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ABSTRACT 

Equations of  motion are der ived f o r  a system comprised of two 

r i g i d  bodies  subjected t o  the a c t i o n  o f  a force  of  cons tan t  magnitude, 

the force  being appl ied  t o  one of t he  bodies  along a l i n e  f ixed  i n  

the body. 

then used t o  s tudy e f f e c t s  of  c e r t a i n  re la t ive motions of  the two 

p a r t s  of  t he  system on the  t r a n s l a t i o n  of the  mass cen te r  and on the  

r o t a t i o n s  of  the  bodies .  

Analy t ica l  and numerical so lu t ions  o f  these  equat ions are 

The purpose of t h i s  work i s  t o  assess the f e a s i b i l i t y  of  provid- 

ing  a "weightless" a s t r o n a u t  w i t h  an extremely simple maneuvering 

device,  namely, a s i n g l e  t h r u s t e r ,  r i g i d l y  a t tached  t o  one p a r t  of 

the  a s t r o n a u t ' s  body, d i r e c t i o n a l  and a t t i t u d e  con t ro l  t o  be achieved 

by means of  limb movements. 

The r e s u l t s  obtained are encouraging: R e c t i l i n e a r  motions o f  the  

m a s s  c e n t e r ,  accompanied by n e g l i g i b l e  r o t a t i o n a l  motions of the  

p a r t s  o f  t he  system, tu rn  out  t o  be poss ib l e  i f  the  sub jec t  i s  capable 

of  performing i n  accordance wi th  a simple l i n e a r  feed-back l a w .  

Furthermore, it i s  found t h a t  s u b s t a n t i a l  b e n e f i t s  can be der ived 

even from open loop performance of  c e r t a i n  maneuvers. 
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1. In t roduc t ion  

As manned space explora t ion  progresses ,  t he  amount of  e x t r a  vehicu lar  

a c t i v i t y  requi red  may be expected t o  increase .  

t r a n s l a t i o n a l  motions,  t h r u s t  must be provided i n  some form. A number of  

propuls ion schemes have been proposed fo r  t h i s  purpose. 

method would be one r equ i r ing  bu t  a s i n g l e  t h r u s t e r  r i g i d l y  a t tached  t o  a 

p a r t  o f  t he  body, and this  would, indeed, generate  r e c t i l i n e a r  motion i f  

the  l i n e  of a c t i o n  of t he  t h r u s t  could be made t o  pass through the  cen te r  

of  mass of the  system. However, a c e r t a i n  amount o f  misalignment must be 

regarded as unavoidable due t o  improper i n i t i a l  d i spos i t i on  of  p a r t s  of  

the human body; and such misalignments w i l l  i nev i t ab ly  give rise t o  unde- 

s i red r o t a t i o n a l  motions. 

Is i t  poss ib l e  t o  perform relat ive motions of  p a r t s  o f  the  body i n  such a 

way as t o  negate  undes i rab le  e f f e c t s  o f  t h r u s t  misalignment? It i s  the  

purpose o f  t h i s  r e p o r t  t o  supply a p a r t i a l  answer t o  t h i s  ques t ion  by 

deal ing wi th  p lanar  motions of  a system comprised o f  two r i g i d  bodies 

subjected t o  the a c t i o n  of a force  o f  cons tan t  magnitude, t h i s  ,force 

being appl ied  t o  one o f  the  bodies a long a l i n e  f ixed  i n  the body. 

When such a c t i v i t y  involves 

The s imples t  

The foliowing ques t ion  thus presents  i t s e l f :  

The system t o  be s tud ied  is descr ibed i n  d e t a i l  i n  Sec. 2, and 

equat ions of  motion are derived i n  Sec. 3 .  One of these equat ions i s  

used i n  Sec. 4 t o  f i n d  equi l ibr ium conf igura t ions ,  t h a t  i s ,  configura- 

t i ons  of  t he  system f o r  which no r o t a t i o n  occurs.  The motion t h a t  re- 

s u l t s  when the system remains r i g i d ,  b u t  does n o t  occupy an equi l ibr ium 

conf igura t ion ,  is  s tud ied  i n  Sec. 5.  For t h i s  case, so lu t ions  are ob- 

ta ined  i n  c losed form, and these  fu rn i sh  a b a s i s  f o r  comparisons made 
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i n  t he  next  s ec t ion ,  which dea l s  with motions t h a t  r e s u l t  when the  two 

bodies perform s m a l l  r e l a t i v e  o s c i l l a t i o n s .  Here, an  approximate ana- 

l y t i c a l  s o l u t i o n  i s  developed, and i s  used t o  discover  configurat ions 

f o r  which r o t a t i o n a l  motion i s  minimized. Numerical r e s u l t s ,  appl icable  

t o  a model of t he  human body, are presented a t  the end of Sec. 5 .  

F i n a l l y ,  Sec. 6 d e a l s  with the  behavior o f  t he  system when i t  i s  assumed 

t h a t  r e l a t i v e  motions proceed i n  accordance wi th  a feedback con t ro l  l a w .  

Two cases are inves t iga t ed .  I n  each of these ,  a s t a b i l i t y  ana lys i s  i s  

made t o  determine permissible  va lues  of  ga ins ,  and numerical r e s u l t s  

f o r  the human model considered i n  Sec. 5 are presented.  

2.  System Descr ip t ion  

The system t o  be s tudied  c o n s i s t s  of  two r i g i d  bodies ,  B and B '  , 

connected by a hinge a t  a p o i n t  P (see Fig .  1) which i s  loca ted  by a 

p o s i t i o n  vec tor  E re lat ive t o  a po in t  0 that  is  f ixed  i n  an  i n e r t i a l  

re fe rence  frame R . The cen te r  of mass of  B i s  designated B* and 

i s  loca ted  r e l a t i v e  t o  P by a p o s i t i o n  vec to r  r of  magnitude r . 
Simi lar ly ,  the  cen te r  of  mass of  B '  i s  designated B '*  and i s  loca ted  

re la t ive t o  P by a vec to r  2'  of  magnitude r '  . The angle  between 

r and - r '  i s  c a l l e d  cp . - 
Orthogonal u n i t  vec tor  n and n are f ixed  i n  B p a r a l l e l  and 

perpendicular ,  r e spec t ive ly ,  t o  L ; N1 ' N2 ' 23 are orthogonal u n i t  

vec to r s  f ixed  i n  R ; and the  angle  between n and N1 i s  designated 

8 .  

-1 -2 

-1 

Body B has  a mass m and a moment of  i n e r t i a  I about a l i n e  

. Simi lar ly ,  B '  has a m a s s  N3 passing through B* and p a r a l l e l  t o  

B 
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m '  and a moment of  i n e r t i a  I '  about a l i n e  passing through B'* and 

p a r a l l e l  t o  53 ' 

A force  - F i s  appl ied  t o  B a t  a p o i n t  S , which i s  located rel- 

ative t o  B* by a vec to r  s . 
The following scalar q u a n t i t i e s  are used i n  the  a n a l y s i s  of the 

sys  tem:  

Note t h a t  the  d e f i n i t i o n  of  x involves the  i n e r t i a l l y  f ixed  u n i t  i 

vec to r  N .  s and F depend on the  vec to r  n .  f ixed  i n  B . The 
-1 ' i i -1 

assumption that s and Fi are cons tan ts  thus implies  t h a t  both 2 

and are f ixed  i n  magnitude and d i r e c t i o n  relative t o  B . 
i 

3 .  Equations o f  Motion 

I n  what fol lows,  the  angle  cp i s  assumed t o  be a prescr ibed  func- 

t i o n  of  t i m e .  Consequently, B and B '  c o n s t i t u t e  a holonomic system 

wi th  th ree  degrees o f  freedom and equat ions of  motion may be obtained 

by employing Lagrange's equat ions ,  

(r = 1,2,3)  

where K i s  the  k i n e t i c  energy of  the  system, qr i s  a general ized 

i s  the f i r s t  t i m e  de r iva t ive  of q , and Q i s  the  coordinate  , 'r r r 

genera l ized  active force  a s soc ia t ed  with the  coordinate  qr . I f  e , 

X1 and x2 are chosen as general ized coord ina tes  q1 , q2 , and 
43 ' 
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r e spec t ive ly ,  K can be expressed as 

x 

(3.2) 

and the  genera l ized  active forces  are given by 

Q, = -F1 s2  + F (r + sl) 2 
Q, = F1 cos q - F s i n  q1 1 2  

1 Q3 = F s i n  q1 + F cos q 1 2 

Subs t i t u t ion  from (3.2)-(3.5) i n t o  (3.1) thus leads  t o  

- 2 , [ m r  s i n  0 + m ' r '  s i n ( e  + c p ) ]  + %,[mr cos 8 + m ' r '  + e p ) ]  
A 

2 + (I + m r  + I '  + m 1 r t 2 )  + (I' + m ' r t 2 )  ;d = F2(r + sl) - F1 s 2  (3.6) 

.. 
Equations (3.7) and (3.8) may be solved f o r  x and % , respec- 1 2 

t i v e l y ,  and the  r e s u l t s  s u b s t i t u t e d  i n t o  (3.6). Furthermore, a non- 

dimensionalized form of  the equat ions i s  obtained by introducing the 

following q u a n t i t i e s :  
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where g i s  the  a c c e l e r a t i o n  o f  g rav i ty ;  

T = W t  (3.10) 

n n - I' -I- m l r t '  I + m r L  
Y P , =  2 

m r  $5 - m ' r  12 

(3 .11)  

(3.12) 

(3.13) 

(3.14) F2 a =  F1 a =  1 (m + m')g ' 2 (m + m')g 

I n  terms of  these  q u a n t i t i e s ,  t he  equationsof motion are 

8, + 1 

@2 
[al s i n  cp - a cos rp + a ] - - 

2 3 

(3.16) 

(3.17) 

(3.18) 

+ CP)7 (3.19) 
P l ( l  + B 2 ) i  c o s @ - a  s i n e - -  COS e + 2 

d2 [ '2 = a  s i n Q + a  c o s Q - -  
1 2 d7 2 1 + P ,  

where primes denote d i f f e r e n t i a t i o n  wi th  r e spec t  t o  T . Eq. (3.18) 

governs the  r o t a t i o n a l  motion o f  the system, and (3.19) and (3.20) y i e l d  

the  p o s i t i o n  o f  the  hingepoint  P . 
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4 .  I r r o t a t i o n a l  Motion 

The system i s  s a i d  t o  be i n  i r r o t a t i o n a l  motion when 0 '  and cp' 

are i d e n t i c a l l y  zero.  The a s soc ia t ed  cons tan t  va lues  of cp are c a l l e d  

equi l ibr ium va lues  and are denoted by cp . The equat ion governing cp 
e e 

i s  obtained from (3.18) by s e t t i n g  8 '  and cp' equal  t o  zero and cp 

equal  t o  ye : 

a s i n y  - a  c o s y  + a  = O  (4.1) 1 e 2  e 3  

It can be shown a n a l y t i c a l l y  and i t  may be clear i n t u i t i v e l y ,  t h a t  

f o r  which the  l i n e  of  the  so lu t ions  t o  (4.1) are the  va lues  of 

a c t i o n  of  2 passes  through the cen te r  of  mass of  the system. Now, 

when cp 

system moves on a c i r c l e  f ixed  i n  the body B (see Fig.  1); and, s ince  

the  l i n e  of  a c t i o n  of  - F 

two p o i n t s ,  o r  can f a i l  t o  i n t e r s e c t  t he  c i rc le ,  t he re  may be one, two, 

o r  zero so lu t ions  t o  (4.1). Knowledge of  these f a c t s  f a c i l i t a t e s  the  

so lu t ion  o f  (4.1) f o r  a s p e c i f i c  set o f  

cp 

assumes va lues  from 0' t o  3 6 0 ° ,  the  cen te r  of mass of t he  

can i n t e r s e c t  t h i s  c i rc le  a t  e i t h e r  one o r  

3 -  al , a2 , and a 

I n  any real system, i t  i s  very d i f f i c u l t  t o  make the  l i n e  of  a c t i o n  

of  - F 

do s o ,  the  motion involves  both r o t a t i o n  and t r a n s l a t i o n .  Now, i t  i s  

evident  from E q s .  (3.18)-(3.20) t h a t  t he  behavior of  cp a f f e c t s  the  

motion, and t h i s  suggests  t h a t  i t  may be poss ib l e  t o  vary cp i n  such 

a way as t o  e l imina te  undes i rab le  r o t a t i o n a l  motions. 

t h i s  r e p o r t  i s  concerned with t h i s  t op ic .  S p e c i f i c a l l y ,  the motions 

t h a t  r e s u l t  when cp 

pass  through the  system mass cen te r ;  and, whenever one f a i l s  t o  

The remainder of  

i s  given by c e r t a i n  e x p l i c i t  funct ions of  time 



- 8- 

are s tudied  i n  Sec. 5 ,  and Sec. 6 dea l s  with "closed loop" behavior of 

t he  system, i . e . ,  with s i t u a t i o n s  i n  which cp i s  prescr ibed  as a 

func t ion  of  8 . 
P 

5 .  P resc r ip t ion  of  I n t e r n a l  Angle 

In t h i s  s e c t i o n ,  the  motion of the system when cp i s  described 

by e x p l i c i t  func t ions  o f  t i m e  i s  s tudied  f o r  two such funct ions.  F i r s t ,  

cp 

qe 
the a c t i o n  o f  a misaligned t h r u s t .  Next, cp i s  made t o  o s c i l l a t e  

about  an equi l ibr ium va lue ,  and the  r e s u l t i n g  motion i s  compared to  

t h a t  o f  a r i g i d  body. 

i s  set  equal  t o  a cons tan t  o the r  than one of the equi l ibr ium values  

. I n  o ther  words, the  system behaves l ike a r i g i d  body subjected t o  

Case I. cp = cons tan t  

If the  s u b s t i t u t i o n s  

cp = cpRB , a cons tan t  

. '1 

. .  

e = e,, 

xi =  xi^^ 
x = x  2 2RB 

are made i n  (3 .18 ) -  (3 .20 )  , then the equat ions of  motion become 

P 2+1 
ORB 11 = (%)[al s i n  cp RB - a 2 cos  cp RB + a,1/(a5 - 2 COS 'pRB) (5 ' 2) 

cos(9 319 1 
RB RB ] ( 5 . 3 )  d2 - @ 2  x " 1RB\ 

@,(I + P2) - - 2 I-;- p + 1  cos eRB + (7, = al cos 8 - a s i n  8 
RB d.r RB 2 
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I .  

Equations equiva len t  t o  (5.3) and (5.4) , b u t  having a simpler form, 

may be obtained by studying the behavior of the system’s cen te r  of mass 

r a t h e r  than t h a t  of t he  hingepoint.  I f  the p o s i t i o n  vec to r  from po in t  0 

i n  Fig.  1 t o  the cen te r  of mass i s  designated n* , and x * i s  defined 

as 

i 

then (5.3) and (5.4) can be rep laced  wi th  

x * 1’ 

RB (+) = al cos e - a s i n  8 RB 2 

(5.5) 

(5.6) 

= al s i n  ORB + a2 cos 8 RB (T j” 
(5.7) 

The solutions’ t o  Eqs. ( 5 . 2 ) ,  (5.6) and (5.7) can be expressed i n  

terms of the  q u a n t i t i e s ,  $2. and $2.’ , defined as 

’ o =  -( 1 P2+l )[al s i n  ep - a cos cp + a31/(a5 - 2 COS cp (5.8) 2 P  RB 2 RB RB 

and 

n’ = Is21 

and the  F resne l  i n t e g r a l s  (see [2])  

r r 2  c o s ( -  s ) ds 
z 

C ( z )  = 

0 

and 
S ( Z )  = ZI sin(- n 2  s ) ds 

0 

(5.9) 

(5.10) 

(5.11) 

‘A numerical s o l u t i o n  t o  the r i g i d  body problem wi th  a t h r u s t  misalign- 
ment appears i n  Ref. [I]. 
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S p e c i f i c a l l y ,  i f  

' (0) = x1*(0) = x * ( O )  = x,*'(O) = x *I(O) = 0 
eRB(0) = eRB 2 2 

the  s o l u t i o n  t o  (5.2) i s  

(5.12) 2 
eRB = 

and s u b s t i t u t i o n  i n t o  (5.6) and (5.7) , followed by i n t e g r a t i o n ,  y i e lds  

and 

I n t e g r a t i n g  once more, one then ob ta ins  

and 

(5 .13 )  

(5.14) 

(5.15) 

(5.16) 1 2 + [k al(cos 0' 7 - 1) - a 2 s i n 0 1  T2] 

I n  these equat ions,  and i n  those t h a t  fol low,  the  upper s i g n  i s  to  be 

used when Q >  0 , and the  lower s ign  when a<  0 . 
Since 

. I  

1 
l i m  C(s) = l i m  S(s) = - 2 
s -+a s +* 
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. .  

. .  

i t  follows from (5.13) and (5.14) t h a t  
- - 

2 'X1* all- a 

l i m  (--I =V+ 262 2 
7 + = m  

(5 e 17) 

and 

a + a  
(5.18) F l  x *  

l i m  (+-) =/g 
I--+=! 

This means t h a t  t he  cen te r  of mass approaches a s t r a i g h t  l i n e  and t h a t  

i t s  speed approaches a cons tan t  va lue .  Parametric equations f o r  the 

s t r a i g h t  l i n e  can be obtained by rep lac ing  the Fresne l  i n t e g r a l s  i n  

(5.15) and (5.16) by the  f i r s t  two terms of t h e i r  asymptotic expansion 

f o r  l a r g e  (see [ 2 ] ) .  That i s ,  wi th  

(5.19) 

and 

(5.20) s i n ( a '  T2) 
1 

m T  

(5.15) and (5.16) l ead  t o  long time express ions ,  denoted by 
x *  

(+) , f o r  the coord ina tes  of t he  cen te r  of m a s s :  
I 

2 a 

2 0  T t 7  

x *  
(5.21) 

and 

(5.22) a - al 
x *  

W L = 4 g (  2 l ) T + m  

El iminat ion of 7 

s t r a i g h t  l i n e  approached by the mass center:  

from (5.21) and (5.22) y i e l d s  the equation f o r  the 
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2 
2 (5.23) x *  a + a  x J c  2 + a  + al 2 - 11 2 

(T)~ = (a, a 2 ) (')L 2 n '(a2 + all 

en a> 0 and 

al. = a2 

the  l i m i t i n g  t r a j e c t o r y  becomes the  ver t ical  l i n e  

2 
x Jc a 
(+) =m (5 .24) 

It can be seen from (5.23) t h a t  the  s lope  o f  the  l i m i t i n g  t r a j e c t o r y  

depend only on t h e  components of  the  t h r u s t  vec tor .  An i n t e r e s t i n g  

mani fes ta t ion  o f  t h i s  f a c t  i s  t h a t  the  l i m i t i n g  t r a j e c t o r y  i s  always 

inc l ined  a t  fo r ty - f ive  degrees t o  the  i n i t i a l  d i r e c t i o n  of  the t h r u s t  

vec tor .  To see t h i s ,  l e t  1 and - k , be u n i t  vec to r s  def ined as 

(5.25) 

and 

The d i r e c t i o n  o f  1 i s  the same as the  i n i t i a l  d i r e c t i o n  of  the  t h r u s t  

vec to r  E (see ( 3 . 1 4 ) ) ;  and, from (5.17) and (5.18),  i t  can be seen 

t h a t  & has the  same d i r e c t i o n  as the  l i m i t i n g  v e l o c i t y  vec tor .  Now, 

i f  a denotes t h e  smallest angle  through which 1 must be r o t a t e d  i n  

o rde r  t o  co inc ide  with - IC, i t  follows from (5.25) and (5.26) t h a t  

(5.27) 

. .  

. .  
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and 

c 

I .  

. _  

(5.28) 
1 s i n  a = (J x k) - N3 = -i- - 

-fi 
It i s  r e c a l l e d  t h a t  t he  app l i cab le  s i g n  i n  (5.28) i s  the same as the  

s i g n  of  bE. given by (5.8). Since a d e x t r a l  coordinate  system has been 

used i n  this  a n a l y s i s ,  i t  follows from (5.12) t h a t  p o s i t i v e  CZ implies 

counterclockwise increases  i n  0 o r ,  equiva len t ly ,  p o s i t i v e  (+g3 di- 

r ec t ion )  torque about the mass center .  The opposi te  i s  t r u e  when 0 

i s  negat ive.  Thus i t  can be  concluded from (5.27) and (5.28) that ,  f o r  

a p o s i t i v e  torque about  the  cen te r  o f  mass, the  l i m i t i n g  t r a j e c t o r y  w i l l  

be o r i en ted  a t  f45"  t o  the  i n i t i a l  d i r e c t i o n  of  the  t h r u s t  vec to r ,  and, 

f o r  a negat ive  torque about the  m a s s  cen te r ,  the  l i m i t i n g  t r a j e c t o r y  

w i l l  l i e  a t  -45" t o  t he  i n i t i a l  d i r e c t i o n  of  the  t h r u s t  vec tor .  

I n  summary, a r i g i d  body subjected t o  a misaligned t h r u s t  of con- 

s t a n t  magnitude r o t a t e s  about i t s  mass cen te r  wi th  an increas ing  angu- 

lar v e l o c i t y .  The speed of the  mass cen te r  approaches a cons tan t  va lue ,  

and the  mass center i t s e l f  approaches a s t r a i g h t  l i n e  o r i en ted  a t  for ty-  

f i v e  degrees t o  the  i n i t i a l  d i r e c t i o n  of the  t h r u s t  vec tor .  

The motion j u s t  considered can be thought of as r e s u l t i n g  from 

"doing no thing" when the sys t e m  i s  subjec ted  t o  a misaligned t h r u s t  . 
The next  case t o  be examined dea l s  wi th  motions,  p a r t i c u l a r l y  the  ro ta -  

t i o n a l  motions, t h a t  r e s u l t  when the system is  subjec ted  t o  a misaligned 

t h r u s t ,  b u t  cp , i n s t ead  o f  being kept  cons tan t ,  i s  made t o  vary  

harmonically about an  equi l ibr ium value.  

Case 11. cp = cpe f 6 cos N T 

I f  B and B' are made t o  move relative t o  each o ther  i n  such a 

way t h a t  
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c p = c p  + - 6 c o s N ~  (5 e 29) e 

where 6 and N are cons t an t s ,  and i f  the  a s soc ia t ed  value of 8 i s  

denoted by e then (3.18) r e q u i r e s  t h a t  c y  

- 2 cos cp cos (& cos N T) + 2 s i n  cpe s i n ( 6  cos N T)] 
d 

e 

- cos cp cos(6 cos N T) -I- s i n  cpe sin(6N cos N T) ] )  - gN s i n  N 7[a4 e 

8, + 1 

p2 
{al s i n  cp cos(6 cos N T) +- a cos cp s i n ( 6  cos N 7 )  - - 

e 1 e 

cos (& cos  N T) + a2 s i n  cp s i n ( 6  cos N 7) 3- a3} (5.30) - a2 cos cp e e 

and has  vaiiable c o e f f i c i e n t s .  Numeri- % This equat ion i s  l i n e a r  i n  

cal  ( d i g i t a l  computer) s o l u t i o n s  f o r  some s p e c i f i c  examples are pre- 

sen ted  a t  the end of  t h i s  s ec t ion .  

v a l i d  f o r  s m a l l  6 , i s  obtained as follows. 

An approximate a n a l y t i c a l  so lu t ion  

When 6 i s  assumed t o  be so s m a l l  t h a t  t h i r d  and higher  degree 

terms i n  6 may be dropped, t h a t  is ,  

s i n  (6 COS N T) w 6 cos N 7 (5.31) 

cos2 N T 
cos(& cos N T) w 1 - 2 (5.32) 

then Eq. (5.30) can be i n t e g r a t e d  once. L e t t i n g  OCA denote the  ap- 

proximate value o f  

t i o n  

thus obtained,  and using the i n i t i a l  condi- % 

ec,'(o) = 0 

one ob ta ins ,  a f t e r  s i m p l i f i c a t i o n  wi th  the  a i d  of  (4.1), 
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r .  

. .  

e - al s i n  cp P2+1 
e -  

@, 
8 N  

P2  + 1 

@2 

e - al s i n  cp e 
T +  eCA' = t&2'a2 cos 4 

cos cp +a s i n  cp P, -I- 1 e e 2  -- 
N @2 

+ 2  sin 'el s i n  2 N TI + 6p 

(a5 - 2 cos cpe + 26 s i n  'p cos N e -  cos cpe - a4>] s i n  N 7 

(5.33) + 6 2 cos Epe cos2 N T}  

Next, a f t e r  using the  binomial theorem and dropping t h i r d  and higher  

degree terms i n  6 , one can i n t e g r a t e  (5.33) sub jec t  t o  the condi t ion 

which gives  

where 

a cos cp s i n  cp B + 1 2 e al e 2  c =  
B2 8(a5 - 2 COS cp ) e 1 

a cos cp + a s i n  cp 8, + 1 1 e 2 e c =  
(a5 - 2 c.os ye> B2 2 

s i n  cp 
(1 + 2 c3> 

- e 
c5 - - 2(a5 - 2 cos cp e ) 

(5.35) 

(5.36) 

(5.37) 

(5.38) 

(5.39) 
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i s  'CA 

g2 , s o  t h a t ,  i f  terms 

The leading term i n  (5.34) ind ica t e s  t h a t ,  i n  genera l ,  

unbounded. Note t h a t  t h i s  term involves 

l i n e a r  i n  6 w e r e  r e t a ined ,  only an o s c i l l a t i o n  about a constant  mean 

value would be pred ic ted .  A s  w i l l  be seen la ter ,  such a r e s u l t  does 

not  agree with the  so lu t ion  obtained by numerical i n t eg ra t ion  of (3.18). 

Consider now the l imi t ing  case N = 0 t h a t  i s  (see (5.29)) 

s i t u a t i o n s  i n  which cp has a constant  value t h a t  d i f f e r s  by an amount 

6 from the equi l ibr ium value 'pe . Expanding the l a s t  two terms of 

(5.34) i n  powers of N T l e t t i n g  N approach zero,  and c a l l i n g  the 

r e s u l t  , one obta ins  'RBA 

(5.40) 

(The same r e s u l t  can be deduced from (5.12) a f t e r  s e t t i n g  

t o  ye + 6 i n  (5.8) and expanding the r e s u l t  i n  powers of 6 .) 
'4iB equal 

We s h a l l  r e t u r n  t o  (5.40) present ly .  F i r s t ,  however, we wish t o  

draw a t t e n t i o n  t o  the f a c t  t h a t ,  when N and c1 d i f f e r  from zero,  

QCA depends pr imar i ly  on the leading t e r m  i n  (5.34); and, as c1 i s  

independent of N (see (5.35)) ,  the growth of QCA i s  then r e l a t i v e l y  

i n s e n s i t i v e  t o  the  numerical value of  N . 
Eqs .  (5.34) and (5.40) can be used t o  determine the  configurat ions 

i n  the presence of a eCA and eRBA which involve minimum growth i n  

misalignment of amount 6 e Spec i f i ca l ly ,  as 6 i s  a small  quant i ty ,  

i t  fol lows from (5.40) t h a t  eRBA i s  minimized when c 2  i s  equal t o  

zero,  t h a t  i s  (see (3.11) and (5.36)), when 

al cos cp + a s i n  cp = 0 e 2  e (5 a 41) 
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Now, from Fig.  1 and Eqs. ( 2 . 3 )  and ( 3 . 1 4 ) ,  

(E * Lily = (pe 
a cos  cp + a s i n  cp = 1 e 2 e (m + m y )  g r '  

i t  is  thus necessary t o  make RBA ' To minimize the  growth of  8 

(5 .42)  

which means t h a t  the t h r u s t  vec to r  must be perpendicular t o  r '  when 

i t  passes  through the  mass cen te r  of  the  system ( i . e . ,  when (p = ve). 
It i s  worth not ing  t h a t ,  even when the  growth of  0 

- 

i s  minimized RBA 

as here  ind ica ted ,  the l i m i t  approached by the  r a t i o  e m A / e c A  as T 

approaches i n f i n i t y  has  the  value 

l i m  (') 8~~~ = 2 

I--+ m 

( 5  .44) 

'CA ' 
eventua l ly  becomes t w i c e  as l a rge  as RBA which means t h a t  8 

The e f f i c a c y  of  performing the  o s c i l l a t o r y  motion described by (5 .29)  

i s  thus apparent.  

The growth i n  QCA i s  minimized when c1 is  zero.  From ( 5 . 3 5 ) ,  

t h i s  occurs  when 

al cos cq e - al s i n  cpe = 0 

o r ,  i n  view of  ( 2 . 3 )  and ( 3 . 1 4 ) ,  when 

( 5 . 4 5 )  

(5 .46)  

I n  o the r  words, when the  t h r u s t  vec to r  passes  through the  system's m a s s  

cen te r ,  i t  must be p a r a l l e l  t o  r ' .  The condi t ions  which minimize the  

growth rates i n  

- 
and eCA are thus mutually exclusive.  eRBA 
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When c1 i s  equal  t o  zero ,  so t h a t  8 (see (5.34)) remains 

s m a l l ,  an approximate desc r ip t ion  of  t he  motion of  the  hingepoint  P is  

CA 

obtained by r ep lac ing  8 with 8 i n  (3.19) and (3.20), expanding i n  

powers of  6 , dropping t h i r d  and higher  degree t e r m s ,  and in t eg ra t ing  

the  r e s u l t i n g  d i f f e r e n t i a l  equat ions.  

CA 

With the  i n i t i a l  condi t ions 

x (0) = Xu(O) = X1*'(0) = X2*' (0) (5.47) 
1A 

this  leads  t o  

1A 
r T~ + G12(cos N 7 - 1) + GI3(cos2 N 7 - 1) + G I 4  s i n  2 N 7 (5.48) 

X 

Gll 
- =  

where 

(5.51) 

2 

2 2c 2 6 2 (7 c2 - c 3 )  

N 6 cos (pe 

e 2P1(1 +B2) (B, B, + cos (p ) + + 2 c 3 )  (5.52) 
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' .  

. .  

( 5 . 5 6 )  

2 

(5 .57 )  

The accuracy of  ( 5 . 4 8 )  and (5 .49 )  w i l l  be discussed i n  connection 

with the p resen ta t ion  of  numerical r e s u l t s .  

Numerical Resul t s  

I n  t h i s  s e c t i o n  numerical r e s u l t s  are presented f o r  a human being 

modelled as i n  [3 ] .  Body B now rep resen t s  the head, t o r so  and l egs  of 

a man i n  a p o s i t i o n  o f  "a t ten t ion ,"  and B '  c o n s i s t s  o f  the  arms of 

the  s u b j e c t ,  these  being requi red  t o  move i n  unison i n  planes p a r a l l e l  

t o  the p i t c h  plane.  

The r e l evan t  i n e r t i a  p rope r t i e s  o f  the  system, taken from page 15 

of [ 3 ] ,  are shown i n  Table 1. I n  order  t o  eva lua te  the  dimensionless 

parameters def ined i n  (3.11)-(3.17)9 one must a l s o  spec i fy  2 and - s 

(see Fig.  1). which i s  t o  represent  the  a c t i o n  of a t h r u s t e r ,  i s  

chosen as 
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0.576 

0.903 

0.265 I 

Table 1 

value  , I u n i t s  I symbo 1 

m 

r 

I 

B ' (Arms) 

4.458 s lugs  

1 . 4 8 1  f t .  

8.150 slug- f t .  2 

m '  

r '  

I ' 

s lugs  

f t .  

s l u g - f t .  2 

F = X(m + m ' )  g n ( 5 . 5 8 )  -2 - 

where X i s  a cons tan t  which determines the  " th rus t  level." It follows 

from ( 2 . 3 )  and ( 3 . 1 4 )  t h a t  

al = 0 (5.59) 

. .  

1 .  

and 

a = A  2 
( 5 . 6 0 )  

Two va lues  of  X w i l l  be used: = 1 , which means t h a t  the  t h r u s t  has  

a magnitude equal  t o  the  weight of the sub jec t ;  and = 0.031 , which 

corresponds t o  a t h r u s t  t h a t  imparts an acce le ra t ion  of  one foo t  per  

second, per  second t o  the  m a s s  cen te r  of  a r i g i d  body of  mass m + m' . 
These two cases w i l l  be r e f e r r e d  t o  as "high thrus t ' '  and "low t h r u s t , "  

r e spec t ive ly  . 
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A s  a consequence of (5.59) and the  f a c t  t h a t  B i s  mul t ip l ied  by 4 
a i n  (3.15), i t  i s  no t  necessary t o  determine the numerical value of 

p4 . This ,  i n  t u rn ,  means t h a t  s (see (3.12)) need not be spec i f ied .  
2 

A s  for  s , we s h a l l  consider two values:  The f i r s t  value i s  se l ec t ed  

i n  such a way t h a t  the  l i n e  of ac t ion  of - F 

center  of the system when cp = 0 ; t h a t  i s ,  s i s  chosen so t h a t  

ve 

1 

1 
passes through the mass 

1 

= 0 i s  a so lu t ion  t o  (4 .1) .  Accordingly, 

0.066 m ' ( r '  - r) - s =  - -  
1 m I- m '  (5.61) 

1 and we s h a l l  r e f e r  t o  t h i s  case a s  "Arms Down." The second value of s 

i s  one such t h a t  the l i n e  of ac t ion  of - F passes through the mass 

center  of the system when = 90 degrees. I n  t h i s  case ,  cpe = n/2 

i s  a so lu t ion  t o  (4.1); t h a t  i s ,  

0.169 m '  r - s = -  - -  
1 m + m '  (5.62) 

and we s h a l l  designate  t h i s  as "Arms Up." 

A l l  of the q u a n t i t i e s  defined i n  (3.11)-(3.17) can now be evaluated 

by reference t o  Table 1 and 

considered, the  r e s u l t s  are 

same i n  a l l  four cases  and, 

w =  

(5.59)-(5.62). For the four cases t o  be 

shown i n  Table 2. The value of w i s  the 

from (3.9) and Table 1, i s  found t o  be 

(3::iL31/2 = 4.661 sec-' (5.63) 

Before (3.18)-(3.20) can be in t eg ra t ed  numerically,  values must 

be assigned t o  6 and N . The value of 6 , which determines both 

the i n i t i a l  t h r u s t  misalignment and the amplitude with which the arms 

o s c i l l a t e ,  i s  chosen t o  be 
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Table 2 

f32 

7.740 

7.740 

7.720 

7.740 

I @l B3 

-0.45 

- .114 

-0.45 

-.114 

~ 1.640 

x a  
5? 
" 2  4 

!2 
0 

FI 
H 

4 

1.640 

1.640 

1.640 
so8 
l-2 

i! 
4 

6 = 0.1  r ad ian  (5.64) 

and the  value of  

per  second. In  view of  (5.63),  the requi red  va lue  of  N i s  thus 

N is  s e l e c t e d  so as t o  y i e l d  a frequency of one cyc le  

N =-=  2rr 1.348 (5 e 65) 4.661 

I n  Figs .  2 and 3 ,  8 is  p l o t t e d  as a func t ion  of 7 , and Figs .  4 

Figs .  2 and 4 dea l  with the  1 '  and 5 show x as a func t ion  o f  x 

motion assoc ia ted  with high t h r u s t ,  whereas Figs .  3 and 5 correspond t o  

low t h r u s t .  For each t h r u s t  level, four  s i t u a t i o n s  are considered. 

The curves l a b e l l e d  "Arms Osc i l l a t ing"  are generated by s u b s t i t u t i n g  

the  "Arms Down" and "Arms Uptr va lues  of cq and the  va lues  of 6 and 

2 

e 
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Fig. 5 F l i g h t  Path,  Low Thrust  
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N from (5.64) and (5.65) i n t o  ( 5 . 2 9 ) ,  which gives  

cp = 0.0 + 0.1  cos(1.348 7)  (5.66) 

and 

cp = TT/2 + 0 .1  cos(1.348 7) (5.67) 

r e spec t ive ly ,  and then performing numerical i n t eg ra t ions  of (3.18)- 

(3.20) To obta in  the curves labeled "Rigid Body," N i s  set  equal 

t o  zero i n  (5.29), which leads  t o  

cp = (pRB = 0.0 4- 0.1 , (Arms Down) (5.68) 

and 

respec t ive ly .  These two equations descr ibe  s i t u a t i o n s  i n  which the 

arms are cons tan t ly  misaligned by 0 .1  radian from the "Arms Down" and 

"Arms Up" equi l ibr ium p o s i t i o n s ,  respec t ive ly .  Subs t i t u t ion  i n t o  (5.2), 

(5.6) and (5.7),  and numerical i n t eg ra t ion ,  then y i e lds  the des i red  

information. 

Note t h a t ,  i n  Figs .  4 and 5 ,  the  "Arms Osc i l la t ing"  curves involve 

x1 and x , while the "Rigid Body" 2 the  coordinates  of the  hingepoint ,  

curves apply t o  the  coordinates  of t he  mass center  of  the system, 

and x * . 
xl* 

2 

A l l  i n t eg ra t ions  were performed with zero i n i t i a l  values f o r  the 

dependent va r i ab le s  and t h e i r  f i r s t  der iva t ives .  Thus, the sub jec t  i s  

i n i t i a l l y  a t  rest with the spine e s s e n t i a l l y  p a r a l l e l  t o  the 

and the  head on the  negat ive s ide  of the o r ig in .  Furthermore, the  t h r u s t  

x1 a x i s  

vector  i s  i n i t i a l l y  pointed i n  the pos i t i ve  x d i r ec t ion .  2 
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Before eva lua t ing  the r e s u l t s  i n  Figs.  2 - 5 ,  i t  i s  worth not ing 

t h a t  the "Rigid Body-Arms Down" case deals with a s i t u a t i o n  i n  which 

( 5 . 4 3 )  i s  s a t i s f i e d ,  so t h a t  the amount of r i g i d  body r o t a t i o n  should 

be minimized. Fur ther ,  i n  the .  "Arms Oscillating-Arms Up1! mode of  

f l i g h t ,  (5 .46)  i s  s a t i s f i e d .  Hence, according t o  the approximate 

theory,  t h i s  mode of f l i g h t  should y i e ld  smaller  growth r a t e s  than those 

r e s u l t i n g  from "Arms Oscillating-Arms 

When studying the r e s u l t s  shown i n  Figs .  2 and 3 ,  it  i s  convenient 

t o  begin by consider ing the broken and s o l i d  curves separa te ly .  

i t  becomes ev ident  t h a t ,  f o r  both t h r u s t  l e v e l s  and f o r  both arm posi-  

t i o n s ,  less turning is  assoc ia ted  with o s c i l l a t o r y  arm motions than 

with keeping the  arms a t  rest. Comparison of the two cases involving 

o s c i l l a t i o n  of the  arms shows "Arms Down'' eventua l ly  r e s u l t s  i n  more 

r o t a t i o n  than "Arms Up.ll However, a t  both t h r u s t  l e v e l s ,  there  i s  an 

i n i t i a l  time i n t e r v a l  during which both "Rigid Body-Arms Down" and "Arms 

Oscillating-Arms Down8' r e s u l t  i n  less r o t a t i o n  than "Arms Osc i l la t ing-  

Arms  Up.t1 

Thus 

For the  time i n t e r v a l  covered i n  Figs.  2 and 3 ,  the  pred ic t ions  of  

the  approximate theory are v e r i f i e d .  That is ,  o s c i l l a t i o n  of the arms 

i n  the  "Arms Up1' pos i t i on  is  seen t o  r e s u l t  i n  a constant  mean value 

fo r  8 . The approximate theory a l s o  p red ic t s  t h a t  the  amount of 

r o t a t i o n  assoc ia ted  with "Arms Oscillating-Arms Down" is  insens i t i ve  

t o  the  frequency a t  which the  arms o s c i l l a t e .  To check t h i s ,  integra-  

t i ons  were performed f o r  a frequency o f  f i v e  cycles  per second, and, 

f o r  the "Arms Oscillating-Arms Down" configurat ion,  t h i s  led  t o  curves 

i d e n t i c a l  to  those i n  Figs.  2 and 3 .  For "Arms Oscillating-Arms Up," 
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the  higher  frequency r e su l t ed  i n  a higher frequency o s c i l l a t i o n  for  8 

about a constant  mean value t h a t  was  s l i g h t l y  smaller than the mean 

value f o r  one cyc le  per  second. A s  fo r  checks on the approximate r i g i d  

body r e l a t i o n s  ( 5 . 4 0 )  and ( 5 . 4 4 ) ,  Figs.  2 and 3 v e r i f y  t h a t  "Rigid 

Body-Arms Down" r e s u l t s  i n  considerably less r o t a t i o n  than "Rigid Body- 

Arms  Upt1 and t h a t  the  values  of 0 fo r  the former case eventual ly  be- 

comes twice as l a rge  a s  t h a t  fo r  "Arms Oscillating-Arms Down." 

Evaluation of the  r e s u l t s  shown i n  Figs .  4 and 5 w i l l  be made i n  

l i g h t  of  the following considerat ions:  F i r s t ,  keeping the i n i t i a l  

s t a t e  of the system in  mind, i t  may be presumed t h a t  it is  the s u b j e c t ' s  

i n t e n t i o n  to  approach a t a r g e t  located on the x2 ax i s .  Furthermore , 

one may expect the  high t h r u s t  l e v e l  t o  be used t o  t raverse  r e l a t i v e l y  

long d i s t ances ,  and the  l o w  t h r u s t  level f o r  comparatively sho r t e r  

d i s tances .  Fig.  4 can then be used t o  determine the b e s t  mode of f l i g h t  

for  approaching a d i s t a n t  t a r g e t ,  while Fig.  5 deals  with more p rec i se ,  

s h o r t  d i s t ance  approaches. It then appears from Fig. 4 t h a t ,  when one 

wishes t o  approach a t a r g e t  a t  a d is tance  of more than f i v e  hundred f e e t ,  

i t  i s  advantageous t o  f l y  i n  the "Arms Oscillating-Arms Upff configura- 

t i on .  

propel himself along the  x2 

would f ind  himself ( a f t e r  moving a thousand f e e t  i n  the 

a t  the  following d is tances  "above" the  t a r g e t  ( i .e. ,  negative x co- 

o rd ina te ) ,  depending on the mode of f l i g h t :  

For example, a subjec t  wishing t o  use the high t h r u s t  l e v e l  t o  

axis toward a t a r g e t  a thousand €eet away 

d i r ec t ion )  x 2 

1 

"Rigid Body- Arms Down , x1* NN -50 ft. 

"Arms Oscillating-Arms Down," 

"Arms Oscillating-Arms Up," 

x1 M -25 f t .  

x1 M -12 ft. 
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For d is tances  of less than one hundred f e e t ,  Fig.  5 ind ica t e s  t h a t  

it i s  bes t  t o  f l y  i n  the "Arms Oscillating-Arms Down" configurat ion.  

Furthermore, fo r  such s h o r t  d i s t ances ,  i t  i s  b e t t e r  t o  f l y  "Rigid Body- 

Arms  Down'' than "Arms Oscillating-Arms Upe'' 

one hundred f e e t  i n  the  x d i r e c t i o n  a t  the low t h r u s t  l e v e l ,  the 2 

following d r i f t s  i n  the nega t ive  x1 d i r e c t i o n  occur: 

For example, a f t e r  moving 

"Arms Oscillating-Arms Up," x -.75 f t .  

"Rigid Body-Arms Down," 

"Arms Oscillating-Arms Down," x M - .25 f t .  

1 

x * M - .50 f t .  1 

1 
The amounts of d r i f t  i n  these cases are much smaller than those fo r  

long d is tance  mission a t  high t h r u s t ,  bu t  they are nevertheless  impor- 

t a n t  when one is  concerned wi th  prec is ion  maneuvering i n  the v i c i n i t y  of 

a t a r g e t  

As  s t a t e d  e a r l i e r ,  the  curves shown i n  Figs .  2-5 were obtained by 

However, most of numerically i n t e g r a t i n g  the equations of motion. 

these  r e s u l t s  may be reproduced without numerical i n t eg ra t ion ,  by using 

the  equations developed earlier i n  t h i s  sec t ion .  That is, the r i g i d  

body curves may be generated exac t ly  with the  a i d  of (5.12), (5.15), and 

(5.16); Eq. (5.34) produces r e s u l t s  t h a t  agree with the "Arms Osc i l l a t -  

ing" curves of  Figs .  2 and 3 t o  within .05 degrees; and the  "Arms 

Oscillating-Arms Uptt curves i n  Figs .  4 and 5 are i d e n t i c a l  t o  those 

r e s u l t i n g  from (5.48) and (5.49). 

I n  conclusion, i t  is now poss ib le  t o  make some general  remarks 

regarding the  planar  motion of  a man with a body-fixed t h r u s t e r .  

noted e a r l i e r ,  i t  i s  highly probable t h a t  t he re  w i l l  be a small t h r u s t  

misalignment when f l i g h t  i s  i n i t i a t e d .  I f  nothing i s  done t o  compensate 

A s  

\ 
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f o r  t h i s  misalignment, the sub jec t  w i l l  eventua l ly  move with a contin- 

u a l l y  increas ing  angular v e l o c i t y  along a path which approaches a l i n e  

or ien ted  a t  fo r ty - f ive  degrees t o  the  intended l i n e  of motion. 

by simply performing o s c i l l a t o r y  arm motions of s m a l l  amplitude and 

a r b i t r a r y  frequency, the  sub jec t  can decrease the  undesirable r o t a t i o n  

by a t  least a f ac to r  of two. 

i t  i s  poss ib le  t o  e l imina te  the  r o t a t i o n  almost completely. The possi-  

b i l i t y  o f  obtaining s t i l l  b e t t e r  r e s u l t s  by using "feedback," t h a t  i s ,  

by making cp a funct ion of 8 o r  a funct ion of both 8 and 8 '  , i s  

examined i n  the next  sec t ion .  

However, 

Indeed, i f  the system is  properly designed 

6 .  "Closed Loop" Behavior 

Assuming t h a t  the system i s  capable of performing r e l a t i v e  motions 

more complicated than a harmonic o s c i l l a t i o n ,  two problems w i l l  be s tu-  

died: F i r s t ,  i t  w i l l  be assumed t h a t  the angle  8 can be monitored and 

t h a t  the  angle 

mul t ip l e  of 0 . Second, CJJ w i l l  be set equal t o  a l i n e a r  funct ion of 

both 8 and 8 '  . Such con t ro l  l a w s  can c e r t a i n l y  govern the  behavior 

of a mechanical system. I n  deal ing with a man, however, quest ions arise 

regarding the ex ten t  t o  which the sub jec t  can, i n  f a c t ,  perform as re- 

quired.  Some work has been done i n  t h i s  area ( [ 4 ] ) ,  bu t  much i s  s t i l l  

unknown about man's c a p a b i l i t y  a s  both a sensor and an ac tua to r  i n  a 

feedback system. 

cp can be kept  equal to  the sum of a constant  and a 

We s h a l l  i nves t iga t e  the motions associated with the  

aforementioned feedback l a w s  without regard t o  man's ac tua l  a b i l i t y  t o  

perform the  necessary sensing and ac tua t ing  funct ions.  
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Case I. cp = cpo + c 8 

If 

c p = c p 0 + c e  

and c are constants, then (3 .18)  becomes 
TO 

where 

+ (a cos cp + a2 sin cp ) sin c 01 (6  * 2) 1 0 0 

and, when 8 = 0 , this reduces to 

a sin cp - a2 cos cp + a = 0 (6  3) 1 0 0 3  

Comparison with (4.1) shows that cp must be one of the equilibrium 

values 
0 

Ye 

Letting cpo equal ye in ( 6 . 2 ) ,  and linearizing in 0 , one 

obtains after replacing 0 with 5, 

sl" -E k <1 = 0 

where k is defined as 

From ( 6 . 4 )  it appears that 0 can remain small only if 

k > O  

Furthermore, if a6 , a7 , and e are defined as 
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t 

r .  

8, + 1 al cos cp + a s i n  cpe 
cos cp 

- e 2 

e - a4 p2 
a6 - 

a5 - 2 cos ye 

4 e 
a =  7 a - cos cp 

e = c/a7 

the condi t ion  expressed i n  (6.6) can be r e - s t a t e d  as 

a 6 (+-) l + e  > O  (6.10) 

Systems for  which (6.10) is  s a t i s f i e d  w i l l  be c a l l e d  " s t ab le , "  

and those f o r  which (6.10) i s  no t  s a t i s f i e d  w i l l  be termed "unstable." 

When a6 and a a r e  known, (6.9) and (6.10) permit one t o  7 
determine va lues  of c t h a t  r e s u l t  i n  a s t a b l e  system. 

For s t a b l e  systems, the general  s o l u t i o n  o f  (6.4) i s  

5,  = A cos Jlf- T + B s i n  Jlf- T (6.11) 

where A and B are a r b i t r a r y  cons tan ts .  I n  order t o  accommodate 

an i n i t i a l  t h r u s t  misalignment, the i n i t i a l  condi t ions  

are used, and t h i s  l eads  to  

= 6 cos 7 51 

With 9 equal t o  cpe , it  then follows from (6.1) t h a t  
0 

cp=cpe+c  6 C O S J T - T  

(6.12) 

(6.13) 

(6.14) 

(6.15) 
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Eq. (6.15) can be used t o  select a reasonable value of  c from those 

t h a t  m e e t  the requirements imposed by (6.10); t h a t  i s ,  i f  the system 

rep resen t s  a man, one can chose a value of c such t h a t  the frequency 

a s soc ia t ed  wi th  (6.15) is  phys ica l ly  r e a l i z a b l e .  

Equations governing the  coord ina tes  of the hingepoint  P a r e  

obtained by s u b s t i t u t i n g  (6.1) i n t o  (3.19) and (3.20), rep lac ing  'p 

and e with and s1 , r e s p e c t i v e l y ,  and l i n e a r i z i n g  i n  

which leads t o  

0 

51 ' e 

X1" 

r 
(1 + c) s i n  ye 

5," - =  (6.16) 

and 

x I t  2 EB, 8, + (1 + c) cos [Pel 
R,(1 + B2) 5," (6.17) - =  

r a2 + a1 5 ,  - 

Two i n t e g r a t i o n s  of (6.16) and (6.17) wi th  the  i n i t i a l  condi t ions  

X1(O) = Xl'(0) = X 2 ( O )  = X2'(O) = 0 (6.18) 

r e s u l t  i n  t he  following equations f o r  the hingepoint  coordinates:  

a (1 + c) s i n  cp 
"](1 - cos Jlf- 7) (6.19) r 2 + 6[$+ 6 p  + 8,) 

x1 al - = -  

The leading term i n  (6.19) and i n  ( 6 . 2 0 )  cha rac t e r i zes  t h e  behavior of  

the hingepoint i n  the absence of i n i t i a l  t h r u s t  misalignment, t h a t  i s ,  

when 6 = 0 . As the remaining term i n  (6.19) and (6.20) are bounded, 

i t  can be concluded t h a t ,  f o r  s t a b l e  systems u t i l i z i n g  the con t ro l  l a w  

. -  

given i n  (6.1), the  d i s t ance  between the  intended and the a c t u a l  
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hingepoint  l oca t ion  remains permanently bounded. This r ep resen t s  an 

improvement over the r e s u l t s  obtained by l e t t i n g  one body o s c i l l a t e  

re la t ive t o  the o the r  a t  an  a r b i t r a r y  frequency (see Sec. 5 ) .  

E q .  ( 6 . 1 4 )  shows that the  amount of  tu rn ing  is  bounded b u t  t h a t  

the  o s c i l l a t i o n s  never disappear.  By including 8 '  i n  the feedback 

l a w ,  i t  becomes poss ib l e  t o  effect an a t t enua t ion  of the  r o t a t i o n a l  

motion. 

Case 11. cp = yo + c e + d 8 '  

I f  t he  s u b s t i t u t i o n  

6p = cpo + c e + d 8 '  ( 6 . 2 1 )  

where 'p , c and d are cons tan ts ,  is made i n  (3.18), one obta ins  
0 

'2 + {al sin(cp + c e + d e ' )  - a2 cos(cpo -t- c 8 + d e ' )  + a3 0 - - 
$2 

( 6 . 2 2 )  

and when 8 = 0 , i t  i s  again necessary t h a t  

Af te r  r ep lac ing  (po w i t h  ye , l i n e a r i z i n g  i n  0 , and rep lac ing  8 

with s2 , one now f i n d s  that 

5,"' I- AI 5," + A2 5,' + A3 5 ,  = 0 

where AI , A2 , and A3 are def ined as 

a + c  

d 
- 7 

( 6 . 2 3 )  

( 6 . 2 4 )  
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A = a  (6.25) 2 6  

(6.26) 

3 .  
The cha rac t e r  of t h e  s o l u t i o n  of  (6.23) depends on A1 , A2 , and A 

A s  before ,  bounded so lu t ions  w i l l  be c a l l e d  l t s tab le"  and unbounded solu- 

t i o n s  "unstable.  

The following are necessary and s u f f i c i e n t  condi t ions  f o r  s t a b i l i t y :  

A2 > 0 

A3 > 0 

(6.27) 

(6.28) 

A1 A2 - Ag > 0 (6.29) 

'When (6.24)- (6.26) are s u b s t i t u t e d  i n t o  (6.27)- (6.29), t he  necessary 

and s u f f i c i e n t  condi t ions  f o r  s t a b i l i t y  can be expressed as 

a6 > 0 

c /d  > 0 

d/a7 > 0 

(6.30) 

(6.31) 

(6.32) 

Numerical Resu l t s  

Returning t o  the  human model i n  Sec. 5 ,  i t  i s  r e c a l l e d  t h a t  the 

"Arms Up" and "Arms Down" equi l ibr ium va lues  are cp = 'K/2 and cpe = 0 , 

r e spec t ive ly .  It follows from (6.7) and Table 2 t h a t  a6 is negat ive 

f o r  "Arms Up" and zero f o r  "Arms D~wn.~' Hence i t  must be concluded from 

(6.30) t h a t  bo th  conf igura t ions  are uns tab le  when cp is  given by (6.21). 

If cp 

n e c e s s a r i l y  uns t ab le ,  whereas f o r  "Arms Up , I t  (6 8)- (6.10) lead  t o  

e 

i s  given by (6.1) , i t  follows from (6 . lo)  t h a t  "Arms Down" i s  

L '" 

.' 

. ... 
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C 

14.621 + c 
c 

< o  

or  

-14.621 C c < 0 

so t h a t  t h i s  conf igura t ion  can be s t a b l e  if c i s  chosen properly.  

It i s  not  d i f f i c u l t  t o  f ind  configurat ions of the human model fo r  

which the feedback l a w  of (6.21) r e s u l t s  i n  a s t a b l e  system. 

example, i f  the d i r e c t i o n  of  the  t h r u s t  vec tor  i s  reversed,  so  t h a t  the 

man f l i e s  backwards, then a6 and a (see (6.7) and (6.8)) are posi-  

t i v e  f o r  the  I'Arms Up1' configurat ion,  and (6.30)-(6.32) show t h a t  the 

system i s  s t a b l e  whenever both c and d are pos i t i ve .  

For 

7 
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