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EFFECTS OF VORTEX SHEDDING ON FUEL 

SLOSH DAMPING PREDICTIONS 

By Henry A .  Cole,  Jr . 
Ames Research  Center 

SUMMARY 

Pred ic t ions   o f   fue l   s lo sh  damping  by r i n g   b a f f l e s   i n   c y l i n d r i c a l   t a n k s  
are shown t o   d i f f e r  from  experimental  measurements  by as much as 100 percent  
over a range  of  tank  diameters  from 1 2  t o  1 1 2  i nches ,   o sc i l l a t ion   ampl i tudes  
from 0 . 1   t o   1 . 5   b a f f l e   w i d t h s ,  and ba f f l e   dep ths   o f  0 .3  t o   0 . 5   t a n k   r a d i u s .  
Agreement  between  experiments  and  predictions i s  b r o u g h t   t o   w i t h i n  20 percent  
when co r rec t ions  are inc luded   fo r   t r ans i t i ona l   f l ow due to   vo r t ex   shedd ing ,  
genera l ized  mass change  due t o   t r a n s l a t i o n ,  and  wall  damping. 

INTRODUCTION 

One of   the  perplexing  problems  in   predict ing  fuel   s losh damping  by r i n g  
ba f f l e s   i n   cy l ind r i ca l   t anks   has   been   t ha t  some experiments   ( refs .  1, 2 ,  
and 3) have shown good agreement   with  the  predict ion method of Mi les   ( re f .  4) 
whereas  other  experiments  (refs.  5 ,  6 ,  and 7) have shown s i g n i f i c a n t   d e v i a -  
t i o n s .   I n   t h e   p a s t ,  much o f   t h i s   d i f f e r e n c e   h a s   b e e n   a t t r i b u t e d   t o   e x p e r i -  
men ta l   s ca t t e r .  More r e c e n t l y ,  some general   reviews  have  been made t o   s e e  if 
predic t ions   could   be  made over a wider   range  of   condi t ions,   h igh  gravi ty  
( r e f .  8) and low g r a v i t y   ( r e f .  9 ) .  These   r epor t s   i nd ica t e   t ha t   add i t iona l  
f a c t o r s  are needed when t h e   p r e d i c t i o n  method of  Miles i s  appl ied   ou ts ide   the  
range of  t h e   o r i g i n a l   d a t a .  

The p red ic t ion  method o f  Miles was based on a s t r i p   t h e o r y   i n t e g r a t i o n  
using  the  two-dimensional   data  from re fe rence  10  and the   po ten t ia l   f low  ve loc-  
i t i e s  o f   t he  f i r s t  asymmetrical mode i n  a cy l ind r i ca l   t ank .  A similar method, 
a l so   based  on s t r i p   t h e o r y ,  was developed  about  the same time ( r e f .  5 ) .  
These  predict ion  methods  differed  pr imari ly   in   the  two-dimensional   data  on 
which they were based. The d a t a  of  Keulegan  and  Carpenter  used i n  Miles' 
theory were obtained  by  measuring  the  forces  on a p l a t e   w h i l e   t h e   f l u i d  was 
o s c i l l a t e d   i n  a rec tangular   t ank  of f ixed  dimensions;   hence  the  f requency of 
o s c i l l a t i o n  was f ixed .  The method o f   r e f e rence  5 used  force  measurements  on 
a p l a t e  mounted t o  a curved wall, which was driven  about a f i x e d   p i v o t   p o i n t  
over a range  of   f requencies  and amplitudes.  The former method i n d i c a t e d   t h a t  
t he   d rag   coe f f i c i en t   o f  an o s c i l l a t i n g   p l a t e  depends on a per iod  parameter  
which i s  p r o p o r t i o n a l   t o   t h e   r a t i o   o f   t h e   o s c i l l a t i o n   a m p l i t u d e   t o   t h e   p l a t e  
width.  The l a t t e r  method i n d i c a t e d ,   i n   a d d i t i o n   t o   t h e   a m p l i t u d e   w i d t h   r a t i o ,  
t h a t   t h e   d r a g   c o e f f i c i e n t   v a r i e d   w i t h   v e l o c i t y .   I n   r e f e r e n c e  8, t h e  two- 
dimensional  experiments  were shown t o  be reasonably   cons is ten t  when Cauchy 



number w a s  i nc luded   i n   t he   equa t ions .  The  two experiments,  however,  covered 
d i f f e r e n t   r a n g e s  of  amplitudes  and  had  only a small over lap .  

The e x c e p t i o n a l l y   h i g h   d r a g   c o e f f i c i e n t s   u s e d   i n   t h e s e   t h e o r i e s   s h o u l d  
b e   o f   c o n s i d e r a b l e   i n t e r e s t . t o   f l u i d   d y n a m i c i s t s .  A t  small ampli tudes,   the  
d rag   coe f f i c i en t  may be  25 times o r  more l a r g e r   t h a n   t h e   s t e a d y - s t a t e   v a l u e .  
The d rag   coe f f i c i en t s   a r e   u sua l ly   g iven   i n  an equiva len t   v i scous   d rag   coef -  
f i c i e n t  form t h a t   r e s u l t s   i n   t h e  same ene rgy   l o s s   i n  a c y c l e   o f   o s c i l l a t i o n  
as the   ac tua l  measured va lues .  The a c t u a l  damping f o r c e  is qu i t e   non l inea r  
and a t  t h e  maximum ve loc i ty   po in t   t he   i n s t an taneous   d rag   coe f f i c i en t  i s  
usua l ly  much l a r g e r   t h a n   t h e   e q u i v a l e n t   v i s c o u s   c o e f f i c i e n t .  These  exception- 
a l l y   h i g h   d r a g   c o e f f i c i e n t s  are apparent ly  due to   t he   p rox imi ty   o f   t he   shed  
v o r t i c e s   t o   t h e   p l a t e  and a r e   q u i t e   s e n s i t i v e   t o  small changes i n  v e l o c i t y  
a t  t h e   b a f f l e   e d g e .  A s l i g h t   t h i c k e n i n g   ( r e f .  5) o f   t h e   b a f f l e  can  cause a 
l a r g e   d r o p   i n   t h e   c o e f f i c i e n t ,  and f l e x i b i l i t y   ( r e f .  7) can cause a l a r g e  
inc rease .   In  view o f   t h i s   s e n s i t i v i t y ,  small v a r i a t i o n s   i n   t h e  waveform may 
a lso   have   la rge  effects on t h e  damping e f f e c t i v e n e s s   o f   b a f f l e s   i n   t h e  small 
amplitude  region. One such   va r i a t ion  i s  t h e  waveform  induced  by t h e   s l o s h i n g  
s u r f a c e  wave when a b a f f l e  i s  loca ted  on the   s idewa l l   o f  a tank.   This   var ies  
from a s i n e  wave i n   t h a t   t h e  maximum v e l o c i t y   i n   t h e  upward d i r e c t i o n  i s  
g r e a t e r   t h a n   t h e   v e l o c i t y   i n   t h e  downward d i r ec t ion .   Th i s  and o t h e r   v a r i a -  
t i o n s   i n   s u r f a c e  waveform may account   for   devia t ions   o f   exper imenta l   resu l t s  
from t h e   t h e o r e t i c a l   p r e d i c t i o n s .  

During a recent   rev iew,  it was d e c i d e d   t o  make a sys t ema t i c   s tudy   o f   t he  
d a t a  t o  s e e  i f  some m i s s i n g   f a c t o r s   i n   t h e   p r e d i c t i o n  methods  could  be  found. 
Experimental damping  measurements  from a range  of  tank  diameters  from 1 2  t o  
1 1 2  inches were s e l e c t e d  from references  6 ,  7 ,  and 8 .  The s tudy  w a s  l i m i t e d  
t o  measurements  using  the wave decay  method ( in   o rde r   t o   avo id   va r i a t ions   due  
t o   t h e  method of  measuring  damping),   to  thin  baffles  ( in  accordance  with 
r e f ,   1 1 )  , and t o  b a f f l e   d e p t h s   o f  0 . 3  t ank   r ad ius   and   g rea t e r   ( t o  minimize 
s u r f a c e   e f f e c t s ) .   I n   a d d i t i o n ,   t h e   p o s s i b i l i t i e s   o f  waveform e f f e c t  on t h e  
drag  coefficients  mentioned  above was s tudied  by  comparing  ink  t race  pat terns  
of   the   shed   vor t ices   for  a s inuso ida l  waveform  and t h e  waveform induced  by  the 
s lo sh ing   su r f ace  wave. The ink   t r ace   expe r imen t s   a r e   ve ry   u se fu l   i n   t he  
o s c i l l a t i n g   p l a t e  problem  because a l a r g e   p a r t   o f   t h e   d r a g  i s  induced  by  the 
vortex  shedding  and  changes i n   t h e  f low  pa t t e rn   can   be   i n t e rp re t ed  as changes 
i n   t h e   d r a g .  

COMPARISON OF MEASURED AND PREDICTED R I N G  DAMPING 

The  comparison of  the  measured and t h e   p r e d i c t e d  damping f o r   v a r i o u s  
tank sizes i s  shown i n   f i g u r e  1 fo r   Mi l e s '   equa t ion  and f i g u r e  2 f o r   t h e  
method of   re fe rence  8 .  F igure   l (a )  compares Miles ' e q u a t i o n   i n  i t s  o r i g i n a l  
form  with  the  data;   f igures   l (b)   through  (d)  show Miles '   equation  modified as 
no ted .   S imi l a r ly ,   f i gu re   2 (a )  i s  based on the  unmodified  equation  of 
r e fe rence  8,  while   f igures   2(b)   and  (c)  show t h e   r e s u l t   o f   m o d i f i c a t i o n s .  

The da ta   used   for   these   compar isons   ( tab le  1) were r e s t r i c t e d   t o   b a f f l e  
depths where su r face   e f f ec t s   cou ld   be   cons ide red  small. This was done  by 
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no t ing  the depth   in   re fe rence  1 at  which the  frequency  with  and  without 
ba f f l e s   nea r ly   co inc ided .   Th i s  was i n t e r p r e t e d   t o  mean t h a t   t h e   s u r f a c e  wave- 
form i s  n o t   a f f e c t e d   b y   t h e  baff le  and tha t   the   assumpt ion   of   po ten t ia l   f low 
i n   t h e   e q u a t i o n s  is v a l i d .  Miles' equa t ion   p red ic t s  damping r a t i o  as 
fol lows:  I 

As may be  seen 
d ic t ions   by  as 

Reference 

i n   f i g u r e  1 ( a ) ,   t h e  measured  damping r a t io   exceeds   t he   p re -  
much as 100 percent  and f a l l s  below  by as much as 30 percen t .  

8 g ives   the   equat ion:  

I t  i s  seen   i n   f i gu re   2 (a )   t ha t   t h i s   equa t ion   ag rees   we l l   w i th   t he   da t a  a t  
l a rge   ampl i tudes ,   bu t   f a l l s  below  by as much as 60 percent  a t  small 
amplitudes.  

Wall Damping 

One of   the  main differences  between  the two p r e d i c t i o n  methods i s  t h e  
inc lus ion   of   the  wall damping ( c o ) .  That i t  should   be   inc luded  seems reason- 
able   because  the wall damping  can become a s ign i f i can t   pe rcen tage   o f   t he  
t o t a l  damping, p a r t i c u l a r l y   i n  small tanks  and a t  la rge   ampl i tudes   in  any s i z e  
tank.  I f  wall damping i s  inc luded   in   Mi les   equa t ion ,  i t  becomes 

which i s  compared wi th   t he   expe r imen ta l   da t a   i n   f i gu re   l (b )  . The agreement 
now is  much b e t t e r  a t  l a rge   ampl i tudes ,   bu t   no t   qu i t e  as good a t  low ampli- 
tudes .  The systematic  deviation  of  the  measurements  from  the  prediction 
ind ica t e s   t ha t   t he   t heo ry   needs   fu r the r   mod i f i ca t ion .  The wall damping 
inc luded   i n   f i gu res  1 (b)  and 2 (a) was no t   g iven   i n  some o f   t h e   r e p o r t s ,   i n  
which case it  was ca l cu la t ed  by the  method of   re fe rence  1 2 .  

Generalized Mass 

The mass u s e d   f o r   c a l c u l a t i n g   t h e  damping r a t i o   i n   e q u a t i o n s  (1)  and 
(2) i s  the   genera l ized  mass of   the  fundamental   s loshing mode o f   t h e   f l u i d   i n  
a f ixed   t ank   w i thou t   ba f f l e s .   I n   t he   r ea l   s lo sh ing   s i t ua t ion ,  some o f   t h e  
s lo sh ing  mass i s  r e t a r d e d   b y   t h e   b a f f l e .   T h i s   e f f e c t  i s  known t o   f l u i d  

ISome experimenters  use a coeff ic ient   of   2 .83,   which i s  obtained  by 
c a l c u l a t i n g  Miles' e q u a t i o n   l l ( a )   t o   t h r e e   s i g n i f i c a n t   f i g u r e s .  However, if 
one a l so   ca lcu la tes   Mi les '   equa t ion  (7) exac t ly   by   a l lowing  CD t o   v a r y  
a r o u n d   t h e   r i n g ,   t h e   c o e f f i c i e n t  becomes 3.04. The or ig ina l   rounded   of f  
value  of  3 is  used  here   for   comparison.  

3 



dynamicists as add i t iona l   appa ren t  mass, which i s  u s u a l l y  added t o   t h e  mass o f  
an o b j e c t  moving i n  a f l u i d .   I n   t h i s  case, it h a s   t o   b e   s u b t r a c t e d   s i n c e   t h e  
b a f f l e  i s  f i x e d  and t h e  mass o f   f l u i d  i s  moving.  Another  reduction i n   t h e  
genera l ized  mass r e l a t i v e   t o   t h e   f i x e d   t a n k   v a l u e  i s  needed when a tank i s  
given  freedom i n   t r a n s l a t i o n .  When the   t ank  i s  f ixed ,   t he   cen te r   o f   g rav i ty  
of t h e   f l u i d  moves from s i d e   t o   s i d e .  When the   t ank  i s  f r e e   t o  move i n   t r a n s -  
l a t i o n ,   t h e   c e n t e r   o f   g r a v i t y   t e n d s   t o   s t a y   f i x e d   w i t h   t h e   r e s u l t   t h a t   t h e  
genera l ized  mass o f   s lo sh ing   dec reases .   Mod i f i ca t ions   fo r   t hese   e f f ec t s   a r e  
deve loped   i n   t h i s   s ec t ion .  

In   t he  measurements   of   reference  5 ,   the   addi t ional   apparent  mass o f   t he  
b a f f l e  was found t o   b e  from 0 . 7  t o  1 t imes  the mass of a s e m i c i r c l e   o f   f l u i d  
o f   r ad ius  w except  when t h e   b a f f l e  was n e a r   t h e   s u r f a c e .  I f  t h e  form  of  the 
s u r f a c e  wave i s  assumed t o   b e   u n a f f e c t e d  by t h e   b a f f l e  (maximum p o t e n t i a l  
energy   cons tan t ) ,   the   genera l ized  mass ( r e f .  5) t o   b e   u s e d   i n   c a l c u l a t i n g   t h e  
damping r a t i o  i s  modi f ied   by   the   fac tor  

mc - 1.8471 
2 2 

" (L) (z)(:r (1 - 0.4  :) 
m E1 -(ka) -2]  Y S  

where wc/wn has   been   in t roduced   to   account   for   the   d i f fe rence   in   f requency  
of  a f ixed   tank  and  one f r e e   i n   t r a n s l a t i o n .  me c o r r e c t i o n   f o r   a d d i t i o n a l  
apparent mass o f   t h e   b a f f l e   p r o v e d   t o   b e   l e s s   t h a n  2 percent   o f   the  damping 
r a t i o   f o r   t h e  s ize  and   dep th   o f   ba f f l e s   i n   t h i s   r epor t .  For l a r g e r   b a f f l e s ,  
t h i s   e f f e c t   c o u l d   b e   s i g n i f i c a n t .  

The e f f e c t   o f   t a n k   t r a n s l a t i o n  i s  another  matter. As g iven   i n  
reference  13,  when the   t ank  is  f r e e ,  it moves i n   t r a n s l a t i o n  s o  as t o . m i n i -  
mize  t h e  movements o f   t he   cen te r   o f   g rav i ty   o f   t he   sys t em  a s  a whole,  and t h e  
f requency   of   fue l   s losh ing  i s  increased .  I t  becomes 

"'n 
"'c = 

1.84(h/a)  (1  .842 - 1)   (1  + mt/m) 

The damping fo rce  as used  in   equat ion  (3)   var ies  as the  f requency  squared,  
and equation  (3)  becomes: 

3 / 2  1 / 2  2 

5 = 5 0  + 3 [I -(Ff] exp (-4.60 $> (2) ("') Wn 

This   resu l t   (eq .  (6))  i s  shown compared w i t h  e x p e r i m e n t   i n   f i g u r e   l ( c )  . The 
l a rge   ampl i tude   t e s t s   o f   r e f e rence  8 were made with a t a n k   f r e e   i n   t r a n s -  
l a t i o n .  I t  had a fuel   s losh  f requency  of   6 .9   rad/sec when f r e e  compared t o  
the  tank-f ixed  f requency  of   6 .3   rad/sec.  The agreement a t  large  ampli tudes,  
w i th   t h i s   mod i f i ca t ion ,  i s  f a i r l y  good, bu t   t he   t endency   o f   t he   t heo ry   t o  
overest imate  a t  low ampl i tudes   pe r s i s t s .  

A similar co r rec t ion  may be   app l i ed   t o   equa t ion  (2)  ( r e f .  8 ) .  I n   t h i s  
case,  5 v a r i e s  as fue l   s lo sh   f r equency   t o   t he   1 .75  power,  and  equation ( 2 )  
becomes 
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This   equat ion,   wi th wc/wn from  equation (5), i s  compared with  experiment i n  
figure 2(b) .  Here, too,  the  agreement i s  good a t  l a rge   ampl i tudes ,   bu t   t he  
t r end   t o   ove rp red ic t ion  a t  small amplitudes i s  apparent .  

FLOW VISUALIZATION  STUDIES 

F u r t h e r   s t u d i e s  were undertaken  in  an e f f o r t   t o   e x p l a i n   t h e   d i s c r e p a n c y  
between  the  theories  and  measurements a t  small ampli tudes.   Since  the  predic-  
t i o n  methods are based on the  two-dimensional  drag  measurements  of refer-  
ences 5 and 10,   the   vortex  f low  pat terns   in   two-dimensional   f low were s t u d i e d  
over a range  of   ampli tude  width  ra t ios .   This  was done  by  introducing  ink 
a t   t h e  edge  of a 3 - inch   p l a t e  mounted on the   s idewa l l   o f   t he   t ank   o f   r e f e r -  
ence 5 and  photographing  the  vortex  paths .2  Flow was induced  by two methods: 
(1) The p l a t e  was d r iven   i n   pu re   s inuso ida l   t r ans   l a t i on .  (2)  A s lo sh ing  
motion was s e t  up i n   t h e   t a n k   w i t h   t h e   p l a t e   s t a t i o n a r y .  The vor tex   pa ths  
were  used t o  deduce the   d rag   force  on t h e   p l a t e .   T h i s  method was a p p l i e d   i n  
re ference  11 t o  show t h e   e f f e c t   o f   p l a t e   t h i c k n e s s  on t h e   e f f e c t i v e  damping. 
The method of   deducing  the  forces  on a p l a t e  from the   shed   vo r t i ce s  i s  well 
known. Von  Kgrmgn obta ined   the   d rag   of  a f l a t  p l a t e   i n   s t eady   f l ow  by   t ak ing  
measurements   o f   the   vor tex   s t ree t   ( re f .   14)  . A i r f o i l   f l u t t e r   t h e o r y  
( r e f .  15) is  a l so   based  on ana lys i s   o f   t he   shed   vo r t i ce s  and t h e   v e l o c i t i e s  
which they  induce on t h e   a i r f o i l .  

The two-dimensional  drag  measurements on which equations  (1)  and  (2)  are 
based  were  obtained  for   essent ia l ly   s inusoidal   motion.   In   the f irst ,  t h e  
f l u i d  was moved and t h e   b a f f l e  was f ixed ;   i n   t he   s econd ,   t he   ba f f l e  was moved 
and t h e   f l u i d  was f ixed  a t  the   boundar ies .  The dependence  of  the  unsteady 
drag on w h e t h e r   t h e   f l u i d   o r   t h e   b a f f l e  moves is  t r e a t e d   i n   r e f e r e n c e  9 ;  i t  
is  conc luded   t ha t   fo r  a p l a t e ,   on ly   t he   r e l a t ive   mo t ion   ma t t e r s .   Th i s  i s  
supported  by  f igures   l (c)   and  2(b)  : t h e   t h e o r y   i n   f i g u r e   l ( c )  i s  based on 
d a t a   i n  which t h e   f l u i d  was moved, while   the  theory  of   f igure  2(b)  was based 
on da ta   fo r  which t h e   p l a t e  was moved; bo th  show similar t r ends   o f   va r i a t ion  
with A/w.  However, the   mot ion   of   the   f lu id   over  a b a f f l e  mounted on a s i d e -  
wall is by  no means s i n u s o i d a l ,   b u t  is  r a t h e r  a skew motion i n  which t h e  up 
amplitude i s  g rea t e r   t han   t he  down ampl i tude   ( r e f .   l o ) ,  and the   ques t ion  
a r i s e s  as t o   w h e t h e r   o r   n o t   t h i s   d i f f e r e n c e   i n   r e l a t i v e   m o t i o n   c o u l d   a f f e c t  
the   d rag .  

In   t he   p re sen t   obse rva t ions   o f   vo r t ex   pa t t e rns ,   f l ow  pa t t e rns  were 
ob ta ined   fo r   s inuso ida l   mo t ion   by   d r iv ing   t he   p l a t e  mounted on a s l i d i n g  wall 
w i t h   t h e   f l u i d   f i x e d  a t  the   sur face   by  'a tank  cover ,   and  for   s losh  motion  by 
d r i v i n g   t h e   s u r f a c e  wave w i t h   t h e   b a f f l e   f i x e d   t o   t h e   s i d e w a l l  (see f i g .  3 ) .  
Both were  done a t  a d / a   o f  0 . 5 .  The r e s u l t s  o f  t h e   i n k   t r a c e s  of t he   vo r -  
t e x   p a t h s  are shown on f i g u r e  4 f o r  two ampl i tude   wid th   ra t ios .  I t  should   be  

21nk trace experiments were conducted  by William E .  Mori tz .  



no ted   t ha t   i n   t he   s inuso ida l   mo t ion   t he   p l a t e   edge  moved up  and down v e r t i -  
c a l l y ,   i n   c o n t r a s t   t o   t h e   s l o s h   m o t i o n ,  which  approximately  followed  the 
t h e o r e t i c a l   p o t e n t i a l   f l o w   s t r e a m l i n e  shown.  For A/w = 1, t h e   v o r t e x   p a t h s  
are q u i t e  similar e x c e p t   f o r  a s l i g h t   r o t a t i o n   o f   t h e   p a t h s  due t o   t h e   d i f -  
f e r e n c e   i n   t h e   v e l o c i t y   d i r e c t i o n .  The d i s t a n c e s   t r a v e l e d   b y   t h e   v o r t i c e s   i n  
a cyc le  and t h e i r   d i s t a n c e   a p a r t  is  n e a r l y   t h e  same f o r   t h e  two motions  indi-  
ca t ing   tha t   the   d rag   forces   were   approximate ly   the  same. 

For t h e  smaller amplitude,  A/w = 0 . 3 3 ,  a s t a r t l i n g  change t akes   p l ace .  
The s l o s h   m o t i o n   r e s u l t s   i n  a nonsymmetrical   pattern similar t o   t h e  one a t  
the   l a rger   ampl i tude ,   bu t   the   s inusoida l   mot ion   resu l t s   in  a nearly  symmetri-  
cal p a t t e r n   i n  which the  ampli tude  of   the  vort ices   exceeds  the  motion  of   the 
p l a t e  by 50 p e r c e n t .   T h i s   r e s u l t  may explain  the  poor   agreement   of   the  
p red ic t ions  a t  low amplitudes shown i n   f i g u r e s  1 and 2 .  Apparently a t  small 
ampli tudes,   the   f low  pat tern  of  a p l a t e   i n   s inuso ida l   mo t ion  on which t h e  
p red ic t ion  methods a r e   b a s e d   d i f f e r s  from the   f l ow  pa t t e rn  which a c t u a l l y  
ex i s t s   w i th   t he   fue l   s lo sh ing   t ype   o f   mo t ion .  The slosh  motion  depends on 
ba f f l e   dep th  and some experiments  were  run a t  varying  depths.   Further  changes 
in   the   f low  pa t te rn   were   observed  as the   ba f f l e   app roached   t he   su r f ace .  Over 
the   range  of depths   cons idered   in   th i s   repor t ,   however ,   the   f low  pa t te rns  
were n e a r l y   i d e n t i c a l .  

Typical  frames  of  the 16mm film of   the   vor tex   shedding   a re  shown i n  
f i g u r e  5 f o r  A/w = 0 . 3 3  where t h e   s i g n i f i c a n t  change i n  f low  pa t te rn   occurs .  
Figures   S(a)  and  (b) show t h e  upward  moving vo r t ex  a f t e r  h a l f  a c y c l e   f o r  
sinusoidal  motion and s losh   mot ion ,   respec t ive ly .  The ampli tude  of   the 
ba f f l e   can   be   s een   fo r   t he   s inuso ida l   mo t ion  on the  1- inch  background  gr id;  
for   s losh  motion  the  ampli tude was c a l i b r a t e d   b y   i n t r o d u c i n g   i n k   i n   t h e   t a n k  
wi thou t   t he   ba f f l e  and measuring  the  surface wave amplitude  needed t o   g i v e  
t h e   c o r r e c t   a m p l i t u d e   a t   t h e   b a f f l e   l o c a t i o n .  The e f fec t ive   ampl i tude   o f   the  
vortex  can  be  seen  to   be  about  1 - 1 / 2  i n c h e s   i n   f i g u r e   S ( a )  and  about 1 inch 
i n   f i g u r e   S i b )  . 

Figures   5(c)  and  (d) show t h e  downward moving v o r t i c e s  a t  t h e  end  of a 
complete  cycle.   For  sinusoidal  motion i t  may b e   s e e n   t h a t   t h e   v o r t e x   p a t t e r n  
i s  similar t o   t h e  upward  moving v o r t e x   i n   f i g u r e   5 ( a ) .  For   s losh  motion,   the  
f low  pa t te rn  is e n t i r e l y   d i f f e r e n t   w i t h   t h e   v o r t e x   p a i r  swimming r a p i d l y  away 
from t h e   b a f f l e   i n  a nonsymmetr ical   pat tern.  

Drag Coef f i c i en t s  

The consequences  of  the  above  observations may b e   c l e a r l y   s e e n   i n  
f i g u r e  6 which  shows t h e   d r a g   c o e f f i c i e n t s  from references  5,  10,  and  16 
p lo t t ed   ve r sus  A / w .  The f i g u r e  shows the  data  obtained  by  Keulegan and 
Carpenter and t h e   c u r v e   f i t t i n g   b y  Miles' equa t ions .   No te   t ha t   t he   da t a  do 
no t   ex t end   i n to   t he   r eg ion   o f   ampl i tudes   fo r  which  Miles '   equation  has  been s o  
ex tens ive ly   appl ied .   F igure  6 a l s o  shows the   range   of   va lues   f rom  re fer -  
ence 5 .  These  data  were  obtained a t  cons tan t  A/w over  a r ange   o f   ve loc i t i e s ,  
whereas  the  Keulegan  and  Carpenter  data were t a k e n   e s s e n t i a l l y  a t  cons tan t  
v e l o c i t y .  The e f fec t   o f   fue l   s losh   mot ion  on the   d rag   coe f f i c i en t   cu rve ,  
shown by the  dashed  curve,  i s  es t imated   in   the   appendix .  The  pendulum 
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experiments  of  reference  16 show a similar t r a n s i t i o n   i n   t h e   d r a g   c u r v e .  From 
t h i s   f i g u r e ,  it would no t   be   expec ted   t ha t  Miles' equat ion would  apply 
accu ra t e ly  below A/w = 1. 

On figure 6 ( b ) ,   t h e   r e l a t i o n  of t h e   d a t a   t o   t h e   d r a g   c o e f f i c i e n t  
expression  from  reference 8 is shown.  For t h e  same condi t ions  as t e s t e d  by 
Keulegan  and  Carpenter (T = 2 sec, w = 1 - 1 / 2  t o  3/4 inch)   the   p red ic ted   va lues  
are about 20 percent   h igher   bu t   have   the  same s l o p e  as t h e   d a t a .  The 
p r e d i c t e d   t r a n s i t i o n  due to   s losh   mot ion   of   the   3 - inch ,  T = 1 sec  curve 
(der ived   in   the   appendix)  i s  shown. A complete  solution  cannot  be  given 
because  the  dependence  of   the  drag  coeff ic ient  on the   f l ow  ve loc i ty   has   no t  
been   e s t ab l i shed   fo r   t h i s   t r ans i t i ona l   f l ow  r eg ime .   The re fo re ,   t he   co r rec t ion  
f a c t o r   g i v e n   i n   f i g u r e  6 should  not   be  appl ied a t  condi t ions   too  f a r  removed 
from t h e   t e s t   c o n d i t i o n s  on which they   a re   based .  

P red ic t ion   o f  Damping i n   C y l i n d r i c a l  Tanks 

A co r rec t ion   f ac to r   fo r   Mi l e s '   equa t ion  and the   equat ion   of   re fe rence  8 
i s  shown i n   f i g u r e  7 .  I t  was obtained by us ing   the   s losh-mot ion   drag   coef f i -  
c ien ts   es t imated  and shown i n   f i g u r e   6 ,  and co r rec t ing   fo r   a l l   app rox ima t ions  
i n   t h e   d e r i v a t i o n   o f   t h e  damping equat ions   inc luding   var ia t ion   o f  CD with 
amplitude  around  the  r ing.  ' h e  r a t i o  CD/CD, shown i n   t h e   i n t e g r a l s  i s  t h e  

r a t i o   o f   t h e   d r a g   c o e f f i c i e n t  from the   es t imated   curve  as it  var ies   a round  the  
r i n g   t o   t h e   c o n s t a n t   d r a g   c o e f f i c i e n t s   u s e d   i n   d e r i v i n g   e q u a t i o n s  (1)  and ( 2 ) .  
An approximate  correction may be   in t roduced   by   mul t ip ly ing   the   equat ions   by  
t h e   f a c t o r s  shown.  The e f f e c t  of t h e   c o r r e c t i o n   f a c t o r s  on t h e   r e s u l t s  i s  
shown i n   f i g u r e s   l ( d )  and  2(c) , r e s p e c t i v e l y .  I t  may be   s een   t ha t   t he   ag ree -  
ment between  experiment  and  theory i s  improved  considerably  and f a l l s  wi th in  
a r ange   t ha t   can   be   a t t r i bu ted   t o   expe r imen ta l   s ca t t e r .  

The s e n s i t i v i t y   o f   t h e   i n d u c e d   d r a g   t o   t h e  small v a r i a t i o n   i n   f l u i d  
motion shown h e r e   o f f e r s  an exp lana t ion   fo r   t he   va r i a t ions   i n   two-d imens iona l  
drag   coef f ic ien ts   measured   by   var ious   exper imenters   ( re fs .  5 ,  10,  and  16) i n  
t h e  A/w = 1 t o   1 / 4   r e g i o n .  I t  i s  d i f f i c u l t   t o   s a y  which  of these  measure- 
ments  most c lose ly   r ep resen t s   t he   ac tua l   vo r t ex   mo t ion   i n  a cy l ind r i ca l   t ank .  
The two-dimensional  experiments  have a s t r a i g h t   v o r t e x   l i n e   w h e r e a s   t h e  
v o r t e x   l i n e   i n   t h e   c y l i n d r i c a l   t a n k  i s  cu rved .   A l so ,   i n   cy l ind r i ca l   t ank  
experiments   there  i s  usua l ly  some e x c i t a t i o n   o f   t h e  f irst  symmetrical mode, 
which a l s o   a l t e r s   t h e   v e l o c i t y  a t  t h e   b a f f l e .  These   va r i a t ions   i n   ve loc i ty  
and  geometry  would  have t o   b e   t a k e n   i n t o   a c c o u n t   t o   p r e d i c t   t h e  damping  more 
exac t ly  . 

CONCLUSIONS 

On the  basis   of   comparisons  of   measured  and  predicted damping o f   fue l  
s lo sh ing  by t h e   r i n g   b a f f l e s   i n   c y l i n d r i c a l   t a n k s ,  and s tudy  of   pat terns   of  
vo r t ex   shedd ing   o f   o sc i l l a t ing   p l a t e s   i n   s inuso ida l  and i n   f u e l   s l o s h i n g  
motion, it i s  concluded  that:  
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1. A t r a n s i t i o n a l  flow  occurs a t  ampli tude-to-width  ra t ios   of  less than  
one, i n  which the   vor tex   pa t te rn   can   be   symmetr ic  o r  nonsymmetric  depending 
on whether  the  motion is s inuso ida l  o r  surface- induced  s loshing  motion a t  a 
t a n k   s i d e  wall. The change i n  flow  pattern  can  cause  changes  of damping 
e f f ec t iveness   o f   t he   o rde r   o f  50 percent .  

2 .  P red ic t ion   o f  damping o f   f u e l   s l o s h i n g   b y   r i n g   b a f f l e s   s h o u l d   i n c l u d e  
wall damping ( tare  damping), a c o r r e c t i o n   f o r   g e n e r a l i z e d  mass i f  the  tank i s  
no t   f i xed ,  and a cor rec t ion   for   s losh   mot ion   for   ampl i tude- to-width   ra t ios  
of   l ess   than   one .  

Ames Research  Center 
National  Aeronautics and  Space  Administration 

Moffe t t   F ie ld ,  Cal i f .  94035, Nov. 2 5 ,  1969 
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APPENDIX A 

MEASUREMENT OF DRAG FROM THE VORTEX PATH 

A quant i ta t ive   measure   o f   the   d rag   assoc ia ted   wi th   the   var ious   vor tex  
p a t t e r n s  was obtained  by means o f   t h e  well-known re l a t ions   o f   fo rce   i nduced  
on t h e   p l a t e  due t o   v o r t i c e s   i n   t h e   f l u i d  ( ref .  15) .  The equat ion 

expresses   the   re la t ion   o f   the   induced   force  on t h e   p l a t e   t o   t h e   l o c a t i o n  and 
s t r e n g t h   o f   t h e   v o r t i c e s .  A comple te   in tegra t ion   of   the   force   over  an o s c i l -  
l a t i o n   c y c l e  was considered beyond the   s cope   o f   t he   p re sen t   r epor t .  To 
s impl i fy   t he   ca l cu la t ion ,  i t  was assumed t h a t   t h e  maximum force   occurs  when 
t h e  flow o r   b a f f l e   v e l o c i t y  i s  a maximum and t h a t  r i  may b e   t r e a t e d  as con- 
s t a n t   i n   t a k i n g   t h e   d e r i v a t i v e s   i n d i c a t e d   i n   e q u a t i o n  (Al) . Then 

Fmax = p z r i  21 
max 

i n  which the  T i  a r e   eva lua ted  a t  t h e  maximum v e l o c i t y   p o i n t  by t ransforming 
the  f l a t  p l a t e  and vo r t ex   pa th   i n to  a u n i t   c i r c l e  and corresponding  vortex 
path  by  the  conformal  transformation shown i n   f i g u r e  8 .  This i s  t h e  same as 
the  usual  Joukowski  transformation  except  that   the z coordinate  i s  mul t i -  
p l i e d  by 2 s o  tha t   t he   p l a t e   w id th   equa l s   t he   r ad ius   o f   t he   c i r c l e .   Th i s  
procedure  enables one t o   s a t i s f y   t h e   c o n d i t i o n   o f  no  flow  through  the  bound- 
ary  by  put t ing an  image vo r t ex  o f  r l ,  f o r  example, a t  ( l / q , e I )  and  images 
on t h e   o t h e r   s i d e   o f   t h e  wall as shown.  The pa th  o f  t he   vo r t ex  r l  s tarts 
on the  diagram a t  t = 0 and reaches   the  maximum v e l o c i t y   p o i n t   a t  t = I T / ~ W .  
The second  vortex r2 forms a t  t = TI/W and  reaches  the  point  (r2 ,e2) a t  
t = 3~r/2w. The ve loc i t i e s   i nduced  by the   vor t ices   were   ca lcu la ted   by   the  
r e l a t i o n  

where Z i  i s  the   r ad ia l   d i s t ance   f rom  the   vo r t ex  and V i  i s  t h e   v e l o c i t y  
normal t o  Z i .  

The v e l o c i t y  a t  a p o i n t   i n   t h e   f l u i d  due to   f l ow  a round   t he   c i r c l e  i s  

In   ca l cu la t ing   t he   s t r eng th   o f   t he   vo r t i ce s ,   t he   u sua l   p rocedure  i s  t o  
s a t i s f y   t h e   K u t t a   c o n d i t i o n  a t  t h e   p l a t e   e d g e .   I n   a i r f o i l   t h e o r y ,   t h i s   p r o -  
cedure was based on the   obse rva t ion   t ha t   t he   a i r f low was t a n g e n t   t o   t h e  t r a i l -  
i ng   edge .   In   t he   ve r t i ca l ly  moving p l a t e ,   t h e   c o n d i t i o n s   t o   b e   s a t i s f i e d  a t  
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t h e   p l a t e  edge  could  not   be   accurately  observed  by  the  ink trace p a t t e r n s .  
However, t he   vo r t ex   pa ths  a t  t h e   p o i n t s   o f  maximum v e l o c i t y  were well def ined  
and were u s e d   f o r   c a l c u l a t i n g   t h e   v o r t e x   s t r e n g t h s .  

For   the  nonsymmetr ical   f low  pat tern,   veloci t ies  were reso lved  by means 
of   the  above r e l a t i o n s  as shown i n   f i g u r e   9 .  The s o l u t i o n  was obtained 
graphically  by  assuming a u n i t   s t r e n g t h  f o r  each  vortex,   and  resolving  the 
v e l o c i t y  a t  t he   pa th  due t o   t h e   v o r t i c e s  and t h e i r  images f o r   t h i s  and t h e  
previous  cycle .  The v o r t i c e s  from the   p rev ious   cyc le   had  l i t t l e  e f f e c t  
because  they were c lose   t oge the r  and  would s w i m  f a r  from t h e   b a f f l e   b e f o r e  
the  next   pair   formed.  When t h e   r e s o l v e d   v e l o c i t i e s   w e r e   o b t a i n e d   f o r   t h e  
u n i t   v o r t i c e s  a t  ( r1 ,01 , r /2w)   and   ( r2 ,82 ,3r /2w) ,   the   re la t ive   s t rengths   o f  
r l  and r2 were determined  that   produced a ve loc i ty   t angen t   t o   t he   obse rved  
pa ths .  For t = 7r/2w,  the   ve loc i ty   induced  i s  p r imar i ly  due t o  r l ,  so  t h a t  
r l  may be de termined   d i rec t ly  as shown i n   f i g u r e   9 ( a ) .  A t  t = 3 ~ / 2 w ,   s i n c e  
r l  is  known, t h e   s t r e n g t h   o f  r2 may be  determined  by  resolut ion as shown 
i n   f i g u r e   9 ( b ) .  The c a l c u l a t i o n  was well condi t ioned  and i n d i c a t e d   t h a t   t h e  
lower  vortex r2 was much s t ronge r   t han  r l .  

In   the   symmetr ica l   case ,   f igure   10 ,   the   upper   and   lower   vor t ices  are 
of n e a r l y   t h e  same s t r e n g t h ,  and ve loc i t i e s   need   be   r e so lved   on ly  a t  one 
poin t .   This   f low  pa t te rn  is  q u i t e   d i f f e r e n t   i n   t h a t   t h e   v o r t e x   p a i r s  do no t  
s w i m  r a p i d l y   o f f ,  and  hence,   the   vort ices   f rom  the  previous  cycle   s t rongly 
in f luence   t he   fo rce  on t h e   p l a t e .  The l a r g e   v e l o c i t y  component  from r2 
c a r r i e s  r l  t o  an  amplitude 50 percent   h igher   than   the   mot ion   of   the   p la te  
shown i n   f i g u r e  4 .  

Any f l o w   p a t t e r n s   t h a t  f a l l  between  the  symmetrical  and  nonsymmetrical 
ca ses   r educe   e s sen t i a l ly   t o  two s imultaneous  equat ions  in  two unknowns and 
may be   so lved   g raph ica l ly .  

Some o f   t he  image vor t ices   had   secondary   e f fec t ' s  on the   g raph ica l  
s o l u t i o n   o f   t h e   v o r t e x   s t r e n g t h s .  By neg lec t ing   t hese ,  an  equat ion  for   drag 
c o e f f i c i e n t  was developed as fol lows.  I t  was assumed t h a t   t h e   s t r e n g t h s   o f  
r l  and r 2  were   de te rmined   by   se t t ing   the   ve loc i ty   due   to   the  f irst  image 
i n   t h e  unit c i r c l e   e q u a l   t o   t h e   v e l o c i t y  component U e .  This   gives  

I t  should   be   no ted   tha t  2V i s  used as t h e   v e l o c i t y   s i n c e   t h e   s c a l e  of t h e  
t ransformat ion  i s  2 a t   i n f i n i t y .  

The dx/dt was approximated  by  measuring  the Ax t h a t   o c c u r s   i n   h a l f  a 
cycle  as shown i n   f i g u r e  4 .  That i s  

Subs t i t u t ing   equa t ions  (AS) and (A6) i n   e q u a t i o n  (A2) 
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Taking an average  of f irst  and  second  halves  of  the  cycle and p u t t i n g  
i n   c o e f f i c i e n t  form  by  dividing  by pV2/2, we o b t a i n  

i n  which Aeff /A i s  i n t r o d u c e d   t o   a c c o u n t   f o r   t h e   i n c r e a s e   i n   v e l o c i t y  
experienced  by  the  baff le   due  to   induced  veloci ty   f rom  vort ices   f rom  pre-  
vious  cycles .   This  was obta ined  as shown i n   f i g u r e  4 b y   t a k i n g   t h e   r a t i o   o f  
the  observed  ampli tude  of   the  vortex a t  t h e   z e r o   v e l o c i t y   p o i n t  and d iv id ing  
it by the  double  amplitude a t  i n f i n i t y .  By t h i s  method, t h e   d r a g   c o e f f i -  
c i en t s   ob ta ined   fo r  A/w = 0 . 3 3  were  51 for   s inusoida l   mot ion  and 33 f o r  
slosh  motion.  For A/w = 1, 36 was obta ined   for   s inusoida l   mot ion  and 32 f o r  
slosh  motion.  These  values are reasonably  consis tent   with maximum drag 
coe f f i c i en t s   g iven   i n   r e f e rence   10 ,  which va r i ed  from 30 t o  40 f o r  A/w = 4 . 2 .  

Because of   the  approximations  involved,   equat ion (A8) should  not   be 
expected  to  give  accurate  measurements  of CD,  b u t  i t  should   be   expec ted   to  
g ive   va lues   p ropor t iona l   to   the  damping e f f e c t i v e n e s s .  With th i s   assumpt ion ,  
t h e   r a t i o s  of   d rag   coef f ic ien ts   for   s losh   to   s inusoida l   mot ion   were   used   to  
estimate t h e   d r a g   c o e f f i c i e n t   i n   t h e   t r a n s i t i o n   r e g i o n .  The d rag   coe f f i c i en t s  
obtained from reference  8 f o r  a 3 - inch   p l a t e   w i th   an   o sc i l l a t ion   pe r iod   o f  
1 s e c  were mul t ip l i ed  by t h e s e   r a t i o s   t o   o b t a i n   t h e   e s t i m a t e d   d r a g   c o e f f i c i e n t  
cu rve   i n   f i gu re  6 .  
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Tank 
~~ ~ 

e l a u r i e r a  
e ference  6 

e ference  7 

e fe rence  11 
/ w  = 0 and  0.042 

eference  7 

TABLE 1.- EXPERIMENTAL DATA 

[Wave decay  method] 

2a ( in . )  

11.45 
11.9 

t 

36 301 
v 

112 

f 

0.083 
,125 

.1 I 
1 

.083 

t 
.1 

v 

0.466 
.SO5 

. 3  1 
1 

.33 

I 
1 

. 4 2  

.5 

. 3  
1 

I 
J 

.4  

0.098 
.032 
.023 
.017 
.034 
.028 
.024 
.021 
.0216 
.0276 
.0415 
.OS52 
.0834 

T 
,0216 
.0276 
.0415 
.OS52 
.026 
.0334 
.05 
.0667 

0.89 
.20 
.15 
. ll  
. 2 1  
.18 
.15 
.13 
.25 
.32 
.48 
.64 

1.08 

1 
1 

.92 

.8 

.25 

.32 

.48 

.64 

.25 

.32 

.48 

.64 

+ 

cmeas 

0.0145 
.0055 
.0052 
.0052 
.0065 
.004 7 
.0044 
.0047 
.0083 
.0099 
.0118 
.014 
.0165 
.018 
.0183 
.0123 
.015 
.014 
.011 
.010 
.0062 
.0073 
.0108 
.0135 
,0046 
.0056 
.0070 
.0084 

0.0055 
.0019b 

1 . 00 l b  

1 
.0035 

. 0!03b 

t 

aUnpublished Ames t e s t s  by James De lau r i e r .  

bEstimated  from  reference 1 2 .  
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TANK DIA., 
inch 

c 
(b) (d 1 

I I I I I J -  I I I I I I 
0 .2 .4 .6 .8 1.0 1.2 1.4 0 .2 .4 .6 .8 1.0 1.2 1.4 

A / w  A / W  

(a) Miles equation. (c) Wall damping and generalized  mass 
(b) Wall  damping  included. factors included. 

(d) Wall  damping, generalized mass,  and 
vortex  shedding  factors included. 

Figure 1.- Comparison of predicted  damping by Miles' equation with 
measurements in table 1. 
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(a) NASA TN D-3240  (includes  wall damping). 

1.5 

I .c 
&neos 

S p r e d  
.5 

0 

(b) Generalized  mass  factors  included. 

.5 L I  I I I I I I 
0 .2 .4 .6 .8 1.0 1.2 1.4 

A / W  

(c) Generalized  mass  and  vortex  shedding  factors  included. 

Figure 2.- Comparison of predicted  damping  by NASA TN D-3240  with 
measurements  in  table 1. 

16 



SINUSOIDAL MOTION SLOSH MOTION 

'E SURFACE 
WAVE DRIVEN 

t=st+-&- c 

Figure 3.- Experimental  method  used  to  obtain  two  forms of motion and 
schematic  drawing of vortex  locations at various  times  over  one 
cycle  of  oscillation. 

BAFFLE MOVING IN SINUSOIDAL  MOTION 
"" FLUID MOVING IN SLOSH MOTION 

\ BAFFLE EDGE Y I  
\ VELOCITY 

/TANK 
WALL 

(a) A/w = 1, Re= 1 6 ~ 1 0 ~  (b) A/w = 0.33, Re = 5 ~ 1 0 ~  

Figure 4.- Comparison  of  vortex  path  relative  to  baffle  for  sinusoidal 
motion  and  slosh  motion in a rectangular  tank;  d/a = 0.5, t/w = 0.02. 
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(a) Sinusoidal  motion  t = T /W.  

(b) Slosh  motion  t = IT/W. 

Figure 5.- Effect of  motion on  flow  pattern  for A/w = 0.33. 
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(c) Sinusoidal  motion t = 2lT/w. 

(d) Slosh motion  t = 2 ~ r / w .  

Figure 5.- Concluded. 
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8 4  ':KINUSOIDAL MOTION 

30 

WUSOIDAL 
yyIIIII/IIII 

(REF 5) 

20 

T = l  sec, W=3" 
(ESTIMATED IN 

APPENDIX) 

(MILES'  EQUATION) 
2L I 

I I 1 I I l l 1  I ~ 1 1 I 1 I 1 1 - 1  

. I  .2 .3 A .5 .6 .8 1.0 2 3 4 5 6  810 
A /W 

(a) Reference  4 (Mi'les) . 

T =  I sec, W 12" 

SINUSOIDAL  MOTION 
T I sec, w = 3" 

20 

APPENDIX) 

2 L  I I I I 1 I I l l  1-1 1 I 1 1 .1  1 1  

.I .2 .3 .4 .6 .8 1.0 2 3  4 6 8 1 0  
A /W 

(b) Reference 8 (TN D-3240). 

.UM 

314" 

Figure 6.- Comparison  of  measured  two-dimensional  drag  coefficients  with 
empirical  relations  used  for  prediction of damping  in  cylindrical 
t a n k s .  
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(MILES) 

(NASA TN D-3240) 
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Figure 7.- Correction  factor for damping  ratio of cylindrical  tanks 
obtained by integrating  CD  around  the  ring  including  correction 
for  approximation in y/ys. 

Figure 8.- Conformal  transformation of plate  and  vortex  paths  into 
unit  circle  and  vortices  and images. 
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FROM IMAGES OF r, 
VORTEX PATH RESULTANT 

FROM r, AND 

DUE  TO 
POTENTIAL RESULTANT VELOCITY DUE 
FLOW  AROUND  TO POTENTIAL 
CYLINDER FLOW AROUND  FROM  IMAGES 

CYLINDER OF r2 

(a) Resolution  of  velocity  vectors (b) Resolution  of  velocity  vectors 
at  rl, 8 1 ,  l r / 2w .  at 1-2, 0 2 ,  3 ~ / 2 w .  

Figure 9.-  Determination  of  circulation  for  nonsynmetrical case. 

\ rRESULTANT 
VELOCITY DUE 
TO POTENTIAL 
FLOW AROUND 
CYLINDER /FROM r2 AND 

IMAGES O F  PREVIOUS 
CYCLE 

FROM IMAGES OF / \  
Figure 10.- Determination of circulation for  symmetrical  case I'l = r 2 .  
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