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ABSTRACT 

The preyious developmemf of ghe theory a€ E o t a t i o n a l  excieatiqn i n  

c o l l i s i o n s  of diatomic molecules is  transformed t o  ob ta in  equat ions  

f o r  4 set of genera l ized  phase s h i f t s ,  The r e s u l t i n g  equat ions are i n  

a foqm which may be  i n t e r p r e t e d  i n  Germs of frajectarias and I n t e r -  

f e rence  e f f e c t s ,  

l ipit  are obcainsd. A f u r t h e r  approximation l eads  t o  t h e  previouqly 

developed sudden approximation. 

Approximate equat ions  v a l i d  i n  t h e  semiclassical 



The hhaory of ro ta t iona l .  e x c i t a t i o n  in  c o l l i s i o n s  of d i a t m i c  

molecules has been d iscussed  i n  a series of papers , ’  r e f e r r e d  t o  

Papers I - XI. 

p a r t i a l  wave approach t o  s c a t t e r i n g  theory.  

r e s u l t i n g  formula t ion  is  transformed t o  a farm similar to approximations 

based on t h e  t g m e  dependent approach. 

c e r t a i n  w e l l  def ined  apprpximations l ead  t o  t h e  f u l l  sudden appr.oxi,maS;bR, 

This  development i s  based on t h e  pime independent o r  

I n  t h e  p re sen t  paper ,  t h e  

I n  p a r t i c u l a r  i t  is shown .that 

Correct ions t o  t h e  sudden approximation are discusqed.  

I n  Paper  V I 1 1  of the- series, t h e  moments of t h e  degeneracy averaged 

WQSS s e c t i o n  are w r i t t e n  i n  terms of t h e  elements,  

mat r ix  i n  t h e  form2 (Eq.  VIII-8) 

S ( k >  of an S- 

where t h e  sum is over A , A ’  , 7 , x’ La, 5’ and L . Here and 

elsewhere t h e  syrnboJ A is used t o  i n d i c a t e ,  co l l ec t$ve ly ,  t h e  set of 

six i n d i c e s  

Ra Rb A ; 

t h e  set %a tb X . Thus 8(r(h) i n d i c a t e s  t h e  product of s i x  Hronpcdrer 

Ra !$, A La Lb L; 

h t o  i n d i c a t e  t h e  set 

R t o  i n d i c a t e  t h e  set of three i n d i c e s  
- - - %?; 0 0 0 3 and R t o  i n d i c a t e  

- c c -  

d e l t a s .  The elements S(’ji;f) of t h e  S-masrix may be def ined  i n  &e- 

of the asymptot ic  fQrm of t h e  func t ions  X(zh) by (Bq.. VIIT-€ I )~  

- I -  
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A Green's func t ion  expression f o r  t h e  func t ions  X(?ih) is g ivsn  by 

i n  terms of t h e  Green's ope ra to r  f o r  t h e  motion of t h e  p a i r  of molecules 

i n t e r a c t i n g  through t h e  o r i e n t a t i o n  averaged p o t e n t i a l ,  V ( O )  . This  

ope ra to r  is def ined  by Eq.  V-26, i n  terms of t h e  func t ions  I/JA(k) 

SA(k) 

and 

which i n  t u r n  are def ined  by E q s .  V-21 and 23. 

Generalized Phase S h i f t s  

(*> L e t  u s  d e f i n e  t h e  func t ions  + (I,) and $(-)(I,> as t h e  sol.utlons 

of t h e  r a d i a l  wave equat ion  

which are asympta t ica l ly  of t h e  form 

N 

Tn terms of t h e s e  func t ions ,  t h e  func t ions  I/JA(k) 

by E q s .  V-21 and 23, are 

and I/JA(k). , def ined  



3 

( 2 )  i s  t h e  u s u a l  phase s h i f t .  

'With Eqs .  6 and 7, i t  fo%lows d i r e c t l y  from E q s .  3 and V-26 t h a t  

where 

It fol lows from Eq. 2 t h a t  
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Upon d i f f e r e n t i a t i o n  of E q s .  9 and 10 and use  of E q .  8 one f i p d s  

t h a t  

where 

and t h a t  as r + a 

and as r + 0 

This  s e t  of d i f f e r e n t i a l  equat ions  along wirh t h e  boundary condi t ions  

may be used t o  determine t h e  func t ions  Y' (TA> e Furthermore,  i n  an 

approximation t h e  two sets of equat ions  uncouple; t h e  product 

f'*)(&) f '*)(k')* (and fC-'(k> f'-'(/?')*) is s l o w l y  varying i n  r , 



5 

highly  o s c i l l a e o r p .  The ftrncEions Y'-' (RA) desc r ibe  t h e  amplitudes 

of t h e  incoming waves and t h e  func t ions  Yc')(Rh) de sc r ibe  t h e  ampli-  

tudes of t h e  outgoing waves. The coupling between t h e  two sets of 

equat ions i s  a s soc ia t ed  wizh i n t e r f e r e n c e  e f f e c t s  between t h e  incoming 

and outgoing waves, As i nd ica t ed  by Eqs. 1 and ll t h e  cross s e c t i o n s  

are determined by t h e  amplitudes of t h e  outgoing waves. 

The func t ions  x(XAS S ) are introduced i n  Paper VIE1 and given a b  

e x p l i c i t l y  by Eq. VIII-26. It is convenient t o  make use  of t h e  corn? 

p le t eness  of t h e s e  func t ions  t o  expand t h e  func t ions  Y(*)(xA) and 

With t h i s  d e f i n i t i o n  it fol lows from Eq. VIII-54, t h e  or thonormal i ty  

of x(xAS S ) Eq. VEII-28, and t h e  boundary cond i t tons ,  Eqs. 15 and 

16 ,  t h a t  as r -+ 00 

a b  

and as r -+ 0 

, ,  

Equaiions f o r  t h e  genera l ized  phase s h i f t s  Q("(% S ) and Q(-)(xSa$b) 

may be  obta ined  from Eq. 12 and t h e  or thonormal i ty  of t h e  x(rASaSb) , 
a b  

Eq. VIII-23, 
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A A‘ 

As ind ica t ed  by E q .  VIII-23, t h e  x(yASaSb) are eigenvectorp of 

t h e  ma t r ix  W‘l) (?CAA’) wi th  e igenvalues  V(’)(S S },  t h e  a n i s o t r o p i c  

p a r t  of t h e  in t e rmolecu la r  p o t e n t i a l .  

t h a t  

a b  

It thus f a l lows  from E q .  V 1 I 1 ~ . 2 3  

WTth t h i s  r e l a t i o n  t h e  l as t  equat ion may be r e w r i t t e n  i n  t h e  form 
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where 

A (23) 

This is an  exac t  set of coupled equat ions  f o r  t h e  genera l ized  phase 

(xSaSb). I n  t h e  next  s e c t i o n ,  t h e  s c a t t e r i n g  c ros s  sqcrtiops 

and t r a n s i t i o n  p r o b a b i l i t i e s  are w r i t t e n  i n  terms of these  q u a n t i t i e s .  

I n  t h e  fo l lowing  s e c t i o n ,  a s e m i c l a s s i c a l  approximation t o  these  equa- 

t i o n s  i s  d iscussed .  

S c a t t e r i n g  Cross Sec t ions  

L e t  u s  d e f i n e  

It then fo l lows  from Eqs. 11 and 1 7  t h a t  

and us ing  t h e  e x p l i c i t  express ion  f o r  t h e  func t ions  

VIII-26, t h a t  

x(%SaSb)' E q ,  

('-.I O d + P  dn 1 
g%p Y V  
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where 

I t 'may be  shown thar, 

With this r e l a t i o n  and Eq.  26, the express ion  for t h e  moments of t h e  

degeneracy averaged c ross  s e c t i o n  given by E q .  1 may be  w r i t t e n  i n  the 

form 
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where t h e  sum i s  over x' La LbV y 01 6 a' B t  . 
I n  Paper 11, (see Eq. 1I-5.7) ,  t h e  degeneracy averaged cross 

s e c t i o n  f o r  s c a t t e r i n g  i n  t h e  d f r e c t i o n  x is w r i t t e n  i n  t h e  form 

i n  terms of t h e  moments of t h e  c r o s s  s e c t i o n .  Using t h e  last  two 

r e l a t i o n s  i t  fol lows t h a t  

The la t te r  q u a n t i t y  may convenient ly  b e  w r i t t e n  i n  t e r m s  of a genera l ined  

s c a t t e r i n g  amplitude 
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I n  terms of t h i s  quan t i ty  

It i s  r e a d i l y  shown from t h e  p r o p e r t i e s  o f  t h e  r e p r e s e n t a t i o n  

c o e f f i c i e n t s  t h a t  

Using t h i s  r e l a t i o n  i n  E q s ,  3 1  and 3 4  y i e l d s  another  expression f a r  

t h e  d i f f e r e n t i a l  c ros s  s e c t i o n  i n  t e r m s  of t h e  genera l ized  s c a t t e r i n g  

-amplitude 
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On i n t e g r a t i n g  t h e  l as t  express ion  over t h e  angle  of d e f l e c t i o n  

x , one f i n d s  t h a t  t h e  t o t a l  c r o s s  s e c t i o n  may b e  w r i t t e n  i n  t h e  form 

A 

where 

may be  i n t e r p r e t e d  as a t r a n s i t i o n  p r o b a b i l i t y  as a func t ion  of t h e  

i n i t i a l  r e l a t i v e  angular  momentum a s s o c i a t e d  w i t h  t h e  index x. 
The expressions g iven  by Eqs .  36 and 38 are exact express ions  f o r  

t h e  c r o s s  s e c t i o n s  and t r a n s i t i o n  p r o b a b i l i t i e s  i n  terms of t h e  

A(TSaSb) which i n  t u r n  are def ined  i n  terms of t h e  genera l ized  phase 

The genera l ized  phase s h i f t s  may be obta ined  through s h i f t s  by Eq. 24. 

t h e  s o l u t i o n  of t h e  exact set of coupled equat ions ,  Eqs.22.  

fol lowing s e c t i o n  w e  d i scuss  an  approximate s o l u t i o n  of t hese  coupled 

equat ions .  

In  t h e  

Semic la s s i ca l  Approximation 

The WBK approximation t o  t h e  r a d i a l  wave f u n c t i o n s i s '  
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where 

Thus i n  the semiclassical lh i t  

where 

It may easily be shown t h a t  

and 
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where 

The ang le  0 i s  simply r e l a t e d  t o  t h e  c lass ical  ang le  of d e f l e c t i o n  

x = r -  28") where 0 (O) i s  t h e  va lue  of 0 a t  t h e  classical  tu rn ing  

po$nt. The angles  $a and qb may b e  i n t e r p r e t e d  i n  a s imilar  classi- 

cal  manner. F i r s t ,  t h e  q u a n t i t y  Ms/hK is  a measure of t i m e  a long a 

classical  t r a j e c t o r y  and second hTa/Ia 

cal  angular  v e l o c i t y  of r o t a t i o n  of t h e  molecule.  Thus and $b are 

classical  ang le s  of r o t a t i o n  of t h e  molecules.  

may b e  i n t e r p r e t e d  as a classi-- 

With tlze express ion  f o r  t h e  r a d i a l  wave func t ion  given by E q s .  42 

and 47 and t h e  r e l a t i o n  developed i n  t h e  Appendix, Eq.  98, one may show 

t h a t  i n  t h e  classical l i m i t  t h e  q u a n t i t y  def ined  by Eq. 23 i s4  
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where t h e  sum is over 

p r o p e r t i e s  of t h e  3-j symbols t h i s  becomes 

La Lb L a y I, a' P '  y' V '  Then using t h e  

where t h e  sum i s  over  L 

of t h r e e  r o t a t i o n s ,  e.g.  

Lb a B y V and T Z ) $  TF) are each products  
a 

It thus  fo l lows  from t h e  o r thogona l i ty  of t h e  r e p r e s e n t a t i o n  c o e f f i c i e n t s  

t h a t  

I n  a similar manner i t ;  i s  found t h a t  i n  t h e  classical l i m i t  

where 
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Since t h e  inve r se  of t h e  r o t a t i o n ( 0 ,  0 )  is (F, @ , T + ) $  

where 

and 

where 

It fo l lows  from t h e s e  r e l a t i o n s  and Eqs .  22 t h a t  i n  the  classical l i m i t  
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The second term on t h e  r i g h t  of Eq. 59 r ep resen t s  i n t e r f e r e n c e  

e f f e c t s  between t h e  incoming and outgoing waves, I n  t h e  approximation 

t h a t  t h i s  term is  ze ro ,  t h e  equat ion  may be  so lved  by s t r a igh t fo rward  

i n t e g r a t i o n .  It then  fol lows from t h e  boundary cond i t ions ,  E q s .  18  

and 19 t h a t  

and from Eq. 24 t h a t  

i 631 

The exponent ia l  of t h i s  express ion  is c o r r e c t  ( i n  t h e  semi-classical 

l i m i t )  t o  f i r s t  o rde r  i n  t h e  a n i s o t r o p i c  p a r t  of t h e  i n t e r a c t i o n  poren- 

t i a l .  
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The las t  equat ion  along w i t h  Eq. 38 l eads  t o  an  approximation t o  

t h e  t r a n s i t i o n  p r o b a b i l i t y .  I n  t h e  last express ion ,  t h e  r o t a t i o n s ,  

TLk' and T"' are def ined  by Eqs. 51 and 54  i n  terms of t h e  r o t a -  

t i o n s ,  Sa and Sb and t h e  angles  68 , I)a and I)b given by Eqs. 

44 and 48.  The i n t e r p r e t a t i o n  of t h i s  express ion  is  t h a t  t h e  in t eg ra -  

b 

t i o n s  ove r  r r ep resen t  i n t e g r a t i o n s  over  t h e  incoming and outgoing 

branches of t h e  t r a j e c t o r y  determined by t h e  s p h e r i c a l  p a r t  of t h e  PO- 

t e n t i a l , ( I t  is  only t h e  s p h e r i c a l  p a r t  of t h e  p o t e n t i a l  because of t h e  

l i n e a r i z a t i o n  r e f e r r e d  t o  above). The e f f e c t  of t h e  ang le  6 is t h e  

e f f e c t  of t h e  motion along t h e  t r a j e c t o r y  on t h e  re la t ive o r i e n t a t i o n s  

I)a and I) is  t h e  e f f e c t  of t h e  molecules;  t h e  e f f e c t  of t h e  angles  

of t h e  r o t a t i o n s  of t h e  molecules themselves.  

b 

In a f u r t h e r  approximation, t h e  angles  I) and I)b i n  t h e  de- a 

f i n i n g  equat ions  of T'+' and TLk) , Eqs, 51  and 54 may be taken t o  

be  zero.  I n  t h i s  approximation, J(TS,Sb> i s  independent of t h e  

t h i r d  Euler ian  angles  of Sa and Sb a I n  t h i s  case then  t h e  sums on 

a and 6 of t h e  express ion  f o r  t h e  t r a n s i t i o n  p r o b a b i l i t y ,  Eq. 3 8 ,  

a 

reduce t o  a s i n g l e  term, a = B = 0 -  

p r e c i s e l y  t h e  f u l l  sudden approximation. 

The r e s u l t i n g  express ion  Ls 

5 

The a n i s o t r o p i c  p a r t  of t h e  i n t e r a c t i o n  p o t e n t i a l  may be  expanded 

as ind ica t ed  by Eq. V-5 i n  t h e  form 
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It then  fo l lows  from t h e  d e f i n i t i o n s  of E q s .  51 and 54 t h a t  

where t h e  sum i s  over La Lb 2) a a' P 6' . 
I f  t h e  i n t e r a c t i o n  p o t e n t i a l  i s  s m a l l ,  t h e  second exponent ia l  of 

E q .  64 may be  expanded t o  g ive  as a l i n e a r  approximation 

I f  t h i s  l i n e a r  express ion9  and t h e  express ion  above, are used i n  t h e  

express ion  f o r  t h e  t r a n s i t i o n  p r o b a b i l i t y ,  E q .  38, one f i n d s  t h a t  



1 9  

2i 
I -  

Next le t  us s p e c i a l i z e  t o  t h e  case of atom diatomic molecule col- 

l i s i o n s  and fur thermore assume t h a t  only one term appears i n  t h e  ex- 

pansion of t h e  p o t e n t i a l ,  Eq. 6 5 .  That i s ,  w e  assume t h a t  t h e  only 

nonzero va lue  of v (La $) V I  is (1) 

In  this case, t h e  va lue  of P (x  ; R  -x) f o r  a t r a n s i t i o n  (xa # Ra) is a a'  ' 
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I n  t h e  approximation t h a t  I/.J 

t o  t h a t  based on t h e  l i n e a r i z e d  sudden approximation and given 

e x p l i c i t l y  by Eqs. X-39, 41, and 44. 

= 0, t h i s  express ion  reduces d i r e c t l y  a 

C l a s s i c a l  L i m i t  

In t h i s  s e c t i o n  w e  cons ider  t h e  c lass ical  l i m i t  of t h e  gene ra l i zed  

phase s h i f t s .  

f o r  t h e  func t ions  Y"' (TA), E q s ,  12 are d i f f e r e n t i a t e d  once aga in  with 

r e spec t  t o  r e I n  t h e  r e s u l t i n g  equat ions  t h e  f i r s t  d e r i v a t i v e s  are 

e l imina ted  by use  of t h e  o r i g i n a l  se t  of equat ions ,  Eqs .  12.  

r e s u l t i n g  set of equat ions  is 

To o b t a i n  t h i s  l i m i t ,  t h e  set of d i f f e r e n t i a l  equat ions 

The 
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The d i f f e r e n t i a l  equa t ions ,  Eqs. 12, may a l s o  b e  “solved” t o  ob ta in  

t h e  set  

where W(” (%AA’)-’ is  t h e  mat r ix  i n v e r s e  t o  W ( l )  @&A’). This  r e s u l t  

may b e  used f n  E q s .  73. t o  decouple t h e  two  sets of equat ions  and ob ta in  

t h e  sets, 

The func t ions  Y(’)(XA) may b e  expanded i n  t h e  form fndgcated 

by Eq.  17. When t h i s  form i s  used i n  t h e  last equat ion  one ob ta ins  

t h e  set 
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It fo l lows  from t h e  p r o p e r t i e s  of t h e  r a d i a l  wave equa t ion ,  

Eq. 4 ,  and t h e  d e f i n i t i o n s ,  Eqs. 5 ,  t h a t  t h e  Wronskian of t h e  two 

s o l u t i o n s  is 
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It then fo l lows  from t h e  d e f i n i t i o n s ,  Eqs. 13 and 14, t h a t  

With t h i s  r e l a t i o n ,  t h e  express ion  f o r  W(l'(TAA') 

and t h e  analogous r e l a t i o n  f or t h e  inve r se  mat r ix  

Eq. 7 4  may b e  r e w r i t t e n  i n  t h e  form 

given by Ego 21, 

W(l) (XAA' 

where 

A (78) 

l?("(Z S S S ' S b t )  is the mat r ix  def ined  by Eq. 23, a b a  
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-i 
and F"'(F Sa Sb SBV S b ' >  is t h e  matr ix  inve r se .  

This  set of equat ions  f o r  t h e  Q("(T Sa Sb] is equiva len t  t o  t h e  se t ,  

EqS* 22, The p resen t  se t ,  however, is more convenient f o r  t h e  d is -  

cussion of t h e  classical  l 5 m i t .  

A semiclassical approximation t o  t h e  wave func t ions  and t h e  

q u a n t i t i e s  F(" (z Sa Sb Sa' Sb ' )  is d iscussed  i n  t h e  previous s e c t i o n ,  

It fol lows from t h e  d e f i n i t i o n s ,  Eqs. 13,  1 4 ,  and 78, and t h e  WBK ap- 

proximations t o  t h e  wave func t ions  t h a t  t h e  semiclassical approximation 

t o  P ( T  sa Sb Sa' Sb '>  is 

where F ( O ) ( R >  i s  t h e  q u a n t i t y  def ined  by Eq. 40. With t h i s  r e l a t i o n  

and t h e  l i m i t i n g  forms of P"'(x Sa Sb Sa' Sb ' )  g iven by Eqs. 52 and 5 3 ,  

i t  fo l lows  t h a t  i n  t h e  semiclassical approximation, Eq. 77 reduces t o  

where V (" (Ta (') Tb (")' i s  t h e  d e r i v a t i v e  of t h e  a n i s o t r o p i c  p a r t  of t h e  

p o t e n t i a l  eva lua ted  a t  t h e  ind ica t ed  o r i e n t a t i o n s .  This  set  of uncoupled 

equat ions i s  equiva len t  t o  t h e  set of coupled equat ions ,  Eqs. 59,  
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I n  o rde r  t o  cons ider  t h e  classical  l i m i t  one may consider  a formal 

expansion of Q (R Sa Sb> i n  powers of 45 I f  such an  expansion is  

used i n  t h e  l as t  equat ion  i t  is e a s i l y  shown t h a t  t h e  lowest o rde r  term 

i s  of o r d e r  and t h a t  t h e  equat ion  f o r  t h e  lowest order  term o r  

classical l i m i t  is 

- 

This  equat ion may r e a d i l y  be so lved  t o  g ive  

where 

Of t h e  two r o o t s  of t h e  q u a d r a t i c  equat ion ,  t h e  r o o t  given above is  t h e  

only c o r r e c t  one. 

t ive  i s  i d e n t i c a l l y  zero  i f  t h e  a n i s o t r o p i c  p a r t  of t h e  p o t e n t i a l  i s  

zero.  The a l t e r n a t e  r o o t  is an extraneous roo t  in t roduced  by t h e  d i f -  

f e r e n t i a t i o n  which l eads  t o  Eq. 71. 

It fo l lows  d i r e c t l y  from Eq. 22 t h a t  t h e  der iva-  
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Equation 82 may b e  r e a d i l y  i n t e g r a t e d  and hence i t  fol lows d i r e c t l y  

( 2 )  - from t h i s  equat ion  and t h e  boundary condi t ions  on t h e  Q 

Eqs. 18 and 1 9 ,  t h a t  

(2 Sa 

I- 

where r - and r+ are t h e  zeros  of F") (XI. Thus from t h e  d e f i n i t i o n ,  

Eq. 24, 

where 

The WBK approximation t o  t h e  u s u a l  phase s h i f t  i s  



27 

Using t h i s  express ion ,  t h e  las t  express ion  f o r  t h e  genera l ized  phase 

s h i f t  may b e  r e w r i t t e n  i n  a very s i m i l a r  form 

I-- 

This express ion  f o r  t h e  genera l ized  phase s h i f t  is v a l i d  i n  t h e  clas- 

s i ca l  l i m i t .  The express ion  f o r  t h i s  quan t i ty  given i n  t h e  exponent 

of Eq. 6 4  i s  an approximation which is  v a l i d  t o  f i r s t  o rder  i n  t h e  

a n i s o t r o p i c  p a r t  of t h e  p o t e n t i a l .  
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Appendix 

An e x p l i c i t  express ion  f o r  t h e  coupl ing c o e f f i c i e n t s  w a s  obtained 

by Wigner.' Wri t ten i n  terms of t h e  3-3 symbols t h e  e x p l i c i t  expres- 

L e t  us  now cons ider  t h e  s p e c i a l  case i n  which 

l i m i t  i n  which R and ?i- are l a r g e  and 

~ - l  = 0 and cons ider  t he  

and L are s m a l l .  I n  t h i s  l i m i t  

E x p l i c i t  express ions  f o r  t h e  r ep resen ta t ion  c o e f f i c i e n t s  have a l s o  

been obta ined  and are given,  f o r  example, by E q s .  12.B-13 and 19 of 

Ref. 3 .  It fol lows d i r e c t l y  from E q s .  92 and 12.B-19 (of Ref. 3) t h a t  
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and t h e r e f o r e  from E q .  12.B-13 (of Ref. 3) 

Prom t h e  las t  r e l a t i o n  it fol lows t h a t  

where T is  t h e  product of t h r e e  r o t a t i o n s  

9 

It may be  shown i n  a s t r a i g h t f o r w a r d  manner t h a t  
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Thus, i n  t h e  l i m i t  t h a t  R and % are l a r g e  and L and - R are 

not l a r g e  

;2 
= e  

In  t h e  s p e c i a l  case t h a t  0 = 0 ,  t h i s  r e s u l t  reduces  t o  t h e  orthonormal- 

i t y  proper ty  of t h e  3-3 symbols. 
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