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ABSTRACT

Several methods of combining the
output of a strapdown inertial navigation system with an
external measurement of altitude are investigated. This com-
bined information is used in the computation of the gravity
field vector of the earth. The computation uses the two sou-
ces of information in a manner which minimizes the error in
the indicated position due to the component errors in the
altimeters and the gyros. Two sub-optimal hybrid altimeter
configurations are considered. The first altimeter mixes
radar altitude,which contains no dynamic lag,with vertical
acceleration;the second combines barometric altitude,which
contains dynamic lag,with vertical acceleration.,The steady
state mean squared error of either hybrid system is not
reduced by the inclusion of vertical acceleration data.

The results of linear optimal filtering theory for discrete
systems are reviewed. The linear optimal filtering theory
is applied to the problem of hybrid altimetry. It is shown
that a combination of a radio altimeter,barometric altime-
ter and vertical acceleration reduces the mean squared
error in the estimate of altitude to a great extent.It is
also shown that this accuracy is only very lightly sensible
to the error angle in tracking the vertical.

Thesis Supervisor : Winston R. Markey

Title : Professor of Aeronautics and Astronautics
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gl denotes determinant of the matrix J
J' denoter the transpose of the matrix J

A bar over 3 variable indicates the expected or inean
value of that varlatle,

Underlined lower or upper case letters are coluun

vectors.
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1. Introduction

In recent years, the requirement for extremely accurate
navigation has become more common. A determination of the
aircraft altimetry errors is needed for assesment of the ad-
equacy of vertical separation standards. For horizontal
flight, the extent to which an airplane is known to deviate
from its assigned altitude depends primarily on the instru-
ment errors, For many years extensive efforts have been
made to improve the accuracy of the airborne instruments.

The altimeters which will be considered herein consist
of the radio altimeter and the barometric altimeter. The
radio altimeter is capable of measuring the height with a
precision of about 150 feet (ref 16) with negligible lag in
the information. The barometric altimeter, on the other
hand, is modeled mathematically as a first order system with
an uncertainty in the output of 500 feet.

It is desired to obtain an extremely accurate hybrid
altimeter, by combining these altimeters with an inertial
navigation systcem, one of the most accurate and precise sys-
tems in the field of instrumentation.

The inertial navigation system {(1.¥.S.) considered is a
strapdown I.N.S. But in this particular class of navigator,
it is sometimes necessary to compute the gravity field vec-
tor using the computed and an external irdication of alti-
tude, Some errors (in the gravity field calculation) are
induced in the computation scheme (due to the mathematical
model of this field vector) and although a solution has been
found (ref 1) tc bound the error, it has not been determined
whether a more efficient way of mixing the two types of infor-
mation would reduce the resultant error.

The availability con most commercial and military air-
craft of an on-board computer permits the use of the Kalman
filter theory to process the data for th2 hybrid altimeter,
It is known that this system is the optimal linear filter in
the sense of minimizing the mean squared error. The recuv-




sive form of the filter is very convenient, since a new op-
timum estimate can be made very shortly after each new meas-
urement is obtained and it is never necessary to store a
great amount of data.

It is to be understood, however, that in this thesis,
only the errors in the optimum estimate of height will be
studied.

Analysis of Gravitational Field Computation

Introduction

In a strapdown inertial navigation system, it is some-
times necessary (depending on the frame in which the compu-
tations are performed) to compute the gravitational field
vector. When this computation is involved, it has been
found (ref 1) that a problem of instability along the verti-
cal channel arises, A computation scheme which avoids this
difficulty is known (ref 1). This technique uses both the

vcomputed position and the external information concerning

the magnitude of the position vector to calculate the gravi-
tational field vector. The external information is used to
insure stability of the vector magnitude while the computed
position is used to give the direction of the vector field.
This computation scheme, however, introduces additional er=-
rors in the computed position due to the uncertainties in

the external altitude information. The purpose of this chap-
ter is to determine how the external information must be
weighted with respect to the computed information in order

to minimize the system error.

Gravitational Field Computation

It is known (ref 3) that the gravitational force field
vector is derivable from a scalar function called the gravi-
tational potential. The conventional form of the external
potential is given by eq 1.6, ref .3:

'
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Gm @ eg k
Vir,0) = = [1 ki? J ()7 P, (cos ¢)]
where:
Vv(r,¢) = the gravitational potential
r = |r| = magnitude of the position vector
m = mass of the earth

colatitude

<
[

Yeg = equatorial radius of the earth

Py (cos ¢) = Legendre polynomials

G = gravitational constant

The values of the coefficients J, must be empirically oo~
tained by suitable experiments such as the observation of
satellite orbits. This formula, however, is only valid for
bodies with a«ial symmetry. The earth may be assumed to
have axial symmet.y for inertial navigational purposes,

If +the vector operator V is defined @2s:

= {2, 2. 2
Al {Jx' oy’ Jz}

then the gravitational field vector is given by:

G =9 V(r,9)

which can be expressed (see derivation ref 1) as:
G=-==c (2.1)

with E

]
Q
3

(1 - 2 cos 2L) (for the
earth)

This expression was obtained by neglecting all the Jy's of
higher order than two. This is valid since, as shown in
ref 3, the largest neglected term is of the order 107°%|G|
and state~of-the-art accelerometers are not sensitive to
such small values.
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In order to minimize the system error, it has been de-
cided to investigate the weighting of the external informa-
tion (ra) and the computed position magnitude (r). Cali-
ing the weighting factor a, the computed gravitational
field vector can be expressed as:

KE

(3-a) a
a r.

re (2.2)

EC (a) = -
r

In actuality the external information consists of the
altitude h,. To get the estimated position, h; is added to
the local geocentric earth radius magnitude. It has been
proven (ref 4) that determining the position vector in this
way is ac.urate to about a foot, assuming of course, that
the information of altitude has no error by itself.

Derivation of the Error Equations in Computing the Gravita-

tional Field Vector

In this section, the error equations will be derived

for the following error sources:
1. Altimeter ur-—ertainty (4h,)
2. Error (Ar) in the computed vector position (r.).

In the analysis which follows, and all which will be
done in this thesis, the perturbation method is used to lin-
earize the nonlinear equations (or nonlinear system differ-
ential equations). The perturbation method involves the
substitution:

3c = a + ha

computed dependent variable

where ac
a = errorless dependent variable
Aa = error in computed dependent variable

When this substitution is made, linear equations (or linear
differential equations) involving only the error quantities
emerge. Products of error ~uantities, being of second order,
are generally neglected:




Defining:
e =r+ir

rg = r + Ahy

Substituting the above values in eq 2.2 gives:

KE (z + ox)
Ge (@) = =
(¢ + 603 [ + T (z+ 8212
but:
rT
((r + EE)T (r + QE)]-Q/Z et a - a:; * é6r) (8r? has been
r neglected
Also: since it is
(r + 61’])_(3_&)51'-(3-0‘) [l-(3—a)§%] of second or-
der)
Thus:
rT + &
(@) = _ E°K - = - 3-o %
GV EF- gy G o) - B - R+ D
r r r
T
r- 9§
R — r - (3- By sr)
3 - het r — -
r r
but
a
- K.y =g ana Eoy = Schuler period
3 = - 2 S
r r
then:
\ o8 \ Shy
= R— - —T - 2
Gola) =G +w." o - r+ (3 a)ws =L - Wy Sr (2.3)

Where the second order products Jp §r and J) dh, have
been neglected.

As pointed out before, it is necessary to study the
errors in the computed longitude and latitude that result
from uncertainties in the computation of the gravitational
field vector (eq 2.3). Since these errors depend on the

frame which is chosen for the computation (geocentric iner-

e -
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tial or geographic frame), the two following sections will
study the propagation of the errors in these two computa-
tion frames,

Geocentric Inertial Computation Frame

Derivation of Error Equations

A strapdown system which computes in geocentric¢ iner-

tial coordinates will be analyzed in this section. The func-

tional diagram fo:r such a system is shown in fig (2,1).

e F*

R

£ [Strectoraty | £ £he 3£°

occeferome tars

’;c
e
@ | Strectveat)y
=3 movnlted
proscopes

F{y 2./
Strapdown system compu/‘/'nj' 7o yc_oczn/'rl'c

mmer/7al coordinales

Note that in fig 2.1 we have chosen to express the error in
the transformation matrix as:

iv it i S B |
S =% & =@2-E) ¢

It is, of course, tacitly assumed that the attitude matrix
Cﬁ' has been orthogonalitized through the application of

the orthogonality relationship for coordinate transforma-

tion matrices: Ci (Ci)T _
«b

Sp i

TR
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Ei has been defined as:

i" -
E" = 0 €, ey
Ez ol —ex
-€ S 0
y .
A

Where the error angles, ey, result from positive rotations
of the computed incrtial axes relative to inertial axes,

Error Angle Computation:

The relationship between the inertial aud navigational
frames is given by:

i i n
r- =0C
I h

Differentiating with resp-ct to time:

‘i ien i _n i ,*n nssi _n
= + ro= + C.
r C .t Cn C_ (r C1 C- r)

which is also equal, by the theorem of Coriolis:
r'=cp (&

8 is defined as the skew symmetric form of w. From these
two last eguations, it is deduced:

n i _ .n
§i & = &in
i _ A1 an
Sh = S £in (2.4)
since
iv o iv i B
S =& S .

differentiation with respect to time yields:

PRCSRNPS



-i| .il i .
S =8 S8 %

using eq 2.4

it iv i i i' i b
S =S 84y & S 4y (2.5)
' Bl
Qg'b which updates the transformation matrix g; is given by
the output of the gyroscopes.

The output of the gyro-triad is:

_ b b b b b
Y = Yyp * Lu or  Hjip = 8y, * 80
Substituting into (2.5):
»i' _ _i' b b
S =G (85 + &) (2.6)

Equating eq (2.4) and eg (2.6):

LIS ST LRSS I SN SR DR B
S &ptS S8 853G YE S 8y

After premultiplying succesively by g;. and EE: the following

expression is obtained:

b b i

S’ = & wiy
From the previous definition Qi'i = - él, then:
b_ b i _ _ bl
Sw” = Ci wivy =-Ci € (2.7)

It is assumed in this study that the sole error source for

b

Sw” is the gyro drift; thus:




Assuming g(0) = o, g is:

i ot i b
g =~/g & (Wu" dt (2.8)

Error Equations:

The output of the accelerometers, suitably coordinatized,
are equal to the nonfield specific force coordinatized in
geocentric inertial frame:

il

it _ i
gc = £ + G, (2.9)
. . .
where 5; = £1 + §£1

It must be noted that within a first order analysis, the er-
ror vector §r can be seen as coordinatized in either the in-
ertial or computed inertial frame since:
. . . . .,
sr* =cy, srt = (L +EH) srt = et
where the second order product El §£1 has been neglected.
From eq (2.3) and eq (2.9), the following expression is ob-

tained:
wi L oei i i oigdo, i resr
I +8r = £+ 8 -Ef 4G 4wt ‘X
r2

+ (3-0)o * wg® 8r
since: il = £1 + gl
then:

T .

rl-d 1

oi A SR - N ST P | .y a8h, i

sx~ + W Sr wg ‘o - r (34 E"f™ + (3 a)ws X
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but:
. T : ] 2
i i r r.xr
r §xr . £1 _1 X X'y 2
r? r? .
rxry ry 2 ££1
r.Iy ryrz
and: 5} = {r cosL cosA, r cosL sini, r siulL}

The equation for gsl is now given by:

o
O
i
O

B = -0 zqﬂ
r2
) r.r
- W
S 2

i_ii - 2 6h i
£ §£ +(3a)ms-z-_-- I

r.r
z
-wsza X
r?
rr
- za_u
2
2 rZZ
2
+w 1-
ptu * d——rz

(2.10)

£

It is now possible to determine the values of a for which
the system is unstable by examining the determinant of the co-

efficient matrix B.

After some manipulations, the determinant of B is expressed as:

lmm S SRR SRASTIEEY 2 0 e b0 e
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1Bl = (p* + 0 ,2)? [p* + w ?(1-0)] (2.11)

It is seen that the system characteristic equation has
poles in the right half plane if a > 1, giving rise to
exponential growth.

If o = 1, the system equation gives rise to linear
growth, To get a bounded error, it is seen that o must
lie in the range:

a <1 (2.12)

where a can take on negative values.

Notice also that the only choice of a which un-
couples the equations is a = 0. However, (ref 1) the
error induced by the altimeter error for this choice of
o is gquite large, Although a proper choice cf a can dec-
rease the altimeter error sensitivity, the question of
what happens to the other error sensitivities remains,

Because of the coupled time~varying nature of the
equations, computer solution is the only practical way
of solving the system equations. In order to limit the
number of trials on the computer using different values
of o, the Laplace transformation techniques are used to
obtain a "first cut" on the system behavior,

Error Equations Due to Altimeter Error

Because equation (2,10) is a linear differential
equation, it is possible to study the effect of the dif-
ferent error sources one at a time, invoking the prin-
ciple of superpos’tion to combine the results (if L is a
lirear transformation L(x+y) = L{(x) + L(y) ). Equation
(2.10) gives the resultant error due to altimeter uncer-
tainty: 6h

B §_i = (3-a)ws2 —;2 . 51 (2.13)
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where B is defined by equation (2.10)
Since now, the stationary case will be studied. It
allows to do some comparisons with some known results.

L = 45° (a constant)
=0
= We

Taking the Laplace transform of equation (2.13), and con-
sidering only the behavior of the x channel, after some
manipulations, the following expression is obtained:

- 2
(3 a)ws cosL aha

L(dry) =

[s2 + wsz(l-a)][S2 + wiezl

The inverse of the Laplace transform gives §r, as:

(3-a)mszcos L 1
ér, = sinwi t

X 2 - 2wy e
Wg (1-a) Wi e ie

- 1 sinu /T=5 t ¢h
wiez[wsz(l"a) - miezl

a

By the same method it is found that:

1
2. 209
wyolug (1-a)

= - 2
Gry (3 a)ws w; ,CO8 L

1 . 1l
vOSw.et Sh

wiezlmsz(l-a)-miezl + wsz(l-a)[wiez-wsz(l—a)]

a




2.412

19

(3—a)wszsinL
§r_ = (1-cosw_/I=a t) &h
2 2 S a
wg (1-a)

This study being conducted only to get some indication of
the behavior of the system, it is perfectly admissible to
do the approximation:

2

2
. <<
Yie Ug e

In order to reduce the magnitude of the error vector, it
appears that the equation 3-g must be minimized subject
to the constraint o < 1. Ca

The function A = 3-q is plotted on graph 29, It is seen
-

that o should be chosen as small as possible to reduce A,
However, for a < =10 the gain in the reduction of A is
negligible. It must be noted that this is only an indi-
cation because changing o also changes the frequency of
the response, and therefore leads to different ways of
adding the components in er. dry, 6rz.

Error Equations Due to Gyro Drift

Equation (2.10) gives: B rt = -§l£1

or:

i in ife cosLcos), E} sinLcosx]
f-=Cf =C_lo = g |cosLsin) |= gy -9 D | sinLsin)
sinL ~cosL J

where D, the deviation of the normal, is defined as:
D=L - Lg. .

Since the maximum value of the deviation of the nor-
mal is or the order of the earth's ellipticity (1/297),
the product of the deviation of the normal and the elem-
ents of the drift matrix are second order.
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Also:
2, i_ 2 4
% = wgn i £ wg® X
Thus:
4
Bgr' = -t E'r

El being the skew symmetric form of el, gl must now be /-~

culated.
Developping eq (2.8):

i ]
-sin osw. _ti ~ si . - .
sinL ¢ smle wx sxnwletwy cosL coswleth
‘i
={=~gin i .t + " - i
4 sinL sxnmle Wy cosuletmy cosL s1nxwz
cosL Wy = sinkL wz
- |
Integrating
I wx w mz
~sinlee— sinw, t + -x-(cosm. t-1l) - cosl~ sinw, _t
[N le W, le Ww. le
ie ie ie
i Dy w z
g = s;anr-Jcosmiet-l) r EX—Sinwiet - Er—%coswiet-l)
ie ie ie
cosL th - sinL wzt

- -

Whici. will be denoted:
g} = {e;, ,e2, €3}

Hand calculations, as done in the preceding section, lead
to a very long formula from which no clear conclusion can
be drawn,

From the two above sections, it is seen that o must
be tried in the range -10 S a < 1 for the error induced

B N A 3
o>
~
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by the altimeter uncertainty. For the error induced by
the gyros drift, it will be necessary to observe how the
system error behaves when o is changed.

Geographic Computation Frame

The functional diagram for such a system is shown in
Fig. 2.2

Acceleralior

cConpensalion

s Srrvclovally _—T * Loco/! varlieal
" ar/req
= moumlted Ce -

7 | naw\'ga From
occe /e romeleys comp/er

r/(// 'd

y)w

v

SHouct 74
efrin]l e [ gy

pro3copes

ﬁ‘j 2.2
Strapdown system com/au/‘/v n yzo‘yra/o/,/h

coordipmo fe S

Since the error analysis for this configuration has
been performed in ref 5 (p. 130) it will not be repeated
here. It is shown that G does not have to be computed,
and so this preliminary study of the effect of Gg(a) on
8L, 8) and 6h is unecessary, Altitude information can
be extracted from an independent channel, which will be
done later.

Computer Program

The differential equation system error (2.10) is
numerically solved for a six hour period., But the only

e ¢
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existing programs f£or solving differential equations are for
first order. Using the state vector approach, it is easy to
convert eq (2.10) into a first order vector differential equa-

tion. v

Eq (9) is expressed as:

- osw. _t,- siny, t 2(1l-gsin?L
Laws —3CO0Sw;  tymaug T—sinu; (t,w * (1-asin )

i A _ _ 2 gl - 2 . =i
§¢" + C o wg? BT + (3-aduw ? shy * =
where C represents
[~ sin2y. t .
201~ 2 2 - 2 2 ie” _, sin2L
Wg (1-acos “Lcos wiet), awg ‘cos L————z———, g a——i——cosmiet
|
. sin2w. _t . l
z 2 ie 2 itein?2 2 Sin2L . i
- | PR - . - 200 .
awg “cos S r g (1~acos“Lsin mlet), wg ‘o3 sulmletl
i
: : !
»sin2L 2Sin2L J

and
i . . )
r(+m351nmietcosL w2sinkL)
El£l = r(mlsinL-m3coch05miet)
- !
Lr cosL (w2cosu;  t-wlsire; t)
and
r
]
. cosL coswiet
=i _ .
e = cosL 51nmiet :

LsinL J

If the following variables are defined:

ox

Y = [‘55} ;Y= (¥, eee , ¥(6)]
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eq (9) can now be rewritten as:

1 0 0] 0 ]
0 1 0 !
X = 0 9 i yr(3-a)uy2en,|° +
0 0 O cosLcosy. t
ie
-c 0 0 0 cosLsinwiet
i 0 0 0]
| sinL |
Mo 9
0
0
r(+w3siny. tcosLw2sinkL)
+ ie
r(wlsinL-m3cochoswiet)

k3 cosL (w2 coswiet - “151nwiet)l

This equation is of the type:
Y(t) = A(E)Y (L) + F(¢f)

which can be solved by a subroutine using the Hamming predic-
tor corrector method. (Program in appendix C, n = 1). It is
assumed that at time 0:

- i

sr'(o) =0, 85 =0

The computation will be carried with:

dhb = 1000 ft ; (u)a%_= 1 merv,
The program produces the root mean square value of §L,§) , and
Sh due to Shy. The ergodic property is assumed; under this
condition, the R.M.S. is: (ref 2)

H
5
2
A
@
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R.M.S. = \/grg x%(p)dt

It also produces the root sum square value of SL and 6§
due to Sw.

= 2 2 2

R.S.S, = \/émx + amy + a e

and the outputs 8L, §) and §h due to altimeter uncer-
tainty.

Results

The computer program (no, 1) used to get the results
of this paragraph is given in Appendix C., It was worked
out on an I.,B.M. 360 in the M.I.T. Computation Center.

Before exposing the results, it is better to give
some explanations about the curves of appendix B.

Graphs 1 to 15 represent AL, A\, Ah due to Ahp (al-
timeter uncertainty) for o = -10, -1, =-0.5, 0., 0.5.
Graphs 16 to 21 represent the R.S.S. value of AL, A) due
to (ww for a = -10, 0., 0.5. Graphs 22 to 24 represent
the R.M.S. value of AL, A), Ah due to Ahy for a = -10,
-l., -0.5, 0., 0.5.

For the R.S.S. value of 6L and 61 (due to $w) it is
seen that: there is no noticeable change when a changes
from a = =10 to o = +0.,5.

For the R.M.S. value of 6L, 61, §h (due to shy) it is
seen that: as o approaches -10., the R.,M.S. value of §L
and 8§\ increases (roughly doubles) while the R.M.S, value
of §h decreases (roughly from 3 to 1) when o is changed
from 0 to - 10.

The chart below gives some indication of the behavior of
§L, A, &8h due to Ghb:



a SL max §A max Time after which error in
PN PN . . .
min min inertially computed alti-

P~~~
tude becomes > hy - min -

0.5 0.18 0.33 11

0 0.2 0.53 11
-0.5 0.18 0.30 11
-1 0.17 0.30 9.5
-10 ¢.37 0.80 6
Conclusion

It appears clearly from the results that only a compro-
mise solution can be deduced since some errors grow while
some others decrease for a change in a. For the errors
studied, the best compromise appears to be: a = 0, If
a > 0, the R.M.S. value of the error in inertially compu-
ted altitude grows excessively large, If o = -0.5, no im-
provement in 8L is achieved, while a slight decrease in §)
and in the R.M,S. value of the error in the inertially com=-
puted altitude is observed., On the other hand, the time
after which the error in computed altitude is larger than
the altimeter uncertainty is the same as for o = 0 and the
on board computer has many more operations to perform than
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for o = 0, 1In addition, when the error due to gyro drift
is considered, the improvement on the total error is in-
significant., If a = -10, the R.M.S. values of &L and §6A

due to the altimeter uncertainty are excessive.
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Principles of inertial measurement height

Introduction

Inertial navigation technlques have been
successfully used in the indication of position. In this
chapter, inertial techniques for height measurement

will be studied.

The Fundamental Model of Measurement Height

To measure height, the vertical acceleration given
by the strapdown inertial system has to be integrated
twice. But with such a system, any uncertainty in
the accelerOmeters would give rise to a displatement error
increasing with the square of the time. A proposed scheme
(see ref. 7) is to bound the system using another source

of altitude, in this case, barometric height. Fig. 3.1

shows the essential features.

Grav/'/')r

“Jcorrection S
+
height from altimeter

Aecale ra/io
] ,

correc Hon

fig 3.1

Fundamental model of measurement heignt
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3.2.1 Derivation of the Specifi: Force

The specific force on the z axis 1is
n - n 2FT—\y n

Fp = G, = (PL*Rgp) )

but (PizREP) N 4s developed in ref 4:

(P1*Rgp) ;0 = - (2 R ic + Rig) sin D + (Ricz- R°) cos D + R
2 o 2,
(0ge2 + Zwiel +2 ).coch cosL
= RL°2 - R° + Ruw, 2 L L+R (20, 8 +22) Le cos L
= o - w, * cos L, cos Wy g cos Lg -
‘ [o]
(2?{Lc + RLY) e sin 2L
when the following approximations are made (ref %)
cos Da 1
sin D= e sin 2L

The specific force takes on the following expression:

]
an = [Gzn - (Ro+h) wiez cos L, cos L) + R° - (Ro+h)
o0 00
(2 wie§+ia) cos Lg cos L + [2 RL, + (Roth) L Je sin 2L -

[a X
2e cos 2L Vgf—a e sin 2L L (3.1)
4



where: R = Ro+h

Ro = a (1 - e sin 2%L)

a = equatorial radius of the earth
° 0
R = - eVE sin 2L +h
o0 2 00 00
R= 2ecos 2L Vg _ a sin 2L L +nh

Ta
°

VE = R cos L, L

But H einskanen (see ref 18) has shown that:

2
Gz -(Ro+h) cos L_cos Luw,2 =g [ 1+ (5/2m-=¢e ) sinkL
¢ ie e
-2hl=¢g
Re h
where:
g, = value of the gravity at any point (including
the centrifugal term due to earth's rotation)
ge = Vvalue of gravity at sea level at equator
m = ratlo of centrifugal to gravitational
acceleration at equator (1/ 290)
e = ellipticity of the earth
Eg (3.1) becomes:
F,0 = R° + gy acceleration terms -
As pointed out in ref (7), the gravity term will

vary by 0.27 per cent for a latitude change
height term by 0.67 per cent from sea level
The acceleration corrections can be 1.4 per

with an alrcraft flying at mach 2 on an east

of 45° and the
to 70,000 feet.

cent of one g

erly course

ES
;]

| T ——
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at low latitude. 1If thls 1s compared with an accelerometer
blas of 0.01 per cent g, 1t 1s seen that the terms,
although important, do not have to be computed to a
particularly high order of acaracy. This 1s an
importanrt point because the corrections terms are computed
from the informations of the strapdown inertial
navigation systems which contain some small errors.

One of these errors 1s the misalipfnuent of the computed
reference frame with respect to the vertical. The error
in computing the gravity term will be unimportant
because the gravity is modified as the cosine of the
misalignment angle but the output of the accelerometers
will contain a component of the lateral acceleration. It
is necessary to compute how large the misalignment angle
can be before the component of lateral acceleration
exceeds the accelerometer's uncertainty (g/10,000. ) .
Assuming that the airplane has a maximum lateral acceleration

of 0.5 g, the maximum permissible misalignment angle 1is
g/10,000 > 0.5.m6 /(180 x 60) ( ®misalignment angle in min)

o~
8< 0.69 min
If the ac-

celerometer uncertainty is g / 1000, this misalignment can

S
be as large as 6.9 min.
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Survey of altitude measurlng methods

A brief discussion on altitude measurement techniques
is presented in order to compare the various techniques
for measuring height. The following resume is largely
inspired from ref (16) (" Survey of altitude-measuring
methods for the vertical separation of aircraft".).

It would appear that among the numerous techniques
avallable; acceleration-measuring instruments, capacitance
altimeters, magnetometers, pressure-measuring instruments,
density altimeters, cosmic-ray altimeters, radar and
radio altimeters, and sonic altimeters; only two classes
of instruments are technically suitable. They are the class
of pressure-measurement altimeters and the class of radar

(or radio) altimeters.

Pressure-Measuring altimeters

The measurement of height 1is based on the varilation
of atmospheric pressure with height. However, for any type
of pressure-measurement instrument the accuracy of the
altitude measurement will depend not only on the accuracy
of the instrument but also on the accuracy with which
freestream static pressure is developed by the static-pressure
sensor. The response of the Instrument depends also on
the speed of propagation of the pressure pulse through
the connecting tublng. The mathematlcal model Hr such
an instrument can be well approximated by a first order
system with the time constant depending on the length of

the connecting tubing and with an additive noise at the

e pe

I ’ . ;
! N [ wa e e oS R . -



32

output due to the error induced by the static pressure sensor.

3.32 Radio and Radar Altimeters

The measurement of helght 1is accomplished by trans-

mitting a radio frequency wave from one antenna on the air-

craft and recelving the reflected wave from the earth by

a recelving antenna. The practical utility of the radar

(or radio) altimeter, however, presupposes a relatively

level terrain; the use of thils type of altimeter, therefore,

15 generally restricted to over the ocean applications.

This 1s not a drastic restriction, because the flight

at 70,000 feet will be at supersonic speed and willl not

be allowed over ground areas because of nolse considerations.

This type of altimeter can be mathematically modeled as

instantaneously giving the height plus some noise.

3.4 Error Analysis

From the discussion of sect 3.2, the following model

can be assumed: see fig. 3.2

n+u

5 Ye

A~
h

-
| >

f(h)+v

=)~
fig 3.2
tiodel of inertial measurement of helght

e W
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where:
u: uncertainty in the accelerometers
v: uncertainty in the internal informatlon of
height. 7
It 1s desired to study the behavior of the system
errors and to choose the two constants K; and X, in
such a way to minimize the error in the indication of the

estimate of altitude (h).

No Lag in the External Information of Height

The external source can be elther a radar or
a radio altimeter which gives the true helght plus an
error which is assumed, for this preliminary study,
to belong to an ensemble of constant functlons, similar
to the accelerumeter uncertalnty.

The mean value of u 1s o and the mean squared

value is 4, 7. E(v) = 0, v(E)=v, 2.

[ 4

The system obeys the differential equation:

0
h =1(sth+ul-k, [h-h-vl-K[h-h-v]
8 )

Defining the error in the estimated helght as € = ﬁ - h,

there results:

€= u (s) + K1 + K v (8) or
s2+K25+K1 8¢ + K;s + K1



R T Py
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W

c (e - efhutn) | i - (griK) &5 v(t)
- ra ry= Xra
where :

_ =K%+ v K%" 4 K,

r,=
2

. =Ka— /K%-' 4 X, o
ra=
2

Lsing the results of appendix A and the fact that
E(v) = E(u}) = 0 , the steady statz mean sguared value

of the error is given as :

b ——

€2 (t) =—;(‘-%-— + v

From this result , it is clear that it is not possible

to- reduce the system crror to a value less than the
radar error . At best , by choosing K{ >> u? , the

error in indicating the height will not be greater

than the error of the radar .

Lag in the external information of height

The barometric altimeter is modeled

as a first order system ; its output is :

- = his)

rs +1

h

where v belongs to an ensemble of constant functions .

The differential equation governing the system is :

2 X

L
58 +l

h

A
-V]'[h'cs+1

- N
" 1is*h+u] - Kt (-

RATTALETE P S

ReCEeiN

.,
By, Y

%
3
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-V]Kt

AS in the preceeding section the error is defined as :

A
€ =h -h , so the error of the system is :

2
- . Kis + Kss z his) + u(s)
(gs + 1 ) (s2+K;s+K;) (s?+K,8+K, )

£ (s)

Ky + K32s
(Sz+Kzs+K1)

v(s)

It can be seen that for the steady state case ( h=cst)

the error will be the same as for the case of no lag

in the external information of height . Using the fact

that u and v are zero mean variables , the mean squared

value of the error will be :

e2(t) = vi +

+ error due to lag

RNon

B i (

TO compute the error due to lag , the autocorrelation

function for the altitude is assumed to be :

- g— e’AICl

*hn A2~g2

where 5l = 10 seconds and h? = 50 ft?, These numbers
correspond to a helicopter configuration of flight .

Because h does not belong to an ensemble of constant

functions , it is possible to compute e; in the follo-

wing way :




"
N SR

€n = £:W(t-;)h(c)dc = error due to change in altitude
¢€€(s) = W(s)w(-s)¢hh(s)

Z; = 1 fU~W(s)W(~s)® (s)ds
h 275 -jeo hh

{ from eq 5.3.12 and 5.3.13 in ref 2 )

After some algebric manipvlations and the use of the tables
in ref 8 which give the closed form solution for these
types of integral , the total mean squared value of the

error is :

P 'u'f‘ + V2 4 2cniKIKiA®e + REKE(EA+1) + RIACZ(ZA41) +
Kj

(ZA+1) {=2K, Ko AC+K, A 24K $K, 2]

The values of K, and K; are to be determined such that
they minimize the mean squared valed value of the error .

It must be remembered that K, and X; have to be positive

to ensure a bounded error . The minimum of e? will be ,
at best , equal to zero .

The problem of finding the coor-
dinates of the minimum of a positive function is the same
as finding the coordinates of the minimum of the square
of the same function . Finding the minimum of the function

squared facilitates t%he computer search , The search pro-

I .

-




gram , using a subroutine finding the unconstrained mini-
mum of a function of several variables , is based on the
Davidon ( ref 15 ) method . Once the coordinates are
found , the variance ;? , is computed ( program No. 2 ,
appendix C ~ .

Results

The noises have been taken as :

u? = 50 £t? and v} ( g/100. )2

And two time constants for the barometric altimeter have

been examined :
{ = 1s. and g = 10s,

It was found that for ¢ = l0s, ,

K, = 0,1 , K= 0.3, €2 = 65.2 feet?
While for ¢ = ls. ,
K. = 0.4 , K, =0.8, e¢2 = 80,5 feet?

The resulting error is larger than that of the barometric
altimeter . At best , in an horizontal flying path , the
error in the indication of height will be equal to the

error of the barometric altimeter .

3.8 Conclusion

R A e -

It is clear that this fundamental model of )
inertial measurement of height has a limited range of ;
application . The barometric altimeter gives low fregquen- . ;
cy information on the change of height while the I.N.S.

!
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gives high frequency information . Thus the resultant in-
formation possesse a wide bandwidth . Still , the accuracy
of the steady state estimate of height is not improved over
that of the barometric altimeter alone ( or radar altimeter)

It is thus necessary to use the
information from two different kinds of altimeter in order
to get the possibility of improving the accuracy of the
steady state estimate of height ( actually , what is needed
is any one altimeter with zero bias ) .

Also , a more elaborate scheme
of filtering is needed to extract the best estimate of alti-
tude in a dynamic situation . The Kalman filter is the best
method in a mean squared sense for linear filtering and the
following chapter presents the results which are needed
in this thesis . It must be noted that in the stationary
case , the results of the Kalman theory are equivalent to
those of the Wiener filter . The Kalman approach avoids the
necessity of making approximations in obtaining the reali-
zable filter . For the Wiener approach , mathematical
approximations must be used to obtain a physically

realizable filter from the theorical formula .
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The Kalman filterlug Theory

Principals results snd special cases

Only those theorical resuits which are
needed in this paper are presented ., Their derivations
are not reproduced and can be found in the listed

references .

Linear filtering theory

The model of the message process is glven

ty a lirear dynamical system excited Lty white noise:
x(t) =F(t) x(t) +G(t) ult) (4.1)

where g(t) is the state vector of dimensior n ; its
coordinates x are the state variables .

Thie otserved signal contalns an additive white nolse:
a(t) =H(t) x(t) +v(t) ( 4.2 )

u and v are white noise ( Gaussian random processes )

with zero means and covarlances

Fa(t) =E2( u(t) u'(s) ) =q(t) 6(t-s) ( 4.3)

£.(t) = E( v(t) v'(s) ) =B(t) 6(t-s) ( 4.4 )

§(s) 1s the delta function .
The estimation problem consists of computing a
Tunction of m which in some uanner approximates x .

This function is denoted by ¥ .The estimation is
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4,12
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1Q
%>

denoted by : =X - .

The function g is computed in such a wey as to mini-

nize the varlance of each component of g .

Continuoucs filtering

If the measurement 1s taken
continuously , Kalmen ( ref 9 ) has proven thet the

canonical form of the filter is

=Ff+K(n-8%) ( 4.5)
where the optimal gain is :
k=pa'R" ( 4.6)

with P = cov( x(t/t),x(t/t) )

P is the solution of the matrix differential equation:

T“
Fzifiant ¢

°
E=rEp+pE' -pE F%

las

P+Ggg (4.7 )

£

Discrete filtering

b,

Usually 1t is desirable to compu-
te the optimal gains 2s tney are needed in real time
with the on board conputer .'A change 1ln the uolel or
a change in the number of measurement devices wmay
riecessltate a change in the optimal gains which can
te accomplished most expediently if the sequences are
crmmputed in real time . The measurements are taken
only st discrete times . In a second paper , Kalman

( ref 10 ) has shown that the system has the following
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behavior :
- at the time of the measurement , the estimete is

updated with the equations:

b) (4.8)

15>

P4k (p-¢

15>
1>

where the supersceript b indicates conditions that

exlist before the measuremen’ .

k=Pe(Epy +8)7° (4.9)

The covarlance matrix is updated at the time of the

measurement by the equation :

1%>0

and the covariance eguation by :
o
P FER+PE +Q ( h.12)

If the system 1s statlionary ( F constant ) and the
sampling interval uniform , Kalman has shown { ref 10)
that it 1s convenient to use the transition matrix

( $ =F® : %=1) . The state is then extrapolated

betwen the measurements by :
3 =0 (t,t) E(y) ( 4.13)
and P by :

By = 5 (48 B(Y 164+ £y gignar
( 4,14 )

g R S TR S vﬂWW@‘;ﬂ,V
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These two equations will te used by the computer
program which simulstes the filter .
The block diagram for the discrete case is shown in

fig 4.1 .

heasurement contamined by colored noise

Practical systems exist in

which the correlation times of the random measurenent
errors are not short compared to times of interest in
the system ( colored noise ) ., Also , a measurement
may be so accurate that it 1s reasonable to assume it
contains no error . These two cases are singular pro-
blems of the Kalman theory . Often , 1t is possible to
simulate the colored noise by a linear dynamical syse
tém excited bty white roise . The colored noise becomes
part of an augmented state varistle vector and the
measurements contain a linear combination of the new
state varlables .The system appears mathematically as
e system with perfect measurements .

In this section ,
the ensemble of constant functions is the colored
measurement nolse ,This special noise can be generated

by

[

x =0 or in the discrete case Xpod = Fm

Pryson and Johansen { ref 11 ) have found the solution
of thls singular problem in the discrete case and in

the continuous case , They have shown that in the

BT st it -
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discrete case , bty regarding all measvrement nolse

variables as 2dditional state varlables , it 1s poss-

ible to use the method presented by Kalman ( ref 10 ) v
for filtering in the discrete case . Discrete filter=-

ing teing the only possible solutior for alrcraft

application ( limited capscity of the on bhoard compu-

ter ) , the continuous case will not be corsidered .

The filtering problem for hybrid altimetry

From the measurement of the vertical
acceleration , and the two neasurements of the height,
it 1s deslired to get the best estimate of the altitude
The measarements are contamined by ncise :

- .white nolise corrupts the indication of the position
radar .

- white nolse 1s added to the output of the accelero-
meters ,

- ensemtle of constant functions is added in the
indication of the tarometric altimeter

It 1s necessary to define a mathematical model repre-~

senting as accurately as posslible the physical systeu.

Only steady-state cruilse conditions are stodied .

During non steady~state cruise conditions , the verti-

cal maneuver accelerations would have to be considered

completly random , But from ref 12 , it is knowm thst

if the maneuver accelerations are included as comple-

tely random signals , a linear fillter makes almost no
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improvement in the performence of a navigation
svetem over that of a deterministic system .
When the mathematical model is obtained , it is then

possible to apply the results of the optimum linear

filtering theory .
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5. Optimal estimation of altitude f -om strapdown I.N.S. ,

barometric altimetry and radar data

5,1 Introduction

In chapter 3 , it was shown that two
different kinds of altimeter ( different in the sense of
having complementary error statistics ) are needed in
order to be able to improve the accuracy of the altitude
estimation over that obtainable through the use of only
one altimeter . In this section , a model simulating the
dynamics of the aircraft and the measurinc instruments is
developed . The results of chapter 4 are then used in
order to find what accuracy can.be achieved in the esti-
mation of height ., Furthermore , only the errors in the
optimal estii.. e are to be studied ; consequently the

computer program solves only the veriance equation .

5.2 Model of the filter

The model simulates t.e vert. - 1
accelerations encountered by an aircraft flying at
60,000 feet in a horizontal path at a speed of mach 2 ,
elevator locked in position . Under these conditions ,
it is known ( ref 13 ) that airplanes have one long period
lightly damped mode ( called phugoid mode ) , and one
with a short period and reslatively heavy damping . The
short period mode will not be considered since all the
transients die out in a very short period of time during

steady state cruise conditions . Ref 13 shows that the
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airplane may be modeled as a second order system whose natu-
ral frequency is the phugoid frequency and which is forced
by gusts of wind at the acceleration level . The gusts of
wind usually encourtered by an aircraft ( ref 14 ) can be
modeled as a first order system . The representation of the
model is now rather straightforward ( fig 5.1 ) . Following
the errcr analysis of chapter 3 , the error introduced by
the vertical error angle of the I.N.S. is included in the
acceluorometer uncertainty . The state variables are :

X; : output of the barometric altimeter without the noise
X2 : variation of altitude of the aircraft around the

horizontal flying path

>
w

vertical speed of the plane

gusts of wind ( ft/sec? )

>
&

unknown ensemble of constant functions

el
]

>
-

altitude of the theorical horizontal flying path

X2 + X¢ : true altitude

For an S.S.T. flying at mach 2 at 60,000 £t , the period

of the phugoid can be assumed : T = 1 minits and the damping
ratio : £ = 0,1 . Then :

d=w? = 47
(10 x60)2

: c© = 2¢ 2.
Ib x 60

The value of b = 0,25 is given by refl 4 and the value of the
driving noise (white ) is choocen such that the R.M.S. value

of X, is 500 ft? ;
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X3 = 500 = 2 M7 |1« i |2 uZds
21j

TS+l s?4cs + 4

This choice of u which seems arbitrary is done in order to
ensure that the amplitude of the phugoid mode is not unrea-
listically small . If the simulated amplitude of the phugoid
were unrealistic , the simulated vertical acceleration would
then be small and some wrong conciusions could be drawn
about the necessity of having vertical acceleration informa-

tion . The state variables equations are :

X, | {-1/1 1/t 0 0o o0 -=1/1] [x, 0]

X2 0 0 1 0 0 0| Ix, 0

Xsl_| 0 =d ~c 1 0 0] |x, 0

o | + (5.1)
Xy 0 0 0-b 0 0 Xy u

(-]

Xs 0 o0 0 0 0 o] lxs 0

R ¢ 0 0 0 0 0][X o]

°or : Xx=Fx+Gu

The observed signal is :

m=Hx + y

{ml 0 -4 ~-¢c 1 Vv 6] uj

Myl = 1 0 0 0 1 0_)_(. + 0 ( 5.2 )
Im, 0o ¥ 0 G O 1J \Z



In the case where less than three different measurements
are taken , the line corresponding to the missing measu-
rement must be skipped in eq 5.2 . Equation 5.1 remains

unchanged in this situation .

5.3 Filter equations

As mentioned before , the discrete
filter ( the only one realizable ) will be studied .
From the results of chapter 4 , the equations for this
filter are :
dynamical system :

X=Fx+Gu ( given by eq 5.1 )

observed signal :

m =Hx+ v ( given by eq 5.2 )

—

Between the measurements , the state is extrapolated by

eq 4.13 . The sampling time being constant and the dyna-
mical system constant :

$(t+T,t) = $(t+T-t) = &(T) = cst
X (t+T) = ¢(T) x(t)
The transition matrix is given by :

$¢=L"'(1s~-E)

( this matrix is explicitcly written
out on program No. 3 , appendix c )

The variance equation obeys eguation 4.14 .,
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At a measurement @

the variance equation is updated by eq ( 4,10 ) .

the Kalman gain is updated by eq ( 4.9 ) .

the state is updated by eq ( 4.8 ) .

The results of eq 4.10 and 4.8 become initial conditions

for eq 4.14 and 4.13 until the next measurement is taken .,

5.4 Computer program

The computer program ( program No, 3 ,
appendix C ) solves , as previously mentionned , only the

variance equation . The covariance of the error of the

best estimate of the true altitude ( x; + x¢ ) must
be computed from the covariance matrix , P = cov z .
The covariance of the estimation error ( % = x - g ) is

denoted by cov g . Kalman has shown than the covariance
equation for the error is the same as the covariance

equation for the state .,

2

e N ~, ~. ~ A _——_0\7—-
cov(xz + X¢ )= X3 + X% + 2%2%Xs - ( X2 + Xe )

—_— —_2 —_— - -2
~n . ~N N N N
= %% + x2 + 2%.%s ~ %, - 2%.%X¢ - %
~ = ~ = == T w
= (x5 - %) + ( x¢ - %e ) + ( X2Xe ~ XuXg )x2
~ ~ ~ A
= CcoOV X; + COovV Xg + 2 cov( X2X¢ )

These three values are elements of the covariance matrix
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P . The behavior of the P matrix is stored on punched
cards and plotted versus time using the subroutine

" PICTUR " stored in the computer memory .

5.5 Results
The computer program ( No. 3 ) used to get the
results is given in appendix C .
Th: operating time studied has been 2.5 seconds.
{ From a praictical point of view , the operating time
mut t be at most , one fourth of the smallest time cons-
tant of tl'e transition matrix , which in this case is
10 seconds . )
The white noise value of the radio altimeter
( rgf 17 ) has been taken to be 150 feet . The mean squa-
red value of the ensemble of constant function uncertain-
ty of the barometric altimeter was ( 500 feet )2 and
the time constant 10 seconds .
Two values for the uncertainty in the output
of the accelerometers have been s+udied ( g/1000. and
g/10,000. ) . It is to be remembered ( from chapter 3 )
that the accelerometer uncertainty includes the effect
of the error angle in tracking the vertical .
In appendix B , all the graphs represent the
R.M.H. ( root mean squared error - in feet - in altitu-
de indication ) as functions of time in seconds .
Graph No. 25 gives the R.M,H. when only the radio

altimeter and the barometric altimeter are available .

P om o p—_—r
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Greph NO. 26 gives the R.L.H. for the same case at a
larger scale for a short period of time in order to
¢clarify the short period tehavior in r-zph No, 25 ,
Graph No, 27 and do. 28 give the R.l. .. when the
radlio altlimeter , the barometric altimeter and the
strapdown I.V,S., are avallable for the two values

of accelerometer uncertainty .

It can be seen that between the
mewsurerzents , in the case where the I.N.S. 1s not
availatle , the R.i..!I. reaches a steady state value
of 131 feet in 2.5 seconds ; at the uneasurement instant,
the R....H., value 1s 24 feet .

Also , when all the three measure-
uents are avallable , the R.n.n. for the two sccelero-~
uweter uncertainty values 1s exactly the same ( 12 feet )
when the steady state conditions are reached . This
means ( from chapter 3 ) that the mlsalignmert angle
can be as large as 7 EIR ( under 0,5 g lateral accelera-
tion ) without significent degrasdation ir the estimation

of altitude .

5.6 Zonclusions

1-1f only one external source of information is svailla-
ble for use with the I.N.S. , the altitude cen not te
estimated with an accuracy better thuan the sccuracy

of the extermal aid ( from chapter 3 ) .
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2-0ptinel mlxing of the information from two different
nltimeters(no inertial information available ) leads
to an error in the estimation of height which grows
{ in 2.5 seconds ) during the operating time up to
the zccuracy of the more sccurate altimeter .

J=mixing the information of the two altimeters with
laertial Information leads to a small error in the
estimation of altitude ( 12 feet at 60,000 feet )
wnich dnes not degrade during the operating time .
The strapdown I.\M.S. vertical error angle can be as
large as 7 6?; ( for latersl acceleration of the
alrplane up to 0,5 g ) witaout degrading the accura-

cy of the estimation of altitude .

In summary , a hybrid sltimeter
using a strapdown I.N.S. needs two external indica-
tions having different error statistics of height
in order to lmprove the accuracy of the estimstion
of altitude with respect to the accuracy of the
external aid . The strapdown I.N.3. need not be

very accurate by itself .



APPENDIX A

STATISTICS OF THE ENSEMBLE OF CONSTANT FUNCTIONS ( ref 6 )

The random process under consideration
consists of the ensemble of constant functions with mean
squared value x} . The process is stationary since it does
not vary with time but non-ergedic since there is ro repre-
sentative member . The autocorrelation function will also
be constant at the mean squared value since once a particu-
lar constant is choosea , it remains fixed for all times .
The above random prccess is assumed to be the input to a
system which is presumed to be unexcited until t = 0 , In
general , the output of a linear system in response to an

input x(1) applied at t = 1 is :
e(t) = /5 wit,Dx(n)dr ref 2

where W(t,t) is the unit impulse response at time t after
application at t = 1 . W(t,1) = 0 for t<t for physically
realizable systems .

The autocorrelation of the output is :

e(ti)elts) = L5 Wty 10)dn1[52 Wity T2)dT, x(11)X(12)
where it was possible to make an ensemble average under the
ntegral signs since the weighting functions are independent

of the probability distribution functions .
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But

[y

(1) x(T2) = b, (T1,T2) = by, (1) = x3

and

e(ti)e(tz) = ¢, (t1,t2) = x%ftIW(tl,Tl)dT1ft2W(tz,Tz)de
-l -d
Finally if the system is at rest praor t=0 ’
o (ti,t2) = x3/EW (ks T AT Wty Ta)aT
eeltirte / 1,T1 14 2,T2)dT2
The mean squared error at time t is given by :

o

boo (trt) = xEL° aTiW(E,T1) L8 arawit, 1) or

e2(t) = x5 [FLF Wit TW(E, 1) dT1dT,

If the system under consideration is describable by constant

coefficients :

w(t,t) » W(t-t) , thus :

e?(t) = x%LtJ;t W(t=-T1)W(t=-T2)dT1:dT2




57

T PTG eeten

o MW\‘N‘\.O.Q* Z YO — A JurBsDPUs 4D DULYE Of DOP S4O44D UUB/SAS Garyobinon

s 4 CTXH-) .

s il h

NEN A D G
i m I BET S s [ B Ly '
Lo do 17 Gl = , ...I“A S A —l
X ; . R
i Cy

i _h

it

T
1%

o/
N

gl

L n .
R F&s¢ ydosb A I
R P e _ o @k

AT N O SO




o&h\ o=y -~ \\\Q\h\\uu WD APy RN ©f DA SACAID o sAS QQ\.\QM\) V-y.v

s 47 GIXE L
he nne

i

4t

o ud ¢

low Fragn PReoe 9y

e

TR

il

R i M

Ll
Hi




59

oS5V =7 $0O=-=p ~Ay WIBIIDDUD  APJD UL YO Of D SAOSLD waysAs Q&\\OM\\_h\_\

s w4 SIXH- )

s

SiXY-

I
ik

r
1.8

‘/-) oWM.llﬂ 4‘[

W

t

'

g




60

sr=7 F-=

o —Aguroya@2un  A2f IUL[Z of Brp SA0A4D

wow U GIXGL

wa/ sASs

woryo b1AN

o]

0ee n?7E
TR T T TR
,_LL T gisssaasaiiat] lesabiachindonnany ,;_
gL ihsitahiniiig HHERRTRERE R M
. sges Spasgps yagagagnge s 2 papy s » ssegps magassp 'TH » i
HHHH HIF TR R T S s
I jititiE i HHTHHHH T HEHY HH R HH TS T THES
i TR R B ] st R S et
R T i
14 13fasts Hitt M $§85% TR H HER 3 HH H 7
1 HH T T Tama HHIH d 1 W AT s ittt HEHE g ircsti 1icg
i atnlh b :if i s . m, Hitht thgeh : J :
eLee TTHEA R HT g 2918 1335 4 IR T HH R R R HEE
R TIEIY m,. H .* HHN M % Litli: I w it ] LR it B HoH R TR :
sttt R i mﬂm._.a T At B R
S s it TR i ; ST e i
Rt w ! i Bt 1 i HHH AR M it
g it A AL A LLMALA PR ! HH T R TR AR g

)

| | —
T T T T T
BRI A i L AR AR
it it I TR H Bl i it i
TR T i T R el izl
i iR R it TR TR (T +" iy
w..: Hih 1.?;” i T ] HH b H : TS Bty i i \‘Hm‘ H ‘““M.h“,.w‘. H £
i i
1" 1 T . x.u 1 1 L H T lr “x ungdgieya 144 'mxx s | AU HH wr:l H 2 H SIpp J.uu I gk
fligatial Silinslnimi et TN R G |
m‘m ahilinlnia sttt T x.m IR Litiieg w FHHH T :
T HH R THEH HT TH 1] ] jiii 1 T T R T TR i H




o/

61

FVZ7O~p - Ayqra 19> 40 azsouiiye oy

ok 7 ued

B e e ek .4

e oy Kd-

g, e e
S e X

P LAl - R U

Snp  Suodsd wassAs wosyobiroy

4

3

113 G4 I
. L X

w
-

ot
-

T
\ >
\ o
- 2 )
03
. )
/\ai O 2w qdbab .r.W/
3R
fing e iy P o6 o o
. o m (R R 4 -t i o
N
- N 6 54 ydosb

rd
1
g

J

s
z

Aro00fapis 4s < i g

(
S

A
3




i "
Jut gl
18 ha o
" L L
pe ?
be
1 T
T
=ey e
g
ind @ i
3 t t
T
=8 T
. T
3
T 1
b
T T
T . o s e anes BUA
S *
o~
b~ o
T+ o eams s ag
+ re 4 T -ty
- =
1 Ty
T+ o — 1T
i T Y
1 1t 1nd RS S e
e - o1
? T v o s
T t t
08 awe T T
' e i
ey t
pap saas —h
t ua o1 i 0
a28 Ta s tis
one - " +
%t L T ]
- " 18 tn ——— -
9 3 ki e o Samiin
T s s 3
1 tr e
e 90 s : =
Tant inansnos ; vy
pomng ) T .
+ Iy 1 TS g
T T S aaaras: —+q 2
tiTEr I
T 8 Fynva st 168 o hd
+ Y T me &
T Tt
et T T
e unawY B
- t
1 h
B RAs ;
T
e T
1% Bowes a8 SRE 2 E Yl
31 T e
V8 has .
b p ol 1
»!
- 3
t T +
t T 1
t T 2% A s o4
it H sanmn oS sl
S§ tnesnse: desss e
s pans " tH I3
T it
T jos T
it
T b% nyas
x 88 Axwet
b ARES S T
I
' T
t i
T rwa o
1 1
e yu 8 puas
1T =7 ) + T34
angedss: P e
. 1oa o ue
" e Jae »e o 'y
et LR e T H - e
! n ot
1 R e Rh R RSN SN FU
rui Tt r L
e T
[ T 1
i i T 1
s T Tt T
T T T H
bt Lot -
t T T s o T
T +11 :
+ aan i Soase samam eSSt rien:
us ez anac "
e sywe T T 188 51
T34l —— T Tie -
s T ot
1 Tt L
iBows syt T t  nas
) Y 1 T L H 1
Jang e + — T ! RS SRGE
3 t
: oees seadtsy o
T+ ywa T +
Y T i
i any y e 1
ymj sonas s i Sems Tt
t el o a I
o 1 agn t
11 - U N
A i T
T e 1 »e T T
: T 1
T T + T
T T 1
11T T Tt
1]
-
yw nans 1
T 2 +r :
1eud W i1
t
IS w i »
' + T
1 - +
1T
t hnas ins
1 3T 1
T T T "
1 + ¥ " =]
T in ey P
LS T AR B SN S
" $ ey i
Hrgt
oo s re T -
- BV 4 #
t 3 wad ¥
-3 T
= og
1 N 194 ¢ s
L ) L 9
T
I -
 panui
- h T ] v ]
T PR T 7 T on ran:
T T 10 T HHE : o
H - . ST . T T "
e g - G i z [y 0 - T+ 01
6082~ -5 7 GO UL 0601 : Heg
Lt ! ! 4 ! - I : + ;
. . e aa
Loovosfem 4 ST H—ye - T s
o T T t t 1Tt

»n miin.

-RAXIS /

Navsgo. Vorn syslem crrors dve [o oS el oncerlarn/fy— L

-
t

45°



n§o =7 = \.\,\&\b\kwh\ﬂsh Mw&wﬂ.w‘.m\m% 0.\&3\0.wko.\.suksu\w\«w:e.\kbm.\\.b\,\

7% ! o an2
) i 1 1

4 = — s T

? 3001-

1
ithiln

VA 000/ ww us GIXH- g

1
oooL

=

L. ©

| . py g4 gdosb "8

F& .wu.n nhmn umm J_J u_mq H mo u,u a W

; T ; P A ~ dos b e | &

N) P R N £ G4 yTeoo gro-=r

O R , H . .

-

—

[s0]

L)

3008

uamx/gg Y4/ GIAY- «2

So0s

o AR TT I .



o I s SR by 2 b S S, TP e -

e % L

- o=
o $9=7 7 o=p - \.\Q\Q\.\uot\w o DU YO Of DAL S jOoA4D R\U\W\\W @/ o M\\_Q\.\

4 Q1R

64

115e nee oBC ahe nhe YT Y]
I 1 ! § 1 1 i = -
i i . i v i : ' .
i H t 1 I b } : ! .
O R , : ,
NI : ;
—m..
=
S N
>
I
~
=
' N\
w a8 ¥
: 3
~
N
. N
_ 2 8
S/ su ydwab
T v emle S kel - ;

. R u.:.“a.u., T £=2

«



I
MY

e

PO

07 s

" —
.

.syuarea/

eryors ove /lfo gyre a'rsE-

HE 9
”., ON T . .. R el
I O T Eae o : - - % £
S : Py S S i .
T .w.;'l!u T o - P - - i m M
O T - a R ;. i - .
SIS BN, W S hln.-!.M ttw.. e _.I/ d
Y AR | G 1 PR Khert R
. e — - ,,V.Ix:imlnu . — e P T TI T
Lo Ry I TR L S - A I N
R S T i e e 3 S
L o s N Ao TSI .
— ;l‘Z.]w.;wl..‘q.!.flit ' s omeng = see=y I 7 ‘"y“ z 3 1 ”
- IR Y - : : T .- U -
- . L I - — R troma ey ; .
. . N

L= 45°

LT ~ + p— — - - ~ .
o M ) .
e e e I — T
: : 9 _ A | N
- o . PO [0 DU L A

10

E
Navig a Fron S /S/cm

A ==

‘.\.&u,\ Tiu Nﬂ‘ : . \uLNk\\s\\Q as Lx Ye




66

¢ Hi HTHTHIH ST HHHH Hit H it gL
iy [ I ! HH HHY {1 1] ¢ HH LT Hai
[ 1 HiRHHH] fi ] HHE ] HHHTHRH
hggseee T : T H R 3 T
1! L 9 HI1H 9 B 1397 Ll & a8y H t34 L]
TR S aa i 4 i
NN HIRHR R RN A 14' 1488 HEH T HHIBEHHEY A HI T
oyy vu ey g2 H 1 egoves srapass sa
NI i 3 H] HHiHHH 3 L T H Y :
sy sessugs suvau ) TR H 2 e ssvags s 11 »3 8.
HH el i 1134 & T35a3ae s B3 8 H
s G B S R T
I B i JEfiaseisaqpasaustangee H i THIH T B R 3
! HHTHIH HiHH fREitie 11 T i { i
e i isth H
i 1 i HEtH B HI T
Bk R il _
. igesszsyansses
M H H H H HH H
j 8 o uas gy H 35
Jeddigdtasted s HH a3 deste dugease H i
i i it ta8ied i HY iHH ]
H sase H H a¢ v H H HHH HH H
:” e ¢ i HiH & H raged bn
: { i
: 44 z‘ 14 ‘ t ; 1 g8 11
I o e - 4 *
r 11 ! ! H i i
:Ll %‘T Tr f‘ ? T H T ._; ¥ %1 Soxantad
LHTEH 1 HiH t%“; t':% ! I q

|

¢ G 12U i8L Klte 3L 30t
Time <Y1, jw min.

Waviga fron syslem errors ove to gyro oriff

o= O; L= 45° ; oot Sum sgvared




£7

Tima - /17,

m min.

-

rrEF~ o= 0.8

sgvared

Roorlf som

Navigatien syslem errors dve fo gyro
45°;

L=

.
- -




.

men

NY

o
.
U

-
2

AX IS

.-

,,:T‘.‘._».'.:“_( I Sataeseges s

(e

w.‘.._.; ‘%"x:...iz ‘ [t .1:—-»5“

errors

Lt

Navrd alior S )/s/‘em




69

~poaonbs wo

put yooy = Agurif 43347

w4y ) RG L

w22 4lyP O 2P

SqoA4Dd wrdySAS

T

—

oo T

=3

e

o2

e

=

IS

poey

=5

goass

e
T otk

S e

n.chm.\\_&{




70

o5 \ s7 - posen bs yoow S99l — Agtragys20un 1B 2UL YO ©f DAL 540448 wa/sAs ol braon

w4 SIXE-L

1
- DOYE

i
008 :
0K,y @ SIS ¢

T
- -BoaY

EEPSRTE

'
goet’




77

- wos 24P

2P

nllye  Hs

“/ S4o/0 wifjP 2444 wosny foUP 4242 S

4044D g0 p2eonbs uvdw (2%

Eusxsus fo4t o

‘nQ\\Qh\ A

Swos) DUt 494
wyud s GIXH-L
8]} 0GE ose nie Okt
§ w i ” D |
I
R M: !
AT XIR!
{
IRl
t
i
i
il L i §
,rv il ﬂ.




/2

2" 96h

9" hbh

uraws Uy GSIXg-1
O £6M 164

ST 54 ydorb o0

8] 68h 2’ 88h

\&QS@%\D\&N

9 9gh o mmdc

e Y T r
1 o 1 H ¥
sssd
vasen :
T HH H
HHHHH
HHHA HHEH T HHHHEH it
] HHHH B : H
hHJ H preied shutesasrareiass sss HHH s5sed
111 1 » HEHH 1susui 508L S HHH sesans
FH : AT HH : HE et
HTHEsHR HiH HHIEH AT HH HH H 2
wmmmmu HH HHE i it ]
HHHH H f H HHHHT T HiHHH Ht
o HH HHH B HH HAHHH
Hnmun - ynusss HEHHHH agsssn HH T
T ; R i
A3t s3iisls . i1 35 dpse: s + 1
T H H ST ] prH nm H ! HH P
ReEN P& re s . x.@u HE HH s mﬁ
T R H R R H ] £
THHH H $ TR R R A piliss 3
HiHH HiH H i ot i faspistessulfyinanisatencs $riae
HEHH FHH
HHH H H i et itsnssisdtasvnssasaniaiac sosntinantis HH P HH
H it H giiagttiitlt T i i i
H OHH sews H [ ¥ 0 s B
8 88 HHHIH CHH i i wrhx Lr“uﬁ.ﬁ HHHHH nmﬁ H
] 414 + +H + 414 1111 + ) 48 H -4
H H SEgra3asRitEatsiinise iabiganiis i 3
M t H 55 dage. dastensiestisdsas inst 1 I
mev tassiisaridaanisbatnaiag esinestine 3 £
T+ H 1 998 S8 B8 . 44 i 1113
e R R T T T $58 T i :
gousse wes 2 - 1 H HHH
HH § i afiedspTisaasis H T E H
tH H Pt I HHEH ifstinniid it
I A e $83s saeagranabans)s sassatisasy s L HH
T HH 87 slisgesailise : H HH H tHT
3nsas . 18 A e HHH HH
] HiH 8 } feed HHHH
T HHHH H
HH
FHH i $
HHEHEH H H
HH H H
B i :
HH H F
i HH
: H ; T
i
Tty manpeBas TR YL




‘eoco \Q“\m. = Ay HIDJAPIUN APy PMOAS DI -ty 1pUI  BPa) Il Hi ACIAD 4O pPouDnbe U JoY

73

] /, @ \o\“ /, - IPON o mn\\vﬂ\nh\ Qw90
(74 Oy s o/ b4 .\ f
h/h\“. D 4O ¥ -\»\-N \Q w2 4P ‘n&.\ \h “\\‘\\ h&\\\bw .\ “N\\. \v .\ 75 \ o,

w4 GlXH- L

oph 1Zh ase asc niz ShM 0c a

35528
HH HH g iidgatasihifcdises HH i it L
kit i s T e LAt AL LR i
figiilissainal HiHH i ] g H R T HETEHIT LT
et ﬂ ORI RHITTN H 1 ] TR R jii T
w ] T i DHITHI T R L i R
B HiH g i i Retts sHNsakens db4) HH Hi
i i HiHH i
iith i il T |
i} A | i W
i
, | M il ] W I}

SUYDS SN

;
:
T
:
1
—
£
P

L33 3 .
ik idiiti ] T ; ] | ﬁ

ppas
o
A
pae
=+
=
T
poe
=
=]
——
>t

A

3




7%

*0001/E =4yt 420un V2240490l ~ UCL MOAUpUI 2P0/ 110 Ul 40442 A° PE1onbs qodu sooy

h.t&\.\b “dq0 ) 4t

0sh

SHNE PpuL A2 Il 21d)D wo4oq \&O\be«\\\byo\\h\ A k.&.\k.\k\ \h&sx\.\Q
Yy Uy G 1xH- |
0zx NsE ez me ant ac

- =

T HH : u_ﬂwii :

H 1 H H e i it :
1 fifsasss HHH] HH 1 sEanaprsies
i 3 H B : 3 ﬁ 8! HiH R »‘u o r
34 4 H H H +- g 3 H A - HH s -

| | ] (114 {1 fidsun 1x‘ m
1 1] H H ] A HiT i A AT M“ 3
H 3 - T H H F
A ﬁ:x [ 114 . i T mm r
! HHH i f150 jaaenriest e
} $-| 4 [ 1] § 1 “ H 4 u,
ﬁl : L HHHE HHH H
R HE T Sassdi tinadesi I3
5 H Siie T

t1 HHH R TR HHHH
T HigHH i HHHT!
o e HH T HHHHY
08 M o I o
! w i B H T HEHH
! st R e
W , HH HHIR HE umnumm f M
t : : H LN HHH AR T T H T A %
H H
i | : L s ghassisadias
Sypksasing 3 » »

‘ H L T e
L i AuTA 111 s {1 (1111 18 wxxﬁ .
j w T TR T
HHH ! M H HH TN HHT
H H o1 HH HHHH I EH AR R
i b i {HH H U 4
s ] N 98§88 di1 adunaloilasty

1 | LT §5f T e HEHH
| L ﬁ ! ¥ ] FHHHHEH L R P
L 2 ] ] sgluspandn H HHHH
i il i i et
THH - =
tH H HH ; HHE
THIFTRRT I i HAHHRHHT




75

7
T
T
o T
T TYTTIT panussannts B ! 3
1 » 1 3 3
i T : H ! 1
H 1
25 HH sasgaaazsany 2 : adt i tEaniass
ises » T H LA H11 4
52 s seacusass HH i .8 t e
H H HiHH ieangssenaeniins i tirieras, S
4411 » 4 1 1 1 H . . IHW.J H-1 Bpeul
asiisaaisy I H A A
T HHHH H : HHH Rt HH H
H sonas HHHH HH iy HH H o H - T HEH
I H - 3 33 > S BDPSRSEEPE sHEE N H
11 4 .9 pwgs s 7] = e sausassusartoussIoiogs SIpEEIR INERTARIEL T
$ 12! HHHHE Ty i feEaasIna H
me t H 1T e HirH o
i H H atsel H H HHH HHHH srassfaunese s888s S0t
aseEne ne H H TS S isaaiaaAnsnanss aGueaRass Y .lum HHHH H
HH 1 awssagus s2ald 141 sanay 88e aasgy a g n mi R uREspaEl ou . . e
95 . 48883800 E I ees e sgsessas sessdind S eamat s nwnnnnm a3 ¥ P m £ s
r T - T H4H 41 1 9
= t FEiE HH HEEHE i iafcisess
T i i i :
89 5 H 1 a8 H Y ! nmnr { asiiiioeas 81 i +
{ A 2 ssptan b
H H HH 1
} T Ssguautan 7
»s 3 + ¥ m m HiH { s sasss + 1
. H H sse
SH t H [ 222 H T swib
+ H 1
s ane enuty
ot S eNT S08 4 -+ ”uw » H
HA-HH uxhx; i HH 1- I B i A
Hetttt - van B » seennsmee. s 2aans paBRI RSDa 15 g - as
. oot iy aw } HH saaus sauEL Y ' s
Tt - ) a8 oy sig
] 1 1 yan e Y i an: » ]
3 w1 ymant 11 T
4 { T 11 2 i re
5 T see T T T - +Ht
HHH H ¥ H
+ : 1+ 1 T g guNEs 2l g H a5 o1t
1 3 ’ i u T H I : T
<
+4++ i T T s . ] T T iEsse T
ymee a8 & Y T pRERREE 4 r s . any ¥ e RIS
et H H B! - auEas a8
oo = .mwm.. 3 3 H H d H e aas
: Hh 1Y assss . et H e HHHH H
[l 4+ enaus oS ¥ et H H tt uuaaan e H sauee
1 T ) a & » A - ¥ (-5 + sus st
+ 2vauss TaEciiaans + H tH HH H = u
HHH i H H Sssassess ' HHH e 2e taazsanass samwzon a2 H Si%iia8s:
HHEH : T ! R - T aon , SR HHH Y
H ! 3 1 HHH < gsssiuuaiisn
. ranasas: seesesa T j R s tas: THH Sasussauas
SsSaseuaana s H wasgnmar t 1
e H ] T { FRaneE T+ T ¢ inusesu THH H
I 8 . H HHHHHH 44+
T ¥ XL H 4 Saaasa: H { H a 3 a:
1L H - Tt +H »u L -
1 gunnt . J .y H T T H
1T e H R 1 13 4 ot 1 T T e 1 aeRNeNE § 1 { 0 0
SRESESsst s : t 1 : :
T 1 m H 'l H m B -4 . H HH
T3 H H H oy e geEss2ns ne H
HH ase 3 t san wag vo: HH 8 H H » H
HH HEH sTassiess £ it it mr PistiisRsmiiasseisincisaniiiciis : HH £ £
1 T tH B esssszassssrzrisznaneassil isesss H3rH H T A HY bas H
sazrestss HH s sissazasacss H
HHH H T HHHH R85 Avassueant 0anE HH Rsisugsus
.. zaoss suee T asi !
H H S cgad axas aa aszas i s
H Ht jaana ¥ HH is T 1 T
35+ [ HEHH TR pepssanss : t f 1 R .
1T T + t H 1 sat » » - -
- }0 1 3 Il L4441 1 11
1 raue AREH T aps sSams pueE T } o
HHHHRHT T S HHH s + BT ) Hh
=+ s ez T i Ht A T H & Pannnnt H T
. n H H H ? i - H :
H - 2 HERHEHN SRS SEANE Fu: ssgas
R 1 H s anen . 3a3asasti tHH H
I + sarsmEiise REEiEARSEEiRcEiRuER e Ssassasssmaeaiy —H
. +H 1 H] S3sansennes nes H ¥
- - T T4H + WuE S8EBDEaN N H T
” 2 T : :
18 T I £ e
T tssndseans HH o1
11 +4-44 H ] -4+ 14 '] - smoe H_ 1+ +
H H FHHH seass 1
¥ H T HHHH T . 8 = 0 T B
H H daon: T % . . T
{ anay eitriaaisasss) % H 4 108t T T HHH T f
} Sagssass I genazans H 1 1
- T HH -+ HHH 4 T snan 951 T 1 H TH
H t H H ! .
2 + : . t ] aee et ansasnseies iapsiansas L e i HH
s $ i B sissssasessiamesssassiassaiiaziidiiooad saeay T
e 2 g i o R i ! t 3 R
S a8 H 1 i wusanm 4+ SusssEuS R E0US ATy
T 13 asass » -4 S18ELE e ¥ S
ot SLERANSARSSYSSC ] ssu I R H S
s gars Hit B e H e e e e ] S5iszassaat] ¥
=e H HHHH H R HHHH T azed
s H11 1 sgus | am s wueussauusa S eays snas i By HITY ) "
H S aasdpasessitgssassuuinuanuy Sisaagh sEpSNBERES IRRELY » .
Esansiey fsaisssassssany i = :
H i Ssaasiessisss T T T t
H = t t t Seanis
K yeaszass ¥esagasueaNEL ssunie X
mes ess HH 4 4 wate
ﬁ - L L4
u 44 HH1 T ae 1 1 - .




e XgNe

76

APPEIDIX C
PROGRAM NC, 1

CCMPUTATICN OF LONGITUDE,LATITUDE.AND ALTITUDE ERRDRS FOR A
STRAPDOWN SYSTEM COMPUTING IN GEOCENTRIC INERTIAL FRAME

OREAL RyCAP YO eXOyMEMY ¢MEMX, XoYoToLLL, LDRI,CNI,QOT,Q¥T,CAL,
1CANy FoATT, PDRyPDGyWIEs WS e WXy WY ¢ WZ yDERYPRMT,A, SAVE,
2NNNy AUX

DIMENSION A(646))Y{6)oYOU341)4F(6),Q0T(1,3),QTT(143)4R(341),
1SAVE(3,1),LLL{L)yNNN(L) s AUX(1646) 4PRMT(5),T(60C0)4DERY(6),
20(3,3),81(3,1)

COMMON ACPyATT,ACF ACO WIE,CAP yWS,INIT,DRI{3,1),CNI{3,3),CAL(3,1),
1CAN(3,1),MEMX{6000)4MEMY(3,6000)

CAP=1C80C,/3.1416

ACP=0,70711

WIE=3,1416/(12.,%3600,)

WS=3.1416/72520,

Q0T(1l,s1)=1.

GO0T(142)=0.

Q0T(143)=0.

QTT{1,1)=0,

QTT{1,2)=1.

QTT(1,3)=0C.,

ATT=WS**2

ACF=0.5

ACO=1.

EXTERNAL AFCT,FCT,0uTP

PRMT(1)=0,

PRMT (2)=21600.

PRMT({3) =60,

PRMT{4)=30,000/13600,%180,)

Y{1)=0,

Y(2)=0.

Y(3)=0.

Y{4)=0.

Y{5)=0,

Y{6)=0.

NDIM=6

DERY{1)=0.15

DERY(2)=0,15

DERY(3)=0.15

DERY({4)=0,2

DERY(5)=0.2

DERY(6)=0.15

INIT=0

CALL HCPL{PRMT,Y,DERY yNDIMy IHLF, AFCT,FCT,0UTP+AUX,A)
WRITE (64196)

196 FORMAT(LTHINTEGRATION DONE )
WRITE(64900)INIT
900 FORMAT(3X,15)
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DO 27 KL=1, INIT

DO 26 KN =1,3
YO(KN,L)=MEMY( KNy KL)

XO=MEMX (KL}

CALL CNII(XxQ)

CALL GMPRC{CNI,»YO,sR4343,1)

D0 32 J4J=1,3

SAVE(JJe1)2R(4J01)

T{KLI=X3/760.
LLLI{KL)=SAVE(1,]1)*CAP/6400000.
NNN(KL)=SAVE(2,1)%CAP/{0.,70711%6400000.)
PUNCH 699, TUKL ), LLLUKL ) JNNNIKL]
FORMATI3X FBu2+E15.59E15.5,E15.5)
CALL EXIT

END

o sk ek ook o ook o o ool g ok el e et e sk o e abe e age o o 2 o e ol ok e R o Aok ook

SUBROUTINE GMPRDID+ByRyNoM,L)
OIMENSIGN C(1}48{1)sR(1)

COMMON ACP ATT ACF ACO WIECAP WSy INITyDRIU3,1)sCNI(3,3),CALI3,1),
1CAN(3,1),MEMXL6000) yMEMY{(3,6000)
IR=0 .

IK==M

DO 10 K=1,1L

IK=1K+M

DO 10 J=1,N

IR=IR+]

Ji=Jd=N

IB=IK

RUIRY=0

DO 10 I=1l,M

JI1=JI+N

I18=18+1

RUIRI=R{IR)+D(JI)*B(IB)

RETURN

END

RRARERK KSR RERREREE R KR KRR R kR KR RR Rk KRR KRR

SUBROUTINE CNII{XO)

COMMON ACPoATT ACF4ACOIWIECAP WS INIToORIU341)+CNI{3¢3)4CALE3,1 0,
L1CAN{ 3,1) 4 MEMX(6000) yMEMY(3,6000)
PDR=COS (WIE*X0)

POG=SIN{WIE*XO)
CNIU1y1)=-ACP*PDR
CN1(1,2)=-ACP*PDG

CNIt1,3)=ACP

CNI(241)=-PDG

CNI{2,2)=PDR

CNIt2,3)=0,

CNI(3,1)=-ACP*PDR
CNI(342)=~ACP*POG

SRR S R o A S R g

TS, SR

.
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CNI(3,3)=-ACP
RETURN
END

LB RIS R ISR RIS RS ARSI RS IRl

SUBROUTINE FCTIX,F)

DIMENSION F(6)

COMMUON ACP ATT o ACF)ACO WIEsCAP ol SyINIToDRI(391),CNT(3,3) ,CAL(3,1},
1CAN{3,41)MEMX{6000) yMEMY (3,6000)

PDR=SIN(WIE*X)

PUG=CCSIWIE=X)

WX=0,

WY=0.

WZ=3,1416/(12.%3600,%1000,)

Wlz==ACPxWX®XPDR/ [E+WYR(PUG-14)/WIE-ACP*WI*PDR/WIE
W2=ACP*WX®(PDG~1+ !/ WIEtWYXPDR/WIE+WZ*(PDG~1,)*ACP/WIE
W3=ACPRWX®X-ACP*WZ XX

F\ 1)=0.

Fl2)=0.

F(3)=0,

FUa)=(€4C0000,%ACP*ATT)>(PDOR®W3I~-W2)

FIS)={64CCOCO *ACPxATT)I®(W1~W3x POG)
FI6)=({64C0000,*ACP*ATT ) *(W2*PDG-W1*PDR)

RETURN

END

SRR B U BRR KRR R KRR RE R RR KRR ER KRR R R KRR

SUBRCUTINE AFCT(X,A}
DIMENSICN At6,6)
COMMON ACPyATT ACF ACO WIECAP WS INIT,DRI(3,41),CNI(3,3),CAL(3,1),
1CAN(3,1 ), MEMX{6000) 4 MEMY(3,6000)
POR=SIN(WIE®*X)
POG=CCS(WIE*X)
DO ©10 I=1,3
00 410 J=1,3
410 A(l1,J)=0.
All,5)=0,
A 1¢61=0.
A(2441=0,
A(2,63=0,
Al3,4)=0,
A(3,5)=0,
00 420 K=4,6
DO 420 L=4,6
420 A(Ko,L)=0,
A(ly,4)=1,
A(2,5)=1.,
Al3,6)=1,
A(4yL)=-ATT*(ACF* (PDG**2)*10.+1,)
A(492)=-ATT* (S, *ACF*SIN(2.*%W]E*X))
A(4,3)=—-ATT*(5.%ACO*PDG)
AlS,1)==ATT* (5, SIN(2.,*WIE*X))*0,5
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A(592)=-ATT*(1.410.*ACF*PDR**2)
A(543)=-ATT®(5,%ACO*PDR)
Al&,1)=—ATT*( 5,%AC0*PDG)
Al6y2)=-ATT*({5,%ACO*PDR)
Al6y3)=-ATT%(1.4+10.%ACP%*2)
RETURN

END

RERERNRE PR R R R Rk R AR KRR R R R RN e ok ok kR Rkl ok gk
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SUBROUTINE HCPL(PRMT,Y,NERYNDIM,yIHLF,AFCT,FCT,0UTP,AUX4A)

THE FCLLCWING PART OF SUBROUTINE HCPL (UNTIL FIRST BREAK-
POINT FOR LINKAGE) HAS TO STAY IN CORE DURING THE WHOLE
CCMPUTATICN

DIMENSION PRMT(1),Y(1),DERY(1}sAUX{L6s1)¢A( L)

COMMON ACP¢ATToACF ACO4WIE sCAP WS INIToDRI(391),CNI(393}sCALIY,y1),
1CAN{3,1) 4MEMX(6000) 4 MEMY(3,6000)

G070 100

THIS PART OF SUBROUTINE HCPL COMPUTES THE RIGHT HAND SIDE DERY OF
THE GIVEN SYSTEM OF LINEAR DIFFERENT IAL EQUATIONS

CALL AFCTIX,A)

CALL FCT(XyDERY)

DO 3 VM=]1,NDIM

LL=M-NDIM

HS=0.,

DO 2 L=1)NDIM

LL=LL+NDIM

HS=HS+ALLLI *Y (L)

DERY (M)=HS+DERY (M)
GOT0(1C59202+204+2069115412249125.30843124327+4329,128),15uW2
POSSIBLE BREAK POINT FOR LINKAGE

N=1

THLF=0

X=PRMT(1®

H=PRMT (3)

PRMT(5)=0.

D0 101 I=1,NDI"

AUX(1641)=0,.
AUX(U1541)=DERY(])

AUX{1, I)=Y(I)
IF(H®(PRMT(2)-X))103,102,104

ERROR RETURN
IHLF=12

GOTO 104
IHLF=13

COMPUTATICN OF DERY FOR STARTING VALUES

“ﬁ“ﬁﬁﬁ‘ﬁﬁmﬂﬁﬁ%%ﬂﬁ%&m&ﬁﬁﬂwﬁWﬁﬁ@%A%&w.;
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119
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ISw2=1
GOTO 1

RECORDING OF STARTING VALUES

CALL CUTPIX oYy CERY o IHLFoNDIMy PRMT)
IFIPRMTI(5))1(T74106+107
IF(IHLF)1C8,108,107

RETURN

DC 109 I=1.NDIM

AUX{8,1)=CERY(I)

CCMPUTATION OF AUX(241)
ISWl=1
GOT0 200

X=X+H
DO 111 I=1,NDIM
AUX(2, 1)=Y(I)

INCREMENTY H IS TESTEC BY MEANS OF BISSECTION
THLF=THLF+1

X=X-H

DO 113 I=1.NOIM

AUX(4, [)=AUX(241)

H=.5%H

N=1

ISWl=2

GOT0 200

X=X +H

ISW2=5

GOTO 1

N=2

DO 116 [=1,NDIM
AUXL2,1)=Y(])
AUX(9, I )=DERY ()
ISW1=3

GOTQ 200

CCMPUTATION OF TEST VALUE DELT

OELT=0.

00 118 1=19yNDIM
DELT=DELT+AUX(15,1)*ABS(Y(I)}-AUX{G,ID)}
DELT=,0666666T*DELT

IF(DELT-FRMT(4)) 121,121,119
IF{IHLF-1C) 112,120,120

NO SATISFACTORY AFTER 10 BISSECTIONS.ERROR MESSAGE.
IHLF=11

X=X+H

GOYT0 104

SATISFACTORY ACCURACY AFTER LESS THAN 11 BISSECTIONS
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121 X=X+H
ISW2=6
GOT0o 1

122 DO 123 I=1,NDIM
AUX(3,1)=Y(1)

123 AUX{10s I )=DERY(I)
N=3
1SHl=4
GOT0 200

124 N=1
K=X+H
ISW2=17
G070 )
125 X=PRMT(1)
DO 126 I=14NDIM
AGA( 1o I )=DERY(I)
1260Y(I)1=AUX{Ly [)¢H*( 3T5%AUXI8y 1) +.T791666T*AUX(9, 1]}
1-.2083333%AUX(10,1)+.0416666T7*DERY(1))
127 X=X+H
N=N+1
ISK2=12
60710 1
128 CALL GUTPIXsY,DERY s THLFyNDIM,PRMT)
IF{PRMT{5))1CT7,129,107
129 [F(N-4)130,300,300
130 DO 131 I=1,NDIM
AUX (N, T)=Y(1)
131 AUXUN+7,1)=DERYI(I)
IF{N-3)132,134,30C

132 DO 133 I=1,NDIM
DELT=AUXI9,1)+AUXT9,1}
DELT=DELT+DELT

133 Y(I)=AUX(141)4.3333333%H%x(AUX(8, I)+DELT+AUX{10,1))
GOT0 127 -

134 D0 135 I=14NDIM
DELT=AUX{9, 1) +AUX(10+1)
DELT=DELT+DELT+DELT

135 Y{I)=AUX{Lly L) +.375%H®(AUX(8 1 )+DELT+AUX(L1141))
GOT0 127

THE FOLLOWING PART OF SUBROUTINE HCPL COMPUTES BY MEANS OF
RUNGE-KUTTA METHOD STARTING VALUES FOR THE NOT SELF-STARTING
PREDICTCR~CORRECTOR METHOD
200 Z=X
DO 201 I=1,NDIM >
X=H®AUX{N+T+1)
AUX{ Sy 1)=X
201 YUID)=AUXIN, 1)+, 4%X
X IS AN AUXILLIARY STORAGE LOCATION

X=2+,4%X
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ISwW2=2

6G0TC 1

D0 202 [=1,NDIM

X=H*DERY (])

AUX{6,1) =X
Y{II=AUX(INg [V 442969 TT6%AUX(S,1)+.1587596%X

X=2+4,4557372%H

1Sw2=3

G070 1

D0 205 I=1,NDIM

X=H*DERY (I}

AUXLTo 1) =X

Y{I)=AUXIN, [)4+,2181006*%AUX{5,1)~-3,050965%AUX{6,1)+3.832865%X

X=1+H
ISW2=4
GOTo 1
DO 207 [=1,NDIM

2070Y{I)=AUX(N, [)#,1747603%AUX(5,1)-,5514807*AUX(6,1)

300
301

302

303

304

305

3C6

307

141.205536%AUX( Ty 1)+.1711848%H*DERY (1)

X=17
GOTO(11041144117,1241),15W1

POSSIBLE BREAK-POINT FOR LINKAGE

STARTING VALUES ARE COMPUTED

NOW START HAMMINGS MODIFIED PREDICTCR-CORRECTOR METHGD
ISTEP=3

IF{N-8)3C4,3C2,304

N=8 CAUSES THE ROWS OF AUX TOCHANGE THE.R STGRAGE LOCATIONS
DO 303 N=2,7

DO 303 I=1,NDIM

AUXIN-1 I1=AUX(N, I}

AUXIN®6, I)=AUXIN+THI)

N=7

N LESS THAN 8 CAUSESN+1 TO GET N
N=N+1

COMPUTATICN OF NEXY VECTOR Y
DO 305 I=14NDIM
AUXIN~1,1)=Y (I}

AUX{N+6, 1)=DERY(I)

X=X+H

ISTEP=1STEP+]

DO 307 I=1,NDIM

ODELT=AUX(N=44y1)+14333333%HX{AUX(N+6s 1) +AUXIN6,I)-AUXIN+5,1)¢
LTAUX(N+4, [} +AUX(N+4, 1))

Y{1)=DELT-.9256198%AUX(16,1)

AUX(16,1)=DELT

PREDICTOR IS NOW GENERATED IN ROW 16 OF AUX, MODIFIED PREDICTOR
IS GENERATED IN Y. DELT MEANS AN AUXILLIARY STORAGE.
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iSn2=8
G070 1
DERIVATIVE OF MODIFIED PREDICTOR IS GENERATED IN DERY

o0

308 DO 309 I=1,NDIM
COELT=0125%(9.*AUXIN-1y [)-AUXIN=3, [)+3 . #H*(DERY{I)+AUX(N+6,1)+
LAUXEN®6, 1)-AUX Ne¢S4T)))

AUX(16, T1=AUXT 16y [}-DELT
309 Y(I)=DELT+.07%3L0'7*AUX(16.1)

C TEST WHEThHER 4 4UST BE HALVED OR DOUBLED
DELT=0
00 310 I=1,NDIW
310 DELT=DELT+AUX(1,,1)*ABSLAUX(16.1))
IF(DELT-PRMT(4))311,324,324

c H MUST NOT BE HALYVEC. THAT MEANS Y(I) ARE GOGO.

311 ISwW2=S
G070 1

312 CALL OQUTP{X,YyDERYs IHLFoNDIMyPRMT)
IF(PRMT(5))314,313,314

313 IFLIHLF-111315,314,314

314 RETURN

315 IF(H*{X-PRMT(2)))316,314,314%

316 IF(ABS{X-PRMT(2))-.1%A55(H))314,317,317

317 IFIDELT-.02%PRMT(4])) 218,318,301

H COULD BE DOUBLED IF ALL PREECEEDING VALUES ARE

AVAILABLE
318 IF(IHLF)301,301,319
319 IF(N-7)301,320,320
320 IF(ISTEP-4)301,321,321
321 IMOD= ISTEP/2

IF(ISTEP -IMOD-IMOD) 301,322,301
322 H=H+H

IHLF=IHLF-1

1STEP=0

DG 323 I=1,NDIM

AUX(N-1,1)=AUX(N=2,1)

AUXIN-2,1)}=AUXIN=4,1)

AUX (N-3, 1)=AUX{N-6,I)

AUXIN#6,1)=AUX(N+5,1)

AUX(N+5, [)=AUXIN+3, 1)

AUX(N+4, I )=AUX{N+1,1)

DELT=AUXIN+69 1) +AUX (N+5,1)

DELT=0ELT+DELT+DELY
3230AUX{1641)=8.562963%(Y (1) ~AUL{R~341))-3.361111%«HX(DERY(I}+DELT

1+ AUX(N+4,1)) '

G0TO 301

OO0

c
c
C H MUST BE HALVED
324 IHLF=IHLF+1
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IFCTHLF-10) 325,325,311
H=,5%H

ISTEP=0

0C 326 1=14NDIM

OY{I1)=.00390625%(80.%AUX(N=-141)4135.%AUXIN-2, ) ¢+40,*AUXIN-3,1)+

LAUXUN=43 1)1 =011 71875% (AUXIN®6, [)=6,%AUXIN4S 3 1) -AUX IN+&4, 1)) %H

OAUX(N-64,1)= .00390625%(12,*%AUX(N-1,1)+135,%AUXIN=-2,1)¢

326

327

328

329

330

400

677
678

1108, % AUXIN=3,1) ¢AUXIN-64,1))1~,0234375%(AUX(N#6, 1) +18 . FAUXIN+5,1)~
29 JHAUX(N®4, 1) ) %*H

AUX{N-3, 1 )=AUXIN~-2,1)
AUX(N#4, 1 )=AUX(N+5,1)
NELT=X~H

X=DELT~-({HeH)

ISW2=10

GUTO 1

DO 328 I=1,NDIM
AUXIN-2,1)=YLI])
AUXUN+S, [ }=DERY (T}
Y{I)=AUX(N-4,1)
X=X-(H+H)

ISw2=11

GOT0 1

X=DELT

DO 330 I=1,NDIM
DELT=AUX{N+S, ) +AUX(N#4,1)
DELT=DELT+DELT+DELT

DAUX(16+1)=8.962963% (AUX(N-1,1)-YUI)})-3,361111%H*(AUX(N#6,1)+0ELT

1+DERY(I))

AUXIN+3, [)=DERY (1)
GOTD 306

END

a0 2 ke ol 2k ol o 0 ok ook gk ok e skl o ok 3 ok ok oo ok ke e o e ok ool o o ko ok

SUBROUTINE OQUTP{X,Y,DERY s IHLFsNDIM,PRMT)
REAL MEMX,MEMY

DIMENSICN Y(6),DERY(6) +PRMT (5]

COMMON ACP, ATT ACF ACOSWIECAP WS, INIT,DRI(3,1),CNI{3,3),CAL(3,1),
1CAN(3,1),MEMX{6000) yMEMY (3,6000)

INIT=INIT+1

MEMXCINITI=X

DO 400 K=1,3

MEMY (K, INIT)=Y (K]}

IFCINIT-2)6T78,677,677

PRMT (4)=(ABS{Y(L))+ABS(Y(2))+ABS(Y(3)))/300.
CONT INUE

RETUPN

END
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PROGRAM NO, 2

SEARCH FOR THE MINIMUM OF THF SQUARED FUNCTION

DIMENSTION H{9)+X(2),G(2),ARG(2).GRAN(2)
FXTERNAL FUNCT
FPS=1.7100000,
LIMIT=400
X(1)=150.
X{2)=15%0.
EST=10-
N=?
CALL FMFPUFUNCT 32 ¢ X oF o GeEST yEPSHLIMITLIER,H)
CALL EXITY
FND
e 2 e e sk e ok o oz ot e e e e ot e b 3¢ ok e o ¢ e e e ok el ok R ke ok ok s e Ve e e
SUBRNUTINE FUNCT(N,X,VAL,GRAD)
NDIMENSTION X(2),GRAD(2)
2=64./710000,
HH2=50.
VV? =50.
T=1.
P=0.1
A=l .+P%T
WS$=3,1416/2520.
WS2=WS%=xD
F2=X0) ) %X (1}
E3=F2%X(1)
F2=x{2)5xx(2)
F3=F2%X(?)}
UN=F3RX(1 ) XPRPATH+RIXE2XPATHALEIRPRTRA4FIRYX (2 ) =pRT T
DE==2%X(1 )X (2} *AXPRTHX(2) XAXP*PLEIXX(2) RARTAT
UNY SF3%PpApPRT4+2 , RX (1) XF2 %xPRT®A$3  kE2RPATRA$3, XEQRY (2} %P 2T AT
UN2=22. %X (2 ) XE2#PATRA+EIXPpRTRT
DE1==2.%X(2)XARPAT$2 kX {1 )=X( 2 ) %A RT & T
NE2==2.%X(1 )X ARXPXRTHAKPRXPLEDRART XT
VVV=2, % TRHH2RUN/DE+UU2/E24VV2 (1, 42, %WS2/X( 1) ) %%x2
GGG1=2, % TaxHH2 2 (UN1 *NE-DE1™ UN)I/(DE%%2 )2, *U2/E3~4, *VV2*x(1,+
12.*WS2/X(1) )1%WS2/E2
GGG2=2,*T ¥HH2 % (UN2*XDE-NDE2*UNI /(DE**2)
VAL =VVV*%x2
GRAD{(1)=2,%VVV%xGG61
GRAD(2)=2,%*VVV*GGG2
F=VAL
WRITE(64699)1X( 1) X{(2),F,VVV
FORMAT(3X¢E15.50E15.54F17.7,E17.7)
RETURN
END
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By o
SURPAUTINE FMED(FUNCT 4N X oF o GoFST FPS L FHIT G IFR oM}
TS TN L0 10NN 0 0B ECEIIS ISR EIET TS INNSNENTIELERADS IS AE NI TEINE NG

SURRNUTIME FMFp

PHRONSFE
TC FIND A LOCAL MINIMUM NF A FUNCTICN OF SFVERAL VARTARLFS
RY THE METHND OF FLETCHFR AMD onWFLL

UsaGE
CALL FMFP{FUNCT N X eF¢ReFST FPS,LIMTIT IFR 1}

DESCRIPTINN IF PARAMETERS

FUNECT - USER-WRITTFN SURRNUTINE CNANCERNING THT FUNCTINN TN
RE MINIMIZED, IT MUST BF NF THE FORM
SURRNUT INE FUNCTIN,ARG,VAL ,GRAD)
AND AUST SFRYE THE FOLLCWING DURPCSE
FOR FACH N-DIMENSTONAL ARGUMENT VECTNPR ARG,
FUNCTINN VALUE ANN GRADTIFNT VFCTAR MUST RF CNOMPYTED
AND, NN RETYRN, STORFN IN VAL AND GRAD RESPECTIVELY

N - NUMBER OF VARIABLES

X - VECTOR NF DIMENSION N CONTAINING THF INTTIAL
ARGUMENT WHERE THF TTFRATINN STARTS. ON RETURN,
X HOLDS THF ARGUMENT CORRESPONDING TN THF
COMPUTEDN MINIMUM FUNCTINN VALUE

F - SINGLF VARTARLE CONTAINING THF MINIMUM EYNCTION
VALUE NN RETURN, T.F, F=F(X).
G ~ VECTOR NF DIMFNSION N CONTATNING THE GRANIFNT

VECTOR CNRRESPONNDING TO THF MINIMUM CN RETURN,
1.Fa G=G‘X,u

1S AN ESTIMATE NF THE MINIMUM FUNCTINN VALUFR,
TESTVALUE REPRESFENTIMG THE EXPECTED ABSOLUTE ERROR,
A REASONARLE CHNICE IS 10*%*(-6), I.F,

SOMEWHAT GREATER THAN 10%*~(-D), WHFRE N IS THE
NUMRER OF SIGNIFICANT DIGTTS IN FLOATING PNINT
REPRESFNTATION,

MAXIMUM NUMRER OF I[TERATINNS,

FRRNR PARAMFTF®

TER = 00 MFANS CONVERGENCE WAS NATAINFD

TER = 1 MFANS NN CONVERGENCF IN LIMIT ITERATIONS
IFR =-1 MEANS ERRNRS IN GRANTENT CALCULATION

TFR = 2 MFANS LINFAR SEARCH TECHNIQUE INDYCATFS
IT IS LIKELY THAT THFPE EXISTS NN MINIMyM,

H - WORKING STORAGE NF NIMENSINN Nx(N+7)/2,

EST
EPS

!

LIMIT
1FR

[

i

REMARKS
1) THF SURROUTINE NAMF REPLACING THF NUMMY ARGUMENT FUNCT
MUST BF DECLARED AS EXTEANAL IN THE CALLING PROGRAM,
T11) TERP IS SFT TD 2 IF , STEPPING IN ONE OF THF COMPUTED
DTRECTIONS, THF FUNCTION WILL NEVER TNCREASE WITHIN
A TOLERARLF RANGE NF APGUMENT,
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TER = 2 MAY OCCUR ALSO IF THE INTFRVAL WHERE F
INCREASES IS SMALL AND THE INITIAL ARGUMENT WAS
RELATIVELY FAR AWAY FapOM THE MINTMUM SUCH THAT THE
MINTMUM WAS OVERLEAPED, THMIS IS DUE TD THE SEARCH
TECHNIQUE WHICH NDOUBLES THE STEPSIZE UNTTIL A POINT
1S FOUND WHERE THE FUNCTYION INCREASES,

SURRNUTINES AND FUNCTION SURPROGRAMS REQUiRED
FUNCT

METHOD
THE METHOD 1S NESCRIBED IN THE FOLLDWING ARTICLF
P. FLETCHER AND M,J.D. POWFLL, A RAPID DESCEMT MFTHOD FOP
MINIMTZATION,
COMPUTER JOURNAL VNL.6, 1SS, 2, 1963, PP,163-168R,

84 LA B0 CTIO 0000 I TS 000 000300008000 00000080009080000000020srs808000s0

SUBRNUTINE FMFP(FUNCToNoX oF 4G oFST L EPSoLIMIT,IFR,H)

DIMENSTONED DUMMY VARIABLES
DIMENSION H(1),X{1),G(1)

COMPUTF FUNCTTON VALUF AND GPADIENT VECTOR FNR INITIAL APGUMENT
CALL FUNCTIN X F .G}

RESET ITERATION CNUNTER ANC GENERATE TIDENTITY MATRIX
TER=0D
KOUNT=0
N?2=N+N
N3=N24+N
N31=N3+1
K=N31
DN 4 Jy=1.N
H(K,=10
NJ=N-J
IFINJ)5,5.2
DD 3 L=1.NJ
KL=K+L
H{KL)=0.
K=KL+1

START ITERATION LNOP
KOUNT=KOUNT +1

SAVE FUNCTION VALUE. ARGUMENT VECTOR AND GRADIENT VECTOR
OLDF=f
NN 9 J=1,N
K=N+J
HIKY=GlJ)
K=K+N
HIK)=X{ )

DETERMINF DIRECTIONN VECTNR H
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DO s Xale]

DO N

AOMNO
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10

11
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14
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16

17

88

K=J+N3

T=0.

DN 8 L=1,4N
T=T-G(L)*H(K)
IF(L=J)6+7.7
K=K+N~-L

GN TN 8

K=K+1
CONTINUE
HU{J)=T

CHFCK WHETHER FUNCTION WILL DFCREASE STEPPING ALONG H.
NY=0.
HNRM=0.
GNRM=0.

CALFULATE DIRECTIONAL DERIVATIVF AND TFESTVALUES FOR DIRECTION
VECTNR H AND GRADIENT VECTOR G.

ND 10 J=1.N

HNRM=HNRM+ABS(H(J) )

GNPM=GNRM+ABS(G(J) )

DY=NY+H(JI*G(J)

REPFAT SFARCH IN DIRFCTION OF STEEPEST DESCENT IF DIRECTINNAL
DERIVATIVE APPEARS TN BE pQOSITIVE OR 2FRO,
IFINY)11,51,51
REPEAT SEARCH IN NIRECTION OF STEEPEST DESCENT IF DIRECTION
VECTOR H IS SMALL COMPARED TN GRADIENT VECTNR G.
IF(HNRM/GNRM-EPS)51,51,12
SEARCH MINIMUM ALONG DIRFCTION H

SEARCH ALONG H FOR POSITIVE DIRECTIONAL DERIVATIVE

FY=F
ALFA=2,*(EST-F) /DY
AMPDA=1.,

USE FSTIMATE FNR STFPSIZE ONLY TF IT IS POSITIVE AND LESS THAN
1. OTHERWISE TAKE 1. AS STEPSIZE

IF(ALFA)15,15,13

IF(ALFA-AMRDA)14,15,15

AMRNA=ALFA

ALFA=0.

SAVE FUNCTION AND DERIVATIVE VALUES FNR DOLD APGUMENT
FX=FY
DX=DY

STEP ARGUMENT ALONG H ) !
DN 17 1=1.N '
X(1)=X{T)+AMBDA*H( 1) '

COMPUTE FUNCTION VALUF AND GRADIENT FOR NEW ARGUMENT
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DTN

1Q

1a

20

21

2?

24

?5

?50

?51
252

?6

CALL FUNCT(NGX,%,G}
FY=F

CAMPUTF DIPFCTINNAL NFRIVATIVF NY FNR MNFW ARGUMFMT, TFRMUIMATF

CFARCH, TF NY 1S POASTITIVFE, TF NY IS 77RO THE MINIMUYM 1S FOYMD
ny=n,
NN 18 T=14M
NY=DY+G(TI*HLT)
TFINY110,36,27

TERMIMATF SFARCH ALSN [F THFE FUNCYINN VALUF IMDICATES THATY
A MINIMUM HAS RFFN PASSED
TFLFY-FXY?20,22,2>

RFPEAT SEARCH AMD DRIIRLE STEPSI?E FNe FYRTHER SFAPCHFS
AMRDA=AMRNA+ALFA
ALFA=AMANA

FND OF SEARCH { NNP

TERMINATE [F THF CHANGE TN ARGIHMENT GFTS VFRY LARGF
TF{HNRMEAMBNA-] . E10)16,16421

LINFAR SFARCH TFCHNIQUE INDIFATES THAT NO MINTMUM FXTSTS

1FR=7

RF TURN
INTFRPNLATFE CURTCALLY IN THF INTERVAL NFFINFD RY THE SFARCH
ARQVF AND COMPUTE THE ARGUMFNT X FNR WHICH THF INTFROOLATION
POLYNAMTAL 1S MIMIMIZFEND

T=0.

TF{AMBDAY 24. 36, 24
1=3,%{FX-FY)/AMBNA+DX+NY
ALFAzAMAXY (ARS(Z) ,ARS(DX),ABRS(DY))
NALFA=7/ALFA

NALFA=NAL FAXDALFA-NX/ALFA*NY/ALFA
TF(NALFA)IS1,25.25
W=ALFA*SORT(DALFA)

ALFA=DY-DX4WeW

TFUALFAY 250,251,250
ALFA={DY-74W)/ALFA

GO TN 252
ALFA=(Z2+DY-W)/(2+DX274DY)
ALFA=ALFA%AMANA

nn 26 lglvN
XCT)=X(I) 4 (T=ALFA)*H( 1)

TERMINATE, IF THE VALUE OF THF ACTUAL FUNCTION AT X {S LFSS

FMEPIANN
FMFDIALN
FMEDP1620
FMEPLAIN
FMEP164D
FMFPIASN
FMFP]ﬁﬁa
FMEPIATQ
FMEP1ARQ
FMCD‘QQO
FMEPYITOO
FMEDLTIN
FuFP1720
FMED]T73N
FMEDYT4LN
FMEP1780
EMEPLT60
FMFP1TTD
evepl7RN
FMFP] 79N
FMEP1200
FMEPLALO
FMFDLR?2N
EMEP1R30
CMEP1R4O
FMFP1RSO
FMFP 1RGO
FMEPLRTN
FMEP1RRO
FMEplagp
FMEPIAQN
FMFP1910
FMFP1920
FMED1930
FMFP1940
FMFP1950
FMFP]1960
FMFDP197N
FMED1971
FMFP1972
FMFP1972
FMFP1974
FMFP1975
FMEP1990
FMFP1990
FMFP2000
FMEP2010

THAN THE FUNCTTON VALUFES AT THF INTERVAL FNDS, OTHERWISE REDUCEFMFP207p

THE INTFRVAL BY CHONSING ONE END-PNINT EQUAL TN X AND REPTAY
THE TNTERPOLATION, WHICH FND-PNINT IS CHNNSFN DEPFNNS ON THE
VALUF OF THE FUNCTINN AND ITS GRADIENY AT X

CALL FUMCT(N X+sF,G)
TF(F-FX127,27,28

FMFP 2030
FMEP2040
FMEP20SD
FMFP 2040
FMFP2070
FMFP2080
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IF(F-FY)36,36,28
NALFA=0.

NN 29 [=1,N
DALFA=DALFA+G(TIRHLT)
1F (NALFA)30,33,33
IF(F-FX)329¢31,33
IF(DX-DALFA)32,36,32
FX=F

DX=NALFA

T=ALFA

AMRDA=AL FA

G0 TO 23
IE(FY-F135,34,35
IF(DY-DALFA)35,36,35
FY=F

DY=DALFA
AMBDA=AMADA-ALFA

60 TO 22

TERMINATE, IF FUNCTION HAS NOT DECREASED DURING LAST ITERATION
IF{OLDF-F+EPS)51,38,38

COMPUTE OIFFERENCE VECTORS NF ARGUMENT AND GRAGIENY FROM
TWO CONSECUTIVE ITFRATIONS

DO 37 J=1,N

K=N+J

HIK)=G(J)-H(K)

K=N+K

HIK)=X{J)-HIK)

TEST LENGTH NF ARGUMFNT DIFFERENCE VECTOR AND DIRECTION VECTOR
IF AT LEAST N ITERATIONS HAVE BFEN EXECUTED. TERMINATE, IF
BOTH ARE LESS THAN EPS

1ER=0

IF(KOUNT-N)42,39,29

T=0.

1=0,

DO 40 J=1+N

K=N+J

W=l (K"

K=K +N

T=T+ABS(H(K))

I=7+WEH({K)

IF{HMNRM~EPS)41,44],42

IF(T-EPS)564+56442

TERMINATE, IF NUMBRER OF ITERATINNS WOULD EXCEED LIMIY
IF(KOUNT-LTMIT)43,50,50

PREPARE UPDATING OF MATRIX H
ALFA=0.
D0 47 J=1N
K=J+N3
W=0,
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N 46 L=14N
KL=N+L
WeW+H(KL)®=H(K)
TFIL=-J)44,45,45
K=K+N~1

GO TN 46

K=K41

COANTINUFE

K=N+J
ALFAsALFA+WRH(K)
H{J)=W

REPEAT SEARCH TN DIRECTION OF STFEPEST NFSCENT IF RESULTS
ARF NOT SATISFACYNRY
TF{2*ALFA)48,1,448

UPDATE MATRIX H
K=N31
DO 49 L=1sN
KL=N2+L
N0 49 J=LeN
NJ=N2+J
HIKI=HK) +HIKLI*HINJ )7 Z2-HIL ) 2H{J ) /ALFA
K=K+1
GO TN §
END OF ITERATION LONP

NO CONVERGENCE AFTER LIMIT [ITERATIONS
1ER=1
RETURN

RESTORE OLD VALUES OF FUNCTION AND ARGUMENTS
nn 52 J=1+«N
K=N2+J
X{ J)=H{K)
CALL FUNCTINX.F,G)

REPEAT SEARCH IN DIRECTION OF STEEPEST DESCENT TF DERIVAY{VE
FAILS TO BE SUFFICIENTLY SMALL
IF(GNRM-EPS)55,55,53

TEST FOR REPEATED FAILURE OF IYERATION
IF{IERIS6+54454
T1ER=~]
6070 1
1ER=0
RETURN
END
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SYSTEMATIC SEARCH AROND THE MINIMUM PREVIOUSLY FOUND
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DIMENSION X(2)
uu2=64, 710000,
HH2=500 'd
vv2=50.
T:[.
x(1)=0.
20,1
A=] o +P%T
WS=3.1416/2520.
WS2=WS %)
DN Sé 1=1,9
X{1)=X{11+0,2
F2=x(1)=x(1)
E3=F2%x(1)
X(2)1=0.
nn s3 J=1,9
X(21=X{2140,2
F2=X(2)%x(2)
F3=F2%X{(2)
UN=FISX (] )*PEPRTHF2REIEPRTRAS EIRPRTRASFIRX( 2) &PRT T
DE==2,%X(1 VRN (2} RARXPRTEX(2) *ARPRPLE2 X (2) *AXT T
VVV=2, ¢ TxHH2%UN /DE+UU2/E24VV2E( 1, 42, %WS2/X (1)) *%2
WRITE(6,52)X(1),X(2),VVV
FORMATIIX E1 T, ToE1TaT+E1T. T
CONTINUE
CONTINUE
CALL EXIT
END
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PROGRAM NC. 3

SOLUTION OF THE KALMAN FILTER EQUATIONS FOR THE UDISCRETE CASE

PHI=TRANSIT ION MATRIX

H=MEASUREMENT MATRIX

COVN=COVARTANCE MATRIX OF THE DRIVING NOISE
P=COVARIANCE MATRIX OF THE STATE AFTER A MEASUREMENT
PP=CVARIANCE MATRIX OF THE STATE BEFORE A MEASUREMENT
R=COVARIANCE MATRIX OF THE MEASUREMENT NOISE
A=DIMENSICN OF THE STATE VARIABLES

M=DIMENSICN OF THE MEASUREMENT

G=KALMAN GAIN

DIMENSINN PHI(36).COVUN(21) +HULB)+P(21)4PP(21)4,G(18),R(6)
DOUBLE PRECISION PH1,COVN,H,P,PP,G,R,TO1,Y02,703,T04,T0S5,T06,T708,
1888,CCCyDDD,BET4GR,UyToTO,DSQRT,DSIN,DCOS,DEXP,DABS
INTEGER TEST

1000 FORMAT(6D13,6)

1001 FORMAT(/,6(2X41PD12,5))

102 FORMAT({/,2X41PD12.5,/,212X,1PD12.5)5/43{2X,1PD12.5),/,
14{2X91PD1245) ¢ 795(2X21PD12.5) 3/ 46(2X,1PD12.5))

106 FORMAT(/,* KALMAN GAIN *)

109 FORMAT(10(2X,1PD12,.5))
CALL TRAPS(0,0,100000)
N=6
M=3
888=0.25
DDD=1(3,1416/300,)%%2
CCC=3,1416%0,2/300.
BET=(DSQRT{&,.*xDDD-CCC**2))/2,
GR= 981./(12.%2,54)
T=2.5
T0=10.
R(1)={(GR/1000,)**x?
R{2) =0,
R{3)=R(1)/1000,
R{4)=0.
R{51=0.
RI{6)=32500.
U=250000,%{2.*DDD¥* (-2 ,*DDD+(1 ++2 +*CCC)*(CCC+2,.,%xDDD) I}/ (DOD=
12.,%(1,42,*%CCC))
u=uU%*2,5
DO 107 JJ4J=1,21

107 COVN(JJIJ)=0.
COVNIl10)=U
DO 695 K=1,18

695 H(K)=0,
H{l}=1.
H{2)=1.
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H({4)=-DDD

H{6)=1,

H{T)=-CCC

H{10)=1,

Hila)=1,

H({l18)=1,

WRITE(6,1001)H

TEST=-1

00 101 K=1,21

P(K}=0.

P(1)=250000.

P{3)1=32500.

P(6)=20.

PL1CY=10.

P(15)=25C000,

P(21)=32500,.

PHI{(8)=DDD*DEXP(-CCCxT/2,)*DSIN(BET*T)/BET

PHI(T)I=(DCOSIBET*T)+(-CCC/(2.2BET) )*DSIN(RET=T) ) «DEXP{-CCC*
17724}

PHI(6)=(DEXP(-T/TO)+ (DEXP(-CCC*T/2,))*x(-DCOAS(RET®TI+(~CCC/2.+1./TD
1 )%DSIN(BET*T)/BET) ) *(1./T0-CCCHI/((-CCC/2.%1./TO)*%2+BET*%2 )~
2PHI(8}/DDD

PHIL12)=~PHI(8)/DDD

PHI(13)={(DCOS(BET*T)-CCC/{ 2. *BET })*xDSIN(BET*T) ) *DEXP(-CCC%T/2.)

PHI(11)=(PHI(&)+PHI(8B}/DDD)/(1./TO-CCC}

PHI{17)=(-DEXP(-BBB*T)-(DEXP{-CCCxT/2,) )*{-DCOS(BET*T)+(-CCC/2.+
18BAIXDSINI(BET*T)I/BET )1/ ((-CCC/2.+RBBI**2+BET %% 2)

PHI(18)=PHI(12})¢BRB*PHI(17)

PHI(16)=-DEXP(-T/TO)/ ((BBB~1./TO)*((~CCC/2.+1, /TO)*=*2+BETX%2) )~
1DEXP (-BBB®TI/((1./VY0-BBB )= ((BBR-CCC/2.)%*2+BEYT **2) )-DEXP(-CCC%T/2,
2)*((-CCC-BBB-1./TO)*DCOS(BET*T)+(1./BET*{1,/TD-CCC/2.)*%(BBB-CCC/
32 )-BET*%2)xDSIN(BET*T) )}/ (({BRB-CCC/2.)%x*2+BET*x2)x{ (], /T0-CCC /2,
L) %x¥2+BET%H%2))

TO1=PHI(6)

TO2=PHI(T)

TQ3=PHI( 8)

T04=PHI(13)

TOS=PHI(16)

TO6=PHI(1T)

T08=PHI(11)

DO 108 K=2,36

PHI(K)=0,

PHI(1)=DEXP{-T/TO)

PHILTY=-TOL1/Y0

PHI(B)=TQ2

PHI(9)=~TD3

PHI(13)=T08/7D

PHI{14)=-PHI(9)/DDD

PHI(15)=TC4

PHI(19)=~T05/T0

PHI(20)=TQ6

PHI(21) =706

PHI(22)=DEXP{-BRABXT)

PHI(29)=1.,
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PHI(31)={1.-DEXP(-T/TD})} /T2
PHI36)=1.

WRITE( 641001 )PHI

TTT=0.

PPI21)=t.

rPP{3)=1,

PP(171=1,

P{17)=-17500,

D0 100 111=1,200

CALL POCDE(N, My PHIy COVNyHyR 4P 4PP 4G, TEST)
TEST=1

WRITEL6y1021P

QQQ= DSQRT (PP {3)+PP(21 )42 ,%PP{17))

PPP= DSQRT{P(3)+P(21)42,%P(1T7))

PUNCH 699, TTY,QQQ
PUNCH 699,177, PPP
699 FORMAT{2(2X,1PE12.,5))
TTT=TTT+T
100 CONTINUE
WRITE{641C6)
WRITE(6,1001)6G
CALL EXIT
END
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SURROUT INE POCDE(NyMy PHI,COVNsHoRyP+PP 4G, TEST)
INTEGER TEST
DIMENSION PHI(1),COUNCL) JHEL)R(1),L,PLL),PP(1),G(1)

THE FOLLOWING DUMMY ARRAYS ARE USED ONLY WITHIN THIS SUBROUTINE

DIMENSICN AA(36),88(36),CC(21),PHIP(36)+PPHIPI36),F(36),FT(3¢)
DIMENSION PPHIT{(36)
DOURLE PRECISION PHI,COVNyHyRPyPPyGyAA,BByCCoyPHIP ,PPHIPF,FT
DOUBLE PRECISION DABS,PPHIT

71 FORMAT{'IERC = *,14)

72 FORMAT('THE MATRIX HPPHT + R WAS NOT INVERTED PROPERLY?)

NN = NxN

LN = N*x(N+1)/2
MM = Mx%xM

NM = NxM

LM = MX(M+1)/2
EPS=0,000001
IERC=1

IF(TEST) 13,28,27
27 EPS=0.,000001
CALL MPRD(PHIPyPHIP;NyNyO,41,N)
CALL MTRA(PHIP,PPHIT,;NyN,0O)
CALL MPRD(PHILPPHIT ,AANGN,0,0yN)

THE PRODUCT PHI*P*PHIT 1S TEMPORARILY STORRED IN AA, THIS
RESULT SHOULD BE SYMMETRIC. HOWEVER, DUE TO THE EFFECY OF
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ROUND OFF ERRORS THIS MAY NOT BE THE CASE. THE MATRIX IS MADE
SYMMETRICAL BELOW.

CALL MTRA{AA,BB,NyN,0)
DO 21 I = 1.NN
BR(I) = S=(AA(]) + 8B(I))

STORE MAVRIX PHI*P*PHIT WHICH IS NOW IN BB IN SYMMETRIC
STORAGE MODE AS PP,

CALL MSTR(BB,PP4NsO,1)
COMPUTE THE COVARIANCE MATRIX JUSY BEFORE A MFASUREMENT,

DN 31 T = 1,LN
PP(I) = PPLI) « COVNLID)

THE CCMPUTATION OF THE OPTIMAL FILTER GAIN MATRIX FOLLOWS.

CALL MPRO(HyPPFT yMyNy3 Oy 1,N) '
CALL MTRA{FT,F,M,N,0)
CALL MPRD(HyFAAyMyN, 0y 04 M)

MAKE AA A SYMMETRIC MATRIX.

CALL MTRA{AA,RB,M,M,0)

DO 22 1 = 1,MM

BB{I) = .5*%(BB(I) + AA(I)})
CALL MSTR(BB,CC,M,0,1)

DO 32 I = 1,LM

CC(I) = CC(I) + R(I)

CALL DSINV{CC,M,EPS, IERC)
IF(IERC) 33,34,33
WRITE(6471) IERC
WRITE(6,472)

GO 70 13
CONTINUE
CALL MPRDI(F4CCyGyNyM,40,41,M)

COMPUTE THE COVARIANCE MATRIX FOLLOWING A MEA SUREMENT,

CALL MPRD{GyH,AAyNyM,0,0,N)
00 29 I=1,NN

AACL)Y = -AA(D)Y

DO 25 [= 1,N

J = (I-1)*N + |

AA(J) = 1. + AA(D)

CALL MPRD(AA,PP,BByN,N,0,14N)
CALL MTRA(BByF,yNyNyO)

CALL MPRD({AA,F4BByN¢NyOs0,N)
CALL MPRD{GyReFoNyMy0y14M)
CALL MTRA(F,FT yNyM,0}

CALL MPRD{GyFTyAA,NyM,0,0,N)
DO 26 I=1,NN
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AALTIY = AA(I) + BB(I)
MAKE AA A SYMMETRIC MATRIX.

CALL MTRA(AA,BB,N,N,O)

DO 23 I = 14NN

BB{I) = .5%(B8B(1) + AA(I))
CALL MSTR(BB4P,N,yOy1)

RE TURN

[BCO=1/(1+1ERC)H

RETURN

END
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SUBROUTINE DSINV{A,N,EPS,IER)
DIMENSION A{1l)
DOUBLE PRECISION A,DIN,WNRK
CALL OMFSDUAN,LEPS,IER)
IF{IFR) 9,1,1
IPIV = N#%{(N+1})/2
IND = IPIV
DO 6 I=1|N
uIN=1.00/7AL1IPIV)
A(IPIV) = DIN

MIN = N

KEND = I -1

LANF = N - KEND
IF{KEND) 545,42

J = IND

DO 4 K=1,KEND

WORK = 0,D0

MIN = MIN - 1

LHOR = IP1V

LVER = J

DO 3 L=LANF,MIN
LVER = LVER + 1
LHOR = LHOR + L
WORK = WORK + A(LVER ) *A{LHNR)
A(J) = -WORK*DIN

J = J - MIN

IPIVv = IPIVv - MIN
IND = IND - 1

DO 8 I=1,N

1PIv = IPIV + 1

J = IPIV

DO 8 K=1I4N

WORK = 0,D0

LHOR = J

DO 7 L=K,N

LVER = LHOR + K - 1
WORK = WORK + A(LHOR)}*A(LVER)
LHOR = LHOR + L
AlJ) = WCRK
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J=J+K
RETURN
END
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SUBROUTINE DMFSO{AN,EPS,IER)
DIMENSION A(1)

DOUBLE PRECISION NPIV,DSUM, A, DSQRY
TFIN-1) 1241,1

IER = O

KPIV = 0

DO 11 K=1,N

KPIV = KPIV + K

IND = KPIV

LEND = K - 1
TOL=ABS(EPS*SNGLA(KPIV) )}

DO 11 I=K,N

DSUM = 0.DO

IF{LEND) 2,4,2

DC 3 L=1,LEND

LANF = KPIV -~ L

LIND = IND - L

DSUM = DSUM + A(LANFI*A{LIND])
DSUM = A(CIND) -~ DSUM

IF{I-K) 10,5,10
IF{SNGL{DSUM) - TOL) 6,6,9
IF(DSUM) 12,12,7

IF{IER) 848,49

IER = K - 1

DPIV = DSQRT(DSUM)

A(KPIV) = DPIV

bDPIV = 1.D0/DP1V

GO T0 11

A{IND) = DSUM*DP1LV

IND = IND + 1

RETURN

IER = -1

RETURN

END
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SUBROUTINE MPRD{A,ByRy,NyM,MSA,MSB,L)
DIMENSION A(1},B(1),R(1)

DOUBLE PRECISION A,B,R
MS=MSA%]10¢MSH

1F(MS5-22)30,10,30

DO 20 I=1,4N

R{I)=A(I)*B(1)

RETURN

IR=1

DO 90 K=1,L

L ]
[ | -
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DO 90 J=1,N

R{IR)=0

NO 80 I=1,M
[F(MSY40,60,40

CALL LOC(JdsI,TAsN,M,MSA}
CALL LCC{l¢KyIByM,L,M58)
IF{IA)50,80,50
IF{18)Y70,80,70
[TA=N*([-1)+)
IB=MX{K=~1)+]
RE{IRI=RIIR)+A(TAYXB( [R)
CONTINUF

IR=IR+1

RETURN

END
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SUBROUTINE MTRA(A,R,N,M;MS)
DIMENSION A(1)4RI(1)
DOUBLE PRECISICN AyR
IF{MS5)10,20,10

CALL MCPY(A RyNyNyMS})
RETURN

iR=0

DO 30 I=1,N

[J=I-N

DO 30 J=1+M

[J=1J+N

[R=T R+1

RUIRY=A(T1J)

RETURN

END
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SURROUTINE MSTR{AJRNyVFSA, MSR)
DIMENSION A{1l),R{1)
DOUBLE PRECISION A,R

DO 20 I=1,N

DO 20 J=1,N
IF(MSR)S5,10,5
IFL1I-J)10,10,20

CALL LOC(IyJyIRyNyN,MSR)
TF(IR)20,420,415

R(IR)=0,0

CALL LOC(1yJy TAyNyN,MSA)
IF(1A)20,20,18
R{IR)I=A(IA)

CONT INUE

RE TURN

END
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SUBROUTINE MCPY{A,RyNyM,MS)
DIMENSION A(1),R(1)

DOUBLE PRECISION A,R

CALL LOC(NyMyITyNyM,MS)

DO 1 I=1,IT

R(1)=A(I)

RE TURN

END
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SUBROUTINE LOC : 1.B.M. SSP SUBROUTINE
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