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PREFACE

This book, which grew out of lectures given at the NASA Lewis Research
Center, introduces the scientist and engineer with the usual background in
applied mathematics to the concepts of abstract analysis. The emphasis is not
on preparing the reader to do research in the field but on giving him some of
the background necessary for reading the literature of pure mathematics.

Although the material here is by no means original, the presentation
differs in some respects from texts on material of this nature. The proofs are
more detailed herein and quite easy to follow. We have attempted to indicate
how the material relates to and serves as a foundation for more advanced sub-
jects. We have also attempted at several places to show how the material
covered here relates to the more familiar “real mathematics.” Enough examples
are included to illustrate the concepts. No attempt is made to indicate the
original sources of the material or even to point out the originators of all the
concepts. Contrary to the usual practice, the relation between convergence
and continuity on the one hand and algebraic operations on the other is dis-
cussed in the abstract setting of linear spaces. This is done principally to famil-
iarize the reader with these very important concepts in a reasonably simple way.



CHAPTER 1

Elementary Set Concepts

Aside from being one of the principal tools of mathematics, set theory
serves also as a unifying principle and foundation upon which mathematics
can be based. A few mathematicians might even claim that mathematics is
nothing more than set theory. In any event, attempts to put mathematics on
set theoretic foundations have led to important contributions to the under-
standing of some of the more basic concepts of mathematics. However, our
interest here in set theory is its use as a tool in mathematics.

The study of sets began with Cantor, around 1874, and grew out of his
studies of the fundamental aspects of trigonometric series. Around the turn of
the century great progress had been made in the theory of sets by Cantor,
Russell, Frege, and others, and it appeared that there could be nothing which
would prevent basing all mathematics on set theory alone. However, in 1903,
when Frege was about to publish the second volume of his “Grundgesetze der
Arithmetik,” which was essentially his life work and relied heavily on the theory
of sets, Russell sent Frege his ingenious paradox, which seemed so shattering
to the foundations of set theory that Frege closed this volume with the following
acknowledgment:

A scientist can hardly encounter anything more undesirable than to have the foundation
collapse just as the work is finished. I was put in this position by a letter from Mr. Bertrand
Russell when the work was almost through the press.

Immediately set theoretic paradoxes began appearing in large numbers. In
some sense these paradoxes always seem to stem from the fact that sets which
are “‘too large” are encountered. From a practical point of view these paradoxes
may be avoided by always assuming that there is some possibly large but
fixed set from which, roughly speaking, all objects, which are considered in a
given discussion, are taken. We will express this principle a little more pre-
cisely in the subsequent discussion.

This procedure assures that no known paradoxes will occur, but we can
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ABSTRACT ANALYSIS

never be absolutely certain that any system will be completely free from contra-
dictions. This was pointed out by Godel who proved that no consistent system
can be used to prove its own consistency.

It is possible to treat set theory itself as a mathematical discipline by
taking the concepts of set and membership as undefined and then setting up
exact rules to describe their interrelation. However, we make no attempt to
develop “axiomatic set theory’ here. On the contrary, our aim is only to develop
(in a fairly intuitive way) those concepts of set theory which will be useful for
the work in the following chapters. In this way, we shall follow the ideas of
Halmos as set forth in his “Naive Set Theory” (ref. 1).

Before proceeding with the discussion of sets, let us briefly introduce
some terminology which is encountered frequently in mathematics.

Statements which must be either true or false (even though we may not
know which) are called propositions. For example, “Sauerkraut is better than
potato salad” is a statement which cannot be classified as being either true
or false. On the other hand, a statement such as ‘“The sauerkraut sold in this
supermarket is more expensive per pound than the potato salad” is a statement
which must be either true or false. In this chapter propositions will be desig-
nated by single letters.

Suppose that p and ¢ are any two propositions. In mathematics, the sen-
tences “p implies q°, “if p, then ¢, “p only if ¢, “p is a sufficient condition
for q”, and ““q is a necessary condition for p”’ occur frequently. They all mean
that whenever the proposition p is true, then the proposition ¢ must also be
true or, what is the same thing, whenever q is false, p must also be false (for
if ¢ were false, p could not be true since this would imply that ¢q had to be true
also). The sentences “p is necessary and sufficient for ¢’ and “p if and only
if ¢’ mean both p implies q and q implies p. The first of these shows that if p
is true, ¢ must be true. The second shows that if p is false, then ¢ is false also.
Hence, p and g must either both be true or both be false. Thus, for example, if
the proposition p is “Paul is taller than Harry” and the proposition ¢ is “Harry
is shorter than Paul,” it is clear that p if and only if g. If p is the proposition
“Paul is taller than Harry and Harry is taller than Mary” and g is the proposition
“Paul is taller than Mary,” it is clear that p implies ¢ but it is not true that ¢
implies p.

A set is any collection of objects called elements or members. The only
characteristic of a set is the particular objects which it contains. Sets are
generally denoted by capital letters. Lowercase letters are used mostly for the
members of sets. The notation x€E means that x is a member of the set F,
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ELEMENTARY SET CONCEPTS

and x is said to be contained in E or to belong to E or, simply, to be in E. The
negation of the statement xEE, denoted by x & E, means that x is not a member
of E. For example, if E is the set of positive integers, then 2 € E but—2 ¢ E.
In general, a diagonal line running through a symbol usually denotes the logical
“not statement:” for example, the symbol # means “not equal to.”

Sets are, in fact, completely determined by the members which they
contain. In line with this idea we make the following definition of equality.

Definition 1.1: Two sets E and D are said to be the same set or equal
if they contain the same objects. This is denoted by writing E=D.

Stated in a slightly different way, the two sets E and D are defined to be
equal if there is no element of E which is not an element of D and if there is no.
element of D which is not an element of E. This means that £ and D are equal
if every element of E is an element of D and every element of D is an element
of E. From a practical point of view this last form of the definition of equality
is the most useful one because it is most directly related to the method most
used in practice to decide if two sets are equal. It will be useful to have a special
name (subset) for the situation when the first half (but not necessarily the second
half) of the requirements of this definition is met by two sets.

Definition 1.2: If there is no element of a set E which is not an element
of a set D, E is said to be a subset of D, or E is said to be contained or in-
cluded in D, or D is said to contain E. This is denoted by writing ECD or
sometimes DDOE.

This definition means that if ECD then every element of E must be an
element of D. Note that the symbol C only connects sets. If D is the set of
positive integers and E is the set whose elements are 1, 2, and 3, then ECD.
However, it is not correct to write 2CD.

It is often very helpful to visualize sets as regions in the plane. The pictures
obtained in this way corresponding to the various types of operations between
sets (which will be discussed subsequently) are called Venn diagrams. Figure
1-1 illustrates the meaning of “D is a subset of E.”

To avoid any of the known set theoretic paradoxes, mathematical struc-
tures are always set up in a manner which assures that there is some large but
fixed set X (sometimes referred to as the universal set) such that all sets which
arise can be considered as being either subsets of X or sets whose elements are
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FiGURE 1-1.— Venn diagram for D C E.

subsets of X, etc. Sometimes this universal set is not mentioned explicitly in a
given discussion but it will always be clear from the context that such a set
exists. There is no reason why the elements of sets cannot be sets themselves!
In fact, this is a situation which frequently arises in mathematics. Sets whose
elements are sets are usually called families or collections in order to keep the
various levels of set construction clearly in view. Actually, there is no reason
why a given set D cannot simultaneously have a set E as one of its elements
and an element of E as another. For example, suppose that the universal set is
the set of positive integers and that the set E consists of the elements 1 and 2.
If D is the set whose elements are 1, 2, 3, and E, then it is not only true that
E € D, but it is also true that £ C D. On the other hand, if D is the set whose
elements are 1, 3, and F, it is still true that E € D but it is no longer true that
E C D. Thus, a set E is not a subset of a set D unless all the elements of E are
included among the elements of the set D. This example illustrates a difference
between elements and sets. It is, however, unfortunate that both the symbols
€ and C are read as contained in even though they refer to very different
things. Sometimes, then, it is necessary to decide from the context which of
these two meanings is to be attributed to the phrase “contained in.”

The form of the definition of equality of sets is given in the paragraph
immediately following Definition 1.1 shows that, if £ and D are any two sets,
E=D if and only if E C D and D C E. It also follows directly from Definition
1.2, for arbitrary sets E, D, and A, that if E C D and D C A, then E C A.
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According to the wording of Definition 1.2, E C E for every set E. On the other
hand, for any reasonable set E, it is never true ! that £ € E. If E C D and there
is at least one element of D which is not an element of E (i.e., the second half
of the requirements of the last form of the definition of equality is not met),
E is said to be a proper subset of D.

Some authors use the notation £ C D to mean E is a proper subset of D.
If this is done, they write E C D where we have written £ C D. We shall not
follow this convention here.

One usually conceives of sets as having at least some elements but as it
turns out it is very desirable to consider also the set which has no elements.
Because a set is completely determined by its elements, there is only one such
set and it is denoted by the symbol @ and called the empty set. Now @ must be a
subset of every set D, since @ contains no elements and therefore there is no
element of @ which is not an element of D.

Clearly, if E, D, and A are any subsets of a set X, and x is any element of X,
statements like “E C D,” “E C D and D C A,” “x € E,” etc., are propositions.
Large parts of mathematical proofs are composed of statements containing
propositions of these types.

Before discussing the methods for specifying sets it will be helpful to
introduce a certain concept from logic. Propositions usually contain the
“names”’ of (or symbols for) certain objects. For example, the proposition “Paul
is taller than Harry” discussed previously contains the names of the objects
Paul and Harry. If E is a particular subset of some universal set X and ¢ is a
particular element of X, then the statement ‘“t€E” is a proposition which
contains the ‘“names” of the objects ¢ and E. In this latter example, we can
obtain a different proposition by replacing ¢ by the name of some other element
of X and, in general, can obtain an entire collection of propositions by succes-
sively replacing ¢ by the names of all the elements of X. This collection of
propositions may be described as consisting of all propositions “xEE” as
x varies over all the elements of X. Any statement of this type, which contains
a symbol x of variable meaning in a place where the “name” of a particular
object would normally occur and which becomes a proposition when x is
replaced by the “name” of a member of some set D, is called a propositional
scheme and is denoted by a symbol such as P(x). The set D is called the domain
of P(x). If s is the “name” of some member of D, the proposition resulting from

!In fact, this situation can occur if we do not limit the size of sets as explained previously. Since this is always
- done in mathematics, for our purposes it is never true that £ € E.
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replacing x by s in P(x) is denoted by P(s). Thus, in the preceding example,
P(x) is the symbol for “x& E”” and the domain (i.e., D) of P(x) is X. Note that
x serves only to save the place where the name of an object is to be inserted.

Effectively, sets are specified in one of two ways. First, if a set consists of a
finite number of elements, since a set is completely determined by its elements,
we can specify the set by listing its elements. When this is done, the elements
are enclosed by braces and separated by commas. Thus {d, 1, 2, 3} is the set
whose elements are d, 1, 2, and 3. For sets with an “infinite’” number of ele-
ments, this procedure cannot be used.

On the other hand, suppose P(x) is some propositional scheme with a
domain D. For each particular element s€ D, P(s) will either be true or false.
There will then be a certain subset of D, say E, which consists of all the ele-
ments x of D for which P(x) is true. The set E is denoted by

E={xED|P(x)}

which reads “E is the set of all x contained in D such that P(x) (is true),” the
words in parentheses usually being omitted. Sometimes, when it is understood
from the context, the domain D is omitted and we write

E={x|P(x)}

For example, suppose P(x) is the propositional scheme x2=x and its domain
is the set J of all positive integers. Then the set {xEJ|x*=x} is the set of
x€J (or the set of all positive integers x) such that x>=x. This is just the one
element? subset {1} of J. On the other hand, the set {xEJ|x+1=x} is the
empty set @.

In this manner then, every propositional scheme defines a set and since,
for any set E, “x € E” is a propositional scheme, every set determines a
propositional scheme. In fact, this method of specifying sets includes the
method of listing the elements. For example, if E= {1, 2, 3} and J is the set
of all positive integers, then

E={xe]Jlxe {1, 2, 3}}

since x € {1, 2, 3} is a propositional scheme.
We might point out that two different propositional schemes, say P(x) and

2 Sometimes one element sets are called singleton sets. A distinction is always made between a one element set
and the element itself. Thus {1} is a different object than 1.
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O (x), with the same domain D may define the same set. For suppose that, for
each d € D, P(d) if and only if Q(d). Then P(x) and Q(x) are either both
true or both false at every point x € D. Hence, the set of all x for which P(x) is
true is the same as the set of all x for which Q(x) is true. That is

{x € D|IP(x)}={x € D|Q(x)} 1-1)

On the other hand, if equation (1-1) holds, then, for any d € D, either
d € {x € D|P(x)} in which case d € {x € D|Q(x)} and hence P(d) and
Q(d) are both true or d & {x € D|P(x)} in which case d & {x € D|Q(x)} and
hence P(d) and Q(d) are both false. Thus, P(d) if and only Q(d).

In a similar way, it can be seen that the inclusion
{x €D|P(x)} C {x€D|Q(x)}
means that for all d € D, P(d) implies Q(d).

The preceding paragraph illustrates how statements involving proposi-
tional schemes can be transformed into relations between sets. In fact, it is gen-
erally true that propositional schemes, which arise naturally in any logical
reasoning process and which may involve very complicated ideas, can be
replaced by sets which are much easier to think about. This is the reason why
set theory is such an important tool in mathematics.

We now introduce some elementary ways of combining sets to form new
sets. Note that we always assume sets under consideration are subsets of some

fixed set X.

Definition 1.3: The union, D U E, of two sets D and E is the set which
consists of all elements which are either in D or3in E. Or,

DUE={x|]x €D orx € E}
This definition is illustrated in figure 1-2(a).

Definition 1.4: The intersection, D N E, of two sets D and E is the
set which consists of all elements which belong to both D and E. Or,

DNE={x|x EDandx € E}

3 In mathematics the word “or” is always interpreted as meaning ‘“andfor.” This is called the “inclusive or.”
Thus the statement *“the colors are yellow or red”” means that the colors may be yellow or they may be red or they may
be both yellow and red.
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(c) {d)
(@D UE. (b) DN E.
(¢c) D—E. (d) E-.

FIGURE 1—-2.— Venn diagrams for elementary set operations. (Shaded areas denote the indicated
sets.)

If DN E=Y, D and E are said to be disjoint or nonintersecting. If
DN E#@, D is said to intersect E.

This definition is illustrated in figure 1-2(b).
It is easy to prove from these definitions that, for any two sets D and E,

DCDUE,ECDUE,DNECD,andDNECE.

Definition 1.5: The difference, D —E, of two sets D and E is the set
which consists of all elements of D which are not elements of E. Or,

8



ELEMENTARY SET CONCEPTS
D—E={x|x ED and x € E}

IfE C D, D—E is called the complement of E in D, or the complement of
E relative to D.

If X is the universal set, X—E is called the complement of E and is
denoted by a superscript c; thus, X —E=E°. Clearly,

Ec={x|x € E}

This definition is illustrated in the Venn diagrams of figures 1-2(c) and (d).
There are a number of relations which connect these operations. Some of
the more important ones are listed in table 1-1. The proofs of some of the laws
in table 1-1 are simple consequences of their definitions. Since the intersection

Table 1-I. —Set Theoretic Identities
Identity
Idempotent Law......cccoceeeeeniniennnen DuD=D DND=D
Commutativity ..o.veeeenreienrniennennes DUE=EUD DNE=END
ASSOCIAHIVILY vueeereereiereniieeeeannes (DUEYUG=DU(EUG) DNEYNG=DN(ENG)
Distributive Law.........ccovvvivienennne. DUENG=(DUE)NDUG) DNEUGH=MDNE)YUDNG)
Tdentity .o ooeeeeneeiieeerereaineeenneen Du@=D DNX=D
DUX=X Dn@=0

Complements.......ccccveeeveeiveieennns DuD=X D—E=DNE* DNDe=@

(D)e=D Xe=0 @Gc=X
DeMorgan’s Law.....c.uvverrnnereennnnnn. (DUE)e=DcNE: (DNE)=DcUEc

and union of sets are just the set theoretic equivalents of the simple logic con-
nectives, ‘“and” and “‘or,” the identities involving only unions and intersections
can be proved by expressing them in terms of a corresponding law of logic.
There is an essentially equivalent procedure to this which is better suited to
our purposes since it demonstrates a frequently used technique. We will demon-
strate the procedure by proving the first distributive law. Set L=D U (E N G)
andR=(DUE)N (DUG).Ifx € L, then x is either in D or in E N G.
First suppose thatx € E N G; then x € E and x € G. It must also be true,
therefore, that x ED UE and x € D U G; hence, x € (DU E)N (D U G).
On the other hand, if x € D, then it is certainly true that x € D U E and
x € D U G;thatis,x € (D U E) N (D U G). In either case, then,x € L implies
that x € R. This shows, since x was an arbitrary element of L, that L C R.
Conversely, suppose x € R; then, x € D U E and x € D U G. Hence, if

9
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x & D, thenx € FE and x € G. That is,x € E N G so it must also be true that
x €EDU(ENG). On the other hand, if x € D, then certainlyx EDU(ENG).
Since either x & D or x € D must be true, we conclude that x € L; hence,
R C L. Combining this with L C R, we conclude that L=R.

This is an extremely detailed proof of a very simple statement, but it was
included to illustrate the method.

The proofs of one of DeMorgan’s laws and the second distributive law are
given for a more general case in chapter 5. The rest of the entries in table 1-1
are more or less direct consequences of the preceding definitions. Some of the
relations in table 1-1 are illustrated in the Venn diagrams of figure 1-3.

The associativity of the unions and intersections of sets shows that we
can write such things as D U EU G or D N E N G with no danger of misinter-
pretation. It is clear that

(DUEYUG={x|xEDorx€ E orx € G}

The associative law and consequently the omission of parentheses can be
extended to the unions and intersections of any finite number of sets.

If D and E are two sets, it is easy to verify that if one of the following three
relations is true the other two must be also:

DCE (1-2a)
DNE=D (1-2b)
DUE=E (1-2¢)

These can be proved very simply by using the same procedure as in the proof
of the distributive law. It is quite easy to see, for any sets D, F, and G, that
DCGandEC G,ifandonlyif DU E C G, and that G C D and G C E, if and
onlyif GC DN E.

Sets are defined in such a way that they have no internal organization.
Thus, the set {p, q} is the same as the set {q, p}. The need, however, arises
for “sets” which do have some internal organization; that is, “sets’ in which
the order of the elements is relevant. A collection of two objects, in which we
distinguish between the first object and the second object, is called an ordered
pair. The ordered pair whose first element is p and whose second element is q
is denoted by (p, q). Thus, according to this definition,

{p, q) =(s, t) if and only if p=s and g=1¢ (1-3)
10
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(a) DU (EN G). byDnN (EUG).
c)DNOENG.

FIGURE 1-3.—Venn diagrams for set theoretic identities. (Shaded areas denote the indicated
sets.)

and therefore
(p.q) #{q,.p)if p#q

An alternate definition of an ordered pair which does not introduce the
concept of order but contains it could have been given. This can be accom-
plished by setting

5555555 0O-70—-2 n
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<p9 Q>:{p9 {p9 Q}} (1—4‘)

It is not hard to show that equation (1—4) satisfies the condition (1-3) and there-
fore constitutes an acceptable definition of ordered pair (actually some proof
is needed to show this). But this is unnecessary elegance for our purposes and
the definition given previously will suffice.

In a similar manner, we can define the ordered triple {p, q, s) to be the
collection of three elements in which the first, second, and third elements are
distinguished from one another, and, in general, the ordered n-tuple to be the
collection {p1, p2, . . ., pn) in which the order of all n elements is distinguished.

It is often useful to distinguish, by special notation, sets whose elements
are ordered pairs or, in general, ordered n-tuples. Thus, if D and E are any
two sets, the set of all ordered pairs (d, e), whose first element is in D and

whose second element is in E, is called the direct product or Cartesian product
of D and E and is denoted by D X E. Symbolically then, D X F is the set

DXE={(d,e)ld €D and e € E}

and, in general, for any n sets D;, Dy, . . ., D, we can define the direct product
D X. . .XDyof Dy, Ds,. . .,Dyto be the set

DiX. . .XDy={{(dy,. . .,du)|di EDiand. . .d, € Dy}

n
Sometimes the notation X D;is used for D;X. . . X D,.

i=1

For example, if D={1, 2} and E={3, 4}, then DX E={(1, 3), (1, 4),
(2,3),(2,4)}.

There is nothing in this definition which requires that D and E be different
sets. Since every point in a two-dimensional plane is located by giving exactly
two numbers (i.e., the coordinates of that point), we may think of a point in the
plane as being an ordered pair of real numbers: the first element of the ordered
pair being the first coordinate, and the second element the second coordinate.
The entire two-dimensional plane is then the set of all the ordered pairs of real
numbers that can be formed. Thus, the two-dimensional plane is the direct
product of the set of real numbers with itself. We shall discuss this again in a

more general context in chapter 3.
It should be noted that

DXEXG#DX(EXG)# (DXE)XG

since

12
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DXEXG={(d,e,g)|ld €D and e € E and g € G}
DX (EXG)={{(d, (e, g))|d €D and (e, g) € EXG}
(DXE)XG={{({d, e}, g)|{d,e) € DXE and g € G}

and (d, e, g), (d, {e, g)) and {({d, e), g) are not the same objects. This dis-
tinction is, however, unnecessary for our purposes and, since no contradiction
can arise if we do so, we shall consider (d, e, g), (d, (e, g)), and ({(d, e), &)
to all be the same object—namely, the ordered triple. With this convention,
the direct product is associative. Of course all these remarks apply to the
ordered n-tuple. The direct product is not commutative since this contradicts
the meaning of the ordered pair.

13






CHAPTER 2

Real Numbers

The development of a rigorous theory of the abstract concepts of analysis
discussed herein requires precise specification of the properties of the real
numbers. In addition, many of the abstract concepts of analysis are generaliza-
tions of certain properties of the real numbers. A better understanding of these
concepts is often obtained when they are compared with the properties of the
real numbers from which they came. For these reasons, the properties of the
real numbers must be formalized in a manner that will subsequently be useful.
Most books concerned with material at the level of this publication construct
the real numbers from more fundamental concepts. In fact it is usual to con-
struct the real numbers from the rational numbers (by the use of Dedekind
cuts), the rational numbers from the natural numbers, and then to relate the
natural numbers to more fundamental set theoretic concepts. For our purposes,
however, it is sufficient to consider the real numbers as already given and to
state their properties as axioms in a precise way. Much of the material in this
chapter will be familiar to the reader although it is quite possible that he has
not seen it stated in the form given herein.

Three groups of axioms are given which completely characterize the real
numbers. The first of these, the field axioms, contains all the algebraic proper-
ties of the real numbers. The second group contains all the order properties
of the real numbers, that is, those properties which have to do with one number
being larger than another. As a consequence, these order properties also con-
tain the concepts of absolute value and distance which are introduced in
chapters 3 and 6.

These two groups of axioms and their consequences will be familiar to
the reader, and we will use any of their consequences that are needed without
making any explicit mention of how they arise. In fact, these axioms are in-
cluded principally for comparison with the postulates of a normed linear space
(introduced in chapter 3), which is a generalization of these groups. On the

15



ABSTRACT ANALYSIS

other hand, the consequences of the third group, which actually consists of a
single axiom, will probably be much less familiar. For our purposes, this group
is perhaps the most important of the three. This third axiom refers to the com-
pleteness properties of the real numbers. It states essentially that there are
no ‘““gaps’ in the real numbers.

I. Field Axioms: With any two real numbers, a and b, the two operations
+ and - each associate unique real numbers, denoted by a+ b and a - b, respec-
tively, in such a way that, if a, b, c, etc., are real numbers, the following axioms
hold:
Addition axioms:

Al) at+b=b+a

(42) at+b+c)=(a+b)+c

(A43) There is a number 0 such that for every real number a, a+0=a.

(A4) For every real number a there is a real number denoted by —a

such that a+ (—a)=0.

Multiplication axioms:

(M1) a*(b-c)=(a-b)-c

(M2) There is a number 1 such that 1+ 0 and, for every real number

a,1l-a=a.
(M3) a*b=b-a
(M4) For every real number a different from zero there is a number

a~! such that a - a1=1.
Distributive axiom:

(D1) a*(b+c)=(a b))+ (a-c)

II. Order Axioms: There is a subset & of the real numbers called the

. positive numbers such that if a and b are any numbers the following are true:

O1) For every real number a at least one of the following must be true:
a=0;a € #; or —a € £.

02) a € P implies —a & P.

03) a, b € P implies a+b € 2.

04) a, b € P implies a-b € P.
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These axioms actually define the set & of positive numbers.* However,
they are entirely equivalent to defining the concept “larger than” denoted by
the symbol >, for we need only require, for any two real numbers

a+(—b)e

and the symbol > will be the same one with which the reader is already familiar.
For example, axiom (OI) is equivalent to the fact that for any two numbers
a and b either @ > b or b > a or a=b must hold. To see this, replace a+ (—b)
in axiom (OI). The symbol < is defined by

a<bif and only if 6 > a
and the symbol = is defined by

a=bifand onlyifa>bora=5b
Before giving the completeness axiom we need the following definitions.

Definition 2.1: 4 set E of real numbers is said to be bounded above
if there exists a real number p such that x < p for every x € E, and any number
p with this property is said to be an upper bound of E. A set E of real numbers
is said to be bounded below if there exists a real number p such that x = p

for every x € E, and any number p with this property is said to be a lower
bound of E.

Definition 2.2: If p is an upper bound of a set E, then p is said to be
the least upper bound of E if no real number which is less than p is an upper
bound of E. If p is a lower bound of a set E, p is said to be the greatest lower
bound of E if no real number which is larger than p is a lower bound of E.

Clearly, there cannot be two least upper bounds of a given set: if p and ¢
were two least upper bounds of E such that p # ¢ then either p < g, in which
case p is not an upper bound of E, or ¢ < p, in which case ¢ is not. Hence, we
are justified in saying “the” least upper bound in Definition 2.2. With these
definitions we can now introduce the completeness axiom.

4 The absolute value |a| of a number a is defined by

—aif—a€ P
la]=
aif—ag P
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I11. Completeness Axiom: Every nonempty set of real numbers which
is bounded above has a least upper bound.

It is not obvious that this axiom is equivalent to stating that there are no
“gaps’ in the real numbers. The demonstration of this fact, however, would
lead too far into the foundations of number theory.

The terms supremum and infimum are used interchangeably with the terms
least upper bound (lub) and greatest lower bound (glb), respectively. The least
upper bound of a set E is sometimes denoted by lub E and sometimes by sup E.
Similarly, the greatest lower bound of E is sometimes denoted by glb E and

sometimes by inf E. It is also common to write lub x or sup x for lub £ and glb x

xEE xEE x€E

or inf x for glb E. If the set E is defined by a propositional scheme P(x), the
rxEE

notations lub {x | P(x)} or sup {x | P(x)} or even lub x or sup x are used for lub E,
P(x) P(x)

with a similar convention of course for glb E. If the propositional scheme
P(x) or the set E is understood from the context, we sometimes write lub x or
sup x or glb x or inf x with the obvious meaning,. It is clear from Definition 2.2
and the familiar properties of the real numbers that

b x=—1ub (— _
gpm Y @-1a)
lub x=—glb (—

lub x=—glb {7x) (2-1b)

These identities are often useful in transforming statements about the su-
premum into statements about the infimum.

Clearly, if any set E contains a largest member vy, then by definition y is
an upper bound of E. But it must also be true that y=lub E for, if x is any real
number such that x <y, then the element y of E is larger than x and so x is
not an upper bound of E. On the other hand, if any upper bound of E, say p,
belongs to E, then p is both the largest member of £ and the least upper bound
of E. When lub £ € F or glb F € E, we shall sometimes write max E in place
of lub E or min E in place of glb E.

Clearly, every nonempty finite set of real numbers, say {x;, x2, . . ., 2},
has a largest element x; and a smallest element x;. Hence, x;=lub {x1,. . ., xx}
and x;=glb {x1,. . ., xx}. It is also true that every nonempty subset of the posi-

tive integers has a smallest element. It is easy to see that, if £ C D and the least
bound y of D exists, lub E < lub D because every x € E is also contained in D
and hence x < y for every x € E. Therefore, y is an upper bound of E and so
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cannot be less than lub E. These very simple properties of the infimum and
supremum find many applications in the following chapters.

We shall take for granted the facts that the integers and the rational num-
bers are subsets of the real numbers and that for any real number p there is an
integer n such that n > p. Actually, this last statement can easily be proved
from the completeness axiom and the fact that, for every integer m, m+1 is
an integer which is larger than m, but we shall not bother to do so here. While it
is also quite easy to prove from these facts that the following statement is true,
for our purposes it will be sufficient to merely list it as an axiom.

Axiom of Archimedes: Between any two real numbers there is a rational
number.

This means that if p and g are any real numbers and, say for definiteness,
p < g, we can find a rational number r such that p<r <gq.

One of the properties of the real numbers is that for every real number p
there is a real number g such that ¢ > p; that is, there is no largest (and no
smallest) real number. For many purposes, however, it is convenient to be
able to talk about a largest and smallest number. This can be done if the set
of real numbers is enlarged in the manner indicated in the following definition.

Definition 2.3: The extended real number system is defined to be the
set which consists of all the real numbers plus the two symbols +© and —®
which, for every real number p, have the following properties:

(1) —o<p<+o
(2) pt+(+°)=+®, p+ (-®)=—x

+ p>0
(3) pr(+»)=
— p<O0
b _ P _
() =L

(+%0) + (+®) =+,  (—0)+ (=) =—0c0
(5)

(+ ) - (o) =00, (=) - (o) =Foo

The operation (4 )+ (—) is not defined. We shall also not define
0:(+x) and 0 (—x). However, sometimes the convention 0 - (+ ) =0 is
adopted, particularly in the theory of integration.
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The extended real numbers have many of the algebraic properties of the
real numbers especially if the arbitrary convention 0 - (+ o) =0 is adopted.
A notable exception is that there is no extended real number p such that
p+ (+0)=0. Also, when we are dealing with the extended real numbers we
can not conclude from the fact that a+b=c+ b that a=c. When it is desired
to make explicit the distinction between the real numbers and the extended real
numbers, the former will be termed finite.

The introduction of the symbols +® and — o with their order properties
(i.e., + o is larger than any real number and —  is smaller) provides two num-
bers which are upper and lower bounds of every set. The following definition
uses this fact to eliminate the restriction “bounded above’ in the complete-
ness axiom.

Definition 2.4: If E is a nonempty set of extended real numbers and if,
for every finite number vy, there is a p of E such that p > v, then the least upper
bound of E, lub E, is defined to be + . A similar convention is adopted for the
glb E. If E={+ =}, we define glb E to be +x, and if E={—x}, we define
lub E to be — .
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CHAPTER 3

Vector Spaces

A favorite occupation of the nineteenth century algebraist was the gen-
eralization of quadratic and bilinear forms from three to any finite number of
variables. The algebra which occurred as a consequence of this was soon inter-
preted as the geometry of hyperquadratics in n-dimensional space. With this
interpretation many of the familiar problems in three-dimensional space sug-
gested very obvious things to do in n-dimensional Euclidean space.

Around the turn of the century the work begun by Cantor and carried on
principally by Fréchet, which we shall discuss in somewhat more detail in
chapter 6, led to the concept of a space as being any set of points of unspecified
nature subject to certain postulates. Today, just about all the research in
abstract mathematics is concerned with studying one type of space or another.
The postulates of the spaces that are studied are usually designed to mirror
those properties of the real numbers or of the real functions of a real variable
which lead to useful results when taken over into this more general setting,
As already mentioned in the preceding chapter, the Field Axioms I contain
all the algebraic properties of the real numbers and the Order Axioms II con-
tain the concept of absolute value.

In this chapter, we shall first define a space whose postulates mirror some
of the field axioms (the linear properties) and as a result a purely algebraic
space will be obtained; that is, there will be no geometric relation between the
points of the space. Next, we will add to this space some additional postulates,
which mirror some of the order axioms and their consequences, in such a way
that these postulates abstract the notion of absolute value. It will then be
shown that the abstract spaces obtained in this manner (which are called
normed linear spaces) not only contain the real numbers as a special case, but
also the n-dimensional Euclidean space. In 1922 Banach introduced the
normed linear space with one additional postulate. We shall not deal with
this postulate, which mirrors the completeness axiom of the real numbers,
until chapter 9.
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QOur interest here in normed linear spaces is to put them to work to study
the relation between algebraic operations on the one hand and continuity and
convergence on the other.

Apropos of this, we first define vector or linear space (compare with the
field axioms in chapter 2).

Definition 3.1: A real (complex) vector space is a set V, whose elements
are called vectors, together with the set & of all real (complex) numbers and
an algebraic operation, called addition, which associates with any two ele-
ments vy, v2 € V a unique vector, denoted by v, +v., in such a way that, if vs
is any vector, the following are true:

An ntv=uv-tun (Commutativity)
A2) v+ (v2t+wv3) = (v1+02) + o3 (Associativity)
A3) There exists a vector denoted by 0 and called the zero vector such
that, for every v € V,v+0=v (Identity)
A4) To each v € V there corresponds a vector denoted by —v such that
v+ (—v)=0 (Inverse) ®

Further an operation, called multiplication, which associates with any
element v € V and any real (complex) number o, a unique vector denoted by
aw, is defined in such a way that, for any B € &, the following axioms hold:

(M1) a(Bv)= (aB)v (Associativity)
M2) lo=v (Identity)

Finally, the following two distributive laws hold for any o, 8, € % and any
v, U2 EV:

(DI) a(vy+v2) = av, + avz (Distributive)
(D2) (a+B)vi=av, + Bu (Distributive)

In the context of vector spaces, the elements of .¥ are often referred to

as scalars. It should be noted that we have made no distinction between the
notation for the zero vector (sometimes called the origin) and for the number

5 The properties (Al) through (A4) are those of an Abelian group. Thus, every vector space is an Abelian group with
respect to the operation +.
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zero. However, this is common practice since no confusion arises from it. It
is a direct consequence of axioms (Al) and (A3) that the vector denoted by 0
is unique: for, suppose ' was another such vector; then, v+ 0 =v for all
v € V. In particular, setting v= 0 in this equality shows that

04+0'=0
But setting v=0" in (A3) gives
0'+0=0
Now (A1) shows that the left sides of these two equalities are equal; hence,
0=0’

We are therefore justified in calling 0 the zero vector.

It is standard practice, although not really logically consistent, to refer
to the set V alone in Definition 3.1 as the vector space. After all, we have not
changed V in any way just because we have in mind certain algebraic operations
between its members and the members of %. As a matter of fact, this sort of
thing is quite common in mathematics and we shall meet it again — for example,
in the discussion of metric spaces. Following this procedure tends to avoid an
undesirable awkwardness.

" Another term for vector space is linear space. The two terms will be used
interchangeably throughout the text.

It is easily verified that the real numbers satisfy the axioms of a real
vector space and the complex numbers satisfy the axioms of both real and com-
plex vector spaces, with the usual method of adding and multiplying complex

numbers. The following simple theorem is an immediate consequence of
Definition 3.1.

Theorem 3.2: Let V be a real (complex) vector space and suppose
v1, U2, U3 E V. Then

(a) v1+ve=uv3+v2 implies vi=1; (Cancellation Law)
(b) Ov;=0
(c) The additive inverse is unique and (—1)y,=—1v,

Proof: Part (a). This follows immediately from postulates (A2) to (A4) for, if
— s is added to both members of v; +vs=wv3+ vs, we get

(vi+v) + (—v2) = (v3+12) + (—12)
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Using (A2) gives
vt (2 + (—m)) =vs+ (v2+ (—12))
Using (A4) gives
1 +0=v3+0
and finally we see from (A3) that

V1 = U3

Part (b). This follows from part (a) and from postulates (D2) and (A3) for
if « is any scalar, then it follows from (D2) that

o= (04 a)v;=0v; + avy
and so from (A3) we see that
0+ av, = av,=0v + av
Hence, it follows from part (a) that
0=0v;

Part (c). We first show that the vector — v is unique. Suppose w was another
additive inverse of v. Then, v+w=0. It is clear from (Al) thatv+ (—v) =v+w,
and then applying (A4) to this shows that (—v) +v=w-+v. Thus, the first part
of this theorem shows that —v=w.

To complete the proof of part (c) we use propositions (M2) and (D2) and
part (b) to get

(_ 1)U1+121= ("'1)1]1"‘ 1U1: ('_1+ 1)’1]1=0’01=0
Since the additive inverse —v; is unique, we conclude from this that

—Dvi=—wn
Given a vector space V, it is natural to inquire as to which subsets of V'
are themselves vector spaces. It is clear that not all subsets of /' can be made

into vector spaces by imposing the rules of addition and scalar multiplication
defined on V. With this in mind we make the following definition.
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Definition 3.3: Let V be a vector space and let U C V. Suppose that, for
every vy, v2 € U,

av; + Br.€U

for all scalars o and B. Then, U is called a linear subspace of V or more
simply a subspace of V.

It now follows immediately from Definitions 3.1 and 3.3 that every linear
subspace of a vector space is a vector space in its own right with the same
definition of addition and multiplication as in the original space.

The concept of vector space is a purely algebraic one and therefore (the
reason for this will become clear in the following) it alone cannot be used to
discuss continuity and convergence. Roughly speaking we must add some
structure to it that allows us to introduce the notions of convergence and
continuity. Apropos of this we now define a “normed” vector space.

Definition 3.4: 4 real (complex) vector space V is said to be normed if
there is associated with every element v of V a unique real number ||t|| which
has the following properties:

(N1) vl = 0; ||f| = 0 if and only if v=0
N2)6 el = |a] ||o|| for every real (complex) number o
(N3) o1+ val| <|lvil| +lvdl for all vy, v.EV

The number ||| is called the norm of v.

It is straightforward but tedious to verify that both the real and complex
numbers satisfy these axioms with the norm taken to be the absolute value.
Proposition (V3) is known as the triangle inequality since this is a generaliza-
tion of that classical concept from Euclidean geometry. This will become clear
subsequently when we introduce an important and familiar type of normed
vector space.

From an elementary standpoint a vector is taken to be a quantity having
both magnitude and direction. When this outlook is adopted, vectors are usu-
ally visualized as arrows in a three-dimensional space with the tail of the arrow
at the origin 0. The direction of the arrow is then the direction of the vector

¢ |a| denotes the absolute value of the number a.
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and the length of the arrow represents the magnitude of the vector. The. point
at the head of the arrow completely specifies the vector. Therefore, one can
say that this point is the vector. (This is done in the next definition.) In three
dimensions, a vector r is just a point with coordinates x, y, and z. Vectors are
added by the parallelogram law which amounts to adding the coordinates of
the points corresponding to the vectors. Thus, if the head of the vector r; is at
the point x;, y;, z; and the head of the vector r; is at the point x2, ¥z, 22, then
the head of the vector r; + r; is at the pointx; + %2, ¥1 + ¥2, 21+ 22. The product
of the vector r with a real number c is defined to be the vector whose head is
at the point cx, cy, and cz. The dot product of the two vectors r; and r; is de-
fined to be the real number x;x2 + y1y2 + z1z2. The magnitude of the vector ris
(x4 92+ 22)42, In the next definition these geometric concepts are formalized
by a set of postulates and extended to spaces with an arbitrary number of
dimensions called Euclidean spaces.

Definition 3.5: For each positive integer k, the k-dimensional Euclidean
space is the set R* of all ordered k-tuples of the form

x={x1, X2, . . ., X)

where x1, X2, . . ., xx are real numbers, with the operations of addition and
scalar multiplication between all the elements of R* defined as follows: Let

x= (X1, . . ., Xx)
and

Y=(Vts o - - Vi)

be any two members of R* and let o be any real number. Put

xt+y=(u+n . .., mty (3-1)
and
ax=(axi, . . ., Qx) (3-2)

It is clear that x+y € R¥ and ax € RX. We call the first of these operations
addition and the second scalar multiplication. We further define the zero
vector or origin of R* (denoted by 0) to be the k-tuple

0=40,. . .,0) (3-3)

In addition, we associate with any two elements x and y of R* the real number
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x * v defined by
k
x-y= 2 XiYi (3—4)
=1

and with any element x of R* we associate the nonnegative number |x| defined by

k 1/2
lxl=(2x%> = (x-x)12 (3-5)
i=1
If x=(x1, x2, . . ., xx) is any element of R¥, we call x a vector or a point
of R¥ and the numbers xi, %2, . . ., xr its coordinates. Relation (3—4) is

called the inner product.

We shall denote a vector in R* by using boldface type for the letter, and
we shall denote its coordinates by the same letter with subscripts ranging from
1 to k.

Now that the Euclidean spaces have been introduced, we still must show
that these spaces are in fact normed linear spaces. With the definitions of
addition given by equation (3—1) and of scalar multiplication by equation (3-2)
and with the zero vector defined by equation (3—3), it is an easy matter (inas-
much as the real numbers satisfy the associative, distributive, and commuta-
tive laws) to verify that the postulates (Al) to (A4), (M1) and (M2), and (D1) and
(D2) of Definition 3.1 are satisfied by the members of R%. We therefore conclude
that the k-dimensional Fuclidean space R* is areal vector space. Before showing
that in addition R* is a normed linear space, it is convenient to prove the next
theorem.

Theorem 3.6: Suppose that x, ¥ € R* and that « is a real number.

Then,
@ |x[=0
(b) |x|=0 if and only if x=0
©  |ox|=]a| |«

@ |-yl <« ||

€  [|x+yl <|x[+]y
Proof: Parts (a), (b), and (c) are obvious. To prove part (d) we first note that,
from the definition of inner product, (x+v)-z=x *z+y ' z. Assume neither
|| nor || nor x - y is zero for otherwise, by part (b), x - y=0 and the inequality
is trivial. Now from part (a) we have, for any real number A,
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O0<|x—Ny]P=(x—Ny)-(x—Ay)=x-x
+ Ay y—2Ax - y= |22+ N|y|2—2\x - y

Since A is arbitrary, we can set

x| =]
lyl -
and we have
2
o la?
|]®
Hence, |
|
0= 2lx|2—2 ,—y'l— Ix -yl
or

|- y| < |x| |y

and part (d) is proved. It follows from part (d) that

lxtylP=(x+y) (x+ty)=x-=x
+2x - y+y-y < |x*+2x] [y + |y*= (lo[+ [51)*
so that part (e) is proved.

Comparing parts (a) to (c) and (e) of Theorem 3.6 with (N1) to (N3) of
Definition 3.4 now shows that indeed equation (3-5) defines a norm on R¥
and so makes R* into a normed linear space.

We define R! to be the set of all (finite) real numbers. We have already
pointed out that R! is a real normed linear space if we take the norm of any
element in R! to be its absolute value.

It is clear from the definition of the direct product given in chapter 1 that

RE=R'XR'X . . . XR! (3-6)

taken k-times
It also follows from the discussion at the end of chapter 1 that, for any k=2,
Rk=RsX Rk~s  1<ss<k—1 (3-7)

For k=2 and k=3 the definitions of equations (3-1), (3-2), and (3—4)
just correspond to our usual concepts of vector addition, multiplication of a
vector by a scalar, and dot product, respectively. Furthermore, equation
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(3-5) is the definition of the magnitude of a vector. What has been done here
is that our usual geometrical concepts of vector addition, etc., have been for-
malized into a set of algebraic rules or postulates, which was used to define a
mathematical structure. Looked at in this more abstract setting, the spaces
R* then become natural generalizations of the three-dimensional Euclidean
space.

We remind the reader that a point in the plane can now be represented
in either of two ways. First, it can be represented as a vector in R2—that is,
as the ordered pair x= {(x;, x2) where x; and x, are real numbers. Second, it
can be represented as the complex number z= x; + ix, where i= V—1.

Geometrically speaking, when the real part of z is the same number as
the first element of the ordered pair ¥ and the imaginary part of z is the same
number as the second element of the ordered pair x, then x and z refer to the
same geometric point. If y=(y1, ) and n=1y;+iyz, then for any real num-
bers @ and 8

v=ax+ By = (ax1+ By1, axz+ Bys)

and
E=az+ Bn= (ax;+ay1) +i(oxe+ By:)

which defines £. This shows that the complex number ¢ represents the same
point as the vector v, so that it makes no difference which formalism we use
to carry out these algebraic operations. They are entirely equivalent. It is
clear from equation (3-5) that |x|=|z| is just the absolute value of the com-
plex number z in the usual sense.

Essentially then, for every operation that can be performed in R2?, there
is an equivalent operation with complex numbers that will yield the same
result when the complex numbers and the vectors in R? are identified with
each other in the manner indicated. So all the results obtained below for
Euclidean spaces have an immediate counterpart for complex numbers.”

We shall denote the real part of a complex number z by % z and the
imaginary part by %. z. The set of all complex numbers is usually denoted

by C.

7In fact, the complex numbers are a field, whereas R? is only a linear space. This in particular implies that mul-
tiplication is defined between members of the set of complex numbers. ‘
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CHAPTER 4

Functions and Relations

It appears that the word “function’ was first used by Descartes in 1637
to refer to a positive integral power of some real variable. Afier a considerable
period of time, the term was taken up by Leibnitz to refer to any numerical
quantity connected with a curve. The concept of function was next modified
by James Bernoulli who regarded it as being any algebraic expression involving
a single variable. Euler generalized this concept of function to include algebraic
expressions involving any number of real variables and any expression that
could be generated from algebraic expressions by the operations of compo-
sition, quadrature, and forming infinite series. Euler did not realize the full
implications of this definition, and it was Fourier who demonstrated that
much more general functions than Euler had thought possible arose as the
sums of infinite series. Attempts to give a definition which was meaningful
for this large class of relations led Dirichlet to give a definition of function
which no longer required that any explicit formula be involved in the definition
but only required that a rule of correspondence between numbers be given.
He coined the terms ‘“domain” and “range,” and he was the first to impose
the restriction that the rule of correspondence assign only a single number
to each number in the domain of definition ‘of the function. This is essentially
the concept of function that is used in elementary calculus today. Dirichlet,
however, still required that a function relate numerical quantities, and he did
not seem to apply the term function to the rule of correspondence itself.

With the introduction of set theory into mathematics, the term function
has come to refer to any rule which associates with an element of a given
set a single element of another set. Finally, attempts to formalize mathematics
entirely in terms of set theoretic concepts have led many modern authors to
define functions in terms of certain sets of ordered pairs.

Before giving a precise definition of function, let us consider an example
in which D denotes the set of all books in the NASA Lewis library. Let E be
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the set of positive integers. Then we can associate a unique member of E with
each book in D, namely, the number of pages which that book contains. This
scheme defines a function from the set D into the set E.

Definition 4.1: If D and E are any two sets and there is some scheme
or rule whereby, with each element x€D, there is associated a unique ele-
ment yEE, then this scheme is said to be a function f from D into E. The
element yEFE that is associated in this way with an element x€D is denoted
by f(x) and is called the value of f at x. The set D is called the domain of f.
The notation f: D— E means that f is a function from the set D into the
set E. The function fis said to be defined on D.

The sets D and E appearing in this definition may of course both be the
same set. We shall sometimes say that f is a function from D to F instead of
from D into E.

In various contexts the terms mapping, transformation, and operator
are used for function. We emphasize the fact that a function must associate
a single value with each member of its domain. According to Definition 4.1,
the function f is completely specified only when the rule connecting all the
elements of a set D with the elements of a set E is given. It is important in
modern mathematics to think of the entire function f as a single object and
to always make a distinction between the function f and any one of its values,
say f(x).

If the domain of a function fis a subset of the direct product of two sets,
say A and E, it is common practice to denote the value of f at the point
(a, e) EAXE by f(a, e) instead of by f({a, e)). The function f is usually
referred to as a function of two variables. Hence a function of two real variables
is a function whose domain is a subset of R*= R! X R'. More generally a func-
tion of n variables is one whose domain is a subset of the dire"ct product of n
sets, say A1, . . ., An, and its value a point {a;, . . ., an) € X A;is denoted
be(al’ MRS an)- =1

If f: D— E (sometimes read “‘f maps D into E”), the set {(x,f(x)) |x € D}
is called the graph of the function f. In modern writing a function is frequently
defined to be its graph. For our purposes it makes no difference which of
these concepts is used as the definition of function.

It is not consistent with Definition 4.1 to define a funection f from the set
of all real numbers to the set of all real numbers by the scheme

flx)=tan"! x (for every real number x) (4-1)
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the reason being that tan~! associates more than one real number with each
real number x and therefore does not lead to an unambiguous scheme. It is,
however, consistent with Definition 4.1 to define a function f from the set of
all real numbers to the set of all numbers lying between — T and Z by equation
(4-1). It is also not in accord with Definition 4.1 to define a function f from
the set of all real numbers to the set of all real or even extended real numbers
by the scheme

f(x) =% (for every real number x) (4-2a)

for £(0) is not defined by equation (4-2a)® and a function must be defined at
every point of its domain. A function into the extended real numbers is, how-
ever, defined in a proper way if we replace equation (4-2a) by

1 for every real number x # 0

fe)=9" (4-2b)
+ oo for x=0

This is contrary to the older usages of the term function which allowed equa-
tion (4—2a) to define a function that was said io have an infinite discontinuity
at x=0.

For any two sets A and E, the function f: A X E—> A defined by

SfUx, »)=x  forall{x,y)EAXE

is sometimes called the first projection in 4 X E. Similarly, the function

g:AXE— E defined by
gz, y))=y  forall{x, y) EAXE

is sometimes called the second projection in A X E.
Suppose D and E are any two sets and f:D— E and g:D— E. Then,
according to our definition, f and g are the same function if and only if

flx)=g(x) for every x€D

In this case we write f=g.
In the following definition, the notation d x is used to mean “there exists

29

an x.

8 This of course follows from the fact that division by zero is not defined even in the extended number system.
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Definition 4.2: If f:D— E and A is any subset of D, the image of A
under f is defined to be the set f(A), which consists of all yEFE such that
y=f(x) for some x € A. More formally, the image of A is the set

f(A)={y€E|(Ax€A) for which y=f(x)}

The set f(D) is called the range of f. It is clear that, in general, f(D) € E.
If it happens that f(D)=FE, then f is said to map D onto E and the function f
is said to be a surjective function from D to E.°

In other words, a function f:D— E is surjective, or onto, if and only if,
for every yEE, there is some x&€D such that y=f(x). Notice that the state-
ment “f maps D onto E” is more specific than the statement (cf., Definition
4.1) “f maps D into E.” The concept of image is illustrated in figure 4-1.

flx)
Iy

Graph of f

N

N
f(A) )

V2727777,

A

LLLLLLLLLLLL) » X
F7T77TI7777 g

FIGURE 4—1.—1Image of a set of real numbers under a real valued function.

If D and E are both sets with a finite number of elements, it is obvious
that if E has more elements than D, the mapping f: D — E cannot be surjective.
For example, the function g : 4—> G whereA=1{a, b, ¢} and G={1, 2} defined
by

9 The property of being surjective is not a property of f alone but a property of f and E.
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gla)=1
g(b)=2
glc) =2

is surjective, whereas the function & : G— A4 given by

h(1)=0
h(2)=c

is not surjective. These two functions are illustrated in figures 4—2 (a) and (b).

A A
G G
a.\ ea
bo\ \01 le »>oh
ce %69 2e >0 C
(a) (b
(a) g:4—6C. (b) h :G—> A.

FIGURE 4-2.—Schematic representations of g and A.

Clearly any function f: D— E may be considered as being a surjective
function from D to f(D). Also if A; and A» are any two subsets of the domain
D of f; then A; C A, implies f(A;) C f(Az). Finally it is an immediate conse-
quence of Definition 4.2 that (@) =@.10

The function f from the set of all real numbers to the set of all real numbers

defined by

f(x)=2x° for all real numbers x

is surjective. However, the function g from the set of all real numbers into the
set of all real numbers defined by

WIf f:D—E, ACD, and E is a subset of the real or extended real numbers, it is common practice to write
supAf(x) and inf f(x) in place of sup f(4) and inf f(4), respectively.
x € xEA
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g(x) =x> for all real numbers x

is not surjective because, given any negative number y, there is no real number
x for which y=x2

Definition 4.3: For any two sets D and E, the mapping induced by
a function f:D— E is defined to be the function / from the collection Zp of
all subsets of D into the collection % of all subsets of E such that, for
each subset A € Pp, the value of the function /at A is f(A), the image of A
under f.11

The symbol f is also used for the induced mapping / and it is usually
necessary to infer from the context which function f refers to. It is clear, from
Definition 4.2, that the mapping induced by a function f: D — FE is surjective
if and only if its range is the collection of all subsets of E. The following ex-
ample serves to illustrate some of these concepts.

Let D={a, b} and E={1, 2}. The function f: D — E defined by

1 forx=a
flx)=
1 forx=5b

is not surjective. This function is illustrated in figure 4-3. The subsets of D are
@ {a} {b} {a,b}
o {1y {2} {1,2}

The values of the induced mapping are
f@)=0  f{ehH={1}
flab)={1}  f({a, bh={1}

and this mapping, like the function £, is also not surjective because its range
does not include the subsets {2} and {1, 2} of E.

and the subsets of £ are

" The collections ) and 2 are called the power sets of D and E, respectively.
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a @

o/

b

/

).1

® 2

FIGURE 4—3.— Schematic representation of f:{a, b} = {1, 2}.

Definition 4.4: If f:D—E, and A is any subset of E, the inverse
image of A under f is defined to be the set f~1(A), which consists of all points
x € D for which f(x) € A. In symbols, the inverse image is the set

fHA)={x € D|f(x) € 4}

If the inverse image under f of every one element subset of E contains at most one
element of D, then fis said to be injective or fis said to be a one-to-one map-

ping from D to E.

fix)

Graph of f
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7747

~fln-

Z
I//‘/IIIIIA

FIGURE 4—4.—Inverse image of a set of real numbers under a real valued function.
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The concept of inverse image is illustrated in figure 4—4.

Clearly, if a function f: D—FE is injective, there cannot be two distinct
points of D, say x; and x2, such that f(x)=f(x:), for otherwise the inverse
image under f of the one element set {y} where y=7f(x;) =f(x.) would contain
more than one element, namely, 5 and x2. On the other hand, if for any two
points of D, say x; and xz, x; # x2 implies f(x;) # f(x2), then the inverse image

of any one element subset {y} of E can have at most one point for, if f~1({y})
={x1, %} and x; # x, then we would have y=f(x;) and y=f(x2) which is
impossible since f(x1) # f(x2). Hence, we conclude that a function f: D—E
_is injective if and only if, for any x,, x. € D, x; 7 x implies f(x:) 7 f(x2).

We can express this last concept in still another way. To this end, suppose
that p and ¢ are two propositions (recall that propositions are either true or
false but not both). It was shown in chapter 1 (see p. 2) that the two statements
“whenever the proposition p is true, then the proposition ¢ must also be true”
and “whenever q is false, p must also be false” mean the same thing. They are
known as contrapositives of one another. Now, we saw that a function fis injec-
tive if and only if, for any two points x;, x, in its domain, x; # x, implies
f(x1) # f(x2). This statement can be replaced by its contrapositive and we may
say that f is injective if and only if f(x,) =f(xs) implies x,= x> for any x1, x2
in the domain of f. Situations often occur in the proofs of theorems when it
is easier to prove the contrapositive of a statement rather than the statement
itself.

We mention in passing that, as in the case of induced mappings, the
inverse images of the various subsets of E under a mapping f are the values of
a function from the collection of all subsets of E into the collection of subsets
of D. '

We return to the last example in whichD={a, b}, E={1,2},andf:D—E

is defined by 1 ‘
_ orx=a
fix) { 1 for x=15

The inverse images under f of the subsets of E are
f10)=0 1{2hH=0
A {1)=A{a, b} ({1, 2})={a, b}

The function f is not injective since f~1({1}) contains more than one element

of D. Also f(a)=f(b), but a # b.
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If D and E are any two sets, f: D— E, and H; and H; are any two subsets
of E, then clearly H, C H; implies f~'(H;) C f~'(H.).

Iff:D— F and y € E, it is common practice to write f~1(y) in place of
f~1'({y}). We shall avoid this convention here since it can_easily be confused
with the inverse function which is defined subsequently.

Before giving this definition, however, it is helpful to establish the follow-
ing properties of injective functions.

If f: D— E is injective, then

(a) For each y € f(D), there is one and only one x € D such that y=f(x).
This is an immediate consequence of the facts that f(D) is the range of f and
that f is injective.

(b) For every x € D, thereis ay € f(D) such that y=f(x). This is a conse-
quence of the fact that f(x) € f(D) for everyx € D.

(¢) x1=2x2 implies y1=1y, if y1=f(x1) and y2=f(x2). This is a consequence
of the fact that the value of a function at a given point of its domain is unique.
It follows from (a) that each element y € f(D) is uniquely expressible in the
form f(x) for exactly one element x of D. We can therefore define in a natural
way a mapping from f(D) into D by taking x as the value of this mapping at the
point y=f(x) € f(D). It follows from (b) that this mapping is onto D and (c)
shows that this mapping is injective. In view of these remarks we make the
following definition.

Definition 4.5: If f : D— E and f is injective, the function f~1 : f(D)—> D
which associates, with each y € f(D), the element x € D such that y=f(x) is
called the inverse mapping or simply the inverse of f. If a mapping f is
injective, its inverse is said to exist.

. The relation between the mapping f and f~! is suggested by figure 4-5.
Notice that the domain of f~! is the range of f and the range of f~! is the
domain of f. Also notice from the definition that if the inverse of a given map-
ping exists, then it is unique. In addition, since the inverse mapping is injective
and since x=jf"1(y) implies that y=/f(x), it is clear that the inverse mapping
of f~1(i.e., (f~1)7!) is just f.

Since the inverse image of a set and the inverse mapping are both denoted
by f~1, it is sometimes necessary to exercise some caution so that these two
meanings are not confused.
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FIGURE 4-5.—Relation between an injective function and its inverse.

Again consider the sets D={a, b} and E={1, 2}. This time define the
function g:D — E by
gla)=2

g(b)=1

This function is evidently both surjective and injective so the inverse function
g~ ! exists and its domain g(D) is equal to E. Thus, we have

g (1)=b
g (2)=a

This function is shown in figure 4—6.

It is clear that, if D and E are any sets, each containing only a finite number
of elements, and D contains fewer elements than E, no surjective function from
D to E can be defined whereas, if D contains a larger number of elements than
E, no injective function from D to E can be defined.

Definition 4.6: A function which is both surjective and injective is said
to be bijective or a bijection.
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ao\></ol a o\></.1

b°/ \.2 b .‘/ S~ )
(a) (b)

@) g :{a, b} — {1, 2}. (b) g7 : {1, 2} = {a, b}.

FIGURE 4—6.— Schematic representations of functions g and g~1.

When a function f: D— E is a bijection, the following are true:

(a) The fact that fis a function implies that a single element of E is asso-
ciated with each element of D.

(b) The fact that f is surjective implies that every element of E is asso-
ciated with at least one element of D.

(¢} The fact that f is injective implies that every element of E is asso-
ciated with at most one element of D.
Thus, every element of E is associated with exactly one element of D and there
is no element of D which is not associated with some element of E.

If D is any set, the mapping i : D— D which associates each element of
D with itself is called the identity map of D. This mapping is clearly a bijection.

Clearly if f: D— E is a bijection, its inverse mapping f~! is a bijection
from E to D. Consider, for example, the function g : D— E where D and E are
subsets of the real numbers, and g is defined by

g(x) =x% forallx € D

(a) If D and E are both taken to be the set of all nonnegative numbers,
then g is a bijection and its inverse g! is defined on E by

g (y)=Vy forally e E

(b) If D is taken to be the set of all nonnegative numbers and E is taken to
be the set of all real numbers, then g is injective but not surjective. The domain
of the inverse is still the set of all nonnegative numbers.

(¢) If D is taken to be the set of all real numbers and E is taken to be the
set of all real numbers, then g is neither surjective nor injective. Its inverse
does not exist.
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There are a number of relations connecting the images of sets under

mappings and the binary set operations. A few of the more common ones are
listed in table 4—1.

Table 4-I. — Relations Connecting Images, Inverse Images, and Binary Set Operations

[f:D—E;A,A,4A: C D;H, H,, H: C E]

............................. FHHY = (fH{H))*

fHf4)) D4 fUHH)) CH

fld1 U o) =f(d1) U f(4s) FHH U Hy) =f7(H1) U f(H)
fldi N Ap) Cf(A) N f(ds) fHHE O H) =f1(H) N f(HR)

In order to demonstrate the procedures involved in obtaining the relations
in table 4-1, we shall prove that f(f~*(H)) C H. To this end, let

A=f(H)={x €D |f(x) € H}

Then
N ) =fU)=1y € E|(Ax € A) for which y=f(x)}

Now, if y is any point of f(f~1(H)), this implies y=f(x) for some x € 4. But
x € A means that f(x) € H; hence y € H. Since ¥ was any point of f(f~1(H)),
we conclude that f(f-'(H)) C H.

A relation typical of those listed in the third and fourth rows is proved in a
more general setting in chapter 5. The other relations listed in the table are
obtained in a more or less similar fashion.

To see why the equality sign does not hold for the entry in the fourth row,
first column, suppose A, and A, are disjoint sets. Then f(4; N 4,)=. On the
other hand, if f is not injective, there are points x; # x2 of D such that
f(x1) =f(x2). Suppose that 4:={x;} and A>={x2}; then, f({x:} N {x:2}) =0
but f(4:) N f(Az) #0 since f(x:) € f(4:) N f(A4s). The next theorem shows
when the inclusion signs (C and D) in the relations listed in the second row
of table 4-1 can be replaced by equal signs.
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Theorem 4.7: Let f:D— E.
(a) fis surjective if and only if f(f ~*(H))=H for every set H C E.
(b) fis injective if and only if f~1(f(A))=A for every set A C D.

Proof: Part (a). Suppose f is surjective. Put

A=f""(H)={x € D|f(x) € H}

Let ¥ be any point of H: Since fis surjective, y=f(x) for some x € D but 4 is the
set of all x for which f(x) € H. Hence x € 4. Now f(Ad)={y €E E|(dx € A)
for which y=f(x)} and this shows that y=f(x) € f(4). Since y was any point
of H we conclude that H C f(A)=f(f~'(H)). Combining this with the relation
given in the second row, second column of table 41 shows that f(f~!(H))=H.

Conversely, suppose that f(f'(H))=H for every H C E. Let y be any

point of E. Then f(f~1({y}))=1{y}. Since f(0) =, we conclude that f~1({y})
# (). Hence there exists at least one x € D such that y=f(x); thatis, y € f(D).
Since y was any point of E, we conclude that E C f(D). Hence, E=f(D) and
so f is surjective.

Part (b). Suppose f is injective. Set
H=f(A)={y € E|(dx € 4) for which y=£(x)}
Then
[HfA)=f""(H)={x € D|f(x) € H}

Let x; be any member of f~1(f(4)). Then x; € f~'(H). Hence, f(x,) € H and,
because H=f(A), there exists anxs € A such that f(x;)=f(xz). It now follows,
since f is injective, that x; = x2. Since x; was any point of f~1(f(A4)), this shows
that f~1(f(4)) C A. Combining this with the entry in the first column, second
row of table 4—1I shows that f~1(f(4))=A.

Conversely, suppose f~1(f(4))=A for every A C D and suppose for any
two points x1, x2 € A that f(xi)=f(x2). Now f(x2) € f({x2}) and hence
f(x1) € f({x2}). Since

[ {x})) ={x € D|f(x) € f({x})}

we see that x; € f~1(f{x2})) and by assumption, f~1(f({x}))=1{x.}. Hence,

x1=2x2 and this shows that f is injective.
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Theorem 4.8: Let f:D—E.

(a) If fis injective, then the mapping induced by f is an injective function
from the collection of all subsets of D to the collection of all subsets of E.

(b) If f is surjective, then the mapping induced by f is a surjective function
from the collection of all subsets of D to the collection of all subsets of E.

(c) If f is bijective, then the mapping induced by f is a bijective function
Jrom the collection of all subsets of D to the collection of all subsets of E.
Proof: Part (a). Suppose A; and A, are subsets of D such that f(4,) =f(A4.).
We need only show that this implies that 4; = A4, to prove that the induced map-
ping is injective. Hence suppose f is injective. If x is any point of 4, then
f(x) € f(4))=f(A4:)={f(y)|y € A2}. This shows that for some y € 4.,
f(x)=f(y) and since f is injective this shows that A4, C 4,. The reverse
inclusion is obtained in exactly the same way by picking a point in A,. Hence
Al :Az.

Part (b). Suppose now that fis surjective. We must show that the mapping
induced by f is onto the collection of all subsets of E. That is, we must show
that, if H is a subset of E, then H=f(A) for some subset 4 of D. Since fis sur-
jective, Theorem 4.7(a) shows that this requirement is met if we take 4 to be
the set f~1(H).

Part (c). This follows immediately from (a) and (b).

Definition 4.9: If f:D—FE and A C D, a function g:A—E is said to
be the restriction of fto A and f is said to be an extension of g to D if for
every x € A, glx)=f(x).

It is clear that the restriction of a function to a given set is unique, but
there is no natural way of defining a unique extension of a given function.
We see that if H is any subset of 4 and g is the restriction of f to H, then
f(H)=g(H). Clearly the restriction of any injective function is also injective.
If A is a nonempty subset of a set D, the restriction to A of the identity map of D

is denoted by js4 and is called the natural injection of A into D. It is not hard
to see for any E C D that

JiME)=ENA (4-3)

Definition 4.10: Suppose that there is a scheme whereby some of the
elements of a given set A are related in some manner to other elements of A.
If an element x €A is related to an element y € A by this scheme, we write
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x ~y. In addition, suppose this relation between the elements of A, which is
also denoted by ~, has the following properties:

(a) For every x € A, x ~ x.

(b) x ~ v implies y ~ x.

(c) x~ v and y ~ z implies x ~ z.

Then ~ is called an equivalence relation in 4.

For example, suppose the set 4 is a family (of people). Then “is the same
age as” is a relation between the members of this set which is an equivalence
relation. As another example, consider the set of all triangles in a plane. Then
each of the following is an equivalence relation in this set:

is similar to

is congruent to

has the same area as

has the same perimeter as

A relation which satisfies (a) is called reflexive, one which satisfies (b) is
called symmetric, and one which satisfies (c) is called transitive. Hence,
equivalence relations are sometimes called SRT relations.

If A, D, and E are sets and we are given two functions f: 4— D and
g:D— E, it is possible to define in a natural way a mapping from A4 into EF in
terms of these two functions. For if x is any point of 4, f(x) is a uniquely de-
termined point of D. Since g is defined on D, g(f(x)) is a uniquely determined
point of E. Thus the scheme which associates with each x € 4 the unique
element g(f(x)) of E is a function from A into E. Apropos of these remarks
we make the following definition.

Definition 4.11: If A, D, and E are sets, f:A— D and g:D— E, the
function h : A— E defined by

hix)=g(f(x)) forallx € 4

is called the composition of g and f and is denoted by g of.

It should be clear that the composition of two mappings g and f can only
be defined if the range of f belongs to the domain of g.

In order to illustrate the definition, let A= {w, x, v, z}, D={1, 2, 3}, and
E={p, q}, and let f: A— D and g: D— E be defined, respectively, by
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flw)=2
flx) =1
fly)=1
f(z) =3
and
g(l)=gq
g(2)=p
g8(3)=gq

The composition go f is obtained by the following calculation:

gof(w)=g(f(w))=g(2)=p
gof(x) =g(f(x)) =g(1)=q
gof(y) =g(f(y)) =g(1)=gq
gof(z) =g(f(2)) =g(3)=gq

We have in fact already encountered an example of the composition of
two mappings, for Definition 4.5 shows that if f: D— E and f~! exists, then

(f(x))=x« for everyx € D

The definitions of composition and of equality of two mappings now show that
frof=i

where i is the identity map of D.

If f:D— E, A is a nonempty subset of D and j4 is the natural injection of
A into D, then feoj, is the restriction of fto 4.

Iff:A— D, g:D— E, and h=gof, it is clear that h(4) =g(f(4)) so that,
in particular, if g and f are both surjective, f(4)=D and g(D)=E. Hence
h(A)=E, which shows that & is also surjective.

If g and f are both injective, then, for any xi, x2 €A, x1 # x2 implies
f(x1) # f(x2); since g is also injective, this in turn implies g(f(x1)) # g(f(x2)),
that is, A(x1) # h(xz), which shows that & is also injective. Thus, if f and g are
bijections, then A is a bijection from A to E.

Definition 4.12: If A and D are two nonempty sets and there exists a
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bijective mapping f from A to D, then it is said that A and D can be put into
one-to-one correspondence or A and D are said to be similar or to have
the same cardinal number. This is denoted by A ~ D.

We recall that the identity map of 4 is a bijection from A4 to 4. Also iffis a
bijection from A4 to D, then f~1 is a bijection from D to A. If f is a bijection from
A to D and g is a bijection from D to E, then h=go f is a bijection from 4 to E.
These remarks show that one-to-one correspondence is an equivalence relation.
Apropos of this discussion we make the following definition.

Definition 4.13: A nonempty set A is said to be finite if, for some integer
n,A~{1, 2, ..., n}; otherwise, A is called infinite. The empty set is also
considered finite.

It is clear (see remarks preceding Definition 4.6) that any two sets with a
finite number of elements can be put in a one-to-one correspondence if and only
if they have the same number of elements. We cannot, however, attach any
meaning to the statement that two infinite sets have the same number of ele-
ments but the concept of one-to-one correspondence has meaning for infinite
sets as well as finite sets. This is therefore taken as the appropriate generaliza-
tion of the concept of number of elements in a set.

Definition 4.14: Let J be the set of all positive integers. A nonempty set
A is said to be countable if A is either finite or A ~ J. If a set is not countable,
it is said to be uncountable. Countable sets are alternatively called enumer-
able or denumerable.

For example, the set Z consisting of all the integers is countable. To see
this let £: J— Z be the mapping defined for each n € J by

g n even
f(n)=
oD odd

2

We shall show that fis a bijection. It is clear that f is one-to-one. To see that it
is surjective (or onto), let i be any integer. If i is positive, we can always find a
positive even integer n such that n=2; and, for this n, f(n)=1i. If i is negative
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or zero, we can always find a positive odd integer n such that n=1—2{ and, for
thisn, f(n)=1.

Clearly no finite set can possibly be put into one-to-one correspondence
with one of its proper subsets. We have just shown that this is possible, at least
for some infinite sets. As it turns out, every infinite set can be put into one-to-one
correspondence with at least one of its proper subsets.

Definition 4.15: A4 function f from the set J of positive integers into a
set X is called a sequence in X or, more simply, a sequence. The range of f
is called the range of the sequence. The values of f are called the terms of the
sequence.

The values of any function defined on the set J have a certain order im-
parted to them as a consequence of the ordering of the set J by the symbols
<, >, and =. A function f defined on J is called a sequence only when the em-
phasis is to be on the values of f and this ordering. Thus, conceptually, a
sequence is usually thought of as a set whose members are listed in some
definite order. In line with this idea, it is customary to denote the terms of the
sequence by x, (of course, any letter may be used in place of x) instead of
by f(n) for each n € J. Since the emphasis is to be on the values of the func-
tion f, it is also customary to denote the sequence f by {x,}, which is an abbrevi-
ation for the range of f, {xu|n € J}. Sometimes the even more intuitive nota-
tion xy, X2, . . . is used to denote the sequence. This latter notation em-
phasizes the ordering of the terms of the sequence. Sometimes the term se-
quence is applied to a function whose domain is a finite set of consecutive
integers. This is not done here! However, occasionally a sequence will be
defined as a function on the set of nonnegative integers instead of on J. Thus,
we only call a function a sequence if its domain is J or the set of nonnegative
integers. Since the function f need not be injective, it is clear that the range of
a sequence may be a finite set, or it may even consist of a single point.

The proof of the next theorem is based on a principle called mathematical
induction. This principle can be stated as follows:

Suppose that with each n € J there is associated some proposition sn.
Suppose further that s, is true and that for any positive integer k, sk is true
whenever sk is. Then we can conclude that sy is true for everyn € J.

We can justify this principle by using the simple fact (introduced in
chapter 2) that every nonempty subset of the positive integers contains a
smallest member. We shall not, however, stop to do so here.
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As a simple illustration of how a proof by induction can be carried out, let
us verify that the formula

2+44+. . .+2n=n(n+1) (4-4)

is true for every n € J. (The term on the left denotes the formal sum of n
terms.) To this end, for each n € J, let s, be the proposition that formula (4—4)
is correct. Clearly s; is true since 2=1(1+1). Now suppose s is true. Then
adding 2(k+1) to both sides of (4—4) with n=1Fk we see

24+4+. . A+ 2%k+2(k+1)=k(k+1)+2(k+1)=(k+1)[(k+1) +1]

and so we see that for every positive integer k, sip+1 is true whenever s is.
The principle of mathematical induction now tells us that formula (4—4) is
true for every n € J.

The principle of mathematical induction can also be used to define func-
tions on J. This procedure is known as a recursive definition of the function,
and it tells us that we can define a function f by giving f(1) together with a
procedure for calculating f(k+1) from f(k) for every k € J. To see how this
type of definition is justified by the principle of mathematical induction, we
need only let, for each n € J, s, be the proposition that f(n) is defined by this
procedure. Then clearly s, is true and sk is true whenever s is. Hence, the
principle of mathematical induction tells us that s, is true for everyn € J or

that f is defined on J.

Theorem 4.16: If I is an infinite subset of J, then J ~ L.
Proof: In order to prove the theorem we shall construct a bijection f from J to
I. To this end we define for each nonnegative integer k the set Jx by

Jk={je.]|jsk}

Clearly Ji is finite. Therefore Jx N I is also finite. Now since I is infinite,
for any k, the set I—Jx cannot possibly be empty. It follows from this (since
Jr contains all the positive integers which are less than or equal to k and I is a
subset of the positive integers) that I contains an integer greater than £ for each
nonnegative integer k. With this in mind we can define the function f recursively
as follows: Let f(1) be the smallest member of I. If f(n) is defined for any
n € J, there exists an integer in I greater than f(n) and so f(n+1) can be
defined as the smallest integer in I which is greater than f(n). In this way f(n)
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can be defined recursively for all n € J. Hence, by proceeding in this manner,
we define f on J.

By construction f(n+1)>f(n) for every positive integer n. If f(n+p) > f(n)
for any positive integer p, then f(n+p+1)>f(n+p) > f(n). Hence it follows
by induction that f(n+p) > f(n) for every positive integer p. Now if ny, n, € J
and n; # n», then we can assume that the notation has been chosen so that
n; > ng. Thus, if we set m=n;—ns, then m € J and ny=m -+ n,. Therefore

f(n)=f(m~+nz) > f(n,)

This shows that f(n,) # f(n2) whenever n; # nq; that is, f is injective.

It remains only to show that f is surjective. To do this we shall prove that
f(J)=1. In order to obtain a contradiction suppose that f(J) # I. Hence the
set I—f(J) of positive integers is not empty and so it has a smallest element,
say q.

Clearly g cannot be the smallest element of I because if it were, it would
imply that g=f(1) € f(J). Thus/ contains at least one integer less than g and
therefore I N Jo—1 #@. Hence I N J,_; (the set of all integers in I which are
less than ¢) is a finite nonempty set of real numbers and so it contains a largest
member, say r. Clearly r < qg—1 < q and ¢ is the smallest member of I which
is larger than r. (This follows from the fact that r is the largest integer in  which
is less than g and so there can be no integers in [ lying between r and ¢.) Since
q is the smallest member of I which is not in £(J), it follows that r € f(J). This
shows that there exists a positive integer s such that r=f(s). It now follows
from the definition of fthat f(s+1)=gq. Thus ¢ € f(J) and ¢ € I—f(J). Since
this is impossible we conclude that the assumption f(J) # I is incorrect. Hence
f is surjective.

Corollary 1: Every subset E of a countable set A is countable.

Proof: The proof is trivial if E is finite. Hence assume that E is infinite.
Thus A4 is infinite and countable and so there exists a bijectionf: A— J. Let g
be the restriction of fto E. Clearly g is injective since fis. Thus g is a bijection
from E to g(E). In other words E ~ g(E). Since E is infinite, it is clear that
g(E) is also. Theorem 4.16 now shows that J ~ g(E). By using the symmetric
and transitive properties of ~, we see that £~ J. Hence E is countable.

Corollary 2: 4 nonempty set A is countable if and only if there is an
injection from A to J.
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Proof: If A4 is countable, then, by definition, there is a bijection from A to a
subset of J. This mapping is obviously an injection from 4 to J.

Conversely, if there is an injection f from A to J, then fis a bijection from
A to f(4). Hence, A ~ f(A) and f(4) C J. Since obviously J is countable,
Theorem 4.16 shows that f(A4) is countable. Hence, f(A4) is either finite, in
which case A ~ f(A4) shows that A is finite, or f(4) ~ J, in which case since
~ is an equivalence relation, A ~ f(A) shows that 4 ~ J.

Theorem 4.17: A nonempty set A is countable if and only if there is a
surjection from J to A.

Proof: Suppose f is a surjection from J to 4. For each x € A, the set f~1({x})
is not empty. Let g(x) be the smallest integer in f~1({x}). Then g is an injec-
tion from A4 to J and corollary 2 of Theorem 4.16 shows that A4 is countable.

Conversely, assume A is countable. The second corollary to Theorem 4.16
shows that there is an injection f from A4 to J. Choose any element a € 4.
Since f~! exists and is a mapping from the subset f(A4) of J onto A, define a
function g : J— A4 as follows:

g(n)=f"1(n) for alln € f(A)
gn)=a for all n & f(A)

Then g is a surjection from J to A4.

Since every function f from a set A to f(A) is surjective, we conclude from
this theorem that the following corollary holds.

Corollary: A set is countable if and only if it is the range of a sequence.

Loosely speaking, this corollary states that a set is countable if and only if
it can be “arranged in a sequence.”
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CHAPTER 5

Infinite Collections of Sets

In chapter 4, we have given a certain meaning to the “number of elements
in a set” or, to be more precise, the concept of number of elements has been
replaced with a more suitable concept which has a precise meaning for sets
with more than a finite number of elements. Roughly speaking, the “infinite”
sets are those which have at least as many members as there are positive inte-
gers. It is with these infinite sets that analysis is principally concerned.

Definitions were given in chapter 1 for the union and intersection of two
sets. As a result of these definitions, the union and intersection of any finite
collection of sets are defined. In order to deal with infinite collections of sets,
it is necessary to extend the concepts of union and intersection to these col-
lections. Then after briefly discussing the relations that hold between various
combinations of unions and intersections, we turn to a discussion of the “num-
ber of elements” in a set.

Since this chapter is mainly concerned with setting the background for
other topics, some of the proofs, although they are quite plausible, are only
formal, but they can be made into proper proofs by changing some detail.

First we shall develop a certain formalism, which is frequently used when
dealing with infinite collections of sets, to designate these collections. We shall
always assume that the sets with which we are dealing are subsets of some
universal set X. In order to individuate the various subsets of X we suppose
there is some set A, which is called the index set, and that, with each element
o of A, there is associated a subset of X, say E,, (this defines a function from 4 to
the collection of all subsets of X). The set {2 whose members are these sets E, is

Q={E.|a € 4} (5-1)

Instead of using the terminology “a set of sets,” it is common practice to
refer to such a set as a collection of sets or a family of sets. This helps to make
clear the various levels of set construction.
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We shall always assume in dealing with infinite collections of sets that a
process such as that just described has at least implicitly been carried out.
The notation given by equation (5-1) will be used to designate the collection of
sets with which we wish to deal. Thus, the terminology “let Q= {G.| a € 4}
be a collection of sets’ indicates that the various sets G, in the collection are
individuated in the manner described previously.

Definition 5.1: Let Q={E,|a € A} be a collection of sets. The set

{x|x € E, (for at least one a € 4)}

is called the union of the collection of sets ) and is denoted by Lé:JA E..

The set
{x|]x EE, (for every a € 4)}

is called the intersection of the collection of sets () and is denoted by ﬂ E,.

Thus, U E, is the set S which has the property that x € S if and only if
x € E, for at least one o € A and ﬂ E, is the set I which has the property that
x € I if and only if x € E, for every a € A.1? We see from this that, for every
a€A,E, CS and I C E,. On the other hand, if ¥ and W are any two sets such
that, for everya € A, E, CV and W CE,,then S CV and W C I. Thus S is
the smallest set which contains every set E,, and I is the largest set contained
in every E,.

It should be noticed that if the index set A consists of two elements, say
ay and az, Definition 5.1 reduces to

aLeJAE"‘: {x|]x € Eq, or x € E,,}
QQAEQ= {x|]x EE,, and x € E,,}

and hence reduces to the definitions of union and intersection given in chapter 1.

12 Notice that we did not require the index set 4 to be nonempty. We find in fact that U E @and n E., X

where X is the universal set. The latter relation often causes some difficulty. What it amounts to is this: an element
x of the universal set does not belong to I only if it does not belong to some E,. Since in this case there are no E,’s there
is no element of the universal set which does not belong to I. Hence, X C I.
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If the index set 4 is countable, the family () is called a countable collection.
The corollary to Theorem 4.17 shows that in this case A is the range of a func-
tion g from the positive integers. Hence each a € 4 is equal to g(n) for some
n € J. It is clear from this that

{Ea|0‘ EA}l= {Eg(n)in eJ}

Hence, defining, for each n € J, F,= E4), we see that when the index set is
countable it can always be replaced by a subset of J. We will frequently
assume that this has been done when dealing with countable collections of sets.

It might be pointed out that the collection of sets {Fy|n € J} obtained in
this way is then the range of a sequence {F,} whose terms are sets.

Conversely, any sequence whose terms are sets has a countable collection
of sets {Fy|n € J} for its range.

If the jndex set A is the set J of positive integers, it is usual to denote the
union by U E, instead of by UJ E, and to denote the intersection by n E,
instead of by ﬂ E .. The symbol © serves here only to indicate that the umon or

intersection of a denumerably infinite collection of sets is taken and has no
connections with the symbols + © and — « introduced in chapter 2. If the index

set A consists of the integers 1, 2, . . ., n, it is usual to denote the union by
U EnorbyE/U ... UE, and to denote the intersection by m—1E"‘ or by
E] o o e nEn

To illustrate these ideas, suppose that, for each positive integer n, E,
is the subset of the positive real numbers defined by

En={xl0<x<l}
n

Let Q={E, | n_€ J}. As usual J is the set of positive integers. The intersection
of () satisfies Ql E.=0. To see this, note that for every real number x > 0 we
can find a positive integer m such that 1/m <x and so, for this m, x & En.
Hence, x & Q E.. Thus, there is no positive real number in {_jl E,.
Now suppose A={x|0<x<1}, E,={y|0<y<«}, and Q={E,|x € 4}.
Then
U E.={x|0=x<1} 5-2)
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It is clear that for every x € 4

E,C{x|0sx<1}
Hence

xE€EA

UE clx|osx<1} (5-3)

On the other hand, if t € {x |0<x <1}, thent<1 and so t EE, C U E;.
Now since ¢ was an arbitrary member of {x|0<x <1}, this shows that
{x|0=sx<1} C xLeJA E:. Combining this equation with (5-3) shows that

equation (5—2) holds.

The unions and intersections defined in this chapter satisfy many algebraic
identities that are analogous to those given in chapter 1 for the binary set

operations. Some of these are listed in table 5—1.

Table 5-1. —Set Theoretic Identities

Associative and commutative laws

U(UEa>=U(FUEa) Fﬁ(ﬂEa)=n(FﬂEa)
aEA a€E A aEA aEA

= = n Eos= n Ees= E.
agAagoEa‘a aLeJD agﬁf Fes (oLz.JmEAxDE“'a aEABQD P senaed T waeaxn

Distributive laws

u(ﬂEa)=ﬂ(FUEu) Fﬂ(UE,,)-:U(FﬂEu)

a & A a€ A a €4 a €A

DeMorgan’s laws

(uEu)"= N E; ( ng;)"= UE;

a€ A4 a€ 4 a€ A4 a€d

56



INFINITE COLLECTIONS OF SETS

It is not hard to verify these identities. To illustrate the procedure we will
verify the first of DeMorgan’s laws and the second distributive law.

In order to show that .
(UA E) =N Eg
a € a€ 4

let L and R be the left and right sides, respectively, of this equality. If x € L,
then x & UAE“' Hence x & E, for any « € A, and so x € E{ for everya € 4.
a &

Therefore x € DA E¢. Thus, L C R.
Conversely, if x € R, then x € E, for every a« € A. Hence x & E, for any
a € A, and therefore x €& LéJA E,. Thus x € ( QAE"‘) C. This shows R C L, and

it follows that R=1L.
To show that

FN (léJA Ea>= U (F N Ea>

a€A4

let L and R be the left and right sides, respectively, of this equality. If x € L,
thenx € F and x € LEJE E.. Hence x € F, and there exists a 8 € A such that

x € Eg. Therefore,x € F N Eg for some B € A, andsox € UE F N E,. This
a €

shows that L C R. If x € R, then, forsome 8 € 4, x € F N Eg. Hence,x € F

and x € Eg for someBE A. Thusx € F andx € LEJAE“ andsox €F N ( LGJAEQ>.

There are also many relations connecting images of sets and unions and
intersections of arbitrary collections of sets which generalize those given in
chapter 4 for binary set operations. We list some of these in table 5-1I.

Table 5-Il. —Laws Connecting Images with Unions and Intersections

[f:X—Y; E.CX for every @« € A; As C Y for every 8§ € D.]

(Y)Y e A(0,7)e0, e
a <6LEJD Aﬁ) =:chsjnf_‘(As) £ <BQDA5> zaguf_l(Aﬁ)
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These laws are also easy to verify. For purposes of illustration of the procedure,
we will verify one of these.

Let us show that
(Y Fa)= Y sk

Set L equal to the left side of this identity and R equal to the right side. That is,
L={y S Y' (Hx S LéJA Ea) for which y=f(x) }
and R=aL€JAf(Ea). For each o € 4,

fE)={y€Y| (dx € E,) for which y=f(x)}

Suppose y € L. Then, for some 8 € A, there exists an x € Eg such that
y=f(x). Hence, for this 8, ¥ € f(Eg), and this shows thaty € |J f(E.)=R
a€E A4

Since y was any point of L, we have shown that L C R. Conversely, suppose
that y € R. Then, for some 8 € 4, y € f(Eg). This means that there exists an

x € Eg such that y=f(x). Therefore, there certainly exists an x € U E, such

that y=f(x). This shows that y € L. Since y was any point of R, we see that
R C L. Combining this with the opposite inclusion shows that L=R.

In the next theorem we adopt the convention of assuming that matters
have already been arranged so that the index set of the countable collection

of sets is J.
Theorem 5.2: If O={E,|n € J} is a countable collection of countable

e o]
sets, then the set S= nL—Jl E, is countable.

Proof: According to the corollary to Theorem 4.17, for each positive integer n,
a sequence {xn,r} whose range is E, can be chosen. Having chosen such
sequences, we form the infinite array
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in which the members of E, make up the nth row. Evidently every member of
S is in this array. If the pattern indicated by the arrows is followed, a corre-
spondence can be set up between the members of this array and the positive

integers as follows:
X1, 15 X2, 15 X1,25 X3,1, X2,2, X1,3; X4,1, X3,2, X2,3, ¥1,45 « - -
1, 2, 3, 4, 5, 6, 7, 8, 9, 10

In this manner then, we can find, for any element in the array and hence for
any member of S, a positive integer to which it corresponds. This procedure
therefore defines a surjective mapping from J to S. Theorem 4.17 now shows
that S is countable.

This proof is only formal since we have not actually constructed the surjec-
tive function but only indicated how it is to be constructed. However, the
mapping f: J X J— J defined by

f(n, m>):m(m+1)+(n;1)(n+2m—2) nom=1,2.3. . ..

can be shown to be a bijection by the theorems of factorization of integers.
Hence this function can be used to construct the desired surjection. However,
this is all mere detail with which we will not concern ourselves since the basic
ideas are indicated in the formal proof. '
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Theorem 5.3: Let A be a countable set; let D= A; and, for some integer
n=2,let Dhb=AX ... XA (taken n times). Then, for every positive integer
n, D, is countable.

Proof: D, is obviously countable. Suppose that, for any integer n =2, D,_; is
countable. If x € D,, then x=(d, a) withd € D,,_, and a € A. For each fixed
d € D,_,, the set E4={{(d, a)|a € A} can be put into one-to-one correspond-

ence with 4 and is therefore countable. Since Dn=dg Eq, D, is evidently

n—1

the union of a countable collection of countable sets and therefore Theorem 5.2
shows that D, is countable. Hence the conclusion follows by induction.

Corollary: The set of all rationals is countable.

Proof: If we apply Theorem 5.3 with n=2 and 4 the set of all integers, then
it follows that the set D, of all ordered pairs {a, b) where a and b are integers
is certainly countable. Now every rational number can be written in the form
b/a where a and b are integers. Hence it is clear that the set of all rationals can
be put into one-to-one correspondence with a subset £ of D, which corollary 1
of Theorem 4.16 shows is countable. Hence, E ~ J or else it is finite. Since
one-to-one correspondence is an equivalence relation, we conclude that the
set of all rational numbers is either similar to J or to a finite set. In either case,
the set of all rationals is countable.

The final theorem, called Cantor’s diagonalization theorem, shows that
there are many uncountable sets of real numbers. Again the proof which we
give is only formal but can easily be converted into a proper proof.

Theorem 5.4: The set A of all real numbers lying between zero and one
is uncountable.
Proof: Every real number lying between zero and one can be written in
decimal form as 0.5,S:S3 . . . where the Sj are integers. Let E be any countable
subset of A. We can write an arbitrary element of E, S*, in decimal form as
S*=0.5753S% . . . where the S% are integers lying between 0 and 9. Now,
since F is countable, we can arrange its members in a sequence as follows:
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S1=0.S1S1S1S

1Q1
3~ 4
2Q2
3~4
S3=0.53535353
4Q4
34

S4=0.545453S

.......

.......

Consider the elements S along the diagonal of this array. We can choose a
number p in 4 as follows. Let p=0.p1psps . . . where p; # Sy, p.#S3%, . . .,
pi#SJ, . . .. We can further choose the integers p; so that they lie between
zero and nine and are not all zeros or nines. Then the number p differs from
each member of E in at least one decimal place. Hence p & E and p € A4 so that
E is a proper subset of 4.

We have thus shown that every countable subset of 4 is a proper subset
of A. It follows that A is uncountable for, otherwise, A would be a proper
subset of 4 which is absurd.
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CHAPTER 6

Metric Spaces

Modern analysis began when Cantor developed his theory of point sets
(which included the important concepts of limit point, derived set, closed set,
ete.) from a study of the real valued functions on the real line and the distance
properties of the real line. Using Cantor’s ideas, Fréchet developed the concept
of metric space (and, for that matter, abstract spaces in general) when, in 1906,
he gave an abstract generalization of continuous functions on point sets.
Fréchet’s theory was phenomenally successful because nearly all the continuity
and convergence arguments that occur in analysis require only the few facts
about the concept of distance between points which were embodied in this
theory. The actual term ‘“metric space” was first used by Hausdorff in 1914.
In fact, he appears to be the first to use the geometrically suggestive word
“space” to refer to a set of objects of unspecified nature which are subject to
certain postulates.

In the theory of spaces it turns out to be very helpful as well as convenient
to use a terminology inspired by classical geometry. Thus the elements of a
space are referred to as points. A metric space, then, is merely a set of objects,
called points, between which a measure of distance is defined in such a way
as to single out those properties of the distance between real numbers (con-
tained in the order axioms of chapter 2) which are important for convergence
and continuity arguments. Because continuity and convergence are essentially
the central concepts in mathematical analysis, this chapter is devoted to the
study of the fundamental concepts of metric spaces. In the process of dis-
cussing these spaces, we shall develop the geometric language which is
currently used to discuss mathematical analysis. The reason for introducing
some of the concepts in this chapter will become apparent subsequently.

First, we define metric space. When we think of the distance between two
points in a plane or two points on a line, we think of a number associated with
these two points —say the number of inches read from a ruler placed between
the points. Now if we wish to assign a unique number to each distinct pair of
elements of an arbitrary set X, we can accomplish this by defining a function
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on X X X with values in the real number system (see remarks following Defi-
nition 4.1). With this in mind, we make the following definition.

Definition 6.1: 4 metric space (X, d) is a set X, whose members are
called points, together with a function d:X XX — R' which, for all p, q,
t € X, has the following properties

(a) d(p,q) >0  ifp#q d(p,p)=0

(b)y  d(p,q)=d(q.p)

(c) d(p, q) <d(p,t)+d(t, q)

The function d is called the metric or distance function or simply the
distance. The value of d at {p, q) is called the distance between the points
p and q.

Postulate (a) expresses the fact that the distance between two points
is always a positive number and equal to zero if and only if the two points
coincide; postulate (b) expresses the fact that the distance between two
points is the same measured in either direction; and postulate (c) expresses
the fact that the distance between two points is not decreased if it is meas-
ured via a third point. In fact, postulate (c) is a reflection of the fact that the
sum of the lengths of two sides of a triangle is greater than or equal to the length
of the third side, and so it is commonly known as the triangle inequality.

As in the case of linear spaces discussed in chapter 3 (see remarks follow-
ing Definition 3.1), it is common practice to refer to a metric space by the name
of the underlying set. However,when it is convenient to have the symbol for the
metric given explicitly, we shall employ the more correct procedure of referring
to the metric space as the ordered pair (X, d) where X is the underlying set
and d is the distance function which, in theory, contains the information as to
which numbers are to be assigned to each pair of elements in X.

Among the most important examples of metric spaces are the normed
linear spaces defined in chapter 3 and, in particular, the Euclidean spaces
RE. 1f v, and v, are any two vectors, it is customary to write v; — v, in place of
v1+(—v2). To see that the normed linear space V is in fact a metric space, it
is only necessary to define the functiond : ¥ X ¥— R in terms of the norm by

d(vi, v2)= |lv1 — vy for allvy, v EV 6-1)

Then, comparing postulates (N1) to (N3) of Definition 3.4 with postulates (a)
to (c) of Definition 6.1, we see that d is in fact a distance on the set V. We shall
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always define the distance between points in a normed linear space in this
manner. In fact, if V is a normed linear space, we shall use the terminology
“the metric space V" to refer to the metric space which is obtained by using
equation (6—1) to define a metric on the set V.

Specializing equation (6—1) to the Euclidean space R* we see that the
distance is defined by 13

d(x, y)=|x—y]| for all x, y € R* 6-2)

Therefore, in the Euclidean spaces R2? and R3 this is just the magnitude of the
vector joining the points x and y, as it should be. Also, if the points in the plane
are represented by complex numbers, and if the correspondence between the
norm of the vectors in the Euclidean space R? and the absolute value of the
corresponding complex numbers pointed out in the discussion following Theo-
rem 3.6 is used, then, according to this definition, the distance between two
complex numbers is just the absolute value of the difference of the two complex
numbers. We shall always define the distance between points in the complex
plane in this manner.

As we pointed out in chapter 4, the set R! of real numbers is a normed
linear space with the usual arithmetic if we define the norm by the absolute
value. We shall sometimes refer to this normed linear space as the Euclidean
space R!. The metric on this normed linear space is then defined by equation
(6—1). The distance between any two real numbers is just the absolute value
of the difference of the numbers. The metric defined on the real numbers in
this manner is called the usual metric for R*.

There are metric spaces more “abstract than the Euclidean spaces but
equally important. For example, let X be any set and let %(X) be the set of
all real valued functions defined on X such that, for any function f € %(X),
lub {|f(x) | |x € X} < . Then #(X) is a metric space if we define a metric d
on it by

d(fi, fo) =lub {|fi(x) —f2(x) | |x € X} for every f1, f: € % (X) (6-3)

We shall not stop here to verify that equation (6—3) is indeed a metric
since this is a special case of the metric spaces constructed in chapter 11.
The set #(X) is a particular example of a large class of metric spaces known

'3 Notice that according to the convention adopted in mathematics the set R* is merely a set of ordered k-tuples
of real numbers, but the Euclidean space R* is the set R* together with the algebraic operations and the norm defined
in Definition 3.5. Thus the Euclidean space R* is a metric space with the metric defined by equation (6-2).
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as function spaces. Assigning metrics to sets of functions gives these sets a
certain geometric nature which is a great help to our intuition about them. In
fact much of the success in the theory of functions can be attributed in no small
measure to the insight gained through this geometric point of view.

If (X, d) is a metric space and x, v, and z are any elements of X, then it
follows from postulate (c) of Definition 6.1 that

and d(x, z) <d(x,y)+d(y, z)

d(y, z) <d(y, x) +d(x, z)
We can write these relations as
d(x,z) —d(y, z) <d(x, y)
—d(y, x) <d(x, z) —d(y, 2)

and

But postulate (b) shows that d(x, y) =d(y, x). Hence
—d(x,y) =d(x,z) —d(y, z) <d(x, y)

or

|d(x, 2) —d(y, 2)] <d(x, y) (64

Let X be an arbitrary set. We can define a function d:X XX— R! as
follows:
lifx#y
d(x, y) ={ for everyx, y € X
Oif x=y

It is clear that conditions (a) and (b) of Definition 6.1 are satisfied. If any two
of the three elements x, y, z of X are equal, it is easy to see that condition (c)
is satisfied; if this is not the case, then d(x, z) =1 and d(x, y) +d(y, z) =2 and
so condition (c) is satisfied in all cases. Hence, (X, d) is a metric space. It is
said to be a discrete metric space. Discrete metric spaces are very useful as
counterexamples.
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In certain situations it is useful to allow a metric to take on the value + o
with the arithmetic given in Definition 2.3 (i.e., d is taken to be a function with
values in the extended real number system '#). This is never done, however,
unless it is stated explicitly. Although most of the following theorems about
metric spaces would go through with little change if we allowed an infinite
metric, we shall restrict ourselves to finite metrics, and only in chapter 11 will
we consider metric spaces with possibly infinite metrics.

If (X, d) is a metric space and Y is any subset of X, let dy be the restriction
of d to Y XY. Thus

dy(p,q)=d(p,q) forallp,g€Y

It is easy to see that (Y, dy) is a metric space. For if d satisfies conditions (a)
to (c) of Definition 6.1 for all p, g, t € X, then dy must certainly satisfy these
conditions for all p, g, ¢t € Y. The metric space (Y, dy) is called a metric sub-
space of (X, d) or, when no confusion can occur, simply a subspace of (X, d).
It is common practice (though logically incorrect) not to make any distinction
between the metric d and its restriction dy. Thus, we say d and dy are the
“same” metrics, drop the subscript Y, and write d in place of dv. No confusion
can result from this convention since the set Y is indicated explicitly in
the notation (Y, d). It is important to note that, in contrast to the situation
for linear spaces (as discussed preceding Definition 3.3) every subset Y of a
metric space (X, d) is a metric space in its own right with the “same” metric
as X. For example, every subset of the Euclidean space R* is a metric subspace
of R¥ but certainly not every subset of R¥ is a linear subspace of RF.

As it turns out there are other ways of defining a metric on the set R* (with

14 Some authors do not call this function a metric. There is, in fact, a somewhat less restrictive concept than that
of a metric which is called an écart (French for “separation”). This is defined as follows.

Definition: An écart on a set X is a function e : X X X—> R' U {+ o} such that, for all p, q, t € X,

(a)  e(p,q)=0;e(p,p)=0

b)  e(p,9)=elqg, p)

() e(p,q) <elp,t)+e(s, q)

The only differences between an écart and a metric is that an écart can take on the value +® and two distinct
points can have écart zero. In order to verify that an écart e is a metric, it is only necessary to establish that e(p, q)
is finite for all p, ¢ € X and that e(p, q) #0if p#gq.

What we will call a possibly infinite metric, then, is an écart e with the restriction that e(p, q) # 0 if p # q. An
écart e of this type can always be replaced by a finite metric. In fact, it is not hard to verify that the function
d:XXX—> R! defined by

__ep.q
d(p, q) TFelp, 0 forallp, g€ X

is indeed a metric.
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k> 1) than that given by equation (6—2). Before discussing this further, let us
look at a somewhat more general situation. Let (X, d) and (Y, §) be metric
spaces !5 and consider the set X XY of ordered pairs. We may ask whether there
is any way of defining a distance on X XY in terms of the metrics d and 8.
Actually this can be done in several ways. Suppose {(x;, y;) and (x., y2) are
any two points of X X Y. If we define the functions dx, di, and d, (from
(XXY) X (XXY) into R?) by

d>< (<xlsy1>’ <x27 y2>)=max {d(x17 X2),6(y1,_'y2)} (6_5)
dl(<x19 yl)v <x29 y2>):d(xlax2)+8(ylv Yz) (6_6)
d2(<x13 yl)? <x27 y2>)=([d(x19 x2)]2+ [6(y19 yz)]2)1/2 (6—7)

then it is easily verified that each of the three satisfies conditions (a) to (c)
of Definition 6.1. In other words, (X XY, dx), (XXY, d;), and (X XY, d>)
are all metric spaces. The metric space (X XY, dx) is called the direct product
of the metric space (X, d) and (Y, 8). All the results which we will prove for
the direct product (X XY, dx) of two metric spaces X and Y are also true in
the metric spaces (X XY, d;) and (X XY, d;). Equations (6—5), (6—6), and (6—7),
which define the functions dx, d;, and ds, respectively, can be extended in
an obvious way to the product of any finite number of metric spaces.

Now let us look at the case of R* with £ > 1. Since R*=R$X R¥~s with
1=<s=<k—1, we can construct a metric on the set R*¥ from the metrics on the
Euclidean spaces R* and R*~$ by any of the procedures just described. The
metric defined by equation (6—7) is the same as that defined by equation (6—2)
for the Euclidean space R* but the other two are certainly different. Thus the
direct product of the Euclidean spaces RS and R¥~$ is a different metric space
than the Euclidean space R¥. However, in a certain more general sense which
we will not go into here (i.e., in the sense of topological spaces), these metric
spaces are essentially the same. The preceding discussion points out the fact
that the same set can give rise to more than one metric space, so that the
convention of referring to the metric space only by the name of the underlying
set can sometimes lead to confusion.

Definition 6.2: Let (X, d) be a metric space and suppose p € X. We
define for any positive number r the open ball of radius r about p (or

15 Of course {X, d) and (Y, o) can be the same metric space.
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more simply the ball of radius r about p) B(p; r) to be the set
B(p; r)={q € X|d(p, ¢) <r} 6-8)

We emphasize that the radius of a ball is always a finite number and is
never equal to zero. An arbitrary ball B(p; r) is always a nonempty set since
it contains the point p. It is often helpful to think of the ball B(p; r) as being
the set of all points “close to”” p—the degree of closeness being given by r.

The notation B(p; r) used in Definition 6.2 for balls is more or less standard.
It should be noted that this notation makes no provision for indicating the metric
space to which the ball belongs. Thus, when one considers two (or more) metric
spaces simultaneously, the same letter B is used to designate the balls in both
spaces. When this is done, it is always made clear to which space the center
of the ball (p in eq. (6—8)) belongs, and this is used to determine which space
the ball is in. Occasionally, when the location of the center of the ball and its
radius are immaterial to the discussion (and when no confusion is likely to
result), a ball is denoted simply by the letter B with the argument omitted.

If V' is a normed linear space (the metric is defined by eq. (6—1)), then the
ball of radius r about the point v is the set

Bw;r)={w € V| [lw—v|| <r}

So that, in particular, balls in the Euclidean space R¥* (the metric is given by
eq. (6—2)) are the sets

B(w;r)={y ER* |x—y|<r} xER*

According to the discussion following Definition 6.1, balls in the complex
plane are the interiors of circles,'® as are the balls in the Euclidean space R2.
Naturally, when the complex numbers are identified with the points of R? in
the manner described following Theorem 3.6, the balls in the complex plane
and those in the Euclidean space R? consist of the same points.

In the Euclidean space R? balls are the interiors of spheres.

When equations (6—5) to (6—7) are used to define metrics on R? in terms
of the metric on the Euclidean space R!, the appearance of the balls are dif-
ferent in each case. The balls arising from the metric dx are “‘interiors” of

18 In this context balls are often referred to as disks.
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squares,'? those arising from d; are “interiors” of diamond-shaped regions,
and those arising from d: are “interiors” of circles.

More generally, let (X, d) and (Y, 8) be any two metric spaces and let
B({x, y); r) be a ball about any point {x, y) in the direct product (X XY, dx)
of (X, d) and (Y, 8). Then

B({x, y);r)=B(x;r) XB(y; r) (6—9)

As far as the material discussed in this book is concerned, it is not impor-
tant what detailed “shapes” balls have. Roughly speaking, it is only necessary
that the balls in any metric space have no dimension which is excessively large
compared with its other dimensions, that they consist only of the interiors of
sets, and that each point of the space is contained in a ball of arbitrarily
“small” size.

If (X, d) is a discrete metric space, then for any p € X

sin={'§ 1)
Definition 6.3: If a and b, with a < b, are any real (or extended real)
numbers, the segment (a, b) is defined to be the set of real numbers
{x|a <x < b}
and the interval [a, b] is defined to be the set of real (or extended real) numbers
{x|a<x<b}

We shall also sometimes encounter the half-open intervals [a, b) and (a, b]:
the first is defined to be the set of real (or extended real) numbers

{xla < x < b}
and the second is defined to be the set of real (or extended real) numbers
{x]a <x< b}

Let a;i< b; for i=1, 2, . . ., k be (finite) real numbers. We shall define the

17 A precise definition of the interior of a set will be given subsequently.
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Ek-cell Q to be the set
Q={xERk|ai<xi<bi, 1<is<k}

If we let I;=1ai, bi] for 1 <i<k, then, as shown at the end of chapter 1, we can

also write this as
k
Q= x I;
l:

Thus, for a and b finite, the segment (a, b) is a ball in the metric space
R?* with the usual metric. We remind the reader that points in the spaces R¥
must have finite real numbers for their coordinates. A 1-cell is an interval, a
2-cell is a rectangle, etc.

The concept in the following definition will not be used here but is given
for the sake of completeness.

Definition 6.4: Let V be a normed linear space. A set E C V is convex if
)\'Ul+ (1 - )\)1}2 (S E

whenever v1 EE, v € E and 0 <A <1.

It is easily seen that every subspace of V' is a convex set. Every ball in V'
is also a convex set. For if |jv;—v||<r and ||vz—¢||<r and 0 <X <1, then it
follows from (N3) of Definition 3.4 that

o+ (1 =N v —vf =\ (v1—v) + (1= 1) (=)
< M=o+ Q=N —v| <Ar+ (1—=N)r=r

It is also readily shown that in R* every k-cell is convex.

Definition 6.5: Let (X, d) be a metric space, let E be any subset of X,
and let p € X.

(a) A point p is called an adherence point of the set E if every ball about
p contains at least one point of E (p is also said to adhere to E).

(b) A point p is called a limit point of the set E if every ball about p
contains at least one point of E— {p}.

(c) A point p is called an interior point of the set E if there exists a ball
B about p such that B C E.
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Intuitively, we may think of an interior point of a set £ as being a point
which has only points of E in its immediate vicinity. In the complex plane this
corresponds to a point being “inside” the set.

Notice that {p} is the one point set that consists of the point p alone.
Therefore, the set E—{p} is the set of all points of £ except possibly the point
p itself, if p happens to be a point of E. Thus we may think of a limit point of
E as being a point which has at least some points of E, other than itself, arbi-
trarily close to it. If p is a limit point of E, then p is an adherence point of

E—{p}.
Suppose the metric space X is the set of real numbers R' with the usual
metric, E={1/n|ln=1,2,3, . . .}, and p=0. Then p is not a point of E. Since,

in R', the ball about 0 of radius & is the segment (— 8, 8), it is clear that, for
any & > 0, we can choose n so large that 1/n < 8. Thus every ball about p con-
tains at least one point of E. Since p& E, E—{p}={x € R'|x € E and
x & {p}} =F, and we see that p is a limit point of E.

If we let £ and X be the same as above but now set p=1, then p € E.
Since the segment (3/4, 13) is the ball about p=1 of radius 1/4 and since the
only point of E contained in this ball is p, we see that B(p, 1/4) contains a
point of E but no point of E—{p}={1/n|n=2, 3,4, . . .}. Hence p is not a
limit point of E. On the other hand, since every ball about p contains p and
p is a point of E, it is clear that every ball about p contains a point of E. Hence
p is an adherence point of E.

Definition 6.6: Let X be a metric space and let E C X.

(a) The set of all adherence points of a set E is called the closure of E
and is denoted by E.

(b) The set of all limit points of a set E is called the derived set of E and
is denoted by E'.

(c) The set of all interior points of a set E is called the interior of E and
is denoted by E°.

To illustrate the concepts involved in this definition, suppose that the
metric space X is R! with the usual metric and suppose that E is the half-open
interval (0, 1]; that is,

E={xeR|0<x=<1}

In this case, because the only limit point of E not belonging to E is 0, the set
E of all adherence points of E is the closed interval [0, 1]={x € R!|x=0 or
x € (0, 1]}. Furthermore, since every point of E is a limit point, the set E’ of
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all limit points of E is also equal to [0, 1]. Now the only point of E that is not
an interior point is 1 and hence the interior E°® of E is (0, 1).

To obtain another illustration, let the metric space X be the discrete set
of points given by X={(x, v) € R2|x, y € J} with the metric defined in terms
.of the absolute value as in equation (6—2). As always, J is the set of positive
integers. Let E={{(m, n) € X|m <M and n< N} where M and N are fixed
integers such that M, N=1. Since E has no limit points, E=E and E'= .
Also, since, for each point {(m, n) € E, any ball about {m, n) of radius less than
1 only contains a single point of E, namely, (m, n) itself, every point of E is
an interior point. Hence E°=E. Thus, in this case, E=E°=E. Now, if the
metric space X is changed to R? (with metric still defined by eq. (6—2)) while
E is left unchanged, it is still true that £’ =@ and that E=E. However, the
points of E are no longer interior points (every ball about a point of E contains
points of R2 not belonging to E) and E°=0.

Definition 6.7: Let X be a metric space and let E be any subset of X:
(a) E is said to be dense in X if E=X.

(b) E is said to be closed if E' C E.

(c) E is said to be open if E°=FE.

Intuitively, a set is closed if none of its points are arbitrarily close to points
outside the set. In the complex plane a set isiopen if all of its points are ““inside”
the set.

Clearly, the entire space X is both a closed and an open set. It follows
from Definition 6.5 that every point of a set E is an adherence point of E and
that every limit point of E is an adherence point of E. Conversely, if p adheres
to a set E and is not a limit point of E, then there is a ball B about p which
contains no points of the set E— {p} but contains at least one point of E. We
conclude (since p & E implies E=FE —{p}) that p is a point of E. Points for
which this occurs are called isolated points of E. Thus a point is an adherence
point of a set E if and only if it is either a point of E or a limit point of E. This

can be written in symbols as _
E=EUFE

From this and the equivalence of relations (1-2a) and (1-2c) of chapter 1, it

follows immediately that a set E is closed if and only if E=E. We could then
have used this condition as the definition of a closed set. Compare this with
Definition 6.7(c).
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It is also clear that, for any set E,
ESCECE

In the preceding discussion we have pointed out some almost immediate

consequences of Definitions 6.5 to 6.7. We now prove as theorems some less
direct consequences of these definitions.

Theorem 6.8: E C F implies E C F and, for any two sets E, and E,

E.UE,=E UE; (6-10)

Proof: Suppose E C F. If p is a point of E, it is also a point of F and therefore
a point of F. If p is a limit point of E, then it is also a limit point of Fand there-
fore a point of F. Thus p € E implies p € F. Hence we conclude that E C F
implies £ C F E C F. For any two sets E, and E,, this shows that E,CE,UE,and
E,C E, U E2 Therefore, E1 UE, C E1 U E,. Now suppose p €E £, U E, but
p@FE,UE,; thatis p @ E; and p & E>. Then there exist balls B(p; r;) and

B(p; r2) about p such that B(p; r;) N E;=@ and B(p; r2) N E2=0@. Let r
be the smaller of the positive numbers ry and r». Then B(p;r) C B(p; r1) and
B(p; r) C B(p; r2). Hence B(p; r) N Ei=@ and B(p; r) N E:=@. Thus
B(p; r) N (E; U E;)=@. This shows that p is not an adherence point of
Ey U E,; thatis, p € E, U E:, which is a contradiction. We see, then, that
p € E, U E; implies p € E, U E, (ie., Ef UE, C E; U E,) and so we
conclude that £, U E,=E, U E..

It is easily seen that the argument used in the proof can be extended to
any finite union of sets. We must point out, however, that it cannot be extended
to any infinite union of sets since the proof depends very strongly on the fact
that the smallest member of a finite set of positive numbers is a positive num-
ber. In the case of an infinite set, of course, the proper extension of the concept
of smallest member is the concept of greatest lower bound, and it is not true,
in general, that the greatest lower bound of a set of positive numbers is positive.
We shall frequently encounter the principle involved here.

Corollary: If F is closed and E C F, then E C F.

Proof: This follows from the theorem and the fact that, if F is closed, F=F.

Theorem 6.9: (a) Every ball about a limit point p of a set E contains
infinitely many points of E. (b) If A is a dense subset of the metric space (X, d)
and p is a limit point of X, then p is a limit point of A.
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Proof: Part (a). The proof is by contradiction. Hence assume that there
exists a ball B about p which contains only finitely many points of E and, there-
fore, only finitely many points of £ — {p} (B must contain at least one point of
E—{p} since p is a limit point of E). Denote those points of E— {p} which
belong to B by qi, g2, . . ., gn. Now there exists an integer m such that
l<=m=nand
min d(p, ¢;) =d(p, qm)

Since by construction q; # p for any j, it follows that d(p, ¢;) >0forl<j<n
and in particular that d(p, gm) > 0. It is clear that, for 1 <j=<n,

q; € B(p; d(p, qm))

So the ball B(p; d(p, gm)) about p contains no point of E—{p}, and p cannot
be a limit point of E. This is contrary to hypothesis and therefore the assump-
tion must be false. This proves part (a).

Part (b). Since p is a limit point of X, any ball B(p; €) about p contains a
point of X — {p}. Let g be such a point. Clearly 0 < d(p, q) < e. Hence upon
putting p=min {d(p, q), e—d(p, q)}, we find that p > 0. If s is any point of
B(g; p), then

d(p,s)<d(p, q)+d(q,s)<d(p,q) +p=<d(p,q)+e—d(p, q)=¢

Therefore s € B(p, €). Since s was an arbitrary point of B(q, p), we conclude
from this that B(q; p) C B(p; €. Now p & B(q; p) since d(p, q) = p. But it
follows from the fact that 4 is a dense subset of X that B(q; p) contains a point
of A, say t. Thus t € B(p, €) and t # p. This shows that B(p; €) contains a
point of A —{p}. Since B(p; €) was any ball about p, we conclude that p is a
limit point of A.

The following corollary is an immediate consequence of this theorem.

Corollary: No finite set can have a limit point.

If the set E has no limit points, then E' = @ and, since @ is a subset of every
set, we see E'CE. We therefore conclude that every finite set is closed. If
every ball B about p contains infinitely many points of E, then certainly it
contains at least one point of E — {p}. It therefore follows from Theorem 6.9(a)
that a point p is a limit point of a set E if any only if every ball about p con-
tains infinitely many points of E. There is no reason why this could not have
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been taken as the definition of a limit point instead of the one given in

Definition 6.5(b).

Theorem 6.10: A subset E of a metric space is open if and only if its
complement is closed.

Proof: Let E¢ be closed and let p be any point of E. By definition p & E¢ and
therefore p cannot be a limit point of E¢. This means that there is some ball B
about p such that B contains no points of E¢—{p}. Since p & E¢, this shows
that B contains no points of E¢. Thus, ¢ € B implies q & E¢, which in turn
implies g € E. It follows that B C E. Thus p is an interior point of E. Since p
was any point of E, we conclude that E is open.

Conversely, let E be an open set and let p be any limit point of E¢. Then
every ball about p must contain at least one point of E¢; that is, no ball about
p contains only points of E. This shows that p cannot be an interior point of E.
But the fact that E is open then implies that p cannot be a point of E which
means that it must be a point of E¢. Since p was any limit point of E¢, we
conclude that E¢ contains all its limit points.

Now let F be any set. Since F is the complement of F¢, the theorem shows
that if F is closed then F°¢ is an open set and that if F is an open set then F*¢
is closed. Thus, the following corollary is an immediate consequence of this
theorem.

Corollary: A subset F of a metric space is closed if and only if its comple-
ment is open.

We see from this that, having defined open sets, we could have defined
the closed sets to be just those sets which are the complements of the open sets.

If (X, d) is any metric space, the empty set @ being equal to X¢ must be
both open and closed. It is easy to show that, in R*> @) and R* are the only sub-
sets which are both open and closed.

The proof of the next theorem is illustrated in figure 6-1.

Theorem 6.11: Balls are open sets.

Proof: Suppose ¢ is an arbitrary point of the ball B(p; r). Since d(p, q) <r,
we can find a positive number u such that

d(p,q)=r—u
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Now if ¢t €B(q; u), then d(t, q) < u. Therefore d(p, t) <d(p, q) +d(q, t)
<r—u-+u=r. This shows that t € B(p; r) which implies

B(q; u) CB(p; r)

Thus ¢ is an interior point of B(p; r). Since g was an arbitrary point of B(p; r),
we conclude that B(p; r) is open.

Fi1GURE 6—1.—Venn diagram illustrating Theorem 6.11.

The technique used in the proof of part (b) of the next theorem can easily
be adapted to show that any intersection or union of a finite collection of balls
about a single point p is also a ball about p. This theorem gives the principal
“internal’’ properties of open sets.

Theorem 6.12: (a) The union of an arbitrary collection of open sets is
open. (b) The intersection of a finite collection of open sets is open. (c) The
empty set and the entire space are open.

Proof: To begin with, part (c) has already been established, and we include
it here only for later reference.

Part (a). Let {Go|@ EA} be an arbitrary collection of open sets. If

¢=UG,

a€A4
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p €G means that, for some a €4, p EG,. Since G, is an open set, there must be
a ball B about p such that BCG, and, therefore, it must also be true that
B C G. This shows that p is an interior point of G and since p is an arbitrary
point of G, it follows that G is open.

Part (b). Now let {G,, G», . . ., G,} be a finite collection of open sets. If
n
E=NGC;
i=1
pEE means that pEG; for every i=1, 2, . . ., n. Since each G; is an open
set, there exist balls B(p; r;) about psuch that B(p; r;) C G;fori=1,2, . . ., n.
If we set
r= min r;
1<i<n
then r >0 and for every i=1,2, . . ., n,

B(p; r) CB(p; r;) CG;
But this shows that
B(p;r)CE

and therefore that p is an interior point of E. Hence (since p was any point
of E) E is open.

Corollary 1: Every subset of a discrete metric space is open.
Proof: If (X, d) is a discrete metric space, then {p}=B(p; 1/2) for every
pEX. If E is any subset of X, it is clear that £'= U {p}. Hence E= U B(p; 1/2).
pEE

pPEE
Thus E is the union of open sets. Theorem 6.12(a) now shows that £ is open.

Corollary 2: The intersection of an arbitrary collection of closed sets
is closed. The union of a finite collection of closed sets is closed.
Proof: Let {F,]Ja €A} be an arbitrary collection of closed sets. The corollary
to Theorem 6.10 shows that, for each aEA4, F¢ is open. Thus, Theorem 6.12

shows that L{ F¢ is open, and so Theorem 6.10 shows that <UA F&) is closed.

But taking the complement of the second DeMorgan law of table 5-1 yields
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the identity
NF.= ( U Fg)
a€EA aEA

The second part of the corollary follows in the same way from part (b)
of Theorem 6.12 and from the following identity obtained from table 5-1:

Lle Fi= (ﬁ Ff)c

We might mention that, since in the Euclidean space R! the segments
(—1/n, 1/n) are open sets forn=1,2,3, . . . and since () (—1/n, 1/n)={0},
n=1

part (b) of Theorem 6.12 cannot be extended to infinite collections of open sets.

Theorems 6.11 and 6.12 show that an arbitrary union of balls is an open
set. On the other hand, if G is any open set and p is any point of G, there is a
ball B(p; rp) about p such that B(p; r,)CG and therefore U B(p; rp) CG. But
every point of G is in one of these balls so we conclude "¢

UB(p: 1) =6 (6-11)

Therefore every open set is a union of balls. We thus arrive at the following
conclusion: 4 set is open if and only if it is a union of balls. This gives us then
another way of defining open sets. Upon combining this with the remarks
following Theorem 6.10, it becomes clear that once it is known which subsets
of a given metric space are balls all the open and closed sets can be found.

Thus, in the case of R' with the usual metric, all the segments are open
sets and any set which is a union of segments is an open set. In the complex
plane, the interiors of disks are open sets; that is, if z is the complex variable
x+iy (x and y real), all sets of the form {z| |z| < r} (with r > 0) are open. Also,
any union of sets of this type is open. In three-dimensional Euclidean space,
the interiors of spheres are open sets, etc. On the other hand, even though
every segment is an open set when considered as a subset of the Euclidean
space R!, segments are not open sets if they are considered as subsets of the
Euclidean space R2. To see this, notice that every circle around a point on the
line contains points of R? in its interior which are not on the line and these
points do not belong to any segment.
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Suppose that E; is an open subset of the metric space (X, d) and E: is
an open subset of the metric space (Y, 8). If {(x, y) is any point of E; X E5,
then there exist balls B(x; ri) C E; and B(y; r:) € E,. If we set r=min {r;, r2},
then B(x; r) CB(x; ri) CE,, and B(y; r) CB(y; r:) CE2. Equation (6-9) shows
that if B({x, y); r) is the ball about (x, y) of radius r in the direct product
(XXY,dx of {X, d) and (Y, &), then

B({x, y); r)=B(x; r) XB(y; r)
B({x,y); r)CE, X E;

Hence

Since (x, y) was any point of £, X E., we have just proved that if E; is an open
subset of a metric space (X, d) and E, is an open subset of the metric space
(Y, 8), then E, X E; is an open subset of the direct product of the two spaces.

We have already pointed out that, although we have proved this result
only for the metric space (X XY, dyx), it also holds true for the metric spaces
(XXY,d;)and (X XY, d>) where d; and d: are the metrics defined by equations
(6-6) and (6-7), respectively.

Theorem 6.12 gives us a means of forming a mathematical structure which
is more general than the metric space. The statement of this theorem contains
three properties that open sets must have. If these are taken as postulates,
they can be used in a certain sense to define the open sets. In this manner the
notion of open sets can be taken as basic instead of the notion of distance as
in the case of metric space. To be more specific, suppose we are given a set X
and a certain collection @ of subsets of X. Suppose the members of @ are called
open sets and they satisfy conditions (a) to (c) of Theorem 6:12. Then, (X, @)
is called a topological space and @ is called a topology for X. The concept of
topological space grew out of Hausdorff’s work in 1914.

Thus, given any metric space (X, d), there is a topological space (X, @)
(having the same basic set X) associated with it in such a way that the members
of O are just the open sets in (X, d). Given any set X there are usually many
ways of defining a distance on that set. Thus, for the same set X, we may have
two different metric spaces (X, d) and (X, d’') corresponding to the different
metrics d and d’. We have already encountered this situation when we defined
a metric on the direct product of two metric spaces in terms of the metrics
defined on each of the component metric spaces. It may turn out, however,
that these different metric spaces (X, d) and (X, d') are associated with the
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same topological space.'® If this is the case, the metrics d and d' are said to
give rise to the same topology for X or to be topologically equivalent. We shall
give a more precise definition of this concept in chapter 9.

On the other hand, not every topological space can be associated with
a metric space in this manner. Those which can be are said to be metrizable.
Since a topological space is really such a general structure, it turns out that
metrizable spaces possess many desirable properties which general topological
spaces do not. This condition is ameliorated in practice by restricting the
topological spaces further by the imposition of one or more postulates in addi-
tion to those already discussed. In this way several different types of topological
spaces arise which are still more general than metrizable spaces but have many
of their desirable features.

In topological spaces, the concept of ball is replaced by the concept of
neighborhood. A neighborhood of a point is defined to be any open set which
contains that point. It turns out, as we shall see, that much of what will be said
about general metric spaces can be expressed by using the concept of ball
instead of referring to the metric explicitly. In turn, since every ball about
a point is also a neighborhood and every neighborhood of a point contains a ball
about that point, much of this still goes through when balls are replaced by
neighborhoods. In this way a large part of theory of metric spaces developed
here can be applied to topological spaces. The preceding discussion shows
that many of the properties of a given metric space can be completely specified
in terms of the open sets (neighborhoods) of that metric space. Such properties
are then also intrinsic properties of the associated topological space and are
therefore called the topological properties of the metric space (as opposed to
the purely metric properties). For example, if p is an adherence point of a set
E and V is any neighborhood of p, there is a ball B about p such that B C V.
Since B contains a point of E, so does V. Thus every neighborhood of p contains
a point of E. Conversely, since balls are neighborhoods, if every neighborhood
of p contains a point of £, then certainly every ball about p must also. Hence a
point p is an adherence point of a set £ if and only if every neighborhood of p

'8 Actually the three metrics given in equations (6-5), (6-6), and (6-7) determine the same topological space.
In fact, it can be shown that there exist constants ¢, and ¢ such that

adi(p, q) < dj(p, q) < cdi(p, q)

where i, j=X,1, 2. We shall see in chapter 9 that any two metrics that satisfy a relation of this type determine the
same topological space.
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contains a point of E. We see then that whether or not a given point is an
adherence point of a given set is a topological property since it, in effect,
depends only on which sets are open. For a further discussion of topological
spaces, the reader is referred to references 2 to 4.

Theorem 6.13: For any set E, E is closed.

Proof: According to the corollary to Theorem 6.10, it is sufficient to prove E°
is open. Let p be any point of E°. If we can show that p is an interior point of £°¢,
we are done. Evidently p ¢ E. Therefore, there exists a ball B(p; r) about p
which contains no points of E; that is, B(p; r) C E¢. Theorem 6.11 shows that
B(p; r) is open. Hence, if ¢ is any point of B(p; r), there exists a ball B(g; p)
about g such that B(q; p) C B(p; r) C E¢. This shows that B(q; p) contains no
points of E and therefore that ¢ is not an adherence point of E. Since g was
arbitrary, we conclude that no point of B(p; r) is an adherence point of E.
Hence no point of B(p; r) is a point of E; that is, B(p; r) C E°. Thus pis an
interior point of E°.

If p is a point of a metric space (X, d) and r is a nonnegative number then
the set
Clp;r)={x€X|d(p,x)<r}

is often called the closed ball of radius r about p. Let g be any point of C¢(p; 1),
the complement of C(p; r). Then d(p, g) > r. Hence upon setting p=d(p, q)—r,
we find that p > 0. Now if ¥y € B(q; p) then

d(p,y) =d(p, q) —d(q,y) >d(p, q) —p=r+p—p=r

Hence, y & C(p; r); that is, y € C¢(p; r). Since y was any point of B(g; p), we
conclude that B(q; p) C C¢(p; r). And, since q was any point of C¢(p; r), we
conclude that C¢(p; r) is open. The corollary to Theorem 6.10 now shows that
C(p;r) is indeed closed. However, it is not true in general that C (p; r)=B(p; r).
For if (X, d) is a discrete metric space then for any point p € X

B(p; 1)={p}={p}

But C(p; 1)=X.

Let us emphasize that when the term “ball” is used it always refers to an
open ball. The closed balls in R are intervals.

We see from Theorem 6.13 and the corollary of Theorem 6.8 that E is the
smallest closed set which contains E. Let Q= {F,|a € 4} be the collection of
all closed sets which contain E. The collection () is certainly not empty since
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the whole space itself is in {). The second corollary to Theorem 6.12 shows that
ﬂ F, is closed and, since E C F, for every a« € A, we see that E C N F..

a€4d

On the other hand, ﬁ Fqis a subset of every closed set which contains F;
that is, ﬂ F,is also the smallest closed set which contains E. Evidently then

Eana

aE A4

Thus we could have defined the closure of a set E to be the smallest closed
set which contains E or, equivalently, the intersection of all closed sets which
contain E.

It is easy to see that in R (with the usual metric) every interval is a closed
set and in Euclidean space R* every k-cell is a closed set.

Theorem 6.14: (a) Every closed set of real numbers which is bounded

above contains its least upper bound. (b) Every closed set of real numbers which
is bounded below contains its greatest lower bound.
Proof: Part (a). Let £ be any closed set of real numbers which is bounded
above and set b=sup E (which exists by axiom III of chapter 2). For every
positive number 8, b — 8 is not an upper bound of E. Hence there exists a point
p € E such that b—8& < p. Now if we assume b & E, we can conclude that
b—8 < p < b. Since in R! balls are segments (i.e., B(b; 8) = (b—8, b+38)),
we see that every ball about b contains a point of E — {b}. This shows that b is
a limit point of E. But since E is closed, this implies b € E.

Part (b). The proof is similar to that of part (a).

We have already observed that, if Y is any subset of the metric space
(X, d), Y itself is a metric space with the same metric; that is, (¥, d) is a metric
space. We have seen by example, however, that, if E C Y C X and E is an open
subset of the metric space (Y, d), E need not be an open subset of the metric
space (X, d). Of course, the same must be true for closed sets since they are
merely the complements of the open sets. Actually it turns out that there is a
simple relation between the open sets in (X, d) and those in (Y, d). Since the
property of being open is really defined in terms of balls, we shall first discuss
the relation between the balls in the metric space (X, d) and those in the
metric space (Y, d). Let us temporarily denote balls in the metric space (X, d)
by attaching the superscript X to the usual notation and those in the metric
space (Y, d) by attaching a superscript Y. Thus, for example, BX(p; r) denotes
a ball in (X, d) and BY(q; p) denotes a ball in (Y, d). We now look at the
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definition of balls. Equation (6—8) of Definition 6.2 tells us that the balls in
(X, d) are sets of the form

BX(p;r)={q€X|d(p,q)<r} r>0
and the balls in (Y, d) are sets of the form
BY(p;n)={q€Y|d(p,q9)<r} r>0

where of course it is understood here that p € Y. It follows from these relations
that if BY(p; r) is any ball in (Y, d} about any point p € Y, then

B¥(p;r)={q€Y|dp;q) <r}={¢E€X|d(p,q)<r}NY
=BX(p;r)NY

Of course, this also shows that if p is any point of Y and BX(p; r) is any ball

about p in the metric space (X, d), then BX(p; r) N Y is a ball about p (of
radius r) in the subspace (Y, d). Thus the following theorem has been proved.

Theorem 6.15: Let (X, d) be a metric space and suppose Y C X. Then,
for any point p €Y, the set A is a ball about p of radius r in the subspace (Y, d)
if and only if there is a ball BX(p; r) about p of radius r in the metric space
(X, d) such that
A=Y N BX(p; r)

This theorem is illustrated in figure 6—2.

FIGURE 6—2.—Balls in subspaces.

We now turn to the general case of open sets, and prove the following
theorem.
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Theorem 6.16: Let (X, d) be a metric space and suppose Y C X. Then
a subset G of Y is open in the subspace (Y, d) if and only if there exists an open
subset H of the metric space (X, d) such that

G=YNH 6-12)

Proof: First suppose that G is an open set in the metric space (Y, d). We have
already shown in the remarks following the corollaries to Theorem 6.12 (eq.
(6—11)) that, for every p € G, there exists a positive number r, such that

¢= U BY(p; 1)
PEG
Theorem 6.15 now shows that, for eachp €7,

BY(p; rp)=Y N BX(p; rp)

Hence

G=pL€JG[Y NBX(p; rp) =Y N [pLeJGBX(p; rp)]

and Theorems 6.11 and 6.12 show that the set H= U BX(p; r) is an open set
in the metric space (X, d).

Conversely, suppose G is given by equation (6-12) and H is an open set
in the metric space (X, d). If p is any point of G, then p € H and, since H is
open in the metric space (X, d), we can find a ball B¥(p; p) about p such that
BX(p; p) C H. Hence

YNBX(p;p) CYNH=G

but Theorem 6.15 shows that Y N BX(p; p) is a ball in the metric space (Y, d)
about p. Thus in the metric space (Y, d) all the points of G are interior points.

Corollary 1: If (X, d) is a metric space and E C X, a necessary and suffi-
cient condition that every subset D of E which is open in the metric space (E, d)
be open in the metric space (X, d) is that E is an open subset of (X, d).

Proof: To see that this condition is necessary, we need only consider the case
when D=FE. The sufficiency of the condition follows from the theorem and the
fact that (Theorem 6.12(b)) the intersection of two open sets is open.
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Corollary 2: If (X, d) is a metric space and E is any subset of X, then the
set D C E is closed in the metric space (E, d) if and only if there exists a closed
subset F of (X, d) such that D=F N E.

Proof: By the corollary to Theorem 6.10, D is a closed subset of (E, d) if and
only if the complement of D in E, E— D, is an open subset of (£, d). Therefore
it follows from the theorem that D is a closed subset of (E, d) if and only if
there exists an open set G of (X, d) such that

E—-D=GNE (6-13)
Since E—~D=E N D¢, equation (6—13) is equivalent to
EcU(END)Y=E<U(GNE)
and hence by the distributive law (table 1-1) to
EcUDe=E<U G
DeMorgan’s law now shows that equation (6-13) is equivalent to
END=ENG*
But since D C E, equation (6—13) is also equivalent to
D=FE N G¢

The corollary to Theorem 6.10 now shows that the assertion is true if we take
F=¢G-.

Definition 6.17: An open cover of a subset E of a metric space is any
family {Go|la € A} of open subsets of the metric space such that E C U 6..

a€A
Definition 6.18: 4 subset K of a metric space is called compact if every
open cover of K contains a finite subcover of K. A metric space is called a
compact space if it is a compact subset of itself.
This means that if {G.|a € A} is any open cover of K then there is a finite
number of the a’s, say a;, as, . . ., ay, such that

KCGyUGy, U ... UGs

The definition of compactness given in this form shows clearly that it is a topo-
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logical property. Although compact sets are exiremely important, it is not easy
to give a physical picture of the property of compactness. It is clear that every
finite set is compact and that the union of a finite number of compact sets is
compact. In fact, compact sets have many of the properties of finite sets even
though they are frequently uncountable sets.l® That there is a large class of
uncountable compact sets in the very important spaces R* will be shown subse-
quently. It is not surprising then that compact sets have some very desirable
features (especially in connection with continuity which is discussed in chapter
8). Among these is the fact that, in contrast to the properties of being open or
closed, the property of compactiness is independent of the metric space in
which the set is embedded. The next theorem shows this.

Theorem 6.19: Let (X, d) be a metric space, and suppose K CY C X.
Then K is a compact subset in the metric space (X, d) if and only if it is a com-
pact subset of the subspace (Y, d).

Proof: Let K be a compact subset of the metric space (X, d) and let {Gu|a €A}
be any family of open subsets of the metric space (Y. d) such that K C GLEJAGQ.

It follows from Theorem 6.16 that there is a family {H,|a € A} of open
subsets of the metric space (X, d) such that, for each « € 4, G,=Y N H,.

Since G, C H,, it is obvious that K C U H, and, since K is a compact subset

of the metric space (X, d), there must be a finite collection of indices, say
oy, 0, . . ., 0y € A, such that

KCHs U ... UH,,

Because it is also true that K C Y, we see

KCYN(Ho U ... UHo)=(Y NHo)U . .. U(Y N He)
=G U ... UG,

ay

This proves that K is a compact subset of the metric space (Y, d).

Now suppose that K is a compact subset of the metric space (Y, d) and
let {Hy|ao € A} be a family of open subsets of the metric space (X, d) such
that K C aLéJA H,. For each a € A, we define G, by

18 For a fuller discussion of this point, see ref. 5.
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G.=Y N H,

and Theorem 6.16 shows that every G, is an open subset of the metric space
(Y, d).
Now, since K C UA H, and K C Y, it follows that
a €

Kcyn ( UHa>=U v n H)=U ¢,
a€A a €A a €4
where one of the distributive laws of table 51 has been used. Hence {G.|a € A}
is a collection of open subsets of (Y, d) which covers K and, since K is a com-

pact subset of (Y, d), there is a finite subcollection of indices, say o1, - .
an € A, such that

KCGo U ...UGCyu=(FNH)U ... U(YNHs,)
=Y N (Ho U ... UHa)CHo U ... UH,

Since {H,|a € A} was any open cover of K in the metric space (X, d), this
shows that K is a compact subset of (X, d).

In Theorem 6.19 we can, in particular, let the sets Y and K be the same set.
Thus, if we prove under certain conditions that the metric space (K, d) is
compact, or if some subset E of (K, d) is compact, we can conclude that, if
(K, d) is a subspace of X, then K is a compact subset of X or that E is a compact
subset of X, etc. Thus, as a consequence of this theorem, it is sufficient to prove
many theorems about compact sets only for compact spaces. We might point
out that although we defined compact metric spaces it would be absurd to define
a closed or open metric space. After all, every metric space is both a closed and
an open subset of itself.

We can use the concept of distance between points in a metric space to
associate certain “distances” with sets.

Definition 6.20: Let (X, d) be a metric space and suppose that E is a non-
empty subset of X. For any s € X, the number lub d(s, p) is called the distance
PEE

between the set E and the point s. It is denoted by d(s, E). The number
sup d(p, q) is called the diameter of E and is denoted by d(E). If H is any

p.q€E
other subset of X we call the number infE d(p, q) the distance between the
pE

qgEH

two sets £ and H. It is denoted by d(E, H).
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Clearly the diameter of any set is a nonnegative number or + . If a set 4
contains more than one point, let p and g be any two distinct points of 4. Then
d(A)=d(p, q) > 0. Hence, we conclude that d(4)=0 if and only if 4 contains
precisely one point.

According to the definition, the diameter of a ball in‘the Euclidean space
R* is equal to twice its radius and the diameter of a £-cell is equal to the length
of the “diagonal” of the k-cell.

In the Euclidean plane R? the distance from a point p to a line L is the
perpendicular distance from p to L.

If A is any nonempty subset of the metric space (X, d) and p and g are any

two points of X, then
|d(p, A) —d(q, A)|<d(p, q) (6-14)

In order to see this, notice that for every t € A

d(p,t) <d(p, q)+d(q,t)

Hence

d(p, A)= tigg d(p,t)< 31&3{1 (d(p, q)+d(q, t))=d(p, q)
+ inf d(q, t)=d(p, q)+d(q, A)
tEA

In precisely the same way we can prove that

d(q,4)<d(p, q)+d(p, 4)
Therefore

and relation (6—14) follows.

Definition 6.21: A4 subset E of the metric space (X, d) is bounded if
there is a finite real number M such that d(E) < M.

It is not hard to show that the bounded subsets of a metric space are just
those sets which are subsets of the balls (recall that a ball has a finite radius).

There is a relation between compactness and the properties of being closed
and of being bounded.

Theorem 6.22: Compact subsets of metric spaces are closed and bounded.
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Proof: Suppose K is any compact subset of any metric space (X, d). We first
show that K is closed. To accomplish this, we need only prove that K¢ is an
open subset of X and apply the corollary to Theorem 6.10.

Hence fix any point p of K¢ and, for every ¢ € K, let B(p; ry) and B(q; pq)
be balls about p and g, respectively, such that both r; and p, are less than
d(p, q)/2. Now

K c U B(q; pg)
qgEK

Since K is compact, there must be a finite number of points of K, say qi, . .
gn, such that

*9

K C B(q1; pq) U . . . UB(qn; pg,)=6C
Let r* be the smallest of the numbers ry, rg,, . . ., rq,- Then
B(p; r*)=B(p;rq) N . . . N B(p; rg,)

Now if s is any point of G then, for some j(1 <j<n), s € B(q;; qu). Therefore
s & B(p; rqj). Hence, s & B(p; r*). This shows B(p; r*) N G=@. Therefore,
B(p; r*) N K=@; that is, B(p; r*) C K¢. Thus p is an interior point of K¢.
Since p was any point of K¢, this proves that K¢ is open.

We will now show that K is bounded. To this end consider the collection
{B(p; 1)|p € K}. Since balls are open and K C U B(p; 1), it is clear that

PEK
this collection is an open cover of K and, since K is compact, must contain a
finite subcover; that is, there must be a finite number of points of K, say
Pi, - - ., Pn, such that

KCB(p; 1)U ... UB(ps 1)
We now define
0= _ max_d(pi, pj)

isisj=sn

Of course, M=86+2 is a finite number. If ¢ and s are any two points
of K, there must be elements of the set {p1, . . ., pa}, say p; and p;, such that
q € B(pi; 1) and s € B(pj; 1) (note that we may have pi= p;). Then,

d(Q9 S) = d(q7 pl) +d(p19 pj) +d(p.]9 S)
<1+6+1=M
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so M is finite and is an upper bound of the set {d(q, s) | s, ¢ € K}. Therefore
the least upper bound d(K) of this set must be less than or equal to M which
proves the theorem.

The converse of this theorem is by no means always true! We shall see
however that it is true for Euclidean spaces.

We might point out that the proof of boundedness cannot be restated
purely in terms of neighborhoods and so the fact that compact sets are bounded
is a metric and not a topological property. On the other hand, the proof of the
fact that compactness implies that a set is closed depends only on the fact
that we can always find for any two distinct points two nonoverlapping open
sets each of which contains one of the points. Topological spaces with this
property are called Hausdorff spaces.

Theorem 6.23: If F is a closed subset of a compact subset K of a metric
space X, then F is compact.
Proof: Let {G,| o € A} be any open cover of F. We shall show that it has a
finite subcover. Since F is closed, F¢ is open and hence the collection
O={G,|a € A} U {Fc} is an open cover of K. Since K is compact, there is
a finite subcollection I' C Q which covers K and hence also F C K. If Fe€ T,
then I' — {F ¢} is still an open cover of F. But I'— {F ¢} is a finite subcollection of
{Gw| a € A}, and this proves the theorem.

The following is an almost immediate corollary of this theorem.

Corollary: If K is compact and F is closed, then F N K is compact.

Proof: Theorem 6.22 shows K is closed and the second corollary to Theorem
6.12 shows that K N F is closed. Hence K N F is a closed subset of K and Theo-
rem 6.23 now shows that K N F is compact.

Definition 6.24: If every infinite subset of a set E has a limit point in E,
then E is said to be countably compact.

Theorem 6.25: Compact sets are countably compact.
Proof: The proof is by contradiction. Hence, let K be compact and let E be an
infinite subset of K which has no limit point in K. Then there is a ball B(g; ry)
about every point ¢ € K which contains no points of E—{q}. That is, B(q; rq)
contains at most one point of £, viz.,q if ¢ € E. It is clear that K C aleJK B(q;rg),
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and Theorem 6.11 shows that each B(g; ry) is open. Hence, Q={B(q; rq) |g € K}
is an open cover of K but no finite subcollection of ) can cover E. Evidently

the same must be true of K for if any finite subcollection of ) covered K, it
would also cover E C K. This contradicts the hypothesis that K is compact
and so proves the theorem.

We shall now turn to a consideration of some of the properties of intersec-
tions of compact sets.

Definition 6.26: A sequence of sets {Fi} is a nested sequence of

sets if
FiDF;,DF;D ...

Theorem 6.27: Let {K.|a € A} be a collection of compact subsets of a
metric space and suppose that the intersection of every finite subcollection

of {K,|a € A} is nonempty. Then DA K, is not empty.

Proof: Set G,= K¢ and choose any member, say K;, of {Ku|a € A}. The proof
is by contradiction. Hence assume DA Ks=. This implies that there is no

point of K; that belongs to every K, for otherwise this point would be in the
intersection. Hence, K; C U G, and the G, are open by Theorem 6.22 and the

a €A
corollary to Theorem 6.10. Thus, {G,|Ja € 4} is an open cover of K; and, since
K, is compact, there are finitely many a’s, say ay, . . ., ay, such that
KICGQIU « o UGanz(Kalm s e e ﬂKan)c

by DeMorgan’s law (table 5-I). But this means that
Kl N (Ka1 n... ﬂKan)"—:@

which contradicts to the hypothesis.

Corollary: If {K;} is a nested sequence of nonempty compact sets in the
metric space (X, dy, then K=\ Ki is also not empty.
i=1
Proof: This follows immediately from Theorem 6.27 and from the fact that
the intersection of any finite subcollection of {K;} is just equal to the smallest
K; in the collection and, hence, is not empty.
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» Theorem 6.28: If {I;} is a nested sequence of intervals (in R!), then
'n1 I; is not empty.

Proof: Let a; and b; be the left and right ends of I;, respectively, and let
A={a:li=1, 2, 3, . . .}. Certainly 4 is not empty, and it is clear that it
must be bounded above by b;. By axiom III of chapter 2 (see p. 18), lub 4
exists. Hence let a=lub A. If i and j are any two positive integers, it is clear that

@i < Qi< biyj < by
Hence, for every i, a; < b;; that is, b; is an upper bound for 4 for each integer .

It follows from Deﬁnltlon 2.2 that lub A=a < b; and a; < a. Evidently a € I;

for every j which shows thata € () I;.
j=1

We can easily generalize this theorem to k-cells in R¥.

Theorem 6.29: If {I;} is a nested sequence of k-cells (in R¥), then n I;
is not empty.

Proof: Definition 6.3 shows that for eachi there are k intervals, I; 1, I;,2, . . .,
I;, i, such that

k
Iizx Ii,j
j=1

Now it is clear that the condition
LivaC 1
implies
Iiiv1,; C L j I1sj<fk
Hence, for each fixed j, {I; ;j} is a nested sequence of intervals and the pre-

ceding theorem shows that there is a real number a; € I;; for every
i=1,2,3,...80if we set a*={(a1, as, . . ., ax), it is clear that, for every

i=1,2,3, ..., a*€ I; which shows that a* Enl
We shall now use this theorem to prove a Very important fact about R*.

Theorem 6.30: All k-cells are compact.
Proof: Suppose Q is an arbitrary k-cell. Definition 6.3 shows that there are
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k
real numbers a; and b; for 1 <i<£ such that Q= X [ai, bi]. Now we see
=

that (from the definition of the norm in the Euclidean space R*), for any
x,yEQwithx=(x1,. . ,ax)and y=(y1,. . ., y&)

lx-—yl=\/2 — )2 < \/2 —a)?=d(Q)

1=

(d(Q) is the length of the “diagonal” of Q). Now suppose we are given a k-cell
k

Q°=X [a}, bf] (6-15)
i=1

and suppose in order to arrive at a contradiction that we can find some collec-
tion of open sets {Go|a € A} which covers Q° and which contains no finite

subcover. The numbers ¢?=(af+569)/2 (for 1 <i <k) lie between a and bY.

By replacing some of the intervals in equation (6-15), say [a{, b1, -

[af,, b%,], by the intervals [af, c!], . . ., [a], cf] and the remamder say
0 0 0 : 0 0

la? . 1n+1]’ C e [aik,bik],bythe 1ntervals [Cin+1’bin+]]’ [c, » b9, 21, we

can form 2% different k-cells whose union is °, and each of them has the length of
its diagonal equal to half the length of the diagonal of Q° We can find at

least one of these k-cells which we denote by Q1= X [a}, b}] that cannot be

covered by any finite subcollection of {G.|a € A} for if they all could be so
covered then so could Q°. Hence we have Q! C Q°, d(Q')=3%d(Q°), and Q' is
not covered by any finite subcollection of {G,Ja € 4}. Having obtained the

k-cells
Q°DOQrtD ... DQ"

k
Q=X [al,bi] O0<j<n
i=1

none of which can be covered by any finite subcollection of {G.Ja € 4} and
for which d(Q7)=(1/29)d(Q°) for 1<j=<n, we can define c?=(al+b?)/2
(1<i=<k) and form the intervals [a?, c¥] and [cZ, b?] (1<i<k). From
these intervals we can, in the same way as just described, form 2* different
k-cells whose union is Q", and each of these cells has the length of its diagonal
equal to (1/2)d(Q"). Again one of these k-cells, say Q*+1, cannot be covered by
any finite subcollection of {G4|la € A} and Q=+ C Q», so that d(Qn*+!)
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= (1/2)d(Q™) = (1/2»+1)d(Q°). In this way we construct a nested sequence of
k-cells {Q"} such that none of these can be covered by any finite subcollection
of {Go|a € A} and such that, for any positive integer n, the condition x, y € Q"
implies |x—y| < d(Q")=(1/2")d(Q°). This method of construction of a nested
sequence of k-cells is illustrated in figure 6—3 for k= 2.

0
B
2 1
b
1
1
C2 ZQ T
=
2 ? }
c5 Q
a%O a%
3 ol 1.2 2 1.2
af €1=9 of  bi-b
a)
0
afl) c(1) by

FicURE 6—3.—Nested sequence of 2-cells.
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Theorem 6.29 now shows that there is a least one point z such that, for
every n, z € Q" Since {G.Ja € A} covers Q°, there must be at least one a,
say ai, such that z € G,,. Since G,, is certainly an open set, there exists a ball
B(z; r) aboutz such that B(z;r) C G,,. Now choose m so large that 2-"d(Q°) <r.
(If there were no such m, then for every positive integer p we would have
20 < d(Q°)/ rwhich is absurd.) Now |z—y| < (1/2™)d(Q°) < r for every y € Q™
This shows that Q™ C B(z; r) C G4, which contradicts the conclusion that
Q™ cannot be covered by any finite subcollection of {G,|a € 4}, and this proves
the theorem.

We have seen from Theorem 6.22 that in metric spaces compact sets must

be closed and bounded, but it was pointed out that the converse is not always

°true. It is a very important fact that in Euclidean spaces, however, the com-

pactness of a set is equivalent to its being closed and bounded. This is the
statement of the well-known theorem called the Heine-Borel theorem.

Theorem 6.31: A subset of the Euclidean space R* is compact if and
only if it is closed and bounded.

Proof: Theorem 6.22 of course shows that every compact set is closed and
bounded. Therefore we need only prove that every closed and bounded subset
of R¥ is compact. But every bounded subset of R* must be contained in some
k-cell. Since Theorem 6.30 shows that this k-cell must be compact and since
Theorem 6.23 shows that closed sets contained in compact sets are themselves
compact, the assertion is proved.

There is another well-known theorem, the Bolzano-Weierstrass theorem,
which also follows easily from the fact that k-cells are compact subsets of R*.

Theorem 6.32: Every bounded infinite subset of the Euclidean space R*
has a limit point in R*.

Proof: Let E be a bounded infinite subset in R¥. Since E is bounded we can
find a k-cell Q such that £ C Q. Theorem 6.30 shows that () is compact and
Theorem 6.25 then shows that it is therefore countably compact. This means
that £ has a limit point in Q and therefore also in R*.

Definition 6.33: A metric space is called separable if it contains a
countable dense subset.

Theorem 6.34: The Euclidean space R¥ is separable.
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Proof: Let S be the set of all points of the Euclidean space R* whose coordi-
nates are rational numbers. It follows from Theorem 5.3 and its corollary that
S is countable. We shall show that S is dense in R*. To this end,let p={p1, p2,
. . ., pry be any point of R* and let B(p; r) be any ball about p. The axiom of
Archimedes (chapter 2) shows that for each i such that 1 <i <[ there exists a
rational number y; such that

r r
Pi"m< Yi <pi+k1/2
Hence

r
lyi—pi| <772 (6-16)

Set y=<(y1, . . ., yx). Clearly y € S. It follows from inequality (6—16) that

k
ly—pl=+Y (ri—p)2<r
i=1

Hence y € B(p; r). Since B(p; r) was any ball about p, we have shown that
every ball about p contains a point of S and therefore that p is an adherence
point of S. Since p was any point of R¥, we conclude that S is a dense subset

of Rk,

Definition 6.35: Let E be a subset of the metric space (X, d) and let
€ be any positive number. A set D. C X is called an enet for the set E if for
any point p € E, there exists a point x € D, such that d(x,p) <e.IfE=X, then
Dc is said to be an e-dense subset of X.

It is clear that D, is an e-net for the set E if and only if
Ec U B(x;¢€)
x€D,
For every positive integer n, the set

{<—21~1 . ;i> ity .« . ik =0,41,%£2, . }

is a B( VE/271)-dense subset of R for any 8> 1. A, B(V2/2"+1)-dense subset
of R? is illustrated in figure 6—4.
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°
° °
*—— o
°
°

FIGURE 6—4.~ﬁ(_V§/2”f1)—Dense subset of R2 with balls of radius 8(V2/27*1) about points
of B(V2/27+1) — et for B shightly greater than 1.

Definition 6.36: A subset £ of a metric space is said to be totally
bounded if for each positive number € there is a finite €e-net for E.

It is clear that, for every k-cell in R*, there is a finite subset of the
B(VE/27+1)-dense set just described which is a B( Vk/27+1) -net for this k-cell.
This in fact shows that k-cells are totally bounded.

Since every bounded set in R¥ is contained in some k-cell we see that in
R* bounded sets are totally bounded. It is not hard to see that in any metric
space totally bounded sets are bounded. Thus in R* boundedness and total
boundedness are equivalent. This is not however true in general. It turns out,
although we shall not be able to go into this here, that in the cases of most in-
terest for the function spaces which we shall discuss in chapter 11, bounded-
ness and total boundedness are not equivalent.

The material in the remainder of this chapter is not necessary for under-
standing the rest of the text.

98



METRIC SPACES

Theorem 6.37: A metric space is separable if and only if it contains a
countable e-dense subset for every positive number €.

Proof: If D is a countable dense subset of the metric space (X, d) then for
any point p € X and for any € > 0 there is a point x € D such that x € B(p; €).
Hence, d(p, x) < € which shows that D is a countable e-dense subset.
Conversely, suppose there is a countable e-dense subset in X for every ¢,
and for each positive integer n let D, be a countable 1/n-dense subset of X.
According to Theorem 5.2, D= 01 D, is a countable set. Now, if p € X and

€ >0 are given, choose an integer n such that n > 1/e. Then there is a point
x € D, ( and hence also in D) such that d(x, p) < 1/n < €. Hence,x € B(p; €)
which shows that D is a countable dense subset of X.

Corollary: If a metric space is totally bounded, it is also separable.

Definition 6.38: Let {G.|a € A} be a family of open sets in a metric
space X. If for every open set V C X there is a subset C of A such that V= G,
then {Gq.|a € A} is said to be a base for the open sets of X. «sC

Theorem 6.39: There is a countable base for the open sets in the metric
space X if and only if X is separable.
Proof: Let X be separable, let M be a countable dense subset of X, and let

Q={B(x; 1/n)[(x, n) € MXJ}

where, as usual, J is the set of positive integers. Theorem 5.3 shows that M X J
is countable. Hence () is a countable collection of open sets. Fix an open set

VCX. Put C={{x, n)|B(x; 1/n) CV} and W= |J B(x; 1/n). Evidently,
. (x,n) €C
W CV. Now let p be any point of V. Because V is open, there is a ball

B(p; €) C V. Choose a positive integer n > 2/e. The fact that M is dense shows
that there is a y € M such that y € B(p; 1/n). If t € B(y; 1/n), then

d(t, p) sd(t,y)+d(y, p) < (1/n)+ (1/n) <e
Hence t € B(p; €), and so
B(y; 1/n) CB(p;€) CV
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Since d(p, y) < 1/n, we see p € B(y; 1/n). The fact that B(y; 1/n) CV and
that (y, n) € M X J shows that B(y; 1/n) C W.

Therefore p € W and, since p was any point of V, this shows that V C W.
So we conclude that W=V and, since V' was any open set, this shows that {}
is a countable base for the open sets of X.

Now let 3= {G,|a € 4} be a countable base for the open sets of X. Let M
be the set which consists of exactly one point from each nonempty G, € ().
Then M is countable. Fix any point p € X and let € be any positive number.
The fact that B(p; €) is an open set shows that there is a subset C of 4 such
that B(p; €)= U G.. Then, for some B8 € C, p € Gs. Hence Gg is not empty

a€C
and therefore, by construction, there exists a point y € M such that

y € GgC B(p; €). Since € was arbitrary, this shows that p is an adherence
point of M. Because p was any point of X, this implies that M is a countable
dense subset of X.

We have actually proved more than the statement of the theorem. We
have shown that the countable base can always be chosen so that its members
are balls. Since Theorem 6.34 shows that the Euclidean space R! is separable
and since the balls in R! are segments, we conclude that every open set in R!
is the countable union of segments.

The next theorem is known as the Lindel6f covering theorem.

Theorem 6.40: If {G,|a € A} is any family of open sets in the separable
metric space X, there is a countable subset D C A for which

UGa: UGa

a €4 aeD

Proof: Choose a countable base Q= {H,|n € J} for the open sets of X. Set
N={n € J|(da € A) for which H, C G,}

We can define a function f: N — A as follows: for each n € N, there exists at
least one B8 € A4 such that
Hn C GB

f(n)=g

Pick one such B and set
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Then f(N) is evidently countable and
U G.C U G,

a € f(N) a€4

IfpeE UA G., there is some index y € A such that p € Gy. Since Gy is

a €
open, it is the union of some subfamily of ). Hence we can find a set H, € ()
such that p € Hy, C Gy. This shows that mE€N. Thus,p EHn C Gy C U G

. . « €1 (V)
Therefore, since p was arbitrary,

UG. C U Ga

aEA a € f(N)

As a result of this theorem, we are now able to show the relation between
compact spaces and separable spaces.

Corollary: Every open cover of a separable metric space has a countable
subcover.
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CHAPTER 7

Limits of Nequences

The concept of limit dates back to the early Greek mathematicians. Our
modern understanding of this concept, however, is principally due to Cauchy
(1821) whose work, like Cantor’s, grew out of a study of trigonometric series.
Fréchet later incorporated Cauchy’s notion of the limit of a sequence of points
into his theory of metric spaces. Indeed, much of the material in this chapter
is an outgrowth of this development.

Intuitively, the point p is a limit of a sequence 2° {p,} if p, is “close” to
p whenever n is sufficiently large. This idea is made precise in the next two
definitions.

Definition 7.1(a): Let {p,} be a sequence in the metric space X and let
p be a point of X. The sequence {pn} is said to converge to p if, for every € >0,
there is a positive integer N such that n = N implies that

pn € B(p; €)

Then p is called the limit of {p,} (we shall see that the limit is unique), and
we write
Pn—p
or
lim p,=p
If there exists no point p € X to which the sequence converges, it is said to
diverge.

We may restate the definition of convergence in the following way.

Definition 7.1(b): If {p.} is a sequence in the metric space (X, d), a
necessary and sufficient condition that p= ,111_{% Dn is that, for every € > 0, there

20 See Definition 4.15.
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exists an integer N such that n = N implies

d(p, pn) <e€

We shall have occasion to use both forms of the definition of convergence.
Notice that Definition 7.1(b) shows p,— p if and only if the sequence of real
numbers {d(pn, p)} converges to zero.

It can be seen from the discussion following Definition 6.1 that, when
applied to a sequence of complex numbers {z,}, Definition 7.1 means that
{za} converges to a complex number { if and only if, for every € > 0, there is
a positive integer NV such that for alln =N

] < e
or, equivalently,
zn € {z] |z2— L] < €}

Thus, for every €, there is a finite number N such that all the terms of {z,}
except the first N—1 must lie in the interior of a circle of radius €. The concept
of convergence of a sequence of complex numbers is illustrated in figure 7-1.

o]

FIGURE 7-1.— Convergent sequence of complex numbers.
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The definition of convergence depends strongly on the metric space to
which the sequence is assumed to belong. Suppose (X, d) is a metric space,
E C X and {p.} is a sequence in E. Then it may happen that the sequence
converges in the metric space (X, d) to a point p € E and therefore does not
converge in the metric space (E, d) (which has the same metric as (X, d)).
For example, if d is the usual metric for R, the sequence {1/n} converges to
0 in the metric space (R, d). But if E={x € R!|x > 0}, this sequence does
not converge in the metric space (£, d). Hence, when a sequence is said to
converge, the metric space in which it converges should be specified. This
will only be done, however, in cases of possible ambiguity. On the other hand,
if {pa} is a sequence of points in a subset E of a metric space (X, d) and if
this sequence converges to a point p € E as a sequence in the metric space
(X, d), it also converges to p as a sequence in the metric space (E, d).

It is sometimes said that the convergence of a sequence depends on the
“infinite tail” of the sequence. This means that no amount of alteration of a
finite number of terms of a divergent sequence can make it converge and, if
a convergent sequence is changed by omitting or adding a finite number of
terms, the resulting sequence still converges to the same limit as the original
sequence.

Recalling Definition 4.15 we see that a sequence {p,} in a set X is just
a function f: J — X (where J is the set of positive integers) such that, for each
n € J, f(n) =pyu. The range of the sequence {p,} is just the range of the func-
tion f—that is, the set of all the points p,. This set may be finite or infinite.
In particular, it may consist of one point p (i.e., for every n, p,=p). We shall
sometimes use the notation p, p, p, . . . for sequences of this type. It is
clear that such sequences always converge. They are called constant sequences.
In fact, any sequence that becomes a constant sequence upon the omission
of a finite number of terms converges.

Definition 7.2: If the range of a sequence is a bounded set, the sequence
is said to be bounded.

Let us look at a few sequences in R! (with the usual metric). The sequence
{n?} is unbounded and diverges, and its range is an infinite set. On the other
hand, the sequence {1+ (—1)*/n} converges to 1 and is bounded, and its
range is also an infinite set. Finally the sequence {(—1)"} diverges; yet it is
bounded, and its range is a finite set.

It follows from Definition 7.1(a) that, if {p,} is a sequence in a metric space
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X, then p,— p if and only if, for each neighborhood V of p, there exists a posi-
tive integer N such that p, € V as soon as n = N. This can be seen by reasoning
as follows. Since all balls are neighborhoods, we see that if, for a given sequence
{pa}, we can find for each neighborhood V' of a point p an integer NV such that
pn € V for all n= N, then certainly Definition 7.1(a) is satisfied. On the other
hand, if V' is any neighborhood of p and p,— p, then, since ¥ is open, we can
always find an € > 0 such that B(p; €) C V. And, for this €, we can find an NV
such that n = N implies p, € B(p; €) C V. This shows that convergence could
have been defined by using only the concept of open set (neighborhood), and
so it is a topological property.
We shall now prove that the limit of a convergent sequence is unique.

Theorem 7.3: If {p.} is a sequence in the metric space (X, d), there is
at most one point p such that lim p,=p.

Proof: Suppose p,q € X and p,— p and p, — q. Then, for every € > 0 there are
positive integers N, and N, such that, whenever n=N;, d(pa, p) < €/2, and
whenever n =N, d(pn, q) <€/2. Set N=max {N,;, N2}. Then, for every
n=N,

d(p, @) <d(p, pn) +d(pa, @) <e€/2+€/2=¢

Since € is any positive number, we conclude that d(p, q) =0, and this shows
that p=gq.

The simple principle used in this proof, namely that the only nonnegative
number which is less than every positive number is zero, is a very useful one,
and we shall encounter it frequently.

Theorem 7.4: If E is a subset of a metric space (X, d), then the point
p € X is an adherence point of E if and only if there is a sequence {p,} in E such
that p= lim p.

Proof: If lim p,=p, then Definition 7.1(a) shows that every ball about p
contains a term of the sequence {p,}. Since every term of {p,} is a point of E,
this proves that p is an adherence point of E. Now suppose p is an adherence
point of E. Then every ball about p contains a point of E. So for each positive
integer n choose a point p, of E such that p, € B(p; 1/n). The sequence {pn}
so obtained evidently converges to p for, if € >0 is given, we can choose a
positive integer IV such that Ne > 1 and, for every n =N,

p» € B(p; 1/n) C B(p; €)
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The statement of Theorem 7.4 is sometimes used as the definition of adher-
ence point. The remarks immediately following Definition 6.7 show that a
closed set contains all its adherence points. Thus we have the next corollary.

Corollary: Every convergent sequence in a metric space X with terms in a
closed subset E of X converges to a point of E.

In the following theorem, as in most theorems about boundedness, we
make explicit use of the fact that the distance between any two points of the
metric space is finite. It therefore does not hold in metric spaces with possibly
infinite metrics.

Theorem 7.5: Every convergent sequence {p»} in a metric space (X, d)
is bounded.

Proof: Since there is a point p such that p, — p, we can find a positive integer
N such that n = N implies

pn € B(p; 1)
Now set

p=max {1, d(p:, p), . . ., d(pw~, )}

Since p is the least upper bound of a finite set of finite numbers, it is also
finite. Then, for every positive integer n

pn € B(p; p)
That is, if E is the range of {p,}, then
E C B(p; p)
Now for any two points x, y € E
d(x,y) sd(x,p) +d(p,y) <p+p=2p

Hence, 2p is an upper bound of the set {d(x, y) |x, y € E}. Therefore the least
upper bound of this set d(E) must be less than or equal to the finite number
2p. This shows that the sequence {p,} is bounded.

Theorem 7.6: If {p,} is a sequence in the metric space X, then {p,} con-
verges to a point p € X if and only if every ball about p contains all but a finite
number of terms of {pn}.
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Proof: Suppose {p,} converges to p. Let B(p; €) be any ball about p. Then
there is a positive integer N such that the only terms of {p,} possibly not in
B(p; €) are py, pa, . . ., PN-1.

Conversely, suppose that every ball about p contains all but finitely many
terms of {p.} and € >0 is given. Set N'=max {n € J|p. € B(p; €)}, and
put N=N'~+1. Then p, € B(p; €) for all n =N.

In order to study the relation between convergence and algebraic opera-
tions, we turn to the normed linear spaces introduced in chapter 3. As we men-
tioned in chapter 6, the metric in these spaces will always be given in terms
of the norm by equation (6—1).

The next theorem shows the relation between addition and scalar multi-
plication on the one hand and convergence on the other.

Theorem 7.7: Suppose {ux} and {v.} are sequences in the normed linear
space V and {an} is a sequence of scalars (i.e., real or complex numbers de-
pending on whether V is a real or complex vector space). If

lim u,=u
n—éw
lim v,=v
n—®
lim o=«
n—o0

then,
(@) lim (un+ova)=u+v

(b) lni_rg (Bun)=pBu  for every scalar B
() lim (w+un) =w+u  for everyw € V
(d) 1}_{2 (anuy) =au

Proof: Part (a). Given €>0, there exist positive integers N; and N, such
that n < N, implies |ju,—ul| < €/2 and n = N, implies |Jv,— 1| < €/2. Set N=max
{N,, N;}. Then n = N implies ||(z,~+vs) — (u+0)|| < flun—ul|+ on—1l| < e

Part (b). First suppose 8 # 0. Then given € > 0, there exists positive integer
N such that n = N implies |ju, —ul| < €/|B|. Hence

Brn — Bull =118 (un— u)l|= B} lun— usff < €

If =0, the result is trivially true.
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Part (c). Trivial.
Part (d). Suppose o # 0 and u # 0. Then, by (N1) of Definition 3.4, [Jul|
# 0. We shall use the identity

antun—au= (an—a)(un—u)+a(un—u)+ (an—a)u

Given € >0, there are positive integers N; and N, such that n = N, implies
lan—a| < min { Ve/ V3, €/(3|ul)} and n=N, implies |u.—ul <
min { Ve | V3, €/(3|al)}. Set N=max {N;, Nz}. Then n = N implies

llecnttn — o)) < | (o — @) (un = 10) |+ llet (en — ) |+ || (0t — @) ]
= lon—al b —ull+|e] lun—ul+ |on— o |lu]

VeVe, e e
<\/‘\/3+3+3

The proofs for the cases when a=0 or u=0 follow easily from the fact
that a convergent sequence must be bounded and from part (b).

Since the complex numbers themselves form a complex normed linear
space, it is an immediate consequence of part (d) of this theorem that, if
{a,} and {B.} are sequences of complex numbers such that o,— o and
Br— B, then

onf3n — af

In the case of complex numbers, we can moreover deduce a relation
between division and convergence.

Theorem 7.8: Suppose {sn} is a sequence of complex numbers such that
hm sn=5,5,7Z0forn=1,2,3,. . .ands#0. Then li_)nm} 1/sn=1/s.

Proof: Since |s| # 0, let us choose m so large that |s,—s| < |s|/2 whenever
n = m. Since
3ls| > [s—sa| = [s| = |sal
it follows that
|sn]| > 3]s n=m

Given € > (0, there is an integer N > m such that n = N implies

|sn—s| < %|s|2€
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Hence, for n = N,

1 1

Sn S

sn—s _ |sn—sl
o |~ sl

2
<Ts_l2l3"__sl <e€

In the Euclidean spaces R, there is an intimate relation between the
convergence of sequences of vectors and the convergence of their components.

Theorem 7.9: (a) Let (X, d) and (Y, 8) be metric spaces. Let {pn} be a
sequence in X and {qn} be a sequence in Y. Then the sequence {{px=, qa)} con-
verges in (XXY, dx) the direct product of (X, d) and (Y, 8), ifandonlyif
{pn} converges in X and {qn} converges in Y. In addition

lim (pa, o) =( lim pa, lim qa)

n— o n—>w

whenever the limit exists.
(b) Let {xn}, with xn={%1,n, . . -, Xk,n) for every positive integer n, be
a sequence in the Euclidean space R*. Then {x,} converges to a point

x=(x1, . . ., xx) of R* if and only if
,!I_I}}o Xj,n=Xj 1$J$k

Proof: Part (a). First suppose that p,—~>p in X and g,—>q in Y. Let € > 0 be
given. Then there exist integers N; and N, such that for all n = N, and all
m =Ny, d(pa, p) <€ and d(gm, q) < €. Set N=max {N;, N2}. Then for each
n =N we have

dx ({pn, qn), (P, @)) =max {d(pn, p), 8(qn, q)} <€
Hence,

lim (px, gn) = (P, @)

Conversely, suppose that lim (p», g»)=<p, ¢} in (XXY, dx). Then there
exists an integer N such that for alln =N

max {d(pa, p), 8(qn, @)} <e€

Hence, for alln =N, d(pa, p) <€ and d(qn, q) < €; thatis,p,— p and g»— q.

Part (b). Suppose first that lim x,=x. It is easily seen from the definition
of the norm in R* that
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|%j,n— x| < |®n—x| forl<sjs<k
Now for every € > 0 there is an integer N such that n = N implies
|xj,n—le<|xn—x|<e 1sj=<k

which shows
lim xjn= x;

On the other hand, if

lim xj,n= x; forlsj<k

then for every € > 0 there is a positive integer N such that n = N implies

Therefore, whenever n =N,

xn—x|= <2|x]n xj|> <e

lim x,=x

n—o

and this shows that

Since the absolute value of a complex number is the same as the norm
of the corresponding vector in the Euclidean space R2, the following is an
immediate corollary of this theorem.

Corollary 1: If {z.} is a sequence of complex numbers, then {z.} converges
to the complex number { if and only if

lim % zz=%

n—»o

].lm %Zn:jnxc

The next corollary is an immediate consequence of Theorems 7.7 and 7.9.

Corollary 2: Suppose {x.} and {y.} are sequences in R* and x»—> x
and y,— y. Then
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It follows from Theorem 7.5 and the example following Definition 7.2
that convergent sequences are indeed bounded but, on the other hand, bounded
sequences need not converge. Since it is very desirable to be able to assert
that the limit of a sequence exists without knowing what it is and since bounded-
ness of a given sequence is often easy to establish, it is fortunate that there
is at least one important case in which boundedness is equivalent to con-
vergence. This occurs in the case of monotone sequences which we now define.

Definition 7.10: A4 sequence of real numbers {s,} is said to be inereasing
or monotonically increasing if, for every pair of integers m and n, m > n
implies sm = sp. It is said to be decreasing or monotonically decreasing
if, for every pair of integers m and n, m > n implies s;m < sn. We call a sequence
monotone or monotonic if it is either increasing or decreasing and, when
only the inequality signs hold in the definition (e.g., sm > sn), the adverb
strictly is used to indicate this.

Theorem 7.11: A monotone sequence {s,} converges if and only if it
is bounded.

Proof: We shall give the proof only for the case of increasing sequences since
the proof is completely analogous in the other case. Hence suppose sm =5,
whenever m > n, and let E be the range of {s,}. Since E is bounded, its least
upper bound s exists. Thus, for every integer n,

Sn =S

Let € >0 be given. Since s—e is not an upper bound of E, there exists a
positive integer N such that
S—E€ESy=S

It follows from the definition of an increasing sequence that n = N implies
Sn = sy, and since s is an upper bound of £, we conclude that

S—EeE<S =5

for all n= N which shows that {s,} converges to s. The converse is already
given by Theorem 7.5.

We have in fact proved slightly more than the statement of the theorem;
that is, we have proved that the series converges to the least upper bound of
its range.
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There is a natural way of extending the definition of convergence of
sequences in the Euclidean space R!'. The set R! of finite real numbers with
the usual metric is a metric space (with a finite metric) embedded in the set
of extended real numbers. The set of extended real numbers however cannot
be made into a metric space with a finite metric by simply extending the usual
metric for R!. We might however still attempt to extend the concept of ball
to the set of extended real numbers. Very crudely speaking, we may think of
the real numbers as lying along a line with the points + o and — « at its ends.
Then all the finite numbers would be to the left of the point + . Now since
balls in R' (with the usual metric) are segments and since each ball about a
point p also contains p, it is natural to take the “balls’ about the points +
and —® to be the half-open intervals (a, +°] and [—®, b), respectively,
where a and b are finite real numbers. Now if we wish to allow the points
+ 00 and — o0 to be possible limits of sequences of finite real numbers, we can
give a definition of convergence of these sequences similar to Definition 7.1(a)
but which uses the extended concept of ball. In this way we allow sequences
of points of the Euclidean space R! to ‘““converge” to points which lie outside
this space. We can thus extend the concept of convergence in a natural way
to certain types of divergent sequences. All sequences which are convergent
(in the sense of Definition 7.1(a) or equivalently Definition 7.1(b)) would still
be “convergent” in this extended sense. It must be emphasized however that
this does not change the definitions of convergence and divergence already
given. Only those sequences of points of the Euclidean space R' which converge
in the sense of Definition 7.1(a) or Definition 7.1(b) are said to converge. The
sequences which would “converge” in this extended sense but not in the sense
of Definition 7.1(b) will still be called divergent sequences. In view of this
discussion we make the following definition.

Definition 7.12: If {s,} is a sequence of finite real numbers such that,
for every finite number M, there is a positive integer N such that n = N implies
sn> M, we say {s.} diverges to 4+« and write

Sp—>+x

If, on the other hand, for every finite number M, there is a positive integer
N such that n = N implies s, < M, we say {s»} diverges to —x and write

Sp—> — @
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In either case, we say that {s,} converges improperly or is improperly
convergent.

Notice that we now use the symbol —> for certain types of divergent se-
quences, as well as for convergent sequences, but the notation }1_1}30 Pn=p i
used only for convergent sequences.

Theorem 7.13: If E is a nonempty set of finite real numbers, then there
is a sequence {sn} in E such that s,—> lub E. Of course a similar result holds

for glb E.

Proof: Set t=1Iub E. Then ¢ is either finite or + . Assume first that ¢ is
finite. Let € > 0 be given. Then t—€ is not an upper bound of E. Hence we
can find an s € E such that

t—e<sst<tte

So we conclude that every ball about ¢ contains a point of £ which means
that ¢ is an adherence point of E. The statement of the theorem now follows
from Theorem 7.4.

If t=+ oo, then E is not bounded above. Hence, for every positive integer n,
choose a point s, € E such that s, > n. In this manner, we obtain a sequence
{s»} in E such that, if M is any finite number and N is the smallest positive
integer larger than or equal to M, then s, > M for all n = N; that is, s, —+=¢.

We might point out that, if {s,} is an increasing sequence which is not
bounded above, then, for every finite number M we can find a member, say
sy, of the sequence such that sy > M. So we conclude from Definition 7.10
that s, > M for every n= N; that is, s,—>+®. Since a similar conclusion
holds for decreasing sequences, we arrive at the following result. 4 monotone
sequence either converges or it converges improperly.

We have in a sense associated limits with certain types of divergent
sequences of real numbers. We shall now see that in the more generzl setting
of metric spaces there is under certain conditions another method of asso-
ciating limits with sequences even though they diverge. We first introduce the
notion of subsequence.

Definition 7.14: If {pnk}is a sequence of points in a set X and ni, nz,

ns, . . . is a strictly inereasing sequence of positive integers, then the
sequence { pnk} is called a subsequence of {p.}.
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Thus, for example, let the sequence {p,} be defined by
pn=(a+1/n)12 forn=1,2,3, ...
and let the strictly increasing sequence of positive integers {n} be defined by
n=2k for k=1,2,3, . ..
Then the sequence {p, } defined by

pn,= (a+1/2k)1/2 fork=1,2,3, . ..

is a subsequence of {p,}.

If every ball about a point p of a metric space contains all but finitely many
terms of the sequence {p.}, the same must be true for any subsequence
{pn,} of {pn}. Thus Theorem 7.6 and the fact that {p,} must be a subsequence

of itself show that a sequence {p,} in a metric space X converges to a point
p € X if and only if every subsequence of {p»} converges to p.

It is clear that, if {pn,} is a subsequence of {p,} and {pnk.} is a subse-
j

quence of {py, }, then {px, } is also a subsequence of {p.}.
j

Evidently if E is the range of a sequence {p,} and {pnk} is a subsequence

of {pn}, then {px,} is a sequence in E. However, it is not true in general that

every sequence in E is a subsequence of {p,}. For example, the constant
sequence 1, 1, 1, . . . is a sequence of points in the range of the sequence
{1/n} which is not a subsequence of {1/n}.

The following definition now shows how we can associate limits with
divergent sequences.

Definition 7.15: Let {p.,} be a subsequence of the sequence {p.} in

the metric space X. If {pnk} converges, its limit is called a subsequential
limit of {pn}.

The remarks following Definition 7.14 combined with Theorem 7.4 show
that if p is a subsequential limit of a sequence {p,} then p is an adherence
point of the range E of {p.}. Thus if F is the set of all subsequential limits of

{pa} we have _
FCE

However, the reverse inclusion does not in general hold. The next theorem
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shows that we can assert

E'CFCE

Theorem 7.16: Let E and F be, respectively, the range of the sequence
{pn} and the set of all subsequential limit points of the sequence {p,} in the
metric space (X, d). Then (a) every limit point of E belongs to F and (b) F is
closed.

Proof: Part (a). If p is a limit point of £, Theorem 6.9(a) shows that every
ball about p contains infinitely many terms of {p,}. We construct a subse-
quence of {p,} inductively as follows: Choose n; to be any of the infinitely
many indices n for which d(p», p) < 1. Having chosenn; <n:< . . . <ng_
with d(p, pi;) < 1/i for 1 <i<k—1, choose n; from the infinitely many n for
which d(p, pn) <1/k to be the smallest such n which is larger than ns_;.
Thus {p.,} is a subsequence of {px} such that, for any € >0, d(p, p”k) <e

for every k = 1/e. Hence p,, — p. This shows that p € F.
Part (b). If p is a limit point of F, then, for every € > 0 there is a point

x € F such that
0<d(x, p) <e€/2

Since x is a subsequential limit of {p.}, there is a point p;y € E such that
d(x, pr) <d(x, p)

From these two inequalities we see that py # p and

d(pr, p) <d(px, x) +d(x, p) <2d(x, p) <€

Since € was arbitrary, we conclude that every ball about p contains a point

of E—{p}. Hence p is a limit point of E and part (a) shows that p € F. Since p
was any limit point of F, this shows that F is closed.

Definition 7.17: If every sequence in a set E has a subsequence which
converges to a point of E, then E is said to be sequentially compact.
Theorem 7.18: Every countably compact set K is sequentially compact.

Proof: Let E be the range of a sequence {p,} with values in K. If E is a finite
set, then the proof is easy for there must be at least one point of E C K, say p,
and a strictly increasing sequence of integers {n;} such that
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pnlzpnzz Y

This subsequence evidently converges to p € K.

Hence suppose E is infinite. Then E has a limit point p € K. Hence Theorem
7.16 shows that p is a subsequential limit of {p,}. That is, there exists a sub-
sequence {pn,} of {pn} which converges to p € K.

Theorem 7.19: If every sequence in a subset E of a metric space (X, d)
has a subsequence which is convergent in X, then for every positive number €
there is a finite e-net, D, for E such that D C E.

Proof: Suppose that every sequence in £ has a convergent subsequence and
that, for some positive number €, there is no finite e-net for E which is also a
subset of E. Then, if p; € E, there must be a point p; € E such that d(p:, p2) =€
because, otherwise, {p:}, which is a subset of E, would be a finite e-net for

E contrary to the assumption. Having chosen pi1, p2, . . ., pr—1 € E such that
d(pi, pj) =€ for 1<i<jsn—1, we can choose a point p, € E such that
d(pi, pn) = € for 1 <i<n—1 because, otherwise, {pi, . . ., pn-1}, whichis a

subset of £, would be a finite e-net for £ contrary to the assumption. In this
manner, we construct a sequence {p,} in E such that d(p,, pm) = € for m # n.

Now suppose {pn,} is any subsequence of {p.}. Since {n;} is a strictly
increasing sequence, it follows that n; # n; if k #j. Hence

d(pur.Pnj) =€ k#j

If p is any point of X and if k£ and j are any two different positive integers, we
conclude that

€ < d(pny, Pnj) < d(pny, p) +d(p, pu;)

Hence, there is no positive integer I such that d(pn,, p) <e€/3 for every i=1
for, otherwise, we could conclude that € < 2¢/3 which is clearly impossible since
€ is a positive finite number. Thus {pnk} cannot converge. Since {pnk} was any
subsequence of {p,}, this shows that there must be at least one sequence in
E which contains no convergent subsequence. Since this is a contradiction,
the theorem is proved.

Corollary: If a subset E of a metric space is sequentially compact, then
it is totally bounded.
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Convergence of sequences is actually an exceptional occurrence. In view
of this fact, the following theorem may seem rather surprising.

Theorem 7.20: If K is a subset of the metric space (X, d), the following
statements are equivalent:

(a) K is compact.

(b) K is countably compact.

(¢) K is sequentially compact.

Proof: Theorem 6.25 shows that (a) implies (b) and Theorem 7.18 shows that
(b) implies (c). We will now show that (c) implies (a). If K=(.there is nothing
to prove. Hence assume K # @ and let {G.|a €A} be any open cover of K. Now,
for any x €K, there exists an €« €4 such that x €G,. Since G, is open, there is
a positive number 8 such that B(x; 8) CG,.
Let
p(x)=lub {r|[({a€A) and B(x; r) CG,}

Thus, roughly speaking, p(x) is the radius of the largest ball about x that can

fit into any of the open sets G,. Since p(x) is the least upper bound of a non-
empty set of strictly positive numbers, it is clear that

0<p(x)

This shows that, for every x €K, p(x) is a strictly positive number or 4. Now

set
po=glb p(x)

It is clear that, being the greatest lower bound of a set of extended real numbers
which are all larger than zero, po = 0. We shall now proceed to show that po
is strictly greater than zero. Once this is done, the remainder of the proof
follows easily.

Suppose po # + . Then the set {p(x)|x € K} —{+ =} is a nonempty set .
of finite real numbers and py is the greatest lower bound of this set also. Hence
Theorem 7.13 shows that there is a sequence of points from K, say {p.}, such
that lim p(px) = po (since po is finite). By hypothesis, there is a subsequence

>

{Pn,} of {p»} and a point p € K such that
lim py,=p
k—oo

Since {G.|aEA} is a cover of K, there exists an yEA such that pEGy and
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_since Gy is open there exists a 8 > 0 such that

B(p; 8) CGy
Since

there is a positive integer N such that for all k=N

Now if for any k=N
y € B(pny; 8/2)

then
d(p, y) < d(p, pn) +d(pny, ¥) <8/2+8/2=5
Therefore y € B(p; §). Thus, for every k=N,
B(pu,; 6/12) CB(p; 8) CGy
This shows that, for every k=N,
p(pn,) =8/2>0
Now, since lim p(p») = po, the remarks following Definition 7.14 show that
lim p(pn,) = po
Thus, for every €; > 0, there is an integer N; such that for k=N,
po— €1 < p(Pr,) < pote
and so, for £ = max {N, N}
8/2 < po+ €&
Since this must be true for every €; > 0, we conclude that
0<8/2=po

Thus we have shown that if py 7 -+ then py is a strictly positive number. In
any case, there is a positive number € such that

0<€<p0

Because K is sequentially compact, Theorem 7.19 shows that for this €
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there is a finite e-net, D., such that D.CK. That is, there is a finite number of
points of K, say vy, . . ., ¥s, such that

KCB(y1;€)U . . . UB(yg €)

Now, since po > €, it is also true that for 1 <i =<3

p(yi) = po>e

and this shows that for each i=1,2,3,. . ., s we can find an o;EA4 such that
B(yi; €) CG,
Hence
KCB(y;;€)U . . . UB(y5 €) CGyU . . . UGq,

Thus {Go,|l <i<s} is a finite subcover of K, and, since {Gola € A} was
any open cover of K, this proves that K is compact.

Corollary: If a sequence in the Euclidean space R* is bounded, it must
contain a convergent subsequence.

Proof: Since the range A of the sequence is a bounded set, there is a k-cell
Q which contains 4. But Q is compact. The theorem now shows that the

sequence contains a subsequence which converges to a point of Q) and hence
to a point of R,

There is yet another way of associating limits with sequences of real

numbers even if they diverge, which, as will be seen, is really a combination
of the preceding two ways.

Definition 7.21: Let {s,} be a sequence of (finite) real numbers. Put

fr=sup {sn|n =k}
*=¢ -_—
s H;}f I
tr=1nf {su|n =k}

$x=Ssup L

The numbers s* and s« exist in the extended real number system (see
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remarks following Definition 2.3) and are called the upper and lower limits
of {sn}, respectively. The following notation is used:

s*=1lim sup s

n—>00

sy=lim inf s,

n—cc

The abbreviated notations, such as lim sup, or lim sup, are also commonly
used for lim sup and similarly for lim inf. The classical notations lim and

lim for lim sup and lim inf, respectively, are also still in use. The numbers
s* and s, are also referred to as the superior and inferior limits' of {s,}.

From equations (2-1) it is clear that

—fr=inf {—sa|n =k}
and
—s*=sup (—
It follows from this that

—s*=lim inf (— sy) (7-1)
and similarly
—Su= limﬁsup (—sn) (7-2)

Because of these relations we shall often be able to prove theorems about the
inferior limit of a sequence immediately from the corresponding theorems about
the superior limit of a sequence.

Theorem 7.22: For any sequence of real numbers {sn},

lim inf s, < lim sup s,
Proof: Set Tx={su|n =k}, fx=sup T, and t=inf T). Then {#} is a mono-
tonically decreasing sequence since Ty, CTy implies sup Try1 < sup Tk In
the same way we see that {tx} is a monotonically increasing:sequence. It is also

clear that for any k _
tr = f,

So for any two positive integers i and j
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Thus, for each i,

and so we see
lim inf s,=sup £;<lim sup s,
R0 i n->c0

We shall now prove two theorems which are very useful for finding prop-
erties of the superior and inferior limits.

Theorem 7.23: If {s.} is a sequence of real numbers and a is an (extended)
real number, then

(a) a < lim sup s, implies a < sy for infinitely many n.

n—sw

(b) a > lim sup s, implies a > sy for all but finitely many n.

>0

(¢) a >1lim inf s, implies a > sn for infinitely many n.

n—®

(d) a < lim inf s, implies a < s, for all but finitely many n.

n—®

Proof: Let i), and s* be as in Definition 7.21.

Part (a). Suppose a < s*. Then, since s* < f; for every k, it follows that
a < & for every k; that is, a is not an upper bound of {sy|n = k}. Hence there
is an integer n =k such that a <s,. Thus, for every k there exists an n =%
such that a <s,. If there were only finitely many n, say n, ns, . . ., n; for
which a < s,, we could choose k > max {n;, n>, . . ., n;}. But since we can
find an n =k for which a < s,, this is impossible. Therefore there must be
infinitely many such n’s.

Part (b). Suppose a >s*. Then a is not a lower bound of {f#x}. We can
therefore find a j such that a > #; and hence a > s, for all n = . In other words,
a > sy for all n except those in the set {1, 2, . . ., j—1}, that is, for all but a
finite set.

Now parts (c) and (d) follow from parts (a) and (b) and equation (7-2).

Theorem 7.24: If {s,} is a sequence of real numbers and b is an (ex-
tended) real number, then

(@) b < sy, for infinitely many n implies b <lim sup ss.

(b) b = s, for all but finitely many n implies b =lim sup su.

(c) b = sy, for infinitely many n implies b = lim inf s,.

(d) b < s, for all but finitely many n implies b <lim inf s,.

Proof: Let i, and s* be as in Definition 7.21.
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Part (a). Suppose b < s, for infinitely many n. Then certainly b < I; for
every k since each set {s,|n =k} contains all but finitely many sp. Therefore,
there must be infinitely many members of {s,|n = k} greater than or equal to b.
And as a consequence of this, the least upper bound of this set # must also be
greater than or equal to 5. We conclude that b < i%f Ir=1lim sup sx.

Part (b). Suppose b =s, for all but finitely many n, say ni, . . .. nj.
Choose £ > max {ny, . . ., n;}. Then, b = s, for n =k So b is an upper bound
of the set {s,|n =k} and, since 7 is the least upper bound, we conclude that
b = tx. Therefore il?f I < I < b. Since lim sup s,= illclf I, this proves part (b).

Finally parts (c) and (d) follow from parts (a) and (b) and equation (7-2).

The next theorem gives us yet another way of asserting the existence of a
limit of a sequence without knowing what it is.

Theorem 7.25: Let {s,} be a sequence of real numbers and let s be an
(extended) real number. Then

Sh>S (7-3)
if and only if

lim sup s,=1lim inf s,=s (7-4)

Proof: First suppose that equation (7—4) holds and s is finite. Let € >0 be
given. Then s—e < lim inf s, and therefore Theorem 7.23(d) shows that s—e<s,
for all but finitely many n, sayn;,ns, . . .,n,. Choose Ny > max {ni,ne,...,n.}.
Then, for all n = N,;, s—e <s,. Now, since s+ € > lim sup s,, we find in the
same manner from Theorem 7.23(b) that there exists an N, such that, for all
n=N,, s <s+e€. So setting N=max {N,, N;}, we see that, for every n =N,
|s —sn| < € which proves s=1lim s,.

n—m

Next suppose equation (7—4) holds and s=-+. Then, for any finite
real number M, we have M <lim inf s, and so Theorem 7.23(d) shows that
sn > M for all but finitely many n, say ny, ns, . . ., n,. If we choose N >
max {ni, na2, . . ., ny}, then s, >M for all n = N. This shows that equation
(7-3) holds. The case where s=— follows from Theorem 7.23(b) in exactly
the same way.

Conversely, suppose that equation (7-3) holds and s is finite. Let € >0
be given, and choose N so that for alln = N

|s—sn| <e€
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Then s+€>s, for all but finitely many n and, therefore, Theorem 7.24(b)
shows s+ €= lim sup s,. Also, s—e <s, for all but finitely many n and so
Theorem 7.24(d) shows that

s—e =< lim inf s,
Combining these results with Theorem 7.22 shows that
s—e<liminfs,<limsup s, <s-+e
and, since € was arbitrary, we conclude
s=1lim inf s,=1lim sup s,

Next suppose equation (7-3) holds and s=-o. Then, for every real
number M, we can find an integer N such that n = N implies s, > M. Hence
sn>M for all but finitely many n. Therefore, Theorem 7.24(d) implies M <
lim inf s, for every real number M and so we conclude that lim inf s, =+ o0,
Theorem 7.22 now shows that equation (7—4) holds.

Finally, the case for s=— follows from Theorem 7.24(b) in exactly the
same way.

The next two theorems show how inferior and superior limits are related
to subsequential limits.

Theorem 7.26: Let {sny} be a subsequence of the sequence of real num-
bers {sx}. Then

lim inf s, < lim inf s,, < lim sup sy, < lim sup s (7-5)

Proof: If lim sup s,=+ o, it is clear that lim sup s, < lim sup s,. So suppose
lim sup sp #-+. Then, for any number a > lim sup sn,, Theorem 7.23(b)
shows that s, < a for all but finitely many n. We conclude that s, <a for all
but finitely many k. Theorem 7.24(b) now shows that lim sup s,, < a. Now a is
any number greater than lim sup s,. If lim sup s,=— %, we can conclude that lim
sup s, is less than or equal to every finite number and therefore that lim sup
Su, = . Hence lim sup s», < lim sup s,. Finally suppose lim sup sy is finite and
let € > 0 be given. Then setting = lim sup s, + €, we find that lim sup s,,<lm
sup sn+ €. But since € was arbitrary, we conclude that lim sup s,, < lim sup s.

Now since { —-snk} is a subsequence of {—s,}, this also shows that
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lim sup (—sy,) < lim sup (—s») and so equation (7—2) shows that lim inf s, <
lim inf sn,. F inally combining these results with Theorem 7.22 gives equation

(7-5).
Theorem 7.27: If {s.} is any sequence of real numbers, then there
exists a subsequence {sn;} of {sn} such that
s> lim sup sy
(Application of equation (7-2) shows that the same result must hold with lim inf
in place of lim sup.)

Proof: Let s=Ilim sup s,. First suppose s is finite. Since s—1 < lim sup sy,
Theorem 7.23(a) shows that there are infinitely many n for which s —1 <s,.

Let n; be any one of these. Suppose we have chosen ny, nz, . . ., nx so that
nm<ny< ... <nand
s—;1.<snj forlsj<k
. 1 . .
Since s——m< lim sup sp, Theorem 7.23(a) shows that there are infinitely

1 ; ..
157 < sp. Let nx.1 be the smallest such n which is larger
than n;. Continuing in this manner, we construct a subsequence {sn,} of { s}

‘many n such that' s —

such that for every positive integer N
Spp = S _[%/
for all ny, = N. Theorem 7.24(d) now shows that
lim inf sy, = ST

for any positive integer N. We can thus conclude that
lim inf s, = s

But Theorem 7.26 shows that
lim sup su, <

and so, from Theorem 7.22 or 7.26, we see that
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lim sup sy, =lim inf s, =s

Hence Theorem 7.25 shows
Snp=>S

Next suppose s=-+ . Then Theorem 7.23(a) shows that for any finite real
number M’ there are infinitely many n such that s, >M’. Choose n; so that
$n,>> 1. Having chosenny, ns,. . .,niinsuch a waythatn; <ns< . . . <mpand
sy, > k, choose niy; from the infinitely many n for which s, > £+1 to be the
smallest such n which is larger than n;. Continuing in this way we construct
a subsequence {sn;} of {s.} such that, for any positive integer K, s,, > K
whenever k = K. Thus, if M is any finite number, we can choose K =M Then
sny, > M whenever k = K. That is, sy, — + .

Finally if s=—o it follows from Theorems 7.22 and 7.25 that s,— —®
and, since {s,}is a subsequence of itself, we are done.

Theorems 7.25 and 7.26 show that all the subsequential limits of a real
sequence {s,} must be less than or equal to lim sup s, and greater than or
equal to lim inf s,. In fact, if we let S be the set of all extended real numbers
s such that s,, — s for some subsequence {s,} of {sn}, it is clear that lim sup s
is an upper bound of S and lim inf s, is a lower bound of S. Also, Theorem 7.27
shows that they are the least upper bound and greatest lower bound, respec-
tively, of S and that they are both members of S.

The next theorem introduces two of the many inequalities relating the su-
perior and inferior limits. Most of the others can be obtained by the method
used in proving the theorem.

Theorem 7.28: Let {s,} and {t.} be sequences of finite real numbers.
(@) Then lim sup s,+lim sup ¢, < lim sup (s, =+ ).
(b) If sp<tn for every n, then lim sup s, <lim sup ¢,

Proof: Part (a). Set s*=1lim sup s, and t*=1im sup z,. Let € >0 be given.
Theorem 7.23ta) shows that, for infinitely many n, s, > s* —¢€/2 and t, > t* — ¢/2.
Thus, for infinitely many n,

sntty>st+Ht*r—e
and so Theorem 7.24(a) shows that
s*+i1*—e<lim sup (s,+tn)

Since € was arbitrary, part (a) follows.
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Part (b). Let s* be as in part (a). Notice that, given € > 0, ¢, = 5, > s*—¢
for infinitely many n. So Theorem 7.24(a) shows that

s*—e<lim sup t,
Since € was arbitrary, part (b) follows.

Let {sn} be the sequence whose nth term is
_ (_ 1)n+..__

Then lim inf s,=—1 and lim sup s,=1.

We have shown in chapter 5 that the set of all rational numbers can
be “arranged” in a sequence. It is easy to show by use of the axiom of Archi-
medes (chapter 2) that every real number is a subsequential limit of this
sequence.

We conclude this chapter by computing the limits of two real valued
sequences which occur frequently in practice and will be referred to later in
the text. In order to accomplish this we shall employ the following device:
If {s»} and {t,} are numerical sequences and if there is some integer N such
that, for all n=N, 0<s,<t,, then {s,} converges to zero if {t,} does.

Let a be a positive number. It is clear that, for any € >0, |1/n%| <€ for
every integer n larger than (1/€)Y“. Hence, lim 1/ne=0.

On the other hand, for n = 2m and d > 1, we see from the binomial theorem
that

=14 (d—1)]*> nin—1) ... (n—m+1) (d—1)n> nm(d—1)™

m! 2mm !

Hence, for any number r

n’ _( 2mm! \ 1
< =<
0 dn ((d_ 1) m.) nm-r

for n > 2m. If we take m larger than r in this inequality we see that

1n1_r)2?d—;=0 ford>1
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CHAPTER 8

Continuity and Function Algebras

According to Cauchy’s definition of continuity, a function is continuous at
a point p if it has a limit at p. The modern point of view is somewhat different
from this, but, as we shall see, the current definition of continuity is equivalent
to Cauchy’s.

Although the topological space is actually the most natural setting for dis-
cussing continuous functions, the somewhat less general metric space will
better serve our purposes. By discussing the concept of continuity in the ab-
stract setting of a metric space instead of talking about the continuity of real
or complex valued functions on the line or plane, we not only obtain greater
generality (which is by no means without application) but many of the proofs
of the theorems are actually simplified.

We shall first introduce the concept of limit which is closely related to the
concept of continuity.

Definition 8.1: If (X, d) and (Y, d') are metric spaces, EC X,f: E—Y,

and p is a limit point of E, we shall write
flx)—q asx—p
lim f(x)=q

x—>p

or

if there exists a point q € Y, with the property that, for every € > 0, there exists
a & > 0 such that

f(B(p; 8) NE) C B(qg; €)

In this event f is said to have a limit at p, and the point q is called the limit
of f at p.
Definition 8.1 does not require that the limit point p belong to E (the domain
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of definition f). However, if it happens that p is in £, then B(p; 8) N E is nothing
more than the ball about p of radius 8 in the subspace (E, d) (see Theorem
6.15). Hence, if we had imposed the restriction p € E, the definition could have
been made entirely within the metric space (E, d) without mention of the em-
bedding space (X, d). Naturally the domain E of f can be equal to X. We shall
now show that this definition could have been stated in terms of sequences.

By definition, a sequence {p,} in a set X is a function f:J— X where J
is the set of positive integers. If Y is another set and g: X— Y, then the compo-
sition h=go f is a function from J to Y and, hence, is a sequence in Y. More-
over, for each integer n-€ J, h(n)=g(p»).

Theorem 8.2: If X and Y are metric spaces, E CX,f:E—Y,andpisa
limit point of E, then

lim f(x)=g¢
if and only if, ’
lim f(pn)=g¢q

n—>w

for every sequence {p.} in E such that p,— p.

Proof: Assume that equation (8-1) is true and let {p,} be any sequence in E
which converges to p. Given € > 0, we can find a 6 > 0 such that

f(B(p; 8) N E)C B(g; €)

and, for this 8, we can find a positive integer N such that, for every n =N,
prn € B(p; 8). Since p, € E, it is clear that p, € B(p; ) N E. Hence,
f(pr) € B(q; €) for all n = N and equation (8—2) holds.

On the other hand, if equation (8-1) is not true, then, there is some € > 0
such that, for each 8 >0, we can find at least one x € B(p; 6) N E for which
f(x) € B(q; €). Hence, for each positive integer n, choose p, € B(p; 1/n) N E
such that f(pn) & B(q; €). Then {p,} is a sequence of points of E which con-
verges to p for which equation (8-2) does not hold.

The following corollary is an immediate consequence of Theorems 7.3
and 8.2.

Corollary 1: If a function f from a subset E of a metric space X to a metric
space Y has a limit at some limit point of E, then this limit is unique.
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Corollary 2: If a function f from a subset E of metric space X to a metric
space Y has a limit at some limit point p of E, then p € E implies lim f(x)=f(p).
x=>p

Proof: Let {p,} be the constant sequence p, p, p, . . . . The conclusion
follows from the fact that {p,} is a sequence in E such that lim f(p,)=Ff(p).

n—> o

Corollary 3: Let (X, d) and (Y, d') be two metric spaces, let ECACX,
and let f:A—Y. Suppose that p.is a limit point of both A and E and that
lim f(x)=gq. If g: E—Y is the restriction of f to E, then lim g(x)=gq.
x—>p x—>p

Proof: If {p.} is any sequence of points of E such that p,— p, then {p,} is also
a sequence of points of 4 with this property. Hence the theorem shows that
lim f(pn)=gq. Since each p, belongs to E, it follows that f(p,)=g(p»n) for

every n. Hence lim g(pn)=gq. Since {p.} was any sequence in E which con-
verges to p, the theorem shows that lim g(x)=gq.

x—>p

Corollary 4: Let X and Y be metric spaces and let A be a nonempty subset
of X.If f: A=Y, p is a limit point of A and lim f(x)=gq, then ¢ € f(A).

x—>p

Proof: If p is a limit point of A4 it is certainly an adherence point of 4. Hence
it follows from Theorem 7.4 that there is a sequence {px} of points of 4 such
that p,— p. Therefore Theorem 8.2 shows that f(p.)—> q. Since every py
belongs to 4 it is clear that f(p.) € f(A4) for every n. Hence {f(p.)} is a se-
quence of points of f(A4) which converges to g. Thus Theorem 7.4 now shows
that ¢ is an adherence point of f(A4); that is, ¢ € f(A4).

Definition 8.3: If (X, d) and (Y, d') are metric spaces and f: X—Y,
the function fis said to be eontinuous at the point p € X if, for every e >0,
there exists a & > 0 such that

f(B(p; 8)) C B(f(p); €) (8—3a)

If a function is not continuous at a point p € X it is said to be discon-
tinuous at p or to have a discontinuity at p. If f is continuous at every point
of X, then fis simply said to be continuous.

Note that B(p; 8) is a ball in (X, d) while B(f(p); €) is a ball in (Y, d’).

If we are willing to agree that the mathematical concept of “ball about
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a point” corresponds to our intuitive idea of “proximity” to that point, then the
preceding definition says that f is continuous at p if f(q) is arbitrarily close

to f(p) as soon as q is sufficiently close to p. The concept of continuity is
illustrated in figure 8-1.

y fiBip; B
/

Fi1GURE 8-1.—Illustration of continuity concept.

If f:X—Y,q €Y andf(x)=qfor every x € X, then fis called a constant
mapping. Clearly every constant mapping is continuous. -

Suppose (Z, d) and (Y, d') are metric spaces, E C Z, and f: E—Y.
Now (E, d) is a metric space (with the same metric as (Z, d)) and Definition 8.3
applies to this metric space and not to the metric space (Z, d). In this situa-
tion, then, we must realize that the ball B(p; 8) in relation (8—3a) is to be
interpreted as a ball in the metric space (E, d) and not as a ball in the metric
space (Z, d). To point out this difference, let us temporarily return to the
notation of Theorem 6.15 and use the superscript E to denote balls in the metric
space (E, d) and the superscript Z to denote balls in the metric space(Z, d).
With this notation, the condition (8—3a) is

f(BE(p; 3)) CB(f(p);e) (8—3b)

But Theorem 6.15 shows us that there is a simple relation between balls
in the metric space {E, d) and those in the metric space (Z, d) which for the

present case is
B%(p; 8)=B*(p; 8) NE

If this relation is used, the inclusion (8—3b) can also be written as
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f(B*(p; 8) N E) CB(f(p); ¢) (8-3¢)

It is not hard to verify that Definition 8.3 is entirely equivalent to the
following more familiar definition of continuity:

If (X, d) and (Y, d') are metric spaces and f: X — Y, then the function f
is continuous at the point p € X if and only if, for every € > 0, there exists a

6 > 0 such that
d'(f(x), f(p)) <e

whenever

d(x,p) <

Instead of explicitly mentioning the radii € and & of the balls in Defini-
tion 8.3, we could have said that, if fis to be continuous at p, then, for every
ball B about f(p), there must be a ball about p whose image under fis a subset
of B. In fact, since every ball about a point is also a neighborhood and since,
for every neighborhood ¥ of a point, there is a ball about that point which is
in ¥V, we could have stated Definition 8.3 completely in terms of neighbor-
hoods. In this way we see that continuity at a point, like convergence, is a
topological property.

Definition 8.3 requires, in contrast to Definition 8.1, that f must be defined
at a point p in order to be continuous at p. If the point p in Definition 8.3 is
not a limit point (i.e., if it is an isolated point), then we can find a ball B(p; )
about p that contains only the point p and, for this 9,

f(B(p; 8))=f({p}) CB(f(p); €)

for every € > 0. Thus every function is continuous at the isolated points of its
domain. On the other hand, if p is a limit point of X, then there is a close rela-
tion between Definitions 8.1 and 8.3 which is given by the following theorem.

Theorem 8.4: If X and Y are metric spaces, f: X—>Y and pE X is a
limit point of X, then, f is continuous at p if and only if}i_r)rll,f(x) =f(p).
Proof: In view of the fact that the domain of definition of fis all of X, it follows
from Definition 8.1 that lim f(x) =f(p) if and only if for every €>0 there
exists a & > 0 such that =

F(B(p; 8))=f(B(p; 8) NX) CB(f(p);e)

that is if and only if f is continuous at p.
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Let f map the metric space X into the metric space Y. If p is an isolated
point of X and {p,} is any sequence in X which converges to p, it is clear
that {p,} differs from the constant sequence p, p, p, . . . by at most a finite
number of terms. It follows from this that

lim £ (pn) =f(p)

Hence, in view of the remarks preceding Theorem 8.4, the following theorem
is an immediate consequence of Theorems 8.2 and 8.4:

Theorem 8.5: A function f from a metric space X to a metric space Y is
continuous at a point p of X if and only if, for every sequence {p»} in X which
converges to p, lim f(p.) =f(p).

" This theorem shows that the continuous functions are precisely those
which map convergent sequences into convergent sequences or in other words
which “preserve convergence.”

Corollary: Let (X, d), (Y, 8), and (S, p) be metric spaces. Let f: S— X
and g:S— Y. Then the function h : S— X XY defined by

h(s)=(f(s), &(s))  foralls€S

is a function into the direct product {X XY, dx) of (X, d) and (Y, 8) which is
continuous at the point p € S if and only if both f and g are continuous at p.
Proof: This is an immediate consequence of the theorem and Theorem 7.9(a).

Theorem 8.6: Let (X, d),(Y,d'), and (Z, d") be metric spaces. Suppose
that f:X— Y and g:Y— Z. If f is continuous at a point p € X and g is con-
tinuous at f(p), then the composition h=go f is continuous at p.

Proof: (See fig. 8-2.) Let € > 0 be given. Since g is continuous at f(p), there
is an n > 0 such that

g(B(f(p);m)) CB(&(f(p)); e)=B(h(p); €)

Now the continuity of f at p shows that we can find a 8 > 0 such that
f(B(p; 8)) CB(f(p);m)

g(f(B(p; 8))) Cg(B(f(p);m)) CB(h(p); €)

Hence,
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But,
g(f(B(p; 8))=h(B(p; 9))

which proves the theorem.

Roughly speaking, this theorem states that a continuous function of a
continuous function is continuous.

h{B{p; 5))-\\

BUf(p); 51 Bth(p);€) ~_
!

aBUp); M~

/
LBifip); )

h=g f

FIGURE 8-2.—Illustration of Theorem 8.8 proof.

The following useful characterization of continuity points out the topologi-
cal nature of this property.

Theorem 8.7: If X and Y are metric spaces and f:X—=Y, then f is

continuous if and only if, for every open set V C Y, f~1(V) is an open subset
of X.
Proof: First let f be continuous and choose an open set V' C Y. If p is any
point of f~1(¥V), then f(p) € V. Since V is an open set, we can find a ball
B(f(p); €) about f(p) of radius € such that B(f(p); €) C V. Now the continu-
ity of f at p implies that there is a 8 > 0 such that f(B(p; 8§)) C B(f(p);€) C V.
Then from table 4—1 we see that B(p; 6) C f~(f(B(p; 8))) C f~'(V) and this
shows that f~1(¥) is open.

On the other hand, suppose f~(¥) is an open set in X whenever V is an
open set in Y. Let p be any point of X and fix € > 0. Since B(f(p); €) is an open
set, the set f~1(B(f(p); €)) is also. Therefore the fact that p € f~*(B(f(p);€))
shows that there is a 8 > 0 for which
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B(p; 8) C f~1(B(f(p); €)
It follows from table 4—1I that, for this §,
f(B(p; 8)) C f(f(B(f(p);€))) CB(f(p);e)

Since € was arbitrary, this shows that fis continuous at p and, since p was any
point of X, we conclude that fis continuous.

flx)
2 —_—t—

12 —

112 1

FIGURE 8-3.—~Inverse image of an open set under a discontinuous function.
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Consider the function f: R'— R! defined by

x forx=1

flx)=
1+x for x >1

This function is clearly discontinuous at 1 and f-1((1/2, 3/2))=(1/2, 1].
Evidently (1/2, 3/2) is an open set and (1/2, 1] is not since 1 is a point of this
interval which is not an interior point. This example is illustrated in figure 8—3.

Corollary 1: If E is any nonempty subset of a metric space (X, d), then
JE, the natural injection of E into X, is a continuous mapping of the metric

space {E, d) into (X, d).

Proof: Let G be any open subset of X. Equation (4—3) shows that
Je'(G) =G N E. Hence Theorem 6.16 implies that jz1(G) is an open subset of
(E, d). The conclusion now follows from the theorem.

Notice that even though the inverse image of every open set under a con-
tinuous mapping is an open set, the image of an open set need not be open.

For, if f: R'— R! is defined by
f(x)=x2 for every x € R!

then f is continuous and the image under f of the open set (—1, 1) is the half-
open interval [0, 1) which is not an open subset of R1.

Corollary 2: If a mapping f of a metric space (X, d) into a metric space
(Y, d'Yis continuous at a point p and if E is a subset of X which contains p,
then the restriction of f to E is a mapping of the metric space {E, d) into Y which
s continuous at p.

Proof: According to the remark following Definition 4.11, the restriction of
fto E is the mapping fojr where jg is the natural injection of E into X. Corollary
1 to Theorem 8.7 shows that jz is a mapping of the metric space (E, d) into the
metric space (X, d) which is certainly continuous at p. Hence Theorem 8.6
now shows that fojg, the restriction of f to E, is a mapping from (E, d) into
(Y, d') which is continuous at p.

Notice however that the restriction of a mapping f of a metric space (X, d)
to a subspace (E, d) may be a continuous mapping of (E, d) even though the
mapping f defined on (X, d) is not continuous at any point of E. An example
of this is provided by Dirichlet’s function, which is the mapping f: R*— R!
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defined by

1 for x an irrational number

0 for x a rational number
fx)=

Since the restriction of f to the set Q of all rational numbers is a constant
mapping of @ into R!, it is clearly continuous even though f is certainly not
continuovs at any point of R1.

Theorem 8.8: Let f and g be two continuous mappings of a metric space
(X, d) into a metric space (Y, d'). Then the set

A={x €X| f(x)=g(x)}

is closed.

Proof: The corollary to Theorem 6.10 shows it is sufficient to prove that A€ is
open. To this end let p be any point of A¢. Evidently f(p) # g(p). Hence if
we set e=d'(f(p), g(p)), then € > 0. Since f and g are both continuous at p,
there exists a 8 > 0 such that d’'(f(p), f(x)) <€/2 and d'(g(p), g(x)) < €/2
for all x € B(p; 8). Then, wheneverx € B(p;8),e=d'(f(p),g(p)) <d' (f(p),
flx)) +d' (f(x), g(x)) +d' (g(x), g(p)) <e/2+d'(f(x) , g(x)) + €/2. Hence

0<d'(f(x),8(x))

This shows that f(x) #g(x) for any x € B(p; 8). Therefore B(p; &) C A-.
Since p was any point of A4¢, it follows that A¢ is open.

Corollary: Let f and g be two continuous functions from a metric space X
to ametric space Y and suppose there is a dense subset E C X such that, for all
x €L, f(x)=g(x). Then f=g.

Proof: Since E=X and since E is the smallest closed set containing E, the
theorem shows thatf(x) =g(x) for every x € X; thatis, f=g.

Theorem 8.9: Let A be a dense subset of the metric space (X, d) and let
f.map A into the metric space (Y, d'). Then f has a continuous extension
f.to X if and only if f has a limit at every limit point p of X. The extension
fis then unique.

Proof: First suppose that a continuous extension f of f exists. Then f is the
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restriction of f to A. Theorem 8.4 shows that at every limit point p of X
lim f (x) =f(p)

Since p is a limit point of X and 4 is a dense subset of X, Theorem 6.9(b) shows

that p is a limit point of 4. Hence the third corollary to Theorem 8.2 shows that
lim f(x) exists, which proves the assertion.
T-p

Conversely, suppose that lim f(x) exists at every limit point p of X. If
x—>p

g is not a limit point of X there exists a ball B(g; €) about ¢ such that g is the
only point of X belonging to B(g; €). Since 4 is dense in X, B(q; €) must contain
a point of A. Hence g € A. Thus every point of X is either a limit point of X
or a point of A. In view of this, let us define f X—Y by

xX—>p

. Nim f(x) if p is a limit point of X
fp)= . o
f(p) if p is not a limit point of X
Let p be any point of 4. If p is not a limit point of X f(p) =f(p).If p is a limit

point of X, then Corollary 2 of Theorem 8.2 shows that f(p)—hm f(x)=f(p).
Hence £ is an extension off

Let us now show that f is continuous at every point p € X. If p is not a
limit point of X, then fis automatically continuous at p. Hence suppose that p
is a limit point of X. Fix € > 0. By construction, there exists a 8 > 0 such that

F(B(p; 8) N 4) C B(f(p); €/2)
Since B(p; 8) N A4 is a subset of 4 andfis an extension of f,

f(B(p; 8) N A)=F(B(p; 8) N A)

Hence ) .
f(B(p; 8) N 4) C B(f(p); €/2) (8-4)

Let ¥ be any point of B(p; 8). We shall show that f(y) €B (f(p); e). If
v belongs to 4, then

f (v) € B(#(p); €/2) C B(F (p); €)

Hence suppose that y & A. We have already established that y must be a
limit point of X. Theorem 6.9(b) now shows that y is a limit point of 4. Hence y
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must also be a limit point of B(p; §) N A.2! Corollary 3 of Theorem 8.2 now
shows that if g is the restriction of fto B(p; 8) N 4, then

fly)= h'm g(x)

Hence Corollary 4 of Theorem 8.2 shows that f(y) € g(B(p; 8) N 4). Since

g is the restriction of f to B(p; 8) N A and f is the restriction of f to
A D B(p; 8) N A, it follows that

2(B(p; 8) N A)=F(B(p; 8) N A)=F(B(p; 8) N A)

We conclude from the inclusion 8.4 and Theorem 6.8 that

() € f(B(p; 8) N4) CB(f (p); €/2)

Since

B(f (p); €/2) CB(f (p); €/2) CB(f (p); €)

we have established that

f(y) EB(f(p);e)  for every y € B(p; 9)

Hence # is continuous at p for every p € X.

It remains only to prove that there is only one continuous extension of f.
But this is an immediate consequence of the corollary to Theorem 8.8 and the
fact that 4 is a dense subset of X.

In discussing sequences we examined the relation between algebraic
operations on the one hand and convergence on the other. Now we shall
consider the relation between algebraic operations and continuity. To this end
we introduce a new algebraic structure called an algebra which is linear space
whose elements can be “multiplied together.”

2 For if y € B(p; 8) were not a limit point of B(p; ) N 4, there would be an €; > 0 such that B(y; &) contained
no points of B(p; ) N 4 — {y}. Since y € A, this means that B(y; €;) would contain no points of B(p; 8) N A. But since
y belongs to the open set B(p; 8), there is an € >0 such that B(y; &,) C B(p; 8). Set &= min {&,, €z}. Since y is a limit
point of 4, B(y; €;) contains a point of A. But every point of B(y; &) must be a point of B(p; 8). Hence B(y; &) contains

"~ a point of B(p; 8) N A. Since B(y; €) C Bly; &), B(y &) must also contain a point of B(p; §) N A which is a con-
tradiction.
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Definition 8.10: A real (complex) algebra is a real (complex) linear
space A and an operation called multiplication which associates with any
two elements a;, as € A a unique element of A, denoted by a, az, in such a
way that if as is any element of A and « is any real (complex) number, the
Sfollowing are true:

(MI) (araz)az=ai(azas) (Associativity)

(M2) a(aias) = (aai)as=a;(aas) (Associativity)

(DI) ai(az+az) = a1a2:+ a1as (Distributive law)

(D2) (a2t as3)a1=asa,+asa; (Distributive law)
If

a1a:=asa; forall a,, as € A

then A is said to be a commutative algebra.
If there exists an element e € A such that

ea=ae=a foralla€ A

then e is said to be unity of A.
If a is a nonzero element?? of an algebra A with a unity e and if there
exists an x € A such that
xa=ax=e

then x is called the multiplicative inverse ?* of a and is denoted by a~1.

If a is a nonzero element of a commutative algebra A (with a unity) which
has a multiplicative inverse and b is any element of A, we write b/a in place of
a='b or ba=*! since a~'b=ba=".

It is not hard to prove that if an algebra A has unity e, then e is unique,
and if a nonzero element a € A has a multiplicative inverse, then this inverse
is also unique.

It is easily verified that the set of real numbers (with the usual method of
adding and multiplying numbers) satisfies the axioms of a real commutative
algebra with a unity in which every nonzero element has a multiplicative
inverse. The zero of this algebra is of course the number zero and the unity

22 The zero element of an algebra is of course the zero of the underlying linear space.

2 Notice that since A4 is a linear space there is an element —a € 4 for every element a € 4. We have also called
this element —a the inverse of a. It is often called the additive inverse of a to distinguish it from the multiplicative
inverse.
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is the number 1. Also the set C of all complex numbers (with the usual defini-
tions of addition and multiplication) satisfies the axioms of complex commu-

tative algebra with a unity in which every nonzero element has a multiplicative
inverse.

If a is an element of an algebra we write a' = a and for any positive integer
n we define a” by

a'=a" la

Thus a" is defined inductively for every positive integer n.

It can be proved by induction that for any positive integers m and n the
following laws of exponents hold:

agM= a(n+m)

(an) M= M

Let E be a subset of a real (complex) algebra 4. For any as,. . .,a, € E,

any real (complex) number A and any positive integers i, iz, . . ., in, the
element 2* o )

m=>Aaj'a;> . . . a;n
of A is called a monomial in E. If my, ms, . . ., ms are any k monomials in E,

the element
p=mi+me+. . . .+m

is called a polynomial in E.

We now are ready to consider those algebraic operations which combine
functions. We shall require that functions be combined in a pointwise manner.
The reader is reminded that if fis a function from a set X to a linear space M,
then, for each x € X, f(x) is a point of M. That is, for each x, f(x) is a vector.
With this in mind, we make-the following definition.

Definition 8.11: Let X be any set and M a real (complex) vector space.
Let & (X, M) be the family of all functions from X into M. For any two func-
tions f, g € F (X, M) the function f+ g is defined pointwise by

24 If 4 has a unity e, we can define in a consistent way, for any nonzero a € 4, a"=e. Then if e € E we can allow
the integers i1, . . ., iy in this definition to be any nonnegative integers. Thus, for any real (complex) number X, Ae is a
monomial called the “constant” monomial. Any polynomial which has the constant monomial as one of its terms is
said to have a “constant” term.
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(f+g)(x)=f(x)+g(x) forallx € X (8-5)

For any real (complex) number o and any function f€ F (X, M) the
Sfunction of is defined by

(af) (x)=af(x) forallx € X (8-6)
The function (—1)f is denoted by —f.
For any point a € M the function f € # (X, M) defined by
f(x)=a  forallx€EX (8-7)

is called a constant function and we write f=a.
If in addition M is an algebra, then, for any two functions f,g € # (X, M),
we define the function fg by

(f8) (x) =f(x)g(x)  forallx€X (8-8)

If M is a commutative algebra in which every nonzero element has a
multiplicative inverse, then, for any two functions f, g € # (X, M) such that

0, the zero vector of the vector space M, does not belong to the range of f, we
define the function glf by

(8f) (x)=g(x)[f(x)  forallx €X (8-9)
If f and g map X into the Euclidean space R*, we define f- g by
(f-8)(x)=f(x) - glx) forallxeX

These definitions can be extended in an obvious way to functions with
values in the extended real number system.

Theorem 8.12: Let X be any set and M a real (complex) vector space.
Then F (X, M), the family of all functions from X into M, is a vector space
with the operations of addition and scalar multiplication defined by equations
(8-5) and (8—6), respectively.

If M is also an algebra, then # (X, M) is an algebra *® when multiplica-
tion on # (X, M) is defined by equation (8—8).

25 We shall call any such algebra whose elements are functions a function algebra.
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Proof: Clearly the constant function 0, which associates the zero vector with
every x € X, is the zero of # (X, M). Since

(=N @) =f@)+ (=D f(x) =0f(x)=0  for everyx €X

it is clear that —f'is the additive inverse of f for any f€ % (X, M).

It is an immediate consequence of the fact that the remaining axioms of
Definition 3.1 hold in the vector space M that they also hold in & (X, M). Let
us show, for example, that the commutative law of addition ((Al) of Definition
3.1) holds in # (X, M). We have, by definition, for any two functions
fie€ FX, M)

(ft+e)(x)=f(x)+g(x) forallxE€X
and

(g+f)(x) =g(x) + f(x) forallx € X
Since M is a vector space we must have

fx)+g(x)=glx)+ f(x) for every x € X
Hence,
(f+e)(x)=(g+f)(x) for every x € X
That is,
fte=g+f

which is the desired result.

If the points of M satisfy the axioms of Definition 8.10 in addition to those
of Definition 3.1, it follows that the elements of # (X, M) do also when multi-
plication is defined by equation (8-8).

In particular this theorem shows that the set of all real (complex) valued
functions which are defined on a given set X is a real (complex) algebra.

It follows from the preceding definitions that if f € # (X, M) and M is a
real (complex) algebra, then for any positive integer n the function f* is defined
by ‘

fix)=[f(x)]" forallx € X

or, more generally, if oy, @z, . . ., @y are n real (complex) numbers, the func-
tion a1 f1+. . .+ ayf" is defined by

(i fi+. . . Fafx)=arfi(x)+. . . +Fanf*(x) forallx € X
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Let the functions p; : R*— R'(1 <i < k) be defined by
pi(x) =x; for every x= (x;1, . . ., xx) € R* (8-10)

and let 1 be the function which assigns the number 1 to each point x of R*.
Then the set

&v={p1, . . ., pr, 1} 8-11)
is a subset of the real function algebra % (R*, R').
If A is any real number and i;, . . ., ix are any nonnegative integers, the
function m=Apfpd> . . . pk is a monomial in &;. Evidently
m(x)=Axid2 . . . xix  for every x=(x1, . . . 1) € R¥
If mi, ma, . . ., mj are any j monomials in &}, the function p=m;+m.

+. . .4+ m; is a polynomial in &}. Thus if £=3 the function p; : R®*— R! de-
fined by

p3(x) =5 + 2x; + a3 + 3x1x2 + Tx1x343 for every x= {x1, %2, x3} € R3

is a polynomial in &,

Definition 8.13: Let A be a real (complex) algebra and let E C A. Sup-
pose that for every a,, az € E and for any two real (complex) numbers o and 3

aa1+ Ba €EE 8-12)

and
aa; €EE (8-13)

Then E is called a subalgebra of A.

It now follows from Definitions 3.1 and 8.10 that every subalgebra is an
algebra in its own right with the same definitions of addition, mulitiplication,
and scalar multiplication as in the original algebra. It is easy to see that if
E and F are subalgebras of an algebra A, then £ N F is also a subalgebra of A.

If A is an algebra and E is any subset of A it can easily be shown that the
set P of all polynomials in E is a subalgebra of A which contains E. The set
P is said to be the subalgebra of 4 which is generated by E. It is the smallest
subalgebra of 4 which contains E. That is, every subalgebra of 4 which con-
tains E also contains P. Consider, for example, the subset & of the function
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algebra % (R*, R') which is defined by equation (8—11). The set & of all
polynomials in & is a subalgebra of &% (R”*, R").

Definition 8.14: An algebra A is said to be normed if the linear space A
has a norm and if this norm also has the property that

ladll <llal| lb] ~ for all a, b € 4

Since the absolute value of the product of two real (complex) numbers
is equal to the product of their absolute values, it follows that the set of all
real (complex) numbers is a normed algebra when, as is usually the case, the
norm is defined as the absolute value.

It is easy to adapt the proof of part (d) of Theorem 7.7 to show that if {a,}
and {b,} are sequences in a normed algebra A4 such that a,— a and b,— b,
then

anb,— ab

If, in addition, 4 is a commutative algebra with a unity, and if, for every n,
an' and a~! exist, then the proof of Theorem 7.8 can be adapted to show that

ay'—>a’!

Theorem 8.15: Let M be a subalgebra of a real (complex) normed alge-
bra A. Then M, the closure of M, is also a subalgebra.

Proof: According to Definition 8.13, it is sufficient to prove that if @ and b
are any two points of M, then for any two real (complex) numbers «,

act+pbeEM (8-14)
and

abe M (8-15)

Theorem 7.4 shows that there are sequences {a,} and {b,} in M such
that a,— a and b, — b. Since M is an algebra, it follows that for every n

aa,+Bb,EM
and
anbn eEM

Parts (a) and (b) of Theorem 7.7 and the preceding remarks show that
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aan+ Bby,—> aa+Bb
and
anbn,— ab

Hence, by applying Theorem 7.4 once again, we conclude that relations (8—14)
and (8—15) hold.

Theorem 8.16: Let X be a metric space and M be a real (complex)
normed linear space. Suppose that f: X —> M and g:X—> M and that f and g
are continuous at a point p € X.

(a) If ay and o are scalars, then o f~+ a8 is continuous at p.

(b) If M is also a normed algebra, then fg is continuous at p. If, in addi-
tion, M is a commutative normed algebra with a unity in which every nonzero
element has a multiplicative inverse and if the zero of M does not belong to
the range of g, then f|g is continuous at p.

Proof: Part (a). The proof follows immediately from Theorems 7.7 and 8.5.
Part (b). The proof is an immediate consequence of Theorems 7.7, 7.8,
and 8.5 and the remarks following Definition 8.14.

The following corollary follows directly from the theorem and Definitions

3.3 and 8.13.

Corollary: Let X be any set and M be a real (complex) normed linear space.
Then €(X, M), the family of all continuous functions from X into M, is a
linear subspace of #(X, M), the family of all functions from X into M. If, in
addition, M is a real (complex) normed algebra, then € (X, M) is a subalgebra
of F(X, M).

It is clear that, if fis a function from a set X into R*, there are £ functions,
say fi, . . ., fr, each of which maps X into R' such that, at each point x € X,
fx)={(fi(x), . . ., fi(x)). The functions f;, . . ., fi are said to be the com-
ponents of f and the notation f={(f\, . . ., fi) is used to indicate this rela-
tionship.

Theorem 8.17: (a) A function f: X— R is continuous at a point p € X
if and only if its coordinates f1, . . ., fi. are continuous at p.
(b) If f: X— R* and g: X— R* are continuous at a point p € X, then the
Junction f-g: X— R' is continuous at p.
Proof: Part (a). The inequalities
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F@) —f) < (@) —f<p>|=( ) ]ﬁ<q> ~fz-(p>\2)”2 1<j<k

show that, if |f(q) —f(p)| <e, then, for 1<j<k, |fi(¢) —fi(p)| <€ and
that, if, for 1 <j <k, |fi(g) —f;(p)| < €/ Vk, then |f(q) —f(p)] <e.

Part (b). The second part of the theorem now follows from the first part
and Theorem 8.16.

It is not difficult to find continuous functions on R*. For example, the func-
tions p; : R¥> R (1 <i<k) defined by equation (8—10) are continuous on
R*. To see this we merely note that the inequalities

|pi(y) “‘pi(x)|=|yi'“xi|$|y—x| Isisik
imply that
lpi(y) —pi(x)]| < e whenever |y—x| < 8=¢

Since the constant functions are continuous, this shows that the set & defined
by equation (8—11) is a subset of the function algebra ¥ (R*, R!). Since the set
2 of all polynomials in &} is the smallest subalgebra of % (R*, R') which con-
tains &5, we conclude that & C ¥(R*, R'). This shows that all the poly-
nomials in &y are continuous functions.

Suppose V is a normed linear space and u, v € V. Then the triangle
inequality |ju| < |lu—v||+ |v]] shows (after interchanging u and v)

| el =] | < fle =l
Hence the function f: — R! defined by
fw)y=l|u| forallueV

is a continuous mapping of V into R! (with the usual metric).

If f:X—V is a continuous mapping of the metric space X into V and g
is defined on X by setting g(x) =||f(x)| for all x € X, it follows from Theo-
rem 8.6 that the mapping g: X — R! is continuous on X.

Definition 8.18: A function from a set X to a metric space (Y, d) is said
to be bounded if its range is bounded. The set of all bounded functions from
X into Y is denoted by B(X, Y). If Y is the real or complex numbers with the
usual metric, the simpler notation %(X) is sometimes used.
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Thus, if the function f: X — Y is bounded, there is a finite number M such
that d(f(X)) <M. Hence, for every x, yE X, d(f(x), f(y¥)) <M. If Yis a

normed linear space, then this means that

Iub () ~f)]| <M

Hence, for any x and any fixed yo € X,

LA < 1f () =)l + L (yod | < M+ (o)

Since ||f(y0)] is a finite number, so is P=M+|f(y0)|. Thus, for every x € X,
there is a finite number P such that

Il <P
Iub [If)]| <P 816

Therefore

On the other hand, if equation (8—16) holds, then, for any x, y € X,

1) —F @)l < IF Gl + Al < 2P
lub [[f(x) —f(y)l| <2P

Hence,

which shows that f is bounded.

Thus, we see that a function f from a set X to a normed linear space is
bounded if and only if there is a finite number P such that

lub f)] <P

For real or complex valued functions, where the norm is the absolute
value, this definition reduces to the usual concept of boundedness.

For example, suppose f: (0, 1) R! and, for each x € (0, 1), f(x) =1/x.
Then xél‘g)l) |1/x| =+ and fis not bounded. But if g:(0, 1) R is defined
by g(x)=1/(1+x) for every x € (0, 1), then xél%(l))l) |1/(1+x)|=1. Hence g
is bounded. '

Let M be a real (complex) normed linear space and let X be any set. If

f:X— M and g:X— M and « and B are any real (complex) numbers, then for
every x € X
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I(ef+ Bg) (%)= laf(x) + Bg ()| < lef ()| +IBg ()= |ex] [If )+ 18] llg (=)l

Hence the function af+ Bg is bounded whenever f and g are. If in addition M
is a normed algebra, then for every x € X

1(8) (D=1 x) g ) < [[FE) g

Hence

lub [ (/&) (<) < lub (o) g ()] < lub ()] hu 3]

Thus the function fg is bounded whenever f and g are bounded. We therefore
arrive at the following conclusion.

Theorem 8.19: If X is any set and M is a normed linear space, then
% (X, M) is a linear subspace of the linear space % (X, M). If in addition M
is a normed algebra, then % (X, M) is a subalgebra of the algebra # (X, M).

The set of all continuous bounded functions from a set X into a set Y is

denoted by €=(X, Y). Clearly

=X, Y)=¢X,Y)NFHX,Y)
Since the intersection of two linear subspaces is also a linear subspace and the
intersection of two subalgebras is also a subalgebra, it follows that if M is a
normed linear space and X is any set, then € (X, M) is a linear space. If in

addition M is a normed algebra, then €=(X, M) is an algebra.
There are some interesting relations between continuity and compactness.

Theorem 8.20: If f is a continuous function from a compact metric
space X into a metric space Y, then f(X) is a compact subset of Y.

Proof: Choose any open cover {Va|a€A4} of f(X). Then
f@oc U,
It follows from tables 4-1 and 5-II that
xeryier| Yrl= U mo

150



CONTINUITY AND FUNCTION ALGEBRAS

Now Theorem 8.7 shows that, for each a €4, the set f~!(V,) is open. Hence
the collection {f~1(V,)|aEA} is an open cover of X and since X is compact
there is a finite subset of 4, say {a, . . ., a,}, such that

XCf'(Vay) U . .. Uf-1(Vy,)
Table 41 shows that

fX) CfIf Vo) U ..o Uf (V)]
—fF 1 Va)) U .. . UF(f(Va,)) CVa U . .. UVa,

and this shows that f(X) is compact.
The following corollaries give some useful consequences of this theorem.

Corollary 1: If f:X—Y, f is continuous on X, X is a compact metric
space, and Y is a metric space, then fis bounded and its range is a closed subset

of Y.

Proof: Theorem 8.20 shows us that the range of f, f(X),is compact and The-
orem 6.22 shows that, as a consequence, it is closed and bounded.

The remarks following Definition 8.18 show that, if in addition Y is a normed
linear space, there is a finite number M such that sup ||f(x)|| < M. The next
xEX

corollary shows that this result is even more significant when the normed linear

space is R'.

Corollary 2: Let f be a real-valued continuous function defined on the

compact metric space X and let U= sup f(x) and L=inf f(x). Then there are
xEX x€EX

points p and q of X such that f(p) =U and f(q)=L.

Proof: The preceding corollary and the remarks following it imply that
f(X)={f(x)|x € X} is closed and that there is a finite number M such that

hébx | f(x)| < M. Since, for every x € X,
fl)<|flx)|<sM and —f(x)<|f(x)|<M
we see that sup f(x) <M and —in}t;f(x)=sup (—f(x)) <M; that is, —M <
x € x€X

x€X
lrelt; f(x). Since M is finite, these inequalities show that f(X) is bounded above

and below. Hence it follows from Theorem 6.14 that £(X) contains its least
upper bound U and its greatest lower bound L and this proves the assertion.
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Thus the corollary says that there are points p and g in X such that
flg) =f(x) <f(p) for all x € X.

These two corollaries to Theorem 8.20 would not remain true if the
compactness of the metric space X were replaced by some weaker condition.
In order to show this, suppose that the metric space X is a noncompact subset
of the real numbers with the usual metric and that Y=R'. According to the
Heine-Borel theorem (Theorem 6.31), X is either not closed or not bounded.

Suppose first that X is not closed and let xo be a limit point of X which
is not a point of X. We can define functions fi:X—Y and o : X—=Y by

1
X —Xo
. 1
fa(x) = 1+ (x—x0)?

filx) =
for every x € X

Siﬁée the denoﬁxinators of f1 andﬂ never vanish on X (since xo & X), Theorem
8.16 shows that f; and f; are continuous. Now | fi(x) | = 1/|x — xo| and lub fo(x)=1.

Since xo is a limit point of X, for any positive number €, we can find an x € X
for which |x—xo| <e. This shows that lub | fi(x)|=++0o0; that is, fi is not
X

bounded. Since x € X, it is clear that f;(x) <1 for every x € X; thus f;(x)
?éhelg) f2(x) for any x € X.

Now suppose that X is not bounded. This means that, for any finite number
M, there is a point x € X such that |x| = M. In this case let us define the
functions fi : X— Y and f, : X— Y by

filx)=x
__x for everyx € X
R =110

Since the denominators of f; and f; also do not vanish, Theorem 8.16 again
shows that f; and f> are continuous. Clearly,

lub [ i (x) [ =+o°

and
1 f(2) =1

Also,
flx) <1 for everyx € X
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Thus, f; is not bounded and f; never attains its maximum.

In any case, we have shown that there exists on any noncompact set of
real numbers a continuous function which is not bounded and a continuous
function which does not attain its maximum.

Theorem 8.21: If f: X—Y is a continuous bijection from the compact
metric space X to the metric space Y, then the inverse mapping f~! (which is
defined on Y) is continuous.

Proof: Since (f')-'=f, we see from Theorem 8.7 that the conclusion of
the theorem will follow if we can prove that (V) is an open set in Y for every
open set V in X.

Therefore suppose V is any open set in X. Then its complement V¢ is
closed and so Theorem 6.23 implies that V¢ is compact. If g is the restriction
of f to V¢, then corollary 2 of Theorem 8.7 shows that g is continuous. Hence
it follows from Theorem 8.20 that g(J'©) is compact and, since f(V¢) =g(V¢),
we conclude that f(V¢) is a compact subset of Y. Theorem 6.22 therefore
shows that f(7¢) is closed. It is not hard to verify that, since fis a bijection,
f(Ve)=[f(¥)]c. Hence we conclude from Theorem 6.10 that f(V) is open.

If the space X is not compact, we can show by example that the theorem
does not hold. Let C be the unit circle and let the function f:[0, 27)—C be

defined by ‘
f(t)={(cos t, sin t) for all: € [0, 27)

Since the sine and cosine are continuous functions, Theorem 8.17 shows
that fis also. Clearly fis a bijection but its inverse f~! is not continuous at
the point (1, 0).

Definition 8.22: If (X, d) and (Y, d') are metric spaces and f:X—Y,
the function f is said to be uniformly continuous on X if, for every € > 0, there
exists a single 6 > 0 such that

f(B(p;8))CB(f(p); e)  for every peX

There is one very important difference between the concepts of continuity
and uniform continuity. Continuity is defined at each point of a set and, if a
function is continuous at some point of the set, then, for each € > 0, there is a
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8 > 0 depending on € and on the point p which satisfies the requirements of the
definition. On the other hand, if a function is uniformly continuous on a set,
then, for each € > 0, one can find a single number 8 depending only on € which
satisfies the requirements of the definition at every point of the set. Of course,
uniformly continuous functions are continuous at every point of their domain.

Constant mappings and natural injections are uniformly continuous
functions.

For any nonempty subset 4 of a metric space (X, d), the mapping
f:X— R! defined by

flx)=d(x, A) forall x € X

is uniformly continuous. This follows immediately from the inequality (6-14).
Theorem 8.23: If f is a continuous mapping of the compact metric
space (X, d) into the metric space (Y, d'), then f is uniformly continuous on X.

Proof: Fix € > 0. Since fis continuous on X, we can find a positive number
A(p) for each point pEX such that

fIB(p; 2A(p))] C B(f(p); €/2)

Since X is compact and {B(p; \(p))|pEX} is an open cover of X, we can
find finitely many points of X, say pi1, p2, . . ., Pn, such that

XC‘iLZJI‘B (p1; AMpi))

Set 8=1 min A(pi). Clearly 8 > 0. Now let ¢ be any point of X. Then, for some

integer j, such that 1<<j<n,

q € B(pj; Mpj))
If y € B(q; ), then

d(y,p;) <d(y, q) +d(q, pj) <8+ A(p;) < 2\(p;)
Hence,

B(q; 8) C B(pj; 2\ (p;))

f(B(g; 8)) C f(B(pj; 2\(p;))) C B(f(p;); €/2) (8-17)

So that in particular,

and

f(q) € B(f(pj); €/2)
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If y € B(f(pj); €/2), then,
d'(x, f(q)) =d (x, f(p;))+d" (f(p;).f(q)) <el2+¢e/l2=¢

which shows that

B(f(p;); €/2) C B(f(q); ¢€)

Upon combining this with equation (8—17) we conclude that

f(B(g; 8)) C B(f(q); €)

and, since g was any point of X, this proves the theorem.

For functions defined on segments of the real line, the concepts of right
and left hand limits are sometimes useful.

Definition 8.24: Let f be a function on the segment (a, b) and let g be
the restriction of f to (x, b) for a<x <b. If lim g.(¢) exists, it is called the

right hand limit of f at x and is denoted by f(x+). The left hand limit is
defined in a similar way by using the restriction of f to (a, x).

It is clear that lim f(¢) exists if and only if f(x+)=/f(x—)=lim f(¢).
When these concepts are used it is possible to characterize two types of dis-
continuities for functions defined on a segment of the real numbers.

Definition 8.25: If f: (a, b) = X, fis discontinuous at x € (a, b), and
both f(x+) and f(x—) exist, then fis said to have a discontinuity of the first
kind at x. All other discontinuities of f are called discontinuities of the second

kind.

Evidently a function can have a discontinuity of the first kind in the fol-
lowing two ways:

(@ flx+) #f(x—)

(b) f(x+)=f(x—) # f(x)
The function defined in the example following Theorem 8.7 has a discontinuity
of the first kind (see fig. 8-3). Dirichlet’s function (see example following
corollary 2 of Theorem 8.7) has a discontinuity of the second kind at every
point.

As in the case of sequences we introduce the concept of monotonic
functions.
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Definition 8.26: 4 function f: (a, b) — R! is said to be monotonically
increasing on (a, b) if a <x<y<b implies that f(x) <f(y). Reversing
the latter inequality yields the definition of a monotonically decreasing
Junction.

Theorem 8.27: If f is monotonically increasing on (a, b), then, for every
x € (a, b), ‘
(@) f(x—) = sup )f(S) <f(x) < Eir(lfb)f(S) =f(x+)

b) f(x+) sf(y—), fora<x<y<b

Proof: Part (a). Let g; be the restriction of fto (a, x) . Since fis monotonically

increasing, E,={f(t)|t € (a, x)} is bounded above by f(x). The least upper
bound 4 of this set therefore exists, and 4 < f(x). Fix € > 0. Evidently 4 —¢

is not an upper bound of E,. Hence there exists a 6 >0 suchthata <x—8 <x
and

8

A—e<f(x—8) <A (8-18)

Since fis monotonic it follows that f(x —8) < f(1) <A forallt € (x— 38§, x).
Combining this with equation (8—18) shows that f(¢) € (4—¢, A] whenever
t € (x—36, x). Hence,

f((x—=8,x)) C (A—e,A] C (A—e€, A+e€)

(8-19)
Since (x—39, x) C (a, x),
Evidently
(x—8,x)=(x—86,x+8) N (a, x) —{x} (8-21)

It now follows from equations (8—19), (8-20), and (8-21) that
gx((x—8,x+8) N (a,x)—{x}) T (A—e, A+¢€)
Since € was arbitrary, this implies that

f(x—)=1lim g(t) =A=1lub E,= sup f(s)

t—>x s € (e, x)

An almost identical argument proves the other half of part (a).
Part (b). This follows almost immediately from part (a) since
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fx+)= inf f(t)= inf f(¢)
b)

t E (x, tE (x,y)
and

fly=)= sup f(t)= sup f(r)

t€ (a,y

Corollary: A monotonic function cannot have a discontinuity of the
second kind.

Theorem 8.28: The set E of points at which a monotonic function f
defined on (a, b) is discontinuous is countable.

Proof: Let f be increasing. Theorem 8.27(a) implies that if x € E, then
f(x—) <f(x+). Hence, there exists a rational number r(x) such that

flx—) <r(x) <f(x+)

Since Theorem 8.27(b) shows that x < y implies f(x+) < f(y—), we conclude
that x # y implies r(x) # r(y). In this way we associate a rational number with
each x € E and no two members of E are associated with the same rational
number. This defines an injective mapping from E to the set of rationals and
hence (since every mapping onto its range is surjective) a bijection from E to
a subset of the rationals which according to corollary 1 to Theorem 4.16 must
be countable since the rationals are. Hence E is countable.

In discussing the convergence of sequences we have shown how we could
extend the notion of convergence to include certain types of divergent se-
quences (improper convergence) by extending the notion of ball about a point
to include balls about the points +% and —o in the extended real number
system. In view of the close relation shown in Theorem 8.2 between the exist-
ence of limits of functions and the convergence of sequences, it is not sur-
prising that we do the same thing with the limits of a function. Thus we make
the following definition.

For the purposes of this definition let us temporarily call the half-open
intervals [—, a) and (b, + ] balls for all finite real numbers a and b.

Definition 8.29: Let E be any set of finite real numbers and let f: E—> R,
If p is any extended real number such that, for every ball B about p,
BN E—{p} # D, then we write

flx)—=qasx—p
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if there exists an extended real number q with the property that, for every ball
B’ about q, there exists a ball B about p such that

f(BNE)CB’

158



CHAPTER 9

Gauchy Completeness of a Metric Space

This chapter begins by introducing two types of mappings between metric
spaces. The first and most general of these, the homeomorphism, preserves
the topological properties of the spaces and the second, the isometry, pre-
serves the metric properties. A study of these mappings helps to give a cer-
tain amount of insight into the nature of both the topological and the purely
metric properties of metric spaces. We then turn to a discussion of an impor-
tant type of sequence called the Cauchy sequence. This discussion leads, in
a natural way, to the purely metric concept of a complete metric space. At
this point the concept of isometry is used to show that every metric space can
in a certain sense be embedded in a complete metric space.

If there is a mapping f between two metric spaces which, aside from
putting these two spaces into one-to-one correspondence, preserves the dis-
tance between the corresponding elements, then as metric spaces they will
have the same properties. Thus, if a particular subset of one of these spaces
is bounded, the image of this subset under f will also be a bounded subset in
the other metric space. If one of these spaces has any property that can be
defined in an abstract metric space the other will have it also. Before defining
this type of mapping which preserves metric properties, we shall define a
more general mapping which preserves topological properties.

Definition 9.1: Two metric spaces (X, d) and (Y, d') are said to be
homeomorphic if there is a bijection f from X to Y such that both f and f~!
are continuous. The mapping f is then called a homeomorphism.

It can be seen, for example, that the mapping f: R'— R defined by

f(x)=x3 for every x € R!
is a homeomorphism.
Suppose f:X—Y is a homeomorphism. From Theorem 4.8(c) we see
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‘that, since f is bijective, the mapping induced by fis a bijective mapping from
the collection of all subsets of X to the collection of all subsets of Y. If E is
any open subset of Y, Theorem 8.7 shows that f~1(£) is an open subset of X.
It was pointed out in chapter 4 that f(f~'(E£))=E. Hence we conclude that,
for every open subset E of Y, there is an open subset G of X such that £ = f(G).
On the other hand, since (f~!)~'=f and since f~! is continuous, Theorem 8.7
implies that, if G is any open subset of X, there is an open subset £ of Y such
that E=#(G). It follows from these remarks that the mapping induced by f
puts the open subsets of X into one-to-one correspondence with the open
subsets of Y.

A little thought now shows that, if the metric spaces (X, d) and (X, d’)
are homeomorphic, they must also have the same topological properties.
Since many of the properties we have discussed in connection with metric
spaces were in fact topological, this type of mapping is rather significant.

For example, from the discussion of topological spaces in chapter 6,
we see that, if x is an adherence point of a set £ C X, then f(x) is an adherence
point of the set f(£) C Y.

Suppose that d; and d: are two distances defined on a set X. Then, as
mentioned in chapter 6, (X, d;) and (X, d») are distinct metric spaces even
though they both have the same underlying set. If { is the identity map on X,
then i can be considered a mapping from the metric space (X, d,) onto the
metric space (X, d,). Clearly i is a bijection and is its own inverse. Hence
the inverse of this mapping is i, now regarded as being a function from the
metric space (X, d;) onto the metric space (X, d;). Thus if i is both a con-
tinuous mapping from the metric space (X, d;) into the metric space (X, d»)
and a continuous mapping from the metric space (X, ds) into the metric space
(X, dy), it must be a homeomorphism. In this case the distances d; and d;
are said to be (topologically) equivalent since they both determine the same
topology for X. If { is both a uniformly continuous mapping from (X, d;) onto
(X, d») and a uniformly continuous mapping from (X, dy) onto (X, d;), then
the metrics d; and d» are said to be uniformly equivalent. A sufficient con-
dition that d; and d, be uniformly equivalent metrics on X is that there exist
two (finite) real numbers a > 0 and b > 0 such that

adi(p, q) < d:(p, q) < bd,(p, q) forallp,ge X

As pointed out in chapter 6 any two of the three metrics defined by
equations (6—5) to (6=7) on the product space of two metric spaces satisfy these
inequalities. It was also pointed out in chapter 6 that the Euclidean space R¥
and the product space of the Euclidean spaces RS and R¥—* are different
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metric spaces even though they have the same underlying set. However, the
preceding discussion shows that these two metric spaces have uniformly
equivalent metrics.

Suppose that f is a homeomorphism from a discrete metric space X onto
a metric space Y. The first corollary to Theorem 6.12 shows that every subset
of X is open. Since every subset of Y is also the image under f of a subset of X, we
see that every subset of Y is also an open set. On the other hand, if (Y, d) is any
metric space having the property that all of its subsets are open, we can define
a discrete metric d' on Y as indicated in the examples following Definition 6.1.
Then (Y, d') is a discrete metric space. It is not hard to verify that the identity
map of Y is then a homeomorphism of the metric space (Y, d’) to the metric
space (Y, d). Hence we conclude that a metric space is homeomorphic to a
discrete space if and only if all its subsets are open sets.

It is standard practice to call any metric space which is homeomorphic
to a discrete metric space a discrete space. This convention is actually an
incorrect use of the language since a metric space which is homeomorphic to
a discrete space may have a distance between points which is different from
ZEro or one.

If a metric space X is both homeomorphic to a discrete space and compact,
then it must be finite. In order to see this, notice that each one-element subset
of X is open. Hence the family Q= {{x} | x € X} is an open cover of X and ()
can only have a finite subcover if X has finitely many points.

Conversely, if X is a finite metric space, then it must be both compact and
homeomorphic to a discrete metric space. In order to see this, notice that each
one-element set of X is certainly closed. Since every subset of X is a finite
union of such sets, corollary 2 to Theorem 6.12 shows that every subset of X
is closed. Hence, Theorem 6.10 shows that every subset of X is open. Thus X is
homeomorphic to a discrete space. Finally, since there are only a finite number
of open sets, every open cover of X is finite and so X is trivially compact. Thus
a metric space is finite if and only if it is both compact and homeomorphic to
a discrete metric space.

Definition 9.2: Two metric spaces (X, d) and (Y, d') are said to be
isometric if there is a bijection f from X to Y such that, for any two points
x,yE X,

d(x, y)=d' (f(x), f(y))

The mapping f is then called an isometry. If E is any subset of X, f(E) is
called the isometric image of E (under f).
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It is easily seen that an isometry f and its inverse f~! both satisfy the
conditions of Definition 8.3 with 8=¢€. This shows that an isometry is also a
homeomorphism (which is as it should be since isometries preserve metric
properties and homeomorphisms preserve topological properties, and every
topological property is also a metric property).

Let the two metric spaces in Definition 9.2 both be R!, and let f be the
mapping which takes each real number y into the real number y+ ¢ where c is
some fixed real number. Then fis an isometry.

An example of an isometry that has already been discussed in a much less
formal way is the mapping f from the Euclidean space R? to the set of all
complex numbers (with the distance defined in the usual way) which associates
with each point x=(x;, x2) of R? the complex number z=x;+ ixs. It has
already been established 26 that if z;=f(x1) and z=/f(x2), then |z;—z]
= |%; — x2| and the mapping f is clearly a bijection. We have in fact considered
these two spaces to be the same. This can often be done when two metric
spaces are isometric to one another.

If X and X' are any two isometric metric spaces, then for any theorem
proved in X that involves only distances between points of X there is a corre-
sponding theorem that holds in the metric space X'.

If (X, d) is a metric space and fis a bijection from an arbitrary set X' to
X, then it is not hard to see that we can define a distance d' on X' by

d' (x, y)=d(f(x), f(y)) for every x, y € X'

The bijection f is then an isometry from the metric space (X', d') to the
metric space (X, d). The distance d’ is said to be transported from X to X’
by f.

Let R be the set of extended real numbers. The function f: R— [—1, 1]
defined by

X

m —o ] x <<+
f@={1  a—te
—1 X =00

is a bijection from R onto [—1, 1].

26 See discussion following Definition 6.1.
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Since [—1, 1] is a metric space when the distance is defined (in the usual
way) in terms of the absolute value, we can use the process described in the
preceding paragraph to define a distance d on R by

d(x,y)=|f(x)—f(y)| forallx,yER

The metric space (R, d) is sometimes referred to as the extended real line.
Notice that if x=0, d(x,+®)=1/(1+|x|) and if x<0 then d(—o, x)
=1/(1+ |x|). Hence d(x,+») < € and x = 0 implies x > 1/e— 1 and d (—x, x)
<€ and x <0 implies x <1—1/e. It is now easy to see that a sequence of
points of R! converges improperly if and only if it converges to + ® or —® as
a sequence in the metric space (R, d).

We now introduce the important concept of Cauchy sequence.

Definition 9.3: A sequence {x.} in a metric space (X, d) is called a
Cauchy sequence if, for every € >0, there is an integer N such that, for
every m and.n greater than N,

d(xn, xm) <e€

If di and d» are topologically equivalent metrics on a set X, a sequence
{pn} in X may be a Cauchy sequence in the metric space (X, d;) but not
in the metric space (X, d»). However, it is easy to show that if d; and d, are
uniformly equivalent, then both metric spaces have the same Cauchy se-

quences.
Suppose {pn} is a sequence in the metric space (X, d). For every positive

integer NV, set
Ex={paln =N}

It follows from a comparison of Definitions 6.20 and 9.3 that {p,} is a Cauchy
sequence if and only if )
fim d(Ey) =0

The next theorem will be useful in our study of Cauchy sequences.

Theorem 9.4: For any subset E of the metric space {X, d), d(E)=d(E).
Proof: Since E C E, it is clear that
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d(E)=<d(E)

To show that the opposite inequality holds, let € > 0 be given and let p and q
be any two points of E. Since p and g are adherence points of E, we can find
points p* and ¢* in E such that p* € B(p; €) and ¢* € B(q; €). Then,

d(p, q) <d(p, p*) +d(p*, ¢*) +d(q*, q) <2e+d(p*, ¢*) < 2e+d(E)
Hence, 2e+d(E) is an upper bound of {d(p, q)|p, ¢ € E}, and
d(E)= lub d(p, q) < 2¢+d(E)
Since this must be true for every € > 0, we conclude that
d(E) <d(E)
d(E)=d(E)

Therefore,

Theorem 9.5: Every convergent sequence is a Cauchy sequence.

Proof: > Suppose {pa} converges to p in the metric space (X, d). Then for
every € >0, we can find an integer NV such that n = N implies d(p», p) < €/2.
Hence, for m,n=N,

d(pm, Pr) < d(pu, p) +d(p, pa) <5 F+5=¢

Definition 9.6: A metric space is said to be complete if every Cauchy
sequence in this space converges. If a normed linear space is also a complete
metric space, it is called a Banach space. If a normed algebra is a complete
metric space, it is called a Banach algebra.

In a complete metric space, we can assert whether or not a given sequence
converges without specific knowledge of its limit. For example, in the case of
infinite series (which we shall see are nothing more than sequences in normed
linear spaces), all the tests for convergence depend on completeness.

In complete metric spaces, then, one has only to establish whether or not

27 Notice that, in proving this theorem, it is not necessary to require the distance between points in the metric
space X to be finite. This fact will be used in chapter 11.
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a given sequence is a Cauchy sequence to find whether or not it converges.
This is known as the Cauchy criterion of convergence.

The remarks following Definition 9.3 show that, like boundedness, the
definition of a Cauchy sequence can be expressed in terms of the diameters
of certain sets. Since we have already pointed out that boundedness involves
the metric too intimately to be a topological property (see comments following
Theorem 6.22), it is not too surprising that completeness does also.

The next theorem gives a useful characterization of completeness which
will be used to show that two very important classes of metric spaces are
complete.

Theorem 9.7: A metric space {X, d) is complete if and only zfﬁ F;i #0
i=1
for every nested sequence of nonempty closed and bounded sets {F;} such that
lim d(F,)=0.

Proof: Let (X, d) be complete and let {F;} be a nested sequence of non-
empty closed and bounded sets such that hm d(F,)=0. For each integer n
choose a point p, € Fy. Since Fp, C Fy for m = n, we see that p, € F when-
ever m = n. Let € >0 be given and choose N such that d(Fy) <e. Then pm,
pn € Fy for all m, n=N. Hence, d(pm, pn) < d(Fy) < €. This shows that the
sequence {p,} is a Cauchy sequence. Now because X is complete, there exists
a p € X such that hm pn=p. Evidently, for each n, the sequence pn+1, pPni2,
Dni3, - - . 1s a subsequence of {p»} and therefore must also converge to p.
Since (according to the remarks preceding Theorem 7.16) p is an adherence
point of the range of pn+1, Pn+2, Pn+s, . . . and since every term of this se-
quence belongs to Fp,, Theorem 6.8 shows that p is also an adherence point of
Fn. But F, is closed and therefore p € F,. Since n was any positive integer,
this shows that p € F, for every n. Hence,

which proves that

Conversely, suppose that () F; # @ for every nested sequence of non-
i=1
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empty closed and bounded sets {F;} such that d(F;)— 0, and let {p,} be a

Cauchy sequence. Set E,= {pi|i = n}. According to the remarks following
Definition 9.3,
lim d(E,) =0

Clearly E, D E,.1. Hence Theorem 6.8 shows that E,DE,.,. Theorem 9.4
implies that lim d(E,)=0 and that d(E,) =d(E). A proof analogous to that

of Theorem 7.5 %% shows that £, the range of the Cauchy sequence, is bounded.
Hence, E, is bounded. Thus {E,} is a nested sequence of nonempty closed
and bounded sets such that d(E,)— 0, and so, by hypothesis, there exists a
point p € () E.. That is, p € E, for every n. Now let € < 0 be given and choose

n=1

N such that .
d(E\) < €
Sincep € Ex and Ex C E,

d(p,., p) = d(E\) <€

for every p, € Ey and, therefore, for every p, with n = N. This shows that

pa—> p. Since {p,} is an arbitrary Cauchy sequence, it follows that X is
complete.

Corollary 1: The Euclidean space R* is complete.
Proof: The Heine-Borel theorem (Theorem 6.31) shows that every closed and
bounded set in R* is compact. Therefore the corollary to Theorem 6.27 shows

% The sequence {p.} is a Cauchy sequence. Hence, there exists an N such that, forn =N,

d(Pn, PA\') <1
Let

p=max {d{pi. py). d(psepy), . . . dipyrs py). 1}

Then, since, for every n
pr € Bpy: p)

the range E, of {p,} is a subset of B(py: p). Now

d(B(px: p))=2p
Hence,

([(E|) SZp
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that every nonempty nested sequence of closed and bounded sets whose
diameters tend to zero has a nonempty intersection.

Corollary 2: Every compact metric space is complete.

Proof: According to Theorem 6.23, every closed subset of a compact metric
space is compact. Hence, the corollary to Theorem 6.27 shows that every
nonempty nested sequence of closed and bounded sets whose diameters
tend to zero has a nonempty intersection.

There are in fact certain analogies between compact metric spaces and
complete metric spaces.

Theorem 9.8: If E is a complete subspace of the metric space X, then E
is a closed subset of X.

Proof: Let p be any adherence point of E. By Theorem 7.4, there is a sequence
of points of E which converges to p. Theorem 9.5 shows that this sequence
must be a Cauchy sequence. By hypothesis, every Cauchy sequence in E
converges to a point of E and so p € E. This, of course, shows that £ is closed.

Theorem 9.8 should be compared with Theorem 6.22.

Theorem 9.9: IfE is a closed subset of the complete metric space (X, d),
then the subspace (E, d) is complete.

Proof: If {p,} is a Cauchy sequence in E, then { p,} is also a Cauchy sequence
in X. Since (X, d) is complete, there exists a point p € X such that p,— p.
Theorem 7.4 shows that p is an adherence point of E. Since E is closed, this
means that p € E. Hence {p,} converges in the metric space (E, d).

Theorem 9.10: The direct product of two complete metric spaces is
complete.

Proof: Let (X, d) and (Y, &) be complete metric spaces. Suppose that
{{pn, gu)} is any Cauchy sequence in the direct product (X XY, dx) of (X, d)
and (Y, &). Since for all m and n,

d(pna pm) Sdx(<pna qn>a (Pma qm>)
and

8(gn, gm) <dx({pn, an), {Pm, qm))

it follows immediately that {p.} and {q.} are also Cauchy sequences. Because
(X, d) and (Y, 8) are complete, {p»} converges in X and {g.} converges in Y.
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Hence Theorem 7.9(a) shows that {{pas, gu)} converges in (X XY, dx). Since
{{pn, qn)} is an arbitrary Cauchy sequence, this completes the proof.

If £ is any nonclosed subset of a metric space (X, d), then there must
be a limit point p of E such that p & E. Since p is also an adherence point
of E, Theorem 7.4 shows that there is a sequence {p»} of points of £ which
converges to p and to no other point. Theorem 9.5 shows that {p,} is a Cauchy
sequence. Now {p,} is also a Cauchy sequence in the subspace (E, d) but
does not converge to any point of E; hence, E is not a complete metric space.
This shows that there exists a large class of metric spaces which are not com-
plete. For example, let E be the interval (0, 1) and let X be R! with the usual
metric. Then the sequence {1/n} is certainly a Cauchy sequence in R! and
it converges to 0 & (0, 1). Therefore {1/n} is not a convergent sequence in
the subspace E. In cases like this, it is always clear how we can extend the
metric space to obtain a complete metric space.

On the other hand, there are many cases of incomplete spaces where the
situation is not so simple. For example, let % be the set of all Riemann
integrable functions on the interval [a, b]. It is not hard to see?® that the
function d : # X % —> R! defined in terms of the Riemann integral (this is the
usual integral we learn about in elementary calculus) by

A, 8)= [ 1f@ —g@)lds  forall £ g€ 2

is a metric on %. But it turns out that this space (or any subspace of this space)
is not complete. If one introduces the concept of Lebesgue integration and
increases the space of functions 3° to include all Lebesgue integrable functions,
then complete spaces of the previous type are obtained.?' This is one of the
important reasons. for the abandonment by mathematicians of the Riemann
integral in favor of the Lebesgue integral.

This is our second encounter (see remarks following Definition 6.1)
with this type of function space. Since the Lebesgue integral is not developed
here, we do not pursue this topic any further. However, other types of function
spaces will be encountered subsequently, and we shall discuss them in some
detail.

29 Provided we take for granted the fact that the integral in question always exists.

30 Every Riemann integrable function is also Lebesgue integrable.

31 Actually, the points in these spaces are not functions themselves, but each point is an equivalence class whose
members are those functions which differ from one another on sets that are in a certain sense negligibly small.

168



CAUCHY COMPLETENESS

In any event, it is very important in mathematics to be able to assert the
existence of limits of certain sequences and, as a result, completeness is a
very desirable property. It is not in the least unimportant then that, in a cer-
tain sense which we now define, every metric space can be regarded as a
subset of a complete metric space.

Definition 9.11: Let (X, d) be a metric space. If there is a complete
metric space {X*, d*) and if there is a dense subset X, of X* such that (X, d)
is isometric to the subspace{Xo, d*), then (X*, d*) is said to be a completion

of (X, d).

It shall be proved that every metric space has a completion in the sense
of this definition. In the proof the metric space (X*, d*) is constructed from
the metric space (X, d). It must be emphasized, however, that with this con-

“struction the metric space (X, d) is not a subspace of (X*, d*) but is only
isometric to a subspace of (X*, d*); that is, (X, d) and (X, d*) have the
same abstract properties when considered as metric spaces. For many purposes
this is good enough. However, one can go even further and actually embed
(X, d) in (X*, d*) since, from the metric spaces (X, d) and (X*, d*), we can
form the set

XU (X*—X))

and define a suitable metric on this set from the metrics d and d*. Even if
this is done, those limits of the Cauchy sequences in X which are points of the -
set X*— X, are still different objects from the points in the original set X and
so, for many purposes, it is much more desirable to start out with a complete
metric space.
In Definition 4.10 we introduced the concept of equivalence relation.

Before proving that every metric space has a completion, we must establish
some properties of this relation.

Definition 9.12: A collection P of nonempty subsets of a set S is called
a partition of S if, for each element s € S, there is exactly one set £ € &
such that s € E.

Thus, each element of S is in at least one member of # and no element
of S is in more than one member of Z.

Definition 9.13: Let ~ be an equivalence relation in S. For each s € S,
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the subset $(s) of S defined by
Y(s)={t € S|s ~t}

is called an equivalence class of ~. The collection of all equivalence classes
is called the quotient set of S by ~.

Theorem 9.14: Let ~ be an equivalence relation in a set S and, for each
s €S, let Yi(s) be the equivalence class {t € S|s ~ t} of ~. Then, for any two
elements s and t of S, s ~ t if and only if Y(s) =¥ (¢).

Proof: First let s ~ ¢ and let x be any member of {s(¢). Then ¢ ~ x. From the
transitivity of ~, it follows that s ~ x, which shows that x € {i(s). Since x was
arbitrary, we conclude that $(¢) C ¥(s). Since ~ is symmetric, we see that
t ~s. Hence, we can repeat the argument just given to show that the opposite
inclusion holds and, therefore, that ¥s(¢) =(s).

Now let ¥i(s) =ys(¢). Since ~ is reflective, it follows that ¢t € ¥(¢) =¢(s).
That is, s ~ t.

Theorem 9.15: If ~ is an equivalence relation in a set S and
Q={y(s) | s € S} is the quotient set of S by ~, then Q is a partition of S.

Proof: Choose any element s € S. Evidently s ~ 5. Hence s € {i(s). Therefore
there is at least one element of  which contains s. Hence suppose that E
is any member of Q such that s € E. It follows from the way Q was constructed
that we can find ay € S suchthat E=y(y). Sos € {)(y). This means thaty ~ s
and therefore Theorem 9.14 shows that §s(s) = {s(y) =E. We conclude from this
that the only member of Q which contains s is {i(s). And this proves the theorem.

We are now ready to prove that every metric space has a completion.

Theorem 9.16: Every metric space (X, d) has a completion (X*,d*) and
any other completion of (X, d) is isometric to (X*, d*).

Proof: Let {x,} and {y.} be any two Cauchy sequences in (X, d). We write
{xn} ~ {ya} if and only if
lim d(xn, y2) =0 (9-1)

n—» o

Since the proof of the theorem is quite long, it is divided into parts.

Part (a). The relation ~ is an equivalence relation in the set S of all Cauchy
sequences in (X, d).
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First, since, for every sequence {x,} € S,

lim d(xn, x,) =0

n—» o0

we conclude that {x,} ~ {x.}; that is, ~ is reflexive. Since d(x,, ¥n) = d(yn, xn),
it follows that {x,} ~ {y.} implies {yn} ~ {xn}.

Finally, suppose {x.} ~ {y»} and {y.} ~ {zx}. Then given € > 0, we can
find integers V; and Vs such that n = N; implies

d(xn, Yn) <e€/2
d(ym, zm) < €2

and m = N, implies

Hence, if we set N=max {N,, Ns}, then, for alln =N,
d(xn, zn) <d(xn, yn) T d(va, z2) <e€
lim d(xn, z2) =0

n—>©

Therefore

That is, {xx} ~ {zu}. Thus ~ is transitive. This proves the assertion.

Part (b). For any two Cauchy sequences {x,} and {yn} in (X, d), lim
d(xn, yn) exists. ne

Let {s,} denote the sequence of real numbers {d(x,, y»)} and let e >0
be given. Since {x.} and {yn} are Cauchy sequences, we can find integers
N, and N, such that d(yw, ymw) <e€/2 for all n', m' = N; and d(xn, xm) < €/2
for all n', m' = N,. Hence if we choose N=max {N:, N}, then, for all n,
m=N,

|sn—sm|=|d(xn, ¥a) —d(xm, ym)|
=|d(xu, yu) —d(xns ¥m) + d(xn, yn) = d(%m, ym)|
< [d(xn, yn) —d(xn, yn)|+|d(xn, ym) —d(xm, yn)|
<d(yn, ym) +d(xn, xm) <€

where the next-to-last inequality follows from equation (6—4). We have thus
shown that {s,} is a Cauchy sequence (of real numbers). Now corollary 1 of
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Theorem 9.7 shows that the Euclidean space R! is complete. Hence,
lim sn=lim d(xn, yn) exists.

Part (¢). If {x.} and {y.} are two Cauchy sequences in (X, d) and if
{x2} and {ys} are any two Cauchy sequences such that {x;} ~ {xx} and
{ya} ~ {ya}, then lim d(xn, yn) = lim d(xz, y2)-

Given € > 0, it follows from the definition of ~ that we can find integers
N, and N: such that n= N, implies d(xn, x1) <e€/4 and n= N, implies
d(yn, vn) <é€/4. Let r=li£)nwd(xn, yn) and r'=li_r)r£° d(xn, yn)(which exist by
part (b)). Then we can find integers N5 and Ny such that, for n = N3,

Ir—d(xa,y2)| <eld
and, for n = N4, |r'—d(x,'1,yil)|<€/4s
Choose N=max {N1, . . ., Ns}. Then, forn=N,

lr—r'|=|r— d(xa, ) =1+ d(xn, y2) +d®n, yn) —d(xn, y2)|

< |r—d(xa, ya) |+ —d(x, yn)|+|d(xa, yu) —d(xn, yn)l

< €/2+|d(xn, yn) —d(x3, y2)|

=€/2+|d(xn, yn) —d(xn, ya) +d (x5, yu) —d(xn, ¥2)|

< €/2+ |d(xn, y0) —d(xp, yu) |+ |d(xn, ¥n) —d(xzn, y2)]

< €/2+d(xn, x3) Fd(yn, yi) <€

Since € was arbitrary, we conclude that r=r'.

Let X* be the quotient set of the set S of all Cauchy sequences in (X, d)
by ~ (i.e., the collection of all equivalence classes of ~). We denote the
elements of X* by x*, y*, etc. Each element x* of X* is a collection of Cauchy
sequences which are equivalent to each other—that is, they satisfy equation
(9-1). If we choose a Cauchy sequence {x,} from x* and a Cauchy sequence
{yn} from y*, then part (b) shows that lim d(xx, y») exists and part (c) shows
that this limit is independent of which Cauchy sequence from x* and which
Cauchy sequence from y* we use to calculate it. That is, the number lim
d(xn, ¥n) depends only on the sets x* and y* from which the Cauchy sequences
were taken and is independent of the particular Cauchy sequences used to
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calculate it. Hence, for any two points x* and y* of X*, let us define d*(x*, y*) by

d*@*, y*)=1lim d(xu, yn) (9-2)

n—>cw

where {x,} is any Cauchy sequence in x* and {y,} is any Cauchy sequence
in y*.

Part (d). Equation (9-2) defines a metric on X*.

We must show that d* satisfies axioms (a) to (c) of Definition 6.1.

It is clear that d*(x*, y*) =0 since a sequence, all of whose terms are
nonnegative, can certainly not converge to a negative number. We must also
show that equality prevails if and only if x*=y* To this end suppose
d*(x*, y*)=0. This means that lim d(xa, vn) =0 for Cauchy sequences
{xz} € x* and {y.} € y*. Hence {xn} ~{yn}. Since ~ is an equivalence
relation by part (a), x* is the equivalence class of {x,} by ~, and y* is the
equivalence class of {y,} by ~, Theorem 9.14 shows that x*=y*. It is clear that
the steps of this argument can be reversed to show that x™=y* implies
d*(x*, y*)=0.

The symmetry of d* is clear because d(xn, yn) = d(yn, xx) for all n.

Finally we must show that the triangle inequality is satisfied. For this.
purpose, let x*, y*, 2* € X* and suppose that {x,}, {y.}, and {z,} are, re-
spectively, members of these equivalence classes. Since d is a distance func-
tion on X, it is certainly true that

d(xn, zn) < d(xn, yn) +d(ya, 2n)
Since this holds for every n, it must also be true in the limit; that is,

d*(x*, z*) :1,,1_{9 d(xn, zn) gl,};{{} [d(xn, ya) +d(yn, z2) ]
zl,.i-r»g d(xn, yn) +1Li_{£1 d(yn, zn) =d*(x*, y*) + d*(y*, 2*)

(see Theorem 7.7(a)). We have now shown that (X*, d*) is a metric space.
For each x € X the constant sequence x, x, x, . . . is certainly a Cauchy
sequence. Theorem 9.15 shows that there is one and only one equivalence class
in X* which contains x, x, x, . . . . We shall use the notation x*, y*, etc., for the
points of X* which, respectively, contain the Cauchy sequences x, x, x, . . .;
Y, Y, ¥ - . .;etc. Let Xy be the subset of X* which consists of all those equiva-
lence classes which contain Cauchy sequences of this type. Since, for each
x € X, there is one and only one equivalence class x* which contains the
Cauchy sequence x, x, x, . . ., the scheme which associates with x the
equivalence class x* certainly defines a function from X to X*. We call this
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function f. Thus,
f:X—>X*
flx)=xt for every x € X

Xo=f(X)

(9-3)
and by construction

That is, f is onto Xo.
Part (e). The function fis an isometry from X to X, (i.e., X is the isometric
image of X under f).
If the Cauchy sequences {x.}==x, x, x, . . . and {y.} =y, v, . . . are
both elements of x*, then {x,} ~ {y.} so that
3

,!l_r,r}o d(xn, yn) =d(x, y) =0

Hence x=1y. This shows that there cannot be two different Cauchy sequences
of this type in the same equivalence class. Thus f is one-to-one, and f is cer-
tainly onto. We need only verify that f preserves distance to prove that it is an
isometry.

But, if we compute the distance between any two points of X,, say x* and
v+, we find

d*(x*, y*)=d(x, y)

Part (f). Xo is dense in X*.

We must-show that the closure Xy of X, is all of X*. To this end let x* be
any point of X* and choose a Cauchy sequence {x,} € x*. Given € >0, there
exists an N such that m = N implies d(xn, xm) < €/2. Since

{xa} € x*

) XN, XN, - . . € XX
it follows that N AN N

d*(x*, xt) = li_r)r{}c> d(xm, xnv) <€/2<e€

Now in view of the fact that xf € Xy, we have shown that every ball about
x* contains a point of Xo and, hence, we have shown that Xo=X*.

Part (g). If {x:t} is any Cauchy sequence of elements of Xo, then {x};} con-
verges to a point x* € X*.

It follows from the construction that, for each n=1, 2, . . ., the constant
sequence X», Xn, . - . 1s an element of x3 and that
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xn=f-1(xﬁ)

Hence the inverse image of the range of the sequence {x;}} under the
isometry f is the range of the sequence {x,} in X. (This is sometimes called the
isometric preimage of the range of {x;}).

Since {x;} is a Cauchy sequence in X*, it follows that, given € >0,
we can find an integer NV such that m, n = N implies

forn=1,2,3, . ..

d* (x5, x5) <e

and since fis an isometry, we conclude that

But since

d(xm, xn) :d*(x;-’l’ xr?-) <e

for m, n = N. Thus {x,} (with x,=f"1(x}) for n=1,2, 3, . . .) is a Cauchy
sequence in X and, therefore, belongs to one of the equivalence classes,
say x* € X*. We shall show that the sequence {x;} converges to x*. Evidently

d*(x?{a x*) = 1,,1_1’,2 d(xn, xm)

Hence,

Since {x} is a Cauchy sequence, it follows that lim lim d(xa, xm)=0.
Thus x% — x*, which is the desired result.

Part (h). The metric space X* is complete.

To show that X* is complete, we must demonstrate that any Cauchy
sequence of points in X™* converges to a point in X *.

Hence let {x;} be an arbitrary Cauchy sequence in X*. Since X, is
dense in X*, foreachn=1,2,3,. . ., we can find an x} € X, such that

d*(xz,x5) <1/n

Thus we have constructed a sequence {x;} of points in Xo. Now let € >0
be given. We can find an N such that m, n =N implies d*(x}, x%) < €/3.
Hence, for m, n = max {3/e, N},
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d* (xy, xf) < d*(a, x3) +d* (g, xp) +d%(xp, x3) <lnt+el3+1m=<e

so that {x;} is a Cauchy sequence. Now, as shown in part (g), {x}} must
converge to some y* € X*. We now claim that {x}*} must also converge to y*.
To prove this, we note that, given € >0, we.can find an N’ such that n = N’
implies
d*(x3, y*) <e€/2
Let N* be the smallest integer which is larger than both N' and 2/e. Then,
d*(y*, x5) < d*(y*, xf) +d* (%, x37) <€/2+1/n<e

for n = N*. That is,
Xy >y

We have now established that (X*, d*) is a completion of (X, d). Suppose
(X**, d**) is another completion of (X, d). There is a dense subset X§ of X *
which is isometric to X and a dense subset X§* of X** which is isometric
to X.32 Since, just as in the case of one-to-one correspondence, isometry is
an equivalence relation, we see that X§ must be isometric to X§*. So let k be
an isometry from X§ to X§*. Clearly the image of the range of any sequence
{x+} in X§ under the isometry A is the range of a sequence {x;*} in X**,

Part (i). Let {x3} be any sequence in XF. If there is a point x* € X*
such that x;f —> x*, then the sequence {x;*} in X§* defined by x;*=h(x})
(n=1,2,3,. . .) converges to a point x ** € X **,

Theorem 9.5 shows that the sequence {x;f} must be a Cauchy sequence.
Since h is an isometry, we see that, for any integers m and n,

d*(xy, xm) = d** (237, x0*)

which shows that {x}*} must also be a Cauchy sequence. Since X** is com-
plete, this sequence must have a limit x** € X **,

Part (j). Let {x:f} and {y*} be sequences in X§ and suppose there is a point
x* € X™* such that xf—> x* and yx— x*. If the sequences {x;*} and {yF*}

in X§* are defined by

" % The setX, is now denoted by X%. The notation has been changed to distinguish between the sets X% and X %*.
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= h(xf)

yir=h(yz)

and if x5*— x** and yF*— y**, then x™**=y**,
Since Ak is an isometry, it follows that, for any integers m and n,

n=1,2,3,. ..

which shows, when combined with the triangle inequality, that

dFF (¥ y*F) < @R (R xEF)  dFF (o, yEF) o dFE(y )yt
= d¥F(x¥*, x F*) + d¥F (yE*, **)+d*(xn,me)
< AP (™, 2n®) A (ynt, v ) a2 F) HdF (e, yn)

Since x;*—=>x™*, v, > y** xF—>x* and yi—>x*, we conclude that
d**,(x**z y*¥) =0: that is, xHE = R |

Since X§ is dense in X *, every point x* of X* must be an adherence point of
X§&. Therefore, Theorem 7.4 shows that there must be at least one sequence of
points in X§, say {x; }, which converges to x*. Part (i) shows that the sequence
{x%*} in X§* defined by x**—h(x*) (n=1, 2,3, .. .) converges to a point

x** € X** Thus, with each point x* € X*, we can associate a point x** e X**,

Part () shows that, if any other sequence in X§ that converges to x* was used
in this construction, it would stlll lead to the same point x**. In this way then,
we associate with each point x* € X* a unique point x** € X**, This scheme
defines a function ®:X* — X**,

Part (k). The function ® is an isometry.

The mapping is certainly injective, for suppose y**=P(y*), x**=D(x%),
and x**=y%* Let {x } and {y*} be Cauchy sequences in X¥ such that
ax—>x* and yif— y*, and set xf*=h(x¥) andyE*=h(y}) (n——l, 2, ...).
Then,

d*(x*, y*) < d*(x*, x3) +d* (7, yif)+d*(y’$i, y*) = d*(x*, %)
+d*(ya, y¥) +d*F(x7F, y7¥) < d¥(x¥, x7)
+d*(yx, y*) +d*F (7 ,x**)+d**(x**, yi¥)

Since xi — x™* and y¥— y* and since these imply x5 *— x** and y}f*— x**,
we conclude d*(x*, y*) =0; that is x*=y%*,

In order to show that @ is surjective, letx** be any point of X **. Since X *is
dense in X**, there is a Cauchy sequence of points of X§*, say {x¥*}, such that
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xi*— x**. Since h~! must be an isometry (because k is), the sequence {x7

defined by x;f=h~1(xf*) (n=1,2,3, . . .) is also a Cauchy sequence and so
converges to a point x* € X* (because X* is complete). Since x;*=h(x);)
(n=1,2,3, .. .), we see from this that x**=®(x*).

In order to show that ® is an isometry, it only remains to show that distances
are preserved under this map. To this end let x* and y* be any elements of
X* and let x**=®(x*) and y**=®(y*) be their images under ®. Choose
sequences {x;f} and {y\ } in X§ such that x¥— x* and y¥— y* so that, in X **,
yi*— y** and xF*— x** where {y}*} and {x}*} are defined by

xF¥*=h(x}
o E )}n 1,2,3, ...

Yn
Now let € > 0 be given and choose Ny, . . ., Nysuchthat d*(x*, x}) <¢/2
for n= Ny, d*(v*, y¥) <€/2 for n=N,, d**(x** x5%*) < €/2 for n>N; and
d** (y**, y¥*) < /2 for n = Ny. Setting N=max {N;, . . ., N4}, we find, for
n=N,

d*(x*, *)<d*(x , xn)+d* (%, yrz)+d*(3’rla *)<d*(x17ks y7;l<)+€
d*(x;ka J’n)<d (xn’ *)+d*(x ) *)+d*(y ’ yn)<d*(x s 3’*)+€

Similarly

dFF (a*F, yFF) < dFF (a0, t) e
d**(x** }’n ) < d**(x**,y**‘) '

So we conclude that

|d* (x*, *)—d*(xif, yi)|<e
|d** (x**, y*¥) — d** (a*, yi*) |< €
and hence

ld*(x*, y*)_d**(x** **)|<|d*(x *)'—d*(xn,yn)l
T s y) — PR, ) | | (e, yi) — d (0, ) |
< e+ |[d* (xfF, yE)—d** (67, yi¥)|

But since x;* and y** are the isometric images of x' and ', respectively,
we see that d** (2%, y¥*) =d*(x}, v)). Therefore

Since € was arbitrary, this means that
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which completes the proof.

Many applied problems in mathematics reduce to finding a solution to
an equation of the form

flx)=x (9-4)

where f is a function whose domain is some metric space (X, d) and f: X — X.
If X is R (or some subset of R!), equation (9-4) may be an algebraic equation.
However, the metric space X can be much more general than this. For example,
it may be a function space. In this case equation (9-4) could represent an

integral or differential equation.

If X is a complete metric space, it is frequently possible, with certain
restrictions on the function £, to construct a convergent iterative procedure for
calculating the solution to equation (9-4) which at the same time yields a
proof of the existence and uniqueness of the solution. The theorems which
vield general iterative procedures of this type are known as algebraic fixed
point theorems. Before introducing some of these theorems, the following defi-

nitions are needed.

Definition 9.17: Let E be a subset of a metric space (X, d). A function
f:E—X is said to satisfy a Lipschitz condition with modulus « if there
exists a positive number « such that for every p, g€ E

d(f(p), flg)) < oad(p, q)

If, in addition, a <1, the function f is said to be a contraction mapping
of E into X with modulus «.

Definition 9.18: Let /:X— X. If E is a subset of X such that
flx)EE for all x€ £

then E is said to be an invariant subset of f. If, in addition, X is a metric
space, then E is called an invariant subspace of f.

Suppose f: X — X and E is an invariant subset of f. Let h be the restriction
of fto E. Then the range of & is a subset of E. Hence h can be considered as a
function from E into E.

179



ABSTRACT ANALYSIS

The following theorem, due to Banach, is the most well knawn of all the
algebraic fixed point theorems. It is sometimes called the Principle of Con-
traction Mapping. Many of the other algebraic fixed point theorems are attempts
to weaken the hypothesis of Banach’s theorem.

Theorem 9.19: Let f be a contraction mapping of the complete metric
space (X, d) into itself. Then there is a uniaue point p € X such that f(p) =p
and, for any point %o € X, the sequence xo, f(x0), f(f(x0)), . . . converges to p.

Proof: Choose any point xo € X and define a sequence {x,} recursively by
Xn+1 zf(xn) n=0, ]., 2, 3, . e (9_5)

Since f is a contraction mapping, there exists a positive number a <1 such
that, for every p, ¢€EX,

d(f(p), f(q)) < ad(p, q) (9-6)

Therefore, for every positive integer n,
d(xn+1, xn) = ad(xn, xn—l) (9_7)

In particular,

d(x2, x1) < ad(x1, x0)
Suppose that for n =1,
d(Xn+1, Xn) < "d (21, X0) (9-8)
Then equation (9-7) shows that
d(Xn+2, Xns1) < ™ 1d(x1, x0)

Hence, by induction, we conclude that equation (9—8) must be true for
every n. _ -
By successively applying the triangle inequality, we find that, for k£ > n,

k-1
d(xk,xn) = Z d(x7'+19 xr)

Upon substituting equation (9-8) into this expression, we see that
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d(xk, xn) Skz_l a’d(xy, x0) = [ﬂi’f‘j’f_‘ﬁ] (a" — o) (9-9)

r=n a

Since {a"} converges (recall that o < 1) and since every convergent sequence
is a Cauchy sequence, equation (9-9) shows that {x,} is also a Cauchy sequence.
But X is a complete metric space. Hence there exists a point pEX such that

Since this implies that given € > 0 there exists a positive integer N such that "
d(xi,p) <e€ fork=N
it follows from equation (6—4) that

Id(x"v p) —d(xx, xn), <€

whenever £ = N. That is,

lim d(x, xn)=d(p, Xn)

h—x

Hence taking the limit as & —> o in equation (9-9) yields (since All_)IIalc ak=0)
d(xl, X())] 2 B
d(p, xn) < [—-—1 v K (9-11)
Upon combining this result with equations (9—5) and (9—6) we find that
. _ do. 20))
(f(p). xur1)=d(f(p), fxn)) < @d(p, xa) < | =5~ | @

And since 1,11_13 a"=0, this implies that lim x,=f(p). Thus it follows from
equation (9-10) that

fp)=p
This proves the existence of the point p-and gives a constructive procedure
for finding it.

It remains to show that this point is unique. To this end suppose f(p)=p
and f(q)=q. Then equation (9-6) shows that
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d(p, q) < ad(p, q)

Since 0 < a < 1, this shows that d(p, ¢)=0; that is, p=gq.

Notice that equation (9-11) gives us a means for determining an upper
bound for the error after n steps of the iteration process described in this theo-
rem have been carried out. The point x in equation (9—4) is referred to as a
fixed point of f.

The hypothesis of the theorem requires that the range of the contraction
mapping f be a subset of its domain. It frequently occurs in practice that one is
interested in obtaining solutions to equations of the form given in equation
(9-4) when this condition cannot be met. The following corollary gives condi-
tions under which these restrictions on the contraction mapping can be
weakened.

Corollary 1: Let (E, d) be a complete subspace of the metric space (X, d)

and let f be a contraction mapping of E into X with modulus a. If there exists
an x* € E such that the set S(x*) defined by 33

S(x*)Z{x € X|d(x, %) <72 d(x, x*)} with xo=f(x*)

is a subset of E, then there is a unique point p € E such that f(p)=p and the
sequence xo, f(x0), f(f(x0)), . . . converges to p. In addition, p must belong
to S(x*).

Proof: Suppose there is an x* € E such that S(x*) C E and let x be any point
of S(x*). Then x € E. Since f is a contraction mapping of E with modulus «,
it follows that

d(f(x), f(x*)) < ad(x, x*)

Hence

d(f(x), %) =d(f(x), f(x*)) < ad(x, x*) < a[d(x, %)+ d(x0, x*) ]

< [1%67—1- 1] d(xo, x*)=1—§*&-— d(x, x™)

* The set S(x*) is the closed ball of radius (&) d(x9, x*) about xg.
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This shows that x € S(x*) implies f(x) € S(x*). Thus S(x*) is an invar-
iant subspace of f. Let & be the restriction of f to h. According to the remarks
following Definition 9.18, A can be considered as a function from the subset
S(x*) into itself. Since f is a contraction mapping of E into X, it follows that A is
a contraction mapping of the subspace (S(x*), d) into itself. Clearly S(x*) is
a closed 3 subset of the complete metric space (E, d). Hence Theorem 9.9
shows that (S(x*), d) is a complete metric space. Since xo € S(x*), Banach’s
theorem now shows that there is a unique point p € S{(x*) such that
f(p) =h(p) =p and that the sequence xo, f(x0), f(f(x0)),. . . converges to p.
On the other hand p is also the only point of E such that f(p) =p. For if g was
another such point, it follows from the fact that fis a contraction mapping with
constant « that

d(p, q) < ad(p, q)

which shows, since 0 < a <1, that p=gq.

Let X be any set and let f: X— X. For each positive integer n we define
inductively a function f® :X — X as follows: Put f¥'=f and for each positive
integer n put f*=fo fin Tt is easy to prove by induction that for any two
positive integers m and n

f(m) of(n):ftmﬂz)

Banach’s fixed point theorem now tells us that if f is a contraction
mapping of a complete metric space (X, d) into itself then, for every xo € X,
lim f™(x0) =p where p is the unique fixed point of f.

It may turn out that a continuous function f is not a contraction mapping
but for some integer m the function f is. The next corollary shows that in
this case the conclusions of Banach’s theorem still hold.

Corollary 2: Let (X, d) be a complete metric space and let f be a con-
tinuous function from X into itself. If, for some positive integer m, the function
S is a contraction mapping, then there exists a point p € X such that f(p) =p
and for any xo € X the sequence {f™(xo)} converges to p.

Proof: Set g=f. Banach’s theorem shows that there is a unique point

3¢ See example following Theorem 6.13.
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p € X such that g(p) =p. Hence f(g(p)) =f(p). But
F(&))=f(f1™ (p)) =ff ™ (p) =Fm+V(p) =" o f(p) = f"(f(p))

Hence g(f(p)) =f(p). This shows that f(p) is also a fixed point of g. Since
the fixed point is unique, we conclude that f(p)=p. It also follows from
Banach’s theorem that the sequence {g™(xo) } converges to p for every xo € X.

However,
&™ (x0) = fm (o)
And, since fis continuous, Theorem 8.5 shows that

lim (g™ (x0)) =f(p)=p

Hence the sequence {f(™"+V(x)} converges to p. Continuing in this manner
we can show that for any j < m the sequence {f""+)(x,)} converges to p.
But the theorem of factorization of integers shows that every positive integer i
can be written in the form

i=mn-+j with0<j<m
Hence we conclude that the sequence {f()(x0)} converges to p.

We shall first give a very simple example to illustrate how Banach’s
theorem can be applied. Suppose f is a real valued function defined on the
closed interval [0, 1] and suppose that f satisfies the Lipschitz condition with
modulus K

| F(p2) —f(p1) | < K|p2—pi| for all real numbers py, p; € [0, 1] (9-12)

If 0<K <1 and the values of f lie in [0, 1], then f is a contraction mapping
of the metric space [0, 1] (with the usual metric) into itself. Since (Theo-

rem 9.9) closed subspaces of complete metric spaces are complete, the require--
ments of Theorem 9.19 are met. Hence, for any x, € [0, 1], the sequence

{x.} defined by
Xn+1=f (%n) (9-13)
converges to the unique number x* which is a solution of the equation
fx)=x
Figure 9-1 illustrates how the successive approximations given by equation
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f(x) yy
O /

y = f(x)
V4
A -
’
_,%/7
flo) R
|
|
,/ |
|
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| | X
0 X X3 X2 Xl XO 1

Fi1GURE 9-1.— Convergence of contraction mapping iteration procedure.

(9-13) converge to the fixed point x* for the case where f has a positive slope.
Now, for each a € [0, 1], consider the function f,:[0, 1]— R defined by

fa(x)=x+3(a—x2) forallx €0, 1] (9-14)
For any real number «,
x+3(a—x2)=%(a+1—x2+2x—1)=%3[(a+1) — (1 —x)2]
Hence 7 )
O0stasfolx)<z(a+1)<1 foralla,x€][0,1]
Therefore f, is a mapping of the complete space [0, 1] into itself. Since

[fa(®) —fa(¥) | =3 (1—»)2— (1 —2x)*|=%|x—y]||2— (x+ )]

itis easy to see that there is no positive number a < 1 such that

185



ABSTRACT ANALYSIS

fal®) —fay) | <alx—y| forallx,y€ [0,1]
However, let us consider the function f{?, Clearly, for any x €[0, 1],

f8(x) =falfa(x)) =% {(a+1) —[1—% (a+1) +3 (1 —x)?]2}
=3 (a+1)—%[1—a+ (1—x)2]2

Hence for any x, y € [0, 1]

/D@ P =4 ] (1=at (1=)2)2— (1—a+ (1=x)2)

=3 (12— (1=2)?| [20—a) + (1 —x)*+ (1—)*|
=dx—y|[2=x—y|[20—a) + (1—2)*+ (1—y)?|
<32:202-a) [x—y| =22 2y

Thus f@’ is a contraction mapping of the complete metric space [0, 1] into
itself with constant (2—a)/2 for0<a=<1.

Corollary 2 of the theorem now tells us that for each a € (0, 1] there is a
point p(a) € [0, 1] such that

p(a) =fu(p(@)) = p(a) 3 (a—[p(a) ]2

and that the sequence {pn(a)} which is defined recursively by
‘po(a)=0

pui(@) = fopa(@)) = pala) + 3 (a— [pa(a) ) 0-15)

converges to p(a).

Evidently [p(a) ]?=a. That is, p(a) = Va. We have therefore shown that
{pn(a)} converges to Va for 0 < a < 1. However it is easy to see from equation
(9-15) that p,(0) =0 for every n. Since V0=0, we conclude that the sequence
{pn(a)} defined recursively by equation (9—15) converges to Va for 0<a <1.
In addition p,(0) =0 for every n.

The following is another relatively simple application of Theorem 9.19.
Consider the set of k linear algebraic equations
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x
blzz aijxj i=1, 2, e ey k (9—16)
j=1
for the £ unknowns x;, . . ., 2x. This system of equations can be transformed
into the system
k
x1=2 Cinj+bi i=1,2, P k (9—17)

j=1

by setting Cij= 6;; — a;; where §;; is the Kronecker delta defined by

24— ? Z#]
SU {19 L"]
Let f=(fi, . . ., fx) be the function from R¥ into R* defined by
X
fily) = Cyy+b; i=1,2, ..., kforall y=(y;, . . ., y&) E Rk
j=1

Then finding the solution to the system of equations (9—17) is equivalent to
finding a vector x € R* such that

x=f(x) (9-18)

that is, finding a fixed point of f. Since the Euclidean space R* is complete,
Theorem 9.19 gives a convergent iterative procedure for calculating the
fixed point of equation (9—18) or, equivalently, the solution of the equation
(9-17) whenever f is a contraction mapping. We shall now obtain a sufficient
condition for f to be a contraction mapping. To this end notice that for any
two points p={p1, . . ., px) and g={qi, . . ., q) of R¥

d(f(p), fl@)=|f(p) —fla)|
=3 hip) o]

= \/g1 <§1 Cijpj‘gkl Ciﬂ]j)z
V3 [Se-w]
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Since any set of k real numbers are the components of a vector in R¥,
it follows from Theorem 3.6(d) after using the definitions of norm and scalar

product in the Euclidean space R* that for any real numbers d;, . . ., dr and
€1y . .« €L
k 1/2/ k 1/2
=(z4) (2
j=1 n=i
Hence for each i=1,. . ., k
k 2 k
[Scsm-a) <363 Gamar
j=1 =1 =1
Therefore
k& 1/2
d®). @) <3 365 Y mar=(3 X a) Ip-al=edp, @
i=1 j= i=1j=1

where we have puta?= C%. We may now conclude that fis a contrac-

Il
—

M-
N

it
-

i

tion mapping whenever

J

kE k
> 2 <1
i=1j=1

A less trivial application of Banach’s theorem is given in chapter 11.
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CHAPTER 10

Infinite Neries

We have already indicated (see introductions to chapters 1 and 7) that
perhaps the two most important events in the development of modern analysis
(discovery of sets and definition of convergence) occurred as a result of the
study of trigonometric series. Aside from their role in the development of
mathematics, infinite series are also important in their own right.

The classical theory of convergence of infinite series as presented in ele-
mentary texts is due to Cauchy and Abel. With the advent of a consistent theory
of the real number system, their work passed into the standard expositions of
analysis practically unchanged. Upon recognizing the importance of conver-
gence, the mathematicians of the nineteenth century proceeded to develop
numerous convergence tests.

In the eighteenth century, mathematicians freely rearranged terms of
infinite series until, in 1833, Cauchy gave an example of a conditionally con-
vergent series which, upon rearrangement, converged to a different sum. In
1837, Dirichlet proved that every rearrangement of an absolutely convergent
series converges to the same sum.

Since infinite series involve both the concept of addition and the concept
of convergence, the natural setting for discussing this topic is the normed
linear space, or the Banach space if the completeness property is needed
for existence statements. We therefore begin by defining an infinite series in
a normed linear space.

If {v,} is any sequence in a normed linear space, we can, of course, for
any integers p and ¢ with p <gq, form the sum vp+uvp1+ . . . +vg The
familiar notation

i Un

n=p
is used for this sum.
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Definition 10.1: Let {v,} be any sequence in a normed linear space V.
The sequence {sn} whose nth term is defined by

sn=2 Vk n=1,2,3, ...

is called an infinite series in V. The symbol

i Un (10-1)

is used for {sn}. The nth term of {sa} is called the nth partial sum of the infinite
series. If, in addition, the sequence {s,} converges, its limit s is called the sum
of the infinite series and we write

As indicated in the comments following Definition 4.15, the sequence
{vn} may be defined as a function from the set of nonnegative integers (instead
of the set J of positive integers) into V. In this case the notation

S o (10-2)

is used instead of notation (10—-1) and, sometimes, when the distinction is
immaterial, we simply write Z
Un

Occasionally we use the symbolic notation

. . V1 +'l}2+ V3 +. .
in place of notation (10—1).

It is important to point out that, when an infinite series converges, its sum
is not obtained by simple addition but is, in fact, the limit of a sequence of sums.
We remind the reader that the Euclidean spaces R* are normed linear
spaces. In fact, according to corollary 1 to Theorem 9.7 they are Banach spaces.
Thus, in particular, any general results about infinite series in normed linear
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spaces can be applied to sequences of real or complex numbers (with the norm
taken to be the absolute value).

Although it is true that most theorems about sequences can be restated
as theorems about infinite series and vice versa, it is still helpful to consider
both concepts. For example, we may restate Theorem 9.5 as follows:

Theorem 10.2: If > vy is a convergent infinite series in a normed linear

space, then, for every € > 0, there is an integer N such that

m
> o
k=n

<e€ (10-3)

whenever m=n=N.
So, in particular, if we put m=n, this implies ||vs|| < € whenever n = N.

Thus we have the following theorem.

Theorem 10.3: If E vn iS @ convergent infinite series in a normed linear

space, then
lim »,=0

We must point out, however, that the condition v,— 0 is not a sufficient
condition for the convergence of 2 vn. For example, it will be seen that the real
series > 1/n diverges.

n=1

However, in a Banach space condition (10-3) is equivalent to convergence.

Thus, we have the next theorem.

Theorem 10.4: A series 2 ba in a Banach space converges if and only if,

for every € >0, there is an integer N such that m =n = N implies

> b
k=n

<e€
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Theorem 7.11 about monotone sequences also has a counterpart for series
with real terms.

Theorem 10.5: An infinite series with (real) nonnegative terms converges
if and only if its sequence of partial sums is bounded above.

When Theorem 7.7 and the first corollary to Theorem 7.9 are translated
into the language of infinite series, we arrive at the following theorem.

Theorem 10.6: (a) Ifz zn 1S an infinite series of complex numbers, then
> zq converges if and only if both N Ko za and Y S zn converge and, when

these series converge, it must be true that

%Ezn=2%zn and %Zznr—z}%yzn

(b) If 2 Uy and 2 vn are convergent infinite series in a normed linear space
with sums u and v, respectively, and if a and B are complex numbers, then
> (@ua+ Bun) is convergent and has the sum au+ Bv.

The value of Theorems 10.4 and 10.5 is that they allow us to establish the
convergence of an infinite series without a knowledge of its sum. The next
theorem (called the comparison test) gives us another way of doing this.

Theorem 10.7: (a) Let {bs} be a sequence in a Banach space and sup-
pose that for some integer Ny, ||ball < cn whenever n = Ny and that the real infi-

nite series with nonnegative terms > cn converges. Then  bx converges.

(b) Let {axn} be a sequence of nonnegative numbers and suppose that there
exists a sequence {d,} of nonnegative numbers such that, for all n = Ny, an = du

and that the infinite series 2 dn diverges. Then z an diverges.

Proof: Part (a). Let € >0. It follows from Theorem 10.4 that there exists an
integer N = No such that m = n = N implies

m
2 cr <€
k=n

So we see from the triangle inequality that
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> by
k=n

and part (a) follows from Theorem 10.4.

<3 Jbell< S a<e (10-4)
k=n k=n

Part (b). This is a direct consequence of part (a) for, if 2 an converges,
then so must ' da.

Theorem 10.7 is frequently used to establish the convergence of a
given infinite series. It is clear, however, that this cannot be done unless we
know something about the convergence of a certain number of infinite series
whose terms are nonnegative numbers. w

First let us consider the so-called geometric series 2 x”. The convergence
n=0
of this series can be established by considering its partial sums. It is easy to
see that, if x # 1, then

Sp= 2 xk:_—lT (10-5)

2 1
A= 10-6
nZo 1—x (10-6)
and that, if x> 1, i x™ diverges. For x=1 we see that
n=0 0
E at=1+1+. ..
n=0

which certainly diverges.

There is a result due to Cauchy which allows us to establish the conver-
gence of many real infinite series with monotonically decreasing terms by
examining certain rather “small” subsequences. In fact, if {a,} is a mon-
otonically decreasing sequence of nonnegative numbers, the infinite series

o
i an converges if and only if the infinite series Z 2%ayx, does.

n=1 k=0 A
To obtain this result, it is sufficient to show, in view of Theorem 10.5, that
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the sequence of partial sums 2 2*a ., is bounded above whenever the se-
o =0
quence of partial sums 2 an is and vice versa. Hence, let s, be the nth partial

sum of 2 an and t; be ?he kth partial sum of E 2%a,r,. Then,
n=1 k=0

Sn=a1+az+. . .+tay
and

tr=a1+2a;+4a4+. . . + 2ka,
Clearly, for n < 2k,

Sn<a1+(a2+a3)+. . .+((12k+. . .+a2k+1—1)<a1+2a2+. . .+2ka2k=tk

Thus, s, < t; whenever n < 2%. Hence, if there is a finite number M such that,
for every k,t, <M, then certainlys, < M. Thus if {z;} is bounded above, {s.}
is also. Conversely, if n > 2%, it is clear that

sn=zartazt (as+ag)+ . .. +(a2k_1_1+ ... tag)
>%a1+a2+2a4+ .. . +2k“1a2k=%tk

Therefore, 2s, = ti. whenever n > 2k. If there is a finite number M which is an
upper bound of {s,}, then clearly 2M must be an upper bound of {¢x} and this
establishes the result.

We can apply this to the series 2 1/n? where p is any number. Clearly,

n=1
if p<0, Theorem 10.3 shows this series cannot possibly converge. On the

other hand, if p >0, Cauchy’s result is applicable. We see that

o0

2 2 Qk)p 2 20 Pk

but this is just a geometric series and so we know that it converges if and

only if 1—p < 0. Thus we have established that E 1/n? converges if and
only if p > 1. n=1
There is perhaps an even more important result contained in the proof of
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Theorem 10.7 than that given in the statement. For even if it has been estab-
lished that a given series of numbers converges, it may converge so slowly that
it is useless for computational purposes. Thus it is important to be able to
decide how closely the “first n terms of a series” approximates its sum if this

x

series is to be used for computation. Hence, if 2 an is a series of numbers
n=1

and s is its sum, we would like to know an upper bound to the number

S i am
m=1

for various values of n. Such estimates can be obtained by using the inequality
(10—4) in the proof of Theorem 10.7. Suppose s is the sum of the series 2 bx in
Theorem 10.7.
Since, for m > n,
m

S'—'jé bk S—':S bk
k=1 k=1

and since by the definition of convergence,

m

S b

k=n+1

= + (10-7)

m
lim S 2 bk
k=1

m—> 0o

=0

we see, by taking the limit as m— % in equations (10—4) and (10-7), that

m *x

<im 3 a= 3 @

k=n+1 k=n+1

m

S n

k=n+1

n

S“‘}S bk

k=1

= lim
m—> o

*x < n
where the notation Y ¢y is interpreted to mean D ek— Y, k.
k=n+1 k=1 k=1
In particular, if a, is a series of real numbers whose sum is s, and if
|ax| < cx for all k greater than a fixed integer Ny, then

n
5= ak
k=1
when n+1 = N,.
For example, suppose we wish to determine what the error will be in evaluat-

<3 o (10-8)

k=n+1
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. - | . . .
ing the series E ARG by keeping only the first n terms. Then in equation (10-8)
k=1""

1 1
we take apy=-—-—== and set ck:m'

(k13%)

fore, the error will be less than

Then a; < c¢i for k= n+ 1. There-

1 = 1
(n+1)! Y 3R

k=n+1

or, using equations (10-5) and (10-6), we see that the error introduced by keep-
ing only n terms will be less than

1
2(n+1)!13"

We now turn to yet another method of establishing the convergence or
divergence of a given infinite series called the “root test.” This result was first
discovered by Cauchy in 1821. It was lost for a while in the prodigious jungle
of his work and rediscovered by Hadamard in 1892.

Theorem 10.8: Let Ebn be an infinite series in a Banach space. Set

p =lim sup (Jb,)
Then
(a) If p<1, E by converges.
b)y Ifp>1, z by diverges.

Proof: Suppose p <1 and choose a so that p < a < 1. Theorem 7.23(b) shows
that we can find an integer N such that n = N implies

bl < @
Hence,
Bl < an forn=N

Since the series > a" converges for a <1, Theorem 10.7(a) shows that > ba
also converges.

Now suppose that p > 1. Theorem 7.23(a) shows that ||6,/|'/" > 1 for infi-
nitely many n and so ||by]| > 1 for infinitely many n. We therefore conclude
that for some € >0 there is no integer N such that n = N implies [|b.] <e.
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Thus, {b,} does not converge to zero and Theorem 10.3 shows that »' b, does
not converge.

It is easy to see by an example that, in general, nothing can be said about
the case p=1. Thus, p=1 for both of the infinite series 2 1/n and the infinite
series z 1/n?%, but we have already shown that the first of these diverges and
the second converges.

Definition 10.9: Let E vn be an infinite series in a normed linear space.
If the infinite series . |vil| converges, then the infinite series Y vn is said to
converge absolutely. If, on the other hand, . v, converges but > |||

diverges, it is said that Z v, converges nonabsolutely or is nonabsolutely
convergent.
(_.__ ))1 1

For example, the special logarithmic series 2 is nonabsolutely

convergent. (Its sum is In 2.) n=1

Theorem 10.10: If 2 b is an absolutely convergent infinite series in a
Banach space, then E bn converges.

Proof: This theorem is an immediate consequence of Theorem 10.7(a).

Clearly there is no difference between convergence and absolute conver-
gence for numerical series with positive terms.

We mention that, in addition to the tests for convergence discussed here,
there are also the ratio test and Raabe’s test which we have not included. An
important feature that these tests have in common is that they are all tests for
absolute convergence and do not show whether or not a given series is non-
absolutely convergent. In practice it is often difficult to establish except in
certain special cases (such as the alternating series which is not discussed here)
whether or not a given series is nonabsolutely convergent. Even if it is estab-
lished that a series is nonabsolutely convergent, the series is still much less
desirable for many purposes than an absolutely convergent series. The reason
for this is that absolutely convergent series can be manipulated pretty much as
finite sums. Thus it is shown in Theorem 10.14 that these series may be re-
arranged arbitrarily without affecting the sums. We have already shown in
Theorem 10.6(b) that any two convergent series can be added together term by
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term. It is also easy to show, although we shall not do so here, that two abso-
lutely convergent series of complex numbers can be multiplied term by term
to obtain a series which converges to the product of the sums. We shall see,
however, at least in the case of series with complex numbers (see remarks
following Theorem 10.15), that the situation is not nearly as good in the case of
nonabsolutely convergent series.

Definition 10.11: Let f: J— J be a bijection from the set of positive
integers to itself (note that, according to Definition 4.15, f is a sequence with
values in J) and let {v,} be a sequence in a normed linear space. Define the
sequence {vi} by

Un = Uf(n) forn=1,2,3, ...

o0
Then the infinite series E vi is said to be a rearrangement of the infinite

o0
series 2 Vn-
n=1

n=1

It is clear that, in general, the partial sums of the seriesEv;k will be
different from the partial sums of the infinite series E vn. Thus it should not

be surprising if a rearrangement of a given series does not converge to the
same sum as the original series does. We shall now establish under what
conditions we might expect all rearrangements of a given infinite series to con-
verge and whether or not they converge to the same sum as the original series.

Definition 10.12: An infinite series in a normed linear space converges
unconditionally if every rearrangement of this series converges to the same
sum.

The notation used for infinite series suggests that they behave much as
finite sums and we have already indicated that, as far as absolutely convergent
series are concerned, this is pretty much the case. To see that it is not true for

0 — n—1
all series, consider the infinite series 2 —(--—1;3-—-—— Writing this out we have
n=1
1 1 1, 1 1
1—2+§_Z+5_6+ Ce (10-9)
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It is well known, although we shall not prove it here, that this series converges.
If we denote its sum by ¢, an inspection of its terms shows that

1,1 5
t<1—~—2-‘+§——6

On the other hand, we can rearrange the terms of this series in such a
way that two positive terms are always followed by one negative one and obtain

the series

1 1,1, 1

1+5—5+z+-—- 1

1. 1 1
37375 4«+§+ﬁ-—6+ ... (10~10)

Each consecutive grouping of three terms is represented by the formula

1 11
=3 dn—=1 2n

n=1,2,3, ...

It is clear that

1 1 1 1/ 3 1
4n—3+4n—1—§;_4nQm—3+4n—l>>O

If we denote the nth partial sum of this series by o, we see from the
preceding considerations that

0'3<0'6<0'9< .
and this shows that

lim sup g» > 0'3=%

n—>

Therefore the infinite series (10—9) and (10—10) cannot possibly converge to
the same sum. It is clear, from the discussion of the series E 1/n?, that the series

o (— n—1

2&— does not converge absolutely. We will see from the next theorem,
n :

n=1

which was first proved by Riemann, that the type of behavior illustrated here

is in fact quite general.

Theorem 10.13: If 2 cn 1s any nonabsolutely convergent series of real

numbers and a < Bare any two extended real numbers, there is a rearrangement
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of ' cn whose sequence of partial sums {4} has the property that

lim inf A=« (10-11)

and
lim sup 4,=p (10—-12)

n-—>»00

Proof: For each positive integer n, let us define the numbers ¢ and c; by
¢ =max {cy, 0}
¢; =-—min {c,, 0}

It is clear that c,=c}—c,, |ca|=¢}+ ¢, and that ¢}, ¢, are nonnegative.
Theorem 10.6(b) shows that, if both ) ¢} and ' ¢; converge, then Y (cf+c;)=
> |cn| must also converge. Since this is contrary to hypothesis, at least one of
these series must diverge. On the other hand, for every positive integer n,

n n n n

o= (ch—cg)=> ct—> ci

k=1 k=1 =1 k=1
and, thus, if only one of the series > ¢} and > ¢ diverges, then > cn would
have to diverge also. Since this is also contrary to the hypothesis, we conclude
that both ) ¢t and ' ¢, diverge.

Let df, d', df, . . . be the nonnegative terms of 2 cn taken in the order
in which they occur and let —d;, —d;, —d;, . . . be the negative terms of
Z cn taken in the order in which they occur in the series. It is clear that the only
difference between the series > df and ' c?, and between the series > d; and

> ¢ are terms which are zeros, and since these cannot affect the sum, we

conclude that both »' df and ' d; diverge. Let Dy and D, denote the nth
partial sums of » d; and E d;, respectively. Clearly, D;f — +eand Dy —+ o

since they are both divergent monotonically increasing sequences. Hence, by
taking n sufficiently large, we can find a D;} and a D; larger than any real
number.

Let {a,} and {B} be sequences of finite real numbers such that o, — «,
Br— B, B1>0 and, for every n, a, < B,. We can now define two increasing
sequences of integers {r,} and {s,} inductively by the following procedure.
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Let r; and s; be the smallest positive integers such that
D} > Bi
D;."l —D;'l <o

Having chosen ry, . . ., rp-y and s1, . . ., sp—1 such that, for 1<j<sn—1,
rjand s; are the smallest integers for which

Dt—Dg_, > B
Df—Dg <oy
we let r, and s, be the smallest integers such that
D, =Dg, > Bn
D} —Dg, < oy

With these sequences of integers, we construct the following rearrange-
ment of 2 Cn:
dl++fi2++. . .+d;!_l—d1—_(i2_—. .« _d31+d1_!;+1
+dr1+2+. . .+dr2_d81+1_d81+2_- . . -—d32+' .

Now let A, denote the nth partial sum of this series. Then for every positive

integer n,
A(rn+sn_1)=D;~rn-D;n_1 > Bn

(10-13)
A(Tn+sn)=D;'_n—Ds_n <oy
and, since r, and s, are the smallest integers for which this is true,
A(rn+sn_1) - dr;zs Bn
(10-14)

Airntsny T sy = 0

Clearly {4y +sn—n} and {A4yp+s,) are subsequences of {A,}. Hence,
equations (10—13) show that

lir,rll_)soyp Ay = linnl_)swup A4, B liril_?scyp B.=p (10-15)
lim inf Ay < lim inf 4¢, ., <lim inf cn=o (10-16)
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If B=+ o, we see that equation (10—12) is true and, if a=—, equation
(10—11) is true.
Assume first that 8 is finite and let € > 0 be given. Since 2 Cn CONnverges,

Theorem 10.3 shows that there exists an integer /V; such that d;Fn < €/2 for all
n = N, (recall that {r,} is monotonic). The condition 8, — B shows that there
is an integer N, such that for all n=N,, B, < B-+¢€/2. Hence, if N=max
{Ni1, N2}, it follows from equations (10-14) that, for n = N,
| €
Arnton—n<Bnt 5 <Bte (10-17)

For any £ = ry+ sy_1, there is a unique integer n = N such that rp+s,_s <k <
I'n+1+ sn. The method of construction shows that

Ar < max {A(rn+sn_1)’ A(rn+l+sn)}

and, since equation (10-17) shows that both of these are less than B8+ ¢, we
conclude that 4, < B+e€ for all k£ = ry+sy—;. Hence,

]jng sup Ar < B-+e€

and, since € was arbitrary,

lir? sup A <3

Combining this with equation (10~15) shows that
lim_)sup A=8

An almost identical argument shows that, when « is finite,

liminfA4,=«

n—>w

The proofs for the two cases B=— and a=+ * follow by similar argu-
ments.

Theorem 10.14: If E bn is an absolutely convergent infinite series in a

Banach space, then it also converges unconditionally.

Proof: Suppose Y b} is a rearrangement of > bu. Let the nth partial sum of
> b be su and the nth partial sum of » b, be s;. Let € >0 be given. Then

202



INFINITE SERIES

there is an integer V such that m = n = N implies
U €
> b <5 (10-18)
i=n

Now, there is a bijective function f:J— J such that b% = by, for every
positive integer n. Since f is surjective, it follows that f(f~1(Y)) =Y for every
Y C J. In particular, let Y={1, 2, 3, . . ., N}. Since f is injective, f~1(Y)
contains at most N positive integers; that is, f~1(Y) is a finite set of positive
integers. Hence we can choose an integer p such that p > m for all m € f-1(Y).
Then,

ffyyc{i,2,3, ..., p}
Therefore
{1,2,3, .. ., Mp=f(FuY)) Cf({1,2,3, .. ..p})={f(1),/(2), .. ..f(p)}
Thus, if i > p, the vectors by, . . ., by will cancel in the difference

$iT 8§ _2 b _E bf(])

Hence, we conclude from equation (10—18) that, for i > p,
lsi = sl < 2 ol <5
j=N+1

where k is some integer greater than N. Theorem 10.10 shows that 2 b, con-

verges. If we let s be its sum then there is an integer P such that ;: = P implies

l|s:—s]| <§

Hence, for j = max {P, p} we find that

€
b=l < st =+l — s < S+ £

That is, the infinite series E b} converges to the same sum as 2 ba.

In the case of infinite series of complex numbers we have the following
converse to Theorem 10.14.
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Theorem 10.15: Let {an} be a sequence of complex numbers. If > ax
converges unconditionally, then it converges absolutely.

Proof: Suppose 2 an converges nonabsolutely and let x, and y,, be the real
and imaginary parts of a,, respectively; that is, an=xn+ iyn.

Since'|ax| < |xn| + | y2| and since, by assumption, »' [ax| diverges, Theorem
10.7(b) shows that > (|xx|+ |¥|) diverges. We conclude that either > |x4| di-
verges or > |ya| diverges for if both converged, Theorem 10.6(b) would show
that > (|xa|+|ya|) converged also.

Since 2 an converges by assumption, we conclude from Theorem 10.6(a)
that ) x» converges and >’ ¥, converges. So either  x» or ) y» converges
nonabsolutely. We see, therefore, from Theorem 10.13 that there is a rear-
rangement 2 a’ of E an such that if x,f and y;* are the real and imaginary parts,
respectively, of af, eil:herzx;{< orZ ¥ diverges. Now since Theorem 10.6(a)
shows that the convergence of 2 a; implies the convergence of both
E xy and Y y¥, we conclude that » a7 diverges. Hence > an does not converge

unconditionally.

We have in fact proved more than the statement of the theorem. We have
shown that if a sequence of complex numbers E an converges nonabsolutely,

then there is a divergent rearrangement of 2 an. Now Theorem 10.14 shows
that, if Z a, converges absolutely, every rearrangement of 2 a, converges 1o

the same sum. Since, if any given infinite series converges, it either converges
absolutely or it converges nonabsolutely, we conclude that the following
theorem holds.

Theorem 10.16: If 2 an is an infinite series of complex numbers all

of whose rearrangements converge, then they necessarily all converge to the
same sum.

This theorem shows that for infinite series of complex numbers the phrase
“to the same sum” can be omitted in Definition 10.12.
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CHAPTER 11

Sequences of Functions and Function Spaces

It was shown in chapter 8 that if E is any set and X is a set with a certain
“algebraic structure,” then this ‘“algebraic structure” on X “induces” an
“algebraic structure” on the family &% (E, X) of all functions from E to X.
This led in a natural way to the construction of linear spaces whose points are
functions.?® In this chapter we show that if £ is an arbitrary set and X is any
metric space then the “metric structure’” on X “induces” a “metric structure”
on #(E, X). As in chapter 8 this leads to the construction of metric spaces
whose points are functions. The ‘“powerful machinery” which has been
developed in the course of our study of metric spaces is then applied to these
function spaces and some very useful results are obtained. This is one of the
major justifications for studying the theory of metric spaces.

As in chapter 8 we shall also be concerned herein with the family % (E, X)
of all bounded functions from E to X and, when E is also a meiric space,
with the families € (E, X) of all continuous functions from E to X and #=(E, X)
of all bounded continuous functions from E to X.38

We shall approach the material in this chapter by considering sequences
of functions. To this end let £ be any set and let (X, d) be an arbitrary metric
space. Let {f} be a sequencein % (E, X). Evidently, each term of this sequence
is a function.® We now ask how we might define convergence for this sequence
in a useful way. Perhaps the most obvious way to do this is to say that {f;}
converges if there is a function g : E — X such that, for every x € E,

lim fu(x) =s(x)

This is the notion of pointwise convergence. There is, however, another way

35 See the last sentence of the paragraph immediately following Definition 4.1.

3 The notation % (E, X), B(E,X),€(E,X), and €* (E, X) will always be used to denote, respectively, the family
of all functions from E to X, the family of all bounded functions from E to X, the family of all continuous functions
from E to X, and the family of all bounded continuous functions from E to X except when X is the real or complex
numbers with the usual metric in which case the notation & (E), B(E), 4(E), and €=(E) will sometimes be used.
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to define convergence which is analogous to uniform continuity of functions.
In view of this we make the following definition.

Definition 11.1: Let {f,} be a sequence of functions from a set E to a
metric space (X, d). If there exists a g:E— X such that, for every x € E and
for every € >0, there exists an integer N depending on x and € for which

d(fu(x),8(x)) <e (11-1)

whenever n = N, we say that {fn} converges to g pointwise on E.

If, on the other hand, there exists a single integer N for each € >0 such
that, whenever n =N, equation (11-1) holds for all x € E, we say that {fx}
converges to g uniformly on E and that g is the uniform limit of {f.}.

Of course, uniform convergence implies pointwise convergence. For
uniform convergence, we can for each € find a single N which will do for all «x;
whereas, for pointwise convergence, we have to use different N’s for different
x’s in order for equation (11-1) to hold. Uniform convergence of a sequence is,
generally speaking, a more desirable property than just pointwise convergence.
This is due, at least partially, to a fact which we shall prove subsequently;
namely, uniform convergence is equivalent to the convergence of a sequence
of points in a suitable metric space. In general, this is not true for sequences of
functions which are only pointwise convergent.

Apropos of this remark we will prove the following theorems.

Theorem 11.2: Let {f.} be a sequence of functions from a set E to a
metric space (X, d). Then { fu} converges uniformly to g if and only if, for every
€ >0, there exists an integer N such that

lub d(fu(x), £(x)) < e (11-2)
whenever n = N.

Proof: It is clear that, if equation (11-2) holds,

d(fu(x), 8(x)) <e

for all x € E. Hence equation (11-2) implies {fz} converges uniformly to g.
Suppose { fn} converges uniformly to g. Then, given € > 0, we can find an N
such that, for everyx € E,
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d(fulx), 8(x)) <35

whenever n = N. Hence,

lub d(fu(x), 8(x)) <5 <e

x€E

which shows that the uniform convergence of { .} implies equation (11-2).

In everything done so far, we have always taken the distance between any
two points in a metric space to be a finite number, but, as pointed out in
chapter 6, we can allow the distance to take on values in the extended real
number system. In what follows we shall allow possibly infinite metrics but
when this is done it will always be stated explicitly! We note, in passing, that
all the definitions given for metric spaces with finite metrics carry over to the
case where the metric can be infinite and that the proofs of most of the theorems
do also.

Theorem 11.3: (a) Let # (E, X) be the family of all functions from the
set E to the metric space (X, d). Then ¥ (E, X) together with the function A
defined by

Alf, &) =xhelgd(f(_x) , &(x)) for all f, g € #(E, X) (11-3)

Is

is a metric space (with possibly infinite metric).

(b) Let (E, X) be the family of all bounded functions from the set E to
the metric space (X, d). Then B (E, X) together with the restriction®” of the
function A defined by equation (11-3) is a metric space (with finite distance).
Proof: Part (a). We must show that A satisfies conditions (a) to (¢) of Definition
6.1.

(a) It is clear that A(f, g) = 0 since, for each x € E, d(f(x), g(x)) is.
Since 0=d(f(x), g(x)) <A(f, g) for every x €EE, it is also clear that
A(f, g) =0 implies f(x)=g(x) for every x € E and, therefore, that f=g.
In view of the fact that d(f(x), f(x)) =0 for every x € E, it follows that
A(f, f)=0.

To B(E,X) X B(E, X).
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(b) It is obvious from equation (11-3) that

A(f, &) =A(g, f)
(c) Since, for any £, g, h € F (E, X),
d(f(x), g(x)) <d(f(x), h(x)) +d(h(x), g(x))
for every x € E, we see that
lubd(f(x), g(x)) < lub [d(f(x), h(x))+d(h(x), g(x))]
< lubd(f(x), h(x)) +1lubd(h(x), g(x))
A(f, 8) SA(f, h) +A(h, g)

forall £, g, h e F(E, X).

Part (b). It follows from part (a) that the restriction of A to #(E, X)
X B(E, X) is a metric for Z (E, X).?® Hence we need only show that this restric-
tion of A is a finite metric. To this end, choose f and g in Z(E, X). Evidently
d(f(E)) <o and d(g(E)) <. Fix x, € E. Then

d(f(x), g(x)) <d(f(x), f(x0)) +d(f(x0), &(x0))
+d(g(x0), g(x)) < d(f(E)) +d(f(x0), &(x0)) +d(g(E))

Hence,

Hence
A(f, 8)= ilégd(f(x), g(x)) sd(f(E))+d(g(E)) +d(f(x0), g(x0))

Since d is a finite metric for X, the right side of the inequality is clearly a finite
number and the theorem is proved.

Figure 11-1 illustrates the concept of a ball in the metric space (#(E),A),
.where & (E) is the family of all real functions defined on the interval [0, 1].

In this chapter the symbol A will always be used to denote the metric
(or any of its restrictions) defined by equation (11-3). It is now-clear that,
if {fa} is a sequence of functions from a set E to a metric space (X, d), then
the uniform convergence of {fa} to a function g:E— X is equivalent to the
convergence of the sequence { fa} of points of the metric space (¥ (E, X), A)
to the point g of (F (E, X), A) in the sense of Definition 7.1. For this reason
A is sometimes called the metric of uniform convergence. It should be noted

3 (B(E, X), A) is, of course, a subspace of (¥ (E, X), A).
208



FUNCTIONS AND FUNCTION SPACES

L]

\
Graph of -

B(f; €)

0 1 X

FiGURE 11-1. —Illustration of balls in & ([0, 1]) (family of functions defined on interval
[0,1]) B(f; e)={g € F ([0, 1]) |A(f, ) <€}; A(f, &) = ha?l]lf(x)—g(x)l-
x€ (0,

that although all of the theorems about metric spaces which we have developed
previously apply to the metric space (#(E, X), A), they cannot always be
“directly applied to (% (E, X), A) since we have allowed an infinite distance
between points in & (E, X). However, many of these theorems do hold for
(F(E, X), A). For example, as indicated in chapter 9, every convergent se-
quence is a Cauchy sequence even in a metric space with a possibly infinite
metric.

Theorem 11.4: Suppose (X, d) is a complete metric space and E is
any set. Then:

(@) (F(E, X), A) is a complete metric space (with a possibly infinite .
metric).

(b) (B(E, X), A) is a complete metric space (with finite metric).
Proof: Part (a). Let {f.} be any Cauchy sequence in (% (E, X), A).
Since, for every x € E, d(fn(x), fu(x)) < A(fm, fn), it follows that, for each
fixed x € E, the sequence {fu(x)} is a Cauchy sequence of points of X. Since
X is complete, this sequence converges. Hence we can define a function
f:E— X by

Sflx) = lim fu(x) for eachx € E

We shall show that f,— fin (% (E, X), A). To this end let €' >0 be given.
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For each x € E, we can find an integer N'(x) such that d(f(x), fu(x)) <€’
whenever m = N'(x). Now, for any integer n and for any integer m = N'(x)
equation (6—4) implies

[d(fa(x), fn(x)) —d(fa(x), f(x)) < d(fn(x), f(x)) <€
This shows that for eachx € £

lim d(fu(x), fn(x)) = d(fulx), f(x)) (11-4)

Now fix € >0 and choose a positive integer N such that, for all m, n=N,

A, fo) <5

It follows from this that, for every x € F, and every m, n =N,

d(fu(x), fulx)) <5

Combining this with equation (11-4) shows that for each fixed n =N

m=—> 0

for every x € E. Hence, €/2 is an upper bound of the set
{d(fa(x), f(x)) |x € E}
A £)=lub d(fu(x), f(x) =5<e

and so
for any n = N. This proves that f,— fin (% (E, X), A) and, since { f,} was any
Cauchy sequence in (% (E, X), A), this proves that (% (E,X), A) is complete.
Part (b). Let {f.} be a Cauchy sequence in (#(E, X), A). Clearly { 3} is
aiso a Cauchy sequence in (% (E, X), A). Hence it follows from part (a) that
{fa} converges to a point fof # (E, X). Thus if we can show that f € %(E, X),
then we can conclude that {f,} converges in (#Z(F, X), A).
Evidently there exists an integer N such that d(fv(x), f(x)) <€ for all
x € E. Hence
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d(f(x), f(y)) <d(f(x), fu(x)) +d(fw(x), fn(¥))
+d(fv(y), f(¥)) <et+d(fv(E)) +e

for every x, y € E. Therefore,

d(f(E)) = Sup d(f(x), f(y)) <2e+d(fv(E))
fly) € f(E)

Since fy is bounded, the right side of this inequality is a finite number and
this implies
fe Bk, X)

When the set E of Definition 11.1 is also a metric space, we can consider
sequences of continuous functions. This leads us to a consideration of the
family €(E, X) of all continuous functions from E to X and of the family
%>(E, X) of all bounded continuous functions from E to X. Corollary 1 of
Theorem 8.20 shows that if £ is a compact metric space then
CE,X)=¢~(E,X).

There is however another family of continuous functions which is also of
some interest. This is introduced in the following definition.

Definition 11.5: Let f be a continuous function from a metric space
(E, d') to a metric space (X, d). We say f vanishes at infinity if, for any
€ >0, there exists a compact set K C E such that d(f(K¢)) < €. Let €o(E,X) be
the family of all continuous functions from E to X which vanish at infinity.

Theorem 11.6: If {f.} is a sequence of continuous functions from a
metric space {E, d') to a metric space {X, d) which converges uniformly to a
function f: E— X, then f is continuous.

Proof: Choose a point x of E and fix € > 0. Since {f»} converges uniformly,
we can find a positive integer IV such that, for all points y € E,

(), f) <3 e (11-5)

as soon as n = N. Now, for each n, the continuity of f, at x shows that there is
a 8 > 0 such that
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£(B(x3 8) € B(fu(x)35)
This shows that for anyt € B(x; d),
d(f(0), fulx) <3 (11-6)

Now forn=N and t € B(x; d)
d(f(x),f(2)) < d(f(x),fulx)) +d(falx),fa(2)) +d(fu(2),£(2))

Equation (11-5) shows that the first and last terms on the right of this inequality
are both less than €/3 and equation (11-6) shows that the second term is also.
Hence d(f(x), f(t)) <e€ for all t € B(x; 8); that is, f(t) € B(f(x); €) which

proves that f is continuous, since x was an arbitrary point of E.

To see that the sequence must be uniformly convergent in order for the
theorem to hold, we need only consider the pointwise convergent sequence of
continuous real valued functions {f,} defined on R! by

fn(x) =1+1nx2 forallx e R'; n=1,2,3 . .. 11-7

Since
limf,(0)=1lim1l=1
and since, for x =0,
lim f5,(x) =0

Noox

we see that this sequence converges to a discontinuous function.

Corollary 1: Let (E, d’') and (X, d) be metric spaces.

(a) The family€=(E, X) is a closed subset of the metric space ( B(E,X),A).

(b) If (X, d) is a complete metric space, then (€>(E,X), A) is a complete
metric space.

(c) The family@o(E,X) is a closed subset of the metric space (¢=(E,X),A).

(d) If (X, d) is a complete metric space, then (€o(E, X), A) is a complete
metric space.

(e) If (X, d) is a complete metric space and (E, d') is a compact metric
space, then (¢(E, X), A) is a complete metric space.

212



FUNCTIONS AND FUNCTION SPACES

Proof: Part (a). Clearly €= (E, X) is a subset of the metric space (B(E, X), A).
Let f be a limit point of ¥~(E, X). Then Theorem 7.4 shows that there is a
sequence {fn} of points of ¥=(E, X) which converges to f (recall that every
limit point is an adherence point). Since f, is continuous for every n, Theorem
11.6 shows that fis continuous. Now fis obviously bounded and so f € €, X).
Hence, in view of the fact that f was any limit point of ¥ (E, X), this shows that
€>(E, X) is closed.

Part (b). Theorem 11.4 shows that ( Z (E, X), A) is complete. Hence part
(a) and Theorem 9.9 show that the subspace (¥~ (F, X), A) is complete.

Part (c). Let g be any point of €y (E, X). Clearly g is continuous and there
exists a compact subset K; of E such that d(g(Kf)) < 1. Corollary 1 of Theo-
rem 8.20 shows that there exists a finite real number M such that d(g(K;)) <M.
Since

g(E)=g(K: U Kf)=g(Ky) U g(Kf)

it is easy to verify that

d(g(E)) < d(g(K.)) +d(g(Kf)) + d(g(Ky),8(KS)) <1+M
+d(g(Ky), 8(Kf))

if both g(K,) and g(K¢) are nonempty and that
d(g(E)) <d(g(Ki))+d(g(Kf)) <1+ M

if either g(K;) or g(K%) is empty. Since d(g(K,), g(K$)) is the greatest lower
bound of a set of finite positive numbers it is certainly finite and so these last
two inequalities show that d(g(E)) is finite. Hence g is bounded and con-
tinuous. Since g was arbitrary this shows that @o(E, X) is a subset of the
metric space {(¥>(E, X), A).

Now let f be a limit point of o(E, X) (in the metric space (€= (E,X), A)).
Then fis certainly continuous and Theorem 7.4 shows that there exists a se-
quence { fu} of points of €o(E, X) which converges to f. Let € > 0 be given and
choose N so large that A(f, fv) < €/3. Since fy vanishes at infinity there exists
a compact subset K of E such that d(fy(K¢)) < €/3. Hence for every x, y € K¢

d(f(x), f(¥)) < d(f(x), fw(x)) +d(fv(x), fn(y)) +d(Ix(y), f(¥))
<A(S ) +d(fw(KO)) + Alfv, f) <e

Therefore,
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d(f(K)) =lub d(f(x),f(y)) <

¥y € K°

Hence f vanishes at infinity and therefore f € €, (E, X). Since f was any limit
point of €y (E, X) this shows that €, (E, X) is closed.

Part (d). We see from part (b) that (¥=(E, X), A) is a complete metric
space. Hence part (c) and Theorem 9.9 show that the subspace (%o (E, X), A)
is complete.

Part (e). This is an immediate consequence of the remarks preceding
Definition 11.5 and of part (b).

The space of continuous functions was first discussed by F. Riesz in 1918.
Let x be a limit point of the metric space (E, d'). According to Theorem
8.4, a function f: E— X is continuous at x if and only if

lim f(2) = £ (x)

Now if { f,} is a sequence of continuous functions from E to X, it is clear that
fu(x) ——hm Jfa(t). But if the sequence { f,} converges either pointwise or uni-
formly, ‘then there is a function f:E— X such that lim f,(¢) =f(¢t) for every

t € E. So, in particular, f(x) =lim fu(x )—}1_1)13c }1_{11 fu(t). Hence, if the limit

fof the sequence { f,} is continuous at x, then

hm llm fn(t)_ hm hm ﬁl()

t—x npn—x n—%x t->x

That is, the order in which the limit processes are carried out is immaterial.

In view of these remarks the following is an immediate corollary to Theorem
11.6.

Corollary 2: Let { f,} be a uniformly convergent sequence of continuous
functions from the metric space (E, d') to a metric space (X, d) and letx € E
be a limit point of E. Then

lim lim f,l(t)~—11m hmfn(t)

t~>x n—

If {fu} is the sequence of continuous functions defined for every real
number x by equation (11-7), then

lim "llm ﬁl(t)—hm 0=0

t—0
and
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lim hm fn(t)——hm 1=1

n=—>0o

so that uniform convergence of a sequence is in general necessary to be able

to interchange the limit processes. However, this is not always the case. In

fact there is no converse to Theorem 11.6; that is, a sequence of continuous

functions may converge to a continuous function even though the convergence

is not uniform. This can be verified by considering the following example.
Let { fu} be the sequence in € ([x, 1]), which is defined by

fa(x) =n2x(1 —a2)" O0=sx=<1,n=1,2,3,..
For 0 <x =1, it follows from the last equation of chapter 7 that
}1}}}0 falx) =0
Since f»(0) =0, we see that
lim fo(x) =0 Osx=1

Suppose the convergence of {f,} is uniform. Then Theorem 11.2 shows that,
given € > 0, there exists an N such that n = N implies

Jub 10| < e (1-8)

Since [0, 1] is compact, we know, from the second corollary to Theorem 8.20,
that for each n, f,(x) is equal to lub | fu(x)| at some point x € [0, 1]. This point

obviously occurs where f,,(x) 1s a max1mum that is, at x=1/V2n+1. Thus,

9 np(n+2) 1 n(n+2)
Oiggllfn(xnz(2n+1)(n+1/2)_\/§ 1\(»+1/2)
(n+3)
2
_ 1 n?2 _ 1 n’/2
_\/'2‘ _1_>1/2< i)rz/\/i l 1/2 _1_ n
<1+2n 1+~ <1+2 1+2n)
3/2 3/2
> =1 > 2 forn=1,2,3, . .

vi(1 ) Ve >V
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Hence equation (11-8) cannot be satisfied and therefore we conclude the
convergence of {f,} cannot be uniform.

There is, however, at least one case where we conclude, from the fact
that a sequence of continuous functions converges to a continuous function,
that the convergence is uniform. This important result is known as Dini’s
theorem.

Theorem 11.7: If {f.} is a sequence of real-valued continuous functions
defined on a compact set K which converges pointwise to a real-valued contin-
uous function f on K and if it is also true that, for every x € K, fu(x) = fn+1(x)
forn=1,2,3, .. . then {f.} converges to f uniformly on K.

Proof: In view of Definition 8.11 we can define a sequence of real functions
{g»} on K by

gn=fon—f forn=1,2, 3, ..

Then Theorem 8.16(a) shows that {g,} is a sequence of continuous functions
and Theorem 7.7 shows that, for every x € E, lim gx(x) =0; that is, {gn}
converges to zero pointwise on E. Now since, for each n, |g.(x) —0|= | fu(x)
—f(x)|, we can establish the theorem by proving that {g,} converges to zero
uniformly on K.

It is clear that, for each n and every x € K,

gn(x) = guns1(x) =0 (11-9)

So given € > 0, we can find, for each x € K, a positive integer n(x) such that
€
0 < guw(x) s—2~

Since each gn(z) is a continuous function which is always nonnegative, we
can find a 6(x) > 0 such that

guo(B(x; 8(x))) C (gm)(x)-——; gn(x)<x>+—§) N [0, =)

c [0 6w +5)c 0.9

Thus, for every y € B(x; 8(x)),

0<gua(y)<e
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It follows from equation (11-9) that whenever n = n(x),

& (¥) =< gn(y) for all y € B(x; &(x))
O=gn(y)<e (11-10)

so that

whenever y € B(x; 6(x)) and n = n(x). Now since K is compact and
{B(x; 8(x))|x € K} is an open covering of K, we can find finitely many points
of K, say x4, . . ., xm, such that

Set N= nax n(x;). Equations (11-10) and (11-11) now show that

O0=g(y)<e

for every y € K and for every n = N. This implies that {g,} converges to zero
uniformly on K.

We might point out that the sequence of functions { .} defined by equation
(11-7) forms a monotonically decreasing sequence at each point of R!. If, for
each n, we let g, be the restriction of £, to (0, 1), then {g,} converges to zero
at each point of (0, 1) and hence to a continuous function. But the convergence
is not uniform since _ ell(lobl) |gn(x)—0|=1 and so cannot be made less than any

positive number €. The reason this sequence does not satisfy the requirements
of Theorem 11.7 is that (0, 1) is not a compact set.

- Consider the sequence {pn(a)} defined recursively by equation (9-15).
We have shown that this sequence converges to Va for each a € [0, 1] and
that p,(0) =0 for every n. It is clear from equation (9—15) that p,.:(a) is a
polynomial in {a} whenever p,(a) is. Clearly p:(a)=%a is a polynomial in
{a}. Hence we conclude by induction that p,(a) is a polynomial in {a} for
every positive integer n.

If 0<p.(a) =< a, then equation (9—15) shows that

Pri1(a)=pn(a)+i(a—[pa(a)]*)=2[(1+a)—(1—pn(a))?]

; <z[(1+a)—(1—-a)’l=2(1+a)a<a
an
pni1(@)=:[(1+a)~(1—pn(a))?] = [l +a—1]=3a =0

Clearly p;(a)=(1/2)a lies between 0 and a. It therefore follows by induction
that 0 < p,(a) < a for every n.
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Equation (9-15) now shows that

prr1(@)=pa(a)=z(a—[pa(a)]*) = 2(a—a®)=4(1—a)=0

Hence pa+i1(a) =p,(a) for all @ € [0, 1]. Thus we have shown that {p.(a)}
is a monotonically increasing sequence 3° of polynomials which converges to
Va for each a € [0, 1]. The discussion following 8.17 now shows that for each
n the function p, from [0, 1] into R, whose value at a is pa(a), is continuous.
It is not hard to show that the function 2 which assigns to each a € [0, 1] the
value Va is also continuous. Hence we may conclude after applying Dini’s
theorem that the sequence {pn} defined recursively by equation (9—15) is a
monotonically increasing sequence of polynomials *° on [0, 1], which converges
uniformly to the function h which assigns to each x € [0, 1] the value Vx.
In addition, p,(0) =0 for every n.
Now let 6 :[—1, 1]— [0, 1] be defined by

0(x)=x2 forallx € [—1, 1]
Then
hoO(x)=h(6(x))=|x| forallx € [—1, 1]

Let € > 0 be given. We have shown that there exists a single integer N such
that for every n =N

|h(t) —pn(t)| <e forallt € [0, 1]
Since 6([—1, 1]) C [0, 1], it follows that for every n =N
h(0(x))—pa(6(x))|<e forallx €[—1, 1]

In view of the fact that p,(¢) is a polynomial in {¢} for every ¢t € [0, 1], it
is clear that

Pr(x)= (pn© 0) (x)= pn(0(x))= pa(x?)

is a polynomial in {x} for every x € [—1, 1]. Hence the function P, whose

39 The convergence of the sequence of polynomials {p.(a)} can now also be deduced from Theorem 7.11.

4 If S is any subset of R! we use the terminology “polynomial (defined) on S to mean a polynomialAinf"{l, Jjs} where
Js is the natural injection of S into R* and 1 is the constant function which assigns the number 1 to every x € S. Thus a
function p of the form

px)=astax+ . .. +anx® forallx €8

is a polynomial on S.

218



FUNCTIONS AND FUNCTION SPACES

value at each point x € [1, 1] is P,(x) is a polynomial defined on [—1, 1].
Since p,(0) =0, we see that P,(0) =0. Evidently for every n =N

x| —Pu(x)|<e forall x €[—1,1]

We have therefore proved that there exists a sequence {P,} of polynomials
defined on [—1, 1] which converges uniformly to the function g which associates
with each x € [—1, 1] the value |x|, and that for every n, P,(0) =0. We shall
use this result subsequently.

Theorem 8.12 shows that the family % (E, M) of functions which map
the set E into the linear space (algebra) M is itself a linear space (algebra)
with the pointwise definitions of addition, multiplication, and scalar multiplica-
tion given in Definition 8.11. Moreover Z(E, M), ¢ (E, M), and ¥=(E, M) are
linear subspaces (subalgebras) of #(E, M). If, in addition, M is a normed linear
space (normed algebra), we can define a norm on #(E, M) by

IAl=ilub ] for every f€ B(E, M) (11-1

Then % (E, M) is a normed linear space (normed algebra). The proof that
equation (11-12) defines a norm on % (E, M) —that is, that it satisfies axioms
(N1) to (N3) of Definition 3.4 (and Definition 8.14 if M is also an algebra)— can
be carried out in almost exactly the same way as the proof of Theorem 11.3
and so we will not do so here. The norm defined on % (E, M) by equation (11-12)
is called the supremum norm. With this definition of norm it is clear that, when
a metric is defined on %(E, M) in terms of this norm in the usual way (.e.,
by eq. (6—1)), we arrive at the metric space (% (E, M), A) introduced in
Theorem 11.3. Thus all theorems proved about the metric space ( #(E, M), A)
can be applied to this normed linear space (normed algebra). In particular, the
following theorem is an immediate consequence of Theorem 11.4(b).

Theorem 11.8: Let M be a Banach space and let E be any set. Then

RB(E, M) is itself a Banach space with supremum norm defined by equation
(11-12). If, in addition, M is a Banach algebra, then B(E, M) is also a Banach
algebra.

Suppose that M is a normed linear space and E is any set.
In view of Definition 10.1, it is clear that, with each sequence {f,} in

HB(E, M), we can associate an infinite series E Jfn and that we can apply the
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theorems of chapter 10 to this series. We see that, if s, is the nth partial sum
of > fu, then, for every x € E,

n
sa(x) =7 fi(x)
i=1
So this definition of an infinite series of functions reduces to the familiar one
in the case when M is the complex numbers with the usual metric or the
Euclidean space R!. We see also that the sequence of partial sums {s,} is a

sequence of functions from E to M and so we say that the infinite series 2 fn

converges pointwise or uniformly on E if {sp,} converges pointwise or uniformly
on E. Tt follows from Theorem 11.2 that the infinite series ) fu converges in

the normed linear space #(E, M) (i.e., in the supremum norm) if and only
if it converges uniformly on E. We may, for example, apply Theorem 10.7(a)
to the sequence of functions {f,}. Thus, by combining Theorems 11.8 and
10.7(a) with the remarks following Theorem 11.3 and using the fact that, if
for some finite number a, |f(x)|| < a for all x € E, then ||f|=lub || f(x)| < a,
we arrive at the following theorem. *er

Theorem 11.9: Suppose {f»} is a sequence of functions from a set E to a
Banach space M and suppose that, for every x € E,

()] < ax (n=1,2,3, ...)

Then 2 fn converges uniformly on E if 2 an converges.

We shall now use the material developed in this section combined with
Theorem 9.19 to obtain a result from the theory of differential equations known
as Picard’s theorem.

Consider the differential equation

Y fix, ) (11-13)

where f is continuous on the 2-cell
Q={(x, Y>lal$ x<b;and ax < y < by}

and for each fixed x € [ay, b,] satisfies the Lipschitz condition
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|Flx, y1)—f(x, y2) | SM|yi—y2|  for all y1, 2 € [az, b2] (11-14)

If I Cla, b1] is an interval containing xo, then g :1— R! is a solution of
the differential equation (11-13) satisfying the initial condition

g(x0)=1y0 (11-15)

for (xo, o) € Q if and only if g satisfies the integral equation
g(x)=yo+fx ft, g(t))dt  forallx el (11-16)
Zo

We shall now show that the integral equation (11—16) and hence the differ-
ential equation (11-13) with the initial condition (11-15) has a unique solution,
when the interval I is sufficiently small.

To this end we note that since f is a continuous function on the compact

set O, corollary 1 to Theorem 8.20 shows that f is bounded on (). Hence there
exists a constant K such that

|f(x,y)| <K for all (x, yv) € Q (11-17)
Choose a positive number a such that Ma <1 and such that the 2-cell
Q' ={{x, Vro—a<sx<xo+a,yv—Ka<sy<y,+Ka}

is a subset of Q. Now set I=[xo—a, xo+a] and let & be the set of all con-
tinuous real valued functions on I with values in [yo—Ka, yo+ Ka]. That is,
g :1— R! belongs to & if and only if

Alg, yo)= sgglg(x) —yo| <Ka

Thus & is the closed ball with center at the constant function y, in the metric
space (¥ (I, R'), A). Hence & is closed and corollary 1(e) of Theorem 11.6
shows that (€ (I, R'), A) is a complete metric space. Therefore Theorem 9.9
shows that (&, A) is a complete metric space. Now consider the mapping

T :&— & defined by

(T(2)) (x)=yo+ f:f(z, g(t))d: forallx Elandallg € &

To see that T maps & into itself we notice that it follows from equation
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(11-17) that

= supf ‘
x €1 Jxg

< sup K|x—x0| <Ka
x€1

[ 16, stwnar

A(T(g), yo)=flelrl> 7z, g(t))ldt

for every g € €. Hence T'(g) € &.
Evidently equation (11-16) can be written as

g=T(g)

Furthermore, it follows from equation (11-14) that for all g;, g € &

A(T(g1), T(g2))=sup [(T(81))(x)—(T(e)) ()|

[t ) =6t en1a

= sup
xe1

< sup f "1 (D) —£(t, g2(2))|dt

xel Jx

x
=M supf lg (£) — ga(t) |dt
x €I Jxo
< M sup |x —xo| sup |g1(t) —&2(t)|
xel tel

< Ma sup |g1(2) — g2(2) | = Mal(g:, &)

Since Ma < 1, this shows that T is a contraction mapping on & and so Theorem
9.19 shows that there is a unique function g € & such that

g=T(g)

Hence the function g is a unique solution of equation (11-13). Notice that in
addition Theorem 9.19 gives us a convergent iterative procedure for solving
equation (11—16). The ideas developed in this example have very wide
application.

We now introduce a concept which is particularly important for the space
of continuous functions.
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Definition 11.10: A subset K of the metric space (X, d) is said to be
relatively compact if its closure K is compact.

It follows from Theorem 6.22 and the fact that every closed set is equal to
its closure that all compact sets are relatively compact. The Heine-Borel
theorem (Theorem 6.31) shows us that the compact sets in R* are simply those
sets which are closed and bounded. However, Theorem 9.4 shows that every
bounded set has bounded closure. Thus, the subsets of R* with compact
closure and the bounded subsets of R* are the same sets. For this reason it is
generally true that, in arbitrary metric spaces (and, for that matter, topological
spaces), the relatively compact sets play the same role as the bounded sets do
in Rk,

The next theorem gives us another way of characterizing relatively com-
pact sets.

Theorem 11.11: A subset K of a metric space (X, d) is relatively com-
pact if and only if every sequence in K contains a convergent subsequence.
Proof: If K is relatively compact, then, by definition, K is compact. Hence
Theorem 7.20 shows that K is sequentially compact. Since every sequence in
K is also a sequence in K, it follows that every sequence in K contains a con-
vergent subsequence.

Conversely, suppose that every sequence in K has a convergent sub-
sequence and let {¥a} be any sequence in K. Since every point of K is an
adherence point of K, we can find, for each integer n, a point x, of K such that
xn € B(yn; 1/n); that is, d(xn, vn) <1/n. By hypothesis, this sequence {xn}
of points of K contains a convergent subsequence, say {xx,}. So let x= llm 1 X
Theorem 7.4 shows that x is an adherence point of K. Thus x € K.

Now let € > 0 be given. Evidently for each k, d(xu;, ynp) < 1/nx. Since
{nx} is an increasing sequence of integers and {x,.} converges to x, we can
find an integer N such thatk = Nimplies 1/nx < €/2 and d(x, x5, ) < €/2. Hence,
for k=N,

L€

d(ynkv x) < d(Yny, x”k) +d(xnk» x) < 9 2 =€

Therefore, the subsequence {yu;} of {yn} converges to x € K. Since {y.} was
an arbitrary sequence in K, this shows that K is sequentially compact and,
therefore, by Theorem 7.20, also compact. Thus K is relatively compact.
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Although relatively compact subsets of the spaces of continuous functions
are particularly useful, it is generally not easy to tell in practice whether a
given subset is relatively compact. It is therefore important to develop a useful
criterion for relative compactness in these spaces. The most frequently used
criterion of this type is given by what is known alternatively as Arzela’s theorem,
Ascoli’s theorem, or the generalized Arzela’s or Ascoli’s theorem. Before
stating this theorem it is necessary to introduce the following concept.

Definition 11.12: A family £(X, Y) of functions from a metric space
(X, d) to a metric space (Y, d') is said to be equicontinuous if, for every
€ >0, there exists a single 8 >0 such that d'(f(x,), f(x2)) <€ for every
fe&X,Y) and for all x,, x2 € X for which d(x:, x2) < 8.

It follows from this definition that every member of an equicontinuous
family is uniformly continuous. The important additional thing here is that a
single number & can be found which will make d’'(f(x;), f(x2)) < € for every
fe &X,Y); that is, one number 8 will serve for all f€ &(X, Y).

If &k is the set of all functions from X to Y which satisfy a Lipschitz
condition on X with modulus K, then &x is an equicontinuous family.

Theorem 11.13: Let (X, d) and (Y, d’) be compact metric spaces. Then
a subset & of (¥¢(X,Y), A) is relatively compact if and only if it is equicon-
tinuous.
Proof: Suppose % is equicontinuous. Theorem 7.20 and the corollaries to
Theorems 7.19 and 6.37 show that every compact set is separable. Hence let
E be a countable dense subset of X. The corollary to Theorem 4.17 shows that
the points of E can be arranged in a sequence {x,}. Let {f;} be any sequence in
J. Since {fi(x1)} is a sequence of points in the compact set Y, Theorem 7.20
shows that {fi} must contain a subsequence, which we will denote by S;
= {fi,x} such that the sequence {fi,x(x1)} of points in Y converges (i.e., lim

k—

f1,1(x1) exists). Now since { f1,x(x2) } is also a sequence of points in the compact
set Y, we see in the same way as before that {1, »} must contain a subsequence,
which we denote by S:= {f2, x}, such that the sequence of points {f2, x(x2)}
of Y converges. By proceeding inductively in this way, we obtain a countable
collection of sequences S;, Sz, S3, . . . which can be symbolically represented
by the array
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S1=f1,1,f1,2,f1,3,f1,4, e
Se=f2,1, fo. 2, fo, 35 fo, 4, 0 7
Ss=fs,1, f3,2, f3,3, fa, 4, = = *
S4=ﬁ1,1,ﬁ1,2,ﬂ,3,ﬂ,4, ot

and which have the following properties:
(a) For every positive integer n, Sp+1 is a subsequence of Sy.
(b) The klim Jfa, 1{xn) exists for every positive integer n.

(c) If one function precedes another in Si, then these two functions are
in the same order in every S, until one of them is deleted. Property (c) shows
that, in moving down from one row to the next in the array, a given function
can only move to the left and never to the right.

Now consider the sequence S whose terms are the diagonal elements of
this array; that is, the sequence

ﬁ,laf:?,%fé,?nﬂ,‘l, e

It is easy to see that, for each n, this sequence is, except for possibly its first
n—1 terms, a subsequence of S,. Since a finite number of terms cannot affect
the convergence or divergence of a sequence and since every subse-
quence of a convergent sequence converges, we see from property (b) that
}1_1)% Ju, n(x:) exists for each x; € E. Let € > 0 be given. Since S is a sequence in

7% and since % is equicontinuous, there exists a & >0 such that, whenever
dx,x') <8

&' (fon(®), fon(x) <3 (11-18)

Since the range E of the sequence {x;} is a dense subset of X, we see that ¥

X= 0 B(xi; 8)
i=1

41 1f p € X, then there exists an x; € E such that d(p, x;) < 8 and so, for this i, p € B(x;;8).
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But X is compact and {B(x:; 8)|i € J} is an open cover for X. Therefore, we
can find an integer r such that

X=i=LrJIB(xi; )

Since every convergent sequence is a Cauchy sequence, it is clear that, for
1=<i<r, the sequence

fr,1(x0), fo,2(xi), f3,3(x0) 5 fa,a(xi), - . .

is a Cauchy sequence. Hence we can find, for each i, an integer N; such that

d' (fun (), fnm(20)) <5 (11-19)

for all n, m = N;.

Now let ¥ = max N;. Then equation (11-19) must hold for all n, m = N.

If x is any point of X, we can choose one of the points x1, x2, . . ., x», say
%p, such that x € B(xp; 8). Since this means that d(x, xp) < 8, it follows from
equations (11-18) and (11-19) that, whenever m, n = N,

d' (fa.,n(x), fr,m(x)) < d'(fu,n(x), fn,nlxp)) + d' (fu,n(xp), fm,m(xp))
+d' (fm,m(%p), fom(%)) <gHztg=e

Hence, for every x € X, d(fn,n(x), fm,m(x)) < € for all n, m = N and the same
N will do for all x. Hence

A(fn,n,fm,m)=}gl}dl(fn,n(.')C),fm’m(x)) =€

for all n, m=N and fi,1, f2,2, f3,3, . . . is a Cauchy sequence in the metric
space (¢ (X, Y), A). Since, by corollary 2 to Theorem 9.7 and part (e) of
corollary 1 to Theorem 11.6, this is a complete metric space, f1,1, /2,2, /3.3, - - -
must converge. In view of the fact that {f;} was any sequence in %, we con-
clude that every sequence in % contains a convergent subsequence. It now
follows from Theorem 11.11 that % is relatively compact.

Now suppose that % is compact and choose €>0. Theorem 7.20 and
the corollary to Theorem 7.19 show that 7% is totally bounded. Hence let
N e={f1,f2, . . .,fn} be an (¢/3)-net for 7. Since X is compact, Theorem 8.23
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shows that, for each k (1 < k < n), fi is uniformly continuous. We can therefore
find, for each k, a 6x > 0 such that

d'(fulx), fulx)) <3

whenever d(x, x') < 8k. Set 8= min 8. Thus 6 > 0. Now if fis any function

i<sk=sn

which belongs to % C %, we can find an fx € N such that

€
We see from these two inequalities that, whenever d(x, ') < §,

d'(f(x), f(x)) =d’ (f(x), fulx)) +d' (fu(x), fe(x')) +d’ (fu(x"), f(x"))
€ € €, €
<A fi) +3H A fi) <zt gt3=e
Since this must be true for every f € % and the same 8 will do for every such f,
we conclude that 77 is equicontinuous.

Corollary: Let (X, d) be a compact metric space. Then a closed subset
H of (€ (X), A) is compact if and only if it is equicontinuous and bounded.
Proof: If 7 is bounded, then there is a finite number M such that

lub lub |f(x) —g(x) |=A(F) <M

L 8EHX x€X

Hence the ranges of the functions belonging to % all lie in some fixed bounded
subset Y of the complex plane (or the real line) and we can choose Y to be
closed (since Y C Y and d(Y) =d(Y)). The Heine-Borel theorem shows that Y
is compact. Clearly & C ¢ (X, Y) C ¥ (X).

Now suppose % is a compact subset of ¥ (X). Then Theorem 6.22 shows
that % is bounded and so we can find a compact set Y of complex (or real)
numbers such that % C € (X, Y). It follows from Theorem 6.19 that % is a
compact subset of (% (X, Y), A) and, since compact sets are also relatively
compact, Theorem 11.13 shows that % is equicontinuous.

Conversely, if % is equicontinuous and bounded, then we can find a
compact set of complex (or real) numbers Y such that % C € (X, Y). Hence
Theorem 11.13 shows that % is a relatively compact set of the metric space
(¢ (X, Y), A). Thus, by Theorem 11.11, every infinite sequence in % has a
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limit pointin € (X, Y). But since ¥ (X,Y) C % (X), we see that every infinite
sequence in % has a limit point in% (X) and, using Theorem 11.11 again, we
see that J is a relatively compact subset of the metric space ( € (X), A).
Since, by hypothesis, % is a closed subset of this metric space (i.e., ¥ = %),
this shows that % is compact.

We are now going to establish a result (Theorem 11.19) which shows that
every family of real valued functions (on a compact metric space X) which is
closed under certain operations and which is sufficiently “rich” can be used
to approximate uniformly every continuous real valued function on X. This
very famous theorem is known as the Stone-Weierstrass theorem. The original
form of the theorem, discovered by Weierstrass, concerned the real valued
continuous functions defined on an interval [a, b]. Now since any polynomial
p (with real coefficients) defined on [a, b],% say

p(x)=ao+aix+ ... +anx" x € [a, b]

is a continuous function, we know from Theorem 11.6 that the limit of any
uniformly convergent sequence of such polynomials is also a continuous real
function. Weierstrass showed that the converse of this result is also true;
that is, every continuous real valued function on [a, b] is the limit of a
uniformly convergent sequence of polynomials.

Stone generalized this result by first replacing the interval [a, b] by a
compact topological space X (we shall limit ourselves here to replacing [a, b]
by a compact metric space) and then by finding a subfamily of the continuous
real valued functions on X which has all those properties of the polynomials
that made the Weierstrass theorem possible.

Now let 1 be the constant function which assigns the number 1 to every
x in [a, b] and let j be the natural injection of [a, b] into R?; that is,

jx)=x for every x € [a, b]

The family & of all polynomials on [a, b] %° is just the set of all functions
which can be built up from these two functions by successively applying the
operations of addition, multiplication, and multiplication by real numbers
(scalars). Thus if ao, . . ., an are real numbers, the members of Z are func-

40 See page 218.
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tions of the form
ao* l+ayjtay*+ ... +ay”

As pointed out in chapter 8 £ is a subalgebra of the continuous real
valued functions on [a, b]. Aside from the fact that & is an algebra there are
two additional properties of & that make the Weierstrass theorem possible.
These properties are given in Definition 11.18. Theorem 7.4 and the remarks
following Theorem 11.2 show that the Weierstrass theorem is equivalent to
the assertion that 2, the closure of 2 in the metric space (€ ([a, b]), A), be
equal to €([a, b]). Before proving the Stone-Weierstrass theorem, it is neces-
sary to obtain some preliminary results.

Definition 11.14: Let I be a subset of the positive integers and let
QO={fili €I} be a family of real-valued functions defined on a set X. The
upper envelope of the family (), which is denoted by sup f;, is the function
h defined by el

h(x) = sup fi(x) forallx € X
iel

The lower envelope is defined similarly and is denoted by 1relt; fi- If Q con-

tains only two functions, say f and g, then the upper and lower envelopes of
Q) are, respectively, denoted by sup (f, g) and inf (f, g).

If £, f2, f; are real valued functions defined on a set X and A=sup (£, f2),
then sup fi=sup (A, f3).

ie{l,2, 3}

Definition 11.15: A4 subset & of € (X, R') is said to be a lattice subset

if, for every f, g € &, the upper and lower envelopes, sup (f, g) and inf (f, g),
also belong to .

It is easy to see from the remark following the preceding definition that
if of is a lattice subset and {f[i € I} is any finite subcollection of the elements

of &7, then sup f; also belongs to &7. Of course, a similar conclusion holds for
inf f;. el

iel
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If f and g are real valued functions on a set X, we shall write f> g if
f(x) > g(x) for every x € X. And we define the function |f] by

|£l(x)=1f(x)] for every x € X

Theorem 11.16: Let K be compact and let &/ be a lattice subset of
(¢(K, RY), A). If f€ €(K, RY)and if, for any € >0 and any x, y € K, there
exists a function g,y € & such that

(@) —ga.4(0)] < 5
and (11-20)
f) e (M) <5

then fE€ . 7
Proof: Let € > 0 be given. For each x, y € K there exists by hypothesis a func-
tion gz, y which satisfies the inequalities (11-20). Hence let us set

Vx,y={p eEK

€
8z, y(p) —f(p) <§}

Vx,y:(gx,y_f)_l<(_oo’_§)>

Since the function gz, , —f is continuous and (—, €/2) is an open subset of
R, Theorem 8.7 shows that V,,, is open. In addition, the second inequality
(11-20) shows that y € ¥V, ,. Hence the family Q,={V,,,|y € K} is an open
cover of K. Since K is compact, there exists finitely many points of K, say

Evidently,

n
Y15 - - - ¥n, such that K C 2 Ve, y; Set

=1

x™ inf 8z,
iefl, .. n}
Then g.(p) <f(p) +¢€/2 for every p € K. Since .« is a lattice subset, g, € .
Also, since the first inequality (11-20) shows that g, 4, > f(x) —¢€/2, it follows
that g(x) > f(x) —¢€/2.
Now set

sz{p € K| g:(p) —f(p) >— g}

Since gz — f is continuous, we see as before from Theorem 8.7 that V', is open
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and that x € V.. Hence Q= {V.|x € K} is an open cover of K. Since K is
compact there exists finitely many points of K, say x;, . . ., xx, such that
{V,|1 <i=<Fk} is an open cover of K. Set

g= sup g
i€fl,.. .k
Then,
g(p) >f(p)—5 forallp€K (11-21)
Since & is a lattice subset, g € &7. Also, since, for everyi=1,2, . . ., kand

every p € K, gz,(p) <f(p)+¢€/2, it follows that

g(p) <f(p) +§ for every p € K

When this equation is combined with equation (11-21) we find,

le(p) —f(p)| <5  forallp € K

Hence

Ag, )= sup le(p) —f(p)| <5 <e

Thus we have found a point g € . such that g € B(f; €). Since € was arbi-
trary, this shows that fis an adherence point of 7.

Theorem 11.17: Let K be compact. Then every closed subalgebra <
of €(K, R") is a lattice subset of €(K, RY).
Proof: Suppose f € /. Since K is compact, f is bounded (by corollary 1 of
Theorem 8.20) and
b=sup |f(x)]
x €K

is a finite number. Set

_ | flb; f#0
& {o; f=0
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Since &7 is an algebra, g € /. Now fix € > 0. We have shown in the example
following Dini’s theorem (Theorem 11.7) that there exists a sequence of poly-
nomials {P,} on [—1, 1] which converges uniformly to the function which
associates with every x € [—1, 1] its absolute value |x|, and which has the
property that for every n, P,(0) =0. We can therefore find an integer n such
that

||x|—Pn(x)| <§ forallx € [—1, 1]

Since P, is a polynomial and P,(0) =0, there must be real numbers, say
oy, . . ., ap, such that

Po.(x)=ax'+oax?+ . . . +apxk forallx € [—1, 1]

It is clear that for every y € K, g(y) € [—1, 1]. Hence for every y € K

le)]| = (ug'())+ . . . +akg’f(y)‘ <—2€—

Since &/ is an algebra which contains g, it follows that the function
P.(g)=a18'+ . . . +arg”®

belongs to &7. Now

A(lgl, Pa(g)) = sup lg(y)| —Pa(g(y)) ‘

€
=sup ||g()|— (g (¥)+ . . . +aug(y)) ’S§<e
yEK

Since € was arbitrary we have shown that every ball B(|g|; €) about |g]
contains a point of & . Thus |g| is an adherence point of .. Using the fact that
& is closed, we see that |g| € &. Now f=bg implies |f|=b|g|. Since .« is
an algebra we conclude that |f| € «/. Hence we have shown that |f| belongs
to ./ whenever f does.

Now suppose f1 and f; are any two members of .«7. Clearly

sup (f1, f2) =32 [(fi+f2) +|fi—rel]
inf (f1, f2) =2 [(fit+fe) — |fi—fol]

and

232



FUNCTIONS AND FUNCTION SPACES

Since & is an algebra, fi —f: € &/. Hence the preceding result shows
| fi—f2| € &L. It therefore follows from the fact that ./ is an algebra that

sup (f1, f2) and inf (f1, f2) also belong to 7, and this shows &7 is a lattice

subset,

Definition 11.18: Let &/ be a family of functions from a set X into a
set Y. Then &« is said to separate points of X if, for each pair of distinct points
x, ¥ € X, there exists an f € & such that f(x) # f(y).

If for each x € X there exists a g € & such that g(x) # 0, then < is said
to vanish at no point of X.

Theorem 11.19: Let K be a compact metric space. If o is a subalgebra
of (4(K, R'), A) such that &/ separates points of K and </ vanishes at no
point of K, then .

=% (K, R?)

Proof: Theorems 8.15 and 6.13 show that .«7 is a closed subalgebra of #(K, R1).
Hence Theorem 11.17 shows that 7 is a lattice subset. Since the closure of
A is A, it follows from Theorem 11.16 that it is sufficient to prove that for
every f € €(K, R') and for each pair of distinct points x, y € K, there exists
a function g,y € & such that

gx,y(x) =f(x)
and (11-22)
gx,y(y) =1(¥)

We shall show that there exists a function g;,, € & C o7 with this property.
By hypothesis there exist functions © and & in &/ such that u(x) # u(y) and
h(x) # 0. Put

v=u-+Bh

where B is a real number which we choose as follows:
If u(x) # 0, set B=0. If u(x) =0, then u(y) # 0 and so thereis a8 # 0
such that

BLA(x) —h(y)]# u(y)

Since & is an algebra, v € & and our choice of 8 shows that v(x) # v(y)
and v(x) # 0. Now set
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y=v3(x) —v(x)v(y)
Clearly v # 0 and if we set

gx=7v"v2—v(y)v]

it follows that g, € &, g,(x) =1, and g, (y) =0.
In a similar way we can construct a function g, € & such that

&y(y) =1 and gy(x) =0
Put

gz,y=f(x)8=x +f(y)8y

Then g, , € & and satisfies equation (11-22).

Theorem 11.19 does not hold for algebras of complex valued functions.
However the conclusion does hold for a subalgebra .« of ¢ (X, C) if we impose
an extra condition on &/ —namely, that &/ be self-adjoint. This means that if
fE  then its complex conjugate f also belongs to /. The complex conjugate
of a function f on a set K is defined to be the function f such that

flx)=Ff(x) forallx € K

Corollary: Let K be compact and ./ be a complex self-adjoint sub-
algebra of ¥ (K, C) which separates points of K and vanishes at no point of
K. Then

=% (K,C)

Proof: Let /g be the set of all real valued continuous functions on K which
belong to &7. Since the sum and product of two real functions are real functions
and since the product of a real function and a real number is a real function,
it is easy to see that &y is a subalgebra of & over the real numbers. If f € &7
then there exist real functions z and v such that f=u+ iv and 2u= f+ f. Since
A is a self-adjoint algebra we see that u € ;.

If x, and x, are distinct points of K, there exists an f € &/ such that
f(x1)=1 and f(x2) =0. Hence 0=u(x2) # u(x,) =1, which shows that o7
separates points of K. If x € K then there exists a g € & such that g(x) 5 0.
Therefore we can find a complex number A such that Ag(x) > 0. Now set
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f=M\g. Then f€ o/ and u= (1/2) (f+f) belongs to . Clearly u(x) > 0.

Hence ./ vanishes at no point of K.
Thus &/ satisfies the hypothesis of Theorem 11.19, which implies

Ar=%(K, RY)

Hence every real valued continuous function on K belongs to A r. Clearly
VQ@ = C . Therefore every real valued continuous function on K belongs to

. Now if f€ A (K, C) then there are functions u, v € ¥(K, R') such that
f=ut+iv

Hence u € o and v € . Since the closure of an algebra is also an algebra
(Theorem 8.15) we see that f € &/; that is,

K, C)=x

Theorem 11.19 and its corollary are among the most important facts in
modern analysis. For applications it is convenient to restate this theorem in
the following way:

If {fola € A} =Q is a family of elements of €(K, R') which separates
points of the compact set K and vanishes at.no point of K, then given any real
valued continuous functions f on K there is a sequence {gn} of polynomials in
Q) which converges uniformly to f.

If we associate the set of all polynomials in ) with the subalgebra of
% (K, R') generated by  then we see from Theorem 7.4 and the remarks
following Theorem 11.3 that this result follows directly from Theorem 11.19.

Let K be a compact subset of R¥ and let &/ be the algebra whose points
are the restrictions to K of the polynomials in the set & defined by equation
(8—11). Since all the coordinates of two distinct points of K cannot be the
same, .« separates the point of K. Also since &/ contains the constant func-
tions, it vanishes at no point of K. Hence, any real valued continuous function
defined on a compact subset K C R¥ is the uniform limit of a sequence of
these polynomials.

Let K be the unit circle in the complex plane parametrized by the angle
70, so that the continuous functions on K can be identified with the continuous
functions on R! having period 2; thus,

K={ei"?|0 < 0 <2}
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Let .7 be the complex algebra generated by the constant functions and the
functions whose values are ¢ and e~ Then the elements of & are the
trigonometric polynomials whose values are of the form

N
Cemint 0<o=<2
n=—N

It is easy to see that ./ is a self-adjoint algebra which separates points of K
and vanishes at no point of K. Hence any continuous complex-valued function
defined on R! which is periodic with a period of 2 is the uniform limit of a
sequence of trigonometric polynomials.
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COMMONLY USED SYMBOLS AND SPECIAL NOTATIONS

B orB(p; ¢€)
BX,Y,

C

€(X,Y)
¢=(X,Y)
(X, Y)

dord(p, q)
FX,Y)

glb

S

i

inf

J

Jja

lim, lim

lim inf

lim sup

n—>

fub
max
min

Rk

ball about the point p with radius e

set of all bounded functions from X to Y

set of all complex numbers

set of all continuous functions from X to Y

set of all bounded continuous functions from X to Y

set of all continuous functions from X to Y which vanish at
infinity

metric (also diameter and distance between sets)

metric on product space

family of all functions from X to Y

greatest lower bound

imaginary part (of complex number)

identity map

greatest lower bound (infimum)

set of positive integers

natural injection of set A

limit

inferior limit

superior limit

least upper bound

least upper bound (of finite set)
greatest lower bound (of finite set)
k-dimensional Euclidean space
real numbers

real part (of complex number)
least upper bound (supremum)
small positive number

emptly set

set inclusions

membership in a set
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n, N intersection

U, u union

— (overbar) closure of a set

c (superscript) complement of a set

'O I G, ordered pair, ordered n-tuple

|| norm in R*, absolute value in R* and R?
I-1l norm in general linear space

(prime) derived set

{ } set notation, or sequence

X, X direct product

q “exists,” “for at least one”

o (superscript) interior of a set

° composition (written as f © g)

A, A(S, ) metric in function space

+o0, — o upper and lower bounds for the real numbers

~ equivalence '

— convergence, improper convergence, function from one
set to another (written as f : X—Y)

(,) segment

[,] interval (closed)

(.1.[,) intervals (half open)
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absolute convergence, 197
absolute value, 17, 21
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addition
axioms for real numbers, 16
of elements of Euclidean space, 26
of functions, 142
of vectors, 22

additive inverse for vectors, 23
adherence point, 71

convergent sequences, 106
algebra, 141

Banach, 164

commutative, 141

function, ch. 8, 129 et seq.
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self-adjoint, 234

unity of, 141
algebraic fixed point theorems, 180
Archimedes, axiom of, 19
Arzela’s theorem, 224
Ascoli’s theorem, 224
associative laws, 9, 56, 141
axiom
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Archimedes, 19

order, 16, 21
ball, 68, 82

about limit points of convergent se-

quences, 107
closed, 82
in direct product of metric spaces, 70
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in discrete metric space, 70
in extended real number system, 157
in normed linear spaces, 69
in subspaces, 84
Banach algebra, 164
Banach, S., 21
Banach space, 164
Banach’s theorem, 180
base for open sets of a metric space, 99
Bernoulli, James, 31
bijection, 40
binary set operations and mappings, 42
binomial theorem, 127
Bolzano-Weierstrass theorem, 96
bounds, 17
of closed set of real numbers, 83
bounded continuous functions
set of all, 205
bounded functions, 65, 148
set of all, 148, 205
bounded sequence, 105
bounded subset, 89
totally, 98
Cantor, George F. L. P., 1, 21, 63, 103
Cantor’s diagonalization theorem, 60
cardinal number, 47
Cartesian product, 12
Cauchy, Augustin- Louis, 103, 129, 189
Cauchy
completeness, ch. 9, 159 et seq.
criterion for convergence, 165
sequence, 159, 163
tests for series, 193, 196
closed
ball, 82
set, 63, 73
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closure of a set, 72
collection
of all subsets, 36, 44
of sets, 4, 53
countable, 55, 58
commutative
algebra, 141
laws, 9, 22, 56
compact, 86
countably, 91
relatively, 223
sequentially, 116
comparison test for infinite series, 192
complement, 9, 76
complete metric space, 164
completeness axiom, 16, 18
completeness
as a metric property, 165
of space, ch. 9, 159 et seq.
completion of a metric space, 169
complex conjugate, 234
complex numbers, 22, 25, 29
and distance, 65
as an algebra, 142
as a field, 29
as ordered pairs, 29
sequences of, 104, 111
series of, 203
components of a vector function, 147
composition of functions and mappings, 45,
134
conditions
necessary, 2
sufficient, 2
constant
function, 143
mapping, 132
sequence, 105
continuity
and function algebras, ch. 8, 129 et seq.
as a topological property, 133
continuous, 131
uniformly, 153
continuous functions

set of all, 147, 205
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set of all bounded, 150, 205
set of all which vanish at infinity, 211
contraction mapping, 179
contrapositive, 38
convergence, 103, 190, 206
absolute, 197
nonabsolute, 197
tests for, 165, 191, 196
unconditional, 198
convex set, 71
coordinate, 27
countable, 47, 58
dense subsets, 96
countably compact, 91, 116
cover
finite, 86
open, 86
covering theorem, Lindelsf, 100
decreasing sequence, 112
Dedekind cut, 15
DeMorgan’s laws, 9, 56
dense, 73, 97
countable, 96
denumerable set, 47
derived set, 72
Descartes, René, 31
diagonalization theorem, Cantor’s, 60
diameter of a set, 88
difference of sets, 8
Dini’s theorem, 216
direct product, 12, 32, 68, 80
Dirichlet, P. G. Lejiune, 31, 189
Dirichlet’s function, 137, 155
divergence, 103
discontinuity, 33, 131
of first and second kinds, 155
discontinuous function, 131
discrete metric space, 66, 161
ball in, 70
disjoint, 8
distance, 15, 64
as norm, 64
between point and set, 88
between two sets, 88
distributive, 9, 22, 56



domain

of function, 32

of propositional scheme, 5
écart, 67
e-dense subset, 97
empty set, 5
€-net, 97
enumerable set, 47
envelope, 209
equality

of functions, 33

of sets, 3
equicontinuous, 224
equivalence classes, 170
equivalence relation, 45, 47
error in series sum estimation, 195
Euclidean space, 26

addition in, 26

balls in, 69

coordinates in, 27

distance in, 65

inner product in, 27

R, 65

scalar multiplication in, 26

separable, 96
Euler, Léonard, 31
exponent, 142
extension of function, 44, 138
family, 4, 53

of functions, 142, 205
_field axioms, 16
field of complex numbers, 29
finite metric, 67, 107, 207
finite set, 47
fixed point, 182

theorem, 180
Fourier, Jean- Baptiste-Joseph, 31
Fréchet, Maurice, 21, 63, 103
Frege, Gottlob, 1
function, 31

algebras and continuity, ch. 8, 129 et seq.

as projection, 33

bijective, 40

composition of, 45

continuous, 131

definition, 32

INDEX

discontinuous, 131
domain of, 32
equality of, 33
extension of, 44
families of, 142, 205
graph of, 32
induced mapping, 36
injective, 37, 43
inverse, 39
limit of, 129
range of, 32
space, 63, 65, 143, ch. 11, 205 et seq.
surjective, 34, 43
that vanish at infinity, 211
uniformly continuous, 153
geometric series, 193
Godel, Kurt, 2
graph, 32
greatest lower bound, 17
Hadamard, Jacques, 196
Halmos, P. R., 2
Hausdorff, Felix, 63, 80
Hausdorff space, 91
Heine-Borel theorem, 96
homeomorphic, 159
idempotent laws, 9
identities, set-theoretic, 9, 56
identity map, 41, 44
image, 34, 37
implies, 2
improperly convergent, 114
increasing sequence, 112
index set, 53
induced mapping, 36
induction, mathematical, 48
inferior limit, 121
infimum, 18
infinite collections of sets, ch. 5, 53 et seq.
infinite metric, 67, 107, 207
infinite series, ch. 10, 189 et seq.
comparison test for, 192
convergence of, 190
estimation of sum, 195
rearrangement of, 198
root test for, 196

sum of, 190
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infinite sets, 47
injection, natural, 44
injective function, 37
interior of a set, 72
interior point of a set, 71
intersection, 7
of collections of sets, 54, 77
interval, 70
half-open, 70
invariant subset, 179
invariant subspace, 179
inverse
image, 37
mapping, 39
multiplicative, 141
isolated point, 73
isometric
image, 161
preimage, 175
spaces, 161
k-cell, 71
lattice subset, 229
least upper bound, 17, 83
Lebesque integrable, 168
left hand limit, 155
Leibnitz, Gottfried Wilhelm, 31
lim inf, 121
limit of a function, 129
limits of sequences, 103
definitions, 103
of functions, 206
subsequential, 115
superior and inferior, 121
upper and lower, 121
limit point, 71
lim sup, 121
Lindel6f covering theorem, 100
linear space, 22, 67
Lipschitz condition, 179, 184
lower envelope, 229
lower limit, 121
magnitude of vector, 26
map, identity, 41, 46
mappings
as functions, 32
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composition of, 45
contraction, 179
homeomorphic, 159
induced by functions, 36
isometric, 161
one-to-one, 37
mathematical induction, 48
metric properties, 91, 159, 165
metrics, 64
finite and infinite, 67, 107, 207
for function space, 207
for R, usual, 65
of uniform convergence, 208
on R*, 67
topologically equivalent, 81
metric spaces, ch. 6, 63 et seq.
and continuous functions, 131

and convergence of a sequence, 105

base for the open sets of, 99
" bounded, 89

Cauchy completeness of, 159

compact, 86

complete, 164

definition, 64

direct product, 68

discrete, 66

separable, 96

topological properties of, 81
metric subspace, 67
metrizable topological spaces, 81
monomial, 142
monotonic

functions, 156

sequences, 112
multiplication

axioms for real numbers, 16

of functions, 141

of vectors, 22

scalar, 26
natural injection, 44
natural numbers, 15
necessary conditions, 2
neighborhoods, 81
nested sequences, 92
net, € —, 97



nonabsolute convergence, 197
nonintersecting sets, 8
norm, 25, 64
normed algebra, 146
normed linear space, 25, 64

balls in, 69

convex set in, 71
one-to-one mapping, 37
onto, 34
open cover, 86
open sets

and continuous functions, 135

as union of balls, 79

base for, 99

definition, 73

direct product of, 80
operator as function, 32
order axioms, 16
ordered

n-tuple, 12

pair, 10

triple, 12
paradoxes, set-theoretic, 1
partial sum of infinite series, 190
partition of a set, 169
Picard’s theorem, 220
points

adherence, 71

as elements of a space, 63

interior, 71

isolated, 73

limit, 71

of Euclidean space, 27
polynomials, 142, 218

trigonometric, 236
positive

integers, 6, 48

numbers, 16
preimage, isometric, 175
principle of contraction mapping, see

Banach’s theorem, 180

projections as functions, 33
proper subset, 5
proposition, 2
propositional scheme, 5

INDEX

quotient set, 170
Raabe’s test, 197
range _
of function, 34
of sequences, 48
rational numbers, 15, 19
ratio test, 197
real numbers, ch. 2, 15 et seq.
as an algebra, 141
rearrangement of an infinite series, 198
recursive definition of a function, 49
reflexive, 45
relation, equivalence (SRT), 45
relatively compact, 223
restriction of a function, 44
Riemann, Georg F. B., 199
Riemann integrable, 168
Riesz, Frigyes, 214
right hand limit, 155
root test, 196
Russell, Bertrand A. W, 1
scalar, 22
multiplication, 26
scheme, propositional, 5
segment, 70
self-adjoint algebra, 234
separable metric space, 96

separate points, family of functions that, 233
sequence

- bounded, 105
Cauchy, 163
constant, 105
convergent, 103
convergent to adherence point, 106
definition of, 48
divergent, 103
infinite tail of, 105
limits of, ch. 7, 103 et seq.
monotone, 112
monotonically increasing (decreasing), 112
nested, 92
of complex numbers, 111
of functions, ch. 11, 205 et seq.
of sets, 55
of vectors, 110
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sequence — Continued

" range of, 48
subsequences of, 114
subsequential limits of, 115
strictly increasing (decreasing), 112
terms of, 48

sequentially compact, 116

series, infinite, ch. 10, 189 et seq.
definition, 190
suin of, 190

set(s)
adherence point of, 71
bounded, 89
bounds of, 17
cardinal number of, 47
Cartesian product of, 12
closed, 73
closure of, 72
collection of, 4, 53
compact, 86
complement of, 9
concepts, ch. 1, 1 et seq.
countable, 47
countable collection of, 55
countably compact, 91
dense, 73
denumerable, 47
derived, 72
difference of two, 8
direct product of, 12
element of, 2
enumerable, 47
equality of, 3
family of, 4, 53
finite, 47
index, 53
infinite, 47
infinite collections of, ch. 5, 53 et seq.
interior of, 72
interior point of, 71
intersection of, 7
isolated point of, 73
limit point of, 71
member of, 2
one-to-one correspondence between, 47
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" open, 73
ordered, 10
point, 64
relatively compact, 223
sequentially compact, 116
similar, 47
singleton, 6
subsets of, 3
theoretic identities, 9, 56
theoretic paradoxes, 1
totally bounded, 98
uncountable, 47
union of, 7
universal, 3, 53

similar sets, 47

singleton set, 6

smallest subalgebra, 145

space
function, 63, 65, 143, ch. 11, 205 et seq.
Hausdorff, 91
linear, 22
metric, ch. 6, 63 et seq.
topological, 80
vector, 22

SRT relations, 45

Stone, M. H., 228
Stone-Weierstrass theorem, 229
strictly increasing (or decreasing) sequence,
112
subalgebra, 145
subsequence, 114
subsequential limit, 115
subset(s), 3
collection of all possible, 36
e-dense, 97
invariant, 179
proper, 5
subspace, 25
invariant, 179
linear, 25, 67
metric, 67
sufficient conditions, 2
sum of series, 190
superior limit, 121
supremum, 18
norm, 219



surjective, 34
symmetric relation, 45
topologically equivalent metrics, 81
topological property, 81, 86, 91, 106, 133,
135, 162, 165
topological space, 80
topology, 80
totally bounded, 98
transformation as function, 32
transitive relation, 45
transported distance, 162
triangle inequality, 25, 64
trigonometric polynomials, 236
trigonometric series, 1, 103, 189
two-dimensional plane, 12
unconditional convergence, 198
uncountable sets, 47
uniform convergence, 206
metric of, 208
uniform limit, 206
uniformly continuous, 153
uniformly equivalent metrics, 160
union of sets, 7, 54, 77

INDEX

uniqueness of continuous extension, 138

uniqueness of limit
of a convergent sequence, 106
of a function, 130

unity of algebra, 141

universal set, 3, 53

upper bound, 17

upper envelope, 229

upper limit, 121

usual metric for R!, 65

vanish at infinity, functions that, 211

vanish at no point, family of functions that,
233 ,

vectors, 22
in three-dimensional Euclidean space, 25
sequences of, 110

vector space, ch. 3, 21 et seq.
definition, 22 '

Venn diagram, 3, 8, 11

Weierstrass, Karl W. T., 228

zero vector
in k-dimensional Euclidean space, 26
in vector space, 22
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