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In the fifth line, it should read R < SaO.

Ea. (2b) and (2c¢) should read:

o= 2(2%e) + <e0e> ~ < g g !fl?{lg s >
u u'r U u
12
B=<lg lo|2lo o >
g g1r;, u u
‘e
The right hand side of Eq. (3a) is: Zfé-la
g g
1€u
The right hand side of Eq. (3b) is: T lOu 5
u

The line above Eq. (6), omit "is"; the line below Eq. (6)
5hange "dissociated" to "dissociates" and add a period
after "atoms".

In the second paragraph, it should read: P = 5/8.

The next to last line, change "Gg" to "o "

u

Line 13, change "“indestinguishable" to "indistinguishable".
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ABSTRACT

The Hartree—Foék energy and orbitals are calculated with high pre-
cision for both the ground state (IZ;) and the first excited state (322)
of H2 for separations ranging from the United Atom to lan. The O
orbital obtained from the 12; is almost the same as that from the
32: for all separations. However when R > Sao, the Ou from the
3ZI is larger than that from the IZ;. The correlation energy (EHF— E)
is 4 times larger for the IZ; than for the 32: at the equilibrium
separation, l.4ao. For separations greater than 8a0, the two correlation

energies become equal.
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I. Introduction

The Hartree-Fock approximation plays an important role in our
understanding of molecular quantum mechanics. In this paper, HF
potential emergy curves are calculated with high precision for both
the ground state (l b g+) and the first excited state (BEzfu+)
of the H2 molecule for separations from O to 10 a - These two
states have been important test cases for theories of molecular
structure and intermolecular forces. This HF calculation for H2
should therefore be useful, as an accurate starting point for the
many recent treatments which improve upon Hartree-Fock.

1f the ground state of H is to dissociate into two ground

2
state hydrogen atoms, an extended (or double configuration) Hartree-
Fock treatment is necessary. However, the usual single configuration
HF suffices for the triplet state. The wave functions for both states
contain only G.g and o, molecular orbitals, The MO's are
expressed by a basis set of Slater-type orbitals.

In order to obtain the genuine Hartree-Fock properties which
are independent of the basis set, we expanded our set of STO's until
the total energy converged to within bounds considerably smaller
than the correlation and exchange energies.

Past calculations of the lz: ; state have nearly ignored
this two configuration MO wavefunction. The Heitler-Londonl
wavefunction, Weinbaum2 wavefunction and all the subsequent
variations are special cases of this function, but only Callen?

McLean, Weiss, and Yoshimine,4 and Das and Wahl5 used this form

without restrictions. Only Das and Wahl calculated the potential



energy curve out to large R. Das and Wahl, however, used a limited
basis set picked at the equilibrium separation, so the results at
large R are not dependable. At their largest internuclear separation,
R = 830 , the energy is further from the accurate Hartree~Fock result
than Hartree-Fock is from the exact energy.

3

‘There seem to be no MO calculations for the > :' state of

H, in any sense. The only calculations at the present time are based

2
on various free form wavefunctions, the best of which is by Kolos
and Wolniewicz.

In the rest of the paper, the calculation is presented in
detail, and the results are analyzed. Section II reviews the Hartree-
Fock theory and uses those equations to predict the behaviour of the

singlet and triplet states when the nuclei are infinitely separated.

ection

¥4}

Section III deseribes the procedure used in the calculation. In

1V, the results are presented, and the molecular orbitals and

correlation energiés obtained from the calculations are discussed.
The results show several interesting trends. The & and

g

P orbitals for both states are very nearly the same far inter-

nuclear separations down to & a - For smaller separations, the

o g orbitals remain approximately the same, but the T, (1§::g+)
3 + ;

gets much smaller than the & i ( :E: - ) orbital. The electron

correlation energy for the 12:_g+ is 4 times larger than for the

3 + ; : _
E: u at the equilibrium separations; twice as large at 5 a s and

approximately equal for 8 a and larger.



IT. Theory

For both the singlet and triplet states, only o and 9, orbitals
were necessary to give the wavefunction the proper symmetry and to

. . s s . : +
insure dissociation into two ground state hydrogen atoms. For the 3

state, the spatial wavefunction is:
1 1 1 1 1
= A ‘o (1) *c (2) + A ‘o (1) ‘o (2 1
b=a to (D) Yo (@ +a o (1) o (2) (1)

where Ag and Au are real constants.
The variational principle is used to find the mixing co-efficients,
AA’ and the molecular orbitals. First, a guess for the orbitals is put

into Y, and the A, are varied until E = < “p|¥¥| 'y >/< *p|y >

A
is a minimum, keeping the total wavefunction normalized. The optimum

co-efficients from this minimization are:

1
¢

w1l .
A =%2 Z(1+alo? + 482)79) (2a)
u
where
o = 2(< *o_|h|lo_ > - < g |h]lo_>)
g g u u
+<lo Yo |2l o >+<lgls |—1-110 s > (2b)
g g'r, B 8 g g'r, g &g
B=<ls lo |[2lo o > (2¢)
g g rlz g 24
and



« oo FL. 1 -t 1
(Our notation is: | oy 0, > = l 0, (1) Ou(z)‘> and

< lcx 1Oul =< 1o)\(l) lcu(z) > ). Putting the Ak into Y and op~

timizing E by wvarying the orbitals gives the Fock-type equations:

['o (2)]1° A o (2) Yo (2)
hlog+10gj—~§°——— dT2+~—ElOu f £ s dr

12 B 1o .
1
. B o (3a)
A g
g
[lo (2)]% A o (2) ‘o (2)
hic + lo f = dr, + Kg— g { - < dr,
Y19 u & 12
. 18u
- 1
= Gu (3b)
u

To solve these equations, we make a Roothaan expansion of the orbtials.

1 -\ 1
9 = Z: “xp [Xpa  Xpp! (4)
U p

1 - . L - e o
Here CXP are real co-efficinets; Xpa and Xpb are Slater—type
orbitals (STO) on nucleus a and nucleus b . We used the STO as
defined by Wahl.’ This converts equations (3) into two matrix equations
of the form:
1 = 1 1
F, c, S T (5)

¥
'

Since the matrices Fi_ contain the co-efficients 1&:A, equation (5)
must be solved by iteration until the results are self-consistent. The
orbitals obtained in this way are re-inserted into equation (2), and

the cycle is repeated until all parameters are self-consistent.



lsg and 1€u are obtained as the eigenvalues in the solution of

equation (5). They can also be derived from equations (3):

e =A%*[ <o |h|lo >+<to 16']——-1——]10 o >7]
g '8 g g g BTt B B
+A A <o Yo |=|t o >
g “u g r,, u ou
'e =A% <o |nllo >+<ta o ||l o >]
u u u u u 'flz u u

Having found ldg and lcu ,» these orbitals are re-inserted into Eq. (2}

i

and the whole cycle is repeated until the results are self-consistent.
The optimum energy is then
E=1e +'e + A% < o |n|lo >
g u g g g

+ A% <o |n|lo > + e

For the 32: state of HZ’ the single configuration wave function
is

3, - L 3 3 _ 3 3

b= g3 o () o 2) - "o (1) fo ()] (6)

dissociated into two ground state hydrogen atoms, The variational

principle produces the Fock equations:

[0 (2)1% o (2)% (2)
hic + % —_——d7, - %o & dt. = %¢ 3o
g g rlq 2 u rlz 2 g &

(72)




[*°c_(2)]% 0 (2)%_(2)
hic + % \ —&——4d1. - % & 2 dr, =% %o
u u Ty 2 g Ty 2 u u

(7b)

The orbitals sgx are expanded in terms of the same set of STO

8
which gives the Hartree~Fock—-Roothaan equations.

The orbital energies 3eg and 3€u are determined by the solu~

tion of the Roothaan equations, or can be derived from equations (7):

3¢ =< % |h|% >+<3%_ 30 [—L3o 0. >
g g g g u'ry, g u
- <% % }—i——|30 >
g u'r;,' Tu g
%¢ =< % |n|% >+<3% % |—l——|30 o >
u u u u

Bfip 8

= < ‘g 30g[;l;4308 o, >
12

The optimum energy is then
=1

=t 4% +< % [n|' >+ < [b%, >+ R

Large Values of R

Some results can be predicted from the theory even before making
any calculatioms. First, the singlet and triplet wavefunctions have
identical molecular orbitals when R is infinite. To see this, note
that both states consist of two ground state hydrogen atoms which

are not interacting, so the wavefunctions have the Heitler-London

form:



, .
= J%:[xlsa(l) X16b (D) & X1 (D) X1g,(2)] (8)

Converted into the molecular orbital form of-equations (1) and (6),

these wavefunctions both consist of the same MO's:

- 1 \
Gg - J’Z"(Xlsa i XJSb) (9J
u

When these orbitals are substituted into the Fock equations (3)

and (7), the equations are satisfied as R becomes infinite. In this

<
limit, o = 0 and « = 5/8, so that A = -a =2 2

The orbital

energies 3€g and 3€u are -%a.u., the energy of a ls hydrogen

atom; the leg and 1€u are -%a.u. Because the mixing co-efficients

AA appear in equations (3), the lgk are different from the Sak .

Small Values of R

The Fock equations (3) can tell us something about the singlet
wavefunction for small R . The ratio Aﬁ/Ag can be estimated by

approximating the MO in equation (2) by equation (9). Expanding the

ratio in powers of R.ne—rﬂR gives:
Au 4 ~R -R
IS = ~1 + 3 Re +O’(Re ) (10
g

From the results of the calculation (see Table II), the trends in equation (1{)
turn out to be correct. As R  decreases, the magnitude of A.u/A.g
gets smaller. Indeed, as. R approaches the equilibrium separation,

A.u/Ag becomes small (about =.1), so that Equation (3a becomes, in effect,



[0 (2)]2 e
1 1 g ~ 8 1
h Gg + oy j 0 dt, (Ag ) Og (11)

This is the equation for the orbitals in 'y = 1Og(l) log(Z), On the
other hand, Ag/Au becomes large, so that the g u orbitals calcu-~

lated from equation (3b) are very different from the MO's in a

1Gu(l) 1Gu(2) wavefunction. However, most properties of these wave-

wavefunctions at small R must be determined by a detailed calculation,

United Atom

The United Atom limit for the IZ; state of H, is the ground

+
u

2
of H2 goes to the lowest 2P(ls2p)

L
sob

state of helium, 'S(1s)2?. The 3%

state of He. To calcﬁigég the electronic energy é% thesé UA states,
we used the same wavefunctions, equations (1) and (6), but transfprmed
the basis functions into their UA form. The rules for correlation
diagrams® 1link the basis functioen Xpa i_pr to the corresponding STO

in the United Atom. All the rest of the theory remains the same,

except that '% is omitted from the energies.

I1I1. The Calculation

The singlet wavefunction requires the iterative solution of two
sets of coupled linear equations, containing molecular integrals. The
integrals are calculated by the BISON computer system1° at Argonne
National Laboratory, and the equations are solved by the Optimized
Valence Configuration (OVC)'procedure of Das and Wahl.!! The triplet
wavefunction obeys the Hartree-Fock-Roothaan equations which are also

solved by the BISON system.



The BISON system and the OVC program will therefore calculate the
singlet and triplet wavefunctions with the lowestiehérgies pogsible
from a given hasis set. Our goal was to select the'bésisﬂsets which
would approximate the Hartree-Fock energy and wavefuﬁctions to the de~
sired accuracy for both states over a range of internuclear distances.

To carry out this program, we needed a method for estimating the
difference between the Hartree-Fock energy and the energy calculated
from a given basis set. Our method is based on the fact that each
additional basis function lowers the energy, until the H-F energy is
obtained from an infinite set. Gilbert and Wahl'? devised a system for
picking each new function so that the energy converges to the H-F limit
at a rate roughly propprtional to the distance left to go. This rate
was determined from a number of atomic and molecular calculations,

including our own. The result is:

|E - B[, (12)

n EHartree—Fock| % 2|En~l

where E is the lowest enexgy which can be obtained with a wavefunction
of n basis functions.

Thus, for a given state and internuclear separation, the proecedure
ié to build up the basis set one by one, at each stage searching to
find ﬁhe function which would lower E the most. Using Eq. (12), we
can estimate how close the calculated energy is to the HartreerFock
energy.

At internuclear diatances from 5 - 10 Bohr, the exponential co-
efficient ¢ din the SIQ was restricted to unity so that the orbitals
could be compared to those used by Hirschfelder and Lowdin'® who deter-

mined the asymptotic form of the natural spip orbitals for H at

2



10

large separations. In this range of R , the basis sets were chosen

to get the energy to within lO_6 atomic units of the Hartree~Fock

energy (within 10—7a.u. at R = 1an). This assured sufficient accuracy
for the calculated values of the exchange energy, %[E(lzg) - E(azt)],
an important quantity in the theory of intermolecular forces. The

basis sets selected at R = Sao are given in Table I. . For larger
values of R two or three of the functions were omitted.!"

At internuclear distances smaller than Sao , the series of STO
converges more slowly to the Hartree-Fock wavefunction. To speed
‘convergence, § was no longer restricted to 1, but was optimized to
lower the energy. The basis set in Table II was assembled for the triplet
state at R = l.5aO (where the Hartree-Fock energy was approached within
2 x lO_Sa.u.). This same set was used for the singlet and triplet for
all R 1less than 5ao. Providing this basis set is as accurate at other
R as it is at l.5a0, these calculations give accurate values for the cor-

relation energy (E ) for the singlet and triplet in

Hartree-Fock _‘Eexact
this range of R .

Finally, we calculated these wavefunctions in the United Atom
limit, using the basis set developed for small- R . Since several
basis functions were linearly dependent in the UA limit, three had to be
discarded in order for the calculation to converge. The resulting basis
set is also given in Table II. The deviation of the UA energy from the
true Hartree-Fock value was not determined.

In all calculations, the worst computational errors come from the

numerical quadrature for the coulomb-hybrid integrals. These integrals

were .always set to converge to within 10_7a.u. (except for calculations



Table I

Basis Functionsa Xp for R = 5a
o

IZ+ State SZZ State
1s 1s
2s 2s
3s 3s
4s 4s
2p 2p
3p 3p
4p 3d
3d 4d
4f 4f

These are Slater—~type orbitals as
defined in Ref. (6). m = 0 and

¢ =1 for all functions.



Table II.

a

)ﬁ for

Sepagated Atoms

1s
ls
1s
Zs
2s
2s
2p
2p
3s
3d
3d

4Lf

These are STO as defined in Ref.

Basis Functions for small

0.350

1.000.

1.900

0.875

1.220
7.600

2.155

4.300.

3.870

1.680.

3.400

2.700

UA limit
for @é basis

1s

1s

1s

2s

2s

2s

3s

3d

4d

4d

6s

(6).

m=0

12

and the United Atom

UA

limit for e‘u

basis

2p
2p
2p
3p
3p

4p

for all functions.
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at R = lOaO where the threshold was lOmSa,u.). Thus fhe integrals
were calculated to an order of magnitude higher preeigidn than the

deviation from the Hartree-Fock epergies.

IV. Results apd Disgussion

The results of the calculation are discussed from three perspectives:
the various energies, the wavefunctions at the United Atom and Separated
Atom limits, and a comparison of the orbitals from the singlet and

triplet. The orbitals for H2 are also compared with wavefunctiops

-+

for H2 .

Energy

The total emergy from the.ecaleulation are in Table ITI, along

with the correlation energyls, B

i E In Table IV,

Hef
the energy is expressed as Coulomb ppergy, Boouy % fE(lng+) .
E(3z:u+)] and the exchange energy, Eexch = rmlxg—r) wE(?’}: u.,.)].

_The accuracy of the Coulomh and exchange energy 18 also ihcluded in

W »
cory exact

Table 1V,

The Hartree~-Fock potentia] curves are shawyn ip Figure i; and
.compared with the exact potential curve aof quQﬁ and Wolniewicz, For
small R, the triplet energies are closer tq haiqg exact than the
singlet energies. To make this comparison fqr pll R, the ratio
E.orr (32:1;+)/Ecorr (12::g+) is plotted in Figure 2. It ranges

from around .15 at R = 0 to nearly 1,0 at R = |0,

Limiting Bahaviour

The mixing co-efficients and prbiral epergles aye given in

Table V. At R = 10 the values of these parameters are within 0.5%
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Table III. Total Hartree-Fock Energy and Correlation

Energy (in atomic units). The underlined

numbers do not agree with the H-~F energy

as estimated by eq. (12).

12:-+ State 32: * State

R ~ & u

~H Eeorr =8 | COTT
0.0 (2.86866912)a .0350553 (2.1282925) .0048785
1.3 1.14913320 .0232127 0.74866877 .0057345
1.4 1.15214823 .0223262 0.77844420 .0057059
1.5 1.15140136 .0214523 0.80403953 .0055700
1.6 1.1479912§ .0205879 0.82636423 .0053596
2.0 1.12089613 0172351 0.89288169 .0041819
3.0 1.04809155 .0092203 0.97003347 .0019769
4.0 1.01308762 .0032813 0.99245095 . 0009272
5.0 1.00284659 .0009160 0.99828786 .0003270
6.0 1.00055542 .0002596 0.99964181 .0001707
7.0 1.00010267 .0000862 0.99993000 .0000730
8.0 1.00001830 .0000352 0.99998702 .0000326
9.0 1.00000317 .0000153 0.99999770 .0000150
10.0 1.00000053 .0000081 0.99999960 .0000080

a

The energies in parentheses are electronic energies, the total

energy with L1/R subtracted off. The true Hartree-Fock energy

was not estimated for the UA, so the significant figures could
not be designated.



15

Table IV. Coulomb and Exchange Energies (in atomic units). The
underlined figures are not the H-~F wvalues as
estimated by eq. (12).
R —ECoul Coul —ECoul -Eexch exch exch
H-F H-F exact H-F H-F exac;
0.0 — 0.3701883° .0150884
1.3 0.94890099 .0144736 0.20023222 .0087391
1.4 0.96529622 .0140161 0.18685202 .0083102
1.5 0.97772045 .0135112 0.17368092 .0079412
1.6 0.98717809 .0129738 0.16081387 .0076142
2,0 1.00688891 .0107085 0.11400722 ,00652§§4
3.0 1.00906251 .0055986 0.03902904 .0036217
4.0 1.00276929 .0021043 0.01031834 .0011771
5.0 1.00056723 .0006565 0.00227937 -0002593
6.0 1.00009862 .0002152 0.00045681 , 0000445
7.0 1.00001634 .0000796 0.00008634 . 0000066
8.0 1.00000266 .0000339 0.00001564 .0000013
9.0 1.00000044 .0000152 0.00000274 .0000002
1.00000007 .0000081 0.00000047 .00000007

10.0

a

The true Hartree-Fock values were not estimated for the UA.



Table V.
R
0.0 0
1.3 0
1.4 0.
1.5 0.
1.6 0.
2,0 0.
3.0 0.
4,0 - 0.
5.0 0
6.0 0.
7.0 0.
8.0 0.
9.0  O.
10.0 0.
00 0

Mixing Co-efficients and Orbital Energies

.99928

.99490

99397
99288
99162
98433
94106

86194

. 78970

74659
72517
71519
71066

70865

.70711

(in atomic units).

0.03798
0.10084
0.10968
'0.11913
0.12922

0.17634

0.33824°

0.50702

0.61350

0.66528

0.68857

0.69893

0.70353

0.70556

0.70711

.92312

).62061

.60400
.58847
57392
.52373
.42967
.35355
.30147
»27394
.26087
.25488
.25216
.25095

.25000

.00489
.01472
.01633
.01813
.02012
.03043
07794
. 14596
.19800
.22592
.23910
.24511
24784
+ 24905

.25000

1.7401
0.9609
0.9175

0.8786

0.8440 -

0.7393
0.6064
0.5489
0.5222
0.5098
0.5042
0.5018
0.5007
0.5003

0.5Q00

16

.1283
.2009
2144
.2287
.2432
.3002
L4024
4539
L4786
L4904
4958
4982
.4993
4997

.5000
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of the limits predicted for R = w,

At the United Atom limit, the mixing co-efficient A, 1is small,
but not zero. Thus, the p-functions in the '(3ou)2 configuration
slightly deform the 1S spherical symmetry expected of the overall
wavefunction for this atom.,16 In order for the Hartree-Fock wave-
function to have strictly lS symmetfy, additional constraints would

have to be imposed on the wavefunction.

The QOrbitals

Using the BISON computer system, contour diagrams were made of
the orbital densities, |OX|2 .. In Figure 3, the triplet MO
have dotted contour lines, and are super-imposed on the contours of
the corresponding singlet orbital. The pictures compare the orbitals
for these two states at R = Sao (where the two hydrogen atoms have
begun to overlap) and at R = 1.5aO (close to the equilibrium separation
for the singlet).

A striking result of this calculation is the near identity of
the singlet and triplet orbitals at R = Sao. Theory had predicted
these states would have the same orbitals for infinite R. But this
calculation shows this situation persists for internyclear separations
as small as Sao and probably éao.

This coincidence breaks down as R gets smaller. Figure 3
shows how these two orbitals differ when R = l.SaO, and Figure 4
compares them when R = 0, the United Atom. The Og orbitals
remain roughly the same size as they both converge to 1s orbitals
for helium. On the otherhand, the gg orbitals diverge., As

i goes to a 2p orbital for He. However the lg

u u

expected,



becomes a p-function with roughly the same dimensions as the

(or the ls) orbital.
The size of the 10u is determined

However, it is apparent that the only way in

configuration can lower the wvalue of "E 1is

‘l| 1 1 3

integral g "o
u u

1 1
< ‘o ‘o |r
g g| 12
roughly equivalent to maximizing the overlap

lobe of the !¢ . Thus, the !5 remains
u u

orbital rather than becoming large like the

H2+ Wave Functions.

In Figures 5 and 6, the H, orbitals

[
o0

1Og
by optimizing the energy.
which the (ldu)z

by maximizing the exchange
This condition is

between lgg with each
small like the 1gg (or 1s)

3gu (or 2p) orbital.

at R = l.SaO are compared

2
with the exact H2+ wavefunctions.l7 Table IV gives the values of
the orbitals at a nucleus. The H + orbitals become indestinguish-

2

able from the H, orbitals when R is greater than J5a_ . At

2

R = l.SaO, the value of Og at the nuclear cusp is greatest

for the H2+ and least for the H2 triplet.

the shielding by the second electron tending

This is the result of

to make the H2 orbitals

more spread out. The shielding is greater for the singlet than for

the triplet state,

For the oﬁ at R = 1.5 ao, the value of the H + orbital

2

cusp is greater than for the H, triplet , as we would expect on the

2

basis of shielding. The large cusp value for the H

corresponds to the fact (which we previously

3

orbital is smaller than the Ou.

2 singlet

explained) that the 9,

For R =15 a_s the differences between the H, and H,' which

2 2

were caused by shielding have become insignificant. However, there

remains a difference between the cusp values

orbitals which rapidly disappears for larger

of the o and the O
g u

values of R.



Table VI. Values of H2 and H2+ Orbitals at a Nucleus
= 1.5a R = 5.0a
o o

H2+ 0.528 .379

Og Hy, Singlet 0.464 .383

HZ’ Triplet 0.506 .389

H2+ 0.410 . 420

9 HZ’ Singlet 0.616 .418

Hé, Triplet 0.307 L412

18a
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The Tllustrations

The Hartree-Fock potential curves (energy is in a.u.) for the
12; and 321 states of H2 ,» compared with the exact

curves of Kolos and Wolniewicz (ref. 6).

A 1t 3+ . . _
The ratio Ecorr( Zg)/E ( Zu) plotted against the inter

corr

nuclear distance.

A comparison of the orbital density from the :IZg state
(solid controus) with those from the 323 (dotted contours).
In all confour diagrams, the outermost line corresponds to a
density of 3 x ].0_5 e_/ao. Each successive inner contour

then increases by a factor of 2.
Orbital density contours for the United Atom.

The Gg orbitals for H2 and H2+ plotted along the inter-

nuclear axis with the origin midway between the nuclei.

R=1.5a .
o

+
The <r orbitals for H and H at R = 1.5a .
u 2 2 o
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Appendix

Tables of the Complete Wavefunctions.

These tables present the complete raesults of calculations: the

basis sets used, the co-efficients CXP , the mixing co-efficients A

the orbital energies and total emergies. These paraméters are listed

for both the 12; and 32: states over the range of internuclear

>\’

separations from 0 to 1030. The tables for the triplet also lists -V/T,

the ratio of potential to kinetic energy, which occurs in the Virial

Theorem.
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