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The Hartree-Fock energy and o r b i t a l s  are c a l c u l a t e d  wi th  h igh  pre- 

c i s i o n  f o r  both t h e  ground s ta te  (ICs> and t h e  f i r s t  e x c i t e d  s ta te  (ST,:) 

of H2 f o r  s e p a r a t i o n s  ranging from t h e  United Atom t o  10a The 0 

o r b i t a l  ob ta ined  from t h e  i s  almost t h e  same as t h a t  from t h e  

'Ecs f o r  a l l  s e p a r a t i o n s .  However when R > 5ao, t h e  oU from t h e  

3C* i s  l a r g e r  than  t h a t  from t h e  IC*. The c o r r e l a t i o n  energy (EHF- E) 

i s  4 t i m e s  l a r g e r  f o r  t h e  '1' than  f o r  t h e  'C' a t  t h e  equi.libr1um 

s e p a r a t i o n ,  1.4ao. For sepa ra t ions  g r e a t e r  than  8a t h e  two c o r r e l a t i o n  

ene rg ie s  become equal .  
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I ~ In t roduc f ion  

The Hartree-Fock approximation plays an important  r o l e  i n  our  

understanding of molecular quantum mechanics. I n  t h i s  paper, HF 

p o t e n t i a l  energy curves a r e  c a l c u l a t e d  wi th  h igh  p rec i s ion  f o r  both 

the  ground s t a t e  (' '9 and t h e  f i r s t  exc i t ed  s t a t e  (3 

of  t h e  H2 molecule f o r  s epa ra t ions  from 0 t o  10 a o e  These two 

s t a t e s  have been important  t e s t  ca ses  f o r  t h e o r i e s  of  molecular 

g 

s t r u c t u r e  and in te rmolecular  fo rces .  This HP c a l c u l a t i o n  f o r  H2 

should t h e r e f o r e  be usefu l ,  as an accu ra t e  s t a r t i n g  po in t  f o r  t h e  

many r ecen t  t rea tments  which improve upon Hartree-Fock. 

I f  t h e  ground s t a t e  of H2 i s  t o  d i s s o c i a t e  i n t o  two ground 

s t a t e  hydrogen atoms, an extended (or double conf igu ra t ion )  Har t ree-  

Fock t rea tment  i s  necessary.  However, t h e  usua l  s i n g l e  conf igu ra t ion  

HF s u f f i c e s  f o r  t h e  t r i p l e t  s t a t e .  The wave funcf ions  f o r  both s t a t e s  

con ta in  only and dp molecular o r b i t a l s ,  The NO'S a r e  

expressed by a b a s i s  s e t  o f  S l a t e r - t y p e  o r b i t a l s .  
g 

I n  o rde r  t o  ob ta in  the  genuine Hartree-Foek p r o p e r t i e s  wh im 

a r e  independent of t h e  b a s i s  s e t ,  we expanded our  s e t  of STO's u n t i l  

t he  t o t a l  energy converged t o  w i t h i n  bounds cons iderably  smal le r  

than  the  c o r r e l a t i o n  and exchange ene rg ie s .  

Pas t  c a l c u l a t i o n s  of  t h e  i- s t a t e  have nea r ly  ignored 
g 

1 t h i s  two conf igu ra t ion  MO wavefunction. The Heitler-London 

wavefunction, Weinbaum wavefunction and a l l  t h e  subsequent 

v a r i a t i o n s  a r e  s p e c i a l  cases  of  t h i s  funct ion,  but  only Callen,  

McLean, Weiss, and Yoshimine, and Das and Wahl used t h i s  form 

2 

9 

4 5 

without  r e s t r i c t i o n s .  Only Das and WahE c a l c u l a t e d  t h e  p o t e n t i a l  
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energy curve out  t o  l a rge  R ,  Das and Wahl, however, used a l imi t ed  

b a s i s  s e t  picked a t  t he  equi l ibr ium separa t ion ,  so  the  r e s u l t s  a t  

l a r g e  R a r e  n o t  dependable. A t  t h e i r  l a r g e s t  i n t e r n u c l e a r  separa t ion ,  

R -9 8ao , t h e  energy i s  f u r t h e r  from t h e  accu ra t e  HartreepFock r e s u l t  

than Hartree-Fock i s  from t h e  exac t  energy. 

There seem t o  be no MO c a l c u l a t i o n s  f o r  t h e  + U s t a t e  o f  

H2 i n  any sense .  

on var ious  f r e e  form wavefunetions, t h e  b e s t  of which i s  by Kolos 

and Wolniewicz. 

The only c a l c u l a t i o n s  a t  t he  present  t ime a r e  based 

6 

I n  the  r e s t  of  t he  paper, t h e  calcuAation i s  presented i n  

d e t a i l ,  and t h e  r e s u l t ?  a r e  analyzed.  Sec t ion  I1 reviews the  Har t ree-  

Fock theory  and uses  those equat ions t o  p r e d i c t  the  behaviour of t h e  

s i n g l e t  and t r i p l e t  S t a t e s  when the  n u c l e i  a r e  i n f i n i t e l y  separa ted .  

Sec t ion  I11 desc r ibes  the  procedure used i n  t h e  c a l c u l a t i o n .  I n  S ~ ! I X ’ D ~  

IV, t he  r e s u l t s  a r e  presented, and the  molecular o r b i t a l s  and 

c o r r e l a t i o n  energ ies  obtained from t h e  c a l c u l a t i o n s  a r e  d iscussed .  

The r e s u l t s  show s e v e r a l  i n t e r e s t i n g  t rends .  The ana 
g 

o r b i t a l s  f o r  both s t a t e s  a r e  very  n e a r l y  t h e  same f a r  i n t e c -  
U 

nuc lea r  s epa ra t ions  down t o  4 aoo  For sma l l e r  separa t ions ,  t h e  

c 

+) o r b i t a l .  The e l e c t r o n  
g 

o r b i t a l s  remain approximately the  same, but  t he  
g 

(3 U 
g e t s  much smal le r  than the  

c o r r e l a t i o n  energy f o r  t he  1 

3 

i s  4 t imes l a r g e r  than f o r  t h e  + j 

a 
-k a t  the  equi l ibr ium s e p a r a t i o n s ;  twice a s  l a rge  a t  5 ao; and 

U 

approximately equal  f o r  8 a and l a r g e r .  
0 
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11. Theory 

n 

For both t h e  S i n g l e t  and t r i p l e t  s tates,  only 0 and oU o r b i t a l s  
g 

were necessary  t o  g ive  the  wavefunction t h e  proper  symmetry and t o  

i n s u r e  d i s s o c i a t i o n  i n t o  two grouqd s ta te  hydrogen atoms. 

s ta te ,  t h e  s p a t i a l  wavefunction is: 

For t h e  'Z* 
g 

where A and A are real  cons tan ts .  
g U 

The v a r i a t i o n a l  p r i n c i p l e  i s  used t o  f i n d  t h e  mixing c o - e f f i c i e n t s ,  

Ah,  and t h e  molecular  o r b i t a l s .  

i n t o  I$, and t h e  Ah are v a r i e d  u n t i l  E = < ' $ 1  I >/< 191 > 

i s  a minimum, keeping t h e  t o t a l  wavefunction normalized. The optimum 

co-e f f i c i en t s  from t h i s  minimizat ion are: 

F i r s t ,  a guess f o r  t h e  o r b i t a l s  i s  put - 

where 

p f < 10 
g g  

and 
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(Our n o t a t i o n  i s :  

< loA 3ou1 5 < ' c sA( l )  ' ~ ~ ( 2 )  > ) . . P u t t i n g  t h e  

t imiz ing  E by vary ing  t h e  o r b i t a l s  g ives  t h e  Fock-type equat ions :  

I loA 'au > 2 I "oA(l)  ' aU(2)  > and 

i n t o  ' J I  and op- 

To s o l v e  t h e s e  equa t ions ,  w e  make a Roothaan expansion of t h e  o r b t i a l s .  

and x are Sla te r - type  
XPa Pb 

Here 'C are real c o - e f f i c i n e t s ;  

o r b i t a l s  (STO) on nucleus a and nucleus b We used the  STO as 

def ined  by Wahl.7 

of t h e  form: 

AP 

This  converts  equat ions  (3) i n t o  two mat r ix  equat ions  

Since t h e  matrices con ta in  t h e  co -e f f i c i en t s  ICx, equat ion (5) 

must b e  solved by i t e r a t i o n  u n t i l  t h e  r e s u l t s  are s e l f - c o n s i s t e n t .  The 

o r b i t a l s  obtained i n  t h i s  way are re - inse r t ed  i n t o  equat ion ( 2 ) ,  and 

the  c y c l e  is repea ted  u n c i 1  a l l  parameters are s e l f - c o n s i s t e n t .  
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'E and 'E are obtained as t h e  eigenvalues  i n  t h e  s o l u t i o n  of  g U 

equat ion  (5).  They can a l s o  b e  der ived  from equat ions  (3) : 

Having found ' 0  

and t h e  whole cyc le  i s  repea ted  u n t i l  t h e  r e s u l t s  are s e l f - c o n s i s t e n t ,  

The optimum energy i s  then  

and lou , these o r b i t a l s  are r e - in se r t ed  i n t o  E q .  ( 2 )  
g 

For t h e  3Cs state  of H 2 ,  t h e  s i n g l e  conf igu ra t ion  wave func t ion  
U 

i s  

d i s s o c i a t e d  i n t o  two ground s ta te  hydrogen atoms, 

p r i n c i p l e  produces t h e  Fock equat ions  : 

The v a r i a t i o n a l  



36. ( 2 l 3 0  (2)  
30 

U g dT2 = 3~ 
L 3 6 .  

dT2 - 30 u u  12 g 5 2  r h30 + 30 
U U 

The o r b i t a l s  3p are expanded i n  terms of t he  same set of STO x 
which g ives  t h e  Hartree-Fock-Roothaan equat ions.  

The o r b i t a l  ene rg ie s  'E and 3~ are determined by $he solu-  

t i o n  of t h e  Roothaan equat ions ,  o r  can b e  der ived  from equat ions (7)  : 

g U 

1 - < 36. 36. 1-1 36. 3 0  > 
5 2  u g  

The optimum energy is  then 

Large Values of R 

Some r e s u l t s  can be p red ic t ed  from t h e  theory even be fo re  making 

any c a l c u l a t i o n s .  F i r s t ,  t h e  s i n g l e t  and t r i p l e t  wavefunctions have 

i d e n t i c a l  molecular o r b i t a l s  yhen R i s  i n f i n i t e .  To See t h i s ,  no te  

t h a t  bo th  states consist;  of two ground s ta te  hydrogen atoms which 

are n o t  i n t e r a c t i n g ,  s o  t h e  wavefvqctions have t h e  Heitley-London 

form: 
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c.. 

Converted i n t o  t h e  molecular o r b i t a l  form of equat ions  (1) and (6)  

t hese  wavefunctions both c o n s i s t  of t h e  same MO's: 

U ('lsa A xl.sb) 

When t h e s e  o r b i t a l s  are s u b s t i t u t e d  i n t o  t h e  Fock equat ions ( 3 )  

and (7) ,  t h e  equat ions  are s a t i s f i e d  as R becomes i n f i n i t e .  I n  t h i n  

l i m i t ,  a = 0 and ~0 = 518, s o  t h a t  A = -A = 2 The o r b i t a l  

ene rg ie s  3~ and 3 ~ u  are -+a.u., t h e  energy of a 1s hydrogen 

atom; t h e  'E and 'E are -ka.u. Because t h e  mi;xing co -e f f i c i en t s  

Ah appear  i n  equat ions  (3)  t h e  ' E ~  are d i f f e r e n t  frQm t h e  3 ~ X  

-+ 
g U 

g 

g U 

Small Values of R 

The Fock equat ions  ( 3 )  can t e l l  us  something about t h e  s i n g l e t  

wavefunction f o r  small R . 
approximating t h e  MO i n  equat ion  (2)  by equat ion  ( 9 ) .  Expanding t h e  

r a t i o  i n  powers of R e g ives  : 

The r a t i o  AU/Ag can be  es t imated  by 

n -mR 

4 A 
- = -1 -I- - R e-R +o(Re-R) A 3 

U 
(103 

g 

From t h e  r e s u l t s  of t h e  c a l c u l a t i o n  ( see  Table 11), the  t r ends  i n  equat ion (a:.) 

t u r n  out  t o  b e  cqrrect. A s  R decreases ,  t h e  magnitude of 

g e t s  smaller. Indeed, as .R approaches t h e  equi l ibr ium Sepa ra t ion ,  

becomes sma l l  (about -.l), s o  t h a t  Equation (3a becomes, i n  e f f e c t ,  AulAg 
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t 'Pg(2) 1 
h l o  + '0 

12 & g r 

This  i s  t h e  equat ion  fo r  the  Q r b i t a l s  i n  'I) = ' og ( l )  ' ~ ~ ( 2 ) ~  On t h e  

o the r  hand, A /A becomes l a r g e ,  s o  thap t h e  ' 0  o r b i t a l s  aalcu- 

l a t e d  from equat jon  (3b) are very d i f f e r e n t  from t h e  MO's i n  9 

' ~ ~ ( 1 )  ' ~ ~ ( 2 )  wavefunction. However, most p r o p e r t i e s  of t h e s e  wave- 

g u  U 

wavefunctions a t  s m a l l  R must 

United AtQm 

The United Atom. l i m i t  f o r  

s ta te  of helium, 'S(1s)'. The 

s ta te  of He .  To ca lwla t e  t h e  
: .. . .  

w e  used t h e  same wavefynctions,  

be determined by a d e t a i l e d  c a l c u l a t i o n .  

t h e  '1' state  of H is t h e  grpund 

3C* of H2 goes t o  t h e  lowest a P ( l s 2 p )  

e l e c t r o n i c  energy of t hese  UA s ta tess  

equat ions (1) and ( 6 ) ,  buf. tranFfprmed 

& 2 

.,.. . . ...a: ... U 

t h e  b a s i s  func t ions  i n t o  t h e i r  UA form. The r u l e s  f o r  c o r r e l a t i o n  

diagramsg l i n k  t h e  b a s i s  func t ion  

i n  t h e  United Atom. AlJ. t h e  rest of t h e  theory remains t h e  same, 

t o  the corresponding STO 'pa $b 

1 
R except  t h a t  - is  omit ted from t h e  ene rg ie s .  

I11 e The C a l c u b t  ion  

The s i n g l e t  wavefunction r equ i r e s  the  i t e r a t f v e  solutfof i  of two 

sets of coupled l i n e a r  equat ions ,  conta in ing  molecular i n t e g r a l s .  The 

i n t e g r a l s  are c a l c u l a t e d  by t h e  BISON computer system" a t  Argonne 

Nat iona l  Laboratory,  and t h e  equat ions  are so lved  by t h e  OpEimized 

Valence Configurat ion (OVC) procedure of Das and Wahl." The t r i p l e t  

wavefunction obeys t h e  Hartree-Fock-koothaan equat ions which are a l s o  

so lved  by the  BISON system. 
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The BISON System and t h e  OVC program w i i l  t h e r e f o r e  c a l c u l a t e  t he  
' . '  

s ingleE and t r ip le t  wavefunctions wi th  t h e  lowest  cn&rgies  p o s s i b l e  

from a given b a s i s  se t .  Our g o a l  was t o  s e l e c t  t h e  b a s i s l s e t s  which 

would approximate t h e  Hartree-Fock energy and wavefunctions t o  t h e  de- 

s i r e d  accuracy f o r  bo th  states over a range of i n t e r n u c l e a r  d i s t a n c e s ,  

To ca r ry  out  t h i s  program, ve peeded a method f o r  e s t ima t ing  the 

d i f f e r e n c e  between t h e  Hartree-Fock energy and t h e  energy c a l c u l a t e d  

from a given b a s i s  s e t .  

a d d i t i o n a l  b a s i s  func t ion  lawere t h e  energy,  u n t i l  t h e  H-F energy i s  

obtained from an i n f i n i t e  set .  G i l b e r t  and Wah112 devised a system f o r  

picking each new f u n c t i w  s o  Chat t h e  epergy converges t o  t h e  H-F l i m i c  

a t  a rate roughly p roppr t iqna l  KO t h e  d i s t a n c e  l e f t  t o  go. 

was determined fram a num6er of atornip aqd molecular c a l c u l a t i o n s ,  

inc luding  our  own. The r e s u l t  is: 

Our method is based on tqe f a c t  t h a t  eqch 

%is ra te  

I En I EHartree-Fock I 21E,_, - Enl I 

where is  t h e  loves@ sneqgy which can be  obtained wi th  a wavefunction 

of n b a s i s  func t ions .  

En 

Thus, f o r  a given s ta te  and i n t e r n u c l e a r  s e p a r a t i o n ,  t h e  procedure 

i s  t o  b u i l d  up t h e  b a s i s  set  one by one, a t  each s t a g e  searehing  t o  

f i n d  t h e  func t ion  yh ich  would lower E t h e  most, Uslqg 84. (121, w e  

can estimate how c$J.ose t h e  c a l c u l a t e d  energy is t o  t h e  HartreerFoqk 

energy . 
A t  i n t e r n u c l e q r  d ia tqnces  from F, - 10 Bohr, t h e  exponent ia l  co- 

e f f i c i e n t  

could b e  compared t o  qhoss used by Hirsch fe lde r  and Lb'wdip13 

mined t h e  asymptot tc  farm of t h e  n a t v r q l  spitz o r b i t a l s  f o r  

r i n  tbq STCI w a s  r e s t r i c t e d  50 u q i t y  s o  t h a t  t h e  o r b i t a l s  

who de ter -  

H a t  2 
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l a r g e  sepa ra t ions .  I n  t h i s  range of R t h e  b a s i s  sets were chosen 

t o  g e t  t h e  energy t o  w i t h i n  atomic u n i t s  of t h e  Hartree-Fock 

energy (wi th in  LO a .u .  a t  R = loao). This  assured  s u f f i c i e n t  accuracy -7 

f o r  t h e  ca l cu la t ed  values of t h e  exchange energy, $[E(’Cg) + - E( 3 3 .  Xu)],  

an important  q y a n t i t y  i n  t h e  theory of in te rmolecular  fo rces .  The 

b a s i s  sets s e l e c t e d  a t  R = 5ao are given i n  Table  I. For l a r g e r  

values  of R two o r  t h r e e  of t h e  func t ions  were omi t ted . I4  

A t  i n t e r n u c l e a r  d i s t ances  smaller than  5a t h e  series of STO 
0 

converges more slowly t o  t h e  Hartree-Fock wavefunction. To speed 

convergence, C, w a s  no longer  r e s t r i c t e d  t o  1, b u t  w a s  optimized t o  

lower t h e  energy. The b a s i s  set  i n  Table I1 was assembled f o r  t h e  t r i p l e t  

s t a t e  at R = 1.5a (where t h e  Hartree-Fock energy w a s  approached w i t h i n  

-5 2 x 10 a .u . ) .  

0 

This  same set  w a s  used f o r  t h e  s i n g l e t  and t r i p l e t  f o r  

a l l  R less than  5ao. Providing t h i s  b a s i s  set  is  as accurate a t  o the r  

R 

r e l a t i o n  energy (E 

t h i s  range of R 

as i t  i s  a t  1.5a03 t h e s e  c a l c u l a t i o n s  g ive  accu ra t e  values  f o r  the cor- 

- ) f o r  t h e  s i n g l e t  and t r i p l e t  i n  Hartree-Fock Eexact 

F i n a l l y ,  w e  c a l c u l a t e d  t h e s e  wavefunctions i n  t h e  United Atom 

l i m i t ,  us ing  t h e  b a s i s  s e t  developed f o r  s m a l l  R Sinc.e several 

b a s i s  func t ions  w e r e  l i n e a r l y  dependent i n  t h e  UA l i m i t ,  t h r e e  had t o  b2 

d iscarded  i n  o rde r  f o r  t h e  c a l c u l a t i o n  t o  converge. The r e s u l t i n g  b a s i s  

set i s  a l s o  given i n  Table 11. The dev ia t ion  of t h e  UA energy from th,? i 

t r u e  Hartree-Fock va lue  w a s  n o t  determined. 

I n  a l l  c a l c u l a t i o n s ,  t h e  worst  computational e r r o r s  come from t h e  

numerical  quadra ture  f o r  t h e  coulomb-hybrid i n t e g r a l s .  These i n t e g r a l s  

w e r e  .always set t o  converge t o  w i t h i n  10-’a.u. (except f o r  c a l c u l a t i o n s  
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Table I 

Basis Functionsa xp f o r  R = 5a 
0 

IC+ State 
_I: 

Is 

2 s  

3s 

4s 

2P 

3P 

4P 

3d 

4f 

+ 
3 ~ u  S t a t e  

15 

25 

35 

45 

2P 

3P 

3d 

4d 

4f 

a These are Sla te r - type  o r b i t a l s  as 

def ined  i n  Ref. ( 6 ) .  m = 0 and 

< = 1 f o r  a l l  func t ions .  

r 



1 2  

Table  11. 

a f o r  
-P Separated A t o m s  

Basis  Functions f o r  s m a l l  R and t h e  United A t o m  

UA l i m i t  UA 
b a s i s  f o r  w b a s i s  l i m i t  f a r  

13 

g u 

1s 

IS 

Is 

2s  

2s  

2 s  

2 P  

2 P  

3s 

3d 

3d 

4f 

0.350 

1 a 000 

1.900 

0.875 

1.220 

7.600 

2.155 

4.300 

3.870 

1.680 

3.400 

2.700 

Is 

Is 

I S  

2 s  

2 s  

2 s  

- 
3s 

3d 

4d 

4d 

6s 

a Thepe a r e  STO as  def ined  i n  Ref. (6) .  m=o f o r  a l l  func t ions .  i 

; 
* 
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‘t 

-8 at R = loao where t h e  threshold  wa,a 1Q a . U . 1  e Thus t he  i n t e g r a l s  

w e r e  c a l c u l a t e d  t o  an order  nf magniCqd@ kighar prec ia ids  than t h e  

dev ia t ion  from t h e  Hartree-Fock epefrgias, 

I V .  &ilts and I)iscusshn 

The r e s u l t s  of  t he  c a l c u l a t h a  aTQ digqyasgcl f rom t h r e e  p q s p e c t i v e s :  

t h e  va r ious  energ ies ,  t he  wavefunctians a t  the  United A t o m  and Separatizd 

Atom l i m i t s ,  and a cqmparison o f  t h e  a rb i tgas  from thp  s t n g l e t  and 

t r i p l e t ,  The o rb i t aTs  $or H2 c7re a l s a  campared wifb wavefvnctiops 

f o r  H2 . + 

Energy 

The t o t a l  ener  y from tpw cal.c.uratioq q ~ a  $.n Table 75.1, along 

15 wi th  t h e  c o r r e l a t i o n  epergy , Icorr w flBmp I n  T a b l e  I V ,  

t h e  energy i s  expressed a8 Caulov’p pneygy, %euF 

Table I V .  

compared wi th  t h e  exac t  po ten t i a4  curve a f  pa$aa Walniewicz, Rw 

small  

s i a g l e t  ene rg ie s .  To make f h i a  cornparison E Q ~  a l l .  R, t he  r a t i o  

R, t he  t r i p l e t  energ ies  are cllaser tq ha&@ ex8cf: thrin t h e  

-I- 1 i s  p!Ptted i n  q$gmre 2. It ranges Ecorr  (3r: t ) / E  c o r r  a 
from around .15 a t  R = Q t o  nearJy 1.0 a t  F$ E 



1 4  

Table 1x1. Taka1 Hartree-Fock Energy and Cor re l a t ion  

Energy ( in  atomic u n i t s ) .  The underl ined 

numbers do no t  ag ree  wi th  t h e  H-F energy 

as  es t imated  by eq. (12). 

R 
S t a t e  S t a t e  

Ecor r  -E ECOX"r 
-E 

I 

0.0 (2 ,86866912)a .0350553 (2 1282925) 0048785 

a 005 7345 0.74866877 __. - .0232 127 - 1.14913320 - 1.3 

e 005 705 9 0.77844420 - - .0223262 - 1.152 14823 - 1.4 

0055700 - 0.80403 95 3 - e 02 145 23 1.5 1 15 1 4 0 g  - 
1.14799196 0205879 - 0.82636423 .0@53596 - 

p* - 1.6 

. OOG'L8 19 2.0 1.12Q89613 ~ .I_ 0 89288 s___ I 4 9  - a 017235 1 

3.0 1.04809155 - - 0.97003347 .0019769 ___^ 

9-* 
e 0092203 

.@009272 4.0 - .0032813 - 0.99245095 3_ - 1.01308762 

5 .O 1.00284652 .0009 160 0.99828786 - 0 000377CI 

6.0 1.00055542 - e 00025 96 0.99964181 - .0001707 a 

1.00010267 ., 0000862 0.99993000 .0000730 1' - 7.0 - 

8.0 1.00001830 - .0000352 0.99998702 - .0000326 

9.0 1.00000317 - .000015 3 0.99999770 - e 000015 0 

10,o 1.00000053 .000008 1 0.99999960 . OQOOOSO 

a The energ ies  i n  parentheses  a r e  e l e c t r o n i c  energ ies ,  t h e  t o t a l  
energy wi th  1 / R  sub t r ac t ed  o f f .  
w a s  no t  es t imated  f o r  t h e  UA, so  the  s i g n i f i c a n t  f i g u r e s  could 
not  be des igna ted .  

The t r u e  Hartree-Fock energy 
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Table  I V .  Coulomb and Exchange Energies  ( i n  atomic u n i t s ) .  The 

under l ined  f i g u r e s  a r e  no t  t h e  H-F va lues  as  

es t imated  by eq. ( 1 2 ) .  

R - 
- 

0.0 

1.3 

1.4 

1.5 

1.6 

2.0 

3.0 

4.0 

5 .O 

6 .0  

7.0 

8 .0  

9.0 

10.0 

-E 
cou 1 
H-F 

ECoul -ECoul 
H-F exac t  

0.94890099 - 

0.96529622 - 
0.97772045 - 

0.98717809 - 

1.00688891 - 
1.0090625 1 - 
1.0027692 9 - 
1.00056723 

I_ 

1.00009862 - 
1.00001634 - 

1.00000266 _. 

1 00000044 - 

1.00000007 

.0144736 - 
014016 1 

,0135 112 

.0129738 - 

.0107085 

e 0055 986 

002 1043 

00065 65 - 

,0002 15 2 

.00007 96 

0000339 

0000 15 2 

.000008 1 

- 
I 

- 
- 
- 

- 

-Eexch 
H-F 

0, 3701883a 

0.20023222 - 
0.18685202 - 
0.17368092 - 
0.16081387 - 
0.11400722 - 
0.03902904 - 
0 0103 1834 

0.00227937 
7 

0. a0045681 - 
0.00008634 - 
0.00001564 s_. 

0.00000274 

0.00000047 

- 

Eexch -Eexch 
H-F exac t  

. 0 15 0884 

e 0087391 

. QO83 102 - 

.0079412 

e 0076 $42 

e 0065266 

,00362 ‘E 7 

e 001 177 1 

99025 9% 

e 0000445 

- 

7 

J -  

- 
p_ 

- 

1 

.0000066 

. OOQOOl3 

. QQ00002 

. OOOO(3007 

a The t r u e  Hartree-Fock va lues  were no t  es t imated  f o r  the  UA. 



R 

0.0 

1.3 

1.4 

1.5 

1 .6  

2 .0  

3.0 

4.0 

5 .O 

6.0 

7.0 

8.0 

9.0 

10.0 

00 

( in  a tomic u n i t s ) .  

U 
4 

0.99928 

0 99490 

0.99397 

0.99288 

0.99162 

0.98433 

0 a 94106 

0.86 194 

0.78970 

0 e 7465 9 

0.725 1 7  

0.7 15 19 

0 e 7 1066 

0.03798 

0 10084 

0.10968 

0.11913 

0.12922 

0.17634 

0.33824 

0.50702 

0.61350 

0.66528 

0.6885 7 

0.69893 

0.70353 

0.92312 

0.62061 

0.60400 

0.58847 

0.5 7392 

0.52373 

0.42967 

0.35355 

0.30147 

0.27394 

0.26087 

0.25488 

0.25216 

0.00489 

0.01472 

0.01633 

0.01813 

0.02012 

0.03043 

0.07794 

0.145 96 

0.19800 

0.22592 

0.23910 

0.245 1 1 

0.24784 

Table V. Mixing C o - e f f i c i e n t s  and Orbi ta  1 Energies 

1.7401 

0.9609 

0.9175 

0.8786 

0 e 8480 

0.7393 

0.606k 

0.5489 

0.5222 

0.5098 

0.5042 

0.5018 

0.5007 

0 e 70865 0.70556 0.25095 0 a 24905 0, a 5 003 

0.70711 0.70711 0.25000 0.25000 0.3000 

U 
- 3E 

0.1283 

0.2009 

0.2287 

0.2432 

0.3002 

0 e 4024 

0.4539 

0.4786 

0 49W 

0.4958 

0 e 4982 

0.4993 

0.4997 

0.5000 I 

r. 
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of t h e  l i m i t s  p r ed ic t ed  f o r  R = co, 

A t  t he  United Atom l i m i t ,  t h e  mixing e o - e f f i c i e n t  A, i s  small ,  

bu t  n o t  zero.  Thus, t he  p-funct ions i n  the  ' ( 30u)2  conf igu ra t ion  

s l i g h t l y  deform the  'S s p h e r i c a l  symmetry expected of t h e  o v e r a l l  

wavefunction f o r  t h i s  atom. l6 I n  o rde r  f o r  t h e  Hartree-Foek wave- 

func t ion  t o  have s t r i c t l y  'S symmetry, a d d i t i o n a l  c o n s t r a i n t s  would 

have t o  be imposed on t h e  wavefunction. 

The O r b i t a l s  

Using t h e  BISON compvter system, contour  diagrams were made of  

t h e  o r b i t a l  d e n s i t i e s ,  IohI2 .. In  Figure 3, t h e  t r i p l e t  

have do t t ed  contour l i nes ,  and a r e  super-imposed on t h e  contours  of  

t h e  corresponding s i n g l e t  o r b i t a l .  The p i c t u r e s  compare t h e  o r b i t a l s  

f o r  t h e s e  two s t a t e 9  a t  R = 5a (where the  two hydrogen atoms have 

begun t o  over lap)  and a t  R = 1.5a (c lose  t o  t h e  equi l ibr ium sepa ra t ion  

f o r  t h e  s i n g l e t ) .  

0 

0 

A s t r i k i n g  r e s u l t  o f  t h i s  c a l c u l a t i o n  i s  t h e  near  i d e n t i t y  of 

t he  s i n g l e t  and t r i p l e t  o r b i t a l s  a t  R =: 5aoa  

t h e s e  s t a t e s  would have t h e  same o r b i t a l s  f o r  i n f i n i t e  R, But t h i s  

c a l c u l a t i o n  shows t h i s  s i t u a t i o g  p e r s i s t s  f o r  i n t e rnyc lea r  s epa ra t ions  

a s  small a s  

Theory had p red ic t ed  

5ao and probably 4a . 
0 

This  coincidence breaks down as R g e t s  smal le r .  Figure 3 

shows how these  two o r b i t a l s  d i f f e r  when R = l .5ao, and Figure 4 

compares theq when R = 0, the  United Atom. The 0 o r b i t a l s  

remain roughly the  same s i z e  a s  they  both converge t o  Is o r b i t a l s  

f o r  helium. On the  otherhand, t h e  0 o r b i t a  Is diverge ,  A s  

expected, 30 goes t o  a 2p o r b i t a l  f o r  He. However t h e  ' 0  

g 

g 

U U 



becomes a p-funct ion wi th  roughly t h e  same dimensions a s  t h e  ' 0  

(or  t he  1s) o r b i t a l .  

The s i z e  of t h e  lo i s  determined 

However, i t  i s  apparent  t h a t  the  only  way i n  

conf igu ra t ion  can lower t h e  va lue  of i s  

U 

roughly equ iva len t  t o  maximizing t h e  over lap  

lobe of t h e  ' 0  . Thus, t h e  ' 0  remains 

o r b i t a l  r a t h e r  than 'becoming l a rge  l i k e  the  

U U 

H ~ +  Wave Funct ions.  

I n  Figures  5 and 6 ,  t h e  H2 o r b i t a l s  
_ -  

by opt imizing the  energy. 

which t h e  (10u)2 

by maximizing t h e  exchange 

This  condi t ion  is  

between wi th  each 
g 

smal l  l i k e  the  (or  Is) 
g 

3~ (or  2p) o r b i t a l .  
U 

i. 

a t  R = 1.5a a r e  compared 
0 

I' Table LV g ives  t h e  values of + wi th  t h e  exac t  H2 ~ rave fune t ions  

t h e  o r b i t a l s  a t  a nucleus.  The H; o r b i t a l s  become indes t ingu i sh -  

a b l e  from t h e  H2 o r b i t a l s  when R i s  g r e a t e r  than  5ao. A t  

R = 1.5ao, t h e  v a l u e  of 

f o r  t h e  H2+ and l e a s t  f o r  t h e  H 

t h e  s h i e l d i n g  by the  second. e l e c t r o n  tending t o  make t h e  

more spread  ou t .  The shie!ding i s  g r e a t e r  f a r  t h e  s i n g l e t  than f o r  

t he  t r i p l e t  s t a t e ,  

U a t  t h e  nuc lea r  cusp is g r e a t e s t  
g 

t r i p l e t .  This  i s  t h e  r e s u l t  o f  2 

H2 o r b i t a l s  

For t h e  ou a t  R = 1.5 a t he  va lue  of the  H2+ o r b i t a l  
0' 

cusp i s  g r e a t e r  than f o r  t he  H2 t r i p l e t  a s  we would expect  on the  

b a s i s  of  s h i e l d i n g ,  The l a r g e  cusp va lue  f o r  t h e  H2 s i n g l e t  

corresponds t o  t h e  f a c t  (which we previous ly  expla ined)  t h a t  t he  

o r b i t a l  i s  sma l l e r  than t h e  

For R = 5 a 

'U 
U 

3Uu. 

the  d i f f e r e n c e s  between t h e  H2 and H2+ which 
O 9  

were caused by s h i e l d i n g  have become i n s i g n i f i c a n t .  However, t h e r e  

remains a d i f f e r e n c e  between the  cusp va lues  of the  u and t h e  0 

o r b i t a l s  which r a p i d l y  d isappears  f o r  l a r g e r  va lues  of R. 

g U 
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Table  V I .  

0 
g 

9 
Values of H2 and H2 O r b i t a l s  a t  a Nucleus 

R = 1.5ao R = 5.0ao 

0.528 0.379 

H2,  S i n g l e t  0 464 0.383 

H2,  T r i p l e t  0.506 0 389 

0 
U 

0.410 0.420 H2+ 
HZ, S i n g l e t  

H2,  T r i p l e t  

0.616 

0.307 

0.418 

0.412 
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The I l l u s t r a t i o n s  

Fig.  1 The Hartree-Fock p o t e n t i a l  curves (energy is  i n  a .u . )  f o r  t h e  

IC* and 3C* states of H , compared wi th  t h e  exac t  g U 2 

curves  of Kolos and Wolniewicz ( r e f .  6 ) .  

Fig.  2 The r a t i o  

nuc lea r  d i s t ance .  

p l o t t e d  a g a i n s t  t h e  i n t e r -  

Fig.  3 A comparison of t h e  o r b i t a l  d e n s i t y  from t h e  ''* s ta te  
g 

( s o l i d  controus)  w i th  those  from t h e  3Cc (do t t ed  contours ) .  

I n  a l l  contour  diagrams, t h e  outermost l i n e  corresponds t o  a 

d e n s i t y  of 3 x 10 e /ao. Each success ive  inne r  contour 

then  inc reases  by a f a c t o r  of 2. 

U 

-5 - 

Fig. 4 O r b i t a l  d e n s i t y  contours  f o r  t h e  United Atom. 

+ Fig. 5 The CT o r b i t a l s  f o r  H and H2 p l o t t e d  along t h e  i n t e r -  
g 2 

nuc lea r  a x i s  wi th  t h e  o r i g i n  midway between t h e  nuc le i .  

R = 1.5a  . 
0 

+ 
Fig. 6 The wu o r b i t a l s  f o r  H and H2 a t  R = 1.5aoe 2 
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Appendix 

Tables of the Complete Wavefunctions. 

These t a b l e s  present the complete resu l t s  of calculations: the 

Ah 5. the mixing co-efficients 

These paramiters are l i s t e d  
cxp basis sets used, the co-ef f i c i en t s  

the o rb i t a l  energies and t o t a l  energies. 

for both the 'C' and 'C+ states over the range of i n t e  
g u 

separations from 0 t o  loao. 

the r a t i o  of potential  t o  kinet ic  energy, which occurs i n  the V i r i a l  

Theorem. 

The t les fo r  the t r i p l e t  a l so  If 
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