Figure 11 shows how the  p l a t e  with a/b = 3.0 exh ib i t s  two such 

mode s h i f t s .  F i r s t ,  t he  lowest frequency corresponds t o  the (1,l) 

mode, then it switches t o  the (2,l) mode and, eventual ly ,  t o  the  (3,l) 

mode which i s  then t h e  buckling mode. Qua l i t a t ive ly ,  s imi l a r  behaviors 

a re  exhib i ted  by the higher  order frequencies.  For instance,  i n  Figure 9 ,  

the  second frequency f o r  the  p l a t e  wi th  a/b = 3.0 s h i f t s  mode t h r e e  times 

before  buckling occurs.  Similar  behaviors a r e  t o  be expected f o r  p l a t e s  

w i t h  higher aspec t  r a t i o s .  These r e s u l t s  appear t o  be i n  q u a l i t a t i v e  

agreement with t h e  case handled by Herrmann (15) f o r  a/b = 3.0. 

A s  i l l u s t r a t e d  by Figures 6 and 8,  t h e  d i s t r i b u t e d  in-plane load 

appears t o  have a much smaller  e f f e c t  on p l a t e s  with a/b g rea t e r  than 1 . 0  

than a s  p l a t e s  w i t h  aspec t  r a t i o s  less  o r  equal t o  1 . 0 .  

The e f f e c t  o f  t h e  d i s t r i b u t e d  load on the c r i t i c a l  edge load i s  

i l l u s t r a t e d  i n  Figure 1 2  which permits the determination of t h e  c r i t i c a l  

edge load f o r  a given value of the  aspec t  r a t i o  and of t he  d i s t r i b u t e d  

in-plane load parameter. The r e s u l t s  obtained here  compare favorably 

with those of Wang and Sussman. (8) 

with = 0 ,  the  present  study ind ica t e s  t h a t  t he  value of o( f o r  

buckling i s  equal t o  63.8. Using t h e  graphical  r e s u l t s  of Wang and 

Sussman f o r  t he  same condi t ions,  the c r i t i c a l  value ofO( i s  ca lcu la ted  

t o  be 64.15(within the l i m i t s  of accuracy of t h e i r  graph) . 

For in s t ance ,  f o r  a square p l a t e  

The coupling of t h e  Second Project ion method with the  Rayleigh- 

Ri tz  method yielded exce l l en t  r e s u l t s :  i n  a l l  ins tances ,  even near 

buckling, t h e  gap between the  bounds f o r  t he  eigenvalues over t h e i r  

average was l e s s  than 0.5 per cent .  Table I shows some of t he  

numerical r e s u l t s  f o r  t he  bounds f o r  t he  eigenvalues of a square p l a t e .  
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(Complete tabula ted  r e s u l t s  a r e  presented i n  Appendices A through D.) 

The r e s u l t s  show once more the qua l i t y  of the Rayleigh-Ritz method ( a t  

l e a s t  f o r  the t r i a l  functions used i n  t h i s  appl icat ion) .  O f  course,  

t h i s  q u a l i t y  could not  be establ ished a p r i o r i ,  and only through t h e  

ca l cu la t ion  of lower bounds can confidence be es tab l  ished t o  use t h e  

method i n  p red ic t ing  t h e  na tu ra l  f'requencj es  of' p l a t e s  w i  t l i  0thc.r n s p t . c t  

r a t i o s  and o the r  values  of the  loading parameters. 

F ina l ly ,  it should be noted t h a t  0 1 1 ~ 3  of' the advnr)tag(ns i r i  t l i c s  

methods used here r e s i d e s  i n  the f a c t  t h a t  t he  shi l't i r i  t l l c z  rnotltas of 

v ib ra t ion  i s  extremely easy t o  observe. In  other  methods, s u c a h  as 

f i n i t e  d i f f e rence  methods and f i n i t e  element methods, s i i c ~ l i  ObScll~vii t i 011s 

a r e  r a t h e r  d i f f i c u l t ,  i f  n o t  impossible, t o  make. 
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'*OO! i/b = 0.5 
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Edgp Load Parameter, U (as  

FiQure 2 F I R S T  FREQUENCY VARIATION WITH IN-PLANE LOADS 

(Aspect Ratio = 0.5) 
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0.20 0.40 0.60 0.80 1.00 

Edge Load Parameter t$ ( 6 =  E ~ )  PI 

Figure 3 SECOND FREQUENCY VARIATION WITH IN-PLANE LOADS 

(Aspect Ratio = 0 .5 )  
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0.20 0.40 0.8 9.80 1.0 

Edge Load Parameter, Y ( Y a br ) 
Figure 4 FIRST FREQUENCY VARIATION WITH IN-PLANE LOADS 

(Acpoct Ratio = 1.0) 
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F i g u r e  5 SECOND FREQUENCY VARIATION WITH IN-PLANE LOAQS 

(Aspect Ratio = 1.0) 
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Figure 10 MODE SHIFT I N  THE FIRST FREQUENCY VARIATION OF A 
PLATE SUBJECTED TO IN-PLANE LOADS (Aspect Ratio 2.0) 
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Figuro 11 M O D E  SHIFT IN THE FIRST FREQUENCY VARIATION O F  A 

PLATE SUBJECTED TO IN-PLANE LOADS (Aspoct Ratio = 3.0) 
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Figure 12 CRITICAL LOA 
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Table I 

UPPER and LOWER BOUNDS to the FREQUENCIES OF A 
SQUARE PLATE WITH COMPRESSIVE AND IN-PLANE LOADING 

= 10.0 

O r d e r  L o w e r  B o u n d  U p p e r  B o u n d  

339 24 
2236 -66  
2385.33 
6035,76 
9295.64 

339.21 
2236.41 
2385.31 
6035 52 
9292.32 

0 .oo 

300.29 
2080.81 
2346.35 
5879.89 
8944 98 

300.18 
2080.57 
2346.31 
5879.65 
8941.66 

0 -10  

261.17 
19 24.9 7 
2307.37 
5724.02 
8594.32 

261.14 
19 24.7 3 
2307.34 
5723.78 
8591.00 

0.20 

222.11 
1769 1 3  
2268.38 
5568 e 1 5  
8243.66 

222 -08  
1768.89 
2268.36 
5567.92 
8240.35 

0.30 

183 05 
1613 e 30 
2229.40 
5412.29 
7893.01 

183.02 
1613.08 
2229.37 
5412.04 
7889.72 

0.40 

143-96 
1457 49 
2190 4 1  
5256.42 
7542.36 

1 4 3 - 9 3  
1457.26 
2190.38 
5256 e 1 8  
7539 e 06 

0.50 

104.85 
1301.70 
2151 42 
5100 -55  
7191 7 1  

104.81 
1301.47 
2151.40 
5100.32 
7188.43 

0 -60 

0.70 

65 a 7 1  
1145 9 4 
2112 e 43 
4944.69 
6841,07 

65 68 
1145.70 
2112.40 
4944.44 
6837 e 79 



37 

Table I (continued) 

Order If - 

0.80 

1 
2 
3 
4 
5 

Upper Bound 

26.52 
990.21 

2073 a 44 
4788.82 
6490.43 

Lower Bound 

26.50 
989.97 

2073.41 
4788.57 
6487.15 
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APPENDIX A 

BOUNDS FOR THE FREQUENCIES OF A RECTANGULAR PLATE 

WITH I N - P W E  AND EDGE LOADS 

ASPECT RATIO = 0 . 5  
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RDER I t MOD E UPPER BOUND LOWER BOUNI 

2 

I '  1 
~~ 

(1,2) 364.71 364.70 

I (1.1) 

3 

127.20 I 127,19 

(1,3) 1004.02 1004.01 

4 (2,l) 1660.47 1660.34 

I 5 I (2,2) 2336.23 2336.11 

,C)RDER MODE UPPER BOUND LOWER BOUND 

1 (1,1) $11.97 111.96 

1 2  I (1*2) I 349.48 I 349.47 I 

RDER I MODE I UPPER BOUND I LOWER BOUN 



4 2  

3 

4 

(1 ,3 )  958.35 958.34  

( 2 , 1 )  1477 .84  1477 .70  

9 5  ( 2 , 2 )  2153.59 2153.47 

1 

MODE UPPER BOUND LOWER BOUND 

(1,1> 66.280 66 .269 

3 9 2 7 . 9 1  I 927.89 
I I I 

2 303.80  303.79 
I 

3 ( 1 , 3 )  943.13 943.12 



4 3  

J 

RDER MODE UPPER BOUND LOWER BOUND I I 
I 1 o ( z 5 . 0  J 1 (1,1) 35,813 3 5 . 7 9 7  

2 (1,2) 2 7 3 . 3 5  2 7 3 . 3 3  

I 5  I 1970.96 I 1970.83 I 

RDER MbDE 1 UPPER BOUND I LOWER BOUNI 
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.3RDER MODE UPPER BOUND 

1 (1,1) 101-49 

I I LOWER BOUNI 

101.47 I O ( . l O . O j  

,ORDER MODE UPPER BOUND LOWER BOUND 

1 (1,l) 86.229 86.205 

j i y =  0.01 

I '6= 0.11 

I x= 0.2 I 

339.24 I 339.21 
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.3RDER MOD E UPPER BOUND LOWER BOUND 

1 (1,l) 5 5  e 692  55.655 1 0(=10.0 
I ir= 0.31 

I cAz 10.0 I 

1 2054.02 2053.79  5 1 

RD ER I, ' "  MODE I UPPER BOUND I LOWER BOUND 

I 5 1993 .15  19192. 9 1  1 
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5 (2,2) 1871-40 1871.16 
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. 1460.90 

5 (2 ,2 )  2136.50 2136.06 

5 ( 2 8 2 )  2075,62 2075.18 



48 

'ORDER MODE UPPER. BOUND LOWER BOUND 

1 (181) 28.940 28.841 

4' (2,l) 1217.57 1217.12 

5 ' (2,2) 1893 e 01 1882.56 



49 

RDER I MODE i UPPER BOUND I 1 LOWER BOUNI 1 o ( "20 .01  1 

2 

(it1) 4 7  440 47.410 

( 1 8 2 )  2 8 6  39  286.35 

I 5 2035.77 2035.36 



50 .  

4 

5 

1178 e 07 1177.67 (2,l) 

(282) 1853,19 1852.79 
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1 I 

RDER I MOD E UPPER BOUND LOWER BOUN 



5 2  

APPENDIX B 

BOUNDS FOR THE FREQUENCIES OF A RECTANGULAR PLATE 

WITH IN-PLANE AND EDGE LOADS 

ASPECT RATIO = 1 . 0  
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RDER MOD E UPPER BOUND LOWER BOUNE, 
I '  I 

I x =  0.001 

1 

2 

1 y= 0 . 0 5 1  

(111) 364.710 364,697 

( 2 0 1 )  2336.24  '2336. .11 

I 

,3RDER MODE UPPER BOUND LOWER BOUNL 

1 (1,1) 3 4 5 . 2 2 1  345.205 

2 ( 2 , 1 )  2 2 5 8 , 3 1  1 2258.  19  

1 (1,l) 3 2 5 . 7 3 1  325 .721  

1 2390. .92.  3 2390 .94  



5 4  

4 

5 

I d . = 5 . 0 0 /  

( 2 , 2 )  5901.44  59 '01.31 

( 3 , 1 )  8992.55  8990.82 

1 y= 0.20-1 

1 

J 4 

(1,1) 286.749 286 e 734  

Io("  5.001 

2 

I I I I I 

( 2 8 1 )  2024.53 2024.40 

3 

B 
( 1 , 2 )  2332.48 2332.47 

(28 2 )  5 8 2 3 . 5 1  5823.37  

5 ( 3 , 1 )  8 8 1 7 . 2 1  8 8 1 5  e 4 9  

1 (1,1) 267.258 267.240 

RDER I MODE I UPPER BOUND I LOWER BOUN 

I 1 1 I 



5 5  

1 0 ( = 5 . 0 0  

RDER MODE 
I 

> 

i LOWER BOIJNI: UPPER BOUND 

247.765 I 247.753 . I 
1868 .68  

~~ 

I 1868 .55  

3 2254.55 2254.53 
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I 1 

UPPER BOUND LOWER BOUND 
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I 

RDER i MODE i UPPER BOUND i LOWER BOUND 

I x =  0.601 

1 

2 

(1,1) 1 3 0 . 7 9 0  130 .778  

(2 ,1 )  1401.14 . 1401.02 

1 5 7 2 3 9 . 2 1  7237 -49  1 
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I 

1 1 ! ! RDER MODE U P P E R  BOUND LOWER BOUND I I o (=5 .001  

I 1 

1 (1,1) 72.282 72.271 

2 ( 2 , 1 )  1167.39 1167,26 

I 

1 6 = 5 . 0 0 /  

3 ( 1 , 2 )  2118 a 15 2118-14 

jy,] 

4 

5 

( 2 , 2 )  4966.29 4966.16 

(3 ,1>  6888 54 6886 83 

1 ( l e 1 1  52.775 52.761 

2 

3 

1 5 6713.21 6 7 L 5 0  
I 

( 2 , 1 )  1089 a 48 1089.35 

( l e 2 1  2098.67 2098-65 ' 
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.3RDER MOD E UPPER ROUND LOWER BOUND 

13.751 13.740 . 1  (1,l) 
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4 

5 

1 ~ ( = i o . o o J  

(2,2) 6035.76 6035-52 

(3,l) 9295.64 9292-32 

RDER 1 MODE 1 UPPER BOUND 1 LOWER BOU 

300,209 1 300.181 

2 (2,1) 2080.81 2080.57 

3 2346,35 2346.31 

1 4  I (2.2) 5879-89 I 5879.65 I 



6 1  

4 

5 

I I 

( 2 , 2 )  5801.96 5801.71 

( 3 , 1 >  8769.65 8766.33 

1 'd= 0.201 

1 261.142 (1#1) 261.167 

RDER I MODE 1 UPPER BOUND 1 LOWER BOUND1 

2 

3 

( 2 , 1 >  1924.97 1924.73 

2307 a 37 2307.34 

4 ( 2 , 2 )  5724.02 1 5723.78 

8594.32 8591.00 
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I I RDER I MOD E I UPPER BOUND 1 LOWER BOUNQ 



6 3  

-9RDER MODE i UPPER BOUND LOWER BOUND I I 1 o( =10.00~ 1 (1,l) ' I 163 .504  163 .467  
i i 

3 2 1 9 0 . 4 1  2190.38 
1 1 1 

1 1 1 1 I 



6 4  

,3RDER I MODE 1 UPPER BOUND LOWER ROUND 

1 0(=10.00] 
RDER I MODE i UPPER BOUND 

I 5 I ( 3 . 1 )  i 7 1 9 1 . 7 1  

5 1 0 0 . 3 1  

7188.43 1 

1 ’d= 0.701 

65 .705 

2112.40  
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I i 

I X =  0.851 I I I I I 
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RDER I MODE UPPER BOUND LOWER BOUNI 
i 

1 3 1 3 , 1 6 1  313.122 

2 ( 2 , 1 )  2136 .50  2136 .16  

1 3  I ( 1 . 2 )  I 2359.95 I 2 3 5 9 . 9 1  

1 4  I 5 9 3 5 - 4 0  

5 (3 ,1 )  9072  e 1 7  9067.42  



67 

I I '  

1 I 

I y= 0.201 

3RDER MOD E UPPER BOUND 

1 254.455 

2 ( 2 , 1 >  1902.75 

LOWER BOUNI 

254.417 

1902 A 2  

2301.40 

I I I 1 I 
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4 
RDER MODE UPPER BOUND LOWER BOUND 1 

i i I o ( 1 5 . 0 0 1  1 

2 \ I 

(1,1) 136 .833  136 .798  

(2 ,1 )  1 4 3 5 . 4 1  1 4 3 5  e 08 I il(= 0.451 

RDER 1 MODE 1 UPPER BOUND 1 LOWER BOUNL 



7 0  

.ORDER MODE U P P E R  BOUND 

1 (1,l) 77.852 

LOWER BOUND 

77.817 



71 

5 6 4 4 2 . 5 1  6437 .84  
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4 ( 2 , 2 )  5 8 3 5 . 2 1  5834.76  

5 ( 3 . 1 )  8848 .17  8842.16  

3 2314.73 2314 .69  



7 3  

I 0 ( = 2 0 . 0  d 
, i 

I Y= 0.201 



74 

1 (1,1) 168.363 168.321 
=20.0( 

2 

3 

(2,1) 1568 e 48 1568,07 

(1.2) 2217.11 2217,07 



75 

4 I . 5133.63 I 5133.20 
I I I 



7 6  
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,3RDER MOD E UPPER BOUND LOWER BOUND, 

1 (1,1) 258.836 258.803 I O ( z 2 5 . 0  d 
2 

3 

(2 ,1 )  1934 .50  1934 .03  

( 1 , 2 )  2308.22 2308,16  

4 ( 2 , 2 )  5 7 3 4 - 1 1  5733.58  

, 5  

2 1856 .62  1 8 5 6  e 1 5  
I 

( 3 , 1 )  8623.65  I 8 6 1 6 . 5 1  I 

3 ( 1 , 2 )  2288  .I 6 8  I 2 2 8 8 . 6 1  
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I I 1 o c . z s . 0 4  

4 

UPPER BOUND LOWER B O U N J ~  

199 .524  1 9 9 . 4 8 4  

1 7 0 0 . 9 2  I 1700.45  

J 'd= 0.24 



7 9  

I 1 

1 y= 0.35 I 

1 '6= 0.401 

I I 

2151.73 

7214.42 



8 0  

1 

~ R D E R  MOD E UPPER BOUND LOWER BOUND 

1 (1,l) 80.109 80,075 

2 (2 ,1 )  - 1 2 3 4 . 3 4  1233.88  I 

3 

I X= 0.55i 

( 1 , 2 )  2132.23 2132,17 

4 ( 2 # 2 )  5032  e 40 5031.89 

5 ( 3 , 1 )  7 0 4 6 . 2 1  7039,19 

I 4 4954.43  4953.92 

RDER 1 MODE I UPPER BOUND 1 LOWER BOUN 

1 4  1 4876.47  I 4 8 7 5 - 9 6  I 
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I I 

I x =  0.601 



82 

,3RDER 

1 

1 0(=30.00 

MODE UPPER BOUND LOWER BOUND 

(1.1) 210.478 210.424 

RDER I MODE UPPER BOUND LOWER BOUND 
I I 

8398.63 8390.51 5 (3,1) 

0 . 1 O j  
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.gRDER MOD E UPPER BOUND LOWER BOUND 

1 ( i , i)  170.562 170.520 I 0 ( = 3 0 . 0  b 

,gRDER MODE UPPER BOUND LOWER BOUiW 

1 ( 1 D 1 )  150.543 150.499 1 d = 3 0 . o 0 /  
2 

1 '6= 0.201 

(2D1)  1521.57 I521  05 

3 

I 4 I . 5398.48 I 5397.89 1 

( I D 2 1  2203.50 I 2203.43 

1 5  

4 

I ( 3 . 1 )  I 7872-87  

( 2 , 2 )  5320.49 I 5319.90 

1 7864.81 

5 ( 3 , 1 )  7697 63 7689.59 

3 I ( 1 , 2 )  I 2183-91 I 2183.85 
I 

4 I 5241-91 
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I I 

1 d'30.0 d 

I 4  

I 5  

MODE i U P P E R  BOIJND LOWER BOUNL 

(1,1) 110.355 110,317 

(2,1) 1366.20 1365.69 

I 7339.17 

5 1 7171 95 1 7163.96 

RDER MODE U P P E R  BOUND LOWER BOUN 1 
I 



8 5  

MOD E 

(1,W 

( 2 , U  

( 1 . 2 1  

I 1 U P P E R  BOUND LOIJER BOIJNl 

49.581 49.547 

1133.54 1133.03 

2105.50 2105.44 

~ 0 ( : 3 0 . 0 0 ~  

( 2 , 2 )  

I 1  

4930.57 4930.01 

I 3  

1 

2 

1 4  

( 1,l) 29.147 29.120 

( 2 , l )  1056.13 1055.63 

1 5  

3 ( 1 , 2 )  2085.88 2085.83 

( 2 , 2 )  

( 3 4  1 6821.53 

4852.59 4852 e 02 

1 6813-59 

5 

RDER I MODE I ,  U P P E R  BOUND I LOWER BOUXD 

( 3 , l )  6646.34 6638.42 

ORDER MODE U P P E R  BOUND 

1 (1,l) 8.600 

2 

3 

4 

( 2 , l )  978.83 978.34 

(1,2) 2066.26 ,2066.19 

5 
- 

(3,l) 6471.16 6463 26 

1 4  1 ( 2 , 2 )  I 4774.61 



8 6  

3RDER MOD E UPPER BOUND LOWER BOUND 

1 (1,l) 200.896 200.850 

2 ( 2 1 1 )  1730 .50  1729.93  

3 2255.05 2254.99 

4 ( 2 , 2 )  5530.18  5529.53 

I 

3RDER 

1 

2 

3 

1 x =  0.001 

MODE UPPER BOUND LOWER BOUND 

(111) 180.777 180 .730  

( 2 , 1 )  1 6 5 2  . 75  1652.18  

(1 ,2 )  2235.44 2235.36 

I '6= 0.101 

- 

4 

5 

( 2 1 2 )  5452.18 5451.53 

( 3 ,  r> -7997.92 7988.99 

1 8173.14  

1 

2 

3 

1 8164.12  I 

( 111) 160.605 160.557 

( 2 # 1 )  1575 .04  1574.48  

( 1,2) 2215.81  2215.74 

4 

5 

( 2 # 2 )  5374.17 5 3 7 3 . 5 1  

( 3 1 1 )  7822.70 7813.80 

RDER I MODE I UPPER BOUND I LOWER BOUN 
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1 

2 

3 

'/o::35.00/ (1,1) 140.374 140.332 

( 2,1 1 1497.38 1496.83 

1 2196.19 2196.12 

1 y= 0.201 

, 5  7647.50 7638 . 62 ( 3 , 1 )  

]ORDER 
1 

2 

3 

4 

5 

4 

MODE UPPER BOUND LOWER BOUND 

(1,11 120.076 120.025 

( 2 , 1 )  1419.77 1419.21 

(1,2 1 2176.55 2176.48 

(2,2 1 5218.16 5217.51 

( 3 , l )  7472.30 7463.44 
5 

1 5296.16 1 5295.51 

I MODE I UPPEl i  BOUND LOWER J3OlJNT 
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RDER I MOD E I UPPER BOUND I 1 LOWER BOUNI  

0,. 301 
I , . , 3  

4 ( 2 , 2  1 

I d = 3 5 . 0 0  I 

2137.27 2137-21 

5062.15 5061.50 

I '$= 0.351 

5 ( 3 , 1  1 7121.94 7113.14 

I '1 I ( 1 , 1 1  I 79.239 i 79.200 

3RDER 

1 

2 

1 2  I ( 2 . 1  1 I 1264.73 I 1264.19 

MODE UPPER BOUND LOWER BOUNI 

(1,1) 58.675 58.637 

( 2 , 1 )  1187.33 1186.79 

3 , 
( 1, .2  1 2117,62 2117.55 

4 ( 2 , 2  1 4984 , 1 4  4983.50 

5 ( 3 , 1  1 6946.78 6938 e 01 
t 

bRDER MODE UPPER BOUND LOWER BOUNI 

1 ( 1 , l )  37.995 37,956 

2 ( 2 , 1 1  1110.03 1109.49 
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5 (3,l) 6596.49 6587,77  



90  

IRDER I MOD E I 1 - UPPER BOUND I LOWER B O U N I  1 +40.00] 
1 

2 

3 
1 x =  0.001 

(1.1) 170 .208  170.154 

( 2 , 1 )  1627 .90  1627 .30  

( 1 , 2 )  2227.86  2227.79  

I '6= 0.101 

4 ( 2 , 2 )  5427.34  5426 62  

5 ( 3 , 1 )  I 7947.20 I 7937.54 

1 

I I I LOWER BOUND RDER MODE UPPER BOUND 

(1,1) 149 .802  149 .762  

2 ( 2 , 1 )  1550 .28  1549 .67  

3 2208.20 I 2208.12 

4 I ( 2 , 2 )  

4 5271.28  5270.58  I 

5 3 4 9 . 3 1  I 5 3 4 8 . 6 1  

5 ( 3 , 1 )  7772.02  I 7762.40  



9 1  

1 

3RDER MOD E UPPER BOUND LOWER BOURD 

1 (1,1) 108 .740  1 0 8 . 6 9 1  

2 ( 2 , 1 )  1 3 9 5 . 2 2  1 3 9 4 . 6 4  

3 ( 1 , 2 )  2168 .84  2168 .76  

4 ( 2 , 2 )  5 1 9 3 . 2 5  5192  e 5 4  

I 0 ( : 4 0 . 0 0 /  

7 4 2 1 . 7 1  I 7412.16  1 

1 5 7246.58  I 7237.05  
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UPFER ROUND 

3.957 

5 ( 3 , Z )  6896.35 6886.91 
1 

LOWER BOUND 

3,919 

6711.85 --- 5 6721.26 

1009.31 

2070.30 

t i -4 1008.74 

2070-23 

1 4  

6546.19 6536 81 

4803 e 1 2  I 4802,43 
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1 

2 

3 

4 

5 '  

1 y z  0.051 

(1,;) 138.115 138.062 

( 2 8 1 )  1525.04 1524-42 

2200 .. 15 ( 1 , 2 )  2200.23 

( 2 8 2 )  5323.89 5323.14 

( 3 ? 1 >  7720.84 7710.61 

I 

RDER I MODE 1 UPPER BOUND I LOWER BOUNI 

MODE UPPER BOUND 

(1.1) 117 .) 329 

LOWER BOUNj 

117.284 

3RDER 

I 1  
( 2 J )  
I 

2 1447.60 1446 e 98 

P- 
( 3 J )  

1 4  

--- 7535.54 - 7545.73 

IRDER 

1 

MODE UPPER BOUND LOWER ROm 

(1,1) 96.425 96.379 

( 1 . 2 )  I 2180.50 I 2 180.42 

2 

3 

4 

-- 

1 5245.09 

( 2 ? 1 )  1370.25 1369.65 

2160 e 68 (1,2 ) 2160 * 76 

( 2 ? 2 )  5167.78 5167.03 

.-- 

5 ( 3 , 1 )  7370 e 64 7360.48 



94 

3RDER MODE UPPER BOUND LOWER BOUND 

1 (1,1) 54.191 _- 54.151 

2 ( 2 , l )  .1215 - 8 9  1215,30 

2121.19 3 ( 1 , 2 )  2121.26 

4 ( 2 2 )  5011.67 5010.94 

5 ( 3 , l )  7020.50 7010.43 
1 

I I 7185.45 A 5 ( 3 , l )  7195.56 

1 2  I ( 2 , l )  

UPPER BOUND LOWER ROUN 

1138.92 1138.33 

2101.48 2101.41 

4933.62 4932,90 

6845.46 6835 (. 44 



9 5  



96  

- 
3RDER MODE UPPER BOUND LOWER 8 O U N  

1 ( 1 E 1 )  61.625 6 1  580 

2 ( 2 8 1 )  1267 .84  1267 .22  

3 ( 1 8 2 )  2132.50 2132 e 41 

5 0 6 2 - 8 9  4 (2 ,2 )  5063 o 67 

5 ( 3 8 1 )  7 1 4 4 - 0 7  , 7 1 3 3 - 4 9  

_-_I- 

5 (3E1) 7 4 9 4 . 1 1  7483  43  
i 

7308.45  1 5 7319.08 
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I '  

5 I (:3,1) 6794.12 I 6783.64 I 



9 8  

1 5 7 0 9 2  11 7 0 8 1 - 1 6  

~ R D E R  I MODE I UPPER BOUND I LONER BOUNI 
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4 

I 5 I ( 3 , U  1 6742.33 6731.50 



100 

5 '  ( 3 , 1 )  7039 .70  7028 .49  

1 5  I 6864 .89  I 6853 .75  



101 

APPENDIX C 

BOUNDS FOR THE FREQUENCIES OF A RECTANGULAR PLATE 

WITH IN-PLANE AND EDGE LOADS 

ASPECT RATIO = 2 . 0  
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~ R D E R  MOD E UPPER BOUND 

1 (1 3 1) 2410.42 

2 ( 2  9 1 )  6135.23  

3 ( 3  9 1 )  1 6  ,239.7 7 

4 (1 9 2) 28,126.50 

5 (4 9 1) 38 ,568 .54  

~ 

L 

I,01\7EK BOUN? 

2410. I.I.0 

6135.10 

1 6 , 2 3 8 . 0 3  

28,126.49 

38 ,537 .30  

RDER 

1 

2 

3 

4 

5 

MODE UPPER BOUND LOWER BOlJN3’ 

2254.53 (1 , 1) 2254.55 

(2 , 1) 5511.80 5511.67 

(3 9 1 )  1 4 , 8 3 7 . 0 8  14,835.34 

(1 9 2) 27,970.65 27,970 .64 

(4 , 1) 36 ,074 .87  3 6 , 0 4 3  e 64 

- 

5F.D €F! MODE UPPER BOUND LOWER 

1 (1 - 1’1 2098.67 2098 I 65 

I- 

2 (2 9 1 )  4888.37 4888.24 

13,434.39 13 ,432 .65  3 

4 (1 , 2) 27,814.79 27 , 814.78 

5 (4 , 1) 33 ,581 .21  33 ,550  -00 

(3 7 1 )  - -- 

c - 
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,DRDER MOD E UPPER BOUND LOWER BOUND 

1 (1 Y 1) 1942 -78  1942.77 

2 (2Y1) 4264.99 4264.82 

- 3 (3 Y 1) 12,031.70 12,029.98 

4 (1 Y 2) 27,658.93 27,658.92 

, 

5 

, I 

(4,l) ' 1 31,087.54 31,056.35 I 

1 O(= 5.0 J 

1 

2 

(1 Y 1) 1786.87 

(2.1) 3641.52 

RDER I MODE I UPPER BOUND 

3 

4 

(3 Y 1) 10 629.02 

(1 Y 2) 27 , 503.07 

5 (4 Y 1) 28,593.87 

RDER I ' ,  MODE I UPPER BOUND 

4 

1 I (1 Y 1) I 1630.92 

I 

5 (1 0 2) 27,347.22 , 

I 26,100.21 

LowEK 

3641.39 

27,503 -06  

28,562.70 1 

LOWER B O W  

1630.91 4 3017.99 

26,069.06 I 
27,347.20 1 
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1 

2 

3 

I 

RDER I, ,,' MOD E I UPPER BOUND I LOWER BOUNI 

147 4.89 1474.88 

(2 Y 1) 2394.79 2394.67 

(3 Y 1) 7823.68 7821-97 

(1 Y 1) 

SRDER 
1 

2 

3 

4 

5 
f 

I . 23,606.55 

MODE UPPER BOUND LOWER BOUND 

1318.48 1318.46 

(2Y1) . 1771.81 1771.68 

( 3 J )  6421.04 6419.32 

(4,1) ~21,112.90 21,081.79 

(1 I )  21 27,035.50 27,035.49 

(1 Y 1) 

I 23,575.42 

RDER 1 MODE I UPPER BOUND 

y= 0.7 1 

LOWER BOUNI 

1 (2 9 1 )  1131.71 1131.66 

2 

3 

4 

5 

(1 Y 1) 1179.14 1179.05 . 

(3 91) 5018.44 5016.74 

(4 Y 1) 18,619.26 18,588 e 16  

(1 3 2) 26,879.64 26,879 -63  
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+ 
ORDER MODE UPPER BOUND LOWER BOUND 

1 (1 Y 1) 2385.33 2385.31 

2 (2 3 1 )  6035.75 6035 - 5 2  

3 (3 Y 1) 16,016.83 16,013 e 46 

4 (1 , 2) 28,101.69 28,101.65 

5 (4 Y 1) 38472 .87  38,111.29 
I 

I I 

I 

J ?j= 0.2 I 

UPPER BOUND LOWER BOUNI ,3RDER MODE I 
1 (1 9 1) 2229.40 2229 e 37 

2 (2 Y 1) 5412.29 5412.04 

3 ( 3  Y 1) 14,614.14 1 4  610 e 78 

4 (1 , 2) 27,945.82 27,945 -79  

ORDER MODE UPPER BOUND LOWER BOUND 

1 ( 1 . 3  1) 2073.44 207 3.41 

2 (2 9 1 )  4788.82 4788.57 

3 (3 Y 1) 13  .) 211.45 13,208 10  

27,789.96 27,789.94 

5 (4 Y 1) 33,185.56 33,124 11 

4 (1 9 2) 
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MOD E UPPER BOUND LOWER BOUND 

(1 , 1) . 1 9 1 7 . 4 3  1 9 1 7 . 4 1  , 1 0 ( = 1 0 . 0  

(2 7 1 )  

(3 7 1 )  

(1 Y 2) 

L 1 

4165.36 4165.12 

11 808.77  11 ,805 .44  

27 , 6 34.10 27 ,634 .06  

IRDER 

1 

MODE UPPER BOUND LOWER BOUND ORDER 

1 (1 9 1) 1761 .34  1761.32  

2 (2, $11, 3541.94 3541.70 

3 (3 9x1 1 0 ,  Y06.11 10,40  2.79 

2 

27 ,478 .23  27,478.20 

[*/'~ ~ ( ' y 2 )  (471) " 28,198.27 28,136 - 9 5  

3 

4 

i 

5 '  

1 

2 

3 

4 

5 

(1 , 1) 1605 .09  

(2 7 1 )  2918.63 

(3 7 1 )  9003.50 

(4 , 1) 25 ,704  - 6 4  

(1 7 2) 27,322.36 

I 30,691.91 1 30,630.52  I 

RDER I MODE I UPPER BOUND LOWER BOLJN 

1605.06 

2918.40 

9000.20 

25 ,643 .40  

27 ,'322 34 I 
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+ 
.3RDER MOD E UPPER BOUND LOSi'ER BOUND 

1 (1 Y 1) 1 4 4 8 . 4 1  1448.38  

2 (2 Y 1) 2295.67 2295.43 

3 (3 Y 1) 7600.93  7597.66 

4 (4 , 1) 23,211.03 23 ,149 .87  

5 (1,2) L 27,166.49 27,166.46 

, 

3RDER MODE UPPER BOUND LOWER BOUNl 

1 (1 9 1) 1289.69  1289 .67  

2 ( 2 , l )  1 6 7 4 . 6 1  1674 .37  

3 (3 ,l) 6198.46 6195.20 

4 ( 4 J )  , , , 20,717.44 20 ,656 .38  

r 5 (1.Y 2) 27 ,010 .62  27,010.60 

10.7-1 

ORDER MODE UPPER BOUND LOWER BOUNC 

(2 Y 1) 10 27.57 1027 .42  

(1 9 1) 1156 .74  1156 .64  

(3 7 1 )  4796.14 4792.93 

(491) 18 , 223.88 1 8 , 1 6 2  - 9 2 

(1 Y 2) 26 ,854 .75  26 ,854 .71  

o ( z  10.0 E J  
J '6= 0 .8 ,  I 
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4 

,3RDER MODE UPPER BOUND LOWER B O U N  

- . 1  (2 Y 1) 417 + 28 417.10 

2 (1 Y 1) 986.66 986 - 6 1  

3394.15 3390.95 3 
) (391) - ~- ~~ ~~ _ _  ~ ~~ 

4 (4 Y 1) 15,730.37 

5 '  (1 Y 2) 26,698.88 

15,669.50 

26,698.85 
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* 
.?RDER MOD E UPPER BOUND LOWER BOUNI 

1 ( 1 9 1 )  2359.95 2359 9 1  

2 (2 91) 5935.75 59 3 5  e 1 0  

3 (3 Y 0 15 793 .31  15 ,788 .44  

4 (1 Y 2) 28,076.78 28 ,076 .73  

5 (491) 37,776 - 6 3  37 ,685 .63  

by 

, F] 

L 

,ORDER MODE UPPER BOUND LOWER BOUND 

1 (1 Y 1) 2203.91 2203.87 

2 (2  Y 11 5312.22 5311.88 

1 4 ,  390.60 14, 385 - 7 7  

4 (1 9 2) 27,920.90 27,920 e 85 

3 (3 Y 1) 

(4 9 1) 35,282.98  35 1 9  2 . 1 1  

I 5  I 32,789.36 I 32 ,698 .63  I 
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1 

2 

3 

4 

5 

1 

RDER MOD E UPPER ROUND I LOWER BOIJG I I 

I 

1891.58  1891.55 

(2 9 1 )  4065.20 4064.86 

(3 9 1 )  11,585.27  11 ,580 .50  

(1 .) 2) 27 , 609.15 27,609 -11 

(4,1) 30 , 295.74 30 , 205.16 

(1 9 11 - 

- 

~JRDER I MODE I UPPER BOUND I LOWER BOUND/ 

5 (1 , 2) 27,297.38  27,297.34 -- 



112 

5 

, 

(1 9 2) 27,141.50 27,141.46 

I 

DRDER 
1 

2 

1 x= 0.8 

MODE UPPER BOUND LOWER BOUNI 

1255.88  (1 , 1) 1255.90  

(2 9 1 )  1580.48  1580.16  

I' 

3 

4 

5 

(3 9 1) 5975 .61  5 9 7 1  -00 

(4 Y 1) 20,321.57 20,231.75 

(1 9 2) 26;985.61  26,985.57 - 

IRDER 

1 

MODE UPPER BOUND LOWER ROUNl 

918 .41  918 .22  (2 ,I) 

2 

3 

4 

5 

(1 , 1) 1136.98  1136.86  

(3 ,I) 4573.85  4569.31 _- 
(4 , 1) 17 ,828 .16  17 ,738 .57  

. (1 ,2)  26 ,829 .71  26,829 67 
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~ R D E R  MOD E UPPER BOUND 

‘ 1  (2 Y 1) 308.17 - 
r 

, 
LOWER BOUNI 

307.95 

2 (1 5 1) 965.29 

3 - ( 3 Y 1 )  3172.89 

4 (4 , 1) 15,334.84 

26,673.81 5’ 

L 

i (1 Y 2) 

965 e 24 

3168.40 

15,245.48 

26,673.77 
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1 

2 

3 

4 

5 

, (1 1) 2334.25 

(2 91) 5835.21 

(3 Y 1) 15,569.20 

(1 , 2) 28,051.77 

(4 Y 1) 37,379.81 

.. 
UPPER BOUND ,3RDER MODE 

1 (1 9 1) 2178.05 

2 (2 3 1 )  5211.58 

14,166.49 

4 (1,2), 27,895.88 

5 (4 , 1) 34., 886.18 

3 , C3Y1) 

p 5 2 0 . 0  I 
LOWER ROUND 

2178.00 

5211.15 

14,160.30 

27,895.82 

34,766 - 9 3  

-0.2) 

~ R D E R  MODE UPPER BOUND 

1 [1,1) 2021.72 

2 (2,l) 4587 -97 

3 (3 , l )  12,763.81 

4 (1 , 2) 27,739.98 

5 (4 Y 1) 32,39 2.59 , 

RDER MOD E UPPER BOUND I I 

LOWER BOUNI 

2021.67 

4587.54 

12,757.68 

27,739 I 93 

32,273.61 

LOWER BOUNI 

2334.21 
_ _ ~  

5834.76 

15,562.97 

28,051 70 

37,260 e 3 1  
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. -  
3RDER MOD E UPPER BOUND LOWER BOUNJ 

1 (1 , 11 1865.18 1865.14 

2 (2 3 1 1  3964.44 3964.02 

3 (3 2 1 1  11,361.21 11,355.13 

4 (1 , 2) 27,584.09 27,584.02 

5 (4 , 11 29,899.01 29,780.32 

, 1 0(=2c.o 1 

UPPER BOUND LOWER B o p )  ORDER MODE 

1708.24 1708.20 

2 (2 9 1 1  3341.11 3340.69 

3 (3 , 11 9958.69 9952.69 

4 (4 , 11 27,405.48 27,287 -09 

5 (1 3 21 27,428.18 27,428.12 

1 (1 , 11 

R D E R  MODE UPPER BOUND LOWER BOUNC 

1550 e 43 1550. YO 

2 (2 9 1 1  2718.38 2718.97 

1 (1 0 11 

c I 

3 (3 9 1 1  8556.34 8550.41 

4 (V) 24,912.01 24,793.93 

5 (1 9 21 27,272.28 27,272.21 
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J 

LOWER BOUND 

1390.02 

2097.45 

7148.40 

22,300.88 

27.116-30 

, -o(.zo.uj 1 

2 

3 

4 

IRDER I MODE I UPPER BOUND 

(1 9 1) 1390.05 

(2 9 1) 2097.84 

(3 , 1) 7154.25 

(4 3 1) 22,418.60 

~ R D E R  MODE UPPER BOUND 

1 (1 ¶ 1) 1213.63 

2 (2 9 1 )  1492 - 7 4  

3 (3 7 1 )  5752.58 

4 (4 9 1) 19,925.29 

5 '  

ORDER MODE UPPER BOUND 

1 (2 a 1) 806.41 

2 (1 Y 1) 1117.44 

3 (391) 4351.72 

4 (4,l) 1 7  , 432.12 

5 (1 , 2) 26,804.51 

I 27,116.36 

LOWER BOUND 

806 -19 

1117.30 

4346.07 

17,315.16 

26,804.46 

I 

I 5 I (1Y2) I 26,960.44 

LOWER BOUND 

1213.62 

1492.37 1 

19,807.94 

26,960.39 1 
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,3RDER MOD E UPPER BOUND LOWER BOUND 

1 .----&&I 2308.22 2308.16 

2 

3 

4 

5 

(2,  I) 5734.11. 5733.58  

(3 , l )  15 ,344 .50  1 5 , 3 3 7 . 0 1  

(1 7 2) 28 ,026 .66  28 ,026 .59  

( 4 A  , ,  , 36,982.41  36 ,835 .40  

IRDER 

1 

2 

3 

4 

5 

MODE UPPER BOUND LOWER BOUND' 

Q , l l  ,, , 2151.79 2151.73 

( 2 , l )  5110.36 5109.85  

(3 , l )  13,9 41.78 13 ,934 .39  

* 27,870.75 (1,2) 

( 4  9 . 1 )  

SRDER MODE UPPER BOUND LOWER BOUND 

1 (1 9 1) 1 9 9 5 . 1 5  1995.09  

2 ( 2 , l )  4486.66 4486.17 

3 ( 3 9 1 )  1 2 , 5 3 9 . 1 3  1 2 , 5 3 1 . 8 1  -- 
4 (1 9 2) 27,714.83 27 ,714 .77  

1 
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+ 
,ORDER 

1 

2 

3 

4 

5 

I d " 2 5 . 0  I 

MOD E UPPER BOUND LOWER BOUNI 

(1,l) 1838.15 1838.10  

( 2 , l )  3863.09 3862.60 

11 , 1.2 9 e 3 6 

f1,,,2) 27 ,558 .91  27 , 558.85 

P+ 9 , 1 )  29,501.76 29 ,355 .98  

11 ,136 .59  (3 9,1), 

~ R D E R  MODE UPPER BOUND LOWER BOUND 

1 (191) 1680.45  1680 .41  

2 (2 7 1) 3239.90 3239.43 

3 (391) , ,  9734.22 9727.10 

4 ( 4  9 1) 27,008.32 26 ,863 .03  

5 (1 9 2) 27 , 40 2.98 27 , 402.92 

- 
'RDER MODE UPPER BOUND LOWER BOUhTD 

1 -  (1,l) 1521.19  1521.15  

2 (2 9 1) 2617.84 2617.38 

3 (3 7 1) - 8332 .11  8325.10 

~ 4 , ( 4  , 1) 24,514.97 24 ,370 .20  

5 (1 9 2) 27 ,247 .04  27 ,246  - 9 8  
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I 

UPPER BOUND LOWER BOUND 

,- 1 3 5 6 . 9 3  1 3 5 6 . 9 1  

2000.12 1999  -69  

6930 43 6923.56 

1 I 

3 

1 d" 25.0 I 

(3 , 1) 

J x= 0.8 I 

22,021.74  21,877.52 

,?RDER MODE UPPER BOUND LOWER BOUND 

1 (1 9 1) 1157 .89  1157.87  

2 (2 7 1) 1416.19  1415.  79 

3 (3 3 1) 5529.49 5522.75 

4 (491) '19,528,66 19 ,385 .02  

5 (1.1 2) 26 ,9  35.13 26,935.07 

- ,  

t 

IRDER 

1 

2 

3 

4 

27 ,091 .09  27 ,091 .03  
T c .  I 

MODE UPPER BOUND LOWER BOUNr 

(2.1) 691 .61  691 .38  

(191) , ,  , , 1097.79  1097 .65  

(3 , 1) 4129.92 4123.34 

(4 9 1) 17 ,035 .79  16 ,892 .80  

5 I (1 , 2) I 26 ,779 .15  I 26,779.09  
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* .  
,3RDER MOD E UPPER BOUND 

' 1  (,2, 9 1) 37.823 

2 (1 9 1) 923.71 

3 (3 9 1) 2733.14 

4 (4 9 1) 14,543.20 

5' (1 3 2) 26,623.16 

LOWER BOUN 

77.600 

923.63 

2726.73 

'L4,400.89 

26,623.10 
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I 

.3RDER MOD E UPPER BOUND LOWER BOUND 

1 (1,l) 2281.83 2281.76 

2 (2,1> 5632.44 5631,85 

3 (3,1) 15,119.22 15,110,60 

4 (1,2) 28,001.44 28,001 e 36 

5 (4,1) 36,584.44 36,410.83 - 

-o(:30.01 

UPPER BOUND 
c__ 

2125.11 

I x =  0.0'1 

LOWER BOUND 

2125.05 

. 5008.55 5007.97 

27,845.51 

I 

13,716.50 I .  
1 

27,845.43 I 1 I 13,708.01 

UPPER BOUND 

1968.05 

I 1 

LOWER BOUNO 

1968.00 

4384.74 

-- 12,31.3.89 
27,689.56 

31.597.39 

34,090.89 1 33,91.7.86 I 

4384.18 

12,305.51 

27,689.48 

31'424.97 
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* I 

3RDER MOD E UPPER BOUND LOWER BOUNC 

1 (1,1) 1819.42 1810.36 

2 ( 2 , 1 )  3761.16 3760.62 

10,911.44 10 ,903  e 2 1  

4 ( 1 , 2 )  27,533.61 27,533.52 

5 ( 4 , l )  29,103.97 28,932.20 

3 ( 3 , l )  

4 

5 

(4 .1 )  26,610.65 26,439.58 

( 1 . 2 )  27,377.64 27,377.57 

J-1 

3RDER MODE UPPER BOUND LOWER BOUND 

1 (1,l) 1490.28 1490.26 

2 ( 2 , l )  2517.27 2516.77 

3 ( 3 , l )  8107.48 8099.55 

4 ( 4 , l )  24,117.47 23,947 14 

t 5 ( 1 , 2 )  27,221.67 27,221.58 
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.C)RDER MODE UPPER BOUND LOWER BOUND 

1 (1,l) 1084.67 1084.62 

2 1 2 . 1 )  1354.63 1354.24 

3 ( 3 . 1 )  5306.44 5298.91 

4 ( 4 , l )  19,131.69 18 ,963  04 

5 ( 1 , 2 )  26,909.66 26,909,59 I 

1 d= 30.01 

JYS j 

,3RDER MODE I UPPER BOUND LOWER BOUX 
I 



1 2 5  

RDER I MOD E I '  U P P E R  ROUND I LOWER BOUND 

1 (1.1) 2255.05 2254.99  

I 1 I I 2 (2,l) 5530.18  5 5 2 9 - 5 3  I 

I I I 5 (4,1) 3 6 , 1 8 5 - 9 0  35 ,986.70  
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I I I I I 



1 2 7  



1 2 8  

1 

2 

RDER ! , , MODE , , , , "  , ' UPPER BOUND I LOWER BOUND1 

, (1 # 1,) 2070.30 2070.23 

(2 ,1 )  4803.12  4802.43 



1 2 9  

1 8 ( =  0 . 3 1  

I I 

‘6= 0.5 

3 5 5 5 - 0 4  

1 4  23,321.18 I 23,103,30 
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1 0 ( = 4 0 . 0  
RDER I MODE I UPPER BOUND I LOWER BOUNI 
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I I 

I x= 0.2 I 

2 (2 ,1 )  4699.49 4698.79 

3 (3 .1 )  13,037.19 13,026.17 



1 3 2  

RDER I MODE I UPPER BOUND 1 o ( z 4 5 . 0  
LOWER BOUN 

1 

2 

1 7 2 2 . 1 3  . 1 7 2 2 . 0 6  

( 2 , l )  3 4 5 2 . 1 7  3 4 5 1 . 5 2  

(1,1) 
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.ORDER MOD E UPPER BOUND LOWER BOUND 

1 (1,l) 1169.39 1169.36 

5 ( 1 , 2 )  26,832.28 lL 26,832.18 
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SRDER MOD E UPPER ROUND L0WT:K BOUNI: 

1 (1,l) 2172.11 2172.03 

2 ( 2 , 1 )  5219.84 5219.06 

3 ( 3 , l )  14 ,212 .21  14 ,200 ,29  

4 ( 1 , 2 )  27,899.51 27,899.40 

5 ( 4 , I )  34,986.89 34 ,7  16 e 79 

3RDER 

1 

2 

3 

4 

- 5 

MODE UPPER BOUND LOIJER BOUNC 

(1,1) 2013.29 2013.21 

( 2 , l )  4595.25 4594.51 

( 3 , q  12,809.62 . 12,797.99 

( 1 , 2 )  27,743 -42  27,743.31 

( 4 , l )  32,493.64 32,225.18 

IRDER I MODE I UPPER BOUND LOWER BOUNT 
I 

1853.15 1853.09 

3971.11 3970.40 

11 407.42 11 ,396 .11  

27,587.30 27,587.17 -- 
I 29,733,90 5 I 30,000.58 



135 

PIODE 

(1,1) 

( 2 8 1 )  

( 3 8  l -1 ,  

(I8 2 ,  

I------- / y= 0.4 I 

- UPPER ROUND LOWER ROUN 

1690.58 1690.51 

3348.24 3347 57 

10,005.84 9994.87 

27,431.04 27,431.15 

( 4 , 1 )  27,507.79. 27,242.99 

3RDER MODE UPPER BOUND LO\\TER BOUNII 

1 (I8 1> 1522.76 1522 72 

2 ( 2 , 1 >  2728.98 2728.36 

3 ( 3 , 1 )  8605.20 8594.63 

4 ( 4 8  1, 25,015.33 24,752.56 

5 ( 1 8  2) 27,274.96 27,274.85 1 
I- 

3RDER MODE UPPER BOUND LOWER BOUNI 

1 (1,l) 1340.41 1340 e 39 

2 ( 2 , l )  2121.89 2121.33 

3 ( 3 , 1 )  7206.12 7195.97 

4 (48 1) 22,523.31 22,262.74 

5 ( ’ 8  2,  27,118.74 27,118.64 



1 3 6  

(1,,1) 

- 
MOD E UPPER BOUND LOWER BOUN I I P 

1099.47  1099 ,43  - 

(2 ,1)  1569 .78  1 5 6 9 - 3 4  

(4 ,1 )  

( 1 , 2 )  

20,031.87 19,773.67 

26,962 - 4 7  26,962.36 

1 

3RDER MODE UPPER BOUND LOWER BOUND 

662.32 662.17 

2 (1,1) 1207.95  1207  a 73  

3 (3 ,1 )  4417 .84  4408 6 8  

4 (4,1) 17 ,541 .21  17 ,285 56  

5 (1,2) 26,806.14 

1 (2 ,1 )  

ORDER MODE UPPER BOUND LOFJER BOtJNl 

1 (2,1)  65.765 65 ,629 

2 L 1 )  994.81 9 9 4 - 7 1  

3 ( 3 , l )  - 3035.18 3 0 2 6  6 0  

4 (4 ,1 )  - 1 5 , 0 5 1  57 14,798,70 

5 (1,2) 26,649.75 2 6 , 6 4 9 - 6 4  
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1 

2 

3 

4 

5 

I 1 
(1,l) 2143.48 2143 e 39 

( 2 , 1 )  5115-16 5114.34 

( 3 , l )  13,984.00 13 ,971-53  

(1,2) 27,873.75 27 I 873 62 

( 4 , l )  34,586.11 34,294.39 

1 4 = 5 5 . 0 1  

,DRDER MODE UPPER BOUND LOWER BOUND, 

1 (1,1) 1983.82 1983.73 

2 ( 2 , 1 )  4490.39 4489-62 

3 ( 3 , 1 )  12,581.50 12,569.37 

1 2r= 0.01 

4 
1 y= 0.11 

( 1 , 2 )  27,717.60 27,717.47 

1 x= 0.21 

5 ( 4 , 1 )  32,092.98 31,803 e 27 

OR D Ell MOUE UPPER BOUND r,owm ~3011x1) 

1 (1,1) 1822.41 1822.33 

2 ( 2 , 1 >  3866.27 3865.56 

3 

4 

( 3 , l )  11,179.51 11,167 e 75 

( 1 , 2 )  27,561.42 27,561.29 

5 (481)  29,600, lO 29,312,54 
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31IDER MOD E UPPER BOUND LOKCII I30IJND 

1 (1-,1) 1657.70 1657 e 65 

4 

5 

2 

( 4 , l )  27,107.55 

( I t 2 1  27,405.20 

I - -  3243 96 
- 

3243.30 1 
9766.97 ! 

27,405.08 

5 27,092,63 27,092,52 



1 3 9  

5 ( 1 , 2 )  26,936.26 26,936.14 

1 

2 

3 

4 

5 

( 2 , 1 )  538.36  538.22  

(1,1) 1180.64 1180 .45  

(3 ,1 )  4 1 9 7 . 6 1  4188  4 0  

( 4 , 1 )  17 ,143.14  1 6 , 8 6 9 . 1 1  

26,779.82 2 6 , 7 7 9 - 7 1  
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liDER 

1 x= 0 .0  1 

MOD E UPPER BOUND LOWER BOUN 

I 

2 (2 ,1 )  5009.85 5 0 0 9 - 0 4  

3 ( 3 , 1 )  13,755.22 1 3  , 7 4 2  2 9  

I 1  2114 .19  

I 4 I (1 ,2 )  1 27,847.87 1 27,847.73 I 
33.872.47 I 

5 31,691.80 31,381.89 
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MOD E 

(1,1) 

(2 ,1 )  

(3 ,1 )  

1 0 ( = 6 0 . 0  

U P P E R  BOUND LOWER COUND 

1623.29  1623 .22  

3139.45  3 1 3 8  * 80 

9550.38  9538.78  L I  

(4 ,1)  

1 b'= 0.41 

26,706.86 26,402.32 

27 ,379.11  27,378.99 

RDER E= 

1 

2 

3 

4 

5 

I 5  

(1,1) 1445.82  1 4 4 5  7 8  

(2 ,1>  2525.48 2524.88 

(3 ,1 )  8151.25  8 1 4 0 - 1 7  ' 

(4.1) 24,215.12 23,913.57 

(1 ,2 )  27,222.77 27 ,222.64  

5 27,066.36 27,066.24 
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,ORDER MODE UPPER BOUND LOWER ROUlVD 

1 ( 2 , 1 )  923.48 923.40 

t 2 (I8 1451.21 1430.87 A 

-, 

3 

I d.= 60.01 

- 

(38 l-) 5362.64 I ' 5352,78 

I y= 0.7 I 

4 

5 

( 4 , 1 )  19,233.92 18 ,939-10  

( 1 , 2 )  26,909.88 26,909.77 

'ORDER 

1 

2 

MODE UPPER BOUND 

( 2 , 1 )  409.15 

ci, 1) 1154.20 

' 4  

5 

( 4 , I )  16,745.00 

( 1 , 2 )  26,753.31 

LOWER BOUh?) 

1154.04 

3969-53 I 
16,453.98 I 
26,753.20 I 
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APPENDIX D --- 

BOUNDS FOR THE FREQUENCIES OF A RECTANGULAR PLATE 

WITH IN-PLANE AND EDGE LOADS 

ASPECT RATIO = 3 . 0  
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.ORDER MODE UPPER BOUND 

1 (1 Y 11 9716.16 

I I LOWER I ~ O U N T ?  

9716.15 

7 I 

4 

5 

p= 0.1 1 

(4 Y 1) 60,485 -59 60,454.27 

(5 Y 11 111,987 .I 111 , 701.1 

1 

16  36 3.25 

(1 Y 1) 9365.47 9365.46 

1 16,363.11 I 

2 

3 

3 

~ 

(2 9 1 1  14,960.54 14,960 e 4 1  

(3 Y 1) 28,182 -14 28,180.38 

I 

4 

5 

31,338.21 

(4 Y 11 5 4  , 874.82 54,843.52 

(5YU 103,220.9 10  2,9 34.3 

I 31,336.46 I 

3RDER MODE UPPER BOUND LOWER BOUND 

1 (1 Y 1) 9014.78 9014.77 

2 (2 I) 1)' 13,557.82 13,557.69 
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3liDER MOD E UPPER I3OIlND LOWER BOUND 

1 (1 Y 1) 8,664.07 8664.06 

2 (2Y1) 12,155.10 12,154. 9 

3 (3 ,1) 21,870.02 21,86 8 (. 28 

4 (4,1) 43,653.29 43,622 -07 

5 (5 Y 11 85,687.28 85,400.71 

1 5 ~ 0 . 3  ! 

SRDER 

1 

r,owm BOLIXD MODE UPPER DOIJND 

(1 9 1) 8313.34 8313.32 

3 (3 9 1 )  1 8  , 713.96 18,712.24 

4 (4 $1) 38,042.55 38,011.35 

5 (5 Y 1) 76,920.46 76,633.90 
I 

I I I I 5 68,153.68 67.867.11 
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1 

2 

1 x’-.. 0.6 I 

(1 ¶ 1) 7610.73  7610.71  I 
I 

(2 ,1) 7947.89 7947 -76  I 

I I 

4 

1 dz 5.0 J 

I 

(4 9 1) 26 , 821.08 26 ,789  - 9 8  

59 ,386 .88  59 ,100 .30  

I 3  

,3RDER MODE UPPER BOUND LOWER BOU@ 

1 (2 9J) 6542.47  6542.35 

2 (1 9 1) 7 2 6 2 . 2 1  7262.19 
I 

1 ~ 12 ,401 .98  

3 

1 12,400.26  

(3 ¶1) 9246.28 9244.58  1 
i 

4 (4 ,I> 2 1  , 210.40 21 ,179 .35  I 
5 (5 ¶1> 50,620.10  50 ,333  50 

r 4 

I I I 
I I 1 

RDER I MOQE I UPPER BOUND LOWER f,OlTN1?’ 

1 

2 

(2 ,1> 5137.54  5137.46 

( 3  ¶I> 609 2.55 6090.85 

3 

4 

5 

(191) 6911.13 6911.11  

(4 ¶ 1) 15,599.80  1 5 , 5 6 8 . 8 1  

(5 91) 41,853.34 41 ,566 .71  
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MODE UPPER BOUND LOWER BOUND 

1 ( 1 Y 1 )  8989.77 8989 - 7 4  

2 (2 Y 1) 13,458.42 13,458 2 7  

3 (3 Y 1) 24 80 3.16 24 , 799.78 

4 (4 Y 1) 48,868.39 48',806.70 

I d= 10.01 

5 (5 31) 93,836.36 93,263 (. 65 
1 

1-53 0.0 1 

1 s(J 70.01 

I 9691.26 i 9691.22 I 
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IRDER 

1 

2 

3 

4 

I ! MOD E UPPER BOUND 

(1 ¶ 1) 8638 - 9 6  

(2 ,1 )  1 2 , 0 5 5  e 6 1  

(3 ¶I> 21,647 - 0 7  

( 4 2 )  43 ,257 .63  

I I 

b lin Eli. 

1 

2 

I y= 0 . 4 1  

MODE UPPER ROlJNT) r,omx n o i i ~ n l  

(1 Y 1) 8 , 288.03  8288.00 

(2 , 11 1 0 , 6 5 2 . 8 1  1 0 , 6 5 2 , 5 8  

012 DER MODE UPPER BOUND LOWER EOilXD 

1 (1 9 1) 7936.68 7936.65  

~ 

5 T ( 5 , ~  85 ,069 .56  

1 2 , 0 5 5  a 37 

21 ,643  7 1  

113,196.081 
84 ,496 .86  1 
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.3RDER MOD E UPPER BOUND LOWER BOUND 

1 (1 Y 1) 7580.06 7580.05 

2 (2 Y 1) 7852.44  7852 .21  

3 (3 Y 1) 1 2 , 1 7 9 . 4 5  1 2  I) 1 7 6  e 1 9  

4 (4 Y 1) 26,425.64  26 364.59 

5 (5 Y 1) 58,769.32  58 ,196 .54  
4 

1 d = 1 0 . 0  ] 

,ORDER MODE UPPER BOUND LOWER BOUND 

1 (2 Y 1) 6437.39 6437 .21  

2 (1 Y 1) 7239.30 7239.27 
I 

1 d " 1 0 . 0  J 

3 ( 3 J )  9024.96 9021.77 

4 ( Y J )  20 ,815 .21  20 754.40 

5 (5 Y 1) 50 ,002  -65 49 ,429.79 
I 7 

J X= 0.8 1 

Ul'PElI ROUND 11 D Eli MODE LOWKR I3OlIN 

1 1 ( 2 J )  5023.56 5023  49 
-~ - ~ 

2 

3 

-~ 

(3 Y 1) 5880.09 5876 - 9 3  

(1,1) 6887.24  6887.20 

4 I (4J) 1 5 , 2 0 5 . 1 1  15' ,144.57 

5 (5 Y 1) 41,236.05 40 ,663  0 8  
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MOD E UPPER BOUND 

(3 8 1)' 2686.86 

RD ER F- LOILTER 30USI 

2684,37 

1 2  (2 91 )  

(1 ¶ 11 

(491) 

(5 ¶I> 

k 
3656.14 a 3655.64 

6536.14 6536.11 

9595.80 9535 -54  

32 469.58 31,896.42 1 5  
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RDER I 1 MOD E U P P E R  BOUND i LOWER BOUNL 

'6= 0.11 

1 (1 Y 1) 9666.19 9666.16 

2 

3 

4 

(2 Y 1) 1 6 , 1 6 4 . 3 3  1 6 , 1 6 3  - 96 

(3  Y 1) 30 ,892  .OO 30 ,887 .00  

(4 Y 1) 59 693.72 59 ,602 .00  

5 (5 Y 1 3  110 ,751 .7  109 ,893 .2  

Y 

5 

(4 Y 1) 54.082.92  53.991.43 

(5  Y 1) 1 0 1  984.9  1 0 1  4126.4 



153 

.3RDER MOD C UPPER BOUND LOWER I i O U N d  

1 (1 9 11 8613.53 8613 48 

2 (2 .) 11 11,955.58 11,955.24 

3 (3 9 x 1  21,423.55 21,418 ., 69 

4 (471) 42,861.40 42,770 e 45 

5 (5 9 1 1  84,451.29 83,592.88 

- 

I 1 

ORDER MODE UPPER BOUND LOWER B OUluD,' 

1 (1 9 11 8262.24 8262.20 

I d z 1 5 . 0  

2 

3 

(2 9 1) 10,552.65 10,552.32 

(3 7 1 )  18,267.52 18,262.74 

4 (4 , 11 37,250.73 37,160 -12  

5 (5 9 1 )  75,684.56 74,826 - 1 3  
I 

%DER MODE UPPER BOUND LOWER 1301TNq 

1 (1 , 11 7909.9 2 7909.88 

2 (2 9x1 9150.27 9149 e 95 
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5 

1 5 . 0  I 

(5 9 1 )  5 8 , 1 5 1 . 3 0  5 7 , 2 9 2  - 7 2  1 

I 5 4 9 , 3 8 4 . 8 2  4 8  4 5 2 6  a 0 6  1 
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RDER i MODE UPPER BOUND i LOWER BOUN 

I .'I I (391)  i 2438.00 i 2434.97 
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RDER MODE I UPPER ROUND 
I I d =  20.0 

LOWER BOUhT 

1 1 (1 , 1) 9640.97 9640 .91  
i 

2 

1 3  

(2 91) 1 6 , 0 6 4 . 2 8  16 ,063 .82  

.. 
,3RDER MODE UPPER BOUND LOWER BOUND 

1 (1 9 1) 9290 -05 9289 -99  

2 (2 9 1 )  I 14,661.2.4 1 4 , 6 6 0 . 7 8  

RDER I MODE I UPPER BOUND LOWER BOUN 
1 

3 

4 

5 

(3  9 1 )  27,511.84  27 ,505 .44  

(491) 53,686.09  53 ,565 .75  

(5 9 1 )  1 0 1 , 3 6 6 . 0  1 0 0 , 2 2 2 . 3  

(1 3 1) 

(2 9 1 )  

8939.02  8938.97  

1 3 , 2 5 8 . 1 4  13 ,257  e 70 
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UPPER BOUND LOWER 130UND 

8587.76 8587.72 

11 ,854 .99  11 ,854 .54  

21,199 - 4 3  2 1 , 1 9 3 - 2 1  

42 ,464 .58  42 ,345  e 22 

83 ,832 .45  82 ,688 .77  

I o(= 20.0 I 
I z=  0.31 

MOD E 

(1 , 1) 

5 75,065.79 
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DliDER MODE UPPER BOTJND L*OWIx 11ow 

1 (2 9 1 )  4746.39 4746.35 

2 (3 9 1 )  5492.40 5487.28  

I 8(=  20.0 

1 I 1 d= 20.01 

1 

UPPER ROUND I LOWER I ~ O l J N I )  

7485.68  7485 .. 66  

7688.35  7687.90 

I 
7195 e 30 

---I 
8580 .03  - j 

i 19 ,907 .98  ___J 

47,622.27 i 
i 
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c J 

.3RDER MODE UPPER. BOUND LOWER BOUND 

1 (3 Y 1) 2181.80 2178 .*57 

2 (2 Y 1) 3489.64 3488.57 I 3 

4 

5 

- 

(1 Y 1) 6488.50 ' 6488.47 

(4 Y 1) 8812.25 8698 3 1  

(5 Y 1) 3 1  235.36 30,089.67 
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3RDER MOD E UPPER BOUND 

1 (1 ; 1) 9615.57 

1 5 , 9 6 3 . 8 2  

3 ( 3  9 1 )  30,443.66  

58 ,899 .56  

2 (2 311 

4 (4 3 1) 

5 (5 3 1 )  1 0 9 , 5 1 3 . 3  

1 'd= 0.1 I 

LOWER BOUNI: 

9615.52  

'15 ,96  3 . 2 5  

30 ,435 .82  

58 ,750  - 55 

108 ,084 .7  

LOWER BOUND 3RDER MODE UPPER BOUND 

1 (1 , 1) 9 2 6 4 . 5 1  9264.45 

2 ( 2 J )  1 4  560.59 14 560.03 

3 ( 3  $1) 27,287.29  27,279.56 

4 (4,l) 53 ,288 .68  53 ,140 .30  

5 (5 9 1 )  100,7  46 .5 99 ,317  - 9 4  
t 
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1 (1 , 1) 8561.62 8561.56 

2 (2 9 1 )  11 ,753 .82  11 ,753 .30  

3 ( 3  7 1 )  20,974.73  20,967.27 

4 (4 Y 1) 42,067.20  41,920.37 

5 (5 9 1 )  83 ,213 .05  81 ,784 .51  
L 

I 

1 

RDER I MODE I UPPER BOUND I LOWER BOUND] 

(1 Y 1) 8209.04 8208.98 1 I 

2 

3 

9 

RDER I MOD E I UPPER ROUND I LOWER DOI!SI 

(2 I) 1) 1 0  , 350.55  1 0 , 3 5 0 . 0 6  

(3 Y 1) 1 7 , 8 1 8 . 8 1  17 ,811 .56  

(491) 36,456.72  36 ,310 .83  

3RDER MODE UPPER BOUND LOWER BOUND 

1 (1 Y 1) 7852.78 7852.7'4 

2 

3 

(2 91) 8949.43  891-18 - 9 7  

(3 91) 14 ,663 .70  14 ,656 .69  

I 4 I ( 4 J )  I 30,846.56 I 30',701.79 
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3RDER 

1 

2 

1 dZ25.0 I 

MOD E ‘IJPPER ROUND LOWER I3OlJND 

(1 Y 1) 7409.56 7409.. 48 

(2 9 1 1  7631-73 7631.39 

I I  

~ R D E R  

1 

2 

3 

MODE UPPER BOUND LOWER BOUND 

(2,l) 6094.54 609 4.37 

,p ,u  7173.97 7173.90 

( 3 Y 1 )  8368.39 8362 -07 

4 (4 Y 1) 19,628.63 19 486.67 

5 (5 ,I> 48,148.10 46 4718.47 



I 
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:ZIRDER MOD E UPPER BOUND LOWER DOl!ND 

1 (3 9 1 )  1918.91 1915.75 

2 (2 9 1 )  ‘ 3408.11 3406.87 

3 (1 Y 1) 6464.96 6464 e 9 3 

4 (4 9 1) 8422.88 8284.77 --. 
i 

5 (5 9 1 )  30,618.28 29,186.48 
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IRDER MOD E UPPER ROUND LOWER BOUN? 

1 (1 9 1) 8535 -09  8535.02 

2 (2 9 1) 11 , 652.08  1 1 , 6 5 1  49 

3 (3 Y 1) 20,749.44  20,740 -89 

4 (4 , 1) 41,669.24 41 ,495  9 3  

(5 .) 1) 82 ,593 .10  80,880.10 5 

I I 

3RDER 

1 x z  0 . 3  I 

MODE I UPPER BOUND I LOWER BOUNI 

1 y= 0.4 I 

1 (1 Y 1) 8181.50 8181.44 

4 (4311 36 ,058  - 9 1  35 ,886  - 9 6  

ORDER MODE UPPER BOUND LOWER II01JND 

1 (1 Y 1) 7821.87 7821.85 

2 (2 Y 1) 8848.86 8848.36 

I 17,585.36  

3 

I I I 

(3 , 1) 14,439.07  1 4  .) 431.14 

1 5  I ( 5 J )  73,826.67 I 72,113.54 

30,449.06 I 30' ,278,73 
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3RDER 

Q!,Z 30.0 

MOD E UPPER ROUND LOWER BOUN 

1 

2 

(2 3 1) 7315.36 7315.23 

(1 7 1) 7590.54 7590.23  

1 1 , 2 8 0 , 8 5  I 

,3RDER MODE UPPER BOUND LOWER BOUND 

1 (2 9 1 )  5969.65  5969 e 51 

4 -  I 

~ _ _  - 

3 (3 7 1 )  8153.85 8146 .91  

24 ,840 .13  

5 

24 671.70 I 

(5 3 1 )  47,529.26 45,814.60 

5 I 

ORDER MODE UPPER BOUND LOWER BOUNC 

1 (2 7 1) 4380.75 4380.27 

(5 ,I> 1 56 ,294 .62  54 ,580 .74  I 

I 7152.38  I 1 2  I ( 1 9 1 )  I 7152.44 

5176.10 5170.62 
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9 

,3RDER MODE UPPER BOUND 

1 (391) . 1649.58 

2 (2 Y 1) 3326.70 

1 

LOWER BOUNE 

1606.70 

3325 39 

3 

4 

5 

(1 9 1) 6441.50 '6441.47 

(4 Y 1) 8035.64 7875.20 

(5 Y 1) 30,001.27 28,283.41 
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I UPPER 13011ND RDER MOD E 

1 x= 0.0 1 

LCJWCR T!OIJNL 

1 I 

1 

2 

I 'B= 0.1 I 

(1 Y 1) 9564.24  9564 - 16 

(2 91) 1 5 , 7 6 1 . 6 5  ' 15,760.90  

3 

4 

( 3  Y 1 )  29,993.17 29.982.86 

(Q Y 1) . 58 ,103 .06  57 ,899  - 9 0  

5 

I I J 5 (5 Y 1) 1 0 8 , 2 7 2 . 5  I 1 0 6 , 2 7 5 . 4  

(5 3 1 )  99,505.76  9 7 , 5 0 8  .) 74 
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1 

2 

liD ER MOD E U P P E R  BOUND LO1JLIi l3OIJNI) I I 
I 

(1 , 1) 8153 .23  8153.17 

(2 9 1 )  10 ,146 .10  10,145-49 

1 5  I 8 1 ,972 .60  I 79,975.51. I 

3 

4 

I "  1 I UPPER BOUND LOlrJEK BOUXDi RDER MODE 

( 3  9 1 )  1 7 , 3 6 7 . 9 1  1 7  358 76 

(4 9 1) 35 ,660  -57  35 ,463 .67  

5 (5 9 1 )  73 ,206 .35  71 ,209 .06  
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4 

5 

1 

RDER I MODE UPPER BOUND i LOWER I3OUN 
I 

24 ,250 .91  

L ( 5 9 1 )  55 ,674 .91  53 ,676 .57  

(491) 24,442.97  

1 1 

I 5 46,910.14 44,910 e 70 

3 I (1 3 1) 6773 .71  6773.60 1 
4 (4911 I 13 ,237  -05  1 3 , 0 5 1  e 8 3  
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I 

UPPER BOUND LOWER BOUNI 

1373.85 1371.38 

3244.89 3243 e 60 

6417.96 6417 e 89 

7651.05 

__ 

7470 29 

29,384.42 1 27,380.48 



1 7 2  

1 

IDC-qool 

(1 , 1) 9186.54  1 9186.46 

RDER I MOD E UPPER BOUND 
I 

2 (2  7 1 )  

I 3 13 9 1) 29,767 -10 

1 4 , 2 5 5 . 7 8  I 1 4 , 2 5 5 . 0 1  

4 (4 9 1) 57,703.94  

5 (5 9 1 )  107 ,651 .3  

3 

LOWER HOUN 

9538 .21  

15 .659  1 0  

(3 91) 26,610.23  26,599 -11 

29,755.70 

57 ,474 .92  

c 

3RDER 

1 

2 

1 0 5 , 3 7 0  5 

MODE UPPER BOUND LOWER R O U N l  

(1 , 1) 8834.23  8834.14 

(2  91) 1 2 , 8 5 1 - 3 8  1 2  850.63 

3 

4 

5 

23,453.49 23 , 442 70 

(4 3 1) 46,482 - 1 2  46 ,256  e 64  

( 5  9 1) 90 ,117 ,94  87 ,837  27 

(3 3 1 )  - 

I I (5 9 1 )  -I 

9 8 , 8 8 4 . 5 4  1 96,603.87  5 
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~ R D E R  MODE UPPER BOUND LOWER BOUND 

1 (1 .) 1) 8124.16 8124.10 

2 (2 Y 1) 10,043.02 10 , 042 - 38 

3 (3 91) 17,141.68 17,131.76 

4 (4 Y 11 35 , 261.73 35,040.91 

5 (5 .) 1) 72,585.49 70,304.42 
I- 

1y-0.4-1 

1 '6= 0.5 I 

RDER F 

If 
MOD E UPPER BOUND 

Il.1) 8480.74 

I 11,446.81 

(5 Y 1) I 81,351.55 

8480.67 

11,446.11 4 
40,648.34 

79,070.77 I 

RDER t MODE 

I I 

UPPER BOUND I LOWER BOUN 

7753 -43  7753.40 

8648.82 I 8648.27 I 

29,652.77 29,434.89 

63 , 819.84 I 61,538.22 I 
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.ORDER MOD E UPPER ROUND 

1 (2 -1) 7096.15 

1 x= 0 . 6 /  

LOWER BOUNI 

7095.97 

I (A= 40.0 I 

2 

3 

4 

5 

1 d," 40.0 I 

(1 Y 1) 7530.00 7529 76 

(3 9 1 )  10 .) 844.05 10,835.49 

(4 , 1) 24,045.59 23 831.19 

(5 Y 1) 55,054.82 52 772.30 

DRDE I? MODE UPPER BOUND LOWER DOUNT) 

1 (2 Y 1) 5700.13 5700.06 

2 (1 0 1) 7107.45 7107.43 

3 (3Y11, , 7736 - 5 1  7728.89 

4 (4 , 1 3  18,441.84 18,231.60 

5 (5 Y 1) 46,290.74 44,b006,75 

1 

2 

(3 Y 1) 3932.71 3 9 3 1  - 68 

(2.Y 1) 4923.50 4918.77 

RDER I MODE I UPPER BOUND I LOWER BOUN 

3 (1 Y 1) 6751.89 1 6751.77 
I I I 
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. J 

,?RDER NOD E c UPPER BOUND LOWER BOUND 

. 1  (3 9 1 )  1091.59 1089 - 6 4 ’  

2 .  (2;u 3162.26 3161.11 

3 (1 Y 1) 6393.91 6393.54 

4 (4 9 1) 7269.93 7071.16 
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c 
ORDER MODE UPPER ROUND LOWER BOUNl 

1 (1 7 1) 9512.15  9512 - 0 5  

2 (2 7 1 1  1 5 , 5 5 7  - 7 5  15 ,556 .87  

3 ( 3  7 1 )  29,540.47  29 ,528  - 0 8  

4 (4711 57 ,304  - 2 3  57 ,050 .12  

5 (5  7 1) 1 0 7  , 0 29.5 104 , 465.4 

, I 0 ( = 4 5 . 0  I 

1 ( 1 7 1 )  9160.07 9159 - 9 8  

2 (2 , 1) 14 ,153 .20  14 ,152 .36  

3 (3 9 1 )  26,383.39  26,371.34 

4 (4  7 1 1  51 ,693 .18  51 , 441.19 

5 (5 9 1 )  98 ,262 .75  95 ,698 .80  
r 

--1 

r 

ORDER MODE UPPER BOUND LOWER BOUNC 

1 (1 7 1) 8807.25 8807.15  

2 (2  3 1 1  12 ,748 .32  12 ,747 .52  

3 (3 7 1 )  23,226.49 23 ,214-85  

(4 9 1 )  46,082.38  45 ,832 .81  4 

r 5 (5 Y 11 8 9 , 4 9 6 . 2 1  86 ,932 .26  

I I O ( z 4 5 . 0  

J '6= 0.2 1 
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ORDER MOD E 

1 (1 7 1) 

2 ( 2  7 1 )  

3 (3 7 1 1  

4 (4 5 1 )  

5 (5 7 1 )  

, 1 o(= 45.4 
UPPER R O U N D  LOWER BOUNI 

8452.85  8452.78  

11 , 343 .) 26 11 , 342.53  

20 ,070 .07  20 , 058.9  3 

40 , 472 - 0 2  40,225.20 

80 ,729 .95  78 ,165 .84  

1 d.= 45.0 I 

-- 
3RDER MODE UPPER BOUND LONER BOUND 

1 (1 7 1 1  8094.17 8094.11  

9939.43  9938.76 2 

3 (3 9 1 )  1 6 , 9 1 4 . 9 5  16 ,904 .42  

4 (4 Y 1) 34 ,862 .  38 34 ,618 .77  

5 (5 ,1 )  71 ,964 .12  69 ,399 .61  

(2 , 1) -* 

J X= 0.51 

1 

2 

3 

(1 .) 1) 7714.74 

c2 7 1) 8550.24 

(3 91) 1 3 , 7 6 3 . 3 5  

I 5 I (551) I 63 ,198 .83  

LOWER B O U T  

8549.69 I 
13 ,753 .53  I 

- -  

29,014.18 I 
60,633.59  I 



1 7 8  

2 

3 

4 

, 1 o(’45.0 1 
(131) 7504 - 0 7  7503 - 86 

(3 7 1 )  10 ,622 .86  3 0 , 6 1 4  -01) 

(4  3 1) 23 ,648 .01  23 ,412 .63  

o ( z  45.0 C I  

- 
LOWER R O U N D  

5553.85 

7081.80 

1 (2 3 1) 5553.89 

2 (1 9 1) 7081.81  

3 13 9 1 )  7537.17 7529.52 

4 (Q,1) 18 ,046 .55  17 ,816 .54  

5 (5 9 1 1  45,671.11  43 ,102 .73  

,3RDER MODE UPPER BOUND 

i 

r 

0.8 I 

IRDER 

1 

2 

3 

4 

5 

MODE UPPER BOUND LOWER ROUNT; 

(3 , l )  3686.58 3685.39 

( 2 , l )  4811.72 4807.50 

6730 - 1 6  (1 3 1) 6730.28 

(4 91) 12 ,455 .02  12 ,231 .53  

(5 9 1 )  36,909.76 34 ,338 .30  

--- 

I (271) I 6977 -10 I 6976.93  

1 54,434.36  I 51,867.92  
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i 

3RDER MOD E UPPER BOUND LOWER BOUN 

(3,,? 1) 802.59 801.16 

2 .  (2 3x1 3078.41 3077.47 

3 (1 9 1) 6367.87 6364.98 

4 (U) 6894.26 6681.80 

5 '  

' 1  

6 (5 9 1) 28,151.38 25,575 -06  
I 

= 0.9 
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bRDER 

1 

2 

3 

4 

, FsO.o/ NOD E UPPER BOUND LOWER BOUNI 

(1 9 1) 9485.80  9485.70 

(2 9 1 )  1 5 , 4 5 5  -12 15,454.18 

(3 3 1 )  29,313 - 2 7  29,299.98 

(491) 5 6 , 9 0 3  - 9 4  56 , 625.59 

I O I  

5 '  

J Y= 0.2)  

~ R D E R  

1 

2 

3 

4 

5 
t 

- MODE UPPER BOUND LOWER BOUNl 

(1 9 1) 9133.35  9133.25 

(2 91) 1 4 , 0 5 0  .ll 14 ,049 .23  

(3 9 1) 26,155.96 26,143.09 

(491) 51 ,292 .83  51 ,017 .10  

(5 91) 97,640.36  94,793,.  5 2  
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t 

UPPER BOUND LOWER BOUND 

1 [1,1) 8424 .41  8434.33  - 

2 (2,l-l 11 ,239 .10  11 ,238 .33  

3 (3911 _ _  -9- 1 9  84L.46 19 .830 .70  

4 (4 7 1) 40,071.84  39.802 e 54 

,?RDER MOD E 

C 5 (5 2 1 )  80,107 .. 8 2  77 ,260 .73  

1 Q ( z 5 0 . 0  I 

3RDER MODE UPPER BOUND LOWER BOUND 

1 (1 , 1) 8063.14 8063.08 

9835.34  9834.67 

3 ( 3  9 1 )  1 6 , 6 8 7 . 7 5  16  ,67 6 . 7 1  

4 (471) 34 ,462 .55  34,197.26 

2 (2 3 1 )  

1 x= 0.5 1 

'I)KDER 

1 

2 

3 

4 

5 

MODE UPPER BOUND LOWER BOUND 

(1 9 1) 7672.00  7671.98 

(2 9 1) 8453.48  8452.92  

( 3  7 1 1  1 3 , 5 3 7 . 7 1  1 3 , 5 2 7 . 5 6  

(431 )  28,854.90  28 ,594 .33  

(5 9 1 )  62 ,577 .38  5 9 , 7 2 8 . 8 1  
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* 
3RDER MOD E UPPER BOUND LOWER BOUND 

1 (2 9 1) 6853.14 '6852.99 

2 (1,1) 7479.17 7478 - 9 9  

3 ( 3  9 1 )  1 0 , 4 0 2  64 10  ,39  3 - 6  2 

4 (491) 23,250.28 22,995.26 

5 (5 3 1 )  53 , 813.55 50 ,963 .41  

, 'jo(.su.ilj 
1 

5 

RDER I MODE 1 UPPER BOUND 

45,051.27 (5 ,I) 

[ORDER MODE UPPER BOUND 

1 ( 3  .) 1-1 3429.54 

2 (2 9 1 )  4705.42 

LOWER BOUND 

LOWER BOUNl 

3428.32 

4701.73 

5398 - 82 

7342.68 1 
1 17 ,403 .35  

42 ,198 .65  I 

6708.84 

12 ,065 .84  

(5 9 1) 36,291.41  

6708 .. 73 

1 1 , 8 2 5 . 9 1  

33 ,434 .85  
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i LONER BOUiu’D UPPER BOUND 

506.58 

2992.93 

6328.26 

6536.15 

27,535.33 

505.66 

2992.26 

6247 -49 

6387.61 

24,672 -60 
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3RDER MOD E UPPER BOUND 

1 (1 9 1) 9459.24  

2 ( 2  7 1 )  1 5 , 3 5 2 . 0 3  

3 (3  7 1 )  29 ,085 .51  

5 

I 4 I (491) 1 56,503.06  

(5 9 1 )  1 0 5 , 7 8 4 . 1  

~ 

LOWER BOUNI 

9459.13  

15 , 351 - 0 4  

29 , 071.40 

56 , 201.26 

1 0 2 , 6 5 4 . 6  

I I - 93 ,888 .04  5 97 ,017 .74  
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8395.40 

11,134.32 

, I o(’55.0 1 8395 e 32 

11,133.53 

RDER MOD E 
I 

79 , 485.16 

I 3  I (391) 

76,355.41 

I 4 I (4,U 

UPPER BOUND I ,  LOWER BOUNI 

1 9  , 614 - 29 I 19,601.98 

39,671.11 I 39,380.37 

61,955 I( 51 58,823.86 
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3RDER 

1 

1 d " 5 5 . 0  I 

LOWER BOUNI MOD E UPPER BOUND - 

(2.1) 6724.47 6724.33  

2 

3 

4 

5 '  

(1 , 11 7454.71  7454.55 

(3 9 1 1  1 0 , 1 8 3 . 6 8  1 0 , 1 7 4  (. 6 3  

(4 Y 1) 22,852.45  22 ,579 .26  

50 ,058 .79  (5 9 1 1  53 ,192 .42  

IRDEK 

1 

MODE UPPER BOUND LOiJER ROUNI 

5234.13  5234.09 (2 Y 11 

(5 9 1 1  35 ,673  -10 3 2 , 5 3 1  45 5 

2 

3 

4 

5 

(1 Y 11 6992.04  6990.77 

(3 7 1 1  7192.81  7186.88  

(4 9 11 1 7  , 256.99 16 ,992 .12  

(5 Y 1) 44,431.26 41 ,294 .51  
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& t 

,?RDER MOD E UPPER BOUND LOWER BOUNC 
# 

1 (3 Y 1) 203.2Y 202.73 

2 .  (2 3 1 )  2905.34 2904.9 2 

3 (4 Y 1) 6115.28 5889.74 

4 (1 Y 1) 6356.04 6340.71 

5 (5 Y 11 26,919.68 23,770.31 
i r 
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. 
3RDER MOD E UPPER BOUND LOWER BOUNC 

1 9432.46 9432.34 

2 (2 7 1 )  15,248.47 15,247.44 

3 (3 9 1 )  28,857.18 28,842.33 

4 (4 , 1) 56,101 -59 55,777.18 

5 (5 3 1 )  105,160.5 101,748.8 

- 

, 

~ R D E R  MODE UPPER BOUND LOWER BOUNIJ 

1 (1 9 11 9079.06 9078 -95  

2 (2 9 1) 13,842.36 13,841.39 

3 (3 9 1 )  25,699.35 25,685.09 

4 (4 9 1 1  50 ,Y90.38 50,169.82 

5 (5 9 1 )  96,393.89 92,982.32 

1 d " 6 0 . 0  1 

9RDER MODE UPPER BOUND LOWER ROUND' 

1 (1 , 1) 8724.11 8724.01 

f i - 1  

2 (2 3 1 )  12,435.67 12,434.76 

3 (3 9 1 )  - 22,5Yl.91 22,528.35 

44,563 -50 4 (4 3 1) 44,879.69 

r 5 (5 9 1 )  87,627.67 84,215.99 
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+ 
,?RDER MOD E 

1 (1 , 11 

2 (2 7 1 )  

i 
3 (3 ,I) 

I d ' 6 0 . 0  I 

UPPER BOUND 

8365.75  

1 1 , 0 2 8 . 9 1  

19 ,385 .56  - 

LOWER BOUNI ,3RDER MODE UPPER BOUND 

7997.27 

2 ,(2 9 1) 9626.00 9625.32 

3 (3 5 1 )  1 6 , 2 3 2 . 0 3  1 6 , 2 2 0 . 2 9  

4 (4 9 1) 33,661.47  33 ,356 .22  

_c__- 

1 (1,l) 7997.34 

I 39,269.85  

(5 71) 70 ,097 .08  

I 5  I (591) 

66,684.  09 

I 78,861.98  

UPPER BOUND LOWER BOUND ?RDER MODE 

1 (1 7 1) 7570.06 7570.02 

2 (2711 8 2 6 9 . 1 1  8268.61  

3 (3 ,I> 1 3 , 0 8 6 . 3 1  1 3 , 0 7 5 . 8 1  

4 (471) 28,055.66  27 ,757 .35  

5 (5 5 1) 61,333.23  5 7 , 9 1 8  e 74  
c 

8365.68  

1 1 , 0 2 8 . 1 1  

1 9 , 3 7 2 . 8 3  

3 8 , 9 5 8 . 7 1  1 
75 ,449 .88  I 
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1 

2 

, 6591.02 6590.89 

(1 .) 1) 7430.28 7430.14 

(2,U 

I 

J Y= 0.7 .I 

i 

4 

5 

(4 9 1) 22 , 454.59 22,164. 58 

(5 Y 1) 52 ,$70 -98  49 154-02  

1 

2 

3 

4 

5 

1 3  I (3 , l )  

- (2 J 11 5059.00 5058.93 

(3Y1) 6876.20 6872.51 

(1 9 11, 7100.72 7097.66 

(4 Y 1) 16 , 862.92 16,583.03 

(5 Y 1) Y3,811.10 40 , 390 e 30 - 

9966.30 I 9957.36 

11,292.28 11,O 25 I 05 4 (4 Y 1) 
f 

5 

RDER I :  MODE UPPER BOUND I LOWER - BOUNI 

(5 .) 1) 35,054.89 31,628.05 

RDER I MODE I UPPER BOUND LOWER BOUNI 
I 

1 I 13 -1) 2889.18 2888.18 
I I 

- 4501.59 4498.99 


