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INTRODUCTION

The dipole moment function, u(R), is by definition
the electric dipole moment of two atoms A and B &t
a distance R apart, and is independent of coordinate origin
if the system A + B is electrically neutral. The dipole
moments of stable héteronucléar diatomic molecules are
important properties which have been extensively studied
‘experimentally and theoretically, usually in the wvicinity
of the equilibrium bond.distance. Of course a dipole
moment can ex%st due to the interaction of ény two dissim@lar
atoms even.in S-states, whether they bind or not, and in

particular between different kinds of rare-gas atoms,

It is useful theoretically to distinguish two ‘ -
sources of the interaction dipole: = (a) inter—-electron

"correlation of the kind whiqh leads to the attractive
dispgrSion‘forces; dominant at long-range and varying as
R“7; (b} electron exchange, which becomes important when
the electrqn cloudgwof the atoms éverlap; and leads to
the repulsiVe”forces-between closed-shell atoms, which vary
exponentially with R. |

It was first pointed out by A.D. Buckinqhaml in 1957

that the long-range d;spersion dipole (neglecting retardation

effetts) can be expanded as a multipole series in 1/R and for

Vz.
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S-states begins with a term in R :

(R)N&ﬁ-ﬁ-b-—-- (1)
/”. K" R '

Buckingham carried out simple approximate calculations of
D, and of the exchange dipole for the interaction of
hydrogen and helium atoms. The conclusions were that the

contributions to the interaction dipole from dispersion

‘and exchange were both small at the collision diameter

(c & 5.5 Bohr); of the order of 10 " Debye, and of .
opposite sign (dispersion 2';50). | |

The first observation of collision-induced absopption
spectra was made by Kiss and Welch? in 1959 with
rare-gas mixtures in the infrared. The spectra are due

to the rapidly changing interaction dipole when two

dissimilar rare-gas atoms collide. The complete ~bsorption

bands for helium—argon and neon—argon were first seen -in
the far infrared by Bosomworth and Gush3, but for helium-

neon the absorption was too weak to be observed. These

‘experiments led to a lot of theoretical work concerned with

developing an adequate theory bf‘the“ébsorption4-6 and with

calculating the interacticn§dipole-moment funpﬁion7.

7

Matcha and Nesbet®’ computed the dipole moments of the

rare-gas diatoms HeNe, HeAr and NeAr as given by the




molecular Hartree—-Fock approximation. Hartree~-Fock
computations of the dipole moments of bound diatomic
molecules in the vicinity of the cquilibrium distance are in
very ¢ood agreement with experimenta. However, since

the Hartree-Fock .approximation does not describe the "
correlation effects involving two or more electrons,

it can only account for the interaction dipole due to
exchange and the subisequent distortion of the atomic¢ orbitals.
Furthermore, the cbmputer programmes9 used were designed

for calculations 'in the bonding region, and in the inter-
mediate range corresponding to the conventional collision
diameters (about 5 Bohrs) severe numerical cancellation
occurred. For this reason the caiculations were carried

out from R = 2 Bohrs outwards, to provide a more reliable

extrapolation. to the distances of importance in the

‘collision-induced absorption experiments. It was discovered

that the computed dipole-moments could all be fitted by

single exponentials of the form

Fil®) % Bag(=RIp) D

over the range considered.
The culmination of the theoretical work on the

collision-induced absorption spectra at present is the




model-free calculation of the line shape of the helium-

; - argon absorption by McQuarrie and Bernsteinlo. They
f .

P © use a Lennard-Jones (12,6) interatomic potential with
' . - parameters deduced*from molecular beam scattering
'expériments and the calculated Hartree-Fock dipolé moment
d b : function of Matcha and Nesbet7. The only aséumption
made 1is that the classical electromagnetic theory of
Levine and Birnbaum6 ils adequate.to describe the absorption.
The caiculated results reproduce the experimental line

3

shape™ fairly well, but only after the dipole—moﬁent

.. function is modified slightly to give a better fit.

Co~ 11
- In a recent paper Levine

T e ad e

shows that if one -
assumes the exponential form (2) for the dipole-moment
function,»then.it is pdssible to obtain a reliable value
. . -of the range parameter p from two moments of the experimental
abSorption spectrum. '?It is then possible; by assuming
an:ihﬁeratomic potentigl, to also obtain an experimental
. - ‘value for the constant B in (2). Levine shows that the

dipqle-moment'function for helium~argon deduced in this

A RN eedih - e o h
2 4

way from éxperiment*is latger than 'Matcha and Nesbet's
| f . calculated function, and claims that the difference lies
ogtside'the experimental errors of the fifst,'or the

| , numerical errors of .the second.

T ] S e il Uil el N =

[
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Levine goes on to suggest that the discrepancy

is due to the neglect of the electron correlation effects

responsible for the dispersion dipole. By means of a

semi~classical treatment based on the Drude model, he

derives an approximate expression for tﬁe coefficient

D in (1), and estimates the values of D; for HelNe,

HeAxr and NeAr. In parxticular, the dispersion dipole

"he calculates for HeAr is of the same order of magnitude

reo : as the Hartree-Fock overlap dipole at the collision diameter.

In view of the current interest and uncertainty in

the interaction dipole between pairs of closed shell atoms
in thermal collision, it seems worthwhile attempting to
develop a rough but reliable theory appropriate to,the
1on§ and intermediate ranges involved. It will be
assumed, by analogy with recent work on the interatomic

potentials -for such atomle

, ‘that the dispersion and
overlap contributions are additive and that cross terms
- can be neglected. The dispersion contribution will be
approximated by the first term of (1), involving the
cocificient Dy, The objecct of the first part of the
. paper is to develop the theory of D; by cxpressing it in
terms of properties of the individual atoms, by analogy
with the ﬁodern theory of the van der Waals coefficients’?

14

Ceé, etc.” This was attempted recently by Gersten™ ", but

T




he inadvertently annihilated the two terms which are

%. . i‘actually dominant. The expression for D, in terms of
;‘ ‘k frequency~-dependent atomic properties lends itself more
; ) easily to fruitful approximations.
3 The object of the second part of the paper is to

v

develop a simple perturbation approach to the exchange

dipole given by the Hartree-Fock approximation. The

., 1dea is to try and avoid the severe numerical cancellation
of a full-scale calculation in the intermediate range,
by assuming the overlap is small.

i
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DISPERSION DIPOLE

For a system of two atoms A and B at a fixed distance
R apart, the interaction dipole is directed 5long the
* internuclear axis, which we shall take to be the z~axis
in the direction A to B. The dipole moment function u(R) y
is therefore the expectation value of the z-component, Mg |
of the dipole moment operator for the state Y of the system, -

PR) = KT NT>/LE(TS, S

The wavefunction Y satisfies the Schrodingexr equation

WE = E (4

where H is the Hamiltonian of the diatom system AB, and
E is the energy. In the following treatment we shall
neglect all relativistic and electromagnetic retardation
effects, so that H is simply the spianree Hamiltonian,

Perturbation Theory

The Hamiltonian can be written in the perturbation form

H= W +V (5)




where Ho = H, + Hp is the Hamiltonian for the non~interacting

A
atoms A and B. If atom A consists of charges e? (actually

X a .
Na electrons,- e, and a nucleus Zae) at positions ri'witn

respect to the nucleus of A as origin, and atom B of charycs
e? at positions r?, with respect to the nucleus of B, and R

is the vector from A to B, then the electrostatic interaction

enerqgy is

J (6)
o

If the charge distributions of A and B do not overlap, then

V may be written as the multipole expansiOnlstls
, -
. | . |
. \V = 7 B -
|\=‘ R

where

L Lok m
\‘M = -Qz_ =z (Q-?.\)L(ﬂ:\)l M, a0 M, (8) (8)

and the irreducible multipole moments of A and B are defined

by

| TR |
T = S LD (9)

R R AP
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‘theory .in a well-known manner

10

The definition (9) is 'chosen to accord with the ,
conventional definitions of the monients; for examplé:

’ 0
charge e = M° = ey , (10)
¢

-

dipole }*}=~ /"‘o =, H. = EL' AN 5 (L1)

o ‘ ‘

quadrupole ®3B - ® = My = Zecv‘:'?‘_Cws@‘-) . (12)
, )

(Note that the polar angles.e?,“eg are both defined with

resbect to the z-axis AB as polar axis.) Since atoms A and

B are electrically neutral, V, = V, = O, and the multipole

series (7) begins

V= \L“;—--‘—-!&_—‘- ) (13)
R R

where V; is the dipole-dipole interaction texrm and V, is
the dipole-quadrupole interaction term.

Provided that the overlap between atoms A and é can
bo noqloqﬁcd, 80 that the offdctm off eloctron cxchanga_axa'
negligible, we can apply Rayleigh-séhrBdingér perturbation
17. The unperturbed

wavefunction Wo is simply the product of the normalized

© e e e ook
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wavefunctions AO and Bo for the separate atoms in their

ground S-states, .

P o= A,B, = 10>, (14)

o ©

The wavefunction. ¥ through second-oxdexr in V is given bylg

F o= C1+RV + R,V'R‘o\/ +.o0 )% (15)

-l-o)

1 :
where V'= V - E( ) - V, since the first—=order energy
E(l) = <0|V|0> vanishes identically for atoms in S-states.
The reduced resolvent Ro (or modified Green's operator)

for the ground state can be defined by

R, = 7_—‘ Vie><kl| , (16)
K Eo- E '
where K specifies a state of the ﬁnperturbed system A + B,
and the primed sum is over all discrete and continuum states
excluding the ground state (K = 0).
" The dipole momeéent of a neutral system is independent
of the:origin of coordinates in the dipole momen£ operator,

and it follows that

-, ‘ a

e ST
Po = fo T [ iR




e e e bt W

12

where, in atomic units,

N N o
o, )

L S b L - 2 3, (18

r\" f,:‘-(}" ! /A“ J'a.] 3’0 ' 8)

When (15) is substituted into equation (3) for the dipole

moment, it is obvious that the. first term

L LBIpetoy = hlmpla,y v <Balmg 18,7 (19)

vanishes, since neithexr atom has a permanent dipole, norx
‘indeed any non~vanishing multipole moment. Furthermore,
Mg is a one-electrxon operatoxr, and V a two-electron .
operator (product-type), and this leads.té the result that
fOIuORoV|O> = 0. Thus the first non-vanishing terms are

of second-oxrder in V, and arise from

CURVRY +=VR Vo p, 4 VRom& V02 o 0
| 4+ <o |VRIVIOD> A4 ... T

,;uz) =

If the multipole series (13) is substituted into (20), then
since a 2%-pole has the parity of &, it follows that the

first two non-vanishing terms are given by

o
i
i

.

| ]‘]*LR) = D o D A e, /,  2t

R R
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where the coefficient Dy is given by

:D7 = A <ol,‘ogov3 (zav‘(» ‘\‘/‘\oe.vlé te°V3 A= Vie°l‘*o Qb V({, 10>b (22)

we have assumed that all quantities are real.

‘'Reduction of Dy
According to (8), the dipole~dipole térm‘va can

'béiwritten | E
. . b fo
Vy == Qpips = plpl = pipe ), (@)

where M, = Mf‘ given by (9). The dipole-~guadrupole term

Vs can be written

_ab b
Vez Vg =V, | e
‘ ! T
}where' :
ab b o=, . | o
a ! A s b (25)
VQ, '= 3/A°®° ‘\"’\)—;(/A,‘_ G 4 ,A_f'@,'. ')) |

. S
and 0, = M;' given by (9). By introducing (17) and (24),

. and using paritY'arguments, Dy can,bevreduced'first of all ta
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= 2o \/\»‘1 RoVa R,V ~ o RV Ry

' a Lﬂs
4 ,\," K.;\/‘“,‘bﬁo\/s = p My R\
L V3R g RV = V3R PN [0S, (26

The next step is to substitute (23) and (25) into (26).

The only terms which survive are those for which the sum

~Zm = 0 for the azimuthal indicges. For example, the

N

first term in (26) becomes

<o\r. R VaRo v 0> = —-<ol6,uf@o/~ iy /‘“‘?@
(27)

“"21\51 }Aobﬂorq-/s- Ro}ﬁ_ >

A simple application of the Wignex-Eckart theorem now leads

to

| <olf¢’ R.V}a,}/.‘,“"(bs - -9 <.oz/‘.,’° Ii“’/““ (ZV:*@ 18 (28)

and for '~ D, as a whole,

eor.@ﬁo,.l“ —t—,,.r ;\_0/“'@
— (Adb bo ) (07>

(29)
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where we have dropped the suffix O on y and 0 , which
from now on will refer to the z and zz components.

Whé next stage in the reduction is to analyze
the two-aéom resolvent Rys given by (16). The séatgs
K of the combined system A + B can be specified by the

states k and & of the separate atoms A and B. Thus

k> = IA> 15,5, | (30)

¥
+

and (16) can be written

J—

hedto gleeS-gf-gf

Q s 5 VMBS A
[~

)
YN | ] .

v

.where

A<Ml | (32)
, |

N

o ¥

]
M.

A e -
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and the prime on the sum indicates that the ground

state k = O is omitted; similarly for B. The first two

texms in (31) clearly represent singleratom exXecitgtions.

The last term describes simultaneous electron exciéations

in A and B, and is defined by

B fol VA B> <P Bl ' .
Ro = S—-T L“E ) <.53)
b & glref-gl-g
By making use of the identity19
g ‘
.._L. = S ".‘.':.’ S ;-é-,’-‘ (a)b>0), (24
0\.4“5 _~°° ~ v+t b* 4= »

it is possible to write (33) in the form

c + :
ML) Berorebey, . e
» . -v '
where
y A
Mooy = (E8-e2) o ><bm|
Ro () 2 ) (36)

24

(gt o
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and ‘similarly for B. (Note the sign in (35). This
form is only possible provided’that E, > Ej for all k;
that is, for the ground state.) It follows
immediately from (36) that

| | o
R¥=) (Ag> = © ) Goled (B> =0 (37)

V)

for all W, and since Rf;‘ = Ri:(O) . we have

R8> = 0, gE 18> =0, RIS (M =0 , Ca  lB> =0, (38)

3
»

However; note thaé from (31)
Rolb> = RS 1A #£ o (39)

Gersten14 apparently failed to notice these single~atom
terms. |

Returning to equation (29) for D7, on substituting
for Ro from (31l) many terms drop out because}of (37) and
(38) , or because <O|u|0>= 0 and <0|0]|0>= O for both atoms.
The result is |
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A AR i ,
D, = 18 [4%\,&*&9 ,«~“<%°l/~“c2° ot (8> " | As> |
b 3 |
= bl o R @ <o |k L0 (8> p™ [ A02
h 4Bl b <lo | p R RF DT (> p 18 ;
e CAJ.H‘D b&)j . ’ ) (405 R
Note that the first two terms in brackets involve one )
single and one double resolvent, and thus have a
different structure from the third term, which involves
two double resolvents (and may therefore be expected to
be smallex). By inserting the integral (35) for
RgB in (40), we obtain
Do~ BT 4+ T 4L |
: 7 7 : 7 ) :
| where'
49 . o
g of - 8&‘0(»)[ o (42)
| = — (Lo .
| L a ‘ _ : ,
1 : ~. , . . g Q
X ‘4  [nRo® Rolwo) pr # prRo o Gotiad @ | 0> ~ (o) |
R | |
—E %Mw ' AN / - “
| 'DT = {§ S = [<°1‘;¢‘zo§“)r(lo(”)@10%<b]/,\fo(h)i(o('\”/¢\!0/u
' -,
- — (b M)—}. ' W)
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T+ is convenient to introduce symbols for the gquantities
involved in (42) and (43). Only one is well=known,

namely the frequency-dependent polarizability

ACWY) = — a.(o\/\,\@ocu) M (0>, (44)
Define

x(u) = -.A<°'IU-R°®K.CQ)}NA «-r@m\»@ocu)@a 10> - (45)

M(w,w) » — <o\,..o.(€¢(v-)rs Re (v) B 0>/

(46)
\
and
L) = 2 <o pko(w) Rl s (03, (47)
where the signs have been chosen so that the quantities
are always, or usuqlly; positive for the ground state.
Then (42) .and (43).become
e . |
Do = 9\ & o (1) (W) = ol ()Yl )| (48)

-®

I
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. y
Equation (49) is essentially the same as Gersten'st?

expression for D,. Clearxly both parts of D, change sign
if A and B are intexchanged, and vanish if atoms A and B
are the same, as they must. If Dy, 4is positive the
polarity is A"B'.

The fprmulae for D, appear too complex to be
susceptible to helpful physical interpretation. Nox
do the quantities Y,T and L appear to occur in exactly
these forms in other properties. The closest
relationships are as follows: |

(1) Buckingham20 has defined a third-order property
as the energy coefficient of the electric field squared

times the electric field gradient. It is a tensor of the

TR sy kT S -

fourth rank, whose irreducible component m = O for atoms

can be written

3. LU pR®Rop + Q.ﬁc’dor- L@ 10>, 59

,Ihis is related to ¥ and T by
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B® = — 2Ly +Mo,m] . (51)
- - Only a preliminary measurement fox methane has been
’
‘ 20

repoxted” .
(2) The guantity L{o,0) is twice the norm of the

first-oxder polarization wavefunction,

L-(D;O) = <eo‘;v.\‘bo % R@/,.\‘bo> ! (52)
' L is similar to the polarizability o , as may be scen
3 by expressing them in the well-~known sum-over-states
; forms,
- ' () .
* ACw) = Z _TE (53)
—’;‘." A + p ) i ‘ .
Q‘Lv W
] ! ‘“‘-‘ . s 54
» L(“.'\)) r—3 7 ’ '{33—0"‘){*{04 5 ( )
| % (Wit {m‘-)(ug;fv\-) ,
3 v , where fko are the oSciligtor strengths
! t , )
o I w o L N |
'(;Lu = 2 Wi | <o ‘/Mo[ ’fl'}‘ ) (55)

and “ké = E, - E, are the excitation energies.




larger than helium. Even if this were possible, one

‘interaction dipole. It is therefore natural to seek to

22

However, apart from these incomplete and not
immediately helpful connections, the quantities vy (&),
''(u,v) and L(u,v) are mainly new, unknown and fairiy
sophisticated properties of atoms. Furthermore,
since y and T involve transition guadrupole moments in .
addition to oscillator strengths, they cannot be related
to and estimated from optical properties, as can the
polarizability21 o (i) and presumably also L(u,v).
Unfortunately it is not yet possible to calculate

properties as complicated as y and I' reliably for"atoms

would still like to know what approximate property ox

properties of the separate atoms determine the sign of the

approximate the formulae for D;. Bucki’nghaml has already
S
applied the familiar Uns8ld approximation to his sum-over-

"states expression for D»y. However, the formula which

results contains unknown average excitation energies, and
doos not appear to he vory accuratg in tho only case in
which it can be fested (see below). Fortunately a simpler
and apparently much more accurate approximation is made
possible by starting from the expressions (48) and (49)
involving the integrals over imaginary fiequencies. |

¥

e e R R T R b L ok I L e s e s asinn
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Approximate fo.suia ;3 ekt T
Since aliw) is always posit.ve, we can write (48)
in the form
. o0
— ¥ 1 } S
j) = ? 1 ij@%il&}ﬂgﬁm) e s . (56)
. 1 ﬁ)ﬁ i) l Qis(lh’) df((.it-‘-) 3 ,
«!ﬂ’(‘},
It is easy to esce that both o(iw) and v (W) vary j
I . """f} - s A éj
asymptobically like £3  , s thot theily ratlio approaches |
g a finite =2nd non-zere lLimit, Suppose this ratio i
%
|
x W R ' |
’ 0t e =) £ dlie) - (57) !
i Y : ;
were independent of ¢, Then since the dispersion energy
. AT ax 3 l
coefficlent ChY of =R © is given by®> _— )
Acs AR
MG A das ’ |
C =3 P-4 s /v ) 58) ' ;
6 U L81) W () (58
[ v - L
(56) could be written
: f v v I’, ( I ‘,\I é(" KB '

T ' ) ;
As g W) is unlikely to be constant, the question arises as

to what Value of %;

gI(o), but thisg involves the third order property ¥y (o),

to use in (59). An obvious choice is

s el A LMy A So b

.

o
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which i1s unlikely to ha easy to ¢alceulate or approximate.

. Another possibility is gx(w), given by

gﬁfuq - SN \,Q»)/xtﬁn), (60) -~

: by = 0

Now from (36) it follows that asyvmptotically

Rolw) 2 (Ep=t )/ w® . (61)

Hence

ylwodo ,,zt\» <{§}iﬂazo@f&i;*} + i [l{@j ,io>/ | (62)

]

Yand, in agreement with the well-known sum rule,
Aiiw) ~ N /w>, (63)

. where N is the number of electrons. Yheocfore "

x - L Ro® TH, ooy ot (64)
g7(e) = N 401#%011&.,,“ + A z//) @] |

PN o AT g Py T S
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Thus gI(w) involves only a second-order properxty (one
resolvent factor). Howevexr, the weighting factor
aA(iw)uB(iw) in the integrand of (56) is a maximum at

W=0 and falls off like w'“, so that the use of (64) is less
appropriate than gI(O). A third alternative, which may
be better than gI(O), is to replace v (w) and a(iw) by

their average values over all frequencies, v and «, and

put g Y/ 6. It follows from (36) that
O
- us |
Q, = S Cx olps) = = (oo} ~ 1| . (65)
. it OO :

Hence, by substituting into (45) and (44),

ol

X 2<ol M o ,w@(‘-’> | E (66)

T=.% éol,«‘(o\z{ (67
And therefore

—~I.__ '<35(/W‘ZDﬁFC@‘§£?
| - 40(‘&7’&0\2 :

(68)

This is an appealing compromise, since it involves only

a fairly simple second-order property and an expectation.
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value. It is shown in appendix I that £for the hydrogen

atom in the ground state

‘ g;_",(°> = 'j°3/l2. = 8-52, | N
éFI = 33/ =.¢¥.15) ‘
| l

[

Thus gI(w» does not vary drastically, and the average

ratio is close to the zero frequency value.

Approximate formula part II
II

Turning now to equation (49) fox D7~ , we can write

it in a form analogous to (56),

T ‘ M dndar - P 3
D = Al L maen[ 2 BT e
- --G L_A .
and approximate it by
D = (55-5a09C, | (71)
7 ' B, d'h. * A .
' where
zL = P/
9 B - (72)
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and
e ad
i dan dar
CAG = S‘f }—: Lalw,v) Lc(,u,'o), (73)
- ,

The choilce of the ratio of averages (72) in (71l) is
consistenp with that for gI. In addition, as will be
shown, it is easy to calculate, less critical than the
choice for gI, and apparently a good approximation. It
follows from (46).ah§ (65) that

ovm—

N = — Lolp™® (07, . (74)

s0 by .combining this with (90) for L we get

- Y |
T . — <elpt®@icy | S (75)
2 (ol,u."lo\#

Since both numerator and denominator are first-oxrder
properties, EII‘can be easily computed even for large
atoms. To throw light on the behaviour of gII(u,v), it
is shown in appendix I that for the‘hydrogen atom in the

ground state it has the following limiting values and

-averages (=):




R R T e S T m:—

(73) , which occurs in formula (71) for Dy

28

(76)

The extreme variations from the averagé are larger in

this case, +.66% and -50%, than'for gI(w).

Coefficient ¢l |
Unfortunately, ﬁhe guantity Cié, given by the integral

II, is not a well~

known property'of the diatom AB like the Van der Waals
coefficient C%B occurring in Dg. However, (73) can bhe .

written in a sum-over-states form

| a b ) |
.Cg; = —Z’i, | Utlao 4o B .

o A “&:“’1‘; (g +uwg, )
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which is sinmilar to that for

a.

Z’ 'lQho '&0 — . (78)

!

(1163 2
C@» = =z jz. x - b’
e & Lyg Wy, (“‘hb*""",eo)

" and similar techniques could be used to obtain good

21023 plternatively, it is

not difficult to develop simple approximations for C;I,
and as D%I is four or five times smaller than D%, the

estimates from optical data

additional approximation is not serious.
An upper bound for.CII can be obtained by replacing

" the arithmetic mean‘%(wﬁo + mﬁo) by the geometric

mean 'me:o wzo to get’
| A b

T (ol Lo &
Cpg £ © 2T Mot | L)), (79
» b
b & (“é?o)aﬂ(”‘e.o)z'

If A and B have spectra which are not too different,

“.(79) should be_a reasonable approximation for Cgé. Forxr
' two hydrogen atoms '
Lot 81/l = S.o06LS . | (503

whereas an accurate value calculated in the’ néxt section is

——e

R R R | (81)

Shinspsciaie.

i ol 0.7 e g € e S el R AR A 8 4 Akt B, il 2k St
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which differs by less than 3%. The approximation (79)

is equivalent to replacing (73) by ;

oh s For §
T s [ o
ARSI Z Lolnv) (62) -
-0 - , ;
S Now it follows from (36) ‘that |
. ; "‘ﬂ
~ | -3 A 1 ;
' B L K:; = K Eﬁb(u) - mli‘?"(o)/ (83)
' - oo
and hence
L o '
. . s | — "JQ ~
, | S = L.(N,"‘)' - <o\r\ qu(O/,

= Ly 84
. 2'c((o), (84)

which proves the eguivalence.
An alternative approximation for Cig,‘which probably

always leads to a lower bound'in practice,'can be obtained
by utilizing the projection operatoxr:
b
Q = MOZo oy
Lolptlo? .

Inserting Q between the resolvent operators in L(u,v)

vaen by (47) leads to the approximation (not necessarily

a lower bound for-all u,v)

by,
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L(.“"\\) P ’)-(_S‘,AQ»(M)[A o <0|/~2°(v)!.l,g_'71
(olf.,‘-lo>

= W oCer) [ (85)

- where o{(iW) is the dynamic polarizability defined by (44},
and o is the frequency average given by (67). The
"product" approximation (85) has the virtue of
satisfying the exact relations

+M

g dfu“;'\’) > o« (iw) ,

-0

(86)

and similarly for v, which follow from (47), (65) and

(44) . By substituting (85) into (73) and using (58) we
get . '

L1

' Eé BN ) — —
Cpe ¥ 4D/ ATz, (87)

For two hydrogen atoms, for which C¢ = 6.50 and

a = 2<0|u?|0> = 2, the approximation.yields °

. 'Lj L | ,
c(2e/33) = Ko o, (88




compared with the accurate value (8l) of 4.93 ., and
is therefore low byfabout 5%.

Yet'another approximation, which is superior to
(79) if A and B are different, can be obtained by

s

supposing that

i<

L(‘\)'\’) ~ - - ' )
| o ) (89)
(MM (eP™)
and choosing K and € to give (i) the correct integral
(84) , which leads to K = a_e®, -and (ii) the correct
frequency average
‘ 40 |
- Aadar ) —_ :
b= “ g Liwnv) = &, (90)
2 . - ' .
so that ¢ = ﬁ/ao. Then
T . oo,
et ~ re (91)
(ﬁh~*‘en> :
for A = B this reduces to the same expression as (79),

B

aé/4. Note that if C% , given by (58), is treated in a

similar way, by assuming

W) R — (92)




e Y R it 5

and chodsing J and € to give (i) «(0) = o, correctly,
and (ii) the correct frequency average, so that
€= E/ot,o, then

4 ey . (93)

2 €pt €5

For. two hydrogen atoms (93) gives 6.75 compéred’with the

accurate 6.50, only 4% too high. By comparing (91) and

(93) we see that &et another’ approximation for CII is
: AR
C'Ll;w ~ —_— . (94)

S:CEAA' €y J

fhis approximation lies midway between (87) and (91).
For two hydrogep atoms it yields '

Cé'.(,,/go'c' = ‘(‘.875'_;’ o (95)

which is only 1% below the accurate value (81).

[}
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Model system : scaled hydrogen atoms

The simplest system which c¢an be treated accurately
and used to check approximate formulae for D; consists
of a one-electron atom with a scaled hydrogenic wavefunc;xo
(scaled hydrogen atom, H ) interacting with a hydrogen
atom (ungcaled, H). The more generxal case of two
hydrogenic atoms diffexently scaled can be easily obtajined
from this special case, If the scale féctork; is equal
to unity or infinitYID7(Hc"H) must vanish, but between
these limits it is non-zero and positive. An analytical
expression for thexfunctidnpDv(C).is probably guite
difficult to derive, because even the exact one-electron
dynamic polariZaﬁility o(iw) is a formidable func.tion24

However, it is not difficult tc calculate accurate

_numericalkyalues by using a*technique,inﬁroduced by Karplus

o 23
and Kolker . ‘
Let ik.and §E(k,1=0,l,..;,n) be orthonormal basis

’sets satisfying the.conditions:

(1) AO = AO' BO = BO‘ ‘ |
. a b ; S
(1) v A, and y B, are memjers of the sets.
(iii) they diagonalize the unperturkzd HamiltonianerA and
8o that .

A N

WA= €0 M

34

n

- (96)
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. where
- ~ ~ ~ " ~ ~ :
Wy = G0, , G = Z1h><ald, (97)
: ke o '
. and similarly for B. ' The approximation for D; consists

in replacing the dynamic resolvent Rﬁ(w), given by

(36) , by
o A e
~ X
eﬁ*c»» = -2k
' fent (G‘:)"‘ -

(98)

- where the approximate excitation energies are

~ 0 — A ' ’
’bh = h: - Fo' ) (99)
o and similarly for B. The apprqximation leads to a bound‘
for secondvordef“properties, but not for Df 7which is a

third-order property.
Let us write (48)'in the form .

S (100)

; " , T - - D

. where .

R
[!
~D
L
‘sfn_
T
i—:‘.
\-;‘.
&)
ﬁ‘
[
A
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and 571 is the other term with A and B intekchanged,
+,Similarly (49) can be written

* [ 4

L =7 <« T .
D? = )71 - Dy (102)
IWhexe .
selpy TS e |
‘ 4
){L = ‘Iﬁ d‘:f'“;" L (4,9 (;Cu,,v). (103)
1
-~ OO v .

By substituting (98) into equations {44)-(47) for

a,Yy, [ and L, then.into (101l) and (103)'and carrying out

" the integrations, we obtain

LY " |
';'ﬂ.‘zwb — ~% ~.b NG‘V%‘ |
‘! , ~ ~b . "~ ~l d (J'Oé)
'&101%“. L Uﬁ J’sl CJ‘:“"‘ “J‘ ,
N WoRoa Ma bl el SR | '
>w ; ~(‘ k { . @, ,
$ ‘_‘?ZZZ j’ko fraafiai =0 (105)
. PP ~a o~ ~
javkse 2o (B850 WO +5;7)
where |

/"J“ <A l/~ ““l? O ‘4:’:(@ (A-. - (108)
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and similarly for B.
For the model system in which B is a hydrogen atom
and A is a hydrogen atom scaled by 3., the ground state

wavefunctions are

W’
1
\-\
i
%

A eGEET , sawEeT L o

‘The obvious choice of basis set for A is the r~scalcd

version of the set for the hydrogen atom B, say ¢, ().

The excitation energies and mati.x elements for A and B

~are'then simply related by scaling,

~a -t TN

(=), 18)
" 3"%‘ ) /ﬁ;k"‘s [ye Cgbb S CZ) ) (10

. where the unsuperscripted quantities are for the hydrogen

atom (B). . A further simplification comes from the fact

that only basis functions ¢k with p'and d angular

téymmetries'(and m=0) lead to non-vanishing matrix elements.

The basie‘can therefore be divided into two groups of

functions:v“ pk(r) (k=l,...;np) with a factor r cosé;

,dj(r)c (j=l,...;nd) with a factor r2?P,{cos6). The only

matrix elements appearing in the formulae are as follows:

. mmpamin e w
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~

Pro = <briploy ) o = <pilld>

D, = AlBL> , G~ flelp>, (109}

The basis functions used were of the forms employed by

previous workerszs'zs,
" “P N
P . ? u\""z Q(A. V“’S (110)
bj. = wee " S ', = vBlwD)e ks’ 4
se i ' Se : :

In practice the Lowdin-Shull functionsza, which are

orthonormal linear combinations like (110), were employed.

We found that with Pp = 10 and ny = 20 the convergence

‘appeared to be satisfactory;

The results for D3(g) are given in Table 1 and by<
the'solia curVe‘ih Fiéure l. ° Note that D, rises steeply
to a maximum value of 107.0 (atomic units) at ¢ = 1,223
and then'declines»monotonically. It was discovered by
approximate scaling arguments dlscussed xn the next section
that the calculated values are given to better than 3léover

the whole range of ¢ considered by the function

D,(?) ~ 2(;.“)} (.) + ‘{-(.3' =) =2, W ' ,.(llil')
; ' S V(.S.;‘_‘)'A- T




where the constants are the accurate value of B,

. , - -~
do not. - Accurate values for D7 and D

. R
. SEtm m e ot avw o s b e ww e 4 s =
e o o mommne s s e 3T T 4a e e T e 0 T T R T e - X s w rraowr o mew o e

I
calculated from (104) and (105) for ¢=1l; their values are
given in equation (124). The values calculated from
(111) are given in the last column of Table 1.

A most important check was obtained for the system

of two hydrogen atoms (¢=1). Although D; vanishes in

this césekthe components

- 2T ’gm

D, = =

Lo\

7 v

> 1 Il

] can be obtained

by a completely different route thanks to the work of
27

" - Hirschfelder and’ Eliason?’. The long=-range dispersion

force F'between two neutral atoms A and B in S-states

is given by the inverse-power series

F = ® 4 E

o ___‘_? o IR .
R* PO

By differenfiating the well-known interaction energy serxies

hE == Se _ S L,

it is obvious that s

BT AT W L AT

39

(L12) |

(113)
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&= 6< (114)

and similarly for the higher force coefficients. Howoever,

if instead .the electrostatic Hellmann~Feynman theorem

is used, say holding atom A fixed, then the coefficient

F7 in the force of attraction is
= gl (115)
R =/

where .

T
-

. . 5 ‘ ) ’
From (BKBIE R W <A Lt R A @

o+ *('Laz ® 4‘*#‘;»" ‘Qom’/f 'he? r‘f}@el\#} ey |

and ' A | ,

Y~ B <Rl pt KBl BLR L et 1>,

and fb is the z-component of the electronic force operator

for atom B, given in general by

N .
e T 7 ~ S (1) .
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’

Since f is a one-electron operator, equations (116) and

(117) can be written as integrals over perturbed charge

densities,
I % T o4y : : |
Bo= ) 504y, (119)
E_ (s %5 ‘
A = &'Fs '{’1 L (120)

Hirschfelder and El?ason27 derived accurate approximatioﬁs

for p:(r) and p (r) for two hydrogen atoms, which are

quoted in appendix #. They calculated (atomic units)

F,* = 36.284 and F, Tt = 2.717, (121).

80 that "F; = 6, 500, compared w1th the exact value28 29
C¢ = 6.499 (to four figures). |

Clearly; the atomic contributions 37I and §7II to the
interacﬁion dipole coefficient can also be expressed in a

L

form similar to (116) and (117), namely

. ”y

| c | | |
~£)Z-L N X%(’z'-‘*’!» S (122)

(123)

T E 5. ' - .
ot - S‘H’“. B
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It is therefore straightforward to use the Hirschfclder

27

+and Eliason®’ perturbed densities to calculate theso

quantities for two hydrogen atoms. Details are given

in appendix B. The results are as follows (atomic units):

b +

>

B, (1) B, B (HH)

Ours, (104) & (105): 330.505 64.006 394.511

H & E,(122) & (123): 330.512 64.007 394,519

b}

The qgreement is excellent. Our results are presumably
more’accurafe since we used a larger basis set, and both

- pésis sets were qf the same kind. However, the difference

is negligible@ Néte tha@ the éontribution of part I is

over five times greater than part II.

i
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Test of approximate formulae
The model system H; - H éreated in the last scction
provides a means of testing the basic approximation
proposed for Dy , given by (59) and (71). From the
' défihitions (68) and (75) of the g factoxs it follows
by scaling that |
T % 1 - T Y . U '
ra o ~ (125)
W =S FJu a0~ 5w |
where Eﬁ'= Eh are the values for a hydrogen atom, given
numerically by (69) and (76). Hence, by substitution
g I | Q‘.‘ . o C .
D= (3-8 7 65 Ce(¥), (126)
‘K ~ L -3 c:l \t ¢
D= GROST aac ). (127)

Accurate values of Cg(Z) and CII(C) for the system HC - H

have been calculated for a range of values of ¢ using the
technique of the previous section, and are presented in
Table 2.. A cheék on the accuracy is giveh by comparing .
the calculated Csavaluehz for H - H‘Y;=l§ with the most

accurate valuezg,

oy

presewe:



) SR I g -

Ouve wmathod. s Col-t) = (499027, :

\Colos o Colti=tt) = G99026.

The agreement is excellent, better than 1 in’laé*
By substituting into equations (l26) and (127)
for various values of ¢ we obtain the results in
Tables 1 and 3. From Table 1 we see that the
app;oximation for D, is good to about 1l.5% over the

range ¢ = 1 to 2. From Tabhle 3 it c¢an be seen that the

approximation is good for both parts of D, , but especially

part II.

The satisfactory agreement for this model system gives

us confidence' in applying the approximation to the rare-gas

atoms. . However, since the atomic property ? occurring
in EI is not available in the literature, it is necessan{

to make a further approximation. In view of thils, it is

*not worth laboriously calculating very accurate values of

Cig from optical data if sufficiently accurate values can
be calculated‘from one of tﬁe,approximations derived for

~1I

C™" in an earlier section. In Table 2 the simple

~_approximations: (91) and (94) for C \HC&H) are compared

with the accurate resuité idﬁ various véiues of ¢ . Both

approximations give results within a few per cent. ' Since

44

(128)




e .1<°(rqo>1ouo) o = Lolpt(o% [LopaRoymlo> .  (132)

which is still only in error hy less than 2%.

45

(94) involves Cg, which appears naturally in part I of

Dy, we choose it. The approximate formula for Dy,

nbtained by combining (59), (71) and (94) is then
P GC“{ Loat g 3’% ”‘?’% (129)
1 6 L I8 T ot ] ) '

€.+ Eg

where we have dropped the bars on the g's and '

T _ ~ (0 .
3% - - Lolp® (o> /2.<0 lptio>, BRNEEES

This formula gives

o~

—7 N ' . )
B¥ o 3L R4 65.81 =~ 38706 (acomnde 390g), . (43

A3es

Lﬂ
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The Unsdld Approximation

The bottleneck in estimating the dispersion

ﬂ' contributioni to the interaction dipole is now reduced

I

to the calculation of ¢g~, which involves the unsymmetrical -

second-ordex property <O|uR_ue@|0>.  Its calculation is
therefore a problem of the same order of difficulty as
the static polarizability. The simplest approximation

to use 1s that of Un561d30, which is equivalent to

replacing the resolvent by
Ro e =~ 'PO/M* )

where w* is an average excitation energy. Thus

<00uuc>{£?'

Q.‘. {Dllk“lov

T v -
é, ~

! The all-important question is: what value of w* should
Jbe chosen to give the best approximation? Three choices
present themselves: | (i) the ionization energy I of the
‘atom; (ii) the static (dipole) polarizability average
.gxcitation,energy € , defined by (132); (iii) the |

. quadrupole poiarizability (ae) average'excitation'energy

€

. > 2<ol ®¥os /«

0 4
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whe_re31

X, = =240l @ RD® (07>

0 (137)

For hydrogen the three values are

W . .- S (138)
e"c?:o.("‘-{‘ ’é-.._%:..O-é‘Q)

[a--‘a-_z.O.‘g )

. whereas the value of w* which would give gJL correctly

is

A T P (139)
Wy 1-3» /3 =~ = = 0.36. |

20% too large, and will produce a corresponding error in
the opposite direcmion in .the terms of Diy. However, -
in the absence of a better alternative it may be the only .
way of estimating‘gI.‘ The rough formula incorporating

this approximation into (129) is

55‘;': &k 2; ;i“'  ;E» 2 T “ ;‘
$rx 6 [(k+s Vot - 1. e

The systematic use O0f the Unsd1d approximation in the

original:formula (40) fbr_D, was proposed by Bﬁckinghaml,”
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who chose the ionization energy I for both of the average
excitatlon enexrgies which appedr in the formula. This

leads to

», = & ) )
(I“’?Ic) ( I“' Lﬁqr& ) <° (f‘ ® (b> <° ‘i‘* (37

)
- (—: I,.flo (o (W@ (67 Lolptio? 1 (141)

or re~arranging in accordance with (140),

[N

~ 6<°1 (02 CofpYoy, E.' :'. o | .
D, < (9{ O atolp a][(_l_s 2"{% - 5,,4:13’5 g flu)

lIg,—""IB

Hence, by comparison with (140), Buckingham's approximation
replaces the Van der Waals coefficient Cgs by tﬂe first
factor in parentheses in (142). For two hydrogen atoms the
forward component of the dipcle coefficient given by .

(142) is

ATy b o (143)
Ca.cW.mJtI : 330.5 +6%.0 = 39S )

which is over 30% too small.
A further approxlmatlon made by bucklngham and useful
.in rough work concerns ﬁna @xpecnat;on values occurring in.

gI;. ‘ The 0perator u is
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w
a4’ L - ‘ o, 5 .
P GLw)” = 2a) --2-'2:3% 303y (144)

and has therefore one- and two-electron parts. The

expectation value for an S~state is

(otr\-“) = “;.f (otv;"(oj .g_z.N(N—t‘)émlg.ls,,{G (145)
The two—-electron term would vanish in the absence of

electron exchange; and is often neglected.

Similarly
- r® ,l - (-230) CZTL? )
. ﬁ'
: = Ll « z_a(zv N TR ALY
+ 2‘%—5& 0z | © (146)

has one-, two= and three~electron parts Negleqting_all
but the one-electron cqntribution'we,have for an S-state

-—40( YO (0> ==

o W
w———

s Mcolvtey, &7

L

,Usin§ these si@plifications, (131) becomes.
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39~ ~ v¥/s Ltz (ie)
and (132) becomes
G = 2N<N>/3«°; (149)

Note{that both (148) and (149) .axre exact for one and

two=~electron atoms.

Estimates of the dispersion dipole for rare-gas diatoms

In view of'the_interest‘in the interaction dipoles
of the fare~gas diatoms, discussed in the introduction,
it’seems worth-while attempting to estimate the magnitude
) of the dispersion contribution represeﬁted by the leading
texm D;/R7 of (21). For this purpose we shall select
formula (140) with gII given by (148) and € given by (149),
as the mostaccur&t&fﬁmmpromise for which data are
aavailabie. | The rsiavéent data for the nydrogen and rare-gas
atoms in their ground states are collected in Tables 4 and
5. The expedtation values <r?> and <r"> in Table 4 |

are Haxtree-Fock values calculated by Fraga and Malli32;

33)

except for H(exact) and He(acsurate . The static

pelarizabilities~ao

- where the original references are glven, most of the

values were. deduced from optlcal measurement. The

collision diametere,;o,_a;e taken from leschfelder, CﬁfﬁiSS i

are taken from a review by Dalgarno>7, L

L e




-+ - e - B IEAKE AW WX T IR PR ptt e O mePT Pase e i e AL URY #oR
v s . o wvm—————

34

and Bird™ ", except for H, which is estimated from the

32: state of H;. The C¢ coefficients in Table 2 arc
taken fiom a table of recommended values by Dalgarn023,
‘where the original references are given.

ST “ | Before calculating the actual values of D@B from the
'data in Tableg 4 and 5, let us consider its sign. The
dominant termé are those of D%, given by (59), which is
positive corresponging to A-B+ if gg > gi. In (140)
»gI is approximated by 2gII/e, so that the atom with the
larger.value of this quantity will be positive. From

Table 4 it can.be seen that the order of decreasing values

" of 2g¥I/e is H, Xe, Kr, Ar, He, Ne. The ordex of
II

except for Xe and Kr, D;I_contributes'in the same sense

)

decreasing values of g-~ is H, Kr, Xe, Ar, He, Ne, so that
as D;. Even apart from hydrogen, the order is irregular
because Ne is below He.
We note in passing the difference between the
ordering and magnitudes estimated here and those of Levine's

sémi-classical'brude model formulall’35,

AB ’ ;a | . 1/‘ e ’ -
D, & o (<P -7, ~ (150)

’ ﬁwhich predicts that,the atom with the larger polariZabilitY‘ 

:is~positive; from Table 4 .the Drude order would therefore
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be Xe, Kr, Ar, H, Ng, He. Also (150) predicts much

larger values than (140); for HeAr Levine calculates D7=827 a.u,

(compare the Table 6 value; of 26 a.u.). The failure

of the'Drude*formula is presumably connected with the

assumption of'harmonic motion by the electrons, which is

incapable of allowing for the difference in the spread

of the radial eléectron distribution representéd by the
}ﬂ;atio gII.

| The values of D; calculated from (140) are given

in Table 6; it should be borne in mind that, on the basis
‘of the error in gI,for hydrogen, the magnitudes may'be

20% 1ow.f The interaction dipole due to the leading
dispersion term at the conventional collision diameter
Oprp = ¥(0,+05) , that is

As )

/*(016) "‘"' 3‘53/'6""7 |

.1s given in Table 7 in atomic units. Thé values are
all extremely small, ‘less than 0.00l Debye, when compared
with the dipole moments of bonded heteropolar diatomic

molecules near equilibrium.

e o - 85

.
ey




OVERLAP DIPOLE ,

In this section we shall outline a simple perturbation
approach to the overlap or exchange contribution to the
interaction dipole u(R) for distances R such that the
overlap between the electron clouds of atoms A and B
is small. This should include distancee around the
conventional collision diameters 9ap foxr the rare-gas
atoms. |

We shall consider the overlap contribution to be
~essentially the interaction diéole as calculated by the

Hartree=Fock approximation'for the diatom AB. TWO,

effects can be distinguished. dd?irst,atheﬁpure exchange

effect due to the¢eleotrons exchanging between the
lundistorted‘atoms A end B, ineaocoidance with the Pauli

principle. Second, the distortion of the anmic orbitals

~0of A and B due to the intexacﬁgon. The Hartree=-Fock

'celculat'i'ons of Matcha and Nesbet? i-nciuded both effects.

At small distances (R=2 Bohr) they state that the only '

orbitals which make a significantwcontribution.to‘tne izi" ’A}"-SV'“
interaction dlpole, whlch is of the order of one Debye, - |
are those added to the atomic baszs to describe dzstortxon. -
.,Nevertheless, near the collision dlameter (5-6 Bohr), -

“where the energy of interactxon is very small,_it is ~‘.fz£5¢:;

. ~t .
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unlikely that appreciable distortion occurs; the overlap

‘dipole is now only of the order of 0.00l of a Debye.

Exchange dipole

Let us assume that for R z'dAB the wavefunction .
Y for the diatom AB can be approximated satisfactorily by
antisymmetrizing the product of the ground state

wavefunctions A, and B, of the separate atoms, as in a

‘conventional Heitler-~London treatment,

Qo= g ALB,. | (151)

Let the Hartree-Fock spatial atomic orbitals for A and:B

be Aly A2, eve a.mafid bl, bz, seaey b\‘i where Na = 2m and

-Nb = 2n.

Then since
A°=. J!aag‘m«w'a‘mfma,mus) ‘ .'.’y._ A (2mdplan), | (152)

and similarly for_B,'we have, ignoring normalization;

B s ghagap apaugbabs oo bgbys, (153

] J.".i
r
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Note that: this wavefunction is not quite as restrictive

as it seemns. It 1s essentially the same as the Hartree=

Fock wavefunction

& < SA BWKEY e A ) (154)

where the molecular Spin~orbitals'wi consist of linear

combinations of the atdmic spin-oxbitals a4y ais, bja,bja.
The exchange dipole momént, as we shall call the ovexlap

dipole when distprtioﬁ is neglectad oxr does not contribute,

is given in the Hartree-Fock approximation by

P (R) = <§l/\\°l\27/4‘?31‘?2>, (155)

‘where the z-component of the dipole moment operator u_
is given by (17) and (18) and ¥ by (153). Siﬂce ho is a
dneQelectron operétor, and the dipole moment is independent

of originrfo: a neutral system, (155) can be reduced to

i

)*,,‘ R) = = Sg,ecm_a\?c - (n-m) R . | ~ (156)

wheré~p(£) is the electron‘density defined by

4‘-}7. 13. v.) l\:? / 4\33 t\E > ff  ,-‘. (157> e

?mzi &
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b + R/2 is an electronic coordinate

and z = 2% = R/2 = z
with respect to the mid-point of AB as oxigin. Since the
orbitals on A and B are separately orthonormal, if A and

B did not overlap the density would be

" Y
‘)M(g) = 27 lajer ™ + 22 ’\‘%.cs;)i?') (158)
(24 g=!

and the dipole moment (156) would vanish. When A and

B overlap the density involves the orbital overlap functions

*

SJ‘-m = <brjar>, - (1s9)

An expression for the single-particle density matrix
Y(x;x') (x=r,0) of two non-orthogonal groups of electrons,

such as two overlapping atoms, has been given by Sutcliffe
and McWeenyBG. However, their formula is completely
general, and so advantage cannot be taken of the simplifying
features of orbital anefunqtioné. The formula for the
density.matrix'y(igg'f.in the present case will therefore

be derived, and leads immediately to the density pPlE).
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Exchange density

Consider a system of N electrons desexibed by a
Slater determinant of non-oxrthogonal spin orbitals
VilX) e Ya(X)reresy(¥), as in (154). It follows from
the definitiop

Y = N W-«)f-“‘“-ﬂ"j K %) B8, %, ) da dEy (160)

that ’
e ~ gt
yiosh = Yoo, b h D,

(L6l)

i '
where yZ is the row vector (y,, Wg,a;i,wN) and:f& is the

overlap matrix
t R -
D= < % f‘y/b ' - (162)
,with elements 4, = <wi|wj> . - If

. % "' C% ,'\-a,)ur )‘\éz“\, té" Ff“’.‘. ,\PJ-H’) ' ) : |

where the Wia and wjp}formseparately orthonormal sets, then




. T

D = ez (164)

where ID is 'a 2n x 2m matrix
= < //»fi lﬂ/L > | (165)
= }W’b v

It is easy to see by partitioning 4@5"1 that

o[-y - (4- ib"b.‘z o]

A,"" ______,__,'__.._._..--- - (166)

R O Y S YR s

'Hence, by substituting (166) and (163) #hto (161) we get.'

yxix'd = W&) (t»-—m) x/cw -}ﬁ'(u (8~ BB Y
....%Qg;, {ﬁ-bmf)tfib.}%:(x‘) + %CK).('A:IDE*)“. _//Z.(& V. e

*Now if W%chnsiStS of‘two’éets-of m’spin4orbitals :

o aldr a,a,v‘,,,a o and a, B, azg, ‘vay AMB, and jﬁb consxsts

of two sets of n spin—orbitals bla, bza, -+s b g and.

.b18, sz, eses b B, ‘then since the spin eigenfunctions o and

i
3

?

£

§
.
Ty
L9
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B are orthogonal, the matrix [0 has the form

D= -2--2-
= .—.-"ﬂq« ‘
B
@ | (168}

where

is the n X m overlap matrix for spatial orbitals, with
elements given by (159). By putting'E' = X in (167) and
integrating over spin it follows that the spinless density

~

is~ - 0 | - .

PR - | PO
e(g)‘:.?.@.(ﬁ.(ﬂ's%).,@—f(!f) ~ 2 aue). (3-28) Sibcc)

o -} «} e
2 bl (4-88T)'S. 0wy 20 (8-38) RN

A simple check is given by integrating, which leads after
reduction of thefright—hand side to the correct result

2m + 2n = N. -
B {9)

- The exchange density, p-=p° ', can be expanded in powers 

 of the orbital overlap functions, which decrease

- exponentially with R. The leading terms in the exchange
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density, of order S?, which should be adequate at the

conventional collision diametexr, are

@_ Sica® 4+ a.Sf bt
P (’ = 2:2;‘%‘ (b jod 4 arS b )
; th W R '
#LTT a (s&:%) a’ 27T L, (m‘“)..g, (171)
c.-(dal - "'J »{

Note that these terms integrate to zerxo. For the closed
shells assumed here, they correspond roughly to a loss of
density between the atoms, and an increase on the atoms.
By substituting (171) into equaﬁibn‘(156) for the

exchange dipole, and cané¢elling out diagonal atomic

contributions, we get

/wca) v 22‘ {a, 13.)5

c“td‘

R —l{‘iz‘ <A“3’(Q>C$ f).- - 2245 lé’,lfa > (fﬁg ), y (172)

‘>J" | c7¢‘l
as'before; if-peX(R)‘is’positive the polarity is A-B+.
The first term gives the contribufion due to the orbital
overlap dipoles <a lzlb >, which vanlsh only if the orbitals
l.ai and bj arg 1§entlcal. ~ The last ‘two terms in- (172) 1nvolve

orbital’transitidn dipoles of the separate atoms, which vanish

o oo s o
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unless the orbitals i and j have different parity.
It does not appear‘to be possible to write the

exchange dipole as the sum of two atomic contyibutions,

“and Hgr. @s suggested by Matcha and Nesbet/. The

A
"last two terms in (172) havé this character, but in
general .one' would expect the first terms to dominate.
' The concept of -atowic contributions, if it is yalid at all,

‘probably belongs to the realm of shorter djstances, whexe

the effects of atomic orbital distortions dominate.
;Nor does it appear possible to make any genéral'statem&nt
.'?abput.the sign of the exchgnge dipole. . However, in the
f_absence of actual Calculations,'somefinsight cén be. gained

"ﬂ-by,looking at a few special cases.

Hydrogen-Helium

Let us consider first the case of two one-electron -
’étoms with.sihgle,orbitals a and b‘on each centre in a
non-bonding triplet state. Equation (172) cannot be applied
directly.to’thia simple case, but it‘is easy to see that

o Putr) = aLalzle>Lbtla», ~ar3)

: If a and' b are s-type orbitals with orbital a largexr than

orbital b, so_that,their cross~s¢ctions,through the z-axis

-




. are as drawn in figure 2, it is easy to see that

<a|z|b> is positive. Hence the long range exchange

'dipole Hax is positive corresponding to A"B+.

This argument can be applied to hydrogen interacting

-%

with helium. Oxbital a = 7w exp(-ra) and there are two .

Hartree-Fock ls oxrbitals b, which can be approximated by
ufgc%éxp(~crb) with g>1. Hence we conclude that the
' 1

exchange dipole has the polérity H HeT. Buckingham .

quotes the integrals, which for large R reduce to the’

asymptotic form (g>1)

i ; 5
/»\“(.m. ~ .(.’_lf..g. &e"a’i,
G0

which is approximately of form.(2). For the collision

Fs

diameter, o.(HHe) = 5.48 , and taking ¢=/2I(He) = 1.3444,

formula (173).gives u = 0.00214.

' Helium~Neon

Let atom A be He with two ls orbitals denoted simply--
by a, and atom B be Ne with orbitals 1522522p022p+22pf.
By symmetry only Zpo will occur in eguation (172), which

becomes

62

(174)




A v S s e et 5 ¥

Pucl@) = 8 [Calglls>cislay + dalyas¥<asla> +
Lalyl2po>ple?  — <tsl§,bi?~ga7<1tﬂ“><*“‘>
— (aslsk (2 ><2p lav<alzsy | s

At large distances Lhe term <a|z|2p K 2p|a> will dominate,

and it is clear from figure 3 that both factors will be

’negative, and the product positive. Actually all terms

in (175) appear to be positive, so the long-range
exchange dipole will'be positive, corresponding to He Ne™.

This 1s the polarity calculated by Matcha and Nesbet7.

Helium—Xenon

We considexr this case as an example of He interacting

J
.with a large atom. There are many terms coming from

the Xe orbitals 1822s22p®3s23p®3d%4s24p®4d’®5s25ps.  Let

_them be denoted by b, as before. Then from (172)

Mol a [Z aig b o<t 14> S27 L 15>(38 ) ]

(7y=1 4 (176)

Let us aSéumg,'as seems 1ikély, that .the first‘sum'will

dominate. Now if_the‘orbitalsﬁof Xe formed a compléte set

~ then
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" .
‘ -z...“"d'x"ﬂ = 1, (177)
N
and hence
L1 ) .
E.G\(}l%ﬁ“ﬂa) = Calgla> = - R/ . (178)

It is tﬁerefore possible that in interaction with a lazge
atom liké Xe the polarity is He+Xe-» This argument

enables ore to undergtand the existing Hartree-Fock
calculatidns7 according to which the polarity of the

ove:lap dipo;e for HeAr is He+Ar—. Clearly, in order to
‘proceed further it is necessary to calqulate,uex(R) given by

37 Hartree-Fock orbitals of the atoms

(172) using the known
of.interest. | | | |
vThé approach to the exchange dipole suggested in this

séction makes two assunptions. The first, mentioned‘above;
is that the orbital distortion described by the Hartree~
Fock approximation can be neglected abouthand beyond ﬁhe
- *conventional collision diameter g . The second is that,

‘ noﬁwithstanding the‘failgreiof the Heitlér—Lopdon wavefunction

~'1:'okdescri.b¢ exchange correlation- correctly at very long
38 |

_.range” , it will{nevefthelessﬁlead to reasonable results
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for distances around o .

DISCUSSION

The work on the interaction dipole presented in this
report is preliminary and incomplete. Nevertheless,
certain interesting conclusions can be drawn.

Firstly, the estimates of the coefficient_Dy given in
Table 6 suggest that the dispersion contribution.to the
integaction dipole can be of the same order of magnitude
as the overlap dipole. A comparison of the two contribﬁtiéns
to the interaction dipole for three rare-gas diatoms and HeH
at their conventional. collision diameters, obtained from |

references 7,1 and table 7, is as follows; all values are

in atomic units.

-~

(o] . overlap .dispersion
HeNe 5,03+ 0.000171.  =.0.000149
HeAr " 5.65 ~ 0.00323 + 0.000141
NeAr . 5.82 - 0.00566 + 0.000570

" HeH o 5.48 - ~ 0.00214 + 0.000701
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We see that the estimated dispersion contribution is
smaller than the overlap contribution in all cases, but
that for HeNe and HeH they age comparable.

Secondly, the sign of the dispersion contribution
as given by the leading texm Dy is opposite to that of
the overlap contribution for the diatoms Hell, NeHe, HeAr,
NeAr (dispersion -, overlap <+). This suggests it may be
a general rule, at least for the interaction of closed
shell atoms. A pictorial plausibility argument supporting
this suggestion is illustrated in figur¢s 4 (a) and 4(b),.
The argument assumes that the attractiv@,ﬁésﬁanse of
the electron density to correlation is . 3tched by the
repulsive displacement of density by the Pauli principle.
There is;né clear and obvious basis for this assumptioﬂ.

If the above conclusions are correct, the dipole
momént function p(R) for two closed shell atoms will have
the behaviour sketched in figure 5. The iong range
behaviour,R-7 is followed by a zero dipole and an expoﬁenﬁial
rise as the atoms overlap and distort. This must re&ach a
maximum .value, because the dipole moment vanishes for the united

atom at R=0, and behaVes39'40

like R?® for small R. It *
may even have another zero and éxtremum%as shown b? the
dashed curve,‘since the polarity at short range depends on

the relative atomic numbers, 2, and Z;,. For che united atom
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in an 8 state, the atom with the smaller atomic numberx
is probably always positive4o. Thus the dipole moment
functions of HeH and HeNe seem likely to have the
extraordinary behaviour indicated by the dashed curve.

The existence of a maximum dipole moment for the
rare~-gas diatoms in particulaxr, means tpat-the extrapolatiocan

procedure used by Matcha and Nesbet7

to calculqte the
overlap dipole at long range from that at shorit range may
not be reliable. - For this reason it will be interesting
to calculate the long range exchange dipole given by tha

simpler approach suggested in this paper.
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- APPENDICES

A. q ratios for hydrogen atom

| : In this appendix we calculate analytically the exact

P g

limiting and average values of gI(w) = yv(w)/o(iw) and

*" . gII(u,v) = I'(u,v)/L(u,v) for the ground state of the

TR AT T T T e

hydrogen atom. The quantities a,y , I' and L are .
defined by eguations (44) - (47). ' | o
(1) g'(0). -

From (45)

)= = Lol R Uk ® Lo ~ <ol Ro® Ropn LD

USSR A L 22

(1) (1)

where wp . and Y, are the first-order perturbed
wavefunctions for dipole and;quadrupolelperturbations,

defined by the differential equations

N,

(:.HO—E.)\f;) "l- /*\Lo =0, (A.2)

(-6 = @ =0. (a.3)
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R REPRODUCIBILITY OF THE ORIGINAL PAGE IS POOR

A2

For one electron, in polar coordinates,

| |

and for the gropnd state of hydrogen

wi - ¥

o> =Y, = whe | (o5

The solutions of (A.2) and (A.3) are well known3]

\L,i‘) = weid Ci+ !i_)'zzba , (A6}
CQ‘ .
7_[/0 = liv.t- ?,,(@96) ( “ 2§>\éa . . (A7)

By.substituting and integrating we get

= Sl =l = weias, -
-4l el g’y = 2 (3.9)

'kHence by (A.1l)

Y o) =~ 269/(§ = 38.625, (AL 10)




and since a(O) = 9/2 = 4.5 we have

‘a'I“’)l‘- yio) [ao) = (03 fiz = £.583 .

(11) gl (=),
The asymptotic limit'gl(m) is given by (64). The
straightforward way of evaluating such quantities would

appear to be to reduce them to commutators, and then use

bjthe presence of the resolvent R ‘makesiﬁhis difficult.

- A better technique is to avoid commutators involving R 7

involving differential operators.

% (‘,°°,)"= T da
where
| 9, = 3’_-“ <.o \ [',iﬁo,, ,In,®11] 0>,

C A et

AJ

'(A.ll)

the fundamental quantal commutator identities. However,

'by stopping. at the half~way stage and evaluating integralq

(A.13)

(A1)




sinée [H,0] is a real anti-hermitian operator. Now °

[“,@] - -t A&‘% )
= 2405 -Logu),
= ¢ ? Clg_p} ~ X - ﬂ":% )
= 2 D
(238 ~5 =g

Hence, for the hydrogen atom, with wo(r) given by (A.5),

| \ |
- wely = Q'P»V'};V, =~ 20 v, .

A4

(A.15)

.(A;lﬁ)

By_substituting from (A.4), (A.6) and (A.l6) into (A.1l4) -

we get
; o " . |
T 8<?:'?,>M ge’? (e Lle)vStn = 5, (A7)
k . 0. . ,
" similarly
' %> 5-LM <° lr@o®'£§,r] - L"/rj»@%/f“?j | (a.18)
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A5
’
‘In this case
[HVF] ? ‘Eiﬁg )
= S 2
» - Iy . ’ (AouO)
J %3
Hence for hydrogen
{,“,r]léo = m&;f\‘o = "'{7‘1;0 ;o (A.2))
'By substitutiné frgm (A.4),'(A.5), (A.6) and (A.2l) into
(A.19) we get ' | |
' e
- z N\ e ~ S (A.22
%’1 - q.‘(Pt ?’>Av Yoe CH"%V‘)V‘?M = -‘?—'2:- . )
Hence by (A.12) -
- Ty i sls g S
S 9 (00) = 1Sl = 7.5 : (A.23)

(114)

‘The ratio of averages is defined by (68). From (66)
- a) L o
A | (A.24)
k = 4 \'L/“ l/&@ %> . |

~r
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By substituting from (A.4), (A.5) and (A.6) and

integrating we get for hydrogen

(

: o
y=8 4""‘?96 y ff’”( Wwiv) ¢4, = 33/2 ,

’

1

¢

v gt¥(o0,0)

From (46)

and from (67) o = 2, s0

*

\

i\-"C0,0) a - <o ,/‘\R‘al‘“@o® ‘05,

according to

- L(o0)

-~<H&:)1/A‘\é;9;> =117/

(A.8). vFrom (47)

1(0}/\5 R},«l»,

w) a)
i(\&ﬁ l\Pr}.

Ab

(B,25)

(A.26)

(A.27)

(A.28)

(A.29)
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By substituting from (A.6) and integrating

. Ligo) = &3(4¢ = (0,75 (A.30)

' r

- Hence
T . |
yloo) = Plow/Lioo) = u7 /86 = t.360 |, (A.31)

(v) gt¥(w,=)

The asymptotic form of TI'(u,v) can be obtained by

substituting (61) into (46), and is

Pluw) ~ - 0™ <ol Lyl m T @1 (07,
=W KL, l/.\HlH,@J ¥ 2, (A.32)

By substituting from (A.21) and (A.l6) into (A.32) aand

integrating we get

Pu,w) ~ Wi R  (A.33)

‘ o

From (47) likewise we Kave

xLCu',V) ~ AWttt Lol L) Poy,

-~ 2utu™ <of (= lﬂ&‘)m (0>,
J-

R T T LR S




For,the hydrogen atom in the ground ls state

Llyw) m 2w X Colfptle,

” 4

= "Z-Wﬂﬁf13§‘E%L = uf‘meE;
Y ‘ ‘

Hence

‘QJ\‘M‘ r'C‘\,'V)
W=7 oo —— = o2

0\

Z3eTSe S THTRTT SR D SR ey i S a0 fork Bl B R RrE

- b8

(A.35)

(A 36)

(vi) The remaining values of gII given in (76) can be

calculated by similar means. Gt is trivial.

The

formulae and values required for the others are as follows:

)

el

Plom ~n vw*Ng « So

Liopw) ~ 3w bolrley = 2V

M(wo0) ~ u.'\'{CH-”J ¢ (/,_‘ \/’;,7 - :;_-“.:..

\5¢ .
= | ¥ g0 = <o lpnRo pu® (07 = 3

- O

N(o~)

Rt

: = %
L(O,—) = ¥(o) = -

P(-0) » <0 p'Re®@(07 = 5,

—_‘E‘.‘

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)
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! | r‘(",v)' ~N - vu-"" 40‘/0' C,Hr,@l {02 = 2ot (3. 43)

i . . - Ry % ) .
, : L(‘;“") qE ol(v) A~ N> = v . (A.44)

-3

M=) ~  w* ol w® 07 ~ W, (B.45)

B BT A b e et R AB L T ke -

e AT A e A LS R SRR Y e m b bk
7

P

ol e+ et o - pimmbtmi ke 2w <

SpEQue

AP AW WHNPT | AT »

T e
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B. ﬁ; for hydrogen = hydrogen

The perturbed densities p,I and p7II for atom .2
occurring in equations (119), (120), (122) and (123), | .
can be defined b& replacingy the operator fb in (1l6)
and ' (117) by the operator:

Hirschfelder and Eliason27 obtained accurate approximations
for these densities for two hydrogen atoms based on a
Lowdin-Shull set used in earlier work28 . The

approximations may be expressed in the form

g
SR _‘u. _ | | (B. 1)
e_' = me Z C,.‘ (2"‘7 . T(wse) component ,
‘ "'W ‘ me i m' 3 '

. where the coefficients chfand c I

- are given in table g.

It is then easy .to compute -

- L T '
! (M=) = %"Z(“\"H)C; = ‘330.{(2_' | ‘B.2)

L
T s

| s - ’ -
_ | i a0y ; |
-'B-!,L (h=w) = Z- (wrde = 64007, gy
. h . . ' ‘ : . ’ ' : ‘

-




TABLE 1

" Lomparison of accurate and approximate values of Dy

for H(; scaled) = H system

(atomic units)

ey o v $ i PR

,lA

4 Accurate Approx. (126=7) Approx. (l1ll)
0 0 0

" 1.05 55.44
1.1 85.65 84.32 85.87
1.2 106.29 104.65 106.53
1.223 | 107.03
1.3 . 102.87 101.29 103.04
1.4 " 91.48 90.11. 91.58
1.5 78.49 77.33 78.52
1.6 | 66.29 65.33 66.27
1.6875 | 56.88 56.08 56.83
1.7 55.64 . 54. 86 55.59
1.8 46.65 " 46.01 46,57
1.9 39.17. 38.65 39.08
2 33.00 32.57 32.90
2.5 Lo 14,87

o S———
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TABLE 3

Comparison of accurate and approximate values of
paxrts I and II of Ds_for H.-H (atomic units)

z
D,F | b, i1

g Accurate " Eqd. (l26) Accurate Bg. (L27)
1 0 | 0 | 0 ' o
1.1 '97.74 . 76.29 7.91 8,03
1.2 96.68 94,91 9.6l L 9.74
1.3 93.84 . 92,17 9.02 $9.13
1.4 | 83.76 ~ 82.31 7.73 | 7.80
1.5 | 72.14 " 70.94  6.35 6.39
1.6 | .61.18  60.20 5.12 5.13
1.7 | 51.56 50.77 - 4,09 4.09
1.8 43.46 42,76 - 3.25 ' 3.24
1.0. | 36.58 36.07. 2.59  2.58
2.0 | 30.83  °  30.52 | . 2.07 2.05
% 0 o o 0 | 0
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TABLE 8

Coefficientszv' in perturbed densities ps ecuation (B.3)

d % G
1 35.232764 | 0
, 2 17.616382 0
3 10.569833 1.567252
4 7.046555 . 3.098280
5 2.592724 1.375320 |
6 ~0.551494 ~0.762546
[ -0.,061489 - 0.170829
8 A - | ~0.0155350
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Figure 4 a‘
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